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Abstract

Experiments on liquid drops falling through a miscible liquid are carried out. Drops de-

form into vortex rings and then fragment into smaller drops due to the Rayleigh-Taylor

instability. The number, m, of smaller drops is measured for large Archimedes numbers,

Ar. The influence of the interaction between two vortex rings on the fragmentation is also

discussed. The m of single drops exhibits a random nature; the probability distribution can

be approximated with the normal distribution. An empirical correlation of the mean, m,

of m is developed to cover a wide range of Ar. Numerical predictions of m of single drops

reveal that the growth rate of a vortex ring is the key factor in determining m. Experiments

on two drops falling inline show that the interactions between vortex rings can be classified

into three types, and, in all interaction types, the presence of the leading ring decreases m

of the trailing ring.
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1. Introduction

When a liquid drop sinks down in a stagnant pool of miscible liquid, the drop shape

changes from spherical to mushroom-like to disk-like to torus (ring) and then a cascade of

fragmentation takes place due to the onset of hydrodynamic instabilities. The fragmentation

of a drop is of great interest not only due to its beauty of flow pattern, but also due to its5

fundamental importance in a mixing process of two miscible liquids. Tomlinson (1864a,b)

observed the behavior of a drop falling through a liquid with various pairs of liquids and

described it accompanying detailed sketches. Thomson and Newall (1886) carried out ex-

periments on a single drop falling into a stagnant liquid to investigate the fragmentation

phenomena from a hydrodynamic point of view. They pointed out that the density differ-10

ence is necessary for the formation of a vortex ring and the liquid viscosity plays a crucial

role, i.e. the vortex motion diffuses from the boundary into a drop by the action of viscosity,

which causes breakup of the disk-like shape into torus. They also pointed out that child

drops generated from their parent vortex ring by fragmentation are connected by thin liquid

threads, so that the action of an effective interfacial tension (Korteweg, 1901; Kostin et al.,15

2003) was negligible in the motion of the miscible liquids in their experiments.

After a century from the work of Thomson and Newall (1886), Arecchi et al. (1989,

1991, 1996) carried out a series of experimental studies on the motion of a vortex ring

and its fragmentation to find a scaling law governing the phenomena (Residori et al., 2007).

Arecchi et al. (1989) described the fragmentation process as follows: the Kelvin-Helmholtz20

instability induces a deformation of a drop from spherical to mushroom-shape. The falling

motion of the drop is retarded and the drop becomes thinner and wider, so that a vortex

ring is formed. Disturbances then grow due to the Rayleigh-Taylor instability and a break

of axisymmetry of the vortex ring takes place followed by fragmentation. They derived the

fragmentation number, F (= ∆ρgV/µ0D), which is the ratio of the time scale of mass dif-25

fusion to that of the falling motion of a drop, and concluded that F > Fc is the condition

for the onset of fragmentation, where ∆ρ is the density difference, g is the magnitude of

the acceleration of gravity, V is the drop volume, µ0 is the viscosity of the bulk liquid, D is
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the diffusion coefficient, and Fc is the critical fragmentation number. Arecchi et al. (1991)

introduced the Schmidt number, Sc (= µ0/ρ0D), in addition to F to correlate the number,30

m, of child drops in terms of F and Sc, where ρ0 is the density of the bulk liquid, that

is, a graphical correlation showed that data points of each m collapse on the lines given by

F/Scα(m) = β(m). Here α and β are functions of m. This expression works fairly well for

m ≥ 5.

Shimokawa et al. (2016) experimentally studied the fragmentation of single drops falling35

through a stagnant liquid and confirmed that the increase in F increases m as reported

by Arecchi et al. (1991). Numerical simulations of the motion of a vortex ring were also

conducted. The results showed that the circulation of a vortex ring suppresses the Rayleigh-

Taylor instability, which implies that stronger the circulation, more stable the vortex ring is.

Shimokawa and Sakaguchi (2017, 2019) conducted the experiment with several drop sizes,40

density differences and viscosities. They pointed out that the dependence of m on Sc is

not clear in their experimental range, whereas m can be well correlated in terms of the

Archimedes number, Ar. The m increases with increasing Ar, in other words, the increase

in the gravitational force enhances the Rayleigh-Taylor instability, while the increase in the

viscous force mitigates it. As pointed out by Shimokawa et al. (2016), the dimensionless45

groups have the relation, Ar = γF/Sc, by definition, where γ = 3/(4π). Hence the scaling

of m in terms of Ar is comparable with the relation, F/Scα = β, whereas in the former the

diffusion coefficient plays no role in m because of α = 1. Although the m data collapsed

onto a single curve by using Ar, the range of Ar in their experiments is Ar ≤ 80 and our

knowledge on the dependence of m on Ar for a larger Ar range is still lacking.50

The above-mentioned studies in the literature dealt with fragmentation of single drops.

Although interactions between vortex rings have been of great interest and various studies

on vortex rings moving along a common axis of symmetry have been done so far (Thomson,

1883; Oshima et al., 1975; Kojima et al., 1984; Meleshko, 2010; Meleshko et al., 2012), to

our best knowledge, fragmentation of multiple liquid drops in a miscible liquid under their55

interactions has not been studied in detail yet.

In this study, the number of child drops formed in the first fragmentation of a single
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vortex ring was measured for Ar = 290, 480 and 930, which are larger than Ar tested in

Shimokawa and Sakaguchi (2017, 2019), for further understanding of the effects of Ar on m.

Then the influence of the interaction between two vortex rings on the fragmentation was60

investigated in the large Ar condition. We focused only on the first fragmentation, and the

subsequent fragmentation in the breakup cascade is outside the scope of the present study.

2. Experimental

Figure 1 shows the experimental setup. The width, depth and height of the water tank

were 0.150, 0.150 and 0.200 m, respectively. The upper water tank was used to slowly fill65

up the main tank with water. The tanks were made of transparent acrylic resin. Drops

were generated from the needle (Terumo, NN-2138R) attached to the syringe (Terumo, SS-

50ESZ). The height of the needle tip (the initial height of a drop) is of importance in the

formation of vortex ring. Thomson and Newall (1886) carried out experiments with various

combinations of liquids and examined three different initial heights, i.e. 0, 1/2 and 3/470

inches. They classified the state of drops after impacting on the free surface into either

’ring’, ’splash’, ’uncertain’, ’blob’ or ’doubtful’, and for some combinations of liquids the

drop state depended on the initial height. In the experiments of Arecchi et al. (1989), a

drop kept at the needle tip touched to the free surface and was sinked into the liquid pool

by the action of surface tension; this condition corresponds to the zero initial height in75

Thomson and Newall (1886). On the other hand, in the series of experiments by Shimokawa

et al. (Shimokawa et al., 2016; Shimokawa and Sakaguchi, 2017, 2019), drops fell from the

needle tip placed 8 mm above the free surface. The initial height was also set to 8 mm in

the present experiment and good rings could be obtained in the present experimental range.

