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Abstract. We study a quantum (non-commutative) representation of the affine Weyl group

mainly of type Eél), where the representation is given by birational actions on two vari-

ables z, y with g-commutation relations. Using the tau variables, we also construct quan-
tum “fundamental” polynomials F'(z,y) which completely control the Weyl group actions.
The geometric properties of the polynomials F'(x,y) for the commutative case is lifted dis-
tinctively in the quantum case to certain singularity structures as the g-difference operators.
This property is further utilized as the characterization of the quantum polynomials F'(z, y).

As an application, the quantum curve associated with topological strings proposed recently
by the first named author is rederived by the Weyl group symmetry. The cases of type Dél),

Eél), Egl) are also discussed.

Key words: affine Weyl group; quantum curve; Painlevé equation

2020 Mathematics Subject Classification: 39A06; 39A13

1 Introduction

Quantization of the Painlevé equations (or isomonodromic deformations more generally) and
their discrete variations is an important problem. Recently, this subject attracts various interests
due to its relation to conformal field theories, gauge theories and topological strings. Despite
some interesting pioneering works [5, 6, 7, 9, 19, 37], there remain many problems to be studied
especially on the quantization of the discrete Painlevé equations. Omne of the main problems
is to establish the quantization compatible with the geometric formulation in [29, 49].1 Such
a study is expected to clarify various developments mentioned above from a geometric viewpoint
of quantum curves.

Recently, in the study of topological strings, certain quantum curves related to the affine
Weyl group of type Dél), Eél), Egl), Eél) were obtained [41]. The quantum curves were obtained
by combining previous classical results in [3, 33] and an empirical observation for quantization
of the classical multiplicities [36] (as discussed later in Section 3). Our main motivation is to
formulate a quantum representation of the affine Weyl groups to provide a solid basis for the
study of these quantum curves and the corresponding quantum g-difference Painlevé equations.
Among others, our work enables the derivation of these quantum curves from the first princi-
ple.? As discussed in the last section, we expect that our work will clarify the group structure
of various related physical theories. In particular, we hope to relate directly our tau functions

'In Appendix B, we give a short summary for the classical cases.
2Recently, the elliptic quantum curve for the E-string theory is obtained in [10].


mailto:sanefumi@osaka-cu.ac.jp
mailto:yamaday@math.kobe-u.ac.jp
https://doi.org/10.3842/SIGMA.2021.076

2 S. Moriyama and Y. Yamada

fully equipped with the group structure to the partition functions in topological strings in the
future.

The contents of this paper is as follows. In the remaining part of this section, we recall
some basic results on the representation of the affine Weyl group W(Eél)) in the commutative
case, focusing on polynomials (which we call fundamental or F-polynomials) generated by the
Weyl group actions. In Section 2, a natural quantization of the representation of W(Eél))
is formulated. The quantization of the F-polynomials is associated to ¢-difference operators
and we study a crucial non-logarithmic property of it in Section 3. In Section 4, we show
the main theorem which characterizes the quantum F-polynomials. In Section 5, applying the
constructions, we give a characterization of the quantum curve of type Fg. In Section 6, we
give a bilinear form of the Weyl group actions. Section 7 is for summary and discussions.
In Appendix A, the similar constructions are obtained for the cases of Dél), Eél) and Egl).
In Appendix B, the relation of the classical Weyl group representation in Section 1 to the
standard representations used in the ¢-Painlevé equations is summarized.

In order to explain the problem of this paper more explicitly, we recapitulate some basic facts
on a birational representation of the affine Weyl group of type Eél), W(Eél)) = (50, 81,...,58)
defined by the Dynkin diagram:

S0
S§1 — 82 —83 — 84— 85— S¢ — St — S8.

All the results in this section are known in literature (see [51] for example) up to a change

of parametrization, hence we omit the proofs.

Proposition 1.1. Define the algebra automorphism sq,...,Ss on parameters hy, ha,e1, ..., €11
and variables x,y, 01,09, T1,...,TI1 aS
ho
hg hg hlhg 1 +y7
80—{€1o—>, enn = —, hy » ——, x5 x——10
€11 €10 €10€11 1+ yenr
op! o2 ho 0102
710—>(1—|—y611),711—><1—|—y>,01—>(1+y611) },
T11 T10 €10 T10711
S1 :{€g<—>€9, Tg(—)Tg}, 82:{€7H68, 7'7(—)7’8},
ha hy hihso 1+ zgt
s3=4q€e1—> —,er —> —, hy — Y= Y,
er el erer 1+ o

T — <1+x€7>01, T7 — 0’1<1+l‘)7 o2 — o192 <1+x>},
hi) 7 T1 el T1T7 el

84:{€1<—>€2, T1<—>7’2}, S5={62<—)63, T2<—)7'3}, 86:{63H€4, T3HT4},

87={€4<—>€5, 7'4(—)7’5}, 882{65 < €6, Ts HT(;}. (1.1)

Then these actions give a birational representation of the affine Weyl group W(Eél)) on the
field of rational functions C(hs, e;,x,y, 04, 7;).

The representation is based on a special configuration of 11 points on P! x P! (see Figure 1).
For the blow-up X of P! x P! at the 11 points p; (i = 1,2,...,11), the Picard lattice P = Pic(X)
is generated by Hi, Hy, E1,..., E11, with the only non-vanishing intersection pairings being
Hy-Hy = Hy-H; =1, E; - E; = —1. The actions (1.1) are closed on subfields C(h;,e;)
and C(h;, e;, z,y). The restriction on C(h;, €;)

ha ha hihs
50 =14q€10— —, e11 — —, hy — ) s1 = {es <> ey}, 5o = {e7 ¢ es},
el €10 e10€11
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hy hi hiho

s3=4e; — —, er — —, hy — , sq = {e1 > ea}, s5 = {eg > €3},
er €1 €1er

s6 = {e3 <> es}, s7 = {e4 < e5}, sg = {e5 <> e6},

is nothing but the natural linear actions on the Picard lattice written in the multiplicative
notation: h; = exp H;, e; = exp E;. When z = y = 0, the actions on o;, 7; are just copies of the
actions on h;, e;. In terms of the parameters h;, e; the points p1,...,p11 can be parametrized as

h
Di = (—67;70) (’L:L,G)7 Di = <_1,OO> (2:7,8,9),

e
€10 1

p1o = | 00, — ; pi1=|0,—.
ho el

This parametrization is compatible under the actions of the Weyl group W(Eél)).

. . . Yy = 00

e P11 e P10

b1 _]02 _]93 _104 _]05 ‘296

y=0

=0 T = 00

Figure 1. Configuration of the 11 points.

For an algebraic curve in X, its homological data A = (d;, m;) (i.e., the bidegree (d;, ds) and
the multiplicity m; at the i-th point p;) can be represented by an element of P as

AN=diH{ +doyHy —m1E1 — - —mq1 Eqq. (1.2)

Sometimes, to represent the data A\ = (d;, m;), we use a multiplicative notation

d1 d2 dl d2
o — hy'hy A 01 0y
- eml .« .. emll ’ - Tml .« .. Tmll :
1 11 1 11

We call variables oy, 7; the tau variables (or tau functions). The tau functions are the main
objects in the theory of isomonodromic deformations [26], and their representation-theoretical
formulation was initiated in [46]. Although quantum curves as well as their classical analogs can
be discussed in the subfield C(h;, e;, x,y) as in [41], we stress that the appropriate introduction of
the variables o;, 7; in equation (1.1) clarifies the structure of the Weyl group actions largely since
it reduces the problem of rational functions of x, y into that of polynomials (see the last remark
in this section). Indeed, the basic fact on the representation (1.1) is the following holomorphic
property which is related to the singularity confinement (see [17] and references therein) and the
Laurent phenomenon [14].

