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Introduction

LetusdeveloparealnumberIintothebinaryexpansion,takethesumof
the丘rstmdigitsunderthedecimalpoint,dividethesumby2,anddenote

theremainderbyX(m)(I).Sugital5]proposedthat,whenαisirrationaland
mislarge,wecan usethesequenceX(m)(I),X(m)(I+α),X(m)(I+2α),…

twhea.P.S,elu}d_ov-;auneddOfumnnc;iTnbe.rnaF.昔 言霊ntehdetOyll;wp?xt,hae,or:mk(禁(txx.imn'a77

TheoremA･Foranynormalnumberα∈[0,1),thepr?cess(Xim'(･,a))nn-o
on([0,1),β,P)convergesinlawto(0,1)-valuedfairi･i･d･whenm -∞
wher･ePistheLebesguemeasureOnl0,1)I

Notethattheprocess(Xim)(･,α))芸=｡isgeneratedbytheα-rotationor
Weyltransfわrmationandhasstrongdependence.TheoremAclaimsthatthe
dependencevanishwhenm-∝).
wesaythatαis"good"whentheprocess(Xim)(･,α))T=｡on([0,1),β,P)
convergesinlawto(0,1)-valuedfairi.i.d.whenm-∞･Itiseasytosee
thatanyrationalnumberisnot"good".Sugital5]conjecturedthatany
irrationalnumberαis"good".
SincetheproofofTheoremAinSugita[5]isverycomplicated,Sugita[6]
triedtogiveasimpleproofbasedonergodictheory.Heshowedthefol-
lowingtheorem,whichhasasimpleproofbutitsassertionisweakerthan
TheoremA.

Theorem B.Theprocess(Xim))票=｡on(lo,1)2,β([0,1)2),p)convergesin
lawio(0,1)-valuedfairi･i･d･whenm-∞wherePistheLebesguemeasure
onl0,1)2.

Takanobul7]studiedonthistheoremindetail.Weseean Outlineofthese
resultinChapter1.
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InChapter2,wemodify theideaofSugital6]andproveatheorem
assertingthatalmosteveryαis"good".Althoughthetheoremisstronger
thanTheoremB,itdoesnotdecidewhethereachgivenαis"good"ornot

sinceαisregardedasarandomvariable.
ⅠnChapter3,WegiveanalternativeproofofTheoremA.Themethodis
anapplicationofastandardtechniqueofMarkovchain.Ibelievethatthe

methodisenoughsimpletounderstandthenatureofthephenomenon.

LetusrecallTheoremAandseethatanynormalnumberαis"good".
Thereexistenough normalnumbers,indeed,thesetofallnormalnumbers

inl0,1)haveLebesguemeasure1.Wecan evenconstructsomenormal
numbers,e.g.0.11011100101110111‥‥Butwedonotknowanyconcrete
num ber,7T,C,∨匂,ヽ巧,andsoon,isnormalornot,andhencewecannot
knowwhatαis"good"inpractice.Forthepurposeofapplication,itis

necessarytoknowatleastone"good"α,andhisconjectureisfulfillthis

needifitisprovedafBrmatively.

InChapter3,weprovethatanyirrationalαis"good"andgivethe

afnrmativeanswertotheconjecture.WeapplythetechniqueofMarkov

chain丘･omadi庁ere山pointofviewandprovethe丘nalresult.

Notation

WeintroducesomenotationforfollowlngChapters.Leta≧2beanatural

number,d(m)(I)bethem-thdigitofI≧0indecimalpartofitsbase-b
expansion,andXhm)bethe(0,‥.,b-1)-valuedfunctiononl0,1)2defined
by

‖l

xim)(I,α)-∑ d(k)(I+nα) (modb)Ik=1
Letusidentify(0 ,.･･,b-1)withthegroupZ/bZ.
Wesaythatameasurepon[0,1)isaBernoullimeasureiff(d(m))完 =1is
ani･i･d･withrespectto〟andthataBernoullimeasure〟lSnOn-degenerate

iffFL(d(1)-a)≠oforalls∈Z/bZ.NotethattheLebesguemeasureisa
non-degenerateBemoullimeasure.

ForrealnumberI≧0,letLxJbetheintegralpartofIi･e･,Lこr｣:-
max(n∈ZIx≧n).
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Chapter1

SkewproductandSugita's
proof

Inthischapter,weseeasketchofproofofthefollowingresultbySugital6]:

Theorem B.Theprocess(Xim))T=｡on([0,1)2,β([0,1)2),p)convergesin
lawto(0,1y valuedfairi.i.d.whenm-∞wherePistheLebesguemeasure
on(lo,1)2,8([0,1)2))andb-2.

Byharmonicanalysison(Z/22:)n,itissufEcienttoprovetheTheoremB
tosee

/exp(iqg alXl(m)(I,α))dxdα- 0 (m- ∞)
foranyn∈Nandal∈Z/2Z(l<n)IThisisequivalentto

/exp(車 l'2-,(I,α))dxda-0 (---)
foranyk∈NandO≦la<l'1< ･･･<lL1･Bytakingli-I;-1も,theshift
invarianceofLebesguemeasureimpliesthatitisalsoequlValentto

/exp(iTfxl'2-'(I,α))dxda-/exp(車 l':--'l,.(I,α,)dxda-0 (---)
forO-lo<ll< ･･･<lk_1.

4



Notethatexp(i7TXl(m)(I+1/2,α))ニーeXP(i7TXl(m)(I,α))bythede丘ni-
tionofXl(m)IThentheshiftinvarianceofLebesguemeasureimplies

/exp(車 l'1-'(I,α))dxdα- 0

foranyO-lo<ll< ･･･< lk_1andmifkisodd.

Ifk-2,sinceXl(.m)doesnotdependonα,

/exp(車l(1-,(I,α))dxda
- //exp(iqXl'1m'(I,α))daexp(iqXl'.-'(I,α))dx- 0･

Fromnowon,wefiXevenk≧4and0- lo<ll<-･<lk_1an°let
I(I,α)=-exp(i7r∑tP=-.1d(1)(I+lick)).Thenweneedistoshowthat

/,@f(2j-1x,2jl1α)dxdct- 0 (m-∞).
WeintroduceaskewproductTfby

Tf:[0,1)2×(-1,1)∋(I,α,E)
r-+ (2x-L2xJ,2α-L2α｣,Ef(I,α))∈[0,1)2×(ll,1).

Letusdefineameasurepon([0,1)2×(-1,1),β([0,1)2)×2(~1,1))byp:-
Px圭(all+61)･ThenTfisameasurepreservingtransformationwithrespect
to〃and

/,Bf(2jllx,2jlla,dxda-/◎･(◎｡Tf-,dp
where◎(諾,α,亡)-亡.
Sugital6]showedtheergodicityofTfand,inasimilarway,theergodicity
ofTfXTfWhichimpliestheweakmixlngPropertyOfTf･
WeintroduceaMarkovChainY(m)whichcandescribeO.Let(E1,...,EJ)
betheconnectedcomponentof[0,1)2＼(discontinuityoff)andY(I,α):-i
for(I,α)∈EjWhereweregarded[0,1)2asthetwodimensionaltorus･Then
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thereexistOsuchthatO-OoYa･e･andY(m).･-YoTfmisaMarkov
Chain.

ThentheergodicityorweakmixingpropertyofTfimpliestheirreducibil-
ityoraperiodicityofY(m),respectively･ThereforetheMarkovChainY(m)
convergetoequilibriumhencey(m)isstronglymixlng･Thus

/ ◎･(ooTf-)d〃-/(boy)I(呑｡Y｡Tf-)dp-(否｡ydp)2-(/- 2-0･
whichcompletetheproof.

IfTfitselfisstronglymixing,Weimmediatelyhavethat

/◎･(◎｡Tf-)d〃-(/odp)2-0I

Takanobu[7]showthismixingpropertybyacancellationmethodusedin
TheoremA.

Intheviewofergodictheory,strongerpropertyofTfisessentiallyproved

inSugital6】･BynotingthatUkTf-kJ(Y)generatesβ([0,1)2)×2(~1,1),We
haveTfisaMarkovtransformation･Thisisakindofpowerfulproperty･In-
deed,theweakmixingpropertyisequivalenttotheweakBernoulliproperty

foranyMarkovtransformation･ThusWecanseethatTfisaweakBernoulli
transformationandhencestronglymixing.
Aswehavesurveyed,theMarkovpropertyhasbigweightinthismethod,

anditismorenaturaltobeginourproofwithaMarkovChaininsteadof
theskewproduct.Inthenextchapterwediscussfromthispointofview.
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Chapter2

MarkovChainandaresultfor

almosteveryα

2.1 Result

lnthisChapter,weshowthatthesetof"good"αshasmeasure1forany

non-degenerateBernoullimeasure〟,1.e.,

Th?epo,orceeTs1(a ,(T,ann)冒n:=.beonno(7-.ie1g):nue)r芝enZeerr9ne;:Llilamwe言…uirheeS'(.買Tr,-balei)a_,
valuedfairi.i.d.whenm - ∝,,i.C.,foralln∈Nandso,‥.,sn_1∈
(0,･1.,b-1),

U(xi-'(･,α)-so,･-,xiT'l(･,α)-Sn-1)一 差 (--∞)･

2.2 ProofoftheTheorem

LetO:-[0,1)3andP‥-I/×L,×FL.
wedefinetwo〈0,…,b-1)n-valuedprocesses(Xim))mn=1and(Ⅹ㌢))==1
on(O,P)as

tin
x5m)(xl,x2,α):-∑ (d(k)(I,),d(k)(勺+α),-,d(k)(xj+(n-1)α))･k=1

Notethat,foranyxlandx2,the(0,…,b-1)n-valuedfunctionsXim)(･,x2,･)

Xgn)(xl,･,I),and(Xim),...,x禁)1)areequalon[0,1)2.
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TbproveTheorem1,weshowthat

u(xi-'(･,x2,a,)-S)-嘉p-a･e･α (--∞)
foranys∈(0 , ...,b-1)n.
Thus,itissu侃cienttoshowthat(X)
∑m=1/(U(Ⅹi-'(･,x2,α,-S)一芸〉2p(da,<-･ (2･1)

Letβbethebase-btransformationon[0,1),i･e･,Px:-bx-LbxJIWe
defineaZ12n+1-valuedprocessZ(m)･ヽ

Z(m)-(zl(冒),･.･,Z壬完)_1,境 ), - ,zi完工,zim))

Z,(,T)(xl,x2,α):-Lb(Pml1x,+lβm~1α)｣ ,
zim)(xl,x2,α)‥-LbPml1α｣.

