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Abstract

In this paper, we perform a complete analysis on a degenerated reaction—diffusion cholera model with stabilizing total
humans and non-mobility of cholera bacteria in a spatially heterogeneous bounded domain. The existence of a global attractor is
established through introducing the Kuratowski measure of non-compactness. The basic reproduction number and its equivalent
characterizations have been used to analyze the threshold-type results, where the persistence and extinction of cholera can also
be characterized by the dispersal rate of infected humans. In the homogeneous case, the global attractivity of the unique
positive equilibrium is achieved by the Lyapunov function. Moreover, we compare the basic reproduction numbers for the
models without and with considering the mobility of cholera bacteria. Our results suggest that: the basic reproduction numbers
attain different values as the dispersal rates of infected humans and cholera approach to infinity, while they attain the same
value as the dispersal rates of infected humans and cholera approach to zero. Numerical simulations support our analytical
results and discuss the impact of the dispersal rate of infected humans on the transmission of cholera.
©2022 The Author(s). Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation
(IMACS). This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Cholera, caused by Vibrio cholerae, belongs to an acute diarrheal disease, involving the interactions between
human hosts, pathogens, and environments. When studying the transmission dynamics of cholera, many nonlinear
differential equations are formulated with two transmission routes, including direct person-to-person route and indi-
rect Vibrio cholerae-to-person route (see, for example, [18,27,31,32,34]). During the past years, many contributions
have been made to study the impacts of the mobility of humans and environmental heterogeneity on the spread
of disease, see a series of work on reaction—diffusion SIS models with/without advection, but are not limited
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to [1,4,5,11,21,22,29,35,37,38]. The environmental heterogeneity and individual motility have also been accepted
as central roles towards understanding the spatial spreading of cholera [27,30-32,34]. In general, the habitat of
humans is assumed to be an isolated spatially bounded and heterogeneous domain {2 C R” with smooth boundary
a{2. If there are no specific requirements, we still denote that the humans and Vibrio cholerae are subject to the
spatial-variable x and time-variable ¢, respectively. The following degenerated reaction—diffusion cholera model was
studied in [32]:

8S =dsAS + AMx) — a(x)ST — B(x)SP — a(x)S,
3—f =d; Al + a(x)ST + B(x)SP — b(x)I, (1.1)

2 el = mw?
o7 =c(x)I —mx)P,

in (x,t) € 2 x (0, co) with boundary and initial conditions,

98 9l
— = =0, xe€df2, t >0,
v oy (1.2)

(S(x,0), I(x,0), P(x,0)) = (5°x), I°(x), P’(x)), x € 2.

Here S := S(x,1), I := I(x,t), and P := P(x,t) are the densities of susceptible humans, infected humans, and
Vibrio cholerae in the water source, respectively; dg > 0 and d; > 0, respectively, represent the dispersal rates of
susceptible and infected humans; A(x) is Holder continuous and positive function, representing the recruitment rate
of susceptible humans; a(x) and m(x) are Holder continuous and positive functions, standing for the rates of death of
susceptible individuals and Vibrio cholerae, respectively; the positive function b(x) is Holder continuous, standing
for the rate of removal from infected individuals; c(x) is Holder continuous and positive function, measuring the
shedding rate of Vibrio cholerae from infected humans; the positive functions «(x) and S(x) are Holder continuous,
measuring the rates of disease transmission for direct transmission route and indirect transmission route, respectively
The boundary condition, g—f = au = 0, means that no population flux crosses the boundary 92, where a_u is the
derivative along the outward normal v. S%x), I°(x), and P°(x) are nonnegative and continuous functions.

Since the lack of diffusion term in the Is—equation of (1.1), the compactness of solution semiflow is established
by confirming the k-contraction condition through the Kuratowski measure of noncompactness. Nonnegative steady
state solutions of (1.1) are composed of two types: disease-free steady state (DFSS) and positive steady state (PSS).
The former is (S(x) I(x) P(x)) € C3(2) x C2(2) x CX(2) with I(x) = P(x) = 0 on {2 while the latter is the
one that S(x), I(x), P(x) > 0 on 2. By the general results of [6,35], the basic reproduction number (BRN) is
defined as the spectral radius of next generation operator (NGO), and written as a variational characterization. It
was also found that BRN is monotonically decreasing in d;, and attains the maximum of local basic reproduction
number (LBRN) as d; — 0 and the certain value as d; — oo. In this sense, the threshold-type results of (1.1)
in terms of the BRN can also be characterized by d;. The asymptotic profiles of PSS as ds — 0 and d; — 0,
and the relation between the BRN and LBRN were also established in [32]. It should be noted that cholera can
be eliminated through restricting dg below a certain value, while restricting d; below a certain value, the infected
humans shall concentrate in some locations of the domain, which agrees with the circumstances described in [38].

In system (1.1), the terms SI and SP usually called as mass action transmission terms [10]. Other classical
infection mechanisms are the standard incidence transmission term [9] and saturation incidence transmission
term [7,31]. It is also interesting to note that the BRN for the model adopting mass action depends on the
population size, while the BRN for the model adopting standard incidence mechanism does not depend on the
population size [17]. There are plenty of works on reaction—diffusion cholera model related to model (1.1). In [3], the
authors explored the diffusive cholera model with indirect transmission route and heterogeneous mixed population.
In [28,39,40], the authors established the threshold-type results of cholera models with space-dependent parameter
functions. The existence of traveling waves for diffusive cholera models was investigated in [41,42]. With a reaction—
convection—diffusion system in a periodic environment, the spatiotemporal threshold dynamics of cholera was
established in [36].

Inspired by the above-mentioned works, we shall revisit the model (1.1) with the following assumptions:
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e The total humans stabilize at H(x), x € £2. Assume that the all populations H(x, ) = S + I remain confined
to {2 for all time, perform an unbiased random walk and satisfy lim,_, o, H (-,t) = H(-), that is, total humans
stabilize at H(x) without being altered by the cholera epidemic, see, for example, [2,13];

e Only the mobility of humans is allowed. To make things simple, we assume that the Vibrio cholerae is fixed
in a water environment in {2 [32,33].

The main model of this paper takes the following form:

aa—j =d; Al + a(x)(H(x) — DI + Bx)Hx) — P —b(x)I, (x,1) € 2 x (0, 00),

aa—f — ()l — m(x)P, (x,1) € 02 x (0, 00), (1.3)
I(x,0)=1%)>0, P(x,0)=P°%%x) >0, x €2,
with boundary condition
al
5o =0 (.1 €802 x(0,00). (1.4)

For model (1.3)-(1.4), establishing the well-posedness becomes a necessary job, and in Section 2, we will
explore this topic. Section 3 shows threshold dynamics of model (1.3)—(1.4) consisting of the following subsections:
Section 3.1 is devoted to studying BRN for model (1.3) and its properties; Section 3.2 provides the eigenvalue
problem (EP) associated with (1.3) to obtain the relation between its principal eigenvalue (PE) and BRN; Sufficient
condition for cholera eradication is provided in Section 3.3; Section 3.4 studies the existence and uniqueness of
PSS to (1.3); Section 3.5 explores the extinction of cholera with LBRN. Section 3.6 illustrates the global attractivity
of PSS when all parameters are constants. Based on (1.3), Section 4 investigates the threshold dynamics of model
including distinct diffusion rates of humans and Vibrio cholerae to analyze the impact of diffusion rates on the
transmission of cholera. Finally, the conclusion and discussion are presented.