Proposition 1.2. For any w € W(Eél)), the action of w on wvariables 7; (i = 1,...,11) is
given by
d1 _da
A\ A\ oilo
w(Tz) = ¢w,i(xay)7- ) T = m11 2m117
’7—1 .. Tll
. . A hi1pd2 : .
where X = (d;,m;) is determined by w(e;) = e* = i rrr, and bw,i(z,y) is a polynomial
1 C11

associated with the degree/multiplicity data A = (d;,m;). Moreover, regardless of the above
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construction using the action of w, the polynomial ¢, ;i(x,y) can be recovered by the geometric
conditions specified by the data N = (d;,m;) uniquely up to a normalization. Hence we can

denote ¢y i(z,y) by Fa(z,y).

Remark 1.3. The curves C: F)\(x,y) = 0 are transforms of the exceptional curve F; under the
birational actions w € W(Eél)), hence the curves C are rational and rigid.

h2hs

Example 1.4. For w = $321,024,3 (= S3525150525453), we have et i=w(e) = Prr—— and
e1e7egeipell 1 er €9
F(zy)=14 ———77— 1+ — 1+ — 1+ — . 1.3
Az, y) < + R2h :c>< +61x>+611< +h1x>< +h1x>y (1.3)
For w=s we have e} := w(ey1) = MM and
0,3,4,0,2,3,2,1,0,2,4,3 : 11 eresereselgers’
2 h 2
2 (1+ 22y h 1 1\ mh 1 1
= (2 2) (12
€1€2 €10 er  eg ) ejezeqg €1 €2
h2h?
61626768610611
Remark 1.5. We see that the variables k1, ko defined by
ky :x@, ko :yﬂ7 (1.5)
T11 TIT2  Th

are W(Eél)) invariant. Hence, the rational actions of w € W(Eél)) on x, y can be determined
by the polynomials corresponding to w(ry), ..., w(m11).

2  Quantum representation

In the following, we use the same symbols h;, e;, x, y, 0;, 7; for the quantum (non-commutative)
objects. This notation is economical and consistent with the commutative case since the latter
can be recovered by taking the specialization ¢ = 1.

Definition 2.1. Let K be a skew (non-commutative) field on the variables hi, ho,e1,...,e11,
x,Y,01,09,T1,...,Ti1, where the non-trivial commutation relations are
yr = qry, Tiei = q e, o1hy = ghaor, o2h1 = qhio, (2.1)

and other pairs are assumed to be commutative.

Remark 2.2. In view of the results in [38], where the construction of [47] is nicely quantized,
it is natural to regard the variables o;, 7; to be dual to the parameters h;, e;. Indeed, the
g-commutation relations (2.1) can be concisely written as

et = gMret A,

using the intersection pairing A - u = dydfy + dod} — leil m;m/, for 7 = aflagQ/(T{m ceTt),
et = hflhgz/(eTl el as well as A = (d;,m;), p = (dj,m}).

Under the non-commutative setting given above, there exists a natural quantization of Propo-
sition 1.1.
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Theorem 2.3. On the skew field IC there exists a birational representation of the affine Weyl
group W(Eél)) = (sg,...,88) given ezxactly by the same equation as in equation (1.1).

Proof. A direct computation (see also Remark 2.8). [

Remark 2.4. We have fixed the operator ordering in equation (1.1) through the requirements
of the Weyl group relations. Since the results seem to be consistent with the prescription of the
“g-ordering” (or Weyl ordering) applied in [41], it will be interesting to study whether and how
such a prescription works in general.

Remark 2.5. The quantum Weyl group actions on the subfield C(h;, e;, x,y) can be constructed
from the quantum curves in [41] without difficulty. In [41], two realizations of the quantum
curves, i.e., the “triangular” form and the “rectangular” form were constructed from a heuristic
method by consulting previous classical results in [3, 33] and an empirical quantization rule
in [36]. The two realizations are related explicitly by a birational transformation, where each
simple reflection s; is given by explicit actions on {h;, ¢;}, and besides, trivially on {z,y} at least
in one realization. By composition, the nontrivial actions in one realization are transplanted
from the trivial ones in the other and all the actions of s; in the subfield C(h,e;, x,y) are
obtained. As a result, the actions of s; are identical to those anticipated from previous works
by [19] for W(Dél)) and [36]? for W(Dél)), W(E§1)). We emphasize that here the quantum
Weyl group actions on the tau variables are also obtained. Namely, inspired by the work [38], we
have further noticed that the representations can be lifted by including the variables {o;, 7;} as
in equation (1.1). Since the final result is quite simple and almost identical to the known classical
case, we decide to take a quick style of presentation omitting the roundabout derivations. With
the quantum Weyl group actions on the tau variables identified, we can rederive the quantum
curves from solid arguments.

h2hs

Example 2.6. For w = s321,0243, ¢ :=w(e) = Trerere. e We have
-1
€1€7€9€10€11 q €7 €9
F(zyy) =1+ 200V 1+ L) +en 1+ La) (14 2z)y. 2.2
e = (e e (L ) ren (e ) (1 ie)e e
For w=s et = w(e ):% we have
0,3,4,0,2,3,2,1,0,2,4,3, € * 1) = Soereseloers”
2 h qhs
(14 2y)(1+ 22y z h 1 1 hih 1 1
Fi(z,y) = ks )(2 2Y) +(1+2y>{<+> 2y + <+>}
e1€2q q €10 €7 eg/ e1e2€10 €1 €2
h2h3
+ (1 +e11y) <1+ L2 y) (2.3)
geie2eregeipfil

As expected, equations (2.2) and (2.3) reduce to equations (1.3) and (1.4) respectively when
q=1.

The representation can be realized as the adjoint actions as follows.

