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ABSTRACT

Theoretical solutions of two-soliton resonance show the possibility that the amplitude of soliton resonance is four times as large as the inci-
dent solitary wave at the critical angle. The two-soliton interaction with a symmetrical configuration is generally categorized into (3142)-type
and (2143)-type (O-type). Previous studies demonstrated that amplification factors of (3142)-type and O-type are successfully reproduced by
using a function of the modified Miles’ prediction, j, in which (3142)-type and O-type correspond to 0 < j < 1 and j > 1. However, a train
of solitary waves often occurs in shallow water, resulting in multiple solitary wave interactions. Therefore, it is necessary to investigate the
interaction of multiple solitary waves due to soliton resonance. We, thus, applied theoretical solutions to analyze the interaction of multiple
solitary waves, which was validated by using numerical simulations based on the variational principle. It was revealed that the second and
the subsequent soliton resonances are O-type when j is larger than zero.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0056258

I. INTRODUCTION

Miles (1977) demonstrated theoretical solutions of two soliton
resonance by considering the reflection of a solitary wave from the
oblique wall with an incident angle, which is the so-called Miles’ pre-
diction. The theory showed that the amplitude of soliton resonance is
four times as large as the incident solitary wave at the critical angle
(Melville, 1980). Mach reflection occurs due to soliton resonance
when an incident angle is less than the critical angle in which the third
solitary wave (stem) appears. From a practical viewpoint, Peterson
et al. (2003) suggested that “Freak waves” are associated with the soli-
ton resonance that occurs due to the interaction of two solitary waves
(Kharif and Pelinovsky, 2003; Soomere and Engelbrecht, 2005).
Funakoshi (1980) applied the Boussinesq equations to compute an
incident solitary wave propagating along the oblique boundary with
an incident angle, which supported the Miles’ prediction under the
weakly nonlinear condition. Tanaka (1993) investigated the oblique
reflection of a large-amplitude solitary wave numerically, which
showed that the amplification factor is about three (Yeh et al., 2010; Li
et al., 2011; Gidel et al., 2017). Kodama (2010, 2016) proposed a modi-
fied Miles’ prediction based on the Kadomtsev–Petviashvili (KP) equa-
tion, which showed that the previous laboratory and numerical results
agreed well with the modified Miles’ prediction (Tanaka, 1993;
Nakayama et al., 2019).

Previous studies have shown that soliton resonance occurs due to
the interaction of internal solitary waves similar to surface waves

(Shimizu and Nakayama, 2017). Shimizu and Nakayama (2017)
showed the occurrence of large-amplitude internal solitary waves due
to soliton resonance in the Andaman Sea by using a non-hydrostatic
numerical model. Additionally, Helfrich and Melville (2006) demon-
strated the interaction of internal solitary waves by using synthetic
aperture radar images. Regarding large-amplitude internal solitary
waves, many images reveal the presence of solitary waves that have
substantial amplitudes (Wang and Pawlowicz, 2012; Xue et al., 2013).
On a laboratory scale, Maxworthy (1980) demonstrated the occur-
rence of the Mach stem due to the interaction of two internal solitary
waves. Tsuji and Oikawa (2007) and Nakayama et al. (2019) showed
the suppression of amplification due to soliton resonance in a two-
layer system by applying critical depth based on the KP equation.

In regard to the large-amplitude solitary waves that may cause
soliton resonance, Horn et al. (2000, 2002) showed that large-
amplitude internal solitary waves may occur as a train of solitary
waves. They carried out laboratory experiments using a tilting tank,
which demonstrated that low-frequency internal waves are trans-
formed into high-frequency internal solitary waves (a train of internal
solitary waves). The occurrence of the train of internal solitary waves
was confirmed by applying a fully nonlinear and strongly dispersive
internal wave model in a two-layer system (FDI-2s) (Nakayama and
Kakinuma, 2010; Nakayama et al., 2019). Shimizu and Nakayama
(2017) also demonstrated that a train of internal solitary waves may
cause soliton resonance in the Andaman Sea (Zheng et al., 1995). For
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surface waves, a train of solitary waves was found to occur and induce
soliton resonance due to the reflection from the riverbank when a tsu-
nami penetrates into a meandering river (Nakayama et al. 2016).
Therefore, it is crucial to investigate the interaction of multiple solitary
waves and clarify the mechanisms of soliton resonance.

