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1 Introduction

For the sixth Painvevé equation Py, the symmetry structure is well-known
(1], [3]). Furthermore, the 7-functions for Py satisfy the various bilinear
relations ([4], [5], [6]). But, such properties are not clarified completely for
the Garnier system which is extension of Py to several variables. In this
paper, we show that the Garnier system in n-variables (n > 2) has affine
Weyl group symmetry of type B£1+)3. We also formulate the 7-functions for
the Garnier system (or the Schlesinger system of rank 2) on the root lattice
Q(Cy3) and present the relations of three types, Toda equations, Hirota-
Miwa equations and bilinear differential equations, which are satisfied by
those T-functions.
Consider a Fuchsian differential equation on P*(C)

d*w dw
@4—]31(2,25)%4—132(2,15)111:0, (11)
with regular singularities z = t1,...,%,, 0, 1, oo, apparent singularities z =
AL, ..., A, and the Riemann scheme
2=t z2=0 z=1 z=00 2=
0 0 0 p 0 ,7=1,...,n, (1.2)

0; Ko K1 P+ Es 2

assuming that the Fuchs relation

2«9,-+/<co+/£1+/<aoo+2p:1 (1.3)

=1

is satisfied. The monodromy preserving deformations of the equation (1.1)
with the scheme (1.2) is described as the following completely integrable
Hamiltonian system:

atl auj ) i . (Z7j ) 7n)7 ( )

where
pj = Res Py(z,t)dz (j=1,...,n) (1.5)

=X

and H; (i =1,...,n) are the rational functions in (), x) defined by

H; = — Res Py(z,t)dz. (1.6)

z=t;



By the canonical transformation

Ty = n 1 q; = E;l( ]) ( =5 an) (17)
i szl,j;éi (tl—tj)

the system (1.4) is transformed into the Hamiltonian system

8qj . 8K, 8pj . _8[(@
Gxi N 8pj’ le N 8q]

(i,7=1,...,n), (1.8)

with polynomial Hamiltonians K; (i = 1,...,n). The Hamiltonians K; are
given explicitly by

zi(z; — 1) Ki = g (p + Z ijj> (p DY ijj>

jfl
Z Sz]%pz (qu] j Z sz% q;p; — 0 ) by
j=1.5#i 7= 1J75’ (1.9)
Z S';k] (quz - sz] Z Sz] qipi — ) q;P;
J=1j#1 J=L1j#i

+ zp; (@ipi — 0i) — (i + 1) (ipi — 0:) Gipi
+ (k17 + Ko — 1) qips,

where
S, = M7 S = zi(z — 1)
CL’j — T €T; — ZL‘j
We call the Hamiltonian system (1.8) with the Hamiltonians (1.9) the Garnier
system.

As is known in [1], the Garnier system is derived from the Schlesinger
system, through a transformation which takes a system of linear differential
equations into the Fuchsian differential equation (1.1). Then the independent
and dependent variables of the Garnier system are expressed as the rational
functions in the independent and dependent variables of the Schlesinger sys-
tem. Furthermore, we can identify the 7-functions for the Garnier system
with those for the Schlesinger system. Therefore we first investigate the
symmetries and the properties of the 7-functions for the Schlesinger system.
After that, we apply the obtained results to the Garnier system.

(1.10)

In Section 2, we describe the transformations of three types, permutation
of the points, sign changes of exponents and Schlesinger transformations,



acting on the Schlesinger system. In Section 3, we introduce the 7-functions
for the Schlesinger system on the root lattice Q(C,43). We also show in
Section 3 that those 7-functions satisfy the relations of three types, Toda
equations, Hirota-Miwa equations and bilinear differential equations. In Sec-
tion 4, we show that the Garnier system has affine Weyl group symmetry of
type W(Br(lllfg) We also show in Section 4 that the 7-functions formulated on
the root lattice Q(C,43) satisfy the relations of three types, Toda equations,
Hirota-Miwa equations and bilinear differential equations.

Acknowledgement The auther would like to thank Professors Masatoshi
Noumi, Masa-Hiko Saito and Yasuhiko Yamada for valuable discussions and
advices.



2 Schlesinger system
We consider a system of linear differential equations for a vector of unknown
functions @ = *(wy, wy)

n+2

+

A;(t)

12

—

0,0 = W, Oy = —

@ (i=1,...,n), (2.11)

W

Z—ti

<.
Il

on P}(C) with parameters t = (t1,...,t,), where 9, = 0/9z, &;, = 0/dt; and
tnt1 = 0, tyio = 1. The Schlesinger system (of rank 2) is the system of total
differential equations obtained as the compatibility condition for (2.11). Tt
is expressed by

n+2
dAj: Z [Ai,Aj]dlog(tj—ti) (j:1,...,n+2),
zznlJ:;é] (2.12)

i=1,i#j

where

b —d; b\ (fi O .
A = a; ]>’ G~:( J J)(J > =1,...,n+2). (2.13
’ (Cj d; =g a) 0 g) U - @13)

We always assume that the following conditions are satisfied:
(i) detA;j=0andtrd; =60,¢7Z (j=1,...,n+2),

(i)  The matrices A; (j =1,...,n+ 2) satisfy the following relation:

n+2 p 0 1 n+3
Aoo :_;AJZ(O p+0n+3)’ 9n+3¢Z7 p:_§;9]
(2.14)

The matrices G; (7 = 1,...,n + 2) are obtained as follows. Let Y be a
fundamental solution of the system (2.11). We can expand Y at z = {,
(7 =1,...,n 4+ 2) into the power series

Y =6 3 v —t) -1, v =1, (2.15)
k=0
where
_ 0 0 .
J

3



are diagonal matrices.

The Schlesinger system is invariant under the action of the following
transformations of three types. They are associated with (1) permutation of
the points ¢y, ..., t,12, thrs = 00, (2) sign change of the exponents 4, ..., 0,3,
and (3) shifting exponents by integers (Schlesinger transformations). In this
section, we describe those transformations.

