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Abstract

Plane-wave-enriched finite element method (FEM), an efficient wave-based
prediction method, uses shape functions incorporating a set of plane waves
propagating in various directions to enhance the sound field approximation
capability. The method can be an efficient wave-based acoustic solver for
room acoustic simulations because it can simulate wave phenomena in rooms
accurately with markedly fewer finite elements in spatial discretization than
those used for standard FEM. However, several aspects remain to be ad-
dressed before its use for practical room acoustic simulations. Accurate
sound absorber modelings able to address their frequency and incident angle
dependence of absorption characteristics present extremely important issues.
This paper presents a proposal of a method of implementing an extended-
reaction model of microperforated panel (MPP) and permeable membrane
(PM) sound absorbers into a room acoustic solver with plane-wave-enriched
FEM. First, we demonstrate the validity of the proposed method in com-
parison with theoretical values in which impedance tube problems including
three sound absorbers composed of MPP and PM are used. Then, the effec-
tiveness over standard FEM is demonstrated via 2D real-scale office problems
with the three MPP-PM sound absorbers.
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Nomenclature

(ξ, η) Local coordinate system

(x, y) Cartesian coordinate system

α0 Normal incidence sound absorption coefficient

A Nodal amplitude vector constructed from element amplitude vector
Ae

C Global dissipation matrix constructed from element dissipation matrix
Ce

D Global MPP matrix constructed from element MPP matrix De

K Global stiffness matrix constructed from element stiffness matrix Ke

L Global PM matrix constructed from element PM matrix Le

M Global mass matrix constructed from element mass matrix Me

P New shape function vector

Pa, Pb New shape function vector for MPP element and PM element

Q External force vector constructed from element external force vector
Qe

∆p Sound pressure difference between both sides of MPP or PM

η Dynamic viscosity of air

∂p
∂n

Normal pressure gradient

Γ0 Rigid boundary

Γe,m MPP element having two boundary surfaces Γe,ma and Γe,mb
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Γe,p PM element having two boundary surfaces Γe,pa and Γe,pb

Γv, Γve Vibration boundary and vibration boundary for element

Γz, Γze Absorbing boundary and absorbing boundary for element∫
Γ
· dΓ,

∫
Γe
· dΓe Boundary integral and boundary integral in an element∫

Ω
· dΩ,

∫
Ωe
· dΩe Domain integral and domain integral in an element

λ Wavelength in air

∇ Gradient of variable

Ω Closed sound field

ω Angular frequency

Ωe Air element

φ Weight function

π Circular constant

ρ0 Air density

j Imaginary unit
√
−1

θl Propagation angle of plane wave in polar coordinate system

Ali Amplitude of plane waves propagating in a direction θl

C Constant to calculate q

c0 Speed of sound in air

f Frequency

hmax Maximum element length

k0 Wavenumber in air

L Thickness of air cavity
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Lfem(f, i) SPLs calculated using PW-FEM and standard FEM in a receiver
i at frequency f

Lref(f, i) Reference SPL value calculated using fourth-order accurate FEM
in a receiver i at frequency f

Lrms(f) RMS error at frequency f with respect to spatial distribution of SPL

Mm, Mp Surface density of MPP and PM

n Number of node in a finite element

Ni Shape function

ng Number of integration points in high-order Gauss–Legendre rule

Nnode Number of nodes in FE mesh

Np Number of receiving point

nw Ratio of wavelength to maximum length of element

P New shape function defined as the product of shape function Ni and
plane wave with unit amplitude ejk0(x cos θl+y sin θl)

p Sound pressure

pi Nodal sound pressure in a finite element

q Number of plane waves for enrichment

r, ωm Resistance and reactance in Maa’s impedance model

Rm Flow resistance of PM

t Time

tp, d, ε Panel thickness, hole diameter, perforation ratio of MPP

vf Particle velocity on rigid MPP surface

vm, vn Vibration velocity of limp MPP and on vibration boundary surface

Ym, Yp Transfer admittance of MPP and PM
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Z(M) Acoustic impedance at point M

