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INTRODUCTION

Stochasticpartialdifferentialequationsappear inmanyareas,

forexamplefiltering theoryofdiffusionprocesses,statistical

hydrodynamics,populationgenetics,controltheory,etc. These

equationsdescribe theevolutions intimeofprocesseswithvaLllleS in

functionspaces. For linearproblems,thetypicalexampleis the

Zakaiequation,thesolutionofwhichbeinganunnormalized

conditionaldensityofdiffusionprocess,and thisequation is

investigatedbyseveralauthors,cf.Xrylov,Ⅹunita,Pardoux,

RozovskiiandShimizu (see 【11コ- [16],【22],【23],[25],【26]).

EquationsofpopulationgeneticsandNavier-StokesequationWith

randomexternalforcesare the importantexamplesofnon-linear

problems. Theformer isstudiedbyDawson 【3】,Fleming 【5】and

others,andforthe latter,seeXrylov & Rozovskiil13】.

Thepurposeofthispaper is thestudyofstochasticpartial

differentialequationsand theirapplications tostochasticcontrols.

InChapterland2 ,weareconcernedwithcontrolproblemsof

systemsgovernedbystoehasticpartialdifferentialequations. Let

W(t)beadI-dimensionalstandardBrownianmotiondefinedona

probabilityspace (Q･9 ･gt･P )andU(t)anadmissiblecontrol･

namely,aprocesswithvalues in ｢,where ｢ isaconvexand

compactsubsetofRL,calledacontrolregion. Weconsider the

followingstochasticpartialdifferentialequation.
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･fl(3:,y ' W(t),U(t)) )dt

bL(x,y ･ W(t,鳥.q(I,t, ･gk(X,y ･ W't)',dWk(t'1
1

A solution q(t) = q(t,U) of (0.1) is sought in the space of Sobolev

type Hl(Rd). Define a criterion ∫(U)by

(0.2) ∫(U) = E[F(q(･,U) ) + G(q(T,U) ) ]

where F and G are realvalued functions on L2(0,T;L2(pld)) andL2(Rd)

respectively. The problem is to minimize a criterion ∫(U) by

choosing a suitable admissible control.

In Chapter 1,assuming that

ial一(W , - 書k!JlElk(〇･γ,bJk(- ,･1,j=1,････,d is uniformly

positive definite and some reglllality conditions on the coefficients.

ve show the continuity of solutions q(･,U) on U as

【 U-L2(0,T;L2(Rd)) ]-random variables,where 【W-Ⅹ ]denotes the

space X carrying the weak topology. Then we can prove the existence

of optimal control. Moreover,we apply our results to stochastic

ControlWith partial observation.

Chapter 2 is the extension of Chapter 1. In this chapter,an

admissible controlU(t) is replaced by an admissible relaxed control

FA(t,du).namely,a process with values in the space of probability

measures on ド,and coefficients αlj and fl are replaced by the

followingall and 71respectively,

aij(t･x･y ･ W(t,･p)=rraij(ご･y ･ W(t)･u,A(t･du,
and

アi(t･x･y ･ Wくt,･p, ≡Jrfi(3- ･ W(t,- (t,du,･
- 2 -



Assuming that(ail(- ･u) 一書k 蔓J l blk(- b Jk(〇 ･γ, ,･1 , j = 1,日●,a

isnon-negativedefiniteandsomeregularityconditionson the

coefficients,weprovethecontinuousdependenceofsolutionsq(･,LL)

onrelaxedcontrol山aS 【S-L2(0,T;L2(Rd))]-randomvariable,where

【S-Ⅹ コdenotes thespaceXcarrying thestrong topology. Moreover,

theexistenceofoptimalrelaxedcontrol,theBellmanprincipleand

someotherproperties isproved.

InChapter3,weareconcernedwith theCaucyproblem for

non-linearstochasticpartialdifferentialequations. Themainaim

ofthischapteristoshow theexistenceofsolutionsforthe

followingequations.

(0.3) du(t)= (Au(t)+ F(u(t)))dt+ G(u(t))dW(t),

Where A isasecond-orderellipticdifferentialoperator, F andG

arecontinuousoperatorsfrom L2(Rd )to itselfand W(t) lSaOne

dimensionalBrownianmotion.

When F and G satisfy theLipschitzconditionand A isuniformly

elliptic,Pardoux 【23】andWalsh 【29】proved theexistenceand

uniquenessofthesolutionsfor (0.3)byPicard●smethodof

successiveapproximation. But,if Fand G aremerelycontinuollS,

Picard●smethod isnoteffective. Toovercome thisdifficulty,we

approximate theeqllation (0.3)byCauchypolygon. Using this

approximatesequence,weshow theexistenceofsolutions.

Furthermore,weshowasortofstabilityon theperturbationof

coefficients.

- 3 -



CHAPTER 1

On the existence of optimal control for controlled stochastic

partialdifferential equations

§l Introduction

ln this chapter ve are concerned with stochastic controlproblems

of the following kind. LetY(t) be a d'-dimentionalBrownian motion

defined on a probability space (EL9,才t･P)and u(t) an admissible

control. We consider the Cauchy problem of stochastic partial

differentialequations (SPDE in short )

･1･1, ( dp,((:･,;,,:=;((ZY,(t,･u(t,,p(t･- 三 ::三:(:i,,p: ･こ,dY(t,

where L(y,u) is the 2nd order elliptic differential operator and

M(y) the lstorder differential operator.

By a solution p(t) I pu(t)Iwe meanH1-valued gt-adapted process

which satisfies

(p(t),T7)= (少,T7) + ( L(Y(S),u(S))p(S) ,Tl)ds

(M(Y(S))p(S) ,T7)dY(S), t> 0

for any smoothn where く･,･〉 is the pairing between H-1 and

- 4 -



Hland (･,･) is L2(Rd)innerproduct(see lll]&[22]).

TheSPDE (1.1)isrelated to thefiltering,stochastic

controlwithpartialobserbation,populationgeneticsetc.and

investigatedbyPardoux,Erylov& RozovskiiandRozovskiia

Shimizu,e上c.

Thepurposeofthispaperis toprove theexistenceof

optimalcontrolsforthefollowingproblem. Defineacriterion

I(u)by

(1.2) I(u)= ElF(pu)+ G(pu(T))]

whereFandGarerealvalued functionson L2(0,T;L2(Rd))

and L2(Rd)respectively. Nowwewanttominimize ∫(u) bya

suitablechoiceofanadmissible process u .

In §2 wewillrecallsomeknown resultsinourconvenient

wayand formulateourproblemprecisely. In §3 wewillprove

thatthesolution pu dependson ucontinuouslywhichderives

theexistenceofoptimalcontrol【Theorem3.2 ]. In §4 we

applyourresults tostochasticcontrolwithpartialobservation,

whereanobservationnoisemaydependonastatenoise.

§2Notationandpreliminaries

Weassume thefollowingconditions (A.1)～ (A.3).

(A.1) b :RdxRdIー Rd⑳RL

c,:RdxRd' yRd◎Rd'

a :RdxRd' :Rd◎Rd

h :RdxRd' ; Rd●

- 51



are bounded and continuous and α is symmetric.

(A.2) There exists 8〉 0 such that

2a(3:,y) - 3o(3:,y)qX(I,y)>aI for any (I,y)∈ Rd x Rd'

where 〇･X is the transposed matrix ofo･.

(A.3) a(･,y),q(･,y) are Cm+1- class in ご ∈Rd,

h(I,y),b(I,y) are Cm - class inx∈Rd,

and their derivatives are bounded and continuous

in (3:,y)∈Rd x Rd:wh｡re 品 = max(2,m) and m is a

given nonnegative integer.

Let ド be a convex and compactsubsetofRL.

Definition 2.1 94= (f2,g,P,Y,u) is called an admissible system,

if (E2,g.p) is a probability space and u is a ｢-valued

measurable process and Y is a d●-diTnenSional (gt)-Brownian

motion on (n･g･P,Iwhere 5.:- (S ,･ Js.u(T , dT; S ‥ ,･

引 denotes the totality of admissible systems.

For54 ∈ 2(,TlJ denotes the image measure of (Y,u)

on c(0,T;Rd') x L2(0,T;r).

Endowing the uniform topology on C(0,T;Rd')and the weak

topology on L2(0,T;｢) ,we have

Lemma 2.1 (1lJ ;J ∈ 別 〉 is compactunder the Prokhorov metric.

(See Fleming & Pardoux l7】Lemma 2.3 )

- 6 -



D efine L(y,u )∈ g( Hl,H-1 ), Mk( y ) ∈ g ( H l. L2 (Rd))

(k= 1,- ,d･, y∈ Rd',u∈ ｢ ) by

(2.i) (L(y,a)p ,q )

d

T∑
1,j=1
(αijα‥(･

(2.2) (Mk(y)p ,n )

･y,詰i ･謡 j〕 ･ j享1 ( E j(･ ･ y･u ,p ･ 謡 j)

(oik(.･y,A i ･ n ) ･ (方k(･ ,y,p ･ n 〕

for p ･q ∈ H1 and n∈ L2(Rd)･where (･･･) ≡. the inner

product in L2(Rd),く･,･〉 = the duality pairing between H-1 and

Hl and

L d ∂α‥

方j伽 ,祉'=t…1bjt'〇･y'ut-i…1百㌢ x･y'

方k(〇･γ,= hk(- - i蔓荒 k(〇･γ,

By (A.1)～ (A.3) , there exists ∝ 〉O and 入 ∈R such that

･2･3, 12く L(y･u,p ･p , ･ 入日直 a"p.･: ･ 3k!i"Mk(y,p･,喜
for any p ∈ Hl ,y ∈Rd, u ∈ r

where "･"t = the Ht- norm (t = 0,土1,･･･ )

-7-



( fo r theproof, see §2 o f Xrylov & Rozovskii [ 1 1] ).

(2.3) is called the coercivity condition.

For an admissible system d=(Q,9,P,Y,u),putting L34(t)≡

L(Y(t),u(t)) and MA火(t)=Mk(Y(t)),we consider the Cauchy

problem of SPI)E on (a,3,P),

･2･4)td:∴ 霊 p t̀'dt ' "逮:t;p三t'dY(t'

where Md(t)≡(MJl(t),･･･,MAdとt)).

Def)･nition 2.2 By a solution of SPDE (2.4),we mean an HL

valued 評t- adapted process p(t)defined on (n･9･P) such that

･ 1, E【J: Hp( t ,Hi d t ] く -

(2) for any n ∈ Hl and t∈ [0,T]

(2.5) (p(t) ,T7) = ( i ,T))

･ J こ く Ld(S,p(S , ･ n , ds ･Jこ く MA(S,p(S , , n , dY(ら,

holds.

By the coercivity condition (2.3),we have the following

proposition. (See 【12】, 【22】 )
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Proposition 2.1 For each 34∈ZL, the equation (2.4)has a

unique solution p = pd which satisfies

(2.7) p ∈ L2く くO,T)×fZ;Hm+1 )n L2(Q ;C(0,T;Hm ) )

and

･2･8, "p(t,.･喜=一明 ･ 2Jこ く LJ (S,p(S,,p( S) , d s

･ 2J三 ( Md (ら,p(ら , ,p(S) ) dY(S, ･J三 日Mdp(S,‖邑 d s

The solution p = pd of the SPDE (2.4) is called the response

for3J .

Re皿ark 2.1 We can apply the results of Pardoux 【22コ also to the

triplet (V,H,V#) ,where V =HI+1.H =Htand VX =Ht-1

(t=0,1.･･･,m ). Define L(y,u) ∈ g( Ht+1,Ht-1 ).

帝(y) ∈g(Ht+1,Ht) similarly to L(y,u),M(y) .where we

replace く･,･〉and (･･･) by Hく･,･〉t = the dualitypairing

between Ht-1and Ht+1" and … (･,･ )t = theinnerproduc t in
Ht" respectively in (2.1),(2.2). Then the coereivity

condition holds･ (In (2･3),= oand M 1 are replaced by M t
and lHlt+1 reSpeCtively･) Appealing to Erylov a Rozovskii

【11】, the solution p of (2.4)turns out a llnique solution of

SPDE (2.9)

- 9 -



(2.9)

dp(t )= i:(Y(t),u( t ) )p( t)d t + M(Y( t ))p (t)dY(t)
t 〉 O

p(0)= ¢

Moreover p(t) satisfiessimilarequality to (2.8).(i.e.

"0'' isreplacedby "i".)

Let F :L2(0,T;Hm+1 )- R and G :Hrn- R

beweaklycontinuousfunctions.

For 3d∈21,wedefinethepay-offfunction I(A)by

(2.10) I(A)= E【 F(pd)+G(pA(T))]

WeWanttominimizeitsvaluebyasuitablechoiceofA ∈ 21.

§3Existenceoroptimalcontrol

Firstofallwewillprove thatthesolution pd of(2.4)

dependson A continuously .

TheoreJn3.1 IfTlJ(n).-- Tld in law ,then

(3.1) pd(n).一一一 → PA in lawas L2(0,T ;Hm+ 1)-randomvariable

and

(3.2) pd(n)(T) .･.･.･.･.･.･- pd(T)inlawasHm-randomvariable .

whereweendow theweak topologieson L2(0,T ;Hm+I)andHm.

-10-



For the proof we need the following two lemmas.

LemJZ)a 3.1 There exists a constant X〉 O such that

･3･3, E{f: ‖pd(t,･f2t .1 dt , ≦ 叫

･3･4, E{ sup llpA(t,llい ≦ - ‖…
05:t≦T

･3･5, E{J:I,pJ(t申 t } ≦ 叫

for any A ∈ ZL. (t=0,1,･･･,m )

According to [17] we introduce the spaces Ry(D) and Xy(T･D)

as follows. Set ¢(･,3:) = the Fourier transformation in t of

" ･･T)I"･"2,D= the H2(D)-norm and lI･"I = the norm of the dual

space (H2(D,)二 where we identify Hl(D, With its dual space･

㌔ (D)

･い∈L2(- -I- ;H2(D,, ; I二 ･て･2γ(" (T ,"x2 dて く リ
where

･中･･Ny(,,: ( Jf " ( t,1.…,, d t ･ J二 ,て･27 "Q(T, " r2 dT ) 1 / 2

･Y(T･D,- ( OJl｡ ,T 】 ; ¢∈ Xy(D, )

where

- il H ←



･･+･･Ry(T,,,:inf〈 日中 ･恒 , ;

甲(t) = ¢(t) a.e.on 【0,T 】

Remark 3.1 If D is a bounded and open subset ofRd with a

smooth boundary , then ,by the compactness lemma ( 【17】p60 )

the imbedding :Ry(T,D)- L2(o･T ;H1(D))is compact･

Lemma 3.2 Let O く γ く 1/4 , then for eaLCh d∈21,

pd ∈ Ry(T･D) a･S･

and there exists X〉O such that

･3･6, E【 ■'pA..iγ(T ･D' 】 川 中"… ∀d ∈u･

Proof of Lemma 3.1 (3.3)and (3.4)are easy variants of

Corollary 2.2of Xrylov 8Rozovskii 【1日 . Now we will show

(3.5). Since the response p is the solution of (2.9),using

Ito's formula,we get

･3･7, up(t,IIg = l叫

･4J三日pくS,"2t< 己(ら,p(S,I p(ら, ,t ds

･ 2J三 "p(S ,"2t "n s,p(ら,‖2t ds

dl
+ 4∑
k=1Jこ く# (S ,p(S,Ip(S , ,i ds

- 12 -



･ 4J三 ･･p(t,･頼 (S,p(S) I p(S, ,t dY(ら,

where～L(t) ≡i:(Y(t),u(t))and 河(t)=苅(Y(t)).

Hence ,using thecoercivitycondition,wehave

･3･8, E=p(t, Jl い I l一項

･ 2E【 J三 Mp(ら , ･1% { 2く～L(S ,p ,p ,t ･ ‖n s ,p"い d s ]

･ 4E [ J ∴ 章二( A(S ,p ,p 弓 ds ]

･ 2E【J三 f･p(S,･･2t{入･Hp(S ,"2t -州 p(S , .･2t. 1 }ds]

･ 2人･E【J三 日p(S ,.･f ds 】

SotheGronwall-sinequalityderives (3.5).

ProofofLem皿a3.2 Fortheconvenience,weextend p(t)on

( -o' o ) inthefollowingwayI

p(t)=p(t) ,t∈ [ 0 ,T ]
= 0 , t∈ ( -a , の ) ＼ 【0 ,T ]

Since p(t)isasolutionof (2.9),applying lto-sformula,

weobtain

ー 13 -



(3･9) 2TtLT( p(て) ,n )2

=( め ･ n ) 2 I ( P(T )･ n ) 2eXp(12Tltて T)

･ く 命 (T,,n ,2日 :exp{-2- } ( 対(t,p ,n ,2 dY(t,

forany n∈H3

Le t ( nk )k≧1be anor thonormal basis inH3･ Using (3･3)I

(3 .4)and (3.9),wehave

･3 ･10, 肋 2て2E【 帽 (て) lf; 】

L●二

= 収 2て2 ∑ E( I( a(て )I nk )2 t2 )
k=1

･ Ⅹlfl中日22 ･Ⅹ2E… 命 (T,‖… 】

LetOくγく 1/4 and 0 ( に く 3/2,then

･3 ･ 11 , 上 :E { ･て･2γMさくT,.･x2 ,dて

E【HS(- I･… コdT ･ ∫.て.告 誓 五 ･- ‖ … ,dてi I.ては1

i R｡(E〔F_重p(t,‖…dt,･上:
dて

1+ lTlに

･E[ 上 重 己(t,p "‡ d t 】 )

i E ｡ Il中日…

Thisconcludesthelemm8.

