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Abstract

In this paper, we are concerned with the global asymptotic behavior of an infection age-structured SIR
epidemic model with diffusion in a general n-dimensional bounded spatial domain under the homogeneous
Dirichlet boundary condition. By using the method of characteristics, we reformulate the model into a
system of a reaction-diffusion equation and a Volterra integral equation. We define the basic reproduction
number R by the spectral radius of a compact positive linear operator and show that if R < 1, then the
disease-free steady state is globally attractive, whereas if R > 1, then a positive endemic steady state exists
and the system is uniformly persistent. By numerical simulation for the 2-dimensional case, we show that
R depends on the shape of the spatial domain. This result is in contrast with the case of the homogeneous
Neumann boundary condition, in which R is independent of the spatial domain.
© 2020 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The SIR epidemic model is one of the most basic mathematical models for infectious disease
dynamics, in which the total population is divided into three subpopulations called susceptible,
infective and removed. In the first study [28] of an SIR epidemic model in 1927, Kermack and
McKendrick considered the effect of the time elapsed since the infection, which is nowadays
called the infection age [23,24]. Typical epidemic models with infection age are nonlinear sys-
tems of partial differential equations, and mathematical analysis for them is usually more difficult
than that for ordinary differential equations models without infection age. More precisely, it is a
classical fact that the global asymptotic behavior of an SIR epidemic model without infection age
is completely determined by a threshold value called the basic reproduction number R [12], that
is, the trivial disease-free steady state is globally asymptotically stable if R < 1, whereas a pos-
itive endemic steady state is so if Ro > 1 [24, Section 5.5.2]. However, whether R for infection
age-structured models also plays the role of such a threshold value had been an open problem
for decades. In 2010, Magal et al. [31] studied an infection age-structured SIR epidemic model
and proved that the disease-free steady state is globally asymptotically stable if Ry < 1, whereas
the unique positive endemic steady state is so if Ro > 1 by using an integrated semigroup ap-
proach and constructing a suitable Lyapunov functional. After their work, the global asymptotic
behavior of various kinds of infection age-structured epidemic models has been broadly studied
by many authors (see, e.g., [3,21,26,32,33,44,46,48,52,53]).

Epidemic models with spatial diffusion have also been studied by many authors (see, e.g.,
[1,6,16,19,20,30,35,37,47,50]). In fact, such models have been applied to consider real infec-
tious diseases such as rabies [27], Dengue [45], Lyme disease [8] and so on (see [39,40] for
the detailed reviews on the related studies). However, relatively few authors have focused on
epidemic models with both of the infection age and spatial diffusion (see [17,49,51] for models
without birth and death processes and [13—15,54] for models in spatially unbounded domains).
In this paper, we are concerned with the mathematical analysis of an infection age-structured SIR
epidemic model with spatial diffusion in a spatially bounded domain, which can be regarded as
a generalization of the model studied in [11] for 1-dimensional spatial domain to n-dimensional
spatial domain. To our knowledge, most of the previous studies on spatially diffusive epidemic
models in spatially bounded domains assumed the homogeneous Neumann (zero-flux) boundary
condition. In contrast, in this paper, we assume the homogeneous Dirichlet boundary condition.
Due to this assumption, the trivial disease-free steady state for our model is nonconstant, and the
basic reproduction number R for our model can not be explicitly given by a positive constant
even if all parameters are spatially homogeneous. This is in contrast to the case of homogeneous
Neumann boundary condition, in which the disease-free steady state is constant and Ry is ex-
plicitly given by a positive constant if all parameters are spatially homogeneous (see, e.g., [10]).
Thus, Ro under the homogeneous Neumann boundary condition with spatially homogeneous
parameters is not affected by the shape of the spatial domain. This seems unrealistic because the
infection is thought to be more likely to spread in a region with a suitable shape for individuals to
contact each other. In this paper, we obtain R that depends on the spatial domain, and show that
it plays the role of a threshold value for the global asymptotic behavior of our model: if Rg < 1,
then the disease-free steady state is globally attractive, whereas if Rog > 1, then the system is
uniformly persistent and a positive endemic steady state exists.

The organization of this paper is as follows. In Section 2, we first formulate our model as a
system of parabolic differential equations, and reformulate it into a system of a reaction-diffusion
equation and a Volterra integral equation by using the method of characteristics. In Section 3, we
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prove the existence and uniqueness of the positive bounded solution of the system. In Section 4,
we define the basic reproduction number Rg by the spectral radius of a compact positive linear
operator called the next generation operator. In Section 5, we prove the global attractivity of
the disease-free steady state for Rg < 1. In Section 6, we prove the uniform persistence of the
disease for Ry > 1. In Section 7, we prove the existence of a positive endemic steady state for
Ro > 1. In Section 8, by numerical simulation, we confirm that our theoretical results are valid
and Ry is affected by the shape of the spatial domain for the 2-dimensional case.

2. The model

Let Q CR",n e N*={1,2,...} be abounded, open and connected set (domain) with smooth
boundary 9€2. Let S(¢, x) and R(¢, x) denote the densities of susceptible and removed individ-
uals in position x € Q at time 7 > 0, respectively. Let (¢, a, x) denote the density of infective
individuals of infection age @ > 0 in position x €  at time 7 > 0. We first construct the following
SIR epidemic model, for # > 0, a > 0 and x € €2,

“+o00

05U _ 1 AS@x) +b— St x) / B(a)I (t,a,x)da — uS(t, x),
0

at

31 ta ) 81 t’ ’
(3;1 2 (a: Y barG.an ~[u+y@] 1),

o 2.1)
I(t,O,x):S(t,x)/ﬂ(a)l(t,a,x)da,
0

“+o00

% =d3AR(t,x) + / y(a)I(t,a,x)da — uR(t, x),
0

with initial condition, for @ > 0 and x € Q,

SO0, x)=¢1(x), 1(0,a,x)=¢a(a,x), R(0,x)=¢3(x),

and the homogeneous Dirichlet boundary condition, for f > 0, a > 0 and x € 9€2,
S, x)=1I1(t,a,x)=R(,x)=0.

Here di, d> and d3 denote the diffusion coefficients for susceptible, infective and removed
individuals, respectively. b denotes the birth rate, §(a) denotes the infection age-dependent trans-
mission rate, i denotes the mortality rate and y (a) denotes the infection age-dependent removal
rate. Throughout this paper, we make the following assumptions.

(A1) b>0,u>0andd; >0,i=1,2,3.

(A2) B e LT RN LL(RJF) and there exist 0 < a; < ap < +00 such that 8(a) > 0 for all
a€(ay,az).

(A3) y() e LY (Ry).
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Let 8% and y*° denote the essential supremum of B(-) and y (), respectively. That is,

B> :=ess.supB(a) < +oo and y™> :=ess.supy(a) < +oo.
aER+ GER+

Let X := C(Q, R), equipped with norm

lellx :=sup lp()]. ¢eX.

xeQ2

Let w;(t,x), i = 1,2,3 be the solution of the following initial-boundary value problem, for
i=1,2,3,

ow; (¢,

y:diAwi(t,x), t>0, xeQ,

w; (0, x) = w; 0(x), xeQ, 22)
w;(t,x) =0, t>0, xe€df.

By [25, Theorem 7.1], if w; 0 € X, i =1, 2, 3, then there exist fundamental solutions I'; (¢, x, y)
to (2.2) such that, fori =1, 2, 3,

wi(t,x)=/Fi(t,x,y)wi,o(y)dy, t>0, xeQ,
Q

solves (2.2) in the sense that lim;_, o w; (¢, x) = w; 0(x), x € Q. From the arguments in [25,
Sections 8 and 10], we see that I'; (¢, x, ¥) is unique and satisfies the following properties, for
i=1,2,3,

(G1) T(t,x,y) =0 for all # > 0 and x,y € Q. Moreover, I';(¢,x,y) > 0 for all > 0 and
x,y €.