Zm Acoustic impedance of MPP

zn Specific acoustic impedance ratio on absorbing surface

1. Introduction

Room acoustic solvers using wave-based numerical methods such as fi-
nite element method (FEM) can simulate wave phenomena inside rooms
accurately with physically reliable modeling. By virtue of recent advances
in computer technology, the applicability of wave-based solvers to room
acoustic simulations is progressing rapidly in both frequency and time do-
mains [1, 2, 3, 4]. In general, FEM [5, 6, 7, 8] and the boundary ele-
ment method [9, 10] are standard selections for room acoustic simulations
in the frequency domain, whereas recent time-domain room acoustic simula-
tions use various numerical methods such as the finite-difference time-domain
method [11, 12, 13, 14, 15], time-domain FEM [2, 16, 17, 18], finite-volume
time-domain method [19, 20], pseudospectral time-domain method [21, 22],
discontinuous Galerkin FEM [23, 24, 25, 26], and the adaptive rectangular
decomposition method [27, 28]. However, wave-based room acoustic pre-
dictions are still computationally expensive in practical applications. It is
therefore desirable to develop methods that are more efficient and thereby
to enhance their applicability further. Moreover, accurate room acoustic
simulations require the usage of extended-reaction boundary modelings by
which the frequency and incident-angle dependence of various sound ab-
sorbers can be incorporated properly in simulations[7, 9, 18, 26, 29, 30].
For time-domain room acoustic simulations, incorporating a local-reaction
frequency-dependent impedance boundary is still a challenging task because
of the inherent difficulty of addressing frequency-dependent quantities in a
time domain. Many studies [25, 28, 30, 31] have been undertaken to imple-
ment a frequency-dependent impedance boundary efficiently for time-domain
acoustic simulations. For accurate room acoustics simulations, a recent study
presented an useful method to ascertain the surface impedance of various
sound absorbers from octave-band absorption coefficients [32]. Toward con-
structing an efficient wave-based room acoustic solver, this paper presents
a proposal for extended-reaction models of two sound absorbers for room
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acoustic simulations in frequency domain using Partition of Unity Finite El-
ement Method (PUFEM) [33].

The PUFEM is a highly accurate numerical method incorporating a
general solution of governing equations into shape functions. In earlier
works [34, 35, 36] acoustic PUFEMs and PU-based methods were formu-
lated to solve the Helmholtz equation efficiently. For instance, a PUFEM
formulation using plane wave enrichment uses a set of plane waves prop-
agating in various directions at each node in an element to enhance the
approximation capability of sound fields. Herein, we define the formulation
as plane-wave-enriched FEM. In doing so, sound fields are approximated up
to high frequencies under a single coarse mesh using a refinement approach.
The refinement, called q-refinement, adds a set of plane waves at nodal points
gradually with increasing frequency. Consequently, the plane-wave-enriched
FEM achieves marked reduction of degrees of freedom (DOF) compared to
the standard FEM. A recent report [37] described two room acoustic problems
in which the DOF reduction reaches O(10−2), at least against the standard
FEM. Therefore, plane-wave-enriched FEM can be an efficient room acoustic
solver. However, the room acoustic solver using plane-wave-enriched FEM
remains under development. Various aspects remain to be studied before
its practical application. The development of extended-reaction models of
sound absorbers is one such aspect.

Typically, to control acoustics inside rooms, sound absorbers of two types
are used: porous absorbers and Helmholtz resonators. Two earlier works [38,
39] present implementation of an equivalent fluid model and a poroelastic
material model, which are used as extended-reaction models for porous ab-
sorbers, in plane-wave-enriched FEM analyses. With these implementation
techniques, sound absorption effects of porous materials such as glass wools
and carpets can be adequately incorporated in room acoustic simulations.
However, for other sound-absorbing materials such as microperforated pan-
els and permeable membranes, extended-reaction models must be developed
to accommodate their sound absorption effects adequately.

Microperforated panels (MPPs), thin panels with submillimeter perfora-
tions below a 1% perforation ratio, are made of various materials such as
metals, wood, and plastics. The classical sound absorbers using MPPs are
single-leaf and double-leaf MPP absorbers, respectively using an MPP or
two MPPs in front of an air cavity to form Helmholtz type sound absorp-
tion [40, 41]. Permeable membranes (PM) are air-permeable thin fabrics
made from various natural and chemical fibers [42, 43]. Absorption curtains
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and suspended ceilings are examples of PM absorbers that have a porous type
sound absorption mechanism. Actually, MPP absorbers and PM absorbers
are attractive in terms of both sound absorptivity and aesthetic perspective,
which are necessary for room acoustic design. Therefore, many MPP and
PM absorbers have been proposed [44, 45, 46, 47, 48] and applied to create
comfortable acoustic spaces according to room uses and environments [49].

These analyses were conducted to present a method of incorporating MPP
and PM absorbers into a room acoustic solver using plane-wave-enriched
FEM, and to demonstrate their applicability. The presented extended-reaction
model can deal adequately with the frequency-dependence and incident-angle
dependence of both absorbers. The remainder of this paper is organized as
follows. Section 2 presents incorporation methods based on interior absorbing
boundary conditions. In Section 3, the validity of the incorporation method
will be shown via impedance tube problems including three sound absorbers
composed of MPPs and PMs. Section 4 demonstrates the effectiveness of
the developed room acoustic solver using plane-wave-enriched FEM against
the standard FEM via 2D room acoustic problems including three MPP-PM
absorbers.

2. Theory

The explanation of this section incorporates MPP and PM via interior
impedance boundary conditions into the discretized matrix equation of the
plane-wave-enriched FEM. The incorporation method [29] has been used in
standard FEM, in which both MPP and PM are expressed as transfer ad-
mittance.

