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ABSTRACT

The physical variables involved in a flow field are of very different scales to those of the aeroacoustic field within the flow. Thus, direct
aeroacoustic computations (DACs) require extremely small time steps to capture the fluctuations in the aeroacoustic field and stabilize the
numerical scheme. As a result, the computation time for DACs can be very long. This paper describes an implicit Adaptively Switched Time
Stepping (ASTS) scheme that enables the use of larger time steps when solving DAC problems. ASTS is based on the adaptive selection of the
time stepping scheme according to the value of the residual. Early in the iteration process, an artificial time term is used to afford larger time
steps while ensuring that the numerical scheme remains stable. Once the residual is less than some preset reference value, the artificial time
term is removed, thus eliminating the Newton linearization error. Simulation results show that ASTS can reduce the computational cost of
DAC:s by a factor of more than eight while maintaining the required level of accuracy.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0076657

. INTRODUCTION

Aeroacoustic phenomena have a wide range of applications,
from engineering fields such as automotive aeroacoustics to our
daily life through the human phonation system.' However, applying
direct aeroacoustic computations (DACs) to computational aeroa-
coustics (CAA) remains challenging because the different scales
of the acoustic and flow fields coexist in the same computational
domain. As a result, highly accurate methods require very short time
steps to capture the physical variables in the acoustic field.

The low levels of numerical dispersion and dissipation from
the time scheme mean that, generally, an explicit method can be
adopted for DACs. One of the most popular explicit techniques is
the Runge-Kutta method. Yokoyama et al.’ used a standard third-
order-accurate Runge-Kutta method to simulate a cascade of flat
plates. The acoustic resonance emitted from the cascade was cap-
tured, and the numerical results were found to be in good agreement
with experimental measurements. To achieve higher accuracy and

more efficient computations, several optimized Runge-Kutta meth-
ods have been proposed. For example, a modified Runge-Kutta
coefficient can achieve high-accuracy CAA by minimizing the dis-
persion and dissipation in the Fourier space over a large range of
frequencies for linear operators.”” However, even with optimized
Runge-Kutta methods, the Courant-Friedrichs-Lewy (CFL) condi-
tion restricts the time step, potentially resulting in very long com-
putation times. Hence, it might not be appropriate to use explicit
methods for practical applications.

Relatively few DACs use implicit methods because the larger
numerical dissipation and dispersion result in lower accuracy. Mar-
tin and Candler® modified the source term for the data-parallel
lower-upper relaxation method,” thus minimizing the dispersive
errors. The linear wave equation for the propagation of a one-
dimensional disturbance under the condition of 16 points per wave
was used to validate the modified method, showing that the disper-
sive errors could be significantly reduced as long as the CFL number
was less than 0.05; otherwise, the error from the iterative process
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would cause further deterioration of the accuracy. In other words,
the most important advantage of the implicit scheme, which is to
afford a larger time step, cannot necessarily be used in CAA. To
adopt a larger time step while retaining sufficient accuracy in an
implicit scheme, Lian et al.® developed the solution-limited time
stepping (SLTS) approach to accelerate the speed of convergence
to the steady state. This approach uses the value of the residual as
the criterion for the stability of the numerical scheme and, thus,
for determining whether a larger CFL number should be adopted
to accelerate the convergence speed. Their scheme was extended
to transient state problems by introducing a dual time stepping
technique.” However, this excellent idea cannot be applied to DAC
problems because of the Newton linearization error'’ introduced by
the artificial time term in the dual time stepping approach.

This paper describes an implicit time stepping scheme that
minimizes the computational resources required for DAC problems.
The idea of the proposed scheme is based on solution-limited time
stepping, but the value of the residual is used to decide when the arti-
ficial time term can be eliminated in order to remove the Newton
linearization error. By adaptively switching the governing equation
between that with and without the artificial time term, the pro-
posed Adaptively Switched Time Stepping (ASTS) scheme can use
larger time steps while maintaining sufficient accuracy and stability
for DAC problems. Simulation results show that ASTS allows CFL
numbers up to 40 to be adopted in DAC problems. Additionally,
to accelerate the time required to reach the quasi-steady state, an
extremely large CFL number of up to 160 can be used to force the
rapid development of the flow in the initial stages. After reaching
the quasi-steady state, the time step gradually decreases to the tar-
get time step, which is better suited to DAC problems. This use of
extremely large CFL numbers to quickly reach the quasi-steady state
and larger CFL numbers for DAC problems means that the ASTS
scheme is a promising tool for CAA studies.

