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ABSTRACT

Westudythequantum fieldtheoryoflnsonsonthetorusandtheorbifold.

WherLWeqtlantizeaclosedstringonthetortlSIWeCOnSiderinteractionsofstrings

inthecoverlngSPaCeOftIletOruS.AsarestlltwecanglVeCOCyClehctorsinvertex

operators.WhenatorusisirLSPeCialmoduli,therearesomechiralalgebraicstructures

inthephysicalspectrumandtherepresentationspaceis丘nite.TherLSuchtorusmodels

a‡eequivalenttosomerationalconformal丘eldtheories.Wecalltllemrationaltorus

models.WedisctLSStlleCOnditiontoformtLla.teorbifoldmodelsconsistentlyfromtons

models.ThisconditionrestrictstlleCOnStantarLtisymmetrictensor五eldB.Weshow

thatthereareparafermioniccurrentalgebrasinZNOrbifoldmodels.Someapplications

ofZNPa.rafermionsorLOrbifoldmodelsarealsogiven.
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1.ⅠNTRODUCTION

Thestringtheoryl1]waLS五IStSuggestedasthedualresorLanCemodeltodescribe

interactionsofhadronsandhadronicresorLanCeSwithhigh spins.Thedescriptionof

theinteractionsappealsinbeautifulVenezianoamplitudes.lIowever,Onceitwas

recogrLizedthatstringtheoriesareconsistentonlyin26dimensiorLalspacetimefor

bosonicstringsandinten-dimensionalspacetimeforstLPerStrings,therLthestring

theoryasatheoryofstronginteractionsofhadronsdiedin1970'S.

After1973or1974,insteadofthestringtheory,qllantllmChromodynamicsbased

ontlleCOlorgaugesymmetryofSU(3)hasbecometheorthodoxtheoryofstrong

interactions.BycombiningitwiththeWeinbergandSalamtheorybasedonSU(2)×

U(1)gaugesymmetryofweakinteractiorLS,thestandardmodelwithHiggsmechanism

wasconstmcted･Weagreewiththeideathatthestandardmodelisagoodtheory

whichdescribeswellthephenomerLaOftheworldatenergyscaleupt0-100GeV.

ButwethinknowtIlatthestandardmodeldoesnotplayaroleasatlni五edtheory

ofma.tterandautheforcescontaininggravity.Itisbecausethestandardmodelhas

problemsofthehierarchy,Higgsscalars,many'elementary'particlesandtoomarty

parameters,etc.Inthiscircumstance,researchofthetLrLiRedtheoryhasbeglln.

Uptoearly1980'S,therehdbeentwoimpoTtantdevelopmentsintlni丘edtheories

andtheywerecrucialfoHeVIVlngthestringtlleOry.Oneisthattheonlyframework

containingscalar且eldsandanowingthehierarchyofthecouplingconsta.ntsisthe

supersymmetryl2],Wllichisthesymmetrytointerchangefemionicandbosonicde-

greesof血eedom･Theotheris- ideaoftheKalun-Xleintheoryl31,thatis,high

dimensionalgravitycotLPledtoYang-Mmstheory,wIlichdlowstheextradimensions

forthephysicaldegreesof血eedomasappearedpreviouslyinthestringtheory.

h 1984,GreenandSdlWar男【4】discoyeTedtheczmceu&tionofanomahesinthe

ten-dimensionalstlPerStrimgtheorywithES×E;gatLgeSymmetry.Aftertllat,the

stringtheorylSCOnSideredasthemostpromlSlngtlleOryforuni五cationofmatterand

allthefoTcescontaininggravity.

Itisrecogni2;edthattlleqtLarLttlmmeCllanicaldeterminationoftllePhysicalde一

greesoffreedommayrevealtheconnectionofthespectrumofmatterandthegeomet-

riCalstructllreOftheworlditself.In血ct,otLrWOrldisofmadmalfour-dimensional
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spacetime･Fromthis,wehavetohaveextradegreesof丘eedomotherthanspacetime

instringtheoriesandtosttLdytheminordertodescribethewholegeometryofollr

worldandtogetthespectrumofnatter･

Thestringtheoryisbasedonanideathatthereisaone-dimensionalobjectas

theftlndamentalurLitofmatter,whichdistributesillthephysicaldegreesof血eedom.

StringtheorieshaveaninRniterLumberofcoordinatescorrespondingtotheFollrier

modesofthestringdistribtltion･Therefore,strirLgtheoriesprovideuswitharLinRnite

numberofma.ssivestates.

ItisremarkabletllatthespectrllmiscompletelydetermirLedthrollgh theRrst

quanti2;atiorLifweadoptsomegeometryofthewoTld.Forexample,thespectra.arid

gaugesymmetriesofheteroticstringtheories[5]onZ3OTbifoldaredeterminedand

classiRedirLtOSeVeralkindsofmodelsl6】･Wehaveno丘eedom toiZttroducenew

particlesbyhndsinstringtheories.

TlleinteractionofstringsissmoothertllarLthatofpointsbecauseitcanbede-

scribedasamanifoldwithboundaries,whiletheinteractionofpointscannot.There-

fore,itfouowsthatstringtheoriesare丘eeofultfaVioletdivergences.Wecansaythat

ifweconsiderRiemarLnS血faceswitltbotLrLdarieswhicIICOrTeSPOndtoincomlngand

otLtgOingparticles,thenweharealreadyirLtrOducedinteractions.ThiscanbedorLeby

Polyakov'spath-irLtegralmethodonRiemannsu血cesl7】･Thenmultiloopamplittldes

correspondtoRiemannsu血cesofhighergerLtLS.

IstherearLeCeSSitytodomoretharLtOdeterminethespectrumandinteractions?

AnarLSWerisprobablytosaythtoneneedstosttLdy五eldtlleOriesinordertoreveal

thestructureofvactLaandto五ndatmevaclltLmOfstrirLgtheories.Nostring五eld

theories,however,hvebeenstLCCeSSfulinthisrespectuptonow.

Atpresent,wehvenostringtheoriesothertharLthefouowingones.Ifweworkin

theten-dimensionalheteroticstringtheory,Weseethatmasslessmodesconsistofthe

EBXEもsllPer-YarLg-M山stheoryandtheten-dimensionalN-1sllPergraVity･The

fotlr-dimensionalstringtheoryisformtlhtedthIOllgh thecompactiRedinternalspace,

Calabi-Yatlmanifoldsl8】,orbifoldsl9],etc･Thevarietyofinternalspacesisjustthat

offour-dimensiomalstrimgtheories･

ConformalGeldtheoryl101isthemainlanguagetodescribesuperstringtheories.

WherLaOne-dimensionalobject,aBWeCallitstring,movesintllePhysicaldegreesof
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血eedomofthespacetime,thegaugesymmetryandtlleinternalspace,thetTaCeOfits

motionbecomesaconnectedstrip,calledworldsheet.Thisworldsheetispara.metri2;ed

bytwovariables,o･asstringdistribution,TaSthedevelopmentoftime.Thetraceof

themotioninthephysicaldegreesoffreedomisthemaptotargetspaces丘omthe

worldsIleet･ToqtLantizetllePhysicaldegreesoffreedom,wetreatthemapasthe

fieldontheworldsheet･ThisistheRrstquanti2;ationoftLestringtheory.

