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INTRODUCTION

ThispaperstudiesgeTleral-solutionsatanirregularsingular

point of Painlevidifferential equationsand nonlinear2-systems

relatingtothem.

As is'well knownIPainlevきequations werediscovered by

P.Painlevi and a.Gambier inorder todefinenew transcendental

functions. Sincethen,the new transcendents,calledPainlev占

transcendents,havebeenasubjectofmanyinvestigations.However,

the research so far done seems to be far from completion.

Furthermore it has been known that Painlev占 tratlSCendentsflow

frequentlyappearinphysicssuch as inquantum field theoryand

gravitationalfield theory([9],[19]).

The authorisinterestedinstudying thefixedsingularpoints

of Painlevi equationslin particular,in constructinganalytic

expressions ofgeneral solutionsnear thefixed singularpoints,

for themovablesingularpointsareknown tobemerelypoles.There

are two typesoffixed singular points:Oneisregulartype and

the other irregular type. The general solutions of Painlevi

equations at their fixed singularpoints of regular typeWere

obtained by several authors ([15],[10],[18]). concerning their

singularpointslofirregulartype,K.Takano([17]) first obtained

an analyticexpressionofageneral solutionforPainvev占(Ⅴ) by

using theidea ofM. Iwano ([5]). Theanalogous resultwasalso

obtained by thepresent authorfor Painlev占(工Ⅴ). Recently,S.

Shimomura ･([16])proved とhattheformal generalsolutionduetoK.

Takano converges withoutthe additionalassumption introducedby

him.



In thispaperwe shallfirstestablish ageneraltheoryfor

constructing ageneralsolution.of acertain21SyStemOfTIOnlinear

differential equations witha fixとd singularpoint ofirregular

type,and thenapply thistheory toallPainlev占equationsateach

irregular singular･point. The general theory is describeditl

ChapterIanditsapplicationinChapterII･

Theauthorwishestoexpres.shisdeepappreciationtoProfessor

Masahiro Iwano who showedmuch interest in this work and'gave

fruitful suggestionstohim. Theauthoralsowishestoexpresshis

sincere gratitudeto ProfessorsKyoichiTakano andShunShimonura
■

who gave kind advice andfruitful suggestions to him,andto

Professors TaroUraand Sadaka乞uAiヱaWa Whogavetohimceaseless
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CONTENTS

CuAPTERI. AGENERALSOLUTIONOF 3-SYSTEM (E).

$I.･StatementofMainResultsinChapterI･

$2.ProofofTheorem 1.

i3･FundamentalLemmafor truncateddifferentialsystem.S.

$4･Sectorialdomain メ andpath r(xo) oflntegratlon･

$5.Stabledomain a.

$6.ProofofFundamentalLenmaunderassumption (a).

$7.ProofofFundamentalLemmaunderaBSumPtioTl(b).

Appendix.

I

CHAPTERII. GENERALSOLUT工ONSOFPAINLEV丘EQUATIONS (I)～ (Ⅴ).

$1.ContentsofChapterII.

$2.Lemmas.

$3.Painleviequation (I).

i4.Painleviequation (II).

i5.Painleviequation (Ill).

$6.Painlev占equation (ⅠⅤ).

$7.Painleviequation (V).

REFERENCES.

1

9

12

16

21

28

32

35

39

42

44

48

50

53

55

59



CHAPTERI.

AGENERALSOLUTIONOF3-SYSTEM (E).

$l･Statemen_tofMainResultsinChapterI･

Asisshown inChapterH ,everyHamiltoniansystemassociated

witheachPainlev占equationcanbereduced toasystemoftheform

(1･1 ) xO+ldy j ′dx≡ I(-1)j - 1入(x)+α j XO Iy j + f i(x･yl ･y 2) , j亡 1 ･2

ateach fixedsingularpoint ofirregular type byabihcllomorphic

transformation･ Here o･ is a positive integerI X,yl,y2 are

complex variables, A(x) isapolynomialof x ofwhich thedegree

isless than o,入(0)10･and fJ(x･yl･y2)●S areboundedholomorphic

funct ionso f (x'yl'y2) for

(1･2) 0くJxJくro,largx-0-1argL(o)- (1′2+m)¶′olく 甘 ,- eo

(1･3) lyl-max(lyll'ly2[)くpo

with

(1.4) fj(x,yl･y 2) 亡 0(lyl2)I j亡1 ･ 2

m beinganinteger with Oimi20-lland thecoefficientsoftheir

Taylor expansionsin yl and y2 at yl≡y2eO admitasymptotic

expansions inpowersof x as x+0 in (1.2),theSymbol 0 in

(1.4)denotesLandau'ssymbol.Wenotethat(1.1)isasystemhaving

a si.ngularityof irregular type at x=O whichdoes notsatisfy

Poincarils condition･ Thepurposeofthis chapteristoobtaina

bourlded島eneralsolutionof(1.1)inasubdomainof(1.2)satisfyiTlg

thecondition

(1.5) yly2=0(xO)･

for itisstrongly expected thatthe solution of(1.1) with the
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property yj+0 (jFl･2)as x+0 satisfiesthiscondition･Wenotice

that･foranypreassignedvalue aofO･system (1･1)catlbereduced

toasystemofthesameformwith 入(0)-aoAbyascaletransformation

of x･ Remarkthat theconstants Qjls areinvariantunderthis

transformation･Therefore,wecansupposethat.入(0)-0 andarg入(0)-0･

Wedenotethesector(1･2)by Sm(eo'ro)･
Byusinglwano'ssymbol 刀(･), system (1.1)canbewritten in

avectorformas

(1.1 ) xO'ldy/dx - (入 (x)) (1,-1)+xO )(a))y+ f (x,y),

where y,cE and f are 2dimensionalcolumnvectors, and, fora

vector cl, 1(cL)･ denotes a diagonal matrixof which thej-th

diagonal componentis.thej-thcomponentof α ･ Thesymbol 1(･)

is frequerltlyused in thispaper. Veusethe usualnotation,for

example' for.amultiple index k=(kl,k2,･･･) and acolumnvector

yヨt(yl･y2････)IWeput

(1.6)
lkJ 葺 kl+k 2 +- ･ , ykE ylkly 2 k2 - I

IyI - max(Jyll'Iy 2l '･-)'

and k i k● means kJ i kj forevery j ･

By a similarmethod as in [17], wesee that (1･1) canbe

reduced to

(1･7) xO+ld之′dx亡 1人(x))(l･-1)+xO](α)+2122A(a･(x))一之

+ (21Z2)21(Z)g(x･乙)

byaholomorphic transformationoftheform

(1.8)
y小 品 2 pk(x 'Zk ･
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Here･ pk(x)●s and Q'(x) are vectorfunctions holomorphicand■

bounded in Sm(co･r) admittingasymptotic expansionsinpowersof

x as x→O in Sm(co･r)･theseriesoftherightsideof(1･8)is

absolutelyanduniformlyconvergentfor

(1･9 ) xi sm(eo 'r)' .Jzlく p

and g■hasthesanepropertiesas f in (1.9),provided that ど,

p ) 0 aresufficientlysmall. Theexistenceofsuchaholomorphic

transformationvil上beprovedattheendofthischapter.

In ordertoconstruct ageneralsolution of(1.7)Satisfying

the conditionanalogousto(1･5)Iweintroduce anewvariable z3
●

glVenby

(1.10)

Thenlbyputting

(1.ll)

Z3 ヒX~OzIZ2･

Wヨt(zIIZ2,23)Ih(t･W) ゴ t(gl(x･之) ,g 2(x･Z),gl(x･Z)+g2(x･Z))

B- t(α1,α 2 ,α1･α2-0), β●(x)- t(弓 (x),ai (x) ,弓 (x)巧 くx )),

weobtain the3-system

( 1 ･12 ) xロ+1dv′dx 亡 t入(x)1 (1 ,11･0)+xO 』(B) +xOw 3) (β･(x))Iw

+x2ow 321(W)h(x･W)･

Thus･foranysolutiont(zl(x),Z2(x))of(1･7)Ithevectorfunction

t(zl(x)･Z2(x)･乙3(x)) with (1･10) becomes a solution of(1･12)･･

Conversely, it can be verified that if a solution v 号

t(之1(x),Z2(x)･Z3(x)) of the system (1･12),when ヱ1･ Z2, Z3
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consideredasdependentvariables,satisfiestherelation(1.10)at

some point xEXo･ then the 之 丘 t(zl(x),Z2(x)) representsa

solutionofthesystem (1.7). Therefore,inorder tohaveageneral

solution of(1.7),itissufficienttoobtaina2-parameterfamily

ofsolutionsof(1･12)satisfying(1･10)atsomepoint x=xo･ Here･
we remarkthatI.byTTtakirtga simpletransformationIVeCanSuppose

B-(x) in (1･12) isequalto aconstantvector B■E lim β(x).
x+0,XCS

ThuswehavearrivedatOurStartingpointofthischapter!wewould

like toconstructaformalgeneralsolutionof(1.12)andproveits

COnVergenCe･

In order to.avoidunnecessary complication,we considera

3-system ofmoregeneralform than (1.12).･Thesystemwhichweare

going tQStudyisoftheform

(E ) xO+ldy′dx 冒1人(x))( l ･-1･0)+xO ] (α)+xOy3 )(a･)ly

' xo' 1 1 (y )f(x,y).

tlere,weassumes

(i) o isapositiveintergFr,
(ii) i(x) isapolynomialoftheform

o -1

(1.13) 入(x ) EcT+ ‡

iEl

( iii) yき t(yj ) , fヨ t(fJ) are 3-vectorsand α Et(Qj),Q･亡

t (Qi )
arecon stan t 3-vec tors,

( iv) f(x,y) is a vector function holomorphic in a domain

Dm(eo･ro･po) in the(x･y)-spacedefinedby

(1.14 ) x e Sm(eo'ro)' ly J ( po

-4-



with

(1.15) f(x,y ) = 0 (Iy I2),

where Sm(eo･ro) isasectorinthex-planedefinedby

(1 ･2 ) 0 く Jxl く ro' larg x- (1/2 +m)¶/ol く 7, - E o ,

(V) thecoefficient･s fk(x)-a oftheTaylorexpansionof f,

'1･16' f(x･y' -rk f2 2 fk'x'yk ･

haveasymptotic.expansionsinpowersof x as x→O in Sm(亡o'ro)･

Thefirsttheoremweobtainis

Theorem1(formaltransformation). ASSumethat kl(α1+α2)+k3α3

isnotanegativeintegerforallnonnegativeiTltegerS kl,k3 SuCh

that 2kl +k3i2･ Then thereexistsaformaltransformation

(T ) y- 1(Y )(k…｡pk(x)Yk)

with po(x) - t(1･1 ,1) and pk(x) - 0 ( lkI-1) I which reducessy stem

(E ) とothesys tem

(E･) xO+ldY/dx = 1人 (x )3 (1･-1,0 ) +xO d (a)+xOy 3g(Q･)IY･

Here･every pk(x)isaholomorphicvectorfunctionin Sm-Sm(eo'ro)

havingasymptoticexpansionsinpowersof x as x→O in Sn With

(1･17) pk(x) 3 0 (x(1- ~6 (k))o+I) ･ lkli 2 ･

where 6(k) 司 6klk 2 ･ 6klk 2 beingKronecker●sdelta･

We canobtain thegeneralsolutionpf(E●)byquadratures. In
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particular'in thecase q3-貢 ヨ o,wehave