- 14 -
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Re皿ark 3.2 (3.5) implies the uniform integrability of

JT. "pJ(t, ･･t2 dt ･- ･

Remark 3.3 we define the metric d on H = L2(0,T;Hm+1(Rd))

by

t】D

d(p,q) = ∑
k=1責 min{ l'ek ･p - q 'l･1 ' p･q ∈ H

()a

where (･･･) is the inner producton H and ( ek 〉k=1 is the

orthonormalbasis on H. Then Lemma 3.1 and Prokhorov'S

theorem imply that the totality of image measure pd (d ∈ll)

is relatively compact as a set of measures on the metric space

(H ,d ).

On the other hand,on each bounded set of H the weak

topology is metrizable by the metric d . Therefore, for any

weakly closed set F of H ,F n (q ∈ H ; "qlI≦ r ) (r 〉 0 )

is Closed with respect to the metric d .

under this observation,(p34 ;逮 ∈ 引 ) is relatively compact

as a setof measures on H associated with the weak topology.

Proof of Theorem 3･l Let Dk (k = 1,2,- )be bounded and

open subsets ofRd with smoothboundary IDk ⊂ Dk+1 and

且 Dk = Rd･ For an admissible system A : (Q,9,P,Y,u,,

p = the image measure of (Y.u,pA)on s,
J

a
ルk ≡ the image measure of (Y･u･pd)on sk

where

- 15 -



S =C(0 ,T ;Rd')×L2(0,T;｢)×L2(0 ,T;Hm+ 1 (Rd) ),

and

sk = C(0･T;Rd●)×L2(o･T;｢)×L2(0,T;H1くDk))

endowing the weak topology on L2(0,T;Hm･+1(Rd)) and the strong

topology on L2(o･T;H1(Dk))･ By the compactness of (冗d ;A ∈ u )

and Remark 3.3,甲 = (ル38 ;sH 引 ) is relatively compact.

Moreover･by Lemma 3･2 and Remark 3･1 I pk = (PJk ;d ∈ u ) is

relatively compact.

Hence there exista subsequence 〈A(n') )n- a probability LL

on S and a probability Flk OnSk(k = 1･2･-･)such that

(3.12) pd(n')- A in lay as n･- O

and

(3･13) pJk(n')- Ak in law as n･- ¢ ･

By Skorohod's theorem･we can construct theSk-Valued random

variables (Yn･･un･,pn･)･ (Y,u･p)･n'I 1･2･････on a probability

space (n,5,p) such that

(3･14) the law of (Yn-un-pn･) = pJk(n-) ･ n･= 1･2,････

(3･15) the law of (Y･u･p)= pk

and

(3･16) (Yn-un-pn･) 〉(Y･u･p) almostsurely ( n●一 〇 )

as Sk- Valued random variables･

Now we willprove the following lemma.

LeJnJna 3.3 Let¢ : [0,T】 )A be an absolutely continuous

function with ¢･∈ L2(0,T, and 郎 T, = O andn∈ C言(Rd , with

supp(n)⊂ Dk ,then (Y･u,p) of (3･16) satisfies

- 16 -



(3.17) (卓,T7)せく0) +∫T0+.(t)( p(t) ,T7 )dt
･JT.- ,く L(Y(t,,u(t,,p In, dt･J三

せくt)(M(Y(t))p ,T7 ) dY(t)=0

Proof since pn･ is the solution of the SPDE (2･4) for

(Yn-un･)Iusing lto●s formula to (2･5),we get

･3･17,｡･ (- (0 , ･J:- ,(pn･( t, , - d t

帝 ( t) く L(Yn.(t,,un･(t,,pn- n , d t

･ 阜 (t, (M(Yn･(t, ,pn･, n , dYn,(t,= O

By Remark 3.2 and (3.16),we get

･3 ･18, E 【丘 ,pn･(t,-p( t, t･…,｡kd t 】 - 0 (n･- - ,

Recalling Hsupp(n)⊂ Dk",We Obtain

･3 ･19,∫:- ,く L(Yn･(t,･un･(t, ,pn- n , d t

- JT.- ,く L(Y(t,･u(t,,p In,dt in L2(Q,･

(3･20) " t)(pn.(t)･n ) - 郎 t)(p(t)･n ) in L2( 【o･Tコ×n )

- 17 -



and

(3 ･ 2 1) ¢ (t)( M(Yn･(t))pn- n ) - ¢(t)(M(Y(t))p ,n )

in L2( 【O,T】×E? )

For the proof of (3.19),putting

qn･(t) = ¢(t)(bit(･,Yn･(t))pn･(t) , n )

q(t)=せく t ) ( bit(･･Y(t))p(t) I n )

and u(t)≡(ul(t),- ,uL(t) ),we have

･3･22) 阜 (t,(bit(･･Yn･(t,,pn･(t, , n , u三･(t,dt

- JT.- ,(bit(･,Y(t,,p(t,I?,ut(t,dt

･ fT.unt･(t,(qn･(t,- q(t,, d t

･ IT.(u:･(- ut(t, ,q- d t

By (3.18) , the lらt term of the righthand side of (3.22)

converges to o in L2(Eh . By Remark s.2 and (3.16),we get

･3 ･23 , E 【 〈 J : (u:･(t,-ut(t,,q(t,dt )2】-o

This implies (3.19). (3.20) and (3.21) can be proved

similarly. Moreover,combining (3.21)with (3.16),we get

･3･24, ∫:- ,(M(Yn･(t,,p｡- - dY｡･( t,

- f T..(t,( M(Y(t,,p ･ n , dY(t, in L2(か

- 18 -



Hence･by taking limit of (3･17)∩- ve obtain (3･17)･

Let tk :S-- Sk be the canonical injection･Then by the

definition

･3･25, ik(-d ǹ'' , = p望(nリ and Lk(P , = Pk

Let (守,芯,盲)be S - valued random variable whose

law = LL. Then (3.25) implies that the law of
(Y,正･引Dk)= 仏k･

H enc e ･ by Lemma3･3 I (マム irDk) satisfies theequat ion

(3･17)･ Noting that supp(n)⊂ Dk IWe Obtain

(3.26) (少,T7)¢(0)+

･ J

･f

T

0

T
0

T

0
中'(t)(古くt),T7)dt

小(i)く L(守(t),芯(t))盲,T7〉dt

や(t)(M(背くt))盲,T7)d守(t)= o

since 汰 is arbitrary･ (3･26,holds for any n ∈ C言(Rd,･

By the same argument as Theorem 1.3 in l22],p becomes a

solution of SPDE (2.4) for(守,芯). since the law of (守,芯) ≡

Tld,we get

(3.27) Ll= the law of (守,芯,盲)= LL

This means thatany convergent subsequence of (PSJ(n∵)〉

C.n,e rges t｡ ㌔ . Hence the Originalsequence (-A(n))

CO〔,｡rges t｡ 〆 . S｡ W｡ g｡t (3.1), Nextw｡ ｡｡｡sid｡r the l｡W ｡f

(Y,u,pA,pd(T) ) then by the similar argumentwe can prove (3.2).
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Theorem 3.2 日 F and G areboundedfrombelow,then there

existsanoptimaladTnissiblesystem 諸 ∈ 2L

thatis

(3.28) inf ( I(A) ; 94∈ 21 ) -- ∫(a).

Proof By theorem3.1,

Jn(A) = E【min(F(pA)･n)+min(G(pd(T))In)]

iscontinuouson ZL. Since ∫(34) is thelimitfunctionof

non-decreasing s equ ence ( Jn(d ) 〉n; 1 I i t is lower-semicon tinuous

on 釘. Thisconcludes thetheorem.

§4 0ptima)controlforpartiallyobserveddiffusions

lnthissectionwewillapply theorem3.2 to thestochastic

controlproblemsforpartiallyobserveddiffusionswherean

observationnoisemaydependonastatenoise.

Weassume thefollowingconditions (A.4)～ (A.6).

(A.4) 8 :Rd xRd● 〉Rd ◎ Rd isboundedandcontinuous.

(A.5) Thereexists 8〉0such that

q(3:,y)∂ ★(3:,y) I 2g(3:,y)gX(x,y) ≧ 8I forV (3:,y) ∈ Rd xRd

(A.6) 8(･,y) isC3-class inn;∈ Rdandallderivativesare

boundedandcontiuous in (3:,y) ∈RdxRd.

put a(3:,y) = (6(3:,y)6x(ご.y) ･Cr(3:,y)qX(3;,y) )/2 ,then

a(3:,y) andg(ご,y) satisfy (A.2).
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Now we willconsider the optimalcontrolproblems of the

following kind. Let X(t)denote the state process being

controlled,Y(t) the observation process and u(t) the control

process. The state and observation processes are governed by

the stochstic differential equations

(4.1)

and

(4.2)

dX(t)=b(Ⅹ(t),Y(t))u(t)dt･ ∂(X(t),Y(t))dad(t)

+ o(Ⅹ(t),Y(t))dW(t)

X(0)=e

dY(t)-- h(X(t))dt + dW(t)

Y(0)= 0

where や and W are independentBrownian motions with values

inRd andRd 'respectively on a probability space (E3,3,P).

The problem is to minimize a criterion of the form

(4.3) J (u)= 全【 ∫ ( Ⅹ ( t ) ) d t 十 g(Ⅹ(T )) 】

In the Customary version of stochastic controllュnder partial

observation, u(t) is a function of the observation process

Y(S),S≦ t . Instead of discussing the problem of this type ,

we treatsome Wider class of admissible controls inspired by

- 21-



Fleming &Pardoux [7】.

Let

( 4 . 4 ) p(t)=exp(
I:A (X

(S)) dY (S)
痛 h (Ⅹ (ら,, ･2 ds ,

Then や and Y become independentBrownian motions under a

new probability P defined by

(4.5) dP = p(T)-1dP

and X(t) becomes a sollユtion of the following SDE

(4.6)

dX(t)= (b(Ⅹ(t),Y(t))u(t)-o(Ⅹ(t).Y(t))h(Ⅹ(t))〉 dt

･8(Ⅹ(t),Y(t))dO(t)･g(Ⅹ(t),Y(t))dY(t)

Ⅹ(0)=宅

Suppose g has a probability density ¢ ∈ H2(Rd).

Definition 4.1 J = (Q,9,p,令,Y,u,ち)is called an admissible

system, if

(1) (f1,9,p) is a probability space

(2) u is r- valued measurable process

(3) Y is a d'- dimensional (gt) Brownian motion where

gt-0- (S,IJs.
u(T) dT ; S < t )

(4) ¢ is a d- dimensionalBrownian motion

(5) ち is a d- dimensional random variable and its distribution

has the density ¢

(6) 宅 ,甘 and (Y,u) are independentwith respect to P .
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For an admissible system 34, the solution X(t) ≡ Xd(t) of the

SDE (4.6) is called the response for逮. putting dP = p(T)dP,we

define the pay-off function by

･4･7, I(d,=丘【JT.f(XA(t, ,d七 ･ g(XA(T, ) ]
where ∫,g ∈ L2(Rd)and non-negative.

By the similar argumentas Rozovskii [25],we obtain the

following.

proposition 4.1 Let pJ be a solution of the SPDE (2.4) for

an admissible system 3J, then pd(t) is the unnormalized

conditionaldensity of Xd(t) with respect to gt･Namely ･for

every や ∈ Lo(Rd), t∈ [0,T]

(4 ･8) E【 中( ⅩJ(t) )p(t) l g t 】=(や･pA( t))p-a ･ S ･

holds.where (･,･) is the inner product in L2(Rd ).

Using (4.8),ve get

･4･9, ∫ (A,= E【fT.( f ･ pd( t, , dt ･ (g･pA(T, ,,
since ( ∫ , pd(t) )and ( g , pA (T ))are non-negative,

Theorem 3.2 assures the existence of an optimal admissible

system.Namely.

Theorem 4.1 There exists an optimal admissible system a ,

that is

- 23 -



(4.10) inf I( 逮 ) ≡ I( a )
34:ad.sys.
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CHAPTER 2

OptimaJcoJltrOIsforstochasticpartialdifferentialequatioEIS

l Introduction

ln thischapterweareconcernedwithcontrolproblemsofsystems

governedby thefollowingstochasticpartialdifferentialeqllations (

SPDE inshort)

dq(t,I)=

d

【ヽ∠〓k

+

a

i,j : 0 ㌫ ･ (al一(〇･y･W(t,･U(t,,ii･q(t･x)
∑

1 J
' fl(3:,y ' W(t),U(t)) )dt

(
1 i

d
Z

〓 .糎 y･W(t,鳥 .q(- ,･ gk.(T･y･W(t,,,dWk(t,1

where W= (Wl,･･･,wd′)isadJ- dimensionalstandardWiener

processand U(t)anadmissiblecontrol,0≦ t≦T,withT fixed.

Theproblem is tominimizeagivenCriterionbychoosinga

suitableadmissiblecontrol. Namely,we treatstochasticoptimal

controlsfordistributedparametersystems. TheSPDE (I.1)

describes intuitivelyaphysicalobjectgovernedbyapartial

differentialequationwithrandomperturbation,whichhasbeen

investigated fromvariousviewpoints (cfY.Flljita [8],N.V.Xrylov &

B.Rozovskii[ll,14,15 】,H.Xunita 【16],E.Pardoux 〔22】,∫.B.Walsh

【29] ). Butother importantexampleis theZakaiequationfor

ControlledpartiallyobserveddiffllSions (cf 【2],【4],【7】,【18コ,

[24] )I In thiscase･inhomogeneous terms fland gk areZeroand

blkarisesfrom thecorrelationbetweensystemandobservationnoises･

Moreover theWienerlProcessW is theobserbationprocessand the
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Coefficients alj and blkdepend on W ( cf 【7], [24] )･

The main aim of this chapter is to show the existence of an

optimal relaxed control for systems governed by the SPDE (1.1) under

the ellipticity condition ( see (A.2) ); in particular we assume that

･alJ(- ･u, -i k!Jl Elk(〇･γ,bJk(- ,･1,j = 1,- ･,d is

non-negative definite and some regularity conditions on the

coefficients･ In particular･ ifblk = O for i = 1･････d･k =

1,-･.d′, then the matrix (all(3;,y,u) ).
1,j= 1,- ,d may be

degenerate.

Let ド be a compact convex subset ofRL. we call it a control

region. ^ denotes the set of all measures on l0,T]x r, such that

入(【0,日 ×｢) = t for any t∈ 【0,T]. The relaxed control, which is

introduced in 【4】 and 【6】, is a 八一valued random variable ( see

Definition 2.1 ) and acts linearly on coefficients. Thus a relaxed

controlFlhas a density tl',namely Fl(dt,du) = Fl'(t,du)dt, and when we

apply a relaxed controlLL, the coefficients all and fl are replaced

by the following al一 and アl respectively,

a～ij(t･ご･y ･ W(t,,～, : fraij(- ･ W(t,･仙 (t･du,
and

チi(t･諾,y ･ W(t,･p, : Irfi(ご,y ･ W(t)･仙 (t･du,･

Moreover, the system moves according to the following SPDE (1.2)

dq(t,x)≡

d
Z

〓k
+

O

d

三
三.J●l

(

1 i

d
Z

〓

&.(左目 (〇･y ･W(t,･pも .q(t,ご,
1 J

'71(x,y ' W(t),Fl) )dt

｡ b鉢 y ･ W(t,鳥 .q(- , ･ gk(I,y ･ W(t,,,dWk(t,･1

Nov ∧ bocomes a compactmetric space,by being endowed With the weak
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convergence topology,and thesetofallrelaxedcontrols turnsout

tobeacompactmetricspacebybeingendowedWith theProhorov

metric. Consequently,forouraim,itisenough toshow thatthe

solutionOftheSPDE (1.2)dependsontherelaxedcontrol

continuously. Blltthis isadifficultproblem. Weovercome this

obstacle,byusingamethodsimilar to thatusedbyN.Nagase [18】

and theevaluationsforSPDEgivenbyN.V.Xrylovaら.Rozovskii【14】.

By thismeans,wecanprove theexistenceofanoptimalrelaxed

control. Moreover,byapplyingourexistence theorems to theZakai

equation,wecanobtainanoptimalcontrolforpartiallyobserved

diffusionswithcorrelatednoise (SeeSection7 ). Thisresultis

new,and isageneralizationof【2,4,6,7and 18 ].

