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A note on derivability conditions

Taishi Kurahashi

Abstract

We investigate relationships between versions of derivability condi-
tions for provability predicates. We show several implications and non-
implications between the conditions, and we discuss unprovability of con-
sistency statements induced by derivability conditions. First, we classify
already known versions of the second incompleteness theorem, and ex-
hibit some new sets of conditions which are sufficient for unprovability
of Hilbert—Bernays’ consistency statement. Secondly, we improve Buch-
holz’s schematic proof of provable ¥;-completeness. Then among other
things, we show that Hilbert—Bernays’ conditions and L&b’s conditions
are mutually incomparable. We also show that neither Hilbert—Bernays’
conditions nor Lob’s conditions accomplish Gédel’s original statement of
the second incompleteness theorem.

1 Introduction

In his famous paper [8], Gddel proved the second incompleteness theorem with
only a sketched proof. Goédel explained that by formalizing his proof of the
first incompleteness theorem, the consistency statement 3z(Fml(x) A —=Prp(z))
saying “there exists a T-unprovable formula” cannot be proved in T if T is
consistent. To carry out his idea, it is desirable that the formula Prr(x) enjoys
some natural properties as a formalization of the notion of T-provability. He
wrote that a detailed proof would be presented in a forthcoming work, but such
a paper was not published after all.

The first detailed proof of the second incompleteness theorem was pre-
sented in the second volume of Grundlagen der Mathematik [10] by Hilbert and
Bernays. Especially they formulated a set of conditions for provability predi-
cates which is sufficient for the second incompleteness theorem. Let Prr(x) be
some Y1 provability predicate of T. They proved that if Prr(z) satisfies the
following conditions HB1, HB2 and HB3!', then the consistency statement
Va(Fml(z) A Prp(z) — —Prp(-2)) cannot be proved in T if T' is consistent.

HB1 If T+ ¢ — o, then T + Pry (") — Pry(Te7).

IMore precisely, Hilbert-Bernays’ conditions were originally stated on proof predicate
B(x,y) rather than on provability predicate Prr(z). For instance, the original statement
of HB1 is: If a formula with the number j is derived from a formula with the number 4, then
FzB(z,1) — JzB(x, j) is provable.



HB2 T+ Prp("—p(z)") = Prr(T—e(2)7).
HB3 T+ f(z) =0 — Prp(" f(2) = 07) for every primitive recursive term f(x).

Here "(&)™ is a primitive recursive term corresponding to a function calculating
the Godel number of the formula ¢(7) from n, where 7 is the numeral for n.
These conditions are called the Hilbert-Bernays derivability conditions.

Lob [18] proved that if Pry(z) satisfies the following conditions D1, D2 and
D3, then Lob’s theorem holds, that is, for any formula ¢, if T+ Prp(T¢™) — ¢,
then T F ¢.

D1 If T+ ¢, then T+ Prp(Te™).
D2 T+ Prr("p = 47) = (Prp(T¢") — Prp("y7)).
D3 T+ Prr("¢™) = Prp("Pre(Te™)7).

Note that every provability predicate automatically satisfies D1. The con-
ditions D1 and D2 were established by Hilbert and Bernays, and the condition
D3 was introduced by Lob. The conditions D1, D2 and D3 are nowadays called
the Hilbert—Bernays—Lob derivability conditions which are well-known as suffi-
cient conditions for a proof of the second incompleteness theorem. In fact, if 7" is
consistent, then the unprovability of the consistency statement —Pry (70 # 07)
in T is an immediate corollary of Lob’s theorem. The Hilbert—Bernays—Lob
derivability conditions together with Lob’s theorem are basis for modal logical
investigations of provability predicates (see [2, 5, 12, 22]).

Other sufficient conditions for the second incompleteness theorem were for-
mulated by authors such as Jeroslow, Montagna and Buchholz. Jeroslow [13]
proved that the following condition which is a variant of D3 implies the un-
provability of Va(Fml(z) A Prr(z) — —Prp(-x)).

e T+ Prp(t) = Prp("Prp(t)™) for every primitive recursive term ¢.

Notice that D3 and Jeroslow’s condition are instances of the following provable
¥;-completeness because Prp(x) is X.

3, C If p is a X sentence, then T+ ¢ — Prp(T¢™).

Montagna [19] proved that the following two conditions are sufficient for
Lob’s theorem.

o T+ Va(“xis a logical axiom” — Prp(x)).
o T+ VaVy(Fml(z) A Fmi(y) — (Prr(z—y) — (Prr(z) — Prr(y)))).

By Montagna’s argument, we can conclude that these two conditions imply the
unprovability of Jz(Fml(x) A =Prp(x)).

At last, in Buchholz’s lecture note [6], the following condition was introduced
and it was proved that this condition implies D2 and X;C.



e Forall m > 1,

if T V(o1 (2) = (2(8) = (- = (em-1(Z) = om(Z)) ),
thenTl—V:f:’(PrT( 1(2)7) — PrT( 2(2)7) =

(= Prr(Tom-1()") = Prr(Tom(@) ) --))).

Thus Buchholz’s condition implies the unprovability of =Prz (70 # 07).

Roughly speaking, every set of derivability conditions introduced above is
sufficient for unprovability of consistency statements, but such a rough under-
standing does not allow us to grasp the situation of the second incompleteness
theorem accurately. Strictly speaking, these sets of sufficient conditions do not
induce the same consequence because there are three different consistency state-
ments Con” = Vz(Fml(z) A Prp(z) — —Prp(—z)), Con” = =Prp(70 # 07) and
Con® = Jz(Fml(z) A—Prp(x)) in our context, and each of these sets of conditions
implies the unprovability of one of these consistency statements. Here super-
scripts ‘H’, ‘L’ and ‘G’ stand for Hilbert—Bernays, Lob and Gédel, respectively.
It is easy to see that Con’! implies Con”, and Con” implies Con®. However the
converse implications do not hold in general.

In order to clarify the situation of several versions of derivability conditions,
in this paper, we investigate relationships between the conditions. The following
figure shows the situation for implications between prominent sets of conditions
for 37 formulas satisfying D1.

@
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In Section 2, we introduce and investigate versions of derivability conditions.
Each of these conditions is classified as one of three versions of derivability con-
ditions, namely, local version, uniform version and global version. Among other
things, we show that each of two new sets {D1, By, D3} and {D1, PC} of deriv-



ability conditions is sufficient for the unprovability of the consistency statement
Con® (see the next section for precise definitions of these conditions). Then
currently we know that four sets {Bz, CB, AqCY}, {D1,B,, D3}, {D1,%;C}
and {D1,PC} are sufficient for T'¥ Con® the set {D1,D2,D3} (Lib’s condi-
tions) is sufficient for 7' ¥ Con”, and the set {D1,D2S PC%} is sufficient for
T ¥ Con®. Here {B3,CB,AoCY}, {D1,%;C} and {D1,D2%,PC%} corre-
spond to Hilbert and Bernays’ conditions, Jeroslow’s conditions and Montagna’s
conditions, respectively.

In Section 3, we improve Buchholz’s proof of provable ¥;-completeness 31 C.
More precisely, we prove that if Prp(z) satisfies the following condition BY
which is precisely the m = 2 case of Buchholz’s condition, then the uniform
version of X1 C holds.

BY If T+ VE (o(Z) — (Z)), then T+ VE(Prr(To(#)7) — Pro(T¢(£)7)).

In Section 4, we give some examples of formulas, and from these examples,
several non-implications between conditions are obtained. For instance, from
our examples, we obtain that {Bs, CB,AoCV}, {D1,B,, D3}, {D1,%;C}
and {D1,PC} are pairwise incomparable, and each of them is not sufficient
for T ¥ Con’. Also we obtain that {D1,D2,D3} is not comparable with each
of {B2,CB,AoCV}, {D1,%;C} and {D1,PC}, and it is not sufficient for
T ¥ Con€. Furthermore, we show that even stronger set {DlU, D26G, ElCG}
is not sufficient for T ¥ Con®. From the last observation, we can say that
both of the Hilbert-Bernays derivability conditions and the Hilbert-Bernays—
L6b derivability conditions do not accomplish Godel’s original statement of the
second incompleteness theorem.

2 Derivability conditions

Throughout this paper, S and 1" denote recursively axiomatized consistent ex-
tensions of Peano Arithmetic PA in the language of first-order arithmetic. The
theory S is intended as a metatheory, and we assume that T is an extension of
S. Let L4 be the language of arithmetic including {0,s, 4+, x }, and we can freely
use terms corresponding to some primitive recursive functions. The numeral 7
for a natural number n is the closed term s(s(---s(0)---)). This explicit form
s,—/
n times
of numerals is used in Section 3. We fix some natural Gédel numbering, and
for each L 4-formula ¢, let "™ be the numeral for the Godel number of ¢. Let
x—y and -z denote primitive recursive terms such that for any formulas ¢ and
U, PAET@ 57 =Ty — 7 and PAE =T =M=,
Let Ay = Yo = IIp be the set of all formulas whose quantifiers are all
bounded. Let ¥,,4+1 and II, 1 (n > 0) be the least sets of formulas satisfying
the following conditions:

1. En U Hn g ZnJrl N HnJrl;



2. ¥, 41 (resp. 1L, 41) is closed under conjunction, disjunction, bounded quan-
tification, and existential (resp. universal) quantification;

3. If g isin ¥y, 41 (resp. II,,41), then —¢p is in I, 41 (resp. Xp41);

4. If p is in 3Bp4q (vesp. I,,41) and 9 is in I, 41 (resp. Xp41), then o — @
is in 41 (resp. Xp41)-

Throughout this paper, I denotes X, or II,, for some n > 0. We say a formula
pisTif p € T'. A formula ¢ is said to be A; if it is provably equivalent to
both some ¥; formula and some II; formula in PA. Let Fml(z), Sent(x) and
Y.(z) be A; formulas saying that “z is the Godel number of an £ 4-formula”,
“r is the Godel number of an £ 4-sentence” and “z is the Godel number of a X,
formula”, respectively. We assume that PA can derive natural facts about these
formulas such as Vz3x > zFml(x).

