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Euler and Laplace integral representations

of GKZ hypergeometric functions II
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(Communicated by Masaki KASHIWARA, M.J.A., Oct. 12, 2020)

Abstract: We establish the intersection theory of the rapid decay homology group and

formulate the twisted period relation in this setting. We claim that there is a standard method of

constructing a basis of the rapid decay homology group which can be related to GKZ

hypergeometric series. This can be carried out with the aid of a convergent regular triangulation

T . When T is unimodular, we can obtain a closed formula of the homology intersection number.

Finally, we obtain a Laurent series expansion formula of the cohomology intersection number in

terms of the combinatorics of T .

Key words: GKZ hypergeometric systems; integral representations; twisted Gauß-Manin
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1. Introduction. This is the continuation of

the announcement ‘‘Euler and Laplace integral

representations of GKZ hypergeometric functions

I’’. We use the same notation. In this announce-

ment, we claim that there is a combinatorial

construction of a basis of rapid decay homology

group which can be related to �-series solutions.

Namely, to each convergent regular triangulation T

we have a basis consisting of cycles �T and that of

series solutions �T which are related to each other

in terms of character matrices of finite abelian

groups associated to T . As an application, when T

is unimodular, we can determine the twisted

intersection matrix explicitly. One can also prove

an explicit expansion formula of cohomology inter-

section number associated to a unimodular trian-

gulation. Details are available in [MHa, §4-].

2. Intersection theory for rapid decay

homology and cohomology groups. In this

section, we develop an intersection theory of rapid

decay homology groups along the line of the

preceding studies [CM95], [Iwa03], [KY94] and

[OST03]. We consider a smooth complex affine

variety U and a regular singular connection ðE;rÞ
on U . In order to simplify the discussion and the

notation, we assume that E is a trivial bundle and

r is given by r ¼ dþ
Pk

i¼1 �i
dfi
fi
^ for some regular

functions fi 2 OðUÞ nC and complex numbers �i.

For another regular function f 2 OðUÞ, we set rf ¼
rþ df^. We inherit the notation of §3 of [MHb].

Let eV � eX be an open subset. A section of the

sheaf P<DeX (resp. PmodDeX ) on eV is a smooth function

on eV n eD whose derivative of any order is flat (resp.

of moderate growth) along D in the sense of §8.3

of [Sab13]. We set A?DeX ¼ Ker
�

�@ : P?DeX !
P?DeX �$�1OX $

�1�
ð0;1Þ
X

�
, where ? stands for one of

either < or mod. As in [Hie09], we set

DR?DeX ðrfÞ :¼ A?DeX �$�1OXan $
�1DRXanðrfÞ:ð1Þ

Let r_f be the dual connection of rf . With this

notation, we set _S<D :¼ H0
�

DR<DeX ðr_f Þ� and

SmodD :¼ H0
�

DRmodDeX ðrfÞ
�

.

We first remark that DR<D
~X
ðr_f Þ and

DRmodD
~X
ðrfÞ are resolutions of _S<D and SmodD

respectively ([Hie09, Proposition 1]). Combining

this result with the quasi-isomorphism

A?DeX �$�1OXan $
�1�r

X ~!
�
P?DeX �$�1OX $

�1�
ðr;�Þ
X ; �@

�
;

ð2Þ

we see that _S<D and SmodD are quasi-isomorphic to

PDR<D
~X
ðr_f Þ ¼

def
�
P<DeX �$�1OX $

�1�
ð�;�Þ
X ;r_f ; �@

�
and

PDRmodD
~X
ðrfÞ ¼

def
�
PmodDeX �$�1OX $

�1�
ð�;�Þ
X ;rf ; �@

�
,

respectively. We set
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H�r:d:ðU;r_f Þ ¼ H�ð ~X; _S<DÞ:ð3Þ

Let ~j : Uan ! eX be the natural inclusion. Then,

the canonical duality pairing DR<D
~X
ðr_f Þ �

DRmodD
~X
ðrfÞ ! ~j!CUan ([Hie09, Theorem 3]) yields

a perfect pairing

h�; �ich : H�dRðU;rfÞ � H2n��
r:d: ðU;r_f Þ! C

2 2

ð½!�; ½��Þ 7!
Z
Uan

! ^ �;
ð4Þ

which we call the cohomology intersection pairing.