(G2) [oTi(r,x,y)dy <1forallz>0andx € Q.

(G3) fQ Li(t,x,Ti(s,z,y)dz=Ti({+s,x,y) forallt >0and x,y € Q.

(G4) T';(-,x,-) =0forall x € 092.

(G5) T;(,x,y) =Ti(, y,x) forall x, y € Q.

For instance, if €2 is an n-dimensional rectangular domain such as
Q:{x:(xl,xz,...,xn)eR" 0 <x; <t <400, i:l,Z,...,n},

then T'; (¢, x, y) is given as follows [25, Section 16], fori =1,2,3,7>0and x,y € Q,

on +00

Fi(t,X,Y)Zl_[ni Z li[ sin

J=V5T kg k=1 jum=1

S1

s (k) ]2
£ I
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We now reformulate model (2.1) into a system of a reaction-diffusion equation and a Volterra
integral equation by using the method of characteristics. Let a —t =c e R, I(t,x):=1(t,1 +
¢,x) and P (¢) := y (¢t + ¢). The second equation in (2.1) can then be rewritten as follows, for
t > to:=max (0, —c) and x € Q,

al(t, x)

=dAI(t,x) — [p+7®] 1t x).

Using the fundamental solution I">, we obtain, for > fy and x € €,

~ — 1 9 A
I(t,x)=¢e Jiglnrp(@)]do / Lot —to, x, y) (tg, y)dy.
Q

Hence, for each of the cases of t —a > 0 and a — ¢ > 0, we have the following expression,

e—.fb"[ﬂﬂ(‘”]d"/m(a,x,y)I(t—a,O, ndy, t—a>0,

Q

I(t,a,x)= 2.4)

e‘ﬁW”“””W“/FﬂnmyWﬂa—uyM% a—1=>0.
Q

Let u(t,x) := 1(¢,0, x) denote the density of newly infected individuals in position x € Q at
time ¢ > (. Substituting (2.4) into the third equation in (2.1), we have, for > 0 and x € €2,

t
u(r,x)=S(r,x)/ﬁ(a)e*fé'[““(")]d"/FZ(a,x,y)u(z—a,y)dyda
0

2 (2.5)

+8(t, x) Fg, (1, x),

where, for t > 0 and x € Q,

+00
Fontt.0) = [ pare Byl [0y x y)gata 1. )dyda
t Q

Combining the first equation in (2.1) and the above equation, we obtain the following system of
a reaction-diffusion equation and a Volterra integral equation, for > 0 and x € €2,

a8(t, x)
ot

=d|AS(t,x) +b—u(t,x) — uSt, x),

t
u(r,x)=S(r,x)fﬁ(a)e*f(?[“ﬂ“)]d"/rz(a,x,y)u(t—a,y)dyda (2.6)
0 Q

+8(@, x) Fg, (2, x),
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with initial condition, for x € €,

+00
S0, x) = ¢1(x), u(O,X)=¢>1(X)/ﬁ(a)tbz(a,x)da, 2.7
0

and the homogeneous Dirichlet boundary condition, for ¢t > 0 and x € 9€2,

S(t,x) =u(t,x) =0. (2.8)

In the remainder of this paper, we focus on the mathematical analysis of system (2.6) with con-
ditions (2.7) and (2.8).

3. Existence and uniqueness of the solution

Let Y := BC(R4, X) be the space of all bounded and continuous functions that take values
in X and let ||¢ ||y :=sup,>¢ I¥ (@) lx = SUP(, v)eR, xq |V (@, x)| for ¥ € Y. Let
X%:={p eX:¢(x)=0forall x €92},
YO :={y eY:¢(, x)=0forall x € 9Q}.

Let Xg and Y-? be the positive cones of X° and Y, respectively. Let us define the following
linear operator on Y?, for x € Q,

t
(@) (¢, x) = f Blaye™Jo lutr@)]do / o, x, DY (t —a, y)dyda, ¢ eYC.
0

Q

By (A1)-(A3) and (G1)-(G2), we can easily check that d>(Y$) C Yfg. ‘We now prove the following
proposition on the positivity of solution of (2.6).

Proposition 3.1. Suppose that (Al)-(A3) hold and let (S, u) be a solution of (2.6) corresponding
to (¢1, ) € Xg_ X Y_?_ with the interval of existence [0, T], where T > 0. Then, S(t,x) > 0 and
u(t,x)>0forallt € (0, T] and x € Q.

Proof. Using operator @, the first equation in (2.6) can be rewritten as follows, for ¢ € (0, T']
and x € 2,

aS(t, x)
at

=d\AS(t,x) +b— [+ (Du)t, x) + Fg, (1, x)] S, x). 3.1)
By (A1), we have, forall r € (0, T] and x € €,

aS(t, x)

> diAS(t,x) — [+ (Pu)(t, x) + Fg, (1, x)] S, x).
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Since pu + (®u)(t, x) + Fy,(t, x) is continuous and bounded with respect to ¢ and x, it follows
from the strong maximum principle for parabolic equations [38] that S(¢, x) > O forall t € (0, T']
and x € Q or § =0. Since S = 0 does not satisfy (3.1), we have that S(t.x) > 0 for all r € (0, T']
and x € Q.

To show that u(z,x) > 0 for all r € (0, T] and x € 2, we suppose on the contrary that there
exist?; € (0, T) and x;1 € Q suchthat u(z,x) >0forallt € (0,t;) and x € Q,and u(t; +€,x1) <
0 for 0 < € <« 1. By (A2) and (G1), we have for sufficiently small ¢ that

u(ty + €, x1)
H+e

= S(11 + €, x1) / Bla)e™ Jo luty(@Ndo / Ta(a, x, y)u(t; + € —a, y)dyda
0 Q

+8(t +€,x)Fp, (11 +€,x) >0,

which is a contradiction. Consequently, u(¢, x) > 0 for all # € (0, T] and x € 2. This completes
the proof. O

Using the fundamental solution I'j, we can express S in (2.6) as follows, for # > 0 and x € Q,

t
S(t,x):/e*““/l"l(a,x,y) [b—u(t —a,y)ldyda + Fy, (, x), (3.2)
0 Q

where, forz > 0 and x € Q,

Fy (t,x):=e™H / it x, y)p1(y)dy.
Q

Substituting (3.2) into the second equation in (2.6), we obtain the following single equation of
u(t,x), fort >0and x € Q,

t

u(t,x) = /e_“a/Fl(a,x,y) [b—u(t —a,y)ldyda + Fy, (t, x)

0 & (3.3)

’
X /ﬂ(a)e*f(;l[/”?’(“)]d” / Ta(a, x, y)u(t —a, y)dyda + Fg, (t, x)
0 Q

If (3.3) has a solution u«, then we can obtain S from (3.2). We now prove the following proposition
on the existence of the solution of system (2.6).

