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IntroductionandPreliminaries

Topologyisthebranchofgeometrywhichstudiesthepl･OPel･tyOf

figuresunderarbitl･arycontinuoustransformationsIJustasordinal･y
geometl･yCOnSiderstwofigurestobethesameifea･chcan becarried
intotheotllerbyarigidmotion,topologyconsiderstwofigurcsto
bethesameifeachcanbenappedontotheotherbyaone-to一〇ne
continuousfunction.

KnotTheorylSabasica,ndimpol･tantfieldoflowdimcnsiona.1

combinat01･ialtopology.Aclassicalknotisanembeddingofacil･CIc

glintothethree-sphere53･Generally,asmoothlyembeddingof
SnintoSn+2hasbeenstudiedin"higherdimensionalknottheory",
but,thisthesisisconcernedwithclassicalkhots.Andalinkisan

embeddingofadisjointunionofcirclesS:,(1≦i≦p),intothe
three-sphere5-3･TwoknotsareequlValentiftheyareambientiso-
topic.AknotKmaybearepresentativeofaclassofequlValentknots
ortheclassitself.IftwoknotsK andFlareequivalent,wcsllall

saytheyaresame.Athree-manifoldisdefinedtobeatopologlCal
spacewhichislocallyhomeomorphictotheEuclideanthree-space.

Thereareverycloserelationsbetweenknotsandthree-manifolds.

In1960'S,itwasdiscoveredindependentlybyLickol･ishandbyWal-
1acetllateveryClosed,orientable,connectedthree一manifbldmaybe
obtainedbysurgeryona,linkinthethree-sphere.

In1920,Alexanderstated,andprovedrathersketchily,tllatev-
eryconnectedclosedorientablethl･ee-manifoldmaybeconstucted

asabranchedcoveringOfthree-sphcre･Sincethen,thishasbeen
sharpenedsothatonemayl･equll･ethattheassociatedunbranchcd

covellnglSatmostthree-foldandthatthedownstairsbranchingset
isconnected言e.aknot.Thisimprovementisdueindependentlyto

HildenandMontesinos,usingdifferrcntmethods.In1982,Thul･StOn

introducedthenotionofauniversallinkandgaveanexampleofa
universallinkinl18].AlinkLinthethl･eC-SPhcrcissaidtobeuni-
versalifeveryclosedorientablethl･CC-manifoldcanbel･eprcSentedas
acoveringOfthethree-spherebl･anchedoverL.

Sincethen,Hilden,LozanoandMontcsinosgaveanecessaryand



sufBcientconditionforatwo-bridgetobeunivel･Sal.
InSections1and2,weshallgiveanecessaryandsufncientcon-

ditionforapretzellinktobeunversal.InSection1,wewillgivea
necessarya,ndsufncientconditionforachain,thatisaspecialtype
ofapretzellink,andinSection2,forapretzellink.

LetKbeaknotinthethree-sphere,andE(K)theexteriorofK.
AHeegaarddecompositionofE(K)istheunionofahandlebodyIlo
ofgenusgwith(a-1)2-handleswhichareattachedtoHg along
curvesonaHg･TheHeegaardgenusofK istheminimalgenusof
HeegaarddecompositionsofE(K).TwoHeegaa.rddecompositions

ofE(K)arecalledhomeomorphicifthereexistsahomeomorphism

ofE(K)sendingthehandlebodyofoneofthedecompositioneto
thatoftheotherone.WecallTanunknoltingtunnelifTISa

properlyembeddedarcin E(K)suchthatcl(E(K)-N(T))isa
genustwohandlebody.Here〟(丁)denotesaregularneighbourhood
ofT. Theconceptofanunknottingtunneliscloselyrelatedtoa

genustwoHeegaareddecompositionofE(K)･Boileau,Rost,and
ZieschangcompletelyclaSSi丘edunknottingtunnelsfb∫torusknots
usingtheresultsonNielsenequlValenceclassesofgeneratorsystems
fortorusknotgroups.Bleilera.ndMoriahappliedtheirmethodto
distinguishtheupperandlowertunnelsfortwo-bridgeknots,and
Kobayashifoundotherunknottingtunnelsfortwo-bridgeknots,and
classifiedthemuptohomeomorphism.AndSa,kuma.classifiedthese
unknottingtunnelsuslngdoublecosetofknotgroup.

InSection3,WeshallgiveanalternativeproofofSakuma'sresult

usingdihedralCoverings･Letp:E(K)- E(K)becoveringspace.

IftwounknottingtunnfkTlandT2al･eisotopic,p-1(Tl)mustbe

isotopictop-1(T2)inE(K).So,ifwewanttoshowthatTlandT2

al･enotisotopiciitissufRcienttoshowthatp-1(Tl)isnotisotopic
top-1(T2)inE(K).

Throughoutthepaper,weworkinthesmoothorp.1.category.
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Universalchains 1

1.Universalchains

1.I.Definition.AlinkLinS3issaidtobeuniversalifevery
closedorientable3-manifわldcanberepresentedasacoveringof5■3

branchedoverL.

1.2.Definition.ApretzelLinkisalinkconsistingof2-strand
braidswithql-,q2-,...,qm-halftwists,whichwedenoteby
p(ql,q2,.･･,q,n)･Weassumethatqi≠ 0fori- 1,2,-,m･For
exam ple,p(3,6,-2)isshowninFigurel･l･

p(3,6,-2)

Figure1.1.

Ifq.･-士1,thenp(ql,q2,-,q.n)isequiva･lentto
p(qi,ql,-,q.I_1,q,･+1,-,qm).Sowecandeformp(ql,q2,...,q.n)into

p(E,E,…,E,pl,P2,-,Pn),Wheree-主landIp.Il>1(i-1,2,…,n).
Wedenotethispretzellinkbyp(-eb;pl,P2,･･･,Pn),Wherebisthe
numberofe･Ifb≠0andpi--2E,thenp卜eb;pl,P2,I..,Pn)is
equivalenttopトe(bT1);pl,P2,-,-Pi,･･.,Pn)･Soifb≠0,wecan
assumethateveryp.･1Snot-26.

1.3.Definition.AchainC(α,β)isapretzelknotorlinkoftype
P(E,6,...,8,2,2,...,2)whereE- il,thenumberof2isa,andthe
sumoffisP.(Forexamplea(3,-1)anda(4,-2)areillustra.tedin
Figure1.2.)
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Figurel･2

1.4.Theorem･[161A chainC(α,β)isuniversalifandonlyif
α≠oand(α,β)≠(1,-2),(1,-1),(1,0),(1,1),(2,-2),(2,ll),
(2,0),(3,12),(3,-1)or(4,-2)･

Proo/ofTheorem.The"onlyif"
tlJtHH

誹

一

α
3
.1

【-
1iZE

(1,-2),(1,-1),(1,0),(1,

r0I
ll)';a

rtisclcar.Infact,for企-Oor
(2,-2),(2,-I),(2,0),(3,-2),

(4,-2),wecaneasilyseethatC(α,β)isaunionoffibers

Pfagra叶 manifbldstructureon∫3･Hence,inthesecases,C(α,β)
lSnotunlVerSal.Therestofthepaperisdevotedtotheproofofthe
"if"part.