By using the syringe pump (YMC, YSP-201), the syringe was pushed at a constant rate,80

with which the time interval, ∆t, between two drops in the two-drop experiment was 3.00 s

with the sample standard deviation of 0.07 s.

We observed the motion of drops in water by using two video cameras (Sony, FDR-

AX60). They were mounted on supporting frames so as to take images of side and top

views of drops and were synchronized in each recording. The liquid for drops was colored by85
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Figure 1: Experimental setup.

adding a red-food color (Kyoritsu Foods) for visualization. The number of child drops in the

first fragmentation was counted from the video images as follows. The formation of a vortex

ring was observed from both top and side video images. The vortex ring became thinner as

it laterally grew. During the growth of the ring, smaller drops (child drops) were formed

from some part of the ring, and the remaining part of the ring got thinner and thinner and90

the resultant filament did not fragment. The child drops went to the second fragmentation,

and therefore, the child drops could be distinguished from the filament. We rejected samples

when the drop images were not clear enough to count the number of child drops.

Tap water and an aqueous-NaCl (Sodium Chloride, 99.5% purity) solution were used

for the bulk liquid and drops, respectively. In the single-drop experiment, we used three95

weight concentrations, C, of NaCl, i.e. 0.6, 2.2 and 3.0%. The experiments were carried

out at atmospheric pressure and the liquid temperatures were 25◦C for the former two and

16◦C for the latter. The densities, ρ, were 1001, 1012 and 1019 kg/m3 for 0.6, 2.2 and 3.0%

(Rogers and Pitzer, 1982), respectively, and the viscosities, µ, were 0.91, 0.93 and 1.1 mPa·s

(Ozbek et al., 1977). The addition of the coloring agent was confirmed to increase the density100
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by 0.78 kg/m3 and the viscosity by 2%. The density and viscosity, ρ0 and µ0, of water were

997 kg/m3 and 0.89 mPa·s, respectively, at 25◦C and 999 kg/m3 and 1.1 mPa·s at 16◦C,

so that the density differences, ∆ρ, between the aqueous-NaCl solutions and water were

5.0, 15.7 and 21.2 kg/m3 at C = 0.6 and 2.2 and 3.0%, respectively. Although the relative

viscosity difference is larger than the relative density difference, the effects of the former on105

the growth of perturbations due to the Rayleigh-Taylor instability are small as discussed

in Appendix C. Shimokawa and Sakaguchi (2019) used an aqueous glycerol solution and

an aqueous ferric sulfide solution for the bulk fluid and drops, respectively. They added

polyethylene glycol (PEG) into both fluids to make the viscosities close. This method,

however, may bring another uncertainty in the analysis of the fluid motion since PEG has110

non-Newtonian characteristics. We, therefore, did not use the viscosity tuning technique

in the present experiment. The diffusion coefficient, D, of the aqueous-NaCl solution in

water was estimated as 1.6× 10−9 m2/s (Riquelme et al., 2007). The Schmidt number was

therefore 560. In the two-drop experiment, we used the aqueous-NaCl solution of C = 0.6%.

The radii, r, of drops were measured from images of drops just before the detachment115

from the needle tip. Positions, hF , of the first fragmentation measured from the free surface

were evaluated from side images.

Additional experiments with lower NaCl concentrations were also carried out to confirm

the characteristics of the number of child drops for Ar < 100. See Appendix A for the

details.120

3. Results and Discussion

3.1. Fragmentation of single drop

3.1.1. Relative frequency density of number of child drops

The mean r were 1.68 mm and 1.69 mm at C = 0.6 and 2.2%, respectively, and was

1.42 mm at C = 3.0%, and the uncertainties in the mean radii at 95% confidence were125

less than 0.03 mm. The water tank was therefore much larger than the drop size, so that

the effects of the tank wall on the drop motion were negligible. In the present experiment,
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F = 6.8×105, 2.2×106 and 1.4×106 for C = 0.6, 2.2 and 3.0%, respectively, which meet the

fragmentation criterion proposed by Arecchi et al. (1989), i.e. F > Fc (= (2.8± 0.1)× 105).

The Archimedes number defined by130

Ar =
ρ0∆ρgr3

µ2
0

(
=

3F

4πSc

)
(1)

were 290, 480 and 930 for C = 0.6, 3.0 and 2.2%, respectively.

Figure 2 shows an example of the falling motions of single drops observed from the hor-

izontal direction. The drop takes a mushroom-like shape in the first image (i), whereas

it changes into torus (ii) followed by formation of child drops by fragmentation (iii). The

child drops then proceed to the second fragmentation (iv). The thin threads connecting135

the child drops do not break up into smaller drops, which confirms as pointed out by

Thomson and Newall (1886) that the action of the interfacial tension is negligible in the

present miscible system. The first fragmentation took place at hF = 19.6 mm in average for

194 samples. In most of the experimental runs, hF were less than 30 mm, i.e., the relative

frequency densities of hF were 18%, 49% and 18% for the bins of [0, 10 mm), [10, 20 mm)140

and [20, 30 mm), respectively.

(i)

(iii)

(iv)

(ii)

child drop

3 mm

Figure 2: Example of drop motion (side view). (i) mushroom-like shape; (ii) ring; (iii) formation of child

drops (m = 6); (iv) onset of second fragmentation from child drops. The times elapsed from drop impact

are 0.5(i), 1.7(ii), 4.3(iii) and 7.7 s(iv).
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Figure 3: Examples of fragmentation (top view; C = 0.6%). (a) vortex ring before fragmentation; rings in

(b)-(h) are m = 2, 3, 4, 5, 6, 7, 8. The dotted lines indicate child drops. The times elapsed from drop

impact on the free surface to the moments of the photos are 2.2 s, 4.8 s, 3.3 s, 5.4 s, 6.4 s, 8.9 s, 6.0 s and

8.4 s from (a) to (h).

Figure 3(a) is a vortex ring before the onset of fragmentation. Vortex rings were falling

down through water and child drops were formed from some parts of the rings. Fig. 3(b)

is an example of m = 2, in which the dotted lines indicate child drops. A ring with three

child drops (m = 3) is shown in Fig. 3(c). In Fig. 3(d) for m = 4, one of the four child145

drops (on the right side of the image) grew slightly faster than the others. The formations

of child drops were not always simultaneous. Child drops formed from a ring earlier than

the others could be in the second fragmentation while the other drops were still in the first

fragmentation stage. Rings of larger m are shown in (e)-(h).
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Figure 4: Relative frequency density, f1(m), of fragmentation of single drops. (a) Ar = 290, C = 0.6%,

200 samples, m = 4.82, σ = 1.5; (b) Ar = 480, C = 3.0%, 118 samples, m = 4.47, σ = 1.3; (c) Ar = 930,

C = 2.2%, 98 samples, m = 4.3, σ = 1.2. The dashed line is the normal distribution for the mean and

sample standard deviation of m.

