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Chapter 1 

Introduction 

The statistical physics is the one of the main subject of the modern physics 
which deals with systems involve a very large number of degrees of freedom, 
for example phase transition of ferromagnet and so on. The renormaliza­
tion group analysis is a method for dealing with some of the most difficult 
problems which involve a large number of degrees of freedom. The historical 
monograph of Renormalization Group (RG) Analysis appeared in 1974 [13]. 
In this monograph, They show not only the fundamental idea of RG analysis, 
but also the concrete calculations and examples. However, these calculations 
are still not proved in mathematical sense. Our purpose of studying mathe­
matical RG analysis is to justify RG analysis in mathematical sense. How­
ever, to establish RG analysis in mathematical sense is a long and winding 
road for mathematical physicists, in fact mathematical RG analysis has not 
been accomplishment yet. However, some informative results have appeared. 
For example, P.M. Bleher and Y. G. Sinai generalized Dyson's hierarchical 
models, and studied these models by using RG analysis. K. Gaw!jdzki and 
A. Kupiainen has shown so-called triviality of hierarchical 4>: model. Re­
cently, the author succeeded the generalization of Gaw!jdzki and Kupiainen's 
work. This generarization is the main part of this thesis. 

The organization of this thesis is as follows. In Chapter 2, we introduce 
hierarchical models, and Renormalization Group. Chapter 3 is a review of 
Gaw!jdzki and Kupiainen's work. And then, we present recent result which 
the author showed. The main part of Chapter 4 will be published in 

Kenshi Hosaka; Triviality of Hierarchical Models with Small Negative 4>4 
Coupling in Four Dimensions, Journal of Statistical Physics. 

Section 4.4 in Chapter 4 is proof of triviality of hierarchical P( 4» model, 
will be published in 
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Kenshi Hosaka; Triviality of Hierarchical P( <p) model, RIMS kokyuroku. 

Finally, we try to show the law of iterated logarithm about the block 
spin at the origin. Unfortunately, we show only Gaussian case in this thesis, 
however we expect that this property holds in general cases. 

Acknowledgements: The author is grateful to Professor Yasunari 
Higuchi for his encouragements and his helpful advice. The author would 
like to thank Professor Tetsuya Hattori, Professor Takashi Hara, Professor 
Hiroshi Watanabe, and Professor K.R. Ito for emphasizing the importance 
of renormalization group idea and giving valuable comments. The author is 
also grateful to Professor Hidenori Sonoda, and Professor Tomotoshi Nishino 
for their advices. The author would also like to thank Professor Munemi 
Miyamoto, Professor Jousin Murai, Professor Taizo Chiyonobu, Dr. Masaki 
Takeshima, Dr. Nobuaki Sugimine, Dr. Masato Takei for giving useful advices 
at the Tuesday seminar, Statistical Mechanics in Kobe. 
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Chapter 2 

Hierarchical Models 

In this chapter, we introduce specific spin models called hierarchical spin 
models. F.J. Dyson introduced new type spin models imitating in many re­
spects the lattice systems with pair wise long range interaction in the end 
of 1960's [4]. He proved that these models exhibit phase transition under 
suitable conditions. Now, theses models were named Dyson's hierarchical 
models after his name. In the first half of 1970's, P.M. Bleher and y.G. Sinai 
succeeded to generalize Dyson's hierarchical models, and obtained some in­
teresting results by using RG analysis. We start this chapter with a exact 
definition of hierarchical models introduced by Gaw~dzki and Kupiainen [5] 
[6]. 

2.1 Gaw~dzki-Kupiainen's hierarchical mod­
els 

In this section, we will introduce the Gaw~dzki and Kupiainen's hierarchical 
models. In the statistical physics, we must consider the following distribu­
tion, 

1 
Z exp[-V(<!»]dllc (<!» , (2.1) 

where dllC ( <!» is the Gaussian measure with mean zero and covariance G = 
(_~tl. Note that 

(-~);;: rv Ix _ ~ld-2 for Ix - yl -t 00. (2.2) 

The hierarchical model replaces the covariance (_~)-1 by its (hierarchical) 
modified version Gh with similar long range behavior. Let L be a positive 
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even integer, Zd be a d-dimensional hyper cubic lattice, and Gh be as follows 

(2.3) 

where Xk E Zd satisfies [L -kx] = Xk where [x] is the integer part of x, and 

where {Az} zEZd is defined by 

Az(x) 

L Az(x) 
x:[L-1x]=z 

+1 or -1, for [L-1x] = z,z E Zd 

o 

(2.4) 

(2.5) 
(2.6) 

Notice that Gh is a positive but not strictly positive matrix. It is easy to see 
that 

L -(d-2)kxy __ 1-----,--,--,-
1 - L-(d-2) 

+L -(d-2)(kxy -l) A XkXY (Xkxy-l)Axkxy (Ykxy-l) (2.7) 

where kxy is the smallest positive integer satisfies [L -kx] = [L -ky]. In that, 
the long range behavior of G~y mimics that of (2.2), however Gh is not trans­
lation invariance which G = (_~)-l satisfies. Let dVGh be the Gaussian 
distribution with mean 0, covariance Gh. Hereafter, we consider the proba­
bility measure formally given by 

(2.8) 

2.2 Block Spin Transformation and Renor­
malization Group of Hierarchical Models 

In this section, we investigate Block Spin Transformation (BST) and Renor­
malization Group. First of all we define Block Spin Transformation as follows, 

¢~1) = L-() L ¢x. (2.9) 
xEBLn(z) 

Note that we almost consider e = (d~2) case in this thesis, Particularly we 

only use the symbol ¢~1) for e = (d~2) case. We note that this hierarchical 
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(massless) Gaussian measure dVCh is invariant under the block spin transfor­
mation (2.9). Due to (2.3), we may also write 

(2.10) 

Both terms on the right hand side of (2.10) are positive matrices. Hence 
we can realize the field ¢x distributed according to dVCh as a sum of two 
independent ones: 

A-. = L -(d-2)/2A-. + Z 
~x ~Xl x, (2.11) 

where Z according to normal distribution NO,l. Since {Zx}xEZd is a mean 
o Gaussian system with covariance r, there exist i.i.d. random variables 
{ZZLEZd with distribution NO,l. Zx = Az(x)Zz a.s. for every x E BL(z), z E 
Zd. So 2JxEBdx) Zx = 0 a.s.. Note that Z describes the fluctuations of ¢ 
around the average values. From the property of Gaussian system, (2.10) 
implies that 

Now, if the random field ¢ is distributed according to 

1 
N exp[- L v(¢X)]dVCh (¢) 

x 

(2.12) 

1 = N exp[- L v(L -(d-2)/2¢~~) + ZX)]dVCh (¢(1)) x dvdZ), (2.13) 
x 

then the distribution of the block spin field ¢(1) is 

~ 1] (J exp[- x:~y v(L-(d-2)/2¢~~) + Zx)]dvdZ))dvCh(¢(1)) 

= ~ 1] (J exp[- x:~y v(L-(d-2)/2¢~~) + ALy(X)z)]dv(z))dvCh(¢(l)) 

(2.14) 

where dv(z) = (27r~112 exp( -~z2)dz. Let us defined the new potential Rv = 

v' = VI by 

exp[-Rv(¢)] 
J exp[-l.Ld[v(L -(d-2)/2¢ + z) + v(L -(d-2)/2¢ - z)]]dv(z) _ 2 

J exp[-L4v(z)]dv(z) 
(2.15) 

We call this transformation R : v --+ v' Renormalizaton Group Trans­
formation. 
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2.3 Renormalization Flow - Dynamical Sys­
tem of RG Thansformation 

In this section, we consider the property of RG transformation. More pre­
cisely, we consider about discrete dynamical system determined by iterations 
of RG transformation 2.15. First, we define a fixed point of this system. 

Definition 2.3.1 Let f(</J) be a real valued function of </J E R. Then f(</J) 
is called a fixed point of RG transformation, if f (</J) satisfies the following 
equation 

exp[- f(</J)] 
J exp[_l Ld[J(L -(d-2)/2</J + z) + f(L -(d-2)/2</J - z)]]dll(z) 

= 2 Jexp[-L4f(z)]dll(Z) . (2.16) 

From the definition of this hierarchical spin model, we can immediately find 
the following fixed point. 

Proposition 2.3.2 The function f(</J) = 0 is one of the fixed point. 

In fact, we calculate the RHS of (2.16) 

J exp[-~Ld[J(L -(d-2)/2</J + z) + f(L -(d-2)/2</J - z)]]dll(z) 

J exp[-L4f(z)]dll(z) 
J exp[O]dll(z) _ 

= J exp[O]dll(z) = 1 = exp[O] = exp[J(</J)]. (2.17) 

This fixed point is the one of the most fundamental and important fixed 
point of the dynamical system defined by RG transformation. 

Definition 2.3.3 We call the fixed point of proposition 2.3.2 the Gaussian 
fixed point. 

It is natural to ask about behavior of this discrete dynamical system in the 
neighborhood of the Gaussian fixed point, it is the main theme of this thesis. 
Precisely speaking, we consider the following question. 

Question 2.3.4 When does the RG iterations of a function v( </J) converge 
to the Gaussian fixed point? 

In the quantum field theory, the above property is called trivial. 
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Chapter 3 

Renormalization Group 
Analysis for Hierarchical ¢i 
case 

3.1 About GawE;dzki and Kupiainen's work 

In this section, we explain the work of Gaw~dzki and Kupiainen [7]. They 
established how to analyze RG flow [7], and succeeded proving triviality of ¢>! 
case. Their analysis contains two parts. Roughly speaking, the first part is 
analyzing precise structure of the iterated potential near small field, second 
part is analyzing global structure of the iterated potential. In this section, 
we will use the following notations, 

(Vn)k(¢» 

(Vn»k(¢» 

= 1 dkvn(O) ¢>k 
k! d¢>k ' 

vn(¢» - L)vnk 
l<k 

(3.1) 

(3.2) 

In this section, single spin potentials Vn are assumed to satisfying the follow­
ing conditions. 

G-Ka e-(Vn h4(4» is analytic in IIm¢>1 < C1(no + n)1/4, positive for real ¢>, 
even and 

in this region. 

G-Kb for I¢>I < C1(no + n)1/4, (Vnh4(¢» is analytic, 

(Vn»4( ¢» = An¢>4 + (Vnh6( ¢» 
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with 
C_L-4 C L-4 1 1 

< A < + ,C-=48,C+=24' (3.5) 
no+n 

n _ 
no+n 

I( Vn»6(¢» 1 < (no + n)-3/4. (3.6) 

We write VnG-K(L, D, C1, no) for the collection of such single spin potentials 
Vn- If single spin potential satisfies these conditions, a potential obtained by 
iteration of RG (2.15) also satisfies these conditions. Precise statement is as 
follows. 