InSection2,wewillintroduceseveralmetricspaceswhichare

appropriatetoourcontrolproblemsanddefinearelaxedsystems in

widersenseasageneralizationofanadmissit)lecontrol. In

Section3,westudy theway inwhich thesolutiondependsonthe

initialdataand therelaxedsystem. Ⅰnparticular,wewillprove

thecontinuousdependenceofthesolutionon therelaxedsystem,When

weendowwith theweakconvergence topologyon thespaceofimage

measuresofrelaxedsystems 【Theorems3.1and3.2 コ. Section4 is

concernedwithexistence theorems 【Theorems4.1and4,2 】. In

Section5,wewillconstructanapproximateoptimalcontrolwhich is

adapted toaWienerprocess. SincetheWienerprocess intheZakai

equation isnothingbuttheobservationprocess,wehavean

approximateoptimalcontrol,which isafunctionoftheobserved

data,forpartiallyobserveddiffusions. TheBellmanprincipleWill

beproved inSection6andsomeapplicationswillbediscussed in
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Seetion7.

2 Preliminaries

Letusdefinetheoperators L and M = (M1,-㌧MdJ)by
a

(2･1) L(y･u)せくご) = ∑ ∂･(aiJ(〇･- )∂｣- )+fl(3- ･u) )
i,j = 0 1

and

a

(2･2' "k ỳ)的 '= .… ｡blk'… )ai㈹ ) . gk'3W

for ヱ ∈Rd , y ∈Rd/ , u ∈｢
a

respectively,where ∂o=identityand ∂･=扇 .Ii=1,････dl 1

and alュ,fl･blk and gkareboundedanduniformlycontinuous･

wedenoteby L… r≧0,thespaceofrealvallledBorel

functionsonRdwith thenormdefinedby :

･f･･｡.r: (IRdI(1 ･ ･x･2,r/2- ,12dx)1/2

Let Hm bethesubspaceof L2 consistingoffunctionswhoser r

generalizedderivativesup to theorder∩belong toL2.r

clearly H;becomesaHilbertspacewith theinnerproduct

･f･g ,m,r .α.…m訂 誓十諌 JRd ( 1 ･ `x ■2,rD∝f (I,鵡 (3" dT,

whereoe= (C(1,- ,C(d )isamulti-indexwithnon-negative

integerai･･α･=al ･ ････αdandDα=町 1･･･(sid)αd
Letusset "I"mヲr = ( f･f)m,rand･ fo r r = 0,L芸= L2 ,H冒 = Hm･

(･･･)m,o= (･･･)mand ll･lJm ,o= M mI for simplici ty･ if noconfus ion
OCCurS.
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Now we introduce the following conditions.

(A･1) D∝aij ･ D∝ムlk (0 < lαl≦ m+1･ i･j = 0,1･････d･k =

1,-･,d̀ ) are bounded and uniformly continuous,

(A.2) ellipticity condition :αlj = αJl, i,j = 1,-･,d,and

(aij -ibi･bj )i ,j = 1,...,d isanon-negativede finitema trix,

where bl= ( bll･ ････bld J )and " "meansthe innerproductin
Rd'.

･A･3, fl(･･y･u,･gk(･･y,- m'! i : 0･････d Ik - 1･････dJ･

and their Hm+1 - norms are bounded in (y,u) ∈ R d′×｢.

(A･4)I,r fl(･･y･u) Igk(･･y) ∈ Ht+1 and theirHt+1 - norms arer r

bounded in y and u.

(A･4)t For some r 〉0 I (A･4)上,r holds･

Hereafter we always assume (A.1)～ (A.3) and, for

simplicity,ve say

(2･3) J D∝aij(3- ･u) I` Ⅹ･JDαblk(ご,y) l≦ Ⅹ･

" fl(･,y･u ) lJm+1 ≦ Ⅹ ･Jlgk(･ ,y) Llm+l ≦ 冗 ･

To study relaxed systems ( in wider sense ),we need the following

Spaces.

By A we denote the set of allmeasures 入 On 【0.T]×｢

such that

(2.4) 入( 【0.Sコ×｢)=S, for s ≦ T.

Endowing with the weak convergence topology, we have the

following proposition,
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Proposition2.1 人 isacompactmetricspace.

Proof Byapplying theProhorovmetric.A becomesaseparable

metricspace･ Suppose 入n∈∧ tends to 入 Weaklyas n- O･

Then 入n( ･ ×｢)一 入( ･ ×｢)weaklyasameasureon [0,T]･

Since 入n( ･ ×｢)isLebesguemeasureby (2･4)･ 入( ･ ×｢)

alsosatisfies (2.4). Since ∧ is tight,byvirtueof

compactnessof [0 ,T 】×｢ ,thiscompletes theproof. □

LetussetB(｢)≡Borelfieldon｢･gt(A)≡ theo-fieldgenerated

by ( 入(【0･S]×A );si:t,A∈B(｢))ando(̂) =･oT(A)･ Let チ =

タ(A) be thespaceofprobabilitieson (^ ,o(A) ),endowedwith

theweakconvergence topology. ThenProhorov's theoremasserts,

PropositioL12.2 y isacompactmetricspace.

Byvirtueof (2･4) ･ 入 has a gt(A)-adaptedkerne1 人 ′,namely･

A(dt,d㍊)= 入ノ(t,dV)dt,and入′(t,･) isaprobabilityonド foralmost

allt. Moreover,if入X isakernelof入,then 入 (̀t,･) =入★(t,･)

foralmostallt. Letusset

ち(t.3:,y,A) ≡
Jr

and

(2.5) 己(t,y,A)¢(3:) ≡

h(ご,y,u)入J(t,du) for h = alJ and fl

J r

L(y,u)や(3:) 入J( t,du)

d

∑ ∂.(al J(t･〇･y･入)a jO(x ) + 7 1( t･- ･入 ) )
i ,j - 0 I
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Nowwe introducearelaxedsystem,according to 【4】a 【6】.

I)efinition2･1 玖 = (n ･ 9 ･ gt･P ,W ･Fl) iscalled

arelaxedsystem,if

(2･6) (n･9,㌔ ･P )isaprobabilityspacewith filteration 評t;

(2･7) W isangt-adaptedd′-dimensionalWienerprocesswith

W(0)=0;

and

(2･8) A isangt-adapted 八一valuedrandomvariable(A -

r･V･inshort)･ Namely, Ll(BIX B2 )is許t-measurablewhenever

Bl∈Blo,t]andB2∈q(｢)(≡ tOpOlogicalo-fieldon｢)･

Forsimplicity,weputの =( W ,LL),ifnocワnfusionoccurs,and

sometimeswecallLlarelaxedcontrol.

J= (fl･9 ,gt･P ,W ･U )isanadmissiblesystem ･if

(2.8)isreplacedby (2.9)below.

(2･9) U isar-valuedgt-adaptedprocess･

ReJnark since U(t) isregarded as p'(t,･) ≡ au(t)Iwhere

83:meansa-measureat3:･ A isalsoarelaxedsystem･

37 and 2L denote the totalitiesofrelaxedand admissible

systemsrespectively. Let 7て(疏) be the imagemeasureof (W,

A ) on c(0,T;Rd)×人. Againendowingwith theweak

convergence topologyon thespace TT= ( Tt(現) ;次∈R ),we

have thefollowingproposition.
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Proposition 2.3 TT is a compactmetr･ic space.

Proof is easy ,since W is a Wiener process and ^ is a

compactmetric space. ロ

Definition 2･2 We say 次n converges to 功 ･(putの .-一 次)∩

if ,Tt(銀n )- Tl(顔 )weakly･

Consider the SPDE (2･10) for功=(E2･5･gt･p･W,LL)I

(2.10)

dq(t)= L(t.y + W(t),Ll)q(t)dt
+ M(y + W(t))q(t)dW(t)

q(o)= ¢ (∈Hm)

An H1-valued gt-adapted process q=q(･･¢･銑) is called a solution
of (2.10) (or a response for 訳 ), if (2.ll) and (2.12)hold.

･2･11, E{JT."q(t,‖1?o at , 〈 -
and I for any n ∈ Co (smooth function onRd with compact

q}

support ) and almostall t ,

(2,12) (qくt) .n ) = ( め ,T7)

･ I:

･ I:

く L(S,y + W(S),A)q(S) , Tl〉ds

(M(y + W(ら))q(ら) , Tl ) dW(S),W.p. 1

hoids,where (･.･･) =L2(Rd)-inner productand <I〉≡ duality

pairing between H-l and Hl under HO … (HO )i ( =dual space of

HO ),namely

く L(S,y + W(S),A)qくS) , T7〉
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i,j

d
Z

〓
( -1) lil(alJ (S･･･y + W(S),u)a jq( S) ,∂ i n )I
0

wh ere t iJ=0 ( fo r i= 0 ), = 1 ( for i = 1,･-,a ).
Clearly (2.12)does notdepend on any specialchoice of

derivative LL,. The SPDE (2.10) can be regarded as an H-1-valued SDE.

(See X. Ito 【10コ for the general theory of Hilbertspace valued SDE.)

According to [14] and 【15],we see the following theorem.

Theorem 2.I (Krylov a Rozovskii ) (i) Suppose the conditions

(A.1) ～ (A.3). Then. the SPDE (2.10) has a unique solution

q ∈ L2( 【O ,T】× E? ;Hm )n L2(fZ ;C(0,T;Hmll) ).

q(t) is a Borel function of (少 ,W(ら)S < t ,LL(【0,S]×B )

S≦ t B ∈q(r))and there exists a constantN,depending

only on T and 冗 in (2.3),such that

(2.13) E( sup Jlq(t)
t≦ T lftヲ｡ }

i N{"" Lf. ･ supy,u O

d

Z
〓●l
∂ifl(･,y･u,"t号｡

･ sup Jlg(･･yH Jt:1,0, I i: 0･1･- ･m
y

･Ⅱ) Besides (A･1,- (A･3h we assume(A ･4,レ and - Hf･
Then the following evaluation holds.

･2･14, E･ sup Tl q(t,けtヲr}t≦T

i N′{ " = tヲr･
O

d
Z
〓｡l

p
む
u

I

S
y

∂ifl(･･y･u ,Htヲr

2

+ sup Ilg(･･ y ) lJt+1,r )y

wh e r e N′=N′(T,Ⅹ ,r)
(刀) Suppose Fl : 【O,T]× Rd xf2- Rl, i =0.1,･-a,

and Ck : 【0･T】× Rd xn- Rl･ k = 1･- ･d･
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are 9 t-adaptedand

E {JT. ･IFi(t, .･m2. 1,｡dt , く - I E{J:IIGk(t, "m: 1,.dt , < -

Let モ beasolutionofthefollowingSPDE;

d考(t) ≡
d

Z
〓.J●l

(2.15) + (
1

ち(0) = qI∈ H

0
d

Z
〓

al一(t･y +W(t)･u)∂jモ(t) + Fl(t))dt

bl(t･y + W(t))ai!(t) +C(t))dW(t)

Then,考 satisfies thefollowingevaluation (2.16)

･2･16, E･sup "ち(t, Ht亨｡ } ≦ N( " V "t苧ot≦T

d

Z
〓
rHU

T

0

m
HH川J
nuHu
E+

0‖ ∂･Fl(t, lJtヲ.1

({= 0.1,-･,m) where N = N(T,Ⅹ).

1

d

Z
〓k

+ llCk(t, flt: I,0 ,d -

Remark xrylov& RozovskiiprovedTheorem2.1,replacing (A.2)

byaLWeakercondition (A.2′).

･A･2J,a" = aJl･ i･j :1･････d and ( aij -i bi･b j)i,i :

I,･･･,a isanon-negativedefinitematrix .

Butwestateallofourtheoremsunderthecondition(A.2),sincewe

need (A.2)forProposition3.1etc.

3 Continuousdependenceof q( ,h y,釈)on ¢ , y ,顔.

Sincewearemainlyconcernedwith theprobability lawTl(次) ,We

mayassumethefollowingcanonicalform ,ifnecessary:

n =C(0,T;RdJ)×八,9 = J(Q) = thetopologicalo-fieldona

W=thefirstcoordinatefunctiononn ,W(t,a) = W(O)(t)

け = thesecondcoordinatefunctiononE2 ,
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Jl(B,也) = AL(a)(B),B∈ cr([0,Tコ × ｢)

gt = 0(W(S) ･S< t ･p(BIXB2) ･Bl∈B【o･t] ,B2∈ cr(｢) i
P =TH現).

Firstwe see the following lemma,which is crucial to theSPDE

with ellipticity condition (A.2). So itWillbe proved in the

Appendix,according to 【14].

Lemma (Special case ofLemma 2.1 of [14] )

For any t∈[0,T],y∈RdJand入∈ ,̂putalJ(･)= alJ(t,･,y,入)

andbl(･)=bl(I,y) , for simplicity. Under the conditions

(A.1)and (A.2), there existsa constant N ,depending only on X

in (2.3) ,T ,and ～(=0,1,-･,∩ ) ,such that
d

･*日 .γ .… t ( 2i ,j…0(-1, ' iJDYa iu Dγ(aijaju･至i,
d

+ 3 lDγ(≡
i=0

d

≦ N ("uJrt 2 十 三 IT∂･壬 lIJt 2 +
i=0 l

for any fixed three functions u ,

g = (gl･-･,gd/)･

bi∂iu･ 盆 , J2 ) dx

d′

k…0 日軌 ≡1 ～

壬1･盆k ∈ Hi+i and

ReJnark (1) When we take Tl(･,y,Ll) and g(･,y)of (2.1) as 壬l and 菖

respectively, (*) turns out to be the following form:

2くこくt･y･p)u ･ u 〉t + 3 lM(y)uJt2
d d′

･ N {llu"t2 ･ ≡ ‖∂if l(･･y･ p '"t2 ㌦ …｡ Hgk̀･･y )Ht:1 }i=0

(2) 【14】 says thatLemma holds under the conditions (A.1) and

(A.2′), if we replace"3''of the integrand of the lefthand side with

"1" so a stronger condition (A.2)yieldsa stronger evaluation
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(辛),Whichisnecessary forProposition3.1.

PropositioJ13.1 ThereisaconstantC=C(T,冗,I) suchthat

(3･1) supEHIq(t)11t4) ≦ C(‖- t4t≦T

･;T芸 i享.･･∂ifl(･,y･u,"{4 ･S;p"g(･,y,Ht:i,I
t=0,1,-･.ml1.

･PT･00f Forsimplicity,weput ア(t)=ア(t,y 'W(t),Ll)

g(t)=g(y+W(t)),こ(t)=L(t,y+W(t),p),M(t)=M(y+W(t))and

く,〉t=dualitypairingbetweenHt-1andHt+iunderHt=(Ht)I
Then q satisfies

･3･2, (q(t,･n,i: (- ,I ･ Jこく こ(S ,q(ら,･ n ,t d s

･ r:

for n ∈ Ht+1

(M(S )q(S ), n )I dW(S)

t < T

Solto-sformuladerives

･3･3, ･. q( t,Ht2=‖ 畑 2 ･ 2Jこく～L(S,q(S , ･q(S , ,t ds

･J
t

0

ll M (ら )q(S)lli Sd
2

･ 2J三(M(S)q(S,･q(S,,tdW(S,･
Thuswesee

(3 ･4) EH l q(t)"t4 ] - " Q lIL4

･ 2 E {ノン .q(S,･ft2 {2く己(S,q(S,･q(S,,i
+ "M(ら )q(S ) "t2 ) ds)
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･ - ･f:
(M(S)q(S) ,q(ら) )t2 ds )

･ 2 E{J三 日q(S, Ht2 {2 くこくS)q(ら,･q(S,-,i

+ 3 - (S)q(S)IIt2 ) ds )

‥ lE[J三 ･･q(S,"t2{ ･･q(S ,"t2 ･ i…｡"aili(A" t2 ･ Hg(S,AIL:1}ds コ
d

appealing to Lemma. Hence we have

･3･5, E" q(t,"t4 , - 2 (ElI: "q(S , "{ 4 ds ,

･ ･･Q "t4 ･ E【J:(i蔓1" a iア i(S, "t4 ･ .,g(S, ･･t. ; ,ds , ) ･

So Gronwall●s inequality Completes the proof. □

Now we will study continuous dependence of q(･,申,y,釈) on羽.

For the following theorem 3.1,we endow with the weak topology on

L2(0,T;Hm) and Hm-1 Later Theorem 3.2 is concerned with strong

topology on these spaces.

From now on,we always assume m ≧ 3.

Theorem 3･1 Suppose 銑n- 釈 ･ Then･ for ¢ ∈ Hm and

y ∈ Rd ,we have

(3･6) ( Wn･pn･q(･,¢･y･錬n))- (W･plq(･･¢･y･訳))in law

a s c ( 0,T; Rd') × ∧ × 【 V - L2( 0.T; Hm ) ]- r.V.

