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Experimental Determination of Effective Atomic Radii of Constituent 
Elements in CrMnFeCoNi High-Entropy Alloy 
 
Abstract 
 To elucidate the complex mechanism of solid-solution strengthening in high 
entropy alloys (HEAs), it is necessary to determine the effective atomic radii of the 
constituent elements that are the sources of lattice strain. In the present study, the effective 
atomic radii of the constituent elements in CrMnFeCoNi HEA which is the basis of the 
atomic displacement are evaluated from the lattice parameters experimentally determined 
via θ-2θ X-ray diffraction measurements. The order of the evaluated atomic radii in the 
present study is different from that of the atomic radii determined via ab-initio 
calculations in previous studies. The results of the ab-initio calculations indicate a 
correlation between the yield stress of and the average atomic displacement in the HEA. 
However, no definite correlation is confirmed by the experimental results in the present 
study. 
 
Keywords: CrMnFeCoNi; High-entropy alloy; Effective atomic radius; Lattice 
parameter; Atomic displacement; 
 
1. Introduction 

High-entropy alloys (HEAs) are solid-solution alloys comprising five or more 
principal constituent elements [1, 2]. HEAs are materials which exhibit attractive 
properties in terms of high temperature strength [3], ductility [4], fatigue resistance [5], 
biocompatibility [6], and corrosion resistance [7]. CrMnFeCoNi is a typical HEA with 
the face-centered cubic (FCC) structure, and its different properties have been previously 
investigated [8-10]. The mechanical properties of CrMnFeCoNi exhibit a unique 
temperature dependence [8, 11-13] which distinguishes this alloy from other conventional 
dilute FCC alloys. Local atomic displacements exist throughout the microstructure of 
HEAs with high concentrations of multiple elements. These atomic displacements in the 
matrix, which originate from the solute elements, inhibit the movement of dislocations to 
strengthen the material. This mechanism of strengthening is termed solid-solution 
strengthening. However, the conventional solution-strengthening mechanism [14-16] for 
dilute alloys is not applicable to HEAs. This is because in HEAs, it is difficult to 
distinguish between the solute and solvent atoms, determine the differences in the radii 
of multiple atoms, and evaluate the lattice distortion and its overlap. The atomic 
displacement is confined to the neighboring atoms in dilute alloys. However, all the atoms 
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in HEAs are displaced from the ideal lattice point, and the average displacement is 
associated with the yield stress of the material. Atomic displacements have been discussed 
by experimental and theoretical methods in various HEAs [17-28]. Okamoto et al. [17] 
experimentally measured the average atomic displacement of the constituents in 
CrMnFeCoNi via synchrotron X-ray diffraction (XRD) measurements. The mean-
squared atomic displacements (MSAD) of the constituents were determined via ab-initio 
calculations, and the results revealed a correlation between the yield stress and MSAD 
for the CrMnFeCoNi system. The occurrence of atomic displacement is attributed to the 
differences in the effective atomic radii of the constituent elements. The atomic radius of 
each constituent element in a solid solution is different from that of the corresponding 
isolated element owing to the influence of the surrounding heterogeneous elements. 
However, there are no reports on the experimental determination of the effective atomic 
radii of the constituent elements. In the present study, the effective atomic radius of each 
solute element in an HEA, CrMnFeCoNi, was evaluated from the lattice parameters 
experimentally determined via θ-2θ XRD measurements. 
 
