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Effect of coastal boundary representation on basin-scale internal

waves

It is crucial to accurately reproduce internal Kelvin and Poincare waves under Coriolis
forcing in numerical simulations for large-scale coastal environments. Therefore, for
surface waves, the effects of horizontal grid representation on Kelvin and Poincare
waves have been investigated using both structured and unstructured grid models.
However, the effect of the grid representation on internal waves is poorly understood
so far, especially for structured grids which uses a step-like lateral boundary. This
study thus investigates the applicability of structured grids into internal Kelvin and
Poincare waves using a circular basin to exclude the effect of open boundaries and
discusses numerical errors in terms of the Rosbby-grid factor. Several different grid
sizes were used for a structured grid simulation, which demonstrated that the
structured grid simulation reproduced internal Kelvin and Poincare waves enough
accurate compared to those obtained by the unstructured grid simulation. Furthermore,
the structured grid simulation was also confirmed to agreed very well with the
unstructured grid simulation in a conical basin which exhibits more realistic geometry.
It was thereby shown the possibility that internal waves can be accurately analyzed

using structured grids when the Rossby-grid factor is more than 10.

Keywords: Kelvin wave; Poincare wave; structured grid; unstructured grid; Rossby-

grid factor

1 Introduction

In a stratified fluid, such as coastal areas, the ocean and lakes, internal waves play a
significant role in not only mass transport and energy transfer but also vertical mixing
(Gloor et al., 1994; Pierson and Weyhenmeyer, 1994; Steinman et al., 1997; Wiiest and
Lorke, 2003; Helfrich and Melville, 2006; Nakayama et al., 2012; Lin et al., 2021).
Additionally, when strong wind blows over a fjord coast, bottom water masses can
come into surface layers due to upwelling, which may affect fisheries and ecological
systems (Asplin et al., 1999). Also, the same phenomena are revealed to occur in a
stratified lake (Finlay et al. 2001). Upwelling is associated with enclosed bay-scale
(basin-scale) internal waves, and Thompson & Imberger (1980) and Imberger &
Hamblin (1982) applied the Wedderburn number to estimate the criteria for the

occurrence of upwelling without a rotation effect, i.e., the Coriolis effect in a
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rectangular basin (Stevens and Imberger, 1996). The sloping bottom geometry and
generic horizontal basin shape are separately quantified in terms of suitable
generalizations of the Wedderburn number (Shintani et al., 2010). However, the
generalized Wedderburn numbers cannot be applied to an enclosed bay where the scale
is larger than the internal radius of deformation (Rossby radius). In previous studies,
since the Coriolis effect was found to cause locally-intense mass transport, such as an
anti-cyclonic boundary current that is the scale of the Rossby radius (Wake et al., 2004;
Wake et al., 2005; Ulloa et al., 2014), it is necessary to clarify the relationship between
basin-scale internal waves and Coriolis forcing (Csanady, 1972a and 1972b; Antenucci
and Imberger, 2001; Ulloa et al., 2015; Rojas et al., 2018; Nakayama et al., 2020b).

In a stratified fluid subject to Coriolis forcing there are many difficulties in
analyzing internal waves theoretically, so numerical simulations have been applied to
analyze internal Kelvin waves (IKWs), internal Poincare waves (IPWs) and the other
high-frequency internal waves (Hodges et al., 2000; Laval et al., 2003; Rueda et al.,
2003). In the case of internal wave breaking over a slope in coastal areas, accurate
numerical simulations have successfully evaluated the breaking process and energy
dissipation using structured grids (Vlasenko and Hutter, 2002; Aghsaee et al., 2010;
Arthur and Fringer, 2014; Nakayama et al., 2019). However, Hodges et al. (2000)
suggested that it is necessary to verify the validity of structured grid representation for
the computational domain with curve-lined horizontal boundaries to analyze the basin-
scale internal waves in a stratified fluid. In contrast to a structured grid system, there
are several methods to fit a grid to curved boundaries using unstructured grids, such as
a triangle-shaped polygon to overcome this problem (Casulli and Walters, 2000; Chen
et al., 2003; Fringer et al., 2006; Zhang and Baptista, 2008; Steinmoeller et al., 2019).
In general, structured grid models have significant advantages in pre-processing, such
as grid generation and post-processing, including extraction of point and cross-section
data. The Cartesian (or matrix) data structure fits well with our way of thinking.
Consequently, most geophysical data, such as bathymetry data, are provided in a
structured format. Although there is excellent software for unstructured grid generators
such as GMSH and interpolating data on an unstructured grid such as Matlab, we
usually prefer simplistic and straightforward software. Therefore, a structured grid
system would be a preferable choice if computed results are obtained with acceptable