A train of solitary waves often generates multiple solitary wave
interactions in shallow water, but few studies attempted to investigate
the interactions. Also, strong nonlinearity may affect the interaction of
multiple solitary waves due to soliton resonance. Therefore, we need
to consider nonlinearity accurately, such as by a three-dimensional
non-hydrostatic model (Nakayama, 2006; Aghsaee et al., 2010; Arthur
and Fringer, 2014; Shimizu and Nakayama, 2017; Nakayama et al.,
2019). However, the full three-dimensional non-hydrostatic model
includes viscosity and turbulence. To analyze the interaction of solitary
waves in direct comparison with theoretical solutions, the FDI-2s is
considered to be one of the most suitable models because the FDI-2s is
a layer model from which it is possible to remove energy dissipation
due to viscosity. Although the FDI-2s was designed to analyze the
internal waves in a two-layer system, it can also be used to analyze sur-
face water waves by considering that the upper and lower layers are air
and water layers, respectively. Thus, we applied the FDI-2s to investi-
gate the interaction of multiple solitary waves due to soliton resonance.
First, we investigated the applicability of the modified Miles’ prediction
to the first soliton resonance generated from the oblique boundary.
Second, we hypothesized that the second and the subsequent soliton
resonances can be classified into (2143)-type (O-type), which we veri-
fied theoretically and numerically. Finally, we proposed theoretical sol-
utions to estimate the amplification factors due to the interaction of
multiple solitary waves.

II. ANALYSIS OF WEAKLY NONLINEAR THEORY
A. Reflection of the first solitary surface wave due to
an oblique boundary (first soliton resonance)

The Wronskian formulation yields multi-soliton solutions for the
KP equation, @=@x 4@û=@ t̂ þ 6û@û=@x̂ þ @3û=@x̂3

� �
þ 3@2û=@ŷ2

¼ 0 with û ¼ 3u= 2hð Þ, x̂ ¼ x � c0ð Þt=h, ŷ ¼ y=h, and t̂ ¼ 2c0t=
3hð Þ in the water surface displacement of u, the total water depth of h,
the longwave speed of c0, the time of t, the propagation direction of x,
the orthogonal direction to x of y (Kodama, 2010). For example, soli-
ton interaction generated from the oblique boundary may be classified
into three types—(3142)-type, (2143)-type (O-type), and (4321)-type
(P-type) (Fig. 1). i; j½ � indicates the i; j½ �-soliton with the amplitude of
kj � ki
� �2

=2 and the i; j½ �-soliton angle of atan ki þ kj
� �

, in which ki
and kj are the soliton parameters. (3142)-type shows the typical exam-
ple of soliton resonance: generation of soliton 1; 4½ �, by interacting
two solitons, 1; 3½ � and 2; 4½ �. It provides evidence that soliton reflec-
tion at the boundary can be explained by soliton resonance with a
symmetric configuration for the main propagation direction.

We attempted to investigate multiple solitary waves with ampli-
tudes of a1, a2, a3,…, ai, which are reflected from the oblique bound-
ary with an incident angle of h1 (Fig. 2). The non-dimensional
amplitude and angle are given as ai ¼ 3ai= 2hð Þ and ci ¼ tan hið Þ.
According to Kodama (2010), (3142)-type satisfies the following rela-
tionships, c1KP <

ffiffiffiffiffiffiffiffiffiffiffi
2a1KP

p
, and k1 3142ð Þ < k2 3142ð Þ < k3 3142ð Þ < k4 3142ð Þ

as follows:

k1 3142ð Þ ¼ � c1
2
�

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (1)

k2 3142ð Þ ¼ c1
2
�

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (2)

k3 3142ð Þ ¼ � c1
2
þ

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (3)

k4 3142ð Þ ¼ c1
2
þ

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (4)

aR1KP ¼ c21
2
; (5)

cR1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
2a1KP

p
; (6)

aA1KP ¼ a1KP 1þ c1ffiffiffiffiffiffiffiffiffiffiffi
2a1KP

p
� �2

; (7)

cW ¼ c1
1� c1=

ffiffiffiffiffiffiffiffiffiffiffi
2a1KP

p
3c1=

ffiffiffiffiffiffiffiffiffiffiffi
2a1KP

p ; (8)

FIG. 1. The schematic diagram for three types of two-soliton interaction. (a)
(3142)-type. (b) (2143)-type (O-type). (c) (4321)-type (P-type). ½i; j� indicates the
½i; j�-soliton. (3142)-type is soliton resonance, and circles are local interaction with a
phase shift of solitons. Note that the selection of the type depends on not only the
angles but also the soliton parameters.

FIG. 2. Schematic diagram of the oblique reflection of multiple solitary waves. In
the case depicted, the first solitary wave reflects from the oblique boundary as
(3142)-type and the next solitary waves are of O-type with the reflection of the first
solitary wave.
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where a1KP is the non-dimensional incident amplitude for the KP the-
ory, aR1KP is the non-dimensional amplitude of the reflection of the
first solitary wave from the oblique boundary for the KP theory, cR1 is
the non-dimensional angle of the reflection of the first solitary wave
from the oblique boundary, cw is the non-dimensional angle due to
extension of the Mach stem, aA1KP is the non-dimensional amplitude
of the first soliton resonance for the KP theory, and k1 3142ð Þ, k2 3142ð Þ,
k3 3142ð Þ; and k4 3142ð Þ are the parameters for the first soliton resonance.

