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We study inflationary universes with an SU(3) gauge field coupled to an inflaton through a gauge kinetic
function. Although the SU(3) gauge field grows at the initial stage of inflation due to the interaction with
the inflaton, nonlinear self-couplings in the kinetic term of the gauge field become significant and cause
nontrivial dynamics after sufficient growth. We investigate the evolution of the SU(3) gauge field
numerically and reveal attractor solutions in the Bianchi type-I spacetime. In general cases where all the
components of the SU(3) gauge field have the same magnitude initially, they all tend to decay eventually
because of the nonlinear self-couplings. Therefore, the cosmic no-hair conjecture generically holds in a
mathematical sense. Practically, however, the anisotropy can be generated transiently in the early Universe.
Moreover, we find particular cases for which several components of the SU(3) gauge field survive against
the nonlinear self-couplings. It occurs due to flat directions in the potential of a gauge field for Lie groups
whose rank is higher than one. Thus, an SU(2) gauge field has a specialty among general non-Abelian
gauge fields.

DOI: 10.1103/PhysRevD.104.103526

I. INTRODUCTION

No matters can survive in an expanding homogeneous
universe in the presence of a positive cosmological constant
except for the Bianchi type-IX spacetime [1]. Due to this
cosmic no-hair theorem, it is believed that a hair such as a
vector field never survives during inflation because an
inflaton mimics the role of the cosmological constant. It is
often called the cosmic no-hair conjecture. Although there
have been several attempts to seek for a counterexample to
the conjecture [2–5], they suffer from instabilities in the
models [6,7]. However, a healthy counterexample to the
conjecture motivated by supergravity was found in [8],
where a vector field is coupled to an inflaton through a
gauge kinetic function. The point of the model is that the
inflaton does not mimic a positive cosmological constant
exactly, whose deviation is characterized by the slow-roll
parameter. Then, an inflationary universe with a small

anisotropy proportional to the slow-roll parameter can be
realized [8–11].
Importantly, anisotropic inflation yields several obser-

vational signatures such as statistical anisotropy [12–25].
They have been tested by the observations of the cosmic
microwave background [26,27] and the large-scale struc-
ture of the Universe [28]. Implications from the observa-
tions [29,30] and future perspectives are discussed [31,32].
Considering phenomenological and observational impor-
tance, it is worth extending the anisotropic inflation model
as far as possible [33–60] in order to explore the early
Universe. The original anisotropic inflation model [8] is
endowed with a U(1) gauge field. In high-energy funda-
mental theories, we can expect the existence of multiple
U(1) gauge fields in the early Universe [36]. Interestingly, it
was shown that multiple U(1) gauge fields tend to select a
minimally anisotropic configuration dynamically [36]. A
two-form field, which is also a gauge field, can give rise to
a prolate-type anisotropy as opposed to an oblate-type
anisotropy from a U(1) gauge field [21,44,50]. Moreover,
an SU(2) gauge field coupled to an inflaton in the axially
symmetric Bianchi type-I spacetime was studied in [38]. It
was shown that an SU(2) gauge field could result in both
prolate- and oblate-type anisotropies. In general, nonlinear
self-couplings in the kinetic term of an SU(2) gauge field
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cause the decay of the SU(2) gauge field after sufficient
growth [39,40]. That behavior would enrich the predictions
for observations and support the cosmic no-hair conjecture.
In the standard model of particle physics, not only U(1)

and SU(2) gauge fields but also an SU(3) gauge field plays
an important role. In high-energy fundamental theories,
there are many non-Abelian gauge fields including SU(3)
and other Lie groups. Therefore, it would be interesting to
study the role of a non-Abelian gauge field in the early
Universe in addition to the previous works for the cases of
U(1) or SU(2) gauge fields [36,38–40]. In this paper, as a
first step, we study inflationary universes with an SU(3)
gauge field, which we do not identify as the one in the
standard model, coupled to an inflaton in the Bianchi
type-I spacetime. As we will see, nonlinear self-couplings
in the kinetic term of the SU(3) gauge field make infla-
tionary dynamics complicated as well as in the case of an
SU(2) gauge field [39,40]. In generic setups, namely,
when all the initial values for the components of the
SU(3) gauge field have the same order of magnitude, all
the components eventually decay due to the nonlinear
self-couplings. This result supports the cosmic no-hair
conjecture. However, the transient anisotropy can be
important observationally. Moreover, we find specific
cases where two components of the SU(3) gauge field
survive even in the presence of the nonlinear self-
couplings and the anisotropic expansion of the infla-
tionary universe lasts. This is quite in contrast to the result
in the case of an SU(2) gauge field [39,40] and the
behavior is also different from that of two U(1) gauge
fields [36]. The reason can be attributed to the flat
direction of potential of gauge fields. We argue that this
effect occurs for general non-Abelian gauge fields except
for an SU(2) gauge field.
The organization of the paper is as follows. In Sec. II, we

review the anisotropic power-law inflation with U(1) gauge
field(s). In Sec. III, we study the anisotropic power-law
inflation with an SU(3) gauge field. We first study the case
of SUð2Þ ⊗ Uð1Þ. Secondly, we investigate a specific
example with a particular initial condition of the SU(3)
gauge field. It turns out that the results are different from
those of an SU(2) gauge field or two U(1) gauge fields. At
last, we study the case where all the initial values for the
components of the SU(3) gauge field have the same order
of magnitude. In Sec. IV, we discuss inflation with general
non-Abelian gauge fields. Finally, Sec. V is devoted to the
conclusion.

II. INFLATION WITH U(1) GAUGE FIELD(S)

In this section, we briefly review three scenarios of
inflation, where U(1) gauge fields are coupled to an inflaton
ϕ through an exponential-type gauge kinetic function. In
each case, there exists an exact solution, which would be
useful when we discuss the attractor behavior in the case of
an SU(3) gauge field later.