2.1 Permutation of the points

The action of the symmetric group &,,, 3 on the set of the pointsty,...,t,, t,11 =
0,theo = 1,t,.3 = oo can be lifted to transformations of the indepen-
dent and dependent variables. Denoting the adjacent transpositions by
op = (12),...,0012 = (n 4+ 2,n + 3), we describe the action of those oy
on the variables t; (i =1,...,n) and a;, b, ¢;, d;, f;,9; (7 =1,...,n+2).
In the following, we use the matrix notations

w(4;) = (w(“i) w(bﬁ)) (2.17)

e () wib)\ (w(f)
—w(d;) w(b,; w(f; 0
w(G;) = J J J , 2.18
= (S wiin) (" i) (215)
for a transformation w of the dependent variables. For k=1,...,n—1,

0p(ti) = toyi), 0k(A)) = Aoy, 0i(G)) = Goy).- (2.19)

We remark that o, 0,41 and 0,,5 are derived from Meébius transformations
on PY(C). The transformation o, is derived from the transformation x —

(x —t,) /(1 —t,):

t; —tn ) —t,
on(A)) = (1= t) A= Ay ) (1 — 1,) 74, (2.20)

h

0n(Gy) = (1 — )4 Gy, ) (1 — L) on ),

Similarly, the transformation o, is derived from the transformation x —
1 —a:

O'n+1(ti) = 1 — ti, 0'”+1(Aj) = Agn+1(j), O'n+1(Gj) = GUnJrl(j). (22].)



Finally, the transformation o, derived from the transformation z — 1/z:

t
t;
Oni2(Aj) = Gn+2 A;jGnio (J #n+2),
Ony2(Ania) = n—i1-2 Ly i3 Gryo, (2.22)
Tnr2(Gy) = Grin Gy (t; — VPR (j £+ 2),
On2(Gry2) = Gr_H-Qa
where
0 O
Loys = (0 0n+3) . (2.23)
The action of each oj, on the parameters 6; is given by
O'k(ej) = (ggk(j) (] = 1,,n+3) (224)

Remark 2.1 The transformations oy, (k= 1,...,n+ 2) is determined with
the following ambiguity. o, has the ambiguity for

e(lip), e(la(p+0nis)), e(mib;) (li,le,m; €Z,j=1,...,n+2) (2.25)
and 0,19 has the ambiguity for
e(lp), e(mj(p+260;) (I,m;eZ,j=1,....n+1), (2.26)
where

e (X) = exp (2miN). (2.27)

2.2 Sign change of exponents

Let Y be a fundamental solution of system (2.11). We consider the gauge
transformations

(V)= (z —t:)" %Y (k=1,...,n+2),

(2.28)
Tn+3(Y) - WY7
where
0 1
W = (1 0) . (2.29)
Each 7, acts on the parameters 0; as follows:
r(0) = (“1)6, (j=1,....n+3), (2.30)



where 0;; stands for the Kronecker’s delta, and can be lifted to transforma-
tions of the dependent variables. We describe the action of r; on the depen-
dent variables a;, b, ¢;, dj, fj, 9; (j=1,....n+2). Fork=1,...,n+2,

rie(Ar) = Ap — Oy, 1i(A;) = A (J #k), (2.31)
rk(Gr) = Gy, re(Gy) = (8 — )Gy (j # k). '
For k =n + 3,
7’”+3(Aj> = WAJVV, Tn+3(Gj) = WGJ (232)
The independent variables t; (i = 1,...,n) are invariant under the action of

each 7.

Remark 2.2 The transformations ry, (k =1,...,n+ 3) is determined with
the ambiguity for

G(ljﬂg]) (l] GZ,]: 1,,n+2) (233)

2.3 Schlesinger transformations

In this subsection, we construct the Schlesinger transformations, following

the manner of [3]. For each vector of integers u = (uy,. .., fnys) € Z"3
with g1 + ... + ppes € 27, we consider the gauge transformation
T.(Y)=R,Y, (2.34)
which acts on the parameters 60,,...,60,.3 by
T,0;)=0;—pn, (G=1...,n+3), (2.35)

where 17, is a 2 x 2 matrix of functions which are rational in the independent
variables x and ¢; (i = 1,...,n). Then, for each i, R, is determined up to
multiplication by a scalar matrix and the gauge transformation 7}, can be
lifted to a birational transformation (called the Schlesinger transformation)
of the dependent variables.

The group of the Schlesinger transformations is generated by the trans-
formations Ty, (k= 1,...,n + 2), such that

T5(0k) = 0k + 1, Tp(Ok41) = Op1 — 1, Ti(0;) = 6; (2.36)
(G=1....n+3,j#kk+1), |

and T}, 3, such that

Tn+3<0j):9j (]:1,7’L+1),

(2.37)
Toi3(0ng2) = Ono + 1, Toig(Ongs) = Opys + 1.

8



Now the action of T} on the variables a;, b;, ¢;, d;, f;,9; (G =1,....n+2)
is described as follows. For k =1,...,n+ 1,

n+2

(1 + 6k — Ori1) Ry Ry ARy,
Ty (Ag) = Apr + T + Z (b — 1)t — 5
+ =1, 7k k+1 J +1
n+2 «
Ty(A) = Ay - L0l e 5 Bl
b — iyt P (tkar — ) (L — tiyn)
R;AR R.A:R*
PR Ep— PRy
k=)t = terr) (B — )tk — thaa)

(J # k. k+1),
R:Gy GEs %2 R:GrE\G ' A;GLEy
(L+0k)(tk — tea) (B — 25)’

T (Gyr) =

be—terr o=t T,

n+2 -1
Ri.Gri1 EG AGLE
T(Grs1) = —RiGry1 — Graa By — E : (er_l 92)(7? _Jt, =
j=1. ik o)t =)
Ry, .
Tu(Gy) = | b+ ——— | G (J#k k+1).
tht1 — 15
(2.38)
where
T — trtt by,
Ry, = b
¢ = brarer T debrn (dk) (aks1 brs1),
R: = (ty — tir)) s — Ry, (2.39)

10 0 0
El_(o 0)’ EQ_(O 1)'



