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Introduction
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I.1 Approaches to non-equilibrium irreversible processes

Thefirststeptowardstatisticalmechanicswastakenin1736by

∫.BernoulliwhotriedtoderiveBoyle-Charleslaw forrarefiedgas

byNewtonianmechanics.Sincethen,greateffortsweremadeby

physicists to reconstruct thermodynamics by considering

microscoplCpicturesofmolecularmotion･MacroscoplC empirical

laws under thermal equilibrium condition were successfully

explained by ensembles ofmoleculardynamicalquantities･In

1877,L Boltzmanninterpretedthesecondlaw ofthermodynamics,

i°e.,theirreversibleincreaseofentropy,asastochasticprocessof

equlpartitionofenergybyelasticcollisionsofmolecules.Though

thedynamicalprocessesonmicroscopicallevelarereversible,the

macroscoplC irreversibility is obtained.In the middle of this

centuryageneraltheoryofnear-equilibrium systemsforwhichthe

deviation from the thermalequilibrium isapproximated by the

firstorderofexpansiontermshasbeenachieved.Theformalism is

welトknown asthe linearresponse theory.However,itis not

applicable to far-from-equilibrium systems where responses are

nonlinear.

Ontheotherhand,thestudyoffar-from-equilibrium hasbeen

attracting muchattention in thelasttwo decays.(Thehistorical

progressofstatisticalphysicsfrom thermalequilibrium to far

from-equilibrium isshownschematicallyinFig･1･1).Thわughmany

macroscoplC phenomenain nature,such asturbulence,lightning,

earthquakes,fracture,erosion,and formation ofclouds,aerosols,

andinterstellardustsaretypicalproblemsoffaトfrom-equilibrium,

nounifiedview hasbeenestablished.
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Linearnorl-equilibrium

LinearresfX)nSetheory

Approachesfrom
stochasticmdels

Ourpresentresearch

Phasetransitions

Approachesfrom
dynamicalsystems

Dissipativestructure
Chaos

Fig.I.1 schematicviewsofthermodynamicsto
far-from-equilibrium statisticalphysics.

Theseproblemsinnatureinvolveessentialdifferencefrom themal

equilibrium systems.First,atthemacroscoplClevelthesystemsdo

not satisfy the detailed balance and equlpartition prlnCiples.

Second,thesystem isusuallyopentoanoutsidesource.h orderto

describesuchsystemsitisnecessarytotakeintoaccountofthe

injection and dissipationprocesses.Atpresentstage,wedo not

know auniversaldistributionforfar-from-equilibrium suchasthe

canonicaldistributionforthermalequilibrium.

Letusconsideranapproachbycomputeranalysis.Herewe

considera typlCalfar-from-equilibrium problem,aggregation of

macroscoplCStickygrains,whichisthebasicprocessofformlng

dustsinatmosphereorinouterspace･Ⅰfwetrytosimulatesuch
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systemsbymicroscoplCView wehavetoincludetypicallyanorder

oflmolmoleculestorepresentonemacroscopICParticleatlocal

equilibrium･AtacollisionoftwomacroscoplCparticleswewillbe

required a lotofCPU timeto observethefusion ofincident

macroscoplCparticles,andstillmorecalculationwillbeneededuntil

thesystem reachesanew thermalequilibrium.Further,wehaveto

calculatemillionsofcollisionsofmacroscoplCParticlesinorderto

obtain the distribution ofparticle sizes.Obviously,thisis far

beyondthecapacityofpresentcomputers.

Bychanglngthepointofview,wecanvisualizethefar-from-

equilibrium systemsbydirectlyconsideringinmacroscoplCterms.

Namely,wecanmakeamodeloffar-from-equilibrium byassumlng

irreversiblerulesforthemacroscopicdynamics.Forexample,we

areableto makeamodelforaerosolformationby thinking of

particles'coagulation process,neglecting details ofmicroscopic

conditions･ Insuchaway,wemayexplainthemechanism ofsome

universalbehavioron macroscoplC levelfound in the natural

irreversible systems.

Oneoftheearlyattemptstousethisapproachwasreportedby

T.A.WittenandL.M.Sander(1981)whomodeledapatternformed

by cathodedeposition ofpositivemetalicionsin an electrolite

containinginasmallconcentration.Whenarandomlydiffusingion

hitstheelectrodeorthealreadydepositedmetalonitssurface,it

immediately sticksto the surface by electrostatic attraction.A

randomly branching pattern (see Fig.1.2a) obtained in this

experimentisrealizedbyasimplemodelcalleddiffusL'on-1imited-

aggregatt'on(DLA):Putaseedparticleattheoriginofalattice.

Anotherparticlelaunchedfarawayfrom orlglnrandomlywalkson

thelattice.Whenitarrivesatanadjacentsitetotheseedparticleit
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Stops and formsone more seed particle,and anotherdiffusing

particleislaunched･Repeatingthisprocess,weobtainabranched

pattern(Fig.1.2b)whichrealizesthemainfeaturesofthedeposition

pattern obtained experimentally.

Fig.1.2a Branchedstructureformedonacentrallypositionedzinc
electrodebycathdicdeposition.lM.Matsust'ta,M Sano,Y.
Hayakawa,H.Honjo,andY.Sawada(1984-]

b simulationofatwo-dimensionalaggregationofparticles
accordingtoDLArules･Itwascomposedof50,000particles･
tP.Meakin(1985)]

Randomly branchingstructuresinDLA processand similar

models show statistically self-similar appearance.Namely,we

cannottellthe statisticaldifference in shape between a large

branch anditscomponentsmallbranchesifweenlargethesmall

ones･Wecanformulatesuchself-similarcharacteristicbyapower-
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law functionsincepoweトlaw istheonlyfunctionthathasthescale

invariance.Ifafunctionn(r)isscale-invariantthenn(r) satisfies

n(r)C- (kr)forallpositivek.Thatis,ifn(r)isscale-invariantthen

a(r)shouldsatisfythefunctionalrelation;n(kr)=n(k)n(r)forall

positivekandr,from thesymmetryofkandr.Thisequationisthe

Cauchy-sfunction equation whose only continuoussolution(apart

from thetdvial〟(r)=Oforallpositive〟)is;〟(r)=rαforsomereal

numberalseeG.Korvin (1992)].Theself-similarityofDLA is

characterizedasfollows:Ifweconsideracircleofradiusrfrom the

originthenthenumberofparticleswithinthecircle,〟(∫),isscaled

aS

n(r)C<rD I (4.1.1)

where D isafractionalexponentwhich iscalled thefractal

dimension lB. B. MandeZbrot (1975)] and the self-similar

geometricalpatternsofthiskindarecalledfractals.Inthecaseof

DLA thefractaldimensionisestimated bycomputeranalysisas

D=1.70±0.06fortwo-dimensionallattice【P.Meakin(1983)].

Scale invariance and fractalgeometry are the typical

macroscoplC feature offaトfrom-equilibrium systemsobserved in

nature.Yet,wedonotknow how theself-similarityisachieved.We

cansaythatpower-law distributionsandfractalgeometriesare,in

a sense, macroscopIC Peculiarities of irreversible systems

correspondingtotheempiricallawsofclassicalthermodynamics.

Theconceptoffractalisnotonlyusedtodescribegeometrical

self-similar patterns, but also to the phenomena whose

distributionsfollow power-laws,which aretyplCally observed in

far-from-equilibrium systems. In the followlng Chapters we
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consider the processes of particles'coagulation,but mostly

concentrating on the mechanism of formlng power-law size

distributionsinopensystems･

1･2 Ra･ndom aggregating systems observed in nature

lnthissectionwediscussopenaggregatingparticlesystemsin

natureandthecorrespondingstochasticmodels･

Fig.1.3 Mechanismofaerosolformationinair･

Letusconsideraggregationofaerosols.Thetypicalsizesof

aerosolareofdiameterlOA(si2:eOfaclusterofmolecules)to

lOOpm(sizeofafogwaterdroporaparticleoffinedust).Since

aerosolsaresmallenoughtheyareregardedasparticlesrandomly

floating in air,andcoagulatewithcertainprobabilitywhen they

collide.Diffusion and coagulation are repeated untila fully
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developed particle,whichstartssedimentation,isformed.Beside,

smallparticlesarecontinuouslysuppliedbycarfumesandsmokes

from industrialfactoriesIFig･1･3 Showsamechanism ofaerosol

developmentschematically.

(

倉

s
u

ap
)

的ol

log(diameter) 岬l

Fig.1.4 A schematicdiagramforparticlesizedistributioninaerosols.

Effectofaggregation,sedimentation,and supply ofsmall

particlesbalancetorealizeasteadystate.AsshowninFig･1.4,the

steadystatesizedistributionhasapower-law range,and,dueto

sedimentation.afastdecay atthelargesizerange･Ithasbeen

reported thatin actualobseryation,thediameterdistribution for

aerosolsfollowsapoweトlaw withanexponentcloseto-3.Namely,

〟(〟)-r~3,where〟(r)denotesthedensityofaerosolsofdiameter

rlTakahashi, T.(1987)]. Letusdiscussinmoredetailaboutthis

poweトlaw distribution.
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Thesystem describedaboveiscalledarandom aggregating

system.In order to concentrate on to the power-law size

distribution,here weconsideronly coagulation and injection of

smallparticles.Forconvenience we neglectthe sedimentation

process･Ifsuch random aggregating system is closed and no

particle issupplied,then the totalnumberofparticles decays

monotonicallywithtimeintheirreversibleaggregatingprocess.(In

thenextchapterwewillshow thatthedecayfollowsapoweトlaw

foraparticularcaseofScheidegger'srivermodel;amodelof

simplifiedrandomlyaggregatingparticlessystem inwhichparticles

ofdifferentsizesdiffuseinthesamemanner.)Asaresult,the

steady statewillbeatriyialconfigurationinwhich allparticles

gatherintoonelargeparticle･Aswesee,thesystem isrequiredto

beopeninordertoreachanon-trivialsteadystate･

By injecting smallparticlescontinuously,a steady size

distributionoffractionalpower-lawscanbeobserved･Ithasbeen

shownforScheideggerlsrivermodelthatthispower-law isstable,

namely,thesystem recoversthesame distribution regardlessof

any perturbation(Seechapter2.5).Thepower-law issupportedby

thebalanceofincreaslngthenumberofsmallparticlesbyinjection

and decreaslngitbyaggregationprocess.Inotherwords,ifwe

slngleoutaparticleofany sizeitgrowslargerand largerby

repeatingcoalescence,butthenumberofparticlesofagivenSizeis

keptconstantby aggregation ofnewly lnJeCted smallparticles.

Moreover,for a glVen rate Of supply ofsmallparticles the

aggregation rate isnaturally controlled by the injection rateof

smallparticles so thatthe power-law is maintained for any

injection rate(see Fig.1･5),although the mean-size ofparticles

increaseswith time.Wecallthisconditionwhichischaracterized
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byastablepower-law asastatistically steady state distinguishing

from usualsteadystatesinwhichmeanvaluesconvergeastime

develops.

STABLE
POWER-LAW

Fig.1.5 A stablepoweト1awisobtainedbythebalance
ofaggregationprocessand叫ectionofparticles･

TheclassicalunderstandingofaggregationkineticsisglVenby

therate equation approach proposed byM. yon Smoluchowski

(1917)･Thebasicassumptionsofhistheoryarethefollowings:

i)ThereactionrateK,ifortwoparticlesofmassiandjis

thesameforanypal一Ofparticleshavingmasses∫andノ.

ii)Theconcentrationofparticleswithagivenmasscanbe

representedbyitsspatialaverage.Thusthespatial

dependenceofallquantitiesisneglected,consequently,the

resultsofthisapproachgivethevaluesofthemean-field

theory.

iii)Thesystem issufficientlydilutedsothatthereactionrate

betweentwotypesofparticlesisnotinfluencedbythe

presenceofotherparticles･

The so-Called Smoluchowskiequation is found by writing the

populationbalanceofboththegalれsandlossesduetocollisions

underaboveassumptions.Itcanbewrittenasfollows;
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00

f nk't'-を,..?=kK･jnE･'t'nj(t'-nk't'∑ Kkjnj't'･lk-Rknk't'･ (.･2･.Iノ=1

wherenk(t)denotestheconcentrationofparticleshavingmasskat

time t,lkdenotestheconcentrationofparticleshaving massk

injected attime t,andRk denotes the sedimentation rate of

particleshaving masskattimet.Thefirstterm attherighthand

sideexpressesthenumberofparticlesofmassk increased by

aggregation,formedbyparticleshavingmassiandjcoalescing to

form aparticleofmassk=i+j.Thesecondterm showsthenumberof

particlesofmassk decreasedby aggregationofparticleshaving

massk andtheotherparticles.Thethirdterm andthelastterm

correspond to injection and sedimentation rate, respectively･

Eq(1.2.1)has been studied extensively fordecadesand itcan

explain power-law size distributions widely observed in

aggregationprocess･Thecollisionmatrix Klj･isdetermined by the

physicsofthe aggregation process･Foraggregation ofdiffusing

spherical particles K,jis known to be expressed as

K,i"(i1/3.jl/3)(i-i/3.j-1/3).Theexactsolutionswereknownonly

forthecaseofK,j･"1lM.vonSmoluchowski(1916)],K,j ou'+jlJ.B.

Mcleod (1962)i andK,j･ "ljlR.M.Zlu (1980)].The Eq.(1.2.1)

involvesessentialdifficultiesofnonlinearity.Theexactsolutionsfor

many othercaseswith complicated collision matrices are still

unknown.

Ⅰnthenextchapter,Weintroduceaspecialmodelforwhichthe

sizedistributionandtheotherstatisticalpropertiesarerlgOrOuSly

analyzednotonlyinthemean-fieldcasebutalsoinone-dimension

with spatialeffectstakeninto account･Wemathematically show

thatourmodelhas a stable poweトlaw distribution underany
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perturbationandderivethefunctionalformsofrelaxation to the

poweトlaw･Criticaldimensions and the exponents of the size

distributiondependingontheinjectiontypesarediscussed.

Inchapter3,Weintroducesomeextendedmodelsandanalyze

theirstatisticalproperties.Themodelsintroduced in thischapter

areanaggregationofexponentiallygrowlngParticleswithinjection,

arandom advectiondynamicsinwhichaportionoftheparticles

are distributed to neighboring sites,and amodified version of

Scheidegger-smodelwhereparticles'Jumplngratesdependontheir

mass.

In thelastchapter,Wediscussthespatialcorrelation of

aggregationwithinjectionsystem.Theauthorintroducestwonew

generalmethodstoanalyzethecorrelationofspatialandtemporal

data.Weshow thatthesemethodsarepowerfulevenforviolently

fluctuated data which are often encountered in far-from-

equilibrium systems･
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Scheidegger'srivermodel
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2･l Themodeland thebasicequations

Ⅰn the previouschapter,wereviewed someexamplesoffarfrom

equilibrium irreversible systems found in nature, which

automaticallyorganizesteadystateswithpoweトlaw distributions.In

thissection we introduce a simple modelofrandom aggregating

particles･Wewillfindthatevenasimplifiedmodelcanreproduce

somepeculiaritiesofnon-trivialself-OrganlZlng processesfound in

nature.

2.I.1 The model

Fig･2.1 Riverspatternontheslope･
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Letuspictureaslopeofpavedroadunderrainwithmany

pebblesuniformlydistributedonthesurface(seeFig,2.1).Raindrops

falluniformlyandtheyflow alongtheslope.Whenastream ofwater

encountersoneofthepebblesonthesurfaceitslidesdowntothe

leftortotherightrandomly･Whentwostreamshappentogatherat

thesamespot,theycoalesceandcontimletOglidedowntheroad,

randomly diverted by the pebbles withoutpenetration into the

ground･Onceapathhasbeencreated,alllaterraindropsthatcome

uponitfollow thesameroute.Ifthesurfaceislargeenough,after

sometimeweseeahierarchyoflittlestreamsandrivulets.Fig.2.2

shows a similar phenomenon observed in a realsystem.The

branchedpatternappearsonthesurfaceofaglassbytheflow of

wateryyogurtinsteadofraindropinabovedescriptionlH.Takayasu

andM.Takayasu(1988)].

Fig･2･2 River-likepatternmadeofyogurtontheroughglass･
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ノ ~ ー j

Fig.2.3 Anexampleofaspace-timeconfigurationofsticky
random walkersinone-dimensionwithinjection.

Wecanformulatethemostessentialpointsofthispictureasa

random aggregating particle system in discretized space-time.In

order to avoid complexity, here, We consider ideal massive

particles(materialparticles)thatonecan ignoreitsvolume in the

model.Consideraprocessin which atevery time step massive

particleson sitesofaone-dimensionallattice randomly Jump tO

neighboringsites,whileaunitmassparticleisaddedtoeachsiteof

thelattice.Whenparticlesmeetatasitetheycoagulatetoform a

new particlewithmassconserved･Fig.2.3showsthetrajectoriesof
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particles in space-time.Itinvolves branched structures which

coincidewith theriverpatternsundertherain introduced in the

beginnlngOfthischapter.Theparticlesatthelatesttimestepareat

thebottom ofthisfigure,andeachofthem hasmassequaltothe

areaofthedrainagebasinofcorrespondingbranchedstructuresince

weinjectaunitmassparticleperonetimestepateverysite･The

ridgesofthedrainagebasinscorrespondingtotheparticlesatthe

latesttimestep areshown in Fig.2.4.Thus,wecan visualizea

configurationofsizesofmassinone-dimensionalspace･

Fig.2.4 Theridgesofthedrainagebasins.

Thisbasicmodel,socalledthebasicScheidegger'srivermodel,

wasoriginallyproposedbyahydrologist,A.E･Scheidegger,in1967
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intheinterestofstudyingrivernetworks.In1986itwasreinvented

asamodelofrandom aggregatingparticlesystem byphysicistsin

ordertoexploreabasicsteptowardastatisticalphysicsforsystems

far-from-equilibrium lH.TakayasuandI.Nishikawa(1986)).

Themodelcanbeextendedtoincludethecasethatthedynamical

variables have both positive and negative values instead of

considering onlypositivequantity such asmass.Wecan interpret

thisextensionaseachparticlehavingapositiveornegative"charge■-,

and such charges are added algebraically when two particles

aggregatelH.Takayasu(1989)].

Letm(j,i)bethechargeofaparticleonsitejatthei-thtimestep.

The aggregation process can be represented by the following

stochasticequationformU,i):

mU,i+1)=∑ wjk(i)m(k,i)+IU,i)k (2.1.1)

whereI(j,i)denotesthechargeofaparticleinjectedatthej-thsite

attimei,andWjk(i)isarandom variablewhichisequaltoIwhen

theparticleonthek-thsiteJumpsonthej-thsiteandisequalto

zerootherwise.Sinceoneparticlecannotgototwodifferentsitesina

singletimestep,Wjk(t)mustbenormalized･.∑jWjk(i)-1.Inthe

followlnganalysisweshallconsidertwosimplecases:

(A)wJj(t)=1withprobability 1/2,wJj-l(i)=lwithprobability

l/2,andWjk(i)=Ofork7Ej,j-1.

(B)Wjk(i)=lwithprobability1/N,whereN isthetotalnumber

ofsites,whichwilltendtoinfinityinouranalysis･
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Underaperiodicboundaryconditioncase(A)canberegardedasan

aggregating Brownian particles'model,which is evidentif we

obseⅣefrom acoordinatemovingwithaconstantvelocityof1/2.

Case(ち)correspondstothemean-fieldlimit.Westudythestatistical

steady statepropertiesincases(A)and (B)underfollowingthree

differenttypesofinjection:

(I)Independentrarldom positiveandnegativeinjection(including

thecaseofthebasicmodel).

(ⅠⅠ)Randompaircreation叫ection.

(ⅠⅠⅠ)Positiveandnegativefractalinjection.

Also,westudytherelaxationprocessincases(A)and(B)withno

injection･Intherandom injectioncase,Weinjectrandomlycharged

particlesindependentlyateverysiteateverytimestep.lnthepalr

creationcase,weinjectpal一sOfparticleswithpositiveandnegative

chargessimultaneously,butrandomly,onpairsofadjacentsites【For

example,apairinjectionontothej-thandU+l)-thsitesisgivenby

IU,i)=-I(j+1,t).1.Thisspecialcaseisparticularlyinterestingsinceit

shedslightontheproblem ofthecriticaldimensionofthemodel(See

section2.7).Forpairinjection,eachtimestepiscompletedwhenall

siteshave,onaverage,twoInjectedpositiveandnegativeparticles.