accuracy.
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In the case when the amplitude of surface and internal waves is small enough,
theoretical solutions exist for IKWs and [PWs in a circular basin with Coriolis forcing
(Csanady, 1967; Birchifield, 1969; Antenucci et al., 2001; Stocker et al., 2003). For
surface waves, an unstructured grid system was applied to surface Kelvin waves
(SKWs) and surface Poincare waves (SPWs) to successfully reproduce the theoretical
solutions proposed by Csanady (1967) and Birchfield (1969) (Chen et al., 2007; Walters
et al., 2009). In contrast to surface waves, regardless of the grid system, there are few
numerical studies comparing with the theoretical solutions for internal waves because
the pycnocline needs to have a finite thickness in three-dimensional level models, but
the thickness is assumed to be zero in theory. Interestingly, in many previous studies
related to basin-scale internal waves, structured grids were applied, and good
agreements were obtained between numerical and observed results (Laval et al., 2003;
Hodges et al., 2010). Schwab & Beletsky (1998) demonstrated that the grid size should
be less than one-fifth of the Rossby radius in a coastal area (Beletsky et al., 1997).
However, the limitations and criteria for boundary representation for IKWs and [PWs
are not well discussed so far.

This study thus aims to investigate how accurately structured grids can be
applied to basin-scale surface and internal waves in a circular basin compared to
unstructured grids and theoretical solutions. The theoretical solutions by Csanady
(1967) and Birchifield (1969) were used both for surface and internal waves, and a
three-dimensional environmental model, Fantom, was employed to obtain numerical
results for structured and unstructured grids (Nakayama et al., 2012; Nakayama et al.,
2014; Nakayama et al., 2020a). For structured grids, three different grid sizes were
tested for surface waves and four grid sizes for internal waves to clarify the effect of
grid size on the computational accuracy. Firstly, the surface wave problem was
discussed with the theoretical solutions same as the previous researches. Then, for
internal waves, to compare the numerical results with theoretical ones for flat-circular
basin, we derived a modified theoretical solution taking account of attenuation effects
due to viscosity and thick pycnocline in 3D numerical models. Lastly, the validity of
structured grids for IKWs and IPWs in a three-dimensional stratified fluid was
investigated in terms of Rossby-grid factor using a more general bottom topography,

conical basin.
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2 Methods

2.1 theoretical solutions

Normalized longwave equations in a circular basin are obtained by assuming that the
amplitude of waves is small compared to the representative water depth and by
neglecting the higher-order terms as follows (Csanady, 1967; Birchifield, 1969;
Antenucci et al., 2001; Stocker et al., 2003):

Ju _On (1)
ot - or
v an )

ar+”_ " rd6

' = Ryr “)
R, = % (5)
u' =c,u (6)
v =,V (7
T=fct' (®)
n' = Hny ©)

where (u',v") is the velocity in the horizontal plane, (r',8) is the polar coordinate,
R, is the Rossby radius, t’ is the time, 1’ is the water surface or density interface
elevation, H is the representative water depth, c,, isthe wave speed, g is the gravity
acceleration, f. is the Coriolis parameter, and the variables without the apostrophe

symbol are the normalized variables.

For surface waves, H is the total water depth and c,, is the linear surface

longwave speed (= /gH) in Equations (1) to (3). For internal waves, H is the water
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depth of the lower layer and ¢, is the linear internal longwave speed (=

V(02 — p)ghihy /{p, (hy + hy)}) in Equations (1) to (3) when the water depths of the
upper and lower layers are h; and h, and the densities of the upper and lower layers
are p; and p, in a two-layer fluid. Normalized dispersion relationships for each

mode were obtained as Equation (10) from the Bessel equation.