1,5.Lemma.A chainC(α,β)isuniversal,i/α-β≡0rmod

3)andα≧5･

Proof.ThelinkillustratedinFigul･el･3isuniversal(seel4,Fig.
9】).

IntheballBinFigurel･3,weconsidertheoperationsasillus-
tratedinFigure1.4.ThisoperationkeepstheuniversalityoflinlくS
byanargumentin【4,pp.20-21トDothisoperationsuccessively,
andwegetthechainswithα-β≡0(mod3),andα≧5.Tllis
completestheproof.

1･6･Lemma･AchainC(α,β)isuniversal,ifα≧5.

Proof･TpechainC(α,β),whereα≧5,isdepictedinFigurel･5,
withan a5SlgnmentOfpermutationstothecomponentsClandC2.
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Figure1.3
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Figure1,4.

Thecorrespondingdihedralcoveringisalso53andtheli氏ofC(α,β)
isdescribedinFigure1.6.

ThislinkcontainsasublinkwhichiSequivalenttothechain
C(α′,β′)whereα′-3(α-4)+4-3α-8andβ̀-3β+4.Note
thatα'-βl-3(α-β-4)=-0(mod3)andα'≧5sinceα≧5.Thus
C(α′,β̀)isuniversalbyLemmal･5,andhenceC(α,β)isuniversal･

1.7.Lemma.AchainC(1,P)isuniversal,ifβ≠0,j=1,-2.

Proof.ThechainC(1,β),whereβ≠0,土1,-2isa,hyperbolic
2-bridgeknot,soitisuniversalby【6】･

1.8.Lemma.AchainC(2,β)isuniversal,ifβ≠0,-1,-2.
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Figurel･5
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Figurel･7
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Figure1.6

Figure1.8

Proof.ThechainC(2,P),whereβ ≠ 0,-1,-2isahyperbolic
2-bridgelink,soitisuniversalbyI6].

1･9･Lemma･AchainC(3,β)isuniversal,ifβ≠-2,-1.

Proof･Thepl･eimageofCIUC2underthe21foldcycliccovering

ofS3branchedovel･C3,ShowninFigurel･7,isachainC(2,?P+2)
asshowninFigure.1･8･Ifβ≠-2,-i,tl､el-C(2,2β+2)isunlVCl､Sal･
TlluSC(3,β)isunlVerSalby【6】,ifβ≠-1,-2.
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Figure1.9

1.10.Lemma.AchainC(4,β)isuniversal,ifβ≠-2.

Proof.Theproofisdividedintothefollowingthreesteps.

Slep1.Ifβ≠-2,thenthereisa.coveringpl･.S3- S3branched
overa(4,P),suchtha.tpTl(a(4,β))containsasublinkLIWhichis
equivalenttoa(4,β1)withβ1-2･3n ･(β+2)-2forsomen≧3･

Step2･Thereisacoveringp2:S3-- S3branchedoverLl,Such
thatp2-1(Ll)containsasublinkL2WhichisequivalenttoP(-2･3nI

(β+2),-2･3n･(β+2),I.･,-2･3n･(β+2))wherethenumberof
-2･3n･(β+2)iseigh七･

Slep3.Thereisacoveringp3:S3- S3branchedoverL2,
suchthatp3-1(L2)containsasublinkwhichisequivalenttoa(8,0)
orC(8,-8).Sincea(8,0)andC(8,-8)areuniversalbyLemma1.5,
C(4,β)isuniversal･

Proo/ofSlep1.LetCi(1≦i≦4)bethecomponentsofC(4,β)
asillustratedinFigure1.9･ThenthepreimageofCIUC2UC3

underthe2-foldcycliccoverin
C(4,2(β+1))･(SeeFigurel･9

feei慧塩 三tratedin

5
ofg3branchedoverC4isachain

≦4)bethecomponentsofC(4,2(β+1))as.illus-
1.10,andconsidertheirregular3-foldcoveringOf

β3branchedalongCiuCi(seeFigure1.ll).
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Figurel･11
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(12)

7

Figure1.14

ThentheinverseimageofC去uCい1nderthiscoverlngisachain
C(4,3･2(β+2)-2)･Repeattheaboveoperations(n+号times
(n≧3),thenweobtainthedesiredbra;nchedcoveringplandthe

sublinkLIOfpTl(a(4,2(β+1)).

1万00fofStep2.LetabeacomponentofL1-a(4,2･3n･(β十
2)-2),andconsiderthedoublecoverofS3branchedovera(See

Figurel･12)･Thentheinverseima･geLl(1)ofLlunderthiscovering
lSillustratedinFigure1.13･

Ll(1)containsasublinkLll(1)whichisequivalenttoC(4,2･3n･

(β+2)-2)aBillustratedinFigurel･13･Considertheirregular3-fold
coveringofS3branchedoverLIL(1)whosemonodromyisgivenby
Figure1.14.ThecorrespondingcoveringspaceisS3byl8],and
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Z･3n･〔β十Z)
haユftwists

Figure1.15.

theinverseimageofエ1(1)isshowninFigure1.15(cr.【7,Figure
10.6,pp.499-455])･LetLl(2)bethesublinl-ftheinvel･Seimage
ofLl(
1.15.諺

underthiscoveringdepictedbytheboldlineinFigure
henitisequlValenttothelinkillustratedinFigure1.16.

Repeatingthesameprocedure,Weobtainthelinkasillustratedin
Figure1.17andrepeatingthesameprocedureoncemore,weobtain

:hueblilinkk震 llpu冒竺2ate3dni.n(pFigZ)r?‥I:j82,.事 li.cFpc_on2t)3i.nsthedesired

ProofofStep3.First,weprovethefollowinglemma.

1.ll.Lemma.ThereexistsacoveringI:S3- S3 branched
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Ll(Z)

-2･3n-1･(β罰 亨3n･(β+2)

Figurel･16

〒 ≡:::二

Figure 1 .17

1213n-3･(a+2)

9

REiiFigReiRj

-2･5n･(ら.2)

Figure1.18
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overP(αal,αa2,-･,αan)(α>1,odd)suchthat
I一l(p(αal,αa2,-.,位an))⊃P(a),a2,-,an)･

proofofLemmal･11- ThecoveringQfS3 branchedovern-
componenもtriviallinkwhosemonodromylSglVenbyFigurel･19
ishomeomorphictoS3,andthebranchedlinewithbranchedindex
qisshowninFigurel･20.

Ba + 1 2q-1q

Figu r e 1 .19

■′
BI

Ba◆l

Figue1.20

Byαa.1-halftwistsateachballBi,thisn-componenttriviallink
can bedeformedtoP(αal,.αa2,･･･,αan)･Tovisualizethebranchset

EElSft;irlP;tW(ecfl.071i4t,h;,co3Vle8T)TgofBl'･Eachofthesetwistsliftstoone
Thusthebranchline,whosebranchindexqisP(al,a2,･･･,an),

completingtheproof.