2. Well-posedness of the problem

We make the following assumptions on each parameter in (1.3):

[ d] > 0.
e H(:),a(), B(-), b(:), c(-) and m(-) are strictly positive and Holder continuous on Q.

Moreover, we use the following symbols:

e Throughout of the paper, we shall write
g* = max{g(x)} and g, = min{g(x)},
xef? xef?

where g € {H, a, 8, b, c, m}. Moreover, for any G € L'({2), we shall write the average of G over 2 as G¥,
that is,

_ [ G(x)dx

G*:
|2

o Let X := C(£2, R?) be the Banach space of continuous functions, equipped with norm ||¢||x = max (||¢1 |l co,
l#2]l00), Where ¢ = (¢1, )T € X, T denotes the transpose of a vector and ||Y/]|o = SUp, . |¥(x)| for any
v e C(2,R). Let X+ = C(£2, Ri) be the positive cone of X.

e Denote by I the Green function of operator d; A — b(-) with (1.4).

o Let {T1(t)};>0 and {T»(t)};>0 be the strongly continuous semigroups of bounded linear operators on C (Q, R)
to itself, generated by d; A — b(-) and —m(-) with suitable domains, respectively. That is, for ¢ € C (2,R,),
t>0and x € {2,

(T1(Dp)(x) = /Q I'(t,x, )e(ydy and (Tr(t)g)(x) = e " p(x).
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e Let Xy C X be defined by
Xy = {¢=< ¢1 >€X+:O§¢| §H(x)forallxefl}.
2
Our first result concerns the local solution u := (I, P)T of (1.3) on Xg.

Lemma 2.1. For any ¢ € Xy, there exists a 1, = T,,(¢) > 0 such that (1.3) with (1.4) has a unique positive
noncontinuable mild solution u(-,t) = u(-,t; ¢) on [0, t,) with u(-,0; ¢) = ¢. Moreover, u(-,t;p) € Xy is a
classical solution on [0, t,,).

Proof. For ¢ = (¢, )" € Xand ¢t > 0, let T(t)¢ := (T1(1)p1, To(t)d»)T. We then see that {T(¢)};>0 is a strongly
continuous semigroup of bounded linear operators (see also [20, Section 1.2]) on X to itself. The mild solution
u = (I, P)T to problem (1.3) with (1.4) should satisfy

t 70
u(t) =T(@)p +/ Tt —s)Fu(,s)ds, ul0)=¢= ( 1 ) = < I—O ) e Xy,
0 (03} P
where F : Xy — X is defined by
_f Fi(@®) \ _ [ a()(H() = P11 + BOH() — ¢ _(
ror=( 10 )= ) ) e=(5)<nn
Note that F is Lipschitz. For each ¢ € Xy and £ > 0, we have

(D1 HLa(HHE) = d)¢ + BOH() — ¢1)g2]
¢+ LF@) = ( &2 + Lc()d )

- (¢1[1 — l(a* ¢y + l3*¢2)]>

o b2

and

H() — (1 + LF1(9) = (H() — D1 — La()1 + B( )]

Hence, it follows that
1

lim+ Zdist(q& +LF(¢), Xg) =0 forall ¢ € Xy.

£—0
By [23, Theorem 3.1 in Chapter 7], (1.3) with (1.4) has a unique positive solution u(-, t; ¢) on [0, 7,,), where
0 < 1, < oo. This proves Lemma 2.1. [

We next prove that the solution u(-, t; ¢) of (1.3) with (1.4) exists globally and there exists a connected global

attractor.
Lemma 2.2. For ¢ € Xy and u(-, 0; ¢) = ¢, we then have:

(i) The solution u(-,t; @) of (1.3) with (1.4) exists globally. Furthermore, u(-,t; ¢) is ultimately uniformly
bounded.

(ii) The semiflow U(t) : Xy — Xy (t = 0) induced by the solution of (1.3)—(1.4), admits a connected global
attractor on Xg.

Proof. Let Ny := ||[H(-)|lx > 0. By Lemma 2.1, I(-,1) < Ny for all (x,1) € 2 x [0, 7,,). Due to the comparison
principle, we obtain that P < P; on {2 x [0, 7,,), where P, is the solution of

apP
_ZCNO_m*Pla ()C,Z)E.QX(O,Tm),
ot (2.1)
Pi(x,0) = P(x), x € .
Solving this problem yields
_ *N, * N _
Pi(x.1) = [Po(x) - U} e 4 S0 forall (x, 1) € 2 % [0, 7). 2.2)
ms my
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c* N() )
< 00.
My
By [23, Theorem 3.1 (c) in Chapter 7], we see that t,, = 7,,(¢) = oo for all ¢ € Xy. That is, the solution u exists
globally. Moreover, by (2.2), we have

Hence, we have

HmOWWJfomM(NmHﬁ%w+

t—>T,—

. c*No
lim [Ju(-, H)llx < max | No, < 0o, (2.3)
11— 00

*

which implies that u is ultimately uniformly bounded. This proves (i).

By [23, Theorem 3.1 (d) in Chapter 7], the semiflow ¥(¢) : Xy — Xy (¢ > 0) is induced by the solution u of
(1.3)-(1.4): ¥(t)p = u(-, t; ¢) with u(-, 0; ¢) = ¢ € Xpy. Note that ¥ (¢) lacks the compactness due to the absence
of the diffusion term in P-equation of (1.3). We shall apply [8, Lemma 2.3.4] to show the asymptotic smoothness
of ¥(¢). To this end, we introduce the Kuratowski measure of non-compactness, that is, for any bounded B C Xy,

k(B) := inf{r : B has a finite cover of diameter < r}. 2.4)
In view of [38, Lemma 2.6], we first decompose ¥(t) as ¥(r) = ¥ (t) + ¥»(t), where

B I(-,t, ) B 0
g = ( fot e M=) (-, s, P)ds > and %>(1)¢ = < e Ol gy )

With the help of [38, Lemma 2.5], ¥;(¢)B is precompact, and then «(¥;(¢)B) = 0. Moreover,