1— M2 =0 (10)

Zr 1 11

M = 2k 0(Z) _1 (1)
Il(Zk)

12

Zx = S_l 1-— O']? ( )

¢ (13)
S=—
fcTo

where k is the mode number, oj, is the normalized frequency, S is the Burger
number, I, is the modified Bessel function of the first kind of 0" order, and I; is the
1% order.

By giving normalized frequency, oy, the surface or interface displacement for
each mode k, 1y, and the total displacement of surface or interface, 7, are obtained as

follows:

1
Mk(r,8,7) = EGk(T)COS (n6 — oy 1) (14)

0.0 = Y 26,0005 00 - "
N, 6,1) = ) =Gi(r)cos (nf — oy T
k=12

2 _ (16)
. (f_ Ml) o] > 1

c

I (fcr\/ Oj — 1)
c

Gx(r) =
|O-k| <1

n

where 1, is the water surface or density interface elevation for mode k, and 7 is the

water surface or density interface elevation.



152 To include the effect of wind stress which is given uniformly and continuously
153  over a circular basin, Equations (1) & (2) are deformed into Equations (17) & (18) by
154  adding the external forces (Stocker et al., 2003).

du 0 17
3.V = —a—?+SWF_1C089 (17
155
ov 0 18
St = —%—SWF‘lsinH (1%)
156
_ gH? (19)
We = Fr,
157
_ 0, <0 (20)
F(o) = F, =0
158
1pairCD (21
F=_ter=b
Hop, 2 |Uy Uy,

159  where pgi; 1s the atmospheric density, p,, is the water density, Cp is the bulk

160  friction coefficient for wind force, and U, is the wind speed.

161 Finally, the theoretical solutions under wind stress are given as follows:
(8,1 = We'Qc — Wr'Qp)cosd — (We" — Wi ) XawDeAy (22)
162
W, = HC 1r7t (23)
163
Qc =1S—A4, (24)
164
Qr = —Ay (25)
165
_ o — 1 (26)
U TIT o —S207
166
Dy = cos (0 — gy 1) (27)
167
I,(r'z,5) (28)
kT L(z)

168  where C is the initial linear gradient of water surface level.
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2.2 Numerical computations

A three-dimensional non-hydrostatic model, Fantom, was used to analyze wave
motions in a circular basin. Fantom is an object-oriented parallel computing model that
has been applied to investigate, not only real scale phenomena (Nakamoto et al., 2013;
Nakayama et al., 2014; Nakayama et al., 2016), but also laboratory-scale phenomena
(Nakayama et al., 2012; Nakayama et al., 2019; Nakayama et al., 2020b). Fantom uses
a turbulence closure based on the generic length-scale (GLS) equation model in a real
scale phenomenon (Jones and Launder, 1972; Umlauf & Burchard, 2003), together with
the partial cell scheme used to represent a sub-grid scale elevation of a sloping boundary
in the z-coordinate bathymetry (Adcroft, 1997). To investigate the effect of grid sizes
on computational accuracy, three different grid sizes for surface waves and four grid
sizes for internal waves were used in the numerical simulations for structured grid
simulations, in which the grid-size condition of 1000 m for internal waves is shown in
“Discussion” for more detailed analysis (Table 1). For time marching, the theta method
was applied for surface waves with 8 = 0.5 which results in second-order accuracy in
time. In contrast, the second-order Admas-Bashforth method is used for the advection
of scalars which represents the internal waves.

For surface waves, conditions of H =75m, r, =67500mand f; =10*s"! were
given by following Birchifield (1969). The grid sizes for structured grids were 1000 m,
2500 m and 5000 m with the time steps of 5's, 10 s and 15 s, respectively (Figure 1).
Since the wind stress is small and the surface displacement is also small, the
representative velocity for computing the Courant-Friedrichs-Lewy condition (CFL
condition) is a linear longwave speed (¢, = 27.1 m s!), which results in CFL
conditions of 0.14, 0.11 and 0.08 for grid sizes of 1000 m, 2500 m and 5000 m,
respectively. In the numerical simulation for unstructured grids, the representative grid
size was 1780 m with a time step of 15 s, which corresponds to a CFL condition of 0.23.
To investigate the relationship between the Rossby radius and the grid size on
computational accuracy, we define the Rossby radius / the grid size as “Rossby-grid
factor”. Since the Rossby radius was 2.71 x10° m, the Rossby-grid factors were 270,
108 and 54 for the grid sizes of 1000 m, 2500 m and 5000 m in structured grid