Wewillprovethefollowingpropositioninthenextsection.

proposition2.((Z(m),Ⅹim),Xgn)))==1isanirreducibleandaperiodicMarkov
chain,anditsstationaryinitialdisiribuiion(7Tu,S,t)saiisPes

打u,ら,t-P(Z(1'-u)嘉 ･

Now,letusshowtheformula(2.1).BynotingthatXim)(･,x2,･)and
x㌢)(xl,･,･)areidenticallydistributed,thatXim)doesnotdependonx2
andX㌢)doesnotdependonxl,andthatXim)andX㌢)areindependent
whenαis丘Xed,wehave

/(U(xi-'(･,x2,α)-S)一品〉2p(da)
-/U(xim'(･,x2,α)-S)U(Xr'(xl, ･,α)-S)p(da)一品
-2封/U(Xi-'(･,x2,α)-S)p(da)一品〉
-/(〃×U)(xim'(･,･,α)-S)(uxu)(x㌢)(･,･,α)-S)〟(da)一品
-2封/(uxu)(Xim)(･,･,α)-S)p(da)一品〉
-p(xp -S,xP -S)一品12品(p(xp -S)-;)･

8



ByProposition2,wehave

∑ 汀 u,S,S-蒜,∑ 打u,S,t-嘉
u u,t

Therefore,bynotingthefollowingtheorem,weseethatthereexistC>0
and/フ<1suchthat

/(U(x皇-'(･,x2,α)-S)-去〉2p(叫 ≦Cβ-,
i･e･thesummandin(2.1)convergesto0inexponentialorderandissummable
inm.口

Theorem C･(Billingsleyl1,Theorem8･9])Foranirreducibleandaperiodic

MarkovchainwhichhaveaPnitestatespaceandtransitionprobabilitypt(JT),
thereexistsastaiionar･ydistribution(7Ti)suchthat

踏)-打jl≦Apm

forsomeA>0,andO≦p<1.

Remark:Wecanestimatetheorderofconvergence･Letp'beasp<p'2<1
and

･ (a,:-〈m$ 1(U (x i-,(･,x2,車 S)一 芸 〉2(# )m)1/2
Then,M issquareintegrableand

U(Ⅹi-I(･,x2,α)-S)一芸I≦M(a)p,- 〃-a･e･α.

2.3 ProofofLemmas

lnthissection,weproveProposition2.

Lemma1.(Z(m))mcx'=1isanirreducibleMarkovchain.
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proof.BythedefinitionofZ(m),wehave

z(m)(xl,x2,α)-Z(1)(βm11xl,βm-1x2,βm-1α).

ThereforewecandefineImZasImZ:=ImZ(m)

Letuscalculat｡thepr｡bability｡facylind｡rsetA=- (Z(k,- u(k,,1≦k≦m)

foru(k)-(鵜 I.･,鵜_1,鶴 .･･,域-1,uSk))∈ImZsuchthatP(A)≧0･
First,weput

A′:-〈zl';'-鵜 zgF.'-鵜 zgk'-uSk'forl≦k<m,Z̀m'-ùm')

andshowA-A′lA⊂A′isclear･NotethedefinitionofZ,(,Tandbx-
Px+LbxJ･Thenwehavethat,foranyLJ-(xl,x2,α)∈0,

Z,(,Tl)(LJ)-Lb(Pk12xJ+lPk-2α)｣
-Lβk~1xJ+LbPk-2xj｣+lPk-1α+lLbβk~2α｣｣

-Lβk-1xJ+lPk11α｣+LbPk-2xj｣+lLbPk-2α｣

-L言Z,(,㍗(W)J+Z,(,boll)(W)IlZgk-1'(u),

BecauseP(A)>0orA≠ゅ,wehave

u5･Tl)-L言u5･71'J･u5･7.-1'+lush-1)

for1<k≦m.ThereforeZ(m)-u(m),務~1)-境 -1),andZim-1)-
uSml1)implyZ(ml1)- u(m-1).Thus,inthesameway,wehavethatZ(k)(LJ)-
u(k)forallk≦mifLJ∈A′,i.e.,A⊃A′.

NotethatZ,(,k.)(xl,x2,α)- LbP(k-1)xj｣-d(k)(I,)andZik)(xl,x2,α)-
d(k)(α)･Therefore,bytheindependenceof((d(k)(xl),d(k)(x2),d(k)(α)))?=1
andthefactthatZ(m)canbewrittenasafunctionon

((d(k)(xl),d(k)(x2),d(k)(α))〉?=m,wehave
m-1

p(A)-P(A') -P(Z(m)-u(m))nPk=1
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SinceP(B)>0bytheassumptionP(A)>0,inthesamewayasA,wecan
showthefo1lowing:

p (B,-P (Z(-･1,-u(-･1,,Z(-,-u(-,,奉 p(Sd('(:k;,i(:a:,訊
Thereforewehaveshown

p(BIA)-P(Z(m'1)-u(m'1)IZ(m)-u(m)),

i･e･,(Z(m))諾-1isaMarkovchain･Themixingpropertyofthetransfor誓a-
tion(xl,x2,α)r- (Pxl,βx2,βα),WhichisaCartesianproductofmixlng
transfわrmations,impliesirreducibility. ロ

LetibetheEianonicâlsurjection盟- Z/bZ･Wedefinetwo(Z/bZ)n-
Valuedfunctionsdlandd20nImZas

dj(ul,0,･･･,ul,n-1,u2,0,.･･,u2,n-1,u3):-(i(uj,0),･･･,i(uj,nll)),

Bynotingthat

(L｡Z,(,T))(xl,x2,α)- i(Lb(βml1xj+lβm-1α)｣)
- d(1)(βm~1xJ+lβm-1α)
- d(m)(xJ+lα),

wehave H7
Ⅹ5m)-∑aj｡Z(k) (modb)･k=l

Weintroducesomeadditionalnotation:

G:-(2Z/bZ)2n
ノ､

p:ImZ∋u←.(dl(u),d2(u))∈a

w (m)‥-(Xim),Xgn)).

(2.2)

LetOGbetheunitelementofthefinitegroupa.BythedefinitionsofX皇m)

Ⅹ㌢),al,anda2,WehavethatW (m)-∑ T=1早(Z(k)).
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Lemma2.((Z(m),W (m)))==1isaMarkovchain.

proof･Foru(k)-(鵜 - ,鵜 _1,鵜 ･･･,濃 _1,uSk))∈ImZandy(k)∈a,
weput

A～:- ((Z(k),W (k))- (u(k),g(k)),1≦k≦m),
B～=- ((Z(k),W (k))- (u(k),g(k)),1≦k≦m +1).

LetuscalculatetheconditionalprobabilityofBthatAhasoccurred.Weput

g(o)=-oG,699:-1,and∂完‥-Owheng≠h･BecauseW (k)-早(Z(k))+W (kl1)
and〟 (0)-0,wehave

p(A～)-P(Z(k)-u(k),g(k)-p(u(k))+g(k-i),1≦k≦m)
‖l

-p(Z'k)-u(k',1≦k≦m)n699('kT'k'恒'hll'
k=1

Similarly,wecanprovethefollowing:

m十1

p(i)-p(Z(k'-u(k),1≦ k≦m+ 1)rI 699('kT k̀'''g'k~1'k=1
Thus,whenP(A)>0,

p(B～IA～)-P(Z(-'1'-u(-'1)lZ'k'-u(k',1≦k≦m)699('muiT,'1)''g'm'

- p(Z(2)-u'-'1'lZ(1'-u(-')699('muir,'1)''9'm'

- p((Z(2),W (2))- (um'1,g(m'1))r(Z(1),W (1))- (u(m),g(m)))I
(2.3)

[コ

Letp(k)((u,g),(u′,g'))bethek-steptransitionprobabilityfrom(u,g)to
(u′,g')oftheMarkovchain〈(Z(m),W (m)))==1,andp碧)(u,u′)bethek-Step
transitionprobabilityfromutou′of(Z(m))mcxD=1.Then,theformula(2.3)
canbesimplywrittenby

p(1)((u,9),(u′,g'))-PE)(u,u′)6g'(u,).9. (2･4)
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Especiallythetransitionprobabilityisdeterminedononlybyu,u′,and

h-g'-9,1.e.,

p(1)((u,9),(u',g+h))-p(1)((u,oG),(u',h))･
Thuswecaneasilyshow

p(k)((u,9),(u',9+h))-p(k)((u,oG),(u',h))I
Foru∈ImZ,weput

Hu:-(hIThereexistsaksuchthatp(k)((u,oG),(u,h))>0)･

Note,bytheirreducibilityof(Z(m))==1,Huisnotempty･

Lemma3.Hu isasubgroupofG.