Now,fore+2-2r･S (S:odd),thereisa.branchedcovcr-
ingp2 :S3 - S3branchedoverP(2r+1･3n･S,...,2r+1･3n･S)
suchthatitspreimagecontainsalinkwhichishomeomorphicto
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C1 (12)

C3 (14)

Figure1.21

管3

Figure1.22

P(2r+1,2r+1,･･･,2r+1)byLemmal･11･Ifr-0,theproof.isc.om-
plete･If㍗≠0,weconsiderthecoveringWhosemonodomylSglTen
byFigurel･21･ThenitishomeomorphictoS3,andtheprelm-
ageofthebranchlinesisillustratedinFigure1.22.Thiscontains

P(2㌦2r,･.I,2r) asasublink･So,repeatingthisprocedure.r-times,
weobtainP(2,2,...,2)望C(8,0)astheprelmageOfacoverlng.

BycombiningLemma1.5throughLemma1.10,wecompletethe
proofofTheorem.
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2Universalpret2;ellinks

A.IntroductionandMainTheorem.

2.1.Inthissectionweconsiderthefollowingquestion "which
pretzellinksareuniversal?"Weremarkthatalink,beingaunion
offibersofa･graph-manifoldstructureonS3isnotuniversaLTha･t
isbecausethebranchedcoverlngSpaceoverSuchalinkisagraph一
manifold.

2･2･Weconsideronlyfol･thecasethat p(-eb;,pl,P2,･-,Pn)
hastwocomponentsormore,andsoonlythefollowingtwoCases
occur:

(I)Atleasttwopi'sareeven.
(ⅠⅠ)Allofthep.･'sareodd,andn+biseven･(Inthiscase,the

numberofcomponentsistwo.)

Wesa･ythatp(-Eb･,pl,P2,･･･,Pn)istype(I)(ol･type(II),l･CSP･),if
itisoftheca£e(Ⅰ)(or(ⅠⅠ),resp.).

2･3･Theorem･Forthepretzel.linkpoftype(I),pisuniveraLif
andonlyifpisnoneoflhefollowmg:

p(2S,2t),p(2,-2,S),p(0;-2,3,4),p(0;2,13,-4)p(0;3,6,-2),
p(0;13,-6,2),p(0;4,4,-2),p(0;-4,-4,2),p(0;2,2,-2,12),where
s,i∈Z＼(0).

AsaconsequenceofTheorem2.3,wehave:

2･4･Theorem･Forapretze‖inkpoftype(I),Pisuniversalif
andonlyifpisnotaunionofPbersofanygraph-manifoldstructure
onS3.

B.Preliminaries.

Werepresentthe2-bridgetorusknotT(2,a)asinFigul･C2.i.
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T(2,5).

Figure2.1

2.5.Lemma.Forandddintegera,thefollowingbranchedcov-
eringspaceofS3branchedoverT(2,a)isS3.

Themonodromymap¢:,rl(S3＼r(2,a))- StaL,from theknot
groupOfT(2,a)tothesymmetrygroupOflaIindices,isdeSnedby

¢(xl)-(12…q)

¢(x2)-(lq+1q+2-2q-1)

whereq-(IaL+1)/2andxl,x2arethemeridiansasinFigure

2.1.

Wedenotethiscoveringby∫:∫3- g3.

Proof.Thebranchedcoveringspa,ceofS3branchedovera2-

componenttriviallink,associatedwiththemonodromyasinFigure
2･2,isS3･Andthepreimageofthislinkisa2q-componenttrivial
link.Nowweconsiderthe2-diskDasshowninFigure2.2.The
laI-fo19branchedcoveringspaceofDassociatedwith¢isalsoa
2-diskD.Bya-halftwistsatD,thistriviallinkcan bedeformed
intothetoruskno_tT(2,a)･Andthea-halftwistsatDareliftedto
one-halftwistatD(cf･[9],[14,p･317])･

HenccthecoveringspaceisS3･ AndthepreimageofT(2,a)is

thetoruslinkT(2q,eq)-Tlこlal+1,6畢 )-止担T(2,e)where
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(12-q)(lq+1q+2･-2q-1)
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Figure2･2

(123) (145)

T(2,5) 3T(2,1)

Figure2.3

-l i.2/-

e-1ifa>OorE--1ifa<0･(InFigure2･3,a-5･)InFigul･CS
2.2and2.3,theboldlineshavebranchedindexq.ThiscomplcLes
theproofofLemma2.5.

2･6･Thelinewithbranchindexqisacomponentofk臣 T(2,e),
andsoitisatl･ivialknot･Thenthen-foldcyclicbranchedcovel･lng
branchedspaceoverthisknotisS3･Theprcimageoftheother
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componentsisk巨 T(2,En)･

Wedenotethiscoveringbya:S3- S3･

15

ThemonodromyofthecoveringIog:S3- S3branchedover
r(2,α),isde丘ndedby

xlトー ( 1 1 2 ユ -･q l1222 - q2 - - 1n2n - ･qn),

x2トー (ll (q+ 1)1(q+ 2)1 -･(2q- 1)112 (q+1)2 (q+ 2 )2 ･-

(2q- i)2 ･･････ln (q+1)n (q+2)n I.･(2ql l)n).

We?allthiscoveringthe(C1)-COVering･UnlessconfusionTWemayuseaslmpleformlikeaぷ

xlトー (123456789)(- (112131122232132233)),
∬2トー(110114121371415)(- (114151124252134353)).

2.7.Remark.Thelengthofthecyclicpermutationassociated
withthismonodromylSnXq.

bra2ic8i｡dW.evecronTS(i2d,e;詣 (窒霊Tpl誓 .bfT72C,haemd),cowvarelrnega:.PlaSCe.dOdffS.3r
i-1,2,...,m.

InFigure2.4,Si(i- 0,1,…,m)isa2-sphel･eandSt'(i-
1,2,-,m-1)dividesthefactorsofT(2,a,I)'S.Andxo,xl,…,Xm

arethemeridiansasinFigure2･4･Letq.･-(la,･I+1)/2andqthe
leastcommonmultipleofql,q2,･..,qm.Nowwedefinethepel･muta-
tionscorrespondingtoxo,xl,…,Xm aSfo1lows:

xiトー (il,i2,･･･,iq)fort-0,1,-,m,
whereweidentifyil+kqi.1With(i+1)1+kq.･.1for°≦i≦m-1,0≦

k<q/q.･+1.

Wecallthiscoveringthe(C2)-coveringforT(2,al)p-･"T(2,a,A).

2.9･Example.T(2,5)dT(2,3)PT(2,3).

Themonodromyofthe(C2)-COVeringisdefinedby
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2･10･Lemma･ForT(2,al)持T(2a,a2)刀-IHT(2,am),the(C2)-

coveringspaceisS3.