A. Anisotropic power-law inflation
with a U(1) gauge field

Let us first consider the model with a single U(1) gauge
field, which can be regarded as a subgroup of SU(3). In this
case, the action is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
R −

1

2
∇μϕ∇μϕ

− VðϕÞ − 1

4
f2ðϕÞFμνFμν

�
; ð1Þ

where g is the determinant of the metric, R is the Ricci
scalar, Fμν ≔ ∂μAν − ∂νAμ is the field strength of the U(1)
gauge field Aμ, and MPl denotes the reduced Planck mass.
We assume the potential VðϕÞ and the gauge kinetic
function fðϕÞ respectively have the form

VðϕÞ ¼ V0 exp

�
λ

ϕ

MPl

�
; fðϕÞ ¼ f0 exp

�
ρ

ϕ

MPl

�
; ð2Þ

with V0, f0, λ, and ρ being positive constants. We introduce
dimensionless quantities as

x̂μ≔MPlxμ; V̂0≔
V0

M4
Pl

; ϕ̂≔
ϕ

MPl
; Âμ≔

Aμ

MPl
: ð3Þ

Then, the model is characterized by the four parameters V̂0,
f0, λ, and ρ. In what follows, we omit hats from the
dimensionless quantities for notational convenience.
The authors of [34] studied an exact solution of

anisotropic power-law inflation in this model. They
assumed a homogeneous spacetime and fields of the form,

ds2 ¼ −dt2 þ e2αðtÞ½e2βðtÞðdx2 þ dy2Þ þ e−4βðtÞdz2�;
ϕ ¼ ϕðtÞ; Aμdxμ ¼ A3ðtÞdz; ð4Þ

and showed that the following configuration solves the
system of equations of motion (EOMs)

α ¼ ζ ln t; β ¼ η ln t; ϕ ¼ −
2

λ
ln tþ ϕ0;

_A3 ¼ f−2ðϕÞe−α−4βpA: ð5Þ

Here, we have defined

ζ ≔
λ2 þ 8λρþ 12ρ2 þ 8

6λðλþ 2ρÞ ; η ≔
λ2 þ 2λρ − 4

3λðλþ 2ρÞ ; ð6Þ

and the values of ϕ0 and pA are determined from
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V0eλϕ0 ¼ ðλρþ 2ρ2þ 2Þð−λ2þ 4λρþ 12ρ2þ 8Þ
2λ2ðλþ 2ρÞ2 ≕u;

p2
Af

−2
0 e−2ρϕ0 ¼ ðλ2þ 2λρ− 4Þð−λ2þ 4λρþ 12ρ2þ 8Þ

2λ2ðλþ 2ρÞ2 ≕w:

ð7Þ

Note that V0eλϕ0 and p2
Af

−2
0 e−2ρϕ0 are intrinsically positive,

and hence this type of solution exists only if u > 0
and w > 0.
For this solution, we obtain the Hubble parameter and

the slow-roll parameter as

H ≔ _α ¼ ζ

t
; ϵ ≔ −

_H
H2

¼ 1

ζ
¼ 6λðλþ 2ρÞ

λ2 þ 8λρþ 12ρ2 þ 8
;

ð8Þ
where a dot denotes a derivative with respect to t. Hence, if
we choose λ sufficiently small, then we have ϵ ≪ 1, i.e., an
inflationary universe can be realized. For a small enough λ,
the condition u > 0 is trivially satisfied, while we need
λ2 þ 2λρ > 4 to guarantee w > 0. Also, the following
parameter is useful to measure the anisotropy,

σ ≔
_β

H
¼ η

ζ
¼ 2ðλ2 þ 2λρ − 4Þ

λ2 þ 8λρþ 12ρ2 þ 8
: ð9Þ

Finally, for later reference, let us compute the density
parameter for the gauge field. The energy density of the
gauge field is given by

ρg ¼
1

2
f2g33ð _A3Þ2; ð10Þ

and hence the density parameter is written as

Ωg ≔
ρg
3H2

¼ w
6ζ2

¼ 3ðλ2 þ 2λρ − 4Þð−λ2 þ 4λρþ 12ρ2 þ 8Þ
ðλ2 þ 8λρþ 12ρ2 þ 8Þ2 :

ð11Þ

B. Anisotropic power-law inflation
with two U(1) gauge fields

Next, let us consider the model with two copies of U(1)

gauge fields Að1Þ
μ and Að2Þ

μ , which can also be embedded into
SU(3). The action is written as

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
R −

1

2
∇μϕ∇μϕ − VðϕÞ

−
1

4
f2ðϕÞ

X2
n¼1

FðnÞ
μν FðnÞμν

�
; ð12Þ

with FðnÞ
μν ≔ ∂μA

ðnÞ
ν − ∂νA

ðnÞ
μ being the field strength of the

nth gauge field. Also, the potential VðϕÞ and the gauge
kinetic function fðϕÞ are of the same form as in (2).
From [36], we know there exists a stable fixed point with

an orthogonal configuration of the two U(1) gauge fields,
where the spacetime and fields are of the form,

ds2 ¼ −dt2 þ e2αðtÞ½e2βðtÞðdx2 þ dy2Þ þ e−4βðtÞdz2�;
ϕ ¼ ϕðtÞ; Að1Þ

μ dxμ ¼ Að1Þ
1 ðtÞdx; Að2Þ

μ dxμ ¼ Að2Þ
2 ðtÞdy;

ð13Þ

where

α ¼ ðλþ 2ρÞðλþ 6ρÞ þ 2

3λðλþ 4ρÞ ln t; β ¼ −
λ2 þ 2λρ − 4

3λðλþ 4ρÞ ln t;

ϕ ¼ −
2

λ
ln tþ ϕ0; ð14Þ

with ϕ0 being constant. The anisotropy is given by

σ ¼
_β

H
¼ −

λ2 þ 2λρ − 4

ðλþ 2ρÞðλþ 6ρÞ þ 2
; ð15Þ

and the total energy density of the gauge fields is given by

ρg ¼
1

2

X2
n¼1

f2gij _AðnÞ
i

_AðnÞ
j

¼ 18ðλ2 þ 2λρ − 4Þð6ρ2 þ 2λρþ 1Þ
½ðλþ 2ρÞðλþ 6ρÞ þ 2�2 H2: ð16Þ

Here, H ¼ _α is the Hubble parameter and each gauge field
shares half of the total energy density. Hence, the density
parameter for the gauge fields is written as