Il. GOVERNING EQUATIONS

The governing equation is the two-dimensional Navier-Stokes
equation,

oU OF OF,

I, 1
ot Tom Tom 0 W

where U is the conservative form and F; is the flux term. Denoting
the density of the fluid by p, the quantities included in U and F; are

U= (2)

and

pui

puitr + Pdj1 — pAn
Fi=| pujuy + P8, — pAn , Vi=1,2, (3)
oT

P)u; — pAijuj — k—
(pe + P)ui — pAijuj Ox;
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where Aj = Oui/Oxj + Ou;j/Ox; — 2/3(V - u)d;. The pressure P is
given by the ideal gas equation

P =pRT. 4)

The dynamic viscosity and thermal conductivity of the fluid at
temperature T are based on Sutherland’s law,

[T\ Ty+110
”(T)_Ho(ﬁ) T+110° )
_ _u(T)HR
k)= B ©

where po = 1.1842 kg/m’, yy = 1.85 x 107> N s/m?, Ty = 298.06 K,
y = 1.4, R = 287 J/kg, and the Prandtl number Pr = 0.71.

I1l. NUMERICAL METHOD

The dual time stepping method is applied to solve the
Navier-Stokes formulation in Eq. (1). Thus, the governing equation
becomes

oup + ou + i) + OF _ 0 (7)
or Ot Oxi Oxa
where U, is the primitive form of [P, u1, u, T . T and t are, respec-
tively, the artificial and physical time, and U is the conservative form
of [p, pu1, pua, pe] . OU, /07 is the artificial time term for the dual
time stepping method to calculate the iteration during each real-
time step. While the term of artificial time OU,/97 is convergent
to zero, the real-time counts a proceeding step. Thereby, Eq. (7)
automatically transfers into the original Navier-Stokes equation.
The discretized form of Eq. (7) is

T TS 3T 4T+ T 1 .
p p k+1 k+1
Az + AL + Axp (Fl(i+1/2,j) - Fl(i—l/z,j))

1 (=ke2 Th+1
* ATCZ(Fz(f,jn/z,j) ~Fii) =0. (8)

The superscripts k and n indicate the iteration numbers of arti-
ficial time and the preceding step of real time, respectively. When
the artificial time term OU, /07 converges to zero, the quantities of
the (k + 1)th iteration in the artificial time term are approximately
transferred to the quantities of the (n + 1)th time step in real time.

Afterward, the terms of UX*! and EKH in Eq. (8) are necessary
to be linearized and expressed, respectively, as follows:

U =T* + MAT,, ©9)
where M = 9U/9U, and AT, =T, - T,",
S K+l

F 7 =F S+ A,AT, (10)

where A = oF," /OU, is the flux Jacobian and the same methods of

By = 6Ek / 8Up are used in linearization of FZKH.
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Substituting Egs. (9) and (10) into Eq. (8), the following
equation is obtained:

AT, 3(U* + MAU,) - 4U" + U™}

AT 2At

1 — & —
+ —(F1 +A,AU
Axl(l pAUp)
1 —k —
+ —(F, +B,AU,) =0. 11
sz(z pAUp) 1mn

Equation (11) can be rearranged as

a1 3 —1 k k ~1 5k

[M ot M (6x1AP + aszp)]AUp -M'R,  (12)
where M =09U/ 0U,, Oy, is the central-difference operator,
I is the unit matrix, and Rf= —(3Uk -4U"+ U"")/(241)
— (84, F} + 05, F5) .