We say a formula Pr(x) is a provability predicate of a theory U (in PA) if it
weakly represents the set of all theorems of U in PA, that is, for any natural
number n, PA - Pr(n) if and only if n is the Gédel number of some theorem
of U. Also we say a formula 7(v) is a numeration of U (in PA) if it weakly
represents the set of all axioms of U in PA, that is, for any natural number
n, PA F 7(m) if and only if n is the G6del number of some axiom of U. For
each numeration 7(v) of U, we can naturally construct a formula Prf (z,y)
saying that “y is the code of a proof of a formula with the Godel number x from
the set of all sentences satisfying 7(v)” (see Feferman [7]). We may assume
PA F VaVy(Prf,(z,y) — = < y). If 7(v) is a ¥, numeration of U for n > 0,
then the formula Pr,(z) := JyPrf,(z,y) is a X, provability predicate of U. If it
is not necessary to specify a particular numeration of U, Prfy (x,y) and Pry ()
denote Prf,(x,y) and Pr.(x) for some fixed numeration 7(v) of U, respectively.

For each finitely axiomatized theory Tp, let [Ty](x) be the formula \/ ¢, (v =
T¢™). Then [Tp)(z) is a numeration of Ty. Let A Ty be the conjunction of all
axioms of Tp, and let Pry(z) be a natural provability predicate of first-order
predicate calculus in the language £4. Then the following lemma holds (see
Feferman [7]).

Lemma 2.1 (Formalized deduction theorem). For any finitely axiomatized the-
ory To, PA FVa(Prip,(z) < Prg(" A To=x)).

Throughout this paper, the formula ®(z) is intended to denote some prov-
ability predicate of T. However, we deal with more general situations, that is,
®(z) may not be any provability predicate of T. In this section, we introduce
a lot of conditions for ®(z) which are satisfied by naturally constructed prov-
ability predicates Prp(z). The remainder of this section is separated into three
subsections, and in each of these subsections, we introduce local derivability
conditions, uniform derivability conditions and global derivability conditions,
respectively.

For each formula ®(z), we define four kinds of consistency statements based
on ®(z).



Definition 2.2.
1. ConZ :=Va(Fmi(z) A ®(z) — —®(-z)).
2. Conk := =®("0 # 07).
3. Con§ := Jz(Fml(z) A ~®(z)).
4. ConZ' := Jz(X1(x) A Sent(z) A —®(z)).

The first consistency statement Cong is adopted in Hilbert and Bernays [10]
and Feferman [7]. The second sentence Con is the most tractable one, and it
is widely used in the context of modal logical investigations of provability pred-
icates. Godel [8] stated his second incompleteness theorem with the consistency
statement Cong. The last consistency statement Cong1 states that there exists
a T-unprovable 3; sentence.

2.1 Local derivability conditions

We introduce the weakest version of derivability conditions which are called
local derivability conditions.

Definition 2.3 (Local derivability conditions).

D1 If T+ @, then S+ ®(T¢™") for any formula ¢.

D2 SE®(Tp —»¢™) = (P(T¢T) = &(T¢™)) for any formulas ¢ and .
D3 SE®(Tp") = &("®("¢ ™)) for any formula .

I'C S+ ¢ — &("p) for any I' sentence .

Bnm (m>1) ITF /\ Qi = Pm, then S /\ (") = (") for
o<i<m o<i<m
any formulas @1, ..., ©m.

PC SFPry("¢") — ®("¢™") for any formula .

The condition D1 is automatically satisfied by all provability predicates of
T. The conditions D2, D3 and 3, C were introduced by Hilbert and Bernays
[10], Lob [18] and Feferman [7], respectively. It is known that natural provability
predicates Prp(x) satisfy full local derivability conditions. In particular, Fefer-
man proved 3, C for the provability predicate Prq(x) of Robinson’s arithmetic
Q (cf. [23]). The conditions By, (m > 1) were introduced by Buchholz [6]. The
condition Bj is precisely D1, and the condition Bs is precisely the condition
HB1 described in the introduction. The condition Bo was also discussed by
Montagna [19] and Visser [24]. The last condition PC says that ®(x) contains
predicate calculus.

We prove the basic implications between local derivability conditions. For
example, the first clause of the following proposition says that if a formula ®(x)
satisfies D1, then it also satisfies AgC.



Proposition 2.4.

1. D1 = AqC.
AoC and By, for some m > 1= D1.
B3 = D2.

e

The following are equivalent:

(a) D1 and D2.

(b) By for allm > 1.

(¢) D1 and By, for some m > 3.
(d) AoC and By, for some m > 3.

5. If ®(x) is a T formula, then TC = D3.

6. By and PC <— Bs and %;C.

7. Bo and PC = D1.

8. D1, D2 and PC < D1, D2 and ¥,C.

Proof. 1. Suppose ®(x) satisfies D1. Let ¢ be any Ag sentence. Then ¢ is
decidable in PA. If PA - ¢, then S+ ®("¢™) by D1, and hence S+ ¢ — ®(T¢™).
If PAF —p, then SF o — ®(TpT).

2. Suppose ®(z) satisfies AgC and By, for some m > 1. Let ¢ be any
formula with T - ¢. Then T HF 0=0A---A0=0 — ¢. By B, we have

m—1
SE®(M0=0") = &("¢"). By AgC, SF0=0— &0 =0"), and hence
SE®(0=0"). We conclude S F &("¢).

3. Since T+ (p = ) A — 1, we obtain S+ &(Tp = Y ) AP(TeT) —
&(T) by Bs.

4. (a) = (b) is well-known in the context of modal logic. (b) = (c) is
trivial. (¢) < (d) follows from clauses 1 and 2. We prove (¢) = (a): Suppose
O (z) satisfies D1 and By, for some m > 3. By clause 3, it suffices to prove
that ®(x) satisfies Bs. Suppose T F ©1 A w2 — ¢3. Then T F @1 A oo A
0=0A---AN0=0— p3. By By, we obtain S+ ®(Tep1 ) AP(Tp2 ") A D(T0 =

m—3
07) — ®("p3"). By D1, we have S - ®("0 = 07). Hence S - ®("p;7) A
(T2 ) = (T37).

5. Trivial.

6. (=): Assume that ®(z) satisfies Bp and PC. Let ¢ be any ¥ sentence.
Let Ty be some finite subtheory of T' containing Robinson’s arithmetic Q. By
PC, S+ Pry("ATo — ¢7) = ("ATo — ¢). Here Prg("ATo — ¢7) is
equivalent to Priz;(T¢”) by formalized deduction theorem (Lemma 2.1), and
therefore we obtain S = Pz ("¢™) = ®(" ATy — ¢7). Since Tp is a subtheory
of T, we have T+ (ATo — ¢) = ¢. By Ba, SEO("ATo — ¢7) — &(T¢).




Thus we obtain S = Pryz(T¢™) — ®("¢™). Since Ty contains Q, ¥, C holds for
Priz,)(z), and hence S+ ¢ — Prip("¢™). Therefore St ¢ — &("¢7).

(<): Suppose ®(x) satisfies By and ¥1C. Let ¢ be any formula. Since
Pry("¢™) is a ¥p sentence, S F Pry(Tp™) — ®("Pry("¢™)"). Since T is an
extension of PA, T'F Pry("¢™) — ¢ by the reflexiveness of PA (see [17]). By
Bz, SE®("Pry("¢ ")) — @("¢"). Therefore S+ Pry(T¢) — &(T¢7).

7. This follows from clauses 2 and 6.

8. This equivalence follows from clauses 4 and 6. O

Before describing several versions of the second incompleteness theorem, we
prepare two propositions.

Proposition 2.5.
1. If ®(x) satisfies D1, then S+ ConZ — Conk.
2. PA+ Conj — Cony'.
3. PA+ Con%' — Con§.

Proof. 1. Suppose ®(x) satisfies D1, then S+ ®("0 = 07). Since PA - Con¥ —
(®(T0=0") = =®("0# 07)), we have S + Conk — Conk.
Clauses 2 and 3 are obvious. O

The following proposition is a part of Godel’s first incompleteness theorem.

Proposition 2.6. Let ¢ be a sentence satisfying PAF ¢ <> ~®(Tp™). If &(x)
satisfies D1, then T ¥ .

Proof. Suppose ®(z) satisfies D1. If T F ¢, then by D1, S+ ®("¢™). By the
choice of ¢, S F —p. This contradicts the consistency of T' because T is an
extension of S. Therefore T ¥ . U

It is well-known that for proofs of the second incompleteness theorem, the
Hilbert—Bernays—Lob derivability conditions D1, D2 and D3 are sufficient.
This is essentially due to Lob (see [5, 17]).

Theorem 2.7 (Léb [18]). If ®(z) satisfies D1, D2 and D3, then T ¥ Conk.

Notice that {D1,B3,D3} is weaker than {D1,D2,D3} by Proposition
2.4.4. For the former conditions, we obtain another version of the second in-
completeness theorem.

Theorem 2.8. If ®(z) satisfies D1, By and D3, then T ¥ Con .

Proof. Suppose ®(x) satisfies D1, By and D3. Let ¢ be a sentence satisfying
PAE ¢ < =®(T¢7). The existence of such a sentence ¢ follows from the Fixed
Point Lemma (see [17]). Since T F ®(Tp ") — —¢, we have S F &(T®(Tp")7) —
O("—¢™) by Ba. By D3, SE &(Tp") = &("P(Tp™")"). Thus S+ d(Tp") —
O("—¢T), and hence S + —p — Jx(Fml(z) A &(z) A &(-z)). It follows S +
Cong — . By Proposition 2.6, T'¥ ¢, and thus T ¥ Cong. O



Jeroslow [13] proved that if £4 contains sufficiently many primitive recursive
terms and if ®(x) satisfies D1 and S + ®(t) — ®("®(¢)7) for all primitive recur-
sive terms ¢, then T ¥ ConZ. That is to say, in Theorem 2.8, if we strengthen
the condition D3 in this way, then the condition Bs can be omitted. As a
consequence, Jeroslow remarked that if ®(z) is a I" formula, then the conditions
D1 and I'C are sufficient for the unprovability of Cong in Jersolow’s setting
of language. We show that this is also the case without using such sufficiently
many primitive recursive terms.

Theorem 2.9 (Jeroslow [13]; Kreisel and Takeuti [15]). If ®(z) is a T formula
satisfying D1 and T'C, then T ¥ Cong.

Proof. Let ¢ be a T sentence such that PA F ¢ <> ®("—¢7). By Proposition 2.6,
T ¥ —p because of D1. By I'C and the choice of p, S+ ¢ — &(Tp ) AP(T—¢™).
Then we have S + ¢ — ~Conl. Therefore T ¥ ConZ. O

By Proposition 2.4.8 and Theorem 2.7, if ®(z) is a ¥; formula satisfying
D1, D2 and PC, then T ¥ Coné. Also by Proposition 2.4.6 and Theorem 2.9,
if ®(x) is a 3q formula satisfying D1, By and PC, then T ¥ Cong. We improve
the latter statement as follows.