U, (t 0, et T
10 (6)]lx = sup | (D)l < su I ( ¢2) llx < o
sex  llolx eXpy llollx

, t>0,

and hence

K(P(HB) < k(T1()B) +k(Hr(H)B) < [[Va(n)[k(B) < e ™'k(B), 1>0.
Therefore, ¥ (t) satisfies the k-contraction condition on Xy for all + > 0. Thus, by [8, Lemma 2.3.4], ¥(¢) is
asymptotically smooth. Moreover, by (2.3), ¥(¢) is point dissipative. Hence, the existence of a connected global
attractor in Xy is a consequence of [8, Theorem 2.4.6]. This proves (ii). [

3. Threshold dynamics

3.1. Basic reproduction number

In what follows, for an operator £, denote o (L) the spectrum of £ and denote
r(L)y=sup{|rA]: 2 € 0(L)} and s(L)=sup{ReAr: A € a(L)}

the spectral radius and the spectral bound of L, respectively.
Clearly, Qg = (0,0)T € Xy is the DFSS of (1.3) with (1.4). Let A := B+ F, where

_f diA—b() 0 _ a(H() BCH()
B-( () —m() ) and .7-'_< 0 0 )

Linearizing (1.3) around Q( gives the following cooperative system:

o _
( Je )=A< ;-, > (x,1) € 2 x (0, 00),

ar 3.1)
al
— =0, (x,1) € 382 x (0, 00).
av

Let &(r) (resp. ®(z)) be the semigroup generated by A (resp. B). Note that B can be decomposed as diag(d; A, 0) —
V, where

(b0
V‘(—w>mm)'
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Thanks to the fact that B and —V are cooperative, one knows that &(r) and &(t) are positive semigroups. With
the aid of [26, Theorem 3.12], we see that both .4 and B are resolvent-positive. Moreover, since s(B) < 0, we can
define the following positive operator on X,

L(p)(x) := F(=B)'p(x) = /0 F(x)d(t)p(x)dt = F(x) /O dp(x)dt, ¢ X,

which is called the NGO. Following the classical definition (see, e.g., [26,35]), the BRN for model (1.3) is defined
by

Ry = r(L). 3.2)

The following result comes from [26, Theorem 3.5].

Lemma 3.1. SRE]] ¥ _ 1 has the same sign as s(A).

Furthermore, we study the relation between ERE)”) and the PE of the EP related to (1.3)—(1.4).

Lemma 3.2. We have the following statements:
(i) Let Lo be the PE of the EP

c(-)BCH(") _
T) w = 0, X € .Q,

0, x€dn, (3-3)

di Ay — b)Y + A (a(-)H(-) +
Y
o=
¥ e C*(2,RHNC'(2,RY).
Then, Ry =1/
(ii) Let ny be the PE of the EP
c(-)ﬂ(-)H(-))qj _ib xef
m(-)

0, x €942, (3.4)

diA¢ —b( )¢ + <a(-)H(~) +
d¢

5 =
¢ € CH,RHNCHR,RY).

Then, SHBI ¥ _ 1 has the same sign as 1.

Proof. We first prove (i). As in [35, Theorem 3.3], we rewrite F and V as

F]] F|2 Vll VIZ
= d V = )

F < o F» ) an ( Vor Vi )
where

Fiy:=a()H(), Fio:=BH(), F1:=0, F»n =0,

Vit =b(), Viz =0, Voy i=—c(-), Vo :=m().
Then, by [35, Theorem 3.2 and Theorem 3.3 (ii)], we have E}tgl'}) =r(=FB ) =r(=B'F) = r(-B; ' F») due to
F>1 =0 and F>, = 0, where

By i=diA— (Vii — ViaVi,' Vay) = d A — b(-)
and

c(- IH (-
Fr = Fi1 — FiuVy,' Vor = a(H() + M
m(-)
It follows that
c(- IH(-
(—By Fa)y = —d A — b()T™! (a(-)H(-) + %)V,
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where ¢ € C2(2, R") N C'(2,R"). As %) = r(—B; ' F2), we have
c()B(H()

—[d; A —b()™! (a(-)H(~) +
m(-)

)w =9y "y

That is,

di Ay — b( )Y + (a(-)H(.) n c(.),g(.)H(.)> 1

m(-) nY =0 G-

This proves (i).
We next prove (ii). Obviously, the EP (3.4) admits a least eigenvalue 7y with a positive eigenfunction. The
assertion can be then proved just as in the proof of [1, Lemma 2.3(d)]. This proves (ii). [

Remark 3.1 (see also [I, Lemma 2.3]). By variational formula and Lemma 3.2, we have
NE (N 1 COBOHOY 12
. S (€O H) + SEOHO) y2q
Ny~ === sup 5 >
0 wen@. o | Jo (diIVUF+b0Y?) dx

Similar to [1, Theorem 2] (see also [38]), together with (3.6), we have the following result on the relation between
Ry and d;.

|

(3.6)

>

Theorem 3.1. Let ERBI‘}) be defined in (3.6), we then have
(i) 9{8'3) is decreasing in dj,

{ a(H(m() +c(OHBOH() }

lim 9’{8'3) = max

di—0 xef? m()b(-)
and
e )
lim %)Y =
dj—o00 fn b()dx

(i) If [, (@(VHC) + %) dx > [, b(-)dx, then %y > 1 for all d; > 0.

(iii) Ifo a(VH() + %())H()) dx < fQ b(-)dx, at the same time, a(:-)H(-)m(-) + c(-)B(-YH(-) > m(-)b(-) holds
for some x € 0, we then obtain that there exists a d; such that f}t})m) > 1 when d; < d;, and SRBI'?’) < 1 when
d[ > d].

3.2. Principal eigenvalue

In this subsection, we pay our attention to the following EP,

Yo\ Y
(0)=a(h).
%:O, x €012,
Y € CHR,R)NCHN,R), ¥n e C(2,R).

(3.7)

Lemma 3.3. If %7 > 1, then s(A) is the PE of (3.7).

Proof. According to the similar technique in (ii) of Lemma 2.2 and (3.1), &(¢), which is the semigroup generated
by A, satisfies k-contraction condition on Xy. Hence, the essential growth bound and the essential spectral radius
of &(t), written by w,s(P) and r.(P(¢)), respectively, fulfill

Wess(P) < —m,, and 1. (DP(@)) <e ™ <1 forallt > 0.
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Here wes(P) = lim;_, o m“(tﬂ and «(L) is the measure of non-compactness of bounded linear operator £ on Xy
defined by

a(L) =inf{e > 0: k(LB) < ex(B), B C Xy is bounded},

where «(-) denotes the Kuratowski measure of non-compactness defined by (2.4). By Lemma 3.1, we know that
s(A) > 0 when ‘R(] > 1. Hence, r(®(t)) = A" > 1 forall t > 0, which tells us that re(¢(t)) < r(P(@))
for all + > 0. By the generalized Krein—Rutman Theorem [19], we see that there exists a positive non-zero
Y0 = Y y)T € Xy such that

()Y = r( )Y = Wy, 1> 0.
The assertion holds by differentiating both sides of this equation. This proves Lemma 3.3. [

Lemma 3.4. Suppose m(x) = m. Then s(A) is the PE of (3.7).