Theorem 3.1.1 (Gaw~dzki and Kupiainen) There exist constants 

such that the following holds. Let C1 ~ 01(L, D), no ~ fio(L, D, C1), n ~ 0 
and 8 > 0 fixed. Put 

(3.7) 

where (Vnh4(¢» E V;:-K(L,D,Cl,no). Then, there exists a closed interval 
I n C In = [-(no +n)-1-8, (no +n)-1-8] such that for jJn running through I n, 

(vn+1h4(¢» = Vn+1(¢» - jJn+1¢>2 + ~~~~12¢>2 E V;:;t(L,D,C1,no). Further, 
the map jJn f--+ jJn+1 sweeps In+1 continuously. 

If we use this theorem inductively, we can prove the following theorem. 

Theorem 3.1.2 (Gawedzki-Kupiainen) If (VOh4(¢» satisfies above con­
ditions G-Ka and G-Kb for n = 0, then there exists jJcrit(AO) E n~=l I n C 10 
such that the RG trajectory sarting from Vo with jJ = jJerit will leads to the 
Gaussian fixed point, i. e., the hierarchical ¢>~ model is trivial. 

3.2 Proof of Theorem 3.1.1 

The Proof of Theorem 3.1.1 is as follows. According to reference [7], this proof 
involves Small field region, and Large field region analyses corresponding to 
the cases either I¢>I < C1(no + n)1/4, or IIm¢>1 < C 1(no + n)1/4, respectively. 
In the small field, we prove that v~(¢» satisfies G-Kb, n being replaced by 
n + 1. We call it simply G-Kb'. On the other hand, we only investigate the 
global behavior of v~(¢» in the large field region, i.e. we confirm that v~(¢» 
satisfies with (3.3) of G-Ka'. 
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3.2.1 small field region 

In this subsection, we assume that 4> satisfies 14>1 < (1/2)LC1(no + n)1/4, and 

X(z) is the indicator function given by X(z) = x(lzl < (no + n)1/4). e-v'(cf» is 
defined by 

where 

dv(z) -z2/2 dz 
e ";27[' 

(4) = O)small J exp[-Ldvn(z)lx(z)dv(z). 

We prepare the following notation, 

Notice that eV~(cf» is positive if 4> is in the small field region. So, we take the 
logarithm. 

Now, we start expanding -log J e-Wn(cf>,z)dvx(z), we call this expansion per­
turbation expansion. 

where (1; g)o = (1g)o - (1)o(g)o, and (1; g; h)t = (1gh)o - (1g)o(h)o -
-(1h)o(g)o - (gh)o(1)o + 2(1)0(g)0(h)0· Let us estimate each term of the 
equation of (3.13). 
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Estimation of (wn(cjJ, z))o 

(wn( cjJ, Z ))0 = 6L2 AncjJ2 (Z2)0 + L4 An (Z4)0 + ~ L 4 J-ln (Z2)0 

6L4An( 2) 1 4",(() -1 )) 
- 1 _ £2 Z 0 + 2"L ~ Vn "26(L cjJ ± Z O· 

± 
(3.14) 

Notice that 

(Z2m)0 = (2m - 1)!!(1 + 0(e-c(no+n)1/2)). 

So, we estimate (wn(cjJ, z))o as follows, 

(wn(cjJ, z))o = Oo((no + n)-1) + 6LAncjJ2 + 02(e-c(no+n)1/2) 
L4 

+2( 2:(Vnh6(L -lcjJ ± z))t, (3.15) 
± 

where 02n(A) = O(suPIq,I=L/2Cl(no+n)1/4IcjJl-2nA), 0(·) is usual Landau 
O. (Vnh6(cjJ) is even analytic function, we get 

(2:( Vnh6(L -1cjJ ± z))o = (( Vnh6(Z))0 + ~L -2cjJ2( dd:2 (Vnh6(Z))0 
± 

1 4 4 d4 

+ 4!L- cjJ (dz4 (Vnh6(Z))0 + R6(cjJ), (3.16) 

where 

R6(cjJ) = ~L-6cjJ6 r1 
dt(l- t)5 

5! Jo 
d6 

(dz6 {(Vnh6(tL-1cjJ + z) - (Vnh6( -tL -1cjJ - z)})o. (3.17) 

By Cauchy's formula, we get 

1 r1 d6 

1((vn h6(Z))01 = 5! Jo dt(l - t)51(Z6 dz6 (Vnh6(Z))01 

~ (C~5~~)7(no + n)-9/4(1 + O(e-c(no+n)-1/2)), (3.18) 

d2 1 r1 d6 

1 (dz2 (Vnh6(Z) )01 = 3! Jo dt(l - t)31 (Z4 dz6 (Vnh6(Z) )01 

~ (dO~~)7(no + n)-9/4(1 + O(e-c(no+n)-1/2)), (3.19) 

d4 
r1 d6 

l(dz4(Vnh6(z))01 = Jo dt(l- t)I(Z2 dz6(Vnh6(z))01 

~ (~~~C;)7(no + n)-9/4(1 + O(e-c(no+n)-1/2)). (3.20) 
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From the condition of G-Kb, we get 

1 1 2 2( d
2 

() 1 IR6 (¢)1 ~ 1 ((Vnh6(L- ¢+z))ol + 1
2

L- ¢ dz2(Vnh6 z) 0 

1 -4 4 ( d
4 

) )) 1 +14!L ¢ dz4(Vn ~6(Z 0 

~ (no + nt3/4 + Oo((no + n)-9/4) + 02((nO + n)-7/4) 

+04((nO + n)-5/4) 
~ (no + n)-3/4 + O((no + n)-5/4). (3.21) 

So, we get 

(wn(¢, z))o = Oo((no + n)-l) + 6L2 An¢2 + 02((nO + n)-7/4) 

+04((nO + nt5/4) + ~(¢). (3.22) 

Especially, Following relation is satisfied 

I~(¢)I ~ L4(no + n)-3/4 + O((no + n)-5/4). (3.23) 

Estimation of (wn(¢, z); wn(¢, z))o Next we estimate (wn(¢, z); wn(¢, z))o. 
By linearity, 

1 
-2(wn(¢, z); wn(¢, z))o 

= -18L4 A;¢4(Z2; Z2)0 - 6L6 A;¢2(z2; z4)0 - 3L6 Anl-ln¢2(z2; Z2)0 

36L
6 
A; 2( 2 2) 6 2( 2 ( ) (-1 )) + (1 - L -2)2 ¢ z; z 0 - 6L An¢ z; Vn ~6 L ¢ + Z 0 

1 
-L8An(z4; (Vnh6(L-1¢ + z))o - 2L8I-ln(Z2; (Vnh6(L-1¢ + z))o 

6L
8 

An (2 ( ) (-1 )) + (1 - L -2) Z ; Vn ~6 L ¢ + z 0 

L8 
-4 L L ((Vnh6(L -1¢ ± z); (Vnh6(L -1¢ ± z))o 

± ± 

+Oo((no + n)-2), (3.24) 

where 
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From following estimations, 

I (Z2n; z2m)ol 

= ((2(n + m) - 1)!! - (2n - 1)!!(2m - 1)!!)(1 + O(e-E(no+n)1/2)), (3.26) 

I (z2n; (Vnh6(L -lcp + z))ol = (no + n)-3/4 + O((no + nt5/4), (3.27) 

1((vnh6(L -lcp ± z); (Vnh6(L -lcp ± z))ol = (no + nt3/2 + Oo((no + nt5
/
2) 

+02((nO + n)-4) + 04((nO + n)-7/2) + 02:6((nO + n)-6/4). (3.28) 

We use these estimations, we get as follows, 

1 
-2(wn(CP, z); wn(cp, z))o = Oo((no + n)-2) + 02((nO + nt3/2) 

-36L4).~cp4 + 04((nO + nt9
/
4) + 02:6((nO + nt5

/
4). (3.29) 

The estimation of J~ dt(1 - t)2(Wn(cp, z); wn(cp, z); wn(cp, z))t Since we as­
sumethat Icpl < (1/2)LC1(no+n)1/4, Izl < (no+n)1/4, by definition of 
w(cp, z), we get 

For t E (0,1), we get 

I (wn(cp, z); wn(cp, z); wn(cp, z))tl 
::; K( (wn(cp, z)3)1 + 3(wn(cp, Z)2) (wn(cp, z))o + 2(wn(cp, z))o) (3.30) 

where K is absolute constant. 

For Icpl < (1/2)LC1(no + n + 1)1/4, by the above calculation, we have 

~ 

v~ (cp) = _~L211 .,1..2 + 6L2).n .,1..2 +). .,1..4 _ 36L4).2A.4 
2 rn'f' 1 _ L2'f' n'f' n'f' 

+04((nO + n)-4/5)+ V~2:6 (cp), (3.31) 

~ 

and V~2:6 (cp) satisfies the following estimate, 

~ 

In the last part of this subsection, we estimate V~2:6 (cp) again. From analyt-
~ ~ 

icity of v~ (cp) in Icpl < (1/2)LC1(no +n+ 1)1/4, cp-6. V~>6 (cp) is also analytic 
function. So, we apply the maximum principle, and we-get 
~ 

I V~2:6 (cp) I 
::; (lcpl/(1/2)LC1(no + n + 1)1/4)6[L4(no + n)-3/4 + O((no + nt5

/
4)].(3.33) 
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So, we get 

~ 26 

I V~26 (¢)I ::; £2 (no + n + 1)-3/4 + O((no + n)-5/4) (3.34) 

in I¢I < C1(no + n + 1)1/4. Now, we estimate remainder part of -v~(¢), i.e., 

"7 Jexp[-~L4L±Vn(L-1¢±z) - ~z2](1- X(z)) d;7r 
vn (¢) = log (1 + ~ v ).(3.35) 

exp[- v~ (¢)] 

If no is sufficiently large, this function is sufficiently small analytic function 
~ 

in the small field region. In other words, v~ ( ¢) is almost equal to v~ (¢). To 
~ 

show this, we must estimate v~ (¢) using no, for sufficiently large no. So, we 
estimate 

J(I- X(z)) exp[-!f L± vn(L-1 ± z) - ~Z2]~ 
~ 

exp[- v~ (¢)] 
(3.36) 

the denominator part and the numerator part of separately. We use estima-
~ 

tion of v~ (¢). 
~ 

I denominator I = I exp[v~ (¢)]I 
1 6L2 A I eXP[-2 L2J-ln¢2 + 1- L:2¢2 - 6L2An¢2 - 02((nO + n)-3/2)]1 

x I exp[-An¢4 + 36L4A~¢4 - 04((nO + n)-5/4)_ (Vn)~6 (¢)]I 

1 6L2 An 
exp[(-2 L2J-ln + 1- L-2 - 6L2An)((Re¢)2 - (Im¢)2)] 

x exp[+02((nO + n)-3/2) + 04((nO + n)-5/4)] 

x exp[( -An + 36L4A~)((Re¢)4 - 6(Re¢)2(Im¢)2 + (Im¢)4)]. (3.37) 

From the condition of the small field region, Re¢,Im¢ < I¢I < ~ LCI (no + 
n + 1)1/4. Hence, we estimate as follows. 

