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Chapter 1

Introduction

The mathematical theory of percolation started in 1957, when Broadbent
and Hammersley[10] studied the behaviour of fluids penetrating into porous
media. Percolation theory contains many interesting problems, and at the
same time it is very powerful for studying phase transitions of various mod-
els. In this paper, we investigate limit theorems for the number of percola-
tion clusters in a finite region and the phase structure of the two-dimensional
Widom-Rowlinson model. We review related existing results.

First let us explain the Bernoulli percolation model. Consider an infinite
connected graph G = (V| E). The following types of problems are mainly
studied:

e Bond problem : Each bond e € F is independently declared to be
open with probability p and closed with probability 1 — p.

e Site problem : Each site v € V is independently declared to be open
with probability p and closed with probability 1 — p.

Let us concentrate to the bond problem for a while. We write P, for the
Bernoulli measure on {open, closed}¥. The expectation and the variance
with respect to P, are denoted by E, and vary,, respectively. The open
cluster containing v € V', denoted by C,, is the set of sites which can be
reached from v via open bonds. There is a critical probability p.(G) such
that for any v € V,

=0 if p <p.(G),
>0 if p > p(G).

PAIC,| = oo}{

The central limit theorem (CLT) for some quantities related to percola-
tion are studied by many authors (see e.g. [23] §11.6 and [17]). The CLT for



martingale differences turns out to be useful at the critical point, as in [39].
For Bernoulli bond percolation problem on the d-dimensional hypercubic
lattice Z¢ (d > 2), Zhang[65] proved a CLT for the number of open clusters
in a finite box for all p € (0,1), that is, including the case p = p.(Z%).
His proof is based on McLeish’s martingale CLT[43]. Using this method
together with the ergodic theorem, Penrose[49] proved a general CLT which
can be applied to several models.

In Chapter 2, by using the argument in [65], we study a CLT for per-
colation problems on regular trees and Sierpinski carpet lattices, where the
ergodic theorem is not available. This result is contained in

Nobuaki Sugimine and Masato Takei ; Remarks on central limit
theorems for the number of percolation clusters, to appear in
Publications of the Research Institute for Mathematical Sciences.

The Sierpinski carpet is a self-similar set. The construction is the following:
We divide a unit square into 3 x 3 smaller squares and delete the cen-
ter square. We repeat the same procedure for each of the remaining eight
squares. Then we get 82 smaller squares, and so on. This construction can
be generalized as follows: We divide a unit square into L x L smaller squares
and delete the squares not corresponding to T'C Ty = {0,--- ,L —1}2, and
repeat the same procedure for smaller squares (the Sierpinski carpet corre-
sponds to the case L =3 and T = T3\ {(1,1)}). The resulting self-similar
set is denoted by KT. We can construct an infinite graph G (C Z?) corre-
sponding to K, which is called a Sierpiriski carpet lattice (see Figure 2.1 in
section 2.1.3).

Theorem A. Let L > 3. We assume that T C T, satisfies the following
conditions:

o KT is connected,
o (i,j)eT = (j,i) €T, (i,L—1—-j)eT,

We consider Bernoulli bond percolation on Gr. Let GL = Gr N[0, L")
(with abuse of notation). The number of bonds and sites of GL are denoted
by ||GT|| and |G|, respectively. Let K, be the number of open clusters in
GT'. Then, for all p € (0,1) the following statements hold:

(i) The limits




exist and with probability one

nlLHOlO HGTH =m(p) and nlingo ]GT] = m(p).
K, - E K,
(1) ———c- £ — N(0,1) as n — oo, where £, denotes the conver-

\/var, K,
gence in law and N(0,1) denotes the standard normal distribution.
(iii) For any €1 € (0,1 —1(p)) and g2 € (0,7m(p)), there exists positive
constants o1(e1,p) and oa(ea,p) such that

K, .
lim ‘GT‘ IOgP {‘GT‘ (p) - 52} = 02(52)p)‘

n—oo

Remark. The conditions of Theorem A imply that p.(G7) < 1 (see Lemma
2.1.3 below). Our proof can be applied to some cases where p.(Gr) = 1.
For example, we can treat (a variant of) the pre-Sierpinski gasket (i.e. Gr
with 7= {0, 1}2\ {(1,1)}).

As for trees, we have the following

Theorem B. We consider the Bernoulli (site or bond) percolation problem
on (d+ 1)-trees with d > 2. Fix an arbitrary point as the origin. Let B(n)
be the sites whose distance from the origin is within n. For all p € (0,1),
the central limit theorem holds for the number of open clusters in B(n).

Next we turn to explain the Widom-Rowlinson model. In 1970, Widom
and Rowlinson[60] invented a model on R?. Lebowitz and Gallavotti[41]
introduced its lattice version, which is somewhat similar to the Ising model.
We compare these two models:

e The Ising model (one of lattice spin systems) :
There is a + spin or a — spin on each site.
A configuration where different + spin and — spin sit next to each
other is discouraged.

e The lattice Widom-Rowlinson model (one of lattice gas models) :
Each site is occupied by either a + particle or a — particle, or it is
vacant.

A configuration where a + particle and a — particle sit next to each
other is prohibited.



Let us consider these models on a graph G = (V,E). We say that
z,y € V is adjacent if {z,y} € E. Let A be a finite region. It is known
that the probability that a configuration ¢ in A appears is proportional to
exp{—0H (o)}, where H(c) is the corresponding energy to o and 5 > 0
denotes the inverse temperature. This is called the finite volume Gibbs
distribution. Energies for the above models are given as follows:

e The Ising model : For o € {—1,4+1}*, h € R,

Ho)=— >  o@oly) - holx).

z,yeN;adjacent TEA
e The Widom-Rowlinson model : for ¢ € {—1,0,4+1}*, a,h € R,

Ho)= )  Ulo(@oaly) - ) {ao(@)’ +ho(a)},

z,yeN;adjacent €A

U(s) = {oo if s = —1,

0 otherwise.

Without loss of generality, we may assume that § = 1 for the Widom-
Rowlinson model by a simple change of variables Ba — a, Bh — h.

In order to study phase transitions, we consider infinite particle systems
as an idealized version of ‘sufficiently large systems’. Probability measures
satisfying the Dobrushin-Lanford-Ruelle equation (see section 3.1), which
are called Gibbs measures, describe equilibrium states of infinite particle
systems. For example, the accumulation points of the finite volume Gibbs
distribution as A tends to the whole lattice are Gibbs measures. The set of
all Gibbs measures is non-empty, compact and convex. There may be two
cases: One case is that there is a unique Gibbs measure, and the other case
is that there are multiple Gibbs measures. Transition from unique Gibbs
measure case to multiple Gibbs measures case is called the phase transition.
At this transition point, expectations of several random variables exhibit
singularities.

On the other hand, appearance of an infinite cluster in Bernoulli site
percolation problem is a kind of phase transition, which we call the perco-
lation transition. This problem can be rephrased as follows: Each spin is
+ with probability p and — with probability 1 — p with no interaction. At
p = p¢, the character of typical configurations are dramatically changed:



H typical spin configurations ‘

P < Pe Each + cluster is finite with probability 1,
p > pe || A + cluster with infinite sites exists with probability 1
(we say that + spins ‘percolate’).

Phase transitions in the two-dimensional (2D) Ising model is closely re-
lated to the change of the geometric character of typical configurations:

‘ Ising model H typical spin configurations
[ small Both + clusters and — clusters
(unique Gibbs measure) are small
0 large The majority of spins
(multiple Gibbs measures) have the same direction.
Each Gibbs measure is characterized
by percolation of spins of same sign

Indeed, in the 2D Ising model, the critical temperature of the phase transi-
tion is equal to that of the percolation transition. This relation was proved
by Coniglio, Nappi, Peruggi and Russo[14], on the basis of the works of
Harris[30] and Miyamoto[44].

Russo[52] introduced the infinite cluster method for studying the phase
structure of the 2D Ising model. Exploiting this method, Aizenman|[1] and
Higuchi[31] independently proved the absence of the non-translationally in-
variant Gibbs states. In 2000, Georgii and Higuchi[20] simplified the proofs
of Aizenman and Higuchi. The structure of Gibbs states is described in
terms of percolation, and possible extensions, for example to the 2D antifer-
romagnetic Ising model with arbitrary external field and to the 2D hard-core
lattice gas model, are given. Although the 2D Widom-Rowlinson model is
generally thought to be similar to the 2D Ising model, the proof in [20] does
not work.

The main part of Chapter 3 is published in

Yasunari Higuchi and Masato Takei ; Some results on the phase
structure of two-dimensional Widom-Rowlinson model,
Osaka Journal of Mathematics 41-2 237-255, (2004).

We study the phase structure of the lattice Widom-Rowlinson model by us-
ing percolation method. To describe our results, we prepare some notations.
For Bernoulli site percolation on the d-dimensional hypercubic lattice, we
consider two critical probabilities: Let p.(d) be the critical probability when
we connect pairs of distinct sites with the Euclidean distance 1 and p}(d)
be the one when we connect the sites with the Euclidean distance not larger



than v/d. It is well-known that p’(d) < pe(d) and p.(2) + pi(2) = 1. Let
A =e%

Theorem C. Let d > 2. For the d-dimensional Widom-Rowlinson model, if
h =0 and X > 229 1p.(d) /(1 —p.(d)), then there exist two different extremal
Gibbs measures u;\r and py which are invariant under spatial shifts. If X >
224=1(1 — p*(d))/pi(d), then the limiting Gibbs measure with a boundary
condition in which particles of different kinds do not coexist is a convex
combination of uj and fiy .

Theorem D. For the two-dimensional Widom-Rowlinson model, if h =
0 and A > 8(1 — pi(2))/pi(2) = 8pc(2)/(1 — pc(2)), then for every Gibbs
measure p which is invariant under horizontal shifts or vertical shifts, we
have 1 = ap + (1 — a)py for some a € [0, 1].

Theorem E. For each A > 0, there ezists he = hc(\) € [0,00) such that the
set of Gibbs measures is a singleton if |h| > he(\). Especially, if there are
multiple Gibbs measures with parameter (X,0), then he(A) = 0.

Remark. It is shown up to now that the d-dimensional Widom-Rowlinson
model admits no phase transition when h = 0 and 0 < A < p.(d)/(1—pc(d)).

Acknowledgment. The author would like to thank Professor Yasunari
Higuchi for his advice and encouragement. The author also would like
to thank Professor Rahul Roy, Professor Hideki Tanemura and Professor
Masato Shinoda for discussions. Professor Munemi Miyamoto, Professor
Joushin Murai and Masaki Takeshima gave the author useful advice at the
Tuesday seminar, Statistical Mechanics in Kobe. The author thanks Nobuaki
Sugimine and Kenshi Hosaka for careful reading of the manuscript.



Chapter 2

Percolation

2.1 Bernoulli bond percolation

Let G = (V, E) be an infinite connected graph. We fix an arbitrary point
as the origin. Each bond e € E is independently declared to be open with
probability p and closed with probability 1 — p. We denote the Bernoulli
measure on {open, Closed}E by P,. The expectation, the variance and the
covariance relative to P, are denoted by FE,, var, and cov,, respectively.
The open cluster containing the origin is denoted by C. The percolation
probability 6(p) = P,(|C| = oo) is an increasing function in p, where |C|
denotes the number of vertices in C. We define the critical probability
pe(G) = pe(G, bond) = sup{p;(p) = 0}. We introduce some typical exam-
ples of graphs below.

2.1.1 d-dimensional hypercubic lattice Z?
Let d > 1. We write Z for the set of all integers, and put
Zd - {(xla"' ,.’I]d);.%'l,' I S Z}

We add edges between all pairs z,y € Z¢ with the Euclidean distance one.
We also write Z¢ for the resulting graph.

If d = 1, then no percolation occurs for p < 1. It is well-known that
pe(Z?) = 1/2 (see e.g. [23] or [33]). Generally, p.(Z9*!) < p.(Z9) for any
d > 1 ([24]). For d > 2, when p > p.(Z?) there exists the unique infinite
cluster almost surely. Periodicity under spatial shifts plays an important
role for proving these facts. So it is natural to ask when we can obtain
similar results for more general periodic graphs. A systematic investigation
of planar periodic percolation problems is found in [38].



2.1.2 (d+ 1)-regular trees T¢

This is one of graphs which we are interested in. An infinite connected graph
containing no cycles is called a tree. For an integer d > 1, let T¢ = (V¢, E9)
be the tree in which each vertex has (d 4+ 1) edges. We call this graph the
(d + 1)-regular tree. We fix an arbitrary point as the origin, denoted by
O € V<. For the Bernoulli bond percolation problem on T¢ with d > 2, It is
well-known that p.(T¢) = 1/d and there are infinitely many infinite clusters
when p € (p.(T%),1). One of the main tools for analyzing the percolation
problems on trees is the branching process argument (see e.g. [23] §10.1),
and another is the mass-transport technique (see e.g. [27]).

2.1.3 Sierpinski carpet lattices G

We are also interested in a class of pre-fractal graphs, which are lacking of
periodicity.

Generalized Sierpinski carpets. Let L > 2. For 0 < i1,i0 < L — 1, let
W(i,iz) : R? — R? be an affine map which maps [0, 1]? to [i1/L, (i1 +1)/L] x
lia/L, (ia + 1) /L], preserving the directions. For T ¢ Ty = {0,--- ,L — 1}2,
there exists a unique compact set K7 C [0,1]? such that K = U U (KT).

teT
This is called a generalized Sierpiniski carpet.

Sierpiriski carpet lattices. Hereafter we assume that (0,0) € T and K7*
is connected. Let

Ffr= |J ®,o0-00, (0,1
t1, tn€T

A sequence of graphs GL = (VI ET) (n=1,2,---) are defined by

where | - | denotes the usual Euclidean norm. The graph Gr = (Vr, Er)
which is defined by

o0 o0
ve=J VI Br=J E}
n=1 n=1

is called the Sierpinski carpet lattice corresponding to K.
We consider the bond percolation on G7. Shinoda[56] obtained a suffi-
cient condition for T' to satisfy p.(Gr) < 1.