2. Experimental procedure 

Specimens with varying concentrations (±5 at. %) of each solute element were 
prepared to analyze the composition dependence of the lattice parameters of the 
individual elements. The compositions of the fabricated specimens are summarized in 
Table 1a. The alloy ingots were prepared via Ar arc melting. The purity of starting 
materials is Cr (99.9%), Mn (99.9%), Fe (99.9%), Co (99.9%) and Ni (99.9%), 
respectively. Each ingot was melted four times, and it was turned over after each melt to 
ensure homogeneity. Subsequently, the ingot was encapsulated in an evacuated quartz 
capsule and homogenized at 1373 K for 168 h. Thereafter, it was cold rolling with a 
rolling rate of 50% and then subjected to solution treatment at 900 °C for 1 h. The cycle 
of cold rolling and solution treatment was repeated thrice to obtain samples with minor 
compositional variations. Plate samples of 5 mm × 5 mm × 1 mm were cut from the 
solution-treated sample via FANUC α-1iC wire electric discharge machining. The sample 
surfaces were subjected to mechanical polishing using #2000 emery paper as well as 
chemical polishing using 1 µm alumina (Baikalox, Baikowski) and 0.25 µm colloidal 
silica (OP-S, Struers). The compositional analysis of the prepared samples was performed 
via JEOL JSM-7100F field emission-scanning electron microscopy (SEM) in conjunction 
with energy-dispersive X-ray spectroscopy (EDS) in 15kV. Thus, the compositional 
variation within the samples was confirmed to be limited to ±0.5 at.%. The average 
compositions of the prepared samples are summarized in Table 1b. 
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The lattice parameters were determined via Rigaku UltimaIV Protectus θ-2θ 
XRD measurements. LaB6 (660c, National Institute of Standards and Technology) fine 
powder was placed on the sample surface as a standard sample to correct the measurement 
data [29]. Thermal expansion often induces variations in the lattice parameter. To 
eliminate the influence of such variations, the experimental temperature was maintained 
at 22.50 ± 0.01 °C using the temperature control stage as shown in Figure 1. A non-
reflective Si single-crystal plate was attached to the surface of the stage to eliminate the 
diffraction peak originating from the stage. The applied voltage and current to the X-ray 
tube were 40 kV and 40 mA, respectively. A split-type pseudo-Voigt function was adopted 
for the profile fitting of the obtained data to derive each peak position using a data analysis 
software (PDXL2, Rigaku). The instrumental error in 2θ at each diffraction angle of the 
standard specimen was evaluated by comparison the diffraction angle obtained with the 
angle tabulated in the literature [30]. The 2θ correction function was obtained by fitting 
the quadratic function for the 2θ angle to the resulting instrumental errors. The measured 
2θ angle of the specimen were corrected by applying the correction function to eliminate 
the instrumental error. The lattice parameters were determined using five peaks (2θ = 70 
– 150°) on the wide-angle side. The lattice spacing of the five peaks was calculated by 
applying Bragg’s law. The lattice parameter was calculated by the relationship between 
the spacing of the hkl planes dhkl and the lattice parameter a in the cubic crystal (a = dhkl 

(h2+k2+l2)1/2). Generally, a kind of fitting function is applied to get the lattice constant 
determined at 2θ = 180° at which the experimental error becomes zero. However, the 
present derived lattice constants do not tend to converge towards 2θ = 180°. So, the simple 
average of the derived lattice constants is applied to determine the lattice constant of each 
specimen. 
 
3. Results 

Figure 2 presents the XRD patterns of all specimens in Table 1. The lattice 
parameters are determined from the five peaks hatched in gray. Peaks of the standard 
sample (LaB6) and specimens are shown with indices. Figure 3(a) presents the variations 
in the lattice parameters for each diffraction peak, while Figure 3(b) presents the 
determined lattice parameters for all the constituents. The columns headed by + and - in 
Figure 3(b) present the lattice constants of the constituents from Cr+ to Ni+ and Cr- to 
Ni-, respectively, with the corresponding standard deviations. The maximum standard 
deviation of the lattice parameter is approximately 0.1 pm. The composition dependence 
of the lattice parameter is assumed to have a linear relationship based on the Vegard’s law. 
Though the lattice parameter of a multi-element alloy may show a nonlinear change with 
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composition, the approximation by the Vegard’s law is reasonable as long as the applied 
composition range is narrow and no strong nonlinearity exists in the composition 
dependence of the lattice parameter. On the assumption of the linear composition 
dependence, the determined lattice parameters are subjected to multiple regression 
analysis; thus, the composition dependence of the effective lattice parameters is estimated. 
The effective lattice parameter (aeff) is expressed using Eq. 1 based on the multiple 
regression analysis.  

 
 

(Eq. 1) 
 
Here, CCr, CMn, CFe, CCo, and CNi denote the molar concentrations of Cr, Mn, Fe, Co, and 
Ni, respectively. The coefficient of determination R2 value is 0.999 that is close to unity, 
therefore the predicted lattice parameter shows a reasonable agreement with the 
experimental one. The relationship between the experimentally determined lattice 
parameters and the predicted lattice parameters from the regression equation is presented 
in Figure 4, where the perfect correlation is denoted as a line. The effective lattice 
parameters of the virtual FCC structure consisting of pure elements are derived from Eq 
1. For example, the effective lattice parameter of the FCC lattice consisting of pure Cr is 
357.82 pm, which is obtained by substituting the composition of Cr to be 100% in Eq. 1. 
The effective atomic radius (reff) is estimated from the effective lattice parameter of the 
constituent elements by applying the rigid sphere model to the FCC structure. Therefore, 
the relationship between the effective atomic radius and effective lattice parameter is 
expressed using the following equation [31]:  

