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Spaces of initial conditions of the two dimensional
Garnier system and its degenerate ones

Masaki SUZUKI

0 Introduction

In this paper, we construct spaces of initial conditions E;(s), s = (s1, $2) € By for the two dimensi-
nal Garnier system Hj;, J = 11111 and its degenerate systems H;, J = 1112,113,122,14,23,5,
which are completely integrable Hamiltonian systems of degree 2 of the form

(9HJ¢ aHJi
day =S dsi, dpr=— 3 ds; k=12
o S 0Pk o o O ’

Note that the label J is a partition of 5. For every J, two Hamiltonians are certain polynomials
of q1,q2,p1,p2 whose coefficients are rational functions of s = (s1,s2) holomorphic in a domain
Bj; C C2. For example, the Hamiltonians H; = Hi11114, @ = 1,2 of the Garnier system Hi1111 are
of the following form:

s1(s1—1
s1(s1 —1)Hy = {ql(ql —1(q1 —s1) — %qu}p?

S1

S1(s9 — 1 so(s1 —1

+QCI1(]2<(11—71( 2 1) s2ls1 —1) )>p§
— S1 S1 — S92

—{(040 —Dagi(qn — 1) +aaqi(qr — s1) + az2(qn — 1) (g1 — s1)

)Plpz +q192 (QQ —

Ss1(s9 — 1 s1(s1 — 1
tagq (g - 222D g U,
1) So — 81 (3 1)51 — 52
51(89 — s -
+{(Oéoo +2v)q1q2 + 0421(27(12 tag g }p2 + (v + as)qr,
S2 — 81 S1 — 82
s1(s9 — 1 so(s1 — 1
s2(s2 — 1)Ha = q1¢2 (‘h - M)Zﬁ +2q192 (Q2 - M)IHPQ

So — 81 S1 — 82

So(s9 — 1
+{Q2(Q2 —1)(g2 — s2) — %qu]z}p%
s1(s2 —1 so(s1 — 1)

+{(Oéoo +20)q1q2 + ar—————q2 + 03— }p1
So — 81 51 — 82

—{(040 —1)g2(q2 — 1) + a1g2(q2 — s2) + az(g2 — 1)(q2 — s2)

Sso(s1 —1 So(s9 — 1
2(51 )) —as 2(s2 )ql}p2+u(u+aoo)Q27
S1 — 82 1

+a2qe (Q2 - < 5
Y —

where o = (ag, a1, ag, @3, () are complex parameters and

1
V:—g(ao—i—al—i—ag—i—ag—l—i—am).



In this case, we see
Biiin = C*\ U{s152(s1 — 1)(s2 — 1)(s1 — s2) = 0}.

The forms of the Hamiltonians for the other J are given in the next section. Here we explain
the meaning of the label J, a partition of 5. Our systems are obtained as monodromy preserving
deformation equations of the second order linear ordinary differential equations with regular or
irregular singular points and apparent singular points. Let us assign 1 to a regular singular point
and r + 1 to an irregular singular point of Poincaré rank r. Then we can express by a sequence of
positive integers the distribution of regular or irregular singular points with the data of Poincaré
ranks of a linear differnatial equation. For example, H11111 (or Hi112) is a monodromy preserving
deformation system of a linear differenatial equation with five regular singular points (or with three
regular singular points and an irregular singular point of Poincaré rank 1).

Each H; defines a nonsingular foliation of the trivial fiber space C* x B; 3 (q,p,s), ¢ =
(¢1,92), p = (p1,p2), s = (51, 82), because 0H j;/Opx, OHj;/0qr i,k = 1,2 are holomorphic on
C* x B;. However, since the differential system is nonlinear, its leaves or the solutions may
not be prolonged along some curves in B, in other words, they may have movable singularities.
Therefore it is preferabale to obtain a fiber space over B; which contains C* x B as fiber subspace
so that every solution can be prolonged in the space along any curve in Bj;. The most typical
and well known such spaces are those for Painlevé systems. The purpose of this paper is to
construct such fiber spaces E; over B; (namely to construct the fibers E;(s), s € By which are
called the spaces of initial conditions) for the Garnier system Hi111; and its degenerate systems
H,y, J=1112,113,122, 14,23, 5.

For every J, we first compactify the fiber C* x s > (q,p) x s suitably. As such a compact
manifold we choose Hirzebruch manifold of dimension 4 ¥, which is a P2-bundle over P2. The
manifold is covered by nine affine charts. Then we write the system H; in the coordinates of all
charts of the manifold. It can be seen that on certain three charts the differential systems are
polynomial Hamiltonian systems, however on the other charts they are not Hamiltonian systems
and have pole singularities on a divisor D x s, s € B;. We next determine the so-called accessible
singular points on D x s. An accessible singular point is a point through which many holomorphic
solution curves may pass. We can verify that the set of accessible singular points is a disjoint
union of connected components A;(s) each of which is isomorphic to P!. We can assign to each
component A;(s) an element of the partition J denoted by n; € Z~ with Y n; =5, which implies
the number of components is equal to the lenghth of J. We then make quadratic transformation
Qa,(s) along each A;(s). We see that our differential system has yet pole singularities on the

excetional divisor Dgl)(s) = Qa,(s)(Ai(s)). Therefore we have to determine the accessible singular
points and make quadratic transformation again. After repeating such quadratic transformations
several times and auxiliary transformations, we can arrive at a holomorphic system, namely we can
obtain coordinate systems which separates infinitely many solution curves of the original system
‘H; passing through any point on A;(s).

Let E ;(s) be the compact manifold obtained from Y, x s by the composition of all the quadratic
transformations and auxiliary transformations. Then we obtain E;(s) by removing the inaccessible
singular points. The fiber space E; = | |,c 5, Es(s) is sometimes called defining manifold for the
system ;. The space is covered by finitely many charts which are isomorphic to C* x B;. We
notice that the original polynomial Hamiltonian system is extended to each chart as a polynomial
Hamiltonian system.

We give here more remarks. The number of quadratic transformations along A;(s) is 2n;
where n; is a positive integer assigned to it as above. The first n; quadratic transformations
are simultaneous replacement of every point on curves by P2 and the second n; transformations
are simultaneous replacement of every point on surfaces by P'. In the case where n; > 2, we



have to insert some simple change of variables after the n;-th transformation and make certain
change of variables after the last transformation by investigating carefully the fundamental 2-form
dg1 Adpy +dga Adps in order to obtain good symplectic coordinate systems (¢*, p*) = (¢, 47, 0T, D3),
where we say that a coordinate system (¢*, p*) = (¢, ¢i, pT, p5) is symplectic if it satisfies

dq1 A dpy + dga A dpa = dgi A dp] + dgy A dps.

Remark that the Hamiltonians H;, ¢ = 1,2 in the coordinate system (q,p,s) are changed to
H;(x), i = 1,2 in (q*,p*, s) determined by

S dgi Adpi+ Y dH Ads; =Y dg; Ndpf+ > dHi(x) Ads;.

i=1,2 i=1,2 i=1,2 i=1,2

The pull back of A4;(s) is a C2-bundle over P*. We also notice that there are Bicklund transforma-
tions which act on some parameters as permutations in the case where J has several elements of the
same integer. Since the transformations also act as permutations of the corresponding components
A;(s), a coordinate system for a component derives ones for the other. However some coordinate
systmes thus obtained are not good, which means that the relation between the coordinate system
and the original one is not of simple form, therefore we use the symmetries in the case where they
produce good coordinate systems.

This paper is organized as follows. In Section 1, we give the explicit forms of the Hamiltonians
of the two dimensional degenerate Garnier systems H y, J # 11111. In Section 2, we give symmetric
group actions on systems H ; for some J. In Section 3, we explain a compactification of the original
phase space C* > (q1, g2, p1,p2). In Sections from 4 to 10, we consturuct spaces of initial conditions
for two dimensional Garnier and all its degenerate systems. The results thus obtained are collected
in the last section, Section 11, as theorems. Each theorem gives the description of the spaces of
initial conditions for each H ;.

1 Hamiltonians of the systems other than Hii111

We give explicitly the forms of the Hamiltonians Hj; and H o (abbreviated as H; and Hs respec-
tively) of Hy (J # 11111):

Hii12:

sTH1 = ¢} (q1 — s1)p3 + 243 q2p1p2 + q192(q2 — s2)p3
—{(a0 + a2 — )i + a1q1(q1 — s1) + (g — 51) + ns1q2}p1
—{(ap + a1 — 1)q1g2 + a2q1(q2 — s2) — n(s2 — 1)g2}p2 + v(V + o),

s2(s2 — 1)Hy = ¢iq2p? + 2q1G2(g2 — s2)p1p2
So(s9g — 1
+{Q2(CI2 —1)(g2 — s2) + Mf]lfh}iﬂ%
—{(o + a1 = 1)q1q2 + a2q1(g2 — 52) — (52 — 1)g2}p1
—{(040 —1)ga(g2 — 1) + a1g2(g2 — s2) + a2(g2 — 1)(g2 — s2)

+82(8§1— 1) (

asq1 + 77Q2)}p2 + vV + as)ge,

1
(V: —§(a0+a1+a2—1+aoo)),



Hii3:

Hl—q1p1+2q1(q2+ )p1p2+q1{q2(q2+ ) ( )ch}p%
~fe o=t o+ )
n

a
—{(ao+a1 —1)Q1qQ+?1Q1 (*2 - )QZ+ }p2+V( + aoo)q1,
2 52

1 S1 1
Hy = ¢} (C]2 + 52)171 + 2q1{qz (Q2 + 52) (8—2 + 5)6] }plpz
2

1 2 s s 3
2 = gfi)2f(i ,) 7(171}2
+{q2 (q2 + 52) * (8% 4 % 8% + 2 9192 S92 P2
(e5] S1 1 n
—{(ao +or —D)qige + —q1 — 77(*2 — f)qg + —}p1
S s5 2

s 1
—[(ao +a; —1)¢3 — {ao — 1+a1(% + *)}(11
s5 2

2
11_12> %} _ (il 1)}
+{n(83 +S2 G2 —1 S%+2 P2+ V(V + oo )2,

Hi2o:

sTHy = ¢3 (g1 — s1)pT + 243 q2p1p2 + 143p3
—{(ao - 1)(1% + a1Q1(Q1 - 81) + 771(Q1 - 81) + 77181Q2}P1
—{(ao + a1 — D)q1g2 + nos2q1 + maz}pe + v(v + ax)ar,

—soHs = qiqop? + 2q163p1p2 + 43 (g2 — 1)p3
—{(ao + a1 — 1)q1g2 + M0S2g1 + M g2}p1

S
—{(ao —1)ga(q2 — 1) + a1 g3 + %QI + nos2(g2 — 1)}:02 + (V4 as)ge,
1

H142

Hy = p? —2sopip2 — (g2 + s2q1 + s1— 353)p3 — {a1 (@1 + s2) — @2 }p1,
—{q1q2 + (51 — 353)q1 + s2q2 + 1 — o }p2 — v,

Hy = —s9p? — 2(q2 + s2q1 + $1 — 553)p1p2
—{s24} + q1q2 + (s1 — %Sg)(h — 5242 — s2(81 — %s%)}p%,
—{q1a2 + (s1 — 353)q1 + 5202 — a0 + 1}p1
—[g3 — {0 — 1+ sa(s1 — 353) a1 + (s1 — 553)q2lp2 — Va2,

(= o),



Hgg:
Hy = (q1 — s1)p3 + 2@2p1p2 — 2{a1(q1 — 51) — g2 + 2(c0 — 1) }p1 — 3(q1q2 — 2ns2)p2 — Svau,

—soHy = qop? — 4303 — L(q1a2 — 2ns2)p1 — ${d% — 2ns2(q1 — s1) — 2(e0 — 1) g2 }p2 — $vae,

=en)
Hs:

Hy = (g5 — q1 — s1)p; + 2q2p1p2 + p3 + 2(¢5 — 57 + 52q2)p1 + 2(q1g2 + 5192 + s2)p2 + 2vq1,

Hy = qop? + 2p1p2 + 2(q1q2 + 8192 + 82)p1 + 2(q3 — q1 + $1)p2 + 2vqa,

peet)

Here ¢1, g2, p1,p2 and s, so are complex variables and «g, aq, ... are complex constans. We notice
that Hamiltonians Hy = Hj; and Hy = H j5 are polynomials of ¢ = (q1, ¢2) and p = (p1, p2) whose
coefficients are rational functions of s = (s1, s2) holomorphic in B; where
Biiiz = C?\ U{s1s2(s2 — 1) =0}, B3 = C?\ {s2 =0},
Biay = C?\ {51 =0}, Bis = Bys = B; = C>.

2 Symmetric group actions

The systems Hy for J = 11111,1112,113 and 122 admit symmetric group actions of degree 5, 3,2
and 2 respectively. The actions are realized by certain rational symplectic transformations each of
which preserves the form of the system while it changes some parameters as a permutation.

As we make use of the transformations in order to avoid analogous calculations of blowing up,
we give here the explicit forms of the generators of the transformation groups.

2.1 S5 action on Hyy111

Let us consider the following symplectic transformations

’ q1 ’ a2

q1 = qa = —
1 81) 2 52’
;o /o
o1 pP1 = S1P1, P2 = S2P2,
1 , 1
ST = —, 8o = —
1 81, 2 82’
=S (1- L)
! s1—1 S1  So

q2 82(81—1)
09 .
82(81—1) S1
R = !
Pr==(r=Dp po=—"——=(r2=m
r S1 /_81_82
5 _51—17 52 51—17



q/7(52_31)q1 ;52 ( _ﬂ_qj)
! 81(82—1)7 2 82—1 S1 S92 ’
. s1(sa —1) s
g3 Py = S ( 1 *pz)a Py = —(s2 = 1)p2,

s/ — 82_81 S/ — 82

! 5271 2 8271
= a1 & = q
"Tate-1U 7 ate-1

g4 .

Py = (g1 + ¢ —1)(p1 + v — 101 — G2p2),

Py = (@1 +q2 — 1)(p2 + v — q1p1 — q2p2),

51 52

!/ !/
S = ——— Sog = .
1 8171, 2 8271

We can verify that each transformation o,,, 1 < m < 4 changes the system H11111 in variables

q1, 92,1, P2, S1,S2 with parameters «

(ao, a1, 2, 3, (i) into the same system in variables

q1, G5, P}, Ph, 1, sh with parameters o = (af, o}, b, o, ol ) denoted by o,,(a) where

0'1(01) = (OZ17OZO7OL27O[37O‘OO)7
0'3(01) = (a37a13a27a0,a00)7

OQ(Q) = (02705170[07053’&%)7
04(0&) = (a03a007a27a3aa1)~

The transformation group generated by 0,,, 1 < m < 4 is algebraically isomorphic to the symmetric

group Sj.

2.2 S5 action on Hiq12

The symplectic transformations

4 =— q g = 82 (_g_qu)
1 so—17 27 59—1 51 sy/’
/ 52 /
o1 p1=—(52—1)(p1—;p2)» pz——(Sz—l)pz,
S1 , 52
sh=— sh =
! 82—1 2 82—1,
¢, = q1 d. sy —1 q2
1 q g2 2 — q g2
—i-z o 1-L-2
p’1=(1—$—q*2){—(1—ﬂ)p1+@p2},
S1 52 S1 1
02
q1 q2 q1 2 — Q2
= (-2 g (22}
P2 ( s1 5o 82_1p1 _1 b2
1
sy = —s1, 8’2:—52_1



change the system Hi112 in variables ¢, g2, p1, D2, 1, S2 with parameters a = (ag, @1, a2, @) into
the systems in variables ¢}, ¢}, p, P, s}, s5 with parameters o’ = (), o, o, ol ) denoted by ., ()
where

01(04) = (052,0417040,0400)7 JQ(Oé) = (Oloo,Otl,OLQ,Oéo)-

2.3 S, action on Hi3

The transformation

q1
q = ;
! (51 +%5%)Q1+82Q2+1
¢ = — S2q1 + G2
2 (s1+ 383)q1 + s2g2 + 1
g / L, L, L,
P = {(81 + 582>CI1 + s2q2 + 1} H <81 - 552)‘]1 + 1}]91 + {(81 - 582)612 - 82}p2},

1
Py = —{ (81 + 58%)% + 82g2 + 1}{82(]1]91 + (s2q2 + 1)p2},

/ /
S§1 = —81, So = 52

changes the system Hi13 in variables ¢, g2, p1, D2, 1, S2 with parameters a = (ap, @1, a2, @) into
the system in variables ¢, g5, P}, ph, 81, s with parameters o/ = (), &, o, al) denoted by o ()
where

o1(@) = (oo, 1, A2, ).

2.4 Sy action on Hio

The transformation

!/ q2 / Q1
Q1 — T q2 - )
52 S1
’_ I
o p1 = —S2pP2, P = S1P1,
1
/ /
51 = —S89, 52 - —
S1

changes the system Hig0 in variables ¢, g2, p1, P2, S1, S2 with parameters a = (g, a1, @) into the
system in variables ¢, ¢5, p’, ph, 87, s5 with parameters o/ = (af, o}, o) denoted by o(«) where

J(Q) = (ala aOvaoo)~

3 Compactification of the original phase spaces

We construct spaces of initial conditions E;(s), s = (s1,82) € By for each system H; by com-
pactification of the complex spaces C* and by successive quadratic transformations. We choose a



compact complex manifold ¥,, v being a complex constant depending on the system H;, as an
compactification of the fibers C*.

The manifold X, is a P2-bundle over P2 defined as flows. Let £ := (£, &1, &) be the homogeneous
coordinates of P2, U; = {(£0/&,&1/&i,&2/&) | & # 0} =~ C? be the i-th affine chart. Set W; :=
U; x P2(i = 0,1,2) and let n; :== (n0,7:1,72) be the homogeneous coordinates of the second
component P? of W;. Then we define X, to be the quotient space of [lo<i<2 Wi by the relations

i = gio " Mo,
O
& 0 0 €2 0 0
go=| —v&& —-& -&& |, g0= 0 o0& 0
0 0 §oé1 —v&p&s —&i& =&

up to multiplication of nonzero constant. Set

Wij o= {(&0/&, & /& &2/ & mio/nijs min [mij> miz/mig) | &omig # 0} = C*, 0<4,5 < 2,

then we see that {W;; }o<i j<2 form an atlas consisting of affine charts of the manifold ¥, and

wi= |J wi.
0<j<2

We notice that X, is isomorphic to T7*P? U (P? x P!) if v = 0 and to P2 x P? if v # 0.
- Let us extend the original system 7 defined on C* x By > (¢1,92,P1,D2, 51, 52) to that on
Y, x By assuming that (¢,p) = (¢1, g2, p1, p2) is the coordinate system of Wy namely

o &1 _ 3 _To1 _ To2
Q= q2=_—, pP1—= , P2 = .
&o &o 100 700

Denote by Hf,o) the extended system on X, x Bj;. Notice that the patching matrices gi,7 = 1,2
are given by

1 0 0 1 0 0
go=| —vai. - -qg |, g920= 0 q2 0
0 0 @ —vgs —qiq2 —q3

up to nonzero constant multiplication.
We see that the transformations from the original chart Wy to the charts W;y,i = 1,2 are
symplectic. In fact, by setting

1% 1 &% 4 m1 4 M2
a1 = — - —

7q_ ’p 7p b
a6 7 e TP o
o_ & o & o M1 o N2

q1 = , 9o = —, P1 = , D 9
V7 s T e’ TR o
we have
1 Q% 1 1,1 1,1 1,1
(3.1) q1 = ?7 g2 = qﬁa p1=—qi(V+qip1 + @p3), P2 = qiP3;
1 1
@ 1
(3.2) =g B g P= %pi, P2 = —g3(v +qipt + 43p3),
2 2



which yields
dp1 ANdgy + dps A dgs = dp% A dq% + dp% A dq% = dp% A dq% + dpg A dqg.

Therefore the original Hamiltonian system is written also as a Hamiltonian system on each W;g 3
(¢, g5, pt,ps), i =1,2. Moreover, we can verify that the Hamiltonians become polynomials of the
dependent variables (¢*, p*) = (g%, ¢4, pt, pb) whose coefficients are rational functions of s = (s1, s2)
holomorphic in Bj if the values of v = v; are chosen as

1 1
V11111 = —5(040 +ortoartaz—1+ax), vine = —§(a0 +oag+ o — 14 as),

1
s = Vg2 = _5(040 tar =1+ ax), Via =13 =0, Vs=a+ 7

However, we see that the differential systems on W;; x By, j # 0 are not Hamiltonian systems
and have pole singularities on W;;\Wjo.
Setting

2
wo = Wi,
=0

we state these facts as

Proposition 3.1. For every J, the extended differential system HSO) on X, x By is a polynomial
type Hamiltonian system on WO x B with coefficients holomorphic in By 3 s = (s1,82) but it has
pole singularities on D x By where

D =3,\W°.

In the following sections, we will find suitable coordinate systems which express the fami-
lies of solutions passing through D by successive quadratic transformations in all cases of J =
11111,1112,113,122, 14,23, 5.

4 Spaces of initial conditions for Hii111

Remind that
1
v= —§(a0—|—a1+a2+a3—1—|—aoo)

in the present case. In this section, we often omitt the label 11111.

4.1 Accessible singularities on D x B

Let us determine the set of accessible singular points of the system HO on¥, x B (B = Bi1111)-
Notice that the system is a holomorphic Hamiltonian system on W°x B. By definition, an accessible
singular point is a point through which (potentially infinitely many) solutions of the system (%)
in W° x B passe holomorphically.

Let us investigate the form of the system on Wy, x B(C Wy x B), for example. By setting
&0 = no1 = 1, we take (&1, &2, 100, m02) as the coordinates of Wy;. By the use of them, the system



is written as

e(s)noodés = Z Pi(&1, &2, m00, 102, 8)dsi,

i=1,2

e(s)noodéz = Z Qi(&1,82,Mm00, 02, 8)dsi,

i=1,2

e(s)noodnoo = Z Xi(&1,€2,m005 M02, 5)dsi,

i=1,2
e(s)moodnoz = Z Yi(&1, €2, m005 Moz, $)dsi,

i=1,2

where e(s) = s152(s1 — 1)(s2 — 1)(s1 — s2) and P;, Q;, X;,Y; € C[&1,£2, 100, M0z, 51, 52) (polynomial
ring) are given by

P1 = O(noo) + 2s2(s2 — D& [{(s1 — s2)&1 + s1(s2 — 1) }amoz
+ (& —1)(& — s1)(s1 — s2) — s1(s1 — 1)&2,

(

O(noo) + 2s1(s1 — 1)&1&[{(s1 — 82)&2 — s2(s1 — 1)}z + (s1 — 52)&1 + s1(s2 — 1)],

Ql O(noo) + 2s2(s2 — 1)&1&[{(s1 — 52)&2 — s2(s1 — 1) }noz + (s1 — s2)&1 + s1(s2 — 1)),
Q2 = O(noo) + 2s1(s1 — 1)

E2l{(s2 — s1)2 + s2(s1 — 1)}&1
+{(&2 = 1)(& — s2)(s2 — 1) — s2(s2 — 1)&1}no2],
X1 = O(mo),
Xo = O(mo),
Y1 = O(noo) + s2(s2 — 1)[{(s1 — s2)€2 — s2(s1 — 1) }argy + {2(s1 — s2)&162 + 52(s51 — 1)&1
+ 281 (52 — )&} + {(51 — 52)&F — 2(sT — s2)&1 — s1(s1 — Déa + s1(s1 — 52) }1702
+s1(s1 — 1)&1],
Yy = O(noo) + s1(s1 — 1)[s2(s2 — 1)€arigy — {s2(s2 — 1)&1 + (51 — 52)&3 — 2(s1 — 85)&a
+ s2(s1 — s2) 5y — {2&16a(s1 — 52) — 2€152(51 — 1)
—s1(s2 — 1)€a}mon — (51 — $2)&5 — s1(s2 — 1)),

where O(ngo) denotes a polynomial of &1, s, oo, 702, S1, S2 with a factor 9. Therefore, accessible
singular points are the points satisfying the equations

7700_0 P Q’L _0 (Z:1a2)7
We see that the equations have the following three solutions

Moo =0, 85152 — 8281 — 8512 =0, 51— 2102 = 0;
no =0, 1-&§ —&& =0, 1-—mng =0;
Moo =0, & =0, mno2=0.

