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ABSTRACT  

The transition induced by the natural convection with high temperature 

differences can be easily observed in many engineering applications. The 

compressible solver has to be taken into consideration because the usual way of using 

the incompressible solver with Boussinesq approximation is only available within the 

temperature difference of 30K. However, speeds in natural convection are always 

several orders of magnitude lower than the speed in compressible regions. A modified 

compressible solver which can deal with the buoyancy-induced turbulence is 

proposed here. In this solver, an all speed preconditioned Roe (APRoe) is adopted to 

appropriately treat flows at extremely low speed regions. And then, a reconstruction 

method for the MUSCL scheme at low Mach numbers (M5LM) is applied to attenuate 

the dissipation. The numerical dissipation of the compressible solver is utilized as a 

subgrid scale (SGS) model for the implicit large eddy simulation (LES). Based on 

qualitative agreement with direct numerical simulation and considering the capability 

of numerically predicting a −3 decay law for the energy transfer induced by the 

natural convection in the temporal power spectrum of the temperature fluctuation, this 

solver is potentially a good candidate for laminar–turbulent transition in natural 

convection. 

 

Keywords: laminar-turbulent transition, natural convection, compressible solver, Roe,  

implicit LES 



 
 

2 
 

1. Introduction 

The laminar–turbulent transition in natural convection is a critical phenomenon 

encountered in diverse engineering applications, such as solar energy collection, 

chimney design, and the thermal analysis of fins. Simulating this transition remains a 

challenge because of densities vary in regions of very low speed and the transition to 

turbulence. Concerning engineering applications, the temperature differences 

responsible for variations in density in natural convection always exceed the limits 

regarding the validity of the incompressible solver with the Boussinesq approximation 

(30 K) [1]. A compressible-flow solver that is specific to extremely low Mach 

numbers is therefore needed as the contribution of buoyancy to flow speeds is always 

several orders of magnitude smaller than the speed of sound. The other troublesome 

issue is the transition to turbulence. Flow fields in engineering applications always 

have three stages: laminar, transition, and turbulent stages. Only a turbulence model 

that captures these three different stages accurately can be considered. 

Because of the complexity of numerical methods and limited computational 

resources, relatively few studies have been conducted on buoyancy-induced flows 

with larger temperature differences using compressible-flow solvers. Weiss and Smith 

[2] applied a preconditioning matrix in the Roe scheme [3] to simulate natural 

convection with temperature differences of 1000 K. Their results indicate that using a 

compressible-flow solver in natural convection becomes feasible as the 

preconditioning method tremendously reduces the computational time. Paillere and 

co-workers [4] used a preconditioning method originally developed by Turkel [5] to 

investigate natural convection in enclosures with a high temperature (600 K). They 

concluded that with lower temperature differences, results obtained using 

incompressible-flow solvers applying the Boussinesq approximation are almost 

identical to those obtained using compressible-flow solvers applying the 
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preconditioning method. The foregoing literature is limited to laminar flow fields of 

relatively low Rayleigh (or Reynolds) numbers. 

Another issue of simulations is how to accurately capture flow fields in the 

laminar–transition–turbulence passage. Li and co-workers [6] simulated natural 

convection in a vertical channel; transitional phenomena were successfully captured 

by conducting compressible direct numerical simulation (DNS). However, DNS is 

neither appropriate nor efficient from the point of view of engineering applications. 

Compared with DNS, LES is more adaptable for use in simulating transitional 

phenomena and time-evolving turbulent flow. Lau and co-workers [7,8] adopted LES 

to use the same physical model as used in [6] to investigate the reliability of the 

sub-grid scale (SGS) model for the buoyancy-induced transition. They found that the 

Vreman model [9] is more suitable than the Smagorinsky model, dynamic model, and 

approximate localized dynamic model. However, the coefficient for the eddy viscosity 

in the Vreman model still needs to be determined through trial and error. Pham et al. 

[10] used LES with SGS models including the Smagorinsky model, the dynamic 

model, the Lagrangian dynamic model [11], and the extended Lagrangian dynamic 

model [12] in a turbulent natural convection flow with the Grashof number (Gr) = 

2.2×1010. Their results indicate that the extended Lagrangian dynamic model performs 

better than the other models, especially in the turbulent region. The foregoing LES 

literature on turbulent flows induced by buoyancy is based on explicit turbulence 

modelling. Such modelling uses a dissipative mechanism to remove the unphysical 

energy accumulating at smaller scales [13]. However, the numerical scheme for 

compressible-flow solvers is generally more dissipative than that for 

incompressible-flow solvers. Hence, explicit turbulence modelling using compressible 

solvers without modification usually affects results adversely through the 

over-dissipation. To resolve the over-dissipation issue, implicit LES offers an 
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alternative approach. To date though, no study has surfaced adopting the implicit LES 

for buoyancy-induced turbulent flows. 