Proof.Forh∈Huandm∈N,
m-1

p(mk)((u,oG),(u,mh))≧n p(k)((u,jh),(u,(i+1)h))
i-0

-(p(k)((u,oG),(u,h)))m･

Thereforettereexistsaksuchthatp(mk)((u,oG),(u,mh))' 0,i･e･,mh∈
Hu.Thus,slnCeaisfimite,HuisasubgroupofG. ロ

Lemma4.Hudoesnotdependonu.

Pr100f.WeshowthatHu⊂Hu′foranyu,u′∈ImZ.Bytheirreducibility
of(Z(m))mco=1,thereexistkl,k2∈Nandg l,92∈asuchthat

p(kl)((u,OG),(u′,gl))>0, p(k2)((u′,OG),(u,92))>0･

Forallh∈Hu,thereexistsakhSuchthat

p(kh)((u,OG),(u,h))>0･
Therefore

p(kl'k2'kh)((u′,OG),(u′,gl+g2+h))

≧p(k2)((u′,OG),(u,92))p(kh)((u,92),(u,92+h))

･p(kl)((u,92+h),(u′,92+h+91))

-p(k2)((u',OG),(u,92))p(kh)((u,OG),(u,h))p(kl)((u,OG),(u',91))

>0,

i.e.,91+92+h∈Hu′.Inthesameway,wehavegl十g2∈Hu′. Thus
HucHu,-(91+92)-Hu,. D

13



Now,weputH:-HuandD:-(u∈ImZIpg)(u,u)>0).Then,

Lemma5.((Z(m),W(m)))mc"=1isirreduciblewhenp(D)generatesa.

Proof･Byformula(2･4),foru∈D,

p(1)((u,oG ),(u ,P(u)))-PE)(u,u)6冨((uu)). ｡G -PE)(u,u), 0,

i.e･,p(D)⊂Hu-H･Sincep(D)generatesaandHisasubgroup,wehave
H=G.

Forall(u,g)and(u',g'),bytheirreducibilityof(Z(m))==1,thereexist
h∈Gandk∈Nsuchthat

p(k)((u,oG),(u′,h))>0,

andbyH-G,thereexistk′∈Nsuchthat

p(k')((u',oG),(u',9-g'-h))>0･

Thus,wehave

p(k'k′)((u,g),(u′,g'))≧ p(k)((u,g),(u′,g+h))p(k′)((u′,g+h),(u′,g'))
-p(k)((u,oG),(u',h))p(k')((u',oG),(u',g-g'-h))
>0.

ロ

Lemma6.((Z(m),W(m)))==1isirreducible.

Proof.Weshowthatp(D)generatesG.For1≦nl,n2≦n,letusdefine
enl,n2∈Z2n+1bythefollowing‥

enl,n2:= I,...,b-1,b,日.,b,b-1,㍑2b-1,a,...,a,
Then,bythedefinitionofp-(dl,d2),Wehavethat

p(enl,n｡)- -1,...,b-1,0,
nl

14
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and(早(enl,n2))琵1,n2=1generatesG･Therefore,itissufBcienttoshowthat
(enl,n2):i,n2=lCD･
BythedefinitionsofZ(1)andenl,n2,Wehavethat

Z(1)(xl,x2,α)-enl,n2⇔

【≡】

′
-
1

′
-
i

仁

=

一≦
<

l
1
0

xj+lα<
Jα<1+
l
lLU

1
1
1,C

forO≦l<nj
fornj≦l<n

1-去≦ xj<1-(nj- 1)α
1l njα≦ xj<1- (n-1)α+去 ifnj<n

O<αくま･
Forthesakeofsimplicity,Weinvestigateastrongercondition.Byreplacing

thecondition0<α<去with0<α<競 市,Wehavethat

((xl,x2,α)iZ(1)- enl,n2〉

･〈
(xl ,x2,α)

1- njα≦ xj<1-(nJ-1)α
0<α< 古志

Therefore((xl,X2,.α)lZ(1)- enl,n2)hasnon-emptyinterior,.andhenceits
BernoullimeasurelSpositive,andtherebyenl,n,EImZ･Inasimilarfashion,
wecaneasilyshowthat

((xl,x2,α)IZ(1)-Z(2)-enl,n2)

･〈
(xl,x2,α)1-njα≦xj<1- (nj-1)α

o<α< 毒 巧

Thuspど)(enl,n2,enl,n2)-P(Z(1)-Z(2)- enl,n2)>0,i･e.,enl,n2∈D. □

Lemma7.((Z(m),W(m)))==1isaperiodic.

Proof.Becauseweshowedtheirreducibility,itisenough toshowthatthere

existsatleastoneaperiodicstate.Let0:-(0,…,0)∈ ZZ2n+1.Bysimple
calcdation,wehave

((xl,x2,a)lZ'1)-Z'2)-o)-i(xl,x2,α)
0≦xj<嘉一(n-1)α
0 ≦ α < 古壷

InthesamewayasintheproofofLemma60meshowsthat0∈刀.Note

thatp(0)-OG,thus

p(1)((0,g),(0,g))-pg)(0,0)699(0)'9

-pg)(0,0)>0.

15
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Lemma8.Letu∈ImZandg∈a.Then,thestationaryinitialdisiribuiion

7Tu,aOftheMarkovchain((Z(m),W(m)))mn=1isgivenasfollows:

打u,9:-P(Z'1'-u)嘉 ･

Proof･Letusverifythestationarityof7Tu,a:

∑ 打u,gP(1)((u,g),(u′,g'))
u?9

-∑p(Z'1)-u)嘉 p(Z'2'-u,IZ'1'-u)699,'u'''9u)9

-Ep(Z'lk u); p(Z'2'-u,AZ'1'-u)u
-p(Z'2'-u′)宗 -qu,,9′･

BecausetheMarkovchainisirreducibleandaperiodic,thestationaryinitial

distributionisunique.Thus,wehavecompletedtheproof. □

2.4 Absolutelycontinuousmeasures

InthissectionweshowthattheTheorem1isvalidwhenuisreplacedwitha

measurel/'whichisabsolutelycontinuouswithrespecttoaBernoullimeasure
l/.Lethbethedensityfunctionofヱノ′withrespectto王ノ.Itissu瑞_cientto
showthat

u''xim''･,x2,a'-S'-/ 1･xi-,(xl,x2,a,-S}h'xl'U'dxl'-嘉〃-a･e･(;5)
Lethibea7(d(1), - ,d(i))-measurablesimplefunctionssuchthatIlhi-

CtJl

hldu-0･ForA∈左 :-∪7(d(1),.･･,d(i)),inasimilarfashiontotheu一一il

16



proofinsection2,wehavethat

/(U(Ⅹ皇-'(･,x2,α)-S,A)一等〉2〃(da)
/1(xi-)-S)1Axl0,I)×【0,1)1(xi-,=S)Ilo,1)×AxtO,1)dP一堂b2n

-2等〈/1{xi-,-S}1Ax[0,1'xl0,1)dp-等 〉
-p(xP,- S,Ⅹ㌢)-S,AxAx[0,1))-生壁b2n

-2等〈p(xi-'-S,Ax[0,1)×[0,1))一等 ),
andthisconvergesto0inexponeI山alorder(cf.Billingsley[2,Example
19･31])･Thus thereexistsaDAC l0,1)suchthatFL(DA)-1andforall
α∈DA,

u(xi-'(･,x2,α)-S,Aト 生型ー 0･bn

LetD=-nDA･Notethat左 iscountable･Thenp(D)-1andforall
A∈FcB

α∈β,

/1{xi-,(Tl,x2,a,-S}17- ,U'dxl'-響-oforAE7-･
Therefore,becausehiisaslmPlefunction,Wehavethat,whenm-∞,

/1{xi-)(xl,I,,a,-S,hi(xl)U(dxl)-£欝 - o p-a･e･α･
ForallE>0,thereexistsanNESuchthatIlhi-hldL/<Eifi>NE･Thus,

/1{Xi-,(xl,a,,a,-S}h(xl)U(dxl)一品

/1.xi-,(xl,x2,a,-S}hi(xl)U(dxl)｣

./

柚

-
帥

1(xP,(xl,X｡,α)-S)(hi(xl)-h(xl))U(dxl)

/1.xi-,(xl,x2,a,-S,hi(xl)U(dxl)-∠欝
Weconcludetheproofoftheformula(2.5).

17



Chapter3

ApproximationbyMarkov
Chainsandaresultfornormal
α

3.1 Result

WeassumethatPisameasureonl0,1)suchthat(d(i))iisindependent
withrespecttoit,andthat

limlin f.%i<nbP (d̀i)- <), 01

0urmainresultisthefollowing:

Theorem 3.Anynormalnumberαtobasebis"good",i.e.,theprocess

(xim)(･,α))芸=｡on(lo,1),β([0,1)),P)convergesinlawto(0 ,… ,b-1)-
valuedfairi.i.d.whenm-∞.

Sugital5]actuallyshowedTheorem3incaseb-2andPistheLebesgue
measure.Infact,weshowthefollowingStrongerStatement:

Proposition4.Foreachn∈N,leiAn⊂[0,1)bethesetofallα∈[0,1)
whosebase-bexpansioncontainsaβniiesequence

W U le ニ♪ 1･･･0- 010 - 0g:コE:コ E::コ亡::i

k+FC rC+2 pc+2 rc+2 k+FC



i頑niiymanytimesforeveryk,whereFC:-min(i∈NIU≧n-1)and
M :-n(b-1)(bK+2+(b-1)bK)･Thenanyα∈∩芸 1Anis"good",i･e･,the
process(xim)(･,α))T=｡on([0,1),P)convergesinlawio(0,...,b-1)-valued
fairi.i.d.whenm -∝).

3.2 ProofoftheTheorem

WeproveProposition5.