Observing the system H(® on all Wij;, 7 # 0, we can verify

Proposition 4.1. The set of accessible singular points of the system Hﬁ)ln for each s = (s1,82) €
Bi1111 is a disjoint union of five connected components Ag(s), A1(s), Aa(s), A3(s), Aso(s) ~ P!
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given by

Ao(s) = {(&m0,8) € Wo x Blsis2€o — 5261 — 51&2 = 0,100 = 0, 51701 — S2702 = 0}
U{(&m,s) € W1 x Blsis280 — 5261 — 5182 = 0,110 = 0,711 + 52112 = 0}
U{(& m2,8) € Wa x Bls15260 — 5261 — 5182 = 0,720 = 0, 51721 + 122 = 0},
Ai(s) ={(&m0,8) € Wo x Bl — &1 — &2 = 0,100 = 0,701 — 102 = 0}
U{(&m,8) € Wi x Bl§y — &1 — &a = 0,m10 = 0,711 +mi2 = 0}
U{(§,m2,8) € Wa x Bl§o — &1 — & = 0,120 = 0,121 + 122 = 0},
Aa(s) = {(&m0,5) € Wo x Bl&r =100 = 102 = 0} U{(&,7m2,5) € Wa x B|&y = 120 = 122 = 0},
Az(s) = {(&m0,8) € Wo x B|&a =190 =101 = 0} U{(&§,m1,8) € W1 x B|§2 = n10 = n11 = 0},
Aso(s) = {(§&;m,s) € Wi x Bl§o =m0 = m2 = 0} U{(§m2,8) € Wa X Bl§ =120 = 121 = 0}

We study here some actions of the Béacklund transformations given in Section 2.
Every o € S5 changes the system H(«) in the variables (q,p,s) to the system H(a/) in the
variables (¢',p’, s") with o = o(«). Noting that

1
V=o(v)=—5lag+artay+az—1+ai)=v

construct the manifold EL for the system H(c') in the variables (¢/,p’, s’) in the same way as %,,.
It is covered by the affine charts {W/;}o<; j<o Where

/ ! / !
/751 /752 ;Mo ; _ To2
G =2 2= Pr= 5 P2= >
0 0 Moo Moo

Wi/j = {(fé/dagi/g;v'gé/géveta;o/nija77;1/77;]777;2/7723) | 5237743 7£ O} =~ C4a
t(77§0777§1a77§2) = g;() ’ t(776077l(/)177762)a i = 172

Here g}, i = 1,2 are matrices of the same form as g0, i = 1,2, q1, g2 being replaced by ¢, qi
Then we can verify that the transformation ¢ defines a biholomorphic mapping from ¥, to
=/
Y, which is also denoted by . Moreover, let Ai(s"), i = 0,1,2,3,00 be the components of the
accessible singular points of the system H(©' (/) on i:ﬁ then o(A;(s)) = A ;)(s') for every i as
sets, namely not pointwise. For simplicity, we say that the Backlund transformation ¢ act on the

componets {4;(s)} as a permutation. The following proposition holds.

Proposition 4.2. The Backlund transformation group S5 acts on the components of the accessible
singular points of Hi1111 according to the following diagram

Ag | Ay | Ao | A3 | A
o1 | A1 | Ag * * *
g9 A2 * AO * *
o3 | As * x| Ag *
o4 | * | Ase | * * Ay

Here the diagram should be read as o1 transposes Ag(s) and A1(s), more precisely o1(Ap(s)) =
AL(s"), 01(A1(s)) = AL($)), o1(Ai(s)) = AL(s'),i = 2,3, 00, and so on.

In the following subsections, we obtain coordinate systems corresponding to A;(s), s = (s1,s2) €
B = Bjj111 which separate completely the solution curves passing through A;(s). The systems for
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As(s) and As(s) are obtained by quadratic transformations, while the other systems are obtained
from that for As(s) by the use of Bicklund transformations given in section 2. Notice that we can
obtain coordinate systems for As(s)(or As(s)) from those for As(s)(or As(s)) and Béacklund trans-
formations. But the coordinate system obtained by the procedure is not good, namely the form of
the relation between the coordinates and the original ones is not good. Therefore we perform the
quadratic transformation to obtain good coordinate system for As(s) and As(s).

The quadratic transformation along a set A is denoted by @4, and the superscript (k) of a
letter indicates that it is concerned with a k-th quadratic transformation.

4.2 Coordinate systems for Ay(s)

We make successively the quadratic transformations along As(s) N Wy, Aa(s) N Wy and find coor-
dinate systems for As(s).

4.2.1 Coordinate system for As(s) N Wy
The first quadratic transformation along As(s) N Wy. Note that Az(s) N Wy C Woy and

As(s) N Wo = {(&1, €2,m00, M02) € Wor =~ C* | & € C, & = noo = 102 = 0}.

We replace every point (fl,fg,noo,nog) (0,&2,0,0) with 52 € C by P? simultaneously. Let

(§2a$20 vyéé)v 220 ) € C4 (§2ax21 7921 ) S)) € C* and (527%2 ,yég),zg)) € C* be coordinate Sys-

tems of V2(1)(s) = Qa,(s)nw, (Wor x s) defined by
(1) 1, (1) (1) (1)

&= xzo y 100 = Tog Ya0 5 To2 = Tog 220

1
&= le yé1)» Moo = y§1)a No2 = y§1 ZéBv

&= :chQ)zéz), Moo = yéz)zéz)a No2 = zéz)a

then the exceptional divisor D( )( ) = Qa,(s)nw, (A2(s) N Wo) is given by

1 1 1 1 (a
{(f%zzo ayéo)v%o )| x(zo) =0}uU {(5271’21 vygl)’zﬂ )| y( ) = =0}uU {(5271”22 ayzz) 222 ) | 322) = 0}.

Let us write our system in the three coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

9% _ 1 (O(xé?) L 2s(s2 - 1)52)

0s1 81(81 — 1)(81 — 82) -Té%)) yéé) ’
0 _ ! (Ouéo)) . P1<52,z§é>>)
882 82(82 — 1)(51 — 82) xg%)) yé%)) ’

(1) (1) _ g2 _

Oz _ 1 <O(x20 ) 2s1(&a— st + 51 52))
851 S1 (81 — 1)(81 — 82) xé%)) yéé) ’
zly 1 (0<xét>> 251 (52 — 1)52)

882 52(52 — 1)(81 — 52) xg%)) yéil)) ’
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dysy)  O@y) + Po(&2)(anyly) — 1) 9yl Oaly) + si&a(azyly) — 1)

0s1 s1(s1 —1)(s1 — sz)x%) " Osy sa(s1 — SQ)xéo) ’
Oz _ ! (mé&+&@@wm—uﬁh+a@é%)
_ _ 1 I J
ds1 s1(s1—1)(s1 — s2) sy yso
Oz _ ! 0%w+%@@wmuﬁh+&@ém>
0 B -1 — (1) (1)
52 82(82 )(81 82) Toq Y20

in a neighborhood of D (s) = {z%) = 0 , in the second coordinate system, it is written as
g 21 20

0 _ Ows) 0% o)

951 sy(s1— 1)(s1— s2)yst " 052 sy(s9 — 1)(s1 — so)ysy)

oys) _ O(sy) s _ O(ys)
01 si(s1—1)(s1 —s2)ysy 952 sy(so— 1)(s1 — s2)usy

dxs)  O@s)) + {(s1 — 1) — 51 + so}(az — a5))

0s1 s1(s1 —1)(s1 — 52)3/%1) ’

0 OWd)) + s1(s2 — Déa(al)) — aw)

0s2 S2(s2 —1)(s1 — 52)9511) 7

02y _ O(ly) +s1(s1 — (@ —as) 92 O(hy) +s1(s2 — D (ahy) — o)

ds1 s1(s1 —1)(s1 — sﬂyé? " Osy s2(s2 —1)(s1 — 82)?/51)

in a neighborhood of D21 (s) = {y21 = 0}, and in the third coordinate system it is written as

9 _ 1 (O(Zéé)) L 2su(s2 - 1)523392))
881 81(81 - 1)(81 — 82) Zé;) yéé) ’
06 _ 1 (O(Z%)) n P7(52733§12)))
882 52(82 - 1)(81 — 82) Zéé) yéé) ’
6255) B 1 ( O(zéé)) N s1(s1 — 1)(36%12) &) — 5152)
ds1 si1(s1—1) _ (1) (1) ’
1 12l (81 — 82)299 Y22
0z _ ! (0®%+a@—ww—@Mrw$»
852 82(82 - 1)(31 — 52) Zé;) yg;) ’
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dxsy) 1 (0<z§§>> + Py(&a, 25 (255 /ysy) — a2>)

681 a 31(81 — 1)(81 — Sg) (1)

229
ozl _ L (0%2 ) + PolEa, o) (@58 /458 — )
882 82(82 — 1)(81 — 52) Zéé) ’

Aysy  O(255) + s1(s1 — D(aaysy —2%))  yky)  O(=5)) + s1(s2 — 1)(aly — asysy)

ds1 s1(s1 —1)(s1 — 52)2(2) T 0sy s2(s2 —1)(s1 — sz)zéé)

in a neighborhood of Déll)( )= {222 = 0}. Here P;(*) denotes a polynomial of . In the following,
P;(*) always denotes a polynomial of some variables *. Investigating carefully these systems in a

neighborhood of D( )( ) in the same way of deriving Proposition 4.1, we can verity that the set of
accessible singular points Aéll)(s) is given by

A (s) = {(&a, i) usy, 250) = (€2,02,0,25)} € DY (s),

which means that A(211) (s) is included in a coordinate neighborhood of the coordinates (&2, :Egll),
(1) (1)
Yar's 71 )-

The second quadratic transformation along A (1 ( ).  We next replace the points (@,xg?,

yg),zéi)) = (&2, 2,0, zéi)) with (527221 ) € C? by IE”I simultaneously. Let (52,221 ,xé%),yég)) ect

and (&, zg),mél),yg ) € C* be coordinate systems of V2(1)( )= QA<1)(S)(‘/'21)( )) defined by
21

1 2 1 2) (2
5551) =az+ Igo)a yél) = xéo)yéo)v

1 2 1 2
3351)—0‘ "‘517(1)3/51): ygl) yél)v

then the exceptional divisor D( )( )= QA;11>(5) (Agll)(s)) is given by

2 2 2
{(52,221),3?g0),y20) | 33 =0} U {( 527221 a$g1)73/22) | 951) =0}.

We can verify that our system is written in the second coordinate system as

s152(s1 — 1)(s2 — 1)(s1 — s2)d€2 — Z Poi(&, 57 57 sy, s)ds; = 0,

i=1,2
s1sa(s1— 1)(s2 — 1)(s1 — s2)dzd)) — Z Qi(E2, 25, w5y ysY, s)ds; = 0,
i=1,2
s18a(s1— 1)(s2 — 1)(51 — s2)dasy — > Xai (€2, 2857, 25 Y, s)dsi = 0,
i=1,2

s1sa(s1— 1)(s2 — 1)(s1 — s2)dysy Z Yai(€a, 25, o5y ysy s)ds; = 0.
i=1,2

Here Py;, Q2;, Xo;, Yo; in the second differential system are certain polynomlalb of &, z21), a:él), yg)
and s. This means that the foliation has no singular points in (&2, 221 ,xg), yél), s)-space C* x B

and every leaf in the space is transversal with fibers. On the other hand, we can verify that the
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points (52,25})7$é%)7y£%)) = (fg,z;),0,0) are inaccessible singular points, because our system is

written as

0% _ O(a) 0% _ O(a)
ds1 s1(s1 —1)(s1 — sz)xg%) 0s2 sa(sa —1)(s1 — 32)xg%)
024y _ 1 <0<x§%>> s1(s1 — 1>)
851 51(81 - 1)(81 — 52) xé%) yé%)) ’
024y _ 1 (ou;%)) si(sa— 1>)
352 82(82 - 1)(81 — 82) xé%) yg?))

Oriy) _ ! (omé%)) p orller =D& o1+ oa)y
881 81(81 — 1)(81 — 82) xg%) yég) ’
893(2%) _ 1 (O(x%)) n 31§2>
0Jsa sa(s1 — 82) xg%) yé(z)) ’

s _ O(=S%) sy _ O(=5)
051 s1(s1 —1)(s1 — 52)33%) 0s2 so(sa — 1)(s1 — sz)xé%)

in a neighborhood of (&3, zé?, :E;%), y%)) = (&, zg), 0,0).

Thus we have obtained a coordinate system (52,251)71‘&21),1153)) € C* which separates the
solutions passing through As(s) N Wy = As(s) N Wyi. Tt is related to the coordinate system
(€1:€2,Mm00, M02) € Wor by

2 2) (2 2 2 (a
§1= y§1) (a2 + $§1)y§1))a &2 = &2, Moo = 3/51)7 To2 = yél)zél)

and then
2 2) (2 1 1
q1 = yél)(az + $g1)yé1))» g2 =82, p1= @) p2 = Zél)~
Y21
If we set
2 2 1
@ = a2, @ =6, pt=us, 3= 2y,
then we have
1
(4.1) q1 =p§1(a2 - q%1p%1)7 q2 = (1%17 P = F7 P2 :p%l
1

and
dgi A dpy + dgo A dpy = dgit A dp?t + dg3t A dp3t.

We should notice that the transformation from (g, p) to (¢?',p?!) is symplectic and then our
system Hjq111 is also written as an Hamiltonian system in the variables (¢!, p?!). In our teminol-
ogy, (¢?',p?!) is a symplectic coordinate system. We can verify that the Hamiltonians in (¢%!,p?!)
are polynomials of the variables whose coefficients are rational functions of s = (s1, $2) holomorphic
in B.
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4.2.2 Coordinate system for As(s) N Wy
The first quadratic transformation along As(s) N Ws. Note that As(s) N Wy C Way and
Az(8) N Wo = {(&0, €1, 720, M22) € Way = C* | & € C, & = oo = 722 = 0}

We replace every point (£o,&1,720,m22) = (£0,0,0,0) with & € C by P? simultaneously. Let
(&0, X3, Y0, Z0) e €4, (0, X0, v, 28y € €* and (g0, X8, V), 28D € C4 be coordinate
systems of Vi3 (5) = Q (s (War X ) defined by

&= X5, mo=XEV, ma = X525,

&1 _X21)Y2(1)a 20 = Yz(ll)» 22 = Yg(ll)Zg(i),

& = X22)ZQ(2)1 20 = Yz(zl)ZQ(é)a 22 = Zéé),
then the exceptional divisor Délz)(s) = Qa,(s)nw, (A2(s) N Wy) is given by

(X5 =0yu{yy =o0yu{zy) = o}

We can verity that the set of accessible singular points Ag? (s) is given by

AR (s) = {6, X5, V3D, Z)) = (61, 02,0, Z5))} € DY) (s).

The second quadratic transformation along Aglz)(s) We next replace the points (517X21),
2(11), Z(l)) ({1,042,0 Z2(1)) with (51,Zé})) € C? by P! simultaneously. Let (51,Z§}),X2((2)),Y(2))
C* and (&, Zé XQ(Q) Y(z)) € C* be coordinate systems of ‘/2(22) (s) = QAS;(S)(‘/Q(Ql)(S)) defined by

1 2 1 2)-(2
X5 =00+ X5, VY = Xy,
XU = a4 XDV v — v @),
then the exceptional divisor D ( )= QA(l)( (A AL, )( )) is given by
(x5 =0y u v =o}.

We see that, in the (&, Zg), XQ(?), Y2(12), s)-space C* x B, the Pfaffin system has no singular points
and every leaf is transversal with fibers, moreover, the points (&, ZS), XQ(?, Y(z)) (&o, Z;i), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&,ZS%XS),Y@)) € C* which separates the
solutions passing through As(s) N Wy = As(s) N Wy We see that the system is related to

(&0, &1, m20,1m22) € War by

§o = 507 §1= 21 (0@ + X(Q)Yz(l))a 20 = Y2(12)a 22 = Y2(12)Z§P
and then we have

Y(Z) 1 .
&o — (a2 +X2(?)Y2(12))7 Q2= 7 P1= T%, p2=—&(v+ a2 +§OZ(1) +X2(2)Y(2))
21

which is equivalent to

g1 =

2 2)1(2 1 1
= }/2(1)(042 + Xél)y2(1))’ q% = &o; p% (2) ) p2 Zél)

16



by means of (3.2). If we set

X 2 Y. 2 7 1
Q%Q 2(1)7 qSQ éoa p%Q = 2(1)7 p§2 = él)’
tllen we have

1
(4.2) qi = p3*(ae — qP?pP?), @3 =¢3% pi= i p3 = p3’
1

and
dq1 A dpy + dga A dpy = dg? A dp? + dg3 A dp? = dg?? A dp3? + dg3? A dp3?.

Thus we have obtained a symplectic coordinate system (q?2, p??) for Ay(s) N Wa. We can verify
that the Hamiltonians with respect to the coordinates are polynomials of these variables.

4.3 Coordinate systems for As(s)

We make successively the quadratic transformations along As(s) N Wy, As(s) N Wi and find coor-
dinate systems for As(s).

4.3.1 Coordinate system for As(s) N W,
The first quadratic transformation along A;(s) N Wy. Note that Az(s) N Wy C Woe and

As(s) N Wo = {(&1,€2,m00,m01) € Woa =~ C* | &1 € C, & = noo = 101 = 0}.

We replace every point (£1,&2,700,7m01) = (£1,0,0,0) with fl € C by P? simultaneously. Let

(515 3330 ayf(’,lo)v ZSO ) € C4 (glﬂx:(sll)7yf(ill)7 Z{g})) € (C4 and (5173332 72/;(32), Z,f(’,Q ) S (C4 be COOI‘dlnate SYS‘

tems of V31)( ) = Qa,(s)nw, (Woz x s) defined by

& = $é0)7 Moo = -T;(go)yz(zo)7 o1 = -T:(),O)Z;E)(l))a

&= :vél)yél), Moo = yél), No1 = yél)zggj),

& = ivélg)zz()é)7 Moo = y;%)zéé), Tlo1 = 21(),?7

then the exceptional divisor D( )( ) = Qa,(s)nw, (Az(s) N W) is given by

{afe =0} U {yl) = 0} U (=) = 0}

We can verity that the set of accessible singular points A 1 is given by
1 1) (1)
Ai(%l)( ) = {(517%1 ,y§1)7z§1 )= (&1,03,0, 231 )} - D )( )

The second quadratic transformation along Aéll)( ). We next replace the points (fl,xgll),

yé?,zé?) (&1, 03,0, zél ) with (517231 ) € C? by P! simultaneously. Let (51,231 ,xg%),yéz)) ecCt

and (&1, zél), mg),ygj)) € C* be coordinate systems of Vg(l)( ) = QAU)(S)(V},(l)( )) defined by
31

1 2) (2
935’)1) =az+ méo)a yél) = x:(so)y:(so)v

1 2) (2 1 2
xgl) =az+ zi(ﬂ)yél)v l/:(n) = y§1)7
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then the exceptional divisor D ( )= QA<1>( (As Al )( )) is given by

{a5) =0y u {y{? =0},

We can verify that our system has no singular points, every leaf 1s transversal with fibers in
(&, zg),zgl ,yél), s)-space C*x B. On the other hand, the points (£1, 231 ,zgi),yég)) (&, 231),0 0)
are inaccessible singular points,

Thus we have obtained a coordinate system (51,z§1),x§,1),yg)) € C* which separates the
solutions passing through As(s) N Wy = As(s) N Wye. It is related to the coordinate system

(&1,€2,m005,m01) € Wo2 by

§1=¢&1, &= yg)(as + xé%)y:(ﬁ))’ Moo = y§1)7 No1 = y:(»,1)2:(ﬁ)

and then
1
1
g =&, = y;(n) (a3 + 33:(),1)19§1)), P = Z§1)7 P =
Y31
If we set
2 1 2
ST 7:E2(31)’ pit = Z:(n), Pt = y§1);
then we have
1
(43) 4@ = qzl))17 q2 = p% (Ckg - q31p§1)7 p1 :p§17 P2 = pﬁ
2
Thus we have obtained a symplectic coordinate system (¢3!, p?!) € C* for Az(s) N Wy.

4.3.2 Coordinate system for As(s) "W,
The first quadratic transformation along As3(s) N W;. Note that Az(s) N W, C Wiy and

As(s) N Wy = {(&, €2,m10,m11) € Wiz =~ C* | & € C, & = 19 = 11 = 0}.

We replace every point (£o, &2, m10,711) = (50,0 0,0) with ¢ € C by P? simultaneously. Let
(&0, X0, Y, Z0) e €4, (g0, X5V, v, Z8) € €* and (&, X3, V), 2{)) € C4 be coordinate
systems of V3(2)( ) = Qay(s)nw, (W12 x 5) defined by

1)+-(1 1) (1

& =X, mo=X3Ya!, mi =X 2,
(a 1 1) (1

§2 = 31)1/3(1)5 o = Y:’>(1)7 mni = Y3(1)Z3(1),
(a 1) (1 1

§2 = 32)Z:‘£2)a o = Y3(2)Z§2), 1 = Z:E’Q)a

then the exceptional divisor Délz)(s) = Qa,(s)nw, (A3(s) N W) is given by
1 1
{X5 = 0y u{Ys) = 0yu{zg;) =0},
the set of accessible singular points Aglz) is given by

A (5) = {(€0, X5, VD, Z80) = (&, 0,0, Z51)} € DY) (s).
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The second quadratic transformation along Aélz)(s) We next replace the points (§O7X?(j),
Yg(ll), Z?(j)) = (o, a3, 0, ZPEP) with (€o, Zé})) € C? by P! simultaneously. Let (o, Zé}),XP%),Y;g)) €

C* and (&, Zéi),Xg),Yg(lz)) € C* be coordinate systems of ‘/?)(22) (s) = QAu)(g)(Vé(Ql)(s)) defined by
32\
1 2 1 2)-(2
X§) =g+ XG, v = x{v,
1 2)-(2 1 2
X§ = ag + XV, vy = v
then the exceptional divisor D:g)(s) = QA<1)(S) (A:(;Q)(s)) is given by
32
(X5 = 0ru v = o}

We see that, in the (fo,Z?E}),Xg),Yg(f),s)—space C* x B, the Pfaffian system has no sin-
gular points, every leaf is transversal with fibers, moreover, the points (§O7Z§P,X§3)7Y3(3)) =
(&o, ZZ(&), 0,0) are inaccessible singular points.

Thus we have obtained a coordinate system (ﬁo,Zg),Xg),Yg(f)) € C* which separates the
solutions passing through As(s) N Wy = As(s) N Wia. It is related to the coordinate system

(&0, &2, m10,m11) € Woa by
o =26, &= 3/3(12)(043 + Xéf)Yg(f)), Mo = Y3(12)a n1 = Y3(12)Z?(,P

and then we have

1 y. 2 13
h=r =" (os+ XPVD), pi=—bo(v+as+&Zy) + XPYD), py= =0,
&o &o Yg(l)
which is equivalent to
1
2 2)< (2 1
at =&, ¢ = Y3(1)(043 +X3(,1)Y3(1))7 pi= Z§1)a P = @)
Y3
by means of (3.1). If we set
2 1 2
qi132 = 617 qu = _X?(,l)a p:{’Q = Z?(,l)7 p§2 = Y3(1)7
then we have
1
(4.4) a1 =q? g =0 (as —¢3’p3?), pi=0pi, py= o
2

The system (¢32,p32) € C* is a symplectic coordinate system for Az(s) N Wj.

4.4 Coordinate systems for Ay(s)

We obtain the coordinate systems for Ag(s) from those for A3(s) by the use of Bicklund transfor-
mations given in Section 2. Let H(a') be the transform of H(«) by o3 and 3, be the Hirzebruch
manifold for H(a').

4.4.1 Coordinate system for Ag(s) N Wy
We derive a coordinate system for Ag(s) N Wy from that for As(s) N Wy and the Bécklund transfor-

mation o3 given in Section 2. We can verify o3(Ag(s) N Woa) = A5(s") N W(,. As we have shown,

there exists a coordinate system (¢/5", ¢/s", /3, p/'3") for Al(s") N W{, with
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1

31 31 31 431 31

=47, =p55—d55), p=p7, ph= IR
2

Observing the relations between (g1, g2, p1, p2) and (q’?l,q’gl,p";’l,p’gl) we take (g9, g9, p%t, p9t)

as a coordinate system for Ag(s) N Wy where

73 = s1(s2 — 1)gd! @3 = (sp—1)qQt, P = (s2 — s1)p" Y ps! _
1 S9 — 81 ’ 2 20 1 81(82—1) ’ 2 82—1
We note that
01 01 01,01 32‘1?1 52 01 1
(4.5) G =q , @@=y (v0—qy py)— —— + 52, P1=—%7 TDP1, P2= —57-
S1 S1P3 Do

Thus we have obtained a symplectic coordinate system (q°, p°) for Aq(s) N W.

4.4.2 Coordinate system for Ay(s) N W;

A coordinate system for Ag(s) N W; is obtained from that for As(s) N Wi and the Bécklund
transformation o3. We see o3(Ag(s) N Wia) = AL(s’) N W{,. There exists a coordinate system
32,32 432 4,32 .
(@17, d5, 017, p's") for A5(s") N W/, with
1 32 1 32 32 ,32 1 32 1 1
d1=47, dy=0 (a5 —q5p5), pi=p7, = e
2

Observing the relations between (q¢1, g3, pt, p3) and (q’i’z, q’gQ,p";’Q,p’SQ) we take (q92, 3%, p{2, p9?)

as a coordinate system for Ag(s) N Wy where

q,32 _ s1(s2 — 1)g” q,32 = (59— 1)g p,32 _ (52 — s1)pY” p,32 __ %’
! S9 — 81 ’ 2 2 ! 81(82—1) ’ 2 82—1.
We note that
(4.6) 1_ 02 1_02( — 92,02y 4 02 52 1__572+ o2 o1_ L
: G =a, @=py (@0 —qPy)+ s2aq s BTt = om

02 02)

The system (¢°2,p°?) € C* is a symplectic coordinate system for Ag(s) N Wy.

4.5 Coordinate systems for A;(s)

We obtain the coordinate systems for A;(s) from those for As(s) by the use of Bécklund trans-
formations. Let H(a') be the transform of H(«) by o301 and X, be the Hirzebruch manifold for
H(a").

4.5.1 Coordinate system for A;(s) N Wy

We derive a coordinate system for A;(s) N Wy from that for As(s) N Wy and the Bécklund trans-

formation ozo1. We can verify oso1(A1(s) N Woa) = A%(s’) N W/, Observing the relations
between (q1,q2,p1,p2) and (¢/3', /5", p"" p's") we take (qil, ¢il, ptt, pil) as a coordinate system

for Ag(s) N Wy where

31 (s2—s)at m 31 si(sa—1Dptt o ; ps!
¢ =—F—"+, ¢35 =(s2-Dgg', py =—F—, Py = :
1 51(8271) 2 ( )2 1 (82731) 2 5271
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We note that

1 1
—q +1, plzﬁ'i'p%la p2 = —<71-

)
D2 p%

(4.7) @ =a' ¢=p(e1—a'p
Thus we have obtained a symplectic coordinate system (¢!, p'!) € C* for A;(s) N Wy.