For k =n + 2,

Tt (An+2) =

T2 (Aj) =

Tn+2 (Gn+2> -

T2 (GJ) =

where

Rn+2 -

* JE—
Rn+2 -

For k =n + 3,

Toys3(Anyo) =

Thts(A;) =

Ry Anioby + By An o Ry o + EQ Ry
. nZH n+2A Rn+2
t;—1 7
(tj — 1) EQA]El + Rn+2AjE1 -+ EQA]'R:;+2
R, 2A; R .
—nH2775 nt2 (j#n+2), (2.40)
t;—1
Ry oGrgo + EoGhryoEy
2 Ry2GiaB1GrlyAjGrya By
DD i)
Plegr ity + Oni2)(tnia — t5)
{(tj—l)E2+Rn+2}Gj (j?én—FQ),
1 19n+3
dn _bn )
(1 - 9n+3) dn+2 ( ™ ) ( - +2)
1 bn+2 (—X* 1—6 3)
(1 - 0n+3) dn+2 dn+2 B (241)
n+2
= Z tj Cj.
j=1
Rn+3An+2E2 + ElAn+2R:<H_3 + EIR:H_:;
. HZH n+3A R
t;—1 ’
(tj — 1) E\AjEs + Ry 13AEy + ElAjR:+3
R,13A;R" )
S (j A4, (2.42)
=

Tn+3 (Gn+2) =

Th13(Gj) =

Ry 13Ghio + E1Gryo By

N f Ry3GrniaErGrtyAjGria By
Plepri) (1 + Onyo)(tnra — 1)) 7
{(t; = 1) By + Ryy3} Gy (J#n+2),

10



where

1 X
RTL = _dn bn :
- (1 + 0n+3) bn+2 (1 + 0n+3) ( +2 +2)

1 byio
e (1 + 0n+3) bn+2 (dn—‘rQ) ( + +3 ) (243)
n—+2
j=1
The independent variables t; (i = 1,...,n) are invariant under the action of

each Tj.

Remark 2.3  The group of the Schlesinger transformations generated by
Ty (k=1,...,n+ 3) is isomorphic to the root lattice Q(Cyy3) of type Cps.
The commutativity between two arbitrary Schlesinger transformations is ob-
tained from the uniqueness of the Schlesinger transformations ([3]).

11



3 7-Functions on the root lattice

In this section, we formulate the 7-functions for the Schlesinger system on the
root lattice Q(C,43) and show that they satisfy Toda equations, Hirota-Miwa
equations and bilinear equations.

For each solution of the Schlesinger system, we introduce the T-functions
T (€ Z", g + ...+ pnys € 27Z) satisfying the Pfaffian systems

dlogT, = Z T,.(H;) dt;, (3.44)
i=1
where
n+2
Hi= Y ——(wAd;+By) (i=1,....n) (3.45)

j=tgri Y

are the Hamiltonians and

1 62 + 62 S g2
B — —= 0.0, LA N =1 , A4
“ 2019] * 2(n+1) 2(n+1)(n+2) (3.46)

We also define the action of the transformations oy, 7 and 7T}, on 79, such
is consistent with the action of those on the Hamiltonians H; (i = 1,...,n).
For each p € Z™*3 with uy+. ..+ fin43 € 2Z, the action of T, on 79 is defined
by

T,(10) = 7, (3.47)

and the action of o, r; on 7, is defined by

0u(T) = Topy (B=1,...,n+2),

3.48
(1) =Tnwy (@=1,...,n+3), ( )
where
Jk(V) - (Vok(l)a ey Vak(n+3)>7 (3 49)
(V) = V1, V1, =V, Vg, - - 5 Una3)-

In the next subsection, we describe the action of the transformations oy, 7;
and 7}, on the Hamiltonians, which is obtained from the action of those on
the independent and dependent variables.

3.1 Symmetries for Hamiltonians

First, for each p € Z"*3 with

M1++“n+3€227 M%++Hi+3:27 (350)

12



we describe the action of the Schlesinger transformation 7}, on the Hamilto-
nians H; (i = 1,...,n). For each k,l = 1,...,n + 3 with k # [, we denote
the Schlesinger transformations satisfying the condition (3.50) by

Tk,l = Tek-i-ep Tk7—l = Tek—ela T—k‘,—l = T—ek—ela (351)
where
er = (1,0,0,...,0,0),
es = (0,1,0,...,0,0),
(3.52)
ens = (0,0,0,...,0,1).
We remark
Tk = Tk7_(k+1) (k' = 1, o, + 2)’ Tn+3 = Tn+27n+3, (353)
and

Ty1(0) = 0, + 1, Tya(0) =6, + 1, Ty (0;) = 0, (7 # k1),
Ty1(0k) =0 +1, Tp_(6)=60,—-1, Tp,_0;)=06; (j#k1I)
T_k,_l(Qk) =0, —1, T_k,_l(él) =60,—1, T—k,—l(ej) = Qj (] 7é k, l)

Y

(3.54)
Then, for each k,l = 1,...,n + 2, the action of the transformation 7} ; on
the Hamiltonians H; (i = 1,...,n) is described as follows:
T Hz - Hz - :
il B (ti —ti)(ti —t1)  ti—tw - i —1
n+2
AVY .
: k,l
+ op  (@#kD,
J=1j#1
n+2
trA; R n—1)(1+60,+06
Tiea(Hy) = Hy = (t —t.)(tkﬁl—t) B (2(n j—(l)(t k—t)l)
itgory e = 1)k — 1 k—t
n+2 i n+2 (355)
AV AVY:
DNy ha Dl
J=1,j#k,l Jj=L,j#k
n+2
trA; R n—1)(1+6,+6
Tua(H) = Hi= ) t—t tkﬁl th) (2 )(1 t : t .
i =) (=) (n+ 1)t — t)
n+2 —j n+2
A7 AVY:
- , Z i —t; - Z ti—t;
J=L3#k,l J=Lj#l

13



where

te — 1 bk
Ryp = - ~d; b
=t () e ),

M=oty A =2 3.56
k 2"’2(n+2)’ k 2 " 2(n+2) ( )
146, + 6,
Apy=— .
’ (n+1)(n+2)
For each k,l = 1,...,n + 2, the action of the transformation 7} _; on the
Hamiltonians H; (i = 1,...,n) is described as follows:
trA; Ry, Al A
n+2
AV
+ > o G#ERD,
j=Lj#i
Ty, —i(Hy) = Hy, gf trAiRy o (n =D+ 6 —6)
| e =) (b—t) 2(n (- 1)
a2 ' n+2 (3.57)
A; AV
D D e Do
ik Tl AT
Ty (H) = H, — nz+2 ARy (n—=1)(1+6,—6)
7 j=1,j#k,l (tl - tj)(tl - tk) 2 (n + 1)(tl — tk)
n+2 —J n+2
AL A
D D D Dl
PRy s e B ey T
where
b — 1 bk
R, j=—— "% - b
T b+ didy <dk> S (3.58)
S O [ =St ety