Figure 4(a) shows relative frequency densities, f1(m), of m at Ar = 290, where the150

relative frequency density is defined as the frequency of fragmentation event with m child

drops divided by the total number of samples and the width of the bin (∆m = 1) and the

subscript 1 denotes the single drop case. Them does not take a unique value, but ranges from

two to eight. The fragmentation of m = 1 does not appear in the data. Kambe and Takao

(1971) analyzed the deformation of a circular vortex ring. The vortex ring is not distorted155

with disturbances of the 0th mode (m = 0), which induces a slight change in the ring radius.

The 1st mode (m = 1) may cause a little change in the path of the translational motion, but

the disturbances of this mode does not contribute to the shape deformation. The circular

ring is deformed into a twisted shape (Arecchi et al., 1989) by disturbances of m ≥ 2. This

explains the reason of f1(1) = 0.160

A similar random nature of the fragmentation was reported in Shimokawa et al. (2016)

though the standard deviations in their experiment were smaller than the present one. The
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larger standard deviation in the present data can be attributed to the lower liquid viscos-

ity as follows. The viscous effect suppresses the appearance of large m since the viscous

dissipation dampens disturbances; especially the kinetic energies of large wave number dis-165

turbances are to be quickly dissipated. Hence, it is expected that larger the viscosity is,

narrower the f1(m) distribution is. An example for this viscosity dependence can be found

in Shimokawa and Sakaguchi (2019), which also reported that the increase in the drop ra-

dius increases both the mean m and the standard deviation. Applying Pearson’s χ2 test

with 5% significance level does not reject a similarity between the distribution of f1(m)170

and the normal distribution, which is drawn in the figure by the dashed line, though m is

a discrete variable. The mean value, m (=
∑

mf1(m)∆m), of m is 4.82 and the sample

standard deviation, σ, is 1.5. The f1(m) for Ar = 480 and 930 are shown in Figs. 4(b)

and (c), respectively. The m slightly decreases with increasing Ar, i.e. m = 4.47 and 4.3 at

Ar = 480 and 930, respectively. The data imply that the increase in ∆ρ tends to slightly175

decrease σ. The shapes of f1(m) at Ar = 480 and 930 can also be approximated by the

normal distribution.

3.1.2. Correlating fragmentation mode in terms of Ar

Figure 5 showsm plotted againstAr. The data forAr ≤ 80 were quoted from Shimokawa and Sakaguchi

(2017, 2019) and the details of the present data at Ar = 13, 47 and 97 are given in180

Appendix A. Shimokawa and Sakaguchi (2017) pointed out that their data imply the re-

lation, m ∝ Ar1/3. However, the following fitting equation (the dashed line in the figure)

based on the relation gives m much larger than the present data for Ar > 100 (the star

symbols):

m = 1.31Ar1/3 (2)

On the other hand, as shown by the solid line, m can be simply fitted as185

m =
4.7

1 + (0.197Ar)−1
(3)

whose functional form is based on the assumptions that (1) m → 0 as Ar → 0 since a

drop does not breakup in a system of ∆ρ = 0 (Thomson and Newall, 1886) and in an
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0

1
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4

5

6

7

8

m

Present

m = 4.7/(1 + (0.197Ar)−1)

m = 4.7/(1 + e−0.082(Ar−5.1))

m = 1.31Ar1/3

Shimokawa and Sakaguchi, 2019; r = 0.9 mm, ∆ρ = 250 kg/m3

r = 1.5 mm, ∆ρ = 60 kg/m3

µ = 10.2 mPa s, ∆ρ = 60 kg/m3

µ = 14.4 mPa s, ∆ρ = 60 kg/m3

Data of several ∆ρ

not specified

Shimokawa and Sakaguchi, 2017; r = 0.84 mm, ∆ρ = 250 kg/m3

r = 1.5 mm, ∆ρ = 100 kg/m3

µ = 14.4 mPa s, ∆ρ = 100 kg/m3

µ = 10.2 mPa s, ∆ρ = 100 kg/m3

∆ρ and r dependences

Figure 5: Number, m, of fragmentations plotted against Archimedes number, Ar. The open symbols were

quoted from Shimokawa and Sakaguchi (2019) and the closed symbols except for the star (present), were

quoted from Shimokawa and Sakaguchi (2017).

extremely viscous system, in which disturbances are immediately dampened out by viscous

dissipation, and (2) m does not depend on Ar at large Ar. The fitting equation expresses

well the data, except for Ar < 4, in which m is almost constant (≈ 2) in the data of190

Shimokawa and Sakaguchi (2019). At small Ar, the inertial and gravitational forces are

much smaller than the viscous force and there is a possibility that the competition between

the viscosity and the mass diffusion, i.e. the Schmidt number, plays a role in the onset

of fragmentation. A better agreement with the data including the small Ar range can be

obtained by using the sigmoid function (the dotted line), that is,195

m =
4.7

1 + e−0.082(Ar−5.1)
(4)

This equation agrees with the available data although it gives m = 1.9 even in the limiting

case, Ar → 0, which is inconsistent with the fact that no fragmentation takes place when

∆ρ = 0. In addition, the slight reduction of m in the large Ar range is not reproduced.
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Shimokawa and Sakaguchi (2019) developed a numerical method for predicting m. Its

brief description is given in the following. The change in the radius, R(t), of a vortex ring200

is given by (Turner, 1957)

R(t) =
√
R(0)2 + αt (5)

where R(0) is the initial radius, and t is the time. The α is the rate of change in the difference

of the area, πR2(t)− πR2(0), and is given by

α =
∆ρgV

πρ0Γ
(6)

where V is the volume of a vortex ring, and Γ is the circulation. By assuming that distur-

bances of the wave length, λ (= 2πR(t)/m), for the mode m are formed on the ring, the205

wave number is given by

k(t) =
m

R(t)
(7)

The rate, n(k), of growth of the disturbance is evaluated by solving the characteristic

equation for the Rayleigh-Taylor instability of a liquid superposed on a lighter liquid (see

Appendix B). The rate of change of the magnitude, Am(t), of the disturbance is expressed

as A−1
m dAm/dt = n(k). Integrating this equation with the initial condition of Am(0) yields210

Am(t) = Am(0)e
∫ t

0
n(k)dt (8)

The evolutions of Am(t) are calculated for each m by numerically integrating the above

equation, and the mode, whose Am becomes unity first, is selected as the mode actually

appearing in the fragmentation. The initial value, Am(0), is randomly selected using the

normal distribution with the standard deviation of 10−3.5e−0.015m2

, which was obtained by

Shimokawa and Sakaguchi (2019) so as to reproduce the m data of their experiments. A215

relative frequency density, f1(m), is obtained by simulating the growth of disturbances for

various Am(0), and then, m is evaluated with f1(m).