(1･18) Y J (x) - CJe(- 1 )J^哩 j+Qjc 3 ･ j -1,2･

●

I

Y 3(x) - C 3,

and,in thecase 也3≠0,wehave

(1.19)

where

(1.20)

(1.21)

●

YJ(x ) 亡 C ･e( -1)J^(x)xQ jQj (Y 3(x)),J

-T 3(x)- C3Xα 3/ ll -(中 3 )C 3Xa3 l ･

A(x)中 一

∫:

cI- 1

jE1 ,2 I

x~o~1人(x)dx-1 +㍗ a<xi/(0-i),
i=1

Qj( n, -瑞 ;:3'冊 '(a) : .? :,

j…1'2･and Cl,C2,C3 are lntesralconstants･ Let Y(x) bethe

generalsolutionof(E●),then,bysubstituing Yヨ Y(x) in the

right sideof(T),weobtainaformalgeneralsolutionof(E). The

following theorem isthemain theoremofthispaper.

Theorem･2.
Assumethat (a) α3-弓-0,Re(Ql'02)〉0,or(b)

Q3fO･ReQ3iO･Re(ql'82)〉O ho上.ds･ Then'forevery c with e〉

eo,thereexistsufficientlysmall r and p ) 0 such thatthe

powerserieskZIopk(x)Ykin(T)convergesabsolutelyanduniformlyin

Dm-Dm(C'r･p) and representsthere a holomorphiqboundedvector

function.
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Remark1.

inTheorem1.

Remark2.

Eachassumption (a)or(b) impliestheassumption

Combining Theorems 1and 2 and observing the

behavior of the generalsolution of (E-),ve obtain abounded

generalsolutionof(E)underassumption (a)or(b)i

Now we con s ider the 2- sy stem (1.7). By applying theabove

theoremstothesystem,wehave

Theorem3. Assumethat(a')α1+α2-0-0･ ai+弓-0 or (b')

al'α2-OfO･ Re(α1+α2-0)≧O holds･ Then･for every e with e)

co･ thereexistsageneralsolution z-V(x･Y(x)) of(1･7)With

thepropertiesthat:

(i) V(x･Y) isaholomorphicvectorfunctionof(x･Y)inDm(亡･r,P)I

and hasthereauniformlyconvergent expansioninpowersof Y of

theform

(1･22) V (x･Y)-n Y l ,Y 2 ) (k…｡qk(x)Yk)I

r and p being smallpositivenumbers･ Here･qo(x), t(l･l),

and every qk(x) is aholomorphicvector function in Sm-Sm(亡･r)

havingasymptoticexpansionsinpowersof x as x→O in Sn with

(1･23) qk(x)…0 (x(i- 6(k) )o+1) I lkl2l･

( ii) Y(x) …亡くYl(x)･Y 2(x ) ,Y3(x)) is thevectorfunctiongivenby

(1.18)or(1 .19 ) accordingas(a■)or (b.)holdswith

(1.24)
C3 Z CIC 2･
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In orderto obtain thistheorem,wehaveonly toprove that

(1･24) is equivalent to (1･10)at some point xexo･ whichis

verif.led asfollows. Forevery solution wEw(x) of(1.12)and

everysolution Y=Y(x) ofitssimplifiedsystem,itholdsthat

d/dx log tzl(x)Z 2(x)/(xOz 3(x ))1 - d /dxlogtYl(x)Y 2(x)/(xOy3(x))I - 0･

Hencewehave

zl(x)2 2(x)/(xOz3(x)) ≡K･Yl(x)Y 2(x)/(xOY 3(x ) ) ≡K･C1C 2/C3

with somecon'stant K･ By taking thelimitalong thecurve r(xo)

definedin $4or$7andbyusing (1.23)weobtaitl 拡 ≡ l.

WeshallproveTheorems1aTld2onlyform=Oanddenote Soand

Dosimplyby S and D,respectively･

In $2,we proveTheorenl. IInorderto showTheorem2,we

derivetheso-called truncatedsystemsOfdifferentialequationsand

prove afundamental existencelemma くhereaftercalledFundamental

Lemma) forsuchsystems. In $3,wefirststateFundamentalLena

andnextshowhow toproveTheorem2byusing thislemma. IniS4,

5and6,weprove FundamentalLemma in detailin thecasewhere

assumption (a) is satisfied,because the case corresponds to

Painlevi equations.TheproofofFundamentalLenaunderassumption

(b)issimplyshownin$7.

In ordertoshow FundamentalLemmabyour method,wehave亡o

determineapath r(xo) ofintegration and the so-calledstable

domain あ associatedWith (E■)･ Wedetermine r(xo) and a by

the pullbackofacurveandastabledomainin thecase o苧l,and

then vehave toconsider theinverse mapping x 三三(U) ofヒhe
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mapP lng

U'- i,A (x, - xO, ･1 ･;童:aiX i, (oJ ,}･

where thebranch of ≡ isdetermined by therelation thatargx→

TT/(20) astJ→0,argLJヨTT/2. 1tisconvenienttorepresent x亡 ≡(U)

aS

(1.25) x亡 ul/o ∈(ul/o)

where ち(u) isholomophicat いきO with 亡く0)El.

$2.ProofofTheorem1.

In this section,weshall prove Theorem1. We denoteby

A(eo'ro) thesetofallfunctionsorvectorfunctionsof x which

are holomorphic and bounded in asector S(eo･ro)I andhaving

asymptoticexpansionsinpowersof x as x tendsto theorigin in

S(eo･ro)･

Weuse thefollowing lemmaswhicharespecialversionsofa

more general theoremdue toM. Hukuhara ([1]). we notice that

S(co'ro) containsasingulardirectionoftheequation inLemm.al･

Lemma1. Considera lineardlfferenとialequationoftheform

xo'ldp′dx -(i量｡ aiXi'p ･b'x'

-9 -



where o isa positiveintegeradd ails arecomplexconstants･

If ao isa Ron-Zeroreal number and b i A(eo･ro)I then the

equationhasauniquesolution p eA(co･ro)･

Lemma2. Consideralineardifferentialequationoftheform

xdp/dx - aop+b(x)'

where･･ ao isacomplex constant･ If b i A(eo･ro) andifthere

exists aformalpowerseries solutionof x,.then thereexistsa

unique solution p を A(eo･ro) ofwhich theasymptoticexpansion

coincideswith theformalpowerseriessolution.

Recau that(1.16)istheTaylorexpansionof f inpowers

of y . Theninorderthatformaltransformation (T)reduces(E)to

(E'),itisnecessaryandsufficientthattheequation

(2.1) ‡
kiO

lx〇十1dpk/dx+ I(kl-k2)入(x)+k･QxOIpk]Yk

辛-kafe3(k-e3)･Q･xOpk-e3Yk

::::牝 浩 二三悪 :･'.,m

holdsasformalpowerserie80fthe Y. Herewedenoteby k･Q the

innerproduct

(2.2)
3

k.α- J皇l kJα J ･

-10-



and by p3k thethirdcomponentof pk'andput e3- (0･0･1)I0-

(0,0,0). wesee thatconstantterms onboth sides of(2.1)are

equal tozero･ Nextwecanverify thatif pk(x)-0 (lkl-1) the

coefficients ofYk (JkJ-1) on bothsides of(2.1).arcequalto

zero. Byequating thecoefficientsof Yk (Jkli2) .nbothsidesof

(2.1),wehave

(2･3 ) k XO'ldpk/dx ･ I(kl - k 2)入(x)･k･αxOIpk - XORk ･xO'lR之 ,

whereeact- omponentof Rk isapolynomialofcomponentsof pkIls

With Oilk●lilkl-1 ofwhich eachmonomialhas acomponentofsome

pk･ With lk-Ji2 as itsfactor'and eachcomponentof RL isa

polynomialofcomponentsof pk･●s and fk･ls withOilk-liJk卜2･

We shallshow that(2･3)k'scanbesolvable"ccessively･ For

every k with lkl-2,wesee Rk -0 and then therighthandside

of (2･3)kisoforder OくxO+1)･ If kl≠k2･thenlbyLemmal･we

candetermineuniquely pke A=A(eo,ro) with pkE0くxO+1)･ エf kl

-k2･then(2･3)k.becomes

xdpk/dx + ((kl + k 2 )α1 +k 3 ㌔ lpk -ち (x)

where b e A,bヒ 0(x). From theassumption ofTheorem 1,it

follows thattheequationhasa uniqueformalsolutionoftheform

i…lPk,iXi with pk,i" 3･ Therefore･byLemma2･wecanobtaina

uniquesolution pkC A with pk-0(x)･

Suppose that for every k■ with lk●liN (Ni2),wehave

determined pk.e A satisfying (1･17)･ Then'forevery k with

lkl-N+1･therightsideof(2･3)k isoforder10(xO+1)･ Therefore･
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by the sameargument as for Jklモ2, we seethat we can

uniquely determine thesolution pke A of(2･3)kVith (1･17)･

Thus,wehaveprovedTheorem1.

$3.FundamentalLemmafortruncateddifferentialsystems.

3.1.

(3.1)

Systemsoftruncateddifferentialequations.