10



Figure 2.1: The pre-Sierpinski carpet (Gr with T'= T3 \ {(1,1)}).

Theorem 2.1.1 ([56]). For T C Ty, put
T, = {i;(i,L — 1) € T}, Ty = {i; (i,0) € T,
Ti ={5:(0,j) €T}, T, ={j; (L - 1,j) € T}.
If the following conditions hold, then we have p.(Gr) < 1:
o Foranyt e T, T\ {t} is connected,
o | T,NTyl >2and |T;NT,| > 2.

However, since G is in general not periodic, it is difficult to know further
properties, e.g. whether the infinite cluster is unique or not.

Example 2.1.2. When L =3 and T = T3 \ {(1,1)}, KT is the Sierpiniski
carpet. We call corresponding G the pre-Sierpinski carpet (see Figure
2.1). By Theorem 2.1.1, we can see that p.(Gr) < 1. Using the rescaling
argument in [2], which can be applied to higher dimensional cases, Wu[63]
proved the uniqueness of the infinite cluster when p is sufficiently close to 1.

11



Figure 2.2: Sponge Gy 3 3.

From now on, we treat a class of planar Sierpinski carpet lattices, which
was considered by Kumagai[40]. We consider the following conditions for
TCTy:

KT is connected. (2.1)
(Z7])€T:>(j7Z)ET7(ZvL_l_])ET .
{(0,j;0<j<L-1}CT. (2.3)

We consider sponge percolation problems on Gp. Hereafter we sometimes
omit T and we write G, also for the graph congruent to the “original”
Gn = GT. Let Gp,1,m) be the rectangle which is defined by placing m Gy’s
horizontally and | G,,’s vertically. We also consider a dual graph G:’[Lm] of
G, jt,m) (see Figures 2.2 and 2.3. The precise definition is found in [40]). We
define the following crossing probabilities:

Qn,[l,m] (p)

= P,(there is an open crossing from the bottom to the top in G li,m)])

Q:;,[l,m] (p)

= Ppy(there is an closed crossing from the bottom to the top in Gy, ; ..1)-

Note that Q, 1. (p) +Q;, (] (p) = 1. We define the following critical points:

ps = sup{p; limsup Q,, 1 31) (p) = 0}, ps = inf{p; limsup Q;, ; 5,,(p) = 0}.

n—oo

Lemma 2.1.3 ([40]). Let L > 2. Suppose that T C Ty satisfies (2.1),
(2.2) and (2.3).
(i) We have 0 < ps < p. <pi < 1.

12



(ii) When p < ps, there exist ng € N, § < 1 and C > 0 such that

Qn0+m,[1,3L] (p) < co*" for all m > 0.

(11i) (an RSW-type lemma) For k > m > 2,
lim sup Qn,[m,m] (p) =1 <= limsup Qn,[kz,m] (p) =1,

which also holds for dual crossing probabilities.

Theorem 2.1.4 ([40]). Let L > 2. Suppose that T C Ty, satisfies (2.1),
(2.2) and (2.3). We assume that

sup{p; limsup Q,, 3191 (p) < 1} = sup{p; limsup Q,, 31,1](p) < 1}(= pg).
(2.4)

(It is noted in [40] that a sufficient condition for (2.4) is that T satisfies
(2.1), (2.2) and {(0,7),(1,7);0 < j < L —1} C T.) Then, the following
statements hold.

(i) ps = pec = ;-

(ii) 0(pc) = 0.

(iii) The uniqueness of the infinite cluster holds for p > pe.

Shinoda[55] studied the correlation length in Bernoulli bond percola-
tion on the pre-Sierpinski gasket and obtained some hyperscaling relations
involving the Hausdorff dimension of the Sierpinski gasket.

For d > 2, we can define d-dimensional Sierpinski carpet lattices corre-
sponding to T'C T¢ ={0,--- , L — 1}%.

Example 2.1.5. Let d > 2 and ~ be a positive integer strictly less than d.
Put

d

T(d77) - {(tla T 7td) € Tg7zl{tk:l} < d— ’7}
k=1

We call Gr(4,) the d-dimensional y-cavity Menger sponge lattice. Note
that G'pg,1) is the d-dimensional Sierpiriski carpet. Murai [47] studied an
asymptotic behavior of p.(Gr(q,)) as d — oo: Let ¢ = &(d) = o(1) with
ed'/? — 00 as d — oo. For sufficiently large d,

1 1+¢

201 = PelCGraq, bond) < pelGrian) site) < 57—

13



T
I
-
I
I
I
I
-
I
!

T
|

-+
|
|

T
I

T+
I
I

I |

I |

+- -

I |

! L
I | I
[ E R N |
1 | 1
1 L 1

|

4

|

|

]

|

|

|

]

|

S Ll L |

T
|
-
|
|

T T T T

| 1 | ]
=rr-rT1T-TTT7T0

| I | I

|

|

-

|

|

|
T
1
I
T
I
I
I
I
I
+
I
!
I

|
T
|
|
T
|
|
|
|
|
-
|
L
|

|
T
1
rerETTTrTTTTITIT T T TR
I
T
I
I
I
-
I
I
[ SR PR I IRV NP SR (P A [, W -
1
1
I

T L S ok |

|
T
1
I
T
I
I
I
I
I
[
I
!
I

Figure 2.3: "Dual sponge’ G 1,1]"

It is shown in [28] that p.(G,bond) < 1 is a necessary and sufficient
condition for the existence of the phase transition in the Ising model on G.
Ising models on fractal-like lattices are studied in several references. Among
them, we refer to [13], [37], [62] and [59].

For some classes of Sierpiniski carpet lattices, it is shown in [57] that
the critical probability of the oriented percolation equals 1 (for oriented
percolation problems, we refer to [23] §12.8).

2.2 Bernoulli site percolation

In the site percolation problem, each site v € V is declared to be open or
closed. Corresponding Bernoulli measure on {open, closed}"" is denoted by
Pp. A sequence p = (x1,---,x) of distinct points of V' is a (finite) path
from x; to xy if {x;,zi1} € E (i = 1,--- ,k —1). We similarly define
an infinite path p = (z1,22,--). A region C C V is said to be connected
if for any x,y € C there exists a path in C from x to y. A cluster in
S C V is a maximal connected component of S. A cluster which contains
infinitely many points is called an infinite cluster. We use the notations

14



E'p, varp, C.,0(p), pe(G,site) and so on.

Theorem 2.2.1 ([24]). Let G = (V, E) be an infinite connected graph with
countably many edges and mazimum vertex degree A < oo. The critical
probabilities of G satisfy

1

A1 < pe(G,bond) < p.(G,site) <1 — (1 — pc(G,bond))A_l.

2.3 The number of open clusters

Let us consider the Bernoulli bond percolation problem on G = (V, E). We
fix an arbitrary site as the origin. Let {B(n)} be an increasing sequence of
finite regions containing the origin. The number of open clusters in B(n) is
denoted by K, = K, (w). We can see that

1
K= 2 ta@r

z€B(n)

where C,,(z) = {y € B(n);there is an open path in B(n) from z to y}. In-
deed,

1 1
g() Cu(@)] 2 2 Co ()]

C:a cluster in B(n) x€B(n):Cy (z)=C

1
= Cl x — = K,.
>, leixg

C:a cluster in B(n)

In the site problem, we write the number of open clusters in B(n) for K.
In this case,

A 1
K, = ————1na (0 .
xe%%n) 1C())| {ICn(z)|>0}

As an analogue of this, in the bond problem we also consider

~ 1
Kn = —1 T )
me%%n) 1Cp(2)] {ICn(z)|>1}

In other words, when we regard isolated points as clusters, we denote the
number of open clusters in B(n) by K,. Otherwise we denote it by K.

15



Example 2.3.1. Let us consider Bernoulli bond percolation on trees. We
can see that

Kn = |B(n)| = lwlp@mll = 1Bl +1 = |lw|p@mll; (2.5)

where || - || denotes the number of the bonds.
When G is a regular tree, we can obtain the exact form of k(p). For
example, when G = T?,

where £ = 1/2 — p (see e.g. [23] §10.1). We can see that x”/(p) has a jump
discontinuity at p = p.(T?) = 1/2.

Example 2.3.2. We consider Bernoulli bond percolation on Z% with d > 2.
Assume that 0 < p < 1. The number of open clusters in B(n) = [-n,n]¢NZ?
is denoted by K,, = K, (w). Put x(p) = E,(|C|7!). Note that 0 < x(p) < 1.
The strong law of large numbers for K, holds:

b
| B(n)]

It is the reason why x(p) is called the number of open clusters per vertex
(see [23] §4.1 for details).

Sykes and Essam[58] derived ‘exact’ calculations of the critical probabil-
ities of some planar graphs, under the assumption that x(p) has a unique
singularity at the critical point. It is conjectured that x(p) is not thrice dif-
ferentiable at p = p.(Z?). For the site percolation on the triangular lattice,
Zhang[66] gave an affirmative answer to this conjecture.

It is widely believed that the phase transition for large d is qualitatively
similar to that of a binary tree. Yang and Zhang[64] studied the differentia-
bility of k(p) near the critical point for sufficiently large d.

K, — k(p) a.s. and in L'.

2.4 CLT for martingale differences

We quote the central limit theorem for the martingale difference array,
proved by McLeish[43].
Let (Q2,F, P) be the basic probability space. We consider a family of
random variables {X;,;j = 1,---¢n} with EXJ%n < oo and put S, =
iy Xjn. Let {Fjn;j = 1,---¢u} be a family of sub o-field of F with
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Fi—ipn C Fjn. We call {X;,} a martingale difference array with respect to
{Fjn} if Xj, is Fj,-measurable and it holds that E[X; ,|F;_1,] = 0 a.s.
for all j and n.

Theorem 2.4.1 ([43] (2.3)). Let {X;,} be a martingale difference array
with the following conditions:

 nax | Xk.n| is bounded under L?-norm, uniformly over n, (2.6)
SRXQGn

max | Xy, —= 0 as n — oo, (2.7)
1<k<qn

an
ZX,%W 2.1 as n — oo, (2.8)
k=1

where — denotes the convergence in probability. Then, it holds that Sy, £,

N(0,1) as n — oo.

2.5 CLT for the number of open clusters on trees

The uniqueness of the infinite cluster plays an important role in [65], but we
do not need the uniqueness for proving the following theorem, due to the
geometric character of trees.

Theorem 2.5.1. We consider the Bernoulli bond percolation problem on
T (d > 2). Let B(n) = {x;d(O,z) < n}, where d(-,-) denotes the graph
distance. For any p € (0,1), the central limit theorems for {K,} and {K,}
hold.

Some remarks are in order. We note that the CLT for { K, } follows from
the CLT for i.i.d. sequences, using (2.5). We can obtain the CLT for the
number of open clusters in Bernoulli site percolation by a similar proof as
for K,,. Our proof is valid for trees for which we can verify (2.11) and (2.12),
e.g. trees of bounded degree.

Our proof is based on the argument in [65]. We enumerate the elements
of B4 as ey, e, - -- according to the following rule:

Let A(n) = B(n) \ B(n — 1), where B(0) = 0.
1) If m < n, then for any e; € A(m) and e; € A(n) we have
1< 7.

2) For any i, {e1,ea,- -+ ,e;} is connected.

17



Let g, = ||B(n)||. We write Q@ = {0,1}" 3 w = (w1, ws,---). We define
o-fields Fy = {0,Q} and Fj, = ofwi, - ,wg] (kK > 1). Let f, = K,, or K,,.
Noting that f, depends only on the first ¢, coordinates, we can write

qn
o= Epfa =Y _ABplfal Fi] = Eplful Fral} -

k=1
Let Agpn = EpfulFr] — EplfalFr—1] (1 < k < @n). These are martingale
an
differences : E,[Agn|Fr—1] = 0. This implies that var,f, = ZEpAi,n'
k=1

Thus we have

n -k n I A n
M = ZX’““ where X}, ,, = ud

\/ INq 2
varp fn k=1 he1 EPAk,n

Since Ay, ,,(w) is Fi-measurable, we regard Ay, ,(w) as a function of the first
k coordinates of w. We have

App(wi, - wp—1,q)

= Z 5kfn(w17 7wk717a7w;g+17”' 7("‘-)2”)
Whpr 7 Wa, =0,1
X PP{(warlv T 7qu) = (w;chlv T 7w¢/1n)}7

where a € {0,1} and

6kfn(w17 L, Wk—1, avw;g+17 T 7w(,]n) (29)
=p' (1 = p)* {fulwr, W1, 0 Whyy, W)
_fn(wla'” 7wk*171_a7w;€+17.” ’w‘,]n)}

We will check that {X},,} satisfy the conditions (2.6)-(2.8) of Theorem
2.4.1. To verify the conditions (2.6) and (2.7), it is sufficient to check (2.10)
and (2.11):

There exists M > 0 such that |Ay ,| < M for all n and k. (2.10)
an

There exists ¢ = o(p) > 0 such that Z EpAz,n > ogqy for all n.  (2.11)
k=1

To prove (2.8), we have only to show that

1‘1n

— > (A%, — ByA},) = 0asn — oo, (2.12)
qn k:1 b b
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thanks to (2.11). This says that the weak law of large numbers for {Aim}
implies the central limit theorem for {X} ,}.

Proof of Theorem 2.5.1. We consider the case f,, = K, only. Since { }in
RHS of (2.9) is the difference of K,, caused by changing only the state of ey,
we can see that |6, K,| < 1 and |A,| < 1, which proves (2.10).