ThephysicalcontentsofthestlPerStringtheorydoesnotdependontherepara-

metrizatiorL,(T,q)-(T'(T,q),q'(T,q)),andthetwo-dimensionalgravity･Thisimplies

constraintsthattwo-dimensionalenergy-momenttlmtenSOr,WLicllistllegeneratorOf

tlletwo-dimensiorLalreparametriEatioTL,lS2;erOOILthephysicalstates.Thesecon-

straintssatisfytheVirasoroalgebra･Theconsistencyoftheconstraintsmeansthat

thetotalconformalchargeofmatterarLdghostmustvanish.

h thefour-dimensionalsuperstringtheory,thephysicaldegreesoffreedomother

thanfour-dimensiorLalspacetimearedescribedasacompactirLternalspace.Thegeom-

etryoftheinterrLalspacedeterminesthespectraofmatterintheworld.Manymodels

oftheinternalspacea‡eCOnStruCtedbyusingtortlSmodelslll],minimalN-2super-

conformalmodelsl12],(stlPer)cosetconstructionsbytlSingN-1super-Eac-Moody

algebras【131,LarLdatL-Gin五btLrgactionl14]andpossibleorbifoldmodelsimeachcase･

AlmostallmodelsexcepttorusmodelsareexpressedbynorLtTivialcuTrerLtalgebras

andtheiTrepresentations.BosonicdegTeeSOffreedomofthemaximalcommtLta.tive

subalgebraofthectLrrentalgebra,whichisU(1)ctlrrentPartCalledthemaxima.1

torus,canbedescribedbyusingfreescalarbosoms･TIleremalnlngdegreesarecdled

parafermionicctLrrentalgebras.WeknowstlChparafermionicctLrrentalgebrasderived

丘omlevelA>1Rac-Moodydgebrasandc>1,N-2stLPerCOnformalmodels.

h thispaper,weconsiderorbifoldmodelsdefirLedthrough torusmodels.Itis

becausewethinkthatorbifoldmodelscontainparafermionicctLrrentalgebrasand

sometimesbecomecompletelyequivalm ttothepara良rmionicsystem withoutU(1)

ctLrrentalgebras.

AtortlSassociatedwithsomerootsystem hasautomorphismswiththeWeyl

grotLPWhoseelemerLtSaremOnOmialsoftheWeylreRectiorLS.WecoTLSidertheo工bifold

de丘nedastheqtLOtientoftlletOrtlSbysomeoftlleelementsoftheWeylgrotLP.Ⅰnthe

torustheory,thereareU(1)ctLrrentStatesinthephysicdspectrum.Itis,however,
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PossibletoexchldethosestatesatallbychoosingtheelementsoftheWeylgrotLP

properly.(Forexample,wecan choosedltheelements･)Ⅰnthatcase,Wesaythat

theorbifoldmodelbecomesthesystemofsomeparafemioniccurrerLtalgebras.

WewilldiscussZNOrbifoldmodelsothatthereareZNParafermioniccurrent

algebras.FortheexisterLCeOfZNParafermionicctlrrentalgebras,therepresentation

spacemustbeRniteeveninthetortlSmodelthrollgh wLichwede五netlleOrbifold

model.Therefore,wefirstdiscllSStheconditiorLOftheRniterLeSSOftherepreserLtation

spaceofgeneraltorusmodelsinthispaper.

TherepresentatiorLSPaCeOftorusmodelscorLSistsoftheU(1)currentmodules

beginZtlngatthepnmarystatesdefirLedbythevertexoperators･Ifanthevertex

operatorsarenotcontractibletoafinitenumberofvertexoperators,therepresentation

spaceofthetheoryappearsasthestlmOfaninRnitenumberofthesectors～(･･,i):

～-∑ 71(i.;)⑳ブ⑳i･
(i,i)

(1 ･1)

ThishappensinthecasewhenthesquareoftheraditLSOfthetorusisirrational.

ForthecontTaCtibilityoftherepresentationspace,itisanecessarycondition

thatnontrivialcLiralalgebraicstructuresiJ)exist.Bythenontrivialchiralalgebraic

structllreWemeanthechiralYertexoperatorinthepIlySicalspectTum.Weshowthat

chiralalgebraicstrtLCttLreShaveintegralconformaldimerLSions.Theexistenceofthe

chiralvertexoperatoTSintherepresentationspacerestrictsstronglytheraditlSOfthe

tortLSandtheantisymmetrictensor丘eldB.ForiILStanCe,tlleSquareOftheraditlS

ntLStbearationalntLmber.

WecallthemodeltherationaltortLSmodeliftherepresentationspaceisfinite

atlast･h thiscase,wecanrewritetheeqtLation(1･1)bythemoduleofthechiral

dgebrdcstructtLreS:

γ-∑ 光(i,;)㊨(3',J)㊨(3-',I-)･
(i.i)

(1･2)

Wesa･ytllattherepresentationspacebecomes血itethrotLgh theenhncementofthe

symmetryofthemodel.WeunderstandthiswellintheFtenke1-EacconstructiorLOf

thesimply-lacedlevel1Eac-Moodyalgebrasintorusmodels･
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WewillstatethecorLSistencyconditionoforbifoldmodels.ItrestrictstheaTLti-

symmetTictensoT刀aS

【β,叫 A∈A●, (1･3)

whereW isthediscreterotatiorLde丘ningorbifolda･ndAisthelatticetodefinethe

toruSamdA●isitsdualsothatA･A'∈Z･TheexamplesglVerLinthispapersatisfy

tlliscondition.

IrLOrdertocontinuethediscussiontowardstheZNOrbifoldmodels,wecorLCen-

trateorLthemodelsofAN_1tOruSinthispaper.Theothertortsmodelsassocia.ted

withtheTootSystemsOfBN,CN,DN,EN,F4andG2arelefttosttldy.Whenthere

a.rechiralalgebraicstructureswithconformaldimension2,whichisthesameasthe

energy-momentumterLSOr,WeCartCOnStrllCttheenergy-momentumtensorofthecoset

typeasastLbalgebra.IfwetaketheradiusR-1arLdtheantisymmetrictensor丘eld

B-0,thensucIIChiralalgebraicstrtLCttLreSexist.Thereareparafermioniccurrenta1-

gebras,andthe工ePreSentationspaceis且rLiteinthiscase･WeirLtTOdtLCeChiralZNXZN

charges(A,亮)ofthestatewhenthestatehasleft-movingU(1)chalgebelongingto

i入h+A)la･tticeandright-moyingchargebelongingto(Ah+A)lattice･Parafe-ionic

currentisofchrges(2k,0),(0,2h),h-1,2,･･･,N-1.TheleftandrightZNCharges

arealwaysequalfordltllePhysicalstatesofthemodel.

wedisctlSStheZNOrbifolddeRnedbyacyclicstlbgroupil,W,W2･･I,WN-lI

derivedfromanelementW oftheorderNintheWeylgrollP.(Thisi5anabelian

orbifold.)TherepresentationspaceoftheorbifoldmodelconsistsoftheZN-invariant

statesofthetorusmodel･ParafermiOnicctLrrerLtSareProjectedintoZNelgenStateS

oftheactionW.TheyarenotnecessarilyZN-invariantbecausetheyarenotphysical

operators.Nextweincorpora.tethetwistedsectorirLWhichbosomsareinthetwisted

botLndaryconditions.ThenweconstructparafermiorLiccurrentineachtwistedsector.

TounderstandtheorbifoldmodelasthesystemofparaLfemionicctLrrentalgebTaS

maycatLSetherequestforthereconstructionoftheweu-knownctLrrentalgebrassllCh

asXac-MoodyalgeblaSarLdN -2superconformalmodels.Thereconstmctionis

rLOtdwayspossible.ItmaybepossibletorecorLStrtLCtOnlyfortlleSystem whose

totalconformalchargeisintegralbecausewehareonlyorbifoldmodelswitllimtegfal
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confo- alcharge･Whenwedoit,WeaddsomeU(1)ctlrrentS,Orgeometricallysay

toruS,andintroduceanabelianembeddingasthediscreteslliftandtk connection

tllrOugh theantisymmetricterLSOrReldB･

Someapplicationsasexamplesofthereconstructionaregiveninchapter4･The
亡:;ii=:ヨ

level3SU(3)Ⅹac-MoodyalgebraisconstructedbytheA2×A'2/Z30rbifoldmodel

l15]･TheN -2,C-3superconformalmodeliscorLStruCtedbytheorbifoldmodel,
A2XAl/Z3･IfweconsidertheorbifoldmodelofiA2XAl)3/Z3,itmaybepossible
toconstrtlCttheinternalspacemodelofthe4-dimensionalheteroticstringmodelwith

theE6×Eもgaugesymmetry･StlChaconsiderationshollldbedoneillthefutllre･We

discuss,however,simplytheN-2superconformalalgebraintheorbifoldmodel.