1 6L2 A 
RHS of (3.37) ~ exp[-(2L21J-lnl + 1- L:2 + 6L2An)((Re¢)2 + (Im¢)2)] 

x exp[02((nO + nt3/2) + 04((nO + n)-5/4)] 

x exp[+(An + 36L4A~)((Re¢)4 + 6(Re¢)2(Im¢? + (Im¢)4)] 
1 6L2A 1 

> exp[-( 2L21J-lnl + 1 _ L:2 + 6L2 An)2L2(no + n + 1)1/2] 

1 
x exp[02((nO + nt3/2) + (An + 36L4A~)2L4(no + n + 1)] 

x exp[+04((nO + nt5/4)]. (3.38) 
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The last inequality is bucause the copling constants An, J-Ln have estimates; 
L -4 1 1 ( ) 3/2 An < 24(no+n) ' J-Ln < no + n - . 

So, the absolute value of the denominator is bounded from below by a positive 
absolute constant. Next we estimate the numerator part, 

Inumerator partl 
L4 

< J 1(1 - X(z)) exp[-- L vn(L -1 ± z)]ldv(z) 
2 ± 

1 6L2 An 
< exp[C2L21J-Lnl + 1- L_2)11>1

2
] 

X J 1(1- x(z))e L241J.Lnlz2+~~~~~z2-2:±(vnh4(L-l#Z)I~4 dv(z). (3.40) 

From the condition of G-Kb, we get 

We estimate the last part of the right hand side of the above inequality as 
follows, 

(3.42) 
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So, we get 

::::: 

Since no is sufficiently large and ¢ is in the small field region, v~ (¢) is an 
analytic function and estimated as follows 

~ (¢) = O(e-€l(no+n)1/2). (3.44) 

By analyticity ~ d~2 ~ (¢) and ~ d~4 v: (¢) are estimated as follows, 

(3.45) 

(3.46) 

Note that ~~ ~ (¢) and ~;$- ~ (¢) are continuous function of J-ln by using 
the dominated convergence theorem. 

From (3.44), we get 

(3.47) 

After all we get the following recursion relation 

and we know 

1 1 
)f = ~ + 36L4 + O((no + n)1/4). 

n n 
(3.49) 

We solve this recursion relation, and get 

C_L-4 < X < C+L-4 1 1 
no + n + 1 - n - no + n + 1 ' C_ = 48 ' C+ = 24' (3.50) 

We also solve the recursion relation of (v~h(¢), 

(
1, 6~~) 2 
2J-ln - 1 - L-2 ¢ 

(
1 2 6L2 ~n 2 2 2 
2L J-ln + 1 _ L-2 + 6L ~n + O((no + n)- ))¢ . 

17 
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Hence, f-l~ is written by 

I 
f-ln 

2 12 I -2 
L f-ln + 1 _ L-2 (>'n - ).n) + O((no + n) ) 

L2f-ln + O((no + nt2). (3.52) 

The RG map R : f-ln ---t f-l~is continuous, so the image R(In) contains 
In+1. Then we chose suitable closed interval I n+1 in R-1(In+1) c In so that 
R(Jn+1 ) = In+1 . We complete proof of small field region. 

3.2.2 large field region 

We prove the condition G-Kb in 1<1>1 > C1(no + n + 1)1/4 and 1<1>1 < C1(no + 
n + 1)1/4 separately. From G-Kb, in the region IIm<l> I < C1(no + n + 1)1/4, 
we get 

le(-v~)(cf»1 

1(<1> = 0)-1 Jexp[-~L4 L vn(L -1<1> ± z)]dv(z)1 
2 ± 

1(<1> = ot1 exp[-~L2f-l <1>2 - 6).n L2<1>2] 
2 n 1 - L-2 

J 1 6~ 1 
x eXP[-2L4f-lnZ2 - 1 _ L_2 L4Z2 - 2L4 ~(Vnh4(L-1<1> ± z)]dv(z)1 

< 1(<1>= 0)-1 exp[O( (no + n)-1) + L4 D - L1/2 ).;121<1>12] 

X exp[+20).n(Im<l»4 - ~L2f-lnRe<l>2 - 1 :~_2L2Re<l>2] 

J 
1 6An 1 / 

x exp[-2L4f-lnZ2 - 1- L_2 L4Z2 - 2L4 - L4A~ 2z2]dv(z)1 

< exp[O( (no + n)-1/2) + L4 D - ~L2(A~)1/2I<1>12 + 20)'~(Im<l> )4] 

< exp[D - (A~)1/2I<1>12 + 20A~(Im<l»4] 

x exp[O((no + n)-1/2) + (L4 - 1)D - (L2 - ~L2(A~)1/2)I<I>12]. (3.53) 
2 

From 1<1>1 > C1(no + n + 1)1/4 and if C1 is sufficiently large, we estimate 

So, we get 
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Finally, we prove the condition G-Ka in the I¢I < C1(no + n + 1)1/4. 
From the estimation of the small field region, we get 

We estimate as follows, 

A~(Re¢4) 

A~(Re¢)4 - 6A~(Re¢)2(Im¢)2 + A~(Im¢)4 

> ~A~(Re¢)4 - 17A~(Im¢)4 

> ~A~[(Re¢)4 + (Im¢)4]- 20A~(Im¢)4 
2 

> -~D + ~A~[(Re¢)4 + (Im¢)4]- 20A~(Im¢)4. (3.57) 

So, we can prove G-Ka in the large field region. Finally we chose constants 
L, D(L), C1(L, D), and no(L, D, C1 ) sufficiently large, we prove theorem 
3.1.1 completely. 
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Chapter 4 

Main Results 

4.1 Introduction and Main Results 

Hierarchical spin model is an equilibrium statistical mechanical system intro­
duced by Bleher and Sinai [2] [3] as a model suitable for tracing block spin 
renormalization group (RG) trajectories. For the model, the RG transfor­
mation is reduced to the following nonlinear transformation R of a function 
(single spin potential) v = v(cp): 

exp[-Rv(cp)] 
J exp[_lLd[v(L-(d-2)/2cp + z) + V(L-(d-2)/2cp - z)]]dv(z) _ 2 

J exp[-L4v(z)]dv(z) 
(4.1) 

where dv(z) = (271")1/2 exp( -~z2)dz, and L ~ 10 is an even integer valued 
constant. It is easy to see that the trivial function v(cp) == 0 is a fixed point 
of R, which we call the Gaussian fixed point. If, for a class of single spin 
potentials, RG trajectories with initial potentials in the class, converge to 
the Gaussian fixed point, then we say that the class of functions is trivial 
Gaw~dzki and Kupiainen studied this recursion in detail, and proved (among 
other things) the triviality for cp4 models with some small cp4 coupling constant 
in 4 dimensions [5] [6] [7]. See [7] for a review of their results together with 
the relation of (2.15) and the hierarchical spin model. The purpose of the 
present paper is to extend the results of Gaw~dzki and Kupiainen and prove 
triviality for a wider class of potentials. To be specific, we consider the 
following class of single spin potentials: 

cpER. (4.2) 

Before stating our results, let us briefly review the relative known results. The 
triviality of the hierarchical model with (4.2) in 3 dimensions has already been 
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established for small parameters by Muller and Schiemann [10]. A common 
belief based on power counting type of arguments suggest that the results 
of [10] would support triviality also for higher dimensions. However, one 
should note that the role of 14 term for d = 3 is different from that for 
d = 4. It is because 14 is relevant for d < 4 while it is not relevant for 
d :2 4. The statement in [10] says that for sufficiently small p we can find 
J1 and), such that the RG trajectory converges to the Gaussian fixed point. 
On the other hand, a triviality statement for d = 4 is that for arbitrary 
(but small) p and), we can find J1 such that the same conclusion holds. 
In the latter case, we have to prove that an arbitrary (small) choices of ). 
and p, in particular, with negative 14 term, do not distort the standard 
expectation of the behavior of an RG trajectory. T. Hara, T. Hattori, and 
H. Watanabe proved the triviality of Dyson's hierarchical Ising model in 4 
dimensions [9]. They used characteristic function of single spin distributions 
and Newman's inequalities on truncated correlations. Their method is useful 
to analyze in the strong coupling regime. We expect that their method is 
valid for analyzing general class of initial single spin potentials. However, 
(4.2) is still out of the range of their method, because these initial single 
spin potentials do not satisfy the Lee-Yang property when the coefficient 
of 14 term is negative [11], so truncated correlations of these potentials do 
not satisfy Newman's inequalities that are the key estimation which their 
method needs [9], [12]. Gaw~dzki and Kupiainen succeeded the construction 
of the non-trivial Euclidean 1! theory with the complex coupling constant 
with negative real part [8]. However, the parameter region of the coupling 
constants which we studied is not included in their studied region. 

Let us turn to our proof of triviality for (2.15) with potentials of the 
form (4.2). We will show that the parameters will enter the region where the 
Theorem of Gaw~dzki and Kupiainen [7] can be applied (we call this region 
"G-K region"), after some iterations (finite time iterations) of the RG by the 
same techniques of Gaw~dzki and Kupiainen [7]. The point of our proof is to 
change the induction hypothesis after some iterations to reflect the dominant 
terms in the potential. Now, we state the results precisely. We will use the 
following notation: 

Vn( 1) Rnvo(1) , (4.3) 

(Vn)k( 1) 
~ dk(vn)(O) 1k 
k! d1k ' 

(4.4) 

(vn»k(1) vn(1) - L:(vn)Z(1). (4.5) 
l<k 
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Let us be given an initial single spin potential 

where 

12Ao 
C2(VO) = 1 _ L-2 

30po 
C4 ( VO) = 1 _ L - 2 ' 

180po 90po 
(1 - L-2)(1 - L-4) + 1 - L-4' 

(4.7) 

(4.8) 

are the counter terms originating from Wick ordering. Let us define a class 
of initial single spin potentials Vo(L, D, Gl , no, Po) satisfying the following 
conditions for constants L, D, Gl , no, and Po. 

Ta for IIm¢1 < Gl((L -4pOl)1/6 /\ nb/4), exp[-vo(¢)J is analytic, positive for 
real ¢ even, and 

where Al (2 20) and A2 (2 2004) are universal constants. 

Tb for I¢I < Gl((L-4pOl)1/6/\ nb/4), (VOh4(¢) is analytic, 

15po 4 6 ( ) () (VOh4(¢) = (Ao - 1- L-2)¢ + Po¢ + Vo 2:8 ¢ , 

with 

(4.10) 

( 4.11) 

(4.12) 

Notice that the coefficient of ¢4 is represented as Ao - 1~'r~2. If we take 
a value of Po suitably large, then the coefficient of ¢4 will be negative. So, 
the class Vo(L, D, Gl , no, Po) includes small negative ¢4 case. This case is 
the main object of our study in this paper. Of course, this class includes 
potentials which Gaw~dzki and Kupiainen studied. In fact it is easy to see 
that Vo(L, D, Gl , no, 0) is a class which are investigated in [7J. We will prove 
the following for our class. 