Therefore, the present study proposes a compressible solver for the 

laminar-turbulent transition in natural convection using implicit LES based on RoeAP 

[14] and M5LM [15]. The simulations of the expanding thermal plume are conducted 

to validate the current numerical method. The results show qualitative agreement with 

direct numerical simulation results indicating that the current solver is potentially a 

good candidate for using implicit LES on laminar–turbulent transition in natural 

convection with high temperature differences. 
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2. Model and governing equations 

A rectanguloid (Fig. 1(a)) has a circular heat source of diameter D situated at the 

bottom and open boundaries on all other sides. The origin is set at the centre of the 

heat source. The streamwise and two spanwise directions are labelled x1, x2 and x3 

while the flow velocities in these directions are respectively denoted, u1, u2 and u3. 

Gravity acts in the negative x1 direction. 

The model follows the basic setup described in [10] and [16] within a DNS 

setting. No-slip and isothermal boundary conditions are applied to the bottom wall. 

The temperature distribution is assigned adopting the suggestion given in [10]: 

0 2 00.5( ) {1 tanh[ (2 / / (2 ))]}hT T T b r D D r T= − × − − + , (1) 

where r is the distance from the centre point, Th is 673 K, T0 is the ambient 

temperature, set at 298.06 K, and b2 is a constant set at 6.25. 

For the other boundary, the absorbing boundary condition for low speeds 

developed by Li et al. [6] and Fu et al. [17] at the outmost regions of the 

computational domain is used to prevent reflections contaminating the result. The 

related parameters used in this study are listed in Table 1. 

The governing equations are the original Navier–Stokes equations without any 

additional terms except for numerical dissipation for modelling the SGS effects: 

1 2 3
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where / / 2 / 3( )ij i j j i ijA u x u x u δ= ∂ ∂ + ∂ ∂ − ∇ ⋅  and p is the pressure given by the ideal 

gas equation, p RTρ= . The viscosity and thermal conductivity of the fluid are based 

on Sutherland’s law: 

3/2
0 0 0( ) ( / ) [( 110) / ( 110)]T T T T Tµ µ= + + , (4) 

( ) ( ) / [( 1) ]k T T R Prµ γ γ= − , (5) 

where 3
0 1.1842 /kg mρ = , 29.81 /g m s= , 5 2

0 1.85 10 /N s mµ −= × ⋅ , 0 298.06T K= , 

1.4γ = , 287 / /R J kg K= , and 0.72Pr = . 
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3. Numerical method 

In low-speed regions of nearly incompressible flows, the fluid speed contributed 

through buoyancy is several orders of magnitude lower than that in the compressible 

region. The Roe scheme with a preconditioning method and dual time stepping [2] is 

applied to resolve Eq. (2). Hence, the new governing equation is 

31 2

1 2 3

pU FF FU S
t x x xτ

∂ ∂∂ ∂∂
Γ + + + + =

∂ ∂ ∂ ∂ ∂
; (6) 

where Γ  is the preconditioning matrix proposed by Weiss and Smith [2], Up the 

primitive form 1 2 3[ , , , , ]P u u u T , τ  and t  are the artificial and physical times, 

respectively, and U the conservative form of 1 2 3[ , , , , ]u u u eρ ρ ρ ρ ρ . 

The discretized form of Eq. (6) is 

1 1 1
1 1

1( 1/2, , ) 1( 1/2, , )
1

1 1 1 1
2( , 1/2, ) 2( , 1/2, ) 3( , , 1/2) 3( , , 1/2)

2 3

3 4 1 ( )
2

1 1( ) ( ) 0

k k k n n
p p k k

i j k i j k

k k k k
i j k i j k i j k i j k

U U U U U F F
t x

F F F F
x x

τ

+ + −
+ +
+ −

+ + + +
+ − + −

− − +
Γ + + −

∆ ∆ ∆

+ − + − =
∆ ∆

. (7) 

The superscripts k and n indicate the iteration numbers of artificial time and the 

proceeding step of real time, respectively. When the term /pU τ∂ ∂  converges to 

zero, the quantities associated with the artificial time term of the ( 1)k th+  iteration 

are transferred approximately to quantities of the ( 1)n th+  time step in real time, 

reducing Eq. (6) to the original Navier–Stokes equation including the transient term. 