Theorem 2.7. The actions s; on variables X = e;, h;, 75,04, x,y can be written as

SZ(X) = G;er(X)Gz,

ha . \T 1.\ F
GO_(eloyjq)iO’ G3:%, G;=1 (i #0,3),
(ellyv Q)OO (%m;q)oo

3Note that it is necessary to generalize slightly from [36, 41] to obtain the representation of the affine Weyl
group by lifting the constraint on the parameters, since only symmetries of the quantum curve (which is non-affine)
were discussed there.
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where (z;9)% = T12o(1 + ¢'2) is the g-factorial and r; is a multiplicatively linear action
on {hi,ei, 04,7} defined by r;(X) = 5i(X)|z=y=0, and ri(x) =z, 75(y) = y.
p _ By 0% , _ s
roof. Put G = —— 7. By the relation f(y)z = zf(qy) we have
(y; q)%

Ol () = O-1oc = W BY)S _ (aay)& Byl _ 148y
rol®) O Bk " (ond ~ "B () T+ ay

This gives the action so(z) when o = ej1, f = e%, i.e., G = (Gy. Fortunately, the formula

Gy 'ro(x)Go recovers the correct transformation for the other variables as well. For instance

_ _1 0 _ g
Gy 'ro(m10)Go = Gy liGo =G, 1(G0’h1—>qh1, )i = (14 e11y)—=.

g
er1—qe11’ T11 T11

The case 7 = 3 is similar and the other cases are obvious. [ |

Remark 2.8. Using the realization s; in Theorem 2.7, one can give another proof of the Weyl
group relations as follows. We consider the most non-trivial case sgs3sg = s3s9s3 as an example.
Since

So(X) = Galro(X)Go,
s3s0(X) = Ggl (TgGal) (r3roX)(rsGo)Gs,
SQSgSO(X) = Gal (T’()Ggl) (TQTSGal) (7’07’37"0X)(TngGo)(ToGg)Go,

we have s9s350(X) = G~ 1(ror3roX)G, where

(laoy) ! (o)l (22y)]
¥ ¥

G = (ror3Go)(roGs)Go =
(ay)oo (%ﬂf)w (eny)

Similarly we have s3sps3(X) = G_l(’l“gToT‘gX)é, where

(o) (0 (57)a

€1
(Te) (el (f0)

G = (r370G3)(r3Go)Gs =

Due to the relation rgrsrg = rgrors, the relation sgszsg = s3sgsz is guaranteed if @ = G.
Rescaling y — %Oy, T — Z—;w and putting a = ei‘;, b= %, the relation G = G reduces to
the following identity which may be considered as a version of the quantum dilogarithm identity

(see, e.g., [35] and references therein).

Lemma 2.9. For non-commuting variables yr = qxy, we have

() (ar)l, W _ (@)% (ay)s (ar)d

= . (2.4)
(1% o) ()& o)k () (2)%
Proof. By replacements x — —z and y — —y, equation (2.4) can be written as
(@y)oo (a2)o0 (Y)oo _ (¥)oo (aY)oo (a2)oc (2.5)

(Yoo (b2)oo (bY)oo (02)oo (DY)oo (T)oo

“We sometimes omit the base ¢ as (2)% = (z;¢)%. Note that our definition of the g-factorial is different from

the conventional one (2;q)oo = [;2,(1 — q'z) by signs, which also appears later.




Quantum Representation of Affine Weyl Groups and Associated Quantum Curves 7

where (2)0s = [[520(1 — ¢’z), and we will prove equation (2.4) in this form. We recall the
g-binomial identity

(a2)oo _ Z (a)nzn7 (@) = (@)oo , (2.6)

D 2 @

which follows by solving the difference equation f(gz) = =2 f(2) for f(z) = ((az Z))O:" in series

l1—az
expansion. Using equation (2.6) and yx = gxy, the factors in equation (2.5) can be reordered as

(@Y)oo (0Z)oo N~ (@)1 5 (02)oo  §~ (@)n (40" 7)o J = b@“ )n J

Wi G0~ 2 2 (@) (o) ZO

(ay) oo (aT)oo _ (ay) oo (@n n 2" (a)n (aq"Y)oo _ xn( a)n (by)n (ay)oo
) D e = T O o) Z

(by 0o (x)oo B (by)oo >0 d)n >0 (Q)n (bqny)oo B >0 (Q)n (ay)n (by)oo

bl

—
~—
—~
S
8
~—
3

(00)0 D (3 Y Whoe = () D" Z" " (ay)oc- (2.7)

n>0 n>0 )n

Since the both hand sides of equation (2.7) are written in the same ordering in z, y, whether
the equality holds or not is independent of the commutation relation of x, y. We will show it
in the commutative case, where equation (2.7) can be written as

a,bx
ax

) W = @oe 201 (4 7) (ay)ec (23)

(az)oe 261 ( .

using the Heine’s ¢-hypergeometric series
a,b a)n(b
2@1( . ,:L“) = E ;nE 3":5”
>0 q)n\C)n

Then equation (2.8) can be confirmed via iterative use of the Heine’s identity and the trivial
symmetry relation

()= g () ()= (N )

The former is also obtained from the ¢-binomial identity. |

Proposition 2.10. We put ki, ko as the same as the classical case (1.5),

710 T778T9

b= k=g 819
T11 T172 T

Then kq, ko are W(Eél)) tnvariant also in the quantum setting.

Proof. We will check only the nontrivial actions and they go as

1+y* 1
s (ﬁo) o Ve ey 2L o T

T11 I+ yen 7‘111—i-yehT2O 02 T11
and
T7 7879 i 1 o1 x 1‘1'33]% T8T9 T7  T8T9
sg| —y———— | = a1+ — Ly =—y——. [ |
T T2°°"T6 011+1‘h 7 €1 1—|—a T2 T T T2°°°Tg

Due to this proposition, the actions of w € W(Eél)) on x,y can be reduced to the actions
on o;, 7; as in the classical case.
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3 Non-logarithmic property

From the several examples of the quantum polynomials as in equations (2.2) and (2.3), one
observes an interesting factorization in their coefficients, which was utilized in constructing
quantum curves in [41]. We will clarify the meaning of such factorizations from the viewpoint
of the ¢-difference operators.

Consider a g¢-difference equation Dy(x) = 0, D = ZZ 02 Ai(y), (yz = qzy). We look for
a solution 9 (z) around x = 0 of the form

x) =xf Z cjx! (co #0).
=0

From the coefficient of 2" in the equation Di(x) = 0, we have

Z Ai (¢ ej = Ak(q?)co + Ap—1(q” ™ )er + - + Ag (¢ ) ex = 0,
i+j=k

where A;(y) = 0 for ¢ > d;. The (multiplicative) exponents y = ¢” are determined as the zeros
of Ap(y). Then the coefficients ¢, co,... will be determined recursively. For cj, we have the
following cases:

(1) If Ao (qp+k) = 0, then ¢ is uniquely determined from cg, ¢y, ..., cp_1.

(2a) If Agy (q”“") =0and Xj := A; (q”)co + Ap_q (qp“)cl + 4+ A (qp+k—1)ck_1 = 0, then the
equation for ¢j has no solution and we do not have the power series solution (one should
consider a solution with logarithmic terms in x).

(20) If Ay (qp+k ) = 0 and X = 0, then the coefficient ¢, is free and we still have series solutions
with exponents y = ¢, ¢°*.

For the last case (2b), the difference operator D admits a non-logarithmic solution around = = 0
and x = 0 is called “non-logarithmic” singularity of D. Non-logarithmic singularities around
x =00 (or y =0 or y = c0) are defined similarly. If we apply the condition of non-logarithmic
singularities to the case with successive exponents, coefficients of the g-difference operator D
are constrained strongly by the non-logarithmic properties of its solution as follows.

Proposition 3.1. For a difference operator D = ZZ 02" A;(y), we have

(1) D has non-logarithmic singularities at © = 0 with y = a,qa,...,q" ta & Ai(y) «
H;n:_()l_l(y —¢a) for0<i<m-—1,

(2) D has non-logarithmic singularities at x = oo with y = a,q ta,...,q " a & Ai(y) x
H?:Ol_l(y —q7Ja) ford; —m+1<i<d;.