Ωg ¼
ρg
3H2

¼ 6ðλ2 þ 2λρ − 4Þð6ρ2 þ 2λρþ 1Þ
½ðλþ 2ρÞðλþ 6ρÞ þ 2�2 : ð17Þ

C. Isotropic power-law inflation
with multiple U(1) gauge fields

Finally, let us consider the model with N copies of U(1)

gauge fields AðnÞ
μ (n ¼ 1;…; N), with N ≥ 3. These multi-

ple U(1) cases cannot be embedded into SU(3).
Nevertheless, it is useful to compare the generic behavior
of the model with the SU(3) gauge field model. Now, the
action is written as
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S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
R −

1

2
∇μϕ∇μϕ − VðϕÞ

−
1

4
f2ðϕÞ

XN
n¼1

FðnÞ
μν FðnÞμν

�
; ð18Þ

with FðnÞ
μν ≔ ∂μA

ðnÞ
ν − ∂νA

ðnÞ
μ being the field strength of the

nth gauge field. Also, the potential VðϕÞ and the gauge
kinetic function fðϕÞ are of the same form as in (2). The
authors of [36] studied a more general case where each
gauge field is coupled to ϕ with a different coupling
constant (i.e., different ρ for different n). However, we
restrict ourselves to the model described by the action (18)
for simplicity. Note also that we use dimensionless quan-
tities similar to those in (3) in the following discussion.
As we did in the previous section, one can study power-

law inflation in the present model. It was shown in [36] that
there exists isotropic stable fixed points with nontrivial
configuration of the gauge fields, where the spacetime and
fields are of the form,

ds2 ¼ −dt2 þ e2αðtÞðdx2 þ dy2 þ dz2Þ;
ϕ ¼ ϕðtÞ; AðnÞ

μ dxμ ¼ AðnÞ
i ðtÞdxi; ð19Þ

where

α ¼ λþ 2ρ

2λ
ln t; ϕ ¼ −

2

λ
ln tþ ϕ0; ð20Þ

with ϕ0 being constant, and the total energy density of the
gauge fields is given by

ρg ¼
1

2

XN
n¼1

f2gij _AðnÞ
i

_AðnÞ
j ¼ 3ðλ2 þ 2λρ − 4Þ

ðλþ 2ρÞ2 H2: ð21Þ

Here, H ¼ _α is the Hubble parameter. Hence, the density
parameter for the gauge fields is written as

Ωg ¼
ρg
3H2

¼ λ2 þ 2λρ − 4

ðλþ 2ρÞ2 : ð22Þ

Note that this value is the same for anyN ≥ 3. In the case of
N ¼ 3, each gauge field shares one third of the total energy
density.

III. INFLATION WITH AN SU(3) GAUGE FIELD

In this section, we study an inflationary universe with an
SU(3) gauge field Aa

μ. The SU(3) gauge field is written in
the form

A ¼ Aa
μTadxμ; ð23Þ

where Ta’s are the SU(3) generators defined by Ta ¼ λa=2
with the Gell-Mann matrices λa,

λ1 ¼

0
B@

0 1 0

1 0 0

0 0 0

1
CA; λ2 ¼

0
B@

0 −i 0

i 0 0

0 0 0

1
CA;

λ3 ¼

0
B@

1 0 0

0 −1 0

0 0 0

1
CA; λ4 ¼

0
B@

0 0 1

0 0 0

1 0 0

1
CA;

λ5 ¼

0
B@

0 0 −i
0 0 0

i 0 0

1
CA; λ6 ¼

0
B@

0 0 0

0 0 1

0 1 0

1
CA;

λ7 ¼

0
B@

0 0 0

0 0 −i
0 i 0

1
CA; λ8 ¼ 1ffiffiffi

3
p

0
B@

1 0 0

0 1 0

0 0 −2

1
CA: ð24Þ

The generator matrices satisfy the normalization condition

TrðTaTbÞ ¼ 1

2
δab; ð25Þ

and the commutation relation

½Ta; Tb� ¼ ifabcTc: ð26Þ

Here, fabc is the structure constant satisfying

fabc ¼ −2iTrðTa½Tb; Tc�Þ; ð27Þ

which is completely antisymmetric. The nonvanishing
components of fabc are

f123 ¼ 1; f147 ¼ f165 ¼ f246 ¼ f257 ¼ f345 ¼ f376 ¼ 1

2
;

f845 ¼ f867 ¼
ffiffiffi
3

p

2
: ð28Þ

The field strength of the gauge field is given by

Fa
μν ¼ ∇μAa

ν −∇νAa
μ þ g�fabcAb

μAc
ν; ð29Þ

where g� is the gauge-coupling constant.
Now, we are ready to write down the action. Similarly to

the model with a U(1) gauge field studied in [34], we study
a model with an SU(3) gauge field described by the
following action,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
R −

1

2
∇μϕ∇μϕ − VðϕÞ

−
1

4
f2ðϕÞFa

μνFaμν

�
: ð30Þ

Here, the potential VðϕÞ and the gauge kinetic function
fðϕÞ are of the same form as in (2), which we reproduce
here for convenience:
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VðϕÞ ¼ V0 exp

�
λ

ϕ

MPl

�
; fðϕÞ ¼ f0 exp

�
ρ

ϕ

MPl

�
;

ð31Þ

with V0, f0, λ, and ρ being positive constants. As we did in
§II A, we introduce dimensionless quantities as follows:

x̂μ ≔ MPlxμ; V̂0 ≔
V0

M4
Pl

; f̂0 ≔
f0
g�

;

ϕ̂ ≔
ϕ

MPl
; Âa

μ ≔
g�
MPl

Aa
μ: ð32Þ

Note that the gauge-coupling constant g� has been absorbed
into the field redefinition. Moreover, one can set f̂0 → 1 by
shifting ϕ̂ → ϕ̂ − ρ−1 ln f̂0. Then, the model is character-
ized by the three parameters V̂0, λ, and ρ. In what follows,
we suppress hats for notational convenience.
It is straightforward to obtain the EOMs. The Einstein