On the other hand, O-type satisfies c1KP >
ffiffiffiffiffiffiffiffiffiffiffi
2a1KP

p
and

k1 2143ð Þ < k2 2143ð Þ < k3 2143ð Þ < k4 2143ð Þ as follows:

k1 2143ð Þ ¼ � c1
2
�

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (9)

k2 2143ð Þ ¼ � c1
2
þ

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (10)

k3 2143ð Þ ¼ c1
2
�

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (11)

k4 2143ð Þ ¼ c1
2
þ

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (12)

aR1KP ¼ a1KP; (13)

cR1 ¼ c1; (14)

aA1KP ¼ 4a1KP

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ffiffiffiffiffiffiffiffiffiffiffi

2a1KP
p

=c1
� �2q ; (15)

cW ¼ 0; (16)

where k1 2143ð Þ, k2 2143ð Þ, k3 2143ð Þ, and k4 2143ð Þ are the parameters for the
first soliton resonance.

Kodama (2010) proposed to improveMiles’ prediction (the mod-
ified Miles’ prediction) for the case that two solitary waves with the
same amplitude interact as follows:

a1KP ¼ a1cos
2h1 ¼ a1

1
1þ c21

; (17)

aR1KP ¼ aR1cos
2hR1 ¼ aR1

1
1þ c2R1

; (18)

aA1KP ¼ aA1
1

1þ c21
; (19)

j ¼ c1ffiffiffiffiffiffiffi
2a1

p
cos h1ð Þ ¼

c1
cC

; (20)

cC ¼ tan hCð Þ; (21)

where cC is the non-dimensional critical angle, and hC is the critical
angle.

Therefore, we obtain (3142)-type (0 < j < 1) as follows:

aR1 ¼ j2a1
1þ c2C
1þ j2c2C

; (22)

cR1 ¼ cC; (23)

aA1 ¼ a1 1þ jð Þ2; (24)

cW ¼ cC
1� j
3

: (25)

Also, we obtain O-type (j > 1) as follows:

aR1 ¼ a1; (26)

aA1 ¼ a1
4

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� j�2

p : (27)

B. Theoretical solutions for aA2; aA3;… when c1 < cC
(0 < j < 1)

When (3142)-type occurs due to the reflection from the oblique
boundary (0 < j < 1), the origin of the first solitary wave reflection
detaches from the oblique boundary (Fig. 2). In such cases, the angle
measured from the wall may be inadequate for deriving the theoretical
solution for the soliton resonance. Thus, we rotate the propagation
direction of the second and following resonances with an angle of hW .
Therefore, the incident angles of the second solitary wave and the
reflection of the first solitary wave are given as c2 and cR2 (Fig. 2):

c2 ¼ tan h2ð Þ ¼ tan h1 þ hWð Þ; (28)

cR2 ¼ tan hR2ð Þ ¼ tan hC � hWð Þ: (29)

Since c2 is not equal to cR2, there may be two possibilities in
regard to the modification angle for the modified Miles’ prediction for
c2 and cR2: cos h2ð Þ and cos hR2ð Þ and the central angle
cos h2 þ hR2ð Þ=2� �

. We applied cos h2ð Þ and cos hR2ð Þ to the modified
Miles’ prediction in this study. The applicability of two representative
modification angles is investigated below in the Discussion section. If
the soliton resonance between the second incident solitary wave and
the reflection of the first solitary wave (the second soliton resonance in
Fig. 2) is O-type, this satisfies k1A < k2A < k3A < k4A,

k1A ¼ � c2
2
�

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
; (30)

k2A ¼ � c2
2
þ

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
; (31)

k3A ¼ cR2
2

�
ffiffiffiffiffiffiffiffiffiffiffi
a0R1KP
2

r
; (32)

k4A ¼ cR2
2

þ
ffiffiffiffiffiffiffiffiffiffiffi
a0R1KP
2

r
; (33)

a2KP ¼ a2cos
2h2 ¼ a2

1
1þ c22

; (34)

a0R1KP ¼ aR1cos
2hR2 ¼ aR1

1
1þ c2R2

: (35)

To satisfy k1A < k2A < k3A < k4A, we require k2A < k3A.
Assuming a1 ¼ 0:15, we found that O-type appears in the range of
0:25 < j < 1:0 (Fig. 3). For 0 < j < 0:25, the non-dimensional
amplitude of the first incident solitary wave a1 should be much larger
than the non-dimensional incident angle of the first solitary wave c1.
This raises the question of whether the “weakly nonlinear” KP theory
can be applied to analyze soliton resonance. Therefore, we conjecture
that KP theory will not significantly affect the soliton resonance in the
range of 0 < j < 0:25. In the Discussion section, we investigate in
detail whether some type of soliton resonance other than O-type
appears in the range of 0 < j < 0:25.