Similarly, for a difference operator D = Z?io Bi(z)y®, we have

(3) D has non logarithmic singularities at y = 0 with * = a,qa,...,q™ ‘a & Bij(r)
H;”:O’ (a: —q’a) for1 <i<m,
(4) D has non- logarithmic singularities at y = oo with * = a,q ‘a,...,q¢ ™ a & Bi(x)

H;n:(f Yo —qa) fordy—m+1<i<dy.
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Proof. Consider the case (1) (the other cases are similar). For the non-logarithmic property
with successive exponents, the recursion relations for the power series solution

AO(y)CO = 07

Ap—1(y)eo + -+ Ao (¢ 'y) em—1 = 0,

should be satisfied termwise with m free coefficients: cg,...,cn_1. From the first relation we
have Ay (y) o H}ﬂ:_ol (y — ¢’a), and the other factorizations also follow easily. [

In other words, a g¢-difference operator D = Zz 1,2t A;(y) with boundary coefficients Ag(y),
Ag, (y) having zeros successive in powers of ¢, is non-logarithmic iff suitable parts of the zeros
penetrate into the internal coefficients. We have similar properties for a difference operator
D= Z;‘iio B;(x)y* also. The non-logarithmic property of g-difference operators plays important
roles in the following characterization of quantum polynomials and also in [43, 45, 50, 52| etc.

4 The F-polynomials
Here we study the quantum analog of the polynomials F)(x,y) in Proposition 1.2.

Definition 4.1. For each degree/multiplicity data A = ((d1,dz2), (m1,...,m11)) € P, we define
a non-commutative polynomial F' = Fy(z,y) = F)\(x,y;{hi,e;}) by the following conditions:

(z)x Collecting terms with the same power of z, the polynomial F' takes the form
mi1—1 i—1 3
2
F= Zfﬁ II (t+deny) ] (1 + qtemy) Ui(y),

t=1 t=d1—mio

where U;(y) is a polynomial® in y of degree dy — (i — dy + m10)+ — (M1 —4)4.

(y)a Collecting terms with the same power of y, the polynomial F' takes the form

do 6 —1 1 9 i—do+mp—1 e
_ t t Ck - i
F = H H <1 +q :1:) H H <1 +q hlzL‘>VZ(x) Y, (4.1)
1=0 k=1t=i—my k=7 t=0
where V;(z) is a polynomial in 2 of degree dy — > p_, (my — )4 — S per(i — do +mp) 1.

In these conditions, (z)+ = max(x,0) and the empty product is 1: Hi’:a(*) =1 (a>0).

Remark 4.2. For the ¢ = 1 case, it is easy to see that the conditions (x)y, (y)x reduce to the
conditions specified by the degree/multiplicity data A = (d;, m;). Hence the quantum polynomial
F(z,y) reduces to the classical polynomial F)(z,y) in Proposition 1.2.

Proposition 4.3. Let A be the W(Eél))-orbit of {E1,...,En1}. Then for X € A, the polyno-
mial Fy(xz,y) exists and is unique up to a normalization. We will normalize it by Fy(0,0) = 1.

SIf there appear many polynomials U;(y) of the same degree, they should be considered as different ones. This
applies to V;(x) in equation (4.1) as well.
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Proof. The conditions (z)y, (y)x give linear equations® (vanishing conditions) for Fy(z,y).

Counting the numbers of coefficients and equations, the dimension of the solution is given by

mg + 1)

11
1 1
dim:(d1+1)(d2+1)—zmk( 5 = 5\ A+ oA ORea +1, (4.2)
k=1

where X is in equation (1.2), dot(-) is the intersection pairing and dreq = 2H; + 2Hy — Y10, E;.
Then, for A € A we have dim = 1, since A- A = —1 and A - dgeq = 1. |

We use a notation s} to represent the induced action on the data A = (d;,m;) defined
by s; (e)‘) =%, hence s; (7')‘) lp=y=0 = 752, Tt is explicitly given as

*
sy = {d2 — di + da — mig — my1, mig — di —mi1, mi — di —mao},

s7 = {mg <> mo}, s5 = {my <> ms},
sj«;:{dl»—>d1+d2—m1—m7, mq '—)dQ—m7, m7|—>d2—m1}, Sz={m1 HmQ},
sy = {ma <> ms}, sg = {ms3 <> mu}, sz ={my <> ms}, sg = {ms <> mg}.

The following is the main result of this paper.

Theorem 4.4. Let F)\(x,y) be a polynomial satisfying the conditions (z)x, (y)x. Then for each
simple reflection s; € W(Eél)), the function Fs:x(z,y) defined by

di _do
* g, 0
S; (F)\(.’E, y)T)\> = stk(xa y)Tsi)\u 7—)\ = S 1 . j_mu ) (43)
1 11

is also a polynomial in x, y and satisfy the condition (z)s:x, (y)s:x- In particular, for A € A,
the unique normalized polynomials F)(x,y) can be obtained by the actions (4.3) from the initial
condition F, = 1.

Remark 4.5. The polynomial F)(x,y) is not a function but a section of a line bundle Ly
on X, and equation (4.3) can be considered as its trivialization in the commutative case [46, 47].
Theorem 4.4 suggests a non-commutative analog of such a geometric understanding.

hihg
eroe1l’

Example 4.6. For e} = the corresponding F) has two parameters:

h
Fy\ = 60(1 + elly) + <1 + 62y> . (4.4)
10
Then, we have

2
0102 ~ 0709
s3 (F)\ > S AR St

2 )
T1T7T10711

1 e hih
F5 = (co + 1) (1 + x) + (1 + 71‘) (60611 +c 1772 m)y
qey hy e1e7€10
1 eve hih 1 h
:co(1+611y)+x{co<—|— ‘ Hy) +01<1+ 172 y>}+c1x2<1+q2y>.
qe1 hy ererenn qe1 €10
We see that the polynomial 1*:’5\ gives a general solution for the condition (x)5, ()5, where

A A _ _ hiho
e = 83(6 ) " ererejperr”

5In the commutative case, this is known as the linear system |A|.
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Proof of Theorem 4.4. We will consider the cases sg and s3 (other cases are obvious).

Case sg. Let F' = F)\(x,y) be a polynomial satisfying the condition (x)y. We compute the action
of sy on Fr*. For F, we have

mi1—1 i—1 h
2
F= Zx [T +deny) ] <1+qtey>Uz‘(y)
t=1 t=d1—mio 10
t ho y mi1—1 A i—1
> €10 1+¢'—= 1+ ¢'eny)Ui(y),
g T () T 0 dennii
=0 ¢=0 t=1 t=d1—m1o
where Uz(y) is a polynomial in y of degree i. For 7%, considering only the relevant factors,
we have
dy _d d
011022 _T—m117_d1 mi [ 91 ladz
7_1761107_17?11 11 10 10 2
mi1—1 1 d1—mio—1 di 0_d1+d2—m10—m11
(1+q'eny) L2
S0 H) 1_|_qt£120 H) ) Tldé—TnuTldf—mm