Foreveryinteger N i 2ISet

pN'x･Y' - Ik 干sN Pk(x'Yk･

y - 刀 (Y)(PN(x･Y)+V (x･Y))

Then,inorder that

transforms system (E) into system (E'),it is necessary and

sufficient that v satisfiesthe systemof partialdifferential

equations

'3 ･2'N Xdv'dx--xdPN'dx+Y3( 2≦晶 p3kYk'V3'(PN 'や '

+x丑(P N ' ? )i(x･d (Y)(PN + ?))I

where theformaloperator xd/dx denotes thepartialdifferential

operator

2
Aa/ax+x-oI

j≡1I(-1)j~1人(x)･αiXO ･弓xoy3)a/aYJI

' (α3'弓Y3)a/aY3･
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Wedenoteby fN(x･Y,?) therightsideof(3･2)N･namely･

(3.3) fNくx'Y･甲)--X aPN/ax
2

-x~o H (-1)j-1入(x)･qiXO･ 中 oY 3IapN/aYJj亡1

-'α3'吋 apN'aY3'Y3(2品 Np3kYk'?3'(PN'?I

'x刃(PN'や)i(x'』(Y)(PN'甲))･

Itiseasytoseethat や isasolutionof(3･2)N itandonlyif 甲

･ 甲(x,Y(x))isasolutionof

(3･4)N xdv/dx = fN(x･Y (x)･甲 )

where Y(x) isa generalsolution of thereduced system･(E●).

Notice thatontheleftsideof (3･4)N,theoperator d/dx isthe

･usualordinarydifferentialoperator.

Fromthefactthat(3･2)Nhasaformalpowerseriessolution v

- JkltIN+lpk(x)Yk with pkE 0(x(1-6(kHo+1) (lkl2N+1) and from

thedefinitionof fNI WeObtain

osition1.

(3.5)

fN(x･Y,甲) isholomorphicandboundedfor

x∈ S (co,r品), lYl く p品 , Iやl く ム品

andsatisfiesin thisdomain theequalities

(3･6) lfN (x･Y･0) l i cN Ixlly l…

(3･7 ) lfN(x' Y,甲) - fN(x'Y,巾)J i M(lx J ' lY J ) l中 一 や l ,

-13-



for some constants

provided

く3.8 )

IONHPH.リ
OMH
rLLa.h▲L

un

.0
′ヽ

IN

oN

C

A
′ヽ

0, M being independent of N,

aresufficientlysmall.

From (3.6)and(3.7),itfollowsthat

IfN(x･ Y･州 ≦ cNIxH Y lN+1 +M(lxl+ JY T ) lvA

for (x,Y ,甲 ) in (3 ･5)･

3121 Inthispart,wefirststatethefundamentalexistencelemma

for(3 ･ 2)N･

FundamentalLemma. Assumethat(a)or(b)holds. Then,for

every N≧2, there exists a so lution 9 - やN(x'Y)of (3 ･2)N

holomorphicand bounded in D(e･rN ･PN ) satisfying there

く3･9) vN(x･Y ) 亡 0 (lxllYJN+I) ,

provided that rN,PN ) 0 are sufficientlysmall･

Solutionof(3･2)NWith (3･9)isunique･

Furtherthe

Since (3･2)Pis equivalentto (3･4)N,We Seethat 甲 isa

bounded holomorphic solutionof (3･2)N in D- D(e'rN･PN) with

く3･19) ifandonlyif や isasolution ofthefollowingintegral

equation

'3 ･10'N 甲 ho･yo ' ･ I ,(x.,I-1fN'x ･Y'両 (x ･Y 'x'Hdx

foranarbi trary poin t (xo･Yo)∈ D･ HereY (x) is thesolution of

(E■) satisfying Y(xo) 日 Yo and r (xo) i s asui tab le curvejoining

x=Oand xexo･

ー14-



泣 We shallshow how to prove Theorem2 bymaking useof

Fundamental Lemna. Assune thatFundamental Lemmais valid. For

every N i2,put

甲N (x,Y ) 亡 PN(x,Y ) + vN(XIY)I

where vN(x'Y) 阜stheuniquesolution of(3･2)NWith (3･9)･ Then

thetransformation

y " (Y)?N (x,Y)

changes (E ) to(E●).
decreasing in N.

Forany Nf and N

Wecansupposethat rN and pN aremonotone

weshallshow that やN is independentof N･

with Nli N i 2I

(PN･ - PN)+?N･

i s a bounded solution of ( 3･2)N holomorphic and of order

o (TxHylN+1) in D(C,rN･,PN･) ･ Thenby theuniquenes芦aSSer tionin

FundamentalLemma■,wehave

(PN. - PN ) +(PN ･= ?N

in D(亡,rN ･･PN .) whichimplies 甲N'三 甲N･ Thereforelifwedenote

by v thisfunctionindependentof N andifweput r モ r2and P

- P2･ then (pis holomorphic and bounded in D(e･r･p) and

satisfiesin thisdomain

甲州 - 品 pk(x'Y k - o ' JxJIY A"+1'

forevery N i 2IWhichprovesTheorem2.

-15 -



$4･Sectorialdomain ∫ andpath,r(xo) ofintegration･

S$4,5and 6willbedevoted totheproofofFundamentalLemma
i

in thecaseWhereassumption (a) holds. Forthispurpose,wehave

to definea path r(xo) ofintegrationfrom x=O to x-xo and▲

replace adomain D by aslightly modifieddomain S which is

calledastabledomainfor(E'). ln thissection,weshalldefinea

sectorialdomain･A andacurve r(xo)･

Wefirsttakeandfixaconstant cI )o sothat

(4.1) Eo く 亡 ソロく亡

where c )0 isaconstantgiveninTheorem2.

4.1. Determinationofconstants 7t and の. From theassumption

Re(α1+α2)〉0,itfollows Reα1〉O or Reα2〉0 ･ Weput

(4.2)

4.1.1. Thecase

snail,thenwehave

Notethat

(4.5)

for lc3lくp〇･

車 Re (Qi･Qjc 3) I j -1 ･ 2･

ReQ2 〉0･ Ifwe take po〉O sufficiently

ReQ 2 - Pol弓 l〉o

Reα 2 - POl弓 l)-Real +pOl弓 I･

･言 ≧ReQ J - P｡JQil･

-16-
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Firstwedetermineaconstant k 〉O sothat

(4.6 )

holds. Put

(4.7)

Reα 2 - POl弓 l〉o/k ) - Real + pOIQiJ

v J - (-1)j~lo･JReαJ - pol弓 I)

- (-1)j-lo･xa'i'

thenby (4.5) and (4.6),

(4.8)
V言≧v J ,o･ j - 1, 2 ,

for lc3lくp〇･

Wenextdefine O く nく TT/2 by

J≡ll2,
■

(4.9) tansl

モ lo ' (3k ' 4 ) 昔 2( lQ j l' poIBjL ) '昔 2(v j)I/i:liT 2 (vj )･･

Notethat

(4.10)

4.1.2.

く4.3)●

く4.4)-

tanil〉1.

Thecase ReQl〉0･ Wetake po〉O sosmallthat

Reα1- POl弓 い o

Real- POI弓 I) -Reα2+ pOl弓 l

-17-



hold. Wedetermine A )0 so that･

(4.6)-

Ifweput

Re氏l -･Polai l 〉 o/k 〉 ,- Reα 2 + pOl弓l･

■

(4.7)･ VjB (-1)Jロ+ dReqj - POIBjJ)I
● ☆

ヒ (-1)Jo+xqj･

■
]ヒ lI2l

then wehave(4.8). The constant Oくn くTT/2 isdeterminedby

く4.9).

In thefollowingdiscussionPsmallconstantswrittenas pland

p;willalwaysbeassumed tosatisfy

(4.ll) p-'p品ipo･

4.2. Sectorialdomain .3 . Inorder todetermineastabledomain

S,veneed todefineasectorialdomain A which isamodification

of a sector S. A domain .3 王J(e',r') in thex-planeisdefined

by

(4 .12 ) ､x ヨ ≡(U ) ,0 く Iul く r'x(argo), largu - TT/2l く Tr- 亡●

where

(4 .13) x(8 ) ヒ

co sn/s inE●, I8 - ¶/2l く TT/2 - n

lco s8I/sinc', ¶/2 - n iI8 - Tr/2 I.i TT - C ..

Notethat theopeningangleof .♂attheorigin is 2(TT-C-)/cl.

-18-



wedivide ,g into threeparts:

(4.14)

I? 1-｣(lxecIIReultanni工mu･ ュmu)0 I

才 2-JinlxecI (Red)tann 〉 ュmu, Reu〉0 I

J3 - Jハtxecl(Reu)tann)工mu' Reu く O I･

吐 Path r(xo) ofinte･gration･ Weshall defineacurve r(xo)

from x-0 to xExo whichgenerally consistsoftwoparts r-(xo)

and rl'(xo)･ Incase xo丘J'1' r(xo) reducesto r'(xo)･

4.3.1. Thecase ReQ2)0･ If xo亡.gl, thevariablepoint ･xと

x(T) on r(xo)- r-(xo) isdefinedby

(4.15) x(T)ヨ≡(U(T)),1/U(て)王T+A - iBeXT,Ti 0,

where A and a arerealnumberssatisfying

(4.16) A -iB= (̂xo) (i-′巧)･

If xo e 32(or 諺3)Ir(xo) consists oftwo parts r●(xo) and

r.I(xo)･ Thevariablepoint x-x(8) on r"(xo) isdefinedby

(4･17) x(せ)と-I(U(8))Iu(8)と (と058/cos80)luolei8

for 8oi 8 in (or ¶ - ni S i 与o ) With u0- 1/A(xo ) ･80-

arguo ･ Then thepoint x(n)(or x (¶ - a))belongsto a l･ r'(xo)
is def ined to beacurvedefined as (4.15)joining x…O and XEX(fZ)

(orx (TT -n)).

-19-



4.3.2. Thecase ReQl 〉d･ If xo∈ 12(or B3)･r●-(xo) is

definedbythesamewayasin thecase Rea2〉0･Therefore,wehave

only todefine r(xo)- r'(xo) inthecase xoeJll･ Inthiscasel

thevariablepoint x-IX(T) on r.(xo) isgivenby

(4 .15 )'x (て) ヒ ≡(h)(T) ), 1/u( T) モ ー ↑ +A - iBeXT, T i0,

where A and a arerealnumberssatisfying(4.16).

4.4. westlallshowsomepropositionsconcerning 諺 and r(xo)･

osition2. Forevery xoe･31'Wehave

lA/Bli 1/tannく l

a i (tann･sinE●)/r■〉tann)1

TtB i tanfZ)1

providedthat rl)o issmall･

Proof･ xoe31 implies

lmuo〉0･ ]arguo - ¶′2l≦ ¶′2 - 0･ Juol2く(r･cosn/sinC･)2･

since uoきくA+ iB)′(A2+ B2),wehave

B〉0,ltan(arguo)J- lA/Bい tann

luol2 号 1′(A2+B2)く くrTcosn/sine･)2･
Hence

IA/Bli1/tann,tsin｡･/(r･C.sn)12く A2.B2iB2/sin2n,

which yi･eld (4.18) and(4.19). 工nequality (4.20) followsfrom

(4.19),providedthat r')0 issmall.