Proof.ToshowProposition5,itissufBcienttosee

p((xim)(･,α),…,xiT)1(･,α))-J)- b-n (m-∞) (3.1)

foranynandJ∈(0,.1.,b-1)n-:∑.Thereforewefixnandα∈Anfrom
nowon,andde丘neX(m)by

x(m):-(xim)(･,α),...,x禁)l(･,α)).
Letusconsiderm asanewtimeparameter.Then,Wecanseethatfor

acertainincreasingsequence(mi)i,the(Ⅹ(m8))iis `almost'astrongirre-
ducibleMarkovchainwhoseuniquestationarydistributionistheunifわrm

distributionon∑.Fromthisobservation,(3.1)willbederived.
weusetwolemmas.Lemma9claimsthatP(X(m)-C,)is'almost'a
Markovkernelon∑.BytheassumptionofmeasureP,wecanfindp>0
and病 asinfminP(d(i)- く)≧ p.Let≡ meanmodbequalityforany

zl≧向 く

componenton∑.

Lemma9.Leim ≧ 病,m′≧m+k+Fc,andd(i)(α)-oform<i≦m′.
Then,foranyJ′∈∑,

p(Ⅹ m̀′)-J')-芸 p(xm̀'-q)p(Ⅹm̀′)- x(m'≡J′~J)I≦2(11P)k･

Lemma10claimss̀trongirreducibility'.Let*denoteanyoneof0,1,
bll.

I.emma10.ThereexistsE>0suchthai

minP(Ⅹ(疏)- Ⅹ(m)≡C,′-0-)≧ E
OI
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foranycT′∈∑′k≧2,m_>痢 suchthai

α=0･こ こJW U IU l･･･W IW *- ,
m fc+FC FC+2 FC+2 FC+2 k+FC

.V

and抗:-m+k+FC+M(pc+3)･

Now,weshow(3･1)byusingLemma9andLemma10.Letmi≧痢be
aS

α-0･iJ U W IW l- U IW *- 7
mも kl+rc rc+2 K+2 rs+2 kl+rc

.V

抗i:-mi+ki+FC+M(FC+3),andE(')(J):-P(Ⅹ(i)-0-)-b~n.Then,by
Lemma9,form′≧競%+ki+pc,

E'm′'(J')一芸 E'hl'(J)P(Ⅹm̀′)-Ⅹ h̀t'≡J′Iq)I≦2(1-p)kl･

Therefore,becauseP(Ⅹ(m′)-Ⅹ匝甘)≡ g'-J)≧0,

IE'm''(J')I≦∑ fE'鋸(J)Ip(Ⅹ(m′'-Ⅹ(鋸 -J′一g)･2(1-p)kl･
o.∈∑

Notethat∑q∈∑P(Ⅹ(m′)-Ⅹ(hii)≡ C,′-C,)-1･Thus

Tea:XIE(m′)(g)I≦讐 匿(hB)(J)I+2(1-p)kt･ (3･2)

Again,byLemma9

E'hL'(J')-≡ E'mt'(J)P(Ⅹ(瑚 ~Ⅹ(ml'≡g′-J)I≦2(1IP)kL･

NotingE∑J｡∑E(ml)(C,)-0andthatP(Ⅹ(jhも)-Ⅹ(mt)≡ J′-C,)-E≧0by
Lemma10,wehave

IE(鋸 (J')I≦∑ lE(mt)(J)i(p(Ⅹ(iht)-Ⅹ(ml)… J′一g)-E)+2(1-p)kt･
O.∈∑

20



TlltlS

讐ぎIE(鋸(J)A≦(1-bnE)TEaEXIE(mt)(J)A+2(1-p)kl･ (3･3)

Bytheassumptionofα,wecandefine(mi,ki)asmi+1≧品i+ki+FCand
ki≧ilog((1-bn)E2-1)/log(1-p).Therefore,by(3.2)and(3.3),wehave

讐 IE(mt･1)(J)A≦ (1-bnE)誓 匿(m%'(J)巨4(1-p)kL

≦ (1-bne)i(TEy E(-1,(J)l'4去 (ト 町 j(1-p)k,)j-1

≦ (- 吋 (憩 E(-1,(J)I･4云去)i-I
- (1-bnE)i(Tey E'ml'(J)l･4)･ (3･4)

Sinceki-∞ Wheni-∞,by(3.2)and(3.4),form ≧ihi+1+kt+1+FC,We
have

讐 IE(m)(g)I≦警 世 叫 ･1)(J)l+2(1-p)k叶 1- 0 (i-∞)

ロ

3.3 ProofofLemmas

LetthesymbolLI｣m bethenumberwhichisroundeddownfothem-th
digitand(･)-be･.-L･｣m,i.e･L･｣m- ･-∑,三m.1b-'d(i)(･)and
(･)- - ∑,≡-.lb-'d̀j'(･)･For? <m′,define(L･｣)㌶′by(L･｣)崇′:-
L(･)mJm′-(L･｣m′)m-∑雲m.1b-'d(i)(.).
ThemainideaofLemma9isasfollows･ThedependenceofX(m)and

x(m′)- Ⅹ(m)iscausedbythecarryatm一七hdigitwhicharisesfrom the

addition二r+lα.Therefore,intuitively,the'dependence'is'little'if(α)mis
enoughless.

ProofofLemma9.Let

A=-fxEl0,1)I(I)m< 誤 )I
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Since(Lα｣)崇+k+a-0bytheassumptionofα,mandrc,wehave

I 1 n-i 1

I(α)m-I((Lα｣)崇十k+a+(α)m+k+a)<吉宗右耳言≦石蒜話す ≦市 布 (3･5)
forl≦ nl1.Therefore,(I)m+I(α)m<1/bmforI∈A,andhencenocarry
arisesfromtheaddition二r+lαat m -thdigit,i.e.,L(I)m+i(α)mJm-0･Thus
Lx+lckJm-LxJm+lLα｣m+L(I)m+I(α)mJm-LxJm+lLα｣m-Lx+lLα｣mJm,
i.e.,Ⅹ(m)(･,α)-Ⅹ(m)(･,Lα｣m)onA.Welet△ denotethesymmetric
difference.Then

(Ⅹ(m)-C,)△(Ⅹ(m)(･,Lα｣m)-C,)⊂Ac.

NotethatX(m)(.,Lα｣m)dependonlyond(1), ...,d(m)andthatBq :-
tX(m′)-x(m)≡0-′一g)dependonlyond(m + 1), d(m+2),‥‥Bytheindepen-
denceofbase-bexpansion,

p(Ⅹ(m′)-J′)-∑p(Ⅹ(m)-J)P(Ⅹ(m′)-Ⅹ(m)≡J′一g)
g∈∑

≦∑ lp((Ⅹ(-′)-J')nBq)-P(Ⅹ(m'-J)P(Bq)I
J∈∑

≦∑ Ip((Ⅹ -̀′'-J')nBJ)-P((Ⅹ̀m'(･,Lα｣m)-J)nBJ)I
o.e=

+∑ lp((Ⅹ(m)(･,LctJm)-可nBg)-P(Ⅹ(m)-g)P(BJ)I
o.∈∑

- ∑ Ip(Ⅹ(-)-J,X'-′'-Ⅹ(-'≡J′-J)-P((Ⅹ(-'(･,LaJ-)-申 BJ)I
o.∈∑

+∑p(Bq)Ip(Ⅹ(m)(･,LaJm)-J)-P(Ⅹ(m)-J)l
o.∈∑

≦∑p(AcnBJ)+∑p(Bq)P(Ac)-2P(Ac)
J∈∑ J∈∑

Bythede丘nitionof4

p(Ac)- P(0<∀i≦k,d(m'i)(I)-bl1)
良

- H p(d(m'i)(I)-b-1)≦(1-p)k･i=1
□
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ToproveLemma10weusefollowlnglemma.Foru∈N,let

rc十3

y(u):-∑ d̀も'(岩)(modb),Y(u):-(Y(u),Y(u･1),- ,Y (u ･ n- 1))･i=1
Lemmall.Foranycr∈∑,thereexisiO_<(<bandO≦ut<bK+3- bK+1
Suchihat

-1J

J≡<1+∑Y(ui)･
i=1

NowwecanseetheproofofLemma10.

ProofofLemmalO･LetiL l:-m,疏i:-m+k+FC+i(FC+3)forO≦i≦M
and

Aqp1,.-,加M:- ∑ d(i)(I)-<,(LxJ)霊.M'1-∑
i-7兎_1+1

First,bytheindependenceof(d(i))i,Wehave

p(A<,ul,･･･,u- , - P(%=mS.1d(i,(I,-<)

≧ pM(叶3)+1∑p
(/

≧ pM(叶3)+2∑p
q/

(

(

抗A,I+1

np
J-菰o+1 (d(,)(I,-d(i,(i畏))
病o-1
∑ d(i)(I)-く′
i-疏_1+1

茄o-1

∑ d(i)(I)-く
ユニ7元_1+1

)

∫)

p(d(iho)-く-<')

- pM(a+3)+2-:E･

NotethatE>0doesnotdependonO≦<<bor0≦ut<bK+3- bK+1
Thus,byLemmall,itissufBcienttoproveLemma10toseethat

(xlx(jh)(I)-Ⅹ(m)(I)≡く1+∑tM=1Y(ui))⊃A<,ul,･･･,uM (3･6)

foranyo≦くくbandO≦ui<bK+3-bK+1

WewillseethatX(iht-1)-Ⅹ(iht)isdeterminedonlyby(LxJ)器;_10n
Aq,ul,- ,uM･Notetheassumptionofk,α,andm,i･e.,k≧2and

α=OIU U U IW 1- 0- 010- 0*-ヽ-〉一一/}
m k+r; rc+2 K+2 Fc+2 k+rc

.V
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Since(Lα｣)蒜+叶2-0,wehave

1
l(a)菰1<両市 forO≦i≦M

inthesamewayas(3.5).