4.5.2 Coordinate system for A;(s) N W;

A coordinate system for Aj(s) N W; is obtained from that for As(s) N W; and the Bécklund

transformation oso1. We see o301(A41(s) N Wia) = A5(s") N W{,. Observing the relations between
(a1,93,p1,pb) and (¢'77,¢'5° /17, p'5") we take (g1, @32, pi?, pb?) as a coordinate system for Ag(s)N

W7 where

32 _ (52— s1)q1? q,32 — (52— 1)gh? p,gg _ s1(s2 — 1)p}? p,32 _ p5’
1 81(82—1) ’ 2 20 1 (82—81) ’ 2 82—1
We note that
12 12 12,12 12 1 12 1
(4.8) N =q" @=py (1 —@p°)+aq —1, PlZ_F"‘]%a P2:F'
2 2

12 12)

The system (¢'2,p'?) € C* is a symplectic coordinate system for A (s) N Wy.

4.6 Coordinate systems for A, (s)

We obtain the coordinate systems for A (s) from those for Az(s) by the use of Bicklund transfor-
mations. Let H(a') be the transform of H(a) by 7 = (0403)01(0403) ! and X, be the Hirzebruch
manifold for H ().

4.6.1 Coordinate system for A, (s) N W,

We derive a coordinate system for Ao (s) N W; from that for Az(s) N W, and the Backlund trans-
formation 7 = (0403)01(0403)7 . We can verify 7(Ax(s) N Wip) = A4(s’) N W{,. Observing
the relations between (¢!, ¢d,pt,pd) and (¢/32,¢5%, p'32,p'5%) we take (¢9°1, q5°L, p3ot, p?) as a
coordinate system for A (s) N W7 where

132 ool 132 ool 132 ool 132 ol
91 =—4q1 , 9o =437, P11 =—P1 , P2 =Py,

We note that

ool ool

(4.9) at = PN (aee — q°'pY), @3 = a3, pi

1 1 1
= ol Py = P53
1

Thus we have obtained a symplectic coordinate system (¢>°!, p>°t) € C* for A, (s) N Wy.

4.6.2 Coordinate system for A, (s) N Ws

A coordinate system for A, (s) N Wy is obtained from that for Asz(s) N Wy and the Bécklund
transformation 7 = (0403)01(0403)7 . We see T(Ax(s) N Waz) = A4(s') N W{,. Observing
the relations between (g1.g2,p1,p2) and (¢35, ¢35, p/3 ") we take (¢5°2,¢5°2,pS°2, p3?) as a
coordinate system for Ao (s) N Wy where

31 002 131 002 131 002 131 002
91 =—491°, 92 =437, P11 = P17, P2 =P,
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We note that
1

02 *
b2

002, 002

(4.10) @ =% @& = (oo — ¢3°%p3%%), pE=pi?, pi=

The system (¢>2, p>?)

€ C* is a symplectic coordinate system for A, (s) N Wha.

Thus we have obtained ten symplectic coordinate systems (g7, ¢5, pT, p3) each of which separates
solution curves passing through the accessible singular points (see (4.1)-(4.10)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coeflicients are rational
functions of s holomorphic in B.

Figure 1. J=11111

5 Spaces of initial conditions for H;;i9

In the present case,
1
v= —§(a0+o¢1—|—a2 — 14 @)

In this section, we omitt the label 1112.

5.1 Accessible singularities on D x B

Observing the system H(® on all Wi; j # 0, in the same way of deriving Propotison 4.1, we can
obtain

Proposition 5.1. The set of accessible singular points of the system 'Hg(i)lz for each s = (s1,89) €
Bi112 48 a disjoint union of four connected components Ag(s), A1(s), A2(5), Aso(s) =~ P! given by

Ao(s) = {(& mo,5) € Wy x Blsis28g — 5261 — 5162 = 0,100 = 0, 51701 — S2702 = 0}
U{(&,m,s) € W1 x Bls152€0 — 5261 — s1€2 = 0,m10 = 0,111 + s2m12 = 0}
U{(& m2,s) € Wa x Blsis2§0 — s261 — 5162 = 0,120 = 0, 51721 + 122 = 0},
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{(&m0,5) € Wo x Bl& =100 = no2 = 0} U {(&,m2,5) € Wa x B|&1 = 120 = 122 = 0},
(5) ={(&n0,8) € Wo x Bl€2 =100 =101 = 0} U{(&,m1,5) € Wi x Bl =110 = n11 = 0},
={(§,m,s) € W1 x Bl§o =m0 = m2 = 0} U{(§,m2,5) € Wa x Bl = 120 = 121 = 0}.

Moreover, we can verify

Proposition 5.2. The Backlund transformation group Ss acts on the components of the accessible
singular points of Hi112 according to the following diagram

Ay | A2 | Ax

g1 A2 AO *
g9 Aoo * AO

where A1 (s) is invariant under the action of this group.

In the following subsections, we obtain coordinate systems for A;(s). The systems for A;(s)
and As(s) are obtained by quadratic transformations, while the systems for Ag(s) and A (s) are
obtained from that for Ay(s) by the use of Bicklund transformations.

5.2 Coordinate systems for As(s)

We make successively the quadratic transformations along As(s) N Wy, Aa(s) N Wi and find coor-
dinate systems for As(s).

5.2.1 Coordinate system for Ay(s) N W
The first quadratic transformation along As(s) N Wy. Let

1 1) (1 1
& = ﬂfgo), Moo = xéo)yéo), o1 = 3320)2;0),

§a = xgll)yé?v Moo = y;), o1 = yél)zg)v

1) (1 1) _(1 1
§a = 37(22)252)7 Moo = yéz)Z£2)a No1 = ZéQ)a

then
DY (5) = Qays)nwp (Az(s) N Wo) = {aly) = 0} U {y) = 0} U {=3) = 0},

1)

the set of accessible singular points Agl is given by

A (s) = {(&, a8 usy, 250) = (€1, 02,0, 25)} € DY (s).

The second quadratic transformation along Aéll)(s) Let

1 2 1 2) (2
xél) =az+ mgo)a yél) = xéo)yéo)v

1 2) (2 1 2
x§1) = 2 er(l)yél)? y§1) 7y§1)v

then
DS)( )= QAu)( )( ( ) = {x(Q) =0} U {y(Q) =0}.

We can verify that our system has no singular points, every leaf is transversal with fibers in
(fl,z;),xm),yél), s)-space C*x B. On the other hand, the points (51,z21 ,x%),y%)) (51,221),0 0)
are inaccessible singular points.

23



Thus we have obtained a coordinate system (&, z21 7.%'51), yé ) € C* which separates the solu-

tions passing through As(s) N Wy = As(s) N Woa. If we set

2 1 2
@ =&, @' =—af), =2, p3 =),
then we have
1
(5.1) qQ = CI%17 q2 ZP?( qglpgl)a p1 prla P2 = 57
2
Thus we have obtained a symplectic coordinate system (g!,p*!) € C* for As(s) N W.

5.2.2 Coordinate system for A,(s) N W,
The first quadratic transformation along As(s) N W;. Let
&= X5, mo=XWYay', mi=X%Z5),
&= X5V, mo=Ya, =Yy 2,
2= XW 7%, mo=Yy 23, m =2,
then W ) W
D33 (5) = Quyorm (Aa(s) N ) = (X3! = 0} U (V) = 0} U {23 = 0},
the set of accessible singular points AéQ is given by
1 1 1 1 1 1
A3 (5) = {60, X5, Y, Z31)) = (60, 0,0, Z31))} € D33 (s).
The second quadratic transformation alongAgQ)(s). Let
1 2 1 2)-(2
X =an+ X5, v = x{v,
1 2)1-(2 1 2
X2(1) =az + X2(1)Y2(1)» Y2(1) = Yz(l)v
then ) ) ) )
D3 (5) = Q 0, (A () = {X350) = 0} U {5 = 0}.

We see that, in the (&, Z21 ,XQ(?),YQ(l), s)-space C* x B, the Pfaffin system has no singular

points, every leaf is transversal with fibers, moreover, the points (&g, Z. 21),X£0), ) (&0, Z 21 ,0,
0) are inaccessible singular points.

Thus we have obtained a coordinate system (&, Zéi),Xg),YQ(f )) € C* which separates the
solutions passing through As(s) N W71 = As(s) N Wia. If we set

2 1 2
=&, qu = _X2(1)a p%Q = Zél)v p§2 = 1/2(1)’

then we have

1
1 22 1 22 22 22 1 22 1
(5.2) G =q, G@@=p3(02—¢D3"), P1 =01, P2 = o
2

The system (¢?2,p??) € C* is a symplectic coordinate system for As(s) N Wy.
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5.3 Coordinate systems for Ag(s)
We obtain the systems for Ag(s) from those for As(s) and o;.

5.3.1 Coordinate system for Ay(s) N W

We derive a coordinate system for Ag(s) N Wy from that for As(s) N Wy and 0. We can verify
01(Ap(s)NWo2) = AL(s")NW(,. Observing the relations between (¢1.¢2,p1,p2) and the coordinate
system (q’fl, q’gl,p’?l,p’gl) for A% (s"), we take (g0, g%, p{t, p9t) as a coordinate system for Ag(s)N
Wy where

21 q(ln 21 21 21 Pgl
q7 =— , ¢y = —(s2— 1)qgl’ p'T = —(s2— l)p(ln» Py =-— :
S — 1 S — 1
We note that
01

Sa2q S92 1
(5.3) a=a" @=p(w0—a@'p)) - = +s2, p1=—pg +07, P2= -

S1 S$1P2 b2

Thus we have obtained a symplectic coordinate system (¢°!,p°!) € C* for Ag(s) N Wj.

5.3.2 Coordinate system for Ay(s) N W,

A coordinate system for Ag(s)NW; is obtained from that for A3(s)NW; and o1. We see o1(A4o(s)N

Wia) = AL(s") N W/,. Observing the relations between (qi.g3, pi,p3) and (q’?z, q’SQ,p’?,p’gz) we

take (¢92, 3%, p?, p9?) as a coordinate system for Ag(s) N W; where

22 q(1)2 22 22 22 p82
q7 =— 4y = (52— 1)g9?, P =—(s2-1)pY?, Py = ———.
So — 1 So — 1

We note that

S9 S9 1
(5.4) at = q% a3 =pP (a0 — ¢5'P3") + 5248 — o pi= — +p?', ph= P
2 2

The system (q°2,p°?) € C* is a symplectic coordinate system for Ag(s) N W.

5.4 Coordinate systems for A.(s)
We obtain the systems for A (s) from those for As(s) and 7 = (02)o1 (o) L.

5.4.1 Coordinate system for A (s) N W,

We derive a coordinate system for A, (s) N Wy from that for As(s) N Wi and 7 = (03)01(02) L.

We can verify 7(As(s) NW11) = A5(s") N W{,. Observing the relations between (gi.q3, pi,p3) and

(q’?, q'é{p’?,p’?) we take (¢£°1, g5°t, p§L, ps°l) as a coordinate system for Ao (s) N Wy where

22 22 22 22
¢7 =—q, ¢35 =¢t p'v =t Py =p3t,
We note that
(5.5) @1 =P (oo — 7' PY), @3 = g5, p%=pv ps = p5°.

1

Thus we have obtained a symplectic coordinate system (g1, p>°!) € C* for A, (s) N Wy.
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5.4.2 Coordinate system for A, (s) N W

A coordinate system for A, (s) N Wa is obtained from that for Ay(s) N Wy and 7 = (02)01(02) L.

We see T7(Aso(s) N Waa) = AL(s’) N W/}, Observing the relations between (q1.¢g2,p1,p2) and

(q’fl, q'gl,p'fl,p’gl) we take (¢£°2, ¢5°%, p$°2, ps°?) as a coordinate system for A (s) N Wy where

21 21 21 21
qll = Q10027 q/2 —QQ , pll :—Pi)027 p/2 —p2
We note that
1
(5.6) @ =% @ =¥ o — a5%p5?), Pl =12 pi =

p5*?
The system (¢°°2, p>°2) € C* is a symplectic coordinate system for A, (s) N W.

5.5 Coordinate systems for A;(s)

In this subsection, we obtain coordinate systems for A;(s) by making quadratic transformations
four times. In order to get good symplectic coordinates, we insert a simple change of variables
after the second quadratic transformation and make a suitable change of variables after the last
quadratic transformation. The last procedure is very important because it not only produces
symplectic cordinates but also resolves a kind of singularity £&; = 1 in the present case.

5.5.1 Coordinate system for A;(s) N W
The first quadratic transformation along A;(s) N Wy. Note that A;(s) N Wy C Wo; and

Ay (s) N Wo = {(&1, €2,m00, M02) € Wor = C* | & € C, & = noo = mo2 = 0}.

We replace every point (£1,&2,700,m02) = (0,&2,0,0) with & € C by P? simultaneously. Let
(§g,z10 ,y%),zlo ) € C4, (fg,xgll),yﬁ),zﬁ)) € C* and (52,x§12>,y§2),z§§>) € C* be coordinate sys-
tems of Vl(l)( ) = Qa, (s)nw, (Wor x s) defined by

1
51 = $(1}))7 oo = x%)y%)a T2 = x%)zio)a

§1= $(111)yﬁ)> noo = yﬁ)7 No2 = yﬁ)zﬁ),

51 = I(112)Z§;)7 oo = yg;)zgé)7 o2 = z§5)7

then the exceptional divisor D( )( ) = Qa,(s)nw, (A1(s) N Wo) is given by

1
(el =0y u{yl =0} U =ty =0}

Let us write our system in the three coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

06 _ O(x%)) 0 _ 1 (0(33%)) n P1(€2»Z%)))
Osi sty Os2 susa(s2 =)\ o) vo
R Ca ) R AR Catd)
051 stogg 952 sy(sy— 1)aly)
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oyly _ Olalg) +nsimie (©— 1) dylg _ O(aly) — néayty

0s (1) " Os 1) ’
1 s2x3g 2 $182%1¢

0249 _ Oy +msi{l + (& — Dag'}h

881 S x%)
5‘2(1) B 1 (0(3510 )+ Pa(&2, 210)) " Ps (&, Zg(lJ)))
089 8182(82 - 1) .T%) yﬁ))

in a neighborhood of D(l)( )= {:cgt) = 0}, in the second coordinate system, it is written as

9% oW e o)

Os1 a3\ Os2 sisp(se — )yl

oy o) oY owd)

0s1 Sfyﬁ) ’ 089 a 8182(82 — 1)7

02 o) —nsia—1)  02) o)+t

951 519%? " Os 52951) ’

o2\ o)) +nsi 92)  O@Y) —nsi(s2 — 1)

Os1 (1) T Osy s182(s2 — 1)yﬁ)

STy
in a neighborhood of Dgll)( )= {y(l) = 0}, and in the third coordinate system it is written as

% _OGi) 06 _ 1 p@%+a@w%>
Os1 2y " 02 sisa(s2—1\ L) vy
023 _ O(y) 0y O(y)
Osi 220 7 052 sysy(sy— D)2y

Dy _ O(=\5) — s (& — 1 +al})

Os1 s22{y ’
gaty 1 (W%ﬁ+%@w$)fﬂ&d%)
059 s182(s2 — 1) zg) yg) ’

0yly  0GR) —nsiyly  dyly  O() —si(sa — Dyly

ds1 s zgl) T 0so $182(82 — l)zg)

in a neighborhood of Dgll)(s) = {212 = 0}. Investigating carefully these systems in a neighborhood

of Dﬁ)(s), we can verity that the set of accessible singular points Aﬁ) (s) is given by

AD(s) = {(&, 238,08, 21) = (65,0,0,—1/(& — 1)} € DY) (s).
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The second quadratic transformation along A:(Lll)(s) We next replace the points (52@5?,
g8, 20)) = (€2,0,0,—1/(& — 1)) with & € C\ {¢& = 1} by P? simultaneously. Note that & = 1
is excluded. Let (fg,x%),y%),z%)) e CY, (fg,xﬁ),yﬁ),zﬁ)) € C* and (fg,xg),yg)7zg)) € C* be
coordinate systems of Vl(lz)(s) = QA<1)(S)(V1(11)(3)) defined by
11
1 2 1 2) (2 1 2) (2
xgo) = :Iigo), ygo) = Igo)y§0)7 Z%o) =-1/(&—-1)+ $§0)2§0)7
1 2) (2 1 2 1 2) (2
xgo) = 1751)951)» ygo) = ygl)v 250) =-1/(&-1)+ 951)251%
1 2) (2 1 2) (2 1 2
xgo) = 1752)2§2)7 ygo) = 3152)'3%2)7 Z§o) =-1/(&-1)+ Zgz)v

then the exceptional divisor Dﬁ)(s) = QA(”(S) (Aﬁ)(s)) is given by
11

2 2 2
{215 =0} U{yi? =0} u {7 =0},

Let us write our system in the three coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

% 1 (O(w%)) 2(s5 — 1)£z> 9 _ 1 (O(xﬁ}) . Pl(,gz,zg)))
R e R
iy _ 1 (OM%_2M@—D>
(981 S% (52 — ]_) 'Tg%)) y%) ’
025y _ 1 (O(x%)) L 2a(s - 1)>
832 5152 (32 — 1)({2 — 1) 335})) y;%) ’

0yl?  O@2) +251(& — 1)2{1 + (& — Dy}

D51 s3(6 — 1)2() ’

ayly)  0@) = 2s1(s0 — 1)(& — &1 + (& — Dyly)}

Dso s182(s2 — 1)(& — 1)222) ’

021y _ 1 (O(fﬂ%)) Py (&2, 213) P3(€27Z%)))

R A R
0y o)

P52 sisa(sr = 1) ~ 1(aty)?
in a neighborhood of Dﬁ)(s) = {x%) = 0}, in the second coordinate system, it is written as

0% L&?) 08 O(yﬁ)) — 25182(62 — s2)

Os1 s2(& — 1)y 052 sys9(s0 — 1)(&2 — Dy'T
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sy 1 (O(yﬁ)) Cnsi(&e — 1)3)
) b)

881 o S%(ﬁg —1)2 yﬁ) xgzl)
Oy;? _ 1 (O(yﬁ)) ~ nsi&o(wiz — 1)2)
Por il 1P\ Y EOE
9ry _ 0w) + Pi&a, a)) n(6 — 1) + 27}
0s1 57(62 — 1)? y11)

%@:0®%+%@%%M(*)*%4
882 8182(82 — ].)(]. — 52)

047 owd) oY _ oY)

Os1 82(6 —1)%y7 052 sysa(se — 1)(& — 132} (117)?

in a neighborhood of Dﬁ)(s) = {yﬁ) =0}, and in the third coordinate system, it is written as

% 1 (0@%+2m—n@#5
951 si& -1 ) vy

% _ 1 (0(z§§>> Pl(sz,x%)))
882 8182(82 — 1)(52 — 1) Z%? yg) ’
(2)

Oxy _ 1 (W@) %@wumfyaﬁ%>
B) e @ )
212 12 Y12

0s1 §2(& —1)3

013 _ 1 (O(zS’) LB P5<52,z§§’>)
N TN RN NN

0s9 5152(s2 — 1)(§&2 — 1)3
833522) _ 1 (O(zg)) n P6(§2,Zg)))

I A R X

8x§22) _ 1 (0(38)) P8(§27212 795§22)))

2 2
252) ygz)(%z))

882 8152(82 — 1)(62 — 1)3

dy's _ Pg(fg,xg),yg)) 39(2) _ Pio(&, 215 917
951 s3Er —1)3203) T 052 s1s9(s0 — 1)(&2 — 1)32(3) 203

in a neighborhood of D(z)( ) = {zg) = 0}. Investigating carefully these systems in a neighborhood
of D§1)( ), we can verity that the set of accessible singular points Aﬁ)(s) is given by

AP (s) = {(&2,27) 053, 218) = (€2,0,—1/(n(&2 — 1)), 2{5)} € D{Y(s).
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The third quadratic transformation along Aﬁ)(s) Here we insert a change of variables

2 2 2) 2
&2 = &2, xgo) = mgo)7 y§0 = 1/”10 ) 250) = 250)7

namely, a change of local coordinates of a neighborhood of the set Aﬁ) (s). The change of variables
is necessary for obtaing a symplectic coordinate system

We next replace the points (&2, zig),xgzo), V10 ) (&, Z10 ,O —n(&2 — 1)) with (&, ZlO ) € C%\
{& = 1} by P! s1multaneously Let (52,2%),:0(10),3/(3)) € C* and (62,250),1751),2/%?{)) € C* be

coordinate systems of V11 (s) = QA<2)(5)<V1(1 )( )) defined by
11

2 3 2 3) (3
xgo)_ffgo)» ”go)— —n(&2 — 1)+x§0)y§0),

2 3) (3 2 3
xgo) = $§1)y§1)v 1150) =-n(&—1)+ ygl),

then the exceptional divisor D ( )= QA<2>( (A; AR )( )) is given by

(@) =0yu{y) =o}.

Let us write our system in the two coordinate systems near the exeptional divisor. In the first
coordinate, it is written as

% _ Ol) 0% _ O(a1y)
051 $2(& —1)aly 052 sisa(so —1)(& — Daly)

0%y _ P61 ah uio)

Os1 26 — 13yl — (& - 1)}

2 3
6Z§0) _ (527 210),1550)7%0))
Os2 s189(s0 — 1)(&2 — 132 {25yl — n(&s — 1)}

025y 0@l)  omly) O(ai7)

Is1 2(g 1)z 9% sy(sy— 1)(& — aly

Oy 0@ + (a1 =y )Ps(&)  0yly)  0@)) + (an — 4\ Pu(&2)

051 s7(&2 — 1)235%) G s12(6 — 1)%a(y
in a neighborhood of D ( ) = { 1 = 0}, in the second coordinate system, it is written as
% _ Oowl) 9% _ i)

Os1 s2(& — 1)y 052 sysp(s0 — 1)(E2 — DylT

07 O(yﬁ?{))

D1 26 — 1)3{ytY — (& — 1)}y
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21y _ OwY) + Pu(&e. 257 21D)

Os2 sysa(sy — 1)(E2 — 13{yfY — n(&2 — D} (2872
ayﬁ) _ 1 (O(ygl)) P2(5275511 ))
9s1 sf(e—1)2\ ,©® =¥ ’

33/(3) _ 1 (O(yﬁ) P3(§2,17ﬁ))>

059 s182(s2 — 1)(& — 1) yﬁ) xﬁ) ’
02y OWY) —nsi(& — D} (aaaly — 1)
01 s3(6 — 12y ’
021 _ OWY) + nasi (& — 1) ety — 1)
sz $182(&2 — 1)2 yﬁ)

in a neighborhood of Dﬁ)(s) = {yﬁ) =

0}. Investigating carefully these systems in a neighborhood

of Dﬁ)(s), we can verity that the set of accessible singular points Aﬁ) (s) is given by

3 3

3
Agl)( ) = {(52,%0),1‘10 ’ylo)

The fourth quadratic transformation along A

3
) (s).

(2,28),0,a1)} € DD ().