- 20-



osition 3.

have

(1) xot･Rl implies

(ii)xo∈ i implies

If rl 〉o i5 Sufficientlysmalllthenwe

r(xo)⊂31

r(xo)｡R･

Proof. Assertion (i)isverified byshowingthat lu(て)l is

monotonedecreasingin T and thattheinequality

Targu(T) - TT/2AiTr/2 - fZ, T i0

ho lds inasimilarwaya s in l5 ] . Assertion (.i i ) is ea sy tosee if

( i ) isestab lished.

Thefollowingpropositioncanbeprovedbyananalogousmethodasin

【17 ].

osition4.

(4.21)

Thereexistsapositiveconstant L such that

I , (x｡,ds iLIxol

for every xdく J,provided that rl〉o issmalL Here ds is

thelineelemen亡along Lhecurve r(xo)･

$5.Stabledomain oB .

Ⅰn thissection,weshalldefineadomain £ andshow thatit

isastabledomain forsystem (E')in thecase (a).

iii Definitionof 度)･ The domain £ コ B(e-,r-,p') in the

(x,Y)-spaceisdefinedby

- 21-



(5.1)

where

x∈3(亡',r')

IYiJく p'cj(u(x)･Y3)ej(x･Y3), j≡l･2･
lY3l(pl

cj(- )

with 8Fargo and

luul/o)lRe(Qj'ain), l8- ¶/2li ¶/2- n

lcoB81/cosn)1/oluul/o)I.JRe(Qj'Bjn) ,

Tr/2 - n i l8 - Tr/2Ii Tr - C '

ej(x･n) E eXP 卜 (arg x)Im (αj+早 )I･ j - 1 ･ 2･

Recall inequality (4.1). Thenwecanverify that,forany r,

p )0,thereexist r''p')0such that A(C.･r'･p')｡D(eo'r,p)
and thaとIfor any rlIPl 〉olthereexist rIP〉 Osuch that

D(C,r,p) C &(el,r',p'). Thisfactisakindofequivalenceof D

and oG,･ Moreover,wenote thatthereexistsapositiveconstant R

such that

(5･3' x∈謹,拘 ≦Rr'1'O, (x,撒 くcJ塁 ･,｡･, i R p ●

forallsufficientlysmall rl and pI〉o･

5.2.Stability. Weshau proveakindofstabilitypropertyofB･

ー22-



With respectto the solutionof(E.)and

assumption (a),the generalsolutionof

Thenbyputting

(5.4)

wehave

u J(x) - cJe(-1 )jA (x)A (x)-Qli{/o･

thecurve r(xo)･ Under

(E')is givenby (1.18).

J E l I 2,
■

☆

(5･5) JY i(x)F- luJ(冗)JJ如 l/o)lajexp 卜 (ar g f )lm(q i ･ajc3 )I･
(j …1, 2)

The followingpropositionisthemost essentialoneinproving the

stabilityofthesolution Y(x) ip thedomain お.

os i tion 5. If

(5.6)

lc 3 l く p-'then

d loglu J l/dTく- (3/40 )V言･

●
J E 1,2

on thecurve rl(xo) with xò21･PrOVidedthat r'' pl)o are

small.

Proof. Weprovethepropositiononly

Leヒ S bethe arclengthalong thecurve

fromtheorigin tothevariablepoint xerl･

of r-,wehave

sothat

in thecase Reα2〉0･

r' -r'(xo) measured

Thenby thedefinition

dx/d T - 一 XO' 1 人(x)-1(1 - ikBekT)

-23 -



ds h lxJo+ll入 (x)l-1(1 + k 2 B2e2 kT)1/2d T･

Then,(5.6)isequivalentto

(5 ･7 ) d loglu J l/ds , (3 /40 )V言Il(x)llx l~0-1(1 ･ k 282e2九')~1/2 ･

( j F 11･, 2 )

From thedefinitionof itfollows

d log u j /dxー - u J~1 duョ/dx- x~0-1人 (x) I(-1)jll ･ 弓 /(o^(x川 ･

III

whichyields

d loglujJ/ds= d Re(loguj )/d s 耳 Re (d loguj/ds)
せ Retくd log uj/dx)(dx/d,)(d T/ds)I

- l入(x) lJxl-0-1(1+x2B2e27tT)-1/2

･Relt(-1)jll 十 α'ir/(ô (x)) I (1 - ikBe九て) ]･

HeTTCe,(5.7)isequivalentto

(5･8) Rel t(-1)j ~1 ･ Qli'/(o巾))I(1 - ixBe7tT) 1 , (3/40)vlir･

(j F l , 2)

Therefore,by(4.7),weseethat thepropositionis validifand

onlyif

く5 .9 ) l
T_

2

e
2

8☆
i

J
V〓】

nr
h
H

一
丁

-
rHL
U●

｢J
I

′ヽ
0,

I I.I

I(-1 )Jo ･3-3-I( T ･A)2

J t王 lI2.
■

-24 -

tI/

'4Qj( T 'A )



Thus,inorder toverify theproposition,itissufficienttoshow

(5･10) 工 j(0) - 0 , I J '(0) 〉 0 , ㌔一一く') 〉 o一 j = 1 ･ 2･

Remark that

ー(5.ll)
■●′

tann ,lo･ (3k ･ 4 )lα'i''11/vjl･ j- 1･2

tanSl)1,

whichareverified by (4.2 ) , (4.8)and (4 .9).wesee

1..r

n

H一

lHJ
u

T

I

T

nu■
川いー

iZ5

-

日

.｢
J

.
｢

J

:

Ⅰ

First,wehave

.っJ2
1

B

〉

lT一i
2

e
☆

.lJ

>
2BS2

ll
T
,

i2
e

☆
.l
】

V
2B

2
$4

亡

4 LtJ
2t( ll)Jo･3kajI (,･A ) ･4㌔J

●

- 2 1(-1)Jo･3埠 ･

(o) - B2lv-3' - I(-1)jo･ 3x草 (ら/A)2･4B-3'A/82】

VrL
V

2

BiZt川U′ヽ
/

･>
i
J･:I
.1
J

Io ･3kJQ'言 lJ/tan° - 4 Iat3'J/tann] (b y (4･18 )I (4 ･19) )

[_tH
u

CS∩aLL

I+*

tann - い く3x ･4)Ja'i{JI/V三 ]

(by(5.ll )).

Next,wecanverify

Ij'(0)茸
■l●

2Bl7tBv-: -
J

● J一

I(-1)Jo ･3kQ31A/B･281ir/B]

･2Blv言-lo･3xla言=/tann - 2lat3{ltanの]
(by (4.18),(4.19),(4,20))

lヽ▲

- (2Bv3'/ta叫 【tann - to･ (3x･2)JQtitlI/vl3r].｢｣☆
.｢｣

〉4BlQ I/tann (by (5.ll))
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i 0.

Finally,wecanobtain

I Jl- ( ,) H J''くo)-2(kB)2[2V言 - I (-1 )j･q･ 3 xBl3'l/(xB)2 ]

･ ■2(xB) 2t2V'i'- (o ･3叫 l)/tannl (by(4 ･20 ) )

- 12(kB )2V-3'/ tan仙 .2tann -(o･3叫 l)/阜
･ 2(a )2い く3x ･8)la'言Il/tann (by(5 ･11))

〉0.

Thus,Wehaveprovedtheproposition･

osition6. (stability). Let Y(x ) bethegeneral

Solution of (E') under assumption (a)I Then･(xo･Y(xo)) E

的 ●･r●･pl) implies (x･Y(犬))eB(e',r.･p-) forevery xcr(xo)I

providedthat r' and pl)o aresufficientlysmall･

Proof. Underassump tion (a ) , thegeneral solu tionof (E●)

isgivenby(1.18). siTICe

Y3(x ) - Y3(xo ) - C3･

IY(x｡)Jくp.implies ly3(x)lくp' forevery xer(xo)･

suppose xoe12(or･33) and (xo･Y(xo))eB(亡■'rl･p■)･ Then

wehave

ly J(xo) l く p'c j (uo･,C 3 )e j (xo･C 3),

■
J31,2

where uo-1/A(xo)･ Remarkthatforeverypoint xer''(xo)I

uE (cos与′cos80 ) luoleiS

where uo - 1/A(xo) ' 80 =arguo･Uヨ 1/A (x) I 8 -argu･

ー 26 -



Hencewehave

Rê(x)E IRê(xo ), Jx′xo- i IcoS8/cos SoJl/OJE (u l/o)/ " uol/o) I ･

Therefore,itfollows

tYJ(x)l- IcJle(-1)jRê(x)lxlRe(Bj+阜 )expI- (argx)In(Qj･a3C3)I

- -Yi(xo)=x/xolRe(Qj'Qic3)expI- (arg千一 argxo)Im(αj･Qjc3)I

≡ lyJ(xo)I

fo r

have

く p●cj(U,C3)ej(x,C3)
■
JE1,2

x ∈r-I(xo)･

Nex t suppose xo e J l and (xo･Y(xo) ) 〈 &(C'･r●･p.)･Then･we

Ly i(xo)l(p'c j(uo･C 3 )e j (xo･C3) ･ j E l･2･

By(5.5),wesee

Jy(x)I- lY(xo)IJuj(x)′uj(xo)II"ul′o)′"uol′o)lRe(｡j+ajc3)

･expト (argx-argxo)Im(｡j+Bjc3)1･

By virtueofProposition5, luj(x(T))l ismonotonedecreasing in

I. Therefore,wehave

lY(xo)I i l lyi(xo)I/(c j (uo･C 3 )e j (xo･C 3 ))Jcj(u･C 3)ej(x･C 3)

く p'cj(U･C 3)ej(x,93)･ j- 1 , 2

forevery xi r'(xo.)･ ThusvehaveprovedProposition6･
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$61･ProofofFundamentalLemma.undFrassumption(a)･

FirSとweshallshow thefollowingproposition･

osition7. Thereexistsa positiveconstant JN Such

that forevery xoe･3(e'･r-) andforthegeneralsolution(1･18)

of(E')With lC3l(p'･ theinequality

'6･1' I ,(x｡,.Y 'x,JL"'l dx iJTAxol.Y(xo, ."'l

holds)provided that rl and pl)o aresmall･

proof･ Since Y3(x)卓C3･WehavebyProposition4

I r (x｡,■Y3'x ' L"'lds iL -xoHY 3'xo ''"'1･
Recallthat

JY i (x ) J - lu j (x) l I" ul/a)JRe(Q j +Bic3)expt- (erg x)Im(刊 C3 )J･

JE 1,2
●

☆

and noticethat luul/o)Jajexp卜 (･aigx)Im(a)･Qjc3)- isbounded

frombelowandabovebyconstants Ll,L2)0,respectively･ Hence

on thecurve r'Er●(xo)I wehave

Jr. Iyj(x' l"'lds i L2"' l lrl.Iu j(x'l"'1d s

･L 2… luj(xo' l… Jr. dsiL2… lu (xoH … ･LIxol

≦ (L2′Ll)N+lLlxO-lyJ(xo ) JN+1･

On theotherhand･on thecurve r''=rH(xo)･ wecanverify

lY i (I)I = IYi(xo) Ic j (u･C3 )e j (･X･C 3)/(c j (uo･C3)e j (xo･C 3 ) )

i lYJ(xo ) lL3

- 28-



forsomeconstant L3〉0･ Thenweobtain

J r=Itj 'x'l"'ld s くL 3 " +l L IxollY j (70 ㌦ '1, j-1･2･

ThusIVehaveproved theproposition･

Now,weareready to proveFundamerltalLemmaunderassumption

(a)byusingafixedpointtheoremdue ヒoM.Hukuhara(【2]).