LetI∈Aq,ul,- ,uM ･ Since(LxJ)mTr1- ui'1/bht'lfor0≦i<M and
(LxJ)霊:/;'1-0,wehave

(轟 -- (LxJ)mih;+1+(轟 叶1
ui+1+1ノbK+3-bK+1
< 1■ご く
b菰i+1 lL b菰i+1

1

b病1+2
forO≦i<M,

1 1 1

(擁 - - (LxJ)霊慧+1+(症 ,I･1≦ 評 言古 く高石 -評言市･

Thus,nocarryarisesfromtheadditionI+lαat疏i-thdigit,i･e.L(I)疏2+
I(α)杭i｣杭も-0for0≦i≦M.Therefore

(Lx+l也膜 _1-(LxJ和+lLα｣抗i)菰l_1-くくLxJ)蒜_1+I(Lα｣)芸.i_1)前山･

TlluS

荊t
xl(ht)(I)-xl(抗t~1)(I)- ∑ d(j)((Lx+l也膜 _1)

j-荊t_1+1
抗t

- ∑ d(i)((LxJ)霊;_1+l(LαJ)a_1)･
i-菰乞_1+1

Since(Lα｣)芸;_1-1/b菰tfor1≦i≦M and(Lα｣)器o_1-0,

ml
xl(hl)(I)-Xl(病1-1)(I) - ∑

J-菰t_1+1
d'j)(諺)-Y(ui･l) forl≦盲≦M,

mo

xl(ho)(I)-xl(ih-1)(I) - ∑ d(i)((LxJ)Zo_1)-'･
3-疏_1+1

Therefore

.1J

x(jh)(I)-Ⅹ(m)(I)≡<1+∑Y(ui)It=1
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Nowwehavetheinclusionrelation(3.6)andcompletetheproofofLemma10.
ロ

Finally,weseeLemmall.

Proof.(ProofofLemmall)Webeginwithsomepropertiesofthefunction
Y.LetJ:-(b-1)bK+bK+2and

∫

sj=-∑Y(i+i)Ii=1
Then,wehavethatfor0≦i<brc,

∫ ∫

S,- ill - ∑ Y(i+i)-∑ Y(ill+i)
i=1 i=1

- Y(i+J)-Y(i)rc+3
= (d'h'(# ･
九=1

b-1

b3 ･吉)-d'h'境))
rc+3

- ∑ (d̀h)(慕)-d̀h)(慕 ))+b-1+1-0 (modb)九=4

andthat

J J

sbK-SbK-1- ∑ Y(bK+i)-∑ Y(ball+i)
i=1 i=1

- Y(bK+J)-Y(bK)
FC+3

- ∑ (d(h)(b-2+bl1)-d(h)(b-3))-1 (modb)
h=1

Thus,wehavea:-S_1- - -Sbr-1(modb)andsbK-S+1(modb).
Then,for1≦l≦n,

∫ ∫

∑Y(bK -I+i)≡∑ (Y(bK -I+i),-,Y(bK-I+n-1+i))8=1 i=1

…(sbK_l,･-,Sbrc-1十n-1)
≡(〕 ,S+1,sbK･1,･･･,SbK-len-1)･1
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Therefわre,

∫

-sl+∑Y(bK-1'i)≡(〕 ,1,sbK･1- 5,-･,SbK-len-1-S)-‥Jl･i-1 i
LetcTo:-1.Then,foranyo-∈≡,thereexistMl≧0suchthatcr≡
MocTo+-+Mn-1Jnl1andMo+･･･+Mn_1≦n(b-1).Therefore,since
Jn≡0,g≡MoJo+･･･+Mn-1Jn-1+MnJnandMl+-+Mn-n(b-1)
whereMn:-n(b-1)-(Ml+･･･+Mn_1).Thus,wehave

n J

g ≡ Mol+∑ Ml(-Sl+∑Y(bK-I+i))
l=1 号=1n n J

≡ (MoI S∑Ml)1+∑Ml∑ Y(bK-I+i)l=l l=l i=l
Let

n
･ :- M0--∑Ml(modb)

l=1

uJ∑ 1≦l,<lMl,+jJ+i :- bK-I+i

forl≦i≦J,1≦l≦n,andO≦j<Ml.Then,sinceM -(bK+2+(b-
1)bK)n(b-1)-J∑?=1Ml,Wehave

.1J
J≡ く1+∑Y (u i)

i=1

andO≦ ui≦bK+J-1-bK+1+bK+2-1<bK+3-bK+1

26
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Chapter4

NonhomogeneousMarkov
Chainandaresultfor
irrationalα

4.1 Result:MainTheorem

lnthischapter,WeapplythetechniqueofMarkovchain丘･om adi鮎rent

pointofviewandprovethe丘nalresult･

weas?umethatpisaprobabilitymeasureon([0,1),B([0,1)))suchthat
(d(i))i,.lSindependentrandomvariableunderpwith

li,m悪 .Tsl<nbP(d'j'-S)'oI

pTr禁eosrse(mxl(5-I,)Ig=.boiこぞlrSrle),apn)dc:n:C,%grerSaiienaak言,ytthoetnheihdei霊 三ruLZi:inioonfZf/btZ?
valuedfairi.i.d.whenm tendsto∞.

Whenb-2andpistheLebesguemeasure,Theorem 5reducetothe
conjecturedresult.WeusetheconditiononbonlyinSection413toshow
s̀tronglrreducibility'.
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4.2 ProofoftheMainTheorem

ToproveTheorem5,itissufncienttoverifytheconvergenceofanyfinite
dimensionaldistribution,i.e.,toverify

/.,1,f'酢 ･･･,xim｡dp一品 e∈(zs,n.if'e' (4.1)

foranynandcomplexfunctionfon(Z/bZ)n+1
wefixnanddefine(Z/bZ)n+1-Valuedfunctionsd(i)andX(m)by

d(j)(LJ)‥- (d(i)(u),d(j)(LJ+α),...,d(i)(LJ+nα)),
riZZ

x(m):- (x三m),xl(m),･-,Xim))二∑ d(i) form≧1,
i-1

andX(0)‥-o∈(Z/bZ)n+1

since(d('))iisanindependentprocess,(XSm))m-(∑1≦]≦md(i))misa
Markovchain･But,since(d(i)),isnotindependent,wecan noteasilysee

that(Ⅹ(m))m-(∑1≦j≦md(i))misaMarkovchain･Thus,weintroducea
symbolZ(m)tomanagethedependenceamongtd(i))i.Define(0,･･.,2b-
1)n-valuedfunctionZ(m)-(Zl(m),…,Zim))by

zl(m)(LJ):- LbmLJ-bLbml1LJ｣+bmlα-bLbm11lα｣｣

- Lbm(LJ+lα)｣-b(Lbm-1LJ｣+Lbm~llα｣)･

Then,wehavethat

zl(m)(LJ)- d(m)(LJ+lα)+b(Lbm-1(LJ+lα)｣-Lbm-1LJ｣-Lbm~llα｣)

≡ d(m)(LJ+lα),

andd(m)=(d(m),Z (m )).Furthermore,wecan saythatZ(1),Z(2),...isa
backwardMarkovchain,i°e.,…,Z(2),Z(1)isaMarkovchain:

proposition6.Theprocess(Z(m))L=∞ isaMarkovchain.

prvof.Bythedefinitionofd(i),
m-1
∑bm-1ljd(i)(I)-Lbml1xJ-bm-m′Lbm′-1xJJL-TTT/
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form/<m.
Thus,

zl(m′)(LJ)

- Lbm′~mLbm(u･la)JJ-b(Lbm′-lw｣+Lb-′-1lα｣)

- Lbm′-mLbm(u･lα)J-a(Lbm′-1小 Lbm′11laJ)｣

-Lbm′-m(zl'm'(W)+b(Lbm-1u｣+Lbm-1lα｣))-b(Lbm′llw｣+Lbm′~1lα｣)｣
Lb-′--Zl(-,小 筆lb-,-j(d(i)(小 d(3･,'lα')｣3-mI㌔)∫
L≡bm'-i(d']'(W)･d̀j'(la))Jj-IH′

wherel≦l≦n.
LetusdefineO(m,m')arandomtransformationon(0,...,2b-1)nby

¢l'叩′)(W;I)-Lbm′一m2･ ∑ bm′11(d̀j'(u )+ d',I(lα))｣ andm/≦3<m
◎(m〆)(LJ;21,- ,Zn)- (砕 ,m′)(LJ;Zl),..･,酔 ,m′)(LJ;Zn))

wherez,21,-･,Zn∈(0,- ,2b-1)･
Then,wehavethatZ(m′)(LJ)-◎(m,m′)(LJ;Z(m)(LJ))by(4.2),thatLJ-
◎(m,m′)(LJ;･)iso-(d(m′),...,d(ml1))一measurable,andthatZ(m)iscr(d(m),d(m+1), … )-

measurableby(4.3).Thus,theindependenceofd(i)impliestheMarkov
property. □

Inheuristicwords,wecan saythat"〈(Ⅹ(-)- Ⅹ (m-1),Z(m))に=∞isa
MarkovchainM:

Proposition7.ForanyM ∈N,ike(Z/bZ)n+1×(0,…,2b-1)n-valued
process((Ⅹ(M)-x(m-1),Z(m)))m=帆 ‥,1isaMarkovchainwiththetransition
probability