Proof. Let L; =d; A+ a(-)H() + B()c(-)H(-)/(A +m) — b(-), A > —m with Neumann boundary condition. We
note that s(L;) is decreasing with respect to A.
Denote C; = min, p{a(-)H(-)} and C; := min n{B(-)c(-)H(-)}. It is easily seen that the scalar equation

ne =drAp —b()e, x el

0
ad =0, x €012,
m

admits a PE, written by 7, with eigenfunction ¢° > 0. Denote by A= %[(ﬁ —-—m+C))+ \/(m +C1 +1)*+4C,]
the larger solution of

A%+ (m — Cp — )i — (C2 +m(Cy + 7)) = 0.

Hence, A > —m. Obviously,

IB(,)\C()H()QOO _ b()(pO > (ﬁ + Cl + = 0 = iwo

+m A+m

L;¢® = d1 Ag” + a()H()e" + )¢
An application of [29, Lemma 2.6] and [35, Theorem 2.3] gives the assertion. This proves Lemma 3.4. O
3.3. Cholera extinction

We now prove the global asymptotic stability of the DFSS for ERBIS) < 1.
Theorem 3.2. If Eth)l ) < 1, then the DFSS Qo = (0, 0)T is globally asymptotically stable in Xy.

Proof. The local stability of Qo directly follows from [35, Theorem 3.1]. We next study the global attractivity of
Q. By the comparison principle [16], we obtain (I, P) < (I, P) on {2 x [0, c0), where (I, P) fulfills

ol »
(%):A(é), (x,1) € 2 x (0, 00),
at

[, 0)= °x),  P(x,0)= POx), xe 3.8)
al

) (x,1) € 32 x (0, 00).

v

Let wyp = wy(P) be the growth bound of & such that, for some M > 1,
| (D)llop < Me™" for all 1 > 0,

where || - |lop denotes the operator norm. Note that wy = max{s(A), wes(P)}. From Lemma 3.1, s(A) < 0.
Moreover as shown in the proof of Lemma 3.3, w,(?) < —m, < 0. Hence, we have wy < 0, which tells us
that (I P) — (0, 0) uniformly on x € 2 ast — oo. Accordingly, (I, P) = (0,0) as t — 00 uniformly on x € 0.
This completes the proof of Theorem 3.2. O
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3.4. Existence and uniqueness of PSS
The next theorem states the uniform persistence of system (1.3) and the existence of PSS for S}if)m) > 1.

Theorem 3.3. Ifﬂiém) > 1, then there exists a ¢ > 0 such that the solution (I, P)T of (1.3)—(1.4) with any positive
non-zero initial value (I°, P)T e Xy fulfills

min <litminfl_(x, ), liminf P(x, t)) > ¢ forall x € 2. (3.9)
— 00 — 00

Furthermore, the problem (1.3)—(1.4) has at least one PSS, denoted by Q” = (I_”, PHT e Xy.

Proof. Set
KXo = {¢>=<ﬁi ) €Xpy: ¢1()£0 and ¢>2()¢0}
and
OXpo =X \ Xuo = {¢>= ( g )eXH ¢1(-)=0 and/or ¢2()_0}

Then Xy = Xpyo U 0Xpo. Let My := {¢p € 0Xpo : ¥(1)¢p € 0Xp for all 1 > 0}. Clearly, ¥(1)Xpo € Xpo for all
t > 0. In fact, suppose that (I°, PO)T € Xyo. By 81/3t > d; AI — b(x)I, one knows that I is an upper solution of

al . .

5 = di Al —b(HI,  (x,1) € 2 % (0, 00),

al 3.10

a—:O, (x,1) € 912 x (0, 00), ( )
V

16,00=1(¢,00=1° xe.

By appealing to the maximum principle and 1° #F 0, I(x,t) > 0 for all (x,1) € fZ_ x (0, 00). Further from the
comparison principle, I > I > 0 for all (x, t) € {2 x (0, 00). On the other hand, the P-equation of (1.3) fulfills

t
P =e""POC) + / e "I (I, 5)ds, (3.11)
0

which tells us that P > 0 for all (x,7) € 2 x (0, o). Therefore, I(-, 1) # 0 and P(-,¢) # 0 for all r > 0, which
implies that ¥ (#)Xpo € Xy for all # > 0.

Let w(¢) be the w-limit set for orbit {¥(r)p : t > 0}, ¢ € Xpyo defined by w(p) = Ni=oUsz, Y(s)p. As
for ¢ € Mj,, we know that / = 0 and/or P = 0. If ] = 0, then we have from the first equation in (1.3) that
0=pBx)H (x)P and thus, P = 0. On the other hand, if P = 0, then we have from the second equation in (1.3)
that 0 = c(x)1, and thus, 7 = 0. This yields Ugep, (@) = {Qo}. We then see that {Qo} is an isolated and compact
invariant set for ¥ restricted in M.

By 9’{8'3) > 1 and Lemma 3.3, one knows that A > 0, where A is the PE of (3.7). Therefore, there is a
sufficiently small €; > 0 such that .2, > 0, where 1 is the PE of

()= (i)
81# _o, X edn, (3.12)
lﬁl eCz(Q R)N CH(2,R), ¥ € C(2,R),
where
A = ( diA—=b()+a()H() =€) BCH()—€) ) .
“ c() —m(-)

In the sequel, we are going to show that limsup,_, ., || ¥(#)¢ — Qollx > € for all ¢ € Xy, thatis, {Qo} is a uniform
weak repeller. We proceed indirectly and suppose that limsup,_, o | ¥(t)¢ — Qollx < € for the fixed €; > 0. Thus,
there exists a 73 > 0 such that 0 < I(x,7) < €; and 0 < P(x t) < € for all x € {2 and ¢ > 3. Further we have
H(x)—1(x,1)> H(x)— ¢, forall x € 2 and ¢ > #5. Let (qb ), ¢ (+)) be the positive eigenvector corresponding
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to )‘21 in (3.12). Hence, there exists a number C* > 0 such that C*(#]'(-), 5'(-)) < (I(-, t3; @), P(-, t3; $)).
Consequently, (1, P) is the upper solution of

o 7
33_[’; =A€1<[V,)’ (x,1) € 2 x (13, 00),

al ) (3.13)
@zo, (x,1) € 392 x (13, 00),
(I(,13), P(-,13)) = C* @' (). ¢5' (), x € L.

Note that

(I, Py = C*M1 ™D (x), 65 (x)

is the unique solution to (3.13). An application of the comparison principle obtains (1, P) > I, P). Consequently,
I — oo and P — oo as t — 00, a contradiction against Lemma 2.2, and so {Qo} is indeed a uniform weak
repeller.