Proposition 3.2. Suppose that (Al)-(A3) hold and let (¢1, ¢p2) € Xg X Y_(i. Then, system (2.6)
has a positive solution (S, u) defined on [0, +00) x Q.
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Proof. Let FJ° :=sup x)eRy € Fy, (t,x) fori = 1,2. Since (¢1, ¢2) € X x Y, we see from
(G2) that F; X <+oofori=1,2.Let M > Fg ooF 2 be an arbitrary large positive constant. Let,

fortannder,

b+M M
hi(t, x) :=+—(1—e*’”)+F¢1(t,x), hate 0= 22— e M) + Fy, (1, x).
2 jz

Since £; (0, x) = Fy, (0, x) forx € Qandi = 1,2, from the continuity, we can choose sufficiently
small 7 > O such that

sup [A1(t, x)h(t,x)] <M and
(1,x)€(0,T)xQ

- Cnit, x)+ho(t, x)| (1 —e H
P sup [Bh1(t, x) + ha(t, )] ( ) L
(t,x)e(0,T)xQ 1%

For such T > 0, let X7 := C([0, T'], X), equipped with norm

lellx, == sup leMlIx=  sup lpx), ¢eXr.
te(0,T) (t,x)e(0,T)x
Let X§ := {p € X7 :¢(-,x) =0 forall x € 9Q} and let X§. |/ :={p € X} : |lpllx, < M}. To

show the existence of solution u to (3.3), we define the followmg linear operator on XT - for
te(0,T]and x € Q,

t
(Fo) (,x) = / o ha / Fi(awx. ) [b— ot —a. y)ldyda + Fp, (1. )
(3.4)

t
/ﬂ(a)e_f(;l[“‘*‘y(")]d" / Ta(a, x,y)e(t —a, y)dyda + Fg,(t,x) ¢ ,

Q

where ¢ € X(}’M.
We first show that ]-'(X(},M) C X(%’M. Letp e X(}’M. Itis obvious from (G4) that (F¢)(-, x) =
0 for all x € 0Q2. Moreover, we have

1Folz, < sup b+ M) / o f Cy(a.x, y)dyda + Fy (1, x)
(t,x)e(0,T)x o

t
X ﬁooM/e*““/Fz(a,x,y)dyda+F¢2(l,x)

= sup [h1(t, x)ha(t, x)] < M,
(t,0)€(0,T)x 2

and thus, F € X9, . This implies that F(X$. ;) X9,
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‘We next show that F is a strict contraction in X(} i Letug,up € X(% y and U:=uy —up. We
then have, for ¢ € (0, 7] and x € £,

(Fi)(t,x)={B(t,x) — Uilu11(t,x) + Fy, (1, x) } Ua[it](t, x)

. (3.5)
—{Ualuz](t, x) + Fg, (t, )} U] (2, x),

where

t

B(t, x) :=b/e_“a/F1(a,x,Y)dyda,
0 Q
1

Uilel(t, x) :=/e_""/l‘1(a,x,y)<p(t—a,y)dyda,
0 Q

t
Ualgl(t, x) = / Bla)eJolnty@]do / Ta(a, x, y)g(t —a, y)dyda.
0 Q

Thus, we have

t

]_‘" < h , o || n / 7/La/1'* ,X, d d
I ”HXT <(t’x):(‘(l)’PT)XQ 1(t, x)B “M“XTO e / 2(a, x, y)dyda

t

+ha(t, x) HﬁHXT/e_’“‘/F](a,x,y)dyda
0 Q

=hlil, -

Since 0 < /i < 1, F is a strict contraction in X(}, M-

From the above discussion and the Banach fixed point theorem, we see that F has the unique
fixed point in X% - This implies that (3.3) has the unique local solution. We can easily check
the regularity of the solution, and thus, we see that (2.6) has the unique local solution (S, u). The
positivity of (S, u) follows from Proposition 3.1. To extend the domain of existence, we now
show that (S, #) never blows up in finite time. By (3.2), we have, for > 0 and x € Q,

t

S(t,x) < b/e_‘“’ / I'i(a,x, y)dyda + Fy, (t, x) (3.6)
0 Q

b
= ;(1 —e ") +e T pilx < +o0,

and thus, S never blows up. Suppose that there exist a t* > 0 and an x* € Q such that
lim;—+_gu(t, x*) = 400. By the first equation in (2.6), lim;_,;«_q 9, S(¢, x*) = —oo. This im-
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plies that S(#, x*) becomes negative in the neighborhood of #*, which contradicts to the positivity
of S. Thus, u also never blows up in finite time. This completes the proof. O

By a similar argument as in the proof of Proposition 3.2, we can show the uniform bounded-
ness of S and u.

Proposition 3.3. Suppose that (Al)-(A3) hold. For any (¢1, ¢2) € Xg X Y?_, there exist positive
constants M1 = M1(¢1, ¢2) > 0 and My = M (p1, ¢2) > 0 such that, for all t > 0 and x € L,

0< S, x)<M;, O0=<u(t,x)<M,. 3.7

Proof. From Proposition 3.1 and (3.6), we immediately obtain the first inequalities of (3.7) by
setting M1 :=b/u + ||¢1llx. To obtain the second inequalities of (3.7), on the contrary, we
suppose that there exists an X €  such that lim,_, y o u(f, X) = +00. By the first equation of
(2.6), we have that lim,_, { », 9, S(¢, X) = —oo, which implies that S(z, X) becomes negative for
sufficiently large ¢ > 0, and this is a contradiction. This completes the proof. O

On the uniqueness of the positive bounded solution, we prove the following theorem.

Theorem 3.1. Suppose that (A1)-(A3) hold and let (¢1, ¢2) € X% x Y9. Then, system (2.6) has
the unique positive bounded solution (S, u) defined on [0, +00) x Q.

Proof. The existence of a global classical solution follows from Proposition 3.2. Suppose, on the
contrary, that there exist two solutions (S1, u1) and (S», u2). Note that u; = Fu; and uy = Fus.
By Proposition 3.3, there exists a positive constant M > O such that 0 < uy (¢, x), us(t,x) < M™*
for all + > 0 and x € Q2. By (3.5), we then have that, for > 0 and x € €,
lur(t, x) — ua(t, x)| = | Fii(t, x)|
< |B(t,x) + Ui[M*](t,x) + Fy, (¢, x)| |Uaid] (2, x)|
+ | U2 M1, x) + Fp, (2, )| |Ur[a] (2, x) |

t t
. M*p> .
+F¢‘)’1°) /300/||u(a)||xda+<T'3+Fg;>/||u(a)HXda,
0 0

(b+M+
<

where il =u; — u>. Thus, we have, for ¢ > 0,
t
Ji) | = c* [ @] da
0

where C* := (b +2M*B%) /u + Fy2B* + Fgo. Hence, by the Gronwall inequality, we
obtain (1) || = 0 for all > 0, which implies that u1 = u5.
Let §:= S1 — S2. We then have that, for > 0 and x € 2,

as(, 5 5
@, x) =diAS(t,x) —,U,S(I,X),
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and S’(t,x) =0 fort >0 and x € 922 and S’(O,x) =0 for x € Q. Hence, it follows from the
maximum principle [38] that § = 0, which implies that S; = S,. The positivity and boundedness
of the solution follow from Propositions 3.1 and 3.3, respectively. This completes the proof. O

By Theorem 3.1, we see that the problem (2.6) with conditions (2.7) and (2.8) is well-posed
if (¢1,¢2) € XY x YO.

4. Basic reproduction number

The disease-free steady state for system (2.6) is given by Ep : (S, u) = (Sp, 0) € XS’F X X?F,
where Sy is the solution of the following elliptic equation,

0=diASo(x)+b— uSo(x), xe€L,
So(x) =0, x €99.

4.1)

We now prove the following proposition on the existence of the unique nonnegative solution
So € Xg \ {0} of (4.1), which is strictly positive on €.

Proposition 4.1. Suppose that (Al) holds. Then, (4.1) has the unique nonnegative solution Sy €
Xg \ {0} such that So(x) > 0 for all x € Q.

Proof. Let So(x) :=b/p and Sy(x) := 0 for all x € Q. We then have

0>diASo(x) +b — puSo(x), x e,
So(x) >0, x €9,

and

0<diASy(x) +b—uSy(x), xe€,
So(x) <0, x €9Q.