(3･7) (Wn･Fln･q(t･h y･銑n))- ( W･FA･q(t･少,y･銑))in law

as c( 0 ,T ; Rd') XA × 【u- Hm- 1 】 -r.V.

where " u - X ''denotes the space X carrying the weak topology.
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Proof This theorem is an extension ofTheorem 3.1 in 【18コ to the

elliptic case (A.2) and we can apply the same method as [18】,using

the evaluation (辛)･ Firstwe introduce two spaces 光γ(｡) and

Ny(D･T)･ Let D be a bounded open set ofRd･with smooth

boundary･ Define Ry(D) and Ny(T･D) as follows (cf 【13コ )･

･3･8,Xy(D, = {甲 ∈ L2(千 -;Hm-1(D,, ; ∫:土て･2yt16(T,"x2 dて く り

With the norm

･3･9, ･･U･･光三(,,--J二 ･･- , Ll｡孟 - 1(,,d t

where, for simplicity,ve
put¢(T, =J

proofand M x = norm of (Hml1(D) )X

under Hn~2(D,: (Hml2(D,,X )

and

○

′し

の

】

･ J二 .て ･2γ "6 (I , " x 2 dて

exp(-27tLてt)q)(t)dt in this

dual space ofHm-1(｡)

(3･10) Ny(T･D)≡ ( vllo,T ] ; 甲 ∈ Ry(D) )

with the norm

'3･11'■■甲 ■木 (T,D,: inf{ " 1 "Ry(D ,'･中= ¢a･e･ On l0･T ] }
respectively.

Now we divide the proof into three steps. The lst step is the

preliminary lemma,which is useflll for proving the compactness of

space of solutions.

Lemma 3.1 For any fixed γ ∈ ( 0 ,1/4 ),

(3･12) q( ･¢･y,釈) ∈ Xy(T･D) I W･p･ 1

holds,and there is a constant Xl≡Ⅹ1(T･Ⅹ),such that
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(3･13' E{ ‖q(･4･y･玖) ■椋 T,D, ' ≦ Ⅹ 1 1m̀ 4･′･g)I for … ∈罰･

where

･3･14, 1m(¢･F,g,≡H i "m2 ･ ;T£i塁.･･∂iFl(･,y･u)‖m2
つ

' sup llg(●,y)lfm: 1 ･y

Proof put

h(t) =
(

A(t,現) , t ∈ 【0,T]

0, t¢ 【0,T],

forh(t.釈)=q(t,卓,y,釈), I(･,y + W(t),Fl) andg(･,y + W(t)).

L(t)andM(t),t∈ ( -a,の ),aredefinedinthesamewayas (2.5)

and (2.2),respectively. Since q isasolution,thefollowing

equality(3.15)holds,foranyn∈ Hm,

･3･15, ( q(t,･ n ,m-1= ( ･ ･ n ,m -1･ r:< こ くS,q(S, ･ n ,m-1 ds

･J三 ( M (S ,q(S,I n ,mlldW(ら,･

Thereforewehave

･3･16,2冗iT ( q(て,･n,m_1≡ ∫:三 一 缶 exp(-2汀か- (q(t,･n ,m_1dt

･(4,n ,m_1 - eXp(12如 てT,( q(T,,n,m_1･ く食 (T,,い ｡_1

･IT.exp(-2Tliてt)(M(t)q(t)･n)m-1dW(t)･

LetnJ∈C言(Rd ,･
ofHm. Thenweget

j =1,2,- ･beacompleteorthonormalsystem

･3･ 17,4m2て2 E[ H q(T,"孟_2 】 三

日 1 (-刷 m≡2 ･E{"q(T,

lHlU
E
1

O

Z
〓.1J

2
て
2
山4
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d′

+ ∑ E

k = 1 I:" Mk("q( t, "m!2d t j ･

Since lH Ix ≦ lHlm-2≦ ‖･"ml1 I We See

て2 E【= (て , "x2 ,‥ 2 ( I".fm!1･ E 日 . q(T) "m ≡ 1 ]

･ El I: ( "q(t , "m2 ･ "g( " "m! 1 , d t ,

･ E【 .･食 (て) "m≡2 ,)

･C｡{Im(申,′･g, ･E[日食(て,"m≡2 ]}･
Hence for any fixed K 亡 く 1 ,3/2 ) ,

J二 E【 .Tr27" 6(て, "x2 ,dて
2 lて12

lTl 〉 1 1 + 1てIK･J.て . ≦E 三 日 る (て , ‖x 2 , dT ･ T .T. , 苧[
Jlq(て)llx2] dて

日 ｡ ( 仁 E【 ‖る(て , ･･m≡2 dT ･ Im(¢･y･机 二 Th dて

･J二 E[日食 (T,"m竺2 dて)

= 5 日 二 E { " q(t,Hm2 ･ ‖- ,‖m竺2,dt･ Im(¢･f･g, )
< C6 Im(¢･F,g)

where Ci= Ci(T,Ⅹ)･ From this we get

(3･18' E【■t q 弥 D, 】` Ⅹ1 Im'¢･f･g' ･
and complete the p roofof Lemma 3.1. □

2nd step･ Let Dk (k = 1･2･-･)be a bounded and open subset

of Rd with smooth boundary･Dk ⊂ Dk.1 and k望1Dk =Rd･ Define a
q>

metric d by
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の

d (p,q)=∑
k= 1事 min( 1I { f: "p(t, - q(t, ･･｡m12(,汰; dt ,1′2)

for p,q ∈ L 2(0,T ;Hml2). Kml2(0,T)denotes the completion of

L2(o･T;Hm-2)W･r･t･ the metric d ･ Put Sl = C(0･T;Rd')×^×

Ym-2(o･T) and S2 =C(0･T;Rd') ×∧× [ u - L2(o･T;Hm-2) 】･

For 沸 = (W･Jl ),ml(釈) and m2(吹) denote the image measures of

(W･p･q(･･¢･y･功) ) on Sland S 2 reSPeCtively･

a =(q ∈ L2(o･T;Hm-2) ; "qJJXy(T･Dk) ≦ ( 2kr )1I2 ･k=1･2･- )
r

is compact inKm-2(o･T)Ibecause the injection Hy(T,Dk) -

L2(0,T;Hm-2(Dk)) is a compact operator (cf. [17コ ).

On the other hand,Lemma 3.1 asserts

p(q(･A y･次)ぜ B )≦ E lIm(¢･f･g)/r･r

Hence･ Iml(釈) , 訳 ∈ R ) is relatively compactby Proposition 2･3･

Moreover･ ( m2(顔) ･ 銑 ∈ 刃 ) is also relatively compactby (2･13)

and Remark 3.3 in 【18】.

3rd step･ Suppose 次n- fn･ Then we can choose a

subsequence (nj)･such that ml(銑n.) and m2(銑n.) converge to some
J J

probability measures ml and m2 reSpeCtively･ So their marginal

distributions on C(0,T;Rd') × A coincide with TE(釈) and

Lk(ml(銑n))=3'k(m 2(銑n) ) and Lk(ml)= 3pk(m 2 ) ( k = 1･2･･.･)I
where

tk :S1- C(0･T ;Rd') × ∧ × L2(o ･T;Hm-2(Dk ) ) and
Jk :S2- C (0･T ;RdJ) × ∧ × L2(0 ,T;Hm-2(Dk) ) are the
canonical injections.

ml(C(0･T;Rd') × ∧ × L2(o･T;Hm12) ) ≡ 1

holds by (2.13).

Endowing with the metric d ,we can apply Skorohodノs theorem.
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Hence･ there existSl-Valued random variables (¢n.･in_･qn.) and
J J J

(令,丘,6)on a suitable probability space (f?,チ,P),such that

(3 ･ 19) thelaw of ( 甘n .･pn.･qn.) =m l(釈 )n.
J J J J

Thelaw of( 中心 丘 ) =m l(= limi tmeasu r e of m l( 次n.) ) I

J

(3.20) vith probability 1,

(I) や ;甘uniformly on l0,T]n.
J

(Ⅰ) Lln.-- LL Weakly
J

(Ⅲ) 壱n.- q in rm-2(0,T)･
J

Moreover,since (3.1) implies the uniform integrability,we have

(N) aniJDk- 6lDk in L2(【o･T]×n;Hm-2(Dk))

for k ≡ 1,2,-･

Hence, from (I) and (Ⅰ) ,we see, for V 3:∈Rd

･3･21, ∫:
1(t)a(t･3:･y ' 甘｡{t)･pn.)dt

J J

≡∫:-,Jr

n.一一 O

J

a(x･y ' ¢ (t)･u)札 .(t･du)dtn.
J J

臣 (t,Jr

･J
T
0

a(3:,y + ¢(t),u)丘J(t,du)dt

中(t)a(t.I,y + 0(t),丘 )dt
for any bounded continuous function V on l0,T]. Namely,we have

(3･22) a(･･3:･y .¢n.･bn.) 一一 一 a～(･･3;, y . ¢･丘)
J J

in [ V - L2( 0 ,T )].
since qn.is a response for gn.≡ (甘n.Ipn.),we see･ for any

J J J J

bounded absolutely continuous function ¢ with や′ ∈ L2(0,T) and
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q>
¢(T)=0･and〔∈Co･

･3･23, JT.- ,d(in5t,･n ,

-せく0)(¢,T7)

∫:く

nりノヽー(
.J
n
(ql
lqLu

T

0

r

J
)¢′(t)dt

i:(t･y ' ¢ (t)･un.)q｡ft)In〉せくt)dtn.
J J J

･rT." t, (
Hence,we get

･3･24, ｣ :

M(y ' 甘 (t))qn!t) ･n )d¢ (t)･n. n.
J J J

,aS ∩. こ の

J

(古くt),n )¢′(t)dt

= ¢(0)(¢,r7) +

･J:

∫

T

0
くi:(t,y + ¢(t),占 う壱(t) ,n 〉¢(t) dt

¢(t)(M(y + ¢(t))ら(t),n)d¢(t)

whenever supp nc Dk for some k･

(3.24)yields that 与 is a response for (令.8 ). since

Tt(甘,A)=冗(次),we obtain

ml- the law of (甘･丘･6 ) = ml(釈) and also m2= m2 (a)･

This factconcludes (3.6).

In the same way we can prove (3.7).ロ

Now we willdealwith L2(0,T;lim-2) and Hm-2 instead of

･u I L2(0,T;Hm~2,, and lu - Hm-2 】･ put¢r = Hm n HT-2･r ,o･

wi th th enorm r ･ fr = lJ･llm+ lJ･llml2,r･ By applying 【15],we evaluate

q(t,x) for larg etx l.

Theorem 3･2 suppos e (A ･4 )m - 2 ,r be s id es (A ･1)～ (A･3)･
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Th enfo r ¢ ∈ ¢r,wehave

(3 ･ 25) q (･,¢･y･ 訳n)- q(･･¢･y･珊 )

in law as L2(0,T;Hm-2)-r.V.,

and for any fixed t

(3･26) q(t･¢･y･玖n )- q(t,¢･y･卯 )

in law as Hm-2l r.V.,

whenever 次 〉現.
∩

Proof By theorem 2.1. there exists a constantC depending only on

T,冗. r and ¢ such tha t

･3･27, E【JRd (1 ･ I: -2,r{Dαq(t･3,¢･y･次,}2 dH H

for all t,oe,0≦ t≦ T,05:lctl ≦ ml2,and 現 ∈凱

Hence.we have

･3･28, E【∫.I.,pDαq(t･ご,2 dI , i (1 + p2)r
By virtue of Skorohodls theorem, there existL2(0,T;Hml2)-valued

random variablesqn and 6 0n a suitable probability space (fu ･戸),
such that

(3･29) qn and q have the same laws as q( ･¢･y･銑n) and

q( ,少,y,釈)respectively,

and with probability 1

(3･30) qn- q in L2(o･T;Hm-2(D))
for any bounded subsetD ofRd.

Onthe o ther hand , wesee from(3.1)

･3･31 , E 【 (∫, {D∝q(t･- 2 dx ) 2 ]≦ E 【 " q(t,Hm竺 2 ] ≦ C′
for O < lcH 5:m12,

Where C' is independent from D, t and 灰.
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Sincethisimpliestheuniform integrability,weget

･3･32, E 【 J:∫, ,ふ 2{ D % n(t ･諾 , - D α " tか 2 dx d t , -0･
Combining (3.32)with (3.28).weobtain

E[JT.‖帖 ,-q(t, ･･m竺2dt, - 0･

Thisconcludes (3.25).

Fortheproofof(3.26),wecanapplythesameargument. ロ

Putting

(3･33) 0 = rYo ◎r ･

WeSee

Corollary3･1 Suppose次 = (Wn 川n ) tend s to甥l=(W･p ) ･∩

Then･unde r t h e condi tions (A ･1)～ (A ･3)I(A･4)m- 2and ¢∈ 〇 I

thereexis t 魂 = (¢n･丘n )and 魂= ( ¢ ･ 6 )･ Ona sui tablen

probabilityspacesuchthat

(Ⅰ) 冗(Wn ･pn ) ='H 甘 n ･丘n ) ･爪( W ･ p )-冗 ( ¢ ･い

and w ithprobabi l ity 1,

(‡) や :甘 uniformlyon 【0,T】∩

(Ⅱ) pn .･･- FI Weakly

(Ⅳ) qn - q in L2(o･T;Hm-2)

(Ⅴ) qn(t) - q(t) in Hm-2

whereqnand丘areresponsesfor或 and痢respectively･n

Nextwevilュstudythedependenceofqontheinitial(め,y).

TheoreJD3.3
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(3･34) E【sup llq(t, ¢･y･現) - q (t･- ,釈)ll12】≦N ll¢ -…t2
t≦T

(( = 0,1,- ･,m ),whereNistheconstantof(2.13).

(3･35) E[sup "q(t･¢･yl,次- q(t,¢･y2･現)tlt2 コ
t<T

≦ Nl( 1 + II+2(中 一f･g) ) T y 1 -y 2 12 )

( t= 0 ･ 1 ･ - ･･m-2 )IwhereNl = N l(T,冗 ) ･

Proof putp=q(･,少,y,釈) - q(･,中,y,玖) . Then p satisfies

thefollowingSPDE

dp(t)≡

p(0)= 中 一や

a～lJ(t･y+Wくt)･p)∂jp(t)dt

+W(t))∂ip(t)dW(t)

Therefore (2.13)derives (3.34).

Put ミ ニql-q2 Where qi=q(･･¢･yi･次)･ Thenwehave

(3.37)

de(t)ごくLl(t)ち(t)' (Ll(t)-L2(t))q2(t)〉dt

' (～ll(t)隻(t)+ (Ml(t)-N2(t))q2(t)〉dW(t)

モ(0) = 0

where L･(t)=L(t･yi+W(t),Fl)andM･(t)=M(t●yi+W(t))I i= 1,2･1 1

So (2.16)asserts

･3 ･38,E 【…芸写 .･ 宅( t, uL 2 , < N E[ JT. ･･(ti(t, 一己2(t,,q 2(t,Ht2d t

･ J: ‖(M l(t,- MZ( t,,q2( t ,･･言 ldt,･
ThllSWeSee,from (A.1),

(3･39) Elsup Hモ(t)"t2 ]≦ Nlly1-y2I2 (1+ IL+2(¢･F･g))t<T

(t=0･1●･･･,m-2 ),whereNl‡ Nl(T,冗)･ ロ
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CoroHary 3･2 There is a constantN2 ≡ N2(T･Ⅹ) such that

(3･40) E【sup Itq(t･Ql･yl ･釦 - q ( t･¢2･y2･訳)Ht2 ]
t≦T

･ N2( ,y 1-y212{1 ･ min(‖41 1･t2･2･"42"t2･2 )･ S; p ･･g(･･y,Ht≡3

･ ;Ts i!｡t･∂if(･,y･u, ･･t… 2 , ･ - 1 - ¢2 "t2)
t=0,1,-･,m-2

4 0pti血alrelaxed systems

LetF :L2(0,T;Hm-2).一一一 R land G :Hm-2･･- Rl

be uniformly continuous with linear growth ,namely

(4.1) for any e 〉0 , there is ∂ = b(E) 〉 O such that

lF(ll)- F(¢2) lくS if lI O 1 - ¢2 1JL 2(0,T;Hm - 2)く る

JG(q'l)-G(92)lくE if " q ' 1 - q'2 "m_2く a
and there isC() 0 such that

(4･2) JF(サ)l く α( 1 . l仲lIL2(0,T;Hm-2))

JG(q')I< cH 1 ' JfやIlm-2)･

Forの ∈朋,we willdefine the pay-off function ∫ and the value

function V by

(4.3) ∫(少,y,顔 )= E[F(q(･,卓,y,釈))+ G(q(T,め,y,甥))

and

V(め,y ) ≡ inf ∫( め,y,顔 )
釈 ∈ 訳

respectively. Then Theorem 3.2 and Proposition 2.3 assert the

existence of an optimal relaxed system. Now we have
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Theore血 4･1 Under the conditions (A･1)～ (A･3) and (A･4ふ_2･ there

exists an optimal relaxed system 銑★ = 訳文(申,y) for ¢ ∈ ¢ (see (3.33)

),namely,

(4.4) Ⅴ( 申,y )=I( 申,y,銑3F)

holds. Moreover, for any r 〉0,ve can choose の米(め,y),so that

Tl( 現X(申,y) ) is a Borelmap from ¢ ×Rd intoヂ(C[0,T]× ∧ ).r

Proof suppose のn- 吹 ･ Putting qn = q(･･¢･y,玖n)and

q = q(･･¢･y･訳)I F(qn ) and G(qn(T) ) converge to F(q ) and

G( q(T) ) in law respectively. On the other hand, (3.1)derives

s芸pE【F(qn,2】‥ 1(1･S芸pElJT.‖qn ( t , "a-2 d t , , く -
Thus, the uniform integrability asserts

H E〔F(qn) 】- E〔F(q ) コ M

In the same way ve can prove

吊E【 G(qn(T)) 】- E【G(q(T) コ M

Hence, J(卓,y,釈) is continuous in 炊. Thus,Proposition 2.3

concludes (4.4).