To apply [24, Theorem 3], we define a continuous function p : Xz — Ry by

p(@) = min{mi121¢>1(X),mill¢z(X)}, ¢ = < 4 ) € Xy.

xef xef2 053

Note that p(¥(t)¢) > 0 for all ¢+ > O either if p(¢) > 0 or if p(¢) = 0 and ¢ € Xpo. That is, p is a generalized
distance function for ¥. The above discussions imply that Ugcax,,@(¢) = {Qo} and W*(Qp) N p7 10, 00) = 1,
where W*(Qy) is the stable set of Q¢ defined by

WH(Qo) = | € Xy : lim |9 — Qollx =0}

Moreover, {Qo} is an isolated invariant set in Xy and no subset of {Qg} forms a cycle in 0X . Therefore, by [24,
Theorem 3], we see that there exists a ¢ > 0 such that

min p(¢) > ¢,
¢pel.

where L. C Xy \ {Qo} is an any compact chain transitive set. This implies that (4.12) holds for any non-zero initial
value (I°, POT € Xy.

Combining with [15, Theorem 4.7], we conclude that (1.3) has at least one PSS Q” in Xpo. This proves
Theorem 3.3. [

Note that Theorem 3.3 only ensures the existence of PSS of (1.3). We are now in a position to explore the
uniqueness of PSS. Here the PSS is the positive solution of the following elliptic problem:

diAl +a()(H() — DI+ BCIH() — DP —b()] =0, x €12,
%(i)l —m(-)P =0, x € {2, (3.14)
_— = 0, X € 30
av

By using P = c(-)I/m(-), and canceling it in the first equation of (3.14), one can get
d,AI—I—(ot(-)—l—m)(H(-)—I)I—b(-)I=0, x e,
2l m(-) (3.15)
— =0, x €012.
av

In what follows, we will focus on (3.15) instead of (3.14). We shall revisit the EP (3.4). The following Lemma will
be used in the forthcoming discussions, which comes from [1].

Lemma 3.5. For h € L*({2) and d > 0, let Ao(d, h) be the PE of
dA¢ +h()¢p = A9, x €,
2—f =0, x €042, (3.16)
¢ € CHQ,RHYNCH(2,RY.
Then,
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(i) ho(d, h) = sup{fg(h(-)qb2 —d|V¢[H)dx : ¢ € H'(2) with [, ¢p*dx = l}, which depends continuously on d

and h;

(i) Xo(d, h) is increasing in h, i.e., if hy > hy in §2, then Ao(d, hy) > ro(d, hy) with equality holds iff hy = hy,
a.e. in §2;

(iii) Ao(d, h) is decreasing in d and fulfills

lim ro(d, h) = max{h(-): x € 2} and dlim Xo(d, h) = h*,
—00

where h* = [, h(x)dx/|£2|.
In the sequel, we rewrite the PE of (3.4) as
_ BC)e()
Yo=10 (dl, (05( )+ — 0 H()—=b()). 3.17)
According to Lemma 3.2, we then directly have: If 2)%{)]'3) < 1then 1j < O; If 2)’{{,]'3) > 1 then 1 > 0.

Theorem 3.4. Consider the elliptic problem (3.15). If Ty < 0, then (3.15) has no positive solution, while (3.15)
admits a unique positive solution if 1y > 0.

Proof. We proceed with the proof of the first assertion indirectly and suppose that (3.15) has a positive solution /
when 7 < 0. We multiply both sides of (3.15) by I, and then integrate it over {2, obtaining that

—d, / VIPdx + / <<a<~> + P (')C(')) (HO 1) - b(~)> I2dx =0,
Q 0 m(-)

which implies

—d,/ |VI|2dx+/ (( )+ S )C()> H(-)—b(')> I*dx > 0. (3.18)
Q Q “)

By the variational formula and (3.18), we know

Ty > (—d,/ |VI|2dx +/ ((a(~)+ ﬂ(')c(')> H() — b(-)) 12dx> // 1*dx > 0,
Q Q m(-) Q

a contradiction. Therefore, (3.15) has no positive sqlution if Y5 <0.
We next prove the second assertion. Denote by ¢ > 0 the eigenfunction of 7j. Denote

() = dy AT + (( o+ )C()) (HO = D) —b<~)> I

¢)

Let I, = €,¢ with €, > 0. Due to Y, > 0, one knows that

F(l) = e2d; Ad + <<a(-> § 2O ) (HO) - ed) - b(~)) e
m(-)

_ 6 (ro _ (M.) + ﬂ('”“) ¢) 5=0
m(-)

if €, is small, which tells us that /; is the lower solution of (3.15). Let I, = M > 0 being sufficiently large. Directly
checking gives F(l;) < 0, which implies I, is an upper solution of (3.15). Consequently, (3.15) has at least one
solution in [/}, I;] by the method of upper/lower solutions, which is positive.

If (3.15) has two positive solutions, denoted by I’ and I”. Based on the above discussions, by choosing small
enough ¢, and large enough M, we directly have I’, I” € [, I,]. Again from the method of upper/lower solutions,
we know that in [/}, 1], there are a minimal solution and a maximal solution, denoted by I, and Iy, respectively,
satisfying I,, < I’, I” < Ij. Here I,, and Ij; are the positive solutions of (3.15). We now multiply both sides of
(3.15) with I = I, by Iy, and I = I by I, respectively, and apply subtraction on the two resulting equations,

obtaining that 0 = fQ (a(x) + mx)em) Loy (Iny — 1) dx. It tells us that I, = I, as Iy > I,. Therefore, I’ = 1",

m(x)

i.e., the existence and uniqueness of PSS are ensured when 7y > 0 (resp. ﬂtf)' Vs 1, from Lemma 3.2). This proves
Theorem 3.4. O
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3.5. The local basic reproduction number
When there is no diffusion term in (1.3), that is,

a—: = a(x)(H(x) — DI + Bx)(H(x) — P — b(x)I,

B el = mP
W_C(x) —m(x)P,

I(x,0)=I1%) >0, P(x,0)= P°%x) >0,

(3.19)

for (x,t) € 2 x (0, o0) with boundary condition (1.4), system (1.3) is a system at a specific location x € {2. By
applying the method of the next generation matrix, the BRN of (3.19) is termed as LBRN, denoted by

a(x)H (x)m(x) + B(x)H (x)c(x)
b(x)m(x) '
We next explore the relation between 1 and ?ﬁé (x). Thanks to (i) of Lemma 3.5 and (3.17), we know that

Ty = i (dl, <a<>+ S )(c§)) H(~>—b(-))

= sup{/ (bOMG) — Dg* — d;|Ve[*) dx : ¢ € H'(2) with / ¢*dx = 1}.
2 2

Ry(x) =

Obviously, if Sﬁé (x) < 1 for x € £2, then T, < 0, i.e., the cholera will be eradicated if mé(x) < 1. Here, location
x € 2 with Eﬁé (x) < 1 is termed as the non-favorite site for cholera.