2.1. Interior impedance boundary conditions for MPP

Figure 1(a) presents the theoretical model of MPP and PM having re-
spective transfer admittance Ym and Yp. In Fig. 1, ∆p(= pa − pb) represents
the sound pressure difference between both sides of an MPP or a PM, Zm

denotes the MPP acoustic impedance, Rp stands for the PM flow resistance,
Mm denotes the MPP surface density, Mp expresses the PM surface density,
j is an imaginary unit, and ω represents the angular frequency. Figure 1(b)
shows an FE model of MPP and PM, where Γe,m and Γe,p respectively rep-
resent the MPP element and the PM element, having two boundary surfaces
Γe,ma and Γe,mb

for MPP and Γe,pa and Γe,pb
for PM. In addition, Ωe is the

air element. na and nb are the normal vectors at the boundary surface.

7



Y Yor

MPP or PM

Transfer admittance

・MPP

・PM

m

Ym
Zm m

p

Yp

=

=

+
1 1

jωM

R p p
+

1 1
jωMpp

(a) Theoretical model (b) FE model

Air Air

a

pa

na nbb

pb

ppa bΔp =

Γ Γ

ΩAir

or

e

e,m e,p

Γ Γore,m e,p Γ Γore,m e,p

MPP or PM element

1 2

4 3

a a b b

Figure 1: Theoretical model of MPP or PM and its spatially discretized FE model.

An MPP is assumed as a limp material with surface density Mm and
vibration velocity vm. The equation of motion can be expressed as

Mm
∂vm

∂t
= ∆p. (1)

The sound absorption effect of MPP is expressed by its acoustic impedance
Zm as

Zm =
∆p

vf

, (2)

where Zm stands for the acoustic impedance of rigid MPP and vf denotes
the particle velocity on the rigid MPP surface. For this paper, we use the
following simple impedance model presented by Maa [40] as

Zm =
r + jωm

ε
, (3)

with

r =
32ηtp
d2

(√
1 +

K2

32
+

√
2

8
K
d

tp

)
, (4)

ωm = ρ0ωtp

1 +
1√

9 + K2

2

+ 0.85
d

tp

 , (5)
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K = d

√
ωρ0

4η
, (6)

where ρ0, tp, d, ε, and η respectively represent the air density, panel thickness,
hole diameter, perforation ratio, and dynamic viscosity of air (=17.9 µPa s).
Furthermore, the transfer admittance Ym of MPP is defined with the two
Eqs. (1) and (2) as

Ym =
1

Zm

+
1

jωMm

. (7)

Transfer admittance Ym is imposed on the surfaces Γe,ma and Γe,mb
via interior

absorbing boundary conditions, which are described below.

∂p

∂n
=

{
−jωρ0Ym∆p on Γe,ma ,

jωρ0Ym∆p on Γe,mb
.

(8)

Because the interior absorbing boundary conditions are imposed on both
sides of material surfaces, it can model the backing structure in sound ab-
sorbers, having the capability of dealing accurately with the incident-angle
dependence of absorbers.

2.2. Interior impedance boundary conditions for PM

We assume a PM as a limp material with no tension. The air permeabil-
ity is expressed by flow resistance Rp. Similarly to the MPP, the transfer
admittance Yp of PM is defined as

Yp =
1

Rp

+
1

jωMp

. (9)

With the transfer admittance above, the interior absorbing boundary condi-
tions for PMs are given as

∂p

∂n
=

{
−jωρ0Yp∆p on Γe,pa ,

jωρ0Yp∆p on Γe,pb
.

(10)

2.3. PUFEM discretization of a sound field including MPP and PM

Room acoustic problems generally solve the following Helmholtz equation
in terms of sound pressure p for predicting sound propagation in a closed
sound field Ω.

∇2p+ k2
0p = 0 in Ω, (11)
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where k0 stands for the wavenumber in air. For boundary conditions, we con-
sider five boundaries: The interior absorbing boundary condition for MPP,
the interior absorbing boundary condition for PM, the rigid boundary con-
dition Γ0, the vibration boundary condition Γv, and the absorbing boundary
condition Γz. The latter three boundary conditions are described as

∂p

∂n
=


0 on Γ0

−jωρ0vn on Γv

−jωk0
1
zn
p on Γz

, (12)

where vn and zn respectively denote the vibration velocity and the specific
acoustic impedance ratio. The weak form for plane-wave-enriched FEM is
given as ∫

Ω

(−∇φ∇p+ k2
0φp)dΩ +

∫
Γ

φ
∂p

∂n
dΓ = 0, (13)

where φ is the arbitrary weight function.
In a standard FEM, sound pressure at an arbitrary point p(x, y) within

element Ωe is approximated as

p(x, y) =
n∑
i=1

Ni(ξ, η)pi, (14)

where Ni(ξ, η) and pi respectively represent the shape function with two-
dimensional local coordinate (ξ, η) and nodal sound pressure in finite ele-
ments. In the plane-wave-enriched FEM, the plane wave, which is a general
solution of the Helmholtz equation, is incorporated into the shape function
via the partition of unity property. Figure 2 presents plane-wave-enriched
discretization of space Ω and q-refinement approach where the space is dis-
cretized with four-node quadrilateral elements. As the figure shows, for two-
dimensional analysis, pi is expressed as a set of plane waves propagating in
various directions as

pi =

q∑
l=1

ejk0(x cos θl+y sin θl)Ali, (15)

where q, θl, and Ali respectively represent the number of plane waves, the
angles of plane waves and the amplitude of plane waves propagating in a
direction θl. Figure 2 portrays examples of plane-wave-enrichment for q=4, 8,
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Ω

in Ωe

p1

x

y

cos θl, k

p2

p3
p4

η

ξ

1 2

34

q-refinement

Local coordinate

Global  
coordinate p(x, y)

q = 4

pi =
q

∑
l=1

ejk0(x cos θl+y sin θl)Al
i

q = 8

q = 12 q = 16

f

Plane wave number at nodal points increases gradually with 
increasing frequency f while keeping element size constant 