The non-dimensional amplitude of the second soliton resonance
aA2 is obtained as (36) in 0:25 < j < 1:0 (Kodama, 2010),
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aA2 ¼ 1

1þ ffiffiffiffiffiffi
YA

p ffiffiffiffiffiffiffiffiffi
a2KP

p þ
ffiffiffiffiffiffiffiffiffiffiffi
a0R1KP

p	 
2

þ ffiffiffiffiffiffi
YA

p ffiffiffiffiffiffiffiffiffi
a2KP

p �
ffiffiffiffiffiffiffiffiffiffiffi
a0R1KP

p	 
2
� �

;

(36)

YA ¼ 1� k2A � k1Að Þ k4A � k3Að Þ
k4A � k2Að Þ k3A � k1Að Þ : (37)

Since the second soliton resonance is O-type in 0:25 < j < 1:0,
the reflected wave reaches the third solitary wave without any defor-
mation (aR2 ¼ aR1). When the non-dimensional amplitude of the
third solitary wave a3 is equal to a2, the same consideration can be
applied to the third soliton resonance in Fig. 2. Therefore, we obtain
the non-dimensional amplitude of the third soliton resonance aA3 by
using (36). The other non-dimensional amplitudes of soliton resonan-
ces aA4;… are thus given by using (36) by iteration.

C. Theoretical solutions for aA2; aA3;… when c1 > cC
(j > 1)

When O-type occurs due to the reflection from the oblique
boundary (j > 1), the incident angles of the second solitary wave and
the reflection of the first solitary wave are c1 and c1 (Fig. 2). Therefore,
the modification angle for the modified Miles’ prediction is found to
be cos h1ð Þ only.

c2 ¼ tan h2ð Þ ¼ c1; (38)

cR2 ¼ tan hR2ð Þ ¼ c1: (39)

If the second soliton resonance is O-type, which satisfies
k1B < k2B < k3B < k4B, then the coefficients are as follows:

k1B ¼ � c1
2
�

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
; (40)

k2B ¼ � c1
2
þ

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
; (41)

k3B ¼ c1
2
�

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
; (42)

k4B ¼ c1
2
þ

ffiffiffiffiffiffiffiffiffi
a1KP
2

r
: (43)

To satisfy k1B < k2B < k3B < k4B, we stipulate k2B < k3B, which
yields the condition of (44). The non-dimensional amplitude of the
second solitary wave is smaller than that of the first solitary wave in a
train of solitary waves (Horn et al., 2000), which meansffiffiffiffiffi

a1
p þ ffiffiffiffiffi

a2
p� �

=2
ffiffiffiffiffi
a1

p
< 1. Because j > 1, this satisfied (44), and the

second soliton resonance is O-type theoretically. The non-dimensional
amplitude of the second soliton resonance aA2 is obtained as (45)
(Kodama, 2010). Since the second soliton resonances are O-type, aR2
is equal to aR1. Therefore, we obtain the other non-dimensional ampli-
tudes of soliton resonances aA3; aA4;… by using (45):

j >

ffiffiffiffiffi
a1

p þ ffiffiffiffiffi
a2

p
2

ffiffiffiffiffi
a1

p ; (44)

aA2 ¼ 1

1þ ffiffiffiffiffiffi
YB

p ffiffiffiffiffiffiffiffiffi
a2KP

p þ ffiffiffiffiffiffiffiffiffi
a1KP

p� �2 þ ffiffiffiffiffiffi
YB

p ffiffiffiffiffiffiffiffiffi
a2KP

p � ffiffiffiffiffiffiffiffiffi
a1KP

p� �2h i
;

(45)

YB ¼ 1� k2B � k1Bð Þ k4B � k3Bð Þ
k4B � k2Bð Þ k3B � k1Bð Þ : (46)