Theorem 2.10. If ®(z) is a X1 formula satisfying D1 and PC, then T ¥ Cong.

Proof. Suppose that ®(x) is X7 and satisfies D1 and PC. Let Ty be a finite
subtheory of T' containing Q. Let ¢ be a X; sentence satisfying PA F ¢ «
O("~(ATo — ¢)7). By PC and formalized deduction theorem, we have S +
Prir, (") = @("ATo — ¢7). By X1C for Pripj(x), SF o — (TATh — 7).
Since PA F ¢ — ®("=(ATo — ¢)7) by the choice of ¢, we obtain S + ¢ —
—ConZ.

If T+ Conl, then T + —p. Also T + ATy A =g, and this means T +
-(ATo — ¢). By D1, S+ ®("=(ATo — ¢)7), and hence S F . This is a
contradiction. Therefore T ¥ ConZ . O

Remark 2.11. The following makeshift condition 3;C™ is of course weaker
than 3;C if A® — ¢ is identical to ¢.

31 C™ There exists a finite subtheory Ty of T' such that for any 3; sentence ¢,
Ste—=®(ANTy— ).

Our proof of Proposition 2.4.6 (=) actually shows two implications “PC =
¥1C 7 and “{B2,X1C™ } = 3;C”. Also our proof of Theorem 2.10 essentially
shows that if ®(z) is a X1 formula satisfying D1 and ¥1C~, then T ¥ ConZ.
Then Theorem 2.9 in the case I' = ¥; and Theorem 2.10 directly follow from
these observations.

In this section, we have seen that {D1,D2, D3} is sufficient for 7' ¥ Conk
(Theorem 2.7), and {D1,B3, D3} is sufficient for 7 ¥ ConZ (Theorem 2.8).
Also for ¥; formulas ®(z), each of {D1,X;C} and {D1,PC} is sufficient for
T ¥ Cong (Theorems 2.9 and 2.10). From examples of formulas given in Section



4, the following non-implications are obtained. These non-implications show
that these unprovability results are optimal. For example, the third clause in
the following list means that there exists a X1 formula ®(x) satisfying both D1
and D2 such that T + ConZ .

e {D1,D2,3;,C} % T ¥ Con¥ (Fact 4.3).

e {®dc¥,D2,D3,3,C,PC}# T ¥ Coni (Proposition 4.1).
e {®€¥%,D1,D2} 4 T ¥ Con¥ (Fact 4.5.1).

{® € %,,D1,D3} # T ¥ Conl (Fact 4.5.2).

{® € %,,D1,B,,D3} # T ¥ Conk (Fact 4.6.3).
{® € ¥,,D1,%;C,PC} % T ¥ Conk (Proposition 4.4).

{®€3,D1,D2,3,C} A T ¥ Cong1 (Proposition 4.10).

These non-implications show that none of {D1,B5,D3}, {D1,¥;C} and
{D1,PC} implies {D1,D2,D3}. Moreover we obtain the following non-implications.

e {$ €X,,D1,D2,D3} 4 X, C (Proposition 4.12). By Proposition 2.4.6,
this is equivalent to {® € ¥;,D1,D2, D3} #A PC.

e {®c3,D1,3,C,PC} # B, (Proposition 4.4).
e {dc3,D1,¥,C} % PC (Proposition 4.13).
e {&c3,D1,PC} % X,C (Proposition 4.14).

Consequently, {D1,B3,D3}, {D1,X%;C} and {D1,PC} are pairwise incom-
parable. Also {D1,D2,D3} is incomparable with each of {D1,3;C} and
{D1,PC}.

2.2 Uniform derivability conditions

In this subsection, we introduce and investigate uniform derivability conditions.
Let (&) be an abbreviation for ¢(xq, ..., xy) for some k.

Definition 2.12 (Uniform derivability conditions).
D1Y If T+ VZ (&), then S - VZ®("¢(i)7) for any formula o(Z).

D2V S+ VI (®(Tp(E) = ()7) = (®(Tp(&)7) = ®(T¢(£)7))) for any formu-
las ¢(Z) and ().

D3Y S+ VZ(D(Tp(d)) = S(TB(Tp()7)7)) for any formula ().

I'CY S+ VZ (p(Z) = ®("p(&)7)) for any T formula o(Z).

10



BR (m>1) IfTFVf( N wi@— som(f)>,

0<i<m

then S V& /\ D(Tpi(2)7) — q’(@m@ﬁ))
0<i<m
for any formulas ¢1(Z), ..., pm(Z).

CB S+ &("VZp(Z)7) — VI ®(Tp(&)7) for any formula o(Z).
PCY S+ VE(Pry(To(#)7) — &(Tp(&)7)) for any formula o).

Usual proofs of the Hilbert—Bernays—Lob derivability conditions D1, D2 and
D3 (in books such as [5]) are demonstrated by showing stronger uniform deriv-
ability conditions D1V, D2Y and ¥;CVY. Notice that the natural provability
predicates Prr(x) satisfy full uniform derivability conditions.

As in the local version, the conditions BY (m > 1) were introduced by
Buchholz [6], and BY is precisely D1Y. The condition CB claims that sentences
corresponding to the Converse Barcan Formula investigated in predicate modal
logic (see [11]) are provable. Notice that the condition HB2 described in the
introduction seems to be a variant of the condition CB. It is easy to see that
each of uniform derivability conditions is stronger than the corresponding local
version. Moreover, uniform derivability conditions are strictly stronger than
local derivability conditions (see Proposition 4.9 in Section 4).

As in the local version, we obtain the following proposition.

Proposition 2.13.
1. AoC and Bg for some m > 1= D1Y.
2. BY = D2Y.
3. The following are equivalent:

(a) D1Y and D2Y.
(b) BY for all m > 1.
(c) D1Y and BY, for some m > 3.

If ®(z) is a T formula, then TCY = D3Y.
BY and PCY < BY and ¥,CY.
BY and PCY = D1Y.

X S o

D1Y, D2Y and PCY < D1V, D2V and ¥,CY.
The condition CB is related to other conditions.
Proposition 2.14.
1. D1 and CB = D1Y.

11



2. BY = CB.
3. D2Y and PCY = CB.
4. The following are equivalent:

(a) D1Y and D2Y.
(b) D1, BY and D2Y.
(c) D1, CB and D2Y.

Proof. 1. Suppose that ®(z) satisfies D1 and CB. Assume T b VZ ¢(Z). Then
S+ ®(TVZ (7)) by D1. Since S F ®(TVZ (7)) — VZB("o(£)7) by CB, we
have S+ VZ®(Tp(&)7).

2. Suppose that ®(z) satisfies BY. Since T F V& (%) — (&), we have
S+ ®(VZ(E)) — ®(Tp(&)7) by BY. Therefore S - &(TVZp((Z)7) —
VE(Tp(E)7).

3. Suppose ®(z) satisfies D2V and PCY. Let ¢(Z) be any formula. Since
ViIp(Z) — o(Z) is provable in predicate calculus, S F Pry("VZp(Z) — ¢(2)7)
by D1Y for Pry(z). From PCY, S F &("VZp(Z) — ¢(&)7). Then by D2Y,
S+ &(VEp(D)) = &(Tp(d)7). Thus S F &(TVEp(Z)7) = VZB(Tp(i)7).

4. The implications (a) = (b), (b) = (¢) and (¢) = (a) follow from Proposi-
tion 2.13.3, clause 2 and clause 1, respectively. O

The following corollary immediately follows from clauses 1, 2 and 3 of Propo-
sition 2.14.

Corollary 2.15.
1. D1 and BY = D1Y.
2. D1, D2V and PCY = D1Y.

Hilbert and Bernays [10] proved that if a 3; formula ®(x) satisfies the con-
ditions HB1, HB2 and HB3 described in the introduction, then 7' ¥ Cong. In
our framework, the Hilbert—Bernays derivability conditions can be replaced by
the conditions Bz, CB and AgCV without any substantial change. Then we
obtain the following version of the second incompleteness theorem.

Theorem 2.16 (Hilbert and Bernays [10]). If ®(x) is a X1 formula satisfying
By, CB and AoCY, then T ¥ Conk .

Proof. Suppose that ®(z) is ¥; and satisfies Bz, CB and AgCY. Let ¢ be
a II; sentence satisfying PA F ¢ <> =®("p™). Let §(z) be a Ay formula with
PA F ¢ < Vad(z). Then by By, S F &(Tp7) — ®("Vzdé(x)"). By CB, we
obtain

S F = — Vad(78(2)7). (1)
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On the other hand, S F —é(z) — ®("=8(&)7) by AgCY. Then S +
Jx-d(x) — FxP("-5(£)7). Hence S F - — FxP("=4(£)7). By combining
this with (1), we obtain

SF = — Ja(D(78(2)T) A B(T-6(2)T)).

It follows S F —p — Jz(Fml(z) A ®(z) A ®(-z)), and hence S - Con — ¢. By
Proposition 2.4.2, ®(x) satisfies D1. Then by Proposition 2.6, T' ¥ ¢. Therefore
we conclude T ¥ ConZ . O

Theorem 2.16 is optimal in the sense of the following non-implications from
Section 4.

e {D1,B2,CB,A¢CY} # T ¥ Conl (Fact 4.3).

o {®€X,CB,A¢CY} % T ¥ Conl (Proposition 4.1).

e {®e¥,By,CB} % T ¥ Cont (Proposition 4.2).

o {®€¥%,D1,By, AgCY} % T ¥ ConZ (Fact 4.6.1).

e {®€X,D1,By,CB,AgCY} % T ¥ Conk (Fact 4.6.2).

Notice that {Bz, CB, AgCY} is equivalent to {D1, By, CB, AgCY} by Propo-
sition 2.4.2. For the latter condition, we do not know if {® € ¥;,D1, By, CB, AqCY}
is optimal to conclude T ¥ ConZ or not.

Problem 2.17.

1. Is there a ¥y provability predicate satisfying D1, CB and AqCV such
that T + Conll 2

2. Is there a X1 provability predicate satisfying D1, By and CB such that
T+ Conk ?

The following two non-implications from Section 4 indicate that {B2, CB, AoCY}
is incomparable with each of {D1,D2,D3}, {D1,B,, D3}, {D1,%;C} and
{D1,PC}.

e {d€X,By,CB,AqCY} % D3 (Fact 4.6.2).
e {&c3,D1,D2,3;C} % CB (Proposition 4.9).