If S}tg(x) > 1 for some x € {2 (where x is called the favorite site for cholera), we then cannot determine the
sign of 7} directly. Note that 7} is decreasing in d;, and by (iii) of Lemma 3.5, we have

et :
i i (ar. () + 2290 1) -0 ) = ((ac) s LCRS)

/ (OOIEE) — D)dx,

Tl

#
Note that ((a( 9+ ﬂ;)(c;)) H()— b(-)) < 0 can be estimated as

/ (a(-)+ ﬁ(')c(')> H()dx </ b()dx.
Q m(-) Q

Here we call {2 as non-favorite domain for the cholera. This, together with the assertion (ii) and (iii) of Theorem 3.1,
reflects that the cholera may be vanishing or spreading depending on d; if m(L)(x) > 1. Specifically, if i)tg(x) > 1

f
but with non-favorite domain, that is, ((,31( )+ '32’;()“)( ) ) H()— b(~)) < 0, we can still eradicate cholera epidemic

in the domain.
3.6. Global stability of PPS: a homogeneous case

In the homogeneous case that parameter functions of (1.3) are replaced with positive constants, model (1.3) will
become

ol - - o - - -
5 =diAl+a(H = DI+ p(H = DP —bI = di AT + i1 P). (x.1) € 2 x (0,00).

P (3.20)
T cl —mP = (I, P), (x,1) € 2 x (0, 00),
with (1.4).
Noticing that Theorems 3.3 and 3.4 still hold for model (3.20). The BRN of (3.20) can be calculated as
) 1 H H
NS = — = u‘ (3.21)
)\,0 bm

162



J. Wang, W. Wu and T. Kuniya Mathematics and Computers in Simulation 198 (2022) 151-171

T
Denote by Q¢ = (I¢, P9)T = (%(‘Hg — 1), < g — 1)) the constant equilibrium when g > 1. We next study

TRC
mg

the global stability of Q¢ by the Lyapunov function.
Theorem 3.5. Let N{ be defined by (3.21). If R > 1, then Q€ is globally attractive.

Proof. We proceed directly and define
Le(1, P)1) = / Lc(x, 1)dx,
Q

where
I BH —I)P° (P
Le.n=1I%g(—)+2m—"20 o),
(x, 1) g<lc>+ - g(PC)
and g(h)=h—1—Inh>0,A>0,and g(h) =0 iff 7 = 1.
Directly calculating the derivative of LL.(¢) gives

dL.(t) _rr I S5 BH-I)( P o
- _/Q<1 I.)d,AIdx+/Q[(1 I_>f1(I,P)+—m (1 P)fz(l,P)]dx.

Since

I - I° -
/ 1——= d,A[dxz—/ d;—=—|VI“|dx <0,
0 1 o I?

it then directly gives

dL.(1) I° - - BH-=I P .
T /Q[<1 - 7) S, P)+ — <1 - ?> £, P)i|dx

I+ 8P - ‘P IP¢
= —/ %(I—Ic)zdx—i-/ ,B(H—IC)P”(Z— - _>dx
P 0 iPc P

- o [o(5) (7)o
Q S\7pc) T8\15 ) |7

< 0.

IA

We omit the details here, since it is similar to [25, Section 9.9]. This proves Theorem 3.5. [

4. Threshold dynamics of cholera model with the dispersal rates of humans and Vibrio cholerae

Based on (1.3), we consider the following cholera model:

i—j =d; Al +a()HE) — DI+ BC)HG—DP —b()I, xef, t>0,

P _ - _

8_5 = d;:AP +c()I —m(-)P, xef, t>0, @1
a_lza_on, x €982, t >0,

8_\) 8v_ _ B

(I(x,0), P(x,0)) = (I°(x), P°(x)), x e N,

where dp > 0 represents the mobility of Vibrio cholerae in the water environment. The standard theory for parabolic
equations, a semigroup approach and the proof of Lemma 2.1, guarantee that (4.1) admits a unique classical solution
(i , 15)T € Xy. Similar to Lemma 2.2, we can conclude that the ultimate boundedness of solution. Further from the
Hopf boundary lemma and strong maximum principle, we have I > 0 and P > 0 for all (x, 1) € £2 x (0, 00).

4.1. Basic reproduction number of (4.1)

Generally speaking, the spread and extinction of cholera according to reproduction numbers provide important
implications to study the complicated impacts of environmental heterogeneity on disease transmission. For the
method used here, we refer to [6,12,14,26,35] and references therein.
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Denote the DFSS and PSS of system (4.1) by Q¢ = (0, 0)T and Q” = (f s 13”)T if they exist, respectively.
Similar to (3.2), we define the BRN of (4.1) as

Ry = r(L) = sup{|Al, A € o(L)}, (4.2)

where
L$)(x) = / wﬂx)s%(r)qs(x)dr = F(x) / h d(p(x)dt, ¢ € Xy, x € 2,
0 0

with

F— < a()H() BCOH() )

0 0 (4.3)

and (1) being the semigroup generated by
5 diA—b() 0
B = . 4.4
( () dpA—m() (4.4)

Due to fﬁgl'” is difficult to visualize, we are now in a position to seek the equivalent characterization of SRB“’.

Unlike in Lemma 3.2, where the associated EP consists of only one equation, here we allow Eﬁz‘f‘l’ being related to
the PE of EP consisting of two equations.

The following results demonstrate the relation between ?ﬁgl']) and a PE of the associated EP. The first result
comes from [26, Theorem 3.5].

Lemma 4.1. Let iy be the PE of

W= (F+ By, w:("’i), xe,

9 9 v
%:ﬂzo, x €N,

v v _
Y1, Y2 € CH2,RHNCHD2,RY).

(4.5)

Then, ?RB“) — 1 has the same sign as Ay = s(F + B), where F and B be defined in (4.3) and (4.4), respectively.

Lemma 4.2. Let f}igl‘l) be defined in (4.2), D = diag(d;, dp), and V = ( _bé)(c)z) m?x) ) Consider the following
EP:
—DAp+ Vo =xFp. ¢= ( zl ) xen,
2
o1 _ 3¢ (4.6)

20, x €042,
av av _
o1, 92 € CH(2,R)NC'(2,RY).
Then we have:
(i) EP (4.6) admits a unique PE, ko > O.
(ii) Ry =1/
Proof. We first prove (i). Let (k, @) be an eigenvalue pair of problem (4.6) with ¢ = (¢;, )T, that is,

—diAgy + b1 = ka(VH)er +kBCOH( )2,  x € 2,
—dpAps +m()gz = c()e1, x e .

