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EXAMPLES OF NON-KAHLER CALABI-YAU MANIFOLDS
WITH ARBITRARILY LARGE b,

TARO SANO

ABSTRACT. We construct non-Kéhler Calabi-Yau manifolds of dimen-
sion > 4 with arbitrarily large 2nd Betti numbers by smoothing normal
crossing varieties. The examples have K3 fibrations over smooth projec-
tive varieties and their algebraic dimensions are of codimension 2.
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1. INTRODUCTION

In this paper, we say that a compact complex manifold X is a Calabi- Yau
manifold if its canonical bundle wy ~ Ox and H(X,0x) = H(X,Q%) =0
for 0 < i < dim X. Moreover, we say that X is a Calabi- Yau n-fold if its
dimension is n.

Projective Calabi-Yau manifolds form an important class of algebraic va-
rieties. Non-Kahler Calabi-Yau manifolds are well investigated in complex
differential geometry including those without the condition on the coho-
mology groups (cf. [FLY12], [Tos15]). Reid’s fantasy [Rei87] suggests the
possible importance of non-Kéhler Calabi-Yau manifolds in the classification
of projective ones.

One of the important problems on projective Calabi-Yau manifolds is
whether their topological types are finite or not. Inspired by these back-
ground, we construct infinitely many non-Kéhler Calabi-Yau manifolds with
the following properties.
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Theorem 1.1. For positive integers m and N > 4, there exists a simply
connected non-Kdahler Calabi-Yau N-fold X = X (m) such that

{m—l—lO N=4

ba(X) =

a(X)=N -2,
where ba(X) is the 2nd Betti number and a(X) is the algebraic dimension

of X. The topological Euler number e(X) can also be computed (Proposition
3.6).

Since the 2nd Betti number of X can be arbitrarily large, the examples
give infinitely many topological types of non-Kéahler Calabi-Yau manifolds of
dimension N > 4. As far as we know, these are the first examples of Calabi-
Yau manifolds with infinitely many topological types in a fixed dimension
N > 4 in our sense.

The examples suggest that there are very plenty of non-Kéhler Calabi-Yau
manifolds which are close to projective ones even in dimension > 3. Note
that direct products of known lower-dimensional Calabi-Yau manifolds have
non-zero holomorphic forms and so are not themselves Calabi-Yau.

Calabi-Yau 3-folds with arbitrarily large b3 and by = 0 are constructed by
Clemens and Friedman (cf.[Fri91], [LT96]). Hashimoto and the author con-
structed non-Kahler Calabi-Yau 3-folds with arbitrarily large bs by smooth-
ing normal crossing varieties in [HS19]. The idea of constructing projective
Calabi-Yau manifolds by smoothing SNC varieties goes back to the papers
[KN94] and [LeelO]. In this paper, we construct examples by the same
method as [HS19).

1.1. Comments on the construction. The idea of the construction in
[HS19] was to consider distinct SNC varieties by gluing smooth varieties
along their anticanonical divisors through an automorphism of infinite or-
der. The point is that we use smooth varieties which are blow-ups of other
varieties and the number of blow-up centers increases when we change the
gluing isomorphisms.

In this paper, we consider an SNC variety of the form Xy = X;UX5s, where
X1 =P? x T and X5 is a blow-up of X; and T C P! x P" is a hypersurface
of bi-degree (1,7 + 1). The essential ingredient in this paper is the Schoen
type Calabi-Yau manifold with infinite automorphisms (cf. [MOF], [Sch88],
[HSS98]). When n = 2, the intersection of two irreducible components
is the Schoen Calabi-Yau 3-fold which is a fiber product of two rational
elliptic surfaces over P'. We actually use isomorphisms of such Calabi-
Yau (N — 1)-folds which come from quadratic transformations on rational
elliptic surfaces. We effectively use the description of general rational elliptic
surfaces as hypersurfaces of P? x P! of bidegree (3,1).