InthecourseoftheclassificationofcorLformdReldtheories,themethodusedin

thispaperisoneoftheapproaclleStOtheconformal丘eldtheorieswithintegralcon-

formalcharges.ItmllStberemarkedthatwedisctlSSOnlysymmetricmodelsbecause

wearenotreadytodevelopasymmetricmodels.

Thepapefisorganizedasfollows･Ⅰnchapter2Wewillqllantizetheclosed

bosonicstringonthetorusanddiscussrationaltorusmodels･h chapter3wedis-

cllSSPaTafermiorLiccurrentalgebrasinZNOrbifoldmodels.IrLChapter4weglVeSOme

applications.Chapter5isdevotedtosumma･rya･nddiscussion.
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2.TORUSMODELS

§1QtlantizationofClosedBosonicStringonTorus

WequantizeclosedbosonicstringontoruS/Orbifoldcorrectly.Acorrectquanti-

zationwillgivecocyclefactorsinvertexopera･torsnattLrany.

TheactiorLPrlnCiplefor血eebosonsofcoordinateGeldsofthebosorLicclosedstring

ontorusis

S-/a,去/二:dq(7ab∂axIabXI･eabBIJ∂axI∂bXJ), (2･1)

whereaisaparameterwhichindicatesthestartingpoirLtinq･BtJisaconstant

backgrotlndantisym metrictensor五eld.WeirLtrOduceN-dimensiorLaltoruS7aN/A

through theequivalerLCerelationirLtheposition

X～X+2qA, (2･2)

whereAistheN_dimensionallattice.

Theeqllationofmotion,(∂,+∂q)(8, - ∂q)X(T,q)- 0,impliesthatbosoms

separatetolefLandright-movlngParts,

x(Z7Z-)-浅 くp(I).耐 ),

whereI-eI'(T+q)zmdI--ei(丁~q).weparametrizethefieldsp(I)and締 )‥

p(I)-qL･pL(,･q)･i∑ 慧 ein''+q'
n≠0

-7-

(2･3)

(2.4)



and

i(I-)-qR-PR(,-q)+i∑ 禦 n''-q'
n#0

Theoscilhtingpartsarequantizedas:

(2･5)

[αI.n,a:]-mStJSn+,n=.,ldL,di]-mStJSn+.n=｡,【αt,n,丘nJ]-0. (2.6)

Thismeansthecorrelationsof <p(I)p(W)>～-log(I-W)forlzl>Lwland

<中(I-)や(ib)>～-log(乏-ib)fortz-l>同 ifwewoTkintheeuclidearLSPaCetime

throllgh theWickrotation,T - -iT･

WemtIStCarefullyquantizezeromodes.Thecenter-of･masscoordinateisglVen

by

i--Ej.A dqX(,,q)l,-0-義 (qL･qR･S(pL･pR))･ (2･7)

ThetotalmomerLttLmiscanonicallyde五rLedas

i-/二:鰭 -浅くpL-PR･B(pL･pR)), (2･8)

where(BpR)I-BtJpL･BythetorusconditiorL,WaVefumctionsofthestringstate
mtLStbeiIIVarianttinderthetransla.tionX → X+2qA.Thereforewecanconclude
PEA'dualtoA.

BytheclosedstringconditiononthetoruS,X(q+2汀)-X(q)+2TA,wedeRrLe

thewindingnumberoperatorIbytheparametersas

i-義 (pL･pR)

-8-
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andL∈A.Wewillde五netlleCOOTdinateoperatorconjugatetOthewindiltgnllmber

L.LetllS五rstassumethecommutationrelations

lqL,pi]-iSZJ, lqTR,PL]--iStJ,

lqL,露]-lqL,pLJ]-0,

巌,pL]-紘,pL]-巌,pf]-o

(2･10)

andlqi,qLJ],lqTR,qi]andlqi,qi]aleleftllndetermirLed.Thesecommutationrelations

callSenOinconsistencyinthequantizationintlleChiraltlleOry.WitllthedeRnitiorLS

(2･8)and(2.9),ifwewritethewavefunctionofthetorusmodelroughlyas

ea!plipLP(I)]e叩 トipRや(I-)]

-ezpl去(p･I-Bt)p(I)]eCPlS(p-トBl)i(I-)]

-eZPlipX(Z･i)]e2Plil(竺響 .BX(Z･I-))],

thenwecaTLdeRnethefieldQ(I,I-)conjugatetoIby

Q(I,I-)-Slp(I)-i(I-)]･BX(Z･zl･

Fromthis,wedeRnethe2;erOmodeQconjtlgatetOLas

-9-
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6-Ej.-dqQ(,,q)J,-0--k qL-qR･8(pL-PR)).B身

長 (qL-qR)･Bi･8(ト BL)･ (2･13)

ThisoperatorsatisResthecommⅦtationrelationleI,LJ]-iSIJ.
ThewavefurLCtionofthestringstatewiththemomenttlmPandthewinding

rLumberIonthetorusmtlStinchLdethefactorof

eCP(ip度)e2P(ite). (2･14)

InordertorevealthesehctorsinvertexoperatoTS,Wehavetoreparametri2;etllefield

operatorsas

X(I,乏)-X+(PIBL)T+L(q-8)+OscillaiorB,

Q(I,I-)-Q+(L+BP-BBL)T+P(q-a)+Oscillalora･

(2.15)

Weseethattheseoperatorsdonotdependonqbuton(q-8).From this,we

understandthatforany8,thestringisdescribedsothatthestartingpointis

X(8-q)I,=O-X-qL. (2.16)

Nowweseethattheconfigllrationsofthestringstatesareindependentof8.This
r}■コ■:1

imphesthattheqtlanti男&tionoftheEeIOmodesX,P,Qzmdidoesnotdependon8.

Therefore,thecompletewavefunctionsareirLtheform
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中(p,I)-eZ,P(ipX(I,I-)Ie2,PiilQ(I,I-)). (2･17)

Wediscussacorrectquanti2iationoftheremzunlrLgCOmmutationrelations.With

thede五nitionsofthe2:erOmodes,weintrodllCethecanonicalcommlltationrelations

lkI,fJl-iSIJ,【eI,LJ]-iSIJ,

lPI,LJ]-0, liI,LJ]-0,

leI,fJ]-0, lkI,eJ]-TIJ.

(2･18)

wehereintroduceatensorTJJformallywhichisusuallytakentobeEerO･Firstwe

rede五nethe2;erOmodeseLarLdeRindependentof8:

4L- , 4R-
度+Q-B食 え-a+Bk

､乃 ' lA~ 1万
(2.19)

WewanttodisctlSSthecommtltatiorLrelatiorLSOftheseoperators.Byusingthese

relations(2･19)and(2.18),wehavenow

2lFL,eLJ]-BJKTKt-BtKTKJ+TtJ-TJt,

2lFR,砿】- BJKTKt-BZKTKJ-TtJ+TJZ,

2【FL,砿】ニーBJKrgt+BtKTKJ-TtJ-TIT.

-if1-

(2.20)



wewnldeterminetheformofthetensorTtJ.

IfwestlPPOSetheinteractiorLOfthethreestringsinthecovenngspacewherethe

con丘gllrationsoftlleStringstatesarepresented,itisverynaturalforustohaveart

ideatllatStartingpointofthestringcon五gtlrationdoesriotmoveWhenthetwostrings

linkuptobecometheotherstring.Weaccepttheideaanduseitasapnnciplefor

theqllantiZiatiorL.

LetusconsiderthestringstateofthewindingnumberL-0andattheposition

ofthecenterofmasscoordinateX-2!.IfarLOtherstringstateofL-IandX-2:+打I

connectswithtlleStateatthepositiona!,tllelinkedstringstateisnotofX-a:+2!+汀t

butofX - a:+汀l.WecanrepresentitintheleveloftIleRrstquantization.It

fouowsthatwhenweoperateet'Z々 tothestatelX -a,i-o>,wegetastate

lk-2+ql,i-l>.

Wecanexplainitinanotherway･ThestartingpointofthestringstateX 一 打L

doesnotmovewhentheoperatore''lQactstothestate.WeconcludethatifLincreases

byI,thenXmtlStalsoincreasebyqt.Asaresultwehave

TLJ=-i℡SLJ.