Theorem 4.1.1 There exist positive constants: 
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such that the following holds. 
Let G1 ~ C1 (L, D), no ~ fio(L, D, G1), and 

o ::; Po ::; L -4nr/ . (4.13) 

Define the RG as {2.15}. Then there exists /1>c:rit E R such that the iterates 
Vn of the recursion converge to zero uniformly on compacts in C 1

, if we start 

from Vo E Vo(L, D, G1, no, Po) with /1>0 = /1>c:rit· 

The proof goes along the following line. In the beginning, we are in the re­
gion where (Vnh6(¢) is dominant. For properly chosen initial data, (Vnh6(¢) 
decreases rapidly, and we then go into the region where ¢4 term of Vn (¢) is 
comparable to (Vnh6(¢). As the recursion proceeds, the ¢4 term becomes 
positive and dominant, after which it eventually decreases, and Vn (¢) finally 
enters the G-K region. To trace the trajectory, we will divide up the induc­
tion into 2 parts along the trajectory and impose different induction hypoth­
esis for the P dominant regime and the .A dominant regime. (Compare the 
induction hypotheses L1.2a and L1.2b with L1.3a and L1.3b, respectively.) 

We will prove this by means of two lemmas. First, for n ~ 0, let 
V~(L, D, G1, no, Po) be the class of potentials Vn satisfying: 

L4.1.2a for IIm¢1 < G1(L2n-4pr;1)1/6, exp[-vn(¢)] is analytic, positive for 
real ¢, even, and 

with 

l.An - .Aol 

IPn - L-2n pol 

l(vn h8(¢)1 

< -7/4 
nno , 

< L -2n -7/4 n no , 

< ( 2/3 1/8 V -3/4)L-n Po no no . 

(4.16) 

( 4.17) 

(4.18) 

Lemma 4.1.2 There exist constants D, 01(L, D) ~ L, no(L, D, G1) ~ L 48 

such that the following holds. Let G1 ~ 01(L, D), no ~ no(L, D, G1) and 
n ~ 0 satisfy the inequality 

(no + n)1/4 ~ (L2n-4pr;1 )1/6. (4.19) 

Suppose also that vo(¢) E Vo(L,D,G1,no,po) with 

L -4 -3/2 < < L-4 -1 no _ Po _ no, (4.20) 
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and vn(</» E V~(L, D, Gl , no, Po). 
Then, there exists a closed interval In C In = [-(no+n)-3/2, (no+n)-3/2J 

such that for /1n running through In, Vn+l E V~+l(L,D,Gl,nO'PO). Further, 
the map /1n t--+ /1n+l sweeps In+l continuously. 

Iterating Lemma 4.1.2, each time we can choose a subinterval In+l C In C 
10 of the initial mass squared values such that /1n sweeps In+l . The effect of 
relatively large coefficient of </>6 provides us with a positive coefficient of </>4 
in the next step, and we can get rid of negative </>4 term. However, we can 
not iterate Lemma 4.1.2 for arbitrary times because of assumption (4.19). In 
other words, (Vn h6 (</» will not be dominant any more compared with </>4 term 
after some iterations. After applying Lemma 4.1.2 as much as possible, we 
are still not in the G-K region, and we have to trace the trajectory carefully 
for some more steps. So, we must prepare new assumptions. Put 

(4.21) 

Notice that this number is the first n for which Lemma 4.1.2 can not be 
applied. Obviously, we have nl ~ t logL no· 

Let us define a class of single spin potentials V;l+n(L, D, Gl , no, Po) sat­
isfying: 

L4.1.3a for 11m</> I < Gl(nO+nl +n)1/4, exp[-vnl+nJ is analytic and positive 
for real </>, even, and 

le-Vn1+n(q,) I ~ exp[D - (A~~n + P~~n)I</>12 + Al An1 +n(Im</»4J 

x exp[A2Pnl+n(Im</»6], (4.22) 

(Vn1+nh4(</» 

= (An1+n - ~C4(Vnl+n))</>4 + Pnl+n</>6 + (vn1+nh8(</», (4.23) 

with 

(nl + n)no7/4, 

( + )L-2(nl+n-l) -7/4 nl n no , 

< L -3n-nl ( 2/3 1/8 V -3/4) Po no no· 

( 4.24) 

( 4.25) 

( 4.26) 

Note that V~l (L, D, Gl , no, Po) c V;l (L, D, Gl , no, Po), if L, D, Gl , no, and 
Po are same constants. 
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Lemma 4.1.3 There exist constants D, CI(L, D) ~ L, no(L, D, CI ) ~ L48 

such that the following holds. 
Let C I ~ CI(L, D), no ~ no(L,D,CI), 10gLno ~ n ~ O. vo(</J) E 

Vo(L,D,CI,no,po), and vn1 +n(</J) E V~l+n(L,D,CI,nO'PO)' 
Then, there exists a closed interval 

such that for !-lnl+n running through Jn1+n, Vn1+n+1 E V~l+n+I' Further, the 
map !-lnl+n f-+ !-lnl+n+l sweeps I n1+n+1 continuously. 

The proof of Lemma 4.1.3 is close to the proof of Lemma 4.1.2. A differ­
ent point from Lemma 4.1.2 is the difference in the condition of the region 
where vn1+n(</J) satisfies analyticity. In fact we require that exp[-vn1+n(</J)] is 
analytic for IIm</J1 < CI(nO+nl +n)I/4 in Lemma 4.1.3. The reason why that 
there is such a difference because </J4 term becomes dominant compared with 
(vn1+nh6(</J). If we notice that the conditions of Lemma 4.1.3 are different 
from the conditions of Lemma 4.1.2, we can prove Lemma 4.1.3 in a similar 
way as Lemma 4.1.2. So, we omit the proof of Lemma 4.1.3 from this paper. 

With Lemma 4.1.3 we can continue iterations, and we can make sure 
that after a finite number of iterations, this potential is in the G-K region. 
More precisely, Gaw~dzki and Kupiainen introduced a class of potentials 
V;;-K(L,D,CI,no), which is defined to satisfy: 

G-Ka e-(Vn )?:4(<!» is analytic in I Im</JI < CI(no + n)I/4, positive for real </J, 
even and 

( 4.27) 

(Vn»4( </J) An</J4 + (Vnh6(</J) ( 4.28) 

with 
C_L-4 C L-4 1 1 

< A < + C_ = 48 ' C+ = 24' (4.29) 
no+n n - no+n 

I ( vn) >6 ( </J ) I < (no + n)-3/4 ( 4.30) 

In this class V;;-K(L, D, C I , no), Gaw~dzki and Kupiainen proved the 
following, 

26 



Theorem 4.1.4 (Gaw~dzki and Kupiainen) There exist constants D, 
C1(L,D),no(L,D,C1) such that the following holds. Let C1 ~ C1(L,D), 
no ~ no(L, D, C1) and n ~ o. 

Put 

(4.31) 

where (Vnh4(¢) E V;;-K(L,D,C1,no). Then, there exists a closed interval 
I n C In such that for J-Ln running through I n, (Vn+d>4(¢) = Vn+1(¢) -
J-Ln+1 ¢2 + ~~L-+:12 ¢2 E V;:;lK (L, D, C1, no). Further, the map J-Ln 1----* J-Ln+1 sweeps 
In+1 continuously. 

Finally, let us explain differences between the work of Gaw~dzki and 
Kupiainen [7] and this paper. First of all, we study contribution of the term 
of ¢6 to the term of ¢4 rigorously to control the term of ¢4 even with negative 
coefficient. Secondly, our class of single spin potentials permits us to take 
V?6( ¢) in wider class than that Gaw~dzki and Kupiainen studied. 

4.2 Proof of Lemma 4.1.2 

We will prove that v~(¢) = Vn+1(¢) is in V~+1(L,D,C1,nO'PO)' if J-Ln is 
in In. We prove this lemma according to Gaw~dzki and Kupiainen [7]. 
The proof involves the small field region analysis, and the large field re­
gion analysis corresponding to the cases either I¢I < C1(L2(n+1)-4 po1)1/6, or 
IIm¢1 < C1(L2(n+1)-4 po1)1/6 respectively. 

In the small field, we prove that v~ (¢) satisfies L4.1.2b', the condition 
L4.1.2b with n being replaced by n + 1, by using the Taylor expansion, and 
some estimation of the Gaussian integrals as in [7]. 

As for the large field region, we only investigate global behavior of v~ (¢), 
i.e., we confirm that v~(¢) satisfies (4.18) of L4.1.2a', the condition L4.1.2a 
with n being replaced by n + 1. 

We use K for calculable absolute constants, whose values will vary in 
each occurrence. 

4.2.1 Small field region analysis 

Let Vn E V~. Write X1(Z) = x(lzl < (L2n-4 po1)1/6) and throughout this 
subsection, we assume that ¢ is in the region I¢I < i~LC1(L2n-4po1)1/6. 

Note that we have to put C1 to satisfy the inequality IL -1¢ ± zl < 
C1(L2n-4po1 )1/6 for Izl < (L2n-4po1 )1/6 and I¢I < i~ LC1(L2n-4 po1 )1/6. 
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Next, decompose Vn+l (cp) as follows, 

~ ~ 

= v~(cp) =v~ (cp)+ v~ (cp), (4.32) 
L4 

= J exp[-2 Lvn(L-1cp± Z)J dVl(Z)j(CP = O)small, (4.33) 
± 

where 

(cp = O)small 

~ 

( 4.34) 

(4.35) 

First of all, we estimate v~ (cp) in 4.2.1, and then complete the analysis 
in the small field region by looking into the Taylor coefficients in 4.2.1. 

~ 

Estimation of v~ (cp) 

Let us take a logarithm of (4.33). 

"; ( ) 2 1 ( )) 2 1 4 2 6 Vn cp = L (P,n - 2C2 Vn cp + (An - 2C4( vn))cp + L - PnCP 

-log J e-w </>(z) dVl(Z) +log(cp = O)small. (4.36) 

W4>(Z) wo(z) + W2(Z)cp2 + W4(Z)cp4 + W6(Z)cp6 + W'28(CP, Z), (4.37) 

and 

( 4.38) 

(4.39) 

( 4.40) 
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From the conditions L4.1.2a - L4.1.2b, Vn (</» is even and analytic. 
We can estimate ::8 (vnhs(</» on the support of dV1(Z) as follows by using 

the Cauchy formula and (4.18), 

1 !ol d
S <, dt(1 - t?lzS

d 
s (vnhs(tz)1 

7. 0 z 
< C1 (2/3 l/S V -3/4)(L 4 )4/3 L -lln/3 S 

8!(C1 _ 1)9 Po no no Po z . 

f2(Vnhs(z) to [6 (vnhs(z) can be estimated as (4.42). 
From the perturbation expansion: 

-log J e-wf (z) dv1(Z) 

( 4.42) 

= -log J dV1(Z) + (wq,(z))o - 10
1 
dt(1- t)(wq,(z);wq,(z))t, (4.43) 

where 

(4.44) 

Now, we shall estimate each part of (4.43). Using the estimation of the 
Gaussian integrations, we get 

~o,o 

where, the terms R2i (L, no, Po, n), i = 1,· .. ,3 satisfy 

1 R~o,o (L )1 < ( 2/3 l/S V -3/4)(L4 )4/3L-lln/3 
2i , no, Po, n _ Po no no Po . 

Therefore from (4.45), we can estimate (w?s(</>, z))o as follows, 

( 4.46) 

1 (w2:s(</>, z))ol :::; L4- n(1 + (L4po)1/3 L -2n/3)(p~/3n~/S V no3/4). (4.47) 

Next we estimate 

10
1 

dt(1 - t)(wq,(Z); wq,(z))t = 10
1 

dt(1 - t) L: (W2i; W2j)t 
t,] 

= !oldt(1-t)(wo(z);wo(z))t+ !ol dt(1-t) L (W2i;W2j)t, (4.48) 
o 0 iJfO 
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where 
_ _ {W2i(Z)¢2i i = 0, 1,2,3 

W2i - (). W~8 ¢, Z z = 4. 