I:et {f}(t)},zo, i=1,2:X — X be the Cy semigroups generated by the operator Ai, where Al =d; A —b(-) and
Ay :=dpA — m(-) subject to (4.1), respectively. Due to [26, Theorem 3.12], we get that for ¢ € X,

o0
«l, — AN g = / e Ti(edt for all k > s(A;), i =1,2, 4.7
0
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where [; denotes the identity operator since

s(A)) < —min, 5 {b(x)} <0 and s(Ay) < —min{m(x)} < 0.
xef?

By letting x = 0 in (4.7), one can get
—A'o = [P Titedt and — Ay'g = [[° Tr(t)edt for all ¢ € X.
Notice that —Afl and —A; ! are compact and strongly positive operators. We rewrite system (4.6) as

{ —Aig1 = ka(OHOp1 + kBOHC)2,  x € 2,
—Axpr = c()gr, x €8,

which implies that ¢, = —Az_lc(-)wl and (k, ¢;) satisfies

1 - - -
—p1 = —AT'a(YHO@ + AT BOHOAL c()gr. (4.8)
Thanks to Bi(-), H(-), B2(-), c(-) > 0 for all x € {2, we directly confirm that
—A'a()H() and A7 BCYH()AS ()

are strongly positive and compact on C({2, R). An application of the Krein—-Rutman Theorem ensures that EP (4.8)
has a unique PE k¢ > 0, with an eigenfunction ¢; > 0 in C(§2, R"). By letting ¢, = —A;lc(-)gi)l, we obtain that
@, > 0. This proves ().

The assertion (i7) is directly obtained according to [35, Theorem 3.2]. This proves Lemma 4.2. O

Note that systems (1.1) and (4.1) share the same LBRN. Inspired by a recent work [14], we next study the
relation between ERE)“) and 0§ (x), x € 2. To this end, we rewrite %E(x) as

NG (x) = R (x) + RTE)NR(x), (4.9)
where
1,y a)HX) 5 o B)H(x) _clx)
Nx) = —b(x) , Nx) = —b(x) , and Ry (x) = )

Here, Si}(x), SH%(x), and N, (x) are multiplication operators on C({2) owning the biological meanings: for x € {2,
Sﬁ{(x) (resp. ?R%(x)) represents the impact of one infected human (resp. Vibrio cholerae) on the susceptible humans,
while 91, (x) represents the impact of one infected human on the Vibrio cholerae.

Following the line of [14,26,35], the )t} is defined by

Ry =r(=FBY, (4.10)

where B and F can be found in (4.3) and (4.4), respectively. According to the approach developed in [14, Theorem
3.1], we directly have

95 = (L) + O Lot ()), 1
where
Li =) —d;A)7'b() and Ly = (m(-) —dpA)~'m()

are strongly positive compact linear operators on C({2).
The main result of this subsection on 5)‘{2)4'” with (d;, dp) — (00, o0) is described below, which can be viewed

as a direct consequence of [14, Theorem 3.6 and Remark 4.8]. We omit the proof here.

Lemma 4.3. Let E)’tg'” be defined in (4.11). The following statements are valid:

e . 4.1) . . L (4.1) HYembE(BH)ECE
(i) limg, 00 limg, 00 mg =1limy, oo limg, oo Ry ' = %
- @1 _ (@HPmP+(BH) *
(it) img,, dp)—>(00, 00) Ry = i -

The main result of this subsection on SR?'” with (d;, dp) — (0, 0) is described below, which can be viewed as
a direct consequence of [14, Theorem 4.10 and Theorem 4.11]. We omit the proof here.
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Lemma 4.4. Let ERE;“J and ER(I;(x) are defined in (4.9) and (4.11), respectively. We obtain

@.1) 4.1)
0

(i) limd,_m 1imdp_>() g)i 1 = limdp_m limd,_m ?ﬁo = maxxeo{fﬁg(x)}.
(ii) lim(dl, dp)—(0,0) ?ﬁg )= maxer{SROL(x)}.

4.2. Threshold dynamics of (4.1)
The following result demonstrates that cholera vanishing and persistence depends on the sign of 5)‘{2)4']) -1

Theorem 4.1. Let N, be defined by (4.2).

(i) If Sigl'l) < 1, then the DFSS Qy is asymptotically stable, and further, it is globally asymptotically stable in
X

H-
(ii) Ifﬂ%gl")_> 1, t@en there exists a ¢ > 0 such that the solution (I, P)T of (4.1) with any positive non-zero initial
value (I°(x), P°(x)T € Xy fulfills

min (hminfi(x, 1), liminf P(x, t)) > ¢ forall x € 2. (4.12)
—00 —00
Furthermore, (4.1) has at least one PSS, denoted by Q” = (i”, f’”)T.

Proof. We first prove (i). The local stability of DFSS Q, follows from [35, Theorem~3.1]. We next proceed the
global attractivity of Q directly by the comparison principle. By Lemma 4.1, we have Ao < 0 since S)ig“) < 1. We
then have

al . - i, _

m <d;AI + H()(a(:)I + BC)P)—b()I, xe€f2, t>0,
P . . _

o <dpAP + c(-)I — m(-)P, xef, t>0,
I P

a—za—zo, x€af2, t>0.
av av

Let (Y1, v,)" be the positive eigenfunction of 1. Choosing sufficiently large M > 0 such that (I°, P)T <
MYy, Yr)T. This, together with the comparison principle, gives

(113)51‘;1(2;)6%[’ t>0.

Therefore, lim,_, (I, P) = (0, 0), uniformly on x € 2. This completes the proof of (i).
The assertion (ii) can be proved analogously as Theorem 3.3. This proves (ii). U
5. Numerical simulation

In this section, we give numerical examples that support our analytical results.
5.1. Spatially one-dimensional case

For model (1.3), we fix the following parameters.
n=1, 2=(0,1), Hx) =b(x) =m(x) =1,
=061+ 2sin "), B =05(14 2cos 25, ey =02(1+ L sin ™ 5.1
Ofx-. _2sm2 , B(x)=0. 20052 , c(x)=0. 2sm2 , 5.1)
I°%x)=0.01, P(x)=0, x € 12,

where n is the dimension of the domain 2. Note that these values are chosen for a technical reason and there is
no specific biological meaning. For these parameters, we obtain

lim N ~1.0578 > 1 and  lim %)~ ~0.9641 < 1.

d;—0 dj—o0
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Fig. 1. Basic reproduction number mg"” versus d; = 10F (—10 < k < 5) for parameters (5.1).
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Fig. 2. Time evolution of (a) I and (b) P of model (1.3) for parameters (5.1) and d; = 0.015 < d; ~ 0.0178 (R ~ 1.0018 > 1).

Hence, by Theorem 3.1 (iii), there exists a critical value d; > 0 such that S‘t(()l ¥ > 1 for d; <d; and SR(()' B <1 for
d; > d;. In other words, the diffusion-induced stability change can occur. E)‘if)w) can be approximated by discretizing
the EP (3.3), and 5}12)1‘3) for d; is plotted in Fig. 1, where d; = 10, —10 < k < 5. From Fig. 1, we can verify that
ERE)”) is monotonically decreasing with respect to d;, and d; ~ 0.0178.