Usual proof of £;CY (in books such as [5]) proceeds by induction on the
construction of 3, formulas, and it requires much effort. In the lecture note [6]
by Buchholz, an elegant schematic proof of X1 CV is presented. More precisely,
it is proved that for a proof of X;CY, the assumption “BY for all m > 17 is
sufficient. By Proposition 2.13.3, this assumption is equivalent to {D1Y, D2Y}.
Hence Buchholz’s work is stated as follows.

Theorem 2.18 (Buchholz [6]). D1Y and D2V = X;CUY.
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In Rautenberg’s book [21], a schematic proof of 31 CY based on Buchholz’s
argument is presented. As a corollary to Theorem 2.18, we obtain the following
version of the second incompleteness theorem.

Corollary 2.19. If ®(z) is a ¥ formula satisfying D1Y and D2Y, then T ¥
Conk.

Notice that {D1Y,D2Y} implies {D1,BY} by Proposition 2.13.3. The
following theorem improves Buchholz’s Theorem 2.18 which will be proved in
the next section.

Theorem 2.20. D1 and BY = ¥;CVY.

This theorem says that only the m = 1,2 cases of Buchholz’s assumption
are sufficient to prove 3;CY. We will also prove that Theorem 2.20 is actu-
ally an improvement of Theorem 2.18 (see Theorem 4.15 below). Interestingly,
for ) formulas, {D1, BY} implies {D1,B2, D3}, {D1,%;C}, {D1,PC} and
{B3,CB, AgCY} by Theorem 2.20 and Proposition 2.13, and each of them is
sufficient for T ¥ Cong . As a consequence, we obtain the following corollary.

Corollary 2.21. If ®(x) is a ¥ formula satisfying D1 and BY, then T ¥
Coni.

Related to Corollary 2.21, we propose the following problem.

Problem 2.22. Is there a ¥y formula ®(x) satisfying D1 and BY such that
T+ Conk?

In contrast to the consistency statements Cong and Coné,7 Proposition 4.10
in Section 4 shows that the full uniform derivability conditions are not sufficient
for the unprovability of Cony' and Con§.

From Theorem 2.20 and Proposition 2.13.5, we obtain the following corollary.
Corollary 2.23. D1 and BY = PCUY.

Moreover, we show that D1 and BY imply a stronger version of PCY. For
n >0, let Truex_ (x) be a natural formula saying that “z is a true ¥,, sentence”
(cf. Hajek and Pudlék [9]).

Proposition 2.24. If ®(z) satisfies D1 and BY, then for n >0,
S+ Vx(X,(z) A Pry(z) — (" Trueg, (£)7)).

Proof. Suppose that ®(x) satisfies D1 and BY | and let n > 0. By Theorem 2.20,
®(x) satisfies £;CY, and hence S + %, () A Prg(z) — ("%, (4) A Prg(2)7).
By reflexiveness, T F X, (z) A Pryg(z) — Trueg, (z). Then S F &("%, (&) A
Pry(2)7) — ®("Truex, (2)7) by BY. We conclude S + ¥,(x) A Prg(z) —
O("Trueg, (¢)7). O
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2.3 Global derivability conditions

At last, we introduce the strongest version of derivability conditions. They are
called global derivability conditions.

Definition 2.25 (Global derivability conditions).
D2€ S VaVy(Fml(z) A Fml(y) — (®(z->y) — (2(z) — @(y)))).
D3¢ Sk Va(Fml(z) = (&(x) — &("®()7))).
I'CE S+ Vz(Truer(z) — ®(x)).
PCS S+ Vz(Fml(z) — (Prp(z) — ®(2))).
The condition D2 for provability predicates Prr(z) was proved in Feferman
[7]. Montagna [19] investigated the condition D2%. The condition 3;C% for
Prq(x) is explicitly stated in the book [9]. Global derivability conditions are

strictly stronger than uniform derivability conditions (see Proposition 4.10).
We can prove the following proposition as in the uniform version.

Proposition 2.26.
1. If ®(z) is a T formula, then TCY = D3S.
2. D1, D2€ and PCS = 3,CC.

Proposition 2.26.2 was stated in von Biilow [26] and Visser [25].
Consistency statements are enhanced by global derivability conditions.

Proposition 2.27.
1. If ®(x) satisfies D2 and PCS, then S F Con§ — Conl .

2. If ®(x) satisfies D1, D2C and PCS, then Conk, Conk and Con§ are
mutually equivalent in S.

3. If ®(x) satisfies D2G and $1CE, then Conk and ConZ' are equivalent in
S.

Proof. 1. Suppose ®(z) satisfies D2¢ and PC®. Since PA F VaVy(Fml(z) A
Fml(y) — Pro(z—=(m2—>y))), S F VaVy(Fml(z) A Fml(y) — @ (x> (-z—>y))) by
PCC. Hence VaVy(Fml(x) A Fml(y) A ®(z) A ®(-z) — ®(y)) is provable in S
by D2, This sentence is equivalent to Con§ — ConZ’.

2. This follows from Proposition 2.5 and clause 1.

3. Suppose ®(z) satisfies D2 and X;C%. By Proposition 2.5, it suffices
to show S F Conk' — Conk. Since PA F —Truex, ("0 # 07), PA F Xy (z) A
Sent(z) — Truex, ("0 # 07>z). By ;C%, S F Xi(z) A Sent(z) — (70 #
073x). By D2G, S F %(x) A Sent(z) — (®("0 # 07) — &(x)). Thus S
Cony' — Coni. O

From Theorems 2.7 and 2.10, and Proposition 2.27, we obtain the following
corollary.

15



Corollary 2.28.
1. If ®(x) is a Xy formula satisfying D1, D2¢ and PCS, then T ¥ Cong,
2. If ®(x) is a ¥y formula satisfying D1, D2 and $,CS, then T ¥ Congl,

Corollary 2.15.2 and Proposition 2.26.2 show that {D1Y ,D2% %;C%} is
weaker than {D1,D2% PC%}. Moreover, Proposition 4.11 in Section 4 shows
the following interesting non-implication:

o {de¥,D1Y,D2% 3,CCG} 4 T ¥ Con§.

Hence in contrast to local and uniform versions, {D1Y, D2%, 3, C&} is strictly
weaker than {D1,D2% PC%}. Also this non-implication indicates that global
derivability conditions except for PC® are not sufficient for the unprovability
of Godel’s consistency statement Cong even if @ is ;. This shows that neither
Hilbert—Bernays’ conditions nor Lob’s conditions accomplish Godel’s original
statement of the second incompleteness theorem.

Let LogAx(z) be a suitable A; formula representing the set of all logical
axioms of predicate calculus formulated in Feferman’s paper [7]. In Feferman’s
formulation, the sole inference rule is modus ponens, and the generalization rule
is admissible (see Result 2.1 in [7]). The following condition was introduced by
Montagna [19].

Definition 2.29.
Ax S FVz(LogAx(z) — @(z)).
The condition Ax is related to the condition PCS.
Proposition 2.30.
1. PCC = Ax.
2. D2% and Ax = PCS.
3. If ®(z) satisfies D1, then for any sentence ¢, S+ LogAx("¢ ™) — ®(T¢7).

Proof. 1. This is because PA I Va(LogAx(x) — Pry(x)).

2. Let Prfb (z) be a natural provability predicate of the predicate calculus
formulated in Feferman’s framework. Then PA + Vz(Fml(z) — (Pryp(z) —
Prj(x))) holds by induction inside PA. Since S proves that ®(x) contains axioms
of Pry(z) by Ax and that ®(z) is closed under the inference rule of Pry(z) by
D2€, S proves Vz(Fml(z) — (Prj(z) — ®(x))) by induction inside S. Hence
S FVz(Fml(z) = (Prg(x) — ®(x))) holds.

3. Let ¢ be any sentence. If ¢ is a logical axiom, then T F ¢. By D1,
SE®(Tp™). If ¢ is not a logical axiom, then S+ —LogAx("¢™). In either case,
we obtain S F LogAx("¢ ™) — ®(T¢7). O

Montagna [19] proved that if ®(x) satisfies D1, D2¢ and Ax, then D3 is
redundant for a proof of Léb’s theorem. From Propositions 2.26 and 2.30, and
Corollaries 2.15.2 and 2.28, we obtain the following improvement of Montagna’s
result.
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Corollary 2.31 (Montagna [19]).
1. D1, D2% and Ax = D1Y and £,CS.
2. If ®(x) is a ¥y formula satisfying D1, D2% and Ax, then T ¥ Cong.

3 Proof of Theorem 2.20

In this section, we prove Theorem 2.20, that is, we prove that if ®(x) satisfies
D1 and BY, then ®(z) satisfies £;CY. Thus in the rest of this section, we
fix a formula ®(x) satisfying D1 and BY. Then by Corollary 2.15.1, ®(x) also
satisfles D1Y. First, we prove a lemma, that is an essential application of the
condition BY.

Lemma 3.1. Let o(Z) and (&) be any formulas. If S+ o(&) — &(Tp(z)7)

—,

and PA F @(Z) <> (&), then S+ (&) — &(T(z)7).
Proof. If PA - o(Z) +» 9(Z), then by BY, we have

-,

St (")) ¢ (Te(#) 7).
Then the lemma follows immediately. O

We may assume that every ¥; £ 4-formula is PA-provably equivalent to some
¥y formula written in the language {0,s,+, x }. Therefore, in proving Theorem
2.20, it suffices to show S  o(&) — ®("o(&)7) for any ¥; formula o(Z) in
the language {0,s,+, x }. Hence in the rest of this section, we assume that our
terms and formulas are written in {0,s,+, x}. Before proving Theorem 2.20,
we prepare several lemmas.

Lemma 3.2. For any formula ¢(¥,v),
PA F " (3, 9) [s() /0] = (3 5(#)) 7,
where "o(y, ) [s(x)/v] is the result of substituting s(x) for v of (g, 0)7.

Proof. This is because our numeral 7 is defined by applying s to 0 n times.
Then the lemma can be proved by induction on the constructions of terms and
formulas. We give only an outline of a proof.