Finally, Eq. (6) can be rearranged as 

1 2 3

1 1 13[ ( )]
2

k k k k
x p x p x p p

I M A B C U R
t

δ δ δ
τ

− − −+ Γ +Γ + + ∆ = Γ
∆ ∆

; (8) 

where / pM U U= ∂ ∂ , 
ixδ  the central-difference operator, 1 /k

p pA F U= ∂ ∂  the flux 

Jacobian, and 
1 2 3

1
1 2 3(3 4 ) / (2 ) ( )k k n n k k k

x x xR U U U t F F Fδ δ δ−= − − + ∆ − + + . Eq. (8) is 
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solved using the Lower-Upper Symmetric-Gauss-Seidel (LUSGS) implicit method. 

In the calculation of kR  on the right-hand side of Eq. (8), the terms involving 

iF  in Eq. (3) can be divided into an inviscid term inviscidF , 

1 1

2 2

3 3
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and a viscous term viscousF , 
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. (10) 

The Roe scheme is employed in discretizing Finviscid, 

, 1/2
1 [ ( ) ( )]
2inviscid i R L dF F U F U F+ = + + , (11) 

where Fd is the Roe dissipation term, which is composed of jumps of properties of 

work fluids.  

For the reconstruction of FR and FL, the fifth-order MUSCL scheme (the 

monotonic upstream-centred scheme for conservation laws proposed by Kim and Kim 

[18]) without a limiter function to prevent turbulent fluctuations from attenuating, is 

adopted and expressed as 

, 1/2 2 1 1 21/ 60 (2 13 47 27 3 )L i i i i i iU U U U U U+ − − + += × − + + − , (12) 
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, 1/2 2 1 1 21/ 60 ( 3 27 47 13 2 )R i i i i i iU U U U U U− − − + += × − + + − + . (13) 

However, even without a limiter function, the MUSCL scheme is still too dissipative 

for the simulation of turbulent flows because of the discontinuous jump between RU   

and LU . The modification using M5LM [15] to improve the phenomenon of the 

over-dissipation is relocated as detailed in the next section. 

Aside from the inviscid term, the derivative terms in Aij in the viscous term of 

Eq. (3) are calculated using the second-order central difference. 



 
 

10 
 

4. Implicit LES using the Roe dissipation term Fd 

Following [14], Fd  in 1x  direction in Eq. (11) is written as 

1

1 1

, 2 2

3 3

1

0
1( )

1{[ ] }0( )
2

0( )
( )

d x IC

u u
F U U pu u

u u
uE H

ρ ρ
ρ ρ

δ δρ ρ
ρ ρ
ρ ρ

∆     
    ∆     
    = − + +∆
    ∆     
    ∆     

, (14) 

where ICU  is the cell interface velocity determined by the Roe-averaged variables [3] 

and ()∆  is the discontinuous jump between the right and left states calculated from 

Eq.(12) and Eq. (13). Uδ  and  pδ  for the APRoe [14], which has been proved to 

be more accurate for the simulation of the natural convection than that of the original 

preconditioning Roe scheme in [19], are as below. 

1 1 12

1( )
2

U p UU c u u u
c c c

θδ θ
ρθ

′− ∆
= − − + ∆




 
,  (15) 

1 1 1
1( )

2
U Up p c u u u
c c

θδ ρ
′ ′ ′−′= ∆ + − + ∆
 

, (16) 

where 2 2min[max( , ),1]refM Mθ = , 2min[ ,1]Mθ ′ = , M is the local Mach number 

and Mref is a global Mach parameter, which can be calculated according to the 

characteristic velocity, 0 0/U gD T T= ∆ . 1u∆  and p∆  are the discontinuous 

jump of the velocity 1, 1,( )R Lu u−  and the pressure ( )R Lp p− . Additionally, c  the 

speed of sound, 2 2 2
11/ 2 4 (1 )c c uθ θ′ ′ ′= + − , 2 2min[max( , ),1]refc M M c=  and 

11/ 2(1 )U uθ′ ′= + . 

 In terms of numerical simulation, because both of the Roe dissipation term and 

the SGS model do the same thing which is to provide the dissipation, the Roe 

dissipation term has the capability of removing the redundant energy at the smaller 

scale if the magnitude of Fd is appropriately controlled [20,21]. However, the 
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compressible solver always provides too much dissipation at extremely low speed 

regions such as natural convection problems even with the modification of the 

preconditioning method.  