14



For each k,l = 1,...,n + 2, the action of the transformation 7" _; on the

Hamiltonians H; (i = 1,...,n) is described as follows:
tI‘AZ'R_k —1 Az_k A:;
T, _ Hz == Hz — :
k-1 Hi) (Gt —1)  ti—ty it
n+2
A_
X oy U#RD,
Jj= 11751

n+2

trAiR_k,_l B (n — 1)(1 — 0, — Ql)
Z (tk — &) (tk — 1) 2(n+ 1)tk — t)

T —i(Hy) = Hy —

J=1,j#k,l
n+2 n+2 (3.59)
A A g
o AP
Jj= 1J7ékl b —1,j#k b — 1
n—+2
tAZ-R__ —1)(1 -0, -0
To(H)=H — Y ! N Gl r—01)
=15kl (tr =)t — ti) 2(n+1)(t — t)
n+2 f] n+2
Ay
D D Dy
j= 1J¢kl J:l,g;él
where
tr, — 1 b
Ry = —2—1 (" )(a b)),
apby — bra; \ —ak
1—6,—6 0. 1-98 (3.60)
A= — P AN = 27k
B n + n + ’ - n +
1 2 F 2 2 2
For each k = 1,...,n + 2, the action of the transformation T} ,4s on the
Hamiltonians H; (i = 1,...,n) is described as follows:
1 dy,
k, +3( ) +t¢—tk (a+ bk)
' j=tg#i
Tt =it 3 o (i)
=LAk F T k
n+2
P e
J=Llj#k



For each k = 1,...,n + 2, the action of transformation 7}, _(,43) on the
Hamiltonians H; (i = 1,...,n) is described as follows:

1 a
Tk~ (n+3)(H;) = H; . (di +¢ —k)

(3.62)

n+2
1 a
T () = Ho+ Y ,(dﬁcj C_:)

Z Ay + Ay —(ny3)
ek T

For each £ = 1,...,n + 2, the action of the transformation 7,435 _ on the
Hamiltonians H; (i = 1,...,n) is described as follows:

1
Toys—i(H;) = H; + ( — b —)
Zfi — tk

(3.63)

n+2
a
Tovs—k(Hy) = Hi + Z 7, ( = b b—k)
J=Llj#k b k
n+2

Ajk+An+3—k
+ — —,
3 A

j=1j#k

For each & =1,...,n+ 2, the action of the transformation T_j, _,3) on the
Hamiltonians H; (i = 1,...,n) is described as follows:

1 dy,
T i3 (H;) = H; di — ;i —
k- (n+3) (H:) +ti_tk( ¢ Ck)

(3.64)

1 d
Tk~ (ny3)(Hy) = Hy, + Z - (dj —Cj —k>




For the other u € Z"*3 with 1 + ... + piu13 € 27Z, the action of T}, on the
Hamiltonians, which is not described in this paper, is similarly obtained from
the action of 7}, on the dependent variables.

Next, we describe the action of the transformations oy, (k=1,...,n+2)
and r; (I = 1,...,n + 3) on the Hamiltonians. Since the Hamiltonians H;
(¢ = 1,...,n) are invariant under the action of each o} and 7, for k', =

1,...,n+ 3 with &/ # I', we obtain

0T v (H;) = Ty (1),00 0y (Hi),
0T —v(H;) = T, i), (1) (Hi) s (3.65)
ol v (H;) = T o k), o) (H;)
and

TlTk’J’(Hi) = Tk’,l’<Hi)7 TlTk’J(Hi) = Tk’,fl(Hi)u
Ty v (H;) =Ty v (H;), 1Ty 1(H;) = Ty 1 (H;), (3.66)
rlT—k’7—l’(Hi) == T—k’,—l’(Hi)a rlT—k’,—l(Hi) = ﬂ,—k’(Hi)-

Such action of o} and r; is naturally extended to each p € Z""3 with p; +
oot fnts € 27 as follows:

O'kT,u(Hi) = Tok(#)(Hi), mTM(Hi) = TTl(u)(HZ-), (3.67)
where

(3.68)
Tl(#) = (H’l? ey =1y =My M1y - 7:un+3)'

We remark that the action of o4, and r; on the Hamiltonians T),(H;) is deter-
mined without having ambiguity.

3.2 Toda equations

In this subsection, we present the Toda equations for the Schlesinger trans-

formations Ty, (k =1,...,n + 3). We consider the Hamiltonians
n+2 n+2
~ Bi; trA; A,
H,=H,; — — = —2 (i=1,...,n). 3.69
DICIEE S N S N T

ti —t;
j=li#i ) g=lg#i !

Then from the theorem about T-quotient given in [3], we obtain the following
lemma.

17



Lemma 3.1  The Hamiltonian H, (1 =1,...,n) satisfy the following equa-
tions:

(G;;ile)m(G;;leH)Qz
(te — tryr)?
(k=1....,n+1), (370)
Ti2(Hi) + Ty (Hi) — 2 H; = 0y, 108(Grrv2)22(Grrto)22,

Tos(Hy) + T l5(H;) — 2 Hy = 0, 108(Gg2)12(Girls) o,

Tp(H;) + T (H;) — 2 H; = 8, log

where (G;) stands for the (k,1)-component of the 2 x 2-matriz G;.

We remark that the action of Ty, (k=1,...,n+3) on H; (i = 1,...,n) is
obtained from the action of those on the dependent variables. Furthermore,
we obtain the following lemma.

Lemma 3.2  The Hamiltonians H, (i = 1,...,n) satisfy the following
equations:

tI‘AkA;H_l
(tk — tg41)?