Superposition of plane waves

p(x, y) =
4

∑
i=1

q

∑
l=1

Ni(ξ, η) ejk0(x cos θl+y sin θl)Al
i in

Plane-wave-enriched approximation 

in Ωe

in Ωe in Ωe

in Ωe in Ωe

θl = 2π
q

(l − 1)
(l = 1,⋯, q)

Figure 2: Plane-wave-enriched finite element discretization and q-refinement.

12 and 16, where an unit circle is evenly discretized as θl = 2π(l−1)
q

. Inserting

Eq. (15) into Eq. (14), p(x, y) in an element Ωe is approximated as

p(x, y) =
n∑
i=1

q∑
l=1

Ni(ξ, η)ejk0(x cos θl+y sin θl)Ali. (16)

For the readers’ convenience Table 1 gives the shape function Ni for four-node
quadrilateral elements. Equation (16) can be described simply as

p(x, y) =
n∑
i=1

q∑
l=1

P(i−1)q+l(ξ, η)Ali, (17)

with definition of a new shape function P , which is defined as the product
of shape function Ni and plane wave ejk0(x cos θl+y sin θl), i.e., P(i−1)q+l(ξ, η) =
Ni(ξ, η)ejk0(x cos θl+y sin θl). The analysis in the present paper designates ap-
proximation in Eq. (16) or Eq. (17) as plane-wave-enriched finite elements
(FEs). As shown in Figure 2 the plane-wave-enriched FEs discretization
uses q-refinement in which plane wave number q at nodal points increases
gradually with increasing frequency f while maintaining the element size as
constant. The method of increasing the plane wave number is explained

11



Table 1: Shape functions of four-node quadrilateral elements

i=1 i=2 i=3 i=4
Ni

1
4
(1− ξ)(1− η) 1

4
(1 + ξ)(1− η) 1

4
(1 + ξ)(1 + η) 1

4
(1− ξ)(1 + η)

∂Ni

∂ξ
−1

4
(1− η) 1

4
(1− η) 1

4
(1 + η) −1

4
(1 + η)

∂Ni

∂η
−1

4
(1− ξ) −1

4
(1 + ξ) 1

4
(1 + ξ) 1

4
(1− ξ)

later. Then the weak form of the Helmholtz equation in Eq. (13) is dis-
cretized spatially using the plane-wave-enriched FEs together with the five
boundary conditions. The discretized matrix equation can be expressed as∑

e

[Ke − k2
0Me + jk0Ce + ρ0De + ρ0Le]Ae =

∑
e

[−jωρ0Qe], (18)

where Ke, Me, Ce, De, and Le respectively represent the element stiffness
matrix, the element mass matrix, the element dissipation matrix, the element
MPP matrix, and the element PM matrix. Ae and Qe are, respectively, the
element amplitude vector and the element external force vector. Finally, we
obtain the following linear system of equations expressed as

[K − k2
0M + jk0C + ρ0D + ρ0L]A = −jωρ0Q, (19)

where K, M , and C respectively represent the global stiffness matrix, the
global mass matrix, and the global dissipation matrix. Both D and L re-
spectively denote the global matrix constructed from the element MPP ma-
trix and element PM matrix. In addition, A and Q respectively denote
the nodal amplitude vector and the external force vector. With the shape
function vector P constructed from the new shape function P(i−1)q+l(ξ, η),
i.e., P = [P1, P2, · · · , P(i−1)q+l, · · · , P4q], the global matrices and vectors are
described as

K=
∑

e

Ke =
∑

e

∫
Ωe

∇P T∇PdΩe, (20)

M=
∑

e

Me =
∑

e

∫
Ωe

P TPdΩe, (21)

C=
∑

e

Ce =
∑

e

1

zn

∫
Γe,z

P TPdΓe, (22)

12



Table 2: Shape functions of four-node MPP and PM elements, in which absorbing surfaces

of elements respectively consist of nodes i = 1–4 and i = 2-3, as presented in Fig. 1(b).

i=1 i=2 i=3 i=4
Na,i

1
2
(1− ξ) 0 0 1

2
(1 + ξ)

Nb,i 0 1
2
(1− ξ) 1

2
(1 + ξ) 0

∂Na,i

∂ξ
−1

2
0 0 1

2
∂Nb,i

∂ξ
0 −1

2
1
2

0

D=
∑

e

De =
∑

e

jωYm

∫
Γe,ma,b

(P T
a (Pa − Pb)