Thus, Sy and S are upper and lower solutions to (4.1), respectively. By a classical argument
(see, for instance, [34, Theorem 3]), we see that (4.1) has a nonnegative solution Sy € Xg \ {0}
such that 0 < So(x) <b/u for all x € Q. Moreover, we have

0>diASo(x) — uSo(x), xe€1,
So(x) =0, x € 9Q.

Thus, it follows from the strong maximum principle for elliptic equations [38] that Sp(x) > 0
for all x € Q2. The uniqueness also can be proved by using the maximum principle [38] as in the
proof of Theorem 3.1. This completes the proof. O
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By using the fundamental solution I', we obtain the following expression of So(x), for x € ,

+00
So(x)=b / e_““/ﬁ(a,x,y)dyda. 4.2)
0 Q

In fact, since the fundamental solution I'y (¢, x, -) satisfies (2.2), we have

+00 +00
diASo(x)=b / ef““/dlAFl(a,x,y)dydazb / ef““/wdyda
0 Q 0 Q ga
oo 400
=b e_”“/l"l(a,x,y)dy +ul|b / e_“a/FI(a,x,y)dyda
Q 0 0 Q
= —b+ uSo(x),

and thus, Sy satisfies (4.1). We now obtain the following lemma on the ultimate boundedness of
S.

Lemma 4.1. Suppose that (Al)-(A3) hold and let (¢1, ¢2) € X(J)r X Yfz. Then, we have, for x € Q,

limsup S(z, x) < So(x). 4.3)

t——+00

Proof. Taking Emit t — +001in (3.6), we immediately obtain (4.3) (note that lim,_, 1 oo Fy, (¢, x)
=0 for all x € Q). This completes the proof. O

Linearizing the second equation in (2.6) around the disease-free steady state Ep : (So, 0), we
have, forr > 0 and x € Q,

t
u(t,x) = So(x) / ﬂ(a)e_fg[“+y(”)]d” / a(a, x, y)u(t —a, y)dyda.
0 Q

Based on the classical theory of the basic reproduction numbir Ro in [12], we define the next
generation operator K : X — X for system (2.6) by, for x € ,

+00
() (x) := So(x) / Bla)e™ Jolnty@)]do / Ta(a, x, Y)p(y)dyda, ¢ X, (4.4)
0 Q

Following the argument in [12], the basic reproduction number R is defined by Rg := r(K),
where 7 (-) denotes the spectral radius of an operator. To show that R is an eigenvalue of operator
K, we now prove the following lemma.
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Lemma 4.2. Suppose that (Al)-(A3) hold and let K be defined by (4.4). K is strongly positive,
bounded and compact.

Proof. The strong positivity of K (that is, (X% \ {0}) € X9 \ {0}) follows from (A2), (G1) and
Proposition 4.1. As shown in the proof of Proposition 4.1, we have So(x) < b/u for all x € Q,
and thus,

b +00 _ bIBOO
IKpllx <sup | — [ B™e [a(a, x, y)dyda f¢lx | = —5 llelx.
xeQ | M 0 o 128

which implies that K is bounded. By the semigroup property (G3), we can define the semigroup
Tr(a) : X0 — X°, g > 0 generated by d» A subject to the homogeneous Dirichlet boundary con-
dition as follows, for ¢ > 0 and x € €2,

[T2(a)p] (x) := / Ta(a, x, p)p(ndy, ¢eX’.
Q
By [42, Chapter 7], we see that 7> (a) is a compact operator for a > 0. Hence, C is also compact

since it is a composition of a bounded operator and a compact operator (see, e.g., [41, Theorem
4.18]). This completes the proof. O

By Lemma 4.2, we can apply the Krein-Rutman theorem to establish the following proposi-
tion, which states that Ro = r(K) is an eigenvalue associated with a positive eigenvector.

Proposition 4.2. Suppose that (Al)-(A3) hold and let KC be defined by (4.4). The basic reproduc-
tion number Ry = r(K) is a simple positive eigenvalue of operator IC, associated with a positive
eigenvector vy € Xg_ \ {0}. Moreover, there is no other eigenvalue associated with a positive
eigenvector.

Proof. The assertion directly follows from Lemma 4.2 and the Krein-Rutman theorem (see, e.g.,
[2, Theorem 3.2]). O

By (4.4), we see that X does not have any positive constant eigenvector. Hence, from Propo-
sition 4.2, we can expect that R is affected by the spatial domain €2 (see Section 8). In what
follows, we show that Rg is the threshold value for the global asymptotic behavior of system
(2.6) with conditions (2.7) and (2.8).

5. Global attractivity of the disease-free steady state

For arbitrary large positive constant A > 0, let us define the following set,

Ca:={(#1,¢2) €XL x Y : ¢(x) < So(x) forall x € @,

da2(a, x) < Ae~ Jo [ntr(©@)]do / > (a, x, y)vo(y)dy foralla >0 and x € Q}, G.1)
Q



130 A. Chekroun, T. Kuniya / J. Differential Equations 269 (2020) 117-148

where vy € Xg_ \ {0} is the positive eigenvector of operator K, associated with the eigenvalue
Ro = r(K) (see Proposition 4.2). We now prove the following lemma.

Lemma 5.1. Suppose that (Al)-(A3) hold and let Cy be defined by (5.1). If (¢1 ,152) € Cp and
Ro<1,then0<S5(t,x) <So(x) and 0 <u(t,x) < Avo(x) forall t > 0 and x € Q.

Proof. By the first equation in (2.6), we have, for ¢ > 0,

0S5(¢,

; D) A x) +b— St x), xeQ
S(0, %) = b1 (x), re@,
S, x)=0, x € 0L2.

Hence, from (4.1), we see t_hat So is an upper solution to S. Thus, we have that 0 < S(¢,x) <
So(x) forall t > 0and x € Q2.
By (2.7), we have, for x € €,

+o00
1 (0, %) = b1 (x) / B@)pa(a, x)da
0

400

<s000) [ p@ae K@l [ raax yytavda
0 Q

= A(Kvg)(x) = RoAvg(x) < Avg(x).

Suppose on the contrary that there exist t* > 0 and x* € Q such that u(f, x) < Avg(x) for all
t €(0,t*) and x € Q and u(t* + €, x*) > Avg(x*) for sufficiently small 0 < € < 1. We then
have from the second equation in (2.6) that, for x € Q2 and sufficiently small € > 0,

t*+e
u(t* +e€,x) < Sp(x) / Ba)e™ Jo luty(@)do / Ta(a, x, Vu(t* +€ —a, y)dyda
0 Q

+00
+So(x) / Blaye™ o “lnty(ota—t-olo / Da(t* + €, x, y)pa(a — t* — €, y)dyda

t*+e Q
t*+e
< So(x) / Blaye ity ionio / Ca(a. x, y) Avo(y)dyda + So(x)
0 Q

+00

X / ,8(a)e_f(;l[“‘ﬁ’(”)]d‘r / Ca(t* +e,x,y) / Ia(a —t* —€,y,2)Avp(z)dzdyda
t*+€ Q Q
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+o00

= So(x) / Blaye™ Jolnty(@Ndo / Ta(a, x, y)Avo(y)dyda
0 Q

= A(Kvp)(x) = ARovo(x) < Avp(x),

which is a contradiction. This completes the proof. O

Using Lemma 5.1, we now prove the global attractivity of the disease-free steady state in Cp
for Rg < 1.

Theorem 5.1. Suppose that (Al)-(A3) hold and let C 5 be defined by (5.1). If (¢1, ¢2) € Cp and
Ro < 1, then the disease-free steady state Eq : (S, u) = (Sp, 0) is globally attractive, that is,

dim IS = So()llx =0 and L Ju(r. )llx =0.