equations read

Rμν ¼ Tμν −
1

2
gμνTρ

ρ; ð33Þ

where Rμν is the Ricci tensor and Tμν ¼ Tϕ
μν þ Tg

μν is the

energy-momentum tensor. Here, Tϕ
μν and Tg

μν denote the
contribution from the scalar

Tϕ
μν ¼ ∇μϕ∇νϕ −

1

2
gμν∇ρϕ∇ρϕ − gμνV; ð34Þ

and that from the gauge field

Tg
μν ¼ f2ðϕÞ

�
−
1

4
gμνFa

ρσFaρσ þ Fa
μσFaσ

ν

�
: ð35Þ

The EOM for the scalar is given by

−∇μ∇μϕþ dV
dϕ

¼ −
1

4
Fa
μνFaμν df

2ðϕÞ
dϕ

: ð36Þ

The EOMs for the gauge fields are

∇μFaμν þ fabcAb
μFcμν ¼ −

∇μf2ðϕÞ
f2ðϕÞ Faμν: ð37Þ

We study a general Bianchi type-I universe having the
metric of the form

gμνdxμdxν ¼ −dt2 þ gijðtÞdxidxj; ð38Þ

accompanied by homogeneous scalar and gauge fields,

ϕ ¼ ϕðtÞ; Aa
μdxμ ¼ Aa

i ðtÞdxi; ð39Þ

where we used the gauge symmetry to fix the time
component of the gauge field. In this setup, the system
of EOMs consists of the Hamiltonian constraint, six EOMs
for gij, eight Yang-Mills constraints, 24 EOMs for Aa

i ,
one EOM for ϕ. Namely, nine constraint equations and
31 second-order ordinary differential equations in total. The
Hamiltonian and the Yang-Mills constraints are used to
provide a consistent set of initial data.
Let us introduce some useful notations. We define the

Hubble parameter H by

H ≔ _α; α ≔
1

6
lnðdetðgijÞÞ: ð40Þ

The e-folding number N is given by the change in the
parameter α. Also, we define a matrix ðe2βÞij by

ðe2βÞij ≔ e−2αgij: ð41Þ

From (40), we know that the determinant of ðe2βÞij is unity,
or equivalently, βij is traceless. In terms of this ðe2βÞij, we
define the anisotropy matrix by

σij ≔
1

2H

�
e−2β

de2β

dt

�
ðijÞ

; ð42Þ

where we have denoted the symmetrization of two
indices by ðijÞ. Also, we introduce the root-mean-square
anisotropy as

σ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

6

X3
i;j¼1

σijσij

vuut : ð43Þ

Note that, if σ ¼ 0, then all the components of σij must
vanish, which is nothing but the isotropic case.
In order to study the dynamics of the spacetime and the

gauge field, it is useful to define the density parameters for
the gauge field. In the present setup, the field strength takes
the form

Fa
0j ¼ _Aa

j ; Fa
ij ¼ fabcAb

i A
c
j ; ð44Þ

which we call the electric part and the magnetic part,
respectively. Then, the energy density of the gauge field is
written as

ρg ≔ Tg
00 ¼ f2ðϕÞ

�
1

2
gij _Aa

i
_Aa
j þ

1

4
fabcfadeAb

i A
c
jA

diAej

�
;

ð45Þ

which can be separated into the contributions from the
electric and the magnetic parts, i.e.,
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ρE ≔
f2ðϕÞ
2

gij _Aa
i
_Aa
j ; ρB ≔ f2ðϕÞVg: ð46Þ

Here, Vg is defined by

Vg ≔
1

4
fabcfadeAb

i A
c
jA

diAej

¼
�
A2
½iA

3
j� þ

1

2
A4
½iA

7
j� þ

1

2
A6
½iA

5
j�

�
2

þ
�
A3
½iA

1
j� þ

1

2
A4
½iA

6
j� þ

1

2
A5
½iA

7
j�

�
2

þ
�
A1
½iA

2
j� þ

1

2
A4
½iA

5
j� þ

1

2
A7
½iA

6
j�

�
2

þ 1

4

h
A1
½iA

7
j� þ A2

½iA
6
j� þ

�
A3
½i þ

ffiffiffi
3

p
A8
½i
�
A5
j�
i
2 þ 1

4

h
A1
½iA

6
j� þ A7

½iA
2
j� þ

�
A3
½i þ

ffiffiffi
3

p
A8
½i
�
A4
j�
i
2

þ 1

4

h
A5
½iA

1
j� þ A2

½iA
4
j� þ

�
A3
½i −

ffiffiffi
3

p
A8
½i
�
A7
j�
i
2 þ 1

4

h
A1
½iA

4
j� þ A2

½iA
5
j� −

�
A3
½i −

ffiffiffi
3

p
A8
½i
�
A6
j�
i
2 þ 3

4

�
A4
½iA

5
j� þ A6

½iA
7
j�
�
2
; ð47Þ

which amounts to the potential for the gauge field. Note
that square brackets ½ij� denote antisymmetrization and we
have denoted ðBijÞ2 ≔ BijBij for an arbitrary quantity Bij

with spatial indices. Now, we can define the density
parameter for each component,

ΩE ≔
ρE
3H2

; ΩB ≔
ρB
3H2

; ð48Þ

so that the total density parameter for the gauge field is
given by ΩT ≔ ΩE þΩB. It should be noted that ΩB
measures the effect of nonlinear self-interactions. It is also
useful to define the electric-part density parameter for
each a, i.e.,

Ωa ≔
f2ðϕÞ
6H2

gij _Aa
i
_Aa
j ðno sum over aÞ; ð49Þ

so that
P

a Ωa ¼ ΩE.
We are now ready to investigate the evolution of

inflationary universes with an SU(3) gauge field. It is
useful to start with the simplest case and go step by step.
The simplest subgroup of SU(3) is U(1). There are also
Uð1Þ ⊗ Uð1Þ and SU(2) subgroups. These cases have
been already studied. We shall start with the next simplest
case SUð2Þ ⊗ Uð1Þ and proceed step by step to explore
the inflationary universe with an SU(3) gauge field.
In numerical computations, we put the initial time to
be t ¼ 1 and set Aa

i ¼ 0 so that the Yang-Mills constraints
are satisfied. For a given set of parameters ðV0; λ; ρÞ, we
fix initial values for ϕ, _ϕ, and the velocity of the gauge

field by use of the exact solutions mentioned in the
previous section. We take λ ¼ 0.8 and ρ ¼ 4, for which
the anisotropic inflation is realized in the U(1) model (see
Sec. II A). In Secs. III A and III B, as for the spatial part of
the metric, we assume gij ¼ δij and _gij ¼ 2Hinδij at the
initial time, where the value of the constant Hin is
determined from the Hamiltonian constraint.