 
(Eq. 2) 
 
The effective lattice parameters and effective atomic radii of the constituent elements in 
CrMnFeCoNi high entropy alloy at 22.50 °C are summarized in Table 2. The predicted 
data agree with the experimental one, and the standard error of the effective atomic radii 
is approximately 0.4 pm. These results indicated that the effective atomic radii are 
estimated with optimal accuracy. 
 
4. Discussion 
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4.1 Order of the effective atomic radii 
The Goldschmidt radii [32], radii obtained via the ab-initio calculations [17] and 

effective atomic radii estimated in the present study are summarized in Table 3. The 
atomic radii in each column are sorted in the ascending order. The atomic radii of the 
constituent elements in CrMnFeCoNi tend to decrease with an increase in the atomic 
number; however, the order of the experimentally determined atomic radii is inconsistent 
with that of the atomic numbers. The Goldschmidt radii are almost the same for each 
constituent element; furthermore, they do not represent the atomic radii of the elements 
in HEAs. The difference between the maximum and minimum atomic radii determined 
via the ab-initio calculations is similar to that between the maximum and minimum 
atomic radii determined in the present experiment. However, the order of the 
experimentally determined atomic radii is different from that of the atomic radii obtained 
via the ab-initio calculations. One of the considerable reasons for the discrepancy is the 
effect of thermal vibrations of the constituent atoms. The linear expansion coefficient and 
the temperature sensitivity of Mn are higher than those of the other elements [33]. Mn 
exhibited temperature-sensitive variations in the atomic radius. Consequently, the 
experimentally determined effective atomic radius of Mn is larger than that of the other 
elements. 
 
4.2 Relationship between the strength and the lattice strain 

To understand the effect of solid-solution strengthening on the strength of HEAs, 
it is important to discuss the relationship between the lattice strain and the strength. Here, 
we discuss the relationship between the strength and the lattice strain of HEAs on the 
assumption that the constituent elements in the ternary, quaternary, and quintenary alloys 
exhibited similar atomic radii. The yield stresses of quaternary and ternary alloys in the 
CrMnFeCoNi alloy system have been previously investigated [10]. The CrMnFeCoNi 
alloy system includes CrMnFeCoNi, MnFeCoNi, CrFeCNi, CrMnCoNi, CrCoNi, 
MnFeNi, MnCoNi, and FeCoNi with FCC structures [9]. The relationship between the 
yield stress and the atomic displacement for these FCC alloys is investigated in the present 
study. The average atomic displacement is calculated from the experimental and the ab-
initio calculations results reported by Okamoto et al. [17]. To evaluate the MSAD, it is 
necessary to obtain the static displacement of each constituent atom from its ideal lattice 
point, therefore, the MSAD is not able to calculate from the effective atomic radius 
obtained in this study. Alternatively, the δ parameter [34] is commonly used as a 
parameter to evaluate the magnitude of atomic displacement in HEA. The δ parameter 
denotes the average squared displacement of each atom from the FCC lattice point, and 
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it can be expressed using the following equation [34]: 
 

 

(Eq. 3) 
 
Here, n, ri, and r̅ denote the number of elements in the HEA, effective atomic radius of 
each element, and the average effective atomic radius, respectively. The relationship 
between the yield stress and the average atomic displacement is presented in Figure 5. 
The correlation coefficient between the yield stress and the δr form ab-initio calculations 
[17] is 0.90, indicating a positive correlation as denoted by the filled dots in the gray 
circle. However, the correlation coefficient between the yield stress and the δr form the 
experimental results is -0.31, which indicates that there is no correlation. Therefore, at 
least the δ parameter at room temperature does not explain the strength of the HEA alloy 
system. The difference between the ab-initio calculations [17] and the experimental 
results can be attributed to the fact that the effective atomic radius of Mn, which has a 
large linear thermal expansion coefficient, is larger than that of other constituent elements 
due to the effect of thermal vibration of atoms [33]. It is thought that the correspondence 
between the experimental values and the first-principle calculation results can be clarified 
by considering the linear expansion coefficient of CrMnFeCoNi, however, further 
investigation is needed in this point.  
 