In the computation of R” on the right-hand side of Eq. (12), the
terms involving F; in Eq. (3) can be divided into two parts. One is
the inviscid term F,,,;s.i4, expressed as

pui

puiu1 + P

Finviscid = (13)

puiuz + P8y |
(pe + P)u;
and the other is the viscous term Fiscous, €xpressed as

0
UuAn
Fuiscous = — HAiZ . (14)

oT
Ajithi + A —
uaiu; + Ox;

To obtain more accurate results at low Mach numbers, Eq. (13) is
solved using the low-Mach-fix for Roe (LMRoe) method,'! whereby

1
Finiscidiv1/2 = E(FR +Fp) + Fy, (15)

where F, is the Roe upwind dissipation term given by

Ap P 0
A 1
S 7 R P L P R 1 (16)
2 R PNC0) pv| |0
A(pE) pH u
and
Ap u 1
U = (c— |u|)ﬁ + Ef(M)AEu’ (17)

wheref (M) = (|u| + [v| + |[w|)/c, and

8p = %Ap-&— (' = |u))pAu, "= f(M)c. (18)

A A ®-----0
I 1 |
' P

._._.______,______'
() |

¢IP

~-1---0

A Interface Cell
® Image Point

B Wall A
@® Surrounding Point

FIG. 1. Compressible immersed boundary method configuration.

To calculate Fr and F; in Eq. (15), the fifth-order monotone
upstream-centered scheme for conservation laws (MUSCL)'* with
no limiter function is adopted. The fifth-order MUSCL without a
limiter function can be written as

Utiija = 1/6 x (2Uica + 13Uicy + 47U; + 27Uip1 +3Ui2),  (19)

U 1jp = 1/6 x (=3Ui2 + 27Uy +47U; = 13Uss1 + 2Uis2).  (20)

In addition to the inviscid term, the derivatives of A;; in the vis-
cous term of Eq. (14) are computed using the second-order central
difference.

As boundary conditions on the wall, a no-slip condition is
imposed on the velocity and a zero-gradient is applied in the normal
direction for the pressure and density using the immersed boundary
method (IBM) for compressible flow."* The configuration is shown
in Fig. 1. The IBM can be summarized in the following steps: (i)
The interface cell (IC) is defined by calculating the distance between
the wall and the center of the cell within a range of one cell. (ii)
The image point (IP) is defined as the point at which the distance
between the IP and IC is equal to the distance between the IC and
the wall in the normal direction. (iii) The value of the IP can be
interpolated using the surrounding points, and the value of IC can
be interpolated using the IP and the wall value. Thus, the IP and
IC are coupled. (iv) By solving the coupled equation, Dirichlet or
Neumann boundary conditions can be imposed. The whole frame-
work is based on a hierarchal structure system named CUBE (for
more detailed information, refer to Refs. 14 and 15). Absorbing and
non-reflecting boundary conditions'® are adopted at the outermost
boundary to prevent reflections from affecting the results.

IV. ADAPTIVELY SWITCHED TIME STEPPING SCHEME

To set the artificial time step A7 in Eq. (12) so as to accelerate
the convergence speed, Lian et al.® proposed the brilliant solution-
limited time stepping (SLTS) method. This was employed alongside

AIP Advances 12, 035340 (2022); doi: 10.1063/5.0076657
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the lower-upper symmetric Gauss-Seidel (LUSGS) implicit method
to adaptively adjust the CFL number and determine A.

When adopting LUSGS to solve Eq. (12), the estimation
value AQ,;, which is defined in Eq. (21), provides a criterion for
determining whether the calculation is stable or not,”

AQu ==AeM™'[ (30" - 40"+ U™ ) /(280) - (8 FL + 8.5 |

21

According to the numerical test in Ref. 8, if any component of

AQy is less than the reference value AQ,.s defined in Eq. (22), the

calculation is stable. Hence, the CFL number based on the artificial

time step A7 can be increased to accelerate the speed of convergence.

In this situation, CFL is set to some value CFLgcifeq> Which has a
recommended value of 1000,°

a) X max[O.S X p(uf + ug), APgyr,  Pyiopar % 10_9]

AP, -
o x max[(uf + ug) %XC Vloba % 10 9]
Y
AQ,.; = ,
Qref 2 2 APy x c -9
a3 X max (u1 + u2)> T Vglobal x 10
g X T
(22)

where APy, is the maximum difference between the pressure at sur-
rounding points and Pgjepa1, Vgiopar denotes some global value that
ensures the reference values are always greater than 0, ¢ is the speed
of sound, and y is the heat capacity ratio. | a; a; a3 a4 ] is the
coefficient of the maximum allowable fractional change, which has a
suggested value of[ 01 2 2 0.1 ].8

If any one component of AQ, is greater than AQ,y, the cal-
culation is not stable, and the CFL number should be decreased
to prevent the calculation from diverging. Equation (20) is used to
decrease the CFL number appropriately,

CFLallowuble = CFLspeczﬁed XX AQresidual/|AQest|> (23)

where a value of a=0.2 has been used in previous studies.®
CFLiowabie 1s then adopted as the artificial time step.