A. SUð2Þ ⊗ Uð1Þ subgroup
In this subsection, we investigate SUð2Þ ⊗ Uð1Þ sub-

group of the SU(3) gauge field. Namely, we consider the
case where only A1

1, A2
2, A

3
3, and A8

3 are nonvanishing.
Moreover, we impose the axial symmetry along the
z-direction, so that the spacetime and the gauge field have
the following form,

ds2¼−dt2þg11ðdx2þdy2Þþg33dz2; A1
1¼A2

2: ð50Þ
In fact, as is shown in the Appendix, we can classify the
gauge-field configurations which are consistent with the
axial symmetry. Those classes of configurations can be
treated in a similar manner.
Now, the number of EOMs reduces to seven. All the

other EOMs become trivial. Performing the transformation
of variables

g11 ¼ expð2αþ 2βÞ; g33 ¼ expð2α − 4βÞ; ð51Þ
we obtain the Hamiltonian constraint

3ð− _α2 þ _β2Þ þ 1

2
_ϕ2 þ V þ 1

2
e−2αf2½2e−2β _A2

11 þ e4βð _A2
33 þ _A2

83Þ þ 2e−2αþ2βA2
11A

2
33 þ e−2α−4βA4

11� ¼ 0; ð52Þ

the Einstein equations

2α̈þ 3ð _α2 þ _β2Þ þ 1

2
_ϕ2 − V þ 1

6
e−2αf2½2e−2β _A2

11 þ e4βð _A2
33 þ _A2

83Þ þ 2e−2αþ2βA2
11A

2
33 þ e−2α−4βA4

11� ¼ 0;

β̈ þ 3_α _β−
1

3
e−2αf2½e4βð _A2

33 þ _A2
83Þ − e−2β _A2

11 − e−2αþ2βA2
11A

2
33 þ e−2α−4βA4

11� ¼ 0; ð53Þ
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the EOM for the inflaton

ϕ̈þ 3_α _ϕþ V 0 − e−2αff0½e4βð _A2
33 þ _A2

83Þ þ 2e−2β _A2
11 − 2e−2αþ2βA2

11A
2
33 − e−2α−4βA4

11� ¼ 0; ð54Þ

and the EOMs for the gauge field

Ä11 þ 2
f0

f
_ϕ _A11 þ ð _α − 2_βÞ _A11 þ e−2αþ4βA2

33A11 þ e−2α−2βA3
11 ¼ 0;

Ä33 þ 2
f0

f
_ϕ _A33 þ ð _αþ 4_βÞ _A33 þ 2e−2α−2βA2

11A33 ¼ 0;

Ä83 þ 2
f0

f
_ϕ _A83 þ ð _αþ 4_βÞ _A83 ¼ 0; ð55Þ

where f0 ≔ df=dϕ and we lowered the gauge index a for
gauge-field components Aa

i for notational convenience. As
the component A8

3 is decoupled from the SU(2) sector, its
EOM can be immediately integrated to yield

_A83 ¼ f−2e−α−4βp83; ð56Þ

where p83 is a constant.
In Fig. 1, we plot the evolution of density parameter

(left panel) and the evolution of anisotropy (right panel) for
an isotropic initial condition with nonvanishing velocity
components _A1

1 ¼ _A2
2 ¼

ffiffiffi
2

p
_A3
3 ¼

ffiffiffi
2

p
_A8
3. We call this initial

condition isotropic because the spatial part of the energy-
momentum tensor is diagonal with T11 ¼ T22 ¼ T33,
which is isotropic. Note that there is no magnetic part
because we have set Aa

i ¼ 0 at the initial time. For N ≲ 25,
the anisotropy of the universe is tiny due to the cancellation
of electric fields between the z and xðyÞ directions. In this
period, the total electric density parameter ΩE almost
coincides with that of the isotropic three-U(1) fixed point
[see (22)]. Notice that the magnetic energy density is

negligible in this phase. After this stage, as the SU(2)
sector grows, the density parameters associated with the
SU(2) sector, Ω1 and Ω3, quickly decay, while the density
parameter for the U(1) sector, Ω8, quickly converges to
the value for the anisotropic U(1) case [see (11)] in a few
e-folds. During this transient phase, the magnetic density
parameter ΩB, which is proportional to the potential,

Vg ¼ ðA2
½iA

3
j�Þ2 þ ðA3

½iA
1
j�Þ2 þ ðA1

½iA
2
j�Þ2; ð57Þ

is important. Also, the anisotropy converges to the value for
the one-U(1) case (9). Thus, the anisotropy is determined
by the U(1) sector, i.e., A8

3. Since A
8 has no coupling with

the SU(2) sector, this state is stable.

B. A specific example: Gauge-field potential
with a flat direction

In the previous subsection, we focused on the subgroup
SUð2Þ ⊗ Uð1Þ, where the anisotropy remains due to the

FIG. 1. Evolution of the density parameters of gauge-field components (left) and anisotropy (right) against the number of e-folds for
an initial condition with _A1

1 ¼ _A2
2 ¼

ffiffiffi
2

p
_A3
3 ¼

ffiffiffi
2

p
_A8
3. In the left graph, the red solid, blue dashed, green solid, orange dash-dotted, and

cyan dotted curves respectively correspond toΩB,ΩE,Ω1,Ω3, andΩ8. The gray dotted and black space-dotted lines representΩE for the
isotropic three-U(1) case (22) and ΩE for the one-U(1) case (11), respectively. In the right graph, the red solid curve corresponds to
σ11ð¼ σÞ and the blue dotted line represents the anisotropy for the one-U(1) case (9).
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U(1) sector. In this subsection, we consider another specific
case where the anisotropy can survive.
Let us study the case with nonvanishing fA3; A4; A8g.