We also give a realization of H�ð eX;SmodDÞ in terms

of a certain relative homology group. We setgDmod ¼ ðgDirr n ~f�1ðS11ÞÞ [ ~f�1ðfe�
ffiffiffiffiffi
�1
p
1 j � �

2 < � <
�
2gÞ. We consider a sequence of natural inclusions

Uan!l Uan [ gDmod !k ~X. By the local description of

SmodD ([Hie09, p12]), we can easily confirm the

equality SmodD ¼ k!l�L_. We define a sheaf

C�p
Uan[gDmod;gDmod

ðL_Þ on ~X as the associated sheaf of a

presheaf whose section on an open subset V is given

by SpðUan [ gDmod; ðUan [ gDmod n V Þ [ gDmod; l�L_Þ.
Here, Sp is the set of singular p-chains. We easily

see that SmodD
~X
½2n� ’ k!C��Uan[gDmod;gDmod

ðL_Þ as in the

arguments after Proposition 2.1 of [MHc]. There-

fore, we have a realization H�ð ~X;SmodDÞ ¼
Hmod

2n��ðU;rfÞ ¼
def

H2n��ðUan[ gDmod; gDmod;l�L_Þ. More-

over, the same argument as §5 of [Hie09] proves the

perfectness of the pairing

H�r:d:ðU;r_f Þ �Hmod
2n��ðU;rfÞ! C

2 2

ð½��; ½�_�Þ 7!
Z
�_
e�f

Yk
i¼1

f��ii �:

ð5Þ

With these setups, we can naturally define the

Poincaré duality isomorphism � : Hr:d:
� ðUan;r_f Þ!

	

H2n��
r:d: ðU;r_f Þ and �_ : Hmod

� ðU;rfÞ!
	

H2n��
dR ðU;rfÞ.

Namely, for any element ½�� 2 Hr:d:
� ðUan;r_f Þ, �ð�Þ 2

H2n��
r:d: ðU;r_f Þ is the unique element such that the

equality
R
� e

f
Qk

i¼1 f
�i
i ! ¼

R
�ð�Þ ^ ! holds for any

½!� 2 H�dRðU;rfÞ. In the same way, for any element

½�_� 2 Hmod
� ðU;rfÞ, �_ð�_Þ 2 H2n��

dR ðU;rfÞ is the

unique element such that the equalityR
�_ e
�fQk

i¼1 f
��i
i � ¼

R
�_ð�_Þ ^ � holds for any

½�� 2 H�r:d:ðU;r_f Þ. We define the homology inter-

section pairing h�; �ih by

h�; �ih : Hr:d:
� ðU;r_f Þ �Hmod

2n��ðU;rfÞ! C

2 2

ð½��; ½�_�Þ 7!
Z

�ð�Þ ^ �_ð�_Þ:
ð6Þ

Let us fix four bases f½!i�gri¼1 � H�dRðU;rfÞ,
f½�i�gri¼1 � Hr:d:

� ðU;r_f Þ, f½�i�gri¼1 � H2n��
r:d: ðU ;r_f Þ,

and f½�_i �g
r
i¼1 � Hmod

2n��ðU;rfÞ. We set Ich ¼
ðh½!i�; ½�j�ichÞi;j, Ih ¼ ðh½�i�; ½�_j �ihÞi;j, P ¼
ð
R
�j
ef
Qk

l¼1 f
�l
l !iÞi;j, and P_ ¼

ð
R
�_j
e�f

Qk
l¼1 f

��l
l �iÞi;j. The twisted period relation

[CM95, Theorem 2] is a transcendental analogue of

Riemann-Hodge bilinear relations:

Ich ¼ PtI�1
h

tP_:ð7Þ
Remark 2.1. While preparing this an-

nouncement, the author noticed that one can find

a similar discussion in [FSY].

3. �-series solutions of GKZ systems. In

this section, we briefly recall the construction of a

basis of solutions of GKZ system in terms of �-series

following the exposition of M.-C. Fernández-

Fernández ([FF10]). For any commutative ring R

and for any pair of finite sets I and J, the symbol

RI�J denotes the set of matrices with entries in R

whose rows (resp. columns) are indexed by elements

of I (resp. J). For any univariate function F and

for any vector w ¼ tðw1; . . . ; wdÞ 2 Cd�1, we define

F ðwÞ by F ðwÞ ¼ F ðw1Þ 
 
 
F ðwdÞ. For any subset

� � f1; . . . ; ng, the symbol A� denotes the matrix

given by the columns of A indexed by elements of

�: Let �� be the complement of � . In the following, we

take 	 � f1; . . . ; ng such that the cardinality j	j is

equal to d and detA	 6¼ 0: Since A�1
	 is naturally

regarded as an element of Q	�d, we write p	iðvÞ for

the i-th entry (i 2 	) of the vector A�1
	 v with

v 2 Cd�1. We write 1	 for the vector in Z	�1 whose

entries are all unity. For any vector k 2 Z	�1, we

put

’	;kðz; �Þð8Þ

¼def
z�A

�1
	 �

	