Proof･ForeachfactorT(2,a,･),thiscoveringisthe(Cl)-?OVering･
Hence,WecanassumethatthecorrespondingmonodromylS

xt･ - 1トー (ll21･･･(qi) 11222 ･ ･･(ql･)2- ･- ･1, 2,･･ ･(q.1),),

xI･トー( ll (ql･+1)1･･, (2ql･- 1 ) 1 12(ql･+ ].)2 - (2qr 1)2- -

･1,(q.･十1), -(2ql･- 1),),
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whercr-q/q.･･

From 2.6andFigure2･3,thepreimageisasinFigure2.5.In

Figure2･5,Si2...qistheliftofS暮,correspondingtotheletter1,2,･.I,q
inthepermutationofthemonodromy･

Mal{ingth.econnectsumofT(2,ai).andT(2,a.･+1)atSt',islifted
tothefbllowlngOperationinthecoveringSpace:

(1)Weatta_cnthesethe(Cl)-coveringspacesofT(2,at･)and
T(2,at..1)atSit(q;'1).1(q･･'2)1--(2q･･-1),･

(2)Attheothers,S;･(unbranched),weattachacopyofthe3-ball
boundedby∫iin5-3whichdoesnotcontainr(2,αi).

T(2S,oilt)hue..C.0#VfF2:gaiS_Pta)CeaisdST3(･2誓 )C(ain=Pe2T30,e.T,欝 sph:rn?tioh:fco.rv_
eringspaceofthe(C2)-coveringisg3.Thiscompletestheproofof
Lemma2.10.

2.ll.Remark.Theknotwithbranchindexqistrivial,because
itisaconnectedsumoftrivialknots.

2･12･Exarnple･ThepreimageofT(2,5)#T(2,3)1T(2,3)under
the(C2)-COVerlng.

ThemonodromyisgiveTinExam ple2･9･Figure2･6(al)((a2),
(a3),reSp･)showstheprelmageOfT(2,al)-T(2,5)(T(2,a2)-
T(2,3),T(2,a3)-T(2,3),resp･)forthe(C2)-covering.Thepreim-
ageofT(2,5)#T(2,3)dT(2,3)isshowninFigure2.7.

誠1崇Fもu:ere2?4aurnaA禁 hle･(Re)fco.nvsiflenrgfhfeTkl芹(ate(20,fat13盲T2(-2d,isak2)i
-粁(2,a,n))-iSo,S.n)･ThepreimageofXisthecoveringspace
ofthediskXbranchedover(So,Sl)･And(theletterintheper-

mutationcorrespondingtoSo)∩ttheletterinfhepermutation
corresponding_toSm)-(01(-ml))･S.othecoveringSPaCeOfXis
alsoa2-diskX.LetX intersecteachSlintheequa.tor.SeeFigure
2.4.
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5.'l:il∫′′

SilSil…■■-■■ー ■一.ヽ 51'27;-】).
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(Y.+ )7 1.7/ /∠ / / ,5....(....","(2:I",′( ( rrr

Figure2･5

2.14.Therelationbetweenthepl･eimagcofX andthetl･ivial
knotwithbranchindexq.



(al)

rq･銭亀

9

)$○)6

Universalpretzellinks

乳1.".13

免…2.1,
(a2)

Figure2.6
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ForeachT(2,ai)andX,thepreimageoff:S3- S3inLemma
2.5isshowninFigure2.8.Wenoticethetrivialknotwithbranch
indexqasinFigul･C2.9･InFigul･C2･9,thetwistoftheband"l"

dep_endsonlyonthesignofa.･.(InFigul･e2･9,ai>0.)Thepl'eimage
ofXunderther-foldcycliccoveringg:S3- S3isshowninFigure
2.10,Thenwepe血rm thisoperationfわreachr(2,α;)andattach
themattheliftsofSi.

2.15. Example.Fol･T(2,5)HT(2,3)HT(2,3),Figure2･11(al)
((a2),(a3),reSP･)showsthepreimageofXforthe(C2)-COVel･ingof

T(2,al)(T(2,a2),T(2,a3),rPSP･),andtheknotwithbranchindex
q.Figure2.12ShowstheprelmageOfXandtheknotwithbl･anCh
indexq.

2.16.Generally,fromExample2.15,thepreimageXofX,which
isbranched,andthetrivialknotwithbl･anChindexqareindicated

inFigure2.13.ThetwistsofthepreimageXdependonthesumof
slgnSOfα膏.

Fofthe.knotandX as.inFigure2･14,weconsiderthe(C2)-

coverlngSimilarly.TheprelmageislikeasinFigure2,15.

me2ri･dli7a･n誓 efSra;ha:iFbi,5_Ii.Lveetrltnhge.pfe買2u,taaltl論nT(C20,r::S)F??チlhnTg(;?atE3
be(ll21-.(ql)1222･･･(ql)2･-･･･1,2, ･･･(ql).I)･Nowwcconsider

theliftsofX_correspondingto21and(ql)r･Wedenote叫eselifts

byX21a･ndX(ql),A

Remark･21and(ql),arenotthelettel'_Scontainedintheper-

mutation_ofxoandx2･ Hence9 0 fIX21:x21- X and

O ofIX(ql), :X(ql), - X arehomeomorphisms･Ifthepcr-
muta･tioncorrespondingtoTlis(12)then21-(ql),-2･

From Figure2.8,thepreimageofI:S3- S3branchedover
T(2,aユ)isshowninFigure2.16.Andthepreimageofg:S3- S3
isshowninFigure211_7･Wepe_rformthesameoperationforT(2,a2)･
ThenthepreimagesX21andX(ql),areShowninFigure2･18･Figure
2･19showsthesubsetofthepl･Cimageunderthe21foldbranched
coverlngbranchedover∫inFigure2.18.
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Figure2.10
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Figure2･11

branchindexq

Figure2･12
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Fig u re2 ･14

braLndlindex･q

し♪<〇〇､〇STi

Figure2･15

WerewritetheboldlinesinFigure2.19asinFigure2･20･In
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Figure2.19
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Figure2.20
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Figure2.20Ki(1≦i≦4)istheconnectedsumof2-bridgetorus
knots.

Remark.InFigure2.20,al,a2>0,butevenintheothercases
wecanconsidersimilarfigul･CS･

C.ProofofTheorem 2.3

InordertoshowalinkLisuniversal,itissufficientto丘nda
bl･anChedcoveringspacep:S3- S3branchedoverLsuchthat
p-1(L)containsauniversallink.

Wedenotethec"omponentpretzellinkp(-eb;ql,q2,･･･,qm)by
llUL2∪･･･Ul｡.Inthiscase,thepl･etZellinkistype(Ⅰ)もheneachliis
atrivialknot,a2-bridgetorusknot,oraconnectedsumof2-bridge
torusknots.

Wewillgivetheproofonthenumberofcomponents,α≧5,α-
4,3,or2.ThepretzellinksinthelistofTheorem2.3arenotuni-
versal.Becausetheselinksareunionsoffibersofgraph-manifold
structureson5'3.seeFigure2.21.

2.18.Theorem.Letabethenumberofcomponentsof
p(-eb;ql,q2,-,qm)andP-P(-eb;ql,q2,-,qm)附 ?=lT(2,a,･)),
wheren∈Nu(

Ifα≧5,then
andaiisodd/ori-1,2,...,n.
isuniversal.