For example, we assume that our Gédel number gn(t) of a term ¢ is defined
so that gn(s(t)) = (0, gn(¢)), where (-, -) is a primitive recursive paring function.
Then we can define a primitive recursive function num(z) calculating n — gn(7)
satisfying num(s(xz)) = (0,num(z)). This is proved in PA and corresponds to
To7[s(z)/v] = Ts(z)™. Then by using properties of ™7 such as PA F "s(¢t)™ =
(0,7t7), we can show PA F Tt(y,0)7[s(z)/v] = "t(y,s(i))7 for any term (7, v).
Then we can prove the lemma by using properties of ™. O

Lemma 3.3. Let o(Z,v) be any formula. If S F o(Z,v) — &(Tp(&,0)7), then
S F Jup(Z,v) — ®(TIvp(E,v)7).
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Proof. Suppose S F o(&,v) — ®(Tp(F,)7). Since T F o(Z,v) — Jvp(,v),
we have S F ®(Tp(&,0)7) — &("Jvp(F,v)7) by BY. Hence S F o(Z,v) —
®(" v (&, v)7). Therefore we conclude S+ Jvp(Z, v) — B("Tvp(z, v)7). O

Lemma 3.4. For any natural number k and any variables xg, ..., Tk, 20y, 2k,
S+ /\(Zi:xi)—wb r/\(éi::'ri)"'
i<k i<k

Proof. Since T'+ \\;;.(2i = 2;), we have

SE® TN (=2)" (2)

i<k

by D1Y. Let vy,...,v, be fresh variables. By equality axioms of predicate
calculus, we have

PAF NGzi=z) = [T N\@i=2)"| =7 \@=)
i<k i<k i<k
By substituting z; for v;, we obtain
i<k i<k i<k
By combining this with (2), we now obtain
S+ /\(zizxi)—ﬂb '—/\(zZ:xl)—'
i<k i<k
O

For each term (&), let ¢(¢(Z)) be the number of constant and function sym-
bols contained in t(Z). We call ¢(¢(Z)) the complexity of t(Z).

Lemma 3.5. For any finite sequence {t;(Z) }i<k of terms with max; < {c(t;(Z))} <
L,
SE NG =t:(&) =@ |7\ G =ti(1))”
i<k i<k

Proof. We prove by induction on the number m of terms of complexity 1 in such
sequences. If a sequence does not contain terms of complexity 1, then it consists
of variables, and hence the lemma holds for the sequence by Lemma 3.4.
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Suppose that the lemma holds for such sequences with exactly m terms
of complexity 1. Let {¢;(Z)};<x be any finite sequence consists of terms of
complexity less than or equal to 1 and having exactly m+ 1 terms of complexity
1. We may assume that c(tx) = 1. Let {(v) := A, (2; = t;(¥)). We distinguish
the following four cases.

Case 1: t(Z) is 0. Then by induction hypothesis,

SEE@ Naw =y — S(ED) Nz =17).
By substituting 0 for y, we obtain

SEE@) Az =0 (TE(0) Az =§7)[0/y)-
Since 0 is a numeral, we have

SEED) Az =0— B(TEWD) A2, =07).

Case 2: t(%) is s(z). By induction hypothesis,

SEE@) Naw =y~ Q(TED) N aw =17).
By substituting s(z) for y, we obtain

SEED) Az, =s(z) = D(TED) A = 57)[s(z) /y].-
By Lemma 3.2, we conclude

SHEO) Az =s(x) = P(TE(0) A 2, =s(2)7).

Case 3: t,(Z) is  + y. Let ¢(y) be the formula
Vr(E(@) Aaw =z +y = D(EW) A dx = & +57)).
By induction hypothesis,

SEEO) ANz =2 = D(TEW) A2 =27).

Since PA+ 2 = 240, we have PAF (§(V) Az = ) > (§(V) Az, = 2 +0). Then
by Lemma 3.1,

-,

SEEW)ANzp=24+0—=D("E@0) A2, =2+07).

This means S F ¢(0).
By Lemma 3.2, we get

-,

PAEF o(y) NE(D) Az =s(z) +y — P(TE(0) A 2 =s(2) +97).

Since PA & s(z) +y = = + s(y), we obtain

-,

Sy NE@O) A2k =z +s(y) = S(EW0) A 2p = & +5(9)7).
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by Lemma 3.1. Then S F ¢(y) — ¢(s(y)). By induction axiom, we conclude
S EVye(y).
Case 4: t(Z) is = x y. Let ¥(y) be the formula

V(@) Az =x X y+w— S(TED)AZp =0 X g+ 7).
By induction hypothesis,

SEED) Az =w— B(TEWD) A 2, = 7).
Since PA+ w =z x 0 + w, we have

SEEO)Azp=2x0+w—>P(EW)AZL=2x0+w")

by Lemma 3.1. Therefore S (0).
Let p(w) be the formula

-,

Vu(@)Azg =z xy+(ut+w) = P(TE@) A2, =2 X y+ (u+w)T)).

Then as in Case 3, we can prove S F ¢(y) — p(0) and S F p(w) — p(s(w)).
Hence S F ¢ (y) — Ywp(w). Then

-,

SEYWWNE@) ANz =z xy+ (x+w) = P(TEW)AN 2, =2 X g+ (& +w)7).

Since PAF z X y + (z + w) = z x s(y) + w, we get

-,

SEYY)ANE@) ANz =2 xs(y) +w — P(TED)A 2, =2 xs(y) +w™)

by Lemma 3.1. Thus S F ¢(y) — ¢(s(y)), and hence S F Yyy(y). By substi-
tuting 0 for w in ¥ (y), we obtain

-,

SEFEO)ANzp=a2xy+0—=>P(E0)N 2, =2 xy+07).
Then the required conclusion follows from Lemma 3.1. O

Lemma 3.6. For any finite sequence {t;(Z)}i<r of terms,

S NGi=t@) =@ | "\ =u@)

i<k i<k

Proof. We prove by induction on max;<i{c(t;(Z))}. If max;<ip{c(t:(Z))} < 1,
then the lemma follows from Lemma 3.5.

Suppose that the lemma holds for every finite sequence {¢;(Z)};<x of terms
with max;<x{c(t;(Z))} = n > 1. Then we show that the lemma holds for all
finite sequences {t;(¥)};<; containing only terms of complexity less than or
equal to n + 1.

As in our proof of Lemma 3.5, this is proved by induction on the number
m of terms of complexity n + 1 in such sequences. If m = 0, then the lemma
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follows from induction hypothesis. Then assume that the lemma holds for such
sequences with exactly m terms of complexity n + 1.

Let {t;}i<r be any finite sequence consists of terms of complexity less than
or equal to n 4+ 1 and having exactly m + 1 terms of complexity n + 1. We may
assume that c(tx) = n + 1. Let (V) := A\, (2i = t:(Z)). We give only a proof
of the case that tx (%) is s(t/(Z)) for some term t'(Z) of complexity n. Other
cases are proved in a similar way.

Notice that ¢(s(w)) = 1 < n and ¢(t'(Z)) = n. Then by induction hypothesis,

-,

SEED) Az, =s(w) Aw = t'(T) — D(TED) A 2 = s() A =t/ (&)7).
Since PA F Jw(&(V) Az = s(w) Aw = t/(Z)) + (£(T) Az, = s(t'(Z))), we obtain
Sk E@W) Ay = s(t'(F) = D(TE(0) A 2 = s(t'())7)
by Lemmas 3.4 and 3.1. 0

Notice that each atomic formula to = 1 is equivalent to Jz(z = to Az = t1),
and each negated atomic formula tg # t1 is PA-equivalent to 3z93z1 (to +5(20) =
t1 Vt1 4+ s(z1) = to). Then we obtain the following lemma.

Lemma 3.7. For any quantifier-free formula £(Z), there exists a quantifier-free
formula §(Z,y) satisfying the following conditions:

1. PAFVE(E(F) « Tj5(Z, 7).

2. §(Z,7) is of the form 8o(Z, ) V -+ V 0k(Z,Y) and each disjunct §;(Z, ) is

of the form
N Gij=ti; (&)
J<l;
for some terms t; o(Z, ), ..., ti1,(Z,9) and variables z;,. .., 21, € T, 7.

Also in our proof of Theorem 2.20, we use the following PA-provable form of
the MRDP theorem.

Theorem 3.8 (The MRDP theorem (see [14])). For any ¥y formula ¢(%), there
exists a quantifier-free formula 0(Z, ) such that PA - VZ(o(Z) > IG0(Z,7)).

Proof of Theorem 2.20. Let o(Z) be any ¥; formula. We would like to prove
S + Vi(o(Z) — ®("o(£)7). By the MRDP theorem (Theorem 3.8), there
exists a quantifier-free formula (&, %) such that PA - VZ(o (%) <> 3§9(Z, ¥)). By
Lemma 3.7, we may assume that §(Z, ¢) is of the form indicated in the statement
of Lemma 3.7. For each i < k, by Lemma 3.6, we obtain

Sk /\ (zij =ti;(T,9) = @ | " /\ (415 =tij(%,9))7

J<l; J<li
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This means

SF6:(&,§) — ®(T6:(2,9)7). (3)

-,

Since PA & 6;(Z,7) — 0(Z,7), S F ®("6:(i,9)") — ®("6(&,9)7) by BY. There-
) £,§)7).

(
fore by (3), S F §(Z, %) — ®("4(&,9)7). Since i < k is arbitrary, we have
S+ 0(Z, )V -VOR(Z, §) — &(T6(&,5)7). It follows S b &(Z, ) — ®(T6(&,9)7).
By Lemmas 3.4 and 3.1, we conclude S + o(Z) — ®("o()7). O

4 Witnesses for non-implications

In this section, we exhibit examples of formulas ®(x) satisfying and not satisfy-
ing certain conditions. From these examples, several non-implications between
conditions are concluded.

Our first two propositions give examples of formulas which do not satisfy
D1. Proofs are easy and we omit them.

Proposition 4.1. Let Prq(x) be the provability predicate of Robinson’s arith-
metic Q.

1. Prq(x) satisfies D2¢, £,C%, CB and PCC.
2. Prq(x) satisfies neither D1 nor Ba.
3. PAF Confl, .

Proposition 4.2. Let ¥(x) :=x # .
1. WU(x) satisfies D2¢, D3¢, BY and CB.
2. U(x) does not satisfy any of D1, AgC and PC.
3. PA+ Coni.

Feferman [7] proved there exists a II; numeration 7(v) of T in T such that
Congrw is provable in PA.

Fact 4.3 (Feferman [7]). Suppose S =T.