Under the SLTS method, the maximum allowable CFL num-
ber is automatically evaluated, and the maximum allowable artificial

(b)

scitation.org/journal/adv

TABLE I. Computational parameters of flow-induced noise around a cylinder.

3.26 x 1078 6.52 x 1075;

Time step (s) 1.30 x 1077;2.61 x 10~/

CFL number 20; 40; 80; 160
Total number of cubes N, 16 186

Cell number in a cube 16 x 16 (2-dimensional)
Total number of cells N 4143616

Size of the largest cell SL,; (mm) 0.0216

Size of the smallest cell SS,,; (mm) 6.75x 1074

Computational domain X; x X, (mm?) 11.0592 x 11.0592
Inlet velocity U (m/s) 69

Dimensionless pressure (Pa) p0c2 1.4182 x 10°
Cylinder diameter D (mm) 0.045
Reynolds number 200

time step A7 can be determined to accelerate the speed of con-
vergence. Additionally, the value of the physical time step is not
restricted by the CFL condition because of the dual time stepping.
Overall, a larger physical time step and faster speed of conver-
gence can be achieved, thus drastically reducing the computational
resources required.

However, SLTS is not suitable for aeroacoustic simulations
because the Newton linearization error of the term OU, /07 persists,
even when the convergence criteria are satisfied. This kind of small
error will destroy the accuracy of the acoustic field because physi-
cal values in the acoustic field are usually 2-3 orders of magnitude
smaller than those in the flow field.

A straightforward method of removing the Newton lineariza-
tion error was suggested by Xu et al.'” They found that the term
containing the artificial time term, M1 /AT, can be set to zero in
Eq. (12). This drives the Newton linearization error to zero, leaving

3 -1 k k 1k
[E+M (axlAp+5xZBp)]AUP - MR- (24)

In this situation, the artificial time step is effectively set to infin-
ity in Eq. (12), significantly increasing the convergence speed.

FIG. 2. (a) Grid distribution around the
cylinder. (b) Magnified view of the grid
distribution.

AIP Advances 12, 035340 (2022); doi: 10.1063/5.0076657
© Author(s) 2022

12, 035340-4


https://scitation.org/journal/adv

AIP Advances ARTICLE

TABLE II. Comparison of results with CFL = 20, 40, 80, and 160. _
CFL Drag Lift Strouhal -0.0002
number coefficient Cp coefficient C; number St
CFL =20 20 1.40 (2.2%)  0.69 (1.4%)  0.201 (1.0%)
CFL =40 40 1.41 (2.9%) 0.71 (1.4%) 0.193 (1.3%)
CFL = 80 80 1.46 (6.6%) 0.81 (15.7%) 0.170 (14.6%)
CFL =160 160 1.50 (9.5%) 0.87 (24.3%) 0.118 (40.7%)
Reference 17 1.37 0.7 0.199 (2.2%)

However, Eq. (24) cannot accommodate such a large physical time
step because of the lack of the artificial time term. Therefore, to
adopt a larger physical time step while still avoiding the Newton lin-
earization error, we propose the Adaptively Switched Time Stepping
(ASTS) scheme.

scitation.org/journal/adv

Pa
0.0002

Inside the iteration process, when AQ,q is greater than AQ,,
the numerical scheme is not yet stable, and so the whole framework
is the same as SLTS, which means Eq. (23) is used to obtain the arti-
ficial time step for solving Eq. (12). Once AQ,y is less than AQ,,
however, Eq. (24) can be applied to remove the Newton linearization
error because the numerical scheme is already stable.

Velocity magnitude (m/s)
m 80

o

CFL=40

Vorticity Magnitude (1/s)
P 10e7

I 10e6

@’\’....'

' WHHHH.'