For d; = 0.015 < d;, we have 9%(()1'3) ~ 1.0018 > 1. Hence, by Theorems 3.3 and 3.4, the system is uniformly
persistent and there exists the unique PSS. In fact, in Fig. 2, the solution converges to PSS as time evolves.

On the other hand, for d; = 0.02 > d;, we have 9181‘3) ~ 0.9953 < 1. Hence, by Theorem 3.2, DFSS is globally
asymptotically stable. In fact, in Fig. 3, the solution converges to DFSS Qy = (0, 0) as time evolves.

5.2. Spatially two-dimensional case

Next, for model (1.3), we fix the following parameters.

n=2, 2=(0,4)x(0,1), a(x)=0.5, x)=1, c(x)=0.01, m(x) =1,

1-09 1 —0.9cos?2
H = ¢ COS”’“); COSZMAL) b4y = (14 0.9 cos 71 )(1 + 0.9 cos 27xy).

°(x) = 0.01H(x), P(x)=0, x= < . ) o
2

(5.2)
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Fig. 4. Time evolution of I of model (1.3) for parameters (5.2) and d; = 0.014 (%" ~ 1.0573 > 1).

Note that, as in the previous subsection, these values are chosen for a technical reason and there is no specific
biological meaning. To compute ERBI'S) , we apply “solvepdeeig” command in the Partial Differential Equations
Toolbox of MATLAB to the EP (3.3).

For d; = 0.014, we obtain 9‘%5)1'3) ~ 1.0573 > 1. In this case, by Theorems 3.3 and 3.4, we see that the system is
uniformly persistent and there exists the unique PSS. In fact, Fig. 4 shows that I converts to a positive distribution
as time evolves.
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Fig. 5. Time evolution of I of model (1.3) for parameters (5.2) and d; = 0.017 ()~ ~ 0.9423 < 1).

On the other hand, for d; = 0.017, we obtain ERS‘” %_0.9423 < 1. In this case, by Theorem 3.2, the DFSS is
globally asymptotically stable. In fact, Fig. 5 shows that I converges to zero as time evolves.

6. Conclusion and discussion

This paper performs a complete analysis of a degenerated reaction—diffusion cholera model with two disease
transmission routes. The model is formulated in a spatially bounded domain, allowing spatial heterogeneity for
the model parameters. We assume that the total humans stabilize at H(x) for all x € {2 performing an unbiased
random walk and the Vibrio cholerae live in contaminated water without diffusion. With the aim to explore what
is the impact of the mobility of the humans and Vibrio cholerae on cholera epidemics, we also study the model
with Vibrio cholerae diffusion in contaminated water to reveal the differences in the aspect of threshold dynamics
governed by BRN.

Firstly, the well-posedness of the model (1.3) is established (see Lemma 2.1). Combining with the comparison
principle and [23, Theorem 3.1 in Chapter 7], we further confirm that the unique global solution is ultimately
bounded (see (i) of Lemma 2.2). We remark that the solution semiflow of (1.3), ¥(z), is not compact since the
P-equation of (1.3) is lack of diffusion term. For this reason, we verify the asymptotic compactness of ¥(r) by
considering the k-contraction condition, and so the existence of a connected global attractor is ensured (see (ii) of
Lemma 2.2).

We follow the method in [35] to introduce BRN 9%813) of (1.3) as the spectral radius of the NGO (see (3.2)).
9{8'3) is also characterized in Lemmas 3.1, 3.2, 3.3, and Lemma 3.4. In particular, according to the variational
formula of .‘Rf)l'3> (see Theorem 3.1), we can demonstrate the effect of d; on ?Rf)l'3>, that is, (i) the infection risk can
be reduced by increasing d;; (ii) mg“” approaches to the maximum value of %5 (x) when d; tends to zero, while
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9%2)1‘3) approaches to the ratio of [ o@H +

m

Lh4x to [, bdx when d; tends to infinity; (iii) if [, (o« H + % )dx

is greater than f o bdx, then the habitat is regarded as a high infection risk domain; (iv) if f o <OlH + ¢ H)dx is

smaller than [, bdx, there exists d; > 0 such that the habitat is regarded as a low infection risk domain when
d] > d].

Further, Theorems 3.2 and 3.3 demonstrate that 9%8'3) is a biologically meaningful threshold value that can
predict the cholera vanishing and persistence. Additionally, with the help of Lemma 3.5, we introduce another
threshold parameter 1| (equivalent to 7o as in (ii) of Lemma 3.2) to study the uniqueness of PSS of associated
elliptic problem, which also reflects the threshold dynamics of model (1.3) (see Theorem 3.4). We also emphasize
this result by defining the LBRN E)’té(x) (see Section 3.5), that is, cholera completely extincts in the case that
Eﬁé(x) < 1, while it is still possible to eradicate cholera in the case that Stg(x) > 1. In the homogeneous case, the
global attractivity of PSS for system (3.20) is confirmed by the Lyapunov function (see Theorem 3.5).

Taking into account the mobility of cholera bacteria in contaminated water, we formulate model (4.1) based
on (1.3), the infected humans and cholera bacteria dispersal with distinct rates. The relations between Si(()ﬁ'") and
the PE of associated EP are also addressed (see Lemmas 4.1 and 4.2). Since model (4.1) has multiple infective
compartments, 5)‘181'” is difficult to depict. We turn our attention to the relation between 9%54'1) and Eﬁg(x) for model
(4.1). Following the line of [14, Theorem 3.1], 3{84'” can be rewritten as (4.11). An application of [14, Theorem
3.6 and Remark 4.8] and [14, Theorem 4.10 and Theorem 4.11] gives the asymptotic behaviors of SRSH) when
(d;, dp) — (00, 00) and (d;, dp) — (0, 0). Specifically,

() if (d;, dp) — (00, 00), Eﬁgm approaches to the ratio of (« H)*m® 4+ (B8H)*c* to b*m* (see Lemma 4.3), which
is essentially different to that in (i) of Theorem 3.1;

>ii) if (d;, dp) — (0, 0), ?Rgl'l) approaches to the maximum of mé(x) (see Lemma 4.4). This result is consistent
with that in (i) of Theorem 3.1.

Further, the threshold-type results of (4.1) relying on 9%64'” are also addressed by appealing to the comparison
principle and Theorem 3.3, see Theorem 4.1. Finally, numerical examples are given to reinforce the analytical
results.

Biologically, our results suggest that the BRN plays the essential role in determining whether the cholera epidemic
will be eradicated or not, and the mobility of infected humans and Vibrio cholerae has a large effect on the size
of the BRN. The application of our model for more epidemiological considerations using real data would be an
important future work to combat against the practical problem of the cholera epidemic.
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