III. NUMERICAL SIMULATION
A. Fully nonlinear and strongly dispersive model

We applied the FDI-2s to analyze multiple solitary wave interac-
tions (Nakayama and Kakinuma, 2010; Nakayama et al., 2019). The
FDI-2s is based on the variational principle by following Luke (1967),
and the velocity potential is expanded in a series of z, which showed
that the vertical profile of horizontal velocity under a strong-nonlinear
solitary wave could be evaluated accurately (Nakayama et al., 2019).
The flow is assumed to be incompressible, and it is considered that
waves propagate in a stable two-layer inviscid fluid. The theoretical
solution of the dispersion relationship for surface waves was compared
with the linearized modified FDI-2s equation, which demonstrated the
high applicability of the FDI-2s equation (Nakayama et al., 2019). As
other examples for applying the model based on the variational princi-
ple, Sakaguchi et al. (2020) demonstrated the high applicability of the
fully nonlinear and strongly dispersive surface wave model (FDS) to
surface waves by comparing its results to those from laboratory experi-
ments. Nakayama and Lamb (2020) also applied the fully nonlinear
and strongly dispersive internal wave model in a three-layer system
(FDI-3s) to analyze breathers successfully. We attempted to use the
FDI-2s to analyze multiple solitary wave interactions by considering
that the upper and lower layers are air and water layers, respectively
(Fig. 4). The equations of the FDI-2s are as follows:

[First layer]

ga
@g
@t

þ 1
aþ bþ 1

r gaþbþ1rf1;b
	 


� ab
aþ b� 1

gaþb�1f1;b ¼ 0;

(47)

gb
@f1;b
@t

þ 1
2
gbþcrf1;brf1;c þ bc

2
gaþb�2f1;brf1;c þ ggþ p1

q1
¼ 0;

(48)

/1 x; y; z; tð Þ ¼
XN�1

a¼0

zaf1;a: (49)

[Second layer]

FIG. 3. Possibility of the occurrence of O-type and (3142)-type. k2A and k3A are
shown for soliton resonance between the second incident solitary wave and the
reflection of the first solitary wave when c1 < cC .
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ga
@g
@t

þ 1
aþ bþ 1

r gaþbþ1 � baþbþ1
� �

rf2;b
h i

� ab
aþ b� 1

gaþb�1 � baþb�1
� �

f2;b ¼ 0; (50)

gb
@f2;b
@t

þ 1
2
gbþcrf2;brf2;c þ bc

2
gaþb�2f2;brf2;c

þ ggþ p1 þ q2 � q1ð Þgh1
q2

¼ 0; (51)

/2 x; y; z; tð Þ ¼
XN�1

a¼0

zaf2;a; (52)

where g is the water surface level, g is the gravitational acceleration,
r ¼ ð@=@x; @=@yÞ, /1, and /2 are the velocity potential for the upper
and lower layers, f1;a and f2;a are the coefficients of the power function
for /1 and /2, p1 is the pressure at the water surface, N is the total
number of an expanded function, h1 and h2 are the undisturbed water
depth in the upper and lower layers, a ¼ 1; 2; � � � ; N , b ¼ 1; 2;
� � � ; N , and c ¼ 1; 2; � � � ; N . q1 and q2 are the density of air and
water, respectively, and the bottom is at z ¼ b.

For the analysis of multiple solitary waves, three sequential solitary
waves were applied in the numerical simulation. The spatial interval
between solitary waves was given as 50.0m to prevent the interaction
among solitary waves. The depths of the upper and lower layers were
given as 4.0 and 2.0m. The same amplitude (¼0.2m) was applied to all
solitary waves, and we used nine different incident angles in the simula-
tion (Table I). The mesh grid interval, Dx¼ 1.0m, Dy¼ 1.0m, and the
time step, Dt¼ 0.0005 s, were used in the numerical simulations. The
Courant–Friedrichs–Lewy condition was 0.00221 based on the linear
theory, which was small enough to apply the variational principle
(Nakayama et al., 2019). To reduce the runtime cost, we carried out
computations by using a moving computational domain, in which the
maximum active computational area is 400 � 500m for the x and y
coordinates. A sponge layer was applied on the left boundary of the
moving computational area to remove the reflection from the left edge.
Parallel computation was conducted using 12 central processing units
with openMP until the simulation reached a steady-state condition. The
oblique boundary condition was satisfied by applying the normal veloc-
ity zero condition of Simanjuntak et al. (2009).

B. Comparisons with theoretical solutions

The critical amplitudes cC for all cases were obtained from (21),
which classified that cases 1–5 were (3142)-type and cases 6–9 were
O-type, respectively (Table I). In numerical simulations, Mach stem
was confirmed to occur at the first soliton resonance from the oblique
boundary in cases 1–5, which corresponded to (3142)-type [Figs. 5(a)–
5(c) and 6(a)–6(c)]. When k < 1, the smaller the incident angle, the
less the time to reach a steady-state [Figs. 5(a)–5(c)]. In contrast, there
was no Mach stem at the first soliton resonance, and the amplified
amplitude at the oblique boundary decreased with the increase in h1
in cases 6–9, which corresponded to O-type [Figs. 5(d)–5(f) and
6(d)–6(f)]. When k > 1, the larger the incident angle, the less the time
to reach a steady-state [Figs. 5(d)–5(f)]. Additionally, it was confirmed
that the duration to reach a steady-state is relatively longer in Mach
stem cases than no Mach stem cases (Fig. 5). Case 5 required the most
time to reach the steady-state because the h1 of case 5 was the closest
to the critical angle, which was also revealed by Nakayama et al.
(2019).