simulations, respectively (Table 1).
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For internal waves, conditions of h; =15m, h, =15m, € =0.00198 (¢ = (p, —
p1)/p2), Ty =10000mand f. = 8.37x107 s were given by following Antenucci et

al. (2001) and Stocker et al. (2003). Linear longwave speed for internal waves is ¢,, =
0.38 m s”!', which corresponds to the Rossby radiuses of 20430 m and 4540 m,
respectively. The grid sizes for structured grid simulations were 100 m, 200 m and 500
m, in which the corresponding time steps were 10 s, 20 s, and 30 s (Figure 2). The CFL
conditions were 0.038, 0.038, and 0.022, and the Rossby-grid factors were 45, 23 and
9, respectively (Table 1). Therefore, the Rossby-grid factors were confirmed to be
larger than 5, which was the recommended minimum value by Schwab & Beletsky
(1998). For the unstructured grid simulation, the representative length scale and time
step were 500 m and 20 s, which gives a CFL condition of 0.015. In a three-dimensional
numerical simulation, the turbulence closure was needed to transfer the wind stress
from the surface to deeper grid levels, which build up the surface displacement, and in
turn lead to pycnocline displacement. A turbulent closer model, the GLS equation
model using k — & model with the CA filter, was used (Umlauf & Burchard, 2003;
Warner et al., 2005). The turbulent shear also occurs across the pycnocline and reduces
the kinetic energy of the internal waves.

The Coriolis parameters for surface and internal waves were f, = 10*sand f, =
8.37x1073 57!, and the representative time scales were 1/f; = 2.8 hand 1/f; = 3.3h,
respectively. Boegman et al. (2005) revealed that total potential energy in a circular
domain due to wind stress disappears due to dissipation by the breaking of high-
frequency internal waves over sloping bottoms within a half of the period of mode 1
internal waves. In this study, peripheral lengths for surface and internal waves were
4.241 x10° m and 6.28 x10* m. As the linear longwave speeds are 27.1 m s™! and 0.38
m s7!, the periods of mode 1 longwave were 4.3 h and 45.9 h for surface and internal
waves. Thus, potential energy due to wind stress is expected to disappear within at least
about 20 h in both cases. Therefore, we define 20 h as an energy time scale (= Tg) in
this study and investigate the validity of numerical simulation results within T;. Note
that the same energy time scale as internal waves was applied to surface waves because

the time scale of surface waves is shorter than internal waves.
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3 Results

3.1 Surface waves

Equation (10) gives normalized frequencies for surface waves of mode 1 to mode 8
with the conditions of H = 75 m, r, = 67500 m, and f; = 10* s! (Table 2). Few
studies show the value of the normalized frequency explicitly, and it was found that the
normalized frequencies for mode 1 to mode 4 by Birchfield (1969) should be replaced
by Table 2. A Mode 1 surface wave corresponds to SKW, which has the largest
amplitude at the curve-lined boundary and propagates in the cyclonic direction because
of the positive normalized frequency (Figure 3a). Surface waves more than or equal to
mode 2 correspond to SPWs, which have characteristics of large amplitude around the
centre of the circular basin (Figures 3b and 3c). While SPW of mode 2 has anti-cyclonic
direction due to the negative normalized frequency, SPW of mode 3 has a cyclonic
direction with the positive normalized frequency (Table 2). In Figure 3, the maximum
amplitude is normalized to 1.0 to show the relative magnitude of each mode clearly.
Numerical simulations were carried out by following previous studies, which
applied uniform and constant Northwind with a wind speed of 3.21079 m s™' (Csanady,
1967, Birchifield, 1969; Stocker et al., 2003). The displacements of surface waves at
(x, ¥)=(67500 m, 101250 m) as shown in Figure 1 were examined. The characteristics
of SKW and SPW appear clearly in this location (Figure 4). It was demonstrated that
the displacements of surface waves with the different grid sizes do not change a lot until