= ~ trA, A,
o, (Z(ti _ 1)H¢> %7

=1

Oy, (Hysr) = (k=1,....,n—1),

n+2 n+2

(X1 +1) (Z tH) = —trAu 1 Apio — Y Z

i=1 j=1,j7#i
N n+2 n4+2 B
— i=1 j=1,j7#1
(3.71)
where
. n n+3

Xi=)Y (ti—-1)0, Xo=) titi—1)0,. p———ZQ (3.72)

1=1 i=1

Proof The first equation of (3.71) is obtained by a direct computation. The
second equation of (3.71) is obtained by using

n N n+2 tI‘A An+1 n+2 n+2
S ti-DHi=— ) +Y 0D A4 (3.73)

i=1 j=1,j#n+1 i=1 j=1,j#i
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and

n+2 n+2 n+2 n+2
i=1 j=1,j#i i=1 j=1,j#i

The third equation of (3.71) is obtained by using (3.74),

n+1 n+2 nt2
trA; An+2 trA; A]
ZtH Z P +> ) (3.75)
1=1 j=1,j#i
and
N trA Ao
(X, +1) le %JT — —trAni Ay (3.76)
The fourth equation of (3.71) is obtained by using (3.74), (3.75) and
n+1
trd;A,
(XQ + 1) (Z t]—1+2> = 0n+3 dn+2 + 0n+2 (P + 9n+2)' (377)
=1 7
(]
From Lemma 3.1, Lemma 3.2 and the following identities:
trAyA
(Grt1Gr)z(Gy Gra) = === (k=1,....n+1),
kOk+1
dn
(Gn+2)22(G;i2)22 ) +2, (3.78)
n+2
Qn
(Guea)i2(Grita)n =
n+2
we obtain
Tw(H) + T (Hy) —2H; = 8, log Iy (k=1,...,n+3), (3.79)
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where

Iy, = atk(Hk—f—l

=1,.
Fnzétn< t—lHZ>

n n+2 n+2
Fn+1 (Xl + 1 < sz> +
i=1 5= 1]#2

yee,n—1),

n n+2 n+2

Fn+2 X2+1 <thHz
i=1 j=1,j%#i

n n+2 n+2
P = (%4 1) (zm%z S Bt bt o)

=1 j=1,j#i

nt2 (P + Onia),

(3.80)
Here we introduce the Hirota derivatives D; (i = 1,--- ,n) defined by

P(Dy,+ ,Dp)f 9= P00 )(f(s +1)gs =) [_p»  (381)

where P(Dy,---,D,) is a polynopmial in the derivations D; (i = 1,...,n).
By the definition, we obtain

’Di(;p ’ ¢ = atz(SO)w - go(?ti(d)),

3.82
DDy = D00y, (9) ¥ — 00 () B0, () — D1, (9) B0 (1) + 6 Ay, () )
and
D; @ - w
8,51. log f = R
L (3.83)

DDjp-¢y Dip-¢yDip-¢

Py vy et
Then, substituting (3.69) into (3.79), we obtain the Toda and Toda-like equa-
tions using those Hirota derivatives.

01,0, og 9t =

Theorem 3.3  For the Schlesinger transformations Ty, (k=1,...,n+3),

20



the following Toda and Toda-like equations are satisfied:

2 By k41 2
(tr — trr1)? °
(k=1,--- ,n—1),

Cy T1o(70) Tp 1 (10) = Dy Dyy1 70 - 0 —

n

O T (T()) T 1(7’0) Z (tz — ].) Dan T0 " T0 + 28tn(7'0) To — t_2 Bn,n+1 Tg,
=1 n
Cn—i—l Tn—l—l(TO n+1 T(] Z Z t DD T0 * 70
i=1 j=1

+ 2 Z (2 tz - 1) @gi (TO) T0 + 2 Bn+17n+2 Tg,

i=1
Cn+2 Tn+2(7’0 n+2 T(] Z Z t DD To: To + 2 Z t2 (9t To)
=1 j=1 =1
n+1
+2 (Qn—l—Q (P + 0n+2) + Z Bi,n+2> 7—027
j=1
Cris Trys(m0) T, n+3 (7o) ZZtlt—l )t; DD; 1 - 7'0+22t2at (70) To
=1 j=1 =1
n+1
+ 2 <9n+2 (p4Opso+0Onis) + Z Bi,nJrQ) T,
j=1
(3.84)
where
n+2 - n+2 )
_1 _AJ _ A7
Cr =k (b — i) 2 [0 — )72 [ (tega — 1))
J#k J#k+1
n+2 n+2
1
<[ T -ty 2% (k=1,...n+1),
i=1 j=1,j#i
n+1 n+2 n+2 (385)
Cri2 = Tni2 H t;—1)" Anta H H (t; — t;) Anta,- (n+3)
7=1 i=1 j=1,j7#1
n+1 n+2 n+2
Cn+3:7n+2Ht - 1) ”+2H H (ti—t;) 2 Ant2nts
j=1 i=1 j=1,j7#i
and v, (k=1,...,n+ 3) are non-zero constants.
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We note that the Toda equation for T}, is equivalent to the equation given
in [8].

Remark 3.4  Ifnon-zero constants v, (k = 1,...,n+3) do not contain the

parameters 0; (j =1,...,n+3), the non-zero constants v, (k=1,...,n+3)
are determined with the ambiguity for at most finite number of

¢ (2(n+1Zj(n+2))' (3.86)

3.3 Hirota-Miwa equations

In the following, we denote
Ter = Tki(10)y oot = Ti—i(70) (kyl=1,....,n+3, k#I). (3.87)
We first present the Hirota-Miwa equation for the following six 7-functions:
Tn+2,n+3,  Tnt+in+2,  Tnd2,—(n+1),  Tn+ln+3;  Tnt3,—(n+1), 70 (3'88)

The action of transformations T3, 11 n12, Th43,—(n+1) and T}, 42,43 on the Hamil-
tonians H; (i =1,...,n) is described as follows:

i i
trA;Rpvinye AL AL

2 (Ho) ti(t; — 1) i h—1
n+2
+ Z n+1 n+2
J=1,j#i b
1 an
T3y (Hi) = Hi+ — | di = b; s
t; bnt1
Al 2 A (3.89)
—(n+1) n+3,—(n+1)
+ti—1 +Z ti—t;
J=1j#
1 d,,
Thion+s(Hy) = Hi + —— (a; + b, 2
t;, —1 bpio
n+2
n+2 n+2 n+3
Yot 2 o
J=1j#i