Next we prove (2.11) (our method is similar to the proof of (3.5) in [15]).
Fix an integer k € {1,2,---,q,}. We denote the set of the indices of edges
which contain at least one endpoint of e; by N(ey). Let

D(k):{w:(wlj-.- 7wk);wi:1f()rieN(ek)ﬂ{L... 7]{;_1} and wkIO},
D'(k) ={w = Wy, wy, );wi=1fori € N(ex) N{k+1, -+ ,gn}}.

an
Noting that T? has no cycles and {ey,--- ,ex} is connected, we can see that
5k‘-kn(wl7 e )wk‘7w]/g+17 e ,w;n) 2 0if w S D(k)

and 0, K, (w1, - - - s Whs Wiy 15 Wy, ) = p if w € D(k) and o’ € D'(k). For
any w € D(k),

Ak,n(wla T ,Wk) > Z pPP{(warl? T 7w(In) = (w;c+17 T 7w(,]n)}
W ED (k)

>p-p*i(1—p) =p*(1 -

).

Thus we have

EpAf 2 Bp[{Apn(wi, - wi)}? D(k)]
> (PP A=)y =M (1 - p)® = o (p).

Finally we verify (2.12). We write e = (z1(e), z2(e)) when d(O, z1(e)) <
d(O,x5(e)). For ej,es € E, let d(ej,e2) = 'nii{le(:m(el),a:j(eg)). Since

5J )

there are no cycles on T%, we can see that 83K, depends only on the state of
N(eg). So Ay and Aj, are independent if d(e;, e;) > 1. Now (2.12) easily
follows from Chebyshev’s inequality. [l

2.6 LLN for the number of open clusters
on Sierpinski carpet lattices

Theorem 2.6.1. We consider Bernoulli bond percolation on a Sierpiriski
carpet lattice Gp. We assume that T satisfies (2.1), (2.2) and (2.3). Let
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B(n) = GT (with abuse of notation). For all p € [0,1], the limit m(p) =

lim —2— exists and
n—oo || B(n)||

lim Kn
n—oo || B(n)|

=m(p) a.s.

For the proof, we prepare some notations. For x = (z1,z2) € Zi =
{0,1,2,---}2, we define GT (z) = (V.1 (2), EL (z)) with

V() = Ve {[z L™, (21 + 1)L™] x [2oL™, (22 + 1)L™]},
E}(z) = {(u,v) € Erju,v € V[ (2)}.

Let m < n. For e € Er, let z,,(e) = (2(e), 25 (e)) € Z2 be such that e
belongs to GL (e) = GL (z,,(e)). For z = (z1,32) € Z2, let ||z||1 = |x1|+]|z2]
and ||z||cc = max{|x1|,|z2|}. When we regard G,, as a union of G,,’s, we
often index these G,,’s by T"~"". For fixed m, we identify an element of
T"=™ as that of Zi in obvious fashion.

For a region S of Gp, the border points of S is defined by the inner
boundary sites when we regard S as a subset of Z2. For m > 0, int G,
denotes the graph obtained by deleting the border points of G, and the
edges connecting them. For m > [ > 0, let

0,Gm ={Gi(z) : xz € 7™ G\(z) contains some of border points of G, }
(see Figure 2.4). We often use the following facts.

Lemma 2.6.2. We assume that T satisfies (2.1), (2.2) and (2.3).
(i) For m >1>0, ||Gp|| > [T]™" x || int Gy].
(1) || int G ||/||Gml|] — 1 as m — oo.
101G 145
(i) sup
i>1 |Gl
Proof. (i) is obvious. By (2.3), we have |T| > 4(L — 1) and || int G4|| > 4L.
Noting that ||int G| = ||Gm|| — 4L™ and ||Gp|] > {4(L — 1)} 1 4L, we
can prove (ii). Using (i) and (ii), we have

— 0 asj— o0.

01Gi AL —1
Sup” 1Gryll < ( )‘Sup _||Gl||
>1 |Gyl {4(L = 1)} 1>71 [|int Gy|

which proves (iii). O

— 0 as j — oo,

Noting that |int G| = |G| — 4L! and |int G1| > 4(L — 2), we obtain the
following
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Figure 2.4: The shaded region indicates 0,Gs.

Corollary 2.6.3. We assume that T satisfies (2.1), (2.2) and (2.3).

(i) For m > 1> 0, |G| > |T|™ " x |int G].

(i) | int G| /|G| — 1 as m — oo.
Proof of Theorem 2.6.1. We generalize the definition of K.

For a finite

subgraph S of G, K(S) denotes the number of open clusters in S. Note

that K(Sl U Sy

E,K,, for any x € T"™™, we

)

z

(

|T|"~™E,K,,. Dividing by gy

2.6.2 (i), we can see that

Suppose that n > m > 0. Noting that

GT

) + K(S2).
and E, K (

< K(S,
Gh(x))

(

)
K

K.< ).

reTn—m

have EPK n

||B(n)|| and using Lemma

<

4m
[|int B(m)]|

am

K
 [[int B(m)]|

an

an

)

|T|~"/*}. Noting that |A? | < 1, we

>

{I(Kn = EpKn)/anl

Let E,, =

This implies the existence of the limit of E,K,/qy.
have

2
EPAk,n < —.
gn

an
=1

B var, K, 1
& df

;

an

Kn - EpKn

(
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It follows from Chebyshev’s inequality and Lemma 2.6.2 (i) that

1 7|/ 1
P(E,) <|T|"?. = < = .
( TL) = ‘ ’ In — 4L|T’”_1 4L|T’”/2_1

By Borel-Cantelli’s lemma, we can show the almost sure convergence of
K, /qn. O

Noting that |B(n)| < 2g,, we can prove the following theorem in a similar
manner.

Theorem 2.6.4. We consider Bernoulli bond percolation on a Sierpinski
carpet lattice Gp. We assume that T satisfies (2.1), (2.2) and (2.3). For

all p € [0, 1], the limit m(p) = lim —2—" exists and
n—oo |B(n)]

. Ky
im
n—oo |B(n)]

=1(p) a.s.

2.7 CLT for the number of open clusters
on Sierpinski carpet lattices

Theorem 2.7.1. We consider Bernoulli bond percolation on a Sierpiriski
carpet lattice Gp. We assume that T satisfies (2.1), (2.2) and (2.3). Let
B(n) = GT. We can prove the CLT for {K,} for p € (0,1)\ [ps,p:].
Moreover, if (2.4) is satisfied, then the CLT for {K,} holds for all p € (0, 1).

We remark that similar results can be proved for {K,}.

Let L > 2. Fix T C T which satisfies (2.1), (2.2) and (2.3). In the
same way as in section 2.5, we define Er = {e1,e2, - }, qn, {Fr}, Ag,n and
X )

We can easily check the condition (2.10) for f,, = K, or K,, as in section
2.5. While we can verify (2.11) for K, by using the FKG inequality as in [65],
we cannot apply this method to K. So we prove (2.11) for K,, by the same
argument as in section 2.5. Fix an integer k € {1,2,---,¢,}. Let N(ey) =
{i € {1,2,--+ ,qn};e; € EL\ N(eg) and e; Ne; # () for some j € N(ex)}.
Note that ||N(eg)|| < 7 and ||N(ex)|] < 16. We modify the definitions of
D(k) and D'(k):

_ _ wj=1forie N(ep)N{1, - ,k—1},w, =0,
D(k)_{“’_(wl’ W) —0forje N(ew) N L E—1} [

/_ ) ..
D/(k) — {w’ _ (W;c—i-h'” 7‘*):1”)' w,=1forie N(ex) N{k+1, 7Qn},}‘

’w}:OfoerN(ek)ﬂ{k"Flf”aQn}
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Figure 2.5: The thick-lined box is G{,(e).

Now we can prove (2.11) for K,, along the same line as in section 2.5.

The condition (2.12) will be checked in the following three subsections.
We shall give a proof only for K,. Almost the same proof works for K,.
2.7.1 Subcritical regime : p < p;

Let n > m. We define G%n(e) = (V%n(e), E;,Qn(e)) by
Vi (€)
=V, N {[(z"(e) = 1)L™, (2{"(e) + 2)L™] x [(25'(e) = L™, (5" (e) +2)L™]},
Epn(e) = {(u,v) € Eqsu,v € Vip(e)}
(see Figure 2.5). The (inner) boundary of Gf, , (e) is defined by
{ue ‘_/nan(e); (u,v) € Erp for some v € VI \ VWTL’n(e)} .
For e € EL| let

each endpoints of edge e belong to
D(e,m,n) = different open clusters in G, ,,(e)
which are connected to the boundary of G, ,(e)
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Noting that P,(D(e,m,n)) < 4Q,, 1,3, we can see the following by Lemma
2.1.3(id).

Lemma 2.7.2. If p < ps, then for given € > 0 we can toke a sufficiently
large mo such that Py(D(e,m,n)) < ¢ for alln >m > mg and e € EL.

Now we prove Theorem 2.7.1 for p < ps. We shall verify (2.12). Fix
e > 0. We take sufficiently large m so that the statement of Lemma 2.7.2
holds. Let n > m. We compare Ay, with A;w = mA%ﬂ = Ak nlD(ep,mmn)e-
We have

1 |an ) )
T Z(Ak,n_EPAk,n)
In |1
1 qn 1 dn
< — Z{Az,n_( ;c,n)2} +— Z{( ;c,n)z_Ep( ;c,n)Q}
n |2 ™ k=1
1 qn
t D AEN(ALL)? = EpA7 L} = St + Su + St
" k=1

Noting that [Ag,| <1 and E,|Ag, — A | < Py(D(ex, m,n)), we have

1 qn
Ep(S1) < o > Bl Agpn + AL Ak — ALl
" k=1
1
< —qp-2-e=2e.
dn
1 qn
Similarly, we have E,(Syyp) < py D E[(AL )P — ARl < 2.
" k=1

Next we show that Ep(S%I) — 0 as n — oo. To this end, we shall prove
A}, depends on the states of the edges in G, (i), so that A}, and A%
are independent if ||z,,(e;) — z,,(e;)||c > 3. We split D(e;,m,n)¢ into two
disjoint events:

Gles,m,n) = in G, ,(e;), endpoints of e; is connected to each other
A by an open path not traversing e; ’
each endpoints of edge e; belong to different
H(e;,m,n) = < open clusters, but not both of these clusters are

connected to the boundary of G7,, ,,(e;)
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When G(e;, m,n) occurs, the number of open clusters are independent of
the state of e;. Hence 6;Knlg(e;mmn) = 0. On the other hand, we can see
that

—(1—-p) ifw =1,

0i K 1pr(e, =
143in H(el,m,n) {p lf w; = 0

Thus Afm is measurable with respect to the states of edges in @;{%n(ei). Now
we have
dn Q4n

1
EP(S%I) = q_Q Z Z CoVp ((A;,n)2’ (A;,n)2)
n =1 j=1
qTL
S%Z > 4§i2qn-49-4:@.

4n

‘ . q
=1 ji|z,, ()~ 2, (€)oo <3 n "

Using Markov’s and Chebyshev’s inequalities, we can prove (2.12). This
completes the proof.

2.7.2 Critical regime : p € [p,, p]

Once we prove the following lemma, we can obtain the CLT for p € [p, p¥]
by the same argument as in the preceding subsection.

Lemma 2.7.3. We assume that (2.4) holds. If p < p%, then for given e >0
we can take a sufficiently large mq such that P,(D(e,m,n)) < e for all
n>m >mg ande € EL.

Proof. Since T = Ty (i.e. Gp = Z?) is the only case that T C T satisfies
(2.1), (2.2) and (2.3), we consider the case L > 3. Using the duality equation,
(2.4) and Lemma 2.1.3(iii), we can prove that there exists a positive constant
6 such that Q;‘%BLJ] > ¢ for all n. For e € Ep and i > 1, let D;(e) be the
union of four G;’s (or L* x L' holes), which are connected to the corner
closest to e among the corners of G7 (e). Let A;(e) be G;—1’s (or Li=! x L~}
holes) which contain the border points of D;(e). Note that for all i there is
an dual closed circuit in A4;(e) with probability > §*. We take mg such that
(1 —6%)mo < e. For m > my, we have

PP(D(e’ m, TL))
<P, ﬂ {there is no dual closed circuit in A;(e)}

i=2,- ,mo+1
<(1—6Hm <e.
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This completes the proof. ]

2.7.3 Supercritical regime : p > p;}

First we note that by Lemma 2.6.2, for given n > 0 we can find jp such that
101G 14511/]|int Gy]| < foralll > 1 and j > jo.

Lemma 2.7.4. Suppose that p > p%. For fized j, we have
a(l) = a(l,p) = P,(there exists an open circuit in 0)G4;) — 1 as | — oo.

Proof. By the FKG inequality, we have

a(p) 2 [Quiw )" = {Qup ()], where Nj = 2[(L7 +1)/3] - 1.

Since lim sup Q; (3.1](p) = 1 for p > pg, we get the conclusion. O
l—o0

Now we check (2.12). We fix an integer [. Suppose that n > m >

l + jo. We regard B(n) = GL as U GT (z). For z € T" ™, let 1(x)
zeT’nfm

be the indicator function of {there exists an open circuit in 9,Gy,(z)}. Let
Sy = A%JT — EpAi,n and S, = Sil(z,,(ex)). Note that |Sg| < |Sk| < 1
and [E,Sil = [Ey(Sk — S0l = 1Byl — lzn(en)| < 1 all). For
i,k e {1,2,---,q,}, we have

Ep[SiSk] = Ep[SiSk] + Ep[Si(Sk — Sk)] + Ep[Sk(Si — Si)]
< Ep[SiSi] +2(1 — a(l)).