The α in Eq. (5) can be evaluated using the following empirical correlation (Shimokawa and Sakaguchi,

2019):
α

ν
= c1Ar + c2 (9)
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where c1 = (4.30±0.44)×10−2, c2 = (−15.99±6.04)×10−2, and ν is the kinematic viscosity.220

Although this correlation was developed for the data of Ar < 25, Shimokawa and Sakaguchi

(2019) obtained reasonable predictions for their experimental range of Ar ≤ 80.

Figure 6 shows m predicted using the numerical method (the cross symbols). Table

1 shows the conditions of the simulations: the fluid properties and the drop radius were

randomly selected in the ranges for examining various combinations of the parameters, the225

initial ring radius was set to R(0) = 2r/3. The total number of the simulations were 400

and 50 samples were taken for each simulation to evaluate m. The increase in Ar almost

monotonically increases m for Ar < 40 and the predictions agree with the data and the

correlation, Eq. (4). A bifurcation of the m curve however takes place at Ar ∼ 40. One of

the curves continuously increases with increasing Ar, while the other takes values in-between230

three and four up to about Ar = 100 and then increases again. The behavior ofm is sensitive

to the numerical condition in this range. The predictions with large scatter possibly describe

the large variances in the experimental data in the large Ar range. The predictions largely

deviate from the present data at Ar = 480 and 930. We obtained m ∼ 2 in some cases

even at large Ar. In those cases, n(k) for m = 2 was initially the largest among the modes235

tested and that mode quickly reached the criterion, A2(t) = 1. The solid line represents

the m-Ar curve obtained by the model in Shimokawa and Sakaguchi (2019). It agrees well

with the present prediction for the upper curve up to Ar = 100 although the latter shows

the bifurcation for Ar > 40 and some scatter even for Ar < 40. It should be noted that

Shimokawa and Sakaguchi (2019) do not describe the number of datapoints and how they240

set the fluid properties, the drop radius and the initial ring radius for drawing the m-Ar

curve. The scatter in the experimental data of Shimokawa and Sakaguchi (2017, 2019) and

in the present prediction implies a possibility that another dimensionless parameter affects

m although Ar would be the primal one.

Let us discuss the physical meaning of Eq. (9) from a mechanical point of view. Equation245

(9) can be approximated as α/ν ∼ c1Ar. By substituting Eq. (1) and α = 2RṘ into this

equation, we obtain

2µ0RṘ ∼ c1∆ρgr3 (10)

13



Table 1: Numerical conditions. The parameters were randomly determined within the ranges represented

by the upper and lower bounds. The initial ring radius R(0) was given as R(0) = 2r/3 in all the simulations.

lower bound upper bound

Ar 5 1000

ρ0 [kg/m3] 997 1120

∆ρ [kg/m3] 4 100

r [mm] 1.0 2.5

mean of Am(0) 10−4 10−3

100 101 102 103

Ar

0

1

2

3

4

5

6

7

8

m

Predicted with α/ν = min(c1Ar + c2, c) (c = 4.14)

Predicted with α/ν = c1Ar + c2

Predicted: Shimokawa and Sakaguchi (2019)

Present data

Shimokawa-Sakaguchi, 2017

Shimokawa-Sakaguchi, 2019

m = 4.7/(1 + e−0.082(Ar−5.1))

Figure 6: Number, m, of fragmentations predicted using the method proposed by Shimokawa and Sakaguchi

(2019) (the cross symbols). The closed circles are predictions obtained using Eq. (18) for α. The solid line

represents the predictions given in Shimokawa and Sakaguchi (2019) which agree with the cross symbols.

where Ṙ = dR/dt. A ring of the height, h, expands laterally at the rate of Ṙ. The order

of magnitude of the velocity gradient can be evaluated as Ṙ/h, and therefore, that of the

viscous stress is µ0Ṙ/h. The area, on which the viscous stress acts along the circumference250

of the ring, is evaluated as 2πRh. Hence, the order of magnitude of the viscous force is

14



expressed as

Fµ ∼ µ0
Ṙ

h
· 2πRh, (11)

With this expression for Fµ, Eq. (10) can be rewritten as

Fµ ∼ c′1Fg (12)

where Fg is the net gravitational force, Fg = ∆ρgV , h = [2V/(π2R)]
2
, and c′1 = 3c1/4. This

relation represents that a part of the work done by the gravitational force acting on a ring255

is used for the lateral growth of the ring and is dissipated by the viscosity. Substituting the

value of c1 into the expression gives the estimation, Fµ/Fg ∼ 0.032. Thomson and Newall

(1886) reported that if the viscosity is too large, the vortex motion is quickly dampened

by the viscous dissipation so that the drop shape cannot develop to a ring. The Fµ much

smaller than Fg is consistent with the fact that the correlation of α/ν was developed for260

clear rings (Shimokawa and Sakaguchi, 2019).

Since the predictions with Eq. (9) do not agree with the data for the large Ar range, a

modified correlation of α is examined in the following. The Archimedes number can be ex-

pressed in terms of the relevant forces, i.e. Ar = (inertial force)(gravitational force)/(viscous

force)2. During the ring growth, the ring accelerates the surrounding liquid, so that the or-265

ders of the dynamic pressure and the area of the associated liquid motion are estimated as

ρ0Ṙ
2 and πR2, respectively. The order of magnitude of the inertial force, Fi, is therefore

expressed as

Fi ∼ ρ0Ṙ
2 · πR2 (13)

Equation (9) is the relation between the gravitational and viscous forces and does not include

the inertial force as discussed above. At large Ar, the inertial force may play a role in the270

rate of ring growth rather than Fg. We therefore assume that

Fµ ∼ c′Fi (14)

where c′ is a constant. Substituting Eqs. (11) and (13) into Eq. (14) yields

α

ν
= c (15)
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where c = 4/c′. Equations (9) and (15) intersect with each other at a certain Archimedes

number, Arc, i.e. equating these equations yields

Arc =
c− c2
c1

(16)

Equations (9) and (15) are combined as275

α

ν
=





c1Ar + c2 for Ar < Arc

c for Ar ≥ Arc
(17)

or this can be simply rewritten as

α

ν
= min (c1Ar + c2, c) (18)

Since Eq. (9) can give reasonable predictions up to Ar = 100 and the predictions deviate

from the data of larger Ar, let us take Arc = 100, so that c = 4.14.