Recall that c')0 bea constantsuch that(4.1)holds. We

denote by 宇 thefamilyof allvectorfunctions v(冗,Y) ofwhich

thecomponentsareholomorphicandsatisfy

(6･2) lv(x･Y ) I i KNIxHYJN+1

in お-丘(C-,r品'p品), where

bedetermined later and r

constants. Wenotethat r
I

-
N

-
N
"

NH
I
uM

K

P

isapositiveconstantwhichwill

aresufficientlysmall positive

and pふ mustbechosensosmallthat

(4.ll)andallthepropositionsinSS4and5hold.

Ⅰt is easy tosee that Lj.I isnot empty and isconvex.

Moreover, itisclosedandnormal withrespecttO thetopologyof

uniformconvergenceoneverycompactsubsetof 且.

Wenextdefineamapping J . Foravectorfunction ve亨,we

defineavectorfunction o by

(6･ 3 ' ｡ (xo･ Yo' - J r(x｡ , x-lfN(x･Y x̀' " (x･Y x̀m dx･ 'xo･Yo ' cB･
where Y(x) isthe solutionof(E■) with Y(xo)≡ Yo･ Inorder

that (x,せくx),V(x,Y(x))) Staysin thedomainofdefinitionof fN,

itissufficientthat

(6･4) KNR"' 2 r品1/op品"'1 i A品, Rr品 1/o i r品 ･ Rp品 ≦ p品

where A品'r品'p品 aretheconstantsinPropositionl･
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wenextestimate o(xo'Yo)･ By (6･3 ) , (3 ･8 ) , (5 ･3 ) I(6･1 ) I we

have

lo ho,Yo''≦ Ir(x｡,'xJ~l lfNtx･Y'x '･甲(x･Y 'x'H IJdx I

i Jr(x｡,tcN lY'x｡ "'1 ･ KNM('x'･ 'Yくx''' JY'x'l"+lJ 'dx-

･ tcN ･ W R(r品1'o ･ pw lr(x｡ ,lY (x'l"' l ldx'

≦ lCN ･ KNMR(r品1/o ･ p 品 )IJNIxo llYoI"'1･

Hence' if r品 ' p 品 〉0 aresmallenough tosatisfy

(■6･5) MRJN(r品1/0 . p品 ) く 1′ 2

andif KN isdeterminedby

(6.6) KN亡2JNCN

then o satisfies.theordercondition (6.2).

we canalsoverify that o isholomorphicin曲.Therefore,

if variousconstants aresuitablychosen asabove,J becomesa

mappingfrom 辞 intoitself. Moreover,itcanbeseenbyLipschitz

inequality (3.7)that J iSaCOntinuous napping. Then,thefixed

point theoremreferredabove showsthat J admitsa fixedpoint,

whichproves theexistenceof ?Satisfying thepropertiesstated in

Fundamental Lemma where D(e･rN･PN) must be replaced by

A(C.'r品'p品)･ Since e〉 oc-'wecanchoose rN and pN 〉O so

small that D(亡'rN'PN) C a (e''rふ'p品)･ Thuswe haveproved the

existence.assertion･inFundamentalLenma.

Now'itremainsonly toshow the uniqueness･ Let v(1) and

甲(2) be twosolutions satisfying theproperties inFundamental
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Lemmaandput

o F 甲(1) -.?(2)･

Then や isholomorphicinadomain ゐ -E'(C.',ど-I,p'') where c'I/0i

e, r-■≦r品, p.1 ≦pふ ,and of orderO ( lxLIy L"+1) ･ Let H .bea

constantdefinedby

H -inft H ･iO Il小(x,Y ) I i H･lxllYIN+1 , (x,Y)eゐ 1.

Then･wehave･foreverypoint (xo･Yo)ecB

l恒 o ,yo) I

i I ,(x｡ ,-xlll AfN(x･Y 'x',甲 '1''x･Y'x'''-

fN(x･Y(x ) ,甲(2 )(x･Y(x ).) ) lJdxl

i J r(x｡,一xI-1 M( ■xJ･ 'Y( x'■' ■甲̀1' (x,Y(x'' -V' 2 ''x･Y ' x ' ' lldxl

(byく3.7))

i MR (r'■1'o･ p'''HJ r (x｡,ly(x''"'1 ldxl

i MRJN(r･･1/o+ p.･) u lxoJIYoJN+ 1

i (H′ 2 ) IxollYoJN+1･

Therefore,bythedefinitionof H,weobtain H=0,which implies

中 土0･ Thuswehavecompleted theproofofFundamentalLemmaunder

assumption(a).
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$7.ProofofFundamentalLemmaunderassumption (b).

From theassumption Re(α1+ α2)〉0,itfollowsthat Real〉0
or RecL2〉0･ Veshallonlyshow thecase Re02〉0･

Li Path r(xo) ofintegration･ Takeand fixaconstant (-

)0 so that(4.I)holds. Put

(7.1)

Take･･Tt)0 so that

(7.2)

Ifweput

(7.3)

thenwehave

く7.4)

･P ReQ J ･

J 亡 1 , 2.
●

･言, o/x, - α1･
LIJ■l

vJ - vli' ･ (-1)j ~lo･ 弓 ･ j - 1･2･

vjtz Vt3',0, j - 1 ･ 2･

wedetermine dくnく¶/2 by

(7 .5 ) tans2

f Io' (3x '4 )昔 2 ( lQ j I) 'i:la: 皇 (v j )I/j≡主: 2(v j) ･

Note that

(7.6) tansl〉1.

Fortheseconstants 7L and n,wedefine BくC-,r') by (4.12)

and (4･13)IJlJ 2'j3by (4･14)Iand thepathofintegrationin the

similar Wayasin S 4. Thenwecan verify thatPropositions2,3

and4 arevalid for thesenewdomainsandpath ofintegration.
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7.2.Stabledomain. Wedefineadomain 曲 芸£(e',r',p')by

(7.7)

tlere

x E 3(cl,r')
JY i l ( p 'cj(u(x))ej(x) JQ j (Y3 ) I ･ j ,1 ･ 2 ･ 3･

lE(ul/o) lReα j , J8 - ¶/2 L i ¶/2 - n

(7･8) c j (x) =

with 8 Fargo,

I(Jcos 8L/Cosn )1/o lE(ul/o川 ReBj

TT/2 l Sl i I8- ¶/2 l iTT - e '

ej(x)ヒeXpt- (argx)ImQjl

and Qj(n).S (jEl･2) arethefunctionsgivenby(1･21)and

(7･9) Q 3(n) - 1 +(弓 /α 3)n･

Recalling (4.1),wesee that,forally r,P )0,thereexist

rt･p-〉O such that a(e一･r'･p■) ' D(co,r･p)and that,forany

r.,p. ) 0,there exist r,p ) 0 such that D(C,r,p) <

よくC.,r',p'). lJecanalsoverify thatthereexistsaconstant A)

0such とhaL(5.3)isvalid.

Forthesolutionof(E.)givenby(i.19),ifweput

Jt

(7･10) u j (x) - C Je(-1 )ĵ(x ) A(x)-Q3/o j-1･2

thenvehave

☆

(7･11) lYJ(x)I-- luョ(x ) T TH ul/o) 了jexp卜 (arg x)Imα JIIQ J(Y3くx))l
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JF 1,2
●

with ut1/A(x)･ Forthese uj●sIWeCanVerifythatProposition

5 isyalidandwe canseethatProposition 6holdsforthedomaiTI

B.

7.3. ProofofFundamentalLemaunderassumption(b). Inorderto

show Proposition7inour case(b),itis necessary toverify the

followingproposition.

oSitlon8. Thel･e ex ists apositive constant L 4 SuCh

that･forevery solution Y(x) of (El), (xo･Y (xo))eお(e'･r'･p-)
implies

Jy3(x ) I i L 4 lY 3(xo)l

for every X e r(xo)･ Here･r'' p●〉 O aresupposed tobe

sufficientlysmall.

Proof. Thepropositionfollowsfrom

ly3(x)′Y3(xo)一≒ Jx′xoJRea 3 expト (argx-argxo)Ima3)

･l1-(中 3)C3XoQ3J/ll-(弓/Q3)C3Xoα34,

lx′xolE Ju/uol1/olC(ul/o)/"UOI/0)I･

ReQ3i 0,

andthat u(T) isnonotonedecreasingin T On r.(xo)Iand

Iu / ･Jol-Icos8/cos付 , 8 - argo
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Bymakinguseofthisproposition,wecan showProposition 7in

a similar wayas in $ 6. Therl,by virtueof thepropositions

established in thecase (b),we canproveFundamentalLemaby the

samemethodasin thecase(a).

Appendix.

The existem eoftheholomorphic transformation (1.8)Willbe

provedbyconstructing thefollowing three transformations.

Thefirsttransformationoftheform

(8.1)
2

y≡y一十 ‡
iコ1

p(i )(x,yi )

is determinedso that itchangessystem (1.1)toa systemof the

form

(8･2) xO'ldy ･/dx-(入(x) A ( 1 , - 1 ) +xO 丑くα ) + i (f･(x,y･)))y ･.