Let U(n) = U 0,G (). Note that by the choice of m and Lemma 2.6.2

U< > [aGu@l < Y allintGun(@)ll < n4n.

reTn—m zeTn—m

Let I, = {(i,k);1 < i,k < ¢} and I, = {(i,k); ei er ¢ U(n) and ||z,,(e;) —
z,,,(ex)|[1 > 2}. Note that |1, \ In| < 2¢,[|U ()| + an - 5qm < 2045 + 5¢mdn.-

By the same argument as in section 2.7.1, we can see that if (i,k) € I, then
S; and Sy, are independent and E,[S;Sy] = E,[Si|Ep[Sk] < (1—a(l))?. Thus
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)
(]
S
=
=
N

< q% (!fnl (L= a)? + I\ L] -1+ 2 -2(1 - a(z)))

<(1—a(l)?+ (2n - 5q—m> +2(1 — a(l)).

n

For fixed [ and m we have

qn 2
lim sup — E, {Z(A%’n - EpAi,n)} < (1—a()?+27+2(1 - a(l).

n—oo (p —1

Letting n \, 0 and | — oo, we get the desired result by Lemma 2.7.4.

2.7.4 Some extensions

Our proof of the above CLT for p € (0,ps) is based on the fact that
Qn,,3(p) — 0 as n — oo (see section 2.7.1). Even if T' does not satisfy
(2.1), (2.2) or (2.3), we obtain the CLT for p when we can show that suit-
able analogues of Q,, [13](p) — 0 as n — co. We give some examples.

Example 2.7.5. When L =2 and T = T2 \ {(1,1)}, K7 is the Sierpinski
gasket. We call corresponding G'r (a variant of) the pre-Sierpinski gasket.
Since KT is a finitely-ramified fractal, it is easily checked that p.(Gr) = 1.
Since T' has a reflection symmetry and @, [ 3 (p) — 0 as n — o0, we can
prove the CLT for p € (0,1) by using the argument in section 2.7.1.

Example 2.7.6. Let L =2l + 1 with [ > 1 and
T={(0,4),(L—=1,4),(5,1);0<j <L -1}

Since T is anisotropic, we have to consider both left-right and top-bottom
crossing probabilities. While K7 is an infinitely-ramified fractal, it is known
that these crossing probabilities tend to zero as n — oo (see [40] and [56]).
Thus we can obtain the CLT for p € (0,1).

2.8 Large deviations for the number of open clus-
ters on Sierpinski carpet lattices

We derive large deviation estimates for K, using a slight modification of
the argument in [65].
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Theorem 2.8.1 (Azuma-Hoeffding’s inequality). (c¢f. [3/, [25] §12.2,
[61] Ezercise 14.2) Let {My} be a martingale with My = 0 and |My —
Mi_q| <cx(k>1) a.s. For any x >0, we have

2
x
Pisup M > xp <exp <—7) .
{kén } 23 <k
Proof. Fix § € R. Since {M}} is a martingale and x — e””" is convex, we
can see that {e?Mk} is a submartingale. By Doob-Kolmogorov’s inequality,

we have
E[e/Mn
PisupMy >z, <P supeeM’“Zeex < [Hm ]
k<n k<n €

Ox

To estimate E[e?»], we use the following lemma.

Lemma 2.8.2. Let Y be a random variable with E[Y]| =0 and |Y| < ¢ a.s.
It holds that

E[e?"] < cosh(fc) < exp G(ec)?) .

Ox

Proof of Lemma. Since x — %" is convex, for y € [—c¢, (|

6’y<c_y —0c , 1Y 6’021(6’0 —90) E(QC_ —90)
e ¢ T @ T2\ e ) e e e

= cosh(fc) + %sinh(@c).

Thus we have
Y

E’Y]1<E [cosh(ﬁc) + = sinh(@c)]

sinh(fc)

= cosh(fc) +
c

E[Y] = cosh(fc).

The second inequality follows from

1 x —x 1 - xk (_x)k
COShI’ZE(C +e ):§Z{ﬁ+ %! }

0 x2k & = (:C2)k
:kzzo(zk)! :];OQk-(Qk—l)---(kJrl)-k!
L (x?)F B 1
= kzzo ok 1~ P (5562)
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By this lemma, we can see that E[e?Mr—Mi-0)| 7, 1] < €%/ as. for
k=1,2,---. We have

E[eeMn] — E[eeMn_lee(Mnan_ﬂ] — E[eeMn_lE[ee(Mn*Mn—l)|fn_1]]
E[eeMn_l]eQQC%/Q

<o < exp 52% .

k=1

IN

IN

This estimate gives that
0%
Pisup My >z p <exp EZci — 0z
k=1

k<n
n 2 2 2
= exp L:k:l % <9 — nx 2) — i 3 (-
2 D k=1 22 k=1

Letting 6 = z/(3>_j_; c¢2), we can get the best estimate. ]

Theorem 2.8.3. (c¢f. [65] Theorem 3) We consider Bernoulli bond perco-
lation on G, where T satisfies (2.1), (2.2) and (2.3). For all p € (0,1),
there exists a positive constant Cy such that

K, - E,K, _
R{FE 2 e s

Proof. Let Yy, = Ep[K,|Fi] — EpK,,. Noting that {Y}} is a martingale with
Yo = Ep[Kn|}—O] - EpKn =0, ’Yk - Yk—1| = ’Ak,n’ <1as,
it follows from Azuma-Hoeffding’s inequality that

PAY,, = K, — E,Kp, > x\/qn}

2
< P, sup Y > x/qn Sexp{—%}:exp (—xQ).
k<qn jet 1

A similar argument for {—Yj} gives that

P{-Y, = —(K, - E,K,) > 2/qn} < exp (—2?).
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Theorem 2.8.4 (Large deviations for K,). (c¢f. [65] Theorem 2) We
consider Bernoulli bond percolation on a Sierpinski carpet lattice Gp. We
assume that T satisfies (2.1), (2.2) and (2.3). Let p € (0,1).

(i) There exists a positive constant o1(e,p) such that for all e € (0,1 —

m(p)),
. -1 K, .
o e { iy 2 70+ = o)

(ii) There exists a positive constant oz (g, p) such that for alle € (0,m(p)),

n

Jim ﬁi)’ log P, {m < m(p) — 6} = 03(¢,p)-

Proof. We prove (ii) first. Let S; and Sy be subgraphs of G such that S;
and Sy are edge-disjoint. Since K (S7) and K (S2) are mutually independent,
we have

Py {K(S1U S2) < [S1US|(m(p) —€)}

> Pp{K(S1) + K(S2) < [S1| + |S2[(m(p) — &)}

> By{K(51) < [S1](m(p) —€), K(S2) < [S2|(rn(p) —€)}

= Py{K(51) < [S1](m(p) — )} Pp{ K (S2) < [S2|(m(p) — )}
Let n > m. We can see that

Py{Kn <|B(n)|((p) — &)} = Pp{Kpm < [B(m)|(ri(p) — )}

Noting that if all bonds in S are open, then K(S) =1 and 1 < |S|(m(p) —¢)
for e < m(p) and sufficiently large |S|, we have P,{K(S) < |[S|((p) —¢)} >
plISIl. We can see that

—log P {K,y < |B(n)|(rv(p) —€)}

|B(n)
< ZIT[" ™ log Pp{ K < [B(m)|(m(p) —€)}
- |B(n)|
< Zlog Pp{Km < [B(m)|(m(p) — )}
- | int B(m)| ’

where we used Corollary 2.6.3(i). By Corollary 2.6.3(ii), we have

o =108 P < (B lp) — o)}
msu B(n)|

 log Py{Km < |B(m)|((0) — o)}

= Dninf B(m)] |
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So we set

o2(e,p) = lim

-1 N
Jim e SOE (K < |B(n)|(0n(p) —2)} < oo,

By the definition of m(p), we have
((p) — ¢/2)|B(n)| < EpK, < (i(p) +¢/2)|B(n)]
for sufficiently large n. By Theorem 2.8.3, we have
Bp{ Ky < [B(n)|(m(p) —€)}
< Py {|Kn — B, K| > S|B(0)| }

< 2exp { - (c[B(n)|/(2van))} < 2exp (—=2|B(n)|/16),

where we used ¢, < 4/B(n)|. This implies that o2(e, p) > 0.
Next we prove (i). Let S; and Sy be subgraphs of G such that S; and
Sy are edge-disjoint. Put V(S1) = {all edges in 0S; are closed}, where 051
denotes the edge boundary of S;. Noting that K (S US2) = K(S1)+ K(S2)
on V(S1), we have
Py{K (51U S2) = |S1 U Sa|(n(p) +€)}
> P{K(S1U S3) = [S1 U Ss|((p) +¢), V(S1)}
> P{K(51) > [S1](m(p) + €), K(S2) > |S2|((p) + ), V(S1)}
> Pp{K(S1) 2 |S1|(iu(p) + &)} P { K (S2) = |Sa] (rlp) + &)} (1 — p) 1?51,
In the last inequality, we used the FKG inequality since V' (S7) and {K(S;) >
|S;|(m(p) + &)} (i = 1,2) are decreasing events.
Let n > m. We can see that
Po{Kn = |B(n)|(m(p) +€)}
> Py{ K = [B(m)|((p) + &) }IT1" - {(1 = p) 0PI IT,

Noting that if all bonds in S are closed, then K(S) = |S| and |S| >
|S|(m(p) + ¢) for e < 1 — m(p), we have P,{K(S) > |S|("(p) +¢)} >
(1 —p)l¥ll. By Corollary 2.6.3, we can see that
—log P{Ky > |B(n)|(m(p) +¢)}
| B(n)]

—[T]"" "™ log BpiKm = | B(m)|(iu(p) +2)} | —|T""™[[0B(m)]|[log(l — p)
- |B(n)] [B(n)]

—log Pp{Kin = |B(m)|(m(p) +¢)} | —4[0B(m)|log(1 — p)
- | int B(m)| |int B(m)| ’
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and

ey ~198 Poln > [B)n(p) + <)
oo |B(n)|
.. .—log P,{K,, > |B(m)|(m(p) +¢)}
< lim inf B(m)| '

So we set

Ti(ep) = Jim o lon By{I > [B(m)](in(p) +2)} < +oc.

As before, for sufficiently large n, it follows from Theorem 2.8.3 that

Pp{EKn = [B(n)|((p) + )}
<P, {\Kn — EpK,| > %\B(n)\}

< 2exp { - (c|B(n)|/(2/a))* } < 2exp (~£2| B(n)|/16)

This implies that o1(e,p) > 0.
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Chapter 3

Widom-Rowlinson models

3.1 Definition of the model

We define the Widom-Rowlinson model on an infinite connected graph G =
(V,E). We write x ~ y if z,y € V are adjacent, namely {z,y} € E. Let Q =
{—1,0,+1}" be the configuration space with product topology. The Borel
o-algebra of €2 is denoted by F. For A C V, we consider Q5 = {—1,0, —l—l}A
and its Borel o-algebra Fy. A configuration w € 2 is said to be feasible if
w(r)w(y) # —1 for all adjacent z,y € A. We write A CC V if A is a finite
subset of V. For A CC V and a feasible boundary condition w € €2, the
finite volume Gibbs distribution iy , j, is defined by

w 1 o\x (X
PR AR(0) = ZA W L s sw:feasible} H A7 ehole) (0 € Q).
37\ TEA

Here A > 0 is a parameter called activity, and h € R is a parameter which
plays a similar role as the external field in the Ising model. The normalizing
constant Zy , , is called the partition function. The configuration o xw € §2
is defined by

o(z) ifxzeA,

(

S {w(m) if x € A
)
)

A probability measure p on (€2, F) which satisfies the DLR equation
([ Fae) (w) = pian() praaw (ACcCV)

is said to be a Gibbs measure with parameter (A, h). The set of all Gibbs
measures with parameter (A, h) is denoted by G(\, h). It is well-known that

33



G(A, h) is a non-empty compact convex set. We write Gex(\, h) for the set
of all extremal Gibbs measures.

3.2 Basic properties of Gibbs measures

Let us consider the Widom-Rowlinson model on a graph G = (V, E). For
w,w' € Qand A CV, we write w =’ on [off] Aifw(z) =w'(x) forallz € A
[z € A°]. Let OA and 0~ A be outer and inner boundaries of A, respectively:

OA ={y ¢ A;y ~ x for some x € A},
O A={x e Ajy~uzforsomey¢A}.

A cylinder function is a function which is Fa-measurable for some A CC
V. For a cylinder function f, supp f denotes the smallest A such that f is
Fa-measurable, i.e.

supp f = ﬂ{A CC V; f is Fa-measurable}.

An event F is called a cylinder event if its indicator function 1g is a cylinder
function.

3.2.1 Strong Markov property

By definition, pj , ;, enjoys the Markov property, namely xf ) , (o) depends
only on the values of w on OA. Moreover we can state the strong Markov
property as follows. Let u € G(A, h). We say that a random subset I" of V
is determined from outside if {I' = A} € Fpe for any A CC V. We consider
a o-algebra

Fre ={A e F;An{l = A} € Fje for any A CC V'}.

Lemma 3.2.1 (Strong Markov property). Each Gibbs measure p en-
joys the strong Markov property: If I' is finite p-a.s. and determined from
outside, then

p (| Fre) (W) = pfyan(t)  pra.aw.

Remark 3.2.2. Let A be a cylinder event. If I'(w) = 0, then we set
/ff’(w)(A) = 1la(w). If I'(w) contains infinitely many points, then we set

N‘fj(w) (A) = n(A).

The proof is elementary and we omit it.
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3.2.2 Stochastic domination

First we state the Holley-FKG inequality for rather general settings.

Let A be a finite set and S be a finite subset of R. We set QA = SA.
For 0,0’ € Qu, we write 0 < o' if o(z) < o’(z) for all z € A. We say
o ~ o' if there exists x € A such that o(z) # o/(z) and 0 = ¢’ off x. Let
11, 1 be probability measures on Qx. We write p < g/ if p(f) < p/(f) for
any increasing function f on Q4. For a probability measure L on Qa, we
define Q% = {0 € Qa;u(0) > 0}. We say that u is nice if there exists
M = M(u) € Qf such that 0 < M for all ¢ € Q. We can define the
connectedness of a subset of Q with respect to the relation ~. We call
irreducible if QO is connected in this sense.