1. Pro(z) is a ¥y provability predicate satisfying D1Y, D2¢, BY | £,C%,
CB and PCS.

2. Prq(z) does not satisfy D3.
3. PA- Conf, .

Mostowski (p. 24 in [20]) introduced the formula Prd (z) := 3y (Prfp(z,y) A
—Prf7(70 # 07, y)) as an example of a 37 provability predicate for which the sec-
ond incompleteness theorem does not hold. Notice that Pri!(z) is PA-provably
equivalent to Prp(z) A x # "0 # 07 because PA + VaoVa,Vy(Prir(zo,y) A
Prfj’v;[p(xl,y) — x9 = x1). The following proposition shows the situation for
Pry (x).
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Proposition 4.4.
1. Pril(z) is a X1 provability predicate satisfying D1Y, £;C% and PCS.
2. Pri(x) does not satisfy any of D2, By and CB.
3. PAF Cong,a and T ¥ Congly .

The existence of Rosser provability predicates satisfying some derivability
conditions were discussed by Bernardi and Montagna [4] and Arai [1]. They
proved that there exists a Rosser provability predicate satisfying D2. Also
Arai proved the existence of a Rosser provability predicate satisfying D3C.
Strictly speaking, in Arai’s arguments, formulas are assumed to be in negation
normal form (see [1]). We fix a natural algorithm calculating a negation normal
form nnf(p) of each formula ¢ satisfying nnf(=—¢) = nnf(¢). Then we can
understand that Arai’s Rosser provability predicates PrA(x) are of the form
Jy(Prf(nnf(z),y) A Vz < y=Prf(nnf(-zx), 2)) for some suitable proof predicate
Prf(z,y). Then PA F Confl . always holds. Summarizing this observation,
Arai’s results are stated as follows.

Fact 4.5 (Arai [1]). There exist Xy provability predicates Pri(z) and Pri(z)
of T with:

1. Pri(x) satisfies D1, D2S and PA + Congr,l‘;.

2. Pry () satisfies D1, D3¢ and PA + Cong,s.

By Proposition 2.4.4, Pr’f‘(x) satisfies Ba. By Theorems 2.7 and 2.20, and
Propositions 2.4, 2.13 and 2.14, Prf‘(x) does not satisfy any of D1Y, CB, BY,
D3 and PC. By Theorems 2.8, 2.9 and 2.10 and Proposition 2.4.4, Pr4 (z) does
not satisfy any of D2, By, 3;C and PC.

In [16], the author proved the existence of usual Rosser provability predicates
satisfying additional derivability conditions. That is to say,

Fact 4.6 (Kurahashi [16]). Suppose S = T. There exist 31 provability predicates
Prit(z), Pri(x) and Pri(x) of T with:

1. Pri¥(z) satisfies D1, D2%, A¢CC and PA - Congr{a.
2. Pri(z) satisfies D1V, CB, D2, AgCS and PA - Conﬁrg.

3. Pr?(x) satisfies D1Y, CB, By, D3, AoCS and PA - Conlgrg, but does
not satisfy 31 C.

As in Fact 4.5.1, Prf¥(z) satisfies By, but does not satisfy any of D1V, CB,
BY, D3 and PC. By Proposition 2.4.4, Pr¥(z) satisfies B, but does not satisfy
any of D2Y, D3, BY and PC by Theorems 2.7 and 2.20, and Propositions 2.4.6
and 2.13.3. By Theorems 2.7 and 2.20 and Proposition 2.4, Prf(z) does not
satisfy any of D2, BY and PC.
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In the remainder of this section, we introduce seven ¥ provability predicates
Pri(z), Prit(z), Prit(z), PryY (z), Pry.(z), Pry!(z) and Pr*(z) which indicate
several non-implications of the conditions. The first three provability predi-
cates are constructed in a similar way. Before introducing them, we prepare a
definition and a lemma.

Definition 4.7. Let 6(x, z) be a A; formula.
1. Prip[d](x,y) := Prirp(x,y) AVz < y(Prfr(T0 # 07, 2) — 0(z, 2)).
2. Prel6)(x) := IyPrtrd)(z, ).

Lemma 4.8. For any Ay formula §(x, z),
1. Pro[d)(z) is a X1 provability predicate of T.
2. PAFVYz(Vz(Prfr ("0 # 07, 2) = §(z, 2)) = (Prr(z) & Prpld](z))).
3. If PAEV2Vz(Fml(z) ANz < 2 — §(x, 2)), then

PA F VaVz(Prir ("0 # 07, 2) A Fml(x) A Prp[d](z) — §(z, 2)).

Proof. 1. Let ¢ be any formula and let n be any natural number. Since PA F
Vz < n—Prip(T0 # 07, 2), PA F Prip(To™, @) < Prip[6](T¢™, 7). Since this
equivalence is true in the standard model of arithmetic, we obtain that PA
Prr(T¢7) if and only if PA F Prp[8](T¢ ™). It follows that Prp[d](x) is also a 3y
provability predicate of T

2. This is immediate from the definition.

3. Suppose PA + VaVz(Fml(z) Az < z — 6(z,2)). By the definition of

Prr(8)(z, y),
PA F VaVyVz(Prfr(T0 # 07, 2) A Prip[d](z,y) A 2z <y — (x, 2)). (4)

Since PA F Prip[6](z,y) — Prip(z,y) and PA F Prfp(z,y) — = < y, we have
PA + Prir[d](z,y) = @ < y. Thus PAF Prip[d](z,y) ANy < 2 — = < z. By the
supposition, PA F Fml(z) A Prfr[d](x,y) Ay < z — §(x, z). From this with (4),
we obtain

PA - VaVyVz(Prip(T0 # 07, 2) A Fml(z) A Priz[0](z,y) — d(x, 2)),
and hence
PA - VaVz(Prir(T0 # 07, 2) A Fml(x) A Prp[d](z) — 0(z, 2)).
O

Let Even(z) be a natural A; formula saying that “z is the Gédel number
of a formula containing an even number of logical symbols”. Proposition 4.9
shows that full local derivability conditions do not imply uniform derivability
conditions.
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Proposition 4.9. There exists a 31 provability predicate PrIT(m) of T with:
1. Pri(z) satisfies D1, D2 and 3, C.
2. Pri-(z) does not satisfy any of D1V, D2V, D3V, AqCY and PCY.

Proof. Let Pri.(z) := Prp[z < 2V Even(z)](z). Then Pr'.(z) is a ¥; provability
predicate of T by Lemma 4.8.1. If Prl.(z) contains an even number of logical
symbols, we replace Pri.(z) with Pri-(z) A0 = 0. Then Pri.(z) contains an odd
number of logical symbols, and hence PA F Yz—=Even("Pri(&)7).

Let ¢ be any formula. Since PA F Vz(Prfr(T0 # 07,2) — T < zV
Even("¢™)), we have PA - Prp("¢7) < Pri("¢") by Lemma 4.8.2. Therefore
local derivability conditions for Pri.(z) are inherited from those for Pry(z).

We prove that Pr'.(z) does not satisfy any of uniform derivability conditions.
Since PA F VaVz(Fml(z) Ax < z — (z < 2V Even(z))),

PA - VaVz(Prfp(T0 # 07, 2) A Fml(z) A Pris(z) — (z < 2 V Even(x)))

by Lemma 4.8.3. For the sake of simplicity, we deal with formulas whose only
free variable is z. Let ¢(z) be such a formula. Then

PA Va2V (Prfr(T0 # 07, 2) AP (To(d) ) — (To(d) ™ < 2V Even(Tp(#)7))).
Since PAF 2 < Tp()7, we obtain

PA F VaVz(Prp(T0 # 07, 2) APrp(Te(2)7) = (z < 2V Even(rap(g'c)j))).( |
)

e Since PAF Vz—Even("0=0A % = 27),
PA - VaVz(Prfp(T0 # 07, 2) = (. < 2V =Pr(T0=0A % = i7)))
by (5). Hence PA - Pry(70 # 07) — 3z=Pry("0 = 0 A& = &) because

PA - Vz3z(z > 2). Tt follows S ¥ VaPri("0 = 0 A& = i7) because
S ¥ =Prp (70 # 07). This shows that Pri.(z) does not satisfy D1Y.

e Let ¢(z) and ¢(z) be formulas with PA F VaEven(To(2) ") AVz—Even(T4(&)7).

Then PA + VazEven("¢(2) — ¢(&)7). Since PA F Pry("0 # 07) —
Pro(To(2) = ¢(2)™) A Prr(Tp(£)7), we have

PA = Pry (70 # 07) — Pri(Tp(d) — ¢(2)7) A Prh(Tp(@)7)

by the choice of ¢(z) and ¥ (x), and the definition of Prf%.(z,y). Suppose,
towards a contradiction, that Pri.(z) satisfies D2Y, then S  Prp(70 #
07) — Prin(T4p(2)7). By (5), S+ Prfp(T0 # 07, 2) — (z < zVEven("4(2)7)),
and hence S F Prp(70 # 07) — JzEven(T¢(2)™). By the choice of ¥(x),
we obtain S F —Prp ("0 # 07). This is a contradiction. Therefore D2Y
does not hold for Prh(z).
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e Let o(x) be a formula with PA + VazEven("¢(2)™). Then PA F Prp (70 #
07") — Prh("p(#)7) as described above. Suppose that D3V holds for
Pri(x). Then S+ Prp(70 # 07) — Priv(TPry(Te(2)7)7). By (5), we have
S+ Prp(70 # 07) — zEven("Pri(Tp(#)7) 7). Since Pri.(z) contains an
odd number of logical symbols, =Pry (70 # 07) is proved in S, and this is
a contradiction. Hence D3Y does not hold for Pri(z).

e As described above, PA - Pry(70 # 07) — 32—Prp("0 = 0A & = &7). If
SEVYz(0=0Az =z — Pri("0=0A& =47)), then S+ Prp(70 #07) —
J2—(0 = 0 Az = ). This implies S + =Pry("0 # 07), a contradiction.
Therefore S ¥ Vz(0 = 0Az = 2 — Pri("0 = 0 A& = &7)). This shows
that AgCU does not hold for Pri(x).

e PCU fails to hold because PA - VoPry("T0 =0A 3 = 27).

O

By Proposition 2.4, Prlf(m) satisfies By, D3 and PC. Propositions 2.13.1
and 2.14.1 imply that Pr’.(z) satisfies neither BY nor CB.

Next we prove that full uniform derivability conditions do not imply any of
global derivability conditions except for D3%, and that full derivability condi-
tions are not sufficient for the unprovability of Cong1 even if ¢ € ¥;.