Thesecondand third transformationsof theform

(8.3)

(8.4)

y･ - i (y･.) (t(1 ,1 ) + 2H ･(i)(x 'y.;))

iEl

2

y･･-〟(之)( t (1･1) ･ ヱ1Z 2 i 皇 lP･･(i)(x･zi ))

are determined so thattheformer reducessystem (8.2)toa system

oftheform

(8･5 ) xO' 1 dy-'/dx - 1入 (x )D(1 ,-1)･xO) (α)･ yllTy封 (f-I(x,y.I) )Iy一一

and thelatterreduces(8.5)toa systemof theform (1.7). Here

fllflland g arevectorfunctionsw-ith thesameanalyticityas f･

We shallprove theexisterlCeOf (8.1)only, since theother
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transformations are obtainedby a similarmethod; In orderto

determine (8.1),we considerthe following partialdifferential

equations

(8.6) xO+1
ap(i)(x,yi).ap(i)(x･yi)

ax ay ((-1)i-1入(x)･a･xO)yil

-(入(冗)I(1,-1)･xO.(a))p(i)･f(x･t(6ilyi,6i2y主)･P(i)),i--1･2･

6ij beingKronecker'sdelta･

Wefirstobtainaformalsolutionof(8.6)oftheform

(8･7) p(i)(x･yi)鳥 2pとi )(x)yik･

By subs ti tuting(8.7)in (8.6 ) and byequating thecoefficientsof

yik (k≧2), wehave

(8･8)k

xo+ 1
dpとi )

dx ･ 1人(x) A ((-1)i-1k -1,( -1)i~1k･1)+又o d (kQi-ql,kαi-α 2 )Ipと i )

-C£i),

whereeach componentofcとi ) is apolynomialof componen tsofp£i) ･s

with 2ihik-1. I t iseasytosee tha t wecandeterminesuccessively

the uniquesolutions pとi)･sof (8･8)k･s with pとi)∈ A(C,r)by

usingLemma1.

We nextprovethe convergenceof(8･7)･ Let Yl(x) beヒhe

generalsolutionof

x州 dY l ′dx丘 ((-1) i - 1入 (x ) + Q ･XO)Yi ･1

then itfollowsthattheformalseries P(i)声P(i)(x･yi(x))formally

satisfies

xo+1
dP(i)

d x
亡 く入(冗 )) (1 ,-1)+xO』(α))p(i)
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+f(x,t(SilYl(x),6 i2Y 2(x) )+P(i))･

Therefore,byvirtue ofa theoremdueto Iwanol3],weseethat

p(i)(x･yi) convergesabsolutelyanduniformlyfor x` S(e･r)ILyil
くplprovidedthat r,p〉O aresufficientlySmall.

Finally we show thatlforthe P(i).a detemi nedabove,

transformation く8.1)reducessystem (1.1)toa systemoftheform

(8.2). Bydifferentiatingthebothsidesof(8.1)andbyusing the

factthat P(i)･s arethesolutionsof(8.6),wehave

･1･ (蝶

- (1･ (戟
)･(入(x)刀(1,-1)+XJA(α))y●+F(x,y-),

Where

2 2

F (x,y･)- f (x,y･･IP(i))-‡ f(x , t(6il,i,6i 2y呈)･P(i ))･
iz31 iz=1

We seethat F(x'y') vanishes on yiy呈-0 andhence F(x'y')-

o(yiyi)･ Therefore,since (ap(i)′叫 )(x,0) - 0, the system

transformed by(8･1)isoftheform (8･2)with fi-o(y呈)'f呈-0(yi)･

Thuswehaveprovedtheexistenceofthefirsttransformation.

Concerning transformations(8.3)and(8.4),weonlystatethat

vecanobtain thembysolving thefollowingequations

xo+1

and

ap･(i)(I,y.;).apt(i)(x,y･;)
aX a y ((-1)i-1入(x)･+aiXO)y･i･

- (f･(x,t(6ily･1･,Si2y･2･)+P･(i)))(t(1･1)+P･(i)), iBl･2･

xo+1ap･･(i)(x,zi).ap.I(i)(x,zi)
ax

aヱi ((-1)i-1入(x)+αiXq)zi
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ら 刀 (f･･(x ,t(S ilZII6i2苫 2 ) -α･(x)))･ t(1,1)-(4 1+42)xq･P･･くi)I l el ･ 2 ,

where

Ql(x ) ～ i"(x,0) 【 (α1 +α 2 )xO･t(1･1)･
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CuAPTERII.

GENEJRALSOLUT工ONSOFPAINLEV丘EQUATIONS (I)～ (V)

SI.ContentsofChapterII.

The purposeofthis Chapteri8tOShow thatwecanconstruct

general solutions of Painlevき differential equations at fixed

singularpointsOfirregulartype. ForthispurposeWefirstrecall

An immediateCOnSequenCeOfageneraltheoryestablishedinChapter

I.

Weconsider82-Systemoftheform

(1.1)
W2dv′dw… (1･-1'+鵬 ''け 晶 hk'W'vk

havinganirregularsingularpointofPoincar占 rank1 at w 亡･0. Here

v and hk(V)-t(ak(W)･bk(W)) ( lkl≧2) are 2-vectors･ α lsd

constant2-vector t(Ql,α2), hk(W)伝 A(C･r) (IkJ≧2)and ‡hk(W )vk

convergesabsolu tely and uniformlyfor

(1･2) we s (e'r) ' Ivl=max(Jvl l'Iv2I ) ( p'

andrepresentsthereaboundedholomorphicvectorfunction. .A(C,r)

denotes thesetof all2-Vectorfunctions ofwhichthecomponents

aretheelementsofthe A(C,r) definedinS2inChapterI.

Forsystem(1･1)'wedefinetheconstants 弓 and 弓 by

(1.3)
qi - W.｡亡霊S (｡ ,i;21 ~a 20all +allbll+2802b20/3)

弓 - V.帯 S(C,fY12+bo2bll~ allbll~2ao2b20/3)･

Then,fromthetransformation(1.8)and Theorem3inChapterI,we

obtainthefollowingtheorem:

(A)

Assumethat

･1 +α 2 - 1 ' αi'弓 - 0

._1q_



is satisfied.then forevery c' with 亡● 〉C. thereexistsa

getleralsolution vt･Y(V.Ⅴ(W)) of(1.2)havingthepropertiesthat

(i) Y(W,V) isa bounded holomorphicfunction of w and V一

也 lJ12iY3) inadomaininthe(W,Ⅴ)-spacedefinedby

(1･4) wi S (el,r.), JVlくp '

and admit8thereauniformlyconvergent expansioninpowersof V

oftheform

"W･V'叫 vl･V2'(品 ｡pk(W'vk''"V22･v12''lk亨誹 (W'vk'･

r-_ and D● beinASmallpositive clnStantS. Here+pn(Ⅴ

旦山 kiEiu 長くW)く 1(e一･r') (lkliO)･

(ll) Ⅴ 1上里ムヱ2iEi131-wiLJsTtTb早_V__eCtOrlg ction_defined_b

(1.5) Vj(W)- jeXpくく-1)j′W)W刊 C1C2･ j･1,2･
V3(W)- C1C2,

and C【 beln arbiとrar constants.

As wasnoticedb y K.Okamoto[14 ] ,every Painlev占equationcan

beexpressed as aHamiltoniatlSystem

(1･6) dyl/dt - aH/ay 2' dy2 /d t - - a H/ ayl'

where H iSapOlynomialof ･yl and y2 0fwhich thecoefficients
are rationalfunctionsof t･ Ifweeliminatethevariable y2 in

(1.6),thenwehavethecorrespondirlgPainleviequation. Therefore,

in ordertoobtaingeneralsolutionsofPainlev占equatlonsTlearthe

fixed sipgularpointsdf irregulartype,it issufficienttoshow

that the Hamiltoniansystem (1.6) associatedwith eachPainlevi
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equationcanbereduced toasystem (1.1)satisfyingassumption (A).

We notethatPainlev卓equation (ⅤⅠ)hasnoirregularsingularpoint

and thateach ofotherPainlev占 equationshas Onlyoneirregular

singularpointwhich isthepointatinfinity.

The transformation foreach Painlev占equation i8decomposed

into theproductoffourtransformations. Thefirsttransformation

mapsthepointatinfinityto theorigin. Thesecond transformation

isasingularonewhichnormali之eSthesystem (1･阜)itltOaSystem Of

theform

'1･7' V2dz′dw- a (W ' +(帆 11 ' +A くW''ヱ+ Tk 亨≧ 2 fk(W 'ak･

We makethe thirdtransformationin orderto eliminatethe a(W)

and thefourthoneinorder tochangethesystem thusobtained toa

system ofthe form (1.1). Amongthese fourtransformations,the

singular transformationismostessentialand itwillbefoundout

byobservingaformaltransformationwhichchangessystem (1.6)into

System (1.1). In3.2weshallexplaini.ndetailhow toobtain this

singular onefor thesystem (1.6).associatedwithPainlev占equation

(Ⅰ).

In i2,we givetwolemmaswhich areusefulforconstructitlg

the secondand third transformations. TheSubsequentsectionsare

devoted toreducing theHamiltonian system (1.6) associatedwith

eachPainlev占equation toasystemoftheform (1.1)satisfying (A).

In eachsectionvedenotethesystem (1･6)by(Eo)and thereduced

system oftheform (1･1) by (E4)･ Itisshown in5･2,5･3or7･2

thatthesingularpointofPainlev占equation (ⅠⅠⅠ)or (Ⅴ)reducesto

that ofregulartypeforsome specialvaluesofparameters. Since

the reductiondevised byseveral authors([16],[10],[18]) canbe

-41-



applied in these exceptional casesIVe do not make further

investigation90f thecases.

§2.Lemmas.

工n thi85eCtionwestate twoknownlemmaswhichvil上beused to

obtain transformation s (T3) and (T4) ineach of thesubsequen t

sections.

L emma 1 .

(2.1)

(Malmquist lll ] ,[12 ] , [13]) . Let

W2dz/dw-a(W).(A(1,-1).A(W))Z.f(W,之)

bea2-System ofnonlineardifferentialequationsIWhereveassume:

(i)之コt(zj),.aヨt(aj) and flt(fJ) are2-vectors･

(ii)a(W) c J(亡,r) and a(W)戸0(W),0 denotingLandau●ssymbol.

(iii) AT (aij) is a2×2matrixwith components aij(W)e (̂C,r)

and aij(W)ロ0(V) (liilji2).