Inpositiveandnegativefractalinjectioncase,westudythecasesof

weighted input(symmetric power-law input)and spatially fractal

input･

InthefollowlngSectionswewillseethatthedistributionofthe

charge m in the statistically steady state hasa power-law tail

depending both on thetypeofthe injection and on the spatial

dimension.Especially,from thestudyoffractalinjection,Wewillfind
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thatthe exponentofpower-law distribution in statistically steady

state can take continuous values depending both on the inpu t

exponentandthedimensionalityoftheinputsubspace (seesection

2.3.3).And fornon-injected closed system,the totalnumberof

particlesdecaysfollowlngapowerlaw withrespecttotime･

Thetimeevolutionofthechargedistributioncanbeanalyzedby

introducingan〟-bodycharacteristicfunction (seeAppendix(1)),

〟
Z,(Q,t)=<expliQ∑ mt7,i)]>

ノ=1 (2.1.2)

where < .･･> denotestheaverageoverallrealizationsoftWjk(i))

and tIU,i)).

2･l･2 Basic equations in one-dimension with random

positive and negative injection

Wehavethefollowingevolutionequation,forZ,(Q,i)from

Eq･(2.1･1),

r r

Z,(Q,t+1)=<exptiQ∑∑wjkm (k,i)+iQ∑ I(j,i)i
/-=lk i=1 (2.1.3)

Let us consider the total mass of successive r sites,

M,(t)=m(k+1,i)+m(k+2,i)+-+m(k+r,i), on one-dimensional

lattice.Aswe follow the time evolution,the difference between

M,(i)andM,(t+l)isduetothebehavioroftwoparticles,m(k,t)
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and m(k+r,i),atbothedgesofther successive sites･We can

considerthreedifferentpossibilitiesforthemovementofparticlesat

theedges;eitherm(k,i)orm(k+Y,i)moveintother successive

sitesa= +∫ with probability 1/4respectively,both particlesmove

intother successivesitesati+1with probability I/4,and both

particlesdo notmove into the 〟 successive sitesat∫+∫ with

possibility1/4.Now partoftheaverage,<- >,inEq.(2.1.3)canbe

writtenexplicitlyasfollowslH.Takayasu,I.Nishikawa,andH.Tasaki

(1988)】;

Z,(Q,i+1)=
･exp(iQ2:5･='kr.1IU,i)),

k+r

[<exp(iQ∑mu,t)>
j=k

k+rll

+<expliQ∑mu,t)I>
j--k

k+r
+<expliQ∑ mti,t)1>

j=k+1
k+r-1

+<exptip ∑ mV,t)1>】
j=k+l

(2.1.4)

Usingthetranslationalinvariance,wehave

zr(Q,t'1)-吉¢(@)rlzr･1(g･t)'2Zr(g･t)'Zr-1(@･t)], (2.1.5)

where¢(Q)=<eXPtigIU,t))>isthecharacteristicfunctionforthe

injectionprocess,whichcanbeexpandedas

¢(g)-1.tdU･i),O-dU･t)2,g2/2.･.･ (2.1.6)
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Eq･(2･1.5)givesasetoflinearequationswithr=1,2,- ,〃J.By

definitionofther-bodycharacteristicfunction,Z,(Q,i),inEq･(2.1.2),

Oneoftheboundaryconditionsbecomes

Zo(Q,t)=1 (2.1.7)

Forr=N,ZN(Q,t)isthecharacteristicfunctionforthetotalchargeof

thesystem,Sothattheotherboundaryconditionis,

zN(Q,t)=¢(g)tN･zN(0,0) (2.1.8)

Eqs.(2.1.7)and(2.1.8)arevalidforallcaseswearegoingtoconsider.

2.1.3 Basic equations in one-dimension with palr-Creatiorl

injection

lnthecaseofpal一-Creationinjection,positiveand negative

injectionscancelforノ=2tor-1inEq･(2.1.4)･Therefore,theinjections

whichareeffectivetother-bodyarethosetwoparticlesattheedges

ofther successive sites.Then we have the following evolution

equationforr=1,2,- :

zr(Q,t･1)-吉¢(Q)2lzr･1(g･t).2Zr(Q,t)･Zr-1(g･t)] (2.1.,)
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2.I.4 Basic equations in one-dimension with fractal

injection

Weaddressherethemostgeneralcaseof-'fractalinput■■.Bythe

term fractalinputwemeanthattheinjectionofparticlesdoesnot

take place on entire spaceofd=lbutonly on a subspace of

dimensiondf≦1･Forexample,inone-dimensionalaggregationwe

canhaveInputOnSubspacerealizedonaCantorset,Oranyother

fractalsetwithdimensionlessthan1.htroducingthefractalinput

weshouldbecarefulnottobreakthetranslationalinvariancewhich

isessentialin ouranalysis.To keep thesystem uniform in the

statisticalsenseweshiftthefractalsubspacerandomlyateachtime

step.Inthiswaywerecoverthestatisticaluniformityofthesystem

althoughtheinjectionateachtimestepisnotuniform.Underthese

assumptions for Input,the evolution equation forthe ∫-body

characteristicfunctiontakestheform,

z r(Q,… '-を¢(｡crd/{zr･1(g･t)･2Zr(0,1'･Zr-1(@･tH, (2.1.10)

sincethenumberofnewlyinjectedparticlesonr-bodyisdenotedby

α 〝 ,wherec isaconstant.Inthecasethattheinputoneachsite

followsapower-law distributionoftheform

p(I)-p(-I)-lll-1-P. o<β≦2, (2.1.ll)

thecharacteristicfunctionoftheinjectionforsmallvaluesof Q lS

approximatelyglVenby
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¢(@)-expt-㌢tQ恒 1-をclgP,@→0, (2.1.12)

and isalways realdue to the symmetric nature ofthe input,

Eq.(2.1.ll).

2.I.5 Basicequationsin themean-field case

Theevolutionequationforthemean-fieldcaseofrandom positive

andnegativeInjectioncanbewrittenas

where

〟

zl(Q,t+1)=¢(Q)∑ a,Zl(Q,t)r
r=O

ar=(I)(Ni)r(11吉)"-r

(2.1.13)

(2.1.14)

sincetheprobabilitythatarbitraryrsiteshopintoasiteinonetime

stepcanbecalculatedasαr.Thisequationis,inasense,validalso

forpal一Creationinjectionandfractalinjection,butnotrlgOrOuSly

sincethecasesofpalrlnputandfractalinputarenotwelldefinedon

alatticeinwhichallsitescanberegardedasnearestneighbors.In

thelimitⅣぅ∞therighトhandsideofEq.(2.1.13)convergesto an

exponentialfunction,namely

Zl(Q,i+1)=¢(Q)･eXP tZl(Q,i)-1) (2.1.15)
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2.2 Solution fornoinjection case

To clarify the contribution ofrandom lnjectionin formlng a

statistically steady state,letusfirstdiscussthe system without

injectionasacomparisonlH.Takayasu,M.Takayasu,A.Provata,and

G.Huber(1991)].

2.2.1 In one･dimensionalsystem

Theevolutionequationforz,(Q,i)isgivenbyEq.(2･l･5)with

¢(Q)=<eXP(iQO)>=1,

z,(P,t･1)-吉iZr･1(Q･t)･2Zr(g･t)･Zr-I(g･t)) (2.2.1)

Thisequationcanbeconsideredadiffusionequationin(r,i)space.

DuetothelinearityofEq.(2.2.1),thesolutionisgivenas

∫+r
Z,(P,i)= ∑ G,,,I(t)･Z,,(0,0)

r.=-I+r

whereG,,,･(I)istheGreenfunctionforEq･(2･2･1),

Gr･r･(i,-吉 (t_2:,.)

and Z,(Q,i)fornegativer isdefinedas

(2.2.2)

(2.2.3)
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Z,(Q,i)=2-Z-,(Q,i), (2.2.4)

whichensurestheboundaryconditionEq.(2.1.7).G,,,I(i)givesthe

probabilitythatarandom walkerstartingat(〟I,0)reaches(r,t).For

large∫, Eq.(2.2.3)canbeapproximatedbyaGaussianfunction:

Gr･r,(i,≡志 exp.-誓 }･ t--, (2.2.5,

where the symbol 三 means equlValence up to first order.

SubstitutingEq.(2.2.5)intoEq.(2.2.2),andtakingthecontinuum limit

for〟,weget

zr(Q･E,…I.Mdr･志 exp･二誓 }zr.(Q･0,

･I.wdr嵩 exp{
(r+〟･)2
日2-Z,I(0,0)】

-I -r志 I.udr･2flexp{チ 【1-Zr･(Q･0,I I

(2.2.6)

wherewehaveIexpandedtheexponentialfunctiontofirstorderin

r/育.

Letussolvethedecayoftheparticlesnumberwiththeinitial

condition thatevery siteisoccupied by aparticle having a unit

charge.The initialcondition isgiven by Z,(P,0)=eigr･ The
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evolutionofthechargedistributionisobtainedbyFourierinversion

ofEq･(2･2･6),

pr(m,i)-去 doe-LOmZ,(Q,i)

≡(1-a (m '億 チ e-m2't (2.2.7,

Herep,(m,i)denotestheprobabilitythatthesum ofthechargeson

thersuccessivesitesism,attimestepi.From Eq.(2.2.7)Weknow

thatthechargedistributionforlargem decaysfollowlngaGaussian

functionandthattheparticlesnumberdecreasesforlargetas

"'p (m ≠O,t'-詰 ･ t--, (2.2.8)

wherethesymbol∝ meansproportionaluptofirstorder･Thisresult

isconsistentwithJ.T.Spouge(1988),C.R.DoeringandD.ben-

Avraham (1988)wherethesameproblem istreated by different

methods.

2.2.2 In the mean･field system

Next,weconsiderthemean-fieldcase(B).Forlarge∫wecan

assume thatZl(Q,i)守1 because the existence probability for

particlesshouldvanishastう的.From Eq.(2.1.15),with¢(g)=1we

havethefollowlngevolutionequation:
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z l(Q" I)-Zl(Q･t)-を[zl(Q･t)-1]2'- (2.2.,)

Bytakingthecontinuum limitwithrespecttoi,WeobtainZl(Q,i),

Zl(Q,t)≡1-
2lllZl(0,0)]

tl1-Zl(9,0)】+2 (2.2.10)

Thedecaylntheparticlenumbercanbecalculatedinthesameway

andweget

p(m ≠O,i)∝l
J

tう00
(2.2.ll)

forthesameinitialconditionsasintheone-dimensionalcase.Notice

thatinone-dimensionalcase,Eq.(2.2.8),thedecayisslowerthanin

the mean-field case,Eq.(2.2.ll),due to the effect of spatial

restriction.
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2･3 Thesteady statechargedistribution in thepresenceof

injection

In thissection westudy thesteady statechargedistribution

realized by three differenttypes ofcontinuous and statistically

homogeneousinjection;random positiveandnegativeinjection,palr-

creation injection,andfractalinput.Throughoutthewholesection

the system sizeN isassumedtobeinfinitelH. TakayasIL, M.

Takayasu,A Provata,andG.Huber(1991)i

2.3.1 Solutions for one-dimension with random positive

andnegativeinjection

Letusdiscussthecaseofbasicmodelthateverysitehasexactly

I=linjectionateverytimestep.Wewillfindittobeconvenientto

redefinethecharacteristicfunction by Laplacian transformation of

distributionfunctioninsteadofFouriertransformation;

r
Z,(Q,t)=<expl-g∑mU,i)]>

ノ=1
¢(g)=<expl-gIU,i)]>

=I-d>Q+d2>92/2- ･･

(2.3.1)

(2.3.2)

Notwithstanding theredifinitions,thebasicequationsforevolution

introducedintheprevioussectionsstillholdwithoutanychangein

theirappearence.
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Thechargedistributionintheone-dimensionalcasewithrandom

positiveandnegativeInjectioncanbeobtainedfrom thesteadystate

solutionofEq･(2･1.5)･Wehavethefollowingsetoflinearequations

forZ,(Q),r=1,2,3,… ,withtheboundaryconditionEq.(2.1.7):

Z,.1(p)+【2-4¢(@)~r]Z,(@)+Z,ll(g)=0 (2.3.3)

DividingbothsidesofEq.(2.3.3)byZ,(Q),Wegetarecurrencerelation

forZ,(Q)/Z,ll(g),

Z,(Q)
Zrll(@) 4¢(@)-rl2-Z,'1(g)/Z,(g) (2.3.4)

Therefore,Z1(Q)isgivenbythefollowingcontinuedfraction:

Zl(g)=
4¢(Q)~112-

4¢(Q)-212-
4¢(Q)1312 (2.3.5)

Sincewearethinkingofthespecialcasethatevery sitehasunit

massinjectionateverytimestep,¢(Q)canbeexpressedexactly in

theform ¢(g)=exp(一g).ThenEq.(2.3.5)canbewrittenas

Z l(Q)=

4e2g_2
4e3g_ 2 (2.3.5り
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RoughestimateofEq.(2.3.5.)iseasilyobtainedbyusingthetheoryof

continuedfractionCAM asweshow inAppendix(2).Therigorous

discussionisasfollowslG.Huber(1991)]:As afirststepinexpanding

Zl(Q),WelinearizetheindividualtermsinEq･(2.3.5')aroundQ=0,

(2.3.6)

Besselfunction(ofrealorder)Canlikewisebeexpandedinlinearly

increaslng termS#1,makingpossibletheclosed-form solution

2 1(@)Jl'1/2e(1/2g)
J1/29(1/2g) (2.3.7)

SincethelimitoflargemassmうOCisequlValenttothelimitQう0,

WeareinterestedintheasymptoticsofJl･山 )/JxLr)asxぅ-.Oneof

theLommelrecurrenceslG.N.Watson(1944)]states

Jl･xLr)=1_1㌧LrJ
JxLr) JxLr) , (2.3.8)

and the method of stationary phase lN.Bleistein and R.A

Handelsman (1986)]allowsaformalexpansionoftheright-hand

side#2,

#1ThisisduetotheexactcorrespondencebetweentheBesseHunction
recurrencerelation, Jn.I(x)-(21Z/x)Jn(x)+Jか 1(I)=0,andEq,(2.3.3).

#2AsymptoticexpansionsofJx(x)andJ',(x)WerefirstdiscoveredbyCauchy
andMeissellG.N.Walson (1944)1.
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zl(Q'-1-2∬豊 91′3-fg･0(Q5/3' (2.3.,,

ForsmallQ,OneCanShow thatZl(g)>Zl(@).Alternatively,Zl(g)

canbewrittenas

Zl(@)= (4egl2)-1

(4eg_2)-1(4e29-2)-1

(4e20-2)-1(4e30-2)-1
1-...

Now we一一linearize"thisfom,asbefore,

ノヽ

Zl(Q)= 1-2g

(2.3.10)

(2.3.ll)

andexpandaroundg=0,

zl(@'-1-2∬豊 Ql′3-g･0'95/3' (2.3.12,

〈

Despitedifferencesinsecond-ordercoefficient,theexpansionagrees
⊂J

withEq.(2.3.9)tofirstorder.Inthiscase,wecanshowZl(@)<Zl(Q).

Thenwehave

こiコ

Zl(Q)<Zl(Q)<Zl(g), (2.3.13)
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and thus

Zl(g)=1-clgl/3-C20.0(05/3) (2,3.14)

wherecl=2A16/3)1′6/r(1/3)2and0.4< C2< 1.

Wecangeneralizetheaboveparticulartypeofinjectionto

generalpositiveandnegativerandom injectioncase.Sinceweknow

from the previousresultsthat,to leading order,the asymptotic

behaviorofEq.(2･3.5)isidenticaltothatofJlHLr)/JxLr)inthelimit

xうOC,sothatforlQ l<<1,

zl(g)≡ -一也
JLLl･) (2.3.15)

wherex=1/112i<I>Q+<I2>02)･Then,insteadofEq･(2･3･14),zl(@)in

thevicinityof0-0isfinallyglVenby

zl(g)-1-clくす,1/Sill/柏 l/3-11･ for<(,≠0, (2.3.16a)

zl(Q)-1lCl<I2,1/32-1′lQ l2′3-･･.for<I'-0, (2.3.16b)

where clisthesameconstantvalueasinEq.(2.3.14).(Thesame

leadingorderfor Zl(@) canbeobtainedinthecontinuum limitof

Eq.(2.3.3).)

SincethecharacteristicfunctionistheFouriertransform ofthe

probability density p(m),We obtain the charge distribution by

inversion.Inthecaseofd>>0(ord■><0),wehave
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Fig.2.5 Thesteady-Statecumulativechargedistributionill
onedimensioninthecaseofd>≠0.Thestraight
lineshowsthetheoreticalslope-1/3.(Theslopeof
cumulativedistributionistheslope oftheorlglnal
distribution,p(m),increasedby+1.)

p(m)∝ml4/3 for m>>d>(orm <<<I>), (2.3.17a)

whileinthecaseofd>=0,wehave

p(m)∝例-5/3 for m>><I2>1/2 (2.3.17b)

The solution Eq.(2.3.17a)Shows a orLe-Sided power-law with the

sameexponentasfortheconstantinjection. Eq･(2.3.17b)givesa

symmetricpowerlaw.InFig.2.5andFig.2.6,weshow theresultsof
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numericalsimulationsforthecasesd>>Oandくr>=Owhichsupport

ourexactsolutions.

Fig.2.6 Thesteady-Statecumulativechargedistribution
inone-dimensioninthecaseof<J>=0.The
straightlineshowsthetheoreticalslope-2/3.

2.3.2 Solution for one･dimension with pair-Creation

injection

Nextweconsiderthepalr-Creationinjectioncase･Atthesteady

statewehavethefollowingsetoflinearequationsforZ,(Q),r=1,2,3,

… ,withtheboundaryconditionEq.(2.7):

Z ,.1(@).t2-4¢(@)12]Z,(Q).Z,-1(@)-0 (2.3.18)



2.Scheidegger'srivermode1 2･23

Aswerepeatthesameprocessthatwedidforrandom injection,we

dividebothsidesofEq.(2･3.18)byZ,(Q).Thenwegetarecurrence

relationforZ,(g)/Z,_1(g),

Z,(Q)

zrl1(Q) 4申(Q)12-2-Zr+1(Q)/Zr(g) (2.3.19)

Ⅰtiseasytoshow that zl(g)isgivenbythefollowingcontinued

fraction:

Zl(Q)=
4¢(g)12- 21

4¢(p)-2-214的 )一喜12 -･- (2.3.20)

Eq.(2.3.20)canbetransformedto

Zl(Q)=
4¢(Q)-2-2lZl(Q) (2.3.21)

which is aquadraticequ ationfo r Z l(Q)･ Solving E q･(2･3･2 1),weget

z l(@)= 1 -2<I 2> 1 /21gl+･･. (2.3.22)

Thecorrespondingchargedistributionis

p(m)∝刑-2 for m>> <I2>1/2 (2.3.23)
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Fig.2.7 Thesteady-statechargedistributioninone-
dimensioninthecaseofpalトCreationInjection.
Thestraightlineshowsthetheoreticalslope,-1.

Thisprobabilitydensity issymmetricandtheexponent isthesame

as thatofaLorentzian･InFig･2･7,Weshow thenumericalresultfor

palトCreation injection･Comparlng the resultwith the mean-field

casewhichwesolveinthefollowlngSection,wewillfindthatthe

exponent in Eq.(2･3･23) isthesameastheoneforthemean-field

case.Thisisnotagainstintuition,sincefrom Eqs.(2.3.19)and(2.3.21)

itcanbeshownthatthebasicequationEq.(2.3.18)satisfiesamean-

field-like,elation;Z2(g)-Z1(Q)2.
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2.3.3 Solution for one･dimension with fractalinjection

Theequationwhichdescribesthesteadystateforfractalinputis

(from Eq.(2.I.10))lA.Provata,M.Takayasu,andH.Takayasu(1992)]:

zr+1(Q)+(2I¢(@){rd/lzr(g)+zr-1(Q)=0, (2.3.24)

with the boundary condition ¢(Q)=<eXPtigOI>=1.The quantity

Zl(g)/Zo(g)mustbefiniteforallvaluesofg,includingg=0.Inthe

continuum limit,Eq.(2.3.24)canbewrittenas

∂2Z,(p)
∂r2
-2crd/lQlPz,(g)=o

(2.3.25)

wherewehaveusedtheexpansiongivenbyEq.(2.1.12)for¢(Q).To

obtain the solution of Eq･(2.3.25) with the specified boundary

conditionwedothefollowlngtwotransformations:

q=rgp/(d/+2),

W,(Q)=r-2Z,(@).