For the proof of the latter half,we apply the same arguments as

【28,Chap. 12 ]. Putting

(4.5) =(申,y)=( 7T(銑) ; V(¢,y)=I(卓,y,釈) ),

ve show the following lemma.

Lemma 4.1 =(少,y) is non-empty and compact .

Proof 王(少,y) is non-empty by (4.4). So ve willprove the

closedness of王(¢･y)･ Suppose Tl(次n)∈ 王(¢･y)and converges t0

- 48 -



Tl(釈)weakly･ Then ∫(¢･y･銑n)- Jくれy･訳)･

Hence J(申,y,次)=V(少,y),namely,TE(釈) ∈ 王(¢,y). 1コ

Let¢n 一一 → ¢ in Or and yn - y･ Suppose Tl(現n)∈=(¢n･yn)

and 7t(釈n)-- Tl(珊)weakly･ Then we willshow Tl(釦 ∈ 王(¢･y)I

Which completes the proof.

(4･6) I∫(㌔ ･yn･gn) - ∫(¢･y･現) J

≦I∫(¢n･yn･折n) - I(¢･y･攻n) ('lI(卓,y･現n) - I(¢･y･現) I

We see, from (3.1), (3.40) and (4.1), the following:

(4.7) lらt term of the righthand side of (4.6)

≦ 26 ' E[ IF(q(¢n･yn･欽n) ) - F(qくれ y･fRn) ) I;An ]

'E【JG(q(T･㌔ ･yn･玖n) ) - G(qくT･¢･y,銑n) ) l;Bn ]

5:2S + Cl(1 + tlQnlJml2+ I)Mm12)(lyn - yl(1 + ll¢lI) + tI中 一¢llm-2)/am ∩

with Cl independent from s and n ･where

A = ( ltq(¢n･yn･次n) - q(¢･y,銑n) llL2(0,T ;Hm-2)〉 日n

and

ll
B = ( uq(T･¢n･yn･銑n) -q(T ･〇･y･銑n) m-2 〉 b) ･∩

Since I(卓,y,釈) is con tinuous in 訳 , (4.6) and (4.7)yield

(4･8) ∫(Qn･yn･功n).-- I(¢･y･銀)

using "Iv(Qn･yn) - V(¢･y)I≦ sup I∫(¢n･yn,釈) - ∫(め,y･現) I'' ･銑∈羽

(4.7)derives

(4･9) V(¢n,yn)一一一 Ⅴ(¢･y)

Thus,we have

J(卓,y･銑) ≡ lim J(in･yn･欽n) = lim V(¢n･yn)≡ V(¢･y)
nー ¢ n一 〇D

Namely,Tl(釈)∈王(少,y).

Therefore we can take a Borel selector S of王(申.y),i.e.r
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S :○ ×RdJ- チ(C【O,T】×∧ ).Borelmap,such thatr r

Sr(少,y)∈ 言(め,y) (【28】Chap･12)･

sosr(¢･y)=T" 現X(¢･y) )holds･ Thiscompletes theproofof

Theorem4.1. ロ

Sincearelaxedcontrolturnsouttobeanadmissiblecontrol

under theRoxincondition,wecangetanoptimaladmissiblecontrol.

Nowwe introducetheconvexityconditionforcoefficientsof (2.1).

puta(y,u) = (all(･,y,u) , fl(･,y,u) ; i,j --0,･･･,a ) and

C(y.｢)≡(a(y,u) ;u∈｢).

convexitycondition (又oxincondition )Forany y∈Rd',C(y,｢)is

aconvexsubsetofC(Rd ;A(d+1)(a+2)).

EndowingWith thecompactuniform topologyonC(Rd ;A(d+1)(d+2))

wehave

Proposition4.2 under theconvexityconditionC(y,r)iscompactand

COnVeX.

Proof a(y,･) iscontinuous inr. Sinceriscompact,C(y,r)

iscompact. ロ

Letusseta(･,y,リ)=
Jr
e(･,y,u)リ(du) forV∈9(｢),

namely,岩(･,y,リ)≡(a(･.y,リ),チ(･,y,リ)).

putting ｢(y,リ) ≡ (u∈ r ;25(･,y,リ)=e(･,y,u) ),wesee

Proposition4.3 ｢(y,リ)isnon-emptyandcompact.
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Proof since C(y,｢) is convex and compact,岩(･,y,リ)∈ C(y,｢).
So ｢(y,リ)≠ 申 . Now we will show that｢(y,V) is closed.

Suppose un ∈ ｢(y･ソ) and un- u･ Then a(･･y･un)-

C(',y,a). Thus a(･,y,u )=e(･,y,V ) . Th iscompletes theproo f.

Again appealing to l28,Chap. 12],we see

Proposition 4.4 There exists a Borel selector苫 of ｢(y,V),

i.e.苫 :Rd'× タ(｢)- r Borelmap ,such that富(y,V)∈ ｢(y,V).

Proof suppose v -- v weakly and yn- y･･ Thenn

(4･10) l苫(3:･yn･Vn) 一 石(〇･y･V) I

≦rr Aa(3:,yn･u)- a(3;･y･u) Idリ + l岩(ご･y･Vn)一石(3- ･V) In

` 芸丁芸 re'3W n･u' - e'3W ･u' l''石仏 M n'-石仏 = ) ■
holds. By the uniform continuity ofa , the first term tends to 0

as n一一一一 の . The second term also tends to 0 by the assumption

付 Vn-- V Weakly '.･ Hence,as n- の･

1岩(･･y･Vn)-3(･･y･U) l一一一◆0 uniformly in any compactset of
Rd,by virtue of uniform continuity ofa. This derives

(4･11) C(･,yn･Vn).･.･.･.･.･.ー e(■･y･リ) ,aS n一一一 の ,

Suppose un ∈ ｢(yn ,vn) tends to u･ Since a(･,yn･un) I

a(･,y,u), (4.ll) yields " u ∈ ｢(y,V) '' This concllldes

Proposition 4.4. ロ

Forの = (E3･3,㌔ ･P･W ･LL)I We define an gradapted process U･by
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(4.12) U(t)=苫(y + W(t) ,pJ(t) ).

Then we have

(4.13) C(x.y + W(t),LL'(t))= e(3:,y + W(t),U(t))

and

(4.14) L(t,y + W(t),Ll)=L(y + W(t),U(t)).

Hence,q =q( ,¢,y,顔) satisfies

(4.15)

(

dq(t)= L(y + W(t),U(t))q(t)dt + M(y + W(t))q(t)dW(t)
q(0)= 少.

Since (4.15) has a unique solution,q turns out to be the response

for the admissible system d = (Q･9,㌔ ･P･W･U )･

Although an admissible system can be regarded as a relaxed

system,we denote the pay-off function by I(め,y,逮),stressing an

admissible system d. Recalling Theorem 4.1 ,we get

Theorem 4･2 Supposing (All) ～ (A･3)･ (A･4)m-i and the convexity

condition, there is an optimal admissible system AX, for ¢ ∈中,

such that

(4.16) V(卓,y) = imf ∫(卓,y,逮)≡ I(申,y,3dJE).
J∈ 2L

Proof putuまくt) =苫(y ･wf(t),Il★J(t)) for an optimal relaxed

sy stem次X= (n･9･gt･PX･wX川 X ) ･ Then J X = ( ELg･許t･PX･wX･uX )

sa t isfies

(4.17 ) V(¢ ,y ) :∫(¢,y ,次★) ≡ ∫(卓,y,AX) i imf ∫(め ,y , 34)
d∈ 21

Since " V (卓,y ) ≦ im f ∫(め,y,Sd)'', (4.17)derives(4 .16). □

3J ∈ 2J

For Sections 5 and 6,we will introduce a subsidiary relaxed
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system. 次 =(W,LL) is called a constant relaxed system , if

Ll'( t,du,a )= リ(du) for any t and (凸 . In this case,we will callLL

a constant relaxed controlV and denote ∈究= (W,V ). Stressing

the terminal time T,Ve put

(4.18) 3(T,少,y,V) ≡ I(T,¢,y,A) , if Ll′ = ソ (∈チ(｢) )
V(T ,少 ,y)= inf i(T ,少,y,リ)

リ∈ ヂ (｢ )

王(T ,申 ,y) ≡ (リ ∈ タ(｢) ; V(T,¢ ,y)=タ (T ,申,y,リ) ).

Appealing to the fact h 折 = (Wn･Vn ) converges to 銑 =(W･リ )∩

iffVn.- V Weakly 'lIwe get

Theorem 4･3 under the conditions (A･1)～ (A･3)and (A･4)m-2 ･

王(T,申,y) is non-empty and compact. Moreover, there is a Borel

selector yT,r Of‡(T ･¢･y)I fo r ( 卓 ,y ) ∈ ¢rx Rd '･

We consider the following usualpay-off function for the Bellman

principle.

Leth :Hm-2x Rd'1- Rl be quadratic growth and satisfy (4.19),

namely,

lh ( 4 ･y , ] ≦ C (1 ･ 日中藍 2 ･ ly J2 )

and

(4･19) Jh(Ql･yl)-h(¢2,y2) I

‥ 〔( "41日m_2 ･"42"m_2,･･¢1 - ･2"m_2 ･ (･yl一 ･ ･y2･,･y 1 -y2･)

By g we denote the setof functions g ;Hm x RdJ- Rl ,which

satisfy(4 .20)and(4.2 1) below,

･4･20 , I g(め, y ,lH g( 1 ･ "¢11孟_2 ･ JyL2,
and
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(4.21) for any C ,b 〉 0 , there is ∂=b(E,b,g) 〉 O such that ,

for (Qi･yi,= b (= {(Q･y , ∈ Hm x R d′ ; HQ"m_2く b ･ ･y･く b ,〕

I g( 41･yl)一 g( ¢2,y2) lくE

holds･whenever u¢1 - 421lm-2 く 8 and lyl-y21く る ･

Define ∫ and V by (4.22) and (4.23) respectively,

(4.22) ∫(t,少,y,次,g) =El
∫

t

0
h(q(S),y + W(S))ds + g(q(t),y + W(t))]

wher･e q =q( ,卓,y,釈),and

(4.23) V(t,申,y,g) = imf ∫(t.卓,y,釈,ど)
の ∈57

For a constant relaxed system,we definei and vin the same way.

Proposition 4.5 J(t,･,･,釈,g),V(t,･,･,g),P(t,･,･,臥,ど) and

v(t,･,･,g)belong to留,whenever g ∈ 9.

Proof From (2.13).we see

(4.24) l∫(t,め,y,釈,g) l≦ E【
cJ三{1 ･ ‖q(S,"孟-2･ ･y ･ W(S,12,

･ cg{1 ･ "q(t,":_2･ Iy ･ W(t,J2 , ,

･ C(t,g,( 1 ･ l仙l孟_2･ lyf2 )
where C(t,g) is independentof折. So I,V,i and valso satisfy
the quadratic growth condition (4.20).

Recalling Corollary 3.2,we willshow (4.21).

Pu t qi = q( ･Si･yi･現) for ( Qi･yi)∈ Bb･ Then we have

(4.25)E 【

≦ C

I:
h(ql(S)･yl +W(S)) - h(q2(S)･y2 + W(S)) Ids ]

t 2 2

0 i…1"qi'S'"ml21tql̀S'-lq 2̀S'"ml2+i…1■yi ' W( S 川 yl I y2lds '

1{E【 J三･･q i(5 ,.･孟-2ds, ,1′2{ El甘 ,ql(S,-q2(S,,I:-2ds ,,1′2
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･i蔓1( ･yi,･JT ,.y1-y2･ )

≦ cl(t) (1+b)( ly1-y2I(1+b)+ "¢1-¢2"m-2)

< cl(t) (1+b)2( Jy1-y2[+ "¢1-¢2日m-2)

(4･26) El Ag(qi(t)･yi' W(t)) I;lJqi(t)JIm_2 )n ]

- g Ell+ "qi(t)"2 + lyi+ W(t)12 ;"qi(t)"m12 >n ]m-2

≦ cg(E日 ･ .Zqi(t,L.告 2 ･ ･yi･ W(t,･4,)1′2 (E[･･qi(t,‖孟_2 /n2 】〕 1′ 2

･ C2(g.t,(1･ llり l孟_2 ･ lyir2 , (1･ JlQi"m_2 ･ lyil,/n

` C3(g,t) (1十b )3/∩

(4･27) El Jg(qi(t)･yi'W(t)) A; Jyi･W(t)J)n ]

≦ C4(g･t)(1+ "Q･"2 + lyil2 )( lyil+JT )/n1

≦ C5(g･t)(1+b )3/∩

Taking a large enough n= n(C,b,t,g)sllCh that

(4･28) (C3(g･t) + CS(g･t) )(1+ b)3 くen/4･

weget

(4･29) II(t･¢1･yl･銅 ,g) - ∫(t･¢2･y2･銑･g) l

- lcJ三iil･･qi(S,･･m-2･,ql(S, - q2(ら,一･m-2･iil･yi ･ W(A,.Ly1- y2 Ids,

' El Ig(ql(t)･yl 'W(t)) - g(q2(t)･y2 ' W(t)) I ･･ llqi(t)IIm_2 < n･

lyi+ W(t)I ( n ･ i = 1･2 ] + S･

From the continllity Condition (4.21) for g,we see

(4.30) the middle term of the righthand side of (4.29)

く - 2Cg(1 + 2n2 )pH Jql(t)- q2(t) Hm-2〉 8(E･n･g) )

く S ･ 2Cg(1 ･ 2n2 , E 【 Hql(t, - q2(t, "孟_2,82(E,n･gH ･

whenever lyl - y21 く 8(E,n･g)･

Using (3.48), (4.29) and (4.30),we can choose a positive constant

首 = 古くt,8,b,ど), independent from の,such that

(4･3 1) I ∫(t･¢ 1･y l･珊･g)- I ( t･¢2･ y2･現,g)lく 8･
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whenever Jl¢ 1 -1¢2lrm-2 く盲and ly1 - y21く盲･

sinceH I v(t･41･yl,g)- V(t,¢2･y2･g) l

≦ sup l∫(t ･4 1･yl九 g)- I( t･¢ 2･y2 ,釈 , g ) I ''

現∈R

wecancomp lete the proof. ロ

Now,applyingargumentssimilarto (4.6)～ (4.9),wegetthe

following theorem.

Theorem4･4 undertheconditions (A･1)～ (A･3)and (A･4)m-2,there

existsanoptimalrelaxedsystem 灰X(¢,y) ,such thatT[( 銑X(¢,y) ) is

Borelmeasurablew.T.t.(卓,y) ∈0 × Rd',i.e.r

J(t,少.y,銑X(卓.y),g)≡ inf∫(t,申,y,釈,g)
現 ∈ 訳

Example quadratic loss.

i) puth(4,y ): fl¢H2(: 日中ll喜,andg : 0･ Thenhsatisfies (4･19,･
sothereexistsanoptimalrelaxedsystemが =訳X(卓,y) , i.e.

gminR E【JT. "q(t･4･y･次,"2dt]≡E【J: "q(t･･･y･約 ･･2dt]

正)Puth=Oandど(め)≡ "め"2. Theng∈留 . So thereexists

anoptimalrelaxedsystem餅 = 針(¢,y),i.e.

min E【 IJq(T,め,y,釈)I12 】=Elllq(T,卓,y,軒) n2 】
訳 ∈37

5 Approximation

lnthissection.wewillshow thatthereexistsanapproximate
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optimalcontrol,which is adapted to a Wiener process.

We call銑 = ( W,LL) a step relaxed system, if Fll(t) =

tl'(lt/ム]△)with a positive A ,where 【 コ= Gauss symbol.

By 罰N
we denote the totality of step relaxed systems with

ム = 2-N For p we define an approximate derivative ph as

fo llows :

(5.1)

付 t･ ･,= (

2nll( 【t-2~n,t)× ･) for t 〉 2~n

t-1p( 【O,t)× ･ ) for t≦ 2-n.

Pu t

･5･2, -i,k(t･･, = 付 [2kt,2~k･･,

and 仙n,汰( 【0,t】× A ) ･ I: 症 ,k(S,A)ds･

Then, for a suitable sequence k(n),n = 1,2,･･･,we have,W.p.1,

(5･3) pn,k(n)ー P Weakly･

Hereafter we consider a pay-off function ∫ as (4.22).

Therefore, (5.3)yields

(5.4) V(t,¢,y,g) ≡ lim imf ∫(t.少.y,沸,a).

N - D 37N

Putting

(5･5) 餅N=(沸 = ( W ･p )∈ 訳N ;P is W - adapted )I

we have

Theorem 5･l Under the Conditions (Å･1)～ (A･3) and (A･4)m-2･

we have , for ¢ ∈ ○

(5.6) inf ∫(t,申,y,a,ど) ≡ imf ∫(t,卓,y,鉄,g).