Proof. Let u®(x) := limsup, , , ,u(t,x), x € Q. By Lemma 5.1, we have that u™(x) <
Avy(x) for all x € . Hence, we have, for x € €,

u®(x) = limsup{S(t, x)

t—>—+00

'
x |:f ﬂ(a)e—,]g[#+y(a)]da f Ia(a, x, y)u(t —a, y)dyda + Fy, (t, x):| }
0

Q

+00
< So(x) f ,B(a)e_foa[’“””(")]d‘r / a(a, x,y) [lim supu(t, y):| dyda
0

t——+00
Q

+00

< ASo(x) / Blaye™Jo ltr@]do / Ty(a, x, y)vo(y)dyda
0 Q

= A(Kvo)(x) =RoAvp(x).

By iteration, we obtain u°(x) < RgAvo (x) forall n € N and x € Q. Since Ry < 1, this implies
that #°(x) = 0 for all x € Q, and thus, lim,_, o [|u(z, -)||x = 0 for all x € Q.

From the above result, we see that for any € > 0, there exists a T > 0 such that |lu(t, )||x <€
forallt > T. Asin (3.2), we then have, forr > T and x € Q,

t

S(t,x):/e_”(”_T)/Fl(a—T,x,y) [b—u(t—a+T,y)]dyda
T Q

He =D / Ti(t—T,x,y)S(T, y)dy
Q
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t
>(b—¢) / e Ha=1) / Ii(a—T,x,y)dyda
T Q
T

t_
=((b—¢) / e_’“‘/r‘l(a,x,y)dyda.
0 Q

Hence, we have, for all x € €,

So(x) <liminfS(z, x) <limsup S(z, x) < Sp(x),
I—>+00 t—+00

where, for x € Q,

+00

So(x) == (b—e€) / e_““/Fl(a,x,y)dyda.
0 Q

Since € > 0 is arbitrary and S; — Sp as € — +0, we have that lim;, 1 o [|S(z, ) — So(-)Ix = 0.
This completes the proof. O

By Theorem 5.1, we see that Ry < 1 can be a quantitative target for the eradication of diseases.
6. Uniform persistence of the disease

Based on (2.4), we define the following function, for > 0,a >0 and x € Q,

e Jo [ty (@)]do / Ta(a, x, y)u(t —a, y)dy, t—a>0,

Q

i(t,a,x)= (6.1

e~ ity (o+a=n]do / Dot %, Vdata — 1, y)dy, a—120.
Q

As in [10, Lemma 5.1], we can prove the following lemma on the existence of a continuous
semiflow.

Lemma 6.1. Suppose that (Al)-(A3) hold and let (¢1, ¢2) € Xg X Yﬂ. Then, there exists a con-
tinuous semiflow defined by X(t, g1, ¢2) := (S(t, ), i(t, -, ) € X% x YO forall t > 0.

Proof. We omit the proof because it is almost the same as that of [10, Lemma 5.1]. O
We next prove the following lemma on the compactness of the semiflow.

Lemma 6.2. Suppose that (Al)-(A3) hold and let (¢1, ¢2) € X x Y. Then, =(t, -, -) is a com-
pact operator on Xg X Y_?r for eacht > 0.
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Proof. Let B C Xg_ X Y_?_ be an arbitrary bounded set. By Proposition 3.3, there exist positive
constants M; > 0 and M» > 0 defined by

M;:= sup M;(¢1,¢2), i=12.
(#1.92)eB

Let {¢" := (¢}, ¢2)} | be an arbitrary sequence in B. We then see that there exists a positive
constant M > 0 such that max (||d>1 Ix. 65 ||Y) <Mforallne{l,2,...}. Let (S,, u,) be the

solution of (2.6) for (¢1, ¢2) = (¢}, ¢4) and let, forr > 0,a > 0 and x € §,

e~ Jo [nty(@)]do / Ta(a, x, y)u,(t —a, y)dy, t—a>0,
in(t,a,x) = , ¢ 6.2)
e~ Joluty(ota=nldo / Lot x, )¢l a—t,y)dy, a—t>0.
Q

It then suffices to show that, for each fixed ¢ > 0, there exists a convergent subsequence
of {(S,(t,-),i,(t,-, ))} . By the above definition and Proposition 3.3, we have that 0 <

S,(t,x) < My and 0 < un(t x) < M, for all ¢t > 0 and x € Q. This implies that sequences
{Su(t, )};f 1 and {u,(z, )}+ | are uniformly bounded. On the other hand, by the continuity of
I'i(,x,-)on Q, for any € > 0, there exists a § > 0 such that

/|F1(t’xv y) _Fl(taxlv Y)}dy <6,

provided |x — x’| <8 and x, x” € Q. Hence, by (3.2), we obtain

t

|8 (2, x) = Su(t, x| g/e*““/|F1(a,x,y)—rl(a,x/,y)|dyda (b+M2)
Q

0

+e M / i@, x,y) = T1(t, x', y)| dyM,
Q

b+ M
<2224 ),
m

provided |x —x’| < & and x, x” € Q. This implies that {S, (z, )}+ | 18 equi-continuous. In a simi-
lar manner, by using (3.3), we can show that {u,, (¢, )}+:°<f is also equi-continuous. Hence, by the
Ascoli-Arzela theorem, {S, (, )}+°<1’ and {u, (t, )} | have convergent subsequences. By (6.2),

we see that {i, (¢, -, }:{: also has a convergent subsequence. This completes the proof. O
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Let us define the following set.

+00
D:=1(¢1,02) €X) x Y : 61 (x) / B(a)da(a, x)da > 0 for some x € 2 § . (6.3)
0

We now prove the following proposition on the uniform weak ||-||x-persistence of the disease in
system (2.6).

Proposition 6.1. Suppose that (Al)-(A3) hold and let D be defined by (6.3). If Ro > 1, then there
exists a positive constant €| > 0 such that

limsup [[u(z, )llx > €1, (6.4)
t— 400

provided (¢1, ¢2) € D.

Proof. Fore; >0, h > 0and x € €, let
h
SS"h(x) = (b—61)/67““/F1(a,x,y)dyda.
0 Q

Since Sgl’h(-) — So(-) as € — 0 and h — +00, it follows from the Krein-Rutman theorem [2,
Theorem 3.2] and the continuity that there exist sufficiently small €; > 0, 2 > 0 and large 2 > 0
such that 7 (K) > 1, where, for x € €,

+00
(Kp)(x) := S5 (x) / Blaye Jo lutr@)+i]do f Ta(a, x, y)p(y)dyda, ¢ €XO.
0 Q

In what follows, we fix such €, A and h. Let R := r(l@*), where, for x € Q,

+o0
K*0) (x) = / Blayefilptvi@riJio / Ca(a.x, 9SS (Mg dyda, ¢ € XO.
0 Q

It is easy to see that Rg = r(lﬁ*) = r(l@) > 1. By the Krein-Rutman theorem, there exists a
positive eigenvector v € Xg_ \ {0} such that Rv;(-) = I%*v;)"(-). We see from (G1) that vj(x) >
0 for all x € Q.

Suppose on the contrary that (6.4) does not hold. Then, there exists a sufficiently large 77 > 0
such that u(¢,x) <ey forallr > T and x € Q. As in the proof of Theorem 5.1, we have that, for
t>T)and x € Q,

t—T

S, x)>b—e¢€1) / e_“a/Fl(a,x,y)dyda.
0

Q
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Let 75> := T; + h. We then have S(¢, x) > Sgl’h(x) forall t > T» and x € Q. By Lemma 6.1,
without loss of generality, we can assume that S(z, x) > SS"h(x) forallt >0 and x € Q by
regarding S(7», -) and i (T3, -, -) as new initial conditions. We then have that, fort > O and x € Q,

t
u(t,x)2Sél’h(x)fﬂ(a)e_fg[“+y(a)]da/I‘g(a,x,y)u(t—a,y)dyda.