Finallyweconcludethat

[産,4LJ]-iqBTJ,【轟,産】-iqBtJ,

lFL.砿]- -iq(BZJ-StJ).

(2･21)

(2･22)

ThesenontrivialcommtLtatiorLrelationsarethena･turaloriginofcocyclefactorsinthe

vertexoperators.WethinkthatthisisaphysicalinterpretatiorLOfcocyclefactors

whichisalreadydisctlSSedbySahmotol16]･

h thetwistedsectoroforbifoldcase,the"Beromodes"areconstrainedbythe

且Xedpointeqllation
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i-pijF +BL-o･

kJI.p.-(wl)IJkJJ.p.+27TLI

(2･23)

(2･24)

illWLsectoI･TheMEeIOmOdes竹areexpressedintheverycomplicatedfofmSCOntairL-

1ngtlteoscillatingmodesandthe五erOmodesinthetwistedsector･Anyway,the"2;erO

modes"aregivenandwewinqtlantizethem･Usingeq･(2･24)arLdthecommtltation

relatiorLleJ,LJ]-iSIJ,wederive

･kI･eJ･--i2q(i完)IJ･

ThisisequivalenttothecommtLtationrelations:

･eL,4LJ,- iq((1-B,J-(蒜 )MI-(1-B,I-(｢妄)MJ),

･品･4i]-i+(1･B,I-(i完 )MII(1+B,I-(i完)MJ),

(2･25)

･FL･離 in((1.B)I-(読 )MII(1-B,I-(i完 )MJ),

lFL･Pi]-言(1-B)JI, 【FL7PL]-言(1+B)JI,

[益,p孟]-言(1.B)JI,[孟･pLJ]-言(1-B)JI. (2･26)
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ThisleSulthasbeenalreadydiscussedbyltoheiat･[17]･

Correctcocyclefactorsarerea.h2;ednaturallyinvertexoperatorsbytherelations

eq.(2.22)andeq･(2･26)inuntwisted-alldtwisted-sectors,respectively･

§2RationalToruS

WediscusswaveftlnCtionsonthetorusandtheconditionoftherationaltoruS.

Therepresentationspaceofthetorusmodelconsistsofvertexoperatorsandtheir

moduleoftheU(1)currentsirLthemodel･TheU(1)currentsarethemselvesphysical

andchiraloperators.Wecallaphysicalandchiraloperatora.chiralalgebraicstructure.

Therefore,thenumberofvertexoperators,whicharerepresentativesoftheeqtlivalerLCe

classesofthemultiplicativesoftheU(1)currents,isjustthesizeoftherepreserLtation

spaceifthereisnotachiralalgebraicstrllCtureOtherthanU(1)curren!S･

Ingeneraltomsmodels,vertexopera･torsaremade血om theprodllCtSOfthe

fundanentalyertexoperatorsstLChas

qt(p-V:,I-0), 中(p-0,I-vi), (2.27)

wherev:andv.･arethebasisvectorsofthelatticesA●andA,respectively,andthe

vectorssatisfyv,!･vJ･-Si,A,i,i-1,-,N･Inasense,thisistheinteglabilitypIOPerty
ofthetonLSmodel.

However,wewanttosearchmodelswiththeintegrabnityasaconformal丘eld

tlleOry.Aconformal丘eldtheoryisfactori2;ableintotheholomorphicandantiholO-

morphicsectors･TheintegrabilityasaconfoImal丘eldtheorymeanstheimtegrability

ineachsector･ThenitisanecessaryconditionthttllenOntrivialchiralalgebraic

structures,thatis,chiralvertexoperatorsinthephysicalspectrum.exist.

WenowhavethephysicalwavefunctionsやontoruSwiththemomentump∈A●

8mdthewindingntLmberI∈A:

-14-



申(p,I)-ea!Pii(pX(I,I-)+ZQ(I,I-)))

-I-Bl
A締-)), (2･28)

whichisinvariantundertheshiftX-X+2TAaridQ- Q+27TA暮.Wecdlthese

wavefunctions申vertexoperatorsinconformalfieldtheory.Thesetof(朔 isthe

representatiorLSpaceOftlleCOnformd五eldtheoryofbosonsontorts.

Ifp-トBl-0foraや(p,I),tLerLや(p,I)isindependentoff-andwecallitchiral

algebra∫(∠):

J(I)=ecg(iん (I)).

Thiscurrenthaspositiveintegralconformaldimension

i-1･t-l･(p-Bl)-t･p∈Z+.

(2.29)

(2･30)

Simnarly,∫(I-)'sarede且med.Itiswellknown tha.tasimply-lacedlevel1KacIMoody

algebraisreahzedinthecaseOfi-185恥enkel-Xacconstructionl18]･

IfweintrodtLCeequivalencerehtionsofJ(I)～1andI-(I-)-I,thenwecanclassify

iやIintotheequivalenceclasses.Wecantakearepresentativeofeachequivalence

classsothatithasthesmdlestconformaldimension.Thenweexpressthesetof

thelePreSentativesasIgtI/(J,J-).SincetherearethephysicalctLrrentS3'-i∂?(I),
3-'-i∂中(I-)intoluSmodels,whicharenotalwaysphysicalinorbifoldmodel,weget

iv/J1-IqTl/iJ,J-,i,37.TheexistenceofrLOTLtrivialchiralalgebrasisanecessary
conditionfortheRnitenessoftherepresentationspace.

WeconsidertoruS7aN/A.Aisthedirectstlm OfsimpleI.ielatticeA.･witha

raditLSRi,A-◎AiR.･.Thentheequationp-I-Bl-0isexpressedas
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N

m -̀∑ 【RiR,･(ai･αi)+Bi,･]ni,
3'=1

(2.31)

wherep-入̀7n,･Rl1∈A',I-a.･n,･Ri∈A,BIJ-Bi,･RllRTlAf入,Iandαiisasimple

rootand入iisafundamentalweightoftheweightlatticeandn.･,mi∈Z.These

equationsareconstrairLtSOnBi)･･Theequation(2･30)becomes

i-∑ (a.I･α,A)niRt･n,,R,.-∑mini･
(i,3') I

WemustsolvetheseequatiorLS.

(2･32)

§3AN_1typeRationdTorus

WearenowattlleStagetOSttLdyaspecialcase,AN_1tOruS.Weconsidertlle

simplestcase,R-1andB-0.Thenawayefunctionofthemodelis

申(p-mi入i,I- n.･αi)-ea,Pli(pX(I,I-)+lQ(I,I-))]

7ni入i+niαi=ea!P 1乃 7n,･入i-niαL._
中(I-)]･ (2133)､乃

Ⅰnthiscase,wehvechiralalgebraicstructllreS

Ja(I)=elP(iJ;a.p(I))

-16-
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andantichiralalgebraicstructtLreS

J-a(zl=eZP(i藻.i(zl) (2.35)

forautllerootVectorsα.

Finitenessofthismodelisstatedinthefollowing.ForAN_1Case,theduallattice

A'ismadeofthecompositionofrootlatticeA:

A◆-(0+A)Ut入1+A)ui入2+A)∪- ∪七人h+A)∪- Ui入N-1+AI･ (2･36)

WeassignZNChargektoeachsllblatticei人丸+A)･
Leta,barethevectorsirLthelattice(九十A)･Ifwetaker-a+a,I-a-a∈A,

上llen

g(p･t)-eZPl潮 C2Pl潮

ispnmarytiptOIandI.Lettisintroducenonlocalcurrentalgebraas

(2･37)

4L(I)-elPl烏p(I)], 4A(I-)-ecpl芽 (I-)]. (2･38)

whichhaveZN Charge(2k,0)and(0,2h)andconformaldimension(互等斗 o)and

(0,誓声),respectively･TLiswavefunction中(p,I)correspondsto堤とh)Statein
theZNParafermionicsystemllg].ThisisaexcitedstateofSL2invariarLtYaCtLtlnby

parafermioniccllrremtや呈and塊･

Ifweta.key-a,I-a-b∈A,then

-17-



｣.lHu
r
Lpl
NeニEH■tnu

Tlp▲
′tや LU+1日11LuLUαnlU2

～I(a-a)や(a,0)･

p]eCPl湖
(2.39)

申(a,0)isprimaryuptoJ弧dJ-.ThiswavefunctionhasZN Charge(A,A)arLd

confo- aldimension(誓 許 ,発 声 )･ThiscorrespondstospirLStateq((:.,bk))inthe
parafermiorLicsystem.