Proposition 4.10. There exists a X1 provability predicate Pri(z) of T with:
1. Prli(z) satisfies D1Y, D2Y, and $,CY.
2. Prit(x) does not satisfy any of D2%, AgCC and PCC.

3. PA L Conply.
Proof. For each formula ¢, let n(p) be the number of occurrences of the symbol
- in . We may use a function symbol n(z) corresponding to this function such
that PA F Va(Fml(z) — n(z) < ).

Let Prit(z) be the ¥ formula Prp[n(z) < z V Even(z)](x). Then Pri(z)
is a X; provability predicate of T by Lemma 4.8.1. Let ¢(Z) be any for-
mula. Then PA + VZ(n("¢(#)7) = k) for some natural number k. Since
PA b Vz(Prfp(T0 # 07, 2) — n(To(#)7) < z V Even(T¢(i) 7)), we obtain PA I
VZ(Pro(To(i)7) < Pri{(To(#)7) by Lemma 4.8.2. Therefore Pri(z) satisfies
D1Y, D2V and ¥, CVU.

By Lemma 4.8.3, we have

PA - VaVz(Prfr(70 # 07, 2) A Fml(z) A Prit(z) — (n(z) < 2V Even(z)))
(6)

because PA F Va(Fml(z) Az < z — n(z) < 2V Even(z)).
As in Proposition 4.9, failure of D2%, AoCS% and PCC for Pr%(m) fol-
low from (6) and the facts PA F Vz3y(Fml(y) A n(y) > z A —Even(y)), PA
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Vz3y(Truea, (y) A n(y) > z A —Even(y)) and PA F Vz3y(Pry(y) A n(y) > 2z A
—Even(y)), respectively.
We prove PA + Con?in. By (6) and PA F Vz3z(31(x) A Sent(x) A n(x) >
T

z A\ —Even(z)), we have
PA V2 (Prfr(70 # 07, 2) — (X1 () A Sent(z) A =Prip(x))).

It follows PA + Pri(T0 75 07) — ConP - On the other hand, obviously PA +

-Pr} ('—O #07) — Con . Therefore we conclude PA F ConP u- O

From Propositions 2.13 and 2.14, Pr}(z) satisfies BY, CB and PCY. By
Theorem 2.7, T' ¥ ConlngTI.

We prove that the conditions ® € £;, D1V, D2% and £;C% are not suffi-
cient for the unprovability of Godel’s consistency statement Cong.

Proposition 4.11. There exists a X1 provability predicate Prit(z) of T with:
1. Pri¥(z) satisfies D1V, D2% and $,CS.
2. PAF Congrm.

Proof. Let Prit!(z) be the formula Pry[2, (2)](z). Then by Lemma 4.8.1, Pri!(z)
is a Xy provability predicate of T. For any formula ¢(¥), we have PA +
V2VEPrEr(T0 # 07,2) — B.(Te(2)7)) because PA + Vz > kX, (Tp(&)7) for
some natural number k. Hence PA F Prp(Tp(#)7) PrHI( o(
4.8.2. Thus D1Y holds for Pri!(z).

Since PA F VaVz(Fml(z) Az < z — ¥,(x)), we have

#)7) by Lemma

PA - VaVz(Prfp(T0 # 07, 2) A Fml(z) A Pritl(z) — 2. () (7)
by Lemma 4.8.3. Then

PA - Fml(z) A Fml(y) A Prit(z5y) — (Prfr(T0 # 07, 2) — 2. (z=>y)).
Thus

PA - Fml(z) A Fmi(y) A Prit(z=y) — Vz(Priz (70 # 07, 2) = 2.(y)).
By Lemma 4.8.2,

PA - Fml(z) A Fmi(y) A Prit(z5y) — (Prr(y) <> Priti(y)). (8)
Since PA - Pritl(z—y) A Prif(z) — Prp(z—3y) A Prp(x), we have

PA - Fml(z) A Fml(y) A Prit(z=y) A Priti(z) — Pro(y)
by D2€ for Prp(z). From this with (8),

PA - Fml(z) A Fmi(y) A Prift(z=y) A Priti(z) — Priti(y).
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This means D2S holds for Pri (z).

Since PA + Trueg, (z) — ¥1(z), PA F Trueg, (z) — (Prir("0 # 07,2) —
>.(z)). By Lemma 4.8.2, PA + Trues, () — (Prp(z) «+ Pri(z)). By £,CC
for Pry(z), we obtain PA b Trues, (z) — Pri(z).

By (7) and PA  Vz3z(Fml(z) A =3, (z)), we have PA = Prp("0 # 07) —
Jz(Fml(z) A =Prp'(x)). Thus PA F Prp(70 # 07) — Congrgl. On the other

hand, since PA F =Prz(70 # 07) — —Pri2'(70 # 07), we have PA F =Prp(70 #
07) — ConngTu. Therefore PA - ConngTu. O

By Propositions 2.13 and 2.14, Pri*'(z) satisfies BY, CB and PCV. Corol-
lary 2.28 implies that PC® fails to hold for Pri¥'(z) and T # Con>!

prlI:

T
We prove that there exists a 3; provability predicate which satisfies the
Hilbert—Bernays—Lob derivability conditions, but does not satisfy 37 C. The
following proof is based on the construction presented in Section 5 of Visser
[24].

Proposition 4.12. There exists a %1 provability predicate Pr%y () of T which
satisfies D1, D2% and D3%, but does not satisfy 31C.

Proof. We say an L 4-formula ¢ is propositionally atomic if it is not a Boolean
combination of proper subformulas of ¢. We fix a bijective mapping f from
the set of all propositional variables to the set of all propositionally atomic
formulas. For each propositionally atomic formula ®(z), the mapping f can be
extended to the mapping fs from the set of all modal formulas to the set of all
L s-formulas satisfying the following clauses:

1. fa(p) is f(p) for each propositional variable p;
2. fe commutes with every propositional connective;
3. fo(OA) is O(" fo(A)7).

For any finite set X of modal formulas and any modal formula A, A is said
to be derived in X if A is provable in the system whose axioms are elements of

X and whose inference rules are Modus Ponens &C_)C and Necessitation
B
OB’

For each natural number n, let Th,(T) be the finite set of all £ 4-formulas
having a T-proof whose Godel number is less than or equal to n. We write
T o, @ if there exist a finite set X of modal formulas and a modal formula
A such that fo(X) = Th,(T), fo(A) is ¢ and A is derived in X. For m < n,
T Fom ¢ implies T Fg , ¢ because Thy,(T) C Th,(T). As shown in Visser
[24], the ternary relation T bg ,, ¢ is computable. Thus we obtain a A; formula
Pr("®7, z,y) saying that x is the G6del number of a formula ¢ satisfying T' Fo
®.

By the Fixed Point Lemma, there exist a ¥; formula PrlY (z) and a ¥
sentence o satisfying the following equivalences:
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1. Pr(x,y) = Pr("PriY 7, 2, y);
2. PAF PryY () < 3y(Pr(x,y) AVz < y=Pr(T=07, 2));
3. PAF o < 32(Pp(T—0o 7, 2) AVy < 2=PR(To T, y)).

First, we prove T' ¥p,1v ,, =0 for all n by induction on n. Suppose T ey m
—o for all m < n. Then PAFVz < n-Pr("—07, 2).

Let X be any finite set of modal formulas with fp,v (X) = Th, (7). Let A
be any modal formula derived in X, then T' Fp,rv ;) fp,1v (A). Hence we have
PA = Pr(" fpav (A)7, ), and thus PA PrITV(FfPrITv (A)™). Moreover, we show
T+ fpuy(A). This is proved by induction on the length of derivation in X. If
A € X, then fp,y(A) € Thy(T), and fp,v(A) has a T-proof. If A is derived
from B and B — A by Modus Ponens and T' & fp,1v (B) A fp,iv (B — A), then
T+ fpuay(A). If A is derived from B by Necessitation, then A is of the form
OB. Since PA Pr%«v(rfprITV(B)—l) as above, we get PA b fpuv(A). In this
paragraph, we have shown that if T' Fp,1v ,, ¢, then T'F ¢.

Suppose, towards a contradiction, T’ }—prITv’n —¢g. Then T+ —o. Since T ¥ o,
T ¥pyy p, 0 for all m < n. Therefore PA = Pp("=0 1) AVy < n=Pr(To ™, y).
By the definition of o, we have PA - ¢. This is a contradiction. We obtain
T J"PI‘;TV,TL 0.

If T+ ¢, then ¢ € Thy(T) for some n. Then T' Fpuy , ¢ trivially holds,
and hence PA F PL(T¢7, 7). Since PA F Vz < ﬁPé\ﬂ/('_—'U—',z), we obtain PA +
P} (T¢7). On the other hand, we assume PA - Pr} ("7). Then Pr(Tp™,7) is
true in the standard model of arithmetic for some n. This means T' Fp,1v ,, .
Then we obtain T . Therefore we have shown that PryY (z) is a ¥ provability
predicate of T'.

We prove D26 for PrY (z). We work in S. Suppose PriY (T¢7) and PriY (Tp —
¢ ™) are true. Then for some n, T }—P,ITvm w0, T l_PrITVJL @ — Y and T}‘PrITme e
for all m <n. Then T tp,1v ,, . Thus PryY ("7 is true.

We prove D3C for PryY (z). We proceed in S. Suppose Pryy (T¢7) is true.
Then for some n, T'Fp,yv ,, ¢ and T ¥py ,, —o for all m <n. Then T Fpav ,
PryY ("¢7). Thus PriY ("PrhY (T ™)7) is true.

At last, we prove that 31 C fails to hold. Suppose, for a contradiction,

T+ o — PrYY(To7). By witness comparison argument, we have PA - o —
—-PriY ("07). Thus T+ —¢. Then T Fpiy ,, —o for some n. This is a contradic-

tion. Therefore we conclude T' ¥ o — PryY ("o 7). O

n

By Proposition 2.4, Theorem 2.20, Proposition 2.13.3 and Proposition 2.14.1,
PryY (x) does not satisfy any of PC, BY, D1Y and CB.

The next two propositions show that {D1,3;C} and {D1, PC} are incom-
parable.