Q

Multiplying by e ™*' and integrating from ¢ = 0 and ¢ = 400, we obtain, for x € Q,

Llu(-, x)](R)

+00 '
> / e M8 (x) / B(a)e™ Joluty(@)]do / Ta(a, x, Y)u(t — a, y)dydads
0 0 Q
+00
= / S5 () B(aye Jolitr(@+ilde / Ta(a, x, y)Llu(, y)1()dyda,
0 Q
where L[u(-, x)](A) := +°° e Mu(t, x)dr denotes the Laplace transform of u (-, x) with respect

to A for all x € Q. Note that L[u(-, x)](L) < 400 for all x € Q by virtue of Proposition 3.3.
Multiplying by v (x), integrating over €2 and using (G5), we obtain

/ v () L[u(-, x)](1)dx

Q

+00
> / v (x) / So"" (1) laye™ o lnry@+ijdo f Ta(a. x. y)Llu(-, y)1(4)dydadx

Q 0 Q

[~ +oo
= / / Bla)e Jo lntr@)ti]do / Ta(a, x, ) SE" () vg (x)dxda | Llu(-, y)1(1)dy

Q LO Q

+00
= / / Blaye™ olnry(@rtilds / Taa. y, x)Sg"" (xyvg)dxda | Llu(, y)1(G)dy

Q .

/ (R0 () Ll 1)y = f W () LIu -, 1)1 dx.

Q

Since R§ > 1 and fQ v () Llu(-, x)](A)dx > 0, this leads to a contradiction. This completes the
proof. O

From Proposition 6.1, we can prove the uniform strong ||-||x-persistence of the disease as in
[10, Proposition 5.3] (see also [18, Proof of Theorem 1]).
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Theorem 6.1. Suppose that (Al)-(A3) hold and let D be defined by (6.3). If Ro > 1, then there
exists a positive constant €3 > 0 such that

liminf lu(z, )[x > €2,
t——+00

provided (¢1, ¢2) € D.
Proof. We omit the proof because it is almost the same as that of [10, Proposition 5.3]. O

From Theorem 6.1, we see that i(¢, a, x) is also uniformly persistent. In fact, let A'(¢) :=
(S(t,-),i(t,-, ), t € R be atotal trajectory of semiflow X sucEthat X, X)) =X(t+r) for
allt > 0and r € R. We then have, forallt e R, a >0 and x € 2,

i(t,a,x) = e Jo [ty (@)]do / Ta(a, x, y)u(t —a, y)dy, (6.5)
Q

where u(f,x) =i(t,0,x),t € R, x € Q. For fixed a > 0 and x € €, let us define 01,02 : Xg_ X
Y% — Ry by, forr € R,

01(X(@®) = u,)x,

02(X (1)) := e~ Joln+y(@]do / Ta(a, x, y)u(t —a, y)dy.
Q

By Theorem 6.1, the uniform g-persistence for (¢, ¢2) € D holds. To apply [43, Corollary
4.22], we assume that X(¢) is a total trajectory with pre-compact range and inf,cg 01 (X (¢))
= inf,cR lu(t, )|lx > 0. It is then obvious that g2(X(0)) > 0 by the positivity of I'» (see
(G1)). Hence, we can apply [43, Corollary 4.22] to conclude that there exists a positive €3 =
€3(a, x) > 0 such that liminf;_, y 5, 02(X(¢)) > €3. By (6.5), this implies that, for all @ > 0 and
x € Q,

liminfi(z, a, x) > €3(a, x). (6.6)
t——+400

Theorem 6.1 implies that the basic reproduction number R plays the role of a threshold value
not only for the eradication but also for the persistence of the disease.

7. Existence of the endemic steady state

Let (S*, I'**, R*) denote the positive endemic steady state for the original model (2.1). We then
have, fora > 0 and x € Q,
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+00
0=d|AS*(x)+b— S*(x) [ B(a)I*(a,x)da — uS*(x),
0

al*(a, x)

o =A@ )~ [+ y @] (@),

o (7.1)
I'*(0,x) = S*(x) / B(a)I*(a, x)da,
0

+00
aRat(x) = d3AR*(x) + / y(@I*(a, x)da — nR*(x),
0

and S*(x) = I*(a,x) = R*(x) =0 for all ¢ > 0 and x € 3. Let u*(x) := I*(0, x), x € Q. We
then have, by using the fundamental solution I'p, for x € €,

0=diAS* (x) +b —u*(x) — uS*(x),

~+00
a 7.2
u*(x) = §*(x) / Blaye™ Jolutr@lds f Ta(a, x, y)u*(y)dyda, 72
0

Q

and S$*(x) = u*(x) = 0 for all x € 9Q2. We can regard the positive solution E* : (S*, u™*) of (7.2)
as the endemic steady state for system (2.6).

If a system is dissipative and uniformly persistent (permanent), then we can apply the asymp-
totic Schauder fixed point theorem to prove that there exists a positive (endemic) steady state
[7,22]. However, we can not directly follow such a way as Proposition 3.3 states that the upper
bound M, = M>(¢1, ¢2) for u depends on (@1, ¢»), and thus, the dissipativity of the system is
unknown. We now make the following additional assumption.

(Ad) dy =dr=ds.

We next prove the following theorem on the existence of the endemic steady state E* for system
(2.6) (see also [7, Proof of Theorem 6.2]).

Theorem 7.1. Suppose that (Al)-(A4) hold. If Ry > 1, then system (2.6) has at least one endemic
steady state E* : (S, u) = (§*, u™).

Proof. Under (A4), we can easily check that the total population N (¢, x) = S(¢, x) + f0+°° I1(t,
a,x)da + R(t,x), t > 0, x € Q for the original model (2.1) satisfies the differential equation
Ny =dAN +b — N, and thus, N — Sg as t — +o00. This implies that limsup, , , , u(t, x) =
limsup,_, , o (2,0, x) < B[So(x)]* < B (b/1)? for all x € Q. Moreover, since S; > di AS +
b — (B>®So + w1)S, there exists an €4(x) > 0, x €  such that liminf,_ ;o S(¢, x) > €4(x) for
all x € Q. Hence, together with Lemma 4.1, we can say that the system is dissipative. We then
see that there exist sufficiently smooth functions e (x) and e>(a, x) such that, for all a > 0 and
x e,
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0 <aer(x) <liminf S(z, x) <limsup S(z, x) < ey (x),
1—>+00 t—>+00

0 <aer(a, x) <liminfi(t,a, x) <limsupi(t,a, x) <wex(a, x),
——+00

t—>—+00

provided (¢1, ¢2) € D and Ry > 1, where o, @ € (0, +00). Let us define a set Dy C D by
Do :=[(¢>1, ¢2) eX% x YO : %el(x) < ¢1(x) < 2d@ey (x) for all x € ©
%ez(a,x) < ¢(a,x) <2aex(a,x) foralla >0and x € Q}

By Lemmas 6.1-6.2, the semiflow X(z, -, -) is continuous and compact for all ¢+ > 0. Moreover,
we see from the above argument that, for each fixed ¢ > 0, there exists an rg > 0 such that
X(rt, Do) C Dy for any r > ro. Hence, it follows from the asymptotic Schauder fixed point
theorem [7, Theorem 6.1] that the operator 7, defined by 7T;(¢1, ¢2) := X(¢, ¢1, ¢2) has a fixed
point in Dy. Since ¢ > 0 is arbitrary, we can construct a sequence of periodic trajectories in Dy
with period #, > 0 such that t, — 0, n — 400. Hence, by [5, Lemma 3.7 in Chapter V], the
semiflow X has a steady state in Dg. This implies the existence of the endemic steady state E*.
This completes the proof. O

Next, to investigate the existence of the endemic steady state E* without the additional as-
sumption (A4), we employ an operator-based method. Let us define the following linear operator
on Xg_, for x € Q,

+00

(We) (x) := / Bla)e Jolwty(@lds / o, x, y)p(y)dyda, ¢ eXY.
0 Q

(7.2) can then be rewritten as, for x € 2,

{O:dlAS*(x) +b— [+ (Pu*)(x)] $*(x), 3

u*(x) = S*(x)(Yu*)(x).