In cases 1–5, where (3142)-type occurs (0 < j < 1), the non-
dimensional amplitude of the computed first soliton resonance aA1
agreed with the theoretical solutions (24), while the numerical simula-
tions were slightly smaller around j � 1 [Fig. 7(a)]. In cases 6–9,
where O-type occurs (j > 1), aA1 agreed with the theoretical solutions
(27) very well [Fig. 7(a)]. Regarding the non-dimensional amplitude of
the reflection of the first solitary wave aR1, the numerical simulations
agreed with the theoretical solutions (22) and (26), while the numerical
simulations were larger slightly when j > 1 (Fig. 8).

In regard to the non-dimensional amplitude of the second soliton
resonance aA2, we found no stem-like wave in cases 1–5, which means
that the soliton resonance was O-type (Fig. 6). We expected O-type at
the second soliton resonance for 0:25 < j < 1 from Fig. 3, which was
thus validated by using numerical simulations. In cases 6 to 9, where
j > 1, the second soliton resonance was confirmed to be O-type
(Fig. 6). We obtained good agreements of aA2 between the numerical
simulations and theoretical solutions (36) and (45), although the com-
puted aA2 was slightly smaller than the theoretical one around j � 1
[Fig. 7(b)]. Regarding aA3, there was no stem-like wave at the third sol-
iton resonance in all cases 1–9 (Fig. 6). Third soliton resonance was
thus confirmed to be O-type in all cases as we expected from the the-
ory. aA3 was slightly smaller than aA2, and agreed well with the theo-
retical solutions (36) and (45), though the computed aA3 was also
slightly smaller than the theoretical one.

TABLE I. Main parameters for numerical simulations.

Case h1 hC j aA1=a1 aA2=a1 aA3=a1

1 15 27.7 0.51 2.34 1.82 1.65
2 20 27.1 0.71 2.90 2.35 2.15
3 23 26.6 0.85 3.32 2.72 2.51
4 25 26.3 0.94 3.62 3.05 2.85
5 26 26.1 0.99 3.70 3.22 3.02
6 27 25.9 1.05 3.34 3.16 2.97
7 29 25.5 1.16 2.72 2.73 2.70
8 33 24.6 1.42 2.37 2.36 2.31
9 40 22.7 2.00 2.15 2.15 2.10

FIG. 4. Two-layer fluid in the FDI-2s. The upper and lower layers are air and water,
respectively.
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The non-dimensional amplitude aR2 agreed well with the theo-
retical solution (22) in 0 < j < 1 (Fig. 8). In j > 1, aR2 was con-
firmed to be similar to a1, which agreed with the theoretical solution
(26) (Fig. 8). In addition, with respect to the non-dimensional ampli-
tude aR3, the numerical simulations agreed well with the theoretical
solutions (22) and (26). Interestingly, aR2 was found to be slightly
smaller than aR1. Additionally, aR3 was smaller than aR2. As shown
above in the comparisons between aA2 and aA3, aA3 was smaller than
aA2. Since the FDI-2s can include the effect of full nonlinearity on the
computation of soliton resonance, we conjecture that consecutive soli-
ton resonances reduce the potential or kinetic energy, which results in
the decreases in aA3, aR2, and aR3.

IV. DISCUSSION

Funakoshi (1980) showed that the Boussinesq equation model
well-reproduced soliton resonance due to the interaction of an inci-
dent solitary wave with the oblique boundary by giving a small ampli-
tude solitary wave. The computed amplification factors were slightly
smaller than the Miles’ prediction around j � 1, suggesting that the
computational results may not have reached the steady-state. On the
otherhand, Tanaka (1993) found that the maximum amplification fac-
tor was about three times as large as the solitary incident wave based
on the finding that it gave a large-amplitude solitary wave. Yeh et al.
(2010) also demonstrated that the maximum fourfold amplification
predicted by Miles was not realized under strong nonlinear condition.

FIG. 5. Horizontal distribution of water depth by numerical simulations. Case 1: h1 ¼ 15� at (a) t¼ 40, (b) t¼ 80, and (c) t¼ 225 s. Case 9: h1 ¼ 40� at (d) t¼ 25, (e)
t¼ 50, and (f) t¼ 150 s.
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Nakayama et al. (2019) showed a similar suppression of amplification
factors when the amplitude of a solitary incident wave was relatively
large, while their target was the interaction of internal solitary waves.
Since the maximum amplitude of a solitary wave is about 80% of the
total water depth (aA1 ¼ 0:8h2) (McCowan, 1894), the possible non-
dimensional amplitude of the first soliton resonance aA1 is expected to
be about 1.2 [¼ 3aA1= 2h2ð Þ]. As the maximum amplification factor is
4, we can give the non-dimensional amplitude of the first solitary wave
a1 up to about 0.3 [¼ 3a1= 2h2ð Þ] in numerical simulations. In the pre-
sent study, we applied a1 ¼ 0:15, which is half as large as the potential
maximum. Therefore, nonlinearity was less, and we obtained similar
results as Funakoshi (1980) [Fig. 7(a)].