珊Nr 戎N

Proof since 針N ⊂ 訳N ･ i t is enough toshow
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5̀●7' J̀ = 'yA g) > i蒜こ J̀ t･4'y'現'g' for … ∈RN'

putting A =2-N and jA( t< (j+1)A,we will evaluate I,

defined by (5.8),

(5.8) Ⅰ=E[
J三｡ h(q(S)･y + W(ら))ds + ど(q(t)･y + W(t))l gi△ 】

where q =q( ,少,y,沸). Under the conditionalprobability

p(･lgjム ) ･WJ(･) = W( ･+ jA ) - W( jA )becomes a new

wiener process which is independent of gjA and AJ( O + jA ,･)

= FA'(jA,･),0≦0≦ t- jA ,can be regarded as a constant

relaxed control. Moreover, the llniqueness of solution derives

(5.9) q(0+jA,卓,y,釈)=q(8,q(jA,中,y,釈) ,y + W(jA) , FIJ(jA) )

for O こく 8 こく t - jA,

Hence,we see

(5.10) Ⅰ≧ inf
V∈ タ(r)

P(t - jA ,q(jA,申,y,釈) ,y + W(jA) ,リ ,g )

=V(t- jA ,q(jA,申,y,顔) ,y + W(jA) ,g ).

Defining tT(ら):9- g by lJ(S,･,g) =tl(ら)ど,We See from (5.10)

(5.ll) ∫(t,少,y,釈,g)i E【J

jA

0
h(q(S),y + W(S))ds

+ vくt - j△)g(q(jム) ,y + W(jム) ) 】.

By the same argument,we calculate E[ - Ig(i-1)A 】 and obtain

(5.12) I(tJ ,y,fR,g) > E〔∫

(j-1)A

0
h(q(S),y + W(S))ds

+ V(A)tr(t- jA)g(q((j-1)A) .y + W((j-1)A) ) ].

Repeating this evaluation,we get

(5.13) ∫(t,少,y,釈,g) i vJ(A)tr(ト jA)g(卓,y).

weassume th a t (Å ･4)∩-2,roholds･ Then (2･14) asserts that

q( t･申,y･玖) ∈ O r w･p･ 1･whenever ¢∈ QIrforr≦ ro ･ According
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to'rheorem4･3IwecantakeaBorelselectoryr(t･g)of

王(t,卓,y,g) ≡(Tt(吹) ;tT(t,申,y.g)≡I(t,卓,y,釈,g) ).

Let(i?i･gi･Pi ) Ii=1･ ･(j+1)beaprobabilityspaceand

W.beaWienerprocessonit. Letussetl
j+1 j+1 j+1

Q =1:1n i･3 :1="1gi ･ P = [ P･ andi=1I

(5.14) W(t)≡
Wl(t) for O ≦ tくA

Wl(A)+W2(t-A) for △5:tく2A

J
k…lWk △̀'+Wj･1̀t-jA'･forjA` tく j̀+1'△･

Then WbecomesaWienerprocesson (ELg･gt･p )I where

gt=qt(W)･ Fixリ1∈=(△･〇 Iy IVj-1(A)V(t-jA)ど )arbitrarily

andql

(5.15)

denotesthesolutionof(5.15).

(

dql(t) = L (y+W(t)･vl)ql(t)dt+M(y +W(t))ql(t)dW(t),

ql(0)= ¢ 0くt≦ △･

SoqlisW-adapted･

putv2=gr(ム･vj-2(A)V(t-jA)a(ql(A)･y +W(A) ) and q2denotesthe
solutionof(5.16).

(5.16)

(

dq2(t)=L(y +W(t),V2)q2(t)dt+ M(y +W(t))q2(t)dW(t),

q2(A)= ql(A) ムくt≦ 2ム･

puttingv3 =yr(△･Vj-2(A)V(t-jA)g(q2(2A)･y+W(2ム) ),werepeat

thesameargument. Nowdefine Jl'by

(5･17) 〟/(t)=Vk fort∈ 【(汰-1)△ ･k△ )･

ThenpJis W-adaptedand餅=(f2･9･gt･P･W川 )∈罰N ･

Moreover･puttingq=qk Onl(汰-1)A ,kA )Iweget

(5.18)
E日,?Ah(q(S),y +W(ら))ds+g(q(t).y+W(t))
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･ ElI,?A h(qj(S,･y ･ W(S,,ds ･ g(qj(t,･y ･ W(t,,)

=V(t-jA)g(q(jA),y + W(jA)),

h(q(S),y + W(S))ds + V(t-jA)g(q(jA),y +
､U(j-1)A
=tl(A)V(t-jA)a(q((j-1)A),y + W((j-I)A))

and so on . Thus,we have

E(J';て

(5.19) ∫(t,中,y,軒,ど) = E【∫
t

0

W(jA,,巨 (j_1,A )

h(q(S),y + W(S))ds + g(q(t),y + W(t))]

･ E【 叫 ｡h(q(S,･y ･ W(S,,ds ･ g(q(t,･y ･ W(t,車 j｡ )

･ J

j△

0
h(q(S),y + W(S))ds ]

= E【

= E【
∫

∫

jA

0
h(q(S),y + W(S))ds + V(t-jA)g(q(jA),y + W(j△))

(j-1)A
h(q(S),y+W(S))ds + V(A)V(t-jA)g(q((j-1)A),y+W((jll)A))]
0

=vJ(A)V(ト jA)g(申.y).

From (5.13) and (5.19),we can conclllde (5.7). □

Recalling (5.4),we obtain

Corollary 5.1 Under the same condition of Theorem,

(5.20) V(t,申,y,g) ≡ lim imf ∫(t,卓,y,釈,g)

N- の 繁N

holds. In the other words, there is an approximate optimal step

relaxed system,which is adapted to a Wiener process.

Using Chattering lemma 【 6 ] ･銑 ∈ 封N Can be approximated

by admissible controls which are adapted to a Wiener process.
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Hence,putting

釘N=釘 ∩ 軒N=(J=(W･U) ;U is W-adapted and U(t)=U([2Nt]2-N) )

and 釘 =N誓1釘N･We have

Corollary 5.2 Under the same condition, there is an

approximate optimal step system d ∈釘 .

6 BeHman Principle

Now we are ready to prove the Bellman principle.

J= (W･U )∈釘N･We Vilュ evaluate (6･1)

(6.1) I(S + t,卓,y,A,g)

=E(I:h(q(0),y + W(0))dO

For ¢ ∈ ¢ and
r

･ E【J:+:(q(8,,y ･ - ,,dO ･ g(q(t･S,･y ･ W(t･S,, .gt】)･
since Wt(･) = W(･ + t)- W(t) is a Wiener process independent

from gt IWe See

(6.2) conditional expectation of 2nd term > V(S,q(t),y + W(t),g)

W.p. 1.

This asserts

(6.3) ∫(S + t,卓,y,A,g) i I(t,q(t),y + W(t),逮 ,V(S,･,g))

> V(t,q(t),y + W(t),V(S,･,g)).

Now Corollary 5.2 yields

(6.4) V(S+t,¢,y,g)≧ V(t.q(t),y + W(t),V(ら,･,g)).

Nextwe willshow the Converse inequality of (6.4),by a standard

argument.

Letyr(¢･y) denote a Borel selector ofI(¢･y) ≡ ( Tl(沸) ;Ⅴ(S･卓,y･g)
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= J(S,¢･y･現･g)〉･ Foranyd= (E2･9･g t･P･W･U ) ∈ 釘 N ,WePut

訂 = C(【O,S];Rd') × 人,甘=first coordinate function

正 三 2nd coordinate function ･ぎ = o(甘･正)･ ぎo =08(管･苗)

が :nx訂 ,gX :9×許.

Define PX by

(6･5) PX((甘･正 )∈ B Jgt )=yr( q(t･¢･y･A),y . W(t))(a)

namely,

px((育.正 )∈ B,(W,Jl )∈ C) =
gr( q(t･¢･y･A)I y + W(t))(B)dP･
((W,LL ) ∈ C 〉

Henc e , 句 isaWiener p rocesson ( が ,g X,pX )

Thus, putting

W★(8) ≡

EIX(0,･) =(

W(8),8≦ t

w(t) + 甘くO-t) , t≦ o < S+t

占U(8)(･)I0< t
正(0-t,･) , t≦ 8 ≦ S+t

independent from W .

goX=08(WX･pX )I
we see 釈★ = (wX,pX ) ∈ BZand its response qX satisfies

･6･6, E【∫::;qx(8,･y ･ Wまく8,,dO ･ g(qX(t･S,･y ･ W(t･S,,,gtX ,
=V(S,q(t,申,y,3d), y + W(t),g )

･ V(S, q(t,卓 , y , 次X) , y +wX (t), g).
Therefore,

(6.7)∫ (S･t,少,y,銑暮,g) =∫ (t,¢,y ,銑X,V(ら,･,g))

=∫(t,卓.y,A,V(S,･,g))

holds. This asserts

V(S+t,少,y,g)≦ ∫(t,申,y,A,Ⅴ(S,･,g)).

Again,Corollary 5.2 concludes the converse inequality of (6.4).
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Thus,we obtain

Theorem 6･l under the conditions (A･1)～ (A･3) and (A･4)m-2･We

have

(6.8) Ⅴ(t,･,ど)∈ g whenever g ∈留,

and the Bellman principle holds, i.e.

(6.9) V(S+t,少,y,g)= V(t,少,y,Ⅴ(S,･,ど))

for ¢ ∈ ¢ and g ∈ 9 .

Remark The Bellman principle is formulated by some nonlinear grollp

【2】.

7 Applications

1) Temperature control. Letus consider a heatsystems in a

random medium. The field of temperature q(t,3:) is governed by

the following SPDE,

dq(t,3:)≡ (Aq(t,3:) + I(I,U(t)))dt + g(3:)dW(t), t 〉 0, 3:∈ Rd,

with the initialdata q(0,3:) =¢(3:),Where A is the Laplacian

operator forI and W a d-dimensionalWiener process. So the

temperature is controlled through the external force I(3:,U(t)). The

problem is to minimize the deviation of temperature distribution from

the assigned distribution m ata given time T (cf Y.Sakawa [27】 ),

namely, the pay-off function ∫ is defined by

∫(U,= E【fRd lq(T･3- m(ご, l2 dx ,･

Hence,Theorem 4.4 concludes the existence of an optimal relaxed

control･ if i and g satisfy the condition (A･4)1･
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2) Nervous system. In Chap.3 of 【29],Walsh deals with the

following SPDE as the dynamics of nervous system,

dq(t･ご,≡ (慧 q(tか q(tか dt ･ ( q(tわ g(3- dW(t,I

0く 3:( L, t 〉0,

with Neuman boundary condition,where W is a one-dimensionalWiener

process,and also considers the barrier problem.

Since a medical treatment acts an external force,we willhere

consider the following SPDE as its variant,

dq(- ,= (慧 q(tか q(t- I(x･U(t,, ,dt

+ ( q(t,3:) - g(3:) )dW(t), x ∈ Rl,o く t≦ T,

q(0,3:) =¢(I).

Although we want to keep q(t,3:) near an assigned leve1 人 ata given

spoty,we need some smooth modifications. For given two positive

constants bande,weput

p(t , = k I_ccq(t･y･3,d ご
and

h(ご, ≡(至 …

3:¢ ( 入 - b , 入 + b )

入 I b く X く 入

入 く X く 入 + b.

Now the problem is to minimize E【

are applicable.

h(p(t) )dt ] and our theorems

3) Stochastic controlwith partial observation.

LetB and 負 be independentWiener processes with values in

Rd′ and Rd respectively. Suppose that the d-dimensional state
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process X and the d′-dimensional observation process Y are

governed by the following stochastic differential equations

(SDE in short )with bounded and smooth coefficients:

･7･1,idXx'(:',=::'X't''Y't''U'" ･'db;
and

+ ∝(Ⅹ(t),Y(t),U(t))dB(t)

Ⅹ(t),Y(t) )dB(t),
0く t≦T

(7.2) dY(t)=f(X(t) )dt + dB(t) ,Y(0)=0,

where U is an admissible control. So in our model, the state

and observation noises may notbe independent.

Leth and G :RdxRd'- Rl,be bounded and Lipschitz

continuous. The problem is to minimize the pay-off function ∫,

defined by

(7.3) J(U)
･ E【J:h(Ⅹ(t),Y(t) )dt + G(Ⅹ(T),Y(T) ) ]

by a suitable choice ofU.

In the customary version of stochastic controlwith partial

observation ,U(t) is a function of the observation process

Y(ら) ,S ≦ t namely,admissible control in the strict sense. Here

we treatsome wider class of admissible controls,according to 【7 ],

as following:

A= (n･9･gt･PA Y･U) is called an admissible control system･ if
o

(Ⅰ) (n･9･gt,P ) is a probability space Iwith gt = ot(Y･U )

(Ⅱ)Y is a d'-dimensional g t- Wiener process

(Ⅱ) U is ド-valued process

(N) 負 is a d-dimensionalWiener process on n , independent

from (Y,U ).

Let宅 be a random variable independent from (負.Y,U ) and ¢
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be its probability density. For an admissible system A,we

Consider SDE ,

(7.4)

dX(t )≡ (γ( Ⅹ(t),Y(t),U(t) ) - b(Ⅹ(t),Y(t) )i(Ⅹ(t)) )dt

' o(( Ⅹ(t),Y(t),U(t) )d負(t) + b(Ⅹ(t),Y(t) )dY(t)

Ⅹ(0)= 宅 .

Put

･7･5, p(t, - exp{r: " X(t,,dY(t, - iI:." x(t,,12 dt ,

and define a new probability P by
O

(7.6) dP = p(T)dP.

Then Girsanov●s theorem asserts that,under the probability P,

B(t)=Y(t)
-I:
I(Ⅹ(S))ds ,0 < t≦ T , turns out to be a

wiener process independent from 台,and (X,Y ) satisfies (7.1) .

Moreover, the pay-off function ∫(U) of (7.3)Can be written by

∫(A)=
畳【∫:

h(Ⅹ(t),Y(t))p(t)dt + G(Ⅹ(T),Y(T))p(T) 】

where E means the expectation w.r.t. P .

on the other hand･ A = (恥5･gt宮 島,Y･U )derives an
admissible system d ≡ (Q･3･評t,声･Y･U ),and an admissible system
turns out to be an admissible control system,when we add an

independentWiener process 負 ･ For A = (n･9･Ft･争･Y･U )Iwe
conside r SPDE,

(7.7)
(

dq(t) = しくY(t),U(t) )q(t)dt + M(Y(t) )q(t)dY(t)

q(o) = ¢ (∈H3 )

Where

(7.8) L(y,u)q

M k (y)q=

l

1

d
Z
〓

d
Z
〓

.I1

･～

〓
･l

SE.aid(･ ･y･u 鳥 .q
J 1

d

【ヽ∠
〓.J

bik(･ , y 鳥 .q ･ ア k(･,y , q
1
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a(3:,y,u):(b(3:,y)bX(I,y)+ cH3:,y,u)C(*(3:,y,u))/2

d ∂α‥

a～･'3m ･u':γj̀〇･… ' ~l≡1盲だ 〇̀･… 'J J i= lCIJ;i

アk(訂,y)= fk(3:)

and

1

d

三
三･l
芝 生(I,γ,.
1

Then ,under the conditions (A.1)～ (A.3) ,∫(A) can be

represented by

○
(7.9) ∫(A)=E【∫

T

0
(h(･,Y(t)),q(t) )dt + (G(･,Y(T)),q(T) ) 】

Now we have the following theorem,appealing to Theorems 3.1

and 4.2.

Theore皿 7･1 Suppose (A･1)～ (A･3)I (a･4)1 and the convexity

condition for the coefficients of the SPDE (7.7). Then, for ¢ ∈中,

there is an optimaladmissible control system A3( , namely

(7.10) ∫(A★)≡ imf ∫(A) .
A

Appendix

Letus prove Lemma in Section 3. Here we use the following

notations,according to [14]:

Forα = ( il一- ･lt ) ･D∝ =∂il･･･∂it ･ I∝l=t

(;〕 ≡(ミi)･･･(3f)is the binomial coefficient

( for y= ( jl･････Jt )･0 < jk< ik )

lil=O for i=0 ,=1 for i=1,･･･,d

∫-dxstands for rRd- ･dx and hereafter Nl･N2･･- denote
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constants depending only on 冗 ,T and t ,and repeated indexes are

assumed to be summed from l (not0 ) to a .

We willestimate the principalpartof ∫ defined by (1).