Proposition 4.13. There exists a 31 provability predicate Pr¥(x) of T which
satisfies $1C, but does not satisfy any of D1V and PC.
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Proof. Let Ty be any finite subtheory of T containing Q with A T} is not a Iy
sentence. Let Prf/.(v,x,y) be the A; formula

Prir(z,y) A (32 < yPrip(-w, 2) — E1(x)).
By the Fixed Point Lemma, there exists a 31 sentence o satisfying

PAF o < 3z(Prfr ("0, 2) AVy < 2=Prff ("o, r/\ To = o,y)).

Let Prfy(z,y) := Prfp("07, z,y) and let Pry.(z) := JyPrfy.(z,y). Then
o PA L PrfY(z,y) ¢ Prfr(z,y) A (32 < yPrfr(T=07, 2) — X1 (z)).
e PAF o ¢ Fz(Prfp(T—07,2) Ay < 2-Prfy.("ATo — 07, y)).

First, we prove T ¥ —o. If T + —o, then for some natural number p,
PA F Prfr("—o™, D). Since T ¥ o, obviously T ¥ ATy — o. Then PA F
Yy < p-Prfr("ATy — o7,y). Since Prf}.(z,y) implies Prfr(z,y), we have
PA - Vy < p—Prfy.("ATo — 0,). Then PA - ¢ by the definition of o. This is
a contradiction. Therefore T ¥ —o.

It follows that for any natural number n, PA F —Prfr("—o ™, 7). Then for any
formula ¢, PA - Prfp(Tp™, @) <> Prfy.(T¢7, 7). Thus Pry.(x) is a 1 provability
predicate of T.

Since PA F 2 (z) — (Prp(z) <> Pry(z)) by the definition, 3 C for Pry.(z)
easily follows from X;C% for Prr(z).

We prove that PC fails to hold for Pry.(z). If Pry.(z) satisfied PC, then
S+ Pryg("ATy — o) = Pry(" ATy — o). By formalized deduction theorem,
St Prip(To7) — Pr¥('_/\ To — o). By 3 C for Prip(2),

SFJ—>Pr\T/('—/\T0—>U—‘). (9)
By the definition of PrfY.(z,y), we obtain

PAFPrfy("\To — 07, y) APrip(T=07, 2) Az <y — 51 (T\To = o7).
Since A Ty — o is not X,

PA - Prf¥('—/\ To — o Ly) APrfp(T—07 2) = y < z.
It follows

PA + Pr\T/(’_/\ To — o) = Vz(Prip(T—07,2) —» Jy < zPrf¥(’_/\ To — 0 ,y)).

This means PA - Pry.("ATy — o) — —o. From this with (9), S F ¢ — -0,
and hence S + —¢. This is a contradiction. Therefore Pry.(z) does not satisfy
PC.

Finally, we prove that Pry.(x) does not satisfy D1Y. Let ¢(z) be any formula
such that PA FVz—31(Tp(2)™) and T F Vae(x). Since PAF Prfr(Tp(2)7,y) —
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z <y, we have PA F Pry.(Tp(2)7) A Prfp(T—07,2) — S1(T(2)7) by the
definition of PrfY.(z,y). Hence PA + Pry.("¢(2)7) — —Prfp("=0c ", z). Then
PA F VaPry(To(&)7) — —Prp(T—0 7). Since T ¥ —Prp("—0 ™), we conclude that
T ¥ VaPry (Tpo(x)7). O

By Propositions 2.4 and 2.14. PrJ.(z) does not satisfy any of D2, By and
CB.

We give an example of Mostowski-like Y31 provability predicate which satisfies
PC® but does not satisfy $;C.

Proposition 4.14. There exists a ¥1 provability predicate Pry(x) of T with:
1. Pry}(z) satisfies D1Y, D3%, A¢CS and PCC.
2. Pryl(x) satisfies neither $1C nor CB.

Proof. Let € be a II; sentence undecidable in T such as Rosser’s sentence (see
[17]), and let £’ be the sentence £ V0 = s(0) which is also undecidable in T'. Let
Pry!(z) := Prr(z) Az # "¢ 7. Obviously,

PA - Va(z # &7 — (Prp(z) < Pryl(z))). (10)

Since —¢’ is not provable in T, Pr\T/I(x) is a X7 provability predicate of
T, and also D1Y holds for Pry!(x). The conditions D3% and AoCS follow
from PA F Vz("Pryl(i)7 # "—¢7) and PA F Va(Truea,(z) — = # "—&'7),
respectively.

We prove PCE. Let M be an £ 4-structure whose domain is a singleton {e}.
Then for every closed La-term t, t™ = e. Thus M |= £V 0 = s(0). Therefore
—¢’ is not provable in predicate calculus. The above argument can be formalized
in PA, and so PA I Vz(Fml(z) — (Prgp(z) — = # "=¢'7). Then by PC® for
Prp(x), we conclude PA F Va(Fml(z) — (Prg(z) — Pry(z))).

Since PA F =Pry! (T=¢'7) and T ¥ €', we can prove S ¥ Pryl ("Va—(6 V2 =
5(0))7) — VaPry ("=(¢£ V& = 5(0))7) by (10). The conditions 31 C and CB fail
to hold because of them. O

By Proposition 2.4, Pr\T/I(x) satisfies neither D2 nor Bs.
At last, we prove that our Theorem 2.20 is actually an improvement of
Buchholz’s theorem (Theorem 2.18).

Theorem 4.15. There exists a 31 provability predicate Pr*(x) of PA which
satisfies D1Y, BY, 1C% and PCS but does not satisfy D2.

This theorem is proved by using Beklemishev’s arithmetical completeness
theorem of the bimodal logic CSs with respect to independent 3; numerations
(see Beklemishev [3]). For this, we need some preparations. The language of
CS; is that of propositional logic equipped with two unary modal operators [0]
and [1]. Formulas in this language are called CSy-formulas. The axioms of the
bimodal logic CSy are propositional tautologies and the formulas [i](p — ¢) —
([i]p = [da), [ilp — [J]l{]p and [i]([¢{]p — p) — [i]p for i,j € {0,1}. The inference
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A A—B

B for i € {0,1},

rules of CSy are modus ponens , necessitation

A
[i]A
and uniform substitution.

We say a structure M = (W, Ky, K1, <, Ik, b) is a CSo-model if it satisfies the

following conditions:

1. W is a nonempty finite set.

2. Ky and K are subsets of W with W = Ky U Kj;.
< is a strict partial ordering over W.

be KoNK; and b < z for all z € W\ {b}.

oro W

IF is a binary relation between W and the set of all CSo-formulas such that
Il satisfies the usual conditions for satisfaction and the following condition:
for i € {0,1}, z IF [¢)A if and only if for all y € K, if z < y, then y I+ A.

A CSy-formula A is said to be true in a CSe-model M = (W, Ky, K1, <,IF,b) if
bIF A. The modal logic CSs is sound and complete with respect to CSs models.

Theorem 4.16 (See Smorynski [22]). For any CSs-formula A, the following
are equivalent:

1. CSy + A.
2. A is true in all CSq-models.

Let ap(v) and «j(v) be any ¥; numerations of PA. A mapping f from
CSo-formulas to L 4-sentences is a (g, aq)-interpretation if f commutes with
each propositional connective, and f([i]A) = Pr,, (Tf(A4)7) for i € {0,1}. Bek-
lemishev proved that CSs is sound and complete with respect to this kind of
interpretations.

Theorem 4.17 (The arithmetical completeness theorem of CSy (Beklemishev
[3])). For any CSa-formula A, the following are equivalent:

1. CS2 F A.

2. For any X1 numerations ag(v) and aq(v) of PA and any (v, ay)-interpretation

f, PAE f(A).
We are ready to prove Theorem 4.15.

Proof of Theorem 4.15. Let us consider a CSe-model M = (W, Ko, K1, <, Ik, b)
satisfying the following conditions:

1. W = {b,$0,$1}7
2. Ko={b,zo} and K; = {b,21},
3. <= {(b,x0), (b, 1)},
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4. xg IF p and x1 W p.

Then b IF [0]p A [1]=p A—=[0] L A—[1]L. Thus CSs ¥ [0]pA[1]=p — [0]L V[1]L.
By the arithmetical completeness theorem of CSs, there are ¥; numerations
ap(v) and «aq(v) of PA, and a (ag, aq)-interpretation f such that PA ¥ f([0]p A
[1]=p — [0]L Vv [1]1). Let & := f(p), then

PAY Pro,("€7) APry, ("T—€T) — =Conp,, Vv —Conpy, . (11)

Let Pr*(z) be the ¥; formula Pr,, (z) V Pr,, (z). Then Pr*(z) is obviously a
Y1 provability predicate of PA. Moreover D1Y, 3;C% and PC® are inherited
from Pr,, ().

First, we prove that Pr*(z) satisfies BY. Suppose PA F VZ(p(Z) — ¥(%)).
Then since both Pr,,(z) and Pr,, (z) satisfy BY, we have

PA b Pro, ("p(#)7) = Pra, ("4(#)7) and PA & Pro, (To(#)7) = Pra, (T9()7).
By the definition of Pr*(z),
PA I Pro, (Tp(#)7) — Pr*("¢(2)7) and PA - Pry, (Tp(2)7) — Pr* (T (2)7).
Therefore we conclude
PA F Vi (Pr*(Tp(#)) — Pr' ("9 (&) 7).

At last, we prove that Pr*(z) does not satisfy D2. Suppose, towards a
contradiction,

PAEPr" ("¢ - 0#07) — (Pr*("¢7) = Pr* ("0 £ 07)).
Then by the definition of Pr*(z),
PA b Pro ("€ )VPra, (T=€7) = (Pray (T€)VPra, ("€7) = ~Conpy, V—Conpr., ).
By logic, we obtain

PA = Pro, ("€7) A Prq, ("¢€7) — =Conpy,,  V —Conp,, .
This contradicts (11). Therefore we conclude

PAK Pr* ("¢ — 0 #07) — (Pr*(T¢7) — Pr*(70 # 07)).

O

By Proposition 2.14.2, Pr*(x) satisfies CB.

As we have seen, examples of formulas given in this section show several non-
implications between conditions. For instance, the following non-implications
related to Proposition 2.4 are also obtained.

1. AoC # D1 (Proposition 4.1).
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2. {By : m > 2} # D1 (Proposition 4.2).
For all m > 2, D1 % By, (Proposition 4.4).

3. For all m > 1, D2 # By, (Proposition 4.1).
4. D3 % ApC (Proposition 4.2).

However, we do not have enough such non-implications between conditions
including uniform and global versions. We close this paper with the following
problem.

Problem 4.18. Study further non-implications between derivability conditions.
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