(3)

We next replace the pomts (&2, 210 N A

yf’ ) = (&2, 21(2) ,0, 1) with (&, z%)) € C2\{& = 1} by P! simultaneously. Let (&2, 210 ,xgo),y§0))
C4 and (&, 29,219, 419) € C* be coordinate systems of ViV (s) = QA@)(S)(Vl(ls)(s)) defined by
11
3 4 3 4
o) =y, uly) = o1+ 25yl
3 4 3 4
5C§0) = xgl)y§l)7 y%o) =a; + y§1)7
then the exceptional divisor is given by
4 4 4
D (s) = Q 4 (o) (A10 () = faig = 0} U {yiy) = 0}.
We can verify that the Pfaffian system is written as
sts2(s2 —1)(€2 — 1)déz — Z Py 52,2’10 7x§0)7y10 »8)ds; =0,

1=1,2

sisa(s2 —1)(& = 1)*{n(& — 1) + O(xm }dzl

s382(s0 — 1)(& — 1)daly —
1=1,2

2sa(s5 — 1) (62 — 1)%dyly) —

i=1,2
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2) _(4) (4
Z Ylli(g%zio)axgo)’y%)’

Z le 52,210 73"10 7y10 ) )dsz =0,

1=1,2

Z X1 5272'10 vxlo 7y10 ,s)ds; =0,

s)ds; =0



in the coordinates (52,210),x§0),y§0)) and s where P{;,Q};,X1,,Y{; are certain polynomials of

52,2’%),3:50),%0 and s. Therefore the differential system in the cordinates (52,210),x§0),y§‘3))

holomorphic in a neighborhood of {xw = 0} except for & = 1. On the other hand, we can verify
that

4 4
% _ P1(§2,210 azgl)vygl)) % _ P2(§27210 ’xgl)vygl))

881 81(62 - ].) ’ 882 o 8182(82 - 1)(62 — ]_) ’
82{%)) — P3(§25Z1?))7x51)ay£%))
951 57(62 — 1)3{3311 Z/11 (al + y ) n(&2 — 1)}
0210 OWit) +O(@y) +4nsi{(€ = 1)? + 5265(2 — &)}

Fs2 sys9(s0 — 1)(&2 — 1)3Hat Yyl (a1 +4i7) — (&2 — 1)}al)

ayY o) +nsi(62—1)2 0y OWY) + nsikal(és — 1)2

sy 26— 1220 T 952 gsy(sy — 1)(& — 1)220)

4 2) 4 4
6$§1) _ P4(§27Z£0 737(11)&%1)) a$§1) _ P5(§2,z§0 a$§1)7yﬁ))

ds1 s3(&2 —1)2 T 9sy sisa(s2 — 1)(& — 1)2

ina nelghborhood of (&, 210),xﬁ),yﬁ ) = (&2, zlf) ,0,0) with & # 1, which shows that the points

(&2, z%),:rll), Y11 ) (&2, 210)70 0) are inaccessible w1th & # 1.
Thus we have obtained a coordinate system (§2, 210 ,x%), yio ) € C* which separates the solu-
tions passing through A; (s) "Wy = A;(s) Wy with & # 1. Tt is related to the coordinate system

(&1,62,m00,M02) € Wor by

(4)\2
T 1
51 = xY(l))? 52 = §2a Tloo = (4) (() 1(())) , TMo2 = xgé(l)) (l‘gz(l))zﬁg) - é— o 1)
Ty (1 +210y10 ) —n(€2 — 1) 2
and then
n(& —1 o
%Zﬂf%)a G2 = &2, p1=—(2(f)2) Ti)""y%)’
(z10') L10
(4)
Ui aq 2 Y 4 4
P2 =~y — n(é2 — 1>Z§0) -1 + (0412§0) Sl%l)gﬂgo) + Zgo)yg )(37(10)) ‘
xlO 2 2

Here we notice that this coordinate system is not symplectic and the form of the differential
system is very complicated. Therefore we proceed to finding another good coordinate system. For

this purpose, let us calculate the 2-form dg; A dp;1 + dga A dps in the coordinates (&2, z%), x%), y%))

dg1 A dp1 + dga A dps
= d$(4) A dym) +{-n&-1)+ 37%0) (o1 + xlO 9(4))}df2 Ndz 0)

(4)
(ol 2okl — 8 Y, n

)
S0 dey A dyfy)

2), (4
+ (250)(37&0)) - €5 — 1
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= dx%) A dy(4)
(4) 4), D\ ,(2) _ ajgo)y§0)
+d&a N d{{—ﬁ(& — 1)+ 15 (a1 + 219 ¥10 ) 1210 &1 }

da'y) A dyty

(4), (4)
T «
+dé A d{{—n(§2 ~ 1+ x%) (a1 + x%)y%)) %) _ZipY%o }
52 -1 fg -1
Therefore, setting
(@) f0us e
wiy) = {—n(& — 1) + 2y (e + 2y} - Jo
-1 &—1

we have symplectic coordinates (&2, wlo), x%), y%)) Futhermore, in this coordinate system, we can

verify that the our system is written as

s3sa(s2 — 1)d€a — Y Pu(&a,wiy iy, yly  s)ds; = 0,

i=1,2
5%82(32 -1 dwﬁ)) Z Qh 52,’(1}10 ,xgé(l))a Z/Y(L))a )dSl - Oa
i=1,2
s3so(s2 — 1)daly — Z X1i(&2,wiy) 2l yly), s)dsi = 0,
1=1,2
8%32( S2 — ]- dy(4) Z le 527w§%)7m54(1))7y§4(}))7 )dsl - 0,
i=1,2

where Py;, Q1;, X1;, Y1; are certain polynomlals of fg,wlg), 37(10)73/(4) and s. This means that the

foliation has no singular points in (&a, wlo ,x%), ylo ,5)-space C* x B and every leaf in the space is

transversal with fibers. Remark that the system has no singularity on &, = 1. We write this affine
symplectic coordinate system as (qil, g3t pit, pil), namely

4 2
‘J% 7x(10)7 11 = &2, p1 *ygo)a pélzwgo)-

The relation between it and the original coordinate system is given by

11
gz —1 aq 7
(57) q1 :q%17 q2 = Q%17 P1=— ( 211 2 ) + 11 +p]i17 P2 = 73 +pé1
(Ch ) q1 q1
5.5.2 Coordinate system for A;(s) N Ws
The first quadratic transformation along A;(s) N Ws. Note that A;(s) N Wy C Wa; and

18 2 = 0,61, 720, 722 21 = 1 »S0 = 7120 = Tj22 = Uy.
Ai(s) N W2 = {(&:¢ ) € War =C* | & € C,& 0}
We replace every point (€o,&1,720,722) = (50,0 0,0) with & € C by P? simultaneously. Let
(go,Xf(l)),Yl(Ol),Z(l)) e C4, (§O,Xﬁ),Y1(11),Z ) € C* and (§O,Xg ,Yl(zl),Z(l)) € C* be coordinate
systems of V12 (s) = Qa,(s)nw, (Wa1 x s) defined by

&1 = Xlo), o = X\o Vi), e = X 25,

&1 = 11 Yl(l)’ 20 = Y1(1)» 22 = Yl(l)Zﬁ)v

§1= 12 Z1(2)a 20 = Yl(21)Z1g)a T2 = ZS),
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then the exceptional divisor Dg)(s) = Qa, (s)nw, (A1(s) N W3) is given by
8!
{xig) =0y u ¥y =0y u{zy =0},
the set of accessible singular points A( )( ) is given by
1 1 1 1
A3 () = {(&0, X1, Yy, 7)) = (60,0,0,1/(& — 1)} € D}y ().

The second quadratic transformation along Ag(s) We next replace the points (fo,Xl((l)),

v\, Z0) = (£,0,0,1/(&—1)) with & € C\{& = 1} by P? simultaneously. Let (X2, V¥, z\?)
e C3, (Xg),Yl(lz), {2)) € C3 and (Xl(g),Yl(QQ),Zg)) € C? be coordinate systems of Vl(g)(s) =
Q40 (o) (Vi (5)) defined by

1 2 1 2)1 (2 1) 2
X1(o) = X1(0)> 1(0) Xfo)Yl(o)a Z(o =1/( — +X1(0)Z£0)a
1 2) (2 2 1 2) (2
Xl(O) = X( )Yl(l)» Yl(O) = Y1(1)7 Zl(O) =1/(&%—-1)+ Y1(1)Z§1)7
1 2) (2 1 2) (2 1 2
X1(o) = £2)Z£2)» Yl(O) = Y1(2)Z£2)> Z£0) =1/(&—1)+ Z§2)7
then the exceptional divisor D( )( )= QA“>(S) (Aglg)(s)) is given by
(xP =0pu{P =0}u{z? =0},
the set of accessible singular points Ag) (s) is given by
AT (5) = {60, X0 Y15, Z35)) = (60,0,1/(n(& — 1), Z13)} € D3 (s).
The third quadratic transformation along A(122)(s). Here we insert a change of variables
50 = 503 ng) - {(2))3 (2) 1/‘/1(2)7 Z{(l)) = ZS))
namely, a change of local coordinates of a neighborhood of the set Ag) (s). The change of variables
is necessary for obtaing a symplectic coordinate system.
We next replace the points (&, Z{?,Xl(g)7 V1(02 )= (&0, Z 10 ,0 n(& — 1)) with (&, Z% ) e C?\

{& = 1} by P! simultaneously. Let (£, 22, XP),v{¥) e €* and (&, 23, X, v¥) € C* be
coordinate systems of Vl(g’)(s) = QA<2)(S)(V1(22)(S)) defined by
12

2 3 2 3)+(3
Xfo) = Xfo)a V1(0) =n(& —1)+ ( )Y1(0)7
2 3)+ (3 2) 3
Xfo) = Xfl)yl(l)v V1(o =n( —1)+ Y1(1)7

then the exceptional divisor D( (s) = QA<2)( (A(z)( )) is given by
{Xi5) = 0y U {vy” = 0},
the set of accessible singular points Ag)(s) is given by

3 2 3 3 2 3
AR (s) = {(&0, 213 X3, YS)) = (€0, 213, 0,01)} € DY) (s).
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The fourth quadratic transformation along Ag‘?(s) We next replace the points (o, Z%),
X3 vy = (6, 22),0,a1) with (¢, 22) € C2\ {& = 1} by P! simultancously. Let (&, Z\2,
Xfé), Yl(gl)) € C*and (&, ng), Xﬁ)7 Y1(14)) € C* be coordinate systems of Vl(;)(s) = QAg)(S)(Vl(;)(s))
defined by

X3 x4 573 ).74]74
1(0) = 50)7 1(0) = 1(0) 1(0)’
),'3 Y4Y4 573 Y4

1(0) fl) 1(1)7 1(0) Qg 1(1)7

then the exceptional divisor Dgg)(s) = QA<3)(S) (A(é)(s)) is given by
12 \*
{xfy = 0y Uy = o).

We see that, in the (&g, Z%), Xfé), Yl(é), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {X{é) = 0} except for & = 1, moreover, the points (o, Z%),Xﬁ),}ﬁ({l)) =
(&o, Zg), 0,0) are inaccessible with &y # 1.

Thus we have obtained a coordinate system (&, Z§3)7X1(3)7Y1(§ )) € C* which is separates the
solutions passing through Aj(s) N Wy = Ay (s) N Way with & # 1. It is related to the coordinate

system (o, &1, 720, M22) € Way by
(X10)?
X (a1 + XGV) + (& - 1)

1
4 4) (2
y 122 = X1(o) (XI(O)ZI(O) - )

=6, & =X, mo= &1

and then
¢ =X &=, ai= 77(&24) Dy sy,
(xw )2 Xio
2 1 2 o @ YN o) @) 502
Q@ =—— + 16 — 1)Z10 -t (alzlo - 7))(10 + Z15' Yqy (Xlo )”
x §o—1 §o—1

Here we notice that this coordinate system is not symplectic and the form of the differential
system is very complicated. Therefore we proceed to finding another good coordinate system. For
this purpose, let us calculate the 2-form dq? A dp? + dq3 A dp3 (= dq1 A dpy + dga A dp2) in the
coordinates (&2, Zig), Xl(é), 1(04)):

dgi A dpf + dg3 A dps
= dXjo) AdYLQ) + {6 — 1) + XT3 (a0 + XT3 Vi) o  dZT)
Y1(4)

+ (2D +22 X - & -)déo 1 dX ()
@y @ Xio (4)
+ (ZIO (Xi0')™ — 77— )d&) N dYy,
o—1

= Xy AdY,)
@y @)
gy naf (€ — 1) + X[ (o + X[ 247 - S0

= ax{P rnavy

() Wy o XYy  a
+d£0/\d{{77(50_1)+X10 (1 + X159 Y19" )} 210 — — T }
& —1 &—1
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Therefore, setting

XYY

& —1 &o—1

Wio' = {n(éo — 1) + Xi (o + X159 Vi )} 217

we have symplectic coordinates (&, Wl(g), ng), Yl(él)). Writing
4 4 2
q%Q = X1(0)7 q%2 = 50, p}2 = Y1(0)7 p%Q = Wl(o)v
we have

n(g? —1) o
(5.8) G=a’ G=6" d=Fmst+ 3T, G=——13+0
(ql ) g7y q

The system (¢*2,p'?)

have no singularity on & = 1.

€ C* separates solution curves passing through A; W, and the Hamiltonians

Thus we have obtained eight symplectic coordinate systems (g7, g3, p3, p5) each of which sepa-
rates solution curves passing through the accessible singular points (see (5.1)-(5.8)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coeflicients are rational

functions of s holomorphic in B.

DV(s) D (s) DV (s) DY) (s)
D(s)| DP(s)| DRs)|
D
D{Y(s)
D]
D)

Figure 2. J=1112

6 Spaces of initial conditions for H;3
In the present case,
1
v= —§(a0 +a; — 1+ ax).

In this section, we omitt the label 113.

6.1 Accessible singularities on D x B

Observing the system H(9) on all Wi; j # 0, we can obtain
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Proposition 6.1. The set of accessible singular points of the system Hg% for each s = (s1,82) €

Bi13 is a disjoint union of three connected components Ag(s), A1(s), Aso(s) = P! given by

Ao(s) = {(&,m0,8) € Wo x B|2& + (281 + 53)&1 + 25282 = 0,700 = 0, 252701 — (251 + 83)002 = 0}
U{(&m,8) € Wi x B|26o + (251 + 83)&1 + 280€2 = 0,110 = 0, 89711 — 112 = 0}
U{(&m2,8) € Wa x B|2§o + (251 + $3)€1 + 2528 = 0,120 = 0,2n21 — (251 + $3)m22 = 0},

Ax(s) = {(&,m0,8) € Wo x Bl& = noo = no2 = 0} U {(§, 12, 5) € Wa x B|&1 = 120 = 122 = 0},

Aco(s) = {(§,m,8) € Wi x Bl =m10 = ma2 = 0} U{(§,7m2,8) € Wa x Bl = 120 = 121 = 0}

Moreover, we can verify

Proposition 6.2. The Backlund transformation group Sa acts on the components of the accessible
singular points of Hi13 according to the following diagram

Ay | Ao
(o Aoo Ao

where Ai1(s) is invariant under the action of this group.

In the following subsections, we obtain coordinate system corresponding to A;(s) which separate
completely the solution curves passing through A;(s). The systems for all A;(s) are obtained
by quadratic transformations. Notice that we can obtain the coordinate systems for Ag(s)(or
Aso(s)) from those for A (s)(or Ap(s)) and Bécklund transformation o. But the coordinate
system obtained by the procedure is not good. Therefore we perform the quadratic transformation
to obtain good coordinate system for Ag(s) and A (s).

6.2 Coordinate systems for Ay(s)

We make successively the quadratic transformations along Ag(s) N Wy, Ag(s) N W3 and find coor-
dinate systems for Ap(s). Note that although Ag(s) is expressed by the three coordinate systems
Woy, W1 and W, it can be done by two of them. In this paper, we choose Wy and Wj.

6.2.1 Coordinate system for Ay(s) N W

We choose the coordinate system Wye C Wy. By setting &y = no1 = 1, we take (&1, &2, 700, M02) as
the coordinates of Wys.

The first quadratic transformation along Ag(s) N Wy2. Let
€= —(s1/s2+52/2)€ — U/sa + aly), moo = E1abeule)s mor = (251 + 53) /280 + 2l 2y

€ = —(s1/52 + 52/2)€1 — 1/s0 + 25058y 100 = uS1s 1or = (281 + 83) /280 + ySy 251 s

€0 = —(51/52 +59/2)&1 — 1/s2 + 235253, moo = y$y' 28, mor = (281 + 83) /250 + 23,

then
DY (5) = Qag(s)nwes (Ao(s) N (Woa x B)) = {aly) = 0} U {y)) = 0} U {=5y =0},

the set of accessible singular points is given by

AS(s) = {(Ea, 28, 0y, 250) = (€2, 00,0, 251)} € DY (s).
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The second quadratic transformation with Aéll)(s). Let
1 2 1 2) (2
i) = a0+ 25,y = 20Uy,
1 2 1 2
i) = a0 +2us s v = vy,

then
DY (5) = Q 40 o (A5 () = {r) = 0} U {y?) = 0}

We can verify that our system has no singular points and every leaf is transversal with fibers in
(&, z((ﬁ), xm), y(()Ql), s)-space C*x B. On the other hand, the points (£1, z((ﬁ), x(()%), y(()%)) = (&, zm), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&1, 201 ,x((fl), y((n ) € C* which separates the solu-
tions passing through Ag(s) N Woa. If we set

2 1
= &1, qglz_w((n)’ p1 —Z(())) p2 y((n)a

then we have

251+ 83\ o1 1 251 + 52 o1 1
6.1) ¢1=qi', g2 =p5 (o —q3'p5" (7)(1 — = pi= 2 py =
(6.1) ! 2 (o 2) - (5 o )0 25T 1 o

Thus we have obtained a symplectic coordinate system (¢°!,p°') € C* for Ag(s) N Woe.

6.2.2 Coordinate system for Ay(s) N W,

We choose the coordinate system Wi C Wi. By setting & = 112 = 1, we take (&0, &2, 10, 711) as
the coordinates of Wis.

The first quadratic transformation along Ay(s) N Wis. Let

£ = —Eo/s2 — (251 + 53) /252 + X{g), 10 = X§' Yoy 11 = 1/s2 + X5 2,
€3 = —Eo/s2 — (251 + 53) /282 + X Ve), 120 = Yo', moa = 1/s0 + Yo 257,
€= —Eo/s2 — (251 + 83) /282 + XY 23y, mao = Yo 2y, mo1 = 1/s0 + Z33),

then
1 1 1 1
D (5) = Quy(opnwia (Ao(5) N (Wh2 x B)) = { X' = 0} U {¥gy) =0} U {5 =0},
the set of accessible singular points is given by

ASD(s) = {60, X5, Vi, Z80) = (€0, 00,0, Z5))} € DY (s).

The second quadratic transformation along Aég(s). Let
1 2 1 2)-(2
X = a0+ X, Yo = X5V,
1 2)1-(2 1 2
X = a0+ X3V, Vi = v,

then
D) (5) = Q y00 () (A8 (5)) = {X§) = 0} U VP = 0},
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We see that, in the (507Z(gi),Xg)7Y0(12),s)—space C* x B, the Pfaffin system has no singular
points, every leaf is transversal with fibers, moreover, the points (£, Z(()}), Xég), Y0(02)) = (&, Zéi), 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (51,2&)7)((5?),}/0(12 )) € C* which separates the

solutions passing through Ag(s) N Wha. If we set
2 1 2
q?2 = 507 (Ig2 = _X(gl)ﬂ p?2 = 251)7 pgz = Y0(1)7

then we have

02 2

a0 251 +s5 4 1 02 1 1
6.2 @ =47 @ =py(a—prgy) - - - ——=, pi= +07%, P = 5
( ) 1 1 2 2 ( 2 42 ) So 282 1 82p82 1 2 pgz
The system (¢°2,p°?) € C* is a symplectic coordinate system for Ag(s) N Wys.

6.3 Coordinate systems for A, (s)

We make successively the quadratic transformations along A (s) N Wi, As(s) N Wy and find
coordinate systems for A (s).

6.3.1 Coordinate system for A, (s) N W,

The first quadratic transformation along A, (s) NWi. Let
1 (1 1) _(1
§o = l’(()o)o, Mo = xf)o)oyio%, M2 = acio)ozﬁo%,

1 1 1 1
50 = l‘g})lyéo)la o = y<(>o)17 M = yéo)lzt()o)h

1 1) (1 1
§o = xf;)gzgo)g, o = yio)gz;)g, 2 = Zio)m

then
D\ (s) = Qanmw, (Ass(s) W) = {2y = 0} U {yL) = 0} U {210} = 0},

the set of accessible singular points is given by
AL () = (€, 25h, yGh 28D = (€, a0, 0,280)) € DG (9).

The second quadratic transformation along Ag)l(s). Let

20 (2) 1) (2),(2)

ool = Qoo + Loo0r Yool = Loo0Yoo0r
1 2 2 1 2
x<(>o)1 = Qoo + m(oo)lyz()o)h y<(>o)1 = <(>o)1’

then
2 1 2 2
D) (s) = Q0 (o (A () = {2h = 0} U {42} = 0},

We can verify that our system has no singularity, every leaf is transversal with the fibers in
(&2, zg})l, xg)l, yg))l)—space C*x B. On the other hand, the points ({2, Zéi)p xﬁf}o, y((f))o) = (&2, zg)l, 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (Ez,zg)l,wg)l,yg)l) € C* which separates the
solutions passing through A..(s) N W1 = A (s) N Wiy, If we set

2 2 1
¢t = -2, ¢ =6, pt =y, et =2,
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then we have

1
(6.3) @ =P (oo — DY), a3 = 657, p}=ﬁ7 ps =pX'.
1

Thus we have obtained a symplectic coordinate system (¢!, p>!) € C* for A, (s) N Wy.

6.3.2 Coordinate system for A, (s) N W,

The first quadratic transformation along A, (s) N Wa. Let

fo=X0, mo=X0V, = x02Y

o000 o000 000
60 = Xcgi)lyo(oll)a 20 = Yo(oll)a 21 = Yo(oll)Zéi)lv
S0 = XGaZ5h, M0 = Y20 ma1 = 230,

then
D) (s) = Qaonmws (Ass(s) N W) = (X =0y U {¥ ) =0y u{zl) =0},

the set of accessible singular points is given by

AL (s) = {6, X0, v Z0) = (61, 00,0, 28} € DUL(s).

ool Tool?

The second quadratic transformation along Ag)z (s). Let

X0 Zan £ X2 vyl - x@ye@

000> ool T “roo0” o000
X0 = ae + XAV, Y =Y

then
Dg)Q(S) = QA&L(S)(AQQ(S)) = {ng) =0} U {Yo(fl) =0}.

We see that, in the (&, Zf(i,)p Xg)p Yo(fl) )-space C* x B, the Pfaffian system has no singularity,
0 X2, ) — (6, 20).0.0)

every leaf is transversal with the fibers, moreover, the points (&1, Zo7, X2 o1t

are inaccessible singular points.
Thus we have obtained a coordinate system (&, zM x® Y(Q)) € C* which separates the

ocol? “*ool? ool

solutions passing through A.(s) N Wy = Ao (s) N Wag. If we set

2 1 2
G =6, ¢ =-x0), =20, 2 =Y,
then we have
1
(6.4) @ =% ¢ = (0o — ¢3°%p5%%), pE=pi?, pi= el
2

002 002)

The system (¢, p € C* is a symplectic coordinate system for A, (s) N Wo.

6.4 Coordinate systems for A;(s)

We obtain coordinate systems for A;(s) by making quadratic transformations six times along
A1(S) n Wo, Al(S) N WQ.

6.4.1 Coordinate system for A;(s) N W

The first quadratic transformation along A;(s) N Wy. Let
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1
&= 1750)’ Moo = $(10)y§0)a No2 = $10 250),

1

&1 = 3311 y£1)a Moo = 2/51)’ No2 = ygl)z£1)7
1) _(1 1

&1 = 3312 Z%z)a Moo = 952)352)a No2 = Zgz)a

then
DY (5) = Qa, (5o (A1 (s) N Wo) = {alf) =0} U {5 = 0} U {=}) =0},

the set of accessible singular points is given by

A (5) = {(&2, 250, uih) s 238)) = (€2,0,0, —1/62)} € DY (s).

The second quadratic transformation along Agll)(s) Note that &5 = 0 is excluded. Let

2 1 2) (2 1 2) (2
wgo) = xgo)v ygo) = x(o)ygo)» z§0) =-1/6&+ $10)Z§0)v

1 2) (2 1 2 1
o) =2V, wle = oy, 2 = —1/e + Y,

20 = 2177y v = eiPuzs 2 = —1/6 + 217,
then
DY (s) = Q 4, (ALY () = {alg) = 0} U () = 0y U =) = 0},
the set of accessible singular points is given by

AR (5) = {(&2, 258,05, 22)) = (€2,0,0,-1/€3)} € D (s).

The third quadratic transformation along A(121)(s). Let

3 2 3 2 3
xlo)*zgo)’ y%o) l"(o)yﬁo)v Zgo)— -1/€ +x10)z§0),

2 3) (3 2 3 2 3
xgo):zgl)ygl)v y%o) y§1)7 250)— 1/€§+y§1)251),

2 3) (3 3) (3 2 3
xgo) = 1752)'3%2)7 yio) = y§2)2’{2)7 250) = 1/5:23 + 74%2)7

then .
DY (s) = Q 4 (o (A1 () = {ag) = 0} U {y1} = 0} U {=13) = 0},

the set of accessible singular points is given by

A (s) = {(€2, 2,455, 21) = (62,0, -1/ (€2), 53))} DY (s).

The fourth quadratic transformation along Aﬁ) (s). Here we insert a change of variables

3 3 3 3 3
§2 = &, 37(10) = $§0)7 yio) = 1/v§0), Z%o) = Z%o)

Let
3 4 3 4
Igo) xgo)» U%o) = &5 + 51310)3150)7
3 4) 4 3 4
4”50) 3351)9&)7 Ugo) = —né3 +y§1)7
then

4 3 4
DY (s) = Q 4o (o) (A1 () = {aly) = 0} U w1} = 0},
the set of accessible singular points is given by

AV (s) = {(&2, 25, 285 i) = (€2, 250, 0.m)} € DIV (s).
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The fifth quadratic transformation with Aﬁ)(s). Let
4 5 5) (5
iy =2, iy =0+,
4 5 4 5
iy =2V, oie =n+u,

then (5) (4) (5)
Dy (s) = QA<14>(S)(A1 (s)) ={ziy =0} U {yn =0},

the set of accessible singular points is given by

3
A (s) = {(&2, 2 215 0i)) = (62,28, 0,01)} € D (s).

The sixth quadratic transformation with A(S)( ). Let
5 6 5 6), (6
xgo) = 51750), ygo) =o+ Igo)ygo)v
5 6 6
9550) = Igl)y§1)7 ygo) =0+ y%l)v

then

We can verify that the differential system in the cordinates (&2, 210 ,xg%), ygo)) is holomorphic in

a neighborhood of {xlo = 0} except for £, = 0 and the points (&3, zw),xﬁ),yﬁ)) (&2, 210),0 0)
are inaccessible with &y # 0.