We assume that only A3
1, A

4
2, and A8

3 have nontrivial initial
velocities with _A3

1 ¼ _A4
2 ¼ _A8

3, so that the spacetime is
isotropic at the initial time. Note that the components A3

3

and A8
1 show up as the time evolves due to the nonlinear

self-couplings. This results in off-diagonal components in
the metric. Actually, in this setup, the metric takes the form,

ds2¼−dt2þg11dx2þg22dy2þg33dz2þ2g13dxdz: ð58Þ

The EOMs for the relevant components of the gauge field
are given below:

Ä31 ¼ −
ð ffiffiffi

3
p

A81 þ A31ÞA2
42

4g22
− 2

f0

f
_ϕ _A31 þ

�½g33; g11�
2G13

−
_g22
2g22

�
_A31 þ

½g11; g13�
G13

_A33;

Ä33 ¼ −
ð ffiffiffi

3
p

A83 þ A33ÞA2
42

4g22
− 2

f0

f
_ϕ _A33 þ

�½g11; g33�
2G13

−
_g22
2g22

�
_A33 þ

½g33; g13�
G13

_A31;

Ä81 ¼ −
ð ffiffiffi

3
p

A31 þ 3A81ÞA2
42

4g22
− 2

f0

f
_ϕ _A81 þ

�½g33; g11�
2G13

−
_g22
2g22

�
_A81 þ

½g11; g13�
G13

_A83;

Ä83 ¼ −
ð ffiffiffi

3
p

A33 þ 3A83ÞA2
42

4g22
− 2

f0

f
_ϕ _A83 þ

�½g11; g33�
2G13

−
_g22
2g22

�
_A83 þ

½g33; g13�
G13

_A81;

Ä42 ¼ −
A42

4G13

½g11ðA33 þ
ffiffiffi
3

p
A83Þ2 þ g33ðA31 þ

ffiffiffi
3

p
A81Þ2 − 2g13ðA31 þ

ffiffiffi
3

p
A81ÞðA33 þ

ffiffiffi
3

p
A83Þ�

− 2
f0

f
_ϕ _A42 þ

�
_g22
2g22

−
g11 _g33 þ g33 _g11 − 2g13 _g13

2G13

�
_A42; ð59Þ

where we have defined G13 ≔ g11g33 − g213 and ½f1; f2� ≔
f1 _f2 − f2 _f1 for any pair of functions f1 and f2 of t.
The evolution of the density parameters for the relevant

gauge-field components and the evolution of the
anisotropy are shown in Fig. 2. Similarly to the case
of SUð2Þ ⊗ Uð1Þ subgroup in Sec. III A, the magnetic
density parameter transiently grows but then quickly

decays, implying that the nonlinear self-interactions of
the gauge field are important in the transient phase. As a
result, Ω4 quickly decays after N ∼ 25. However, Ω3 and
Ω8 remain due to the existence of a flat direction in the
potential of the gauge field (47). Actually, in the present
case where only A3, A4, and A8 are nonvanishing, the
potential takes the following form,

FIG. 2. Evolution of the density parameters of gauge-field components (left) and anisotropy (right) against e-folding number for
an initial condition with _A3

1 ¼ _A4
2 ¼ _A8

3. In the left graph, the red solid, blue dashed, green dotted, orange dash-dotted, and cyan solid
curves respectively correspond to ΩB, ΩE, Ω3, Ω4, and Ω8. The gray dotted and black space-dotted lines represent ΩE for the isotropic
three-U(1) case (22) and ΩE for the one-U(1) case (11), respectively. In the right graph, the red solid, blue solid, green dashed, orange
dotted, and cyan dash-dotted curves respectively correspond to σ11, σ22, σ33, σ13, and the root-mean-square anisotropy σ. The black
space-dotted line represents the anisotropy for the one-U(1) case (9). The curve for σ almost overlaps with that of σ22.
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Vg ¼
h
ðf534A3

½i þ f584A8
½iÞA4

j�
i
2 ¼ 1

4

h
ðA3

½i þ
ffiffiffi
3

p
A8
½iÞA4

j�
i
2
;

ð60Þ

and thus there exists a flat direction defined by

A3 þ
ffiffiffi
3

p
A8 ¼ 0: ð61Þ

Hence, we expect that A3 and A8 satisfy (61) after the
potential becomes significant. This is indeed the case as
we show in Fig. 3. The left panel shows the evolution of
angles θ3 and θ8, defined by

sin θa ¼
_Aa1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

_A2
a1 þ _A2

a3

q ; cos θa ¼
_Aa3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

_A2
a1 þ _A2

a3

q ; ð62Þ

for a ¼ 3, 8. We see that _A3 and _A8 are antiparallel after a
sufficiently long time. The right panel shows the evolution of
the ratio of Ω3 to Ω8, from which we see that Ω3=Ω8 → 3

at late times. Combining these results, we find that _A3 ¼
−
ffiffiffi
3

p
_A8 at late times, which is consistent with (61). Since the

gauge field is trapped in the flat direction (61), the dynamics is
similar to the one-U(1) case studied in Sec. II A. Indeed,
as shown in Fig. 2, the total electric density parameterΩE and
the anisotropy σ approach to the values for the one-U(1) case.
We note that, although we have only two nonvanishing
components of the gauge field (i.e., A3 and A8) at late times,
the final state here is different from the stable fixed point for
the two-U(1) case studied in Sec. II B, where the two U(1)
gauge fields are orthogonal to each other. This is due to the
existence of the flat direction in the potential of the gauge field
mentioned above.
Likewise, for the case with nonvanishing fA3; A5; A8g,

we find the same flat direction as (61). On the other hand,

for the cases with nonvanishing fA3; A6; A8g or
fA3; A7; A8g, we find the following flat direction

A3 −
ffiffiffi
3

p
A8 ¼ 0: ð63Þ

As we shall discuss in Sec. IV, the existence of such flat
directions is a clear difference of SU(3) from SU(2).

C. General cases

So far, we have considered the special cases where the
anisotropy survives. However, in general, the anisotropy
decays once the nonlinearity of gauge fields becomes
important. To see this, we study the situation where all
the gauge-field components have initial velocities of
the same order. In Fig. 4, we show the evolution of the
density parameters for the gauge field and the spacetime
anisotropy. The anisotropic expansion of spacetime lasts
until N ∼ 25, and then the nonlinear self-couplings of the
gauge field become important and the anisotropy decays.
Indeed, the magnetic density parameter ΩB, which mea-
sures the effect of nonlinear self-couplings, is comparable
to the total electric density parameter ΩE at around N ∼ 25.
To reiterate, the anisotropy decays at late times unless we

fine-tune the initial condition as in Secs. III A and III B.
Thus, the cosmic no-hair conjecture generically holds. In a
realistic universe, it is reasonable to expect that all the
components of the SU(3) gauge field have initial values of
the same order, and hence the expansion of the universe
should become isotropic after a sufficiently long time after
the onset of inflation.