The cumulants are 

(W2i; W2j)t = (e-tw</>(z))~l (w2iW2je-tw</>(z))0 
- (e-tw</>(z)) ~2 (W2i e -tw</>(z)) 0 (w2je-tw</>(z))0' (4.49) 

Note that the support of dV1(Z) is Izi < (L2n-4Pr/)1/6 and the coefficients 
are as small as the inverse of the diameter of the small field region. 

We get the uniform estimate IW<t>(Z) 1 ~ K· ct for Izi < (L2n-4p01 )1/6 and 
I¢I < lOf1C1 (L2n-4po1)1/6. We have 

L (W2i; w2j)tl 
(i,j)#(O,O) 

~ eKct L ((IW2illw2jl)0 + (I W2il)0(lw2jl)0)' (4.50) 
(i,j)#(O,O) 

So, we can estimate 1 J~ dt(l - t) L(i,j)#(O,O) (W2i; W2j)tl similarly as in (4.42), 
we obtain 

12nd term of RHS of (4.48)1 

~ KeKctL-2no2(1¢12 + L-21¢1 4 + L-2n- 41¢n 

+Ihigher order termsl. (4.51) 

The higher order terms are estimated as follows, 

Ihigher order terms 1 ~ KeKctL12-nCi2n~1/8(p~/3n~/8 V n~3/4). (4.52) 

Next, we estimate J01 dt(l- t)(wo(z); wo(z))t. From the Taylor expansion 
of ¢, and we can use the Cauchy formula because (wo(z); wo(z))t is analytic 
function in I¢I < ~~LC1(L2n-4po1)1/6, we get 

110
1 

dt(l - t)(Wo(z); Wo(Z))t - 10
1 

dt(l - t)(WO(Z); Wo(z))tl<t>=ol 

~ K exp(K . ct) . L -2no21¢12. (4.53) 

So we have, 

110
1 

dt(l - t)(w<t>(Z); w<t>(z))t - 10
1 

dt(l - t)(wo(z); wo(z))tl<t>=ol 

~ K exp(K . Ct)L -2no2(1¢12 + L -21¢1 4 + L -2n-4 1¢1 6 ) 

+ 1 higher order terms 1 , ( 4.54) 

Ihigher order terms 1 ~ KeK.ctL12-nci2n~1/8(p~/3n~/8 V n~3/4). (4.55) 
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These coefficients are large, but not terrible, because we can take no 
sufficiently large. In the following, we put n6/8 ~ K . Ci2 Ll2eKct. 

From (4.36) and (4.43), we infer that 

"; 2 1 2 2 1 2 2 2 
vn (1) = L (/-In - "2C2(vn))1 + 6L (An - "2C4(vn))1 + 45L Pn1 

~ 2 1)) 4 4 + R2 (L,no,po,n)1 + (An - "2C4(vn 1 + 15pn1 

+ R4 (L,no,po,n)14 + L-2pn16+ R6 (L,no,po,n)16+ (V:)'2:8 (1), (4.56) 

where, the terms R2i (L, no, Po, n), i = 1,2,3 satisfy 

~ -1O-2i -2+1/8 ~o,o . _ I R2i (L,no,po,n)1 ::; L no + I R2i (L,no,po,n)I,'l -1,2, (4.57) 
~ 2 18 -2+1/8 ~O,O I R6 (L,no,po,n)1 ::; L- n- no + I R6 (L,no,po,n)l, (4.58) 

~ 

and from (4.47) and (4.55), (Vn)'2:8 (1) satisfy 

I (V:)'2:8 (1)1::; L4-n(1+L-2n/3(L4po)I/3+L-4)(p~/3n6/8Vnr;3/4), (4.59) 

So we can check that the constant term (1 = O)small vanishes. The estimate 
(4.59) is a little weaker than what we want (see (4.18)). So, we need a 

stronger estimate. Since v~ (1) is analytic in 111 < ~~LCl(L2n-4pol)I/6, 
~ 

1-8 (Vn)'>8 (1) is also analytic in 111 < ~~LCl(L2n-4pol)I/6. We obtain from 
the maximum principle 

I (V:)'2:8 (1)1 < (~~)8L-16/3(L4-n(1 + L-2n/3(L4po)I/3 + L-4) 

x(p~/3n6/8 V nr;3/4)). (4.61) 
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Estimation of ~ (</J) for I</JI < ~~ LCI (L2n-4pol )1/6 

Represent (4.32) as 

~ (</J) = log (1 + J exp[-~L4 L± v=(L -l</J ± z)](l - Xl (z))dll(z)) 

e-v!",(</» (</J = O)small 

+log(</J = O)small -log(</J = 0). (4.62) 

We want to prove that ~ (</J) is analytic inl</JI < ~~ LCI (L2n-4pOl )1/6 and 
~ 

sufficiently smaller than v~ (</J). To prove these properties, we have only to 
prove that 

J exp[-~L4 L± vn(L -l</J ± z)](l - Xl (z))dll(Z) 

e-v!",(</»(</J = O)small 

is analytic and sufficiently small in I</JI < ~~LCl(L2n-4pol)1/6. 

( 4.63) 

First of all, we estimate the denominator of (4.63). We can show that the 
denominator is bounded from below by a constant which depends on Cl , but 
not on no. From L4.1.2b, and (4.57)-(4.58) together with uniform estimate 
of wo(z) under the condition that (no + n)1/4 ~ (L2n-4pol)1/6, we estimate 
denominator as follows, 

Idenominator of (4.63)1 ~ exp[-K· Cn (4.64) 

Next, we estimate the numerator part of (4.63), 

Inumerator of (4.63)1 

::; /(1- Xl(Z)) II I exp[-vn(L-l</J ± z)lIL
4
/2dll(z). (4.65) 

± 

Using (4.14) of L4.1.2a for IL-l</J ± zl < Cl (L2n-4 po )1/6, we have 

Inumerator of (4.63)1 

::; exp[K + L4D + AlCi + 2A2cf - ~(L2n-4pol)1/3l. (4.66) 

So, 

For given L, D and Cl , we can take no large enough to obtain 

RHS of (4.67) ::; exp[_~(L2n-4pol)1/3l. 
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This estimate is also valid for log(¢ = 0) - log(¢ = O)small. According to 
"'" (4.68), we can show that v~ (¢) is analytic and 

I ~ (¢)I ::; 2e-1/ 8(L2n-4pol)1/3. ( 4.69) 

Estimation of coefficients 

Now, we assume that I¢I < C1(L2(n+1)-4 pol)1/6 i.e. ¢ is in the small field 
region of v~(¢). Notice that the small field region is in the region I¢I < 
~~ LC1(L2n-4pol)1/6, so we can use the result in 4.2.1. Thus, ~ (¢) is analytic 

"'" in the small field region, and we can obtain power series expansion of v~ (¢). 
With the use of Cauchy's estimate, we see that coefficients of ¢2, ¢4 and ¢6 
satisfy, 

(4.70) 

Using the bounded convergence theorem, we see that L~2 ~ (0), i~ ~ 
(0),and~d~6 ~ (0) are continuous functions of J.ln on In. From (4.61) and 
(4.69), if no is sufficiently large, then we have 

l(vn)~8(¢)1 ::; L-(n+l)(p~/3n6/8 V no3/4), 

for I¢I < C1(L2(n+l)-4 po )1/6. 
From (4.56), (4.58), and (4.70), we know that 

I , L-2 I - IR (L ) 1 d
6 

~ (0)1 < L-2n -15/8 Pn - Pn - 6 ,no,po,n + 6! d¢6 vn - no . 

Thus, if no is sufficiently large, we have 

Ip~ - L-2(n+l)pol < (n + 1)L-2nno7/4 

which proves (4.18) of L4.1.2b'. 
From (4.56), (4.57), we know 

d4 ~ 15(p~ - L-2Pn) 
IA~ - Ani IR4(L,no,po,n) + 4!d¢4 Vn (0) + 1- L-2 I 

(4.71) 

(4.72) 

(4.73) 

< noI5/8. (4.74) 

Thus, we have IA~ - Aol < (n + 1)no7/4, (4.75) 
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which completes the proof of L4.1.2b'. 
Similarly, we get estimation of coefficient J-L~ as follows, 

/ 
' _ L2 / < /(6(An - A~) _ 90(L-2Pn - p~) 45(L-2Pn - p~))/ 

J-Ln J-Ln - 1 _ L-2 (1 - L-2)(1 - L-4) + 1 - L-4 

/ ( ) 1 J2 ~ ( )/ -15/8 ( ) + R2 L,no,po,n + 2d¢2 vn 0 ~ K x no . 4.76 

We know that map R : J-L f-+ J-L' is continuous, and image R(In) include 
I n+1 . So that we can take for I n+1 a connected component of this inverse 
image R-1(In+1) C In. 

This ends the analysis of the small field properties. 

4.2.2 Large field region analysis 

Next, we prove that e-(Vn)'(</» satisfy the condition L4.1.2a'.First, we prove 
it in the case where /Re¢/ > C1(L2(n+1)-4po1)1/6. Next, we prove it in 
/¢/ < ~~LC1(L2n-4po1)1/6 i.e. this region includes the small field region of 
v'(¢). 