Collecting the factors (1 + qtelly) and (1 + qte%y) we have sq(F1) = Fr%0 where

dy di—mip—1 i—1

3 . h 5
F=>2 [ @+deny) [] (1 - qt2y> Ui(y).
— - - €10
i=0 t=1 t=mi11
Note that here we have applied the formula [T/=)(+) [T/ (*)/ TTice (+)] = TTi<) (%), which

holds for w < min(u,v). Hence, F is a polynomial of bidegree (d, do = dy + dy — myo — mi)
satisfying the condition (z)5 for A = s0(\). Moreover, F satisfies the condition (y)5 also.
To confirm this, we note that the condition (y), is equivalent to the condition on the top and
bottom coefficients of F' = Zfio Ai(z)y

6 -1 1 9 mp—1

Ay = const 1+q¢— = t —

0 = cons H H < +q ekm), = cons H H ( —|—q x>,
k=1t=—my k=7 t=0

together with the non-logarithmic properties. For the coefficients Ay, A d'Q of F', we have obviously

Ag = so(Ag) = const Ay, and we also have

kal

A s0(Ag,) = const < a:> = const Ay
i = wlda et ILIT (e, -
ha
+ ~ ~
since so(z) = = H;‘l);/ e1g§11$ (y — o0). Hence, the leading coefficients Ay, Ay, have the

required from (y)5. Our remaining task is to show that the non-logarithmic property of F is
inherited from that of F'. Indeed, recall that the sgo-transformation is realized as the adjoint
action so(X) = Gy'ro(X)Go with Gy = (y h2) /(ye11)%,. Then, under the corresponding

610

transformation of the solutions ¥ (y) — Go(y)~1ro(¥(y)), the non-logarithmic property around
50

y = 0 is preserved from the regularity of the g-factorial (z)Z

7. Besides, with the rewriting

(vi2) y (q/(yen) L y _ €l0el11
(ye11)d =Cly (q/(y@));’ = hy

€10

Go =
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we can use G = y”(q/(yell))jo/(q/(y%)); instead of Gy, since the factor C(y) is a pseudo
constant: C(qy) = C(y) and irrelevant for the adjoint action. Hence the non-logarithmic prop-
erty around y = oo follows similarly.

Case s3. Let F' = F)\(x,y) be a polynomial satisfying the condition (y)x. The action of s3 on
two parts of F is given by

—1 1 i—do+mr—1 er
= t : i
7|} | <1—|—qe x) || <1+qh1x>%(x)y

t=i—m t=0
—1 i—do+mr—1 i—1 1 ter
67 tl -~ +q € i
= 1+¢— 1+¢—z )|V M
53 ,H < +qh1x) 1:1 < +q€1x) e )1:[1+th ’
t=i—mq t=0 t=1 el

and

oh gl 09 d2 = 1 = 1
1 Y2 mi dg mry d1 —1 t i
=T — | o' =y | | —— | | 1+q¢—=x)y
7_1m1 7_’;717 1 7 ( T > 1 53 1 qt e7 e 9

t=i—my o i—da+my

where we choose A = s3\ with the tilde applying to each component of A = (d;, m;). By com-
bining them, the factors (1 + qtéx) and (1 + qt 67 ) in the coefficient of 3’ in s3 (FT)‘) are

-1 1 i—mi—1
14+ ¢'— 1

H <+q61x> H <+qh1 )j
t=i—do+mr7 t=0

where we have applied the formula [];_ 1(*)[ ;”:_vl(*) / H;”:_ul(*)] = [1“=} (%), which holds for

t=u t=v
max(u,v) < w. Then, we have s3(F1?) = F7 with

9 mp—doti—1 ~ '
zn H (a2 T IT (1+afie)uon,
and hence, F satisfies the condition (y) 5 as desired. The condition (z); can be confirmed using
the adjoint action realization of s3. |
5 Quantum Eg curve as the Weyl group invariant

Consider a degree/multiplicity data
A= (dla ml) = ((67 3)7 (17 1,1,1,1,1,2,2,2,3, 3))7 (51)

which is special since it is invariant w(\) = A under w € W(Eél)), ie., {\} is a Weyl orbit with
only a single element, hence A is not in the Weyl orbit A of Proposition 4.3. We look for the
corresponding quantum polynomial P = P(z,y) defined by the conditions (z)x, (y)ax:

2 2
P =yl ] (1 + deny) + zyM [] (1 + d'eny) + 2%y (1 + Penny) + 2%y

t=0 t=1
g 3 ha i) o ha 0] ho
+ 2ty 1+q y + 2°y H 1+q y + 2% H 1+q610y
9
1 L€
_ D <1+ >+ 61, 1 403 (1 ) 0] (1 K )
T x|+ 2Ply+x + —z |y +x +q y’, (5.2

where 2l (or ym) represent some polynomials in = (or y) of degree i.
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Proposition 5.1. When the parameters satisfy the constraint

hSh3 = ejesezeqeseeieieded ey, (5.3)
then the general solution P(x,y) of the condition (5.2) takes the form

P(x,y) = coPo(x,y) + c12’y. (5.4)

Moreover, when the polynomial P(z,y) is normalized as P(0,0) =1 and ¢; € C, then P(x,y) is
invariant under the action of W(Eél)) up to some multiplicative factors, namely

2 l—l—qi@y 14+ &x

si(P)=P i£0,3), so(P)=PJ[——2"  s(P)=pP— 11" 5.5
l( ) (# ) 0( ) gl"queny 3( ) 1+q%1x ( )

Proof. Consider an auxiliary case
B= ((d17d2)7 (mh s 7m11)) = ((67 3)7 (07 1,1,1,1,1,2,2,2,3, 3))

From equation (4.2), the general solution F},(z,y) for the condition (z),, (y), has two linearly
independent solutions. We can and we will choose a basis { Py(z,y), 2%y}, where Py(z,y) is fixed
by the conditions: (i) the coefficient of x3y in Py(x,y) is zero, and (i) Py(0,0) = 1. By definition
F,(z,0) has 6 roots at © = a, ea, . . ., €6, where a is determined by hfh3 = aesesesesegeededesyes;
due to the relation between the roots and the coefficients. Now we turn to the case A in equa-
tion (5.1). Compared with the case u, the case A demands one more condition P(e;,0) = 0.
However this extra condition is automatically satisfied if a = ey, i.e., the constraint (5.3) is satis-
fied. Hence, under the constraint (5.3), the general solution F)(z,y) is given by F,(x,y)|q=e,
which has the desired form (5.4). Equation (5.5) follows from Theorem 4.4 and explicit compu-
tation on the monomial z3y. |
Corollary 5.2. The quotient H(x,y) = P(z,y)z 3y~ is invariant under W(Eél)).

The quantum curve H(Q, P; {fi, gi, hi}) for Eg in [41] written in the “rectangular” realization
coincides with H(x,y;{h;,e;}) = 2 3Py (ac,(f?’g/)gf1 up to a normalization, by the following
change of the variables and parameters,’

(Q?P)%q%(xiay)? (f17f27f3)_>h1_1(e7768’€9), (91792)—> (‘3]1-176}1120>’

(hl,. . .,h6) — 611(61,...,66).