(iv)f(W,Z) isaboundedholomorphicvectorfunctioninadomain

(2.2) W壬S (C,r), IZlくp,

andhasthereaTaylorexpansionoftheform

f(Wか 品 2fk'W'zk･

With fk(W) i i(亡'r) (lkli2)･ Then there exists aunique

holomorphic solution z- p(W) of(2.1) in S(亡,r') which is

asymptotically developableinto theformalpowerSeriessolutionof

w,as w tendsto 0 through S(C,r■) for 岳ufficientlysmall

positive rI･
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Lemma2.(ttukuharall]).

differentialequations

Consider82-systemofnonlinear

(2･2) V2du/dw- (】J(1,-1).ら(W))u.g(V,u).

Let ら(W) 声 くbi J(W )). bea2×2matrixwi th biョ(W)り (e･r) and

b ll(W)やαlV+0(V2)Ib 22(W)日 α2W +0 くW2)I

b 12(W)Ib21(W)- 0 (W)'

QBt(αJ) aconstant2-Vectorandlet g havetheBanepropertiesas

f hasinLemma1. Thenthereexistsalineartransformation

(2.3) u tg p(V)V

whichchanges (2 . 2 ) toasys temof theform

(2.4) W2dv/dw - ･(刀(1,-1).wd(a))Ⅴ+h(W,').

Here p(W) isa bounded holomorphicmatrix with componentsin

A(e･r') such that w..,霊sm(C,rr)(W) e l and h is avector
functionhavingthesamepropertiesas a inadomain

wes (C ,r'), lvlくp ,

providedthat rl and p aresufficientlysmallpositive･

We remark that these lemmas hold in the sector S(C,r')

containiTlgaSingulardirectionoftheequations(2.1)and(2.2).

工nLemma2weseethat h iBgivenby

(2.5)

sothatvehave

(2.6)

hくV,V) - p-1(W)g (W,p (V)V),

W .｡黒 S (晋 iv)声 W.｡黒 S(宵 iv)･
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i3.Painlev占equation (I).

3.1.

(p.Ⅰ)

ThefirstequationofPainleviisgivenby
●

か 6人2･ t･

which iSequivalenttothe2-system

'Eo' 針 (? ) .LS,･S)y +(6; 12 ) ,

where ylB 入l yl beingthefirst,componentofthe2-vector y･

Bythechangeofvarlables

(Tl) t 丘 X-ll

(Eo) istransformedinto

'El' x3 嘉 - - (2日 8,･6 ) y- (6:y12 ) ･

Wedefineacomplexconstant x andatransformation(T2)from

thevariables (x,y) to (W,芝) by

(3.1) ,I-(-24) 1/4

くT2, ,I : .霊 ;-3,4,く(㍉か 伸 .

Then (･T2)transforms (El)in to

･E2, W2 臣 ( :≡:;:: ) ･ ("1 ･-1 , ･ (-Ww鋸 , -誤 0) ,Z･f(W,之 , I

where

(3.2)
f(wI之)7 3 (zl + 乞2) 2 / x2･t(lI-1)･

ItfollowsfromLemma1 thatthereexistsaboundedholomorphic
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Solution 2-p(V) of(E2)admittingtheasymptoticexpansionas

(3L.3) p (W ) ～t(-x2V/60 .-, x 2W/60 .-)

in SES(C,r'),r')0 beingsmall. Then th占transformatioTl

(T3) ヱ-u+p(W)

transforms(E2)intoasystemoftheform

(E3) W2du′dw き くA(1,-1)+B(W))u+g(W･u)I

Where a(W) and g(W,u) aregivenby

(3.4) B(W )
W′2 +6(pl十p2)/x2･ -V′10+6 (pl+p 2)/x2

-W′10 -6(pl+p 2 )ん 2･ W′2 -6(pl+p 2 )ん 2

(3.5) g(V,u ) 出 f (V,u).

Notethat pl(W)+p2(W)hO(W2) asisshownby(3･3)･

By usingLemma 2wecan chooseaholomorphic matrix P(W)e

A(亡,r) with lim P(V)E1 sothatthetransformation
w→0,甘告s

くT4) u-P(W)Ⅴ

changes(E3)toasystemoftheform

(E4) W2dv′dwヵ (l(lI-1)+ W"i/2Il′2))V+h(WIV)･

Herewesee

(3.6) lim h(W･Ⅴ)i3(vl+v2)2/x2･t(lI-1),
W→OIW∈S

by (3 .5)and (2.6). Thereforeby (i.3 ) and (3.6),weob tain cL.t･

(5/2,-5/2).

-45-



Thus wehaveprovedthat(Eo)?an bereducedtoasystem(E4)

satlsfyir唱 aSSumption (A)where cLf･ (1/2,1/2). and Q'亡 く5/2,-5/2).

3.2. In this subsectionlWeexplain how to obtainthesingular

transformation (T2)･ Forthl弔PurpOSe'WeShallshow theprocedure

of conHructingaformaltransformationWhich formallychanges(El)

toaformalsystemoftheform(I.1).

Firstvenoticethat(El)hasaformalsolutionoftheform

(3.7) y 早 1(x-1/2IXl/2)

･(2lVeCtOrWhosecdmp.RentsareformalpowerSeriesof x5/2).

Ifweput

(T呈) x5/2 ･い y - 刀 (x~1/2,xl/ 2)之,

then(El)ischangedto

'E呈' 絹 弓 ･` (log ). (6'･:2…)Z･･ (12: 12) ' ･

Itiseasytoverifythat(E主)has.a formalpowerseriessolutionof

; oftheform

(3･8) Z ロ qくら) ≡ t((-1/6)1/2l(-1/6)1/2/2) +0(ら)･

Here 0(こ) denotesaformalpowerseriesof C ofwhich thelowest

power isequal orgreater than 1. In the following,wealsouse

the･obviousno tation 0(Cj) or o (Jv Lj) ･Thentheformalchangeof

variables

(Ti) Z 甘 S +q(ち)

transformsくE主)into

'Ei' 絹 弓 ･ `( 2; 51(', ; 2… )5 ' (1 ; sl2)'
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whichhasnoconstanttermWithrespectto a.

(TL)

Nowweconsidertheshearing transformation

Bq i(lH -1/2)u,

whichchanges(E3)to

･EL, 亡3'2 窒 弓 ( (2 震 :3 ' 21, 2 ,2)u ･LIZul2),･
Putting

(T呈)

wehave

C1/2 貞 E I

'E 主' 絹 弓 (( ( _;4,1′ 2 :: ) ･(1g2;30j4) E ･0' C2"u一望し: 12) ･

Next wediagonali之etheleadingmatrixofsystem(E呈)･Wesee

thatthetransformationoftheform

(TA) u- (Llx : lJ ･o (ち)), I

x beingaconstantdefined by く3･1),changes (E呈)toasystemof

theform

くE昌) ち 2 葦 - (帆 / 5 ･-4x/ 5 ) ･川 1/ 2 ･1/2 ))Ⅴ･0 ( lvI2) ･

Finallythescaletransformation

(T与) ミZ= 4kW/5

changes(EA)toasystemofthedesiredform

w2dv/dv-(刀(1,-1).V』(1/2,1/2))V.0(lvl2).
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Now bycomposingtheabovetransformations(Tj)(j-2･=･7)ve

seethatthereexis.t.8aformaltransformationoftheform

(3.9)

x- (ヰ九w/5)4/5

,- 'x-1/ 2 ,xx-3'4' te 2612) ･o(W い く L i: ll)- 'V"V ),

which transformsformallysystem (El)intoa formalsystemofthe

form (1.1). weremark thatweobtain thesingulartransformation

(T2)byomittingthetwotermsWrittenby 0(W) in(3･9)･

$4.Painlev占equation(ⅠⅠ).

ThesecondequationofPainleviisgivenby
●

･p･ⅠⅠ, か 213 ･t- I

whichisequivalenttothe2-system

･E｡, 針 ( J.望 2) ･ し.?:a)y･ ( 2霊 )･

Where y1 - 人 (cf･ [14]) ･

Thechangeof variab les

くTl)

reduces(Eo)to

(El)

t ヒ X-1

x3紅 (- (:く21′2,x) ･桐 y ･し 2霊 2) ･

Wedefineatransforma tion(T2) from(x'y )to(W･之)by

x q (2W/3)2/3

-48-



くT2)

y- 1(x~1/ 2 ･x-1)((1ヲ 2上 し 壬 ;i) Z )･

Then (T2) transforms(El)into

'E 2 ' V2嘉 一 し ::,' 33) ･ ( '''1 ･-1 ' ･W･L llLZ:~壬か 之.･ f (V･之 ' ･

where

(4 ･1 ) i (W,之)弓 ･t(一 之12 ･221 之 2 ･3Z 2 2, 3 zl2 ･221 Z 2 一之 2 2)･

ItfollowsfromLemma1thatthereexistsa boundedholomorphic

solution z- p(W) of(E2)havingtheasymptoticexpansionas

(4.2) p(W)､ t(-αV/3+- ,一也W/3+ -)

in SだS(亡,r'). Thenthetransformation

(T3) 乙-u+p(W)

transform s (E 2) into

(E3) V2du′dwI()(ll-1)+B(W))u+g(W,u),

where a (W) and g (W,u) aregivenby

(4.3) B(W) i

(_::; 二

p l +p 2,-W/6 +p l

+3pl +p 2･ W/2 +pl

(4. 4 ) g (W,u ) 声 fくW,u ) .

:3:;)

Notethat pl(V)-p2(V)I 0(W2)IwhichiSaCOnSequenCeOf(4･2)･

By Lenna 2 the linear term in (E3) is simplified bya

transformationoftheform

(T4) u 亡 P(V)V,
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namely'(T4)transforms(E3)into

(E4) W2dv′dv F ( A (1･-1 ) +v d(1/ 2 ,1′2 ) )V+ h (W･Ⅴ ) ･

Here i t follows from(4.4)and (2.6 ) that I(W,V) sa tlBfies

(4.5) lim h(W,V)亡 lim i(W,V).
V◆OIWeS w◆0,W亡S

By using(4･5),ve canverifythat (E4)satisfiesassumption

(A)where α貞(1/2,1/2) and Q●亡 く3,-3).

$5.Painleviequation(ILL).