Tr =20h even if the grid size changes from 1000 m to 5000 m (Figure 4a). To evaluate

the accuracy of numerical simulations, we define Er = [ OTE ln —nrldt/] OTE nrdt (n

is the surface displacement at the target location and 7 is a benchmark displacement).
Here, the theoretical surface displacement is used as the benchmark. We obtained Er
of 2.1 %, 6.5 % and 8.5 % for grid sizes of 1000 m, 2500 m and 5000 m, respectively
(Table 1). It was thus confirmed that the numerical simulation with the structure grids
has enough accuracy in estimating the displacement of surface waves even in the largest
grid size, 5000 m. On the other hand, unstructured grid computation showed excellent
agreement with the theoretical solutions with Er = 0.7 %, though the representative
scale is 1780 m. Therefore, unstructured grid simulation was found to provide more
accurate computational results than those obtained by the structured grids, as had been

expected.
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3.2 Internal waves
The normalized frequency for internal waves was obtained using Equation (10) with
conditions of h; = 15 m, h, = 15 m, € = 0.00198, r, = 10000 m and f. =

8.37x1073 57! (Table 3). The normalized frequency of mode 1 to mode 8 is shown though
Stocker & Imberger (2003) showed the normalized frequency only up to mode 2. The
characteristic of each mode is the same as the surface waves (Figure 3). In a three-
dimensional numerical simulation using a level model, it is necessary to use a vertically
fine grid size around the pycnocline to reduce numerical errors. Therefore, in this study,
the vertical grid sizes were set as 0.5 m x 26, 0.25 m x 4, 0.1 m x 20, 0.25 m x 4 and
0.5 m x 33 layers from the flat bottom boundary to the surface, so that the total number
of vertical grids was 87 and a minimum grid size of 0.1lm was used around the
pycnocline. The vertical profile of density was given by using a function of tanh(a;z)
with @; = 0.5 m. Numerical simulations were carried out by applying uniform and
constant North winds with a wind speed of 2.0 m s°!.

In a two-layer system, it is possible to ignore the effect of the shear between the
upper and lower layers because the thickness of the pycnocline is zero, and there is no
transfer of the momentum. To include the effect of shear, it is necessary to add a friction
term. On the other hand, in a three-dimensional numerical simulation, a pycnocline has
a finite thickness which fundamentally includes the shear advection term in the
momentum equations, which results in the attenuation of the amplitude of density
interface displacement and a decrease in the internal wave speed. To include their
effects on the theoretical solutions, the attenuation rate of the amplitude and the
decreasing factor in the internal wave speed were added as Equation (29). Since it was
found from the surface wave analysis that unstructured grid simulation can provide high
applicability, we decided to use an unstructured grid simulation to obtain the parameters

of Equation (29). The best-fit curves were given using an attenuation rate of the

. _ -7
amplitude, e~3:0x10""°t

, and a decreasing factor in the internal wave speed, 93 % of a
linear longwave speed, at (x, y) = (10000 m, 15000 m) as shown in Figure 2 (Figure
5a). Although the theoretical solution is similar to the unstructured grid simulations, it
was difficult to fit the theoretical result to the numerical results completely, i.e., we

cannot use the theoretical solution as a benchmark for internal wave analysis.
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w (29)
H(r,0,1) = e 30x107"t Z(ngQC — W;1Qp)cos6

k=1
—(Wet — W) XarDy Ay

So, in this study, the effect of grid size in the structured grid computations was
investigated by comparing with the unstructured grid simulation as a reference (Figure
5b). Er was obtained for internal waves as the same with the surface waves, 7.5 %,
11.0 % and 12.8 % for grid sizes of 100 m, 200 m and 500 m, respectively (Table 1).
Since the lateral boundary is reproduced using a step-like function in a structured grid
simulation, strong shear damping due to local acceleration (numerical error in advection
term) 1s expected to occur around the domain boundaries, which may result in larger
Er for internal waves compared to the surface wave analysis. However, E7r is still
small enough to analyze the density interface displacement. Interestingly, Er does not
vary a lot with the change in grid size, which suggests that the energy loss due to the
step-like boundary does not change greatly with the grid size by up to the Rossby-grid
factor of 9 in Table 1. Therefore, it was found that a structured grid simulation can
provide sufficiently high accuracy for internal wave analysis even though the grid size

becomes larger, up to about 2.5 % compared to the computational domain scale.