The corresponding tropical curve is a pencil of elliptic curves given in Figure 2.
An explicit form of the polynomial Py(x,y) is given by

3
PO(xvy) = Zcz(x)yza
i=0
2 €; €;
_ 3 3 (1 1
Cs(z) = q°ey; E <1 + hla:) <1 + thx),

9
€;
Cy(z) = qe?, H <1 + h1$> {[3lq+ qzA_1 + qrA1x? + [3](1/%3},
=7

"Note that the symbols h; have different meanings in ﬁ(Q, P;{fi,gi,h:}) [41] and H(zx,y; {hi,e;}) here.
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Figure 2. The web diagram corresponding to the curve H(xz,y) = E which has 6(single) + 3(double) +
2(triple) asymptotic lines. It has one closed cycle whose size depends on the parameter E, hence
(genus) = 1. See, e.g., [3, 32, 33].

Cl(ZC) = 611{[3]q + [2]qA_1x + (FJAl + A_Q)J:‘2 + g(/iAQ + A_1)£C4

4 [Q]q’QQAl 2+ [3](1,{2:56},

q q
6 1
Co(x) =1 (1 + 90)7
i1 =)
where
9
Apr =Y af', A= ) (e,
i=1 1<i<j<9
h
a=e¢ (1<i<6), a=-— (1<i<9),
e
_ 1= q" _ €7€8€9€10€11
[klg=—"-, =
1—g¢q hiho

Remark 5.3. In the context of discrete Painlevé equations, the constraint (5.3) gives the auto-
nomous case where the system admits a conserved curve H(z,y) = E.

6 Bilinear equations

The Weyl group representation in Theorem 2.3 can be reformulated as follows.

Proposition 6.1. Introduce variables 71 10, T1,11, T2,1, T2,7 instead of x, y, o1, 02 as

o1 o1 09 092
T1,10 = —» 1,11 = T—, ™1 =Y, 7= —.
T10 Ti1 T1 T7

Then we have the representation of the Weyl group W(Eél)) given by

ha ha hiho
50 =<4eyp — —, e11 - —, hy —
el €10

)
€10€11

1 1 ho
Tio — (To,77T7 + enTea ) —, Ti1 — — | TorTr + —T2171 | ¢,
TI1 T10 €10

T7T2,7
81:{68<—>€9, Tg(—)’]’g}, Sg = €7 <> e, T7r <» T8, T2 7 — - R
8
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hy h1 hiho
S3 = 61—>f,67—)fh2
€7 €1

€1éy ’

er7 1 1 1
71 — | 71,1070 + 7—T1,11711 | —, Tr = — | T1,10T10 + —T1,11711 | ¢
hy T7 T1 e1

T1T2,1
S4 =€ %> €2, T1 <> T2, T21 —

}, 85:{62<—>€3, 7'2<—>7'3},

86:{€3<—>€4, 7'3<—>7'4}, 57:{64H€5, 7'4HT5},

S8 = {65 < €eg, T5 < 7'6}-
Proof. The actions written in the new variables are computed as follows

s 09 09 o2y 1 1
0 = (14+yen)— = [ —m +en1—71 | — = (ro777 + €1172.171) —
T11 T7 1 T11
op}

T
h 1 /(o ho o 1 h
T (1 + y2> = — (277 + 22y71> =— <7'2,77'7 + 272,1T1>,
T10 €10 T10 €10 T1 710 €10
T1 g (1 —+

€7\ o1 01 €7 01T 1 e
T— | —=|—Tw+t——Tu | — =
hi) T10

7 1
T1,10710 + 7—7T1,11711 | —»
hi 1 T7 h1 T7

o T 1 /o 1 o1z 1 1
7’73 1(1+> = <1T10+17’11> = <
T1 €1 71 \ 710 71

T1,10710 + 71,11711>-
e1 Ti1 e1
Other actions are obvious

|
In order to describe the bilinear equations in the Weyl-group covariant way, we define the
tau functions 7(\) on a certain lattice L as follows

(i) For A € Lo = {6’1, 611,%,%,%,5} we put 7(e;) =7 (1 < i < 11), T(]Zf) = Ty,
(i=1,7) and T(%) =71, (j=10,11)

)

(13) For Weyl-group elements w € W(Eél)), we put 7(w(N)) = w(T(N)).

dq
From (¢) and (i7), one can uniquely determine the functions 7(\) for any A = % e L,
e
where L is the Weyl-group orbit of Lg. For A € A, this fact is a consequence of Theorern 4.4,
and it can be extended for A\ € L similarly by using the normalization condition
lim 2~ ' F)\(z,y = 0)

z—0

=1, or limy 1 F\(z = 0,y) =1,
y—0

for A = w( By )or A= w(hQ) respectively. (For the other cases we still have F(0,0) = 1.)
Corollary 6.2. The functions 7(\) satisfy the following relations

T(ew)T(:fo) _ 2207 (’2)7(@) + T<hg>7(ej),

€j
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where 1 < i <6 and 7 < j < 9. Furthermore, the infinitely many bilinear relations obtained
from the above equations via the Weyl group actions also hold.

Proof. This is a simple reformulation of Proposition 6.1. |

Example 6.3. The sy transform of the fourth equation in equation (6.2) with j = 7 is

hih h h h h
T(l 2 )T(e7) = 676106117<1>7’<2> +T<1>T<2>. (6.1)
ereioell hihs el €10 €10 el

This can be confirmed by
hih erel1pe h 010

7'<1 2 )—{1+€11y+7 10 11x<1+2y>}1 2 , 7'(67):7'7,
ere10e11 hiho €10 T7T10T11
h h h

T(l):xm, T<2>:(1+ 2 y>027
€11 T11 €10 qe1o T10
h o h o

() =2 (2] —arean
€10 T10 e11 TI1

Note that each term in equation (6.1) is a member of two-parameter family T(ehul)i?fl) (see
equation (4.4)) and should satisfy a relation among three of them.

So far, we have derived the bilinear relations as the identities satisfied by the functions 7(\)
defined by the Weyl group actions. Conversely, we can consider the relations as the infinite
system of equations viewing 7(A) (A € L) as infinite unknown variables. We call this overde-
termined system of equations the quantum bilinear equations (denoted by B). Note that the
bilinear system B is “tropical” (or subtraction free) [51].

Theorem 6.4. For any initial data T(X) (# 0) (A € Lg), there exists a unique solution for the
system B. And this solution gives the general solution.

Proof. We already have a solution as given in Corollary 6.2. It has 15 free parameters
Tl,...,Tl1, 01,02, ,y which are enough to fit the 15 initial data 7(\) (A € Ly). [ |

Remark 6.5. In the commutative case (¢ = 1), the space of the solutions of the system B is of
dimension 2 (modulo rescaling of variables 7;, 0;) and can be identified with the Okamoto space
with coordinates x, y. Hence the system B can be considered as a quantum analog of the Pliicker
embedding of the Okamoto space [26]. It will be interesting if the system B can be obtained
from some infinite-dimensional quantum integrable hierarchies. In view of this, we note that one
can eliminate variables T(%) (1 = 10,11) from the third and fourth equations in Corollary 6.2
to derive the bilinear equations in the standard Hirota-Miwa form (see [48]) such as

(-2 () (- 2ron(2) (2 -2)or()
(-2 ({2 (- 2] -

7 Summary and discussions

0,

)

In this paper, we studied the quantization of the affine Weyl group of type Eél and obtained

the following several results:

e A quantum (non-commutative) version of the affine Weyl group representation is formu-
lated (Theorem 2.3).
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Its realization as adjoint actions is obtained (Theorem 2.7).