By using the Feynman-Kac formula for boundary value problems [36, Chapter 9], we obtain, for
x e,

Q
S*(x)=E* | b f e Jo [ X]dugg | (7.4)
0
where {X;} denotes the Itd diffusion corresponding to djA, E* denotes the expectation with

respect to the probability law of X, starting at x and tg denotes the first exit time defined by
o :=inf{t > 0: X, ¢ Q}. From (7.3) and (7.4), we obtain, for x € Q,

Q
W)= E* | b / e Jon W X]duge | (g (x). (7.5)
0
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Let us define the following nonlinear operator on L L(Q), for x € Q,

TQ
T(e)(x) = E* | b / o~ Bl WOl | (@) (x), g e LL(Q).
0

If Y has a positive fixed point ¢* in LL(Q) \ {0}, then ¢* satisfies (7.5). Moreover, such ¢* is
twice continuously differentiable and equal to zero on d€2 since Wg* is so. By (7.4) and (7.5),
we can then obtain the endemic steady state (S*, u*) for system (2.6). For this reason, we focus
on the fixed point problem of Y.

Let {Q}¢~0 be a family of proper sub-domains of €2 such that d(£2.,9€2) > 0 for all € > 0,
Q¢ C Q, for e > €3 and |2\ Q¢| — 0 as € — 0. Note that, fora >0, € > 0 and x € £,

0< Iy (a,x):= inf Ta(a,x,y) < F;E(a,x) = sup I'a(a, x,y) < +oo.
VEQe VEQe

For € > 0, let us define the following operator on LL(QG) to L}F(Q):

+oo

(Vep)(x) := / Bla)e™ Jolty@lds f Ta(a, x, y)e(y)dyda, ¢ e Ll (),
0 Qe

and the following operators on L_IF(QE) to itself: for ¢ € LL(QG),

Q
Tl i= £ [ b [ HI g | g )|
L 0 Q.

(Kep)(x) := E* b/?«_’”ds (Wep)(x) | = So()(We)(x) |, »
L 0 Qe

where |g_ denotes the restriction of the domain to €2¢. In what follows, for simplicity, we omit
the symbol |q_. If Y¢ has a positive fixed point ¢} in LLF(QG) \ {0} for arbitrary small € > 0,
then we can conclude by the continuity that Y has a positive fixed point, and thus, the endemic
steady state exists. We now prove the following lemma on Y for € > 0.

Lemma 7.1. Suppose that (Al)-(A3) hold. For € > 0, the following statements hold.

() Y.[0] =K., where Y.[0] denotes the strong Fréchet derivative of Y¢ at 0 € L }‘_(Qe).
(i) Y.[oo] =0, where Y.[00] denotes the derivative at infinity of Ye with respect to the cone
LL(Qe). Moreover, Y,[oo] = 0 is the strong asymptotic derivative of Ye.
(iii) Y is compact.
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Proof. (i) Let ¢ € L} 1 (€2)\ {0}. By the Taylor expansion, we have, for all x € €2,

©)(X,)du]"

n!

W
Te(@)(x) = (Keg)(x) + E* /?“E: —ho! ds | (Wep) ().

n=1

Note that T (0) = 0. We then have that, for x € Q,,

[Te(@)(x) — Ye(0)(x) — (Keg) (x)]
Q

<E* b/eﬂ“ (ef3<“’6¢)(xu>d” _ 1) ds | (Wep)(x).
0

Since W, is a bounded linear operator, we see that

. Te(p) — Ye(0) — Kegll 110,
»—0 ||‘P||L1(Qé)

=0.

This implies that Y,[0] =
(ii) Let g € L1 (Q )\ {O} For h > 0, note that W (he)(x) = h(Vep)(x) > 0 for all x € Q..
We then have that

Ye(ho)
h

TQ
=E* b/e*f(;[“*h(q’g‘/’)(x“)]d”ds (V@) (x) = 0 as h — +oo.
0

This implies that Té [oo] = 0. Moreover, we have that, for x € Q,

70 -
iTe((p)(-x) _ (Té[oo](p)(x)| < EX bfe_fg |:N-+F2,5(Xu)H‘p”Ll(Qe)]duds (\De(p)(x),
0

where Fzg(x) = 0 * B(a)e™ Iy [’”V(")]d"F cla,x)da >0, x € Qc. Since W is a bounded
linear operator, we then have

. [e(@) = Yiloole] 1 g,
lim sup =

"0l gy 27 el

This implies that Y [oo] 0 is the strong asymptotic derivative of Y.
(iii) Let C := {(p elLl +( Qo) el = } let {(pn} | be an arbitrary sequence in C and let
vy = Ye(@n). We then have that, for all x € Q,
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Q
va(x) <E* | b / e M ds / By olmtr@Nory (4 x)dallgnlliq,
0

< sup [SO()C)F2 e()c)] < 400,

XEQ

where F+ L) = O+°O,B(a)e Js [M+V(0)]d“1"+ (a,x)da. This implies that {v,} is uniformly
bounded Moreover for any x, h € Q. such that x + h € Q, we have
V(¥ +h) = 02 ()] =[S + B (We@) (x + h) — 87 () (Wey) (x) |
<[SEGe+h) = SEE)| (Wegn) (x + )
+ 87 () [(Wen) (x 4+ h) — (Weg) ()], (7.6)

where S}(x) := E¥ [bfm = Jo [t We (@n) (X )d“ds] Note that S}(x) satisfies the following
boundary value problem:

0=diAS(x) +b— [+ (Ye) ()] SF(x), xe€Q, S(x)=0, x €.

Hence, 0 < S} (x) < So(x) for all x € Q2. Moreover, regarding b — (W¢,)(x)S(x) as the non-
homogeneous term, we obtain

+00

SHx)= / e / Ti(a, x,y) [b— (Vo) (»)SE(y)]dyda, xe€Q.
0 Q

Recalling that (Wg,)(x) < f"; (%), we obtain

+o00
|SE(x +h) — SE(x)| < / e*““/|r1(a,x+h,y)—rl(a,x,y)|dyda
0 Q

x sup [b+ . 0S)] . (1.7)

x€Qe

Moreover, we obtain

|(We@n)(x +h) — (Wegn) (x)]

< / Bla)e™ Jolnty(@]do / ITa(a, x +h. y) — Ta(a. x, y)| gu (y)dyda
Qe

< f Blaye™ o lm+7@No qup 1y (a, x + h, y) — Ty(a, x, y)| da. (7.8)
YEQe
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From (7.6)-(7.8) and the boundedness of W¢, and S, we obtain

HfH\m I Thvn — vnll L1 () = O uniformly in {v,},

where v, (x) ;= v, (x +h), x, h € Q. denotes the shift of the function. Hence, from the Fréchet-
Kolmogorov theorem [4, Theorem 4.26], we can conclude that Y, is compact. This completes
the proof. O

Using Lemma 7.1, we prove the following theorem on the existence of the endemic steady
state E* : (S, u) = (S*, u™) for system (2.6).

Theorem 7.2. Suppose that (Al)-(A3) hold. If Ry > 1, then system (2.6) has at least one endemic
steady state E* : (S, u) = (S*, u®).