(2.3.26a)

(2.3.26b)

UnderthetransformationsEqs.(2.3.26a,b).Eq.(2.3.25)istransformed

into

q2塑哩 -4g聖㌍ ･(2-cqdJ･2,W (q,-oaq2 (2.3.27)
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withtheboundarycondition〟(0)≡-from Eq.(2.3.26b).Notethat

withthisnew definitionofvariables,W (q)dependsexplicitlyonly

onq,andnotorLQandr.ThesolutionofEq.(2.3.27)canbegivenin

termsofthemodified BesselFunctionslG.N.Watson(1944),M.

AbT･amOWitzandI･Stegun(1965)].Theappropriatesolution(theone

whichsatisfiesthe boundaryconditiongivenabove)is

W (q)=q-3/2Kl/(d,.2)(q). (2.3.28)

For smallvalues ofq (i.e.smallvaluesofQ),Eq.(2.3.28)is

approximated by

W (q)モq2(1-q),q<<1 (2.3.29)

Ther-bodycharacteristicfunctioninthesamelimittakestheform

Z,(Q)-1-crlgP/(d/'2) ,@<<1 (2.3.30)

ThevalidityofEq.(2･3･30)asasolutionofEq.(2･3.25)Canbeverified

bydirectlyinsertingEq.(2.3.30)intotheleft-handsideofEq.(2,3.25)

andshowingthattherighthandsideisofhigherorderofQ,

Toconfirm furtherouranalyticalestimationofEq.(2.3･25),we

alsosolveddirectlyEq.(2.3.24),numerically.InFig.2.8weplotthe

valuesoft1-Z,(g)IasafunctionofQ forparametervaluesβ=1.9

anddF=0.1.0nadoublelogarithmicscalethepointsfallnicelyon a

straightlinewithaslopeofO･91±0.01･Thisresultagreeswiththe

theoreticalresultβ/(df+2)=0.905.Forparametervaluesβ=0.5 and
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dF=0･1,thenumericalsolutiongaveanexponentO･23±0･01whereas

theanalyticalsolutiongivesP/(df+2)=0.24.Forparameter values

P=0.1 and dF=0.5, the numerical solution gave an exponent

O･0321=0.005whereastheanalyticalsolution givesP/(df+2)=0.036.

1m any case the resultofthe numericalsolution approachesthe

analyticsolutionforsmallerandsmallervaluesof Q(gJ0).other

caseswerealsocheckedandtheanalyticalresultsagreealwayswith

thenumericalsolution.

0.001

Fig.2.8 NumeriealsolutionofEq.(2.3.24)withparameter
valuesP=1.9andd,=0･5.Inadoublelogarithmic
scalethevalueof(llZl(g))asafunctionofQfall
onastraightlinewhichhasslope0.91±0.01.
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BytakingFourierinverseofZl(g)wefindtheform ofthecharge

probability distribution

p(m)-わ ｢1-β/(d/'2) for m>>1 (2.3.31)

Thisisageneralresultforthesteadystatedistribution forone-

dimensionalaggregationwithbothweighted (poweト1aw)andfractal

input･

Inparticular,whentheinputtakesplaceoverallspace(fortheト

dimensional case df=1),the resultfor the charge probability

distributionfunctionis

p(m)∝わ い1-P/3 for m>,1,0<P≦1 (2.3.32)

Thecaseofβ=1givesthecaseforrandom positiveand negative

injectionwithd>>O andthecaseofβ=2givesthecaseforrandom

positiveandnegativeinjectionwithdr>=Obothofwhichhavebeen

rigorouslysolvedinEq.(2.3.17a,b).

2.3.4 Solutionsfor the mean-field case

Forthe mean-field case,thetime-independentsolution of

Eq.(2.1.15)satisfies,

zl(g)=¢(@)eZl(Q)ll (2.3.33)



2.Scheidegger'Srivermode1 2-29

InthevicinityofQ→0wecanexpand Zl(Q)around1.Neglecting

thehigheトOrdertermsofG),wegetthefollowlngSOlutions,

zl(g)-1-仔<I,1/2i11/2lQll/2.- for <I,≠0, (2.3.34a)

zl(Q)=1-<I2>1/2lQl+･･･ for <[>=0 , (2.3.34b)

Zl(Q)=1-const･lel-β/2+- forfractalinjection (2.3.34C)

The corresponding steady-Statechargedistribution in the case of

d>>0(or<J><0)becomes

p(m)∝m-3/2 for m>>Id｣ ,

andinthecaseofくr>=0,

p(m)∝刑 12 for m>><I2>1/2,

andinthecaseoffractal叫ection,

p(m)-Pn l~11β/2 for m>>1.

(2.3.35a)

(2.3.35b)

(2.3.35C)

Again,wehaveaone-sidedpowerlaw inthecaseof<J>≠0,anda

symmetriconeinthecaseof<J>-0･
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2･4 Intuitive prospects and other approaches

2.4･lGeometrical approach

卜--1
W

Fig.2.9 Anexampleofthespace-
timetrajectoryOfaparticle.Thewidth
andheightaregivenbywandh,
respectively.

The results can be

understood intuitively by

contemplating the random

walk process. As it was

mentioned in Section 2.1,in

one-dimensional case the

chargeofaparticleisequalto

thesum ofthechargesofthe

particles Injected over the

correspondingriverbasin.Itis

obvious from the evolution

rulethatthebasin-Sleftand

rightboundaries are formed

by simplerandom walks(see

Fig.2.9)

Therefore,theareaofthebasinisroughlyglVenbyS=hw,whereh

andw denotethebasinlsheightandwidth.Sincetheboundariesof

the basin are random walks,w isproportionaltohl/2 and the

distribution ofthe heighth isidenticalto thedistribution ofa

Brownianparticle'srecurrencetimelW.Feller(1966)],
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p(h) - h -3 /2 (2.4 .1)

Hence, the distribution function for the area of the basin,

S=h･W "h3/2,isglVenby

p(S)=p(h)坐- - ∫ -4/3
∂∫ (2.4.2)

Bydefinition,thechargeofaparticlehavingabasinofsize∫ is

givenbythesum ofS independentrandom variablestIj).Inthe

caseofくJ>≠Othechargem isobviouslyproportionaltoS,hencewe

havep(m)-m14/3.whentheaveragevalueofIiszero,m becomes

proportionalto the variance (d2>S)1/2.substituting the relation

m " -1/2intoEq･(2･4･2)wegetP(m)-m -5/3･Inthecaseofpair-

creationlnJeCtion,apalr-Creationintheareadoesnotcontributeto

thechargem,becausepositiveand negativechargescancel･The

contribution to m comesonlyfrom theboundaries,namely,m is

glVenbythesumof2hrandom variables lj･Themeanvalueofljis

automaticallyzero,sothat,m isproportionalto (2h)1/2･substituting

this relation into Eq.(2･4･1),We obtain the charge distribution

p(m)"m -2. These intuitive results agree perfectly with the

analyticresultsofEqs.(2.3.17a),(2.3.17b)and(2.3.23),

Inthecaseofthefractalinput,Weareaddingparticleswithmass

followlngaPOWer-law onlyonthesubspaceofdimensiondr･Insuch

acase,thenumberofsitesinthesameriverwillbeproportionalto

S"h･wd/A Though the boundariesofthe basin are theordinary
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random walkswe have the relationw"hl/2.so the numberof

injectedparticles(ljIthatdrainintothebasinis

s c<h･w df=hl'd//2 (2.4.3)

Sincethedistributionofh followsapower-law (equivalenttothe

distributionofrecurrencetimeoftworandom walks),aswehave

showninEq.(2.4.2),wehave

p(S)=p(h)牡 - ∫-1-1′(d/･2'
∂∫

Thecharacteristicfunctionfor〝!isthenglVenaS

O<) 00

Z,(@)-∑p(S)t¢(Q))S- ∑S-111/(d/'2)exp(-fll挿 )
∫三1 ∫=1

- exp(-i-LgIP/'d/'2')

(2.4.4)

(2.4.5)

Herewehaveapproximatedthesummation overS byanintegral

I.wdSI
In the neighborhood of g=0,Eq.(2.4.5)showsthe same

singularityasinEq.(2.3.30),namelylQlβ/(df'2),whichmeansthatthe

distributiorl Of m has a power-law tail, Eq.(213.31), namely

m-1lP/(df+2).
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2･4･2 Branching processand phasetransition

Thetimereversedprocess(theprocessthatthetimetoflow

backward)of Scheidegger■s rivermodelcan be regarded as a

branchingprocess･Letusrecollectthespace-timetrajectoryglVenin

Fig2･3.Everysitecanberegardedashavingitsorigin(orancestor)

atthetimezerolayer,whichislocatedatthetopofthefigure.

Reverslng thetime,Wecansay thatabranching processstarting

from abottom sitehasonaverageoneoffspringlnOrdertoconseⅣe

thenumberofsitesateveryreversedtimestep･Tobeprecise,a

branchhastwooffspringswithprobability 1/4,Oneoffspringwith

probability 1/2,andnonwithprobability 1/4inonereversedtime

Step･

Fig.2.10 Anexampleofabranchingtree･

Now,letusconsiderageneralsimplebranchingprocessasshown

inFig.2.10.A branchhastwooffspringswithprobabilityp andno

offsprlng With probability 1-p･Fortheparticularbranchshownin



2.Scheidegger'SriVermode1 2･34

Fig.2･10,the probability ofexistencebecomes P6(1-p)7. In the

generalcaseoftheprobabilityofexistingabranchofsizes;N(S),it

is difficultto countprobabilities forallpossible shapes.But

fortunately, Wedonotneedtofulfillsuchatroublesometasksince

weknow that〟(∫)satisfiesthefollowingrelation:

∫
N(S+1)=p∑N(S')N(S-S.)
b∴弓il (2.4.6)

Herewesum uptheprobabilitiesthattwooffsprlngSSeparatedfrom

asamesiteatatimestepbecomematuredbranchesofsize∫ and

size∫-∫-afterasufficientlylongtime.Byuslnggeneratingfunction;

00

W (x)=∑xsw (S)
S=0 (2.4.7)

weobtainfrom Eq.(2.4.6)thefollowingresult:

N(S)∝∫一3/2e-GIS, a-Log4p(1-p). (2.4.8)

As wecan see,forp<l/2 the exponentialfactorin Eq.(2.4.8)

becomesdominant,sothat 〃(∫)showsanexponentialdecayandall

branchesdieoutinafinitetimesteps.Forp=1/2,theconstant

valuea becomezeroandN(S)followsapower-law withanexponent

equalto13/2.Forp>l/2,theexponentialfactordominatesagain

and〟 (∫)showsanexponentialdecaybutinthiscasethereexistsa

finitevalueofN(oc).Thispicturecanbeinterpretedintermsofthe
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Second orderphasetransition likein thepercolation problem.In

such aview,N(∞)is an order parameter and p isacontrol

parameterandatthethreshold,pc=1/2,apoweト1aw distribution
isobserved.

Letusnow discussthecriticalpointinsomedetail.Themean

numberofoffspringsis2p becauseabranchhastwooffspringswith

probability p anditdiesoutwithprobability1-p.Iip issmaller

than1/2themeannumberofoffspringsbecomesmallerthan Iso

thatthenumberofbranchesdecaysexponentiallyand allofthem

dieoutinafinitetime.Intheoppositecasethatp islargerthan1/2

the mean numberofoffsprlngSbecome largerthan 1 and the

numberofbranchesgrowsexponentially.From thispointofview,

p=l/2istheonlycasewhenthenumberofbranchesisconstant,

namely,thecriticalpointisthecasewhenthemean numberof

offspringsinatimestepbecomes1.Thiscorrespondstothecaseof

Scheidegger-srivermodelwhichhasoneoffsprlngOnaverageina

reversedtimestep･Andthecriticalexponent,-3/2,isequaltothe

exponentofsizedistributionformean-fieldcasewithnonzeromean

injection Thiscorrespondenceisduetothefactthatinthemodelof

thebranchingprocesswedidnottakeintoaccounttheinteractionof

neighboring branches,in otherwords,We neglected the lattice

structureeffects.

Thus,WecanregardthestateofScheidegger'srivermodelbeing

atacriticalcondition,andthestochasticprocessofmodelitself

realizesacriticality.Namely,Scheidegger'srivermodelisaself-

OrganlZlngmodelthatrealizesacriticalpointwithoutanytuning.
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2.4.3 View from stable distributions

Fig.2.11 Theridgesofriver
basinsfortwosectionswhich
consistofrlandr2 numbersof
successIVeSites.

Startingfrom thebeginning

ofthischapterwewere once

ノ and again focusing on the
properties of "the sum of a

random number of random

variables;m=∑ IU,i)･･.F,｡m
寸,t>

themathematicalpointofview,

for■■thesum ofafixednumber

of random variables■■ the

centrallimittheorem can be

appliedandwehaveaGaussian

distribution if ■■the fixed

number…issufficientlylarge.

However,whenthenumberofvariablesisnotfixedbutfollowsa

powerlaw distribution,asinEqs.(2.4.2)and(2.4.4),thecentrallimit

theorem doesnothold.Instead,thesum convergestoapower-law

distribution 【Eqs.(2.3.17ab),(2.3.23),(2.3.31)and (2.3,35ab)belong

tosocalledstabledistributions(seeAppendix (3))】･

Letusconsidertwosections(sectionlandsection2)consistingof

〟1andr2numbersofsuccessiveparticlesattimestep∫.Fig.2.ll

shows the ridgesofriverbasinswhich flow into sectionl and

section2attimestepi.Forconvenience,letuscalltheareasofthe
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riverbasinswhichcontributetoform thetotalchargeofsectionland

section2asarealandarea2respectively.Allinjectionfallingintothe

arealandarea2,partitionedbytheridges,flow into sectionland

section2attimestept.Letthetotalchargeofr successivesitesbe

m,. If we assume thatm, is a variable following a stable

distribution,wehavetherelation;

d
mrl+r2=mrl+mr2 (2.4.9)

where d= denotesthatvariables on both sides obey the same

distributionfunction.Also,thedistributionsforthechargeof〟-body

and トbody areeasilyshowntosatisfythefollowlng relationsby

uslng the same arguments of random walk trajectories as we

discussedinsection2.4.1.

mrd=r3mlIfor<[>iOrandom injection (2.4.10a)

mrd-(r3)l/2ml･for<I>=0random injection (2.4.lob)

mrd=(r2)l/2ml,forpair-creationinjection (2.4.10C)

m,d-,2.d/ml, forfractalinjection (2.4.10d)

From thepropertiesofstabledistribution,weknow thatavariable,

m,satisfying both Eqs.(2.4.9) and (2.4.10a) follows a stable

distribution with a characteristic exponentequalto 1/3.1m that

senseweknow thatthecumulativechargedistributionford>≠0
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random 叫ectionhasapower-law tailwithanexponentequalto

-1/3forlarge〝!.Inasimilarway,Wecanunlquelydeterminethe

charge distribution foreach ofthe cases',a both-sided stable

distribution with thecharacteristicexponentequalto 2/3forthe

random injectioncasewithd>=0,aboth-sided stabledistribution

with the characteristicexponentequalto 1forthe palトCreation

Injection case, and a one-sided stable distribution with the

characteristicexponentequalto 1/(dF+2)forthefractalinjection

case.(seeFig.A2inAppendix(3)).
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2･5 Uniqueness and Stability

Intheprecedingsectionwehaveseenthatthereexistsa

statistically invariantsteady-State which isrealized by injection･

Hereweshow thatthesteady-Stateisunlquely determined fora

given typeofinjection,independentoftheinitialconditions 【ガ.

TakayasIL,A Provata, M. Takayasu (1990)】.Letusintroducea

perturbation Z,(Q,t)aroundthesteady-stateZ,(@):

Z,(Q,t)=Z,(Q)+Z,(Q,i) (2.5.1)

DuetothelinearityofEqs.(2.1.5),(2.1.9),(2.1.10)theequationfor

theperturbationZ,(Q,t)intheone-dimensionalcaseisgivenby

zr(Q,t'1)-吉¢(g)plzr･l(Q･t)+2Zr(Q･t)'Zr-1(Q･t)1, (2.5.2)

where〝=risforrandom positiveandnegativeinjection,〝=2isfor

pair-creation injection,and FL=Cr4/ isforfractalinjection.The

boundaryconditionsareZo(Q,i)=OandZ,(0,i)=0.

TakingtheabsolutevalueofbothsidesofEq.(2･5･2)andreplacing

the,ighthandsidebythemaximum Of掩,.(Q,i)I;r･-r-1,0,r'1),
weobtainthefollowlngrelation:

巨,(Q,t)I-lQ(Q)1･max(E,I(P,t-1)I;r･-r-1,0,r+1) (2.5.3)
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Iterating Eq.(2.5.3)i timesandusingtheinequalityld,(Q)I≦1,which

isvalidforanycharacteristicfunction,Wegetforri0

巨,(Q,∫)ISI¢(Q)PLt･maxIE,I(0,0)l;r--1,2,-1 (2.5.4)

Therefore,foranyQWhichsatisfiesl¢(g)l<1theperturbationgoesto

zeroexponentiallywithtime.Thisistrueforanyinitialconditionand

itmeansthatthesteadystateisunlqueandstable.Thestabilityfor

thecase匝(9)I-1isnottrivial,butasweshowinAppendix(4),even

inthiscasethesystem relaxestoaunlque Steadystateforany

initialperturbation.

Inthemean-fieldcasetheequationfortheperturbationis

derivedbysubtractingEq.(2.3.33)from Eq.(2.1.15),namely:

zl(Q,t･1,-誓 【ezl(OhZ～1(p･1,-eZl･0,1 (2.5.5,

TakingtheabsolutevaluesonbothsidesofEq.(2･5.3)andusingthe

generalinequality

巨 Ieyl≦eJx-yl for kl･lvl≦1,

Wefindthat

匡1(9,i)l'l¢(Q)TE･巨1(Q,0)L.

(2.5.6)

(2.5.7)
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Again,forl¢(Q)1<1itistrivialthatthe perturbation vanishesas
t→-,sothatthesteady-statesolutionZl(Q)isuniqueandstable.

DiscussioninAppendix(4)isalsoapplicabletothiscase,therefore

unlqueneSSandstabilityholdforanytypeofinjection･
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2.6 Relaxation

Intheprecedingsection,wehaveseenthatthesteadystate,

realizedbyinjection,isunlqueandstable.Inthecurrentsectionwe

shallanalyzetherelaxationtothesteadystatelH.Takayasu,A

Provata,andM.TTakayasu(1990)】.

2.6.1 Relaxation in one･dimension with positive and

negative random injection

lnthecontinuumspaceandtimelimit(forsmallQ),theevolution

equation fortheperturbation in thecaseofindependentrandom

injectioninone-dimension(Eq.(2･5.2)with〃=r),takestheform of

thefollowlng partial-differentialequation:

些蓮 _吐 =D垂 二吐 吏
at ar2

-RrZ,(0,1), p一 o
(2.6.1)

He,eD=1/(4At),andR=(-id >+d2>02/2)/At whe,eAt denotes

thetimestep,ByperformingFouriertransformationwithrespecttot

(and using the boundary conditionsZo(Q,i)=Oand Z的(Q,i)=0),

Eq.(2.6.1)canbesolvedinte-sofAiryfunctions,Af(∫),aS:

where

○<)
2,(Q,i)-∑e-Ak,Ek(r)
k=1

Ak=bkl(2DR2)1/3

(2.6.2)
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Ek(r)-Ai((R/2D)i/3+ak)

and

andakdenotesthek-thzeroofAiryfunction,al=-2.33-,a2=-4.08･･･,

etc..SinceAlisthesmallestof(AkJ,Wehavethefollowing time

dependencefortう的inthecaseofd'>≠0:

zl(Q,t)-fl(@)expI-bl<I,2/3exp(-∬t/3)02/3t)I, (2.6.3)

wherebl-kzll2-2/3/dt,andfl(g)isindependentoft･Inthistypeof

processtherelaxationisfasterforlargervaluesofQ andslowerfor

smallervaluesofp･Therelaxationform ofthecorrespondingmass

distributionfunctioncanbeobtainedbyperformlngreverseFourier

transformation ofEq.(2.6.3).Analyticalexpression ofthe reverse

Fouriertransformationcanbeobtained by applying thetheory of

stable distributions.【Note thatthe time-dependentfactoron the

right-handsideofEq.(2.6.3)hasthesameform asthecharacteristic

functionofthestabledistribution,p(x,2/3,-2/3)(seethenotation

in Appendix (4))1. The time evolution ofthe perturbation is

describedbythefollowlngform:

p(m,t)= dm lp～(m一mI,0)g(m-,i)
(2.6.4)

HeretheGreenfunctiong(m,i)isgivenby

g(m･t'-巨 16′̀27x2'wl/2･1/七禦 , (2.6.5,
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where x=blL<I>/mL2/31 and Wp,v istheWhittakerfunction.The

asymptoticbehaviorofEq.(2.6.5)isestimatedas

g(m,t,-xp卜聖㌢ ) (2,6.6)

ThisdecayisfasterthanGaussiananditscharacteristictimeis

proportionaltom2/3kl〕2/3

InthecaseofくJ>=0,Eq.(2.6.3)forgうOisreplacedby

zl(Q･t)=f2(Q)expI-b2<I2>2/394/3tlI i→的, (2.6.7)

whereb2=k1212-4/3/At,andf2(g)isindependentofi.TheFourier

inversionofEq,(2.6.7)hastheform ofEq.(2.6.4)wheretheGreen

function is glVen by a symmetric stable distribution with the

characteristicexponent4/3･Forlargeレnltheasymptoticbehavioris
estimated as

g(m･t)O- I2>11/2t-3/4 for t>>m4/3<I2;2/3 (2.6.8)

Thispower-lawdecaylSSlowenoughtobeconfinednumerically

asshowninFig.2.12.Thepointsscatteratlarget buttheyarein

goodagreementwiththetheoreticalslope.