Theorem 3.2.3.

(i) (Holley’s inequality) Let u, 1/ be nice and irreducible probability mea-
sures. In addition we assume that M (p) < M(p'). If for any x € A, a € S,
n,n € QA\{I} such thatn <n', uloc =n off ) > 0 and /(o =1’ off x) > 0,

(o(@) > alo =1 off 2) < f(o(x) > alo =1 off 2)

holds, then u < u'.
(i) (the FKG inequality) Let p be a nice and irreducible probability mea-
sure on Q. If for any x € A, a € S, n,n" € Qp\(ay such that n < 7',

p(o=n off ) >0 and u(oc =n' off x) > 0,
wo(a) > alo = off 2) < (o(x) > alo = of off )

is satisfied, then p has positive correlations, i.e. u(fg) > u(f)u(g) holds for
increasing functions f,g on Qp.

The proof of this theorem is obtained by a slight modification of the
argument in [19] §4.2.

Now we return to the Widom-Rowlinson model. For w,w’ € Q, we write
w < W if w(x) < () for all x € V, regarding {—1,0,+1} C R. Let u
and v be probability measures on (2, F). We say p < v if u(f) < v(f) for
any increasing cylinder function f on 2. The finite Gibbs distribution in
A cC V with the boundary condition w = +1 (resp. 0, —1) is denoted by

P (FOSD- IR 5 o Ay )
Lemma 3.2.4. The finite Gibbs distributions have following properties:
(i) The FKG inequality holds for IR -
(i1) W5 an < HEap if w S .
(i18) p§ g < MR R < I
(i) If A C A, then “j\_,/\,h > “X,A,h and “X,/\,h < “Z,A,h'
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Proof. We can see that the set of feasible configurations is connected, i.e.
KR p, is irreducible. It is clear that both uf , ;, and M‘K/ ., are nice. Indeed,

w 0 on{zred Aw(y)=—1 for some y € IA with y ~ z},
M(px xn) = {

+1 otherwise,

and M(,uj(:)\’h) is similar. We note that M (k3 ,,) < M(u%i)\7h) because
w<w.

Fix any x € A. For n € QA\{m} such that n * w is feasible, we can easily
see that u3 y ,(0(z) = +1[o = n off z) is equal to

0 if nxw(y) = —1 for some y ~ z,
h .

m lfn*(,U(y):OforaHle',

/\;\,fil otherwise.

It turns out that this conditional probability is increasing in w, n and h.
Similarly, we can see that uf ) ,(o(z) > Olo = n off z) is increasing in w,
n and h (but not in A!). Hence (i)-(iii) follows from Theorem 3.2.3. (iv) is
proved by a standard application of (i). O

Remark 3.2.5. Since the above conditional probability is not increasing in
A, the monotonicity of phase transition depends on the underlying graph
(see section 3.4.1 below).

3.2.3 Extremal Gibbs measures

Let u;:h and Foxn be the limiting Gibbs measures of ;LK Ah and Py 38
A V. These exist by virtue of Lemma 3.2.4(iv). It is well-known that
limiting Gibbs measures satisfy the DLR equation. Both ,u;:h and [y, are
invariant under any graph automorphism of G. It follows from Lemma
3.2.4(ii) that

- +
15w <p< Hxn

for any p € G(\, h). From this, it is easy to see that ,u;\rh,,u;h € Gex(A, h).
Let T = (\pccy Fae, which is called the tail o-algebra. The following lemma
is well-known.

Lemma 3.2.6. Following conditions (i)-(1ii) are equivalent.
(i) i € Gex (A, h)
(1) p is tail-trivial, which means that u(A) =0 or 1 for any A€ T.

(117) A% HA N p = b for p-a.a.w.

36



From this lemma, we can find that every extremal Gibbs measure sat-
isfies the FKG inequality. It is also well-known that any Gibbs measure is
uniquely represented as a convex combination of extremal Gibbs measures.
For details, we refer to [18] and [46].

The following criterion of the uniqueness of Gibbs measure is useful (see
[19] Theorem 4.17).

Proposition 3.2.7. Following conditions (i)-(iii) are equivalent.
(i) G(A\, h) is a singleton.
(i) N;h = ,u)zh
(i1i) For allx € V, u;th(a(x)) = piy (0 (2)).

3.2.4 Differentiability of the pressure and uniqueness of Gibbs
measures

In this section, we consider the Widom-Rowlinson model on Z¢ with d > 2.
We review the relation between the differentiability of the pressure and the
uniqueness of Gibbs measures, which will be used in section 3.6.

We set

1 w
P(A AN hyw) = TA| log Z¥ 5 b

Differentiating twice by h, we can see that p(A, A, h,w) is a convex function
of h.

Lemma 3.2.8. Let A, be a box in Z% with centre at the origin and side
length 2n + 1. The limit
P\ k)= lim p(Ap, A\, h,w)
n—oo
exists and is independent of w. It is also a convex function of h, therefore
it is differentiable except at most countably many h’s. We call P(\,h) the
pressure.

Proof. By a standard subadditive argument, we can show that p(A,, A, h,0)
converges as n — oo. We write P(A,h) for the limit. For any feasible
boundary condition w, we can see that Z/({n)“h >IN n 2 ZRn_1,A,h for all
n > 3, which implies that p(A,, A\, h,w) — P(\,h) as n — oo. O

The following result is well-known.

Theorem 3.2.9 ([11]). |G(A\, h)| =1 if and only if P(\, x) is differentiable
at x = h.
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Together with the preceding lemma, for each A > 0, except at most
countably many h’s, there is a unique Gibbs measure for (A, h).
Zeros of the partition function are studied in [51] and [16].

3.3 Percolation and phase transition in the Widom-
Rowlinson model

We consider the Widom-Rowlinson model on a graph G = (V, E).

3.3.1 Percolation in the Widom-Rowlinson model

For w € €, we set

A path in ST (w) is called a (+)path in w. In the analogous way, we define a
(4)circuit and a (+)cluster. We say that x,y € V are (4)connected in w if
there is a (+)path from z to y in w. The event that x and y are (+)connected

is denoted by {z & y}. For C C V, we write {x PN C'} for the event
that z and some point in C' are (+)connected. Let E1 be the event that

there exists an infinite (+)cluster. The event that x belongs to an infinite

(+)cluster is denoted by {z <= oo}. Let IT = I*(w) = {z € V;z <

oo in w}, which is equal to the union of all infinite (4)clusters in w. There
correspond in obvious fashion analogous notions for S%(w), S~ (w), S (w)
and S°~ (w) as well.

3.3.2 Site random-cluster representation

In this subsection we assume that h = 0 and omit h. The site random-cluster
representation of Widom-Rowlinson model is used in several papers; e.g. [9],
[19], [28] and [29]. Here we introduce the site random-cluster representation
of Gibbs distribution with an arbitrary boundary condition.

Fix A cC V. For ¢ € {0,1}*, let

SUE) ={z e Asg(x) =1}, S°() = {z € As¢(x) = 0}
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A path in §'(€) is called a (1)path in €. Analogously, we define a (1)circuit
and a (1)cluster. We say that z,y € V are (1)connected if there is a (1)path
from x to y in & The event that x and y are (1)connected is denoted by

{z NEIN y}. ForC CV, {x NEIN C'} denotes the event that x and some point
in C are (1)connected.
Let w € Q) be a feasible boundary condition. We set

Wi(w) ={z €dhw(x)=+1}, Wy (w) = {z € OAw(z) = —1}.
For ¢ € {0,1}%, let

) |1 if there is no (1)path connecting W (w) and Wy (w) in &,
P@O ™10 otherwise.

Let A > 0. The site random-cluster distribution R} , is a probability mea-
sure on {0,1}* which is defined by

1
A TEA

where k(§,w, A) is the number of (1)clusters in § which touch neither Wi (w)
nor W, (w), and ZY¥ , is a normalizing constant.

Lemma 3.3.1 (Site random-cluster representation).

The finite volume Gibbs distribution pf , is related to the site random-
cluster distribution Rj‘{’/\ as follows. 7

(i) First we pick Y € {0,1}* according to RR . Forxz € A with Y (z) =
0, we set X(x) = 0. For each (1)cluster C of Y, we assign +1 or —1 to all
the sites of this cluster as follows. If C' is connected to WX (w), then we set
X = +1 on C. If C is connected to W, (w), then we set X = —1 on C.
Otherwise we toss a fair coin to determine the sign. Then, the distribution
of X € Qp is py -

(it) We choose X € Qx according to uf , and setY (x) = X (x)? for each
x € A. Then, the distribution of Y € {0,1}" is R3 -

‘The proof is straightforward and we omit it. Note that the distribution
of 89(0?) = 89(o) with respect to 15 o 1s equal to the distribution of S9(¢)
with respect to R ,. For example, we have uf , (z AR y) = R3 \(z R Y)
for any =,y € A.

Using the site random-cluster representation, we can prove the following

characterization of the phase transition of Widom-Rowlinson model in terms
of percolation.
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Proposition 3.3.2. (c¢f. [19] Theorem 4.17 and 8.13, [29] §3) Following
(i)-(v) are equivalent.

(i) G(A) is a singleton.

(ii) py = py,

(iti) pi (o(z) = +1) = py (o(z) = +1) for allz € V.

(iv) Al% Rj{’)\(a: MR ON) =0 forallz e V.

(v) pi (z & 00) =0 forallz €V.

Remark 3.3.3. An analogue of the equivalence between (i) and (v) holds
for the 2D Ising model, but fails for the Ising model on Z¢ with d > 3.

For any z € A, we shall calculate the conditional probability R ZE(x) =
1|¢ = 7 off z), where n € {0,1}*\{#} satisfies RR\(§ =noffz) > 0. For
s € {0,1}, we define 1, , € {0,1}* by

Ne.s(y) = {ﬂ(y) ity £,

S if y=x.

Then we have

. B B B X,)\(g = 77:1:,1)
Ri\(E(z) =1 =noff z) = RX,,\(S =Ng1) + R‘K,,\(f = N20)

From R} \({ =7 off ) > 0, it follows that

Ip@eo) = 1
Thus we have

w —
aE=ne1) 1  Qh(1e,1.0,0)~k(72,0.0,0)

The values of 1y, ,) and k(nz1,w, A) — k(nz,0,w, A) are closely related to
the number of (1)clusters in 1 each of which contains a site adjacent to x.
The number of such (1)clusters is denoted by N, and the number of ones
which touch neither W (w) nor Wy (w) is denoted by n. It is clear that
0 <n <N <4. We define k(n,w,z,A) as follows: If there are two disjoint
(1)clusters containing sites adjacent to x, of which one touches W (w) and

another touches W (w), then we set x(n,w,z,A) = —oco. Otherwise, we set
1—-n if N=
’i(TI?w’ ‘/1:7 A‘) = " ? n’
—n it N > n.
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Noting that Rf \(§ = 1s,1)/ R 1 (§ = 1w0) = A~ 26(mw,.A) e have

A . 2&(’,’]7‘071‘,7/\)
\- 26w A) 417

R{A(E(x) = 1§ = n off ) =

Remark 3.3.4. By the definition of x, it turns out that RY , does not
satisfy the conditions of Theorem 3.2.3.

3.3.3 Uniqueness region

The disagreement percolation method (see [19] §7.1) gives the following es-
timate.

Proposition 3.3.5. (c¢f. [19] Evample 7.5) If M(e" + e™") < p.(Z%,site),
then G(\, h) is a singleton. In particular, this holds if X < p.(Z¢,site)/2(1 —
pe(Z4,site)) and |h| is sufficiently small.

We quote another uniqueness result. It has already been mentioned in
[32] that the proof given below is also valid for Z? with d > 2. In fact, this
proof works for an arbitrary infinite locally finite connected graph (see e.g.
[29]).

Theorem 3.3.6 ([32]). For the Widom-Rowlinson model on Z?, |G(\,0)| =
1if A < pe(Z2;site) /(1 — p(Z2, site)).

Proof. The mapping ¢ : Q = {-1,0,+1} R, {0,1} ? is defined by

(w(v))(x)Z{l o) e 410k (g Lez).

0 ifo(z)=-1

Let A CC Z2. We abbreviate ¢|g, to ¢ and p.(Z?,site) to pe.

For a feasible boundary condition w € €2, we consider the probability
measure Uy y 0 ¢! on {0,1}*. For z € A and n € {0, 1}"{#}, we can see
that

L if nx (p(w)) =0 for all y ~ ,

pYE]
piroe @) =1¢=noffx) = e ifnx(p(w)) =1forally~uz,
) otherwise,
where the constants c1, co satisfy that
Atl < <1 1 < <1
c —<c .
2A+1 T A1 7
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Noting that 1/(A4+1) < (A+1)/(2A+1) for all A > 0, it follows from Holley’s
inequality that

P

e
where ¢3 = ¢1 V ca2. Note that (A +1)/2A+1) <e3 < 1.
Assume that 1 —1/(A+1) < peie. A < p./(1—p.). For x € Z?, we have

—1
SNU[\),)\OQO SPC37

PL(xLoo):O.
A+1

For € > 0, we can choose a sufficiently large A CC Z? so that

P (x5 0A) <e.

1
We fix such a A. For a finite subset A of Z? containing A, we have
HAA@ < OA) = g o (@ > OA) S P (w - 0A) <=
) ) +1

For any p € G(X,0), we can see that
pu(x «—— OA) = /,uf&)\(x — IN)p(dw) < e.

Letting A /' Z% and € \, 0, pu(z +— oo) = 0 for all z, which implies that
u(E™) =0. . ,
Next we define the mapping ¢ : Q = {—1,0,+1} ~ — {0,1} ~ by

1 ifo(z) € {-1,0},

€O, zeZ?.
0 ifo(z) =41 (@ )

(¥(0))(z) = {

In a similar way, we can see that

P%H S/’LX,)\Owil < ch-
Using this, we can prove that u(ET) =0 if A < p./(1 — pc).