Conclusion 

The effective atomic radii of the constituent elements in an HEA, CrMnFeCoNi, 
are estimated from the lattice parameters experimentally determined via θ-2θ XRD. 
Multiple regression analysis, based on the composition dependence of the lattice 
parameters, is performed to calculate the effective lattice parameters with optimal 
accuracy. The effective atomic radii are calculated from the effective lattice parameters 
with minimal errors (~0.4 pm). The order of the experimentally determined effective 
atomic radii is different from that of both the Goldschmidt radii and the radii obtained via 
the ab-initio calculations. The δ parameter calculated from the obtained effective atomic 
radii indicate no definite correlation to the yield stress.  
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Tables 
 
Table 1 Composition of the experimental samples 

 

Base Cr+ Cr- Mn+ Mn- Fe+ Fe- Co+ Co- Ni+ Ni-
Cr 20 25 15 18.75 21.25 18.75 21.25 18.75 21.25 18.75 21.25
Mn 20 18.75 21.25 25 15 18.75 21.25 18.75 21.25 18.75 21.25
Fe 20 18.75 21.25 18.75 21.25 25 15 18.75 21.25 18.75 21.25
Co 20 18.75 21.25 18.75 21.25 18.75 21.25 25 15 18.75 21.25
Ni 20 18.75 21.25 18.75 21.25 18.75 21.25 18.75 21.25 25 15

Base Cr+ Cr- Mn+ Mn- Fe+ Fe- Co+ Co- Ni+ Ni-
Cr 20.2 25.8 15.0 18.9 21.3 18.4 21.3 18.8 21.5 18.9 21.3
Mn 20.1 18.7 21.0 24.8 15.3 18.8 21.5 18.5 21.0 18.6 21.1
Fe 20.4 19.1 21.7 19.5 21.4 25.5 15.4 19.1 21.7 19.4 21.8
Co 20.3 19.2 22.0 19.2 21.7 19.6 21.7 25.9 15.7 19.5 21.8
Ni 19.0 17.3 20.3 17.6 20.3 17.7 20.1 17.7 20.1 23.6 14.1

(a) Objective value of sample composition (at.%) 

(b) Average composition of the prepared samples (at.%)
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Table 2 Effective lattice parameter (aeff) and atomic radius (reff) in CrMnFeCoNi high 
entropy alloy at 22.50 °C 
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Table 3 Comparison between the experimental and analytical values of the atomic radii 

 

Experimental value Goldschmidt[17] Ab initio calculation[17]

Co 124.6(4) Mn 124.0 Co 121.9

Fe 126.4(4) Fe 124.1 Fe 121.9

Cr 126.5(4) Ni 124.6 Mn 123.5

Ni 127.7(4) Cr 124.9 Ni 123.9

Mn 131.0(4) Co 125.3 Cr 126.9La
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Figures 
Figure 1 Temperature control stage of XRD 
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Figure 2 XRD patterns. The lattice parameters were determined from the five peaks hatched in gray. 

Peaks of standard samples are shown with Std. subscript. 
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Figure 3 Lattice parameter measurement. (a) Variation in the lattice parameter for each 
constituent.  
(b) Determined lattice parameter (pm) for all the constituents. The standard deviation is 
enclosed within parentheses. 
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Figure 4 Relationship between the experimental and predicted lattice parameters obtained 
via the multiple regression analysis 

  

358.50

359.00

359.50

360.00

360.50

361.00

359.00 359.50 360.00 360.50

Lattice parameter (experimetal data) / pm

M
ul

tip
le

 re
gr

es
sio

n 
an

al
ys

is 
a ef

f /p
m

Adjusted R2 = 0.833



18 
 

Figure 5 Relationship between the yield stress 
and average atomic displacement (δr) for the CrMnFeCoNi system 
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Figure 1 Temperature control stage of XRD 
 
Figure 2 XRD patterns. The lattice parameters were determined from the five peaks hatched in gray. 

Peaks of standard samples are shown with Std. subscript. 
 
Figure 3 Lattice parameter measurement. (a) Variation in the lattice parameter for each 
constituent.  
(b) Determined lattice parameter (pm) for all the constituents. The standard deviation is 
enclosed within parentheses. 
 
Figure 4 Relationship between the experimental and predicted lattice parameters obtained 
via the multiple regression analysis 
 
Figure 5 Relationship between the yield stress 
and average atomic displacement (δr) for the CrMnFeCoNi system 
 