Predictions with Eq. (18) are shown by the closed circles in Fig. 6. The closed circles

collapse onto a single curve at Ar ≈ 200 and the scatter of the predictions is smaller than280

that with Eq. (9). Interestingly, the simple modification in the α correlation reproduces the

slight reduction in m between the present data of Ar = 290 and 930, and the predictions

fairly agree with them. Substituting Eq. (18) into Eq. (6) yields

Γ =
4

3

µ0∆ρgr3

min (c1∆ρgr3 + c2µ2
0, cµ

2
0)

(19)

Figure 7 shows Γ evaluated using Eq. (19), where ∆ρ is the parameter, and the other con-

ditions are set for a drop of r = 1.68 mm falling into water. The Γ decreases with increasing285

∆ρ at low ∆ρ, for which α/ν depends on Ar. In contrast, Γ increases with increasing ∆ρ

for the constant α/ν. In the latter regime, the predicted m is almost constant even with

the increase in Ar. The relation between Γ and m is consistent with numerical results

(Shimokawa et al., 2016) that the strong circulation makes the ring stable. By estimating

the drop velocity, U , at the moment of the impact on the free surface as 0.3 m/s, the order290

of the produced circulation can be estimated as Γ ∼ Ur = 5 × 10−4 m2/s, which confirms

that the order of Γ evaluated with the α/ν correlation is reasonable.

Thus, the good agreements between the predictions and the data support the validity of

the modeling based on the Rayleigh-Taylor instability for the large Ar systems.
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Figure 7: Circulation, Γ, evaluated with α/ν correlation.

3.2. Fragmentation of two drops under their interaction295

3.2.1. Comparison of relative frequency densities of leading and trailing drops

The radii, r2;1 and r2;2, of the leading and trailing drops were 1.69 mm and the uncer-

tainties in the mean radii at 95% confidence were 0.02 mm, where the subscripts 2; 1 and

2; 2 denote the leading and trailing drops, respectively. Therefore, Ar = 290 as well as in the

single-drop experiment. Figure 8 shows f(m) of leading and trailing drops. The f2;1(m) has300

its peak at m = 4 and the nearly-symmetric bell-bottom shape is similar to f1(m). In com-

parison with f2;1(m), f2;2(m) shifts toward the small m side and the peak appears at m = 3.

The distribution of f2;2 is no longer Gaussian distribution. This point will be discussed later.

The m2;1 and m2;2 are 4.20 and 3.46, respectively, and both of them are smaller than m1,

which clearly shows that the drop-drop interaction mitigates the fragmentation, especially305

for the trailing drop. In addition, a noticeable difference from f1(m) is that f2;2;(1) takes a

large value.

The falling motion of a leading drop induced a downward flow in the bulk liquid. Con-

sequently, a part of or the whole of the trailing drop was drawn toward the center of the

leading vortex ring. The probability of cases without the suction of trailing drop was only310
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Figure 8: Relative frequency densities, f2;1(m) and f2;2(m), of fragmentation of leading and trailing drops.

m1 and m2 are 4.20 and 3.46, respectively, for the sample sizes of 403 and 352.

1% in over 500 times observations, and therefore, those cases will be excluded in the follow-

ing discussion. In the following, the drop-drop interactions are classified into three typical

types and the effects of the interaction on the fragmentation are discussed for each type.

3.2.2. Classification of interaction types

The interaction types were classified into either type A, B or C. These types appeared315

at the probability of 26, 54 and 19%, respectively, in 457 samples. The motion of drops in

these types are as follows:

A: An example of the drops in type A is shown in Fig. 9. The trailing drop rapidly

approaches the leading drop (a). At this moment, the leading vortex ring already

fragments, while the radius of the trailing vortex ring is not large enough for fragmen-320

tation. The trailing ring passes through the leading ring ((b)-(d)). An enlargement

of the radius of the leading ring like a leapfrogging motion of two coaxial rings (Lim,

1997; Sommerfeld, 1964; Kojima et al., 1984) does not take place since the opening

of the leading ring is large enough for the passage of the trailing ring. The onset of
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Formation of child drops

Onset of instability5 mm

Figure 9: Fragmentation of two drops under drop-drop interaction classified in type A. (a) t = t1; (b)

t1 +0.33 s; (c) t1 +0.67 s; (d) t1 +1 s; (e) t1 +2.33 s; (f) t1 +3 s; (g) t1 +3.67 s; (h) t1 +4.33 s; (i) t1 +5 s;

(j) t1 + 5.67 s, where t1 = 3.5 s.

Leading ring

Trailing ring

(a) (b) (c) (d)

(e) (f) (g) (h)

Onset of instability

5 mm

Figure 10: Fragmentation of two drops under drop-drop interaction classified in type B. (a) t = t1; (b)

t1 + 0.67 s; (c) t1 + 1.33 s; (d) t1 + 2 s; (e) t1 + 2.67 s; (f) t1 + 3.33 s; (g) t1 + 4 s; (h) t1 + 6.67 s, where

t1 = 3.8 s. The dashed lines represent the outline of the trailing ring.

instability of the trailing ring then occurs in (e) followed by the formation of child325

drops ((g)-(j)).

B: Figure 10 shows a typical example of type B. In Fig. 10(a), the leading vortex ring

is breaking up into some child drops. The trailing ring is present above the leading
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Figure 11: Fragmentation of two drops under drop-drop interaction classified in type C. (a) t = t1; (b)

t1 + 2 s; (c) t1 + 4.7 s; (d) t1 + 6.7 s; (e) t1 + 8.7 s, where t1 = 4.4 s.

ring. The trailing ring expands laterally (b) and the onset of instability takes place

(c). During its fragmentation event, the trailing ring is falling down through the center330

region of the leading ring ((d)-(h); the trailing drop is outlined by the dashed lines

from (e)).

C: In type C, fragmentation of both leading and trailing vortex rings takes place before

direct interaction. In Fig. 11(a), the first fragmentation of the leading ring begins.

The onset of instability of the trailing ring is observed in (b), in which some child drops335

are formed from the leading ring. The fragmentation of the trailing ring proceeds in

(c). The leading ring expands wider than the trailing ring. The child drops produced

from the trailing ring catch up the leading ring (d) and go through the center region

of the leading ring (e).