4 Discussion

To understand how accurately a structured-grid simulation reproduces basin-scale
waves, the surface and density interface displacements at the energy time scale, Tg,
were compared to the theoretical solution and the unstructured grid simulation (Figures
6 and 7). For surface waves, it was confirmed that SKWs and SPWs exist in the
theoretical solution and unstructured grid simulation (Figures 6a and 6b). The
structured grid simulation with 1000 m grids was shown to agree with the unstructured
grid simulation as well. However, SPWs around the centre of the circular basin had
slightly smaller amplitude in structured grid simulations with 2500 m and 5000 m grids
compared to the unstructured grid simulation.

For internal waves, it is apparent that IKWs dominate because the Rossby radius is
4540 m, which is much smaller than the 20000 m diameter of the circular basin (Figure

7). Therefore, the effect of [IPWs on the amplitude could be seen slightly around the
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centre of a circular basin. All structured grid simulations show good agreement with
the unstructured grid simulation (Figures 7b to 7e).

Since Er did not vary very much with the change in the grid size in Figure 5, it
may also suggest the possibility that a structured grid simulation can provide
sufficiently good and practical computational results for internal wave analysis within
the energy time scale, Tr. Schwab & Beletsky (1998) suggested applying the grid size
less than one-fifth of the Rossby radius in coastal regions though our study recommends
applying the Rossby-grid factor of 9. To clarify the effect of the grid size on internal
waves, we conducted an additional numerical simulation with the grid size of 1000 m
(the Rossby-grid factor is 5), which shows that Er is 16.6 % (Table 1). Since Er
increases rapidly from the Rossby-grid factor of 9 to 5 ((12.8 % - 11.0 %)/(9 - 5) =
0.95) compared to the Rossby-grid factor of 23 to 9 ((16.6 % - 12.8 %)/(23 - 9) = 0.13),
it may be suggested that the Rossby-grid factor should be more than 9, approximately,
the Rossby-grid factor of 10.

The previous studies demonstrated that reflection of internal waves by obstacles can
be estimated theoretically when internal waves propagate over a step-like topography
representing a Gaussian bump at the bottom (Simanjuntak et al., 2009). The theoretical
solutions are based on a weakly nonlinear theory, and reliable to the varying bottom
topography, heightening less than 10 % of the total water depth. Still, it could be
possible to apply a similar strategy into our study to clarify the characteristics of grid
size effect on the generation of internal waves in a circular basin. Simanjuntak et al.
(2009) found that the generation of high-frequency internal waves due to step-like grids
is explained using the topography's Fourier transform. Thus, high-frequency internal
waves are expected to occur at adjacent frequencies of f; in the structured grid system
due to the step-like lateral boundary as follows (Simanjuntank et al., 2009):

1
£ = ”» (30)

where f; is the significant and dominant frequency due to the step-like lateral
boundary of the structured grid system, and AL is the grid size.

The spectrum of time series of the density interface displacement was calculated at (x,
y) = (10000 m, 15000 m) for the unstructured, 500 m and 1000 m grid simulations to
investigate the criteria of the Rossby-grid factor between 5 and 10 (Figure 8). The
unstructured grid simulation was again considered as a benchmark result. The 500 m

and 1000 m grid simulations correspond to the Rossby-grid factor of 10 and 5. In Figure
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8, temporal frequency is converted into spatial frequency using an internal long-wave
speed of 0.38 m s”'. As shown in the theoretical solutions, dominant modes 1 & 2 have
larger amplitude than the other modes (Table 3). The amplitudes of the dominant modes
in the 500 m grids were almost the same as the unstructured grid, but the 1000 m grids'
amplitudes were smaller than the unstructured grid. The peak amplitudes at high
frequencies more than f; did not occur in the structured grids although high-frequency
peak amplitudes existed in the unstructured grids. Thus, higher frequency internal
waves might be suppressed due to the step-like lateral boundary. Significantly, f; of
the 1000 m grids was almost the same as 1/R,,, which corresponds to the Rossby-grid
factor of 4.5, and the peak amplitude around 1/R, did not appear in the 1000 m grids
but in the other grids shown by green circles in Figures 8(a) and 8(b). It is conjectured
that the energy reduction of the dominant modes 1 & 2 may be caused by the interaction
between the near-inertial internal wave and the high-frequency internal waves of f; in
the 1000m grids. Therefore, we may again suggest that the ideal Rossby-grid factor
should be more than 10 for the structure grids.