2･19･Proposition(cfTh･1･4)･LelP-P(-β;2,2,-,2)where
β∈Z,α-封2-lhenumberofcomponentsofp.Ifα≧5,thenpts
universal.

2･20･ProofofTheorem 2･18･LetPbeasinFigure2.22.In
Figure2.22,Risatanglecontaingaconnectedsumof2-bridelink
facters asinFigure2.22.

(StepI)WedividetheStep(I)intotwocases.

(Case1)llisatrivialknot.
(Case2)Otherwise.
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琴 ｡;..:_2,礎 琴 (0;:,,腰

桶 g r &l

p(0;6,3.-2)

Figure2,21

C.Ecms三i)ultlP,tleA.f=likn(dLlb!混 cB.n;ildif(tti昌鮎 lSncdycSctch.ev空電
i:S3- S3branchedoverll.SeeFigure2.23,whereA-3,B-2,
andC=6,

Leti,I(i-1,2,...,α)bethecomponentof了1(ll)aBinFigure
2.23.NotethatRhasatleastfourcomponents.Figure2.24shows

LIUL2∪- Ula.Thenthisopel'ationcha･ngeseachcomponentinto
oneofthefollowing:

Llk(吊 ｡)I-Ilk(71,72)l-1,
Jlisatrivialknot,
JαisaconnectedSumOfJαandaconnectedsumof2-bridgetorus

knワts(possibiltyempty),whichisthecomponentcontainedinR,
l2isaconnectedsumofl2andaconnectedsumof2-bridgetorus

knワts(possibiltyempty),whichisthecomponentcontainedinR,
l,･-EiOtherwise.
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L4_1

二 二 ･ =夏壷 二丈
F igure2,22
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Figure2.25

TosimplifywedenotellUL2∪･･･UlαbyllUl2∪- Ulα.

(Case2)Weconsiderthe(C2)-COVeringbranchedover.l2･ Let
)ethelengthofthepermutation･ToconsidertheprelmageOf

IwhereI-【0,1】.SeeFigure2.25.
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branchindexq Ll

Figure2.26

Figure2.27

FromFigures2.14and2115,thetl･ivialknotwithbl･anChindexq
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andthepreimageXofXcanberegardedasthesameasinFigure
2.15.

LetA-llk(ll,La)l,B-Alk(tl,l2)l,atheleastEOmmOnmulti-
pleofAandB.Figure2.26showsthepreimageofX intheC-fold
cycliccoverlngSpacebranchedoverthetrivialknotofFigure2.26.
WerewritetheboldlinesinFigure2.26asinFigure2.27.

NowLiisthepreimag_eofI.･whichisshown inFigure2･271Then
wehaveanewlinkJIUJ2∪･-UJαsuchthat

Llk(71,7a)I-llk(71,72)I-1,
llisatrivialknot,
72(了｡resp.)istheconnectedsumofl2(Z｡resp.)andthecon一

mectedsumof2-bridgetorusknots(possiblyempty)whichiscon-
tainedinthetangleR,

Ji-JiOtherwise.

Thetwistsofl2inFigure2.27aretheresultofthetwistsonX.
Forconve_nience,weusethesam esimbolellU- Ulαinsteadof
JIU-･UJα.

(StepII)WedividetheStep(ⅠⅠ)intotwoca£es.

(Case1)72istrivial.
(Case2)Otherwise･

(Case1)Weperformthesam eoperationof(Case1)in(StepI).
Since_Llistriv_ialandIlk(Ll,La)I-LLk(ll,l2)I-1,wehaveanew
linkJIU- UJαsuchthat

JlandJ2aretrivialknots,

Llk(71,7｡)I-Ilk(71,72)I-llk(72,73)I-1,
l3-l3机T(2,al)巨 ･PT(2,aS))whereT(2,al)#･-打T(2,as)(posI

siblyempty)⊂R,
t.･-LiOtherwise.

Forconvenience,weusethesamesimbolellU-.Ulαinsteadof
LIU-･ULa.
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(Case2)Weperform theoperationof(Case2)in(StepI)･Since
ilistrivi_alandlLk(ll,laロ-Ilk(ll,l2)L- 1,wehaveanewlink
JIU･-UJαsuchthat

JlandJ2aretrivialknots,

Llk(71,70)J-llk(71,72)l-Llk(72,73)I-1,
E3-E3圧T(2,bl)持-･BT(2,bs)),whereT(2,bl)封･-HT(2,bB)(post

siblyempty)⊂R,
I.･-I.･Otherwise.

Forcon_venienceIWeusethesam esimbolellU- Ulαinsteadof
JIU-･UJα.

Weperfわrmthisoperationinorderonthenumberoftheindexof
li.Finally,weperform thisoperationatla.Sincellandlαー1are

trivialandIlk(la.-1,la)I- Ilk(la,ll)I-I,thentheconnectedsum
doesnotappearlnJl.Wehavethefollowlnglink,

両

TT
Lー
mu

I
2

巾

1
L
.I

ニ
信
.C4
(

(

しん'.･･■O
I～
hHMJ---‖_

istrivialknot,
(i-1,2,-,αandla+1-ll).

Thislinkisthepretzellinkpトβ;2,2,-･,.2)where♯2-α≧5,
β∈Z.FromProposition2.19,thislinkisunlVerSal.Thiscompletes
theproofofTheorem2.18.

2.21･Corollary.ThepretzelLink,whichhasatLeastPvecompo-
nents,tSuniversal.

2.22.Proposition.Ifα-4,allpretzelLinksarcuniversal,but
e3:CePtP(0;2,2,-2,-2).

Proof.LetP-P(-be;ql,q2,-,qn)-llUL2Ul3Ul4. Wedivide
theproofintothreecases.

(CaseI)p⊃T(2,al)HT(2,a2)&･･･JT(2,am)(allisodd,lat.l≧3,
fort-1,2,…,m,andm≧2).Thenpisuniversal.

(CaseII)p⊃T(2,a)(aisoddandJal≧3).Thenpisuniversal.

(Case III)AllI.ITS(i- 1,2,3,4)are t riviaLThenp isuniversal ,

butexcep tp(0;2,2,-2,-2).
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(23)(45)-
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h
JJ

Figure2.28

ProofofCase(I)･L?tll-T(2,al)dT(2,a2)H･-粁(2,am)･We
considerthe(C2)-COVerlngbranchedoverLl･ Weregardthatl2U

;3.2U.,I4weChfve持 lSe.?C崇g,ur.ene2i2t5ireFtrzoeTliPnrke)PP?r(a2fiorTd2g･el言.TugkFni.gtusr)?
FromTheorem2.18,thislinkisuniversal,completingtheproof.

ProofofCase(II). Letll-T(2,a).Figure2.28Showsthe
Ia卜foldirregulardihedralbranchedcoveringspacecorresponding
toL2-T(2,a),Seel6]andl7]･

TheboldlineinFigure2.28isapretzellink,whichhasatleast
?laI+2components･Sincelal≧3,thislinkisuniversal,complet-
1ngtheproof.

ProofofCase(Ill)･Wedividetheproofintotwocases･

(CaseIIIll)llk(I.･,I.･+1)I-1(1≦i≦4andl5-ll)･
Thenpisuniversal,butexceptp(0;2,2,-2,-2).