Ifwetakep-ll-t2∈A,I-12∈A,then

V(p･,)-elPl湖 elPli二三芳 上中]

～J-ト12)叫1,0). (2.40)

gt(ll,0)isprimarytiptOIandi.ThiswavefumctiorLhasZNCharge(0,0),ZNneutrd,

andconfo- aldimension(描)･ThiscorrespondstoZNneutralstate,鶏L')I),inthe
parafermionicsystem.

Tosummari2iethesethTeeStatements,WeCOndndethattllerearenOOtllertypes

ofwavefunctionsinthetheory.
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3.0RBIFOLDMODELSOFAN_1/ZN

§10rbifoldModels

Weconsidertheorbifoldwhicharedescribedastheqt10tientofthetorusbythe

discretegroupiW),asX ～ WX･IW)isasubgroupoftheWeylgroupofthe

toruS.TheWeylgroupISgeneratedbyWeylre且ections.TIleWeylre丑ectionriisthe
re且ectiorLwithrespecttothehyperplarLeOrtl10gOnaltothesimplerootαi:

2(αi･2)
r･･(2)=才一一 百 一 αi･

(3･1)

Weherediscusstherepresentationspaceoforbifoldmodels.Nowwemusttake

accotLntOftheorbitofvelteXOPeratOrSOrStringstateswithrespecttOW.

LetusstlPPOSethatthereisastringstatewiththemomerLttLmPandthewinding

numberI.Ⅰtisthevertexoperator:

申(p,L)-e2P
+J一月!

J亨

｢~~｣l∽r
(3.2)

ⅠfweactWomthestateas(p,中)-(Wp,W中),therLWeWillhaveavertexoperator:

W申(p,I)-ea,P
+I-Bt
(Wp) ●t

L
p
lNe
■l

.wllp+W-1トW-1Bl､乃

.Wllp-W-1t-W-1BE
J亨

､作

-I?(W-1p-【W-1,B]t,Wl)- 守(p',l').

-19-
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WeseethattheW transformatiorLOf(p,中)isequivalerLttOthetrarLSformationl20]of

thevectors(p,i)as

P-P'-W-1p-lw-1,B]l

ll ll=W-1t.

TheorbifoldmodelisconsistentifandorLlyif

lW,B]IEA'

(3.4)

(3.5)

forallIEAandW,becauseeveryW-orbitmustbelongtothespectrumofthetorus

model,p'∈A●.
Fbncontentsoftllerepresentationspaceoforbifoldareobtainedthrough the

projectiorLwithrespecttodltheelementsof(W),PNWofallwavefunctionsintorus

model.iqt/JI:

pN--妄"iIw, (3･6)i=0

whereNistheorderoftheelementW,WN -1･Weconsidertheabelianorbifoldin

thispapersothattW)hasanelementW anditsmultiples･This(Wlisabelianand

calledacyclicgroup･

S2ParafermionicCtLrrentAlgebraofAN_1/ZNOrbifold:tJntwistedSector

SincewehaveinyestigatedtherepresentationspaceoftheAN_1tOruSmodelsin

tIlelastChapter,wearereadytodiscllSSZNOrbifoldmodels.Letusstartwithan

explicitde丘nitionofZNOrbifo1d.TlletOruSAN_1isdeGnedbytherelation

-20-



X～X+2打A, (3･7)

whereAistIlelatticegeneratedbythesimplerootsystemofAN-1,α1,-,αN-1･
AnelementofWeylgroupW-Flr2-･rN_1transposesVectorsaS

W:αi- ai+1 (αN-α0- -α1- ･--αN_1), (3･8)

SothatW isthediscreterotationofofderN.ThenwehaveZNOrbifoldde五nedasthe

qt10tientoftheelementW.ThewavefunctionofthestringlivingilltheZNOrbifold

mtlStbeinvarianttlrLderthisrotatiorL.

h theuntwistedsectorofZNOrbifold,weapplythesamequantizationasintIle

torusmodel.FtlnCOrLtentSOftherepresentationspaceofZNOrbifoldaregivenbyZN

,p'rojectionPNOfanwavefunctionsintorusmodel,iqt/JI:

pN-妄"iIw, (3･9)i=0

whereWN -1.WehavenowonlytheprojectedchiralalgebraicstructtLreS.Therefore,

U(1)cllrrentSareeXClⅦdedotLtOfthestrtLCtureS･

ToshowparafemiomicstTtLCture,WeintroduceZNProjectionofnonlocalpara一

缶rmiorLicctLrremtSandU(1)currents･NonlocaloperatorsadmitZNPLase.ZNPro-

jectionintoZN elgenStateSisdefirLedas

pk-妄"iI0-.,･W･,O-e守 ･ (3･10)i=0

Bytheseprojections,wehveparafermionicctLrrentS丘omtileVertexOperatorsOfeq.

(2.38):
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鶴-Pk4(Ah), W現-0'少'h

andprojectedcoordinates:

Y''-pL(入1･Y,), WY'-0'Y'.

(3･11)

(3.12)

WehavenoZNirLVariantU(1)ctLTrentbecatLSetriviallyY0-0･Everyparafemionic

current4'hhasitserLelgy-momentumtenSOrT,･whichisintrodtLCedbytheoperator

productexpansion

少'h(I)硯 )I(W)-鶴(I)や&'_A(W)

(I-W)2dl(1･(I--)2% T,･(W).o(I--)3), (3･13)

wheleA,equaltodA=誓 声 ,istheconfomaldimensionofやmeasuredbyenergy-

momentumtensorT).andcistheconformalchargeoftheVilaSOrOalgebraofT)･･We

haveanexplicitformoftlleenergy-momentumtenSOr

･,･(I,-孟 〈(iep,2･a!.0,.PNJ(小 0-,,PNJ(-α,〉･ (3･14,

Foreachi,energy-momentllmtenSOrSatis丘estheVirasoroalgebraofcentralcharge

c-驚き･Thismeansthtp&rafermioniccurrentpIOjectedintoevelydirectionand
everyphaseisjustlikeasystemofZNParafermionicalgebra.BtLttotallythesystem

isoftLeenergy-momentumtensori(i∂p)2withcomformalchargectota'-N-1･Tie
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mostofparafermioniccurrentalgebrasarenotclosedexceptforZNinvariantsector,

(車;=1,…,N_1,ToI･
WecanexphcitlycalclllatethestructtLreCOnStarLtSOftheZNparる.fermionicctlT-

rentalgebrabyuslngOurbosonicrepresentation.Thatwillcoincidewiththeresult

givenbyZamolodchikovandFateevl19].WehavealreadyveTi丘edthecoincidenceim

theZ2arLdZ3Casesl21].

S3Para･fermionicCurrentAlgebraofAN_1/ZN Orbifold:TwistedSector

WenowdiscussthetwistedsectorsinZNOrbifold.AclosedstringarollrLdthe

血edpointorLOrbifoldinWl-sector(1-1,･･･,N-1)satis丘esthebotLrLdaryconditiorL

x(q+2汀)-WIx(q)+2汀A (3.15)

OntorllSTN-1.ThenY''(e2m')～ WIY''(I)-C1jy''(I).Theyareexpandedinthis

sectora.ら

Y''2'-y,･･p,･',叫 .i∑ ;卦 鵬 ,TI

Y,'(I-,-9,･-pj(,-U,･i写 芸軒 n - 算

TheoscilhtionpartsareqtLarLtiZ;edas

[α-一幕,αn-iiy ]-(-一芸)6-･n-･,

p--%･pn一群1-(--i)6-･n-･･
-23-
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Thenwegetvacuum erLergyOftllePrlmaryStatesql,Whichisthetwistedboson's

Vacuum)

V.-TElilg](1-lg]), (3･19,

wherela!]meanssubtractionoftheintegralpartsofa'･

h thetwistedsector,thewavefunctionsareofalmostthesa.meformasinthe

tLntwiStedsector.Buttheabsenceofthe2;erOmodemomenttLmCausesalittlemodi丘ca_

tionofvertexoperatoISaSや(p,t)一重(p,I)-I-h2-一兎elPtip･X(I,I-))eCP(il･Q(I,I-)),

wherehandharetheconformaldimensionsoftheoperators.