An unstructured grid system can provide fine grids to reproduce accurate lateral
boundaries. On the other hand, there are some techniques for a structured grid system
to provide fine local grids, such as nesting grid and tree-based grid techniques. With
these techniques, we can improve the boundary representation of a structured grid
model. Therefore, we additionally examine the effectiveness of local mesh refinement
on IKWs and IPWs. We gave 100 m grids along the lateral boundaries to smoothen the
lateral edges and 200 m & 400 m grids elsewhere (Figure 9a) while keeping external
force conditions similar to the previous internal wave case. There was a slight
difference between the locally refined grid and 100 m uniform grid, i.e., the former
showed slightly higher displacements of the density interface at crests than 100 m
uniform grids (Figure 9b). However, the time series of density interface level was
almost the same as the 100 m grid simulation. Thus, the local mesh refinement would
be practical and effective to represent lateral boundaries in a stratified fluid.

Since water depth varies in actual coastal areas, it is conceivable that internal waves
are affected by the topography and that the energy dissipates more than in a circular
basin. Therefore, we attempted to investigate how internal waves behave in a conical
basin that is more realistic than a circular one (Figure 10a). The maximum water depth

was 30 m at the centre of the basin, and the upper- and lower-layer depths were the
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same, 15 m. Two different numerical simulations were carried out using structured and
unstructured grids. In the unstructured grid simulation, the representative grid size was
500 m (Table 1). As there was no considerable difference in Er among the three
different structured grids in the internal wave analysis of a circular basin, the same grid
size chaof 500 m was used in the structured grid simulation. Although, in the analysis
of the circular basin, constant and uniform winds were given to compare to the
theoretical solution, it is unusual to apply steady and consistent wind speed for 20 h in
a real situation. Therefore, we carried out numerical simulations starting from tilting
density interface with a gradient of 1/20000 without external forces (Figure 10a).

Density interface displacements were compared at (x, y) = (10000 m, 12500 m)
where IKW and IPW may play a significant role in the interface displacement (Figure
10). The peripheral length for internal waves is half as much as a circular basin, which
corresponds to an energy time scale, Tz, of 10 h. However, we applied Tz = 20 h
instead of T = 10 h to compare with the numerical simulations in the circular basin.
There was no considerable difference between the unstructured and structured grid
simulations, and the difference, Er, was obtained as 5.7 % (Figure 10b). Although
energy dissipation due to friction at the bottom was not included in numerical
simulations, we conjecture that kinetic energy decreased due to the occurrence of large
velocities in the lower layer around the shallow lateral boundaries. The decrease in
energy is apparent from the horizontal distribution of density interface displacement,
which showed a noticeable decline in the amplitude at the lateral boundaries at 10 h and
20 h compared to the initial condition (Figure 11). In actual coastal areas, energy
dissipation occurs due to the deformation of low-frequency internal waves to high-
frequency internal waves and the breaking of internal solitary waves over a sloping
bottom. Therefore, IKW and IPW would lose their energy more in actual coastal areas
than in our analysis, which may suggest the possibility that a structured grid simulation
can reproduce flow field in a stratified fluid sufficiently for scientific and engineering
purposes.

A structured grid simulation has almost the same accuracy as an unstructured grid
simulation when the Rossby-grid factor is more than approximately 10. With this
criterion, we can positively and confidently employ a structured grid model to
investigate the basin-scale internal waves. This paper does not intensify the structured

grid's benefits; instead, we try to remove uncertainties using the structured grid model
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for basin-scale internal waves. Additionally, it is not reliable to compare the speed
performance between models as it largely depends on several factors such as schemes,
solvers and implementations. Therefore, we cannot specify the computational

evaluation between the structured and unstructured grid systems.

5 Conclusions

The Rossby radius / the grid size was defined as “Rossby-grid factor” to discuss the
effect of grid size on basin scale waves. For surface waves, the unstructured grid
simulation was found to agree with the theoretical solution very well, with Er =0.7 %
with the Rossby-grid factor of 152. The structured grid simulations showed practically
small errors with the Rossby-grid factors of 270, 108 and 54. Even in the large grid
simulation, accurate numerical simulation results were obtained.