X
kþm2�k

ðz�A
�1
	 A	

	 z	Þkþm

�ð1	�A�1
	 ð� þA	ðkþmÞÞÞðkþmÞ! ;

where �k is given by

�k ¼ fkþm 2 Z	�1
�0 j A	m 2 ZA	g:ð9Þ

We call ’	;kðz; �Þ a �-series. It can readily be seen

that ’	;kðz; �Þ is a solution of the GKZ hyper-

geometric system MAð�Þ.
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Now we recall the definition of a regular

triangulation. In general, for any subset 	 of

f1; . . . ; ng; coneð	Þ denotes the cone generated by

the set faðiÞgi2	. A collection T of subsets of

f1; . . . ; ng is called a triangulation if fconeð	Þ j 	 2
Tg is the set of cones in a simplicial fan whose

support equals coneðAÞ. For any generic choice of a

vector ! 2 R1�n, we can define a triangulation T ð!Þ
as follows: a subset 	 � f1; . . . ; ng belongs to T ð!Þ if

there exists a vector n 2 R1�d such that n 
 aðiÞ ¼
!i if i 2 	 and n 
 aðjÞ < !j if j 2 	. A triangulation

T is called a regular triangulation if T ¼ T ð!Þ for

some ! 2 R1�n: Note that T ð!Þ can be empty for a

specific choice of A and !. For a fixed non-empty

regular triangulation T , we say that the parameter

vector � is very generic if for any simplex 	 2 T , the

vector A�1
	 ð� þ A	mÞ does not have any integer

entry for any m 2 Z	�1. Now suppose � is very

generic. Then, it was shown in [FF10] that we have

rankMAð�Þ ¼ volZð�AÞ: Here, we write volR for

the d-dimensional Lebesgue measure and set

volZ ¼ volR=d!. Let us put H	 ¼ fj 2 f1; . . . ; ng j
jA�1

	 aðjÞj ¼ 1g. Here, jA�1
	 aðjÞj denotes the sum of

all entries of the vector A�1
	 aðjÞ. We set U	 ¼ fz 2

ðC�Þn j absðz�A
�1
	 aðjÞ

	 zjÞ < R; for all aðjÞ 2 H	 n 	g,
where R > 0 is a small positive real number and abs

stands for the absolute value.

Definition 3.1. A regular triangulation T is

said to be convergent if it is non-empty and for any

n-simplex 	 2 T and for any j 2 	, one has the

inequality jA�1
	 aðjÞj � 1.

Note that a convergent regular triangulation

always exists. With this terminology, the following

result is a special case of [FF10, Theorem 6.7.].

Proposition 3.2. Fix a convergent regular

triangulation T . Assume � is very generic. For each

simplex 	 2 T , let fkðiÞgr	i¼1 be a system of complete

representatives of the finite abelian group Zd�1=

ZA	. Then, the set
S
	2T
f’	;kðiÞgr	i¼1 is a basis of

holomorphic solutions of MAð�Þ on UT ¼
def T

	2T
U	 6¼

?.

4. Combinatorial construction of inte-

gration contours via regular triangula-

tions. We use the notation of §2 of [MHb]. We

fix a convergent regular triangulation T . After a

sequence of changes of coordinates, we can con-

struct a basis
S
	2T
f�	;~kðjÞg

r	
j¼1 of the rapid decay

homology group Hr:d:
n;z at a generic point z. Here, the

index f~kðjÞgr	j¼1 is a system of complete representa-

tives of the finite abelian group Z	�1=ZtA	. The

concrete form of the cycle �	;~kðjÞ is, in general, quite

complicated. For the detail, see [MHa, §6]. LetS
	2T
f��	;~kðjÞg

r	
j¼1 be the corresponding basis of the

dual homology group ([MHa, §6]).

Proposition 4.1. If 	1 6¼ 	2, for any ele-

ments ~k1 2 Z	1�1=ZtA	1
and ~k2 2 Z	2�1=ZtA	2

, one

has the equality

h�	1;~k1
; ��	2;~k2

ih ¼ 0:ð10Þ

Moreover, we have the following explicit rela-

tions between the basis
S
	2T
f�	;~kðjÞg

r	
j¼1 of Hr:d:

n;z and

the �-series solutions.

Theorem 4.2. Take a convergent regular

triangulation T . Assume that the parameter vector

� is very generic, and �l =2 Z for any l ¼ 1; . . . ; k.

Then, there exists a basis
S
	2T
f�	;~kðjÞg

r	
j¼1 of the rapid

decay homology group Hr:d:
n;z such that if one puts

f	;~kðjÞðzÞð11Þ

¼
1

ð2�
ffiffiffiffiffiffiffi
�1
p

Þnþk
Z

�	;~kðjÞ

eh0;zð0Þ ðxÞ
Yk
l¼1

hl;zðlÞ ðxÞ��lxc
dx

x
;

S
	2T
ff	;~kðjÞðzÞg

r	
j¼1 is a basis of solutions of MAð�Þ on

the non-empty open set UT , where f~kðjÞgr	j¼1 is a

complete system of representatives of Z	�1=ZtA	.