TheproofisinTheorem1.4.

.(CaseIII-2)Ilk(I.･,I.･+1)t≠1forsomei(1≦i≦4)･Thenpis
unlVerSal.

Proof.SinceI.･andI,･+1aretrivial,liULi+1-T(2,a)(aiseven
andIaL≧4)･WeconsidertheIaL-foldil･regulardihedralcovering
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spacebl'anChedoverT(2,a)(cf･Figure2･28).Thenwehaveapretzel
linkwithlαl+2componentsormore･Sincelαl≧4,itisunlVerSal
byTheorem2.18.ThiscompletestheproofofProposition2.22.

2.23.Remark.Supposethatthepretzellinkhastwo(three,
resp.)components.Ifitcontainsaconnectedsumof2-bridgetorus

knotsasasublink,thenweperformtheo.perationofCase(I)inthe
proofofProposition2･22･Wehave(asix(cigh.tresp･)-component
pretzellink)H 2-bridgetorusknots)･ThenpISuniversal･

2.24.Proposition.Ifα-3,theprelezllinkpisuniversl,but
e:rCePt
p(0;4,4,-2),p(0;-4,-4,2),andp(2,-2S)(siseven).

Proof.Letp-llUl2Ul3.Wedividetheproofintothl･ccCases.

(CaseI)p⊃T(2,al)HT(2,a2)巨 ･ポr(2,am)(a.･isodd,Ia.･J≧3
andm≧2).Thenpisuniversl.

(CaseII)p⊃T(2,a)(aisoddanda≧3).Thenpisuniversal.

(CaseIII)AllI.･,(i-1,2,3)aretrivial.Thenpisuniversal,but

cxccptp(0;4,4,12),p(0;-4,-4,2),a･ndp(12,12,S)(siscvcn).

ProofofCase(I).SeeRemark2.23.

ProofofCase(II)･LetLl-T(2,a)IBytheoperationinCase(II)

intheproofofPropositon2･22,wehaveapretze!linkwith回 +2
componentsormore･Sincelαl≧3,thislinkisunlVerSal,completing
theproof.

ProofofCase(1II).Wedividetheproofintotwocases.

(Ca月eIII-1)llk(I.･,I.･+1)l-1fol･1≦i≦3.Thenpisunivel･Sal,
butexceptp(0;2,-2,-2)andp(0;-2,2,2).

Proof.SeeTheoremlA.

(CaseIII-2)llk(I,･,I.･+1日≠1forsomei(i- 1,2,3).Then
pisuniversal,butexceptp(2,-2,3)(a:even),p(0;4,4,-2)and
p(0;-4,-4,2).
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Proof.I.･Ul.･+1isequivalenttoT(2,a)whereaisevenandlaI≧4･
LetllUl2-71･Ul,･+1andai-Jlk(lt･,l3)ト

(CaseII1-2-1)a.A≡1(mod2)fori-1,2･Wewillshowthatpis
universal,butexceptp(2,-2,S)･

(i)Inthecaseofαユニα2-1･

Wecanrepresentpbyp(-P;2,-2･a)(P fZ)･Thenwehave
pト(Ialβ11)土1;2,2)asasublinkoftheprelmagebythelal-fold

irregulardihedralcoveringspacebranchedoverr(2,α)(cf･Figure
2.28).Nowp(-P';2,2)isuniversal,butexceptP'--2,1,andO･If

bail.?t-helnithlis;in-k2i,SluonrlVOe,rstahl?nβ=0,from IaI≧4･Hence,if

(ii)Inthecaseofα1≠1orα2≠1･

Wecan asSumethatal≠1.Letx.･(i-1,2)bethemeridianof
Li.ThenweconsiderthelaI-foldirregulardihedl･alcoveringspace
branchedoverT(2,a)withthemonodromydefinedby

xlトー (12)(34)-
x2トー (23)(45)…

Thereisa2-corpponentpretzellinkinthepreimage(seeFig-
ure2.28.).SinceallSOdd,al≠landlat≧4,thispretzellinkcon-

tainsaconnectedsum.of2-.bridgetorusknotsT(2,al)臣 ･･けT(2,al)･
FromRemark2.23,PISuniversal.

(CaseIII-2-2)al=0ora2=0(mod2).Thenpisuniversal,but
exceptp(0;4,4,-2)andp(0;14,-4,2).

Proof･Wecanassumethafal≡0(mod2)･WeconsidertheIal-
foldirregulardihedralcoverlngSPaCebra･nchedoverT(2,a)･(See

l
e
O
2

e

~
e

α
te
,
≡
+
加

昔

掬

W-

Figure2･28･)Thenwehaveanewpretzellink･IfIal≧
(mod2)resp･),thenthenewpretzellinkhasatleastJ
(laL+1,resp.)componentsIThuswehavea･pretzellink
componentsormore.Thenitisuniversal.

｡,eTzeelCIOinnSkidheitfh.eurc_S.emo,f.In冨nlt;.4IfaZ,d,124=.rla(2m;dlヲ)t･hifh,ereE…Tl
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knotisnotp(0;2,2,-2,-2),thenitisuniversal･(SeeProposition
2.22.)

Weconsiderthecaseofα1- 2andα2- 1.Thispretzellink
isequivalenttop(-β;4,4E,2)orp(-β;-4,4E,2)(E- j=1)･IfP-
P(-P;4,4E,2),thenweconsidertheIaI-foldirregulardihcdralcov-
eringspacebra,nchedoverT(2,a).SeeCaseIII-2-1-(ii)intheproof

ofProposition2･24･Thenw.ehaveanewpretzellinkp(-(4P.+1t
E)･,2,2,2,2)･ThislinkisunlVerSal,if4β+1+eチ-2.ISopISunl-
versa.1,butexcepte-1a,ndP--i.HencepISunlVerSalexcept

p(0;4,4,12)･Ifp.-p(-P;-4,4E,2),wcperform thesameopera-
tion.Thenpisuniversal,butexceptp(0;-4,-4,2).Thiscompletes
theproofofProposition2.24.

2.25. Proposition.Ifα- 2,thepretzelLinkpisuniversl,
bute3:CePtP(0;2S,2t)(S,i∈Z＼(0)),p(0;3,6,-2),p(0;-3,-6,2),
p(0;12,-3,4),p(0･,2,3,14),p(2,-2,S)(S:odd).

Proof.Letp-LIUL2.WedividetheproofintothreecaSCS.

(CaseI)p⊃T(2,al)p-.dT(2,am)(a.･isodd,la.･l≧3andm≧
2).Thenpisuniversal.

(CaseII)p⊃T(2,a)(aisoddandIal≧3).Thenpisunivel･-
Sal,butexceptp(2,-2,a)(a:odd),p(0･,3,6,12),p(0;-3,-6,2),
p(0;3,4,-2),p(0;13,-4,2).

(CaseIII)Bothlla.ndL2 al･etrivial.Thenpisuniversal,but
exceptp(2S,2t)(S,i∈Z＼(0)),

ProofofCase(I).SeeRemark2.23.