Remark 1.2. In [HS19], examples of SNC Calabi-Yau 3-folds are constructed
by using automorphisms of (2,2,2)-hypersurface X592y C P! x P! x P!
induced by the covering involutions of double covers X — P! x P!. Note
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that, for X = X5 2) C (PY)™, the covering involutions of projections X —
(PYH"~! are birational maps with indeterminacies when n > 4, thus we need
new gluing isomorphisms to construct examples in higher dimensions. It is
also not clear that the construction of Clemens—Friedman can be generalized
to higher dimensions.

After finishing the manuscript, the author received an e-mail from Nam-
Hoon Lee and he constructed a non-Kéahler Calabi-Yau 4-fold by smoothing
SNC varieties [Lee21].

2. PRELIMINARIES

We can construct an SNC variety by gluing two smooth proper varieties
along their smooth divisors as follows.

Proposition 2.1. Let X1 and Xs be a smooth proper varieties and D; C X;
be a smooth divisor for i = 1,2 with an isomorphism ¢: D1 — Ds. Then
there exists an SNC variety Xo with a closed immersion t;: X; — Xg for
1 =1,2 in the Cartesian diagram

i1
D1 *>X1 s

igoq{ lu

XQL)XO

and we write Xo =: X7 UY Xs.
Moreover, if Dy is connected and D; € |—Kx,| for i =1,2, then we have
wWx, = OXO-

Proof. See [HS19, Proposition 2.1, Corollary 2.2] and references therein. [

Definition 2.2. Let X be an SNC variety and X = Ufil X; be the decom-
position into its irreducible components. Let D := Sing X = Ui#(XZ- N Xj)
be the double locus and let Ix,,Ip C Ox be the ideal sheaves of X; and D
on X. Let

N
Op(X) := () Ix,/Ix,Ip)* € Pic D
i=1
be the infinitesimal normal bundle as in [Fri83, Definition 1.9].
We say that X is d-semistable if Op(X) ~ Op. If X = X; U Xy for
smooth varieties X and Xz, then Op(X) ~ Np/x, ® Npx,, where Npx,
is the normal bundle of D C X for i =1, 2.

The following result on smoothings of an SNC variety is essential for the
construction.

Theorem 2.3. Let X be an n-dimensional proper SNC variety whose dual-
izing sheaf wx is trivial. Assume that X is d-semistable. Then there exists
a semistable smoothing ¢: X — Al of X over a unit disk, that is, a proper
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surjective morphism such that X is smooth, X ~ ¢~1(0) and X; := ¢~ 1(t)
is smooth for t # 0.

Proof. This follows from [KN94, Theorem 4.2], [CLM19, Corollary 7.4]. O

Remark 2.4. For the construction of our examples, [KN94, Theorem 4.2] is
enough although they assume that H" 1(X,0x) = 0 and H" %(X;,Ox,) =
0 for all irreducible component X; of X. Indeed, we can check that the SNC
variety Xo(m) as in Example 3.1 satisfies the conditions since it is a union
of two rational manifolds glued along a Calabi-Yau manifold.

In [FFR19] and [FP20], generalizations of Theorem 2.3 are studied.

We shall use the following description of general rational elliptic surfaces
as hypersurfaces in P? x P

Proposition 2.5. Let S C P2 x P! be a general hypersurface of bidegree
(3,1), that is a member of |piOp2(3) @ p5Op1(1)], where p1: S — P? and
pa: S — Pl are the projections.
(i) S is a rational elliptic surface with no (—2)-curve. Moreover, p;
induces an anticanonical elliptic fibration and ps is the blow-up at 9
points which appear as intersection of two cubic curves.

(ii) Let C C S be an irreducible curve which is not a (—1)-curve. Then
C? >0 and |C| is base point free.

Proof. (i) Note that S is defined as
(sF +tG =0) C P* x P!,

where [s : ] € P! is the coordinates and F,G € Clxg,z1, 2] are general
homogeneous polynomials of degree 3. By this description, we see that S is
smooth and ps is the blow-up at 9 points (F = G = 0) C P2. We see that
—Kg = p30p1(1) and it induces an elliptic fibration, thus S is a rational
elliptic surface with a section.