When A < p./(1 —p.), p(ET) = pu(E~) = 0 for all p € G(A,0). For
€ > 0, we can choose a sufficiently large box A containing the origin such
that with p-probability > 1 —e¢ there is a subset I of A containing the origin
with w =0 on JI'. Let I'(w) be the maximal one in A among such I'’'s. We
have

1((0)) = p(o(0) - Lyryzoy) + (0 (0) - 1irw)=oy)
= (P oy 2 (0(0)) - Liry0y) + 14(0(0) - Lir(w)=o})-
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The second equality follows from the strong Markov property. Noting that
1A (0(0)) = ) A (T (0)) = —pip(,y 1 (0(0)),

we have ,uIQ(wM(cr(O)) = 0. This implies that —e < u(o(0)) < e. Letting
e \, 0, we have u(c(0)) = 0. Since uy (0(0)) = p; (c(0)), we have the
desired result by Proposition 3.2.7. U

Remark 3.3.7. In [32], Russo’s comparison lemma[54] is used instead of
Holley’s inequality.

3.3.4 Phase coexistence region

Let us consider the Widom-Rowlinson model on G = (V, FE) with h = 0.
In this subsection, we assume that G is of bounded degree. We denote
the maximum degree of vertices in G by A(G). Let P, denote the Bernoulli
probability measure on {0, 1}V with density p. We consider the site random-
cluster model on G also. For z € A and 7 € {0,1}*\{#} such that R{ (&=
n off ) > 0, we can see that —oco < k(n,w,z,A) < 1. Holley’s ineq[uality
implies that R} \ < Py /2x+1)- Moreover, if w € Q satisfies w > 0 or w <0
on OA, then 1 — A(G) < k(n,w,z,A) < 1. Thus we obtain the following
lemma.

Lemma 3.3.8. If a feasible boundary condition w € Q satisfies w > 0 or
w <0 on OA, then we have

Py jogea@ -1y < RE L < Payjaat)-

Theorem 3.3.9. (cf. [32], [28]) We consider the Widom-Rowlinson model
on an infinite connected graph G = (V, E) of bounded degree with p.(G, site) <
L If A > 28@=1p (G site) /(1 — pe(G,site)), then ui # uj .

Proof. When \/(A+28(@)~1) > p (G, site) (i.e. A > 281y (G, site) /(1 —

pe(G,site))), Py poa@-1y(0 s o0) =6 > 0. For A CC V, it follows from
Lemmata 3.3.1 and 3.3.8 that

RX,A(O é 6/\) > P)\/()\+2A(G)—1)(0 <L> 8A)

2 P/\/(/\+2A(G)—l)(0 ;’ OO) = 9 > 0

Thus we have lill\n/ ixr/lf R, (0 MR OA) > 6 > 0. It follows from this and

Proposition 3.3.2 that ,u;\r F Iy - U
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3.3.5 Widom-Rowlinson model and Bernoulli site percola-
tion

Theorem 3.3.10 ([28]). We consider the following classes of graphs:

G = {infinite locally finite connected graphs},
gl = {infinite locally finite connected graphs with bounded degree},
Gsp = {G € G;pc(G,site) < 1},
Gwr = {G € G; the Widom-Rowlinson model on G exhibits phase transition},
ggP =g"n gsp, g{)NR =g'n OWR-
Then, it holds that Gsp D Gwr, Gsp \ Gwr # 0 and Glp = Glypr.

Proof. If G € G\ Ggp, then the proof of Theorem 3.3.6 shows that G €
G \ Gwr- This proves that Gsp O Gwgr. An example of the graph in
Gsp \ Gwr is found in [28]. It follows from Theorem 3.3.9 that G&p C G-
This completes the proof. O

3.4 Phase structure

In the preceding section, we showed that phase transition occurs when h = 0
and A is sufficiently large. In this section, we quote some examples where
the fine properties of the phase structure are studied. Here we assume that
h =0 and omit ‘h’.
For the Widom-Rowlinson model on a graph G, the phase transition is

said to be monotonic if there exists A\. = A.(G) € (0, 00) such that

IGA)| =1 if A< A,

GV >1 ifA> .
For the Ising models, we can show the monotonicity of the phase transi-

tion by virtue of Griffiths’ inequalities. However, the monotonicity for the
Widom-Rowlinson model depends on G.

3.4.1 The Widom-Rowlinson model on trees

As for (d + 1)-regular tree T¢ with d > 2,
Theorem 3.4.1 ([9](1998)). The Widom-Rowlinson model on T? (d > 2)

is monotonic, and
1 (d+1\*
dy _
)\C(T)—d_1< 7 > .
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Using this theorem, a class of graphs on which the Widom-Rowlinson
model is not monotonic can be constructed. To each site in T, we add
n € N edges which terminate in a single site. We write T¢ for the resulting
tree.

Theorem 3.4.2 ([9]). For the Widom-Rowlinson model on T4°, there are
three thresholds A1 =~ 0.2179, Ao ~ 0.4013, A3 ~ 4.5519 such that

G =1 if A€ (0, ] U [Az, As]

G >1 if A€ (A, A2) U(As,00).

On the other hand, Haggstrom[29] constructed a class of d-dimensional
periodic lattices on which the Widom-Rowlinson model is monotone.

3.4.2 The one-dimensional Widom-Rowlinson model

Miyamoto[45] treated the spatially-inhomogeneous Widom-Rowlinson model
on T' = 7%
Theorem 3.4.3 ([45]). We consider the one-dimensional Widom-Rowlinson
models with the finite volume Gibbs distribution

1

ZA 00

2
1{U*w -feasible} H )7 (=) )

TEA

qf,{xz}( o) =

where {\;} = {\s > 0;x € Z'}. For (7',7) € {=1,0,+1}2, we define a
boundary condition w(7',T) by

w(r',7)(x) =7 (2 <0),=0(x=0),=7 (z >0).
For any {\z} and (7/,7), limiting Gibbs measures

. w(r’,7)
Q(Tlﬂ_) = nEIPm q[nme{)‘z}
m——+oo

exist. Put

Mis(fAe)) = {{‘1’“} Y Zas S

{0} f i AT =+,
=Ly Zx__oo )\x < 400,
(23 = {{0} P Y0 A= oo,

M({A2}) = Mooo({Aa}) X Mioo({Aa}).

The set of all extremal Gibbs states Gex({Az}) is isomorphic to M({\z}).
The mapping M({\:}) 2 (7', 7) — Qr + € Gex({\2}) is the isomorphism.
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3.4.3 The Widom-Rowlinson model on Z¢ (d > 2)

It is widely believed that if d = 2 and h = 0, then each Gibbs measure is de-
scribed by a mixture of two translation-invariant extremal Gibbs measures,
as in the 2D Ising model.

Conjecture 3.4.4. Consider the Widom-Rowlinson model on Z2. If h = 0,
then there exists a critical value A, € (0, 00) such that

IG(\)| =1 if A < A,
Gex(A) = {ui, iy} i A> A

We give a partial answer to this conjecture later.

For d = 2, the translation-invariance of the limiting Gibbs measure with
so-called Dobrushin boundary (see section 3.7.2 below) is analyzed by Bric-
mont, Lebowitz and Pfister[5]. Higuchi, Murai and Wang[36] studied a
Dobrushin-Hryniv type limit theorem for the fluctuation of the phase sep-
aration line, i.e. the central limit theorem for the fluctuation of the phase
separation line from the Wulff profile.

As for d > 3, Bricmont et al.[6, 7] showed that the Dobrushin boundary
condition gives non-translation-invariant extremal Gibbs measures for the
Widom-Rowlinson model on Z%, as in the Ising model. See [22] and [12] for
a similar phenomenon for the random-cluster models, including Bernoulli
bond percolation.

Recently, the structure of the set of the translation-invariant Gibbs mea-
sures for the Ising model on Z? have been determined. We refer to [4].

It is conjectured in [19] §3.5 that the Widom-Rowlinson model on Z%
with asymmetric activities (i.e. h # 0) admits no phase transition.

3.5 The infinite cluster method

In sections 3.5-3.7, we study the phase structure of the two-dimensional
lattice Widom-Rowlinson model.

Russo[52] created the infinite cluster method for determining the phase
structure of the 2D Ising model. As in [20], we state his key results in the
form of lemmata. In addition, we study the uniqueness of the infinite cluster
under periodic Gibbs measures in section 3.5.6.

3.5.1 Some notations for percolation on Z?

We write x ~ y if 2,y € Z? are adjacent, namely |z —y1|+ |22 —yo| = 1. We
say that z and y are (x)adjacent and write z ~ y if max{|z1—y1|, |z2—12|} =
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We say p is a path in S C Z? if p € S. A path p is called circuit if
T ~ T1.

A sequence p = (x1,--- , ) of distinct points of Z? is a (¥)path from
z1 to xp if 2 < T (i=1,---,k—1). In the similar manner, we define a
(*)circuit, a (x)cluster and (x)connectedness.

A (x)path (resp. (*)circuit, (x)cluster) in ST(w) is called a (+x)path
(resp. a (+x)circuit, a (+x)cluster). We call a prefix such as ‘4%’ the type
of this path. Note that E* Cc ET* c E%"* and so on. Similarly, for site
random-cluster models, we define (1x)connectedness and so on.

We abbreviate p.(Z?2, site) to pe.

3.5.2 Transformations of (2
We consider the following transformations of (2.
(i) The translations 05, s € Z* : which are defined by

(Osw)(z) =w(xz —s) (z €Z?)

for w € Q. Particularly, let 0}, = 60 ) and Oyert = 6(0,1). The collection
(0s)sc 2 is a group. For a,b € N, let Z*(a,b) = {(ak,bl) € Z*;k,l € Z}. We
say that u € G(\, h) is ((a,b)-)periodic if it is invariant under the subgroup
(0s)se 2(ap)- In particular, it is called translation-invariant if this holds for
(a,b) = (1,1). We say that p is horizontally periodic if it is invariant under
0(a,0) for some a € N. Similarly, we define vertical periodicity.

(ii) The spin-flip transformation : For w € Q, Tw € Q) is defined by
(Tw)(z) = —w(z) (x € Z%).
(iii) The reflections : For k € Z, let

Rk,hor VAEEES (x1,22) — (z1,2k — x2) € Zz,
Ryyert : Z* 3 © = (21, 22) v (2k — 21, 22) € Z%.

Let R be a reflection, i.e. R = Ry o or Ry vert for some k € Z. We define
R:Q — Qby

(Rw)(z) = w(Rz) (w € Q,x € Z?).
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3.5.3 Characterization of Gibbs measures by percolation

By the strong Markov property, the following lemma is easily obtained.

Lemma 3.5.1. (cf. [20] Lemma 2.1) Let y € G(\, k). If u(E%") =0, then
H= By
We need a variant of this lemma.

Proposition 3.5.2. Let u € G\, h). If p(E®) = 0, then u is a convex
combination of uj\“h and fiy 4 -

Proof. Fix A CC Z?. By assumption, A is surrounded by either a (4 )circuit
or a (—)circuit p-a.s. In such a case, we will say that A is surrounded by a
(4+/—)circuit. For any € > 0, we can choose a large finite set A D A such
that

p (A is surrounded by a (4/—)circuit in A) > 1 —e.

For each circuit C surrounding A in A, we consider the events

+
A/LA,C
= {C is the maximal (+/—)circuit surrounding A in A and its type is +},

Axac
= {C is the maximal (+/—)circuit surrounding A in A and its type is —},

and
_ _ +/— _
AzJ\r,A = U AX,A,C’ Apn = UAA,A,C” Axa = AzJ\r,A UAN A
(& C
where the union runs over all the circuit surrounding A in A. Clearly,
7 (AX,A) +u (AX,A) =pu (AXZ) >1—e.

Let f be a nonnegative increasing function such that supp f C A. We
have

W) =n (7t )+ (1) e (72

f
3 {u (f : 1AXM) +u (f ' 1AX,A,C)} tH (f ' 1<Ax/g>c> '
> ,
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The Markov property of p implies that

u(f) = Zc: {N (N;;t(c))\’h(f) : 1AX,A,C) + (Mi_nt(C),/\,h(f) : 1AX7A’C)}

+u <f : 1(AX7/A)C> )

where int(C) is the bounded (*)connected component of Z?\ C. For any
circuit C' surrounding A, we note that

() < sy an () = 18 an () 5 maan(F) < by an(F) < mxa(f).

So we have

() <3 {uianDn (AL ac) + i (Axac) b +ellfllo
C

= 1fan (D (ALa) + (e (A5 8) +ellflle.

Similarly,

w(F) = i (i (A5 ) + BEan(Hi (A7) = ellflloce

Take a sequence A " Z?. Note that AX/ « Is increasing in A. Since
finite subsets of Z? are countably many and (AX A) € [0, 1], by a diagonal-

sequence argument we can choose a subsequence of A such that g (Aj\r A)

converges for all A CC Z2. We write a for this limit. By letting A  Z2
along this subsequence and £ \, 0, we have u(A} o) — aa, pu(Ay o) —
1 — ap, and

OZA/L;:}L(]C) +(1— aA)l‘K,\ﬁ(f) <u(f) < QANK)\,}L(f) + (1 - O‘A)/‘;h(f)'

Next we take an increasing sequence A  Z2. As ap € [0, 1], we can
choose a suitable subsequence of A such that oy converges to some « € [0, 1].
By letting A /' Z? along this subsequence, we have

u(f) = aﬂih(f) +(1- O‘)l‘;,h(f)

for any nonnegative increasing f. Because both u;\r p, and py , are extremal
in G(A, h), the extremal decomposition theorem implies that « is unique and
independent of the choice of subsequences. This completes the proof. O
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Using the above proposition, we can determine the limiting Gibbs mea-
sure with free boundary condition, when activity is large.