ProofofCase(II).Letll-T(2,a)･FromCase(I),wecanassume
thatJ2isatorusknotoratrivialknot.

Stepl･l2isa･torusknot.Wecandenotepbyp(-P･,2pl,a,2p3,P4)
(pl,P3∈Z＼(0),a,p4areOdd,andlal,Ip41≧3).

WeconsidertheLaI-folddihedralcovel･ingspacebranchedovcl･
I-T(2,a).SeeFigure2.28.Ifbothplandp3areeven,thenwc
halvea(JaA+1)-componentpretzellink･IfIaL-3,thenwehavea
41COmpOnentpretzellinkanditcontainsT(2,p4)(lp41≧3),andso
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itisnotp(0;2,2,-2,-2)･FromProposition2･22,Pisuniversal･If

らal≧4,W.ehavea･pretzellinkwhichhasatleastfivecomponents･
oitisunlVerSal.
IfplOrP31SOdd,thenwehaveapretzellinl(with twocom-

ponentsormore(cf･Figure2･28)andthispretzellinkcontains
T(2,p4)H.-PT(2,P4)･FromTheorem2･18andRemark2･23,itis
universal.

Step2.l2isatrivialknot.Wecandenotepbyp(-β;2pl,a,2p3)
- llUl2 (a:Odd,pl,P3∈Z＼(0))･Wedividetheproofintotwo
Cases.

釘
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d

ニ
0
1

3
,
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1
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≡
-

3

1

mr
mr

1p.)･l

p
J
二

日リ
臼I

Ej
Ej

e
e

腿
as

C
C
RL13 ThenpISuniversal,butexcept

p(2,-2,8)(S:odd).
(CaseIIl1-ii)lpll≠1orIp31≠1･Thenpisuniversal,butexcept

p(0･,3,6,-2)andp(0;-3,-6,2)･

(CaseII12)pl=0orp3=0(mod2)･Thenpisuniversal,but
exceptp(0;3,4,-2)andp(0･,-3,-4,2)･

Proofof(CaseIJllli)･WecandeヮotePbyp(-β;2,a,-2)･We
considertheIaI-folddihedralcoveringSPaCebranchedoverll-

T(2,a)(cf･Figure2･28)･Thenwehavea2-Component.pretzellink
pト JaIβ-1+a/Ial;2,2)･Ifp(-β';2,-2)isunlVerSal,then

β′≠-2,-1,and0(cf･.Theoreml･4)･Sincelαl≧3,ifβ≠0,
th?np(-P;2,a･-2)isunlVerSal･Weconcludethatp(-P;2,a,12)is
universal,butexceptp(2,S,12)(-p(2,-2,S))(S:odd),completing
theproof.

Proofof(CaseIIll-ii)･Wecan assumethatlpユl≠1･Wedivide
theproofintofourcases.
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lpIL≧5
lpII-3

ThenpISunVerSal.
ThenpISuniversal.
ThenpISuniversal.
ThenplSunivesal,

butexceptp(0;3,6,-2)andp(0;-3,-2,6).

WeconsidertheIaL-folddihedralcoveringspacebranchedover
Ll-T(2,a).Thenwehavea21COmPOnentPl･etZellink.
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(13) (12)

令告 X ･-rt
β

Figure2･29

(1)Sincelpll≠1,thepretzellinkcontainsT(2,pl)刀- FT(2,pl).
From Case(Ⅰ)intheproofofProposition2･25,thispl･etZellinkis
universal.

(2)SinceIaI-3andIp31≠1,thisprctzcllinkcontains
T(2,pl)HT(2,p3粧 ･･･FromCase(Ⅰ),thislinkisuniversal･

(3)Weconsiderthe3(-IaJ)-folddihedralcoveringbranched
overI-T(2,a).Thenwehavep(-(3P+a/IaI+p3);2pl,Pl,2p3)I
(cf･Figure2.28･)SinceIpIL>_5,thispretzellinkisuniversalfrom
(1)･

(4)ItissufRcienttoconsiderp(-β;6,3,2)andp(-β;6,-3,2)･
Forp(-P;6,3,2),the3-foldcoveringassociatedwithFigure2.29is
thelensspaceL(2,1)byl81･Andthe2-foldunbranchedcovel･ing
ofユ(2,1)is5'3.

First,weconsiderpトβ;6,3,2)･Wewillshowt.hat,inthiscover-
ingS3- S3thepreimageofthispretzellinl"ontainsp(-(6P+
4);2,2,2,2)･Firstweconsiderthelinkエwith仙epermutation
showninFigure2.30.Ifweperform 3(6resp.)-halftwistsatthe
3lbal13(6resp.)inFigure2･30,thenwchavep(-P;6,3,2).Thcl･e
isasphereS2dividingS3intotwoballsAandBsuchthatAand
BareshowninFigure2.30(b).TheballBdoesnotcontainthe

permutation(13)･ThusthecoweringspaceofS3brancBedoverL
isdividedbythepreimageofS2intotwワpartA andB,thelifts
ofA andBrespectively･WenotethatA andBaretorュ.Figure
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(12)

(a)
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琶 ぬ ･･･尋
I β
(b)

Figure2.30

2.31indecatestheliftA.InFigure2.31,theboldlinehasbranched
indextwo,andtheothershaveone.

Thelinkwit.hbranchindex1iscontainedinA.Wedenotet.his
linkbyI.Sowecan showthislinkinL(2,1)aBFigure2.32(a.).In
Figure2.32,theboldcircledenotesthesurgerylink.Bythetwist
attheball3and6,wehavethelinkasinFigure2･32(b)･(See【

14iP･317･】･)WedenotethislinkbyあwhichisasublinkPfthe
prelmageOfp(-(6P+4);2,2,2,2).Figure2.33showstheprelmage
of卓underthe21foldunbranchedcoveringS3-- L(2,1).Nowwe
havep(-(6P+4)I,2,2,2,2).Unless60+4--2,i.e.p--1,this

prでtzellinkisuniversal･(SeeProposition2,22･)Sop(-β;6,3,2)is
universal,butexceptp(0･,6,3,-2)(-p(-1;6,3,2)).

Fol･P(-P;6,-3,2),weperformthesameoperation.Andweha.ve
thepretzellinkp(-(-6β+5);2,2,2,2.)･FromProposition2･22,since
-6β+5≠.12,ThispretzellinkisunlVerSal･

ThenpISuniversal,butexpectp(0;6,3,-2)andp(0;-6,-3,2),
completingtheproof.

Proofof(CaseII-2)･Wedividetheproofintotwocases.

(i)pi≡0(mod2)fori-1,3･
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Figure2･3 1

≡
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二
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Figure2･32

T(3P+])×2

口 車

T(3P+1)x2+2

Figure2･33
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Sincelal≧3andpl≡0(mod2),wecan havea4-component

pretzellink,whichisnotp(0;2,2,-2,12),orapretzellinkwithfive

ormorecomponentslink,bytheIaI-folddihedral.coveringspace
branchedoverll-T(2,a),Sothispretzellinkisuniversal.