P('e芸,T3′,Z′)-p(∑ (d̀'',◎'m,j'(Z))-e′-e動 ,-′(Z)-Z′)
m/≦j<m

where1≦m′<m≦M,e,e′∈(Z/bZ)n+1andz,Z′∈(0,...,2b-1)n.
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proof.SinceZ(i)- @(m,i)(Z(m)),wehavethatd(i)-=(d(i),@(m,j)(Z(m))).
LetBm beanyJ(((Ⅹ(M)-Ⅹ(i-1),Z(j)))j=M,..Hm)-measurableset･Since

z(i)isg(d('),d(什1),･I･)一measurable,Ⅹ(M)-Ⅹ(m-1)≡∑,r=mz(i)andBmare
cr(d(m),d(m+1),…)-measurable.Notingthat◎(m,m′)iso-(d(m′),...,d(m~1))-
measurable,weseethattheindependenceofd(i)implies

FL(Ⅹ(M)-Ⅹ(m'-1)≡ e′,Z(m′)-Z′l(Ⅹ(M)-Ⅹ(m-1)≡e,Z(m)-Z)nBm)

-p(∑ d(i)- e′-e,Z'-′)-Z'l(Ⅹ M̀L x(--1)-e,Z m̀)-Z)nB-)
m/≦j<m

- p(∑ (d̀j',òm,')(Z))≡ e′-e,◎̀m,m′)(Z)-Z′
m′≦j<m

いx "̀L X-̀-1'≡ e,Z -̀)-Z)nB-)

-〟(∑ (d̀j',@'m,''(Z))≡e′-e,◎̀m･m′'(Z)-Z′)･
m′≦}<m

□

Notethati((eTz,震′,Z′)dosenotdependonM･
Tbgivearoughsketchofourproof,letustemporarilyassumethat̀the

Markovchain((Ⅹ(～)-Ⅹ(m-1),Z(m)))m=∞,".,1isstronglyirreducible',i.e.,
forane>0andanyN∈N,thereexistsapair(m,m′)withN ≦m′<m
suchthat

e,Tel覧 ′i('eTz,震 ′,Z′'≧ e･ (4･4)

Then,byastandardmethodofMarkovchain,Wehavethat,foranycomplex

functiongon(21/bZ:)n+1×(0,...,2b-1)n,

(i(M,1)9)(e,Z):-∑15((.Tz,)1,)(e′,Z′)9(e',Z′)-
＼ー J/＼ーフ~/一缶I'e'Z'''e''d'J＼ー71' bn'1(2b)n5SD＼ーフI' ＼一一

Let打:(盟/bZ)n+1×(0,… ,2b-1)n-(Z/bZ)n+1betheprojection.Then,
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byProposition7,

/.,1,f(X'M')dp - /Z,bZ,n.1×{｡,...,2b_l}n(f｡-,dp'Ⅹ(M',Z'1')
- /Z,bZ,n.1×{｡,...,2b_1}n押 ,1'(f｡-)dp'Ⅹ`̂'I'~Ⅹ M̀-",Z M̀''

ー
∑e,Z(f｡町)(e,Z)
bn+1(2b)n 蒜 ∑f(e) (M-∞),e

hencewehavetheconvergence(4･1)･
Unfortunately,theassumption(4A)isnottrue.But,I ｡打 dosenot
dependonthesecondvariable,andhence'strongirreducibilityon(Z/bZ)n+1'
isenoughforourpurpose.

Sincethe S̀tatespace'(Z/bZZ)n+1isstilltoobigtoshow'Strongirre-
ducibility',weusefollowingformulation.

Fore-(e0,...,en),盲-(ao,… ,an)∈(21/bZ)n+1,lete･盲betheinner
product,i･e･,e･盲:-∑?=｡e晶･
Then,foranycomplexfunctionfon(Z/bZ)n+1,

f'e'- 盲∈(ZS,n.1f̂'6"Ⅹp(響 )

f̂(i)-孟 ∑ f(e)exp
e∈(21/bZ)n+1

れ川uLtlt旧

where

Aeet;紹
TnU
)

bythePlancherel'sTheorem(cf.H･Dym-H･P.McKeanl3]).
sinceX(m)･0isconstant0,

f(Ⅹ(m))- ∑ f̂(i)exp
毒∈(Z/bZ)n+1＼(o)

∑ 掬 exp
盲∈(Z/bZ)n+1＼(o)

i27TX(m).盲

Thus,itissufBcienttosee(4.1)toseethat,

i27｢Ⅹ(m).盲
)

)+f̂(0)

).孟e｡(zs,n.1f'C,･

dp-0 (4.5)

forany盲∈(2:/bZ)n+1＼(o).wefiⅩ盲fromnowon,andsee'Strongirre-
ducibility'ofthefollowingMarkovchaintoshow(4･5).
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Lemma12･ForanyM ∈N,the(Z/bZ)×(0,...,2b-1)n-valuedprocess
(((Ⅹ(M)-x(m-1))･盲,Z(m)))m=M,",1isaMarkovchainwiththetransition
probabiliiy

p('272,,72'′,Z′,-p(∑(d'j',@̀m･j'(Z))･盲-2′-I,@'m,m′'(Z)-Z′)
m/≦j<m

forz,Z′∈Z/bZ,Z,Z′∈(0,･･.,2b11)n,andl≦m′<m≦M･

Proof.ThesamewayasthatofProposition7.

For0<m′<mandanycomplexfunctiongon(a:/bZ)×(0,･-,2b-1)n,
defineafunctionP(m,m′)gon(Z/bZ)×(0,...,2b-1)nby

(p(m,m′)9)(2,Z)‥-∑p((zTz･)昔Z),,Z′)g(2',Z′),
I/12:/

and‖･lI∞bethemaxnorm,i･e･,llg‖∞:-maxz,zlg(I,Z)I･
Then,byLemma12,

/.,1,eXp
i27TX(m)･盲

-I/Z,bZ,x{.,...,2b_1,n hdp'Ⅹ(m).盲,Z'1''l

-l/Z,bZ,x{.,‥.,2b_I,n P'-,1)hdp''Ⅹ̀m'~Ⅹ̀m-1')̀盲,Z'm''‡
≦ llP(m･1)hH∞,

whereh(I,2:):-eXp(i27TZ/b)for(I,Z)∈(Z/bZ)×(0 , - .,2b-1)n･Let

Qo‥- 〈g:(Z/bZ:)×(0,I.･,2b-1)n-Cl∑Z,zg(I,Z)-o)

fIP(m,m′)llQ｡ :- max ~~ ..‖
g∈Qo,llgH∞≠O IIg‖∞

llP(mpt')gII∞

Thenh∈Qo･Similarlyas(4.4),wetemporarilyassumethatt̀heMarkov
chain(((Ⅹ(∞)-Ⅹ(m-1))･盲,Z(m)))m=∞,...,1isstrongirreducible',i.e.,foran
E>0andanyN ∈N,thereexistsapair(m,m′)withN ≦m′<m such
that

I,Tzi,Tz,P('zTz''Tz'′,Z′)≧ e
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Then,wehavethatlIP(m,m′)llQ.≦1-b(2b)nE,andhence

/.,1,
eXp
i27TX(M).6
)dpI≦llP(M,1)hH∞

≦ llP(M,1)LIQ.‖hlI∞- 0 (M-∞).

Unfortunately,(4.6)isagainnottrue.But,sincehdosenotdependon
thesecondvariable,itisenough forourpurposetoestimatetheoperator

norm lJP(m,m′)IIQdefuledby

g :- (g∈QoL∑zg(I,Z)-oforanyz∈(0,-,2b-1)n),

llP(m,m′)HQ ‥- max ~' =..
g∈Q,Hgll∞≠0 日9日∞

I匿(m･m')gll∞

clearlyh∈gandllP(m,m′)hlI∞≦lIP(m,m′)lIQlIh‖∞.Thefollowinglemmais
toiteratetheestimateofllP(m,m′)HQ.

Lemma13.QisP(m,m′)-invariant,i.C.,P(m,m′)Q⊂Q.

Proof.Foranyg∈Q,

∑ (p(m,m′)g)(I,Z)
二

-∑p(∑ (d'j),◎'m,i)(Z))･盲-2′-zdm,m′'(Z)-Z′)g(2',Z′)I,2′,2;′m/≦j<m
-∑FL(◎(m,m′)(Z)-Z')g(Z′,Z′)
I/†2:I

-∑FL(◎(m,m′)(Z)-Z′)∑ g(Z′,Z′)-0･
2:/ Z/

□

Thefollowinglemmaclaimsthat'strongirreducibilityonZ/bZ:Tisenough
forourpurpose.

Lemma14.Letm′<m andE>0.Assumethai,foranyI∈Z/bZ:and
z∈(0,･..,2b-1)n,thereexists2:′(2,Z)∈(0,...,2b-1)nsuchthat

Then

I,Tzl,nbZP('zTz''T z'′,Z′(I,Z))≧ E･

llP(m,m′)llQ≦1-be.
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proof･Byassumption,P((zT;)Tz)′,Z′)-el(Z′-Z′(Z))'_0･Hence,forg∈Q ,

I(p'-,-′'g)(I,Z)l- I∑p('zTz,,Tz'′,Z′,g(2',Z′)II/†z/

-I∑(p('zTz',T2',･Z′,- El{乞′-Z′(I,Z,,)g(2',Z')･e芋 g(2',鵜 Z ))l2/)2:/
-i∑(p('zTz,,Tz'′,Z′,-El{Z′-Z′(I,Z'})9(2',Z')lI/?z/
≦ ∑(p((zTz,)Tz)′,Z′)-El(Z′-方′(I,Z)))l馴∞-(1-be)llgll∞
Z〉Z/

Thus,wehaveHP(m,m′)9日∞≦(1-be)IIglI∞. [コ

AssumptionoffollowingpropositioncamberegardedastheS̀trongirre-

ducibilityona:/bZ:'andweshowthatinSection4.3.
Proposition8.LetE>0.Assumethat,foranyN∈N,thereexistsapair
(m,m′)withN ≦m′<m satisjyingtheassumptionofLemma14･Then
HP(M,1)JIG-0(M-∞).