Thereasonforthesetwodifferenttypesofdecay,Eq.(2･6.6)and

Eq.(2.6.8),Willbediscussedattheendofthissection.
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10-2

10-4

100 102 t

Fig.2.12 Therelaxationfunctioninthecaseofくr>=O
plottedonalogllogscale･Thestraightline
showsthetheoreticalslope,-3/4.

2.6.2 Relaxation in one･dimension with palr･Creation

injection

lnthecaseofpalトCreationinjection,theperturbationequation

inthecontinuum limitisderivedfrom Eq.(2･1･9)inthevicinityof

gぅ0:

aZr(g･t)≡_i
∂t 4dt

∂22,(Q,i)

∂r2
-b302Z,(Q,i)=o

(2.6.9)
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whereb3=d2,/At.ThesolutionofEq.(2･6･9)isgivenby

Z,(Q,i)
exp(-b3g2t)

dr'Z,･(0,0)

x(exp(-# )-exp(-a)). (2.6.1.,

ReverseFouriertransformationofEq.(2.6.10)can beputintothe

form ofEq.(2.6･4),andthecorrespondingGreenfunctionisshownto

havethefollowlnglong-timebehavior

g(m･t)C-I2>-1/2tll for t>>m2<I2>-1 (2.6.ll)

Ⅰnthiscase,weagainhaveapower-law decaybutwithadifferent

exponentthaninthecaseofrandom positiveandnegativeinjection

with<J>=0.

2.6.3 Relaxation in one･dimension with fractalinjection

InthecaseoffractalinjectionlA Provata,M.Takayasu,andH.

Takayasu(1992)],theperturbationequationinthecontinuum limit

lSWrittenas

空也 吐 =D 垂 _吐吏

at ar 2

- 2xrd/lQPZ,(Q,i)
(2.6.12)
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where〟isaconstantand,again,theexpansionEq.(2.1･12)wasused

for¢(Q),andD=(血 )2/(4dt)isaconstant.Thisisthewell-known

problem ofthetime-dependentSchr6dinger-sequationforaparticle

moving in apotentialoftheform V(r)-rd/･By separation of

variables, Z,(O,t)=Z,(g)T(i), the time-dependent part of

Eq･(2･6･12)canbeshowntosatisfy

T(t)- e-A(e)I

andthetime-independentpartsatisfies

D堕 せ _(2x,d/I姉 A(@)IZ,(Q)-0

(2.6.13a)

(2.6.13b)

whereA(g)canonlybeafunctionofQ.

WiththechangeofvariablesasinEq.(2.3.26a),Eq.(2.3.26b)reads

毎 夏 _12xqd/LQLP_A(g)012β′(d/･2')Z(O,q)=0
aq2 (2.6.14)

Note thatthe above equation can be interpreted as the time-

independentSchr6dingerproblem foraparticlewhichmovesin a

potentialV(q)咲2xtQPqd/and hasenergyE(g)=̂ (g)Q12β/(d/'2)

Usingsuchquantum mechanicalpictureofparticle-smotion,wecan

obtainlA.Provata,M.Takayasu,andH.Takayasu(1992)];

Zl(Q･t)∝eXP(-COnSt･lQl2β/(d/'2)i), Q<<1 (2.6.15)
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Finally to find the behaviorofthe perturbation ofthe charge

probability distributionwithtime,wejustneedtoperform Fourier

reversetransformationofEq.(2.6.15),

g(m,i)∝∫-(d/'2)/2β , t>>1･ (2.6.16)

So in the case of power-law and fractalinput,as expected,

perturbations of the power-law steady state decay following a

power-law in time,With an exponentthatdependsboth on the

powerexponentoftheinputandonthefractaldimensionofthe

inputsubspace.In the specialcase of P=2and df=1,which

correspondsto thecaseofpositiveandnegativerandom injection

withくJ>-0,theexponent3/4givenbyEq.(2･6.16)agreeswiththe

resultgivenbyEq.(2.6.8).Thus,wecanconfim thatEq.(2.6.16)isa

naturalextensionofthepreviousresults.

2.6.4 Relaxatiorlin the mean･field case

lnthemean-fieldcase,theequationforsmallperturbationsis

givenbyalinearizedversionofEq.(2.5.5):

zl(Q,t+1)=¢(Q)eZl(g)-1zl(Q,i) (2.6.17)

Substituting the steady-state solutions,Eqs.(2.3.34a),(2,3,34b)and

(2･3･34C),into Eq･(2･6･17),we have the following solutionsfor

smallg:

Inthecaseofくr>≠0,
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zl(Q,t)≡Zl(0,0)expt-付くI,-1/2ill/2LQll/2tl (2.6.18a)

Inthecaseofd｢>=0,

zl(Q･t)…Zl(0,0)exp ( -<I2>-1/2lQltl (2.6.18b)

Inthecaseoffractalinjection,

Zl(Q･t)…Zl(P,0)expI-const･lQL-β/2t) (2.6.18C)

Corresponding temporalbehaviorsofthedistribution functionsare

alsogivenintheform ofEq.(2.6.4).Theasymptoticbehaviorofthe

correspondingGreenfunctionsinthecontinuum limitareobtained

aS:

Inthecaseof<J>≠0,

g(m,t)-exp (-Lit), (2.6.19a)

Inthecaseof<J>-0,

g(m･t)C- I2>-1/2t-I･ t>>m<I2>ll/2 (2.6.19b)

Inthecaseoffractalinjection,

g(m･t)∝∫-2/β , t>>vnl-β/2 (2.6.19C)
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Weagainhaveafastdecay(Gaussiandecay)inthecaseofbiased

injectionandaslow decayinthecaseofzero-meaninjection･For

fractalinput,wehavepoweトlaw longtimedecaywithanexponent

dependingon β･

2.6.5 Summary

TheresultsaresummarizedinTable2J togetherwith the

corresponding steady-state distributions.

Table2･I summaryofthesizedistributions,p(m),andthe
formofrelaxation,g(m,I)forone-dimensional
case(lD)andthemean-fieldcase(MF).

g(m,i)
exp (-E3)

p(m)
lD,dr>≠O m-4/3

1D,<J>-0

1D,paircreation

lD,FractalinpILt
MF,d >≠O
MF,くr>=O
MF,paircreation
MF,Fractalinput

m -5/3

m -2

m-1-P/(a/+2)

m -3/2

m -2

-3ノ4

t-I
i-(d/+2)/2P

exp (-t2)
-1

m-I-P/2 t-2/P

Thereasonfortherapiddecayinthebiased叫ectioncases,

d >≠0,can beunderstoodintuitivelyasfollows･Assumethatwe

haveperturbed thesteady-Statedistributionby introducing asharp

peakinthechargedistributionaroundmo.Thenumberofparticles



2.Scheidegger'srivermode1 215l

ofcharge〝!ndecreasesbyaggregationorby叫ection.Aggregationof

two particleswithchargesmoandm createsaparticleofcharge

mo+m. Consequently the aggregation process scatters the

distribution around mocontinuously.Ontheotherhand,injection

shiftsthechargeoftheparticlefrom motomo+I.Inthecaseof

positive一meaninjection,forexample,theinjectioncausesthepeakof

thechargedistributiontodriftcontinuouslytowardslargerm,and

aggregation also scatters〝!oto largervalues.Thustherelaxation

observedatafixedchargemoisveryfast.Ontheotherhand,inthe

casesofくJ>=0 (including pair-creation injection)and symmetric

fractalinput,theperturbationdiffusesslowlyaroundmoduetothe

Injectionandscattersnearlysymmetricallybyaggregation.Thepeak

oftheperturbationdoesnotmoveonaverage,andsothedecayis

muchslower thaninthebiased-injectioncase･
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2.7 Critical dimensionsofthemodel

InSections2･1,2･3and2.6Wehaveaddressedthequestionof

criticaldimension Itisanopenproblem toanalyzeourmodelin

dimensionsgreaterthan 1.Abovethecriticaldimension,themean-

fieldmodelglVeSthecorrectexponentsforboththesteadystateand

fortherelaxation.Itshouldbenotedthatinthecaseofpalr-Creation,

theexponentsfor1dimensioncoincidewiththoseformeanfield･

Thisresultseemstosuggestthatthecriticaldimensionis1inthe

case of palr-Creation injection.On the otherhand forrandom

injection(bothford>≠O andford>=0),theexponentsforone-

dimensionaredifferentfrom themean-fieldvalues,whichindicates

thatthe criticaldimension is greaterthan 1.The resultfrom

simulationsonalatticewithrandom positivelnJeCtionshowsthatthe

criticaldimension forchargedistribution isequalto 4.From the

analystsuSlngthestatisticalpropertiesofrandom walktrajectories,

wecan show thatthevarianceofchargedependson thespatial

dimensionuptod<2,ford≧2thevariancebecomesfunctionofonly

∫ anddoesnotdependsonspatialdimension･Insuchsense,Wecan

saythatthecriticaldimensionis2.D.Dharand R.Ramaswamy

(1989)Show thatthecriticaldimensionis2fortherelationbetween

chargem anditscorrespondingbasinfsheighth showninEq･(2.4･3),

byrelatingthebasicScheidegger■smodeltoselforganizedcriticality

problems.Itis,therefore,likelythatthecriticaldimensionisnot

universal,butdependson thetypeofinjection and on obseⅣed

values.S.P.Obukhov(1989)Claimedthatthecriticaldimensionis



2.Scheidegger'srivermode1 2153

notuniversalbutdependsontheorderofthemomentweare

observing.
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2.8 Discussion

lnthischapterweanalyzedthestatisticalpropertiesofan

aggregationsystem,forone-dimensionalandmeanイieldcasesuslng

theequationforthemany-bodycharacteristicfunction･Inthecase

ofno-injection,theparticlenumberdecaysfollowlngapowerlaw･

Butthereappearsanon-trivialstatistically-invariantsteadystateif

wesupply particlesataconstantrate.Themostinterestingpoint

here isthatthesystem convergesto asteady stateevenin the

absenceofasinkorparticlebreakup.Itiseasytoconfirm from

Eqs･(2･1･5)and(2.1.15)thatthevarianceofparticlechargeincreases

linearlywithtime,namely,itdivergesinthelimitoftうOC･Usually

suchdivergencemeansthatthesystem doesnothaveastationary

state,butinthiscasethechargedistributionconvergestoapower

law distributioninwhichthemeanvalueandthevariancediverge.

Thus,wecallthisquasi-steadystateasT.statisticallysteadystate.1･

Accordingtothetheoryofstabledistributions,thedivergenceof

thevarianceisessentialtopowerlaw distributions.Thecentrallimit

theorem,though,Canbegeneralizedtoincludeindependentrandom

variableswithdivergentvariances.Thelimitingdistributionofthe

sum ofsuchvariablesis,ifexists,anon-Gaussianstabledistribution

withapower-law tailaswementionedinsection2.4.3.Inourmodel,

the variance isdivergentin thestatistically steady state,and a

particle'SchargeisglVenbyasum ofrandom aggregatingvariables,

((j,t),ofeachtimestep.Wecannotdirectlyapplythegeneralized

central-limittheorem becausewe know thatthereexistsaweak

spatialcorrelationamongtherandom variables.However,itseems
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likely thatthechargedistributionherebelongsto the domain of

attraction ofa non-Gaussian stable distribution and thus has a

power-law tail･

Ouraggregationmodeldoesnothaveanycontrolparameterand

automaticallyrealizesapoweトlaw distribution,typically aslgn Of

criticalbehavior･Inordertoseethecriticalityfrom thepointofview

ofabranchingmodelonejustneedstoinvertthetimeaxis.Asa

branchingmodelthesystem canbedescribedbythevaluesofthe

branching probability(See section 2.4.2). For high branching

probabilitythenumberofparticlesincreasesexponentially and for

low branchingprobabilityitdecreasesexponentially.Thereexistsa

criticalvalue ofthebranching probability atwhich the particle

numberbecomes constantonaverage.ThismodelisequlValentto

thestochasticcellularautomataanalyzedbyE.DomanyandW.Kinzel

(1984),anditisknownthatphasetransitionsofthistypearesimilar

totheoneindirectedpercolation.In ouraggregation model,the

numberofparticlesiskeptconstantby injection,therefore,the

corresponding branching probability mustbeequalto the critical

valuetokeeptheparticlenumberconstant.

Aswe show in Section 2.5,the steady-state poweトlaw

distributionisveryrobust.Itisunlquelydeterminedbythetypeof

injectionandisindependentofspecificdetailsofinjectionorinitial

conditions.Thefunctionalform oftherelaxationtothesteadystateis

alsodeteminedbythetypeofinjection･

ThevotermodellT.M.Liggett(1985),R.Durrett(1988)]isknown

tobeequlValenttoScheidegger-srivermodel,thoughtheprocess

proceedsreversely in time.Namely,thevotermodelisa time-
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reversedversionofScheidegger'srivermodel.In thevotermodel

thesitesofaone-dimensionallatticeareoccupiedbypersonswho

areeitherinfavoroforopposedtosomeissue.Thevotersaresimple

minded,andchangetheiropln10nSVeryeasilybybeingspokentoby

their neighbors and speak frankly abouttheiroplnlOnS tO the

neighbors･Thisisequivalenttoaparticlesystem inwhichaparticle

atacertaintimechangesitsstatetoolleOftheneighboringparticle-s

statestochastically･Afteralongtime,theparticleshavingthesame

statestartformlngClustersinone-dimensionallattice,andfinallyall

particlestakethesamestate･Fig.2.13showsaspace-timepatternof

votermodelwhichshowswhoisinfluencedbywhom astimegoes.

From thispattern,itisclearthatthemodelisatimereversed

version ofScheidegger'smodel.The clusterlng processhasbeen

analyzedmathematicallylT.M.Liggett(1985),R.Durrett(1988)].

Space

Fig.2.13 A space-timeconfigurationofvotermode一.
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Thepotentialapplicabilityofourmodelisexpectedtobevery

wide since our model describes very basic process of non-

equilibrium systems.ByregardingmU,i)astheheightdifferences

ofadislocationatsitejinone-dimensionlM.Karder,G.Parisi,andY.-

C.Zhang(1986)], theaggregationprocesscorrespondstoacoalesce

oftwodislocationsinordertoform abiggerdislocation,andthe

injectioncorrespondstoaprocessofcreatlnganew dislocationor

bump(paircreation)onthesurface.Thesteadystateofthiscasecan

beregarded asasituationofbalanclngSmoothing and roughening

processofthesurface.

Anotherpotentialfieldofapplicationmaybeturbulence.Ⅰtis

wellknown thatone-dimensionalturbulencegoverned by Burgers

equationisdescribedbyasetofshockwaveswhichbehavejustlike

stickyparticlesinlow viscositylimitlJ.M.Burger(1974)].Ifwe

regardthedifferenceofvelocitiesintwonearestsitesasmU,i),we

can observetheprocessofaggregatingm U,t)withmomentum

conserved･ When we apply external forces then the system

convergestoastatisticallysteadystatewithpoweトlawdistribution.

Theexponentisequaltotheoneinthecaseofone-dimensional

random injection,which is 1/3 in cumulative distribution 【〃.

Hayakawa,et.al.(1987)].

Otherextendedversionsofourmodelareintroducedinthenext

chapter･



Chapter3

Extendedversionsofthemodel
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3･l Aggregation of exponentially growlng Particles

LetusconsiderthesituationwhenthebasicScheidegger'smodel

which we introduced in the previous chapter has dissipation

proportionaltomass(charge)ateachtimestepinadditiontothe

uniform lnJeCtion･Insuchacasethemassdistributionholdsthe

same poweトlaw as the case ofnondissipated system and an

exponentialdecayisobservedatlargemassduetothedissipation.

Forsmallerdissipationtheexponentialdecaybecomesmoregentle,

andforverysmalldissipationthedistributionlookspracticallythe

sameasinthecaseofnondissipatedsystem･Whatwillhappento

thechargedistributionwhenthesystem hasaneffectoppositeto

dissipation?Namely,weconsideramassgrowingeffect,i.e.,the

particlegrowsproportionaltoitsownmassateachtimestep.Does

astationarystatestillexist?Inthissection,Wediscussthefactthat

asteadystateexistseveninsuchmassself-growlngSyStemS･Now,

letusintroducethedetailsofthemodelin the case ofone-

dimensionlM.Takayasu(1992)].

We consideran aggregation processin one-dimensional

discretizedspace-timewithaperiodicboundary.Inonetimestep

each particleJumpsrandomlyeitherto therightorto the left

neighbor･Iftwo particleshappen toJump On tO the same site

simultaneously,they immediately coalesceinto a slngle particle

withmassequaltothesum ofthemassesoftheincidentparticles.

Thenwe叫ectaunitmassparticleontoeachsite･Uptothispartof

operation,allprocessesarethesameasinthebasicScheidegger.s

model･But,inaddition,attheendofeachtimestep,Wemultiply

thetotalmassofeachsiteby1+A(̂>1).
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Thespace-timeconfigurationofparticles'trajectoriesisexactly

thesameasinthebasicScheidegger-smodel(Fig.2.3)underthe

samerandom evolutionssincethespace-timepattem dependsonly

onrandom walkprocess.Butboththestructureofthebranchesand

the massself一growlng processCOntribute to the massofeach

particle･

(tLI<)
d

Z

g

o
t 九=0

九=0.02

入=0.006 人=0.01

10g2m

Fig･3･l Numericalresultsofthecumulativemass
distributionfordifferentA-S.

Fig･3･1showsthecumulativemassdistributionsforfour

differentvaluesofA obtainedbynumericalsimulationsusingthe

same random numbers,on 1000sitesfor4000 timesteps･The

distributionhastwocharacteristicranges･Ⅰnthesmallmassrange

o <m<210,the random aggregation processdominatesoverthe

mass self一growing effect and a power-law distribution

p(>m)"m-1/3 which isthesamedistribution asintherandom
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positiveandnegative叫ectioncase(Seesection2.3.1),appearsto

be independentofA･Inthelargemassrange210<m,themass

self一growing effectrules overthe system and the distributions

clearly depend on A･ Note that the tail of this range is

extraordinarily long (aboutlO18 forA-0･01),and exponential

decayscaused by finite-size-effectareobservedonly atthevery

endofthetails.

∩フ

(uI<
)
d

N

的ol

■●,●

･･+･･.t･･.1･キ ･●-→･●■
time=4000･

time=5000

50 100

log2m

Fig.3.2 Numericalresultsofthefirlite-time-stepeffect
observedinthecumulativemassdistributionin

thecaseofA=0.01,Thelargedotsarethetheoretical
resultsforthesteadystateplottedasacomparison･

ThedottedlineinFig.3.2showsthenumericalresultforthe

massdistribution withA=0.01.Thedataareobtained by taking

averageover10realizations.Itisclearthatthefunctionalform of

thedistributiondoesnotdependonthenumberoftimesteps･Ⅰn

thisfigure,wehavemoremanifestappearanceofthelarge mass
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range･Ifweobservemassinrelativelyshortscalethenitmaybe

regardedasapartofapower-1aw･However,Wecantellthatthe

taildoesnotfallonastraightlineonthelog-logplot,i･e.,thetail

doesnotfollow arigorouspOWeトlaw.