The case where /Re¢/ > C1(L2(n+1)-4po1)1/6 

Note that the definition of the RG (2.15) has the following expression 

e-v~(</» = J II exp[-vn(L-1¢ ± z)]L4/2dv(z)j(¢ = 0). (4.77) 
± 

/Im(L-1¢±z)/ < C1(L2n-4po1)1/6, if /Im¢/ < C1(L2n-2 po1)1/6. From the 
condition L4.1.2a, 

/e-(Vn)'(</»/ ~ exp[L4D _ L2(A;!2 + p;!3)/¢/2 + A1An(Im¢)4] 
2 6100 L4(),1/2 1/3) 2 

X exp[A2L- Pn(Im¢)] -00 e- n -Pn Z dv(z)j(¢ = 0). (4.78) 

Note that, An and Pn are positive and sufficiently small, hence, this inte­
gral part and (¢ = 0) estimated as absolute constants, so we get 

RHS of (4.78) ~ exp[L4D - L2(A;!2 + p;!3)/¢/2 + A1An(Im¢)4] 

x exp[A2L-2Pn(Im¢)6 + K]. (4.79) 

If D and L are given, we take C1 sufficiently large and then we take no 
sufficiently large. Thus, we obtain 

/ exp( -v'(¢))/ 

< exp[D - (A~1/2 + p~1/3)/¢/2 + A1A~(Im¢)4 + A2p~(Im¢)6], (4.80) 

for /Im¢/ < C1(L2(n+1)-4po1)1/6, /Re¢/ > C1(£2(n+1)-4po1)1/6. 
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The case where I¢>I < ~~ LG1(L2n-4po )1/6 

Let (no + n)1/4 ~ (L2n-4pr;1 )1/6, /-Ln E In, and I¢>I 
From (4.59), (4.73), (4.75), and (4.76), we have 

le-(vn)' (<I» I ~ exp[K· L -2G~no1/2] 

< 10 LG (L2n-4p-l)1/6 
11 1 o· 

x exp[+K . Gt L4/3(L -2(n+1) PO)1/3] 

x exp[-A~(Re¢>4) - p~(Re¢>6) + L4no
1

/
2

]. (4.81) 

And, we estimate p~ (Re¢>6) as follows, 

p~(Re¢>6) > p~(l(Re¢»6 - 2001(Im¢»6) 

> -~D6 + 2(p~)1/31¢>12 - A2p~(Im¢»6. (4.82) 

Notice that D6 does not depend on Gl , no or n. Similarly, we can estimate, 
A~Re¢>4 ~ -~D4 + 2(A~)1/21¢>12 - A1A~(Im¢»4. Notice that D4 does not 
depend on G1, no or n, either. Put D = D4 + D6. From (4.81) to (4.82), 

le-(vn)'(<I» I ~ exp[D - ((A~)1/2 + (p~)1/3)1¢>12 + AIA~(Im¢»4] 

x exp[+A2p~(Im¢»6 - ~D + K· L-2G~no1/2] 
x exp[K . L4/3Gt(L -2(n+1) PO)1/3 + L4no

1/2], (4.83) 

which is smaller than 

if no is sufficiently large. Proof of Lemma 4.1.2 is completed. 

4.3 Proof of Theorem 4.1.1 

Finally, we prove Theorem 4.1.1, using Lemma 4.1.2, Lemma 4.1.3 and The­
orem 4.1.4. First of all, we notice that it is possible to take constants L, 
D, G1(L,D), no(L,D,G1) to satisfy Lemma 4.1.2, Lemma 4.1.3, and The­
orem 4.1.4. We can check that potential v(¢» can be iterated n1 times if 
initial parameters satisfy the conditions Ta and Tb because of Lemma 4.1.2. 
Notice that V n1 (¢», the potential after n1 iterations, satisfies the conditions 
L4.1.3a and L4.1.3b with n = 0, and so Lemma 4.1.3 can be applied to 
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this potential. We have to iterate R using Lemma 4.1.3, sufficiently many 
times so that the iterated potentials satisfy the G-K conditions. Put 

n2 = min{n EN: IPnl+nll</>1 6 + l(vn1+n»s(</»1 < (no + nl + nt
3
/
4 

for I</>I < C1(no + nl + n)1/4} + 1. 

Then, pnl+n2- 1 < (no + nl + n2 - 1)-9/4. 

(4.85) 

(4.86) 

By calculation, n2 can be estimated as n2 < logL no. Since, Pnl+n2 ~ 0, and 
by (4.24) 

15pnl+n2 ( ) -7/4 
An1+n2 - 1 _ L-2 < AO + nl + n2 no 

C++ 1 -7/4 C+ ) 1 < V no + 2(logL no)no < L4 (no + nl + n2 - . (4.87) 

Similarly, by (4.86) we have 

, _ 15Pnl+n2 C_ ( ) 1 
A n1 +n2 1 _ L-2 > L4 no + nl + n2 - . (4.88) 

So, we checked the condition G-Kh completely. 
Next, let us check the condition G-Ka. Notice that analyticity, positivity 

for real </>, and even function of Vn1 +n2 (</» are checked easily. Now, We check 
the bound of vn1 +n2 ( </» 

I exp[-vn1 +n2 (</»]1 :::; exp[D - (A~(~n2 + P~~n2)1</>12] 
X exp[+AIAnl+n2(lm</»4 + A2Pnl+n2(lm</»6]. (4.89) 

From the definitions of nl and n2, -P~~n21</>12 + A2Pnl+n2(lm</»6 is nonpos­
itive for (1m</» < C1(no + nl + n2)1/4, so we have 

(4.90) 

We have checked all of the G-K conditions. Since Pnl +n2-1 is sufficiently 
small by (4.86), we know 

I 
2( 90pnl+n2-1 45Pnl+n2-1)1 

J1nl+n2 - L J1m+n2-1 + (1 _ L-2)(1 _ L-4) - 1 _ L-4 

< 16n-15/S + I 15L
2
Pnl+n2_1I < K. n-15/S . (4.91) 

- 0 1- L-2 - 0 

As in the proof lemma 4.1.2 and Lemma 4.1.3, we can take for Jn1+n2 a 
suitable connected component. So, we can adapt Theorem 4.1.4. Theorem 
4.1.1 is now proved. 
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4.4 Remark and another result -triviality of 
hierarchical P(¢) model -

Theorem 4.1.1 can be easily extended P(cp) models. However, we require 
that a polynomial P(cp) is even and satisfies an additional condition (4.98) 
below. We consider the following class of single spin potentials: 

where : cp2k : is given by 

vo(cp) 

P(cp) 

J1cp2 + >'P(cp) , 
N 

""' a . ",2k . L 2k· 'f' ., 

k=2 

( 4.92) 

( 4.93) 

100 LdL: (L-(d-2)/2cp±Z)2k: dv(z) = L 2k-(k-1)d: cp2k:. (4.94) 
-00 ± 

(F I . ",6 '- ",6 15 ",4 45 "'2+ 90 "'2+" t" ) L t or examp e . 'f' .- 'f' - 1-L-2 'f' - 1-L-4 'f' (l-L 2)(1-L 4) 'f' cons. e 
us define a class of initial single spin potentials Vo(N, L, D, G1, no) satisfying 
the following conditions for constants L, D, G1 , and no, 

(Pa) for IImcpl < G1n6/2N, exp[-vo(cp)] is analytic, positive for real cp, even, 
and satisfies 

N N 
le-(VO)24(cP) I :::; exp[D - L a~'~0IcpI2 + L A2ka2k,0(Imcp)2k], (4.95) 

k=2 k=2 

where {A2d are universal constants, and a2k,0 = >. . a2k 

N 

(VOh4(CP) = >'0 L : cp2k : +(VOh8(CP) (4.96) 
k=2 

with 

G __ L -4 G++L -4 1 1 
:::; a4,0 :::; no ' G __ (N) > 48' G++(N) < 24' no 
GoL -4no1 < a2k,0 < G~L -4no I, Go > 0 

l(vob2N+2(CP) I :::; n~3/2N. 

We will prove the following for our class. 
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Theorem 4.4.1 In d 2:: 4, there exist positive constants: 

D(N), CI(N,L,D) 2:: L, no(N,L,D,GI) 2:: L48 , 

such that the following holds. Let GI 2:: CI(N,L,D), no 2:: fio(N,L,D,GI). 
Define the RG as (2.15). Then there exists /-Lcrit E R such that the iterates 
Vn of the recursion converge to zero uniformly on compacts in C I

, if we start 
from Vo E Vo(N, L, D, GI, no) with /-Lo = /-Lcrit· 

To prove of the triviality for (2.15) with potentials of the form (Pa)-(Pb), 
we will show that the parameters will enter the region where the Theorem 
of Gaw~dzki and Kupiainen [7] can be applied (i.e. G-K region), after some 
iterations (finite time iterations) of the RG. The point of our proof is to 
change the induction hypothesis after some iterations to reflect the domi­
nant terms in the potential. The proof goes along the following line. In the 
beginning, we are in the region where (Vnh2N( </» is dominant. For properly 
chosen initial data, (Vnh2N( </» decreases rapidly, and we then go into the 
region where </>2N-2 term of vn(</» is comparable to (Vnh2N(</». As the re­
cursion proceeds, the </>2N-2 term becomes positive and d~minant, and then 
</>2N-4 becomes positive and dominant etc. After all, vn(</» enters the G-K 
region. To trace the trajectory, we will divide up the induction into N + 1 
parts along the trajectory and impose different induction hypothesis for the 
a2k,n dominant regime for k = N, N - 1" .. ,2,1. (Compare the induction 
hypotheses L4.4.2a and L4.4.2b with L1.3a and L1.3b, respectively.) We 
will prove this by means of two lemmas. First, for N > m > 2, n 2:: 0, let 
V;:(N,L,D,GI,no) be the class of potentials Vn satisfying: 

L4.4.2a for I Im</>I < GI(L(2m-4)nno)I/2m, exp[-vn(</»] is analytic, positive 
for real </>, even, and 

N N 
le-(Vn );::4(q,) I :::; exp[D - L a;'~nl</>12 + L A2ka2k,n(Im</»2k], (4.100) 

k=2 k=2 

N 

(Vnh4(</» = L a2k,n</>2k + (Vnh2N+2(</» , (4.101) 
k=2 

with 

la4,n - L(d-2k)na2k,ol :::; nL(d-2k)nn-;;I-2/N, for k = 1"", N (4.102) 

I (Vnh2N+2 I :::; (n-;;3/2N)L-n/N. (4.103) 
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Lemma 4.4.2 Let 3 ::; m ::; N There exist constants 

(4.104) 

such that the following holds. Let 1/2N > 5 > 0, G1 ::; 01 (N, L, D), no ~ 
no(N, L, D, G1) and n ~ 0 satisfy the inequality 

(L(d-2m)nn-1)1/2m > 0 
{ 

(L(d-2m+2)nn-1)1/(2m-2) if m > 3, 

o - (no + n)-1/4 ifm = 3. (4.105) 

Suppose also that Vo E Vo(N, L, D, G1, no), and Vn E V:;"(N, L, D, G1, no). 
Then, there exists a closed interval I n C In = [-(no + n)-l-", (no + n)-l-"l 
such that for J-ln running through I n, Vn+1 E V:;"+l (N, L, D, G1, no). Further, 
the map J-ln ~ J-ln+1 sweeps In+1 continuously. 