 To solve the over-dissipation issue, M5LM proposed by Thornber et al. [15] is 

applied to the reconstruction. When examining Eq. (14), (15) and (16), it can be 

known that the dissipation can be reduced by decreasing the discontinuous jump of 

1u∆  and p∆ . M5LM modifies the reconstructed velocity in Eq. (12) and (13) to 

decrease the discontinuous jump as the following. 

1, 1, 1, 1,
1, ,M5LM z

2 2
L R L R

L

u u u u
u

+ −
= + , (17) 

1, 1, 1, 1,
1, ,M5LM z

2 2
L R R L

R

u u u u
u

+ −
= + . (18) 

Where z is the local Mach number at the cell interface. With this modification, the 

discontinuous jump between 1,Lu  and 1,Ru  can be reduced and the Roe dissipation 

term of the APRoe can be greatly improved to be an implicit turbulence model.  
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5. Results and discussion 

Three different solvers, including two implicit LES models and one explicit 

model, are tested to evaluate their performance. For the implicit LES models, APRoe 

with M5LM is forthwith referred to as M5LM-APRoe and APRoe without M5LM is 

referred to as M5-APRoe. For the explicit model, M5LM-APRoe with a classical 

Smagrinsky model as the SGS model is referred to as M5LM-APRoe-SGS. For the 

Smagorinsky constant SC , a classical value is 0.2. However, larger dissipation is 

generated by this value and a lower value 0.11 is suggested by Canuto and Cheng [22]. 

Besides, Bui [23] and Fu et al. [24] also adopted =0.1SC  for the compressible solver 

to obtain accurate results. Therefore, =0.1SC  is finally adopted in the present study. 

The results of DNS obtained by Pham and co-workers [10] are compared with the 

results of the present simulation. The grid number adopted in [10] are also listed in 

Table 1. 

Figure 1(a) shows the vorticity iso-surface contoured using the velocity 

magnitude of the M5LM-APRoe simulation. The transition occurs after x1>D and the 

hairpin-shaped structures mainly form in the vortex regions when x1>4D. This 

observation is basically consistent with that in [10]. Overall, the buoyancy-induced 

evolution from laminar to turbulence can be clearly observed using the 

M5LM-APRoe. 

Figure 1(b) compares the development of the vorticity isosurface contoured 

using the velocity magnitude among M5LM-APRoe, M5LM-APRoe-SGS and 

M5-APRoe. In the laminar region of x1 < 2D, for the M5LM-APRoe and 

M5LM-APRoe-SGS, the unsteady concentration of vorticity develops and gradually 

enlarges up to x1 = 2D, which is consistent with the description in [10]. Meanwhile, 

for M5-APRoe, the unsteady phenomenon only occurs around x1 = 2D. Additionally, 

according to DNS results [10], the transition from laminar flow to turbulence is 
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located close to x1 = 3D. This phenomenon is most obvious for M5LM-APRoe. In the 

turbulence region of x1 > 4D, hairpin vertical structures dominate the flow field and 

interlace with each other [10] and M5LM-APRoe and M5LM-APRoe-SGS capture 

this phenomenon more completely than does M5-APRoe. However, for 

M5LM-APRoe-SGS, because extra dissipation is added by the SGS model, 

comparing with the M5LM-APRoe, the smaller turbulent structures are wiped out. 

Fig. 2 compares the present results with the DNS results [10] in terms of the 

normalized profiles of mean temperature and mean velocity 1u  along the plume 

centreline axis. The mean temperature is normalized using (T-T0)/ (Th-T0), and the 

mean velocity is normalized using the characteristic buoyant velocity, 

0 0/U gD T T= ∆ . For the mean temperature profile, the M5LM-APRoe and 

M5LM-APRoe-SGS produce distribution in better agreement with the DNS result 

than does M5-APRoe. However, because the classical Smagorinsky model is not so 

suitable near the wall especially without a damping term, the negative effect close to 

the wall ( 1 / 0x D = ) is observed. Hence, according to the distribution of the mean 

temperature, M5LM without the SGS model can capture the most accurate result. For 

the mean velocity profile, the same conclusion can be made that M5LM-APRoe can 

have the best result among these three solvers. 