For u ∈ C言(Rd, ,we put

(1)J=∑lγlS:i
=-2

+ ∑
1≦lγl≦{

∫{-2 Dγ(aij∂ju,Dγ∂iu ･ 3 Dγ(biaiu,Dγ(bj∂ju, } dx
∫aij ∂iu ∂ju dx
∫{12 Dγ(aij∂ju,D'∂iu ･ 3 Dγ(bi∂iu)Dγ(bjajuH dx･

where alJ = alJ-書bl･b J ･
Using integration by part,we get

･2, 仁 2 Dγ(aij∂･u,Dγ∂･u dx

･ I -2 aijDγ∂ju'Dγ∂iuld- 2a;8=y
lαl=1

+ 2∑
α+β=γ
l∝l≧1

+ 2∑
α+β=γ
HXI22

(ay= D% ij Dβ∂i∂ju Dγu dx

〔:) ∫Dα∂ia ij De∂ju Dγu dx

(三日 Dαaij Dβ∂i∂ju Dγu dX

Appealing to"18l+1≦ tin the 3rd term and lBl + 2 ≦tin the

4th term" ,

≦ lst term + 2nd term + Nl fru"2t

since Dγ(bl∂.u ) - biDγ∂.u is independent of the (i+1)-th1 1

order derivative of u ,we obtain,in the same way as (2),

(3)
r

J
∫

｢

J

3 Dγ(bl∂.u)･Dγ(bJ∂ .u)dx
1 J

3 IbiDγ∂.u . (Dγ(bi∂ .u ) - biDγ8.u ) 12 d3=
1 1 1

3biDγ∂iu･bjDγ∂ju d- ∫ 6 α.誉=γ
lα l≧1

･J 3 lDγくbi∂iu, - biDγ∂iu J2 dx
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く lst term - 6 a.i:Y〔: ) I (D% i,･bj DB∂i∂ju Dγu d- N2 "u"2t
lc(J=l

I1st term - 3ふ 〔ayH Dα(bi･bj,Dβ∂i∂ju Dγu d- N2 "u･･2t･
lcH=1

(1),(2) and (3)yield

∫≦ - 2 ∑
lγl≦t

+ 2 ∑
1≦lγ は t

IaijDγ∂ju Dγ∂iu dx

ふ 〔:H D"aij D8∂i∂ju Dγu d- N3F.u"2t･
lαl=1

On the other hand,

lDαaij DB∂･∂･u l2≦ N4aijDB∂iaku Dβ∂i∂ku1J

Zaij I)Ya.u DYa.u
≦ N4 1γl<l 1 J

holds,by virtue of alュ ∈ C2(Rd) and matrix ( alJ･) 2:0,

(see Lemma 1.7.1 【21】 ).

Noting 2 Iabr≦ 82lal2 + lbI2/E2, we get

J‥ N562 - 2 ㌦ 詔 aij Dγ∂ju Dγ∂iu d- (N3 ･ N6′C2,"u.'2t･

so J ≦ N7 "ulI2t holds ･putting C2 = 2/N5 ･
Applying the same calculation to the other terms, we can

prove Lemma for u ∈ C言(Rd, ･ since C言(Rd, is dense in H L' 1 , we

Can Conclude Lemma by the routine method. ロ
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CHAPTER 3

OntheCauchyproblem fornon-linearstochasticpartialdifferential

equationswithcontinuouscoerficielltS

ExistenceTheorem

§1 Introduction

Thesubjectofthischapter is toshow theexistenceofsolutions

for thefollowingnon-linearstochasticpartialdifferentialequation

derivedbywhitenoise:

(1.1) du(t)≡ (Au(t)+ F(u(t)))dt+ G(u(t))dW(t),

where A isasecond-orderellipticdifferentialoperator, F andG

arecontinuousoperatorsfrom L2(Rd ) to itselfand W(t) lSaOne

dimensionalBrownianmotion.

Asolution u(t) oftheproblem issoughtinthespaceofSobolev

type Hm(Rd)(forthep,ecis｡definition｡fs.luti｡n,see§2

Definition2.1).

When F and G satisfy theLipschitzconditionand A is

uniformlyelliptic,Pardoux l23]andWalsh l29]proved theexistence

anduniquenessofthesolutionsfor (1.1)byPicard'smethodof

successiveapproximation. But,if Fand G aremerelycontinuous,

Picard-smethod isnoteffective. Toovercome thisdifficulty,we

approximatetheequation (1.1)byCauchypolygon (see§3 (3.4)).

Moreover,inourproblem,theoperator A maybedegenerate.

Thischapterisformulatedasfollows. InSection2westatet=1r

problemandrecallsomeresults inourconvenientway. Section3 is
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devoted to theproofofexistence theorem [Theorem3.1】. In

Section4 weproveasortofstabilityon theperturbationof

coefficient.

§2 Preliminaries

Letusdefineanoperator A by

d a

2̀ ･1' Au'ご '= 1 ,j… 1∂i'a- 3̀ '∂ ･u'3 ' ' ' ∑ b･̀ ご '∂･u(か + e'ヱ'uほ 'lJ J i=1 1 1

a

where ∂･=扇 . Ii=1･- ･d･l
1

wedenoteby L2r Ir- IthespaceofrealvaluedBorel

functionsonRdwith thenormdefinedby :

･TF".,,: (JRd I(1 ･ ･x･2,r/27(諾,-2dx)1'2
Let Hm be thesubspaceof L2 consistingoffunctionswhoser r

generalizedderivativesup to theordermbelong toL2.r

clearly HTbecomesaHilbertspacewith the innerproduct

･f･g ,m,r .α,…m詩聖 京 JRd ( 1 ･ 'エI2,rD"i(3"D"g(ご, dx･

where∝ = (∝1, ･･･ ,cid )isamulti-indexwithnon-negative

integerαi･.α･=al ･ - ･αdandDα =町 1･･･(kd)ad
L e t us s e t "I"mヲr ; ( f･F ,∩,rand･ forr : 0･ L喜 = L 2 ,H冒 = Hm,

( ･･･)m,o = (･,･)mand M m ,o=M m Ifor simplicity, ifnoconfusion
OCCurS.

Weconsider thefollowing equation :
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･2･2,(

du(t)=(A(u(t)) + F(u(t)) )dt + G(u(t))dW(t)

u(0) = uo
0く t≦ T

Where F and G are operators from L2 to itself and W(t) lS a

1-dimensionalBrownian motion.

Derinition 2.1 By a solution of the equation (2.2),we mean an

Hl-valued process u = (u(t) ) defined on a probability space

(fLア･P )with a reference family (gt ) such that

(I) there exists a 1-dimensional (gt )-Brownian motion W=(W(t) )
with W(0)=0

(Ⅰ) u=(u(t) ) is adapted to (gt ) and

E[J:"u(t).･12 dt 】 く -
･Ⅲ) for anyn∈ C言(Rd ) ( C -function onRd with compact support )

(】O

and almost all t ∈ [0,T 】,

･2･3, (u(t,･n,0-(u｡,n ,｡･I:く A(u(S,- F(u(S,榊 o ds

･I: ( G(u(a , ,･n ,. dW(S,

holds,where く･･･〉t= the duality pairing between Hト 1and Ht+i under

Ht=(Ht )* (=the dual space of Ht) t=0,1,2,･- , namely

く A (u(t))+F (u( t))I n 〉t
d d

I -. ≡ (a-∂･u(t)･∂in )t ' ∑ ( b ･∂･u(t)･n )t ' (cu(t ) ･n )i
l,j= l l J J i= 1 1 1
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+ ( F(u(t))･n )t･

Toemphasize theparticularroleof (Ft)-Brownianmotion

W = (W(t) ),sometimeswecallthepair (W,u ) itselfasolutionof

(2.2).

Nowwe introduce thefollowing conditions.

(A･1)The functionsair aiaii,bi･C･(i･j=1･････d )and their
derivativesup to theorder∩ donotexceed 冗 inabsolutevalue.

(A.2)α‥ =α‥ ( i,j=1,-･,a )and (α‥ ).
lJ Jl lJ 1,j=1,- ,d i告a

non-negativedefinitematrix.

(A.3)F andG arecontinuousoperators fromL2 to.itselfwith linear

growth.

Hereafterwealwaysassume"m≧ 2''

The followingLemma isprovedbyXrylov & Rozovskii l14】.

Lamma2.1 (thespecialcaseofLemma2.1of [14コ)

Under theConditions (A.1)and (A.2),thereexistsaeonstant入,

dependingonlyonX and∩ in (A.1),sllCh that

(2 ･4) く Au･u >t ≦ 入llullt 2 forVu ∈ H i+1 (t= 0 ,1 ,･- ･m )･

Nowweconsider thefollowingequations.

･2･5,(

du(t)≡(A(u(t)) + f(t))dt+ g(t)dW(t)

u(0)=uo Oく t≦ T

According toXrylovaRozovskii 〔14],wesee the following
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proposition.

Proposition2.1 (ⅩrylovaRozovskii)

Letf･g∈L2(Qx (0･T);Hm)beadapted to (gt)and

uo∈L2(n ;Hm )･許0-measurable･ Then (2･5)hasauniquesolution
u,whichbelongstoL2(E?× (0,T) ; Hm)nL 2( E3;C(0,T;Hm-1)),and
satisfies

(2.6 ) sup
O≦t≦ TE[Hu(t,,･t2 】 ≦ eCT{E【･･u.･.t 2 ･ ･ E【∫: ‖ f(t ,"t2 d t 】

･E【JT. "g(t , ･IL2dt コ } , t= 0,1 ･････m･
WhereCdependsonlyon冗in(A.1),and

･2･7,"u(t,･･t2≡"u."t2･2Jこ くAu(S,･f(S,･u(ら, ,tds

･2Jこくg(S,,u(S,,tdW(ら,･f三日g(ら)f.t2ds･

fort∈ 【0,T】,{=0,1,･-,m-1.

Moreoverthesolutionuof(2.5)satisfiesthefollowingequation:

･2･8, ( u(t,･n,i: ( u｡ ,n ,t ･Jこ く Au(S, ･ f(S , ･ n ,L ds

･I: ( g(S , ･ れ )t dW(S,I

fo r - 【 0,T ]. n ∈ C言(Rd,,I: 0 ,1,-･,∩ - 1･

Sketchofproof Fors )0,definetheoperatorAEby (2･1)Witha-lュ

replacedbyaij+88ii Weconsiderthefollowingequation･
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(2.9)

(

du(t)≡ (Aeu(t) + i(t) )dt十 g(t)dW(t)

u(0) =uo･

By Theorem 1 . 1 in H 1], the equation (2.9) has aun iqlle SOlution

whichbelongs to L 2( nx (0,T);Hm+1 )nL2( n;C(0,T ;Hm) )and
uE

satisfies,

･2･10,.･uc(t,･･m2≡f･u.t･m2 ･ 2J こ く Aeue(ら , ･ f(S,Ius(S, ,m d s

･ 2f三 (g(S, Iu｡(S , )mdW(ら, ･J三 ･.ど(S ,･･m2 d s ･

By Lemma 2.1, there exists a constant 入 such that

(2 ･ 1 1 ) く AEu ･u〉 ≦ 入llu"m2 foranyu ∈ Hm+1and Oく E ≦ 1･m

Hence,Gronwall●s inequality yields

･2･ 1 2, ｡…号… T E [ "us( t)Hm2 ]̀è2人+ 1 'T { E【 ‖肌 2 】 ･ E【J三" (i , "m2 d t 】

･ E【JT."g( " ･･m2 d t, ,･ for O く ∀g く 1･

so, there exista subsequence (u8 ) and u ∈ L2(Qx(0･T) ; Hm )∩

adapted to (9t )such that

(2･13) uEn- u Weakly inL2( Qx(0,T ) ; Hm)as6-0･∩

By the same argument as the proof ofTheorem 1.3 in l22],we can see

thatu is a solution of (2.5).

Moreover.using a routine method we can prove the uniqueness of

solution of the equation (2.5).

Furthermore,by (2.12)and the uniqueness of solution, for each te

lo･T 】･ there exists a subsequence (ucn(t) ) such that
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(2･ 14)ue ( t ) - u(t)weakly in L2(a;Hm )･n

Combining (2.14)with (2.12),we get (2.6).

§3 Existence or solutions

Besides (A.1)～ くA.3),we assume the following conditions.

(A.4)The restrictions of F and G on Hm operate to itself and satisfy

the linear growth condition (see (3.2) ).

･A･5,For some r ,0･ the restrictions ofF and C on L… operate to

itself and satisfy the linear growth condition (see (3.3) ).

Namely, there exists a constantL such that

(3･l) "H(u)"02- (1 + "u"02 ) for Vu ' L2 (by (A･3) )

(3.2日 lH(u)IJ2 ≦ L( 1 .llull2 ) for Vu ∈ Hm
m m

･3･3, .TH(u,Jl.ヲr≦ L(1 ･ HuH｡ヲr , for ∀u ∈ L2r

where H ≡ F,G.

･A･6,u. - mnL:,where r is the same number as in (A･5,･

Theorem 3.1 Under the conditions (A.1)～ (A.6), the equation (2.2)

has a solution which belongs to L2(｡ × (0,T ) ;Hm )

nL2(E3;C(0,T;Hm-1) ) and satisfies

(3･4) E【 su p nu(t ) lJm2 】 < N( 1 + Jfuo"m2)I
0<t< T

where N depends only on 冗,L in (A.1), (A.5)and T.

Proof orTheorem 3.1 we divide the proof into two steps. In the

firststep,we construct an approximate sequence of (2.2) and show
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thepreliminarylemmas･ Letusdefineanapproximatesequenceun(∩

=i,2,･･･)of(2.2)by

(3.5)
du ( t)≡ ( Åun (t) + F(un( tk))d t + G (un(tk))dW ( t)∩

un(o) … uo H (tk ･tk+1コ,k = 0･1･- ･n-1

where tk = kT/n･

On e achsma ll interval (tk ･tk+1]･k =0,1･- ･･n-1,weCan
applyP r oposit ion2.1. Hence we Can con s truct the sollltion of

(3.5)whichbelongstoL2(E?× (0,T);Hm ). Fortheapproximate

sequenceun･nI1･2･･-Ithefollowingfactshold･

Lemma3.1 ThereisaconstantN,dependingonlyonX,Lin (A.1),

(A.5)(resp.)andT,such that

(3･6) sups" un(t)"m2 ] <N(1+lJuolfm2)I n=1･2････
0<t5:T

(3･7) SupEltlun(t)1104 ]< N(1+IIuo"04 )･ n=1･2････0≦t≦T

･3･8,E【JT.‖un(t,一言n(t,.･02dt】`

･(1･ Ilu｡川孟 ,
n=1,2,日●

whereu(t)二un(tk),t∈ 【 tk,tk十1)･k=0,1･-･･n-1･∩

Lelnma3.2 ThereisaconstantN,dependingonlyonX,Lin(A.1),

(A.5)(resp.)andT,suchthat

･3･9, ElI.I,, p'un(tか 2dX ]≦

～( 1･Jfu.Tl.fr ,

(1十 p2 )r

foranyt∈ 【0,T】,n=1,2,-･,P〉0.
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Firstwe introduce two spaces Ry(D)and Ry(D･T)･ Let D be a

bounded open subset ofRd ･With smooth boundary･ Define Ny(D) and

Ny(T･D) as follows (cf Lions 【17】 )･

･3･10, Ry(D,- リ ∈ L2(- - 1(D,, ;∫:土Tl2yM6(T,･･x2 dT く- ,

with the norm

･3･11, u 甲 ･fx:(,,-仁 .1g(t,"H;(｡)d t ･J二.て･2γ"6(I,,.x2dT
Where, for simplicity,

we put¢(てい 了 の
exp(-27tLてt)甲(t)dt and lJ･llx =

norm of (Hl(DH X 〔= dual space ofHl(D,underHO(D, - (HO(D,,I )

and

(3･12) Ny(T･D) = ( v J 【O,T ] ; 甲 ∈ Ry(D) )

With thenorm

(3･13 ) 日 中 IINy (T,D)=inf ( ‖ 州 R y(D);甲= ¢a･e･ On l0 ･T コ )

respectively.

Le皿皿a 3.3 For any fixed γ ∈ (0,1/4 ),

(3･14)u ∈ Xy(T･D)･W･p･1, n = 1･2,･-n

holds and there is a constantN,depending only on 冗,L in (A.1),

(A.5) (resp. ) and T,such that

'3 ･ 15'E[ Ⅰ■肌 ;(T,D,】 川 1 ･ "u0--m2 '･

for any subsetD of R d andn= 1,2,･･･

Proof or Lemma 3･l since un is the solution of (3･5),Proposition

2.1 derives.
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(3･16) sup E【 Hun(t)‖ 2 】
tk≦t≦ tk+1 m

i ecT/n {E【"un(tkH 一m2, ･I:: + lE【(･･F (un( tk ,,.･m2 ･ .tG(un( tk ,,Hm2,]d t,

≦ 2ileCT/n + ( 1 +呈辺 )eCTJn E[ llun(tk)llm2】,(by (3･2) )n n

where C is independent of k = 0,1,･･･,n-1 and n = i,2,･･･

Hence we have

(3 ･ 17) o:::n - I tk:?:tk.lEl lJun(t)"m2 ]

≦呈主工 eCT/n
n

(1.呈主工 )neCT l 1n

( 1 . 旦土工 ) eCT/n_ 1
n

+ ( 1 + 呈辺 )n eCTlluoHm2.n

Since the righthand side of (3.17) is a convergent sequence of n=

i,2,･..,we get (3.6).