Thus we have obtained a coordinate system (52,210)796&%)711%)) € C* which is separates the
solutions passing through A;(s) N Wy = A1(s) N Wy with & # 0. It is related to the original

coordinate system (Q17QQ,p1,p2) by

2
«
Q1:x§%)7 Q2:§27 1= ?7(5)23+ (Z) +Tl)+y§g)7
(z10') (r19)%  xyq
Dy = 7752 2(3)04177+<n(3)y§g)al>x(6)
@0y T T Tg T\ Ty T g

(6)
+onafl) = B ) @i + 20 (1)

Now we calculate the 2-form dq; A dp; + dga A dps in the coordinates (£, 210 ,x§%>, y§0))

dgqy N dpy + dgy N dpy
= dalg Adyly)

+{y (951%)) + ai(x ()> +77$1 _nfz}d§2/\dz§o)
(6) (6)
(3), (6)/,.(6)\2 3) Yo (6) 3) _ Yo )
+ 43z +2( 1200 — == |20 + N2y — = — d/\dw
{ 10 Y10 (T3 ) ( 10 55, ) 10 T M%10 & §2} )
(6)y2 (6)
@, 603 (@10)° 1
+ |z dés /\dy
e
6 6
= da) A dyly)
(6)/. (6)y3 O ©  oe (@02 2 e o
+d§2/\d{{y (21¢)? + a1(zyy)? + naiy — €3}z, _{ + }3/10 - 7%0}
52 52 52
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= dofg) Adyiy
+dés A d[{y3) @) + an (@) + maly) — nedhaly

6
{(xﬁo)) . xgo)}yf) Y- a1
52 &2 0 52 &2 g

Therefore, setting

6
(T/go)) xgo)} (6) o1 (6) Qi n

(3) —{ (6) (6)\2
y{0 @) + an (@) + nall) — meg)aly) - {5 + 20y -2 -1
10 29710 52 £2 10 52 ) 5:23
we have symplectic coordinates (§2, wg?(’)), xg%)7 ygg)) Writing
6 6 3
ql = x(10)7 qél = 627 pl ygo)a p2 = wg())a
we have
n(@z)”  n oo na' o
(6.5) n=a' =0 p= -yt G EI S B 0
' ’ @) (el at (ai)? "

Thus we have obtained a symplectic coordinate system (g'!,p'!) € C* in which the Hamiltonians
have no singularity on & = 0.

6.4.2 Coordinate system for A4;(s) N Ws
The first quadratic transformation along A4; N W5. Let
1 1)y (1 1) (1
&= Xl(O)a 20 = Xl(O)Y1(0)7 M22 = Xl(o)Zfo)a
1 1 1) (1
& =XV, o=, =y,
(1 1) (1 1
&= 12)Z1(2), 20 = Y1(2)Z1(2), 22 = Z£2)a

then
D3 (s) = Qu, (syrwa (A1(5) N Wa) = {X1y) = 0} u{¥})) =0} u{Z(y) =0},

the set of accessible singular points is given by

A (s) = {60, X 19, YY), Z(8)) = (£,0,0,0)} € D) (s).

The second quadratic transformation along A%)(s) Let

1 2 1 2 2 1 2 2
X _x® y - x@y@ 0 x@ )

Xip =
2)y,(2 1 2 1 2
1(0) = X1(1)Y1(1)7 Y1(o) = Y1(1)a Z§0) = Y1(1)Z1(1)7

1 1) (2 1 2)y (2 1 2
50) = Xf2)Z§2), Y1(o) = X| )Y1(2)a Zio) = Z£2),

then
D (5) = Q iy (A () = (XT)) =0y U 1 =0} U {77 =0},

the set of accessible singular points is given by

AP (5) = {(6, X2, ¥{2, 22 = (£,0,0,1)} € DZ ().
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The third quadratic transformation along Ag)(s) Let

)-2 >73 5' ):‘3'}7‘3 ZZ ] ):323
50) 1(0)’ 1(0) ( ) 1(0)7 ( ) 1(0) §0)’
2 3 2 3 3 3
)(£ ) — Xl(l) )/1(1 )7 )/‘1( ) — j/l(l )’ Z{ ) — ] )/1(1 ) Z§1)7
2 3 3 2 3 3 2 3

then
D3 (5) = Qu0 (A7 () = {X1p) = 0y UV = 0y u {23 =0},

the set of accessible singular points is given by
3) 3 3 3
A3 (5) = {(60. X10, Yi5 . Z10)) = (60,0, ~1/n. 2i3)} € DI (s).

The fourth quadratic transformation along Ag)(s) We insert here the transformations
3 3 3 3 3 3
b=t Xio =X, Y =1V 279 = 27
Let

3 4 3 1) (4
Xl(O) _ X1(0)7 1(0) _ —I—X( )Yl(o)7
1) (4 3
X1(0)—X( )Y1(1)7 ‘/1(0):_77+Y1(1)»

then
DS)(S) = QASL,)(S)(A%)(S)) = {Xl(é) =0} U {Y1(14) =0},

the set of accessible singular points is given by
A3 (3) = {(60. 213 X1, Yio)) = (60, 215, 0,m60)} © D13 (s).
The fifth quadratic transformation with A(4)( ). Let
XY = X, D = nto + XY,
Xi) = X0V Y = n6 + Y,

then
DY (5) = Q gy (A () = (X = 0} u (v =},

the set of accessible singular points is given by
5 3 5 (5
A3 (8) = {(60, 2. XT3 Yi)) = (60, 15,0, 1)} € DI (s).

The sixth quadratic transformation with A(5)( ). Let

X = X0, VD = a0+ XOVO,
X® = xOy©  yO _ o | y©)

then
D3 (s) = Q 4o (412 () = {15 = 0} U{Y,Y =0},
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We see that, in the (o, Zl(g), X:Eg), 1(53), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {X1(g) = 0}, moreover, the points (EO,ZS),XS),YS)) = (§O,Z£g)70,0) are
inaccessible.

Thus we have obtained a coordinate system (&, Z{g), X fg), Y1(06 )) € C* which is related to the
coordinate system (¢?,q3,p?,p3) as

n néo ay (6)
+Y,
(xioy  x§e xf "
n
P ==y + Mo — 1200+ (2 + an) XS+ (an 235+ Yig) (X000 + 235 Vi (D).
10

6
E=X0 @=¢t, pP=-

Now we calculate the 2-form dq? A dp? + dg3 A dp in the coordinates (&, ng), Xl(g), Yl(g)):
dgi A dp} + dg3 A dph

— dXx ¥ rnav®
+ (V5 (X(0)? + an (X{0)? + n&oX[Y) — n}deo A dZSY)
+ 832 Yi5 (X10)? + 21 2() +Yis )X +néoZi + an}déo A dX ()
+ (2 (X)) + (X17)2)dés A dY)

= dX{y) Adv
+ déo A dI{Y) (X10)? + an(X{0)2 + neo X[ —n}2(Y) + (X10)2Y) + en X1())

= dX{y) Adv
+ déo AV (X(0)? + an (X9 + ngoX () —n}2() + (X{0)2Yi5) + an X{§) + néo).

Therefore, setting

3 6 6 6 6 3 6 6 6
Wl(O) = {Y1(0)(X£0))3 + 0‘1()(1(0))2 + 77§0X£0) - U}Zfo) + (Xl(O))zyl(O) + alX{o) + néo,

we have symplectic coordinates (o, Wl(g’), X 1(2), Yl(o6 )).

DV (s) D (s) D (s)
D(s)| DLs)|
D
DY (s)
D{V(s)
DV (s)
DY (s) DY(s)|

Figure 3. J=113
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Writing
6 6 3
q%Q = X§0)7 Q%z = foa p%Q = Y1(0)7 p%2 = Wl(())v
we have

12

n nq3 Qg 12 2 n 12
(6.6) G=a’ B=a0 pl=-—mst o5+t pi=—— +pi%
1 1> 2 2 1 (q%2)3 (q%2)2 q%z 1> 2 q%g 2

The system (q'2,p'?) € C* separates solution curves passing through A;(s) N Wa.

Thus we have obtained six symplectic coordinate systems (g7, g3, pT, p5) each of which separates
solution curves passing through the accessible singular points (see (6.1)-(6.6)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

7 Spaces of initial conditions for H;s

In the present case,

1
u:—i(ao—i-al—i—ag—l—&—aoo)

In this section, we omitt the label 122.

7.1 Accessible singularities on D x B
Observing the system H(® on all Wij; 7 # 0, we can obtain

Proposition 7.1. The set of accessible singular points of the system Hg% for each s = (s1,82) €
Biao is a disjoint union of three connected components Ag(s), A1(s), Aso(s) = P! given by

Ag(s) = {(&,mo,8) € Wy x B|§2 = no0 = no1 = 0} U{(&,m1,5) € W1 X Bl&a = n19 = m1 = 0},

Ai(s) = {(&m0,8) € Wy x Bl&1 = n00 =102 = 0} U{(&§,m2,5) € Wa x B[& = 120 = 122 = 0},

Aco(s) = {(&,m,5) € Wi x Bl§ = 1m0 = m2 = 0} U{(§,m2,5) € Wa x Bl& = 120 = 121 = 0}.
Moreover, we can verify

Proposition 7.2. The Backlund transformation group Sa acts on the components of the accessible
singular points of Hio according to the following diagram

Ao | Ay
g A1 AO

where Ao () is invariant under the action of this group.

In the following subsections, we obtain coordinate systems corresponding to A;(s) which sep-
arate completely the solution curves passing through A;(s). The systems for A;(s) and A (s)
are obtained by quadratic transformations, while the systems for Ag(s) are obtained from that for
A1 (s) by the use of Béacklund transformations.
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7.2 Coordinate systems for A, (s)

We make successively the quadratic transformations along Ao (s) N Wy, As(s) N Wy and find
coordinate systems for A (s).

7.2.1 Coordinate system for A (s) N W,

The first quadratic transformation along A, NW;. Let
§o = xf,?o, Mo = mi%yﬁi%, N2 = :cf,i)ozf,i%,

§o = :vi?lyii)l, Mo = yc(i;)17 e = yﬁ?lzcﬂi)p

&= xfi)zzcﬁié, o = yii)gzg)g, Nz = Zéi)m

then
DY (5) = Qayows (Ase N W) = {2y = 0} U {y'h) = 0} U {211, = 0},

the set of accessible singular points is given by
A (5) = (€, 250,y 28D = (€, a0, 0,280)) € DG (s).

The second quadratic transformation with Ag)l(s). Let
T =t + 250, Uk = oo,
i = o + By ulh =40,
then (2 1 (2 (2)
D2\ (s) = Q4 ) (AKh(5) = {aid = 0} U {52} = 0}.

We can verify that our system has no singularity and every leaf is transversal with the fibers in
(&, z(()i)l, xg)l, yg)l)-space C*x B. On the other hand, the points (&2, Z((;)l, x((i)o, yg%) = (&, z((xlj)l, 0,0)
are inaccessible singular points.

Thus we have obtained a coordinate system (&, zii)l, :cg)l, y(()z)l) € C* which separates the
solutions passing through Ao (s) N W7 = A (s) N Wiy, If we set

2 2 1
¢t = -2, ¢ =&, pt =y, et =2,
then we have
1
(7.1) @ = (0o — 'Y, @ =5, pr = ey py = p3°!
1

Thus we have obtained a symplectic coordinate system (¢!, p>!) € C* for A, (s) N Wy.

7.2.2 Coordinate system for A, (s) N W,

The first quadratic transformation along A, (s) N Ws. Let

g0= X300, m20 = XSGVE), mo = x5 2

o0 00 00>
§o = Xﬁi)lYo(jf, 720 = Yo(ol%, M1 = Y(Sfo,i)l,
€0 = X020, n0=Y120), nu =2,
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then
D (s) = Qi (Ao N W) = {X 1) =0y U (Y] =0y u{Z) =0},

the set of accessible singular points is given by

AL (s) = {6, X0 v, Z0) = (61, 00,0, 280))} € DU (s).

ocolr T ool

The second quadratic transformation with AS))Q (s). Let

XD —ap + X2, v - xAy @

ool T 0002 ool T o007
X0) = aw + X2 Y, YO =Y,

then
D) (s) = Q0 ) (Alh(s) = {X 2 = 0} U{YE) = 0},

We see that, in the (&, Zi?l, Xg)l, Yo(ogl) )-space C* x B, the Pfaffian system has no singularity,
0L X3 YD) = (€.28),0,0)

every leaf is transversal with the fibers, moreover, the points (&1, Z..7, X oo, ol

are inaccessible singular points.

Thus we have obtained a coordinate system (&1, Z;%,Xg)l,

solutions passing through A, (s) N Wa = A (s) N Wag. If we set

Yo(fl) ) € C* which separates the

2 2 1
G’ =6, %=X, =X, p? =Y,

then we have

1

2
p3°

002, 002

(7.2) @ =47 @3 = p3 (oo — ¢°%p3°%), P =pi?, pi=

002 002)

The system (¢, p € C* is a symplectic coordinate system for A, (s) N Wo.

7.3 Coordinate systems for A;(s)

We obtain coordinate systems for A;(s) by making quadratic transformations four times along
Al(s) N Wo, Al(s) N WQ.

7.3.1 Coordinate system for A;(s) N W

The first quadratic transformation along A;(s) N Wy. Let

1 1) (1 1) (1
&= xgo), Moo = fcgo)?Ao)’ No2 = xgo)zgo),

&L= x%ﬁ)yﬁ), Moo = yﬁ)a Moz = yﬁ)zﬁ),

1) (1 1) (1 1
&= x§2)2§2), Moo = ygz)'z%z)a No2 = Z%z)

then
DY (s) = Qa, (synwp (A1 (s) NWo) = {alf) =0} u {yl)) =0} U {=}) =0},

the set of accessible singular points is given by

AD(s) = {(&, 238,08, 21) = (65,0,0,—1/(¢& — 1)} € DY) (s).
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The second quadratic transformation along A:(Lll)(s) Note that &5 = 1 is excluded. Let
1 2 2 1 2
mgo) = $§0)7 ygo) = xgo)y§0)7 Z§0) =-1/(&-1)+ $§0)2§0)7
1 2) (2 1 2 1 2) (2
mgo) = xgl)y§1)7 ygo) = y§1)7 Z§o) =-1/(&-1)+ y§1)z§1)7
o _ @, 2 1 _ (2,2 1) _ —1/(& — 1) +Z(2)

L9 = L12 %125 Y10 = Y12 7120 210

then
DY (s) = Q 4 () (ALY () = {alg) = 0} U {yf} = 0} U {203 = 0},

the set of accessible singular points is given by
2 1 2 2
AR () = (&80 wid) 240) = (€.0.-1/m (&2~ 1), 55} € DY (9).
The third quadratic transformation along A( )( ). Here we insert a change of variables

G=6, ofy =2y, oy =1/, 27 =2,
Let
o) =2y, o) = e -1 + 2y,
o) = 2Py, o) = —me -1+l
then
8) = Qe (oA () = {7 =0} u{wi} = 0},

that the set of accessible singular points is given by
3 3) (3 2 3
Ai(s) = {62, 40 710 wio)) = (€2, 40 0. n)} € DY (s).

The fourth quadratic transformation along Aﬁ)(s) Let
3 4 3 4) (4
2y =210, vl = a1 +2lduly,
3 4
Igo) = Igl)y§1)7 ygo) =1 —|—y( )

then the exceptional divisor is given by

V(5) = Qo (415 (9) = {2g) = 0} U {y} =0}

We can verify that the differential system in the cordinates (&2, 210 ,m%), ygo)) is holomorphic in

a neighborhood of {3710 = 0} except for £, = 1 and the points (2, Z10 ,xﬁ),ygl)) (&, zw),O 0)
are inaccessible with & # 1.

Thus we have obtained a coordinate system (52,Z§(2)),x%)7y%)) € C* which is separates the
solutions passing through A;(s) N Wy = A1(s) N Wy with & # 1. It is related to the original

coordinate system (ql,QQ,p1,p2) by

posll mm e PO e
(x(4))2 (4)
10
(4)
m 2 (05} 2 Y 1 9 4
p= iy i~ DR - gy (el = g )+ i )
Z10 2 o
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Now we calculate the 2-form dg; A dp1 + dga A dps in the coordinates (&2, ZlO 71”50)7 yié)):

d‘h A dpl + d‘b A dpQ
= dal) Adyly) + {—mie — 1)+ alf (o + {5yl des A dzy)

(4)
+ (arsf® + 22008 - 219 e n sl

&2
(2),.(4)y2 ( ) (4)
+ (210 (x19)? = & — )df A dyyg
4 4
e
@) (@ @y, _ P00
+ déa A d{{_n(@ — 1)+ iy (1 + 210 10 ) 21 — 52771}
= daly Adyly
(4) (@), (Hyy (2) xlo)y%) ai
+d52/\d{{ n(&2 — 1) + zi4' (o1 + 219 ¥10') } 210 - }
-1 &-1
Therefore, setting
2) 4) (W @@ _ Toue o
wiy ={-nl—1) +tzg (o +210y10 )} 210 — % — 77>
-1 &-1
we have symplectic coordinates (£s, w%), x(fé), yﬁl))) Writing
4 4
ql - x(lo)a qél = 523 pl - ygo)a p2 = w§0)7
we have
11
q; —1 «
(7.3) a=aq' e=a, p1:_771(21712)+T11+pi1a po =~ 4 pit.
(a1') a1 41

11

Thus we have obtained a symplectic coordinate system (¢!, p'!) € C* in which Hamiltonians have

no singularity on & = 1.

7.3.2 Coordinate system for A;(s) N W,

The first quadratic transformation along A;(s) N Ws. Let
&= X1o Lo = XYY, mae = X124,
Sh 11 Yl(l)’ 20 = Yl(l)» N22 = Yl(l)Zﬁ)v
&1 = 12 Z1(2)a 20 = Yl(21)Z1(§)a 22 = Zg),

then
DY (s) = Qa, (s)nw (A1 (s) N W) = {X{) =0} U {Y) =0} u{Z}y =0},

the set of accessible singular points is given by

A (s) = {(&0, X1, V), Z8)) = (€0,0,0,1/(& — 1)} € DY) (s).
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The second quadratic transformation along A:(le)(s) Let
1 2 1 2)<-(2 2
Xl(O) = Xfo)» Y1(0) XfO)Yl(O)v ZlO =1/(& -1+ X1(0)Z£0)v
1 2)<-(2 1 2 1 2) (2
Xfo) = X£1)Y1(1)» Y1(0) = Y1(1)v Z%o) =1/(& —1) + Y1(1)Z§1),
1 2) (2 1 2) (2 1 2
Xfo) = sz)Zfz)» Y1(0) = Y1(2)Z£2)» Zio) =1/(& —1) + Z§2),

then
Dg)( )= QA(l)(s) (A(l)( ) = {X%) =0}uU {Yl(lz) =0} U {Zg) =0},

the set of accessible singular points is given by
2 2 2 (2
AR(s) = {60, X10, Y10 . 285)) = (60,0.1/(m (60 — 1), Z§7)} € D (5).
The third quadratic transformation along Ag)(s). We insert here the transformations
=6, Xy =X, Y =1V, Ziy) =7
Let
2 3 2 3)y(3
X1(0) X{ ) (0) =m(—1)+ Xfo)yfo)»
Xy = XY Vi = m& - 1)+ v,

then
lﬁ?@):QA@@ﬂAgR$):{X$L:®LHY§):oh

the set of accessible singular points is given by

A (s) = {(60, 239, X3 V&) = (€0, 23),0,01)} € D) (s).

The fourth quadratic transformation along Ag?(s) Let

X0 = X0, Y = a0+ XDV,
X® — xOy@ y® _ o | y@,

then
Di3(s) = Q 4, (412 () = {15 = 0} U{Y,} =0},

We see that, in the (fo, 10 ,X 1(3), Yl(o), s)-space C* x B, the differential system is holomorphic

in a neighborhood of {Xlo = 0} except for § = 1, moreover, the points (£, Z 13),Xﬁl),Y1(14)) =

(&o, Zfo), 0,0) are inaccessible.
Thus we have obtained a coordinate system (50,2{3),)(1(3),}/(4)) € C*\ {& = 1} which is

related to the coordinate system (¢?,q3,p?7,p3) as

néo—1) | (4)
=X\, d=6&, ¢= + +YY,
(X2 x{y
2 n @ __Q @ Y0\ @ @)y @y
©@=""m +m(&o—1)Zyy — 1" (0‘1210 - 1)Xu) + Zip Y1 (X10')"
X1, &o &o
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Now we calculate the 2-form dg? A dp? + dg3 A dp3 in the coordinates (&, Z%)7 Xl(g), Yl(g)):
dgi N dp} + dg3 A dp;
= dXjy) AdYy) + {6 — 1) + Xig (e + Xjg'Yig)) 6o A dZ17)

(1)
Y,
+ (2 + 22 X - & ) dgo A dx(q)
@
(A - S0y ) deo navil)

= dX{y) AdY

4)

( Wy ) X Vi)
+ déo A d{{m(io — 1)+ X0/ (a1 + X0 Y10 )} 210 — 7}

§o—1

dx$y) navy

(4) Wy, XY i
+ d&o Ad{{m(fo = 1)+ X' (on + X530 Yyo ')} 219 — -1  &— 1}'

Therefore, setting

X w
S —1 Eo— 1’

2 4 4 4 2
Wi = {m(& — 1) + X{g) (a1 + X (g Vi) 287

we have symplectic coordinates (&, Wl(g), X 1(3), Yl(é )). Writing
4 4 2
QJ1_2 = X1(0)7 q%2 = 50) p%Q = Y1(0)7 p%Q = W1(0)7
we have

12

mie®—1) m

(74) q% = q%2, qg = Q%27 Q% = 212 b) + 12 +p%27 QS ) +p%2'
(a17) aq a1

The system (g'2,p'?) € C* separates solution curves passing through A;(s) N Wy and the Hamil-
tonians have no singularity on & = 1.

7.4 Coordinate systems for Ag(s)
We obtain the systems for Ag(s) from those for A;(s) and o.

7.4.1 Coordinate system for Ay(s) N Wy

We derive a coordinate system for Ag(s) N Wy from that for A;(s) N Wy and 0. We can verity
o(Ap(s) N Woe) = A (s") NW{,. Observing the relations between (q1.¢2,p1,p2) and the coordinate
system (¢/1%, ¢'5", p/1", p'y") for Al (s), we take (¢9%, 9%, p9t, ) as a coordinate system for Ag(s)N
Wo where

01 01
A1 42 A1 4 /11

11
¢\ = s qy ==, Py =—spdt, Py =siplh
S92 S1
We note that
(7.5) ¢ = q01 4o = q01 P = ToS2 +po1 Dy = Uosz(q(fl —51) + &7y} +pol
. 1=4q1 =q3, p1= y P2=———F5195 — T o1 .
1 2 S1q81 1 31(q81)2 q(2)1 2

Thus we have a symplectic coordinate system (¢!, p°!) € C* for Ay(s) N W.
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7.4.2 Coordinate system for Ay(s) N Wy

A coordinate system for Ag(s) MW7 is obtained from that for A;(s) NWs and o. We see a(Ap(s)N
Wia) = A)(s') N W},. Observing the relations between (g1.qo, p1,p2) and (¢'12, '3, 01>, p's’) we

take (¢92, 3%, p?, p9?) as a coordinate system for Ag(s) N W; where

12 QQQ 12 61(1J2 12 12
(==, 3y ==, Py =—sp 'y =s1"
S92 S1
We note that
01

7052 nos2(s1gy" —1) | o
(7.6) =07 =0 pi=—"0 +0V, Pr="—rg— + g3 + P>

> s1(d3") >

The system (¢°2,p°?) € C* is a symplectic coordinate system for Ag(s) N Wy.

Thus we have obtained six symplectic coordinate systems (¢F.¢5, pT, p3) each of which separates
solution curves passing through the accessible singular points (see (7.1)-(7.6)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

D§Y(s) DP(s) D (s)
DY (s)
D
4 4
DY (s) D{Y (s)

3 : 3 :
D(s)| DV (s)|
DY(s) DM (s)

Figure 4. J=122

8 Spaces of initial conditions for H,4
In the present case,

V= —0Ox
In this section, we omitt the label 14.

8.1 Accessible singularities on D x B

Observing the system H(9) on all Wi; j # 0, we can obtain
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Proposition 8.1. The set of accessible singular points of the system Hgi) for each s = (s1,82) €
By is a disjoint union of two connected components Ag(s), Aso(s) =~ P

Ao(s) = {(&m0,8) € Wo x Bl(s1+ 55/2)€0 + s261 + &2 = 0,100 = 0,701 — $2702 = 0}
U{(&m,8) € Wi x Bl(s1+ 85/2)€0 + s261 + & = 0,110 = 0,11 — (51 + 83/2)ma = 0}
U{(&,m2,5) € Wa x Bl(s1 + 55/2)& + 52&1 + &2 = 0,720 = 0, (s1 + 55/2)121 — S2122 = 0}
Aso(8) = {(&,m,8) € Wi X Bl&o = n10 = m2 = 0} U{(§,m2,5) € Wa x B|§g = 120 = 121 = 0}.

In the following subsections, we obtain coordinate systems corresponding to A4;(s) which sepa-
rate completely the solution curves passing through A;(s). The systems for Ag(s) and A (s) are
obtained by quadratic transformations.

8.2 Coordinate systems for Ay(s)

We make successively the quadratic transformations along Ag(s) N Wy, Ag(s) N Wi and find coor-
dinate systems for Ap(s). Note that although Ag(s) is expressed by the three coordinate systems
Woy, W1 and W, it can be done by two of them. In this paper, we choose Wy and W;.

8.2.1 Coordinate system for Ay(s) N W

We choose the coordinate system Wya C Wy. By setting &g = ng2 = 1, we take (&1, &2, 700, 702) as
the coordinates of Wys.

The first quadratic transformation along Ay(s) N Wy. Let
€2 = —s2f1 — (s1+53/2) + 2l s Moo = T Yoo s o1 = 2+ 2o 70
& = —sof1 — (s1+ 53/2) + 26y, Moo = wr s mor = 52 + w241 s
€2 = —safs — (51 +53/2) + 20 705, Moo = w200y o = 52+ 20,
then
D) (5) = Qugtonmwy (Ao(s) N (Wo x B)) = {rg) = 0} U {ugy’ = 0} U {=3 = 0},

the set of accessible singular points is given by
1 D (1) 1 1
A6 (5) = {60 w51 w61 20) = (€1, 00,0, 25)} € DG (s).