We obtained good agreements in regard to the normalized
amplitudes of the second and third resonances (aA2=a1 and aA3=a1)
between numerical simulations and theoretical solutions by applying
cos h2ð Þ and cos hR2ð Þ to the modified Miles’ prediction in 0 < j < 1
[Fig. 7(b)]. However, there is another possible means of improving
Miles’ prediction, i.e., by using cos h2 þ hR2ð Þ=2� �

, presuming that the
second resonance propagates with an incident angle of h2 þ hR2ð Þ=2.
Therefore, we investigated the change in the theoretical solution (36)
by using two different modification angles, which showed that there is
no significant difference between cos h2ð Þ and cos hR2ð Þ and
cos h2 þ hR2ð Þ=2� �

(Fig. 9). However, both theoretical solutions over-
estimated the numerical computations around j � 1. In the case of

FIG. 6. Horizontal distribution of water depth by numerical simulations. (a) Case 1: h1 ¼ 15� at t¼ 450 s. (b) Case 3: h1 ¼ 23� at t¼ 500 s. (c) Case 5: h1 ¼ 26� at
t¼ 730 s. (d) Case 6: h1 ¼ 27� at t¼ 600 s. (e) Case 8: h1 ¼ 33� at t¼ 300 s. (f) Case 9: h1 ¼ 40� at t¼ 300 s.
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cos h2 þ hR2ð Þ=2� �
, O-type was revealed to occur in 0:21 < j < 1:0,

which means that the other type of soliton resonance may appear in
0 < j < 0:21. In addition, we investigated the effect of the non-
dimensional amplitude of the first solitary wave a1 on the theoretical solu-
tion (36). We found that the smaller the a1, the closer to (24) the theoreti-
cal solution (36) moves. Still, the range of O-type is 0:25 < j < 1:0.
Note that a2A=a1 is 4 in 0 < j < 1:0 if we ignore modification angles
and the angle due to extension of the Mach stem when a2 ¼ a1, which is
not realistic and shows the necessity of considering the modification
angles and the effect of extension of theMach stem.

As shown in Figs. 7 and 9, there is a possibility that the second
soliton resonance is of the other type when j is relatively small.
Kodama (2010) revealed the potential of the occurrence of O-type,
(3142)-type, and (4321)-type (P-type) when two solitons interact. The
present study investigated whether (3142)-type and P-type occur
when we apply cos h2ð Þ and cos hR2ð Þ to the modified Miles’ prediction
in 0 < j < 0:25. First, if the second soliton resonance is (3142)-type,
k2A 3142ð Þ < k3A 3142ð Þ should be satisfied,

k2A 3142ð Þ ¼ cR2
2

�
ffiffiffiffiffiffiffiffiffiffiffi
aR1KP
2

r
; (53)

k3A 3142ð Þ ¼ � c2
2
þ

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
: (54)

Second, if the second soliton resonance is P-type, k1A 4321ð Þ
< k2A 4321ð Þ and k3A 4321ð Þ < k4A 4321ð Þ should be satisfied,

k1A 4321ð Þ ¼ � c2
2
�

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
; (55)

k2A 4321ð Þ ¼ k2A 3142ð Þ ¼ cR2
2

�
ffiffiffiffiffiffiffiffiffiffiffi
aR1KP
2

r
; (56)

k3A 4321ð Þ ¼ cR2
2

þ
ffiffiffiffiffiffiffiffiffiffiffi
aR1KP
2

r
; (57)

k4A 4321ð Þ ¼ k3A 3142ð Þ ¼ � c2
2
þ

ffiffiffiffiffiffiffiffiffi
a2KP
2

r
: (58)

It is evident that k1A 4321ð Þ < k2A 4321ð Þ < k3A 4321ð Þ is satisfied in
0 < j < 0:25. Therefore, we investigated k2A 3142ð Þ < k3A 3142ð Þ for
(3142)-type and k3A 4321ð Þ < k4A 4321ð Þ for P-type, respectively.

FIG. 7. Normalized amplitude of the theoretical solution and numerical simulation.
(a) j and aA1=a1. (b) j and aA2=a1 and aA3=a1.