−P T
b (Pa − Pb))dΓe, (23)

L=
∑

e

Le =
∑

e

jωYp

∫
Γe,pa,b

(P T
a (Pa − Pb)

−P T
b (Pa − Pb))dΓe, (24)

Q=
∑

e

Qe =
∑

e

vn

∫
Γe,v

P TdΓe. (25)

In the equations presented above, Pa and Pb respectively represent the new
shape functions at nodes on Γe,ma and Γe,mb

for the MPP element or Γe,pa and
Γe,pb

for the PM element. For plane-wave-enriched four-node quadrilateral
MPP and PM elements used for this study, Pa and Pb respectively denote
constructions using shape functions Na,i and Nb,i, which are presented in
Table 1. Finally, sound pressures in the domain are calculable by substituting
the amplitudes of plane waves Ali obtained from Eq. (19) into Eq. (16) or
Eq. (17). For spatial discretization in the air domain, we used plane-wave-
enriched four-node quadrilateral elements. Furthermore, for the absorbing
boundary and vibration boundary, we applied plane-wave-enriched two-node
line elements. The domain and boundary integrals appearing in element
matrix construction are calculated using high-order Gauss–Legendre rules.
In plane-wave-enriched FEM, the number of integration points ng in the high-
order Gauss–Legendre rules change according to the frequency and element
sizes. We applied the following rule to ascertain the number of integration
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points [37, 50] as

ng =

{
10 (nw < 1)

int(10nw + 1) (nw ≥ 1)
, (26)

where nw represents the ratio of wavelength λ to the maximum length of
each element hmax(nw = hmax/λ).

3. Validation with Impedance Tube Problems

To demonstrate the validity of the proposed implementation method of
MPP and PM in a room acoustic solver with plane-wave-enriched FEM, we
conducted numerical experiments based on the impedance tube method with
the transfer function method to calculate the sound absorption characteris-
tics of sound absorbers. We calculated the specific acoustic impedance ratio
and the sound absorption coefficient of three sound absorbers, which are
composed respectively of MPP and PM. Then they were compared respec-
tively with the theoretical values using the transfer matrix method described
in Appendix A at frequencies of 10 Hz to 8 kHz with a 1 Hz interval. The
speed of sound c0 and air density ρ0 were assumed respectively as 340 m/s
and 1.205 kg/m3.

3.1. Numerical setup

Figure 3 presents an impedance tube model. Using this model, we cal-
culated the sound absorption characteristics of three MPP-PM absorbers, as
shown in Figs. 4(a)–(c): (a) a single-leaf MPP absorber, (b) a double-leaf
MPP absorber, and (c) a PM-MPP absorber. We assumed that the MPP is
made of an MS sheet and that the PM is made of glass cloth, each with the
following material parameters: Mm = 1.13 kg/m2, d = 0.5 mm, tp = 1 mm,
ε = 0.77% for MPP, and Mp = 0.205 kg/m2, Rp = 1200 Pa s/m for PM.

The vibration velocity of 1.0 m/s was assigned on the surface in the
tube inlet. The tube outlet boundary surface is perfectly rigid. For plane-
wave-enriched FE analysis, we used the meshes shown as Figures 5(a) and
5(b), respectively, for the single-leaf absorber and the double-leaf absorbers.
The element length in the x-direction is 0.2 m for the domain in front of the
absorbers. The backing air cavity was discretized with 0.05 m or 0.1 m length
elements in the x-direction. The length in y-direction is 0.01 m. However,
for the standard FE analysis, we used a uniform mesh discretized with 0.005

14



0.02

Vibration Absorber
boundary

0

R1 (0.55, 0.01) R2 (0.575, 0.01)

0.70.6

Unit : m

x

y

Figure 3: Impedance tube model for validation study.

m square elements having 8.5 elements per wavelength at the upper-limit
frequency of 8 kHz. Two receiving points R1 and R2 were placed in front of
the three sound absorbers, as in Fig 3. The plane waves q in the plane-wave-
enriched FEs were two (θl = 0, π) because the sound field was describable
completely by the superposition of two plane waves propagating in opposite
directions.

3.2. Results and discussion

Figures 6(a)–(c) present comparisons of the specific acoustic impedance
ratio and normal incidence absorption coefficients of each absorber calcu-
lated using the theory, standard FEM, and plane-wave-enriched FEM. For
all sound absorbers, the plane-wave-enriched FEM results showed excellent
agreement with theoretical results, suggesting the validity of the proposed
method. It is noteworthy that the plane-wave-enriched FEM produces quite
accurate results compared to standard FEM without plane wave enrichment,
even for the use of the coarse meshes, which were discretized with 4.65 times
larger element sizes than the wavelength of the upper-limit frequency.