Fundamental polynomials arising from the representation are studied and its characteri-
zation is given (Theorem 4.4).

The quantum curve for Eél) in [41] is rederived by the Weyl group symmetry (Section 5).

The quantum bilinear equations are obtained (Section 6).

Many of the results can be formulated similarly for the cases Dél), Eél) and Eél) as well.

Such results are summarized in Appendix A.

One of our motivations for studying the quantum curves is the correspondence between
spectral theories and topological strings, as observed in [18, 20, 21, 22]. Namely, the determinant
of the spectral operator obtained from the quantum curve is described by the free energy of
topological strings on the same geometry, which is captured by the period integrals. After
providing the quantum curves and their origins in the affine Weyl groups, we believe that
there are many directions to pursue to deepen the correspondence. Here we list some of future
problems.

e Given a quantum curve, the study of the spectral problem is important. Since the expression
is very huge in the exceptional cases E,(ll), the Weyl group symmetry will play a funda-
mental role to control them as discussed in [41]. It is interesting to start with the study
of matrix elements of the spectral operators as in [30].

e After fixing the spectral operators, besides the spectral determinant, we can study various
invariant or covariant quantities including the F-polynomials defined above. We believe
that the correspondence is clarified from their relations.

e In relation to the spectral problem mentioned above, computation of the quantum period
integrals is also an interesting problem [1, 2, 23, 24, 25, 39]. Even in genus one cases
they are technical challenges in particular for the fully massive Fg, E7, Eg cases. Again,
we expect that the Weyl groups serve an important role in studying the periods [15, 42].

e It is of course an interesting future direction to generalize our characterization to the cases
of spectral operators of higher genus to study the correspondence in [11, 12].

e The tau functions for some classical (commutative) Painlevé equations have the general
solutions in terms of the Nekrasov functions (the Kiev formula) in both differential and
difference cases (see [16, 27] for example). Their extension to quantum Painlevé equations
is an important problem [5, 6].

e In the context of Painlevé equations, the quantum curve appears in two ways: (i) as the
conserved quantity for quantum autonomous Painlevé equations discussed in this paper,
and (ii) as a ceratin specialization of the Lax linear equation for classical non-autonomous
Painlevé equations [4, 45, 50]. In order to clarify the relation between the Kiev formula
and the partition function of topological strings [18, 20], it will be important to understand
the relation between (i) and (it).

e There is a Lens generalization of the discrete Painlevé equation [31] whose identification
in the Sakai’s classification is not clear so far. It may be related to a quantization where ¢
is a root of unity.

e The Weyl group symmetry (the iWeyl group) for the various (quantum) Seiberg—Witten
curves was obtained (see [34, 44] for example). The Weyl-group actions considered in this
paper are expected to be a realization of the iWeyl group.
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A Cases D( ) E(l) and E( )

Here we will give the results for the cases Dél), Eél) and Eél) which are similar® to the case Eél).
First, we prepare some notations which are common for all cases.

To describe the Weyl group actions, we put

Sij = {62‘ €4, Ty 4 Tj},

z ho ho hiha 1+yh2
Sig = €¢—>f,€j—>f,h1—>7,m—> P
€; €; €€ 1—|—ye]
o o h 010
T — (1+yej)2,7j—>2<1+y2>, o1 — (1—|—yej) ! 2},
Tj T €; TiTj
y hy hy hihso 1+x%
S;; =36 = ¢ = —, ha— , Y = =Y,
” €; €; €i€j 1+ e

<1+ > L Tj—)o-1<1+$>,0'2—>0-10-2<1+$>}.
hl Ti €; TiTj €;

To specify the form of the F-polynomials for a given data ((d1,d2), (m1,ma,...)), we put

mip—1

FIJ_Z T I] 0+ deny) T H (1+qt2y>Ui(y),

i=0 keJ t=: kel t=dy—my,

where deg U;(y) = da — D _jer(i — di +my )+ — 3 pe s (my — i)4, and

myp—da+i—1

ST T (e ST T (e vy

1=0 k€l t=t—my, keJ t=0

where deg V;(z) = d1 — Y, cr(my — )4 — > ey (i — d2 +my) . With this notation, the previous
result for the Eél) case is given by

. _ _ Y _
50 = S10,11> 51 = 58,9, S2 = 578, 83 = 817, 84 = 81,2,
S5 = 52,3, 56 = 53,4, S7 = 84,5, 58 = S5.6-

Besides, the notation is applicable to all the other lower-rank cases. All these results are con-
sistent with the quantum curves and the Weyl actions given in [41].

Case Eél):
e The Weyl group W(Eél)) corresponding to the Dynkin diagram

S0

S1 — 82— 83— S84 — 85 — S — S7,
can be realized as

" — _ _
So = 397107 S1 = 87,8, S92 = 86,7, 83 = 55,6,

_ Y _ _ _
84 = 815 S5 = 51,2, S6 = $2,3, 87 = 834.

8For the cases Dé”, Eél), E;U one can extend the affine Weyl group by including the automorphisms of the
Dynkin diagram. However we will not consider such extensions here.



Quantum Representation of Affine Weyl Groups and Associated Quantum Curves 19

e Defining conditions for the F-polynomials are given as follows. If we collect terms with
the same power of x, the F-polynomials take the form F {xg} {10}’ while if we collect terms

with the same power of y, they take the form F {1 2,3,4},{5,6,7,8}"

o h4h2
e Under the condition m = 1, we have the quantum curve
9-10

4 4
T 1
Pﬂn:Il<l+q%>+{ﬁdl+®+fm<§: +§:@)x+cm

=1 i=1
+ﬁw<§: +§:@) “(1+q)zx }y+qMII<L+>
_ h
where Kk = m and ¢ € C.
Case Eél):

e The Weyl group W(Eél)) corresponding to the Dynkin diagram

50

S6

81— 82 — 83 — S4 — S5,
can be realized as

_ _ _ _ Y
S0 = 88,9, 81 = 85,6, S92 = 54,5, 53 = S14

S4 = 81,2, S5 = 52,3, 86 = 5976,8'
e The F-polynomials take respectively the form of F {7} (8,9} and F? (1,2,3},{4,5.6} if we collect
the same power of z and y.
h3h2

e Under the condition ——1"2— = 1, we have the quantum curve
€1---egeregeg
ho(1 +
PE(1)={eg+eg+cm+ ( hy z‘>962 M 3}3/
¢ qeiezeser q2eieseser

3
X
+€8€9H (1+>y2+H <1+qe>
i=1 '

Case Dél):
e The Weyl group W(Dél) ) corresponding to the Dynkin diagram
S0 S4
.
81— 82— 83 — S5,

can be realized as

— — — Y — T — —
S0 = 87,8) S1 = 83747 S2 = 83’77 83 = 81,57 S4 = 81,27 S5 = 85,6‘
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e The F-polynomials take respectively the form of F {1 2}.15,6 and F (7.8}.{3.4} if we collect
the same power of z and .

o h2h2
e Under the condition el{,jg = 1, we have the quantum curve

8
x e1+ea)h
P (1):H 1+— )+ €5+66+CJL‘—|—( ! 2) 2 22 y+€5€6H
Ds e qe; geijezeresg

B Standard realizations in commutative case

In Sakai’s theory [49], the geometry relevant for the 2nd order discrete/continuous Painlevé
equations are classified as in the following list:

elliptic Eg
&4
multiplicative Es - E; - Eg — Dy — Ay — A2+1 — A1+1 — A1 — A
additive Eg — E7 — E6 — D4 — A3 — A1+1 — A1 — AO
N\ hV

AQ *)AlﬁA[)

This list is the same as the degeneration scheme of the F-string. The classes of “elliptic”,
“multiplicative” and “additive” mean the types of the difference equation and correspond to the
gauge theories in 6D /5D /4D (see, e.g., [8, 40]). The cases in the box admit the continuous flows
(of the original Painlevé equation), and the relation between their Hamiltonians and the D = 4,
SU(2) Seiberg—Witten curves was observed in [28]. Symbols A,, D,,, E, represent the types
of the symmetry (affine in the Painlevé equations) and correspond to the (non-affine) flavor
symmetry of the gauge theory.”