FIG. 8. Normalized amplitude of the theoretical solution and numerical simulation.
j and aR1=a1, aR2=a1, and aR3=a1.

FIG. 9. Normalized amplitude of the theoretical solution and numerical simulation.
j and aA2=a1 and aA3=a1.
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Regarding (3142)-type, k2A 3142ð Þ < k3A 3142ð Þ was found to be satisfied,
which shows the possibility of the occurrence of (3142)-type in
0 < j < 0:25 (Fig. 10). In contrast, k3A 4321ð Þ < k4A 4321ð Þ was revealed
to be satisfied in 0 < j < 0:021, which shows the limitation of the
occurrence range of P-type (Fig. 10). Thus, we conjecture that soliton
resonance is (3142)-type in 0:021 < j < 0:25 and (3142)-type or P-
type in 0 < j < 0:021. We cannot determine whether (3142)-type or
P-type occurs in 0 < j < 0:021 uniquely. To let j � 0, the amplitude
of the first solitary wave a1 must be very large or the non-dimensional
incident angle of the first solitary wave c1 must be very small, which
may not satisfy the “weakly nonlinear” KP theory. Additionally, the
non-dimensional amplitude of the second soliton resonance aA2 is
expected to be similar to the non-dimensional amplitude of the second
solitary wave a2 around j � 0, which suggests that weakly nonlinear
KP theory will not significantly affect the soliton resonance in the
range of 0 < j < 0:25.

In a train of solitary waves, the amplitudes gradually decrease
from the front toward the end. Therefore, we investigated how the
non-dimensional amplitude of the second soliton resonance aA2 varies
by changing the non-dimensional amplitude of the second solitary
wave a2. We set a2 ¼ 2a1=3 and a2 ¼ a1=3. When a2 ¼ 2a1=3,
k2A < k3A was revealed to be satisfied in j > 0, which suggests that
the second soliton resonance is O-type [Fig. 11(a)]. Significantly, O-
type at the second soliton resonance was confirmed to be valid for the
values of a1 from 0.15 to 0.30 when a2 � a1. Thus, the second and
the subsequent soliton resonances were found to be O-type when
a2 � a1, and their non-dimensional amplitudes could be obtained by
using the theoretical solutions (36) and (45). In the previous study
related to internal waves, Zheng et al. (1995) showed that the second
and the subsequent soliton resonances due to a train of internal soli-
tary waves were O-type. Moreover, we found that the amplification
factor of the second soliton resonance aA2 decreases with the decrease
in a2 [Fig. 11(b)]. In the present study, we applied a non-dimensional
amplitude of the first solitary wave a1 to calculate an amplification fac-
tor, and we did not use a normalized non-dimensional amplitude (59).
By using (59), the maximum amplification factor becomes fourfold
when a2 � a1 and j ¼ 1:

am2KP ¼
ffiffiffiffiffiffiffiffiffi
a2KP

p þ ffiffiffiffiffiffiffiffiffiffiffi
aR1KP

p� �2
4

; (59)

where am2 is the normalized amplitude of a2 and aR1.

V. CONCLUSIONS

The first soliton resonance from the oblique boundary was well-
reproduced by using the FDI-2s. The amplification factors of the first
soliton resonance agreed well between the theoretical solutions and
numerical simulations. Also, the computed amplification factors of the
second and the third soliton resonances agreed with the theoretical
solutions. In 0:25 < j < 1, the second and the subsequent soliton res-
onances were found to be O-type. The modification angle for the mod-
ified Miles’ prediction was suggested to be cos h2ð Þ and cos hR2ð Þ for
the second resonance. In j > 1, all soliton resonances were O-type.
The second soliton resonance was (3142)-type in 0:021 < j < 0:25
and (3142)-type or P-type in 0 < j < 0:021. The amplitude of the
second soliton resonance is expected to be similar to the second soli-
tary wave around j � 0, which suggests that KP theory will not signif-
icantly affect the soliton resonance in the range of 0 < j < 0:25.
Therefore, disregarding the type of the first soliton resonance, the sec-
ond and the subsequent soliton resonances were revealed to be O-
type, which indicates that the amplification factor can be estimated by
using the theoretical solutions proposed in this study. However, the
aim of the present study was limited to clarifying the interactions of
multiple solitary waves by using the oblique boundary; further
research will be needed to investigate the interactions of multiple soli-
tary waves with different amplitudes.

FIG. 10. Possibility of the occurrence of (3142)-type and P-type. j and k2Að3142Þ,
k3Að3142Þ, k3Að4321Þ, and k4Að4321Þ when 0 < j < 0:06.

FIG. 11. Amplification factors when the second incident amplitude varies.
a2 ¼ a1=3, 2a1=3 and a1. (a) j and k2A, k3A, k2B, and k3B. (b) j and aA2=a1.
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