Since —Kg is nef, an irreducible curve C such that C? < 0 is either a
(—=1)-curve or (—2)-curve. If C C S is a (—2)-curve, then C is py-vertical
by —Kg - C = 0 and contained in a singular fiber. It is well-known that a
generic pencil of cubic curves contains only irreducible curves (cf. [Tot08,
Lemma 3.1]), thus S can not contain a (—2)-curve since a curve in a pencil
can have singularities outside the base locus and all the members of |—Kg|
are irreducible.

(i) We see that C2 > 0 since Kg - C < 0 and C is neither a (—1)-curve nor
a (—2)-curve. If pa(C) is a point, then C is a fiber of py since all fibers are
irreducible and reduced. Thus |C| = |-Kg| is a free linear system.

If po(C) = P!, then we see that C2 > 0 since —Kg-C > 0 and C is not a
(—1)-curve. We see that
C(C - Kg) C?

>14—>1.

hO(S, 05(C)) > x(S,05(C)) = x(S,05) + 9 2
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Thus |C] has no fixed part and C' is nef and big. We also check that |C| is
free. Indeed, we have an exact sequence

HO(8,05(C)) — H(f,04(C)) = H'(8,05(C — f))

for a smooth fiber f € |—Kg|, HY(S,0s(C — f)) = H(S,Kgs + C) = 0 by
the vanishing theorem and f - C > 2 since C' is not a section. (|

We also need the following isomorphism of a rational elliptic surface S
induced by a quadratic transformation of P2. (ii) and (iii) are technical, but
essential in the construction of our Calabi-Yau manifolds.

Proposition 2.6. Let S C P2 x P! be a general (3,1)-hypersurface. Let
P1,--.,pg € P? be the points on which the birational morphism u = p1: S —
P2 induced by the 1st projection is not an isomorphism. Let E; := pu~t(p;)
fori =1,...,9 be (—1)-curves and H := p*Op2(1). Then we have the
following.

(i) For1<i<j<k<09, there exist a hypersurface Sy, C P2 x P! and
an isomorphism ¢;j: S — S;ji over P! such that

b5k (Hijr) = 2H — BE; — Ej — E,

where Hyji, is the pull-back of Op2(1) to Sy by the 1st projection.
(ii) For a positive integer m, there exist a hypersurface S, C P? x P!
and an isomorphism ¢p: S — Sy, over P! such that

(1) ¢ Hs, = (27m*+1)H — (9m* — 3m)F; — 9Im>*Fy — (9m? + 3m)F3,

where Hg, , is the pull-back of Op2(1) to Sy, and F; := Es;_o+F3;—1+
Egi fO’I” 1= ]_, 2,3.

(iii) In (ii), the divisor Ly, := H + ¢}, Hs, + mKg is ample and free on
S.

Remark 2.7. In (iii), the essential part used later is that the divisor is ef-
fective and can be written as a sum of smooth curves. However, it is nice
to show freeness since then the linear system contains a smooth irreducible
member. By this property, we can determine the 2nd Betti number of our
Calabi-Yau manifolds obtained as smoothings.

Proof. (i) We see that pi,...,pg € P? is in “Cremona general position” in
the sense of [Tot08, pp.1178], thus can consider the quadratic transformation
Qijk: P? --» P2 at Di, Pj, Pk- This g;; induces an isomorphism ¢; ;1 : S — Sjjk
onto a hypersurface S, C P? x PL. By the construction, we see that Dijk
is induced by the birational transformation g;;, x id: P? x P! --s P2 x P!,
thus ¢;;), is an isomorphism over Pl

Let EY, E}, E;. € Pic Sjji, be the images of H — E; — Ey,, H — E; — Ej,, H —
E; — E; € PicS by ¢1]k For | # i,j,k, let El/ = ¢ijk(El) C Sz]k: We
identify PicS ~ Z' and Pic S;jr ~ Z' by the basis (H, E, ..., Eg) and
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(Hyj, By, ..., Ej). Here Z' is the lattice with a bilinear form

9
(a,b1,...,bo) - (a', by, .. by) == ad' = > biby.
=1

Let h,e;,ej, e € 710 be the images of H, E;, E;, E), via the identification
Pic S — Z'9, that is,

h:=(1,0,...,0),e; := (0,1,0,...,0),--- ,e9 := (0,0,...,0,1) € Z°.