Proof. Since Ro=r(K) > 1, it follows from the continuity that there exists a sufﬁciently small
€ > 0 such that r(}C¢) > 1. For such e, it is obvious that Y¢ is positive (that is, Y (L () C

+(Q€)) and Y.(0) = 0. By Lemma 7.1, we see that Y. has the strong Fréchet derivative
Y.[0] = K¢ and the strong asymptotic derivative Y.[co] = 0 with respect to cone Lﬂr(Qe).
Since Té[oo] = 0, the spectrum of T;[oo] is 0, and thus, lies in the circle centered at 0 with
radius less than 1. As in Proposition 4.2, we easily see that Y.[0] = K¢ has a positive eigenvec-
tor vg ¢ € LL(QG) \ {0} such that Y,[0]vg.e = Kevo,e = r(Ke)voe. Since r(Ke) > 1, it follows
from the Krein-Rutman theorem [2, Section 3] that Y.[0] does not have any eigenvectors in
LL(QE) corresponding to the eigenvalue 1. Moreover, by Lemma 7.1, Y, is compact. We then
see from the Krasnoselskii fixed point theorem [29, Theorem 4.11] that Y, has at least one non-
zero fixed point ¢} € LL(QG) \ {0}. By the above argument, we can conclude that system (2.6)
has at least one endemic steady state E*: (S, u) = (S*, u*). This completes the proof. O

8. Numerical simulation

In this section, we provide numerical examples that support our theoretical results. In what
follows, we fix the following parameters.

B, a=<l,
b=1 p=1 y=1 d=005 =005 p@=1, 2, 8.1

where 8 > 0 is a positive constant.
8.1. Spatially 1-dimensional case

Let us consider the 1-dimensional spatial domain 2 = (0, £). In this case, from (2.3), the
fundamental solutions I'; (¢, x, y) are given by, fori =1,2,3,¢ > 0and x, y € [0, £],

+00

2 k
Li(t,x,y)= Z Zsm—sm—

‘We choose the initial conditions as follows.
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Fig. 1. Time evolution of the density u(z, x) of newly infected individuals for parameters (8.1), £ =1 and 8 = 3.6
(Rp~0.9516 < 1).

1 (x) =So(x), xeQ,

Se”(Wt1a (x —0.3¢) (0.7¢ —x), x € Q,
¢2((1, X) =

, otherwise,

where Qo = (0.3¢,0.7¢) C Q. It is easy to check that (A1)-(A3) hold and (¢, ¢2) € Co N D
for sufficiently large A > 0 by the strict positivity of fQ IM(a, x,y)vo(y)dy fora>0and x,y €
Q2. For the numerical computation of the basic reproduction number R, we use the Fredholm
discretization method as in [9, Section 3.1.2].

For 8 = 3.6, we obtain Rg =~ 0.9516 < 1. Hence, by Theorem 5.1, we can expect that the
disease-free steady state E is globally attractive. In fact, Fig. | shows that the density u(z, x) of
newly infected individuals converges to zero as time evolves.

For B =4, we obtain Rg ~ 1.0574 > 1. Hence, by Theorems 6.1 and 7.2, we can expect that
the disease eventually persists and an endemic steady state E* exists. In fact, Fig. 2 shows that the
density u(t, x) of newly infected individuals converges to a positive distribution as time evolves.
From this numerical result, we can conjecture that the endemic steady state E* is asymptotically
stable.

8.2. Spatially 2-dimensional case

Let us consider the rectangular domain 2 = (0, £1) x (0, £2) C R2, ¢1, €5 > 0. From (2.3), we
see that the fundamental solutions I'; (¢, x, y) = ['; (¢, x1, x2, ¥1, y2), i = 1, 2, 3 are given by, for
i=1,2,3,1>0,x1,y €[0,¢1] and x2, y2 € [0, £2],

+oo —d: m_2+ﬁ 2

. mmuxX|y . nEXxy . mMuy; . Ay ~4\ gzt g )T

it x1,x2,y1,2) 1= —— E sin sin sin sin e 2 .
bty —, £ 1) £ 1)

We fix the following initial conditions.
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ft, z)

(a) (b)

Fig. 2. Time evolution of the density u(#, x) of newly infected individuals for parameters (8.1), £ =1and 8§ =4 (Rg ~
1.0574 > 1).

04 04

06 06
08 1ov10 08

1
Fig. 3. Density So(x) of susceptible individuals in the disease-free steady state E( for parameters (8.1) and £1 = €> = 1.
$1(x) =So(x), x€,

100e 74 TTE | (i — 0.34;) (0.7¢; — x;),  (x1,x2) € Q,

, otherwise,

¢2(a,x) =

where Qp = (0.3£1,0.7¢1) x (0.3¢2,0.7¢2) C Q2. As in the previous subsection, it is easy to
check that (A1)-(A3) hold and (¢, ¢2) € Cp N D for sufficiently large A > 0.

We first consider the case of square domain such that £; = £, = 1. In this case, So(x) =
So(x1, x2) can be calculated as shown in Fig. 3. For 8 = 4, we obtain R ~ 0.8587 < 1. Hence,
by Theorem 5.1, we can expect that the disease-free steady state Eq is globally attractive. In
fact, Fig. 4 shows that the density u(¢, x) of newly infected individuals converges to zero as time
evolves. On the other hand, for 8 = 6, we obtain Rg &~ 1.1450 > 1. Hence, by Theorems 6.1 and
7.2, we can expect that the disease eventually persists and an endemic steady state E* exists. In
fact, Fig. 5 shows that the density u(¢, x) of newly infected individuals converges to a positive
distribution as time evolves. This numerical result suggests that the endemic steady state E* is
asymptotically stable.

We next consider the case of rectangular domain such that £; = p and £, = 1/p for p > 0.
Other parameters are similar to those in the previous example for Fig. 5. Note that the area of
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(a) t=0. (c) t =10.

Fig. 4. Time evolution of the density u(z, x) of newly infected individuals for parameters (8.1), {1 =€, =1and =4
(Rp~0.8587 < 1).

02 M N\
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(a) t = 0. (b) t =1. () t = 10.

Fig. 5. Time evolution of the density u(z, x) of newly infected individuals for parameters (8.1), {1 =¢, =1and 8 =6
(Ro~1.1450 > 1).
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(a) t =0. (b) t =1.

Fig. 6. Time evolution of the density u (¢, x) of newly infected individuals for parameters (8.1), 8 =6, £ =p,lr =1/p
and p=1.2 (Ry~ 1.0725 > 1).

the domain is |2| = £1¢; = 1 and equal to that in the previous examples. For p = 1.2, we ob-
tain Ro &~ 1.0725 > 1 and thus, the disease eventually persists (Fig. 6). On the other hand, for
p = 1.5, we obtain Ro ~ 0.8694 < 1 and thus, the disease is eventually eradicated (Fig. 7). From
these examples, we can conclude that the intensity of the disease spread is affected by the shape
of the spatial domain. In particular, our examples suggest that the disease is most likely to spread
in the square domain for p = 1 (Fig. 8). These results are in contrast to the case of homogeneous
Neumann boundary condition with spatially homogeneous parameters in which the basic repro-
duction number Ry is explicitly given by a positive constant and independent of the shape of the
spatial domain (see, e.g., [10]). Since the infection is thought to be more likely to spread in a re-
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i 15 066

(c) t = 10.

2

Fig. 7. Time evolution of the density u(z, x) of newly infected individuals for parameters (8.1), 8 =6,¢1 =p,lr=1/p
and p=1.5 (Ro~0.8694 < 1).

OB v b g e e

Ro

04

Fig. 8. Ry for parameters (8.1) with 8 =6, £; =p, lp =1/p and p € (0, 3].

gion with a suitable shape for individuals to contact each other, the Dirichlet boundary condition
may be more realistic than the Neumann boundary condition in epidemiological modelling.
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