The curves of turbulence intensity versus temperature and velocity along the 

plume centreline axis (Fig. 3) show that the M5LM-APRoe mitigates the 

overestimation of M5-APRoe. This is because in the thermal plume, the flow filed is 

anisotropic and the over-dissipation of M5-APRoe enlarges the turbulent structure 

shown in Fig. 1(b) such that the turbulent fluctuations in the streamwise direction are 

overestimated. Additionally, the peak of the intensity was also more accurately 

captured by the M5LM-APRoe model. On the other hand, for the 
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M5LM-APRoe-SGS, the worse results than that of M5-APRoe is obtained in the 

turbulence region of x1 > 4D. Two suggested reasons are provided here. One is that 

even with M5LM to reduce the Roe dissipation, the Smagorinsky model still provides 

too much SGS dissipation to the turbulence region of x1 > 4D so the result is even 

worse than that of M5-APRoe. The other is that the classical Smagorinsky model is 

not so appropriate for the anisotropic turbulence such as the flow field in the thermal 

plume here. Based on the statistical result, it should be recognized that the 

Smagorinsky model couldn’t improve the result in the present study. 

The temporal power spectrum of the temperature fluctuation against the Strouhal 

number ( 0/St f D U= × ) is obtained for two different locations (Fig. 4). One, denoted 

P1, is at the centre of the circular heat source but 0.6 m above the wall while the other, 

denoted P2, is at the edge of the circular heat source and also 0.6 m above the wall. 

Only the results of M5LM-APRoe and M5-APRoe are shown here to focus on the 

effect of the Roe dissipation term with the different reconstructions. 

For P1, the results of M5LM-APRoe and M5-APRoe are similar. When the 

frequency is higher than the LES cut-off frequency, the −5/3 Kolmogorov power law 

is well captured. This is because the location of P1 is in the fully turbulent region 

[10].  

For the spectrum in P2, the result of ILES is similar to the distribution in P1. 

However, the M5LM-APRoe result presents a different distribution near the LES 

cut-off frequency. Moreover, the −5/3 Kolmogorov power-law decays more rapidly, 

following instead a −3 power decay law. This rapid decay is caused by the buoyancy 

force in the inertial-convective region, and it has been proposed as a result of 

numerical simulations [10,16] and experimental observations by Dai and co-workers 

[25]. As shown in Fig. 1(b), in P2, the over-dissipation in M5-APRoe enlarges the 
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turbulent structure. Hence, the fluctuations based on time in M5-APRoe will be 

overestimated owing to the production of the unphysically larger structure. The 

overestimated fluctuations cause the accumulation of energy at smaller scales. 

Meanwhile, the M5LM-APRoe can provide appropriate dissipation to correctly 

transfer energy from large to small scales. The result demonstrates that the 

M5LM-APRoe model captures the turbulence energy transfer induced by the 

buoyancy force. 

6. Conclusion 

A new compressible solver using implicit LES for laminar–turbulent transition in 

natural convection was developed. In this solver, M5LM is applied on APRoe referred 

to as M5LM-APRoe to improve the dissipation from the Roe dissipation term to be an 

implicit turbulence model. Besides, the Smagorinsky model with M5LM-APRoe 

named M5LM-APRoe-SGS is also performed to evaluate the effect of the SGS model. 

Comparisons of statistical quantities with DNS results show that most accurate results 

can be obtained with M5LM-APRoe. Moreover, the spectrum distribution of the 

temperature fluctuations shows that the M5LM-APRoe is also reliable in predicting 

the energy transfer driven by buoyancy forces in turbulence. Therefore, the current 

solver can be applied for the laminar–turbulent transition in natural convection with 

high temperature differences.
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Table 1. Computation parameter settings 

Time step t∆  32 10−×  s 

Temperature of heat surface Th 673 K 

Diameter of heat surface D 0.1  m 

Characteristic buoyancy 
velocity  0 0/U gD T T= ∆ =1.11 m/s 

Domain size ( 1 2 3l l l× × ) 1.024 0.512 0.512× ×  m3 

1 2 3x x x∆ ×∆ ×∆  0.004 0.004 0  .004× ×  m3 

1 2 3N N N× ×  256 128 128× ×  

1 2 3N N N× ×  in DNS [10] 1200 720 720× ×  
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Figure Captions 

Fig. 1 Physical model and vorticity isosurface 

Fig. 2 Comparison of normalized values 

Fig. 3 Comparison of turbulence intensities 

Fig. 4 Temporal power spectra of temperature fluctuations 
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(a) Physical model 
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(b) Comparison of the vorticity isosurface 
 

Fig. 1. Physical model and the vorticity iso-surface  
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(a) Mean temperature 

 

 

(b) Mean velocity 

 

Fig. 2. Comparison of normalized values 
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(a) Temperature 
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Fig. 3. Comparison of turbulence intensities 
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M5-APRoe in P1 M5LM-APRoe in P1  

 

M5-APRoe in P2 M5LM-APRoe in P2  

Fig. 4. Temporal power spectra of temperature fluctuations 
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