-

(b)
CFL=80
FIG. 3. Instantaneous velocity field and Karman vortex shedding. (a) Contours of
velocity magnitude. (b) Contours of vorticity magnitude. FIG. 4. Comparison of the contours of instantaneous pressure fluctuations.
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The solution procedures of ASTS can be briefly summarized in
the following two steps:

1. Calculate Egs. (18) and (19) to obtain the values of AQ,,; and
AQ,, respectively.

2. IfAQ > AQ,> use Eq. (23) to calculate AT and solve Eq. (12);
if AQet < AQyy, solve Eq. (24) directly.

When performing the implicit time stepping scheme, the ini-
tial guess for the iteration is usually the result of the current time
step, which means we set U= — U" for R in Eq. (12). After Ny
iterations, Ukt k=N approaches U™ i.e., the iteration process has
converged, and we move to the next physical time step. For ASTS,
Eq. (12) is first applied until AQ,,; < AQyy whereupon Eq. (24) is
used. Hence, the initial guess for Eq. (24) is actually the SLTS result
after several iterations, which means the initial guess for Eq. (24) in
ASTS is already an approximation of U"*!. This is why Eq. (24) can
use a larger time step while retaining sufficient accuracy.

V. RESULTS AND DISCUSSION

The proposed ASTS scheme was validated by simulating and
capturing the tonal noise generated by a laminar flow passing a
two-dimensional circular cylinder at Re = 200 with a free stream
velocity of Mach 0.2. The resulting aerodynamic properties, such
as the drag coefficient, lift coefficient, and Strouhal number, were
then compared with those reported by Linnick and Fasel,'” whereas
the properties of the acoustic field, such as the pressure fluctuations,
were compared with those presented by Seo and Mittal.'

The computational parameters are listed in Table I, and the grid
distribution is shown in Fig. 2. The immersed boundary method
with the cube grid divided according to the hierarchical structure
system proposed by Nakahashi and Kim'* was applied for the grid

scitation.org/journal/adv

coarser resolution of around 0.48D is adopted. According to Ref. 18,
the wavelength in the far field is around 25D, where a sufficient res-
olution of around 50 points per wave can be ensured in the present
simulations. Additionally, an absorbing, non-reflecting boundary'®
is adopted at the outermost cubes.

Using the proposed ASTS scheme, simulations were conducted
with four different CFL numbers (20, 40, 80, and 160, based on
sound speed plus the inlet speed). The number of inner iterations
was set to 100 to ensure a fair evaluation of the computation time.
For explicit methods, the CFL number should generally be less than
1 to ensure that the numerical scheme is stable. For implicit meth-
ods, the CFL number is typically less than 10 to guarantee accurate
results. The proposed scheme can use larger time steps that imply
a CFL number above 20. The simulation results are summarized in
Table II.

For the case of CFL = 20, Fig. 3 shows the instantaneous
velocity field. Karman vortex shedding in the wake region can be
clearly observed. Additionally, the drag coefficient, lift coefficient,
and Strouhal number are in good agreement with the results pre-
sented in Ref. 17. Based on the results with CFL = 20, it is clear that
ASTS not only allows a larger CFL number but also obtains accurate
results in terms of the aerodynamic properties.

As the CFL number increases, the discrepancies with respect
to the results in Ref. 17 become larger. When CFL = 40, the drag
coefficient and the Strouhal number are slightly overestimated, but
the error is within 3%. Once the CFL number is greater than 80, the
discrepancies in both the lift coefficient and the Strouhal number
are greater than 10%. Overall, when the CFL number is less than 40,
ASTS can still obtain accurate results.

Figure 4 shows the instantaneous pressure fluctuation, which is
given by

spacing. The finest mesh around the cylinder and its wake is around r_P- P (25)
0.015D, where D is the diameter, while far from the cylinder, a much poc? ?
0.001 —_— —
s The result in [18]
I R CFL20 ]
0.0005 - - === CFL40 -
P’ 0
-0.0005 |-
~ [ 5 . ) 1 ! . " ; 1 i . ;
0.001 5 20 20 80 80
y/D
FIG. 5. Comparison of instantaneous pressure fluctuations with the results in Ref. 18.
AIP Advances 12, 035340 (2022); doi: 10.1063/5.0076657 12, 035340-6
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where P is the time-averaged pressure field, p, is the ambient density,
and c is the speed of sound. For CFL = 20 and CFL = 40, the acoustic
field presented in the figure compares well with the corresponding
field reported by Ref. 18. The propagation of pressure fluctuations
from the cylinder to the far field can be observed, and the vortex
sound source behind the cylinder can be identified. For the case of
CFL = 80, the enhanced numerical dissipation caused by the large
time step degrades the shape of the wave, especially near the vortex
sound source, which changes the wavelength of the propagation.
The instantaneous pressure fluctuations along the line x
= 0 above the cylinder are compared in Fig. 5. Note the
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extremely small scale of the pressure fluctuations, which are
~0.01% of the dominant pressure, p,c’. A highly accurate scheme
is required to capture such small-scale phenomena. For the
case of CFL = 20 and CFL = 40, the distribution is highly
consistent with that reported in Ref. 17. However, for CFL
= 80, the amplitude is underestimated, while the wavelength is
overestimated.