3.2.3. Fragmentation in each interaction type340

Figure 12(a) shows the relative frequency densities, f(hF ), of hF of leading and trailing

drops in type A, where f1(hF ) of single drops is also drawn for comparison and the width,

∆h, of the bin for the histogram is 10 mm. Most data of leading drops are less than 30 mm

as in the single-drop case, i.e.
∑

hF<30 mm f2;1(hF )∆h = 0.94 and
∑

hF<30 mm f1(hF )∆h =

0.85. However, the distribution of f2;1(hF ) is much sharper than that of f1(hF ). The345

f2;2(hF ) is relatively large in the large hF range, i.e.
∑

hF>30 mm f2;2(hF )∆h = 0.85, since
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Figure 12: Relative frequency densities, f2;1(hF ) and f2;2(hF ), of fragmentation position. f1(hF ) is also

plotted for comparison.

the trailing drops fragmented after passing through the leading drops. In average, the onset

of fragmentation of trailing drops took place at 47 mm, whereas the mean hF of the leading

drop was 21 mm. Figure 12(b) shows f2;1(hF ) of type B, which is similar to that of type A.

Though the former is slightly broader, the mean hF of leading drops of types A and B are350

close. The mean hF of trailing drops (24 mm) is slightly larger than that of leading drops

but not so different. In type C, the fragmentation of leading drops tended to take place at

deeper positions as shown in Fig. 12(c) and the mean hF is 37 mm. On the other hand,

the influence of drop-drop interaction on hF of the trailing drops could be weaker compared

with types A and B, so that most of the trailing drops fragmented for hF < 40 mm and the355

mean hF (= 25 mm) is similar to the mean values of leading drops in types A and B.

As discussed above, most single drops fragmented for hF < 30 mm, and the ratio of

the drops fragmented for hF > 30 mm to the total number of samples was 16%. When

leading drops in the two-drop experiment fragmented at deep positions like the single drops

of 16%, the probability of the occurrence of type C could be high. Since the probability of360

hF > 30 mm for leading drops is much less than that of hF < 30 mm, type C took place at
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the lowest probability, i.e. 19%. In type A, the trailing drop quickly approached the leading

drop. There is a possibility that the motion of the trailing drop of type A is similar to

that of the leading drop of type C. This speculation partly describes the probability of this

interaction type, 26%. Another possibility is that an influence of the disturbance of the free365

surface due to the impact of the leading drop. The leading drop caused some surface waves

on the free surface. If the trailing drop impacted on the free surface at the moment that

the surface was in a downward motion of oscillation, the trailing drop could come smoothly

into the pool. The surface motion in the opposite direction may somewhat contribute to

the occurrence of type C. Type B was the most probable interaction type (54%). As can be370

seen in f2;1(hF ) and f2;2(hF ) of this type, the deviations from f1(hF ) are the smallest among

the three types. This implies that the falling motions of both the leading and trailing drops

were similar to those of single drops and consequently the two drops fragmented nearby. In

addition, the influence of the disturbances on the free surface induced by the leading drop

is considered to be not significant at least in this interaction type.375

Let us discuss the characteristics of f2;2(m) in each interaction type. Figure 13 shows

f2;2(m) (the white bars) in comparison with f1(m) (the gray bars). In type A (a), f2;2(m) of

m ≥ 4 are smaller than f1(m), while f2;2(m) of m ≤ 3 are larger, i.e., the interaction type A

suppresses the number of child drops. This implies that the vortical liquid flow induced by

the leading ring around it somewhat suppresses the lateral growth of the trailing ring while380

passing through the center region of the leading ring. The decrease in the growth rate, α,

of the ring results in a reduction of m as seen in the numerical predictions for single drops.

Even with the m reduction, the difference in the shape between f2;2(m) and f1(m) is not

remarkable. Therefore, the reduction effect on f2;2(m) in type A may be expressed by a

simple shift of the distribution, that is,385

f2;2(m)← f1(m+ 1) for m ≥ 1 (20)

where the arrow represents substitution. The f2;2 obtained with this equation is shown by

the thin bars in the figure.

Mitigation of the fragmentation of trailing drops is more obvious in type B (b). The
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Figure 13: Relative frequency density, f2;2(m), of trailing drop. White: trailing drop, gray: single drop.

Dashed lines: Gaussian distribution for mean and standard deviation of f2;2(m).

f2;2(m) for m ≥ 5 are remarkably reduced by the influence of the leading drop and less than

0.10. On the other hand, f2;2(2) is much larger than f1(2). The fragmentation requires an390

enough volume, in other words an enough gravitational force. When a part of the trailing

ring is pulled by the downward flow produced by the leading ring, the remaining part is

stretched and consequently the thinned part of the ring fragments at a lower probability.

Another key feature in f2;2(m) is the large value of f2;2(1). An example of drops of m2;2 = 1

is shown in Fig. 14. The leading ring fragments and child drops are formed in Fig. 14(a).395

The trailing ring above the leading ring is largely deformed. A large amount of the trailing

ring is drawn by the downward flow produced by the falling motion of the leading ring and

behaves like a child drop of large size ((b)-(j); the trailing ring is outlined by the dashed

line). The remaining part of the ring is largely stretched. It becomes thinner and thinner

and no fragmentation takes place there. The main reason of the breakup of m2;2 = 1 is400

therefore the stretch by the downward flow. The mode of m2;2 = 1, from this point of view,

should be regarded as an advection-induced breakup. If a large amount of the ring volume

is drawn by the downward liquid flow, disturbances in the remaining part of the trailing
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ring would lose a chance to grow. In order to express the large m reduction, a shift with the

wider stride is applied for f1(m ≥ 3): f2;2(m)← f1(m+ 2). Since f2;2(1) 6= 0 in type B, let405

us set f2;2(m)← f1(m+1) for m = 1. The most probable mode is m = 2 in type B, so that

f1(3) and f1(4) are stacked on f2;2(2). Thus,

f2;2(m)← f1(m+ 2) for m ≥ 3

f2;2(m)← f1(m+ 1) + f1(m+ 2) for m = 2

f2;2(m)← f1(m+ 1) for m = 1

(21)

The f2;2 given by this equation agrees fairly well with the data as shown by the thin bars in

the figure.

Leading

Trailing
(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

5 mm

Figure 14: Motion of drop of m2;2 = 1. (a) t = t1; (b) t1 +0.33 s; (c) t1 +0.67 s; (d) t1 +1 s; (e) t1 +1.33 s;

(f) t1 + 1.67 s; (g) t1 + 2 s; (h) t1 + 2.33 s; (i) t1 + 2.67 s; (j) t1 + 3 s, where t1 = 3.5 s. The dashed lines

represent the outline of the trailing ring.