There are two standard ways to realize the above geometry, namely (i) nine-point blow-up
of P? or (ii) eight-point blow-up of P! x P1. In the most generic case, these points determine
an elliptic curve and we have the elliptic Painlevé equation. Here we will give the multiplicative
case in the realizations (i) and (i7) together with their relations.

(i) P2-realization. Consider a parametrization of a point pg(u) = (z(u) : y(u) : 1) € P?

x(u) = u, y(u) = %0 —u? (ue ]P’l). (B.1)

The equations parametrize a cubic curve C3 (with a node) given by
p3(x,y) = 2 + xy — g = 0.

The group structure of the curve Cs is multiplicative, i.e., 3n points p3(u;) (i = 1,...,3n) are
intersections of C3 and a curve of degree n iff uy - --u3, = €j. Hence, the blow-up of P2 at the
nine points p3(e;) has the elliptic fibration iff €1 - - - €9 = €3.

(i4) P! x P'-realization. Consider a parametrization of a point pea(u) = (f(u), g(u)) € P! x P!

flw)=u+—=,  glu) =u+—. (B.2)

u u

9Since the gauge theories are associated with the autonomous limit of the Painlevé equations, the affine Weyl
groups are reduced to the finite Weyl groups.
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The equations parametrize a bidegree (2,2) curve C 2 (with a node) given by

w22(f,9) = = g}thz’};; Mg) + (hy — h2) = 0.

This curve is also multiplicative; N = 2(m + n) points pp2(u;) (i = 1,...,N) are intersections
of Cy 2 and a curve of bidegree (m,n) iff uy - - - uy = h{"h5. Hence, the blow-up of P! x P! at the
eight points ps2(e;) has the elliptic fibration iff e; - - - eg = h3h3.

Proposition B.1. The realizations (i) and (ii) are equivalent through the following birational
symplectic transformation of variables (x,y) and (f,g) with the identification of parameters
(€0...,€9) and (h1, ha,e1,...,e3) given by

Q_qr—y D — e —y
_ € _ €
! x—e g T — €9
€ € € .
hi = j, hy = j, e = 70, €; = €j4+1 (’L > 1). (B3)
€1 €2 €1€2
Proof. The relation of the parameters (¢g ..., €9) and (hi, ha, €1, ..., eg) is invertible (it is a “li-

near” isomorphism written in multiplicative coordinates). Also, by a direct computation, we see
that the transformation between (x,y) and (f,g) is birational with the indeterminate points
p3(e1),p3(e2) € P? and paa(er) € P x PL. It is easy to check the parameterizations (B.1), (B.2)
and the curves C3, C 2 are mapped to each other by the transformation (B.3). Since

e dzAdy  dfAdg

o w3(7,y) B @2,2(]079)7 (B.4)

equation (B.3) gives a symplectic transformation w.r.t. this symplectic form. |

Using the transformation (B.3), we can derive the actions of affine Weyl group W(Eél)).

Proposition B.2. There exists a unique birational symplectic representation of affine Weyl
group W(Eél)) with the following properties:

(i) In variables (x,y,€o...,€9), the action is given by

2

€ €0 €0 €0 - .

S0 =4 € — , €1 = y € —> ——, €3 > ——, T =X, Y=Y,
€1€2€3 €2€3 €3€1 €1€2

Si:{€i<—>€i+1} (7’:17’8)7

where & and § are certain rational functions of (z,y).

(#i) In variables (f,g,h1,ho,v1,...,v8), the action is given by

s = {e1 < ea}, 5; ={ei—1 ¢ e} (i=3,...,8),
hih h h

s1 = {h1 < ha, f < g}, 82={h2—> 12,61—>1,€2—>1,g—>§}»
€1€2 €2 €1

where § is a certain rational function of (f,g).

Proof. In the P? realization, we have obvious symmetries s; = {¢; +> €41} (i = 1,...,8) which
generate &g, and also in the P! x P! realization we have Gy x Gg = (51 = {h1 < ho, f <
g}) x (so ={e1 <> ea},s; = {ei—1 <> €;}(i = 3,....8)) (see Figure 3). By mixing up the actions
SS9 and G5 x Gg, one can obtain the full generators for W(Eél)). The non-trivial actions sg
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X [}

e e e it It T ) e— X —eo—e—0o—0—0—o
Figure 3. Sy (left) and G5 x Sg (right) subgroups in W(Eél)).

in (7) and s in (i) can be obtained from the obvious actions in opposite realization through
the relation (B.3). The explicit forms of Z, g, § can be determined by

xep(eo — w) (r —e1)(z — e2)(x — €3)

so(x) = , so(w) = w, w =
0(@) €3 — €16263w o(w) eo(x® + 2y — €0)
and
s g—(Ul-l-%) f—(v2+%)g—(v1+’;—f)
2 = .
g—(v2+%§) f—(Ul‘F%)Q—(UQ—F%)
Thus, we obtain the desired results. |

Remark B.3. Written in the coordinates (z,w), the Weyl group representation of W(Eél)) is
the same as that in Section 1 up to a change of the parameters (note that w here corresponds
to y in Section 1). In this coordinate, the symplectic form (B.4) takes a simple form w = %
This explains the reason why the realization in Section 1 is suitable for quantization.

In closing this appendix, we will give explicit forms of the pencil of the conserved elliptic
curves.
In the realization (i) the conserved curve is given by

0= A\p3 +mq (—IL‘260 —zy? + yeo) — moz(xy — €0) — M3z + myz? — msz

+ mg — my (952 + y) €0t +ms (xzy + zeg + y2)60*2 — my (—333360 +y® + 36(2))6073,

where 39 m;2t = H?Zl(l + €;2) under the constraint €§ = €1 - - - €.
In the realization (ii) the conserved curve is given by

hi — fho)?

0= A2 = mi[Folohs — fh) + 13 - ghd] + ma LI g — o)

(f=9?  J9(f —9) = [l +gho
hl — hg 7 h1h2

+ (h1 — ha) ((f* — 2h1) (9% — 2ha) — hi — 3),

+my(h1 — h2) —ms(f — g) +mg

where Z?:o m;z' = H§:1(1 + v;z) under the constraint h2h3 = vy - - - vg.

Written in the Weierstrass form these curves coincide with the Seiberg—Witten curve for 5D
E-string [13]. In the quantum case, we do not know whether such cubic or bi-quadratic form is
available or not so far.
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