From the above results, it can be concluded that ASTS not
only enhances the computational efficiency by enabling a larger time
step but also obtains accurate results. It has been shown that ASTS
can be applied to acoustic problems. Increasing the time step to
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FIG. 6. Drag coefficients Cp and lift coefficients C; with respect to dimensionless time.
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FIG. 7. Comparison of time required to reach the quasi-steady state between constant and variable steps.

accelerate the time required to reach the quasi-steady state, ASTS
provides a robust method for adjusting both the calculation time and
the accuracy.

Figure 6 shows the history of the drag and lift coefficients with
respect to (dimensionless) time (D/U) for four cases. Although CFL
=80 and CFL = 160 produce inaccurate results as the time steps are
excessively large, they reach the quasi-steady state much faster than
when CFL = 20. Therefore, an idea is proposed here. In the early
stages, the development of the flow field can be accelerated by adopt-
ing an excessively large time step. Once the flow field reaches the
quasi-steady state, the time step is gradually decreased to an appro-
priate value for ensuring accurate results. An example is provided in
Fig. 7, which shows the history of the drag and lift coefficients with
CFL = 20 and with a variable time step. For CFL = 20, the time step is
constant, and ~1200 iterations are required to reach the quasi-steady
state. In the case with variable time steps, CFL = 160 is adopted
in the early stages, and then the time step is gradually decreased
with a decay coefficient of 0.9 until CFL is less than 20. This decay
process takes only another 20 steps (160 x 0.9% = 19.45) . Finally,
another 200 steps are required until the flow is fully developed. In
total, fewer than 300 iterations are required to reach the quasi-steady
state. Compared with CFL = 20 and a constant time step, this rep-
resents a reduction of over 75% in terms of the computation time,
although the level of accuracy remains unchanged. Compared with
the traditional LUSGS implicit scheme, where the CFL number is
typically less than 10 for transient state problems, the computation
time of the proposed ASTS method is up to eight times faster (four
times faster with the variable time steps and twice as fast with larger
time steps). This is because the calculation of Eq. (21), which is
also needed for the traditional LUSGS, and Eq. (22) can be almost
neglected.

VI. CONCLUSION

A new implicit time scheme based on the SLTS and LUSGS
schemes has been developed for DAC problems. In the proposed
ASTS scheme, the residual term is used as an indicator for adap-
tively determining whether the governing equation includes an
artificial time step or not, thus eliminating the Newton lineariza-
tion error. Simulation results show that when the CFL number is
less than 40, acceptable accuracy can be achieved in both aerody-
namic and aeroacoustic problems. Additionally, larger time steps
reduce the calculation time. Therefore, in the early stages, larger
time steps are used to quickly develop the flow, and then the
time step is gradually decreased to ensure accurate results. This
approach significantly reduces the computation time. According to
our results, the computation time can be reduced by a factor of
eight compared with the traditional LUSGS. Therefore, the pro-
posed ASTS scheme has the advantages of high efficiency, high
accuracy, and widespread applicability for both fluid and acoustic
calculations.
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NOMENCLATURE

ASTS  adaptively switched time stepping
CAA computational aeroacoustics
CFL Courant-Friedrichs-Lewy

DAC direct aeroacoustic computations
IBM immersed boundary method

IC interface cell

1P image point

LUSGS lower-upper symmetric Gauss—Seidel

MUSCL monotone upstream-centered scheme for conservation

laws
Pr Prandtl number
SLTS  solution-limited time stepping
St Strouhal number
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