Then we see that gb;-‘jk: Pic S;jr — Pic S is the reflection orthogonal to

H — E; — E; — E}, that is, it induces qﬁfjk: 710 — 719 determined by

o5k(x) =z + (2 - Qijr) ik,

where ajjp :=h—e; —ej — e} € 719, Hence we obtain the required equality
by substituting = = h.

(ii) Let tg := ¢r890das60P123: S — S’ be a composite of three isomorphisms
as in (i), that is, ¢123 is the quadratic transformation at {pi,p2,ps}, and
¢a56 and ¢rgg are quadratic transformation at the images of {p4, ps, ps} and
{p7,ps, po} respectively. Then let
Y1 = thgr 0ths: S — 8,

where 1g is the same operation on S’ and let S; := S” (and Sy := 95).
We can perform this operation for any positive integer ¢ and construct an
isomorphism t;: S;_1 — 5; as a composite of six quadratic transformations.
Now let ¢p, ;=Y o---0h1: S — Sp.

On each surface T' = S;, we have an isomorphism Pic 7' — Z'° determined
by the basis (Hr, Et1,...,Eryg), where Hrp is the pull-back of Op2(1) and
Er;’s are the exceptional divisors. Note that the labelling for the exceptional
divisors are determined as (i). We also use the same symbol for isomorphisms
of the Picard group and Z!9, that is, for ¢1: S — S', we write 1} : Pic S’ —
Pic S and ¢ : Z10 — 719 for example. We are reduced to show the following
to obtain the equality (1).

Claim 2.8. Let h, ey, ..., eg9 € Z'° be the elements corresponding to (H, E1, . ..

or (Hs,,,Es,,1,...,Es,,9) as before. Let f; := e3i—2 + e3;—1 + e3; for
1 =1,2,3. Then we have

(2) @i (h) = (2Tm?* + 1)h — (9m? — 3m) f1 — 9Im? fo — (9m? + 3m) f3.
Proof of Claim. We check the required equality by induction on m. Recall
that ¢Z}k3 710 — 710 is the reflection for aijjr =h—e;—ej—ep € Z'. Then
we compute
Vs(h) = d189(D156 (9123 (1)) = D89 (di56(2h — f1))
= ¢r89(4h — f1 — 2fa) = 8h — f1 — 2fa — 4fs.
Then we compute similarly

wf(h) = ¢;89(¢7156(¢T23(8h —h—=2f2— 4f3))) =28h —6f1 —9f2 — 12f3,
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thus obtain the equality for ¢; = 1. Suppose that we have the equality (2)
for ¢,,,. By a similar computation, we obtain

Gmi1(h) =V 1105 (R)
=% 1 ((2Tm? + D)h — (9m® — 3m) f1 — Im> fo — (9m? + 3m) f3)
= (27(m+1)*+1)h—(9(m+1)*=3(m+1)) fr=9(m+1)? fo—(9(m+1)*+3(m+1)) f3.
Thus we obtain the claim by induction. O
This finishes the proof of (ii).
(iii) We have L,, - (—Kg) =6 > 0 and

Ly, = (H + ¢, Hs,,)” +2m(Ks - (H + ¢y, Hs,,))
= (2+4202Tm* 4+ 1)) — 12m = 54m? — 12m + 4 > 0.

By these and the Riemann-Roch formula, we see that L., is effective.
Since S is general, it is enough to show L, - C' > 0 for all (—1)-curve
C. We write C' = aH — Z?:l B E; for some integers «, (1, ..., B9 such that

a? — 2?21 B? = —1 and 3a — Z?zl B; = 1. Let ; := B3i—2 + B3i—1 + B3 for
1 =1,2,3. We may assume that o < m since, if & > m, then we have

L, -C>(H+mKg)-C=a—-m>0.
We may also assume that ; > 0 for all ¢ since we have
L - E; = ¢ (Hs,) - E; +mKs - E; > (9m? — 3m) —m > 0.