In type C (c), the shape of the distribution of f2;2(m) is similar to f1(m), whereas the410

distribution is shifted to the small m side and f2;2(2) is much larger than f1(2). In spite of

that the trailing ring fragments apart from the leading ring, the leading ring can affect m2;2

via the flow in the bulk liquid induced by the leading ring, i.e., the downward flow produced

by the leading ring attenuates the lateral growth of the trailing ring, in other words the

growth rate α, the reduction of which possibly results in the decrease in m. The effect of415

the leading drop on the behavior of the trailing drop can also be seen in hF , i.e. the trailing

24



drops fragment at positions somewhat deeper than the single drops. Being similar to type

A, a simple shift of f1(m) gives a reasonable expression of f2;2(m), i.e.

f2;2(m)← f1(m+ 1) for m ≥ 3

f2;2(m)← f1(m) + f1(m+ 1) for m = 2
(22)

where f1(3) is stacked on f2;2(2) since f2;2(1) does not appear in type C.

It would be important to mention that, in all the interaction types, no breakup enhance-420

ment occurred. The m2;2 are 4.2, 2.9 and 3.8 in types A, B and C, respectively. The simple

modifications of f1(m) reproduce the effects of the drop-drop interaction on f2;2(m) fairly

well. As can be seen in the modification, the shapes of f2;2(m) in types B and C are no longer

normal distribution (the dashed lines), i.e., the χ2 test rejects the hypothesis of similarity

between them at 5% significance level.425

The time intervals, ∆t, between two drops were 3.00 s in all the experimental runs.

Longer ∆t would decrease possibilities of interactions between two drops, so that the prob-

ability of type C would increase. If ∆t was too short, a violent collision between the leading

and trailing drops could occur before the onset of fragmentation. The position of the lead-

ing drop at the moment of the impact of the trailing drop was not constant, but exhibited430

some scatter. Therefore, not only ∆t, but also the initial distance between the two drops

should be taken as a parameter for further analysis. The drop impact velocity was also

unchanged in the present experiment due to the fixed needle position. Changing the needle

position possibly affects the initial distance between the two drops in water. The effects of

the relevant parameters on the fragmentation pattern and m remain as a future work.435

4. Conclusion

In this study, experiments on liquid drops falling through a miscible liquid were carried

out to investigate the characteristics of fragmentation of single drops at large Archimedes

numbers, Ar (= 290, 480 and 930), and the effects of drop-drop interaction on the number,

m, of child drops produced from the parent vortex ring. As a result we obtained the following440

conclusions:
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• The m of single drops exhibits a random nature and distributes in a wide range. Its

probability can be approximated by the normal distribution.

• An empirical correlation of the meanm was obtained and it can give reasonable evalua-

tions for experimental conditions of the present and Shimokawa and Sakaguchi (2019).445

• A numerical method developed for Ar ≤ 80 (Shimokawa and Sakaguchi, 2019) is appli-

cable to the present single drop case by modifying the correlation of the growth rate of

a ring radius, which supports the validity of the modeling based on the Rayleigh-Taylor

instability.

• The types of interactions between two falling drops are classified into three types: (A)450

the trailing vortex ring passes through the leading vortex ring and then fragments, (B)

the fragmentation of the trailing ring begins above the leading ring, while the down-

ward liquid flow produced by the leading ring draws a part of the trailing ring during

its fragmentation, and (C) the fragmentation of the trailing ring almost completes

before passing through the leading ring.455

• In type A, m of the trailing ring is decreased by the presence of the leading ring, which

shifts the probability of m toward the small m side. In type B, the trailing ring is

largely stretched by the downward liquid flow, which results in a significant reduction

in m of the trailing ring. In type C, in spite of the distance of several times longer

than the drop radius between two drops during their fragmentation, the presence of460

the leading drop can affect the fragmentation of the trailing drop so as to reduce m.
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Appendix A. Single drop experiment for Ar < 100

Though the aim of the present study is to understand the behaviors of drops at the

Archimedes numbers larger than those investigated in the literature (Ar < 80) (Shimokawa and Sakaguchi

2017, 2019), we carried out additional single-drop experiments for Ar < 100 to confirm the

consistency of the m data with those in the literature. The experiments were carried out470

using water with the red-food color (0% aqueous-NaCl solution) and 0.2% aqueous-NaCl

solution at 16◦C. The density difference between the bulk and drops in the former condition

was due to the addition of the coloring agent. The density differences, ∆ρ, considering the

effect of the coloring agent were 0.3 and 2.2 kg/m3 for the former and the latter, respectively.

A syringe needle (Terumo, NN-2738R) was used for the former solution. This needle is finer475

than that used in the experiments with the 0.6% and 2.2% NaCl solutions. The mean drop

radius was 1.69± 0.07 mm and Ar was 13. For the 0.2% NaCl solution, both needles were

used and the resultant drop radii were 1.39± 0.04 mm and 1.77± 0.04 mm and, for these r,

Ar = 47 and 97, respectively.

Figure A.1 shows the relative frequency densities, f1(m). The f1(m) take larger values at480

small m compared with those for Ar > 100, whereas m = 1 does not take place whatever Ar

is. The shapes of the probability distributions are thus distorted and deviate from the normal

distributions. The mean, m, are 2.78, 4.27 and 3.88 at Ar = 13, 47 and 97, respectively,

and are plotted in Fig. 5. Comparing the present data with those in the literature shows

a reasonable agreement between them. The m at Ar = 97 is slightly smaller than that at485

Ar = 47. The fluids were the same in these conditions and only difference was in r. Because

of the larger r, the circulation, Γ, could be larger in the latter. Shimokawa et al. (2016)

pointed out that the increase in Γ suppresses the growth of instability. This give a possible

reason of the difference in m. The scatter of the data and the standard deviation of m in

Fig. 5 are relatively large for 40 < Ar < 100. Interestingly, the numerical predictions shown490

in Fig. 6 give a similar trend although more data and analysis are required to understand

the dynamics of fragmenting vortex rings in this transition regime.
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Figure A.1: Relative frequency densities, f1(m), of single drops at Ar < 100. (a) Ar = 13; (b) Ar = 47;

(c) Ar = 97. m = 2.78, 4.27 and 3.88 and the number of samples are 50, 64 and 50 in (a), (b) and (c),

respectively.