ChiralalgebraicstructtLreSinthetwistedsector,

J-(a)=I-2eq(iJ;a･p)

-i(p-a,i-a) (3･20)

CatLSediscretetranslationofthe£ⅩedpointsIX-X+a,I.p.IWherez!J.p.lSaSOlution

ofthe丘ⅩedpointequationIa!J.p.-W Za!J.p.+2ql･
Wehavethetwistedpar°.fermionicctLrrent

i,持去pkeZP(品 ･p(I))･

Thisproducesenergy-momenttlmtenSOrhthetwistedWtsector:

(3･21)

i,･-長 く(iep,2･筈.a!.pNU'j(α,E(,･･E,IPNO-iJ-(-α,i(3･,I,ll),(3･22,
-24-



wheree(3',I)isthephasehctorgeneTatedbythetwistedoscilla･tors･Thevacuumstate

oftlletwistedbosomisatthefiXedpointa:I.p.･Thenwehave

<J-(α)>vac.lum-
e2P(ivh ･zl.p.)
Z2

ThereforetheconformaldimensionTmeastlredbyT3.70fthevacutLmStateis

(3.23)

･f,･,0-品巨.Ia;oPNO,'eZP(ih ･CJ･p･,i(,,･L,

･pNO-,'eeP(ih ･2f･p･,i(,･･l)-1〉･ (3･24,

Fromthisexpression,weconchdethatthepnmarystates,astheparafermionicctLrrent

algebraineachpTOjectedsector,havedifferentconformaldimensionsirLeVeryfiⅩed

point.ItfouowsthatthespinstructtlreSOftheparafeTmionicctlrrentSarediqerentin

each触edpoint.ThetotalvactLumenergyiscalctLlatedas

N-1

㌢ ･壷 ∑(i,･)0- V.
5=0

.Ⅳ +2 1
(3･25)

arLdtlliscoincideswithboson'svactLumenergyaSWeexpected.WecomchLdethatirL

thetwistedsector,thespinstructureoftheeveryparafermioniccurrentalgebraisrLOt

eqtLalandisverycomplicated.
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4.APPLICATIONS

Intllelastchapter,wehavediscussedorbifoldmodels,whichisde五nedastlle

quotientofthetorusbythediscreterotationandinwhichtherearenoU(1)chiral

algebraicstructtlreS.Wehaveinvestigatedpurelyparafermionicsystemsofar.IrLthis

chapter,wewnldiscussorbifoldmodelswithsomeU(1)chiralalgebraicstructtlreS.

WecorLSiderthemodelsofthetype(Parafermion)㊨(ToruB).

ItiswenknownthatwitllZhParafermionicctLrrentalgebra,whichwasintroduced

byZamolodchikovandFateevl19],andasinglebosomonSl,orLeCanCOnStnLCtlevel
亡=:;ii;=ヨ
ASU(2)Kac-MoodyalgebraorlevelA,N-2minimalsuperconformalmodelwith

conformal chargec-浩･However,wewanttoaskquestions,whythecurrent
algebraicstructllreS,e･g･EaCIMoodyalgebra,existandhowtheraditlSOftortsis

determined.Wethinkthatitisnoteasytoanswerinthealgebraicapproachto

thegeometryofmodelsbecausettlequestionmaybeaskedatthe丘nalstageofthe

irLVeStigationofthemodelsintileaPPrOaCIl･Converselywestart丘omthegeometry,

Calledorbifold,andthenweinvestigatealgebraicstructtlreSOfthemodelinthispaper･

Therefore,wemightbeabletoanswerthequestionsirLOurapproach.
--=~~=-I

Firstwewiugivetherealizationofleve13SU(3)Eac-Moodyalgebral15]･Next

wewinconstructtheN-2StLPerCOnformalalgebra.

≡:=id
§1Level3SU(3)Kac-MoodyAlgebra

亡:=ii::::ヨ
Nowwewiuconstructlevel3SU(3)Eac-MoodyalgebrabyarLOrbifoldmodel

A2×A'2/Z3withtheconfo-alcharge4･

WedefinethetorusA2×A'2by784/A.Aisthedirectslim Ofthelattices,

A-RAAコ◎ rA･11･WedefineZ80rbifoldbytheZ3Operation,theorder3discrete

rotationW,W3-1linthetorusA2andtheorder3discleteShiftV,3V∈Â iIln

thetorusAll,aS
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(x,X')～(WX+27rRAA】,X'+2qrV), (4･1)

whereXandglarethecoordinatesonthecovenngspacesofthetorusA2andA12I

TeSpeCtively.

AwavefunctionorLtOruSis

申(p,I)-èpXe''ZQ
-I-Bl

WehereirLtrOdtLCethenotatiorLOfvectorsofthelatticeAandA'as

p=pJl'+pJl;

I- lA,+L･li

pA,-Rll(mlAl+m2̂2)
p.ll-r~1(m3人3十m4人4),

tA ,-R(n lα 1+n 2α 2)

tAi-r(n3α3+n4α4),

i). (4.2)

(4.3)

(4･4)

wheleallniandmiareintegers･入larLd入2arethefundamentalweightofAl,and

αlandα2arethesimplerootsofAA】･入3andA4arethefundamentalweightofAユi

andα3andα4a‡ethesimplerootsofAAi･

IfXac-MoodyalgebraexistsinthisZ3-Orbifoldmodel,theremtLStbeachiral

dgebraicstructurewithdimension1.WereqtLirethechirdityconditionp-I-Bl-

0andL2-1･Sinceweattempttorealizethelevel3algebrawiththestructure

of(para缶Imion)×(vertexontoruS),thechiralctllrentSaremadeofA2PartWith

dimensionli,-2/3andA'2PartwithdimensionL五;- 1/3･Thenwehvethe
equations

1-t･p- ∑ mini,
i=1,2.3,4

- 27 -
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言-li,-2R2(車 か nln2),

喜-,ii-2r2(ni･車 n3n4),
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WetakeaccotlrLtOftheconsistencycondition(3.5)oftheorbifoldmodel･Inthis

case,[W,B]l∈A●imphesthat3BA】Ai∈Z･Ⅰfweassumethatachiralalgebraic

structtlreforn--(1010)and7h-(1000)andW-orbitsofitexist,thenwe且nda

sol山ion,

R2-を, r2-と6

B12-0, B 84--喜, B13=Bl4-Bが B24-喜･

and

(4･9)

(4･10)

WehavetI一egeneralformsofthespectrumofthetorusmodelinthetLntwisted

sector:

JをL - P+I-BL

- ､句(ml一幣 +星空青む)入1+(7n2-や +幣 )入2‡
+J和(7n8+幣 +響 )入3+(m4+や +吐書生)入4),

J毎R - p-I-Bl

-､巧く(m1-王雪公 一竿だ )入1+(m2-!雪』 一 字 まむ )入2)
+J和(m8+む苧1-空1書出)入8+(m4+虹書ムーや )入4)･
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GeneralwavefurLCtionsontheorbifoldareobtainedbyZ3PrOjectiorLP30ftorus

model.P3isde五medbytheoperation(W,V)･Wecan RndXac-Moodyalgebrain
一一ー■■■

i叫.Finallylevel3SU(3)Rac-MoodyalgebraisoftLeform

Eas-P3eZP

Eat-P3eZ!P

Hi=√iay

(i(Vial･叫 ,

(i(a+叫 ,

Hi-V3i∂pi, i-3,4.