ThetheoreticalexplanationforthistailisglVenaSfollows･Let

usestimatethemassofaparticlewhosetrajectoryattime∫is

characterizedbytheheight(orlifetime),h,andwidthoftheriver

basin,W (t),asshowninFig.2.9(Seesection2.4).Themassm of

theparticleisglVenby

h h

m=∑W(i)(l+A)'-∑ W(i)eEln(1十人)t=O l=0

Whenh>>1/̂>>1,Eq.(3.1.1)canbeapproximatedas

h

m ≡eAh∑W (i)e-目
上=0

(3.1.1)

(3.1.2)

Asthe summation can be proved to remain finitethe massis

estimated as

m∝eAh, h>>1/A (3.1.3)

Thisimpliesthatthemassself一growlngeffectbecomesprominent

fortheparticleshavingheighth longerthan1/A.

As fortheparticlessatisfyingh<<1/A,Wecantreatthesystem

simply as the case ofthe random aggregating particles with

Injection in one-dimension,So thatthe discussion we made in

section 2.4canbeapplied(Seesection2.4).Letusgivealittle
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summary:Ⅰnsuchacase,themassisglVenbythesummationof

w (i),whichequalstotheareaofthebranchesinthespace-timein

Fig･2･9･Therelationbetweenm andhisknownfrom theproblems

ofrandom walk･Thinkingofthefirstencounterofthetworandom

walkersstartlngfrom thesamepoint,theareasurroundedbythe

twotrajectoriesinthespace-timeglVeStheareaofthebranches

because theedgesofthebranchescan be regarded asrandom

walkersltrajectories.As thewidth,W(i),ofthebranchesisnearly

proportionaltohl/2,themassforaparticlewithh≦1/Aisrelated

tohas

m∝h3/2, h≦1/A (3.1.4)

The inequality h≦1/Acorrespondsto thesmallmassrange in

Fig･3.2andh>>1/Acorrespondstothelargemassrange･Namely,

h=1/A glVeSthethresholdofthesetwocharacteristicranges.

Fig.3.3showstherelationbetweenm andh fornumericaldata

ofA=0.01simulatedon1000siteswith4000timesteps.Wecan

confirm thevalidityofEq.(3.1･3)forh>>1/̂=100lThemaximum

valueofhinthefigureis4000whichisrestrictedbythemaximum

numberoftimestepsinthesimulation･10realizationsareplotted

on the figure,yetwe have practically no fluctuations.For

h≦1/A=100,evidentlytheexponentialrelationbetweenm andh

isbroken,whichisconsistentwithourpreviousdiscussions.By

plottingthesamedatainlog-logscale,Eq･(3･1･4)hasalso been

confirmedforsmallh.
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Fig.3.3 Massm vs.heighth insemilogarithmicscalefor
one-dimensionalcase.TheslopeforlargeAfits
nicelyonthetheoreticalestimationA/1n2(A=0.01).

Letusconsiderthesizedistributionofh.Thisdistribution is

equivalent to the distribution of two random walkers'first

encountertimeandisknowntobeglVenaS

p(>h)"hll/2 (3.1.5)

Notethatthepatternsofbranchingtreesarenoteffectedbythe

exponentialgrowth,therefore,hisindependentofA.Eq.(3.1.5)is

confirmednumerically inFig.3.4,which isobtainedforthesame

situation asFig.3.3.ItshowsthatEq.(3.1.5)holdsin therange

lO<A≦4000.
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Fig･3･4 ThecumulativesizedistributionofAforone-
dimensioElalcase.Theslope isclosetothe
theoreticalvalue-1/2.

Thedistributionofmisobtainedasfollowsbyassumingthath

isunlquelydeterminedforaglVen〝Ⅰby amonotonousfunction,

h(m).Thenwehavethefollowingrelation:

p(>m)=pl>h(m)]. (3.1.6)

From Eqs.(3.1.3),(3.1.5)and (3.1.6),and Eqs.(3.1.4),(3.1.5) and

(3.1.6),weget,respectively,

p(>m)∝九l/2(lnm )ll/2･ h>>1/A, (3.1.7)

p(>m)∝ m~1/2, h≦1/A. (3.1.8)
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DifferentiatingEqs.(3.1.7)and(3.1.8)withrespecttom,weobtain

p(m)- ㌃ (lnm )-3/2人l/2, h,,I/A, (3.1.,)

p(m)-m-4/3, h≦1/A. (3.1.10)

Inthelimitofm→ -,Eq.(3.1.9)behavesasp(m)-1/m ,whichis

oftencalledaZipf7slaw.

ThelargedotsplottedinFig.3･2arethetheoreticalvalues

obtainedfrom Eqs･(3･1.7)and(3.1,8)withanappropriatechoiceof

the proportionalconstants.Itshowsa good fitwith numerical

results.

Now,wediscussthecaseofmean-field.Letusfigurethesystem

withallsitesconnectedtoeachotherdirectlysothataparticleon

anarbitrarysitecanJumptOanySite,eventoitself,inonetime

step.Asinthecaseofone-dimension,mergedparticlesandinjected

unitparticlefallingonthesamesitearecombinedtoform anew

particle with massconserved atevery time step.In the case

withoutthe massself-growlng Process,the massdistribution is

knowntoform astablepower-law,p(>m)-m ll/2,likeinthecase

ofone-dimensionbutwithadifferentexponent(Seesection2･3,4)･

Then,letus take into accountthe mass self-growing effect･

Eq.(3･1.3)holdsagainaswehaveseeninFig･3･5･Thenumerical

resultsshowninFig･3･5areobtainedforthesameconditionasin

Fig･3.3;system size=1000,maximum numberoftimesteps=4000,

A-0･01,andtenrealizationsareplottedwithouttakinganaverage･
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5000

h

Fig.3.5 Massm vs.heighth inthesemilogarithmicscale
forthemean-fieldcase.
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log2h
ThecumulativesizedistributionofA forthemean-field

case･TheslopeiS -1asisestimatedtheorelically･
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1nthemeanJieldcasewecannotapplytheresultsfrom the

random walkproblem butwecandirectlyderiveanequationfor

p(>h)(seeFig.3.6).Thefollowingsaretheprocessescontributingto

theprobabilityofhavingaparticlewithalifetimelongerthanh,

p(>h),attimestepi.Consideraparticlehavingalifetimelonger

than h-1atsteptll･ Bothinthecasewhenitaggregateswith

particleshaving lifetimessmallerthan h-I andwhenitisnot

involved in any aggregation,itproducesaparticlewithlifetime

longerthanh inthenexttimestep.Butiftwoormoreparticles

havingthelifetimelongerthan h-1attimer-1 Combinetogether

toform aheavyparticleattimei,thentheprobabilityp(>h,i)

decreases.Therefore,theequationfortheprobability p(>h,t)is

glVenaS

p(>h,i)≡p(>h-1,ill) -p(>h11,t-1)2, (3.1.ll)

wherehigher-ordertermsareneglected.Thestationarysolutionof

Eq.(3.I.ll)isobtainedbytakingcontinuum limitwithrespecttoh

aS

p(>h)"A-1. (3.1.12)

From Eqs.(3.1.3),(3.1･6)and (3.1･12),weobtain theprobability

density as

p(m)- £(Inn)~2̂･ h,,1/A･ (3,1.13)

p(m )-m l3/2, h≦1/A. (3.1.14)
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Againwehavep(m)∝ 1/m inthelimitofm→-.

Ourresultsforone-dimensionandforthemean-fieldcase

indicate thatthe asymptotic behaviorofthe mass distribution

convergingto1/m maybe universalintheexponentiallygrowing

particlesystem･Themechanism ofhavingsuchauniversalitycan

be summarized as follows･Imaglne an eXpOnentially growing

variableX;X-exp(AY),wherethecharacterizingvariableY hasa

probabilitydistributionintheform ofpower-law,p(Y)∝Y-a.In

thesamewayaswederiveEqs.(3.1.9)and(3.1.13),theprobability

densityforXcanbeshowntobe

p(x)"i (lnX)-aAa-IX (3.1.15)

Thissimplemechanism canbeproposedasamodelforthe

systemshavinglongtailssatisfyingZipf･slaw,Xll,invariousfields

of science･Concernlng the modelintroduced in this section,

diffusionandaggregationprocessesofparticlesarenotsoessential

totheuniversalityofp(X)-X-1,buttheexponentialgrowth and

thepower-law distributionofp(Y)playanimportantrole･From

thestatisticalpointofview,itisanew resultthateveninthemass

growlng-particlesystem thereexistsastatisticallystationarystate･
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3.2 Non-Gaussian distribution in random transport

dynamics

Non-Gaussiandistributionsarefoundtobeimportantinthe

studyoffluidturbulencelG.K.Batcherlor(1953);A.S.Moninand

A M.Yaglom (1975)].Theyarefoundinthefluctuationofvelocity

field by using the latesttechnique of directobservation of

turbulence lH.K.ParkandW.I.Goldburg (1992)]arLdnumerical

integrationofNavier-StokesequationlZ-S.She,E.JacksonandS.A.

Orszag(1988);S.KidaandY.Murakami(1989)].Intheseresultsthe

distributionofvelocitydifference,av(r)≡V(x)-V(x+r),showstails

which are much longerthan those ofGaussian butstillmuch

shorterthan power-1aws･Scalarquantitiesin turbulence such as

temperaturearealsoknowntofollow neitherGaussiannorpower

lawslE.D.SinaiandV.Yakhot(1989);A.Pumir,B.Shraiman,andE.

D.Siggia(1989)].Inthefollowingsweintroducearandom transport

dynamics which is a stochastic modelrealizing non-Gaussian

distributions.Wewillseethesteady-Statedistributionofthemodel

forextremelimitscomparlngWithScheideggerlsrivermodel･

Recently,H.Takayasuand Y-h.Taguchi(1993)introduced a

random transportdynamicsmodelinwhichafiniteportionofa

scalarquantityonasiteistransportedtoitsneighborandtherest

oftheportionremainsonthesamesiteinatimestep･Namely,We

canview thismodelintermsofparticlesasabreakingupprocess･

Insuchmodeltheyfoundbothnumericallyandtheoretically that

the fluctuation of a scalar quantity(-'charge'' or ''mass●1 in

Scheidegger'srivermodel)isgenerallynotGaussian,andthetailof

itsdistributionisbetweenGaussianandapower-law.Gaussianand

poweトlaw distributionsappearonlyinextremesituations.
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Letusdefinethemodelmorepreciselyforaone-dimensional

system.Considerthesituationthatthecharge,mU,i),isdistributed

on aone-dimensionallattice･A portionofmU,i) istransported

randomlytotheneighboringsitesatatimestepasdescribedby

thefollowlngStOChasticequation:

m(j,t+1)-m(j,i)-Otf,t)mU,t)+∑ wj,k(i)0(k,i)m(k,i)
k (3.2.1)

whereOV,i)isarandom numberintherangeO≦OU,i)≦1,Wj,k(i)
isalSoarandom numberwhichtakeseither1or0,andk denotes

thelocationofneighboringsites.Wj,k(i)=lmeansthatthereexists

transportfrom k toj attimestepi.Inordertoconservethetotal

quantity,S2=Ejm(j,i),werequirethatWj,k(i)equalsto 1with

onlyonejforeachk,namely,inatimestepasitecandistributea

portionofitschargetoonlyoneofthenearestneighbors･Here,we

allow thepossibilityofWjj(i)=1,whichmeansnotransport.

ComparingEq.(3.2.1)andEq.(2.2.1),wenoticethatinthecase

that 0(j,t)=l Eq.(3.2.1) become the same as Eq.(2.1･1) in

ScheideggerlsrivermodelwithI(j,t)=0,noinjectioncase,inwhich

allparticlecoalescetoform aparticleinthelimitofJう∞.Butin

thelaterpartofthissection,Wewillfindaninterestingfactthat

thesteadystatedistribution inthelimitof0(j,i)il･followsa

power-law whichisabsolutelydifferentfrom thecaseof0ti,i)=1.

InthelimitOU,i)→0,themodelcan berepresented by the

formalism ofamotionofcontinuum inarandom velocityfield,

vU,t),wherevtr,t)isexpressedasfollows:

Ivy,t)I-旦一山 l
dt , (3.2.2a)
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lLmu,t).i(vu,i)mu,t))=o
at aj (3.2.2b)

where the directior10fvU,t)isdetermined by Wj,k(t)and its

magnitude,At,isthetimestep.ThenEq.(3.2.I)Canbeviewedasa

discretized version ofthe followlng equation forpassive scalar

diffusioninarandom velocityfieldvU,t),

か い '.∇'vU,t'mUJ"-0 , (3.2.3,

AsiswelトknownEq.(3.2.3)becomesanordinarydiffusionequation

iftheautocorrelationofvU,i)orWj,k(t)vanishesquickly.

Consideringtheabovetwoextremelimits,Eq.(3.2.1)generally

representsbothdiffusionandaggregationeffectsforO<Oti,i)<1.In

thefollowlnganalysts,tOavoidunessemtialcomplexity,weassume

thatalla(j,i)takeaconstantvalue0 (0<0<l),andobservehow

thesystem changesfordifferentvaluesof♂.

Westartourstudywithamean-fieldversionofEq.(3.2.1)to

estimate theoreticallytheeffectofthefiniteportiontransports･We

considerthesituationthatasiteisinteractingwithamean-field

site and transportsto orfrom the mean-field site occurwith

probability 1/2, independently. In such case the stochastic

Eq.(3.2.1)becomes

m(i+At)=m(t) withprobabilityI/4,

m(i+At)=(1-0)m(i) withprobability1/4,

m(i+At)=m(t)+OmMF Withprobability1/4,

m(i+dt)=(1-0)m(t)+OmMF With probability1/4, (3･2･4)
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wheremMF isthevalueatthemean-fieldsitewhichisdefinedas

an independentrandom numberhaving the same distribution as

m(t)AByintroducingthecharacteristicfunction

Z(Q,i)≡
r :
e-EPmp(m,i)dm

=1.iQ<朋,ゼ<m2,+…2! (3.2.5)

where p(m,i)istheprobabilitydensityform attimei,Eq.(3.2.4)

becomes

Z(Q,t+dt)-吉〈Z(Q･t)'Z(010g･t))(1.Z(Og･t)) , (3.2.6)

SubstitutingEq･(3.2.5)intoEq.(3.2.6),asetofequationsforthe

momentfunctions<桝n>areObtained,anditcanbeeasilyshown

thatanon-trivialsteadystateexistswhen<桝 >≠0,i･e･S2≠0･Inthe

case<m>=Owewillseelaterthattheonlysteadystatesolutionis

p(m)=∂(m),thatis,nofluctuationremains.

Thesteadystatesolutionfor<耶>≠OisshowninFig･3･7･Itshows

thecumulantsforordersupto7togetherwiththoseforone-sided

exponentialdistribution forcomparison･Higherordercumulants

arenotzeroinallcasesandshowingatendencytodivergeasthe

ordergoestoinfinity,whichclearlydemonstratesthatthesteady

statedistributionisnotGaussianforwhichcumulantsarezerofor

ordersgreaterthanorequalto3･

Forsmaller〝tthecumulantsaresmaller,andinthelimitof

∂ぅOitcanbeshowntheoreticallythatthenormalizedcumulantof
ordern, 切 n>C/<m2>nc/2,vanishesforn≧3･Namely,thedistribution
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convergestoaGaussianinthislimit,whichagreeswiththewelレ

known factthatthe distribution function satisfying the usual

diffusionequationinthecontinuum limitisaGaussian.Thisresult

indicates thatthe finiteness ofβ is very importantfor the

appearanceofnon-Gaussianinourrandom transportdynamics.

切 n>C/<m2>Z/2
1.Oe+05

1.Oe+04

1,Oe+03

1.Oe+02

1.Oe+01

1.Oe+00

1.Oe-01
2 3 4 5 6 7

n

Fig･3･7 Higherordercumulantsく朋n>Careplottedby
crosSeSforthemean-fieldmode一;β=0.1,0.7and0.9
frombottomtotop･Theexponentialdistributionis
plottedbysquaresforcomparisonlH.Takayasu and
Y-h.TaguchL'(1993)).

Ⅰnthespecialcaseofe=1/2,theoreticalestimation for the

asymptotic behaviors ofthe steady-state characteristic function,

Z(Q),isgivenas

Z(g)∝g12/3 (3.2.7)
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inthevicinityofQう - .Thispowerlaw decaylSVerydifferentfrom

thecaseofaGaussiandistributionwherethecharacteristicfunction

decaysfasterthan any powerof Q･In thecaseofexponential

distribution the characteristic function is given by 1/(1+iQ)

(asymmetriccase)or1/(1+92) (symmetriccase),whichalsoshows

apoweトlaw decay as()う∞･Inthissensethedistribution isfar

from Gaussian,butissimilar(butnotidentical)totheexponential

distribution.

P(>m)

10

1

0.1

0.01

0.001

U.UUUl
0 0.5 1 1.5 2 2.5 3 3.5

〝‡
Fig.3.8 semi-logplotofthesteadystatecumulative

distribution, P(>m)=ImMp(ml)dm',inone-
dimensionwith<例>>0.Thevalues0are0.3
(thinline),0.5(boldline),and0.9(dottedline).
Averagesaretakenover10realization
lH.TakayasuandY-A.Taguchi(1993)].

Fig.3.8showstheresultsofnumericalsimulationsonone-

dimensionallattice.The steady-State cumulative distributionsfor

∂=0･1,0･5andO･9areshowninsemi-logscale.Thesteady-State is

expectedtobeindependentoftheinitialcondition.For∂=0.1the
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tailofthedistributiondecaysquicklylikeaGaussian,andforlarger

♂ thetailbecomeslargerasestimatedbythemean-fieldanalysis.

P(>m)

0.01 0.1 1 10 100

m

Fig.3.9 Log-logplotofthesteadystatecumulativedistribution
inone-dimensionwithく桝>>0.Thevalues0are0.9
(thinline),0.99(boldline),and0.999(dottedline).The
slope ofthestraightlineis-1/3tH.Takayasuand
Y-A.Taguchl(1993)).

Toseetheasymptoticbehaviorin∂→1weplotthecasesof

O=0･9,0.99andO･999inlog-logscaleinFig.3.9.Thesteady-State

distribution gradually approaches a power-law P(>m)"m-1/3,

which is the same as the exactsolution of one-dimensional

Scheidegger.Srivermodelinthepresenceofpositiveinjection(See

section2.3). Inoursimulationwehavenoinjection,however,in

thecase∂ isclosetobutnotequalto 1,thesmallportionleft

behind at every transport,(1-0)mU,t),may play the role of

injectionwhilethedominanteffectistheaggregationprocess,then
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thesystem canrealizeanearlypower-law steady state･Namely,

thelimitof∂ぅ1correspondstothepresenceofpositiveinjectiorl

sincethebreakingupprocessglVeSthesameeffectasinjectionof

smallparticles.

Next,weconsiderthecaseof<朋>=0,I.e.E2=0.Thesecondorder

termsofginthemeanfieldequation,Eq･(3･2･5),givethefollowing

equationforthevarianceof〝!,

- 2(i+dt)>= (I-0+02)<m2(t)> (3.3.8)

Itfollowsimmediatelyfrom thisequationthatthevariancedecays

exponentiallytozeroforO<∂<1,whichshowsthattheonlysteady

stateisthetrivialstate,P(m)=∂(m),aswementionedpreviously.

Thesystem becomesnon-trivialifweapplyrandom external

fluctuations･Namely,weaddanew term,I(j.i),inEq･(3･2･1)or

∫(日,inEq･(3.2.4),whicharerandom variableshavingzeromean,

<′>=o･Accordinglyanewtem ,<′2>,isnow addedtoEq.(3.3.8)and

thevarianceconvergesexponentiallytoafinitevalue･Thesame

argumentholdsforeverymomentofm,<mn>,SOthatwehavea

non-trivialstablesteadydistributionp(m).