The FEM results in the impedance and the absorption coefficient showed
markedly large discrepancies from the theory at frequencies higher than 4
kHz and 6 kHz, respectively. These discrepancies are attributable to the large
dispersion error for the standard FEM. Actually, the numerical sound speed
in the standard FEM becomes faster at higher frequencies under given mesh.
The following section underscores the effectiveness of plane-wave-enriched
FEM against standard FEM.
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(a) Single-leaf MPP (b) Double-leaf MPP (c) PM-MPP absorber

rigid wallMPP MPP

air air

rigid wallPM MPP

air air

0.05 m 0.05 m 0.05 m 0.05 m0.1 m

rigid wallMPP

air

Figure 4: Three tested sound absorbers composed of MPP and PM: (a) Single-leaf MPP,
(b) Double-leaf MPP, and (c) PM-MPP absorber.

(a) Single-leaf absorber

(b) Double-leaf absorber

0.2 m 0.1 m

0.2 m 0.05 m 0.05 m

0
.0

1
 m

0
.0

1
 m

: MPP or PM element: Vibration boundary : Air element

Figure 5: Meshes used for plane-enriched FE analysis: (a) Single-leaf absorber and (b)
Double-leaf absorber.

4. Demonstration of Room Acoustic Solver Effectiveness with Plane-
wave-enriched FEM against Standard FEM via 2D Room Acous-
tic Problems Including MPP-PM Sound Absorbers

As a practical benchmark case, we demonstrate the performance of the
presented plane-wave-enriched FEM against a standard FEM through numer-
ical experiments predicting a sound field in a 2D real-scale office room includ-
ing three MPP-PM sound absorbers, which act as extend-reaction bound-
aries. As a demonstration, we show the accuracy of plane-wave-enriched
FEM in comparison with the standard FEM without using plane-wave en-
richment. The efficiency will be measured by the degree to which degrees of
freedom can be reduced with the plane-wave-enriched solver.

4.1. Problem description and numerical setup

Figure 7 presents the 2D office model with a sound source S and 15 re-
ceivers R1–R15. The figure also includes the field-incidence sound absorption
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Figure 6: Specific acoustic impedance ratios and normal incidence absorption coefficients
obtained using theory, standard FEM and plane-wave-enriched FEM (PW-FEM) for three
sound absorbers (a), (b), and (c).

coefficient of the three tested MPP-PM absorbers: (a) a single-leaf MPP ab-
sorber, (b) a double-leaf MPP absorber, and (c) a PM-MPP absorber. The
three tested absorbers have different sound absorption coefficients, as pre-
sented in the figure. We computed the sound fields generated by acoustic
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emissions from a loudspeaker at 20 Hz – 2.5 kHz with a 1 Hz interval. The
room has a domain Ω1 with area of 39.92 m2 and boundaries comprising a vi-
bration boundary Γv assuming a loudspeaker, a weakly absorbing impedance
boundary Γz,1, and an extended-reaction boundary Γz,2 of the three ab-
sorbers shown in Fig. 7. The weakly absorbing boundary Γz,1 has real valued
impedance corresponding to the normal incidence absorption coefficient of α0

= 0.05. The vibration boundary Γv has vibration velocity of vn = 1.0 m/s.
The speed of sound c0 = 343.7 m/s and the air density ρ0 =1.205 kg/m3

were assumed. The problem has no analytical solution. Therefore, we used
reference solutions using a fourth-order accurate FEM [29, 51] with sufficient
fine meshes. The fourth-order accurate FEM uses dispersion-reduced finite
elements for spatial discretization, in which dispersion reduction is achieved
using the Gauss–Legendre integration rule with a modified integration point
in the element matrix construction process. For plane-wave-enriched FE
analysis, we used two coarse meshes Mesh 1 and Mesh 2 in domain Ω1 with
different spatial resolutions. Figures 8(a) and 8(b) respectively show Mesh 1
and Mesh 2, each discretized with plane-wave-enriched FEs having elements
larger than the wavelength at the upper-limit frequency: Mesh 1 is a uniform
mesh with element size of 0.2 m; Mesh 2 is a non-uniform mesh with element
sizes in 0.2–0.4 m. They respectively use elements with 1.47 and 2.97 times
greater length than the wavelength at the upper-limit frequency. However,
we discretized using element sizes of 0.1 m in the domain of the single-leaf
absorber and 0.05 m in the domains of the two double-leaf absorbers. For
Mesh 1 and Mesh 2, the respective numbers of nodes, Nnode, are 1,034 and
329 for the case with the single-leaf absorber, and 1,074 and 351 for the cases
with the two double-leaf absorbers. We found the number of plane waves q
for enrichment using the following equation [39] as

q = round
[
k0hmax + C(k0hmax)

1
3

]
, (27)

where constant C controls the resulting accuracy. The constant C was set
as 13 based on the results in our earlier report [37]. In this case, the DOF
of Mesh 1 in the plane-wave-enriched FE analysis respectively change 6,204–
38,258 for the single-leaf absorber and 6,444–39,738 for double-leaf absorbers.
For Mesh 2, they change 2,303–17,437 for the single-leaf absorber and 2,457–
18,603 for the double-leaf absorbers. The number of plane waves q respec-
tively change in the ranges of 6–37 at frequencies 20 Hz – 2.5 kHz in Mesh 1
and 7–53 in Mesh 2. The number of integration points was found using Eq.
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Figure 7: A 2D office model including three MPP-PM sound absorbers (a)–(c): Field-
incidence sound absorption coefficients of three absorbers are also shown.