Using lto●s formula to (2.7),we have

(3･18)E【-lun(t)llo4 】≡ E【州un(tk)"04 コ

+ 4 E【

+ 2 E【

∫:汰

+ 4 E【

‖un(ら)llo2 く Au (S) + F(un(tk))･un(S) 〉ods ]n

∫:k
fJu (S)llo2 "G(un(tk))‖02 ds 】n

∫:k
( G(un ( tk)),un(S))02 ds ]

- "u n( tk,･･04 , ･ ElIttk"F(un(tk,,tto4 ds ･ 3 El I :lG (un(tk,,Mod ds,

+ ( 4人 + 6)E[

∫:k
lJu (S)"Od ds ]n

for tk ≦t < tk+ 1･k= 0･1,･-･n - 1･n = 1･2,-･
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SoGronwall-sinequalityyields

(3･19)tk…?…tk.lEl"un(t)llo4]

･ è4人+6'T′n{ E〔 ‖un(tk ,‖04 ･ ∫:: + 1 E 【 ･･F(u n( tk , ,‖04 ]d s

･ 3 I::'lEl "G (un(tk " 104 ] ds ,

k= 0,1,.-,∩-1,n= 1,2, ･-

Byvirtueoftheassumption(3.2),wecanapplythesimilarargllment

to(3.6)andobtain(3.7).

putvn,汰(t) =un(t+ tk) - un(tk )I 0 ≦ t ≦ T/n･ Thenvn,汰

satisfies the follow ingequation.

(3.20)

(

dvn,汰(t) ≡ ( Avn,汰(t) + Åun( tk ) + F(un(tk)) )dt

vn,汰(0) ≡ 0
+G(un(tk))dWk(t)

where Wk(t)=W(t+tk)-W(tk)･ SoProposition2･lyields

(3･21) sup E[ llvn,k(t)llo 2 ]0≦t<T/∩

･ecT′n JTo/nE= Aun(tk,.I.2･‖F(un(tk,,一･02･"G(un(tk,,‖02]ds

･& (1 ･E- n(tk)"22 )n

whereNandCareconstantsindependentof汰andn. Combining

(3.21)with (3.17),weget(3.8). Thiscompletestheproof.

ProofofLemma3.2 WedefinetheoperatorAby

(3.2 2 ) Au(3;)≡
O

d
Z

〓.J▲l
a.(a ..(3:)a.u(3:) )
1 lJ J
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where ∂o=identity

α . .=α . ,

l J I J

and

i, j= 1,- ･,d )

k
R
k.IJ
α
HH

d
Z

〓&
.J
,β〓
.｣0
一
α

k
R
k●l
α
1

d
Z

〓k
〓0

一㌔

( j=1,-･,d )

( i=1,･･･,a )

Qy)Rk
R

タ
tkα1

d
Z

〓t･t
k

+
k
R
k
'わ
1

d
Z

〓k
C〓0

0一α

Rk(3:)=
r3:汰
1+lxl2

(k = 1,-･,d ).

Then

く古くRu ,,い ｡ = く A( u ,･Rn ,. for any u ∈ Hl and n ∈ C言(Rd,,
where R(I)= (1 + lxl2 )r/2

Hence qn(t)≡ R un(t) satisfies the following equations･

･3 ･23 , (

dqn(t)= (Aqn( t) + RF(un( tk)))d t + RG(un( tk ) )dW(t )

qn(0) = Ruo t∈ ( tk ･ tk+ 1 ] ･k= 0 ,1 ･- ,∩ - 1

(See Xrylov a Rozovskii 【15]Theorem 2.2 ).

By virtue of the asslユmption (3.3),we can repeat the similar

argument to (3.16)～(3.17) and obtain

(3･ 2 4 ) E l "qn( t )lfo2 ] < N( 1 + JIRuollo2 )

for any n = 1,2,-･,and O ≦ t≦ T.

This yields (3.9) and completes the proof.

P rooforLe川a3･3 Put ∫ (t)= F(un( t) )and gn ( t)=G(un(t ) ) ･n
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For the convenience･weex tend u ( t)I fn( t)and gn( t) on ( -の･の) inn

the following way,

h(t)=h(t) ,t∈ 【 0 ,T 】

=0 ,t∈ ( -① ,① ) ＼ 【 0 ,T ]

where h(t) = un(t), fn(t),gn(t)･

Since un is a solution of (3･5), applying lto-s formula to (2･8)I

we obtain

(3 ･ 2 5 ) 2TlLて ( un(て)･n ) 1 ≡ (uo･n )1- ( u (T)･ n )1eXp(-2TtLてT )n

･ く itn(T, ･ fn(T ,･n,1 日 T.exp(-2- ,(gn(t,･n ,ldW( t,,

for any n ∈ C言(Rd ,･

Letnj∈C言( Rd
H2.

) , j=1,2,日 ., be a complete orthonormal system of

Using (3.1) and the similar evaluation to (3.17) in which m is

replaced by 0 , we have

(3･26) 肋 2て2E【 11品 (て)lJo2 ]n

:●:く

･ 肋 2て2j…1E【 I'un'て',nj'1 '2 】

i Nl{ ･.uo.･02 ･ E=un(T,".2 ･ .恥 で,Ho2 ･ Mfn(て)Ho2 日 T.Hgn(t,"02dt] ,

･ N2( 1 ･ "uo"02 ･ E【 HAも｡(て,lTo2 ･l一室n(て,".2 日

Hence for any fixed K ∈ ( 1 , 3/2 ),

･3･2 7, 上 : E 【 .て -2γ "Gn (T ,I..2 , dT

H ,て .≦lEl ･･Gn(て,1･｡ 2 ]dT リ .て.,1E【怒 "Gn(T,日｡2 ] dて

･ E【J_:"u (t,日｡2dt ] ･N｡ {f_:n
dて

1 + JてITC
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･ J _三E[ HAun (t,"02 ･ " 至n(t,r･｡2 ] d t,

< N4 ( 1 + llu o"m2) (by (3･6))･

ThisConcludestheLemma.

Secondstep: Let Dk= (ご∈Rd ; lごlく k ) (k = 1･2･- )･

Defineametric d by

d(p,q)≡
1

0

2
〓k
寺 min(1･{JT.up(t, - q(t,･iL2(,k号 dt,1′2 ,

forp,q∈L2(0,T;L2(Rd) ). K(0,T)denotesthecompletionof

L2(0,T;L2(Rd))withrespecttothemetric a . PutS=

C(0,T;R )×K(0,T). LL(∩)(n= 1,2,.日 )denotetheimagemeasureof

(W,un)onち where W isa1-dimensionalBrownianmotionappeared

in(3.5).

Bp=(qH (0,T);llqlJNy(T･Dk) ≦ ( 2kp)1/2･k=1･2････)

iscompactinY'(0･T)Ibecausetheinjection光γ(T･Dk)

L2(o･T;L2(Dk))isacompactoperator (cfLions 【17]ChapitreⅣ

Proposition4.1).

Ontheotherhand,Lemma3.3asserts

N( 1 + Huollm 2 )

∩ P P
P(u 卓 B_ )≦ n =1,2,-･

ByProhorov.stheorem,(Ll(n):n= 1,2,-･)isrelativelycompact.

Hencethereisasubsequence(n′〉andaprobabilitymeasure LL OnS

suchthat(～(n'))n′convergesweaklyto LL･ Moreover･by

Skorohod-らtheorem,thereexistS-valuedrandomvariables(Bn′･qn′)

and(B,q)onasuitableprobabilityspace(a,タ,P)suchthat
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(3･28)the lawofくBn-qn′)=山n′),

thelawof(B･q )=Ll(=the limitmeasureof(ll(n'))n,)

and,withprobability 1,

(3･29)BnJ-･- a uniformlyon l0･T ]

(3･30)qnJI- q in Y'(0･T)

thatis.

(3･31)qn′lDk- q lDk in L2( (0,T)× Dk ) for∀k=1･2･･-

Since (3.7)implies theuniform integrabilityof

I IT."qnJ( t,"L 2(,A,2dt,nJ>1･Wehave

'3･32'qn,ID汰 - q lDk in L2(nx (o･T'×Dk ' for∀k=1･2････

Hence,

･3･33, E【臣,｡.,p.q(t･ご,12dxdt】

･kl空 " Jlilmo E【J:Jpく .｡.くk ･qnJ(t･訂,12dxdt]

TN(1+ "uo"0.2r)
(1+ p2 )r

,(by (3.9)).

(3.32)and (3.33)yield thatq∈ L2(ax (0.T)×Rd ).

Furthermore,combining (3.9)and (3.33)with (3.32),wehave

(3･34) qn,- q in L2 ( Qx (o･T)×Rd )I

Moreover,by (3.8),weget

(3･35) qn,- q in L2(Qx (0,T)×Rd )I

where qn′(t)=qn/(tk)ift∈ 【tk ,tk+1),k=0,1･-･･n-1･

Hencethereexistsasubsequence (n‥ )of (n'〉such that

(3･36)qn,,(t)- q(t)inL2(Rd ) foralmostall(a,t)･

Since F and G arecontinuous.weobtain
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(3･37)F(qnJ,(t) )- F(q(t) ) in L2(Rd )

and

(3･38)G(qnJ/(t) )- G(q(t) ) in L2(Rd )

for alrnostall (a,t).

By (3.7)and the lineargrowth condition (3.2), (lけ(qn′′(t))‖02 )n∫′

and H -G(qn ,,(t))lfo2 ) n JJ areuniformly integrable on凸× (0,T)･ So

weget

(3･39) F(qnJ,(t)) - F(q(t)) in L2( 茄 × (o ･T ) × Rd )

and

(3･40) G(qnJ,(t))- G(a(t)) in L2(Qx(o･T)× Rd )･

On the otherhand,Combining (3.6)and (3.34),we can take a

subsequence 〈n′ ‥ 〉of (n‥ )such that

(3･41) qnJJJ - q Weakly inL2(臼 × (o･T);Hm )･

particulary,we can see thatq ∈ L2(E3×(0,T);Hm ).

Let q) be an absolutely continuous function from l0,T】 intoRl,

with やJ∈L2く くO,TH ,甲(T,-Oand n ∈ C言(Rd ,･
Since (BnJ H IqnJ I J ) is asolutionof (3･5)･ the following

equalityholds.

･3･42," 0,(uo･n ,o ･JT.V(t,〈 AqnJJJ(t, ･ F(盲n/,I(t,,･n,odt

･rT.

･IT.

～)(t)( G(qnH J(t))In )odBnJ //(t)

～)I(t)(qn,JI(t) ,n )odt = 0･

By (3.29), (3.39), (3.40)and (3.41),we can take the limitin

L2( d ) weakly and obtain
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･3･43," 0,(u｡･n,. ･ J: - ,く Aq( t, ･ F(q(t,,･ n ,｡ dt

･J: - , ( G(q(t, , , - ｡ dB(t, ･ J: - ,( q (t, 州 ｡ dt ≡ 0･

By the same argumentas the proof of Theorem 1.3 in 【22コ,we see that

( a.q ) is a solution of (2.2). Since the solution q ∈

L2( (0,T)×D ;Hm ),Remark l.1 in l14]asserts thatq ∈

L2(凸;C(0,T;Hm-1)). Moreover,by Theorem 2.2 in 【15],we obtain

(3.44)E【sup nq(t)lI2 】
o<t<T m

･ N5( "u｡1.m2 ･ E【∫:( HF(q(t,,"m2 ･ .･G(q(i,,･･m2 ,dt コ
< N6( 1 + "uo"m2 ) ･

This Completes the proof.

§4 0n the coJIYergenCe Of solutions

ln this section we will show that the solution of (2.2)has a sort

of stability property on the perturbation of coefficients. For n =

1,2,･･･,we suppose that

1㌦ b･n･cn:Rd- Rl ( i･j-1･- ･d ,I
α.. 1

Fn,Gn :L2( Rd ) - L2( Rd )I

uon - m

satisfy the conditions (A.1)～ (A.6)with the same constants as X,L.

and r in (A･1)I (A･5) (resp･ )･ Define an operator An by (2･1)

with aij･bi ･ e rePlaced by ai; ･bin ･Cn reSPCCtively･

Now we consider the following stochastie POE:
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(4.1)

(

du(t)= (Au(t)十F (u(t)))dt+ G (u(t))dW(t)∩ ∩ ∩

u(o)=uon o く t≦T ･

Let(Wn,un)bethesolutionof(4･1)･n

Theorem4.1 supposethat

(4.2) a.り(3:)ー a..(3:),b.n(3:)ー b.(3:) andcn(3:)ー e(3:)
1J IJ 1 1

asn- a forVx∈ Rd,i,) = 1,･-,d,

(4.3) F (u)ー F(u)andG (u)ー G(u)inL2(R d )∩ n

asn.･.･･一一一 の forVu∈L2(Rd ),

(4･4) uon .一一一uo weaklyin Hmas n- -I

and lluonHo,r,∩≡1･2･- Iarebounded,

(4･5) (F ) and (Gn)areequi-uniformlycontinuous･∩

Thenthereexistasubsequence(n')andS(=C(0,T;潤)×K(0,T) ) -

valuedrandomvariables (W ,u)onsomeprobabilityspacesuch

that

(4･6)(Wn,un)- (W ･u)inlawas S -valuedrandom

variables.

Moreoverthelimit(W ,u)isasolutionof(2.2).

Proof sincetheconstant N appearedinLemma3.1,3.2and3.3

dependsonlyon 冗,Lin(A.1),(A.5)andT ,bythesimilar

calculationin§3,wecanobtain

'4･7)｡三号呈TE【.'un't'"m2]`NJ'1･Huon'Tm2,I n= 1･2,････

(4･8) Sup EllJun(t)IIo4]<NJ(1+ "uon"04)･ n= l･2･････
0≦t<T
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･4･9, E[J.x. , pJun(t,I,■2 dx ,≦

N′( 1 + lluon‖O.r2 )

(1十 P2 )r

for any t∈ 【 0 ,T ],n = 1,2,･-,p 〉 0.

and

'4･10'E[ ■■un"#Y(T,D号 ] ≦ NJ' 1･ "uon.一m2,,

for any bounded subset D of Rd and n=1,2,･･･

Hence,by the same argument as the proof of Theorem 3.1 (see (3.29),

(3.34) ),we can obtain a subsequence (nノ) and S - valued random

variables (BnJ ･qnJ ), (B ･q ) on a suitable probability space

such that

(4･11) the law of (BnJ Iqn′ )= the law of (WnJ,unJ )I

(4･12) Bn′一一 B uniformly on 【 0 IT 1,W･pこ1･
T
▲

0

｢

J
【EL■thu

3日り4llu qn′(t)- q(t)‖02 dt ]-0
as n/ :O.

So, there exists a subsequence (nH ) of (nJ) such that

(4･14)E【llqnJ J(t) - q(t)‖02]- o as nJ,- の

for almost all t∈ 【0 ,T 】.

Fix t∈ 【0 ,T ] which satisfies (4.14). For each E 〉 0,by

(4.5), there is aLa 〉 O such that

(4･15) IIF (u) - F (Ⅴ) llo く E for lJu - v IIo く る and n = 1･2････n ∩

Hence

(4･16)E[ llFn- (qn- (t)) 一 ㌔ - (q(t)) llo2 ]

≦ 62 + E【-JFn , ,(qn- (t)) - Fn J , (q(t)) uo2 : ^ n JJ(8)]･ for ∀nJJ･

where A n , I (a) ≡ ("qn,Jくt) - q(t) "o ≧ 日 ･

From (4.14),we get

'4･17' P(An J J(6日 く さ E' "qnr,'t' - q(tH '02 ]- o ･
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Moreover･by the linear growth condition for FnJJ and (4･8)I

(‖Fn - (qn- くt)) 一 ㌔ ′ ′ (q ( t) )‖02 )n∫ ′ is uniformly integrable･

Hence

(4･18) E〔H Fn- (qn- (t)) - Fn- (q(t)) ‖O芝 :An- (a) 】- o･

On the other hand,by (4.3) and the uniform integrability,

(4･19) E" Fn, I (q(t)) - F(q(t)) uo2 ]- o･

Combining (4.19) With (4.16) and (4.18),we get

(4･20) E【 ‖ FnJ,(qnJL(i)) - F(q(i))一jo2 ]- o･

for almost all t∈ 【 0 ,T ].

Furthermore, (4.8) and the linear growth condition yield that

(E[ ‖ Fn′ ′(qn- (t)) - F(q(t))‖02 日 n- is uniformly integrable on

【0 ,T ]. Hence,we get

･4･21, ElIT. "FnJ,(qnJ,(t,, - F(q(t,,".2dt,- 0 ･

By the same argument.

･4･22, E【J三.IGn,I(qn′J(t,,-G(q(t,,-1｡2dt,- 0･

On the other hand, Combining (4.7) with (4.13),we can take a

subsequence (n‥ ′) of (n‥ 〉 such that

(4･23) qn,,I- q Weakly in L2(nx(o･T) ;Hm )･

Repeating the same argument as (3.42)～ (3.43), (4.12), (4.21),

(4.22) and (4.23) yield that (B , q ) is a solution of (2.2).

Thus we obtain the subsequence ( (Wn, JJ･unJ , I ) )nJ J J Which

converges to a solution (ち,q ) of (2.2) in law asS-valued

random variable. This completes the proof.
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