Since Vo(N,L,D,G1,no) = V[;,(N,L,D,G1,no), we can iterate Lemma 4.4.2 
for m = N, and for n ~ 0 as long as (4.105) is satisfied. For 3 ::; m ::; N - 1, 
put 

Obviously, ~ logL no ::; nm < logL no. By Lemma 4.4.2 for m = N, 

(4.107) 

Therefore we can restart applying Lemma 4.4.2 for m = N - 1. Since 

(4.108) 

for each m, this can be continued until n = n3. Let 

(4.109) 

and let us define a class of single spin potentials V~2+n (N, L, D, G1, no) sat­
isfying: 

L4.4.3a for IIm¢1 < G1(nO+n2+n)1/4, exp[-vn2+nl is analytic and positive 
for real ¢, even, and 

N N 

::; exp[D - L a!:~:1¢12 + L A2ka2k,n2+n(Im¢)2k], (4.110) 
k=2 k=2 
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with 

N 

(vn2+nh4(¢) = L a2k,n : ¢2k : +(Vn2+nh2N+2(¢), 
k=2 

Lemma 4.4.3 There exist constants 

-( ~ N,D(N),C1 N,L,D) ~ L,no(N,L,D,Cd ~ L 

(4.111) 

(4.112) 

(4.113) 

(4.114) 

such that the following holds. Let N-1 > 8 > 0, C1 ~ C1(N, L, D), no ~ 
no(N,L,D,C1), logLno ~ n ~ O. vo(¢) E Vo(N,L,D,C1,no), and Vn2+n E 

V~2+n(N,L,D,Cl,nO)' Then, there exists a closed interval Jn2+n C In2+n = 
[-(no + n2 + n)-1-6, (no + n2 + n)-1-6] such that for J-ln2+n running through 
Jn2+n, Vn2+n+l E V~2+n+l' Further, the map J-ln2+n f-t J-ln2+n+l sweeps In2+n+1 
continuously. 

The proof of Lemma 4.4.3 is close to the proof of Lemma 4.4.2. A differ­
ent point from Lemma 4.4.2 is the difference in the condition of the region 
where vn2+n ( ¢) satisfies analyticity. In fact we require that exp [-Vn2+n (¢)] 
is analytic for IIm¢1 < C1(no + n2 + n)1/4 in Lemma 4.4.3. Because ¢4 term 
becomes dominant compared with (vn1+n h6(¢) this time. 

With Lemma 4.4.3 we can continue iterations, and we can make sure that 
after a finite number of iterations, this potential is in the G-K region. More 
precise information about G-K region is in section 3.1 and section 4.1. 

4.5 Proof of Lemma 4.4.2 

Now we start to prove Lemma 4.4.2. The proof is quite similar to that of 
lemma 4.1.2. Let 2 < m < N, we will only prove that v~(¢) = Vn+l(¢) 
is in V:+1(N,L,D,C1,no), if J-ln is in In. As before, we separate the cases 
into two; small field case or large field case corresponding to the cases either 
I¢I < C1(L(2m-4)(n+l)no)1/2m, or IIm¢1 < C1(L(2m-4)(n+l)no)1/2m respectively. 
In the small field case, we prove that v~ (¢) satisfies L4.4.2b', the condition 
L4.4.2b with n being replaced by n + 1, by using the Taylor expansion, 
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and some estimation of the Gaussian integrals as in [7]. As for the large 
field region, we only investigate global behavior of v~ (cp), i.e., we confirm 
that v~(cp) satisfies (4.103) of L4.4.2a', the condition L4.4.2a with n being 
replaced by n + 1. We use K for calculable absolute constants, whose values 
will vary in each occurrence. 

4.5.1 Small field region analysis 

Let Vn E V;;'. We must also prepare some notations. Write X1(Z) = X(\z\ < 
(L(2m-4)nno)1/2m) and throughout this subsection, we assume that cp is in the 
region \cp\ < ~~ LC1(L(2m-4)nno)1/2m. Note that we have to put C1 to satisfy 
the inequality \L -lcp ± z\ < C1 (L(2m-4)nno)1/2m for \z\ < (L(2m-4)nno)1/2m 
and \cp\ < i~ LC1(L(2m-4)nno)1/2m. Next, decompose Vn+1(CP) as follows, 

where 

(cp = O)small 

~ 

Estimation of v~ (cp) 

Let us take a logarithm of (4.116). 

N 
" L4-2k( )",2k ~ a2k,n - C2k,n 'P 

k=l 

-log J e-w</>(z) dV1(Z) + log(cp = O)small, 

where C2k,n, wq,(z) are given by 

N N 

(4.115) 

(4.116) 

(4.117) 

(4.118) 

(4.119) 

L a2k,n : cp2k := L(a2k,n - C2k,n)cp2k, (4.120) 
k=l k=l 
wq,(z) = wo(z) + W2(Z)cp2 + W4(Z)cp4 + W6(Z)cp6 + w>s(cp, z), (4.121) 
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for p = 0, ... , N - 1 and 

From the conditions L4.4.2a - L4.4.2b, Vn (cp) is even and analytic. We can 
estimate ::2~:22(Vnh2N+2(CP) on the support of dV1(Z) as follows by using the 
Cauchy formula and (4.103), 

(4.124) 

::2 ( Vn h2N +2 (z) to ::~ ( Vn h2N +2 (z) can be estimated as (4.124). From the 
perturbation expansion: 

-log J e-W <l>(z) dV1(Z) 

= -log J dV1(Z) + (wq,(z))o - 10
1 
dt(l- t)(wq,(z);wq,(z))t, (4.125) 

where 

( 4.126) 

Now, we shall estimate each part of (4.125). Using the estimation of the 
Gaussian integrations, we get 

(wq,(z))o = L4(vn (z))o 

+ ~1 f. L4- 2k (~k) (a2k,n _ C2k,n)cp2N-2p (2p - I)!! 
p=o k=l p 

(4.127) 
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~o,o 

where, the terms R2i (L, no, n), i = 1" .. ,N satisfy 

I R~o,o (L n n)1 < (n -3/2N)n -(N+1)/m L -(1/N+(N+1)(m-2)/m)n 2t ,0, - 0 0 . (4.128) 

From (4.124) and the similar estimates for ::2 (Vnh2N+2, "', 
d

2N ( ) b . dz 2N Vn :;::2N+2, we 0 taln, 

N ext we estimate 

10
1 

dt(1 - t)(wq,(Z); wq,(z))t = 10
1 

dt(1 - t) L: (W2i; W2j)t 
t,] 

= 11 dt(1 - t)(wo(z); wo(Z))t + 11 dt(1 - t) L (W2i; W2j)t, (4.130) 
o 0 iJ~O 

where 
_ W2i Z <p i = 0, ... ,2N 

{ 
() 2i 

W2i = W:;::2N+2(<P, z) i = N + 1. 

The cumulants are 

(e-twq,(Z))~l (w2iW2je-twq,(z))0 

- (e-twq,(z))~2 (W2i e- twq,(z))0 (w2je-twq,(z))0' (4.131) 

Note that the support of dIl1(Z) is Izi < (L(2m-4)nno)1/2m. From (4.105), we 
get the uniform estimate IWq,(z)1 :S: K . L2N erN for Izl < (L(2m-4)nno)1/2m 
and 1<p1 < 1O~?1 (L(2m-4)nno)1/2m. Hence, 

L (W2i; w2j)tl 
(i,j)~(O,O) 

:S: eKL2NcrN L ((l w2illw2jl)0 + (IW2il)0(lw2jJ)0)' 
(i,j)~(O,O) 

(4.132) 

From (4.122)-(4.123), we can estimate I J~ dt(1-t) L(i,j)~(O,O) (W2i; w2j)tl sim­
ilarly as in (4.124), and we obtain 

12nd term of RHS of (4.130)1 
N 

:S: K eKCrN L -2no2(1<p12 + L L -(4-2k)n-21<p1 2k ) 
k=2 

+Ihigher order termsl. ( 4.133) 
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The higher order terms are estimated as follows, 

Ihigher order terms 1 :S KeK.LNC'fN L4(N-1)-n/Nct(N-1) (no4/2N). (4.134) 

Next, we estimate J~ dt(l-t)(wo(z); wo(z))t. Since (wo(z); wo(z))t is analytic 
function in I¢I < ~~ LC1(L(2m-4)no)1/2m, by Cauchy formula we get 

110
1 

dt(l - t)(wo(z); wo(z))t - 10
1 

dt(l - t)(wo(z); wo(z))tl<l>=ol 

:S K exp(K· L2NC~N) . L-2no21¢1 2.(4.135) 

So we have, 

110
1 

dt(l - t)(w<l>(Z); w<l>(Z))t -10
1 

dt(l - t)(wo(z); wo(z))tl<l>=ol 

:S K exp(K . L2N C~N)L -2no2(1¢12 + ... + L -(4-2N)nl¢1 2N ) 

+ 1 higher order terms I, ( 4.136) 

Ihigher order termsl :S KeK.L2NC'fN L4(N-1)-n/N ct(N-1)(no4/2N ). (4.137) 

These coefficients are large, but not terrible, because we can take no suffi­
ciently large. In the following, we put n6/2N ~ K . Ct(N-1) L4(N-1)eK-L2Nc'fN. 
From (4.119) and (4.125), we infer that 

~ N 

v~ (¢) = L L4- 2k (a2k,n - C2k,n)¢2k 
k=l 

N N 

+ L L L~k2kC2p(a2k,n - C2k,n)(2N - 2p - 1)!!¢2P 
p=lk=l 

2N ~ ~ 

+ L R2k (N,L,no,n)¢2k+ (vn)'~2N+2 (¢), 
k=l 

where, the terms R2i (N, L, no, n), i = 1"" ,N satisfy 

1 ~ (N L )1 < L- 1O-(4-2i)n -2+l/2N 1 ~o,o (N L )1 R2i " no, n _ no + R2i " no, n , 
i = 1,"',N, 
~ 

and from (4.129) and (4.137), (Vn)'~2N+2 (¢) satisfy 

(4.138) 

( 4.139) 

1 (V:)'~8 (¢)I :S L4- n/N(1 + L-(4-2m)n/m(not1/m + L-4)(no3
/
2N ), (4.140) 

for I¢I < ~~ LC1(L(4-2m)nno)1/2m. Notice that 

(¢ = O)small = log J dV1(Z) - (wo(z))o + 10
1 

dt(l - t)(wo(z); wo(z))tl<l>=o. 
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So we can check that the constant term (cp = O)small vanishes. The estimate 
(4.140) is a little weaker than what we want (see (4.103)). So, we need a 

stronger estimate. Since v~ (cp) is analytic in Icpl < ~~LCl(L-(4-2m)nno)1/2m, 

cp-2N-2 (Vn)'>8 (cp) is also analytic in Icpl < ~~LCl(L-(4-2m)nno)1/2m. We 
obtain from fhe maximum principle 

1 (~)I (cp)1 < ( Icpl )2N+2( -3/2N) 
Vn ?2N+2 - (1OL/11)C1(L-(4-2m)nno)1/2m no 

x (L4- n/N (1 + L -(4-2m)n/m(no)-1/m + L -4)), (4.141) 

1 (V:)'?2N+2 (cp)1 ~ (~~)2N+2L-(2N+2)(1-(4-2m)/2m) 

X (L4-n/N(1 + L-(4-2m)n/m(no)-1/m + L-4) (n;;3/2N)). (4.142) 