Then we compute

Ly - C = a(2Tm? 4+ 2) — (9m? — 3m)y1 — 9m?y2 — (9m* + 3m)y3 —m
=a(2Tm® +2) — (9m* — 3m)(3a — 1) — 3m(y2 +273) —m
= (9m + 2)a + (9m? — 3m) — 3m(y2 +273) —m
> (9m + 2)a + (9m? — 3m) — 3m(2(3a — 1)) —m
= —9ma + 2a + 9m? + 2m = Im(m — a) + 2m + 2a > 2m + 2a > 0,

where we used v2 + 273 < 2(3av — 1) for the 1st inequality and m > « for
the 2nd inequality. Thus we see that L,, is ample by the Nakai—-Moishezon
criterion. Since Ly, - (—Kg) = 6, we see that L,,|r is free for a general
smooth element F' € |[—Kg|. By this and the exact sequence

0 — Os(Kg + L) — Os(Ly) = Op(Ly,) — 0,
we check that |L,,| is free as in the proof of Proposition 2.5(ii). O

We have the following description of Calabi-Yau manifolds of “Schoen
type” arising from general rational elliptic surfaces ([Sch88]). The author
learned (i) in the following proposition in [MOF] when n = 2 (cf. [HSS98,
Section 2]).
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Proposition 2.9. Let S C P? x P! be a general (3,1)-hypersurface and T C
P! x P" a general (1,n + 1)-hypersurface for some n > 2. Let X1 :==P? x T
and Xy := S x P" be divisors in P? x P! x P" and X1 := X1 N Xo. Let
ps: X120 — S and pr: Xq0 — T be the surjective morphisms induced by the
projections.

(i) Xi2 @s a Calabi-Yau (n+1)-fold and there is a natural isomorphism
@Q: S Xp1 T — X9,

where the fiber product is defined by the projections ¢g: S — P! and
¢T: T — Pl.
(ii) (¢f. [GMO93, Corollary 3.2]) We have

Pic X192 ~ (Pic S ® PicT) /Z(—Kg, K7).
Thus Pic X5 ~ Z' when n = 2 and Pic X153 ~ Z"' when n > 3.

Proof. (i) This follows from properties of fiber products.

(ii) By the same argument as the 1lst paragraph of the proof of [Nam91,
Proposition 1.1], we see that the naturally induced homomorphism

ps @ pr: PicS @ PicT — Pic X9

is surjective. By the same argument as the proof of [GM93, Proposition 3.1],
we can write (Lq, L) € Ker(pg @ p}) as

(Ll, LQ) = (Al,AQ) + m(—Ks, KT)

for some numerically trivial A; € PicS, Ay € PicT and m € Z. Since
H(S,05) = HY(T,Or) = 0, we see that A; and Ay are linearly trivial.
Thus we see that Ker(pg @ pj) = Z(Kg,—Kr) and obtain the required
isomorphism.

Since the projection morphism T — P is the blow-up along the intersec-
tion (F = G = 0) C P" of general divisors (F' = 0), (G = 0) of degree n+ 1,
we see that PicT ~ Z9 if n = 2 and PicT ~ Z2 if n > 3. Thus we obtain
the latter statement. O

3. CONSTRUCTION OF EXAMPLES

We first explain the construction of examples X (m) by smoothing SNC
varieties Xo(m) in the following.

Example 3.1. Let m,n be positive integers. Let S C P? x P! be a general
(3,1)-hypersurface and S,, C P? x P! be the hypersurface in Proposition
2.6(ii) with the isomorphism ¢,,: S — S, over PL.

Let T C P! x P" be a general (1,n + 1)-hypersurface and

V=P x T C P? x P! x P".
Let Dy := Y1N(SxP™) C Y;. Then there is a natural isomorphism ¢ : D —

S xp1 T as in Proposition 2.9(i). Note that D; € |—Ky,| and the normal
bundle Np, /vy, =~ p§Os(3h + f), where ps: D1 — S is the projection, f €
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|—Kg| and h := p§Op2(1) for the birational morphism pg: S — P? induced
by the projection.

Let Y3 := P2 x T and Dy := Y2 N (S, x P*) C Y5. Then there is a
natural isomorphism @o: Dy — Sy, Xp1 T as above. Let ®,,: D1 — Dsy be
the isomorphism which fits in the following diagram:

Dl L}D2

o
Pm Xid

S Xp1 T‘)Sm Xp1 T.