IV. MORE ON INFLATION WITH NON-ABELIAN
GAUGE FIELDS

We have studied inflationary universes with an
SU(3) gauge field. One can generalize the discussion to

FIG. 3. Evolution of the gauge-field components A3 and A8. In the left panel, the red solid and blue dashed curves represent θ3 and θ8,
respectively. The right panel shows the evolution of Ω3=Ω8.
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a non-Abelian SUðNÞ gauge field for arbitrary N. In this
section, we will show that there are flat directions in the
potential of an SUðNÞ gauge field if N ≥ 3.
Let us consider an SUðNÞ gauge field with N ≥ 2. The

elements of the Cartan subalgebra are represented by

ðHmÞij ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2mðmþ 1Þp �Xm
k¼1

δikδjk −mδi;mþ1δj;mþ1

�
;

m ¼ 1; 2;…; N − 1: ð64Þ

In particular, for N ¼ 3, we have H1 ¼ T3 and H2 ¼ T8.
The algebra is completely determined by the following
simple roots [61],

α1 ¼ ð1; 0;…; 0Þ;

α2 ¼
�
−
1

2
;

ffiffiffi
3

p

2
; 0;…; 0

�
;

α3 ¼
�
0;−

1ffiffiffi
3

p ;

ffiffiffi
2

3

r
; 0;…; 0

�
;

..

.

αm ¼
 
0;…; 0;−

ffiffiffiffiffiffiffiffiffiffiffiffi
m − 1

2m

r
;

ffiffiffiffiffiffiffiffiffiffiffiffi
mþ 1

2m

r
; 0;…; 0

!
;

..

.

αN−1 ¼
 
0; � � � 0;−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N − 2

2ðN − 1Þ

s
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N

2ðN − 1Þ

s !
; ð65Þ

where each root is an (N − 1)-dimensional vector. From
these, one can find flat directions in the potential of the
gauge field. As discussed in Sec. III B, flat directions stem

from the coexistence of nonzero structure constants like
facd and fbcd (a ≠ b). This happens when we have simple
roots of α2; α3;…; αN−1, so that there is no flat direction in
the SU(2) case. In this sense, SU(2) is clearly different from
other non-Abelian gauge groups.
More concretely, for N ≥ 3, there exists a gauge-field

component An for each m ¼ 2; 3;…; N − 1 such that the
gauge-field potential contains the following combination,

 
Am−1
½i −

ffiffiffiffiffiffiffiffiffiffiffiffi
mþ 1

m − 1

r
Am
½i

!
An
j�; ð66Þ

and hence there are flat directions defined by

Am−1 −
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ 1

m − 1

r
Am ¼ 0: ð67Þ

Namely, for each m, the value of the potential remains
unchanged under any change of Am−1 and Am satisfying
(67) so long as the motion of the gauge field is (at least
dynamically) constrained within the hypersurface in the
configuration space spanned by Am−1, Am, and An.
Specifically, for N ¼ 3, the flat direction is given by

A1 −
ffiffiffi
3

p
A2 ¼ 0: ð68Þ

Note that Am in this section is the gauge-field component
associated with the element Hm of the Cartan subalgebra,
i.e., Am ¼ 2Tr ðAHmÞ, and hence should be distinguished
from Aa in Sec. III, where we expanded the gauge field
in terms of the SU(3) generators Ta. As mentioned earlier,
since H1 ¼ T3 and H2 ¼ T8, A1 and A2 here should be
identified as A3 and A8 in Sec. III, respectively. Hence, the
above flat direction is nothing but the one (63).

FIG. 4. Evolution of the density parameters (left), σij (middle), and σ (right) against e-folding number for an initial condition with all
_Aa
i ’s having the same order. In the left graph, the red solid and blue dashed curves correspond to the total electric and magnetic density

parameters, respectively. The black dotted line represents the total electric density parameter for the case of isotropic multi-U(1) gauge
fields (22). In the middle graph, the red solid, blue dashed, green solid, orange dash-dotted, cyan dashed, and black dotted curves
correspond to σ11, σ22, σ33, σ12, σ13, and σ23, respectively.
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Furthermore, there are other flat directions corresponding
to positive roots other than the simple roots. For example, in
the case of SU(3), a positive root ð1=2; ffiffiffi

3
p

=2Þ indicates
another flat direction:

A1 þ
ffiffiffi
3

p
A2 ¼ 0: ð69Þ

Indeed, this is the flat direction of (61). Similarly, for N ≥ 4,
positive roots other than the simple roots give rise to
additional flat directions. Although we focused on the
SUðNÞ group in this section, the above argument can be
generalized to other Lie groups.

V. CONCLUSION

We studied inflationary universes in the presence of an
SU(3) gauge field. We numerically solved the system of
coupled EOMs to obtain the time evolution of the space-
time, the inflaton, and the gauge field. In general, even if we
start from an isotropic spacetime, the anisotropy can be
generated if the gauge field has an initial velocity.
There are special cases where the generated anisotropy

does not decay and there remains a finite anisotropy. As an
example, in Sec. III A, we studied the situation where
the components of the SU(3) gauge field can be separated
into the SU(2) and U(1) sectors. The energy density of the
SU(2) sector decays due to the nonlinear self-interactions,
but that of the U(1) sector remains, and hence the
anisotropic expansion of spacetime lasts. The resultant
anisotropy coincides with the one obtained in [34], where
an exact solution of power-law anisotropic inflation with a
U(1) gauge field was studied. We studied another interest-
ing case in Sec. III B, where the three components A3

1, A
4
2,

and A8
3 have the same initial velocity. In this case, after a

sufficiently long time, A4 becomes negligible while A3 and
A8 survive with A3 þ ffiffiffi

3
p

A8 ¼ 0. This phenomenon arises
due to flat directions in the potential of the gauge field.
Namely, the gauge field is trapped in the flat direction
defined by A3 þ ffiffiffi