Proof･Bytheassumption,wecan takeasequencem'1<- ≦m;･<mj≦
m;+1<･･･Suchthatal1(mj,m;･)satisfyingassumptionofLemma14･
ByLemma13,wehaveHP(m,rn')llg≦ llP(m,m')lIQIIP(m′,m′′)Hgform >
m′>m〝.Thus,thankstothatllP(m,m')Llg≦1foranym>m′,Lemma14
impliesthat

J(M)

HP(M,1)帖 ≦ llP(M,m J'-')帖 IIHP(m弼 )llQHP(m;,m,-1)llQ
j-i

J(M)

≦n HP(m弼 )llg≦(1-be)J(M)- o (M-∞)j-1
whereJ(M):-max(iIM>mj)andmo:-0･ [コ

●
4.3 Stronglrreducibility

lnthissection,weshowtheassumption(4･7)ofProposition8for盲 -

(60,...,En)∈(Z/bZ:)n+1＼(o).wecanassumeEo≠0withoutlossof
generality.
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Proof･Letlo:-min(0≦l≦nJEl≠0),3':-(Eも,-,gTn)suchthat

･7 ･･
i

el+l｡ ifl≦ n-lo
0 otherwise,

andFL′(･):- FL(･-loα)･Then,gT.≠0and
i27TX(m).盲

Since

p'(d(i)- S)≧i

)dp -/.,1,eXP(芋蔓x(-,(u･loa･la,q)p(dw,
-/.,1,eXP(

i27rX(m).盲′dp'･

p(d(i)≡S+d(i)(LO仇)+ 1,d(j+1)-o)ifd(i+1)(I.α)≠0
p(d(j)≡S+d(')(l｡α),d('+1)≠o) ifd(i+1)(l｡α)-0,

wehavethatli,ml禦 lTsi<nbP'(d(j'-S)≧(1聖 flTsi<nbP(d̀j'-S))2,0･ □

Thus,nowweshowtheassumptionofProposition4.7for盲-(gTo,…,an)
suchthatgTo≠0.Toshowthat,weusethefollowingpropositionclaimsthat
anylrrationalnumberαhasin丘nitenumberof̀irregular'digitsandisshown
inSection4.4.

Proposition9.Foranyirrationalnumberααndn∈N,thereexistiγ済niiely

manymsatisfyingikefollowingcondition:

CoNDITION A･Forany1≦I≦n,thereexisijlandjl'wiihm-3γい-1≦
Jl,jl'<m suchthat

o<d(jl)(lα) and d(jl')(lα)<b-1. (4.8)

Webeginwithtoshowthatthechaincanvisitaneighborhood.

Lemma15･LeimsatisfyConditionA･Then,foranyz∈(0,-,2b-1)n,
ihereexistm′∈Nwithm-3n-b-1≦m′<m,Z′∈(0,…,2b-1)nand
y∈2:/bZsuchthat

z∈Z,bZ,2′≡Z.y,I.y.1P('zTz･'7''2'′,Z′'≧(i,mi_n3fn_a.%i<nbP(d̀j)-S))3n'b'1min
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Proof.Letm'<m-3n-1and

万 ‥- 〈d(m′)-0,d(i)-b-1form′<j<m)

基 ‥- (d(m′)-1,d(i)-oform′<j<my

Thend(k)and◎(m,k)arenonrandomeitheron互oronAwherem′≦k<m.
Let

否 ‥…∑ m′≦]<m(d(i)(a),◎(m,i)(zD;Z))･盲, 豆′‥-◎(m,m′)(ZD;Z),
里 ‥≡∑ m′≦j<m(d(i)(坐),◎(m,i)(sQ;Z))･盲, 呈′‥-◎(m,m′)(坐;Z)

where訂∈AandLJ∈A.Then,

ス ⊂ 〈 ∑ (d̀j',.'m,j'(Z))･石和 ,軒 m′)(Z)-富′〉
m/≦j<m

蓮 ⊂ 〈 ∑ (d'j',◎ m̀,,'(Z))･盲- 里,◎ m̀,m′)(Z)- 旦′〉･
m/≦j<m

Since

p(∑ (d'j',◎'-,j'(Z ) ) ･ 盲 -糾 (-,-''(Z)-富′) ≦ P('zTz,,TzL5,a,,
m /≦ j< m

p( ∑ (d j̀',o'm･j'(Z))･盲-坐,◎ m̀,m′'(Z)- 旦′) ≦ P('Z芸,T('2'.坐,呈′,
m/≦j<m

andmintFL(i),p(万))≧(infj≧m′mino≦S<bP(d(i)-S))m-m′,itissumcientto
showthatthereexistsm′withm-3n-b-1≦m′<msuchthat富′-Z′
and否-y+1.
Firstly,Weshowthat豆′-2:′foranym′withm′<m-3n-1.Bythe
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definitionof4)I(m,m′),

¢l(m,m′)(諺;I)- Lbm'-mz+ ∑ bm'-i(d(i)(zD)+d(j)(lα))｣
m/≦j<m

- Lbm′-mz+1-bm′-m'1+∑ bm'-'d(i)(lα)｣
m/≦J<m

- d(m′)(lα)+Lbm′~mz+1-bm′一m'1+∑ bm'-jd(i)(lα)J,
m/<)<m

Ol(m,m′)(ki;之)- Lbm′~mz+∑ bm'-i(d(j)(ki)+d(i)(lα))｣
m′≦j<m

- Lbm′~mz+1+ ∑ bm′-jd(j)(lα)｣
m/≦j<m

- d(m′)(lα)+1+Lbm′~mz+∑ bm′-jd(')(lα)｣･
m/<)<m

ByProposition9,wecanverify,fork<m-3n-1,

bk叫 1≦ ∑ bk-jd(i)(lα)≦1-2bk一m'1
k<j<m

Therefore,

Lbk-mZ+1-bk-m'1+∑bk-jd(j)(lα)｣ - 1, (4･9)
k<j<m

Lbk-mZ+∑ bk-jd(j)(lα)｣ - 0･ (4110)
k<j<m

Thus,Wehavethat

¢l(m,m′)(ID;I)-d(m′)(lα)+1-¢l(m"′)(坐;I),

andhence富/=Z/.

Secondly,Weshowthat否-y+1forsuitablychosenm′.Foranym′and
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kwithm'<k<m-3n-1,wehave

¢l(m,k)(訂;I)- Lbk-mZ+b-bk-m'1+ ∑bk-jd(i)(lα)｣
k≦j<m

- d(k)(lα)+bl1+Lbk-mz+1-bk-m'1+∑ bk-jd(i)(lα)｣
k<j<m

¢l(m,k)(ki;Z)- Lbk~mz+∑ bk-jd(])(lα)｣
k≦J<m

- d(k)(lα)+Lbk-mz+∑ bk-jd(j)(lα)J･
k≦j<m

Again,by(4･9)and(4･10),wehavethat

¢l(m,k)(諺;I)-d(k)(lα)+b≡d(k)(lα)-¢l(m,k)(坐;I)

andhence

y-y - ∑ ((d(i)(zD),◎(m･')(ZD;Z))-(d(i)(坐),◎(m,i)(坐;Z)))･盲
m-3n-1_<j<m
+ ∑ (d(i)(zD)-d(i)(ki))gTo
m′≦j<m-3n-1

∑ ((d(')(zD),◎(m,i)(zJ;Z))-(d(])(坐),◎(m,i)(iQ;Z)))･盲
m-3n-1≦j<m

-ao+(ml3n-2-m′)(b-1)60l

Therefore,sinceZ/bZisasimplegroupandgTo≠0,Wecantakem′with
ml3n-bl1≦m′<m-3n-1and否-y+1. ロ

Atlast,wecanshowthatthechaincanvisiteverywhere.

Le--a16･LeiE:-(蒜 )a-1fore=-芸li-jinflTsi<nbP(d̀j'-S,･Th.e
assumptioninProposition8holds,i.e.,foranyN ∈N,thereeこristsapair

(m,m′)withN≦m′<msatisfying(4･7).

proof･Wecan takeN asknsfj1% 1<nb〃(d'j'- S)≧E-ithoutanylossof
generality.

ByProposition9,Wecantakeamonotonedecreasingsequencem(1),･･･,m(a)>
Nsuchthatm(J+1)<m(j)-3n-b-1andeachm(i)satisfiesConditionA.
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Letz∈(0,･.･,2b- 1)n･
Then,byLemma15,thereexistm/(1),Z'(1)andy/(1)withm(2)<m/(1)<

m (1)suchthat

Z｡Z,bZI,=Z.y′(1,,I.y,(1,.lP(霊 ,1,'(,272,1('1㌔≧E3n'b'1
min min

Sincethecardinalnumberofthestatespaceisb(2b)n,thereexisty(1)and
z(2)suchthat

1

p((yTl',I,'2,71',2)',)(y(1,,Z(2))≧ 両 所 ･

Notingthat,bythedefimition,P((:焉,(W,,W,)isshiftinvariantonZ/bZ,
i･e･,P((1霊;,(W,,W′)- p((wklk2W),(W,.V,W′)wherek> k′,W,W',V∈Z/bZ and
w,W′∈(0,･･･,2b- 1)n,weseethat,foranyI∈Z/bZ,

p(霊 ,1,'(,zm.';'(2),Z(2,)≧ P('霊,i,'(,zm.';,Zl'),Z′(1,,P('zm.I:,Zi憲 ('1',,,(I.y(1,,Z(2),