(4･12)

WeremarkthatthestepoperatorsarejtlStinthefolmOf(parafermion)×(vertexorL

tortlS)thathasbeerLdisctlSSedbyGepnerl22].Byeq.(4.ll),allthewaveftlnCtionsin
一--~~=--■

thetlntwistedsectorareintherepresentationsoflevel3SU(3)ⅩacIMoodyalgebra:

uo-sector;
Sn0.凱

2

n

0/
1
1

e

1

mdiepr
l

B,皿

E
]

氏

(4.13)

SincerLOWWedonotdisctLSSOnlyasllbalgebrabutthetotalalgebra,wehavethe

energy-momentumtenSoroftheVirasoroform T-喜3'i,+喜3'iiintheuntwiSted
sector,whereJAっ-iapAコamd3LLi-iepA;･Thereforetheconformaldimensionof

theprimarystateisderivedas(Pi,辛).

Wenextincorporatethetwistedsector･Imthetwistedsector,wehavetheenergy

momentllmtenSOT

1

･-喜3･iJ房.;'･六 ･
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AshiftvectorVIwhichgeneratesashiftinX3,41SPaCe)Canbetakenas

rv-志 (α4-α3)--k A4-人3) (4･15)

sothatViscompatiblewithZ3invarianceofXac-Moodyalgebra.Withthischoice,

wehavethephysicalwavefunctions中(p,hV+I)inWh-sector.申(p,hV+I)belongs

tothestateofSU(3)LXSU(3)RCharge(a,身)∈(hA4+A,｡.i,h入4+A.,oo.),where
Hisleft-movingSU(3)chargede五nedineq.(4.12)and豆issimilarlyde丘ned.

Weattempttoexplain且Xedpoints.Tllerearethree且Xedpoints0,AandBorL

orbifoldinwhichX/p ∈27TRA,｡｡t,27rR(A,W.t十人1),27rR(A,0.i+2人1),reSPeCtively･

sincewehavequantizedaslXI,QJ]--i2q(嘉 )IJinthetwistedsector,a-ave
functionや(p,I)causesashift

X-X+2:Jp(I) (4･16)

ofthestate,where2,Jp(I)isaRxedpointassociatedwithI,asolutionoftheconstraint

eq･(2･24)ITherefoIe,thestepoperators,Ea3,EatandE-cu~叫,WhichhaveI,1】∈

(3A,W｡t+α1),tranSlatefiⅩedpointsas0-A,A-BandB-0andtheirCOnjtLgateS
translate五Xedpointsintheoppositedirection.

WehavenowobtainedantheotheHepresentationsoflevel3SU(3)ⅩacIMoody

algebra:

Repr.dimensions
wl-sector;

U2-sector; E)
●■

田コ
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Thesedimensionsagreewiththeformula

h(A)
C(A)
叫2+C27

(4･18)

whereC(A)isthequadraticCasimiroftherepleSentationand2isthelevelandや is

thehigheshootandC2isthequadraticCasimiroftheadjointrepreseIltation.

§2N-2SuperconformalAlgebra

h thissectionweconstructtheN-2stLPerCOnformalalgetuabyusingtheZ3

0rbifoldmodels.

Supercurrentsa+anda-oftheN-2stlPerCOnformalalgebraarethenorLlocal

operatorwithconfomaldimension3/2.Thereforea+itselfdoesnotbelongtothe

physicalspect印m.Wewillseethata+a+appearsinthephysicalspectrum.It

isnecessarythatthechiralalgebraicstructtlreCOrreSPOndingto(a+)2existinthe

physicalspectruma.sweseeitintllerealiZ;ationoftheN-2,C-1superconformal

modelbyasingle血eebosom.BylookingattheoperatorprodtLCtexpansionamorLg

U(1)ctLrrentIanda+

I(I)G'(W)-言宝G'(W),

weseethta+hastheU(1)chargeQ-1.Theoperatorproductexpansion

t(I)t(W)-
3(ZIW)2

impliesthatwecanwriteU(]･)ctLrrentbya血eebosonas
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(4.21)

BytlSingthisdefirLitionandeq.(4.19),wecanalsoseparatethepartofG+deperLding

OnPaS

a+-6+ea'p

Ⅰfwewritea+bythevertexoperatorinthermsofother丘eebosomsas

a+-e2P(i咋),

(4･22)

(4･23)

itfollowsthat(a+)2hascorLfomaldimemsiorL6becausea+has3/2.

Letusmakec-3,N=2Superconformalmodelbyorbifoldmodels.
FirstweconstrtICtthetorusmodelwhichisde且nedbytllelatticeA-RAJ令

rAl.WeconstmctthecLiralalgebraicstructtuewithconformaldimension6,which

correspondsto(a+)2.wereqtlirethatthewavefunction申(p,I)with

p= pA ,+ p.ll

I-I.I,+I.I.

pA,-R~1(7nl入1+m 2人 2)

pJll-r- 1m 3137

I.I,-R(nlα1+n2α2)

1.41 - Tn3α3

enjoysthecllirJitycorLditionp-I-B1-0zLnd

6-p･t- ∑mini,I'=1,2,3
-32-
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(4.26)



; ( 2粧 :-,ll- 2r2n g,

6一旦- lま 1- 2R2(nh n 2 - n l n 2)･C

(4･27)

(4.28)

Fllrther,ifweassumethatsuchachiralalgebraicstrllCtllreexistsinthecaseof

n--(101),weLaveR2-2andr2-1･

AtlastwecarLfirLdasolution

B13-B23-2, olherwise-0. (4.29)

ThismatrixBsatisReslB,W]A∈A●,whichistheconsistencycorLditionfororbifold
models.Chiralityconditionp-I-B1-0reads

(:m ;) - (=4巨 _4: ≡) ( :ni) ･

Nowwehaveasetofchiral&1gebraicstructtlreSinthetorusmodel,

-◆n=
(10 1)
(01 1)
(-1- l l)

(4.30)

(4･31)

andtheirconJtLgateS･From theseoperatorswecanconstructthechiralalgebraic

StrtLCttueS

≡;J
n=
(120)
(210)
(1-10),
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whichactintheA2SectorOnly弧dn--(003)intheAISector.

WehavethegerLeralformsofthespectmmofthetorusmodelwhichgivethe

spectruminthetlntwistedsectoroftheorbifoldmodel:

JをL - P+ト Bl

- 去((ml+4nl-2n2-2n3)入1+(7n2-2nl+4n2-2n3)入2)
+(7n3+2nl+2n2+2nS)̂3,

∨旬 R - p-ト BE

- 去((m1-4nl+2n2-2n3)ll+(7n2+2n1-4n2-2n3)入21
+(m3+2nl+2n2-2n3)入3,

(4.33)

GeneralwavefunctiorLSOntheorbifoldareobtainedbyZ3PrOjectiorLP30ftorus

model.P3isde且medbytheoperation(W,V-0).h tllisspectrumwefindthe

operatOr中-a(α)a(α)‥

a(a)-ezp(i(α.芸)p),a(a)-C2P(i(α+-3)可･ (4･34)

foreveryα∈A.I,･Everya(α)hasdimensiorL3/2.WeconstructZ3irLYariarLtCtLrrerLt.

aS

a+=

a-=

弧ditscoqtLg&te

lG(α1)+a(α2)+a(-α1-α2)] (4･35)

lG(-α1)+a(-α2)+a(α1+α2)]･ (4.36)
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Wemustfemarkthatmlandm2ineq･(4･33)havetobeevenintegerssothatthe

boundaryconditionofthesupeTCurrenta+iswellde五ned.Othe工WisethebotLndary

corLditionsofa(α1),a(α2)anda(-α1-α2)arediqerent･Thisisaproblemforthe

representation Ifitissolved)thentheboundaryconditionsofa+isdeterminedby

m3.WeconRrmthatchirdalgebraicstructureappearsaS(a+)2

G･(I)G･(-)-言iJ(-α1)･J(-α2)･J(α1+α2))(-)･0(I--)I (4･37)

After山 wederivea-3,N-2superconformaldgebrawithsuperctlrrelttSa+Ia-,

U(1)currentI-iヽ作∂pandenergy-momentumtensoIT-喜∑,･=1,2.3(i∂p,･)2･

T(I)T(W)-

I(I)I(W)-

a+(I)GL(W)-

+. ':_+C .2T(W) aT(W)
2(I- W)4I(I-W)2 I ZIW

3(I-W)2
+reg･

+, 'I"+

+regularterm

2C 2t(W) 87(W)+2T(W)
3(I-W)3I(I-W)2I I-W

+reg.