The second quadratic transformation with Aéll)(s). Let

1 2 1 2) (2
xél) =g+ x(()o)a y((n) = xéo)yt()o)v

1 2) (2 1 2
xél) =g+ 55(()1)y(()1), 1/(()1) = Z‘/(()l)v

then
DGy (s) = @ 4o (o (A1 () = faf) = 0} U {ygy) = 0.

We can verify that our system has no singular points and every leaf is transversal with fibers in
(&, Zéi), :Eé21), y(()zl), s)-space C* x B. On the other hand, the point (£1, z((ﬁ), x(()%), y(%)) = (&, Z((ﬁ), 0,0)
are inaccessible singular points.
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Thus we have obtained a coordinate system (&, 201 7.%'81), y((J ) € C* which separates the solu-

tions passing through Ag(s) N Woa. If we set

2 1
= &1, (181 = _x((n)a pl —Z((n)» p2 y(1)’
then we have
281 + s2 So 1
(8.1) a=a" g =p3 (a0 —q3'pY") — s2q?" — TZ P=or +pi', po = T
2 2

Thus we have a simplectic coordinate system (q°!, p®1) € C* for Ag(s) N Wy.

8.2.2 Coordinate system for Ay(s) N W,
We choose the coordinate system Wis C Wi. By setting & = 112 = 1, we take (&1, 82,700, T02) as

the coordinates of Wys.

The first quadratic transformation along Ay(s) N Ws. Let

o= —(s1+53/2)60 — 52+ X(go)» No = X( )Yo(o , 1 =s1+55/2+ Xoo)Z(()o)a

€= —(s1+53/2)6 — 52+ XVY3, mo =Y, mu=s1+3/2+ Y72,

€= —(s1+53/2)6 — 52+ X285, mo=Y2' 2, m1=s1+s3/2+ 25,
then

DY (s) = Qag(synwn (Ao(s) N (W1 x B)) = {X{§) =0} u{vy) = 0yu{zy) =0},

the set of accessible singular points is given by
1 1 1 1 1 1
Ay (5) = {(60. X1 Yo\, Z8)) = (60, 20,0, Z)))} € D (s).

The second quadratic transformation along Aélz)(s). Let
1 2 1 2)+-(2

X&) = a0+ X5, Vo = XV,

1 2)y-(2 1 2

X(gl) =ap+ Xél)yo(l), Yo(l) = YO(l)

)

then
2 2 2
DG3 () = Q) (A5 () = {X55) = 0}y u{Y? =0},

We see that, in the (50,2&),X((§),Y0(12), s)-space C* x B, the Pfaffin system has no singular
points, every leaf is transversal with fibers, moreover, the points (&, Zé}), Xég), Y(2 ) = (%o, Z(()i), 0,0)
are inaccessible singular points.

us we have obtained a coordinate system (o, , , € which separates the

Th have obtained di Z4W X2 vP) e c* which h

solutions passing through Ag(s) N Wia. If we set

2 1 2
= &o, q(zm = *X(g1)a p(fQ = Z((n)v p2 = YO(l)’

then we have

2s1 + s2 2s1 + 52 1
(8:2) af =% b =¥ (a0 — a8*p?) — (52 )a? — s, pl= e T m= o
2 2

02

The system (¢°2,p°?) € C* is a symplectic coordinate system for Ag(s) N Wy.
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8.3 Coordinate systems for A,(s)

We obtain coordinate systems for A (s) by making quadratic transformations eight times along
AOO(S) N Wl, AOO(S) N WQ.

8.3.1 Coordinate system for A, (s) N W;

The first quadratic transformation along A, (s) NWi. Let
§o = xfj}o, Mo = fcéc)oyf)o%, M2 = :cf,i)ozf,o%,

1 1
§o = ij)lyéo)l o = yf,o)l, M2 = yfx)lzc()o)l

1 1 1
o= 205200 mo =452, ma =20,

then
DL (5) = Qa (oo (Asols) VW) = {aly = 0} U {u) = 0} U {2 = 0},
the set of accessible singular points is given by

AD (5) = {(€2, 230, ylh, 25b) = (£2,0,0,0)} € D) (s).

The second quadratic transformation along A(l) 1(s).  Let
1 2) (2 1
T = Tohs Ui = Tooplien 2ieb = TecbZint,

1 2) (2 2 1 2
Tieh = Toers Y = Uors Zaeb = Yeerzeens

Tieh = Thoh2on, Yseh = Toohlek b = 2oh,
then
D (s) = Q40 (o (A% () = {22y = 0} U {y2) = 0} U {2} = 0},
the set of accessible singular points is given by

AD (5) = {(&2, 22, y20. 220) = (€2,0,0,1)} € D) (s).

The third quadratic transformation along A(Q) 1(s). Let
2 3 2 3 2 3
Toh = Toohs Yoo = Teonlseds Zoed = L Tecpzy:
23 3,6 @ 3 @ _ 3,03

Too0 = Too1Yoo1r Yood = Yool) Zocd = 1+ Yo1%c01s

23— 0G) () (2) (3),(3) (2) _ 3)

Tooo = Lo02f002) Yood = Yoo2”0027 Rood — 1+ 25025
then @) y .
D (s) = QA<2)(S( V(5) = {23 =0t u{y® =01 u () =0},

the set of accessible singular points is given by

AD) (s) = {(&2,28), 412, 22)) = (65,0,0,26)} DI, (s).

The fourth quadratic transformation along A(?’) 1(s).  Let
Top = Tigp Yoh = Thon¥ien 20 = 22 + 2pzia,

Top = Ty Yieh = Yler Faep = 26 Yz,

23 4 4 y(3) _ y(4) (4) (3 = 26, +Zoo)

000 = Lo02%0027 Yoo = Yoo2%002> 25
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then
D (5) = Q 40 (o (A (5)) = {2l = 0} U{yid) = 0} U {2 = 0},

the set of accessible singular points is given by

AL (5) = {2 2Dy, 200 = (62,0, -1,24)} € DY\ (s).

The fifth quadratic transformation along A(4) 1(s). Here we insert a change of variables

4 4 4 4 4
&=, 2l =2p, vheo = /v, #ep = 20

4 5 4 5 5
xt()o)o a:(oo)() ) U<(>o)0 -1 <(>o)0 <(>oz) ’
4 5 4 5
then

D) (s) = Q0 () (A1 () = (o = 0} U {42} = 0},

the set of accessible singular points is given by

AD) (5) = {(E2, 28, 280, y8h) = (€2.282),0,262)} < DY) (s).

The sixth quadratic transformation along A(s) 1(s).  Let

20 =% yh = 26 + 20y,
20 =20l o =26+,
then
DY) () = Q 4 (o (ARA(5)) = il = 0} U{yd) = 0},

the set of accessible singular points is given by

AD (5) = {(€2, 22, 20, 40 = (£2.2824,0,0)} € D) (s).

The seventh quadratic transformation along A(ﬁ) 1(s).  Let

6 7 6 7 (7
Toop = 250, Useb = TopUsed:

6 7 (7 6 7
28 =20y, v =y
then @

DY) (s) = Qo) s ( O (s) = {2 = 0} u{y{l) =0}

the set of accessible singular points is given by

AT (s) = {(&2, 24, 20, 4Ty = (&9, 288,0,1 — ap + 2000)} € DT (s).

The eighth quadratic transformation along Ag)l(s). Let

wlp = Ty, Yo = 1~ 00 + 20 + 20y,

b = Teryier: Yseo = 1~ a0+ 2000 + 401,

then
D) (s) = Q0 (o (A () = {h = 0} U {y) = 0},
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We can verify that the differential system in the cordinates (&2, zc(é%), <(>i)07 y(()i)o) is holomorphic in

a neighborhood of {x o = 0} and the points (2, oio, fj}l,yfjﬁ) (&2, éoz),0,0) are inaccessible.
Thus we have obtained a coordinate system (&2, Oio,xgi)o, yf)iz)) € C* which is separates the
solutions passing through A (s) N W7 = Ao (s) N Wiy, Tt is related to the coordinate system

(af,q3,p1,p5) by

ai =alh, @ =&, pi= -ow 5 ot 2@6)2)3 ! —Oéo(;)- ds 9
L0
Ph =465 — 250 + (1 — ao + 200 + 2622500y
+{2(1 — ap + 2000 )2 + y(g) (z (()i)o)
H{(1 = ao + 2000) 2D + 26y 1@ ®))3 + 2 E) (104,

Now we calculate the 2-form dqi A dpi + dgs A dpl in the coordinates (&, éiz), g)o, ygg)
dgi A dpy + dgz A dp
= dm(s) N dyéo)o
+ B @B+ (1 — ap + 200) (23 + 252 ®) _1}dgy A d2)
+ (42805 (@8Eh)° + 3{(1 — @ + 2000) 210 + 252y<8> (25h)?
+2{2(1 — g + 2000)& + ¥ 12®) + 26,2 + 1 — g + 2000)dEs A da®))
+ {25 =5 ) +26(250)® + (212)? o A dysy
= da®) Ady®
+déa A d[{y“‘) (S + (1 - w0+ 2%0)( S0 + 26005, - 1}z<4’
+H26(250)° + (502D +2(1 — a0 + 2000) 6 (255)?
+(1— o+ ano)x(()i)o]
= dx(s)o A dyéi%
+ d&y A d[{y8) (284 +(1—a0—|—20¢00)( ®N3 426,28 — 132)
+{2§2(xooo) ( ) }y +2(1 — o + 20400)52( )2
+(1—ap+ ano)xooo + 452].
Therefore, setting
= (S S + (1 - o 2%0)( S0 + 26005 - 1}z
{26250 + (@5 ) buloh + 21— ao + zamm( 0)?
+(1—a0—|—2aoo) +4§2,

we have symplectic coordinates (&3, ((;2), g)o,yg%) Writing

8 8 4
Q1 xf)o)07 qgo =&, pl = yf)o%)’ pgol ((>o)0
we have
o= ="
1 265 1 — ap + 2000 L
(8.3) pl=-— + +pP°
Pt (h)? g5t b
1
1 _ 1
S

o8



Thus we have a symplectic coordinate system (¢°°1, p>!) € C* which separates solution curves
passing through A, (s) N Wi.

8.3.2 Coordinate system for A, (s) N W

The first quadratic transformation along A (s) N Wa. Let

go= X300, m20 = XSGVE) mo = x5 2

00 0007 000
S = Xﬁi)lYo(jf, 720 = Yo(olf, M1 = Y(Sl)Zc(,i)l,
o= X020, n0=Y120) nu =2,

then
DL (5) = Q. (synws (Auc(s) W) = {X 1) =0y u (v} =0y u{z) =0},

the set of accessible singular points is given by

A (s) = {6, x 0. v, 288) = (61,0,0,—1/¢1)} € DL)(s).

The second quadratic transformation along AS}Q (s). Note that & = 0 is excluded. Let

XU = X2, v = XEYE), 2 = 1/ + X322,
X0y = XEVE G =y, 2= 176+ ¥R,
XU = X078, YO vz, 28 = v + 28,

then
D (s) = Q0 o) (A5 (s) = (X = 0} U{Y.E) = 0} U{2T) = 0},

the set of accessible singular points is given by

A2 (s) = {(6, X2, Y2, Z8) = (61,0,0,-1/€})} < DE)(s).

000’ * 0007

The third quadratic transformation along Agé(s) Let

2 3 2 3 3 2 : 3 3
X2 = X0 Y= XY, 28 =-1/e + X525,
X = XY, vii=vd 28 = -y8 + Y378,

2 3 3 2 3 3 2 3
X = X020, YR =Y3520, 15 =18+ 23,

then
DY (s) = Qo) ) (A2 (5)) = {X 5y = 0} U{Y.E) = 0} U {2 = 0},

the set of accessible singular points is given by

AD(s) = {(6, X2, v %), Z28)) = (61,0,0,—2/€0)} € DE)(s).

000’ * 0007

The fourth quadratic transformation along Agi)z (s). Let

X=X Yoo = XQY5y, 280 = -2/ + X525,

X =XV Y& = 28 = 2/8 + Y74,
3 4 4 3 4 4 3 5 4

X0 = X250, Y3 =Y07, 25 =28 + 25,
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then
4 4 4
Dy (s) = Q0 o) (A5 (5)) = {X 5 = 0} U{Y.E) = 0} U {2 = 0},

the set of accessible singular points is given by

AL (s) = {6, X V8, Z20) = (61,0,-1/68, 2840)) < D) (s).

0007 ~ 0007

The fifth quadratic transformation along Agi)z(s). We insert here the transformations

f—6, X9 -xO yO @ 0 _ g0

ool T 0002 000> o0 T “oo
Let
4 5 4 5 5
X5 = X80 Vag = —€ + XY,
4 5 5 4 5
X0 - XEEL v - g
then

DIy (s5) = @ o0,y (ALh()) = (X = 0} U (¥ =0},

the set of accessible singular points is given by

A9, (s) = {(61, 25, x 80, Y8 = (61, 22),0,26))} € D) (s).

0007 “* 0007 ~ 000

The sixth quadratic transformation along Agi)Q(s) Let

5 6 5 6) v (6
X3 = X%, Yao =26+ XGY5,
5 6) v (6 5 6
xCh=xQv, v =26+ v,

then
DOy (s5) = @ 40, (ATh(s)) = {X ) = 0} U V) = 0},

the set of accessible singular points is given by

AL (s) = {(61, 288, x8, YD) = (61, 22),0,0)} < D) (s).

0007 ~ 000 o007

The seventh quadratic transformation along AC()?Q (s). Let

(6 (7) (6) (7) y(7)
Xoo()) - XooO7 YooO - XOOOYO(OO7
6 7 7 6 7
X8, = X0, ¥ -

then
7 6 7 7
DI(5) = Q g, (AL () = {XT) = 03 u (v =0},

the set of accessible singular points is given by

AT, (s) = {(&1, 22, x T v D) = (61, 28),0,1 — ag + 2a00)} € DT)(s).

0007 “* 0007 + 000 0007

The eighth quadratic transformation along Ag)z(s) Let

X0 = X0 VI =10+ 20+ XYY
X0, = XY, V=1 a0+ 20 4V,

then

DY (s) = Q) (AT (s)) = {X 50 = 0} U{YE) = 0}
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We see that, in the (&, Zéi%h XS%, Yo(jg, s)-space C* x B, the differential system is holomorphic
in a neighborhood of {ng) = 0} except for & = 0, moreover, the points (51,Z§%,X£§)1,Y£1)) =
(€0, ZC(;%, 0,0) are inaccessible with & # 0.
Thus we have obtained a coordinate system (&1, Zé;%, ng), yg%) € C* which is related to the
coordinate system (¢?, ¢3,p?, p3) as
d=6, =X

0007

1 3 1

(4) 1—ap+ 20 4
P = - —23z7 %) - ———=
P (x0T @0y, T 0 3 3
Yo(olo) 1—ap+ 20 10 chf) 2(1 — ap + 2a0) 10
+<2£1Zc(é)0 - 50 - 53 )X(goo) - ( 630 + 55 )()(éoo))2
1 1 1 1
oy ®
{1~ a0+ 2000) 28 + =20 JXQ)* + ZG VR )
2
1 26 1 —ap + 200 (®)
2 e
U= T m T ® ® Yo
( 10 ) ( 10 ) 000

We calculate the 2-form dgi A dp? 4 dg3 A dp3 in the coordinates (¢1, zW x® Y(g)):

o007 0007 * 000
dqi A dp? + dg3 A dp3
= ax@ navs)
VS XEN + (1 - ao + 2000) (X )P + 26X E) — €3 }dey 1 dZ)

ZY(S)
+ [428Y (e +3{(1 — 00 + 2000200 — =0 HXELY?
1
chfé 2(1 — ap +20) (8) (4) chg 1—ap+2ax (8)
_2{ 53 + 55 }XOOO + 2522000 — f% — §i:’ :|d£1 A\ dXOOO
1 1
A g Z(X(g))S (X(g) )2 x® s
+ {288 - i S by nav )

8 8
= dX®& rnav®)
+déo N[ VI + (1 - a0+ 2000) (X)* + 26 X8} - €112

8 8 8
_{2()(;2))3 . (X%Z)P . X%B) by - 2(1 = a0 +20m) (512
& 3 & 1 & =
1— ap+ 2« ]
g =X3)

= dxi?o A dy(s)

ool

+ & N[V XS + (1 a0+ 200) (XE)? + 26 X8} - €812

AXG) | (XS0 | XSh ) _ 21— a0 +2a) 1),
_{ 5 + 5 5 Yoo~ 5 (Xoc0)
& i & 3
_1—0404-20600 _1—o<0+2a00 4}

) _ &
? > &1 &t
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Therefore, setting

W = (VS (XG4 (1= ag + 2000) (X )3 + 26, X8) — 3120

{ 20X (XS, X5y byl - 2(1 = a0+ 2000) )2
& & & I & >0
1—ap+2a0 8y 1—ap+2a 4
s X0 @
3 &1 &
we have symplectic coordinates ({1, Wé;%, ngh Ysg). Writing
o0 o0 (o] 4 (o]
G =&, gt =X0, prt=wl, 2=V
we have
¢ = ¢ 63 = a5
(¢7°%)° 1 2
(8.4) P = s — s + P,
() ()
002\3 002
2 (¢1°) 2q7 L—ap+200 |
Ps= s+ o — +p
2 (63°%)*  (g5°%)? 5% ?

The system (¢>2, p>2)

Hamiltonians have no singularity on & = 0.

€ C* separates solution curves passing through A (s) N Wy and the

Thus we have obtained four symplectic coordinate systems (g7, ¢, p}, p5) each of which sepa-
rates solution curves passing through the accessible singular points (see (8.1)-(8.4)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational

functions of s holomorphic in B.

DY (s) D (s)
D)
D
D (s)
DR (s)
DY (s) DY) (s)
D (s) DD (s)|
DY) (s)

Figure 5. J=14
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9 Spaces of initial conditions for Ho3

In the present case,

14

— Qo

In this section, we omitt the label 23.

9.1 Accessible singularities on D x B
Observing the system H(® on all Wi; j # 0, we can obtain

Proposition 9.1. The set of accessible singular points of the system Hg%) for each s = (s1,82) €
Bas is a disjoint union of 2 connected components Ag(s), Aoo(s) ~ P!

Ao(s) = {(& 1m0, 8) € Wo x Bl&2 = noo =101 = 0} U{(§,m1,5) € Wi X Bl&2 =m0 = m1 = 0},
Ax(s) ={(&§,m,5) € Wi x Bl§ = n10 = ma2 = 0} U{(§,m2,5) € Wa x Bl§ = n20 = 121 = 0}

In the following subsections, we obtain coordinate systems corresponding to A;(s) which sepa-
rate completely the solution curves passing through A;(s). The systems for Ag(s) and A (s) are
obtained by quadratic transformations.

9.2 Coordinate systems for Ay(s)

We obtain coordinate systems for Ag(s) by making quadratic transformations four times along
Ao(s) N Wy, Ao(S) NnWwy.

9.2.1 Coordinate system for Ay(s) N Wy

The first quadratic transformation along Ay(s) N Wy. Let

1 1 1 1
& = 1'(()0)’ Tloo = xéo)y(()o)a Tlo2 = xéo)z(()o)a

1 1
{2 = "1701 y((n)v Moo = y((n), Noz2 = yél)z((n),

& = 1762) Z(%), Noo = y(()g)z(()z) To2 = Z(();),
then (1) (1) (1)
Dy’ (8) = Qag(s)nw, (Ao(s) N Wo) = {z5y =0} U {ym =0} U{zy =0},

the set of accessible singular points is given by

A5 (s) = {(€0, 288 08, 288 8) = (€4,0,0,=1/(& — 51),8)} € DS (s).

The second quadratic transformation with A(l)( ). Note that & = s is excluded. Let

1 2 1 2) (2 1 2
x((JO) = 93((30)7 ?/(So) = xéo)?/(go)v Z(()o) =—1/(& —s1) + x((JO)Z((JO)v
1 2) (2 1 2 1) 2
95(0) = 95((31)3/(()1)7 y((JO) = 1/(()1)7 Z(()O =—1/(& —s1) + y((n)z((n)v

1 2) (2 1 2) (2 1
95(()0) = xéz)zt()z)v yéo) y(()z)zt()z)v Z(()o) =—1/(& —s1) + Z(()2)7

then
2 2
DG (s) = Qags (o) (Ao (s)) = {55 = 0} U {7’ =0} U {55’ =0},
the set of accessible singular points is given by

AP (s) = {(&1,28), 052, 280) = (€1,0,1/(nsa (&1 — 51)), 2620)} € DS (s).
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The third quadratic transformation with A((fl)(s). Here we insert a change of variables

2 2 2
&1 = ¢, CU(()O) = x(()o)v yoo 1/”0 Z(()O) = Z(()o)a

Let
asy = ab, vse = msa(& — s1) + 2yl
ale) = x5y, vie) = ns2(E — s1) + ysr s

then (3) (2) (3)
§(5) = Qe (o (AR () = {8 = 0} U () =0},

the set of accessible singular points is given by
3 2) (3 (3 2 3
A5y (5) = {61,260 w60 960) = (61,2605 0, @0)} € Dg (s).

The fourth quadratic transformation with Aé? (s). Let

3 4 3 4
xéo) = xéo)a 3/(()0) = o+ xéo)y(()o)7

3 4 4
xéo) = xél)y(()l)7 y(()o) =g+ y(gl)v

then (4) (3) 4 (4
DGy (5) = @ 400 (o) (A1 () = fato) = 0} U {yi’ = 0.

We can verify that the differential system in the cordinates (¢, Zoo ,wé%), y(()o)) is holomorphic in

a neighborhood of {3300 = 0} except for & = s and the points (&, 200 ,x((ﬁ),y((n)) (&, zoo),O 0)

are inaccessible with & # s1.
Thus we have obtained a coordinate system (§2,200),x(()%)7y80 ) € C* which is separates the
solutions passing through Ag(s) N Wy = Ag(s) N Wy with & = s1. It is related to the original

coordinate system (Q17QQ,p1,p2) by

4
q1 = 617 q2 = x(()0)7
(4)

«
pr= s sl —sn)al) — o a0y — P Jall) il e,
J:((JO) fl — 81 51 — 51
s -5 «
p2=" 2(5(140 ) o NOREL
(zoo') Loo

Now we calculate the 2-form dg; A dp; + dga A dps in the coordinates (&7, ZOO ,ac(()%), 3/(()0))5

dgqy N\ dpy + dgy N dpy
= dx(()%) A dy(4)

+ {9(2) (ffé%)) + Oéoféo) +ns2(& — s1)}dé A dzé?))

(4)
+ ( éz)yé‘é)x(%) + ag 2(2) 75 yOOS )dfl A dxgé)
1— 81

(4)
2 4 z 4
+ (360 (@) — g2 ) der Ay
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= dxgé) A dy(4)

4
yéo)]

4 o }
0 g — sl

aq

(4)
x
+d&i A d[{y(() (@56)? + coxy +nsa(€1 — s1)}2ly) — 5137051
8 8
= ey Ay
4)y2 (4) 250
+d& A d[{yo (256)? + aozly +nsa(&1 — s1) 328 5137051
Therefore, setting
4)y2 (4) (2) xgtl)) (4)
why) = {ul (252 + coaly +nsa(& — s1)}2fy) — £ — 5, Y00 ~
we have symplectic coordinates (&1, woo), xgé), Yoo ) Writing
4 2 4
=&, ' =al), P =wly, 8=yl
we have
01
s sa(q}t — s
(9.1) 0=¢", ¢=q, p1=—D2%4p Pzz%
ds (g3")

& —s1

Qg
+ o1 er%l.
qs

Thus we have obtained a simplectic coordinate system (¢°!,p°!) € C* in which the Hamiltonians

have no singularity on & = s7.

9.2.2 Coordinate system for Ay(s) N W,

The first quadratic transformation along Ay(s) N W;. Let

1 1 1) (1

o = Xéo)yo(o)v mi1 = Xéo)Zéo)’
(1)+-(1 1 1) (1

&1 = 01)Y0(1)a o = Y0(1)7 mni = }/0(1)Z(()1)7

1 1 1 1 1
o= X285 mo=YR'Z5, mi=25,

1
&= OO )

then
DD (s) = Qay(syrm (Ao(s) N W1) = {X§) = 0} U (v

the set of accessible singular points is given by

AR (s) = {(&0. X5 Y Z88) =

The second quadratic transformation with A(l)( ). Let

=0}u{Zy =0},

(€0,0,0, —s1/(s160 — 1))} C D (s).

1 2 1 2)1-(2 1 2) (2
X(go) = Xéo)v ( ) = X(go)Yo(o)v Z(go) =—s51/(516% — 1) + X(go)Z(go)7
B N N T
Xéo) _ X(2)Zé ) Yo( ) _ }/(2)2(%)7 Z(l) _

then 2
Doz) (s)

the set of accessible singular points is given by

2(s) = {(€0, X3, Yoo, Z853)) =
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= Qi) (A02(s)) = (X =0} U (YD =0} U {27

—s1/(s16 — 1) + Zé )

=0},

(€0,0,—1/(ns2(s160 — 1)), Z§2)} € DS (s).



The third quadratic transformation with A(()Zz)(s). We insert here the transformations

2 2 2 2 2 2
&1 =61, X(go) = Xéo), Yo(o) = 1/V0(0)7 Z(go) = Z(go)~

Let
X2 =x$ v = nsy(s16 — 1) + XDy,
X5 = X§VY, Vog) = —msalsio — 1) + Yy,
then

3 2 3 3
DéQ)(S) = QA[()?(S) (A(()Q)(S)) = {X(go) = 0} U {}/E)(l) = O})
the set of accessible singular points is given by

A (s) = {(60, 28 X5 Yo) = (€0, 283),0,a0)} € D3 (s).