For internal waves, it was shown that the proposed theoretical solution could not
agree with the actual internal wave displacements because the pycnocline has a finite
thickness in a three-dimensional numerical simulation while the theory assumes a zero
thickness pycnocline and the effect of turbulence on internal waves is omitted. Since
an unstructured grid simulation was revealed to reproduce SKWs and SPWs perfectly,
we employed an unstructured grid simulation as a benchmark for internal wave analysis.
Er was obtained as 7.5 %, 11.0 %, 12.8 % and 16.6 % for grid sizes of 100 m, 200 m,
500 m and 1000 m with the Rossby-grid factors of 45, 23, 9 and 5, respectively.
Although Er was larger than surface waves due to the occurrence of numerical
dissipation by step-like grids at the lateral boundaries, reasonably good simulation
results were obtained with the Rossby-grid factor more than 9. Additionally, to clarify
the applicability of structured grids into a real scale, numerical simulations were carried
out using a conical basin. The same grid size was used for the structured and
unstructured grid simulations, and we applied the unstructured grid simulation as a
benchmark with the Rossby-grid factor of 23, which resulted in Er = 5.7 % that was
smaller than a circular basin. Therefore, it was concluded that IKWs and IPWs could
be reproduced sufficiently well using structured grids when the Rossby-grid factor is

more than approximately 10.
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Figure 9 Internal waves in a circular basin using nesting grids. (a) Multigrid with the
grid size of 100 m, 200 m and 400 m from the edge to center. (b) Density interface
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(e) Unstructured grids at 10 h. (f) Unstructured grids at 20 h.
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Table 1 Conditions for surface and internal waves

Basin Wave Rossby | Grid system | grid size | Rossby-grid | Er (%)
type type radius (m) factor
(m)
1000 270 2.1
Surface 2.71 Structured 2500 108 6.5
waves x10° 5000 54 8.5
Unstructured 1780 152 0.7
Circular
. 100 45 7.5
basin
200 23 11.0
Internal Structured
4540 500 9 12.8
waves
1000 5 16.6
Unstructured 500 9 -
Conical | Internal Structured 500 9 5.7
4540
basin waves Unstructured 500 9 -

Note that Rossby radius for a conical basin is assumed to be the same as a circular basin.




654  Table 2 Normalized frequency of each mode for surface waves

mode O Ay
1 6.9986 -0.4534
2 -7.38357 -0.3849
3 21.4002 -0.0349
4 -21.4730 -0.0379
5 34.2862 -0.0135
6 -34.3140 -0.0143
7 47.0196 -0.0072
8 -47.0343 -0.0075
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657  Table 3 Normalized frequency of each mode for internal waves

mode O Ay
1 0.5934 -0.6920
2 -1.4418 -0.1746
3 2.6072 -0.0197
4 -2.6696 -0.0408
5 4.0230 -0.0098
6 -4.0491 -0.0160
7 5.4475 -0.0058
8 -5.4617 -0.0083
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Figure 1 Surface waves in a circular basin. Structured grids with a grid size of (a)
5000 m, (b) 2500 m, and (c) 1000 m. (d) Unstructured grids with a representative
scale of 1780 m.
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Figure 6 Water surface elevation at the energy time scale, Tr. (a) Theoretical

solution. (b) Unstructured grids. (¢) 1000 m grids. (d) 2500 m grids. (e) 5000 m grids.
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Figure 7 Internal wave elevations at the energy time scale, Tr. (a) Theoretical

solution. (b) Unstructured grids. (c) 100m grids. (d) 200m grids. (e) 500m grids.
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Figure 8 Spectrum of density interface elevation (x, y) = (10000 m, 15000 m). (a)
Unstructured grids. (b) 500 m grids. (¢) 1000 m grids.
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Figure 9 Internal waves in a circular basin using nesting grids. (a) Multigrid with the

grid size of 100 m, 200 m and 400 m from the edge to center. (b) Density interface
elevation (x, y) = (10000 m, 15000 m). 100 m, 500 m and nesting grids.
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Figure 10 (a) Conical basin. (b) Interface displacement of structured and unstructured

grids.
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Figure 11 Interface displacement for a conical basin. (a) Initial of structured grids. (b)
Structured grids at 10 h. (¢) Structured grids at 20 h. (d) Initial of unstructured grids.
(e) Unstructured grids at 10 h. (f) Unstructured grids at 20 h.