By using (3.89) and

atiIOng,l:Tk,l(H» (izl,...,n, k,lzl,...,n+3, k#l), (390)
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we obtain

Tn+1n42 Tn+3,—(n+1) _  n42n+3 d b dpyo
— ¥n+1 n+1 n+lb
T0 Tn+2,n+3 n-+2
n n+2 n+2 (391)
LT T gyt
i=1 i=1 j=1,j71

2,n+3 . . 2,n+3 .
where "' T7" is a non-zero constant. Assuming that 71" do not contain

the parameters 6; (j =1,...,n + 3), the Hirota-Miwa-equation

Tn+1n+2 Tnd-3,—(n+1) = Tn+ln+3 Tnd2,—(n+1)

n n+2 n+2
= Pnt1 Ony1 H e H H (t; — t;)2CFDEF) D T0 Tn+2,n+3-
i=1 i=1 j=1,j7#i

is obtained by the action of the transformation r,,; on the both sides of
(3.91).

For the other indexies 7,5,k = 1,...,n + 3 with 4, j, K mutually distinct,
Hirota-Miwa equations are obtained in a similar way.

Theorem 3.5  For eachi,j, k=1,...,n+ 3 with i, j, k mutually distinct,
the following Hirota-Miwa equations are satisfied:

F]ijTOTi,j:Ti,ij,—k_Tj,kTi,—k (z,],kzl,,n+3), (393)
where
Fid — il g (t: — ;) :
g EURN (= ) (8 — )
n+2 n+2 n+2 .
X H lr — 1 "+1H H (t, — tg,) 20T
1=1,l#£k li=11lo=1,ls#l
) ‘ n+2 L n+2 n+2 . (394)
F;’HS = @;’Hg 0, H (t; — t) 1 H H (ty — 1;) 2P D0F2)
k=1,k#] k=11=1,l£k
- n+2 n+2
By = oatuss =)} T[T (- )7
k=11=1,l£k

and gozj is a non-zero constant which do not contain the parameters 8; (j =
1,...,n+3).
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Remark 3.6  The non-zero constants gpzj (t,75,k=1,...,n+3, i,j, k mu-
tually distinct) are determined with the ambiguity for at most finite number

of
e(ﬂn+§m+m>‘ (3.95)

3.4 Bilinear equations

In this subsection, we present the bilinear differential equations for the 7-
functions 79 and 71 = T,41042. We consider the polynomial functions in

(a,b,c,d)

n+2
j=vg#i
and
. - b .
Hi = n+1,n+2<H’£) = H,L - tI'AiRn+17n+2 + 5 (’l = 1, c. ,n). (397)
In the following, we denote R= Ryi1pnto. Foreachi=1,... n, from

~  RA(R-1L) (R-DL)AR

o (B BB ; : (3.98)
it follows that
51-(Ai) _ gf ti(t; — 1zt(tf_—t2>2t@tg +t5) (tl"Az’Aj — %Gi 9j> ;
j=1,j%i ! !
o = L (i, - o)
(Lj1wnnuy%w, (3.99)

Mtr [Aiij]Ea

J=1j#i

t(t; — 1 -
_—]t(J ; >t1‘[AZ,AJ]R (3:1,,?2,]7&2)
(Y]
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By using (3.99), we obtain

n

2 fa fa o ~
—————— {0;(H; + Hy) + (H; — H})(H; — H;
=1 2Uit; —ti — 1 {6( + )+ (H; i) J J)}
trAy(R — ) AR 1 _9\?
_ wp b
‘(t'—l) + L= 1) (tr R 2)
9 J
4 Z T t_t{(trAR 2><trAR 5)
J=Lj#i
+(t; — ) trA;(R — L) AR
— t; e A RA(R — [2)}
n+2 1

n+2

2t; — 1 1

i=1g#i

(3.100)

On the other hand, for each : = 1,...,n, we obtain

- - . AN -

1 1
—EtI‘AZA]—f—ZHZHJ (]:1,7n7j7é2),
s s S 6 S AN -
tI‘AZRA](R - ]2) = tI‘AZR - 5 tI'AjR - 5 + 5 tr [AZ, AJ]R

1 1
—§trAiAj+zl@i0j (]:1,,n,]§é1),

. ~ ~ 0\’ 0?
(3.101)
and
tr[A;, Anst| R+ trA; Anyy = 0,1 tT AR,
x| +1] r +1 1 tr (3.102)

tl"[Ai7 An+2]§ — tI‘AZ’An+2 = ‘9n+2 tI‘AZ(ﬁ - IQ)
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by direct computations. From (3.100), (3.101) and (3.102), the following
differential equations are obtained:

n

9 o~ Y
S {0+ H) + (- B)(H - )
L Dt —t —
7=1
Ot Onio \ , ~  ~ 2t —1 ~ 02 (3.103)
=(—+—= | (H;— H} H; !
( noTno1)l R oy R vy
(i=1,...,n).
For each ¢ =1, ..., n, substituting
ﬁi = (51 IOg T0 + E@’v ﬁ: = 52 lOg T1 + Tn+1,n+2<§i)7 (3104)
where

n+2 2 2 n+3
~ (t—1) [ 6%+ 6 43 g2
Bi _ z : tl(tl ) ( 4 J ZZ:]_ 91 ) , (3105)

i — 1, 2 1 2 1 2
A it 2t ) 20+ Dt )

into the equation (3.103), we obtain the bilinear differential equations for the
T-functions 75 and 7.

Theorem 3.7  The 7-functions 179 and 11 satisfy the following bilinear
equations.

n

2 * Yk 7 * 2,0 *
> 2ty —t; — t; {DiDj 707+ MDDy 7o 71} + MY Dy 7y - 7o

2t —1 : _
——ti(ti_1>5i7'0'7'1+MZ’17'0'T1:0 (z:l,...,n),

=1

(3.106)
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where

pio =) (260 1 260 + 1
7o2(n+1) t; t—1

n+2

Opn1 + 0o +1 Z ti(t; — 1)
(n+1)(n+2) tj—ty

k=1,k#j
Mi’o _ i QMJZ N 9n+1 i 9n+2

tit; —ti—t; t;  ti—1
=1
" 2MIM: 20p1+1 20000 +1Y .