The fourth quadratic transformation with A(()?é) (s). Let
3 4 3 4)(4
X5 = X80, Yoy = a0+ X§' Yoy,
3 4)y,(4 3 4
X5 = X0v, Y = a0+,
then 4 3 4 4
DG () = Q 40 (o (AS () = {X§) = 0} U =0}

We see that, in the (&, Z(%), Xéé), Yo(é ), s)-space C* x B, the differential system is holomorphic
in a neighborhood of {ng) = 0} except for £ = 1/s1, moreover, the points (&g, Zé?)), X(()é), Yo(é)) =
(&o, Zfé), 0,0) are inaccessible with &, = 1/s;.

Thus we have obtained a coordinate system (&g, Zég), Xéé), Yo((;l )) € C* which is related to the
coordinate system (qi,qs,pl,p3) as

4
Q% = §0a q% = X(()0)7

(4)
75152 2 s100 2 51 4 2)+,(4 4
pr=— Xéé) —nsa(s180 — 1)Z(go) T 561 + (aoZéO) — 73150(? 1)Xéo) + ZéO)YO(O)(X(()O))27
1 ns2(s1§1—1)  ap ()
by = — 1 1 Yoo
(X562 Xy

Now we calculate the 2-form dgi A dpi + dgi A dp} in the coordinates (£, Zég), Xéé), Yo(al)):
dgy A dpy + dgy A dpy
= dX§y) AdYY
+ {00 (X$6)? + a0 XGy) — nsa(s1€0 — 1) }do A dZf)
@) 514y

2)1(4) (4
+ (2250)}/0(0))((50) + a0 gy &1

@y S1X5) (4)
+ (Zoo (Xo0' )™ — >d§0 A dYy,
51§ — 1

)d§0 AdxY

= ax{P naviP

(4)
51X,
e | (X)) + a0 X5 = msa(ao — D} — S0 V|
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= dm(()i)o A dy(s)

o000
51X __S1v
5150 —1 00 5150 —1 '

+dga A d|{Y5) (X§))? + a0 X(g) — nsals1&0 — 1)}2S) —
Therefore, setting

x® S1o
Y. (2) X(4) X( ) _ —1 Z(2) _ 51400 (4) _ 1¢t0
= {Yoo ( )? + ao ns2(s1§0 — 1)} Zgg S1E— 1700 T ge T
we have symplectic coordinates (&, Wég), Xéé), YO(Sl )). Writing
=&, ¢ X(g ) = Wég)» py? Y0(§)~
then we have

175152 ns2(s1¢92 — 1)  ag
+0t% pr= ey + gy P57
(¢2%) ds

(9.2) G =q =92 p=

The system (¢"2,p%?) € C* separates solution curves passing through Ag(s) N W; and the Hamil-
tonians have no singularity on £, = 1/s;.

9.3 Coordinate systems for A,(s)

We obtain coordinate systems for A, (s) by making quadratic transformations six times along
Ao (s) N W1, Aso(s) N Wa.

9.3.1 Coordinate system for A, (s) N W;
The first quadratic transformation along A, (s) NWi. Let

60 - ‘rOOOa o = xgo)()yc(x))O7 T = x(()o)()zéozﬁ

1 1 1
60 = If)o)lygo)la o = y((x;)h 2 = yf)o)lzc(x;)lv

& = «'U((;))onow 110 yn()o)QZt()o)27 2 = Zf(m)zv
then ) ) .
D\ (s) = Qanmw, (A () W) = {2y = 0} U {yL) = 0} U (=10} = 0},

the set of accessible singular points is given by

AD (5) = {(E2, 200, yilh, 2Lb, 8) = (€2,0,0,0,5)} € DY) (s).

The second quadratic transformation along A(l) 1(s).  Let

20— 3 1) @ @ O _ @ (2

Lo = Loo0r Yoo = Loo0Yo00r 200 = Loo0”000s

2 2 2
Tieh = Torers Y = Uers Zoeb = YeerZeens
20— 1) (2) O _ @ @ @O _ (2

Lo = L002%002) Yoo = Loo2¥Yo029 000 = %002

then
Dg)l(s) - QASD)l(s) (ASJ)I(S)) = {x(()i)() =0}uU {yf}l =0} U {2(2) =0},

the set of accessible singular points is given by

@ (8) = {(E2, 22,92 280, 8) = (€2,0,0,1,8)} € D) (s).
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The third quadratic transformation along Ag)l(s) Let

2 3 3 3 2 3
@ =28, v =288, 22 =1+28):8),
fi)o= fi)lyﬁi)u yfi%—yfi)p Z§%—1+y§§)12§)17
22 =30 @ 6.0 @ e

000 = Lo02%002s 0~ Yoo2”021 ool 0027

X

X

then
DX (5) = Qo) (AR(s)) = {22 = 0} U () = 0} U (=12} = 0},

the set of accessible singular points is given by
3 3) (3 .3 3
AL (5) = {(E2, 250,420, 250) = (€2,0,0,-2)} € D) (s).
The fourth quadratic transformation along A(()i)l (s) Here we insert a change of variables

3 3 3 3
52 = 527 l‘( )0 = 'r<(>o)07 y<(><>0 - 1/1}0007 ( 2) - Zio%)

Let
3 4 3 4) (4
K=y o= 12+ 0l
x“%—x(“’lyé?p o) =—1/2+ ),

then

D (s) = Qo (o) (A1 (5)) = frleh = 0} U {yd) = 0},

the set of accessible singular points is given by

AW (5) = {62,212, 28, 412 = (6,280,0,6/2)} € DY) (s).

The fifth quadratic transformation along Agi)l(s). Let
4 5 4 (5). (5
o = o0, Vil ~ /2t Yo
4 5 (5 5
0 = io’lyﬁo)p oo = &2/2+ yn,

then
DY) (s) = Q0 (o (A1 () = {dh = 0} Uy} = 0},

the set of accessible singular points is given by

AD (s) = {(E2, w2, 80, yS)) = (€2,w}, 0,1 — ag + 2a00)} € D) (s).

The sixth quadratic transformation along A((;Z)l(s) Let

0y =20, Yoy = 1~ a0 + 20 + 200y,

20 =205 4O =1 — 4y + 2000 + 32

Lo = Loo1Yoo1r ocol»

then

DR (s) = Q0 (o (AL () = {lh = 0} U {y2) = 0},
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We can verify that the differential system in the cordinates (&2, zg%, gi)o, y(()g)o) is holomorphic in
a neighborhood of {x o = 0} and the points (2, oio, fjﬁ,yfﬁ{) (&2, éoz),0,0) are inaccessible.
Thus we have obtained a coordinate system (&, 022), g)o, ygg) € C* which is is separates the

solutions passing through A (s) N W7 = Ao (s) N Wiy, Tt is related to the coordinate system
(41,95, p1,p3) by

(6) 6 , 1—ag+ 20 &2 1
Q1 T 5005 §2a pl = Yoo + - )
- C 222 2(29))3
1L & 2% (62l 6
pr=— 2(6)+——7°+< 20+1—ao+2aoo>x(oo)o

H{(1 — ap + 2000)28) + 4 @) + 2850 ()3,

Now we calculate the 2-form dqi A dpi + dgs A dpl in the coordinates (&, zc()i%], xf}i)o, yggz)):

dqy A dpy + dgy A dpy
= dx(6) /\dy(G)
(6) (.(6) (6) &%) ®)
LS @) + (1 - 00+ 20m) (@) + E20 Vi p sl

+ {32205 4+ 2((1 — a0 + ) + 4%)a%,

1 — ap + 2000 + &2 . }dg A dz®)
+ {2002 50)° + (@)Y A dyy
= dzrg © /\dy(6)

Laldy 1
+dga A d[ {3 (%) + (1 - a0+ 200) (@) + 250 - 2120y
()2 + (1= a0+ 2000)2

= da:(s) /\dy(s)
(©) @2, Lo 1\ @
+dge A d[{yCh ()" + (1 - a0 + 200 (@) + 2520 — Z1 )

+(wy © )Zygg +(1 -+ 2aoo)xgi)() + %2}
Therefore, setting

(©)
’ 6 6 6 fzzoo 1 3
0l = {yCh@Ch)? + (1 - ag + 2000)(aldh)? + 2220 — “ 10

Woep = 9 2 00
H)2) + (1 - o + 200)a8) + 2,
we have a symplectic coordinates (&2, S;)o» Efa)o» yooo) Writing
6 oo 6 0o 3
Q1 x(oo)()v qs = 527 pl - yéog)v 2 = wc(x;)()
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we have

at =a°', a3 =",
1 g5t 1 — ag + 2000
9.3 1 = — 2 ool
03 PTG el T gt T

1
1 _ ool
Po = Qq?ol +p2 .

Thus we have obtained a symplectic coordinate system (¢>!, p>°!) € C* which separates solution

curves passing through A (s) N Wh.

p

9.3.2 Coordinate system for A, (s) N Ws

The first quadratic transformation along A, (s) N Ws. Let

fo=X0, mo=X0V, o =x02Y

o000 o000 000
fo=X0Y0) mo=Y) n =¥ 20
§o = Xf,i)gZii)g, N20 = YO(OIQ)Z;;, M21 = Zii)g,

then
DEL(s) = Qa (9w, (A () N Wa) = (X =0y U {Y ) =0y u{Z) =0},

the set of accessible singular points is given by

A (s) = {6, X0, v, 288) = (61,0,0,—1/¢1)} € DL)(s).

The second quadratic transformation along AS}Q (s). Note that & = 0 is excluded. Let

1 2 1 2 2 1 2 2
Xl = X2, Yo = XQY.R, 25 =-1/a+ XO20,
X=XV YO =Ya, 25 =16+ Y273,
X = X028, Yo =XQYE, Za=-1/a+23,

then
D2)(s) = Q0 (A5 (s)) = {olh = 0} U {y2) = 0} U (=2, = 0},

the set of accessible singular points is given by

AR (s) = {(&2, X2, Y2, Z8)) = (62,0,0,-1/€})} < DE)(s).

000’ * o007

The third quadratic transformation along Afi)z(s) Let

2 3 2 3)1-(3 2 : 3) (3
X2 = X3y Y = XLV, 78 = —1/e + X730,

2 3)1-(3 2 3 2 : 3) (3
X2 = XAV, Y& =Y, 72 = -1/e + Y322,

2 3) (3 2 3) (3 2 3
X2 = XD Y8 =Y3820, 72 =-1/8+ 20,

then
3 2 3 3 3
DY (s) = Qo) o) (A2 (5)) = {X 5y = 0} U{Y.E) = 0} U {2 = 0},

the set of accessible singular points is given by

AL (s) = {(6, X2, v, Z28)) = (61,0,0,—2/€2)} < DE)(s).

000’ * o007
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The fourth quadratic transformation along Ag‘zg (s). We insert here the transformations

f—a, xO_xO vy 1@ z0) _ 50

ool 0007 0007 000 T “oo02
Let
X~ X, V)= g2 X
X, - X0y v gyl
then

D) = @y, (A%h(s)) = (XL = 0pU v = o},

the set of accessible singular points is given by

A (s) = (&1, 22, x4, v = (61, 28),0,1/2)} € DE)(s).

The fifth quadratic transformation along Agi)l(s). Let

4 5 4 5) v (5
X3 = XS Yoo =1/2+ XGY5,
4 5) v (5 4 5
x&=xQv8, vl =1/2+Y82),

then
DS}Z(S) = QA(;)Q(S) (A(()i)z(s)) = {ng) =0}uU {Yéjl) =0},

the set of accessible singular points is given by

AP (s) = {(&1, 28, X8 v ) = (€1, 282),0,1 — ag + 2a00)} € DE)(s).

0007 “* 0007 + co0 000>

The sixth quadratic transformation along Agi)z(s) Let

X0 = X0, ¥ =1 - a0+ 200+ XY,
X0 =xOv9), v =1—-a¢+ 200 + YY)

ool ool

then
DO, () = @ 0,y (ATh()) = (X = 0} U ¥ = 0},

We see that, in the (&7, 783 x© y© s)-space C* x B, the differential system is holomorphic

0007 “* 0007 * 0007

in a neighborhood of {X(5) = 0} except for £&§ = 0. moreover, the points (fl,Z(B) x© Y(G)) =

co0 0007 “*oo0l? T ool

(o, Zc(iz), 0,0) are inaccessible with &; # 0.

Thus we have obtained a coordinate system (¢, Zgig), Xég()), Yéfg) € C* which is related to the
coordinate system (¢?,q3,p?,p3) as

q% :€17 q% = X(G)

000
o & 828 1-ap+2ax 1 (zg;g_ v 1—a0+2aoo)X(6)
2(x ()2 2 &1 26} 2 &1 & <
o Y®
H{1 = a0+ 200028 - =2 G + 20V A
2
pg - _2(;(16))3 + 2(X1(6))2 1 O;?(:) e + Yo(fg
oco0 o0 o0

71



Now we calculate the 2-form dg? A dp? + dq3 A dp3 in the coordinates (£, 73 x Y(6)):

o007 0007 * 000
dqi A dpi + dg3 A dp3
= ax® nav)

6) X(ﬁ) B g

+ {VIRx ) + (1 - a0+ 200) (X Q)2 + 220 — 2L Xagy naz

2 2 o0
(3) 1-(6)  4-(6) 2 @ Y v
+ |:3ZOOOY(X>O (XOOO) + 2{(1 — Qg + aOO)ZOOO - 53 }XooO
1
z8 vE 1 a4 200 ©)
+—= - 2+ }d NdX.
2 51 é.:lg 61 0

X(G))2 X(G) 6
+ chz) Xég) 3_( ool o 000 d /\dYo(o)
{ 0( O) Ei’, 61 } 51 0
= dx & nayl)
X(6) 2
+ gy Ad[{VXE + (1 - a0+ 200) (XE? + 20— LY 70

6 6
_{ (XS0, X }Y(3> l-ao+ 2aooX(6>}
000 5513 co0

& +§1

= dx nayl)

X(6) 2
+ ey £l { YK + (1~ a4 20 (X2 + Xz 170

7{ (Xégg)f N Xég())}y(ﬁ) + 1—ap +2aooX(6) B 1—ap+ 20 B L}
& & S0 { >0 & 26}
Therefore, setting
X(G) 2
W = [y Q)P + (1 - 00+ 200)(X G 4 220 S11 20
_{ (Xég%f N X(Egz) }Y(g) n 1—ap+ 2aooX(6) _ 1 —ap+ 200 _ L
& & S0 & >0 & 267’
we have symplectic coordinates (&1, WS%, Xfx%, Y(ffg). Writing
G =6, 37 = X0, P =W, P3P =Y,
we have
@ = 4=
2 g7 02
(9.4) b1 = 245%)? +p1r 7
002)\2
2 (g7°%) 1 1—ap+ 20 ool
py=-— +p3
L2Ai) A7) 47 ?

The system (¢>2,p>2) € C* separates solution curves passing through A, (s) N W and the

Hamiltonians have no singularity on & = 0.
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Thus we have obtained four symplectic coordinate systems (g7, ¢35, pi, p5) each of which sepa-
rates solution curves passing through the accessible singular points (see (9.1)-(9.4)). We notice that
the Hamiltonians of each coordinate system are also polynomials whose coefficients are rational
functions of s holomorphic in B.

D(()Q)(s) Dé‘z)(s)
D
DS (s) DL (s)
pP(s)| | D (s)
: D(l) (s)
D{(s) DE(s) DRG)|

Figure 6. J=23

10 Spaces of initial conditions for H;

In the present case,

In this section, we omitt the label 5.

10.1 Accessible singularities on D x B

Observing the system H(®) on all W;; j # 0, we can obtain

Proposition 10.1. The set of accessible singular points of the system Héo) for each s = (s1,s2) €
Bs is a disjoint union of 1 connected components A (s) ~ P! given by

Ao (s) ={(&m,s) € Wi x Bl§o =m0 =112 = 0} U{(&,1m2,5) € Wa X B|§y = 120 = 121 = 0}.

In the following subsections, we obtain coordinate systems corresponding to A (s) which sep-
arate completely the solution curves passing through A (s). The systems for A, (s) are obtained
by quadratic transformations.

10.2 Coordinate systems for A (s)

We obtain coordinate systems for A, (s) by making quadratic transformations ten times along
AQO(S) N Wiy, AOO(S) N Ws.
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10.2.1 Coordinate system for A, (s) N W3

The first quadratic transformation along A, (s) NW;. Let

& = xg)o, o = xio)oyiob M2 = wii%Zioév

1 1
§o = xoolyéo)l, N = yio)l Mo = yéo)lz;)l

1
g = moo2z<§o)2a o = ygo)QZ(()o)Qa 2 = z((x;)27

then
DE(5) = Quyrms (Ase(s) N W) = {aricy = 0} U {2 = 0} U =503 = 0},
the set of accessible singular points is given by

AD (5) = {(E2, 2 lh yllh, 20) = (£2,0,0,-1/€)} € DY) (s).

The second quadratic transformation along A(l) 1(s).  Note that & = 0 is excluded. Let
N ) 1) @ @ O (2) (2)

Lood = Too0r Yool = Too0Yo00r ool = 1/6 + L 56070007
1 2 2 1 2

2 =22l ullh =v2, A = —1/6 + 2
1 1 2 1 2 1

b = Tihzen, Ysh = Toysehs 2540 = —1/& + 250,

then
D2\ (s) = Q0 ) (A5 (s)) = {aeh = 0} U {52y = 0} U {2, = 0},

the set of accessible singular points is given by

AD (5) = (€2, 220, 420, 220) = (£2,0,0,-1/€3)} € D) (s).

The third quadratic transformation along A(2) 1(s). Let

2 3 2 3) . (3 2 3
Toh = Tieh Yseh = Tooblsebs Zor = —1/€3 + 2z,

2 3 3 2 3 2 3
28 =2, W =y 28 =18+ 88

2 3 3 2 3 3 2 3
T = T Cars Yo = UsaTee 2mp = ~1/E + 20

then 3) 3) _ 3)
DY) = Q 2, (AZ () = {2 = 0} U () = 0} U {0 =0},

the set of accessible singular points is given by

AD (5) = {(€2, 22, 42, 284 = (£2,0,0,-2/€3)} € DY) (s).

The fourth quadratic transformation along A(3)1 (s). Let

GNP y(3) 23 @) 3 _ 2/ 4 a 4) (4

Lo = Loo0r 00 = Loo0Ys00> ool L 5607007
3 4 4 3 4 3 4

Toh = T Yo, Yoeb = Yiors b = 2/£5+yoolz£ol,
3 4 4 3 4 3

Toh = Tieh2ir, Yo = YsehZeehs Zaed = ~2/8 + 2L,

then
D (s) = Q 40 (o) (A1 (5)) = {2l = 0} U {id) = 0} U {2 = 0},

the set of accessible singular points is given by

AD) (5) = {(&0, 20, 42, 2120) = (€2,0,0, (5 + 5163) /€0)} € D) (s).
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The fifth quadratic transformation along A(4) (s). Let
() @ _ 06,6 @) _ —(5+ 5162 /€0 + o ) (5

000 = Too0s Yoo = Too0Yoo0r o0 = L 560?000
5) (5 4 5 4 5) (5

ey =2, v =y, 2l = —(5+5:83)/6] + 420,
5) (5 4 5) (5 4 5

iy = 2028wl =y, 2l = —(5+5183)/60 + 20,

then
DX} (5) = Q 4o (o (A% () = {22 = 0} U {y2) = 0} U {20} = 0},

the set of accessible singular points is given by

AP (s) = {(€2, 25,42, 20)) = (62,0, — 17264, 280)} € D) (s).

The sixth quadratic transformation along A(S) 1(s). Here we insert a change of variables

5 5 5 5 5
&2 = &2, x( )O_x(oo)cﬁ ( ) 1/”0007 ( ZJ_choz)ﬂ
Let
5 6 5 6 6
<()o)0 = xio)O? cho%) = 7253 + xgo)()yéo)()’
5 6 6 5 6
28 = a0, o8 = 268 + 4,
then

DR (s) = Qo () (AL () = {dh = 0} U {42} = 0},

the set of accessible singular points is given by

AD) (5) = {(&2, 250, 280 y0) = (€2, 280,0,662)} < DY) (s).

The seventh quadratic transformation along A(G) 1(s).  Let

2 =0y, i =68 + 2,
20 =200 =663+ 40,

then
D (s) = Qo () (A (5)) = {lh = 0} U {yT) = 0},

the set of accessible singular points is given by

7 5 7 7 4 7
AD (s) = {(€2, 220, 200, 4 T) = (£2.2820,0,-2)} € D) (9).

The eighth quadratic transformation along A(7) 1(s).  Let
20— 3 (D — 94 23 ,®

000 T Yool co0 ™ 00000
7 8 8 7 8
o0y =20y, v =2+,

then

D) (s) = Q0 () (AL () = {=h = 0} U %) = 0},

the set of accessible singular points is given by

AD) (5) = {(£2, 250,28, 4y B)) = (&, 28),0,2(506 + 51))} € D) ().
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The ninth quadratic transformation along Af)i)l(s). Let
w2 = 250 o = 2Asaka +51) + 2oy,
8 9 (9 8 9
Teh = Yy ao = 2Asaa + 1)+,

then
DR () = Q 40, (o (ARA (5)) = il = 0} U {yd) = 0},

the set of accessible singular points is given by

AD (5) = {(&2, 250,22, y20) = (€2, 28),0,—2a)} € DY) (s).

The tenth quadratic transformation along A(oz)l (s). Let
2@ = 00 O o 4 (0, 10

Loo0 = Loo0 5 Yool 000 Y00
9 10 10 9 10
1= 8. % = 2029

then
10 9 0 .
DEY(5) = Q 40, ) (AR () = {=d) = 0} U (Y = 0},
g)oa xf;%), yf;%)) is holomor-
(10) y(lo))

ool »

We can verify that the differential system in the cordinates (&,
phic in a neighborhood of {x((;%) = 0} except for & = 0 and the points (&2, g%,x
(&, zéiz), 0,0) are inaccessible with &5 # 0.

Thus we have obtained a coordinate system (52,2522), (1%)7yc(>00 ) € C* which separates the

solutions passing through A (s) N W7 = Ao (s) N Wiy, Tt is related to the coordinate system
(41,45, p1,p3) by

Q1 - x(oi%)a q% = 523
25 63 2 2(s2&2 + 51) 2 (10)
1_ 2 2 _
T T ey T el T @y G0 e
2¢3 4e 28 200 2s 8s 26
1 2 2 2 4 _(5) 2 1
P = — 25250+ —— > — 3 — =
1T 0y T (s T e TR0 T T e T T g

€2 L) ymo)+2ﬁ_4ﬁ_ﬁ 10) (10)
O S B

(
2 2(s? — 2a 10 10
(2 (5) ycao 5182 i (31 ) S9 31>(x(1%))2

&3 & &3 &3 £
(10)
2 10
{2506 + 51)20) + (asy — yooo)Jr fl}(xgi%))?’
£ &
5 9\ (10 10 5) (10), (10
{20200+ (G + g )0 i)' + 0l D)
3

(5) ,.(10)  (10)y.

Now we calculate the 2-form dqi A dpi + dgi A dp} in the coordinates (€2, 25 p, Taun s Yoo ):
dgy A dpi + dgy A dps
10 10
= dal) A dyy)

{0 @) — 2@ + 2(s260 + 1) (2 h0)? — 2(210))? + 6622 LY — 268} den A dzD)
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(5) (10),. (10)\4 6 L sy SN L (0)ys
[5 500Yo00 (Too0 ) _4<2 0T + )(xooO)

& &
(5) , Q81— g sa (10)12
+6{ (€25 + s1)2{0) + 0 4 22 A (D)2
13 &
(10) 2
28182 2(8 - 204) 1082 ].081 (10)
—2(2:8} + 5 + + = + )
" g & & &g &
(10)
Y00 2c 482 281 (10)
6e220) —de0 T T2 2 déy A da'!
e T g d g 52] ’
(10)y3 10y 500
(5) (,.(10)y5 51 5 1oy (x ooO) (T00) T oo (10)
+{oo Too f(er )x — — }d Ad
0( 0) 63 57 ( ) 53 53 & o Yoo

_ d$(10) A dy (10)
+dszAd[{y“°>< o) = 20(250)! + 2sala + 1) (250)° — 2l + 665250 — 263120

(10)\3 (10)y2 (10)
S 5 T x T
,{ (71 + 7)(‘%(1%))4 ( o000 ) ( o0 ) 00 }y(l(()))

& & & & &

sy Sa (10)\3 28152 2(8% - 204) 1082 1081 (10)\2
) - —
g rg)e’ g gy g )

2¢ 482 281 10 (10)
%
( 56 8 &

= dz() Adylly
+d52Ad[{y(10>< o) = 202 4 2sate + 51) (050))® — 202 50) + 66525 — 263)20

g 5o, @S @S 2l o
5 + 7 ( ) + 5 + 3 + Yoo
& & & & &
asy  da\ . (10)\3 25182 2(s?—2a) 10sy  10s1\, (10)\2
+2 + = - + + T
(g’ -Cg g g g

(2£ _ ﬁ B 281 E)x(lo) 2c 282 881 26:|
& & & gl

58 8 &
Therefore, setting

w® = (519 @09y — 20(21D)® + 25085 + 51)(219)3 — 22092 + 6¢22 19 — 264}20)
(10))3 (I(lo)) (10)

51 5\, (104, (T o 0o (10)
(G rglesdr+ =g+ g+ T b
9 Sy 5%0" (10)y3 . 25152 2(5% —204) 1082 1081 (10)\2
=g+ ) - (5 gt g )

(2&_4&_2& 1()) (10) 20 289 8s1 26
5 & & & & & & 5

we have symplectic coordinates (£2, giz), g}%),ygg)) Writing

10 10 5
q?OI mgx;())a qgol = 523 pl = ygoo)a ngI = wéoz)v
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we have

a =t a3 =,
L 2(gh)t | 6(gh)? 2 2(s1 4 5205°") 20

(10.1) = _ _ 2o et
@@ @)t (@)’ (°1)? ¢t
Pl = 2(g5°1)? _ 4g5°! 259 4 pet
2 = 2
(@) (¢°*h)* !
Thus we have a simplectic coordinate system (¢>',p>!) € C* in which Hamiltonians have no

singularity on & = 0.