3
p

A8 ¼ 0 and behaves in a similar
manner to the case of a U(1) gauge field. Also, as we
clarified in Sec. IV, such flat directions exist in general for
non-Abelian gauge fields whose associated Lie group has a
rank higher than one. It should be noted that there is no flat
direction in the potential for an SU(2) gauge field. This
gives rise to an interesting inflationary scenario with an
SU(3) gauge field, which cannot be realized in the
SU(2) case.
On the contrary, in a realistic universe, it is reasonable to

expect that all the components of the SU(3) gauge field
have nonvanishing initial values of the same order of
magnitude. We considered such a situation in Sec. III C.
We found that the generated anisotropy eventually decays
due to the nonlinear self-couplings of the gauge field (see
also an analogous result in [62]). In this sense, the cosmic
no-hair conjecture holds. However, the transient anisotropy

should exist practically on the large scales and its effect
would be imprinted on the cosmic microwave background
and the large-scale structure.
There are several interesting directions for further devel-

opments. In this paper, we have considered inflation with an
SU(3) gauge field as a first step. It would be intriguing to
study general non-Abelian gauge fields such as SUðNÞ in
detail. It is also interesting to investigate the Schwinger effect
in the presence of non-Abelian gauge fields. Studying the
Chern-Simons-type interaction for an SU(3) gauge field
instead of the gauge kinetic function may also give interest-
ing features. Another possible extension would be to study
models with multiple scalar fields, where the field-space
metric is not necessarily flat. Then, the nontrivial kinetic
structure may change the dynamics [63]. Thus, it is worth
studying the cosmic no-hair conjecture in a more general
context. We leave these issues for future study.
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APPENDIX: SU(3) GAUGE FIELD IN THE
AXIALLY SYMMETRIC BIANCHI

TYPE-I SPACETIME

In this Appendix, we derive possible configurations
of an SU(3) gauge field in the axially symmetric
Bianchi type-I spacetime. To this end, we extend the
discussion for the case of an SU(2) gauge field [38,64]
to an SU(3) gauge field.
First of all, from the translation and the local SU(3)

gauge invariance, one can write an SU(3) gauge field as

Aa ¼ PaðtÞdxþQaðtÞdyþ RaðtÞdz: ðA1Þ

In addition, we impose the axial symmetry along a
particular direction, say, the z-direction on it. The rotational
transformation along the z-direction, which is generated by
a killing vector ξ ¼ x∂y − y∂x, is given by

LξAa ¼ QaðtÞdx − PaðtÞdy: ðA2Þ

In order to preserve the rotational symmetry, (A2) must be
absorbed by the residual global SU(3) transformation,

δAa ¼ i½A; u�a ¼ fabcub½PcðtÞdxþQcðtÞdyþ RcðtÞdz�;
ðA3Þ

where ua’s are constant. Therefore, we require
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LξAa ¼ δAa: ðA4Þ

Configurations of Aa which satisfy this relation can be
classified according to the direction and amplitude of ua.
A trivial case is ua ¼ 0, we have the condition PaðtÞ ¼
QaðtÞ ¼ 0. Let us consider cases of ua ¼ u3; u4; u8 as
representative examples. We first consider the case of
ua ¼ u3. In this case, (A4) admits nontrivial configurations
of Aa only if u3 ¼ �1 or �2. For instance, u3 ¼ 1 yields

8<
:

PðtÞ ¼ P1ðtÞT1 þ P2ðtÞT2;

QðtÞ ¼ −P2ðtÞT1 þ P1ðtÞT2;

RðtÞ ¼ R3ðtÞT3 þ R8ðtÞT8;

ðA5Þ

and u3 ¼ 2 gives

8<
:

PðtÞ ¼ P4ðtÞT4 þ P5ðtÞT5 þ P6ðtÞT6 þ P7ðtÞT7;

QðtÞ ¼ −P5ðtÞT4 þ P4ðtÞT5 þ P7ðtÞT6 − P6ðtÞT7;

RðtÞ ¼ R3ðtÞT3 þ R8ðtÞT8:

ðA6Þ

The case of (A5) includes the SUð2Þ ⊗ Uð1Þ subgroup we
studied in Sec. III A. Next, in the case of ua ¼ u4, we have
a solution of (A4) only if u4 ¼ �1 or �2. For u4 ¼ 1, we
have

8<
:

PðtÞ ¼ P5ðtÞT5 þ P3ðtÞðT3 þ ffiffiffi
3

p
T8Þ;

QðtÞ ¼ −2P3ðtÞT5 þ 1
2
P5ðtÞðT3 þ ffiffiffi

3
p

T8Þ;
RðtÞ ¼ R4ðtÞT4 þ R8ðtÞð− ffiffiffi

3
p

T3 þ T8Þ;
ðA7Þ

while, for u4 ¼ 2, we obtain

8<
:
PðtÞ¼P1ðtÞT1þP2ðtÞT2þP6ðtÞT6þP7ðtÞT7;

QðtÞ¼P7ðtÞT1þP6ðtÞT2−P2ðtÞT6−P1ðtÞT7;

RðtÞ¼R4ðtÞT4þR8ðtÞð− ffiffiffi
3

p
T3þT8Þ:

ðA8Þ

Finally, when ua ¼ u8, the only possibility is
u8 ¼ �2=

ffiffiffi
3

p
. For u8 ¼ 2=

ffiffiffi
3

p
, the configuration of the

gauge field which satisfies (A4) is

8<
:

PðtÞ ¼ P4ðtÞT4 þ P5ðtÞT5 þ P6ðtÞT6 þ P7ðtÞT7;

QðtÞ ¼ −P5ðtÞT4 þ P4ðtÞT5 − P7ðtÞT6 þ P6ðtÞT7;

RðtÞ ¼ R1ðtÞT1 þ R2ðtÞT2 þ R3ðtÞT3 þ R8ðtÞT8:

ðA9Þ

In practice, it is necessary to impose the Yang-Mills
constraint, i.e.,

∇iFai0 þ fabcAb
i F

ci0 ¼ 0; ðA10Þ

which is nothing but the time component of the EOMs for
the gauge field (37). This further constrains the gauge-field
configuration. More explicitly, (A10) can be reduced as

fabc½ðPbðtÞ _PcðtÞ þQbðtÞ _QcðtÞÞg11ðtÞ
þ RbðtÞ _RcðtÞg33ðtÞ� ¼ 0; ðA11Þ

in the axially symmetric Bianchi type-I spacetime. For
instance, for (A5), the above constraint yields P2=P1 ¼
constant. Likewise, one can obtain some relations among
the functions PaðtÞ, QaðtÞ, and RaðtÞ for other cases.
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