For i = 1,...,m, let F; := pgl(fi) C D; for a smooth general member
fi € |-Kg|. Let I'y, :== pg~ (Cy,) for a smooth member

1
Cm € [3H + ¢,,,(3Hs,,) + (m — 2)Kg| = |[Lm + 2(H + ¢, Hs,,) + (—2Ks)|

of an ample and free linear system guaranteed by Proposition 2.6(iii). Now
let v1: Y7 — P2 xT = Y] be the blow-up aloyg Fi, o F,,and 1p: X; — Y,
be the blow-up along the strict transform I',, C Y7 of I';, C Dy. Thus we
have a composition p = v1ove: X1 — Yi. Let Xy := Yy = P2 xT.
Let D; C X; be the strict transform of D; and pup,: D1 — D; be the
induced isomorphism. Then we can glue X; and X5 along the composition
isomorphism
\I/m: Dl —)MDl D1 <I>_m> D2

and construct an SNC variety

Xo(m) = X9 := X4 U\Ilm Xo
by Proposition 2.1. We check that X is d-semistable since we have
Npy v @5, Np, v, = Op, (ps(3(H+¢,Hs,,)+2f)) =~ Op, (Fi+: -+ Fn+Tn)

and the blow-up centers of p are chosen so that this becomes trivial. We
also see that wx, ~ Ox, since D; € |~Kx,| and Dy € |~Kx,|. Thus we
can apply Theorem 2.3 and construct a semistable smoothing X' (m) — Al
Let X (m) be its general smooth fiber. Thus we obtain a compact complex
manifold X (m). We also write X := X (m) for short in the following.

3.1. Properties of the smoothings. We have the following basic proper-
ties of X (m) in Example 3.1.

Proposition 3.2. The above X = X (m) satisfies the following.

(i) The Hodge to de Rham spectral sequence H1(X, Q%) = HPTI(X,C)
degenerates at E.
(ii) We have H(X,0x) = 0 and H°(X,Q%) = 0 for 0 < i < dim X.
We also have wx ~ Ox, thus X is a Calabi- Yau manifold.
(iii) The 2nd betti number is ba(X) = m + pr, where pr :=rkPicT.
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Proof. (i) This is [PS08, Corollary 11.24].

(ii) Let X12 := X1 N X3. We compute H*(Xp, Ox,) = 0 for 0 < i < dim X
by the exact sequence

2
s = H™ Y (X2, 0x,,) = H'(X0,0x,) = @ H(X;,0x,) = - .
j=1

By this and the upper semi-continuity theorem, we obtain H*(X,Ox) = 0
for 0 < i < dim X. Since we have an exact sequence

H(X,0x) — H(X,0%) - H'(X,Z) - H'(X,Ox)
from the exponential exact sequence, we see that H!(X,Z) = 0. By this
and (i), we obtain H°(X, Q%) =0.
Claim 3.3. We have H(X, Q%) =0for 2 <i < dim X — 1.

Proof of Claim. For the semistable smoothing X — A! and i > 0, we have
the locally free sheaf

é(o = Q?;)(/Al(log XO)’XO
which is defined in [Fri83, pp.92]. It is enough to show H°(A% ) =0 for 2 <

i < dim X — 1 since the rank h° (ny/N (log Xo)|x,) is upper-semicontinuous

for the fibers X; over t € Al. By applying [Fri83, Proposition 3.5] to AfXO
for Xy = X7 U X5, we have an exact sequence

0— Vo — Ay, = Vi/Vy — 0,
where V and V1 /V} are described as

(l’jlﬂafL;) 7

Vo =~ Ker(Qy, & Qy, 2% 0 ), Vi/Th =~ Qi)

By this and H(X;, Q) = 0 = HO(X15, Q%) for i = 2,...,dimX — 1
and j = 1,2, we obtain H°(Vg) = 0 and H°(V;/Vp) = 0. Thus we obtain
HO(A’XO) =0 for 2 <i < dim X — 1 by the above exact sequence. O