J + +1 _|_ +2 MZ

o Otit; —t; — 1 t; ti—1
J=1

s 2 o202 e
Ot + Opyo + 1 ”Z“ 2t;(t; — 1)(2t; — 1)
(n+1)(n+2) Py (t; —t;)(2tit; — t; — t))

Ctiti—1) (2000 1 200+ 1Y 6?
2(n+1) t2 (t; — 1)2 4t,(t; — 1)

M* = (3.107)

and D} stands for the Hirota deriwative with respect to the derivation 0;.
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4 Garnier system

Following [1], we define the rational functions in a;, b;, ¢;, d; and ¢; by

b, )
X [a; an, y, )
pj:?(#+(tj_l)b+l_tfb+2> G=1,...,n), (4.108)
]t‘ Vi n+1 n+2

where X' = 27;2 t;b;. Then we can describe the total differential equations

for ¢; and p; (j =1,...,n).

Proposition 4.1  Ifa;, bj, ¢;, d; (j=1,...,n+2) and t; (i=1,...,n)
satisfy the Schlesinger system. Then q;, p;, x; (1,5 = 1,...,n) defined by
(4.108) satisfy the Garnier system

dg; = Z {Ki,q;} dwi,  dpy = Z {Ki,p;} d, (4.109)
i=1 i=1

with Hamiltonians
K; = Tn+3,f(n+1)(Hi) (l =1,... 7n)a (4110>

where {, } stands for the Poisson bracket

_N~ (9900 90 00
{e.0} =) (apj i apj) . (4.111)

j=1
We remark that the Hamiltonians K; (i = 1,...,n) are equivalent to (1.9)
denoting the parameters by

Ko = Ont1, K1 =0Onio, Koo =0Opy3+ 1. (4.112)

In this section, we show that the Garnier system has affine Weyl group
symmetry of type W(Bﬂg) We also show that the 7-functions for the Gar-
nier system, formulated on the root lattice Q(C),13), satisfy the relations of
three types, Toda equations, Hirota-Miwa equations and bilinear differential

equations.
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4.1 Affine Weyl group symmetries

The transformations oy, r; and 7T, given in Section 2 can be lifted to the
birational canonical transformations of variables g;, p;, z; (4,5 = 1,...,n),
which is already known in [7], [8]. In this subsection, we formurate the action
of those transformations as the realization of affine Weyl group.

Here we denote the parameter by

€1 ="0n41, €2="0n12, e3=0,13+1,

4113
€j:(9j_3 (j:4,,n+3) ( )

Then the group of symmetries for the Garnier system is generated by the

transformations s, (k = 0,...,n + 3), which act on the parameters ¢; (j =
1,...,n+ 3) as follows:
so(e1) =1 — e, so(ea) =1—¢1, solgj) =¢; (J#1,2),
Sn+3(Ents) = —€nts, Snts(gy) =€;  (J#n+3), (4.114)
5k(€5) = €0r(j) (k#0,n+ 3).

We describe the action of the transformations s, on the variables g;, p;, x;
(t,7=1,...,n). For k=0,

p-(q'p'—€'+3) 1
so(q;) = ]6211(651 n ;3) , S0(qips) = €j43 — qipj,  so(w:) = o (4.115)
where
n 1 n+3
Q1= Z apet g (1 - Z 5l> : (4.116)
=1 =1
For k =1,
qj 1
si(q) = ==, silpy) = xpy,  si(w) = —. (4.117)
ZE‘j €T;
For k = 2,
q; Li
s2(qy) = Q_za sa(pj) = (pj — Q1) Q2,  s2(w:) = o —1 (4.118)
where
Qy = Z q; — 1. (4.119)
j=1
For k = 3,
1 4
53((]1) — a7 SS(QJ) - _a (j 7é 1)7
s3(p1) = —qQ1, s3(pj) = —qip; (G # 1), (4.120)
X
33(5171) = I—l, Sn(ﬂiz) = I_1 (Z £ 1)7



&0

Figure 1: Dynkin diagram of type BSJZ?)

For k=4,...,n+2,

sk(q;) = Qoy—3(5) pr(gy) = Doy,_3(j)s sp(z;) = ZTop_s(5) (4.121)
For k =n + 3,
En+3 3
Sn n) — Pn — , Sn ) =D n),
+3(Pn) =p 0 ) =p; (G#n) (412)
sn+3(45) = 45, Sni3(Ti) = ;.

Then we obtain the following theorem.

Theorem 4.2  The birational canonical transformations sy (k =0,...,n+

3) satisfy the fundamental relations for the generators of W(B,(llld)

si=1 (k=0,...,n+3),
sps))? =1 E,1#0,1,2, |k —1] > 1),
(s =1 (k1 A0.12 k=1 > 1) s
(spsp1)° =1 (k=1,....,n+1),
(3081)2 =4 (3082)3 =1, (Sn+25n+3)4 =1
The simple affine roots of Bflllg is given by
ap=1—¢1 — ey,
Qj = &5 — &j41, (jzl,,n+2) (4124)
Qpy3 = Ents
and the action of the transformations s, on «; (j = 0,1, ...,n+3) is described

as follows. For k =0,
So(OéQ) = —Qp, 30(042) = Qo+ g, So(Oéj) = Q;y (] 7é 0, 2) (4125)
For k=1,

si(on) = —ag, si(a2) = +az, si1(ay) =a; (7#0,1). (4.126)
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O—O0—C—30—O
%] [63] Q2 [6% Gy

Figure 2: Dynkin diagram of type F 4(1)

For k = 2,
82(042) = —Qxy,
SQ(Oéj) :Oéj+a2 (]:0,1,3), (4127)
sa(ey) = a (7 #0,1,2,3).
For k=3,...,n+ 2,
Splag) = —ag, Skl =« + g, Splog—1) = Qp—1 + Oy,
k(o) k k( k1) k+1 Ky Sk(ok—1) k—1 k (4.128)
sk(oy) = oy (J#kk+1,k—1).
For k =n + 3,
Sn, Ay, = —Qpy3, Sn 079 = Qp, +2an )
+3(tn3) +3 .+3( +2) +2 +3 (4.120)
Snts(aj) = a; (j #n+2,n+3).