(24).
For the standard FE analysis, we used two finer meshes, Mesh 3 and

Mesh 4, according to the analyzed frequencies. Mesh 3 is a uniform mesh
discretized with 0.01 m square elements for frequencies of 20 Hz – 1.5 kHz.
Mesh 4 is used for frequencies higher than 1.5 kHz, which is also a uniform
mesh discretized with 0.005 m square elements. The DOF in Mesh 3 and
Mesh 4 are, respectively, 404,911 and 1,615,821 for the single-leaf absorbers
and 405,292 and 1,616,582 for the double-leaf absorbers. Mesh 3 and Mesh
4 have fine spatial resolution, the values of which are, respectively, 22 and
27 elements per wavelength at each upper-limit frequency. It is noteworthy
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(a) Mesh 1 (b) Mesh 2

Figure 8: Meshes used for plane-wave-enriched FE analysis: (a) Mesh 1 with element
length of 0.2 m and (b) Mesh 2 with element lengths of 0.2–0.4 m.

that these fine Mesh 3 and Mesh 4 were also used to calculate the reference
solution with the fourth-order accurate FEM.

4.2. Method of accuracy evaluation

To evaluate the accuracy, we defined the RMS error Lrms(f) with respect
to the spatial distribution of sound pressure level (SPL) as

Lrms(f) =

√√√√ 1

Np

Np∑
i=1

[Lfem(f, i)− Lref(f, i)]
2, (28)

where Lfem(f, i) and Lref(f, i) respectively represent the SPLs in a receiver i at
frequency f calculated using the plane-wave-enriched FEM and the standard
FEM, and the reference solution calculated using the fourth-order accurate
FEM [29, 51] using Mesh 3 and Mesh 4. In addition, Np represents the
number of receiving points. To evaluate the error behavior easily, we applied
1/3 octave band averaging to the RMS error.
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4.3. Results and discussion

Figures 9(a)–(c) respectively present comparisons of the 1/3 octave band
averaging RMS errors in cases with three sound absorbers (a)–(c). They
compare the RMS errors calculated using the plane-wave-enriched FEM with
Mesh 1 and Mesh 2 against those calculated using the standard FEM. For all
cases, the plane-wave-enriched FEM results obtained using Mesh 1 and Mesh
2 showed much better accuracy than the standard FEM results at frequen-
cies higher than 315 Hz. Especially at frequencies higher than 1 kHz, the
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Figure 11: Comparisons of the SPL distribution inside room at 2 kHz among the reference
solution, the plane-wave-enriched FEM (PW-FEM) with Mesh2 and the standard FEM
and the SPL difference from the reference solution: (a) single-leaf MPP absorber, (b)
double-leaf MPP absorber, and (c) PM-MPP absorber.

standard FEM results show RMS errors of more than 7 dB because of large
dispersion errors. In contrast, the plane-wave-enriched FEM results show
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RMS errors of around 0.7 dB at 2 kHz, even in the use of very coarse mesh of
Mesh 2. The RMS errors of the plane-wave-enriched FEM are lower than 1
dB below 315 Hz. It is noteworthy that the reason for higher accuracy in the
standard FEM below 315 Hz is simple. At that frequency, the used mesh has
markedly high spatial resolution that exceeds 109 elements per wavelength.
With Mesh 2, the DOF reduction reaches at least 1/100 compared to the stan-
dard FEM to obtain wideband frequency responses accurately. This result
clearly demonstrated the effectiveness of using plane-wave-enriched FEs for
room acoustic simulation including MPP-PM absorbers acting as extended-
reaction boundaries. In addition, the plane-wave-enriched FEM requires no
creation of FE meshes according to the frequencies, as in the standard FEM.
The data capacity necessary to store the coordinates of nodes and the connec-
tivity of elements becomes remarkably small. For those reasons, this method
is attractive from the perspective of mesh construction.

As an example, Figure 10 portrays comparisons of frequency responses
calculated using the plane-wave-enriched FEM with Mesh 2 and the standard
FEM at a receiving point R1 against the reference solution. The standard
FEM result presents marked differences because of large dispersion errors,
despite the use of the mesh with spatial resolution of 27 elements per wave-
length at 2.5 kHz. Because of the dispersion error, the sound speed for the
standard FEM increases more than the exact values, especially for higher
frequencies. Therefore, frequencies at which peaks and dips occur are shifted
to higher frequencies. However, the plane-wave-enriched FEM shows a con-
siderably better match to the reference solution at a wide frequency range.
It is hardly seen for the given scale in the graph the frequency shift at which
peaks and dips occur. This result suggests that the plane-wave-enriched
FEs incorporating the general solution of Helmholtz equation can reduce the
dispersion error considerably, even under the coarse mesh.