10.2.2 Coordinate system for A, (s) N W,

The first quadratic transformation along A (s) N Ws. Let

fo=X00 m20 =XV E) m = x5 2

00 000 000
& = X&%Yc&), 720 = Yo(.}f, M1 = Yéolfzc(,i%,
0=XD20, 20 =Y 2L, o =28,

then
D (s) = Qaonws (As(s) N Wa) = (X =0y U {Y ) =0y u{z) =0},

the set of accessible singular points is given by

AL (s) = {(61, X0 Y0, L)) = (61,0,0,0)} € DL)(s).

0007 o007

The second quadratic transformation along AS}Q (s). Let

1 2 1 2 2 1 2 2
Xy = X0, v = XE 20 = x,7,
1 2 2 1 2 1 2 2
X0y = XBVE, v =, 20 =y Bz,
1 1 2 1 2 2 1 2
X0 = X072, v = X, 20 =78

then
DZ)(s) = Q0 o) (A (s) = (X320 = 0} U{Y.E) = 0} U {2 = 0},

the set of accessible singular points is given by

AR (s) = {6, X2 v 2, Z22)) = (6,0,0,1)} € DE)(s).

000’ © o007

The third quadratic transformation along Afi)Q(s) Let

2 3 2 3 3 2 3 3
X = X0, V8 = XU, 7% =14 X020,
X = X0V, v 8 =), 28 =147 7,
X = X070, ¥ =va, 22 =147

then
DY (s) = Qo) ) (A2 (5)) = {X 5y = 0} U{Y.E) = 0} U {2, = 0},

the set of accessible singular points is given by

APy (s) = {61, X2, Y, 282) = (61,0,0,2¢1)} € DE)(s).

0007 “ oo
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The fourth quadratic transformation along Ag‘zg (s). Let

X=X, V8= XU 20 = X070,
3 4 4 3 4 3 4 4
X0 = XOY, v =8, 20 =26+ VR 2,
3 4 4 3 4 4 3 4
B A R PRI L)

then
DL (s) = Q) (A5 (5)) = {X 5o = 0} U{Y.Z) = 0} U {2 = 0},

the set of accessible singular points is given by

AL (s) = {(60, X0, Y0, Z8)) = (61,0,0,5¢2 + 51)} € D) (s).

0007 £ 007

The fifth quadratic transformation along A(()i)z(s). Let

X8 =x8, v =xOvE, 2% =56 + 5+ x8) 29

000 T “roo0? ool T 0007 000>
X0, — XOYO ¥ S0, 28— 56+ u +¥Q20,
Xh = X230 Yo = Y020, 28, =58 + 51+ 23,

then
DY (s) = Q 4o, o (ASh(s) = (X0 = 0y ULV = 0} U {28, =0},

002

the set of accessible singular points is given by

AD(s) = {(6, X80, Y, Z8)) = (61,0,-1/2,23))} < DE)(s).

0007 ~ 0007

The sixth quadratic transformation along A((;Z)Q(S) We insert here the transformations

b=, xO—xO yO 10 50 _ 50

ool T 000> 0007 000 T “oo02
Let
5 6 5 6 6
Xéo?) = tho())v Vo(c(% =-2+ Xéog)yo(o(ga
5 6 6 5 6
X, - XOY 8. v = 2ol
then

Dgg(s) = QA@(S) (Agi)2<5)) = {Xffj% =0} U {Yo(oﬁl) = 0},

the set of accessible singular points is given by

Y = (&1,28),0,66)} € DE(s).

000>

A9, (s) = {(&1,25), x )

0007 “* 000

The seventh quadratic transformation along A(oi)z (s). Let

X=X, Yoy =66 + XY,
6 7 7 6 7
x$ = xQv, v =66 +v0),

then
DU (5) = @ 40, (A%h(s)) = {X T} = 0} U vT = o},

the set of accessible singular points is given by

YD) = (&1, 2%, 0,—2¢2)} D) (s).

000

A0 (s) = {(&, 28, x0)

0007 “* 0007
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The eighth quadratic transformation along Ag)z(s) Let

7 8 7 8 8
N R R 1]
X0 = XOYE, v =2 v,

then
DY (s) = Q) ) (AL(s)) = (XS0 = 0} U{YS) = 0},

the set of accessible singular points is given by

A®(5) = {(61, 280, X B v 8y = (61,282),0,2(5161 + 52))} € DE)y(s).

The ninth quadratic transformation along Agé(s). Let

X8 =x8), v =216+ 52) + XGVE,
X8 = xv8, v =216+ s2) + VS,

then o . . o
D(s) = Q q0), o) (A5h(5)) = {X S = 0} U{YE) =0},

the set of accessible singular points is given by

A9 (5) = {(&1, 28, X2, v ) = (&1, 28),0,—2a)} € DE)(s).

0002 000>

The tenth quadratic transformation along AE)Z)Q (s). Let

9 10 9 10 10
X0 = X089, ¥ = 20+ XUPYID)
X0 = XWy 09y _ gqy 110

then
DL (5) = Q0 ) (Aa(9)) = {X5o = 0} U (YL = 0}

We see that, in the (&7, Zéi%, X&g), Yo(jg), s)-space C*x B, the differential system is holomorphic
in a neighborhood of {Xl(g) = 0}, moreover, the points (1, Z£%7X<(>S)17Yo(f1)) = (§O,Z£%,O7O) are
inaccessible.

Thus we have obtained a coordinate system (¢, ZS%, X éig), Y(Sg )) € C* which is related to the
coordinate system (¢?, ¢35, p?,p3) as

q% = 617 qg = X(IO)

o000

2 2&4 281 (5)
2 3
oco0 o000 o000

+{—106] + 25163 + 2(252 + 3Z0))61 — 20} X L0

—{10816} +2(552 — ZEN)EF +2(52 — 20)€1 + Y0 + 25152} (X L))

+{=10a8? + 2020051 + YI) 6 +2(28) — as) HX(D))?

{2028} + (563 + )V YD) + 28 v D (x 897,

= 2 66 28 2(s161 +52) 2 y 0.
(X[ (it xfr o xier x(Y
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7 x(10) 300)y.

0007 “* 000 1 * 000 )

Here we calculate the 2-form dg? A dp? + dq3 A dp3 in the coordinates (&1, Z
dgi A dpi + dg3 A dp3
10 10
ax A ay Y
+ V(X)) 20 <X“°>>4 2161+ 52)(X5))°

—23(X 02 + 66 X110 — 2}des A dZ)
+B2EY (X + 4{—2042000 + (582 + s1) V(X (19)3

£6((s161 + 375 + €YD a5l 1 )XY

+2{— 2glz<5 VU0 4 105163 + 105262 4+ 2(s? — 20)&; + 25150} X0
66, Z0) — 1068 + 25182 + 45081 — 20]déy A dX D)
+ {20 (XUD)? + (567 + 1) (X ()" + 260 (X000 + (X)) 2 dea A dy L)
ax 0 A ay Y
+dgy N d[{YS) (XED)? = 20(X U0 + 251610 + 52)(X0)°
_25 (X (10))2 166X (10) —2}Z(5)
{562 + 51) (XUt + 26, (X80P + (X LoH2 v L)
—2a(56% + 51)(X{))?
(105163 + 105262 + 2(s% — 20)&; + 251 82) (X192
(1067 + 28162 + dsaéy — 20) X Y]
ax 0 nay Y
+dgy A d[{YS) (XED)? = 20(X D) + 251610 + 52)(X00)°
—2e2(x (D)2 + 66, X)) —2128)
H{(5E + s1) (XS + 26, (X0D)% + (xIH2v L)
~20a(567 + 51)(X00)?
(105163 + 105262 + 2(s% — 20)€; + 251 82) (X192
F(—1084 + 25162 + 45261 — 20) X 1D + 2663 + 85,6) + 254)].

Therefore, setting

W = (YU (XY — 20X L) + 25161 + s2) (X L)3
—2e3(xU))? 66, x 1) — 2325
H{(562 + 1) (XE ! + 260X )% + (x )2 v Ly
—2a(56% + 51)(X1))°
3 2 2 (10)\2
+(10s1&7 + 108267 + 2(s7 — 20)&1 + 25152) (X 0g')
(1064 4 25162 + 45561 — 20) XD 1 2663 + 85141 + 20,

we have symplectic coordinates (&, w® x 10 Y(IO)) Writing

0007 “* 000 7+ 000

oo 10 0 5 0 10
q1 22517 Q2 X<(>oo)7 P1 QZWéo())v V2 2:Yo(oo)7
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we have

2 o002 2 o002
=491 5 92 =42

2 2¢7°2 2s;
10.2 p?=— - —= +0n1,
(10.2) P (62?5
. 2 6072 2(gi%%)? | 2(s147* +52) 20 + po?
2 (@) () (g8°2)? (¢3°2)? @z

The system (g2, p>°2) € C* separates solution curves passing through A..(s) N Wa.

Thus we have obtained two symplectic coordinate systems (g7, g5, p}, p5) each of which separates
solution curves passing through the accessible singular points (see (10.1)-(10.2)). We notice that
the Hamiltonians of each coordinate system is also a polynomial whose coefficients are rational
functions of s holomorphic in B.

D (s)
D
D (s)
DY (s)
DD (s) DY (s)
DY (s) DY(s)
D (s)
DS (s) DS (s)

Figure 7. J=b

11 Description of spaces of initial conditions for all systems

In this section, we summarize the results obtained in the preceding sections, namely we give the
description of the fiber spaces E; for the systems H;. For every J, E;(s) is covered by finite
number of V* x By 3 (¢}, 45,5, ps, 81, 82) each of which is isomorphic to C* x B;. Remark that
V0 x By is the original space in which the original Hamiltonians H;(q,p, s), i = 1,2 are defined
and so that the coordinate system of V° x Bj is denoted by (g1, g2, p1, P2, 51, 52). In the following
theorems, we use the notation

V(z; =0)={(x1,...,2,) € C" | z; = 0}.
for an affine space V.=C" 3 (21, ..., Zp).

Theorem 1. The space Fy1111 for the system Hii1111 is obtained by glueing thirteen copies of
C* x Bii1n1

V* x B 3 (¢, 65,05, p5, s1,82),  *=0,1,2,01,02,11,12,21,22, 31, 32, 00l 002.
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via the following symplectic transformations

1 q
=, ©=-—=, pp=—q(v+apl+ap), p2=aqipl,
q1 qi
q 1
Q=" @=-3, P1=a@p, p2=—¢+qp+dBp3),
q5 q5
01
S2q7 S92 1
@ =q"", g2 =pY (a0 — g9 pd') — =+ 2, p1=—57 + 0V P2 = 7
S1 S1P2 D2
S9 S92 1
at = a2, a3 = pP*(a0 — ¢3°p9?) + s2¢9% — =, pl = ——5 + 1%, Pb= 43
S1 b2 D3
11 11 11,11 11 1 11 1
Gn=q, ©2=p3(01—q'py)—q +1, P1=—7+pP1s P2= 37
V) b3
1 12 1 12 12,12 12 1 1 12 1 1
G =" =p;(01—¢p)+qa?—1, p1=——5+p" P2= 13
Y2 p3
21 21,21 21 1 21
q=pi(2—qipi), 2=q¢, p :pzl’ P2 =p37,
1
ai =i (o2 — ¢p3%), @3 =a3%, pi= e P3 = p3°,
1
31 31 31,,31 31 1
@ =q" q2=0ps(@3—qgp3), p1=pi, P2 = i
2
1 32 1 32 32,32 1 32 1 1
91 =417, 43 = P> (043—(]2 P2 )7 pP1=r, p2:ﬁ’
2

at = P (oee — ¢°'p5°Y), a3 = 57, p%:F, p3 = p3°,
1

1
4 = a?, 45 = p5%(ase — ¢3°°p5%), pi=p?, ph = =t
2

where
B = By1111 = C?\ U{s1(s1 — 1)s2(s2 — 1) = 0},

1
1/:—5(0404—041—1—0424—@3—14—0400).
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Each fiber E11111(s) is a disjoint union of V° = C* and

Vig =0)UV3(g5 =0), VO =0)UV®2(pi* =0), Vi(pz' =0)UVZ(p3> =0),
V21( 21 _O)Uv22( 22 _O) VS ( 525 0)UV32( g 0), Vool( ool _O)UVOOZ( 002 __ 0)’

where each of the last siz sets is a C2-bundle over P! which can be decomposed as a disjoint union
of C? and C2:
FErnn(s) = C*u6(C3uC?).
The Hamiltonians H;(x) = H;(x;q*,p*,s) i = 1,2 in every chart V* x Bi1111 are polynomials of

q* = (q7,45) and p* = (p},ps) whose coefficiants are rational functions of s = (s1,s2) holomorphic
in B

Theorem 2. The space Eq112 for the system Hii1o is obtained by glueing eleven copies of C* x

Bii12
V* x Biie 3 (45 @5, p5,ph, s1,82),  * =0,1,2,01,02,11,12, 21, 22, 00, 002.

via the following symplectic transformations

1
o=, @=-3, p1=—q+api+@p), p2=qips,
q1 q7
@ 1
=5 G@=-5, p1=a@¢p, p2=—¢V+api+ap3),
q3 a3
01
01 01 01, 01 5241 52 01 1
= = g — — +s = —F7 + = —7
@ =q, @=p5( g3 py) — . 2, P1 Sp0 P, D2 o

S92 1
@ = a2, ah =p3(a0 — aPpP) + 52072 — =2, pl = -+, pb= 5.
S1 Pz D3
n(gs' — 1) n
Q1ZQ%17 q2:q%13 pP1=— 2 + 11 +p P2 = 77 +p2 3
(q1 )2 a1 qi

12
n(g” —1) | @ 1

Q% = Q%Qv q% = q%27 p% = = 5— T 13 +p%27 p% = T 12 +p%2
(‘h ) qi q1

1
a1 =a¢" g =p3(ae—d3'pd), p1 =03, po= o
2

22 22)7

qt = i, g3 = p3*(a2 — ¢3°p3 1= py=

1
ai = PN (oo — @°'PY), @ = 5%, p%=ﬁ, py = pt,
1
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1
ai = 7%, @ = PP (oo — ¢5°P5%%), pi=pi?, pi = el
2

where
B = 31112 = (CQ \ U{8182(82 — 1) = O},

1
I/Z*i(ao+a1+a271+am).

Each fiber E1112(s) is a disjoint union of VO = C* and
Vg =0)UVZ(g3 =0), VO(py! =0)UVPE(ps? =0), V'(g' =0)UV(g* = 0),
VI = 0 UVERGR = 0), VIR = 0)UV<R(pR? = 0),

where each of the last five sets is a C?-bundle over P! which can be decomposed as a disjoint union
of C* and C2, then
E1112(S) =C*U 5(@3 (] (Cz)

The Hamiltonians H;(x) = H;(x;¢*,p*,s) i = 1,2 in every chart V* x Bi112 are polynomials of
q* = (q7,43) and p* = (p},ps) whose coefficiants are rational functions of s = (s1,s2) holomorphic
m 31112.

Theorem 3. The space Fq13 for the system Hy13 is obtained by glueing nine copies of C* x B3
V* x B11s 2 (47,45, P71, 05, 51,82), *=10,1,2,01,02,11,12, c0l, 002.

via the following symplectic transformations

1

1 q
G =, ©@=-—, p1=—qi(v+apl+ap), p2=dqip},
qi qi
a 1
0=, ©2=—3, PL=a¢p, p2=—a+qpi+ @),
q3 q5
281 + s2 1 2s1 + 52 1
01 01 01,01 2 01 2 01
GQ1=q , @2=ps (@ —qy P —(7)61 ——, 1= —F—97 TPi: DP2= %7
1 2 ( 5 D3 ) 959 1 5 25op0L 1 W
02 2
1 02 1 02 02 02 a 251 + 53 1 1 02 1 1
91 =417, g3 = Py~ — P q -, P1= —7p3 +Pi, D2= —5H3-
1 1 2 2 ( 2 42 ) So 282 1 32p82 1 2 p(2)2
11\2 11
11 11 n(gz") U a4 095 11
Q=49 , 92=43, P1=— + +p17 P2 = +p27
(@) (at")? it (¢1")?

12
2 12 2 12 2 n 143 aq 12 9 n 12
W=a" ©=905 P Ayt + 3 +pi°, Ps=——5 +p)
(@1*)?  (a?)? a4 i’

at = P (oee — ¢°'p5°Y), a3 = 57, p%=ﬁ, py =,
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002,002

= g%, 43 = pF% (e — ¢5°%p5°?), p3 =p°?, p3

where

B = Bz =C?\ {s2 =0},

1
v=——(ap+a; — 1+ ax).

2
Each fiber E113(s) is a disjoint union of V0 = C* and

1

Y2

Vigi =0)UV2(g3 =0), V(S =0)uV2(pf* =0),
Vgt =0) UV (g2 = 0), V=I(ps = 0) U Vo2 (pse? = 0),

where each of the last five sets is a C?-bundle over P! which can be decomposed as a disjoint union

of C* and C2, then

E113(S) =C*u 4((C3 [N (C2)

The Hamiltonians H;(x) = H;(*;q*,p*,s) i = 1,2 in every chart V* X By13 are polynomials of
q* = (q7,4¢3) and p* = (p},ps) whose coefficiants are rational functions of s = (s1,s2) holomorphic

mn 3113.

Theorem 4. The space F125 for the system Hyoo is obtained by glueing nine copies of C* x Bjas

002’

V* x BlQZ > (qTaqg7p>1kap;,81352)v * = O, 1727017027 117 127001,002

via the following symplectic transformations

1 q1
an=- ©=-—=, p=-q¢+adpl+apl). p2=qipl,
qi qi
@ 1
0=, ©2=—3, PL=a¢p, p2=—a+qpi+ @),
q3 a3
o=, @=q¢, p = "losS2 4+ py = nos2(qi" — s1) + @o 49!
1=¢q, G2=¢q3, p1= , 2=t + o1 ,
' ’ siggt si(@8h)? gt T
gl = %2, gl =g pl= __ToS2 %2, pl= nos2(s1¢9* — 1) + Qo Tp
1 1 2 2 1 q(2)2 1 2 Sl(qu)z q02
11
mip —1) o M
a=q', =g p= —21712 + =7 +pi', p2= —T + p3',
(‘h ) qi 91
12
mie”—1) o 71
G, gog2, =l oD 0 e M
(‘h ) q1 q1

at = P (aoe — ¢1pY), @ = ¢, pl=—
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1
ai = 7%, @ = PP (oo — ¢5°P5%%), pi=pi?, pi = el
2

where
B = By = C?\ {51 =0},
1
v= —5(040 +a1 — 14 ax).
Each fiber E195(s) is a disjoint union of V° = C* and
Vilgl = 0)UVA(gE = 0), VOl(gfl = 0) UV (g = 0),
VE (gt =0)UVE(gi? = 0), VoLt = 0) UV=2(p3? = 0),

where each of the last five sets is a C?-bundle over P! which can be decomposed as a disjoint union
of C? and C2, then
E122(S) = (C4 L 4(@3 (] (Cz)

The Hamiltonians H;(x) = H;(x;q*,p*,s) i = 1,2 in every chart V* X Biss are polynomials of
g = (q7,¢5) and p* = (p}, ps) whose coefficiants are rational functions of s = (s1, s2) holomorphic
m Blgg.

Theorem 5. The space Ey4 for the system Hiy is obtained by glueing seven copies of C* x By
V* x B]~4 9 (qT7 QS7p>{7p;7 817 52)7 * = 07 1, 27017027 0017 002'

via the following symplectic transformations

1 q1
=, ©@=—, p=-q+adpl+adpi), p2=ap,

41 91

@ 1
Q= 2 g2 = 2 p1=a@3pi, p2=—@G v+ ¢ip? + ¢3p3),

2 2

251 + s2 So 1
o =" ¢ =p"(ao—a'pd) = soqd’ — =2, p1 =77 +p", p2= 7,
2 Py P2
251 + s2 2s1 + s2 1
1 02 1 02 02, 02 2\ 02 1 2 02 1
91 =41, 42 =DP2 (QO—QQPQ)_<T)Q1 — 82, plzw-kpl, P2 = 53>
D2 %)

1 _ ool 1 _ ool
91 =41, 93 =43

1 2q°°1 1—ap+2a 1
1 2 0 ool 1 ool
b1 == + +p1, Pa= 7o TP
(¢h)*  (g=h)? 7! (g7°1)?
212
2 002 2 002 o (g7%9) 1 002
G?h=49%q s 492 =43 , P1 = +pi 5,
(65°%)%  (g5°%)?
213 02
2 (q7°%) 2q7 1—ap+2ax 002
Py = — + + +py 7,
2T (@) ()P g5 2
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where
B = By, =C?,
V= —0s.
Each fiber E14(s) is a disjoint union of V° = C* and
Vig =0)UV3(g3 =0), VO =0)UVE(@ph? =0), VI(ge! =0) UV™2(g5** = 0),

where each of the last three sets is a C2-bundle over P! which can be decomposed as a disjoint
union of C* and C2, then

E14(S) = C4 (] 3(@3 (] CQ)

The Hamiltonians H;(x) = H;(*;q*,p*,s) i = 1,2 in every chart V* X Byy are polynomials of
g = (¢7,¢5) and p* = (p}, ps) whose coefficiants are rational functions of s = (s1,s2) holomorphic
m Bl4.

Theorem 6. The space Ea3 for the system Has is obtained by glueing seven copies of C* x Bag
V* X B23 9 (qr7 Q;7p1<7p;7 817 52)7 * = 0? 17 27017027 0017 002'

via the following symplectic transformations

1 q1
G =, ©2=-— p1=-—qi(v+apl+aph), p2=dips,
a; 4
@ 1
G =3 =3, P =P, p2=—gV+apl +aépd),
a3 q3
01
182 ns2(q —81) Qg
a=a¢" @=q¢", P1=—"97 + i, :(10712+ﬁ+p81,
q3 (a3")
1 02 1 02 1 _ N5152 02 1 nsa(s1¢9” —1) | ag 02
41 =41y 42 =G43°, P1= —g5 TPy P2=—— g5 T o2 TP2°s
> (95°) 5
o =", @ =q¢"
1 g5t 1—ap+2a 1
1 2 0 ) ool 1 ool
P =— + +p y P2 = — +p )
1 Q(qlool)?, 2(qlool)2 qlool 1 2 2(]%01 2
2 2 2 2 2 QTOQ 2
G=977 =497, P1:W‘Hﬁo )
2\2
2 (¢7°°) 1 1—ag+2a 9
p2:72 oo23+2 002\2 o002 00+p62>o7
((IQ ) ((Z2 ) qs
where
V= —0cg



Each fiber Ea3(s) is a disjoint union of V° = C* and
Vi =0)UV3(g3 =0), VOgE" =0)UVP(g? = 0), V=I(gi*! =0) UV>2(g57 = 0),

where each of the last three sets is a C2-bundle over P! which can be decomposed as a disjoint
ungon of C* and C2, then

Fo3(s) =Ctu3(C®uC?).
The Hamiltonians H;(x) = H;(*;q*,p*,s) i = 1,2 in every chart V* x Bag are polynomials of
q* = (q},45) and p* = (p},ps) whose coefficiants are rational functions of s = (s1,s2) holomorphic
m BQ3.
Theorem 7. The space Es for the system Hs is obtained by glueing five copies of C* x Bs
V* XB5 > (qqugapy{,pSasl?SQ% *:071a25001a002'

via the following symplectic transformations

1 q1
@=— ©=-—2 p=-¢v+apl+apl), p=dlp,

q1 q1

@ 1
N=g ©= 5 = @Ep?, p2=—a(v+ ¢3p? + ¢3p3),

2 2

1 _ ool 1 _ ool
91 =41 5, 43 =4y

= C2(gh)t | 6(e°')? 2 2(s1 + 52¢5°")  2a Lot
@) @)t (@)’ (g7°1)?2 gt Tt
2 qool 3 4qool 282
Py = (0201)4 - 00213_ o1 +p3°t,
(g°h) (¢i°')*  af
2 2¢9°2 251
2 002 2 002 2 1 002
91 =491 ", Q93 =43, p1 = — —— +p 5,
(652  (65°%)%  ¢**
P2 6gi** _ 2(¢i)° | 2Asii” +s2)  2a 52
2 — - T T o2 2
(@°%)° (6> (¢5°%)° (¢5°%)? 5%
where
B = Bs = C2,
V=auo+ 5

Each fiber Es5(s) is a disjoint union of V° = C* and
Vi =0)UV2(g3 =0), Vo (gf*! = 0) UV™?(g5°2 = 0),

where each of the last two sets is a C2-bundle over P! which can be decomposed as a disjoint union
of C* and C2, then
Es(s) = C*u2(C3uC?).
The Hamiltonians H;(x) = H;(x;q¢*,p*,s) i = 1,2 in every chart V* x Bs are polynomials of

g = (¢F,¢5) and p* = (p}, ps) whose coefficiants are rational functions of s = (s1,s2) holomorphic
m B5.
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