- p(霊 ,1,'(,zm.I:,…1',,Z,(1,,P('yTl',1,'Z,Tl',2,','(y(1),Z(2))≧

E3n+b+1

a(2b)n

since-ecanverifyP(霊,1,I(,zm.';Zl').1,Z(2,)≧竃置 inthesam eway,

ヱ∈Z,bZI,=Z.y(1,,I.y(1,+1P(霊,1,'(,27Z'2',,≧
mュn min

E3n+b+1

b(2b)n

Hence,inductively,wehavethatthereexistz(3),･･･,Z(a)andy(3),･･･,y(b)
suchthat

Z∈Z,bZI,=Z.y(メ,,I.y(".1P('zTz'('j',,,Tz3',Tzl('JLl,,≧
min min

E3n+a+1

b(2b)n

wherei-1,- ,b-1･Again,usingtheshiftinvarianceofP((;焉,(叫W′),We
havethat

Z′=Z.y(1,.y(2),I.y璃 ｡,.1,I.y(1,.y(2,+2P(霊 ,1,i(,zT,?('3',,≧ (

E3n+b+1

b(2b)n

Repeatthattom(a)andletm :- m(1),m/:- m(b),I(b):-I+y(1)+ - +
y(b~1)and2;′(I,Z)=- Z(b).Then,wehave

-zinP('zTz,,Tz'′,Z′(I,Z,)- Z′=Z(a,,Tiz".a_1P('霊,1,'(,Z霊 ('b',,≧ (蒜 )a-1- e･

ロ
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4.4 ProofoftheKeyProposition

Weusereductiontoabsurdity,i.e.,weseethatαisarationalnumberwhen

only丘nitenumberofmsatis丘es(4.8).Let

･ :- --打 f:lcahnThlatSdfjlf(lna,,t;e蒜,買li:,m-3nI1≦jl'jl''m ).
Then,followlnglemmaimpliesProposition9:

Lemma17.IfN isPnite,αisarationalnumber.

WepreparetwolemmastoseeLemma17.

Lemma18.The｡触itesequenced(m-2n~1)(α),...,d(m~1)(α)isperiodicand
iheperiodisaimostn,whenthereexists1≦I≦nsuchthaid(m-3n~1)(lα)-
- -d(m~1)(lα).

TheproofisthecalculationbywritingofdividinglαbyI.

Proof･Letrjbethereminderofi-thdecimalplace,i･e･,

al :- maX(0≦a<blla≦Lblα｣),

rl :- Lblα｣-lal,
aj ‥- max(0≦a<blla≦brJ_1+d(i)(lα)) forj>1,

rj:- brill+d(i)(lα)-lad forj>1･
Thenr,isdeterminedbyr,_1andd(j)(lα)･Sinced(m~3n-1)(lα)-

d(m~l)(lα)and0≦rj<l,rjmustbeperiodicatm-3n+l-2≦i<mand
theperiodboundedbylhenceajlSperiodicatm-3n+I-1≦i<mand
theperiodboundedbyl･Bythedefinitionofaj,Wehaveaj-d(i)(α)･ □

Nextlemmaisabouttheleastperiodsofasequenceandaitssubsequence.

Lemma19･Let(aj);三吉beasequenceanditsleastperiodbek(2k≦p)･

Theleastperiodofasubsequence(aj)崇 ′~1(o≦q<q+p'≦p)iskwhen
p'≧2k.

proof･Letk′beleastperiodof(aj)崇 ′~1･Thenk′≦k･Forany1≦I≦
p-k′,thereexistj∈ZandO≦r<ksuchthati-q-kj+r.Since
r+k′<2k≦p',

al=aq+kj+r=aq+,=aq+,+k'=aq+kj+r+k'=al+k'･

hencek′isaperiodof(aj);三吉andk′-k･
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Now,weproofLemma17.

Proof.Foranym>N,thereexists1≦lm≦nsuchthat

d(m-3n-1)(lmα)- - -d(m-1)(Im比).

Letm :-N+1lThen,byLemma18,(d(i)(α)),N=N_2nisperiodic･Letthe
leastperiodbekl･Similarly,(d(i)(α)),y='L 2n.1isperiodic･Lettheleast
periodbek2.Sincekl,k2≦n,Lemma19impliesthatbothklandk2are

sameastheleastperiodof(d(])(α)),N=N_2n.1hencek1-k2lThus,bythe

induction,(d(')(α)),cP=N_2nisperiodicandαisarationalnumber. ロ
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Chapter5

Appendix

InthischapterweseesomepropertiesofnonhomogeneousMarkovChain.

5.1 De丘nition

Let∑beatmostcountablesetandT-Zn(a,b).Wesaythata∑-valued
process(x(m))m∈TOnaprobabilityspace(0,7,『)isaMarkovChainifit
satis丘estheMarkovproperty,i.e.,

p(x(rn)-JIX (k),k∈T,k≦n-1)-P(X(m)-可 X(m-1)).

Form <m′,letP(m,m′)-(疏 ,m'))J,q′∈∑beas城 ,,m′):-p(x(m′)-J'I
x(m)-C,).wecallP(m,m′)thetransitionmatrixfromtimem totimem′.
DenoteP(m):=P(mm+1)

Proposition10.LetSbeaset,(Y(m))beanS-valuedindependentproI
cess,andf(m):Sx∑- ∑.Thentheprocess(X(m))dePnedbyX(1)-
I(1)(Y(1),J｡)andX(m+1)-f(m+1)(Y(m+1),x(m))isaMarkovchain.

Proof.

p(x(1)-I(1), . . .,x(m)-I(m))

- p(f(1)(Y(1),J｡)-I(1),...,f(m)(Y(m),I(mll))-I(m))
- p(I(1)(Y(1),U｡)-I(1))-･p(f(m)(Y(m),I(mll))-I(m))
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Propositionll.Lei(X(m))mETbeaMarkovChainwithtransitionproba-
bilityP.TheMarkovproperlyvalidforreversedtime,i.C.,

p(x(m)-可 X (k),k∈T,k≧m+1)-P(X(m)-JIX(m+1)).

Proof.Letusseeprobabilityofacylinderset.Form<m',

p(x(m)-J(m),-･,X(m′)-J(m′))-P(X(m)-g(m))孤 ,J(m.1)-PiTjlll)),J(m,,.
Therefわre

p(x(m)-C,(m),...,x(m′)-0-(m′)) p (x (m)-J(m))PJ(m),J(m'1'
P(X(m+1)-o･(m+1),… ,X (m′)-C,(m′)) P (X (m)-o･(m))

Thus,bytakingm′-m+1,

p(x(m)-J(m),...,X(m′)-o･(m′)) P(X(m)-J(m),X(m+1)-C,(m+1))
P(X(m+1)-J(m+1),…,x(m′)-C,(m′)) p(x(m+1)-J(m+1))

andthisistheMarkovpropertyforreversedtime. 口

Form <m′,letP(m′,-)-(PIL,m))J,,Je∑beas務 とm):-p(x(m)-JI
x(m′)-cr′).wecalledP(m′,m)asreversed-transitionmatrixfromtimem′to
timem.P(m′):=P(m′,m′-1)

Bythede丘nitions,wehavethat

pTJ),P(X(m)-J)-P(X(m)-J,X(m'1)-J′)-p-El'1)p(x(m'1)-q/)･

5.2 Convergencetoequilibrium

LetT:-N.Inthissection,weshowaconvergencetoequilibriumofnon
timehomogeneousMarkovChain.

Theorem12･LeiE>0and汀beaprobabilitymeasureon∑･If∑q汀qPTq),-
打J,foranymandthereexistsinBniiymanypairs(mp ')suchthatming,J′∈∑政 ,m′)≧

E,thenlimm′ー∞政 ,m′)-汀J′foranym andg･

Bytheassumption,7TP(m,m')- 7TP(m)･･･P(m'-1)-7T71･e･,7Tistheeigen-

vectoroftheeigenvalue1ofp(-,m′)･Andbyming,J′∈∑PTJ,,m′)≧E,Perron-
FrobeniusTheoremimpliestheuniquenessof7T.
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proposition13･ming,g′∈∑pTg,,m′)≧Eand∑ q打gPTg,,m′)-7TJ,impliesthat
Hp(m,m′)fllmax≦(11ど)lJfHmaxforanycomplexvaluedfunctionfon∑where
Hfllmax:-maxJIfJ-(7T,I)l.

proof･Notingthat(打,P(md)f)-(qp(m,m′),f)-(冗,f)and∑J,PT5,,m′)-1,
Wehave

Hp(m,m′)fIJmax - maxl(P(m,m')f)J-(7T,P(m,m')f)l(J■

- mqaxl(P(m,m′)f)6-(汀,f)I

- mq可 ∑ 政 ,m')(fJ,-(W,I))l
o./

- mJaXl∑(PTJ,,m′L E打J,)(fq,-(汀,f))lcr/

≦ mqax∑(PTJ,,m′'--g′)lfJ,-(W,I)l
J/

≦ (1-e)mqgXlfJ′-(汀,f)l･
[コ

Now,weseetheproofofTheorem12.

proof･Letm'ml<m,1≦m2< - bethesequencesuchthatming,J′∈∑PTq,:m3'),
EandJbeasJ(m):-max(ilm;･≦m).
Itiseasytoseethatlip(m･m′)fHmax≦llfllmaxforanym<m′.Therefore
wehave

IIp(m,m′)fllmax - llp(m ,ml)p(ml,m′)fllm ax

≦ lip(ml,m′)fHmax

- lip(ml,m'1)p(mi,m′)fHm ax

≦ (1-E)‖p(m'1,m′)fILmax

…
≦

≦

(1-E)J(m′)llp(m'J(-,,,m′)fllm弧
(1IE)J(m')llfHmax

Whenm′- ∞,wehaveHp(m,m′)fHmax- 0since J (m′) - ∞ . Letf-1,g′
thenwehavemaxJl政 ,m′)一打q′l- 0･ □
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