NumericalresultsareshowninFig.3･10･Herethetransportis

long-ranged(asiteisdirectlyconnectedtotheothersites),l'.e.,the

probabilityofWj,i(i)=lisindependentofjforeachk.Forsmall0
thedistributionisclosetoaGaussianasshowninthecaseof∂=0.3

inFig.3.10.Forlarger∂ thetailsbecomelargerasseeninthecase

ofβ=0･8,andasβ→1thedistributionconvergestoLorentziantails,

P(m)-Pnl-2(seethecaseofO=0.99),whichisthesameasone

obtainedinScheidegger'srivermodelwithpalr-Creation injection

(theexactequivalencebetweenthismodelinthecaseof<∽>=0
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with injection and Scheidegger-s rivermodelwith pal一-Creation

injection is established in the particularcase ∂=1).Here,we

confirm thatthetheresultof∂→1convergestotheresultofβ=1･

Thisresultisnotlikethecaseof<刑>≠Owithoutinjection because

insuchacasetheresultsof∂=land～)う1aredifferent.

-8-6 -4 -202 4 6 8 10
m

Fig.3.10 semi-logplotofthesteady-stateprobability
densityP(m)inthelong-rangedtransportwith
<m>=0.Randomperturbationsintherangeofl-I,1]
areaddedcclnStantly(thesum ofperturbationsare
controlledlokeepzero).Theparametersare∂=0.3
(dottedline),β=0.8(boldline)andβ=0.99(thinline).
ThesmoothcurvesshowtheLorentziantails,
P(m)C'm-2lH.TakayasuandY-h.Taguchi(1993)I.

Forone-dimensionalcaseof<桝>=O with no Injection the

varianceconvergesquicklytozeroaspredictedbythemean-field

analysisinEq.(3･2.8),however,whenweaddinjectionofくr>=O the

variance<m(i)2>doesnotconvergetoafinitevaluebutshowsa

tendencytodiverge･ Thisstrangebehaviormaybecausedbythe

peculiarity ofone-dimension like ithappensin the segregation
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phenomenon lL. W.Anacker and R.Kopelman (1987);K.

Ll'ndenberg,B.J.West,andR.Kopelman(1988)],butthedetailsare

yettobeclarified.

Itisconfirmednumericallythatinbothcases,themean-field

and one-dimension, satisfying <桝>=0,the distribution of m

convergesifitisnormali2:edbythesquarerootofthevariance,

<m(t)2>1/2.Thefunctionalform ofthenormalizeddistribution is

verysimilartothatinFig.3.10,namely,itisclosetoaGaussianfor

small♂,thetailsbecomelargerforlarger♂,andfor♂ veryclose

to1thetailsnearlyfollow power-laws.

Letussummarize the essence ofthe modelofrandom

transports.WeobseⅣethebehaviorinone-dimensionwithnearest

neighbor transports for <朋>≠0･In the limit O→OGaussian

distributionisobtained.IntheotherlimitOilapower-law tailis

observed.Andinthecasee=1,themodelbecomeequivalentto

Scheidegger■srivermodelwithnolnJeCtion･ForO<∂<1,neithera

Gaussiannorapower-law distributionisobtained･

Forthecases<耶>=Owithくr>=O injectionwehavenosteady-

Statein one-dimension.Butfrom thenumericalsimulationsitis

confirmedthatitexistsinthecaseofくJ>=Oifweassurhealong-

rangedtransport.Theresultinthelimitof∂ぅ1glVeSadistribution

ofm with power-law tailswith exponentequlValentto thatin

Scheidegger'srivermodelwithpalr-Creationinjection.
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3.3 Scheidegger's modelof mass･dependentrandom walk

Recently,T.Nagatani(1992)extendedthebasicScheidegger's

rivermodelassumlngthataheavierparticlemovesslowerthana

lighter particle.In such a system the mass distributions are

obtained numerically and dynamicscaling behaviorofthemass

distribution isestimated.

Themodelisdescribedasfollows:Letamassiveparticleonone-

dimensionallattice move to the rightneighbororleftneighbor

randomly with probabilityp/2,respectively,anditremainsonits

ownsitewithprobability 1-p･Inordertotakeintoaccountthata

heavyparticlemoveslowly,wesettheprobabilityp ,whichcanbe

consideredasmobility,asp=m-Y(r>0).Inatimestepparticles

moverandomlyfollowlngtheaboveprobabilitiesandmergewhen

twoormoreparticlesencounteratthesamesite.Beside,aunit

massisaddedtoeachsiteateachtimestep･Itisclearthat7-0

CorrespondstothebasicScheidegger'srivermodel･

Thestochasticprocessofaggregationofthismodelcanbe

expressedbythesameequationasthatofthebasicScheidegger's

rivermodelinEq.(2.1.1):

m(j,i+1)=∑ wjk(t)m(k,i)+I(j,i)k (3,3.1)

whereJV,t)denotesthechargeofaparticleinjectedatthej-thsite

attimei,andWjk(t)isarandom variablewhichisequaltolwhen

theparticleonthek-thsiteJumpsonthej-thsiteandisequalto

zerootherwise･Sinceoneparticlecannotgototwodifferentsitesin

asingletimestep,Wjk(i)mustbenormalized‥∑jWjk(i)=1.But
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Wjk(t) takes different weights of probabilities than in

Scheidegger■srivermodel,suchas,

Wjj(i)=lwithprobabilityI-p,

Wjj-1(t)=lwithprobabilityp/2

Wjj'1(i)=lwithprobabilityp/2

Wjk(i)-0forksj-I,j,j+1.

Thecomputersimulationsareperformedonatriangularlattice

withtheperiodicboundarycondition･Fig･3･1lshowsexamplesof

space-time trajectories obtained for γ=0･5and 1.0.Comparlng

thesefigureswiththatofthebasicScheidegger-srivermodelin

Fig･2･3,wefindthatasγtakeslargervalue,trajectoriesofparticles

areapttogolngStraightdownward.

Fig.3.ll Examplesofspace-timetrajectoriesforγ=0･50nthe
leftandr=1･OontherightlT.Nagatam'(1992)].



3.Extendedversionsofthemode1 3･24

▲

◇
o
I

▲
o
a

▲A▲▲LLA ▲ ▲▲▲ ▲

oo〇〇 〇〇〇〇〇〇〇
三'三三;=･:: :.ll∴▲▲
･:†=0.0

0:Y=0.3

｡:†=0.5

･:†=1.0

▲ ▲▲

0
<

▲
▲
o
o
o
o
c

▲

0
▲0
0
01
0

000
0
00

o

▲

｡

0

..I
o▲

･
oo
･J

A.
.
▲‥

▲

Fig.3.12 Alog-logplot ofthecumulativemassdistribution
forγ=0,0.3,0･5and1.0,andtheslopesareO･33,0･26,0.17,
0.04j=0.02,respectivelylT.Nagatam'(1992))･

Fig.3.12showsthecumulativemassdistributionsforγ=0,0.3,

0･5andl･Oonlog-logscale･Itisclearfrom thefigurethatthemass

distributioncanbeexpressedintheform

p(>m)C<m-P(y) (3,3,2)

Inthecaseofγ=Owecanconfirm thattheslopeisthesameasthe

basicScheideggerlsmodel,1/3.Asthevalueof γ becomesgreater
the absolute value of the slope becomes smaller gradually

converglngtOaSlopeequaltozero.
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1 10 102 103 104
h

Fig.3.13 A log-logplotoftheareaofthedrainagebasin,
S,vs.height,h,forr=0,0.3,0.6,and1.2
lT.Nagatani(1992)).

Letusconsideraspace-timetrajectoryformingaparticle(see

Fig.2.9).LikeinthecaseofthebasicScheidegger'smodel,massof

theparticleisagalnproportionaltotheareaofitsdrainagebasinin

thespace-time(Seesection2.4.1formoredetails).Whatisdifferent

from thebasicScheidegger-smodelisthattheareaofthedrainage

basin,∫,Cannotbeestimatedbyuslngthetheoryofrandom walks.

Insuchacaseletusassumethefollowlngrelationbetweenthe

areaS andtheheighth.

S-hZ(Y) (3.3.3)
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Thisisanaturalextensionsinceitincludesthecaseofthebasic

Scheidegger's rivermodel,in which 2(0)=3/2 lH.Kondoh,M.

Matsushita,andY.Fukuda(1987);H.Takayasu,I.Nishikawa,andH･

Tasaki(1988)].Eq.(3.3.3)canberegardedasadynamicscaling

becauseitcanberecognizedasanequationevaluatingthemean

massofparticlesafterh timesteps.

Theassumption(3.3.3)isconfirmednumericallyforγ=0,0.3,

0.6,and 1.2inFig.3.13.TheexponentI(r)changescontinuously

from 1.50(thevalueforthebasicScheidegger'srivermodel)to1.0

(thevalueforalinearriver)withincreasing γ.

P(>S)

10-1

y=0.6

o●○▲1% ･･幣 yf･･%･･:･･A･;て A:.･A･.･...
● ◆▲●◆▲●◆▲● ◆ ▲
. e A◆

◆

◆◆◆◆◆〇〇
〇

○○

.h=250
+h=500
･九=1000
.h=2000

10 102 ∫ 103

Fig.3.14 Alogllogplotofcumulativemassdistributionp(>S)
dependingonthenumberoftimestepsA,h=250,500,
1000,and2000forr=0.6lT･Nagatant'(1992)].



3.Extendedyersionsofthemode1 3-27

1nFig.3.14Weplotmassdistributionsobtainedfordifferent

numberoftime steps.Weobservethetailofthecurveextends

accordingtothe timesteps.The massatwhichtherapiddecay is

observed(atthelargermassrange)isestimatedfrom Eq.(3･3.3)to

beproportionaltohz(r)･Therefore,Weproposeadynamicscaling

relationasfollows.

ps(h) 咲S -β (γ )-lf(S/hZ (γ)) (3.3.4)

wherePs(h)denotesthemassdistributiondependingonthetime

steph.From thenumericalsimulationsEq.(3.3.4) isconfirmedfor

fourdifferentvaluesofγ.Thescalingfunction/(∫) isapproximately

aconstantfor x<<land decaysfasterthan powerllaw forx与1･

Fig･3･15showsalog-logplotofSP(r)p,S(h)vs･S/hz(y)forr-0･6･
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Fig.3.15 Alog-logplotofthescaledcumulativemass

distribution SO117p,S(h)vs.hl1･17sfory=0･6
lT,Nagatant'(1992)].
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Sincethetotalmassofparticlesinthesystem isproportionalto

thewholespace-time,itisproportionaltothetime-steph.

Il粥ps(h,SdS - h (3.3.5,

Calculating the totalmassby uslng the scaling relation asin

Eq.(3.3.4),weget

ll地ps(h,SdS-h'1-β`γ'炉 (γ,I(x,dx (3.3.6,

ComparingEqs.(3.3.5)and (3.3.6),thefollowingrelationbetween

exponentsisderived.

[1-β(r)]Z(Y)=1 (3.3.7)

TheexponentsP(r)andI(r)fordifferent yareshowninTable3.I.

Wefindthattherelation(3.3.7)holdsnicely.

Table3.I Exponents β(γ)andI(γ)fordifferentγ.
TheerrorsfortheexponentsP(r)andI(r)
areabout±0･02lT.NagatanL'(1992)]･

γ 0.0 0.3 0.6 1.2

β 0.33 0.26 0.17 0.02

2 1.50 1.29 1.17 1.Ol
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4･1 Subtle spatial correlation in Scheidegger's river

model

Inchapter2,wehaveseenthattheexponentsofthesteadystate

distributions ofScheidegger■smodelare differentin the one-

dimensionalcasesandinthemean-fieldcases(exceptforthecase

ofpaiトCreationinjection).Thisdifferenceindicatestheimportance

ofspatialrestrictionintheone-dimensionalcase. Inthissectionwe

investigate the nature ofspatialfluctuationsobserved in one-

dimensionalScheidegger'smodelin orderto clarify the spatial

correlationinthesystem.

Aswementionedinchapter2,themass(charge)distributionof

the basic model in one-dimensional space is equal to the

distributionoftheriversizein(1+1)-dimensionalspace-time,while

ariversizeisdefinedastheareaofadrainagebasin･Letus

recollectFig.2.4,whichshowstheridgesofthedrainagebasins,

From thefigurewefindthattwobigdrainagebasinsarelesslikely

toexistadjacentlythanabigbasinnexttoasmallone･ThisglVeS

anintuitiveperceptionthatthesystem hassomekind ofspatial

correlation by which reducingtheprobability oftwo big basins

comecloser.

Letusseethatifwecanfindanythingaboutcorrelationfrom

ourpreviousanalystsuSIIlgthecharacteristicfunction.From the

steady-stateequation,Eq.(2.3.3),wecan show thatZ,(Q)can be

expandedinthevicinityofQ=Oas

Z,(g)=llClrlgLβ+･･･, (4.1.1)
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1 2 3 4 5 6
r

Fig.4.1 R/Sdiagraminlog-logscaleofbase2.The
abscissarglVeSthelengthofinteⅣals.The
slopeofthestraightlineis0.5.

where clisa constantand β is either 1/3,1/2,2/3,0r 1

depending on the spatialdimension and injection type.Ifthe

distribution is spatially independent,Z,(Q) should be equalto

lzl(Q)】r,however,itiseasytoprovethatthesetwoexpressionsare
identicalonlyuptoorderQP,andthereisanonvanishingterm of

order e2PaslM.Takayasu(1992)]

zl(Q)r-Z,(@)=己こ一二一日 (cl)202β+･-≠0
2 (4.1.2)

Therefore,We can conclude that there really exists spatial

correlation.However,itis noteasy to detectthis correlation

numericallybecauseitisinhigherorderin ().

R/SanalysislJ.Feder(1988)]isoneofthepowerfulmethodto

find outcorrelation in slngularfluctuations.In thismethod,we

observetwo quantities,R andS:R isthedifferencebetweenthe

maximum andminimum ofaccumulatedvaluesinaninterval,and
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∫ isthevarianceinthesameinterval･So-called良/Sdiagram is

obtainedbyplottinglogarithm oftheratioR/S asafunctionof

logarithm oftheinteⅣal'slength.InFig.4.1the良/Sdiagram ofour

modelisshown.Thepointsareclearlyonastraightlineofgradient

o･5,namely,R/S-rH,wheretheHurstexponent,H,isequalto

H=0.5whichisidenticaltothevaluefortheBrownianmotionlB.B.

Mandelbrot(1982)].HenceH=0.5meansthatthefluctuationhasno

dependency,which showsthatthe subtle correlation has been

completelyoverlookedbythismethod.

Thefirstreasonthatmakesdifficultiesin analyzing the

correlationsisthatitisaweakcorrelationwhichappearinhigher

orderin Q aSWeSaw inEq.(4.1.2).Theotherreasonisthatthe

massdistributionfollowsapower-law forwhichthemomentsof

themassdistributiondiverge.Insuchacase,itisimpossibleto

calculate the correlation function defined by the second order

momentssuchas<m(0,i)･mU,i)>.Nevertheless,Wecanavoidthis

divergencebymodifyingthedefinitionofthecorrelationfunction

by introducing fractionalmoments.We show the detailsin the

followingsections.

Thecorrelationfunctionofthesystem isrelatedtothepower-

spectrum by WieneトKhinchin-stheorem･However,in ourmodel,

duetothedivergenceofcorrelationfunctionwecannotobseⅣethe

correlation by poweトSpeCtrum aS Well･ Namely, the power-

spectrum ofthemassconfigurationlooksthesameasinthecaseof

whitenoisebecauseasitehavingthelargestmassactsasadelta

function, and the Fourier transformation glVeS the same

contributionatallwavenumbers.Letusseehow themultifractal

analysisworkforthisproblem inthenextsection.
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4.2 Multifractala.nalysis

Theterm ''Multifractalityllwasintroducedinordertoclassify

thefractalsystemswhosestructuresarecharacterizednotonlyby

aslngleslngularitybutalsobyaninfinitenumberofsingularities

ofinfinitelymanytypes･Ifwepayattentiontoasetofpointson

the structure corresponding to a glVen type Of singularity,it

typically formsafractalsubsetwhosedimensiondependsonthe

typeofsingularity.

Thenotionofmultifractalitywasfirstintroducedbyβ.A

Mandelbrot(1974)inconnection withturbulence.Then itwas

developedandsystematizedbyH.G.H.HentschelandI･Procaccia

(1983),andR.Benziet.al(1984).Subsequently,itwasdiscoveredin

percolation lL.deArcangeliset.al(1985)i growthphenomenalP.

Meakllnet.al(1985)],dynamicalsystem lT.C.Halseyet.al(1986)L

andsoon.

Now,Weapplytheideaofmultifractalitytoourone-dimensional

basicmodel.Letusdiyidethelattice(here,weareconsideringa

finitesizelattice)intointervalsoflengthrandletp.1(r)denotethe

normalizedmass(charge)inthei-thinterval,thatis,themassinthe

inteⅣaldividedbythetotalmassofthewholefinitesystem.Then

in the limitrう0,We assume thatthe strength ofthe local

singularity ofi-th intervalis characterized by introducing an

exponenta.･asfollows;

p,I(r)-raj (4.2.1)

Namely,αfdenotesthelocalmassexponent.We considerthe

situationthat αfdiffersfrom oneinteⅣaltoanother.Ingeneral,
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thenumberofintervalstakingtheexponentbetween a anda+da

,N(a)da,isexpectedtobescaledwithras

N(α)daだr-I(a)n(a)dα (4.2.2)

wheren(a)denotesaconstantvaluedependingonlyon a,and

/(α)isthefractaldimensionofsubsetofinteⅣalscharacterizedby

thelocalexponentat･equal to a.ThefunctionI(a)isthekeyin

thestudyofmultifractalities.

Weneedalittlepreparationbeforeintroducingthemethodto

getthefunction/(α).Letusintroduceafractaldimensioncalled

theinformationdimension,DI,Whichisdefinedbytheinformation

entropy,∫(r),as;

∫(r)

r)olog (l/r)
DI=lim

where,

and

((r)≡-∑pl(r)･logp,･(r)
∫

∑p,･(r)=1
J

(4.2.3)

(4.2.4)

The definition ofthe information entropy can be extended by

consideringhigherordermoments,suchas

lq(r)≡⊥ log∑pt･(r)q
l-q , (4.2.5)
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Thecorrespondinggeneralizedq-thorderdimension(weintroduce

Dqasa"dimension''although attheendofthissectionweshow that

itdoesnotreallyhavethephysicalSenseof"dimension-りdefined
aS

Dq-tim .ム史L
r)olog(1/r) (4.2.6)

tq(r)isoftencalledtheq-th orderRenyiinformationlA.Re'nyi

(1970),H.G.H.HentshcelandI.Procaccia(1983)]andwecaneasily

show thatJl(r) coincides with the usualinformation entropy

definedbyEq.(4.2.4).

From Eqs.(4.2.1)and (4･2.2),wecanreplacethesum in

logarithm inEq.(4.2.5)bythefollowingintegral;

字pi(r,q-Idan(a,rJ･a,･qa (..2.7,

Ⅰnthelimitrう0,theintegralwillbedominatedbythevalueof

αwhichminimizestheexponent.Thisleadstotheconditions

de ･aq-q, 豊 l句<0, (..2.8,

where aq isthevalueofaforwhichqa-I(a)isminimal.Sothat,

Eq.(4.2.7)isestimatedas

∑pi(r)qefn(αq)r-I(aq)'qag∫ (4.2.9)
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Therefore,we are ableto relate the problem ofobtaining the

functionf(α)totheproblem ofobserving∑p,･(r)q bythefollowing
∫

relations:

Dq-qt {qaq-f'aq'} ,

f(aq)=qaq-(qll)Dq ,

aq-di Hq-1)DqJ

(4.2.10a)

(4.2.lob)

(4.2.10C)

f(aq)iscalledI-aspectrum.Inthecasethatq=1,qaq-I(aq)Should

bezerootherwisetheconservationofprobability,∑pi(r)-1,will

breakup.Sothat,atq=1,f-a spectrum istangentto the line

I(aq)=qaq.From Eq.(4.2.10a),themaximum off-a spectrum is

alwaysglVenatq=0･Andforanidealfractalwithperfectsel f -

similarity,i-a spectrum becomesaslngle pointsince the local

slngularitiesonwholespacearecharacterizedbyoneexponent･

Wemadenumericalsimulationsofourmodelon28 sitesand

adopted the data atthe 5000th time step to f-a spectrum.