Appendix B. Model for evaluating n(k)

Heavier liquid, 2

Lighter liquid, 1
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Figure B.2: Two-layer model

Shimokawa et al. (2016) used the two-layer model shown in Fig. B.2 to evaluate the

rate, n(k), of growth due to Rayleigh-Taylor instability (Harrison, 1908; Chandrasekhar,495

1981). The heavier liquid, 2, of the finite thickness, h, is superposed on the lighter liquid,

1, of infinite depth. The velocity component, w, in the z direction and its derivative is
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continuous at the interface between the liquids, i.e.

z = 0 : w1 = w2, dw1/dz = dw2/dz (B.1)

The liquid 1 is stagnant far from the interface:

z → −∞ : w1 → 0 (B.2)

The top boundary of the liquid 2 at z = h is assumed to be no-slip:500

z = h : w2 =
dw2

dz
= 0 (B.3)

For the normal mode in the form of eikxx+ikyy+nt, we also have the following boundary

conditions in the absence of surface tension:

z = 0 :

[
ρ2 −

µ2

n

(
d2

dz2
− k2

)]
dw2

dz
−

[
ρ1 −

µ1

n

(
d2

dz2
− k2

)]
dw1

dz

= −
gk2

n2
(ρ2 − ρ1)w0 −

2k2

n
(µ2 − µ1)

dw

dz

∣∣∣∣
0

(B.4)

and

z = 0 : µ2

(
d2

dz2
+ k2

)
w2 = µ1

(
d2

dz2
+ k2

)
w1 (B.5)

where x and y are the Cartesian coordinates on the horizontal plane, kx and ky are the wave

numbers in those directions, k2 = k2
x + k2

y , t is the time, and the subscript 0 denotes the505

interface. The velocity components in the liquids have the following forms:

w1 = A1e
kz +B1e

q1z (B.6)

w2 = A2e
−kz +B2e

−q2z + C2e
kz +D2e

q2z (B.7)

Substituting these expressions of w1 and w2 into the above six boundary conditions and

applying the condition that the constants are non-zero yield the characteristic equation for
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n(k):510 ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 −1 −1 −1 −1

k q1 k q2 −k −q2

0 0 e−kh e−q2h ekh eq2h

0 0 −ke−kh −q2e
−q2h kekh q2e

q2h

M51 M52 M53 M54 M55 M56

M61 M62 M63 M64 M65 M66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (B.8)

where

M51 = 2k2µ1 (B.9)

M52 = (q21 + k2)µ1 (B.10)

M53 = M55 = −2k
2µ2 (B.11)

M54 = M56 = −(q
2
2 + k2)µ2 (B.12)

515

M61 =
R

2
− C − α1 (B.13)

M62 =
R

2
−

q1
k
C (B.14)

M63 =
R

2
+ C − α2 (B.15)

M64 =
R

2
+

q2
k
C (B.16)

M65 =
R

2
− C + α2 (B.17)

520

M66 =
R

2
−

q2
k
C (B.18)
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qi = k2 +
n

νi
(i = 1 or 2) (B.19)

αi =
ρi

ρ1 + ρ2
(i = 1 or 2) (B.20)

R = −
gk

n2
(α1 − α2) (B.21)

C =
k2

n
(α1ν1 − α2ν2) (B.22)

We iteratively solved this equation for n(k) and evaluated Am(t) (Eq. (8)). The h corre-525

sponding to the thickness of a vortex ring was given as h(t) = [2V/(π2R(t))]1/2.

In the two-layer model, w2 and dw2/dz are set to zero at z = h. However, in the experi-

ments, the lighter liquid is on the vortex ring, and therefore, in the model the third liquid

layer of infinite thickness can be placed on the heavier liquid, 2, and the boundary conditions

at z = h can be those for fluid-fluid interfaces, i.e. the three-layer model (Parhi and Nath,530

1991). Figure B.3 shows a comparison between n(k) of the two- and three-layer models. Al-

though the trends are the same, n of the former is lower than that of the latter especially for

small thickness h, that is, the boundary condition of w2 = 0 in the two-layer model mitigates

the growth of perturbations. We also carried out the numerical simulations in Sec. 3.1.2

with the three-layer model. The results, however, worse than those with the two-layer model.535

This might be because the model parameters and correlations were optimized/developed for

the two-layer model (Shimokawa and Sakaguchi, 2019) and we should reconsider the param-

eters and correlations based on experimental data, if we employed the three-layer model.
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The equation for n(k) in the three-layer model is given below for reference.
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 −1 −1 −1 −1 0 0

k q1 k q2 −k −q2 0 0

0 0 e−kh e−q2h ekh eq2h −e−kh −e−q3h

0 0 −ke−kh −q2e
−q2h kekh q2e

q2h ke−kh q3e
−q3h

M51 M52 M53 M54 M55 M56 0 0

M61 M62 M63 M64 M65 M66 0 0

0 0 M73 M74 M75 M76 M77 M78

0 0 M83 M84 M85 M86 M87 M88

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (B.23)

where the subscripts 1, 2 and 3 stand for the lower, middle and upper liquids, respectively,540

and the components of the matrix are

M73 = 2k2µ2e
−kh (B.24)

M74 = (q22 + k2)µ2e
−q2h (B.25)

M75 = 2k2µ2e
kh (B.26)

M76 = (q22 + k2)µ2e
q2h (B.27)

545

M77 = −2k
2µ3e

−kh (B.28)

M78 = −(q
2
3 + k2)µ3e

−q3h (B.29)

M83 =

(
R̃

2
+ C̃ + α̃2

)
e−kh (B.30)

M84 =

(
R̃

2
+

q2
k
C̃

)
e−q2h (B.31)
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M85 =

(
R̃

2
− C̃ − α̃2

)
ekh (B.32)

550

M86 =

(
R̃

2
−

q2
k
C̃

)
eq2h (B.33)

M87 =

(
R̃

2
+ C̃ − α3

)
e−kh (B.34)

M88 =

(
R̃

2
+

q3
k
C̃

)
e−q3h (B.35)

α̃i =
ρi

ρ2 + ρ3
(i = 2 or 3) (B.36)

R̃ = −
gk

n2
(α2 − α3) (B.37)

555

C̃ =
k2

n
(α2ν2 − α3ν3) (B.38)

The definition of qi is the same as in the two-layer model, whereas the subscript i takes

either 1, 2 or 3.

Appendix C. Effect of viscosity difference on growth rate of perturbations

The fragmentation is driven by the gravitational force, and therefore, the density dif-

ference is of primal importance. On the other hand, the viscosities of the fluids possibly560

mitigate instabilities leading to fragmentation of a vortex ring. We evaluated the effects of

the viscosity difference between the two phases on the growth rate of the Rayleigh-Taylor

instability as shown in Fig. C.4, where the fluid properties for water and 2.2% NaCl solution

(ρ = 1012 kg/m3, ρ0 = 997 kg/m3, µ = 0.93 mPa·s and µ0 = 0.89 mPa·s) are used. It is

clearly shown that the present magnitude of the viscosity difference does not substantially565

affect the growth rate of perturbations.
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Figure B.3: Rates, n(k), of growth evaluated using the two- and three-layer models.
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