(ii)pl=0,p2=1(mod2)

Ifl可≧5,thenweperfわrmthesameoperationof(i).Thusitis

universal.InthecaseofIaI-3･Ifa-3,wedenotethispretzel

linkbyP-P(-β;隼 3,2n)(m,n∈Z＼(0))･Andweconsiderthe3-
folddihedralcoveringspacebranchedoverLl-T(2,3).(SeeFigure
2.32.)Thenwehalveanewpretzellinkp(-(3P+1);2n,4m,n,2m)
- (1).Thislinkhas threecomponents･The31COmPOnentPretzel
link,whichisnotuniversal,isp(2,-2,a)(S:even)andp(4,4,-2).
Fr?m (1),if(m,n,β)≠(1,1,-1),thenpisuniversal･Hencepis
unwersal,butexceptp(0;4,3,-2)(I-p(0;3,4,-2)).

Ifa--3,thenweperfol･mSameOperation.ThuspISuniversal,
butexceptp(0;-4,-3,2)(-p(0;-3,-4,2)),completingtheproof.

Proo!ofCase(III)IThispretzellinkisa2-bridgelink･Froml6】,
itisunlVerSal,butexceptp(0;2S,2t)(S,f∈Z＼(0)).Thiscompletes
theproofofProposition2.25.
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3.Detectinglnequivalenceofsomeunknottingtunnels
fortwo-bridgeknots

Figure3･1
A.Introduction

3･1･Letkbeaknotinthe3-sphereS3･Anexteriorofkisthe
closureofthecomplementofa･regularneighborhoodofk,andis
denotedbyE(k).Anunknouingtunnelforkisanembeddedal･C
TinS3suchthatTnk- ∂TandS3-InlN(ku T,S3)isagenus
twohandlebody.N(H,K)denotesaregularneighborhoodofHin
K･ThenwedenoteTnE(k)by千･Let7-1,T2beunknottingtunnels
fTork.Wesaytha.t 7-1a,ndT2 arehomeomorphicifthereisaself-
homeomorphismIofE(k)suchthatI(il)-12,andTlandT2are
isotoicifilisambientisotopictof2inE(k).

Supposethatkisa･two-bridgeknot･Thenbyl10･Pl･OP･3.1],Tl

andT2ShowninFigure3.1areunknotingtunnels.

Fortwo-bridge!nots,Werefertol6]･Toeachrationalnumberalb
wi thaodd,therelSassociatedthetwo-bridgeknotK(a/b)shownln
Figure3･2･InFigure3･2,thecentraltangleconsistsoflinesofslope
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12 p-I(12)

{1(.1) TI

p.1く-1) =I 1･1日 ntht叫 loVc･Lf･･

Figul･C3･3

j=b/awhicharedl･aWnOnaSquare"Pillowcase"IInFigure3･2we
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… ‥γ
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≡声≧ミミ;こき:ミ

Figure3･4

alsodescribeTlandT2･By打-twistof百万aboutx-axis,Ti(i-.1,2)
forK(a/b)isisotopictoTI.forK(a/bia)andK(a/-b)isthemlrrOr
imageofK(a/b)･Thenweca･nassumethat0<b≦a/2･

3.2.Theorem.Foratwo-bridgeknotK(a/b)wl'thaoddand
0<a≦a/2,TlandT2arel'sotopl'cl'fandonlyl'f(a,b)-(2n+1,n)
or(2n+1,i)(nEN).

3.3.Remark.7T-rotationabouty-axis,ShowsthatTlandT2are
homeomorphic.MorimotoandSakuma【ll】hasprovedthistheorem
bytheargumentofalgebraicargument.

B.ProofofTheorem

Sincethe"if"partiseasilyseen(cf･【ll,Theorem5.21),weprove
"onlyif"pal･t･AssumethatTlandT2areisotopicforK(a/b)with
(a,b)≠(2n+1,n)and(2n+1,1).Then,thereexistsanambient
isotopyfi(0≦i≦ 1)ofE(Ii'(a/b))suchthatfl(子1)- 12.Let

p:M - E(K(a/b))beacoveringofE(K(a/b)),I-i:M - M a
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Figure3･5

liftofI.,チ.I(i-1,2)acomponentofp-1(i,.)suchthatil(テ1)-f2.

Byrestrinctingf-1:M xI- M toテ1×I(芦IxI),wegeta
continuousmapg:IxI- M withthefollowingProperties.

(1)gllx(0)きSan embeddingwhose!mage享S三1,
(2)gllx(1)lSanembeddingwhoseImagelST2,and
(3)g((0,1)xI)cacomponentofaM･

Then,テ1ishomotopic(rel･∂)to子2inM･
From l6],thea-folddihedral irregula･rbranchedcoveringof

S3ranchedoverK(a/b)isS3･ Andthepl･eimageofK(a/b)(-
K(ll/3)),TlandT2isdescribedasinFigure3,3.Thelink

p-1(K(a/b))has1+【a/2】componentsCo,Cl,-,Cla/2]･InFigure

3･3,∂子liscontaindin∂N(Cb)and_onlyf2inp-1(T2)whosebound-
aryiscontainedin∂N(Cb),Thenfl(テ1)-f2.Sinceテlishomotopic

(rel.∂)toテ2inS3- Int(∪…='三号】N(Ci)),テlishomotopic(rel.∂)t｡
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f2inS3- Int(N(Co)UN(Cl)uN(Ca-la/2]b)uN(C【a/2】))･Figure
3.4showsthepreimageafterpuncturingthe"Pillowcase",twisting

oneR:fmii:kT三;n=d.fl<atbtin<gao/u2t,bOnlol?haenpd1号芸?i)i(2n.1,1),then
O<a-la/b]b<b<la/21･

From l6･pp･502-503],thelinkCouCbUCa-【a/b]bisuniquely
determined･Andthereareonlyfわurcasesfb∫C[α/2】(Figure3･5)･In
thecaseOfFigure3.5(I),thetwo-foldbra･nchedcoveringbranched
overCa-la/b]bisdescribedinFigure3･6(Ⅰ)･Then,inFigure3･6(Ⅰ),
雪'mustbehomotopic(rel.∂)to電inS3- Ini(∪ぎ=lN(D.･)).So月
mustbehomotopicto手打nS3- Inl(N(Dl)uN(D2)UN(D3)).
Now,Hl(S3- Inl(N(Dl)UN(D2)UN(D3),∂N(Dl)))空 Z 望

<d2l>,-whered2isameridianofD2,and弓と d2andテi=0
inIJl(S3-Ini(N(Dl)uN(D2)UN(D3),∂N(Dl)))･Thenfl'isnot
homotopic(rel･∂)to手芸,soTlandT2arenotisotopic･

Intheothercases,Figure3･6(ⅠⅠ)((ⅠⅠⅠ),(ⅠⅤ),resp･)describesthe

two-foldbranchedcoverbranchedov?rCa-la/b]bin Figure3･5(II)
((III),(IV),resp.).Thenwedotheslmilaropel･a･tionfol･thebold
lines.Hence,wecanshowthatTlandT2 arenotisotopic.This
completestheproof.
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