Statisticalaveragewastakenover10realizations.InFig.4.2we

plotted rvsQ…[∑iP,･(r)q]1/(q-1)forseveraldifferentq.S,sothat

wecanestimatethevalueDq from theslopeifwecandefinethe

linearpartofsuchplots･Nevertheless,exceptforthemodelswhich

are rlgOrOuSly defined asmultifractals,mostofthe stochastic

modelsandtherealsystemsdonotshow perfectlinearityinsuch

plots･Indeed,asweseeinFig･4･2pointsdonotfallonstraightlines･

Insuchacase,WediscussthefollowlngtwomethodstoestimateDq･
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r
Fig･4･2 0≡【L･pE(r)qll/(q-1)vs･rinlog-logscaleofbase2l

q=5,2,0.5,0.2,-0.3and-I.5,fromtoptobottom.
Theslopeofeachlinegives【〃αイ(α)】/(〟-1)･

Thefirstmethodist｡app.oximatethervsQ-[∑iPE(r)q]1/(q~1)
plotbyitslocalslopes,SothatwedefineDq asafunctionofr･This

approachseemstobealittleforcefulsincethetheoreticalsupports

ofmultifractalanalysisaredefinedonlyinthe vicinityofrう0･But

oncewefaceadigitalexperimentaldatawewillhaveadifficultyin

adoptingaslopeforrj0･FromthestudyofsuchlocallydefinedDq,

astrangeresulthasbeenfoundbyH.Takayasu and T.SuZuki

(1991).Theyshow thatwhitenoisecanbecharacterizedbyanr-

dependentparabolic /｣α Spectrum dueto thefinitesizeofthe

system.And forwhitepoweトlaw fluctuationsanr-independent

parabolicf-a spectrum isobservednearlyfortwodecaysofr.Also

theI-a spectrum istangenttoalinef(aq)=qaqsince∑pi(r)=lis

keptbythefinitenessofthesystem.Itisaremarkablefactthatan
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r-independentparabolicf-a spectrum isobservednotonly in a

multiscaled system but also in a non-correlated monofractal

SyStem･

h ordertoavoidtreatingthefinitesizeeffect,thereisanother

methodtoanalyzeDq･Finitesizeeffectbecomesmoreeffectivefor

biggerr,therefore,weadoptaslopenearr=OforthevalueofDq

foranarbitraryq.ThiscorrespondstotheestimationofDqin the

vicinityofr=Owhichcanberegardedasanasymptoticresultin

continuouslimitoftheone-dimensionallattice･Letusapply this

analysistoourdata.

⊂鞄 Fig.4.3I(a)-a diag,am.

Numericalresults(square)

andtheoreticalyaluefor

independentcase(circle).

1 2 3 4
α

AnalyzingFig.4.2,wecansaythatforq<0.2theestimatedvalues

ofDq changecontinuouslywithq･Onthecontrary.forq>0･5,Dq

seemstohaveaconstantvalueindependentofq.Itislikelythat

there existsa criticalvalue forqbetween O･2 and O･5･The

corresponding /∵α spectrum isobtained from Eqs･(4･2･10b)and

(4.2.10C),andisshowninFig.4.3.Allthepointsarelocatedaround
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asinglepointf=1,a=3.Thisresultisnaturalsinceweknow that

themassdistributioninthemodelisrlgOrOuSlycharacterizedbya

power-law exponent,notbymulti-exponents.Asweareestimating

theresultsforcontinuouslimitofasystem followlngpOWeト1aw,

theconseⅣationofthemassprobabilityfunctionisbrokensince

∑ip,.(r)ぅ-.Consequently,theappearanceofI-aspectrum isvery

differentfrom theparabolicI-aspectrawhicharetangenttothe

lineI(aq)=qαq.Next,weshow thatthesinglepointI-a spectrum

whichweobtainedfrom ourmodeliscomprehensibleifweneglect

any spatialcorrelationsbyuslngthenotionofstabledistribution

lM.TTakayasuandH.Takayasu(1989)1.

Aswementionedinsection2.4.3andAppendix(3),independent

random variableswhichobeypoweトlaw distributionscanbebest

approximatedbystabledistributions･Sinceweareconsideringthe

basicversionOfthemodelinwhicheverysitetakeonlypositive

quantity(mass),Wecanassumethatthesizedistributionforeach

sitefollowsanindependentone-sidedstabledistributionwiththe

characteristicexponent,β=1/3.From thebasicpropertyofstable

distribution (see Appendix (3))we havethefollowing relation

betweenthemassofasite,m(1),andthatofasum ofr sites,

m (r).I

m (r)d=rl/Pm (1) , (4.2.ll)

whered= indicatesthatthedistributionsonbothsidesareidentical.

Takingtheq-thpoweronbothsideswehave

m (r)qd=,q/pm (1)q (4.2.12)
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As pi(r)isproportionaltom (r)bydefinitionandthetotalnumber

ofinteⅣalsofsizerisproportionalto 1/〟,thelefトhandsideof

Eq.(4.2.9)canbeestimatedas

Ep,･(r)qar-1'q/P
∫

ComparingEqs･(4.2･9)and(4.2.13)weget

j(aq).qaq--1.i
β

(4.2.13)

(4.2.14)

WenoteherethatEq･S(4.2.12)-(4.2.14)arevalidonlyforq<P .For

q≧β theqth-order momentofmass distribution <mq> diverges

because ofthe long taiL Consequently,the lefトhand side of

Eq.(4.2.13)doesnothaveadefinitevalue.Namely,forq>-P we

cannotdefineDq･Thisisconsistentwith the numericalresults

mentionedaboveandthecriticalvalueβ=1/3isintheestimated

range･ThenumericallyobservedvalueDq=Oforq largerthanthe

criticalvaluemaybeanartificialvaluecausedbythefinitenessof

numericalsimulation.Forexample,ifanexponentiallylargemassis

concentratedonaslnglesite,wemayobservesuchbehaviorsince

O-[∑iP,I(r)q]l/(q-1)isscaledbyzero-thorderpowerofr.

Eq･(4.2.14)agreesverynicelywithnumericallyestimatedvalues

of-I(aq)'qTq for q'P･ and substituting Eq･(4･2･14) into

Eqs.(4.2.lob)and(4.2.10C)Weobtainthesinglepointforthe∫-α

Spectrum:

αq-吉-3･ f̀aq'-1･ (4.2.15)
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AnintuitiveexplanationofEq.(4.2.15)canbegivenasfollows:From

Eqs.(4.2.1)and (4.2.ll)wecandirectlydetermineaq asaq=I/P

sincem (r)C<pi(r).Thisresultisapplicabletoanyinterval,Sothe

numberofelementssummed inEq.(4･2.9)isproportionalto 1/r,

Therefore,wehavethesameresultasEq.(4.2.14).Forthegeneral

D-dimensionalanalysis,wewillhave aq=I/Pandf(aq)=D.

-8 -6 -4 -2 0 2 4

q
Fig.4.4 Dq-qdiagram.Numericalresultsforthebasic

Scheidegger'srivermodel(squares)andtheoretical
curvefortheindependentpower-law distribution
(solidline).

Itisclearfrom thepreviousdiscussionthattheproperty

obtained bymultifractalanalysisholdswhenthemassdistribution

ofeachsiteisanindependentpower-law,whichcontradictsthefact

thatthecorrelationamongsitesreallyexists.Stillmore,Wehave

anothercontradictioninouranalysisIInFig･4･4weplottedtheDq-q

diagram obtained forourmodelwith squaresandthetheoretical
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estimatefortheindependentcasebyasolidline.Thoughweare

analyzlngamOnOfractalsystem,whichisindicated by theslngle

pointI-a spectrum,the diagram showsthe existence ofmany

differentgeneralized dimensionsDqcharacterizing the system･

From thisinconsistencywecorlCludethatthevalueDodoes not

have a physicalmeaning ofdimensions lM. Takayasu and H.

Takayasu(1988);B.B.Mandelbrot(1988)].
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4.3 Generalized correlation functiorI

h theprevioussectionweconfirmedthatthemultifractal

analysiscannotdetectthedelicatespatialcorrelationinthebasic

Scheidegger■smodel.Therefore,in thissection wereturn to the

correlation function and we make an attemptto generalize the

conyentionaldefinition to make itapplicable to systems with

diverglng moments.Namely,Weintroduce acorrelation function

definedbyfractionalordercumulants.Wewillfindthattheweak

correlation,whichcouldnotbeobseⅣedbyconventionalmethods;

suchas良/Sanalysis,powerspectrum,andmultifractalanalysis,is

observed numerically･

Thedivergenceofthemeanvalueand variancein mass

distribution of Scheidegger-s modelcan be explained in the

followlngWay.Assumlngthatthesizedistributionfollowsapower

law,m-p-1,thestatisticalaverageofmaiswrittenas:

00 00
<ma>=∑map (m)-∑ma -p-1

m=1 m=1 (4.3.1)

For α which satisfies α<β the summation remains finite,

however,itdivergesotherwise.h thisparticularmodel,a should

besmallerthan 1/3inordertoavoidthedivergence･Now,itis

clearthattheconventionalcorrelationfunctioncannotbedefined.

To control this divergence,we generalize the definition of

correlationfunctionasfollowslM.Takayasu(1992)】:

Ca(E) 'mu+E)am U)a, -<m U)a,2

<mg)2a>-<mu)a>2 (4.3.2)
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where Cl(i) is the conventionalcorrelation function.By this

definition,Ca(E)is observable for a<P=1/3for the basic

Scheidegger-smodelinone-dimension.

Fig.4.5ashowsthevaluesofCo.01(E).Apparently,correlationcan

be seen for E=1,2 and 3.The simulation isdone on one-

dimensionalsitesofsize1000with4000timestepsaveragedover

10differentrealizations･Thenegativevaluesofcorrelation agree

withtheintuitiveexplanationthatparticleswithlargemasseshave

lesstendencytobelocatedclosetoeachother.TheplotinFig.4.5a

iswellapproximatedbyexponential;y(x)=exp(-1.3x).

Fig.4.5bshowsthecaseofα=1.Inthiscase,itisobviousfrom

ourpreviousdiscussionthateachaverageintherighthandsideof

Eq.(4･3･2)divergesifthesystem isinfinite.Inafinitesystem the

resultsarealittledifferentasthemomentsnevertakeanactual

infinite value.Nevertheless Eq.(4.3.2) behaves as having no

correlation,and theobtained pointsareon thelineofCl(E)=O

withintheerrorbar.ⅠtisconfirmedthatCl(E)Calculatedfrom data

madebyindependentpoweトlaw distributionglVeSidenticalresults

withFig.4.5b.

Incaseofnegativevaluesof(Z,thewholesystem looksentirely

changedastherelativesizeofm isreversed;smallvaluesofm are

emphasizedandlargevaluesarediminished.Inthelimitofaう-CO,

thespatialsequenceoftma)iscomposedof1or0.m ti,t)a takes1

when neithertheparticleonthesitej-1norjattimestepi-1

JumpstOノ,and ittakes0 otherwise.Theprobabilitiesoftwo

adjacentsitestakingtheconfigurations(0,0),(0,1),(1,0),and(1,1)

areobtained from theevolution rulesas 1/2,1/4,1/4,and 0,

respectively.Andtheprobabilitiesofasitetakingthevalue0is

3/4.Therefore,from Eq.(4.3.2),C_"(1)canbecalculatedas1/3･
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0 ら 10

0 'G 10

-1

0

t 10

Fig.4.5a,b,c
Ca(E)vs.Eforthe
Scheidegger's basic
model.Thee汀Or
estimatesareonthe

orderof10-2,which
are smallerthan the

sizeofthesquare
points.
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ItisobviousthatC_00ほ)=O forE≧2,becausetheconfiguration at

timesteptisfullydeterminedbythejumpsbetweentimestept-1

andi,sinceaparticlecanJumpatmostOneSiteinonetimestep.As

ShowninFig.4.5cthevalueofC_10(1)isverycloseto1/3andC-10(E)

forE≧2isnearlyequalto0,namelythecharacteristicsofa-I- are

realizedbyarelativelysmallabsolutevalue, α=-10.

ObservingthebehaviorofCa(E)fordifferentvaluesofa,itis

confirmedthatnon-trivialcorrelationsareobservableforO<α<1/3.

Inthisrangeofathecorrelationsalwaysdecayveryquicklyand

practicallynocorrelationcanbedetectedforg≧5.

Severalauthorshavecalculatednon-integermomentsinthe

studyofrandomwalkslG.H.Weiss,S.Havlin,and0.Matan(1989)],

random resisternetworks lL deArcangeles,S.Redner,andA.

Coniglio(1986),P.Meakin,A.Coniglio,H.E.Stanley (1986)ichaoslP.

MeakinandH.E.StanLey (1988)],anddiffusionlimitedaggregations

lH.G.E.HentschelandI.Procaccia(1983)]inordertodiscover

multi-scaling relations.A P.SiebesmaandL.Pietronero (1988)

Show the relation between multifractalscaling and correlation

functiondefinedbyfractionalmomentsinthegeneralized Cantor

set･Their analysts may be applicable to the mathematically

rlgOrOuS multifractalmodels butitis susplCIOuS Whether the

relationtheyobtainedstillholdsinstochasticsystemsincludingour

modeLInfact,accordingtosection4.2,multifractaldiagram ofour

modelisidenticaltotheoneofanuncorrelatedsystem,thoughthe

analysisusingEq.(4,3.2)showscorrelationamongsites.

Ⅰnconclusion,thegeneralizationofcorrelationfunctionwith

non-integerαasintheform Eq.(4.3.2)enablesustoobseⅣethe

hiddenspatialcorrelationswhicharesubtlebuteffectiveenoughto

changetheexponentofthemassdistribution from thatofthe
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mean-fieldcase.Thoughweanalyzedaveryspecialexample,the

methodisapplicabletoanyotherdata.Especially,Eq.(4.3.2)with

non-integera willbepowerfulforthesystemswith powerllaw

fluctuations.
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4.4 1mterval distribution of levelset

Weintroduceanew approachtoclarifythecorrelationinorder

toinvestigateamorevividappearanceofthespatialcorrelationin

Scheidegger'srivermodel･Wewillapplythenew methodnotonly

for the mass configuration on one-dimensional lattice in

Scheidegger's river model butalso for the other irreversible

systemshaving large orpossibly infinitevariance such astime

series of earthquake magnitude and time series of energy

dissipationrateinatmosphericturbt]lencelM.Takayasu (1992)].

4.4･l IDL and its application to non-Correlated systems

Distributionofgaps (theinteⅣalsbetweenoneincidentandthe

nextone)have been studied asaway ofcharacterizing fractal

propertiesofCantor-setsandothersetsoffractaldimensionか<1

lB.B.Mandelbrot(1982)].Ithasbeenshown thatthegap-size

distributionforafractalsetfollowsapower-law,P(r)∝∫rβ-1,

where P(r)denotestheprobabilityoffindingagapofsizer.

Power-law gap-size distributions are found not only in

mathematicalmodelsbutalso in realsystemssuch asthe error

occurrencesindatatransmissionlineslS.M.Sussman(1963)].

Theideaofexamlnlnggapsisapplicabletofluctuationsofa

scalarquantityon 1-dimensionalspacebyobservlngthelevelsets

ofintersections.Brownian trajectory in space-time coordinatesis

oneoftheexampleswhosegap-sizedistributionofthelevelseton

theintersectionofx(i)=C,(wherec isagivenconstant),satisfies
P(r)"r-D-1withD=1/2lW.Feller (1966)].As forfractional

Brownian motion,theexponent か isknowntobeexpressedas
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か=ノー〃 where〟 istheHurstexponentwhichtakesavaluebetween

0andllB.B.Mandelbrot(1982)].

D.ben-Avraham,M.A.BLErSChka,and C.R.Doering (1990)

examine the inteトparticle distributions (distribution of gaps

between successiveparticles)inone-dimensionaldiffusionreaction

modelgovernedbyarule A+AぅA.In thecasewhentheprocess

involvesinjectionofparticlesatrandomlychosensitesthesystem

reaches a stationary state with indefinitely maintained non-zero

concentration ofparticles･Atthe stationary state,the gap-size

distribution showsa distinctive peak ata certain size ofgap

dependingontherateofinjectionandthediffusioncoefficient.

Inthissection,Weintroduceasystematicwayofinvestigating

spatialortemporalcorrelationsuslng theintervaldistribution of

levelsets(inshortIDL).First,letusintroducetheIDLanalysisof

one dimensionalspatialortemporaldatain general.ForglVen

discretedata,wesetathresholdheightEc andpayattentiononly

tothedatapointswhichhavevalueshigherthanEc (seeFig.4.6).

ThesetofpointschosenthiswayiscalledalevelsetandEc is

calledalevel. IDL isthesizedistributionofdistancesbetween

nearest-neighborelementsofalevelsetlikeri ShowninFig.4.6.

WeobserveIDLswithdifferentEc andtrytoscalethemonacurve

by considering Ec asaparameter.Inthatsense,theIDL curves

obtainedfrom differentEc arerelatedtooneanother.

Forthepurposesofcomparisonwithrealdata,WelisttheIDLof

anuncorrelatedwhite-noisesystem.Theprobabilityoffindingan

intervaloflength r,ProbEc(r),Canbeestimatedasfollowsfor

large∫;

Prob･Ec(r)-Pと(1-p庇)rl1-exp(rln(1-pEc)), (4.4.1)



4. Spatialcorrelation 4･21

C
g

a
p

n
J.Zz
d
u
L2'

space

Fig.4.6 Definitionofintervalr.oflevelEcononedimensionaldata.

wherePEidenotestheprobabilitythatachosensiteisanelement

ofthelevelsetatlevelEc.Eq.(4.4.1)ShowsthattheIDLfollowsan

exponentialdecay･Anexponentialprobabilitydistribution isfixed

unlquelybythemeanvalueof〟,¢ >&,as

prob･EC(r)=# exp(-a ). (4.4.1)-

BycomparingEqs･(4.4.1)and(4.4.1)I, wecanseethatP血 isrelated

to<r>EcaSfollowsfor<r>Ec>>l:

p&-1-exp (一劫 . (4,4.2)

D･ben-Avraham,M.A Burschka,and C.R･Doering (1990)

mentioned thatin theironedimensionaldiffusion reaction model

the interparticle distribution function atstationary state becomes
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exponentialwhenthereactionsystem includesthereverseprocess:

A+AトA.Thisexponentialdistributionisexplainedbythemaximum

entropyprlnClpalsincethesystem satisfiesdetailedbalanceasin

thecaseofthermalequilibrium･Namely,insuchreversibleparticle

systems,particlesareobseⅣedtobehaveindependently.

6

(sIZĴ
Ja]ul/O
JaqWnN)
N

aoZ
2

10 20 30

r

Fig.4.7 IDL ofwhitepower-lawdistributioninsemi-logplot.

Fig.4.7showsanIDLofavariablethatobeyswhitepoweトlaw

sizedistributionwithexponentequalt0 -4/3.Thiscorrespondsto
1

thecaseofnon-correlatedsystem with p& o=Ec-首intheabove

discussions since pEc is proportionalto the cumulative size

distributionofEc.Total numberofdatapointsis1000.Wetakean

averageover20realizationswiththreedifferentEc ;Ec=100,400,

and800,theestimatedvaluesofslopesareA=0･23,0･14andO･11,

respectively,while the slopes calculated from Eq.(4.4.け are
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△=0･222,0･137,and 0.108･Wealso confirm thatEq･(4.4.2) is

approximately satisfied.

(
J
)

DH
･q

oJd
N

goI
106

r (sec.)

Fig.4.8 ThedotsshowanIDLofrealofrealearthquakemagnitude･
Thelineshowscorrespondingexponentialdecay.

ThedotsinFig.4.8showanexampleofanexponential-likeIDL

observed in atimeseriesofearthquakemagnitudeswithEc=4

whichoccu汀edintheTohokuareainJapanfrom 1986to1989.The

numberofdatapolntSis1362.Theorlglnaltimeseriesdatawere

published by theJapanMetrologlCalAgency.Thelineshowsan

idealexponentialdistributionwiththesamemeanintervalasthe

earthquake data･This resultsuggests thatthe time inteⅣals

betweenearthquakeswithmagnitudesgreaterthan 40ccuralmost
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independently,which is consistent with the widely believed

conjecturethattimeseriesofthemainshockcanbetreatedasa

Poisson process･Recently,Y.Y･KaganandD･D･Jackson(1991)

claimedthatthemainshockoccu汀enCeisveryclosetoastationary

Poisson processbutweakclustering isobserved,which formsa

fractal set on the time axis with dimension D=0.8 to 0.9.