Theorem 3.5.3. Assume that A\ > 8p./(1 — p.) and h = 0. Then we have

1
0 _ 1 0o _ + -
Hxo = Ah/m2 Hax0 =5 (/LA,O + ,UJ>\70> .

Proof. Take a sequence A ' Z%. By taking a suitable subsequence {A,},
“9\7“ A0 converges to a probability measure on 2, say Ng\,()v as n — oo.

We shall prove ug’O(EO*) = 0 when A > 8p./(1 — p.). Let p} be the
critical probability of infinite ()cluster of Bernoulli site percolation on Z2.
It is well-known that p. + p} =1 ([53]). Now, as 1 — A/(A+8) < pi, there is
no infinite (0x)cluster Pﬁg—a.s. Fix z € Z2. For any € > 0, we can choose

a large N so that P_, (= LN OA,) < € for all n > N. By Lemmata 3.3.1
A48

and 3.3.8, for m > n > N we have

0@ < OAn) = BY s <5 9A,) S P (2 <5 0A,) <.

17Ny my 18

By letting m — oo , n — oo and € Y\, 0, we have ,ug]\yo(x LN o) = 0 for all
x € Z2. Thus ,ugvo(EO*) =0.

By Proposition 3.5.2, '“9\,0 = apl, + (1 — a)uy, for some coefficient
a € [0,1]. We note that M?\n,,\o(A) = 1} ro© T(A) for each n and any
A € Fa,. By letting n — oo, we have u ,(A) = uS , o T(A). This implies
that o = 1/2. We can conclude that /1,9\,)\70 converges to (1), + 15 )/2,
independent of the choice of the subsequence of A * Z2. O

We remark that the above proofs are valid for any dimension. Let p}(d)
be the critical probability of Bernoulli site percolation on Z? when we con-
nect the distinct sites with the Euclidean distance not larger than v/d. We
can extend the above proofs to obtain the following

Corollary 3.5.4. We consider the d-dimensional Widom-Rowlinson model
with d > 2. If A\ > 224711 — pi(d))/p:(d) and h = 0, then every limit point
of PX ap withw >0 or w <0 is a mizture of ,u;\ro and iy -

3.5.4 Flip-reflection domination

If A = 0, then the interaction is invariant under the flip-reflection transfor-
mation RoT, where R is any reflection. This implies that {w;w is feasible} =
{w; RoT(w) is feasible}. Thus we can obtain the following lemma.
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Lemma 3.5.5 (Flip-reflection domination). (c¢f. [20] Lemma 2.3)

Let ;1 € G(A,0) and R be any reflection. If p-a.a.w any A CC Z? is
surrounded by a (x)circuit which is R-invariant and on which w > RoT(w),
then we have yp > ppo RoT.

3.5.5 Percolation in half-planes

A half-plane is the set of the form 7 = {z = (21, 22) € Z%;2; > (<)n} for
somen € Z and i € {1,2}. The line | = {x = (z1,22) € Z*;2; = n} is called
the boundary line of this half-plane. Let

Tupn = {2 € 7% x9 > n} Tdownn = {z € Z* x5 < n}.

We simply write mup, Tqown if 7 = 0. In the analogous way, Teft,ns Tright,n’
Teft, and Tyjgpe are defined.

A path p = (z1,--- ,2) is called a half-circuit of the half-plane 7 with
boundary line [ if p C 7 and pN 1 = {x1,x}. For a half plane 7, let E;f be
the event that there exists an infinite (4)cluster in 7. The union of infinite
(+)clusters in 7 is denoted by I7 = IT(w) = {z € Tz <= oo in w|x}.
When 7 = myp, we write Ef{p or Iﬁp for short. Analogous notations will be
used for infinite clusters of other types.

Lemma 3.5.6 (Shift lemma). (¢f. [20] Lemma 3.4) Let ™ and 7 be half-
planes. Assume that m is a translate of #. Then E} = E;: w-a.s. for every
€ G\, h). This also holds for infinite clusters of any other types.

This lemma is proved by using so-called ‘random Borel-Cantelli’ argu-
ment (see [20]).

3.5.6 Percolation under periodic Gibbs measures

Proposition 3.5.7. If u € G(\, h) is ((a,b)-)periodic, then there is at most
one infinite cluster of each type p-a.s.

Proof. By the ergodic decomposition theorem([18] Chap.14), we can assume
that p1 is (0s)se 2(q,p)-ergodic. We want to apply the Burton-Keane unique-
ness theorem, but its proof requires the finite energy property to connect
different clusters with positive probability. In spite of lack of the finite en-
ergy property in our case, this is still possible in a similar manner as noted in
26] and [20] for the hard-core lattice gas model. The (0s)c 2(qp)-ergodicity
is sufficient to show that in a finite box there exist encounter points whose
number has the same order as the volume of the box. Thus we can show
the uniqueness of the infinite cluster. O

51



By virtue of this proposition, we can establish the non-coexistence of
infinite clusters of different kinds by using Zhang’s argument.

Proposition 3.5.8 (Zhang’s argument). The following statements hold.
(1) (cf. [19] Theorem 5.18) If p € G(A h) is a periodic and rotation-
invariant probability measure with positive correlations, then we have u(ETN
E'*) = 0.
(i1) (cf. [20] Lemma 3.1) If n € G(A,0) has positive correlations and is
flip-reflection invariant (i.e. p = po RoT for any reflection R), then we
have W(ET N E~) = 0.

Corollary 3.5.9. If uf, # wy . then pl, (E°*) = puy , (E°™) = 0.

Proof. 1f ujh # Iy 5, then we have ,u;\rh(EJr) =t ,(£7) = 1 by Proposition
3.3.2. We get the conclusion from Proposition 3.5.8(i). O

3.6 Number of phases in 2D : asymmetric case

Van den Berg and Steif conjectured that the hard-core lattice gas model on
7% with parity-dependent activities has no phase transition, and Higgstrom
proved it in the 2D case (see [19] §3.4 and [26]). In [19] §3.5, it is conjectured
that the Widom-Rowlinson model on Z?¢ with asymmetric activities (i.e.
h # 0) admits no phase transition. We expect that Haggstrom’s method
can be also adapted to the asymmetric Widom-Rowlinson model on Z2. In
this section, we shall give a partial answer.

Theorem 3.6.1. For each A > 0, there exists he = h.(\) € [0,00) such that
|h| > he = |G(\,h)| = 1.
Especially, he(X\) = 0 when |G(A,0)] > 1.

Let us prove this theorem in several steps. We assume that A > 0. The
case h < 0 is treated analogously.

Lemma 3.6.2. If h > 0, then ,u,;\ro < iy g

Proof. Since phase transition occurs at most countably many h’s as noted
in section 3.2.4, there exists some A’ € (0, h) with p),, = p; ,,. We can see

that (o < 3 = Hap < By 0

Proposition 3.6.3. Let A > 0. If :“3:0 # Ky s then we have |G(A, h)| =1
for all h > 0.
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Proof. We can show that u ,(E°") = 0 if u) , # uy o (see Corollary 3.5.9).
So we have py , (E°7) < pi,(E°) = 0. By Lemma 3.5.1, we can see that
Py = u;\rh. Proposition 3.2.7 gives the result. O

Next, we fix A > 0 such that ,u;\ro = py - For the unique Gibbs measure
wo € G(A,0), we can show that po(ET U E~) = 0 (see Proposition 3.3.2).
Therefore, for arbitrary u € G(A, h) we have pu(E™) < py , (E7) < po(E™) =
0. We define
ht =hI(\) =inf{h > 0;pul, (E") =1},

(& (&

he =ho (A) = inf{h > 05y, (ET) = 1}.

Cc

Because i, (ET) > p, , (ET), wehave h) < h;. When h” < h;, uf, (E1) =
1 and p ,(ET) =0 for all h € (b}, h;). This implies py, # p; , for un-

countable h’s, which is impossible. We can conclude h = h_, say h.. By a
standard Peierls argument, we can prove that h. is finite.

Proposition 3.6.4. If i, = u5 . then |G(A\,h)| =1 for h > ho(N).

Proof. When h > h,, we have p, ,(ET) = 1. It follows from Proposition
3.5.8(i) that p , (E°~*) = 0. Lemma 3.5.1 again shows that y , = pf,. O

Remark 3.6.5. For \ with ,uj{o = o and he(A) > 0, any finite region
of Z? is surrounded by a (0%)circuit when 0 < |h| < h.. This implies
the uniqueness of Gibbs state when h = 0, while we cannot deduce the
uniqueness of Gibbs state when h # 0 by lack of symmetry.

In the 2D Ising model, the coexistence of oco(x)clusters occurs when 5 <
B (see [34, 35]). An analogous problem remains open for the 2D Widom-
Rowlinson model.

3.7 Number of phases in 2D : symmetric and large
activity case

Now we turn to the symmetric case (i.e. h = 0). In this section we assume
that h = 0 and omit ‘h’. By Theorems 3.3.6 and 3.3.9, Gibbs measures are
unique when A < p./(1 — p.) and multiple when A\ > 8p./(1 — p.), where
pe = pe(Z2,site).  Although our result is restricted to the large activity
case, we can describe the structure of a class of Gibbs measures in which all
translationally invariant ones are contained.

We begin with the following proposition.
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Proposition 3.7.1. Suppose that X > 8p./(1 — p.). If u € G(\) satisfies
that u(E%) > 0, then p(ET NE~) > 0.

Proof. Without loss of generality, we can assume that g € Gex(A) and
p(E%) = 1. We shall show that u(ET N E~) = 1.

Suppose that p(E') = 0, which implies that any finite set A of Z?2
is surrounded by a (0 — =)circuit p-a.s. On the other hand, since A >
8p./(1—p.), for x € Z? and € > 0, we can choose a large A CC Z? containing

x such that P » (x &, OA) < e. As A is surrounded by a (0 — x)circuit
A48

p-a.s., we can choose a large A CC Z? such that with p-probability> 1 — ¢
there is such a (0 — «)circuit in A. Let I' be the region surrounded by the
maximal (0—x)circuit in A if it exists. Otherwise we set I' = (). Because I' is
determined from outside, we can show by using the strong Markov property
of p that

w(z O, OAN)
= 115 1 (2 < ON)Lgpayny) + u({z < A} N {D(w) = 0}).

By Lemmata 3.3.1 and 3.3.8, we have

w 0% w 0% 0%
i) (@ < OA) = R{p(,)(z < OA) < Pa_(z < 0A) <e.
Thus we have u(x L OM) < e +¢ = 2e. By letting A / Z2,e \, 0 and

A /7% we can see that u(x AL o0) = 0. Since z is arbitrary, we can
conclude p(E%) = 0, which is a contradiction. Thus we have pu(ET) = 1.
In the same way, we can show that u(E~) = 1. ]

3.7.1 Periodic phases in two dimensions

When X is large, we can get the complete description of periodic Gibbs
measures.

Theorem 3.7.2. If A\ > 8p./(1 — pc), then any periodic p € G(\) is a
mizture of uj\“ and fi .

Before proving this, we prepare a lemma. We say (w,7) is a pair of
conjugate half-planes if half-planes 7, 7 share only a common boundary line.
An associated pair of infinite clusters (I9%*, 19t*) or (I97* I197*) is called
a butterfly. In particular, a butterfly in (Wleftvﬂ—right) is called a horizontal
butterfly. A vertical butterfly is the one in (mup, Tqown)-
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Lemma 3.7.3 (Butterfly lemma). (c¢f. [20] Lemma 3.1) Suppose that
A > 8p./(1—pe) and pu € G(A). If u(E) > 0, then there exists at least one
butterfly with positive probability.

Proof. By the extremal decomposition theorem, there exists @ € Gex(A)
such that Q(E%) = 1. By Proposition 3.7.1, Q(ET N E~) = 1. If Q-as.
there is no butterfly, then it turns out that @ is flip-reflection invariant.
Because this is impossible by Proposition 3.5.8(ii), we can see that there
exists at least one butterfly Q-a.s. This gives the result. O

We can prove Theorem 3.7.2 by using Proposition 3.5.2 and the following
proposition.

Proposition 3.7.4. If A > 8p./(1 — p.), then u(E%) = 0 for any periodic
e G(A).

Proof. By the ergodic decomposition theorem, it is sufficient to show that
pw(E%) = 0 for ergodic pu. So we assume that y is ergodic.

Suppose that (E%*) = 1. By Proposition 3.7.1, we have u(ETNE~) > 0.
By butterfly lemma, we can assume that there is a vertical (0 + %) but-
terfly with positive probability. We can find a large square A CC Z?
such that with positive probability A intersects 18;5*, Ig;\:}n and I—. With-
out loss of generality, we can assume that I~ leaves on the right between
13" and Igg;m with positive probability. For k € Z, let A, = {(k,0) €
Igfg* N Ig;fm, (k+1,0) € I7} and Ay be the event that Ay occurs for in-
finitely many k € Z. By changing the configuration in A suitably, we have
p(Ap) > 0. Poincaré’s recurrence theorem([18] Lemma(18.15)) shows that
p(As) = 1. But on Ay there exist infinitely many infinite (—)clusters. This

contradicts Proposition 3.5.7. Consequently u(E%) = 0. O

3.7.2 1-periodic phases in two dimensions

Let p € G(A). We say that an infinite cluster in a half-plane has the line
touching property if the cluster touches the boundary line of the half-plane
infinitely many times p-a.s.

We define + € Q) by

+1 ifzg >0,
+(x)=4¢0 ifzy=0,
-1 if 29 <O.
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It follows from Lemma 3.2.4(iv) that uﬁp = lim pi  exists and is
Aup/ﬂup up
0y,op-invariant.

Lemma 3.7.5. (¢f. [20] Lemma 4.2) Mﬁp(Egg*) =0 when A > 8p./(1—pc).