ThethirdequationofPainlev占isglVenby
●

･p･ⅠⅠⅠ, 歪 号 ( A , 2 -摘 ･喜･(Q 入2 ･β,･ T L3 ･h

whichi8equivalenttothe2▲system

･Eo, 射 しぶ ｡,)･し 2̀80'.1't-1･,(28.:1,t-i)y

･ L-: : I lly22:4:tIllyyl12yy2 2

2

wherethefollowing relations hold ( [14 ])among thecon stants α, a,

Y,S and 80,8∞lnOIqco:

(5･1) qh 4 n p80 ･ β R 4no(80 +1)･ 7 5 4no2IS=- 4no2･

Put

くTl)

Then (Eo) iSWrittenas

t や X-1.
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(E土) 絹 -しこ言;三･8.,)･し̀280三･1'x｣(28.?.1,x)y

辿 Thecasewhere no≠O and qや≠0･ Inthiscase'wedefine

acomplexconstant x andatransformation (T2)from(x･y)to(W'ヱ)

by

(5.2)

(T2)

71⇒ (-∩仙 ) 1/ 2

x I, - 47LV

, " (1｣ J l,(冊 ･G ,I n2:) Z,.

Then (T2) transforms(El)into

(E 2 ) W2 嘉 - a (W) ･ くd(i,-1)･A(W))Z･ f(W,之),

where

(5 .3)

a (W) モ t((380 +8∞ + 2 )xw′ 2q 一, (8〇 一 80 )W/ 2 k)I

A (W, - w L280｡+1:` 4 8瑞 'no) ･

f(W,Z ) ヨ t(npz12′ 2 +2kZl之 2 +9noX之22 ′ 2 +2n鴎Z122 2 -

6x 2 zIZ 22 -4 K 2noz 23,- n∞zl乞2/x - X乙 2 2 - 2 n ∞zIZ 22 +2x2 之23)･

ItfollowsfromLemma1thatthereexistsaboundedholomorphic

solution zr- p(W) of(E2)admittingthと-ymptoticexpansionas

(5･4) p(W)～ t(- (380+8p+2)xw/2n⇔+ - ,(8{80)W/2x+ - )
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itl S亡S(C,rl). Thetransformation

(T2) Z - u +p(W)

changes(E2)to

(E3) W2du/dw F ("1,-1)+a(W))u十g(V･u),

where BくW) 18givenby

a(V,- ㍗ - - 80三てこ;+o Ẁ2'･, (1 _ (8; 0::;′2 ,W..(W 2,)

and g(V,u) satisfies

(5.5) 11m g(V,u) - 1im ど(W,u).
W+0,Yes w■OIV 亡S

By thesamemethodasin､s$ 3_and4 ,thei.inearterminsystem

(E3 )issimplified byatransforma tiono f theform',

(T4) u - P(W)V'

namely･(T4)transforms(E3)into

(E4) W2 dv/dvつくD (1,-1)+C(W))V+h(W,V ) ･

Hereltholdsthat

C(W)- V･丑((8∞ 一 合o )/ 2 , 1 - く8∞ " o )/2 ),

llm h(W,Ⅴ)F

w+0,vc･S
llm ど(W,Ⅴ).

W+OIV卓S

We canverify thatsystem (E4)satisfiesassumption(A)where
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α - くく8 { 80 )/ 2 ･(l l (8{ 80))/ 2) and αl- (-no'n印 ) ･

5.2.
The case･where no≠O and n 申 BOi ln this case'wedefine

a transformation(Ta)from(x'y) to (x'Z)by

(Ta) y ら 刀(x-1･x)Z･

Then(Ta)transformssystem(El)intoasystemofregulartype

(Ea) xdz/dx- t(- 2no,0)+ 刀(2(･80+1)I-2(80+1))之

+ t(- 4ヱ12Z2,4之1222)･

む主.Theremainingcases. Ⅰn these cases,we define a

transformation(Tb) from(x' y ) to(x'Z) by

(Tb) y a A (x･x-1)Z･

Then(Tb)transformssystem(El)intoasystemofregulartype'

(Eb) xdz/dxF t(n中(8也+80),0)+ 刀(28oI-280)a

+ 2･t(noE12-2之12Z2,-2n∞ヱlZ2+ 2zIZ22)･

i6.Painleviequation (IV).

ThefourthequationofPainlev占isglVenby
●

･p･IV, 慧 克 く& 2 ･1 13 ･4 亡 入 2 ･2( t 2 -小 甘

whichisequivalenttothe2-system

･Eo, 新 一町 ･ i-3 t ･,S t)y･ ( 霊 2+_4: ; y22),

Wheretherelations
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(6.1)

hold(【14]).

Put

(Tl)

αd - 80+2 8o +1, B E - 2 802

tb X-1.

Then (Eo) isvrittenby

eel, 瑞 ･ x･甘 ･丑 (2 ･-2 ,y ･x･し 2yy::2 二:;12 :2) ･

WedefineatransformationくT2)from(x･y)to(W･Z)by

くT2) xF Wl/2, y - " x-1･x-1)Z･

Ttlen (T2) transforms(El)into

(E2) W2 嘉 - t(SOW ,8㌔/2)･･(](1,-1)･W･1(1/2,1/2) )a･i(W,之),

where f(W,a) lsgivenby

(6･ 2) f (W,乞)I t(之12 ′･2 - 2 21之2 I -Zl之2 + 2 22)･

ItfollowsfromLemma1thatthereexistsaboundedholomorphic

solution ヱ- p(W) of(E2)admittingtheasymptoticexpansionas

(6･3) pくW)～ t(-8ow+ ･･･,8㌔′2+ ∴･)

in SES(C,r'). Then thechangeofvariables

(T3) 乞-u+p(W)

transform.5(E2)into

(E3) W2du′dv亡 くn(1･-1)+a(W))u+g(wlu)I
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where a(W) is givenby

(6.4) a (W)･,

and g(W ,u) Satisfie s

(6.5)

+pl - 2p 2, - 2pl

- 2p 2 '一W/ 2 - pl +

g(W,u)ヨ f(W,u).

Notethat pl(W ) - 2p 2(W ) d - (80 +8也)W+0(W2) ･

By thesame methodasin S$3,4 and5,the linearterm in

syst_em (E3)issimplifiedbya transformationoftheform'

(T3) u - P(W)Ⅴ'

namely･(T3)transforms(E3)into

(E4) W2dv′dv 卓 (a(lI-1)+C(W))V+h(W･Ⅴ)･

Here c(W) isgivenby

C (W) - W ･』 (1/ 2 - 与0 - 8∞,1/2 +80 十%∞),

and, by u sing (2.6)and (6.5 ),vehave

lim h(W,Ⅴ)t･ 1im f(W,Ⅴ).
W+OIVeS w+0IWeS

Then vecanverify that system(E4) Satisfies assumption (A)

Where cL - (1/2-80-8申･ 1/2 '80+8中) and aI-(3･-3)･

i7.Painlev呈equation (Ⅴ).

ThefifthequationofPainleviisgivenby
●
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(p.V) 慧 -(i･占 ,･(ii,2-i･針 j･く九一1,2(BL･昔,
･再 ･6

入+1

whichisequivalenttothe2-system

(E｡) 袈-

- i -1･(I( . ..88 2_.. 2,, .) ･ (nl+̀ 2 80:81' t 二 h l.( 2:.. .1,t-1,) y

./

し

●
l

lト
】+

2

1
ylい

hul
d
>+

O
A

v

l1日
L
l
L

l

2yl
y1..■ーhul

∧サ+
O

A

v
r
膚
u

2

wheretherelations

●Ⅷp■
n
Hut

2
2

y

2

3

y

1

2

y

1

2

y
3

+

l

2
y

2

2

2

1

V
′

y

1

4

y4

l

+

2y

2
1

2

y

y

2

l

+

(7･1) - 8 ∞2′2･β b - 802′2l Y ･- - nl(81 + 1 ) I S声 - n12′2

hold([14]).

Put

くTl)

Then (Eo) iswrittenby

(El) x2昔芝 -

t - x-1.

x･(I(8..8B 2_802 ,,4日 nl-'280:81㌦ 1. (28:. 81 , J y

- X●
- (80+81 )y12+2yly 2 - 4y12y2+

2(80+81)yly2-y22 +4yly22-

7.1.Thecasewhere nl≠ 0･ In this case'we definea

transformation(T2)from(x'y)to(W'ヱ)by

- 56 -



くT2) x h nュw,y- (1･x-1)三･

Then くT2) transforms(El)into

(E2) W2嘉-a(W)･(A(1,-1)･A(W))五･f(W,Z),

where

(7. 2 )

+L .
Tll

a (W ) 辛 t(合o ･ -qlI (80+ 81)2 - 802Iw2′ 4 )I

A(Ⅴ)B W･
- 280 - 81I 0

O l 280 +81 +1

f(W･2)亡 く80+ 81)W･ t(Z12･-2 zI Z2)

t(2(ヱ1之2I 2ヱ12 82 +zl322 ),一 之12 +4zIZ22 - 3212Z 22)･

By thesanemethodasinthe previou88eCtions,wecanverify that

there exists abounded holomorphicsolution B -p(W) ｡f(E2)

havingtheasymptoticexpansionas

く7･3) p(V)～t(- 8ov+-, - nll (8∞+81) 2 -8oI2W2 +･･･)
in SZS(e,r'). Thenthetransformation

(T3) Z- u+p(W)

changes(E2)to

(E3) W2du/dv き く1(1,-1)+a(W))u+g(W,u)I

where a(W ) is g ivenby

(7.4) a(W)zl
W

)

)

3

1

W

A
v.
(0

+0
日

山
2ru

■
Hr

W
｢

鷹
u

and g(W,u) satisf ies

'o Ẁ 2' :(1.2 8. .0告 W.. (W2,)

-57-



(7.5) lim g(W,u)一 Iim f(W,u).
W→OIWeS w-OIWeS

In asimilarwayasin theprevioussections,thelinear term

insystem(E3)i8Simplifiedbya transformationoftheform,

(T4) u - P(W)V'

namely'(T4)transforms(E3)into

(E4) W2dv/dw- ()(1･-1)+C(V))V+h(W･V)･

Here C (Ⅴ) i S givenby

C (W ) -W･∬(280 +81 ' 1+280 +81 )I

and from(2.6)and (7.5 ), i t followsthat

lim h(W,Ⅴ)- 1lm f(W,Ⅴ).
W+OIWES v+OIVeS

Then wecanverify thatSystem (E4) satisfiesassumption (A)

where α-(-280+81'1+280+81) and α.- (14/nl'4/nl)･

7.2.Thecasewhere nl i O･ Ⅰn this CaSe'System (El)is

rewrltten色S

･El, x嘉 ㌦ く8..::,2_.02,,4日 ~子8:-81:28.:J y

-(80+81)y12+2yly2-4y12y2

2(80+81)yly2-y22+4yly22

whichha8aregularsingularpointat XEO(tE中).
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