Moreover, for each 	 2 T ; one has a transformation

formula

f	;~kð1ÞðzÞ

..

.

f	;~kðr	ÞðzÞ

0BB@
1CCA ¼ T	

’	;kð1Þðz; �Þ

..

.

’	;kðr	Þðz; �Þ

0BB@
1CCA:ð12Þ

Here, T	 is an r	 � r	 matrix given by

ð13Þ

T	 ¼

sgnðA; 	Þ
Y

l:j	ðlÞj>1

e��
ffiffiffiffiffi
�1
p

ð1��lÞ
Y

l:j	ðlÞj¼1

e��
ffiffiffiffiffi
�1
p

�l

detA	�ð�1Þ 
 
 
�ð�kÞ
Y

l:j	ðlÞj¼1

ð1� e�2�
ffiffiffiffiffi
�1
p

�lÞ

� diagðexpf�2�
ffiffiffiffiffiffiffi
�1
p

t~kðiÞA�1
	 �gÞr	i¼1

� ðexpf�2�
ffiffiffiffiffiffiffi
�1
p

t~kðiÞA�1
	 A	kðjÞgÞr	i;j¼1

� diag 1� exp �2�
ffiffiffiffiffiffiffi
�1
p X

i2	ð0Þ
p	ið� þ A	kðjÞÞ

( ) !r	

j¼1

;

where we have put sgnðA; 	Þ ¼
ð�1Þkj	

ð0Þjþðk�1Þj	ð1Þjþ


þj	ðk�1Þjþkðk�1Þ
2 .
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We say that T is unimodular if for any simplex

	 2 T , one has the equality detA	 ¼ 
1. In this

case, there is a single cycle �	;0 associated with each

simplex 	 2 T .

Theorem 4.3. Suppose T is convergent and

unimodular. We decompose 	 into 	 ¼ 	ð0Þ [ 
 
 
 [
	ðkÞ and set �0 ¼

P
i2	ð0Þ p	ið�Þ. For any simplex 	 2

T , one puts

	 ¼
Y

l:j	ðlÞj>1

ð1� e2�
ffiffiffiffiffi
�1
p

�lÞ
Y
i2	ðlÞ
ð1� e�2�

ffiffiffiffiffi
�1
p

p	ið�ÞÞ
( )

:

ð14Þ

Then, one has

h�	;0; ��	;0ih ¼ 	ð15Þ

if 	ð0Þ ¼ ? and

h�	;0; ��	;0ih ¼ ð1� e�2�
ffiffiffiffiffi
�1
p

�0Þ	ð16Þ

if 	ð0Þ 6¼ ?.

The proof of Theorem 4.3 is based on the explicit

description of the cycle �	;0. The evaluation of the

intersection number h�	;0; ��	;0ih can be reduced to

that of simple cycles of a simple connection. See §7

of [MHa] for the detail.

As an immediate application of the theorem

above, we get an expansion formula of the coho-

mology intersection number. We set

’_	;kðz; �Þð17Þ

¼ zA�1
	 �

	

X
kþm2�k

ð�1Þk0þm0e�
ffiffiffiffiffi
�1
p P

i2	ð0Þ p	iðA	ðkþmÞÞðz�A
�1
	 A	

	 z	Þkþm

�ð1	 þA�1
	 ð� �A	ðkþmÞÞÞðkþmÞ!

:

For any complex numbers �; 
 such that �þ 
 =2
Z�0, we put ð�Þ
 ¼

�ð�þ
Þ
�ð�Þ . In general, for any

vectors � ¼ ð�1; . . . ; �sÞ; 
 ¼ ð
1; . . . ; 
sÞ 2 Cs, we

put ð�Þ
 ¼
Qs

i¼1ð�iÞ
i . Combining the results of

§2, §3 and §4, we obtain the main result of this

section.

Theorem 4.4. Suppose that four vectors

a; a0 2 Zn�1;b;b0 2 Zk�1 and a convergent unimod-

ular regular triangulation T are given. If the

parameter � is generic so that � is non-resonant,

�l =2 Z for any l ¼ 1; . . . ; k, and
� � b
cþ a

� �
and

� þ b0

c� a0

� �
are very generic, then, for any z 2 UT ,

one has an identity

ð�1Þjbjþjb
0 j�1 
 
 
 �kð� � bÞbð�� � b0Þb0ð18Þ

�
X
	2T

�nþk

sin �A�1
	 d

’	;0 z;
� � b

cþ a

� �� �
� ’_	;0 z;

� þ b0

c� a0

� �� �
¼
hxahb dx

x
; xa0hb0 dx

x
ich

ð2�
ffiffiffiffiffiffiffi
�1
p

Þn
:
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