We also see that wx ~ Ox as in the proof of [HS19, Theorem 3.4]. Hence
we see that X is a Calabi-Yau manifold in our sense.
(iii) Note that Pic Xo ~ H?(Xo,7) and Pic X ~ H*(X,Z) by H'(Xy,Ox,) =
0 and H'(X,0x) = 0 for i = 1,2. We compute by(Xo) = m + pr + 1 as
follows. We have an exact sequence

0 — Pic Xy — Pic X1 @ Pic X 2 Pic X1,

where R = (1}, —3) for the closed immersion ¢;: X2 < X; for i = 1,2. By
using the isomorphism

Pic X15 ~ (Pic S @ PicT)/Z(Kg, — K7)
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as in Proposition 2.9, we see that the image Im R C Pic X9 is generated by
the image of Pic T and p§(H), p& (¢, (Hs,,)). Thus we see that
Im R =~ 7772,
Since Pic X; o~ Ztprtm+l — 7m+pr+2 and Pic Xy ~ ZPTH! we see that
Pic Xy ~ zmter+l

by the above exact sequence, thus obtain by(Xg) = m + ppr + 1.
Then, by the Clemens map v: X — Xg (cf. [Cle77], [HS19, Theorem
2.9]), we have the exact sequence
7 ~ H°(Xy, R'4,7Z) — H*(Xo,Z) — H*(X,Z) — H' (R'.7Z) = 0.
Thus we see that H2(X,Z) ~ Z™*T as in [HS19, Claim 3.6(ii)]. O

The following lemma is useful to see the non-projectivity of X and com-
pute the algebraic dimension of X

Lemma 3.4. Let Xo = Xo(m) be the SNC Calabi- Yau variety as in Example
8.1. Let N := dim Xy. Let Ly € Pic Xg be a line bundle such that L; :=
Lo|x, is effective fori=1,2. We may write

L1 = p*(Op2(a) R Op(Hy)) ® Ox, (D b, E; + cF),
j=1
£2 = O[pn2 (a') X OT(HQ),
where Ej = p=Y(F;) C Xy for j =1,...,m and F := p~Y(T),) are the
exceptional divisors of p: X1 — P2 x T and Hy, Hy € PicT.
Then we have a = a’ =0 and k(Ly) < N — 2.

Proof. Note that [,1\[)1 ~ U* L9|p,, where U,,: Dy — Dy is the isomor-
phism used to construct Xy. We have a natural surjection

mg: Pic Dy = (PicS @ PicT)/Z(Kg, —Kr) 2 Pic S/Z(Ks)
by Proposition 2.9(ii), where pr is the projection. We see that
75(L1lp,) = [aH 4 c(3(H + H'))] = (a + 3¢)[H] + 3¢[H'] € Pic S/Z(Ks),

where [-] means the image of PicS — Pic S/ZKg and H' := ¢},(Hg,,). We
also see that

m5(¥5, Lol p,y) = o [H'].
By comparing the above two terms, we see that ¢’ = 3c and a + 3¢ = 0
since [H] and [H'] are linearly independent. Since a,a’ > 0, we obtain
a = o’ = 0. This implies that x(£;) < dimT for i = 1,2, thus k(Ly) <
dimT =N — 2. ([

Proposition 3.5. For m > 0, X = X(m) is not projective. Moreover, we
have
a(X)=n=dimX —2

for a very general t € A, where a(X) is the algebraic dimension.
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Proof. Let pryp: P2 x T — T be the projection. We see that, for a very
ample Hy € PicT, the line bundles Hy := p*(pr}, Or(Hr)) € Pic X; and
Hy := pr}, Op(Hr) induce a line bundle Hy € Pic X such that Hy|x, ~ H;.
Since we have an isomorphism Pic Xy ~ Pic X" as in [HS19], Hy induces a
line bundle H; and this induces a fiber space X — T'. Its general fiber is a
K3 surface since the general fiber of Xo — T is an SNC surface which is a
union of P? and its blow-up at 18 points. Thus the fiber space X — T is a
K3 fibration.

We see that there is no line bundle L; on X such that x(L;) > dim7T + 1
by the same argument as [HS19, Proposition 3.19(iii)]. Indeed, if such a line
bundle exists, then there exists Ly € Pic X such that Lo|x, is effective for
i=1,2 and k(Lg) > dim7T + 1. This contradicts Lemma 3.4. O

We can also compute the following topological invariants of X.