(4･38)

Thespectruminthetlntwistedsectorisgivenbytheeq.(4.33).We五ndthata

stateof7h-(00土 1),n--SistheRamondvacuumwithconfomaldimension1/8
andU(1)ChargeQ- 土1/2and&stateofTh-(00士2),n--SistheNeveu-Schwarz

y&cuumwithconfoImddimension1/2andU(1)chargeQ-±1･

WedonotdisctlSSthetwistedsectorinthispaper.WewilldisctLSSthedetailsof

itinthenearfuttLre.

hthissectionIWehareslmplyconstructedc-3IN-2sllPerCOnformaldgebra

byt臥s&norbifoldmodel.
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5.SUMMARYANDDISCUSSION

LetllSStLmmarizetllediscussionsglVenirLthepreviouschapters･

WehaveqtLantizedcarefullytheclosedbosonicstringpropagatingomthetorusor

theorbifold.WehaveusedtheideathatthestartingpointofthestringconfiguratiorL

inthecoverlngSpacedoesnotmovewherLtheotherstringlinkstlPattheendpointof

thepreviousstring.Itfollowsthatafterlinkinguptwostringstobecomethethird

stringcrooked.tIlethirdstringlSalsodescribedasastraightlinebythe2;erOmode,

uptolinea･rterminq･

WehavedisctLSSedtherepresentationspaceoftorusmodelsunderthisquanti2;a-

tion.Weconcentrateourselvesontorusmodelswithchiralalgebraicstructures,the

rationaltonsmodels.Especiauy,weha.vestudiedtheAN_1typemodelthathasthe

discreteZNSymmetry.AsaresultwehavefourLdthatifwetaketheradiusR-1

arLdthearLtisymmetrictensorB-0,thentheorbifoldmodeliscompletelydescribed

asasystemoftheZNPara缶rmioniccurrentalgebras.

WehveglVenaCOnditiorLtOfo-1llatecorLSistentlyorbifoldmodelsfromtorus

models.ItistheeqtLation(3･5)

lB,W]A∈A暮,

whereAistilelatticede丘ningtorusandA●isdtlaltoAandBistheantisymmetric

tensorandWisthediscreterotation.ThisconditionisequivalerLttOthttheW-Orbit

ofthevertexoperatorsisstnlinthespectrumofthetorusmodel.

AstheapplicationsoftheparafemiotLiccllrrentdgebrasinorbifoldmodels,we

L&YeshowntwoexamplesinwhichsomeU(1)CtLrrentSremainasthechiralalgebraic
一-l一■■■■■

鵬nLCttLreS･Oneisthelevel3SU(3)Ⅹac-Moodyalgebra.ThisisjusttIleFrerLkel-

X批 COtLStruCtiorLWhenweconsiderthetorusmodel.ⅠntlleOrbifoldmodel,sirLCe

thep&TtOfthevertexopeIatOristheZ8ParafermionicctLrrent,Wehavelevel3Eac-

MoodydgebraB･Theotheroneisthec-3,N -2sllPerCOnformalmodel･This

i日LOHhecaseoftheFrenkel-EacconstrtLCtion.Btltitisakeyideathatthechiral

dpbTdcstnLCttueWithconformddimension6exist.Thisiswenknown inthecase
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ofasingle血eeboson.AlthotLgh wehaveconstructedN-2superconfomalalgebra,

therepresentationspaceisnotwellinvestigated.WedorLOtunderst甘mdwhatthe

condition,ml,m2∈2Z,whichisstatedinchapter4,means.Wemuststudyitinthe

futtLre.

AsthestLPerStrirLgtheory,itissimpleandirLtereStirLgtOCOnStruCtC-9,N -2
stlPerCOnfomalmodelbyusingorbifoldmodelssuchas(Sl)×(parafermion).It

remainsforustosttLdyothertypesofWeylorbifoldcontainingnonabelianorbifold.

Theyshouldbealsoinvestigatedinthefuture･

WehavediscussedonlythemodelswithirLtegralconfomalcharge.Itmaybe,

however.Possibletodiscussmoregenerauymodelswithrationalconformalchargesby

tLSingtorusmodelsdeRnedbytheFeigin-Fucksconstructionl231whichanowsdiscrete

shiftonly.Imsuchacaseandperhapsinanyothercase,tIleOrbifoldisverytLSefu1

'geometry'forthesttldyoftheconもmalmodels･WetlliZtkthatthemethoddeveloped

inthispaper,whichconrLeCtSPa･rafermionsandU(1)ctlrrentSector,maybealsotlSeful･

LetusdiscussmoreperspectiveviewpointfoIthestringtheory･

StringtIleOriesareProbablytLniRedtheoriescontaininggravity.Einsteinstudied

fotLr-dimensionalgeometryandconstructedthetheoryofgeneralrelativityasatlleOry

ofgravity.Afterthat,heconcentratedhimselfonthelmifiedtheoryofelectromagTLet-

icsaTLdgravity･WecansaythatstringtlleOriesa‡etheoriesofgeometriesformatter

andspacetime.NowwearetohveatheoryofgravitywhichisqtLarLttlmmechanically

consistent,thtis,stringtheories.

Lookingforit,however,isstillinthedarkness,becatLSethereisnopnrLCiple

toinvestigatethevactLumOfstring五ddtheories.IfthissittLationdoesnotchange,
yariotLSkindsofstringtlleOrieswinbeproposedbymany肌tI10rS.EventhotLgh it

isso,whenweconsiderrealisticmodels,WeshotLldhavetheyactulm Ofthestring

yitLfotLr-dimensionalspacetimearLdN -1sllPefSymmetryOfspacetime.Insuch

8ttizLStheolieslforexamPlefollr-dimensionalN -1heteroticstringtheories,there

批eqTL&tksandleptomsinthe27dimensionallePreSerLtationofthegaugesymmetry

Be.

hhreBttLdieswinreyedmoredetanSinphenomenologies,suchasexplanation

ofthest&nd&tdmodellthegeneratiorLnumber,Eobaya5Li-Masknwamatrixandsll-

pe叩mmetrybreaking,etc.
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ToproducevafietiesofstringtheoriesistoprodllCeVarietiesofintemalspaces.

ItisequanyirLtereStingtostudyalgebraicgeometriesofconformalfieldtheoriesfor

internalspaces.However,wecanalsosaythatifgeometricalinterpretationsofcorLfor-

mal丘eldtheoriesareleftundorLe,aCOmPleteclassi五cationofconforma.1且eldtheories

maybeerLOugh tosttLdyinternalspaces.

Conformal且eldtheoriesthemselvesareinterestirLgbecausetheydescribesome

exactlysolvablemodelsinstatisticalmodelsonthecriticalpoint.Ontheotherhand,

statisticalmodelsarealsoexactlysolvableontheoq-Criticalpoint.ThisglVeSan

insightthatsomemodelsremainexactlysolvableeveniforLeintroducesaperturbation

whichbTea.ksconfofmalirLVarianceofthetheory.Ⅰnsuchtheories,anin五mitenumber

ofconservedchargessurviveeventhough theconformalinvariarLCeisbroken.Thisisa

problemofdeformationsofconformal丘eldtheories,whichisnothingbutintroducing

interactingpotentials,sine-GordorL,hyperbolicsine-Cordonterms,etc.Aclassof

deformationsofconfo-alGeldtlleOriesareknownasmarginaldefomationsthatdo

notbreakconformalinvariance.TheyaredeformationsofraditLSOftorusmodelsl24]

andfotLr-fe-iinteractions,canedThirringfermions[25,26】,etc･

Wehavediscussed1"sonictheorieswithintegralconformalchargestodescribe

parafermions.Itmaybe,however,Possibletodescribealmostauofconformalfield

theoriesirLtermsOfbosonsandthepartsoftheiHepresentations.TheclassificatiorL

ofconformal丘eldtheorieswillbecompletedintermsof血eebosomsinafuture.We

hopetomakesomeadvancementinthisdirection.
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