Finally, for cases with three sound absorbers, Figs. 11(a)–(c) show spatial
distributions of SPLs at 2 kHz for the reference solution, the standard FEM,
and the plane-wave-enriched FEM with Mesh 2, including a comparison of
the spatial distribution of SPL difference from the reference solution for re-
spective methods, and the SPLs in the plane-wave-enriched FEM calculated
at the same nodes in the reference solution. The figure also includes the DOF
and RMS error Lrms(f) for each method. For all cases presented in panels
(a)–(c), the plane-wave-enriched FEM results showed excellent agreement
with the SPL distributions of the reference solution with low error values of
0.26 dB or 0.27 dB. The standard FEM results show different SPL distri-
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butions attributable to the dispersion error, as presented in the reference,
although the mesh which was used has spatial resolution of 34 elements per
wavelength at 2 kHz. Regarding sound absorption effects, the lower SPL
around sound absorbers than those in the lower part of room for all cases
by virtue of the installed sound absorbers is apparent. The effect is greatest
for the PM-MPP sound absorber, which has the highest sound absorption,
as shown in Fig. 5. Results of comparison for the spatial SPL distribution
demonstrated clearly that the plane-wave-enriched FEM can resolve sound
fields inside the room, including MPP-PM sound absorbers, accurately with
considerably coarser mesh than that used for the standard FEM.

5. Conclusions

The present report described a study of a room acoustic solver with
the plane-wave-enriched FEM to predict sound fields inside rooms includ-
ing MPP and PM sound absorbers, which is an extended study of the au-
thors’ earlier work [37]. As the most notable contribution, we demonstrated
how extended-reacting MPP and PM sound absorber are incorporated into
plane-wave-enriched FEM. In the first part of this paper, we presented the
method of incorporating MPP and PM via interior impedance boundary
conditions, by which the backing structures of sound absorbers can be mod-
eled. Consequently, it can function as an extended-reaction model for sound
absorbers composed of MPP and PM. Then, the validity of the incorpora-
tion method is presented via impedance tube problems with three MPP-PM
sound absorbers in comparison with theoretical values using the transfer ma-
trix method. Finally, as more practical numerical examples, performance of
the developed plane-wave-enriched FEM with the extended-reaction models
is tested in comparison to the standard FEM for a 2D real-scale office prob-
lem including three MPP-PM sound absorbers. Numerical results revealed
that the developed solver outperforms standard FEM to predict sound fields
in rooms including extended-reaction MPP-PM absorbers over a wide fre-
quency range with markedly fewer degrees of freedom and with markedly
smaller dispersion errors, especially at higher frequencies.
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Appendix A. Theoretical Sound Absorption Characteristics of
Single and Double-leaf MPP Absorbers

In this Appendix, we present design theories of single and double-leaf
MPP absorbers with the transfer matrix method.

Appendix A.1. Single-leaf absorber

Figure A.12(a) presents a model of the single-leaf MPP absorber with the
air gap of thickness L1. In the case of normal sound incidence, the acoustic
impedance Z(M2) at point M2 is expressed as

Z(M2) = ρ0c0
−jZ(M1) cot (k0L1) + ρ0c0

Z(M1)− jρ0c0 cot (k0L1)
, (A.1)

where Z(M1) represents the acoustic impedance at M1. Because Z(M1) in
front of a rigid surface has an infinite value, Z(M2) can be expressed further
as

Z(M2) = −jρ0c0 cot (k0L1). (A.2)

The acoustic impedance Z(M3) at M3 is calculated with Z(M2) and the
transfer admittance Ym of MPP as

Z(M3) = Y −1
m + Z(M2). (A.3)

Finally, the specific acoustic impedance ratio zn of the single-leaf absorber is
calculated as

zn =
Z(M3)

ρ0c0

. (A.4)

The normal-incidence sound absorption coefficient α0 is then calculated from

α0 = 1−
∣∣∣∣zn − 1

zn + 1

∣∣∣∣2. (A.5)

Appendix A.2. Double-leaf absorber

Figure A.12(b) presents a model of the double-leaf MPP absorber or
PM-MPP absorber. In normal sound incidence case, the acoustic impedance
Z(M4) at M4 is expressed with Z(M3) of Eq. (A.3) as

Z(M4) = ρ0c0
−jZ(M3) cot (k0L2) + ρ0c0

Z(M3)− jρ0c0 cot (k0L2)
, (A.6)
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Figure A.12: Absorber models: (a) single-leaf absorber and (b) double-leaf absorber.

where L2 represents the second air gap thickness. For the double-leaf MPP
absorber, the acoustic impedance Z(M5) at M5 is calculated with Z(M4) and
Ym as

Z(M5) = Y −1
m + Z(M4). (A.7)

For the PM-MPP absorber, we can obtain Z(M5) by substituting the transfer
admittance Yp of PM into Ym in Eq. (A.7). Finally, zn of the double-leaf
absorber is expressed as

zn =
Z(M5)

ρ0c0

. (A.8)

The α0 is then calculated using Eq. (A.5).
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