Proposition 3.6. (i) X is simply connected.
(ii) The topological Euler number of X is
(_n)n-H _|_n2 42
3 X) = —12
B )= (-1
where Y, = —18(27m? — 2m + 5).
Proof. (i) We show this by following the proof of [HS19, Proposition 3.10].
As in [HS19, Proposition 3.10], we see that
(4) T (X) = m(XT) % (5, T1(XD),
where X/ := X;\ X3 for i = 1,2 and X1g = 7~ 1(X12) for the Clemens map
v: X — Xo. We see that m1(X}) = {1} by the Gysin exact sequence
HQ(XQ, Z) — Ho(Xlg, Z) — Hl(Xé,Z) — Hl(XQ, Z)
Indeed, for a section C' C T of the fiber space T — P!, the class [{p} x O] €
Hy(X2,7Z) is sent to a generator of Hy(X12). For example, a fiber of T — P"
over the exceptional locus can be taken as C. We also see that 71 (X}) = {1}
as in [HS19] (In fact, the argument is easier since 71 (X}) = {1}). By these
and (4), we see that m (X) = {1}.
(ii) As in the proof of [HS19, Claim 3.7], we see that
B(X) = G(Xl) + e(XQ) — 26(X12)
by the Mayer-Vietoris exact sequence and the Clemens map. Note that

T — P! has singular fibers with only one nodes over points qi, . .., qq, € P!,
where

+24(n + 1)(=n)",

dyp = (n+1)n"
is the degree of the discriminant hypersurface in |Opn(n + 1)| (cf. [LO09,
Lemma 2.1]). Note also that a smooth hypersurface H,11 C P" has the
Euler number
(—n)"*t =1 ()" +n?+2n

e(Hpt1) = (n+1)+ ] = i =:op.
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Thus we compute
e(T) = e(PY)e(Hpi1) + dp(—=1)" = 20, + 0y,
where we put d,, := (—1)"d,,. We compute that
e(Xy) = e(P? x T) = e(P?)e(T) = 3(20,, + 6n) = 60, + 30,,.

To compute e(X7), note that X1 — P? x T is the blow-up along Fi,..., Fy,
and (the strict transform of) T',,. Note that e(F;) = 0 since F; is a product
of an elliptic curve and a Calabi-Yau hypersurface. Thus we see that

e(X1) = e(P? xT) +e(Ty) = 320, + 6,) + e(T').

Note also that I',, — C,, is a Calabi-Yau fibration and the discriminant
locus consists of 18d,, points since

Ch - (—dnKg) = dn(—Ks - (3H + 3¢*H)) = 18d,,.

Indeed, I',, — C,, is singular at the intersection of C}, and the discriminant
locus Dg € S of X1 — S, and Dg consists of smooth fibers over the d,,
points which is the discriminant locus of 7 — P'. We also check

e(Cp) = —(Ks + Cp) - Cry = —18(27m? — 2m + 5) =: .
Thus we compute
e(Ty) = e(Cr) - e(Hp+1) + 18dp(—1)" = ymon + 186,
and
e(X1) = (60, + 30n) + (Ymon + 180,) = (vm + 6)oy, + 2165,

To compute e(X712), note that X1 — P! has a fiber with non-zero Euler
number only at the discriminant locus pi,...,p12 of S — P!. Then we
compute

€(X12) = 12(1 . e(Hn_H)) = 120’n.
By these, we obtain
e(X) = ((ym + 6)on + 216,) + (60, + 30y,) — 240y, = (Ym — 12)0y, + 246,.
O

Remark 3.7. The above implies that the Euler number can be arbitrarily
negative when n is odd and can be arbitrarily positive when n is even (except
n =2). If n = 2, then we compute e(X) = 288. We check that the formula
(3) also holds when n = 1.

Remark 3.8. We see that the Hodge to de Rham spectral sequence on X de-
generates at £y (cf. [DI87, Section 4], [PS08, Corollary 11.24]). It would be
interesting whether our examples X (m) satisfies the 9-lemma and the hard
Lefschetz property (cf.[Fril9], [QW18]). We hope to seek these elsewhere.
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