Nevertheless,wecannotconfirm itfrom ourdata.From theanalysis

ofanumericalmodelofearthquake(aversion ofselforganized

criticality model),J.Lomnitz-Adler,L.KnopoJj andG.Martinez-

Mekler(1992)reportthattheintervaldistributionhasaclearpeak

andisverydifferentfrom theexponential･

4.4.2 1DL ofScheidegger'srivermodel

(
I
)
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3
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Fig･4.9 1DLofthebasicScheidegger●smodelfor
Ec=25,50,100.200.and400.
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Now,letusapplyIDLanalysistothesubtlecorrelationinthe

basicScheidegger■smodel,whosecorrelationcannotbedetectedby

thefollowingcasesaswehaveseenintheprecedingsections;良/S

analysts,COnVentionalcorrelation function,power-spectrum,and

multifractalanalysis･WearegolngtOShow thattheIDLanalysisis

neverthelesseffectiveinsuchacase.

IDLforthemassconfigurationinone-dimensionalbasicmodel

showsacurvewithadistinctivepeakwhosepositiondependson

thelevelasshown inFig.4.9.Namely,differentlevelsetshave

differentcharacteristic intervals and the appearance ofIDL is

obviouslydifferentfrom anon-correlatedsystem showninFig.4.7.

4

2

.73
<

J
>
N

goI

/ / /

4 8 12

log2Ec

Fig.4.10 Ecvs.q ,E,inlogllogscale.Theslope
isestimatedas0.33･

Themeaninterval,q >Ec,isestimatedas<r>Ec∝EcO･33 from the

simulations(seeFig.4.10).Thiscanbeexplainedasfollows:q >Ecis
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proportionalto theinverseofpitWhich isproportionalto the

numberofsiteshavingmassbiggerthanEc,i･e,pEb ∝EcIP･sowe

have

q ,Ec -志 -Ecβ (4.4.3)

whereβ=1/3forthebasicmodel.

ThecurvesfordifferentEc (Ec= 25,50,100,200,and400)

areconfirmedtobecongruent(seeFig.4.9).As thevalueofEc is

doubled,thecurve inthelog-log plotshiftsconstantly both in

horizontalandverticaldirections.Thesecurvescanbescaledona

function as shown in Fig.4.llby rescaling randPT10bEC(r)as

follows;

L}ob.Ec(r)∝Ecl2/3f(rEc-1/3)

8
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･og2{r(卦 -1'3,

(4.4.4)

Fig.4.ll A scalingplotofIDL forthebasicScheidegger●smodel.
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The scalingfunction,I(ち),isestimatedtobenearlyproportionalto

tfor t<l and it falls off faster than exponentially, as

f(ら)∝exp(-(り )12),forも>1.

ScalingexponentsinEq.(4.4.4)Canbeobtainedtheoreticallyif

wemakethefollowingscalingassumptionlT.Vicsek (1989)]:

伽 b.Ec(r)∝Ec10f(rEcIZ) (4.4.5)

From thedefinition,p島 andProb･Ec(r)satisfythefollowlngrelation;

pEc-llwProb･Ec(r,dr-Ec-P (....6,

SubstitutingEq.(4.4.5)intoEq.(4.4.6)andtakingintoaccountthat

Ec>>1,weobtain

I -0=-P. (4.4.7)

Also,by Eqs.(4.4･5)and(4.4･6)themeaninterval,q >Ec,isgivenas

- EcJIwr警 dr-EcZl.wu (｡d- cZ (..4.8,

ComparingEq.(4.4.8)with Eq.(4.4.3)andusingEq.(4.4.7),wehaveI

-p-iand0-2p-iforthebasicScheidegger･smodel,whichare

consistentwiththescalingexponentsinEq.(4.4･4).
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4.4.3 IDL ofturbulence

Fig.4.12 A timeseriesofthesquareofvelocitydifferences
differencesobservedintheatmosphericturbulence･

IDL forturbulenceintheatmosphericboundary layeris

analyzedusingdataobtainedbyM.YamadaandK.Ohkitani(1991)A

TheobseⅣationwasdoneo-Iafinecalm dayat2metersabovethe

roofofa15metershighbuilding.Theflow velocitywasobseⅣed

asslgnalsfrom ahotwireanemometeratasamplingfrequency

500Hzforover3minutes.Themeanvelocity<V(i)>isabout5.4

m/sandthevariance <(γ(り -<γ(り>)2> isabout1.45m/～.The

Taylor'sfrozen hypothesisisconsideredtobevalid atleastfor

smalLscalemotion Theinertialrangeinthetimescaleisabout23

to210 (intheunitofdt=1/500sec.).Thetimeseriesdataofthe

squareofvelocitydifferences,(8V(i))2=(V(i.〟 )-V(())2,whichis

generallybelievedtobeproportionaltotheenergydissipationrate,

haveviolentlyfluctuatingamplitudesasshowninFig.4･12.
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(
J
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)
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.
q
oJd
N
goI

log2r

Fig.4.13 IDL ofatmosphericturbulencefor
Ec=3000,5000,and7000.

WeobseⅣethecumulativeIDLinordertokeepgoodstatistics.

Theobservedvaluesof(8V(i))2areintherangeoflxlO-2′-1×105

WesetthethresholdenergydissipationrateEc as3000,4000,

5000,6000,7000and8000,and foreachlevel2000pointsare

observed(seeFig.4.13).

InFig.4･14,wetrytorescalethecuⅣesfordifferentlevelson

thecurveforEc=3000byuslngthefollowingSCaletransformation;

r→r(E5 ,1'521aG･EO'
(4.4.9)

probEc(>r)ぅProbEe(>r)2純一Eo)
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whereEo=3000,a=0.001,andP=0.00024.Thelineformedbydots

inFig.4･14showstherescaledmeasuresfortheselevelsinalog-log

plot.WehavetomentionthattherangeofEc showing agoodfitis

relativelysmall･For Ec>10000and Ec <1000,rescaledmeasures

donotoverlapbythesametransformation.

(.oa_,a)dN
(
J
<
)DH
.q

oLLd
J
N

goz

log 2{r(E5,3m2-a-0,}

Fig.4.14 AscalingplotofIDL foratmosphericturbulence.

Theaboveresultsforturbulencecanbeexplainedbyassumlng

the multifractalstructure lC.MeneveauandK.R.Sreenivasan

(1987),(1991)】.Letusintroduce asimple mathematicalmodel

calledbinomialmultifractalmeasure.



Fig.4.15

Binomialmultifractalmeasure.
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Thebinomialmultifractal

measure is constructed by

spreading measure over the

halvesofevery dyadic interval

withtheproportionsb and1-b,

where Oくわ<1/2 (see Fig.4.15).

AfterJトーimesdyadicdivisionswe

get 2n small partitions with

measures.The measure onズ ーth

partition is glVen aS

pk)≡bgH )(1lb)n~g…,whereg(x)

glVeSthecountof1whichappear

intheform ofbinaryexpansion

ofxlJ.Feder(1988)】.AlsoPtり

satisfies∑ pい /2n=1.Insucha

system,the spatialconfiguration

consistsofn+1differentvaluesof

Pk).

Letusfindsomeregularitieshiddenamongatableshowingthe

thresholds,thenumberof inteⅣals,anditslength(seeTable4.Ⅰ)･

InthetableweintroduceaparameterTinsteadofthethreshold

heightEc･Thisparametertshowsthelevelpresentedbytheorder

ofheightssuchasT=OforthehighestandT=1forthesecondandso

om Insucharepresentationwefindthattheresultsdonotdepend

ontheportionbofthedyadicdivision･Thetableshowsthenumber
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0fintervalssatisfyingtheconditionsofthresholdT(rows)andthe

lengthofinterval inpowerof2(columns):

Table 4.I:Thenumbersofintervalsfordifferentlengthsandthresholds.

21 22･･･2m-5 2nl4 2〝-3 2m-2 2m-1 2n

0

2

0

1

2

3

戸

∵/

≠

T

T

T

T

T

こ
.

1

0

0

0

01
0

0

01
1

0

01
2

1

01
3

3

0

1

4

∠U

o1
3〃

In thistable thenumberofintervalsoflength2k forT=r･is

obtainedbythesum ofthenumberofintervalswhoselengthsare

intherangeof2k+Ito2n-IforT=7･11･Sothatwecanderivethe

followlngrelationsinductively,whichareconfirmednumericallyup

ton=30:

prDb･.(2k)-Nll(a;fl-I)Ik≧l

(4.4.10)

f,ob ･.(20,-N -1(2n-nf 2 k(a ; fl-1),･k-0k=1
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whereN isanormalizationconstant.Thedeviationatk=Oisdueto

thefinitenessofthesystem.ThelineinFig.4.14showstheresultof

IDL accordingtoEq.(4.4.10).tischosentogivethesamemean

intervalastheturbulencedatafor Ec=3000,whichisT=5for

n=14. Theturbulenceandthebinomialmultifractalmeasureshow

agood fit,whichindicatesthatthetemporalstructureofenergy

dissipationrateisveryclosetothebinomialmultifractalmeasure.
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4.5 Conclusion

WeanalyzedthespatialcorrelationofScheidegger'srivermodel.

Thecorrelationisnoteasytodetectsincethedivergencecausedby

the singularity of power-law mass distribution disables the

observations.We introduced two methodsallowlng tO treatthe

divergenceeffectively.Oneisthegeneralizedcorrelationwhichis

definedbymomentsoffractionalpowers･TheotherisIDLanalysis

whichsucceedsinglVlngaClearpictureofthespatialcorrelation.

Nevertheless the model is essentially stochastic, the mass

configurationonthelatticeshowsadistinctregularity,thatisa

particle with size largerthan some value occupleSa Specified

interval.

Concernednotonlywithourmodelbutalsowiththeother

modelsinvolvingviolentfluctuations,letusdiscussinmoredetails

the advantagesofIDL analysiscomparlng tO the conventional

methods;良/Sanalysis,correlationfunction,powerspectrum andf-α

spectrum.h theseconventionalmethodsitisnecessarytocalculate

the second or higher order moments･Sometimes errors are

amplifiedincalculatingsuchmomentssothattheresultsdonot

appearclearly;or,asinthecaseoftheScheidegger-srivermodel,

observlngmomentsbecomesmeanlnglesssincetheyarediverglng･

Ontheotherhand,itisnotnecessarytocalculateanymomentto

getIDL･Namely,Wecharacterizefluctuationsby focuslng Our

attentiononthedistributionitself(notitsmoments).
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Appendix (l); Characteristic function

A characteristicfunctionisdefinedbyLaplacianorFourier

transformationofadistributionfunction,p(m),suchas

¢(@)= p(m)e~mgdm

foraone-sideddistribution¢(m)=Oform<0),and

¢ (Q)= p(m)e-''mgdm

(A.1)

(A.2)

foraboth-sideddistribution.Inthecasethatanyorderofmoment

is convergentthe characteristic function can be expanded as

follows;

¢(@)≡∑Qnメ建 史
〇･O

k=O k!

foraone-sideddistribution,and

¢(Q)=∑切 ,直 也 三
00
k=O k!

(A.1)-

(A.2)-

foraboth-sideddistribution.

Itisconvenienttointroduceacharacteristicfunctionwhenwe

are focuslng On the distribution for the sum of independent

variables,tmjl･Letusshow how thecharacteristicfunctionworks
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forsuchacase.Letusconsiderdistributionsfortwoindependent

variables,mlandm2,followingthedistributionfunction,p(ml)

and p(m2),reSPeCtively･ThedistributionforM =ml+m2Canbe

expressedasfollows:

p(M,-I.pdmll:dm2P(ml,p(m2," M -m1-m2, (A.,,

By performlng Laplacian transformation on both sides ofthe

equation,wegetthefollowlngSimplerelation;

･2(0,-lrdmllo"
=¢(Q)2,

dm2P(ml)p(m2)e-(ml'7n2)Q

(A.4)

where ¢n(e)denotesan n-body characteristic function; the

characteristicfunctionforthesum ofn variables.

Ingeneral,thecharacteristicfunction¢(g),by definition,

satisfiesoneofthefollowingthreecriterialE.Lukacs (1970)]:

(i) t¢(g)l<1forallQ,exceptfor0-0,

(ii)l¢(g)]=1forallQ,

(iii)l¢(@)l-1forcountablymanyg,andl¢(Q)klfortherest.

The second case (ii)corresponds to a completely degenerate

distribution,i.e.,thedistributionfunctionisrepreserltedbya ∂-

function,
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p(I)= 8(I-Io) , (A .5)

Thethirdcasecorrespondstodistributionsdegenerateatperiodic

points,I.e.,

くlO
p(I)-∑ aj∂(I-jlo-Il)

j=一叫 (A.6)

whereloandllareCOnStantSand taj)satisfy thenormalization

condition∑/aj-1andaj≧0･Allotherdistributionsbelongtothe
firstcase(i).
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Appendix (2);Continued fraction CAM

M.SuZuki (1986) proposed a new powerful method for

analyzlngCriticalphenomenawhichiscalledthecoherentanomaly

method (CAM).Thismethodestimatesrealexponentsby using a

seriesofsystematicmean-fieldtypeapproximations,whichalways

glVeStheclassicalexponents.

Itwassuccessfullyappliedintwoandthreedimensionallsing

models by M.Katoriand M.Suzuki(1987).This method is

applicabletomanyothercriticalphenomena,suchas,splnglasses

lM.SuZukl'(1988)],self-avoiding random walks lX.HuandM.

SuZlLki(1988)1,percolationlM.TakayasuandH.TakayasLL(1988)I,

diffusion-limited aggregation lH.Takayasu,M.Takayasu,and T.

Nakamura(1988)],contactprocesstN.KonnoandM.Katori(1990)],

andsoon.

Itisknownthatvaluesofcontinuedfractionscanbeestimated

bytheCAM theorylM.SuZuki(1988)].Letusfindasolutionforthe

continued fraction,Zl(Q),giveninEq.(2.3.6)【M.Takayasu (1988)1.

wedefinethea-th approximation21(n)(g)by terminating zl(g)at

theJトthorderasfollows;

Zl(g)=

2+4g了 誌 二

1
2'4(n-1)O-盲云毒

An(@)

Bn(@), (A.7)
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where An(g)andBn(p)arepolynomialsof Q.Generally,Bn(Q)is

expectedtohaveasimplezeroatQ5m) suchthatBn(95n))-o and

B.n(03n')to.Thus,then-thapproximation,云王n'(g),takestheclassical

slngularityasfollows;

il'n''9㌦ 五 ･x1(n''Qc'n'' (A.8)

03m)convergestoarealsingularpointQcOfthecontinuedfraction

Zl(g),aS the order of approximation increases.The critical

coefficient,x三m)(Qgn)),whichgivesaconstant(d｡notdepend｡nQ)
foreachapproximation,isassumedtodivergeas95n)→gcfollowlng

apower-law,suchas,

x三m)(Qc(n))-
(93n)-Qc)や (A.9)

ByapplyingCAM,thetrueorderofthesingularityofZl(g),甲,is

estimatedasfollowsfrom Eq.S(A8)and(A9):

9-4'+1,

zl(g)- 古志 (A.10)

From firstthree approximations (n=lton=3),we obtained the

exponentq;bythismethod.Theobservedpointsfitverynicelyon

alinearlineinln(gin)-Qc)vs･lnx壬n)(Qc(a))plot(seeFig.Al).The

obtainedvalueis q;= 10.326,whichisfairlyclosetotheexact
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value,1/3,thoughtheestimationisbasedononlyafew termsin

thecontinuedfraction.

lnZ-fd(p'cn')

-1

-3 - 2 -1 0

1n(p(cd-pc)

Fig.Al ln(gc(〝'-gc)vs.lnxP(gc(〝').Theplottedpointsare
thevaluesforn=1,2,and3fromrighttoleft.The
slopeofthelineglVeSq'=-0･326
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Appendix (3); Stable distributions

Adefinitionofstabledistributionisgivenasfollows【W.Feller

(1966)I:

LetX,Xl,x2,･-,Xn beindependentrandom variableswith a

commondistributionR･ThedistributionRisstableifandonlyiffor

Yn=Xl+x2+･･･+Xnthereexistconstantscnandrnsuchthat

ynd=cnx+rn, (A.ll)

whered= denotesthattherandom variablesofbothsidesfollow the

same distribution.

Using thecharacteristic function ofa distribution R,

¢(I)=<e-1-Xz>,therelation(A.ll)istransformedinto

¢n(I)=¢(cnz)･e-irnZ

ThesolutionforEq.(A12)isknowntobegivenas

¢(I)=expLkJa･e士1-no/21.

(A.12)

(A.13)

where, α is an essentialparameter called the characteristic

expo爪印t Which characterizes the distribution in the range

O<α≦2･For α>2,itglVeSunphysicalresultthattheprobability

densitytakesnegativevalues【toberigorous,Eq.(A.13)isnotvalid

forthecase α=11.♂ isanotherparameterforsymmetricofthe

distribution,whichtakesavalueintherangel6lSaforO'a'1,and
ld≦2-aforl<α≦2.
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Theprobabilitydensity,p(X;a,0),which isdefine by the

reverseFouriertransformationofEq.(A.13),isgivenas

p(x;a･0,-吉ReI:dZeXP{-i& -za･eE'dO/2} (A.1.,

Theexplicitfunctionalform oftheintegralofEq.(A.14)follows

Gaussianforα=2,8=0,andLorentzianforα=1,8=0【Eq.(A.14)is

validalsoforthecaseofα=1,8=0,thecasewhichweexcludein

definingEq.(A.13)】.

Fig･A2 Theparameterspace(a,0)forstabledistributions.
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TypicalfunctionalformsofEq.(A.14)dependingon∂ andα are

showninFig.A2.For∂=0,thedistributionissymmetric,becausewe

havetherelation,p(X;a,0)=p(-X;a,-0)･OnthelinesofO=a and

∂=-α,for O<α<1,thedistributionisone-sided,thatthevariable

takesonly positiveornegativevalues.Forallcases,exceptfor

a=2(Gaussian),p(X;a,0)areknown to haveapower-law tails,

suchasp(X;a,0)-X-a -1

TheconstantcninEq.(All)isknowntobegivenascn=nl/a

(0<a≦2),sothatweobtainthefollowingrelationforγn=0;

ynd-nl/ayl. (A.15)

h thecaseofbasicScheidegger-srivermodel,Eq.(A.15)is

confirmedtoholdinthemassdistributionwith α=1/3.Letussee

Fig.2.llinsection2.4.3.1fweconsiderthetwosuccessivesections

whoselengthsaren timesdifferent,suchasrl=kandr2=nk,the

area of basins flowlng into the sections are estimated to be

proportionaltok3and(nk)3,respectively,sincetheheight,h,ofa

drainagebasinisproportionaltothesquareofthelengthofthe

section,namely,

mnk"n3mk, (A.16)

wheremlistheareaofoneparticle,andmn istheareaofn

particles･Sothat,thedistributionsforoneparticleand〝 particles

areconsideredtosatisfy

mad-n3m1. (A.17)
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Appendix (4);Supplementfor stability ofstea･dy states

From Eq.(2.5.4),(orEq.(2.5.7)),wehavethefollowinginequality

fortheperturbation:

巨(Q,i)t≦匝(Q)F.const. (A.18)

In casethat¢(@)satisfiescriteria(i)inAppendix(1),itistrivial

that巨QL
"HJrHU
i)Jjoforallvalues｡fgastう- (rem｡mbe,thatfor
0ニlMrnu′■QJ

(局
一一
〇二βヽ

bytheboundarycondition).Incase(iii),obviously

巨(Q,i)lぅo as tぅ- f｡r all g except f｡, the points
t23rj/Io,j=0,±1,±2,日･). since a characteristic function is a

c.ntin｡｡｡sfunction,巨(Q,i)l,mustvanishforallQ inthelimit

tう的.

Incase(ii),wecanassumethatJo>Owithoutlossofgenerality.

TheunlqueneSSandstabilitycanbeproveneasilyifwemodifythe

definitionofthecharacteristicfunctionbyLaplaciantransformation

(Eq.(A.1)),as

Z(g･t)=<e-Qm>, ¢(g)-e-PIo (A.19)

InthesamewayaswederivedEqs.(2.5.2)and(2.5.4),wegetthe

followlng inequality:

匡(♂,t)I≦e-gLot･const. (A.20)

thisshowsthat巨(Q,t)I一oastぅoof｡,allvalues｡fpositive g.
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Th｡sthepertu,bati｡n巨(Q,i)lぅovanishesinthelimittうOOin

allcases･Inotherwords,theaggregationsystem convergestothe

power-law steady-Stateforanyinitialdistribution.
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