We note that the group generated by the transformations s, (k = 1,...,n+2)
is isomorphic to the symmetric group S,13 ([1]). We also remark that the
group generated by s, (k= 1,...,n+ 3) is isomorphic to affine Weyl group
W (B,+3). (In the case n = 1, this is remarked in [5].)

Remark 4.3  In the only casen =1 (Pyy), there is the following birational
canonical transformation:

~ €4 ~ ~
30((]) =q—- —, 30(p) =D, So(t) = t’
P (4.130)
§0(Ej):€j+§(1—81—52—€3—€4) (]:1’74)
The transformation so is generated by a composition of Sg and si,...,S4,
but sy cannot be generated by a composition of sg, S1,...,84. It follows that

the group of symmetries for the Garnier system in 1-variable contains affine
Weyl group W(Bil)). Actually, it is known that Py has affine Weyl group

symmetry of type W(Fél)). The simple affine roots of F4(1) s given by

Qg =&1 —E2, O =E3—E3, Qg =E¢E3— &y,

(4.131)
3 = &y, a4:§(1—51—52—53—54),
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and 5o, s1, ...,84 act on o (7 =0,1,...,4) as follows

So(ou) = —au, Solas) =az+ay, Solay) =q; (J #3,4),

si(a) = —ap, si(a) =ar+ag, si(a;) =aq; (J #0,1),

so(ag) = —ay, so(y) =i+, sa(y) = (1=0,2, 7 =3,4),
sz(ag) = —ag, sz(u) =i+, s3(aj) = o (1=1,3,7=1,4),
sy(ag) = —as, ss(ag) =ag +2as3, si(oy) =g + ag,

sa(oy) = o (1=1,2).

(4.132)

4.2 7-Functions

For each solution of the Garnier system, we introduce the 7-functions 7,
(v € Z"3, vy + ... + Vpy3 € 27) satisfying the Pfaffian systems

dlog7, =Y T,(K;)dt;. (4.133)
=1

From the definition of Hamiltonians K;, we can identify 7y with the 7-function
for the Schlesinger system as follows:
’7_'0 = Tn+3,—(n+1)~ (4134)

Therefore we can apply the properties of 7-functions for the Schlesinger sys-
tem to the Garnier system. For each p € Z"*3 with py + ... + pinys € 27,
the action of the birational canonical transformations s, on 7, is defined by

Sk(fu) :7_-Sk(u)7 (k:O,l,...,n+3), (4.135)
where

so(p) = (1 — pg, 1 — pa, f13, - - -y fny3),
k(i) = (Hsan)ts - Hea ) (B 7 0,n+3), (4.136)
Sn+3(:u) = (,ula c ooy M2, _Mn+3)>

and (k,k + 1) stands for the adjacent transpositions. Then we obtain the
relations which is satisfied by 7, formurated on the root lattice Q(Cp43).

Theorem 4.4  The 7-functions 7, (v € Z"", vy + ... + vy13 € 27) can
be formulated on the root lattice Q(C,,13) and satisfy the Toda equations, the
Hirota-Miwa equations and the bilinear differential equations given in Section

3.
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In the last, we present the following proposition.
Proposition 4.5  For the T7-functions
77_1,—2 — 77—81—827 77—1,3 - 77—e1+e37 77—1,—3 - 77—61—6‘3 (4137)

and Ty, the following relations are satisfied:

1
¢ =——uxi(x; — 1) 0y, log +2S (j=1,...,n),
€3 T1,-3
_ i+3 AJ+3 &
T1.—92 ZL‘]‘ AJ_Q A—l (81 —€2> S]' (4138)
D= —x:0, 1 =2 _ _
43P Y J 8 7_'0 l'j—l +IE]—1 [IZ‘j—l
(j = 17' ’n)’
where
n+2
_ zj(z; — 1) - ;i 1—2¢
S, = J AN =24 - =" 4.139
I ZIZZ# (n+1)(n+2)(z; — ;) -k 2 +2(n+1) ( )

Proof By using (4.108), (4.113) and (4.134), we can rewrite the relations
(4.138) into
n+2
tj TQen+3 2t
g = 20, log 2 7
7 O+ 17 7o jE%(H+UWﬁQXE—Q)
7-nJr?), (n+2

i, Tndd () _ 4 Ad 1) AT
4;Pj ( )at Tn+3 (nt1) —(n+2) +( ) (n+1) (4140)

)
o 9n+1 n+2 i tz
(n+1n+2 ey

Z ]

where 9 'y
A =2y Tk 4.141
" SR (n+1) ( )
Therefore we show the relations (4.140) in the following.
The action of Schlesinger transformation 7T, ,,, which act on the param-

eters 6, (j =1,...,n+ 3) as follows:

Toepis(Onis) = Oniz+2, Toe,.s(0;) =0; (j#n+3), (4.142)
on the Hamiltonians H; (i = 1,...,n) is described as follows:
by 2 2 (0nys + 1)
Toe, . (H;) = H; + (0, 1) = . (414

J=1,j#i
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From (4.143) and
8%, log T2eni3 = T29n+3 (Hz) (’l = 1, . ,TL), (4144)

the first relation of (4.140) is obtained.
The action of Schlesinger transformation T}, 13 _(n41) and T;43 _(n42) ON
the Hamiltonians H; (i = 1,...,n) is described as follows:

1 an,
Tois—m+1y(H;) = Hi+ — [ a; — b, 1
ti brt1
n+2
—(n 1 - n + en
( +1) + Z +1 +3

Y(n+2)(t; —t;)’

Jj= 1]751

. - (4.145)
Tn+3,f(n+2)(Hi) = 1 t—1 (az’ — b an)
Al ) nZH 1 =040+ 0043 '
eyt D(n+2)(t; —t;)
From (4.145) and
O, 108 Tnis— (1) = Tois—meny)(Hi)  (i=1,...,n), (4.146)
O, 108 Ty i3, —(ny2) = Tn+3,—(n+2)(H¢) (i=1,...,n),
the second relation of (4.140) is obtained. O
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