This lemma is proved by using Theorem 3.7.2 and flip-reflection domi-
nation. Now we are ready to derive the line touching property of infinite
clusters of several types. But note that the same argument as in the Ising
model do not give the line touching property of the infinite clusters of types
4+, +%, 0, 0%, — and —x.

Lemma 3.7.6 (Line touching lemma). (¢f. [20] Lemma 4.1) Let A >
8p¢/(1 — pe) and p € G(N). The infinite (0+)cluster in any half-plane 7
have the line touching property pu-a.s. if it exists. The same holds for infinite
clusters of type 0 4+ % or 0— or 0 — x.

Corollary 3.7.7. Suppose X\ > 8p./(1 —p.) and p € G(N\). In an arbitrary
half plane 7, there exists at most one infinite (+)cluster p-a.s. The same
holds for infinite clusters of types +* or — or —x.

Lemma 3.7.8 (Orthogonal butterflies). (c¢f. [20] Lemma 4.3) Let A >
8p./(1 —pe) and p € G(N). If w(E®) > 0, then there exist both horizontal
butterflies and vertical butterflies with positive u-probability.

Proof. We can see that u(ET N E~) > 0 by Proposition 3.7.1. By the
extremal decomposition theorem, Q(ET N E~) = 1 for some Q € Gex(\).
By butterfly lemma, there exist at least one butterfly Q-a.s.

Assume that there is a vertical (0 + *)butterfly but no horizontal but-
terfly, for example. In this case, Q@ = Q o Ry yert © 1" for any k € Z.
Therefore @) is horizontally periodic. Fix n € N. By shift lemma, we have
Q(Egg*n N EY™ ) =1. For k € Z, we set

down,—n

0+ 0+
i due (k,n) € Iipm, (k,—n) € Idown,—n’
"wlk,)=0for —(n—-1)<I<n-1

and A% = {A} occurs for infinitely many k € Z}. We can easily see that
Q(Af) > 0. Poincaré’s recurrence theorem and tail-triviality of ¢ imply
that Q(AZL) = 1 for all n. Thus we have Q ((,~; A%) = 1. If for some n
there is an infinite (—)cluster in myp,, Poincaré’s recurrence theorem again
shows that infinitely many infinite (—)clusters appear, which contradicts
Corollary 3.7.7. Hence for any n there is a unique infinite (0 4 *)cluster in
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Tup,n- Similarly, the infinite (0 + *)cluster in mgoyy ., is also unique. We
can find that any finite region in Z? is surrounded by a (0 + *)circuit in
w e N2 A%, which contradicts Q(ETNE~) = 1.

Consequently, both vertical butterflies and horizontal butterflies exist
@-a.s., which implies that this occurs with positive u-probability. U

Theorem 3.7.9. If A > 8p./(1 — pc) and p € G(N) is either horizontally
pertodic or vertically periodic, then

p=apy + (1 —a)u,
with some « € [0, 1].

Proof. By the ergodic decomposition theorem, we can assume that p is
horizontally ergodic and satisfies u(E%) = 1. Because at least one vertical
butterfly must exist, as in the proof of Lemma 3.7.8, we can show that
w(EY N E~) = 0. This is a contradiction, which implies that u(E%) = 0.
Together with Proposition 3.5.2, we can find that p is a mixture of uj\“ and
fy - ]

3.8 Miscellanea

3.8.1 Point-to-half-circuit lemma and Pinning lemma

In this and next subsections, we assume that d = 2 and h = 0, and omit ‘h’.
We prove two lemmata, which have their origin in Russo[52].

Let 0* = Py (0 <25 00). TEA/(A+8) > pf (ie. A > 8(1—pe)/pe), then

A48
0* > 0. For a half-circuit ¢ in a half-plane 7w with its boundary line [, let

int o be the unique subset of Z? such that it is invariant under the reflection
with respect to [ and it satisfies that 7 N J(int o) = o.

Lemma 3.8.1 (Point-to-half-circuit lemma). (c¢f. [20] Lemma 2.3) Let
7 be a half-plane with its boundary line | and R be the reflection with respect
tol. Forx €l, let 0 = o(x) be a (x)half-circuit in m with into > z. For a
feasible boundary condition w € Q with w = +1 on o, we have

*

px Atz is (0 + *)connected to o in into} > T

Proof. Put A = into. Since the above event is increasing, we can assume
that for x € A\ o,

{O if = is adjacent to some point on o,
w(z) =

—1 otherwise.
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Noting that w > R o T(w) on JA, we have the flip-reflection domination
MR Z HRyo RoT.
Let us consider the following events:

B, = {there exists a (0 + *)path in A from z to o},

{ x is surrounded by a (0 + *) circuit in AU o }

Cro = which is (0 + *)connected to o

)

Put D, » = By UCy . We can easily see that /’LUA),)\<D$70' URoT(Dy0)) =1
and py y(Dz,0) > 1/2. On the other hand,

#3 A (Bz,o) B 13 A (Bro N Coo) + pf \(Bro N C3 )
NX,A(Dz,o) B NX,A(Cx,a) + :“U/(,A(Bxxf NCs,)
N?\),A(Bﬂcxf NCro)
X \(Coo)

where we used the fact that y = (b + x)/(a + z) is increasing in x when
b < a. From this, we can see that

HX,A(BI,G) > NX,,\(B:E,U|CI,O)NU/<,A(D:D,U) > NX,)\(BLU’C:D,U)/Q-

When C,, occurs, there exist a (0 + *)circuit in A which surrounds
xz and is (0 + *)connected to o. Let I" be the region surrounded by the
maximal (0 + x)circuit which has the property mentioned above. By the
strong Markov property, we have

S A (Buo|Cao) > 155 (15 (<5 D) |Cy o).

Since w’ > 0 on T, ,u,°1i">\(ac &5 0T > p (2 &5 9T by the Markov
property and the stochastic monotonicity. Using the site random-cluster
representation, we can see that

pfr (@ <5 OT) = RY. \ (v <5 1) /2

>P o, (25 0T)/2> P o (x5 00)/2 =6"/2.

A+8 )\ig
Thus we have uj y(Bz,o) > 60"/4. ]

If we can prove the line touching property of infinite (+x)clusters in
half-planes, then the next lemma will be useful. Let l.jo1; = {2 = (21,0) €
7%z > 0} and ljof = {z = (21,0) € Z% 21 <0}
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Lemma 3.8.2 (Pinning lemma). (¢f. [20] Lemma 5.2) Suppose that \ >
8(1 — pe)/pe, it € G(A) and that p-a.s. there exists an infinite (+x)cluster
Ilff; in mup, which intersects lright infinitely many times. Then, for all n
and T € lright located far enough to the right, we have

uf{x is (0 + *)connected to If{f," in (Ap Uljegy)} > 0%/8(> 0).
Similar statements are valid for mqown» Teft ond Tright -

Proof. By the assumption, there is an infinite connected component in I{fg \
A,, which contains infinitely many points on lright- If we choose x € lright
located far enough to the right, then with probability > 3/4 at least one
such point can be found left from x, and another such point can be found
right from z. This implies that x is surrounded by a (+x)half-circuit o in
Tup, which is a part of the infinite connected component in If{f," \ A,,. Note
that A, Ninto = 0.

We can choose a large box A containing x so that with probability > 1/2
we can find a (+:x*)half-circuit, like o above, in A. The maximal one in A is
again denoted by o. Put I'(w) = int 0. By the strong Markov property and
the point-to-half-circuit lemma, we have

p{x is (0 + *)connected to I{fg in (Ay Uljeg)}
> p({T # 0} N {z is (0 4 *)connected to o in I'})
= f( ()2 (@ 15 (0 + *)connected to o in ') - 1irpy)

0* 0*
Zz'ﬂ{r#(b}Zg-

3.8.2 Infinite (0x) clusters in half-planes

We remark that the line touching property of the infinite (0x)clusters in
half-planes cannot be obtained by the argument in [20] Lemma 4.1. Here we
give a possible statement about it. It seems that the next lemma suggests
the existence of the unique infinite (0%)‘contour’.

Lemma 3.8.3. Let A > 8p./(1 —p.) and p € G(N\). For a half-plane m with
w(EY) = 1, each infinite (0x)cluster in 7 intersects the boundary line of ©
at least once.
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Proof. For definiteness, we assume that 7 = myp. Put

qo_ % belongs to an infinite (0x)cluster in myp
~ | which does not intersect hhor

Fix k£ > 1 and let

qor _J belongs to a (0x)cluster in myp
.k ™) whose size > k and which does not intersect hor

Take a box A C myp containing = and so large that there exists no path of
length k from z to A°. In w € GO* , there exists a (+/—)path in A which
separates x from ly,,.. For this w, let I'(w) be a subset of A\ I}, containing
x such that OI'(w) \ (OA Nmyp) is a (+/—)path and it is maximal in A. We
put

E% k= {z belongs to a (0x)cluster in myp whose size > k}.
For a path p in A, we consider the following events:

AR,

={T#0}N{0r'(w) \ (OANmup) =pis a (+/—)path and its type is (4+)}
A&p

={T#0} N{0r'(w) \ (DA Nmup) =p is a (+/—)path and its type is (—)}.

Note that these events are Fa-measurable. We can see that
(G < pT 2 0} N EY) = 3 {u(BY A% ) + n(E%n 43},
p

where p in the summation runs over paths in A. Let F = T+. We have

M(ngk N AX,p) = M(Mr(w),A(ngk)lAZ’p)
< N(NF(w),A(Eg,_k*)lAK ) < BEAEL (AR ),

where we used the strong Markov property, the inclusion of events and the
stochastic monotonicity. Similarly,

( kN Ax p) (Mr(w) (EO* )1,4*’?)
iy a (B0, ) < ik (B (A )-

| A
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Thus we have

)< 3 {HRESOMAL,) + nE (B n(As,) )
) (zqup) £ (ot (Zu )
EO * <UA ) +MA E0+* <UA 7p)

> MA(E;),J:) + MA(EO+*)

Letting A/ myp, we have u(GO* ) < uup(EO )+ uup(EOJr*) Next letting
k — oo, we have pu(G%) < uup(Eap*) + uup(EﬁJIS*) = 0, by Proposition
3.7.5. -

Remark 3.8.4. For example, if the type of the left co(+/—)cluster is +
and the type of the right oo(+/—)cluster is —, then we cannot connect them
in A.

3.8.3 The multitype Widom-Rowlinson model

Runnels and Lebowitz[50] introduced the multitype Widom-Rowlinson mod-
els with ¢(> 2) species and showed the existence of intermediate phases for
large q. More recently, Georgii and Zagrebnov[21] gave a new proof using
percolation and chessboard estimate (see [18] Chapter 17), which can be
easily generalized to a wider class of interactions.

We extend the definition of the Widom-Rowlinson model on G = (V, E)
to ¢ > 2 case in a natural way: Let Q = {0,1,--- ,¢}V. Fora € {1,--- ,q},
we regard a as a site occupied by a particle with color a, while 0 stands for
a vacant site. For A C V, let Qy = {0,1,---,¢}*. A configuration w € Qy
is said to be feasible if w(z)w(y) = 0 or w(z) = w(y) # 0 for all adjacent
x,y € A. For a feasible boundary condition w € € and activity A > 0, the
finite volume Gibbs distribution in A CC V is defined by

”LX,A(U) - {U*w feasible} H Ao @0y (0 €Qy).
A’ TEA

The set of Gibbs states is denoted by G(A, q).
Let us consider the multitype Widom-Rowlinson model on Z?. For w €
Q and S C Z2, we call S an occupied sea if S is an infinite cluster in
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{x € Z%;w(x) # 0} and each A CC Z? is surrounded by a circuit in S. We
define an even occupied (x)sea S by an infinite (x)cluster in {z = (z1,22) €
7% x1 + x2 is even and w(x) # 0} and each finite region is surrounded by a
(%)circuit in S. Similarly, we define an odd empty (x)sea.

Theorem 3.8.5 ([21]). If ¢ exceeds some qo (for example, we can take
qo = 2-10%), then there exist A\c(q) € (¢/5,5q) and e(q) € (0,1/3) with
e(q) — 0 as ¢ — oo such that the following statements hold.

(i) (colored phases) When A\ > A.(q), there are q different translation-
invariant extremal Gibbs measures pq(a € {1,---q}) € G(A\,q). With pq-
probability one, there is an occupied sea with color a, to which the origin
belongs with pg-probability > 1 —e(q).

(1) (staggered phases) When qo/q < A < Ac(q), there exist two different
extremal Gibbs states freven and i, qq € G(A, q). These are invariant under
even translations and p,g s an one-step translation of jiepen. There are
an even occupied (x)sea and an odd empty (x)sea peyen-a.s. With peyen-
probability > 1 — €(q), (0,0) belongs to the even occupied (x)sea and (1,0)
belongs to the odd empty (x)sea. FEach occupied cluster is finite peyen-a.s.
and its color is independent uniformly distributed.

(11i) (first-order phase transition) At X\ = Ac, g+ 2 different Gibbs states

Levens Modd> Mala € {1,---q}) € G(X, q) coexist.

A problem for this model is determining the minimum ¢ such that stag-
gered phases appear. In [42], it is conjectured that ¢ = 4 for Z2. In [48], it
is mentioned that second-order phase transition occurs when ¢ = 2 and this
can be proved by using Theorem 3.2.9. Unfortunately, details are not clear.

We mentioned the non-monotonic behaviour of the Widom-Rowlinson
model and staggered phases for large q. These are related to lack of mono-
tonicity in site random-cluster models. The site random-cluster model cor-
responding to the multitype Widom-Rowlinson model is

]' xX
R&A(g) - F0 H (@) ,qk(é,A) (€ € {0, 1}/\)’
AN zeA

where k(£, A) denotes the number of (1)cluster in A on £. For large ¢, many
(1)clusters appear with high probability. Because of hard-core interactions,
staggered phases can appear. If activity is large, then colored phases ap-
pear.
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