Estimation of ~ (cp) for Icpl < ~~LCl(L-(4-2m)nno)1/2m 

Represent (4.115) as 

~ (cp) = log (1 + J exp[- ~L4 L± v~(L -lcp ± z)](1 - X1(Z) )dv(z)) 

e-v:"'(jJ)(cp = O)small 

+ log(cp = O)small -log(cp = 0). (4.143) 

We want to prove that ~ (cp) is analytic inlcpl < ~~ LC1(L(2m-4)nno)1/2m and 
~ 

sufficiently smaller than v~ (cp). To prove these properties, we have only to 
prove that 

~ (4.144) 
e-v:".(t»(cp = O)small 

is analytic and sufficiently small in Icpl < ~~ LC1(L(2m-4)nno)1/2m. First of all, 
we estimate the denominator of (4.144). We can show that the denominator 
is bounded from below by a constant which depends on C1 , but not on no. 
From L4.4.2b, and (4.139) together with uniform estimate of wo(z) under 
the condition of (4.105), we estimate denominator as follows, 

Idenominator of (4.144)1 ~ exp[-K· L2NC;N]. (4.145) 
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Next, we estimate the numerator part of (4.144), 

Inumerator of (4.144)1 

~ /(1 -X1(Z)) II 1 exp[-vn(L- 11/> ± Z)jIL4/2dll(z). (4.146) 
± 

Using (4.100) of L4.4.2a for IL-11/>±zl < C1(L(2m-4)nno)1/2m, we have 

Inumerator of (4.144)1 
N 1 

~ exp[K + L4D + L A2kCbCik - 4(L(2m-4)nno)1/mj. (4.147) 
k=2 

So, 

1(4.144)1 

For given L, D and C1, we can take no large enough to obtain 

(4.149) 

This estimate is also valid for 10g(1/> = 0) - 10g(1/> = O)small. According to 
"" (4.149), we can show that v~ (I/» is analytic and 

1 ~ (I/» 1 ~ 2e-1/8(L(2m-4)nno)1/m. (4.150) 

Estimation of coefficients 

Now, we assume that II/>I < C1 (L(2m-4)(n+1)no)1/2m i.e. I/> is in the small 
field region of v~ ( 1/». Notice that the small field region is in the region 
II/>I < ~~ LC1(L(2m-4)nno)1/2m, so we can use the argument above. Thus, 
"" 
v~ (I/» is analytic in the small field region of v~, and we can obtain power 

"" series expansion of v~ (1/». With the use of Cauchy's estimate, we see that 
coefficients of 1/>2 to 1/>2N satisfy, 

1 
~ d

k ~ (0) 1 < _1/8(L(2m-4)nno)1/m k = 2 4 ... 2N 
k! dl/>k Vn - e ", , . (4.151) 

Using the bounded convergence theorem, we see that ~ :;2 ~ (0), ~~ ~ 
(0),··· 21, d~:; ~ (0) are continuous functions of J-ln on In. From (4.142) and 
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(4.150), if no is sufficiently large, then we have 

( 4.152) 

for I</JI < C I(L(2m-4)(n+l)no)I/2m. From (4.94), (4.138), (4.139), and (4.151), 
we know that 

1 L 4-2k 1 1 d
2k 

"'" 
a2k,n+1 - a2k,n IR2k (N, L, no, n) + 2k! d</J2k v~ (0)1 

< L(4-2k)nn~I-2/N, k = 3"" 2N. (4.153) 

Thus, if no is sufficiently large, we have 

(4.154) 

which proves (4.103) of L4.4.2b'. From (4.138), (4.139), we know 

1 1 
-1-2/N 

a4,n+1 - a4,n :S no . ( 4.155) 

Thus, we have 

1 1 ( ) 
-1-2/N 

a4,n+1 - a4,O < n + 1 no , (4.156) 

which completes the proof of L4.4.2b'. Similarly, we get estimation of coef­
ficient f-t~ as follows, 

1 
' - L2 1 < K -1-2/N f-tn f-tn _ x no . (4.157) 

We know that map R : f-t f-t f-t' is continuous, and image R(In) include 
In+!' So that we can take for I n+1 a connected component of this inverse 
image R-I(In+l) C In. 

This ends the analysis of the small field properties. 

4.5.2 Large field region analysis 

Next, we prove that e-(Vn),(<I» satisfy the condition L4.4.2a'. First, we prove 
it in the case where IRe1>1 > C I (L(2m-4)(n+l)no)I/2m. Next, we prove it in 
I</JI < ~~ LCI (L(2m-4)nno)I/2m i.e. this region includes the small field region 
of v~ (1)). 
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The case where I Re</YI > C1(L(2m-4)(n+1)no)1/2m 

Note that the definition of the RG (2.15) has the following expression 

e-V~(q,) = fIT exp[-vn(L-1</y± z)]L4
/2dll(Z)/(</y = 0). (4.158) 

± 

IIm(L-1</y ± z)1 < C1(L(2m-4)nno)1/2m, if I Im</Y I < C1(L(2m-4)(n+1)no)1/2m. 

From the condition L4.4.2a, 

(4.159) 

Note that, {a2k,n} are positive and sufficiently small, hence, this integral part 
and (</Y = 0) estimated as absolute constants, so we get 

RHS of (4.159) 
N N 

::::: exp[L4D - L2 L a~'~:1</y12 + L L4- 2k A 2ka2k,n (Im</y) 2k + K]. (4.160) 
k=2 k=2 

If D and L are given, we take C1 sufficiently large and then we take no 
sufficiently large. Thus, we obtain 

I exp( -(V~h4(</Y))1 
2N 2N 

< exp[D - L a~'~:+11</Y12 + L A2ka2k,n+l (Im</y )2k], (4.161) 
k=2 k=2 

The case where I</YI < i~ LC1(L(2m-4)nno)1/2m 

Now we prove remainder part of large field region. Let fJn E In, and I</YI < 
i~ LC1(L(2m-4)nno)1/2m. From (4.140), (4.154), (4.156), (4.157), and K(no + 
n)1/4> (L(2m-4)nno)1/2m for m 2:: 3, we have 

2N 

le-«Vn)')~4(q,) I ::::: exp[K L L -2C~kno1/k] 
k=2 

N 

X exp[- L a2k,n+1(Re</y2k) + L4nOl/2]. (4.162) 
k=2 
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And, we estimate a2k,n+1 (Re4>2k) as follows, 

a2k,n+1(Re4>2k) ~ a2k,n+1(~(Re4»2k - K(Im4»2k) 

~ -~D2k + 2(a2k,n+1)1/kl4>12 - A2ka2k,n+1(Im4»2k. (4.163) 

Notice that D2k does not depend on C1, no or n. Put D = ~f:=2 D2k . From 
(4.162) to (4.163), 

N N 

I e-((Vn)') 2:4 (<!»I ~ exp[D - L(a2k,n+d1/kl4>1 2 + L A2ka2k,n+1(Im4»2kJ 
k=2 k=2 

[ 1 2 2 -1/2J 
X exp - 2. D + K . L - C1 no 

x exp[K· L4/3C~N(L(4-2m)(n+1)no)1/m + L4n~1/2], (4.164) 

which is smaller than 

N N 

exp[D - L a~'~+114>12 + L A2ka2k,n+1 (Im4> )2k], (4.165) 
k=2 k=2 

if no is sufficiently large. Proof of Lemma 4.4.2 is completed. 

4.6 Proof of Theorem 4.4.1 

Finally, we prove Theorem 4.4.1, using Lemma 4.4.2, Lemma 4.4.3 and The­
orem 4.1.4. First of all, we notice that it is possible to take constants L, 
D(N), C1(N, L, D), no(N, L, D, C1) to satisfy Lemma 4.4.2, Lemma 4.4.3, 
and Theorem 4.1.4. We can check that potential v( 4» can be iterated n2 
times if initial parameters satisfy the conditions (Pa) and (Pb) because of 
Lemma 4.4.2. Notice that vn2 (4)), the potential after n2 iterations, satisfies 
the conditions L4.4.3a and L4.4.3b with n = 0, and so Lemma 4.4.3 can 
be applied to this potential. We have to iterate R using Lemma 4.4.3, suffi­
ciently many times so that the iterated potentials satisfy the G-K conditions. 
Put 

n1 = min{n EN: I(Vn2+n h6(4»1 < (no + n2 + n)-3/4 

for 14>1 < C1(no + n2 + n)1/4}. (4.166) 

Then, 

(4.167) 
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By calculation, n1 can be estimated as n1 < K 10gL no· Since, a2k,nl +n2 2: 0, 
and by (4.112) 

Similarly, by (4.167) we have 

(4.169) 

So, we checked the condition G-Kh completely. Next, let us check the con­
dition G-Ka. Notice that analyticity, positivity for real ¢, and even function 
of Vn1+n2 (¢) are checked easily. Now, We check the bound of vn1 +n2 (¢) 

2N 

I exp[-vn1 +n2 (¢)]1 ::; exp[D - L a~'~1+n21¢12] 
k=2 

2N 

X exp[+ L A 2ka2k,nl+n2(Im¢)2k]. 
k=2 

(4.170) 

Notice that - 2:~~3 a~'~~l +n21¢12 + 2:~~3 A2ka2k,nl +n2 (Im¢ )2k is nonpositive 
for (Im¢) < C1 (no + n1 + n2) 1/4 from the definitions of n1 and n2. So we 
have the following inequality 

We have checked all of the G-K conditions. Since a2k,nl+n2- 1, k 2: 3 is suffi­
ciently small by (4.167), we know 

I 2( 6An1 +n2 -1)1 K -1-2/N( ) 
/-Lnl+n2- L /-Lm+n2- 1 - C2 ,nl+n2-1 + 1-L-2 ::; ·no .4.172 

As in the proof lemma 4.4.2 and Lemma 4.4.3, we can take for Jn1 +n2 a suit­
able connected component. So, we can adapt Theorem 4.1.4. Now, Theorem 
4.4.1 is finished. 
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Chapter 5 

Central Limit Theorem and 
Law of Iterated Logarithm for 
Hierarchical Models 

In this Chapter, we consider some problems related to hierarchical models. 
First, we consider the central limit theorem (CLT) for the block spin see 
[2J for a related work for the central limit theorem for hierarchical models. 
Finally, we show the Law of Iterated Logarithm for Block Spin at the origin. 

5.1 Central Limit Theorem for Block Spin at 
the origin 

In this section, we consider the central limit theorem for the block spin at 
the origin. This is a natural application of RG analysis, because we already 
investigated the limit probability measure for iterations of RG. First, we 
consider Gaussian cases. 

5.1.1 massless hierarchical Gaussian case 

Proposition 5.1.1 Let <P6n ) be the n'th iterated block spin at the origin, i. e., 

(5.1) 

Then, <P6n ) has the normal distribution with mean 0 and variance (J2 = 
1-£ \a 2) for all n. Especially, limit block spin at the origin also has the 
same distribution. 
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Proof of Proposition 5.1.1 

The massless hierarchical spin <Px is defined by the summation of independent 
Gaussian random variables {Z~}, so {<Px} are Gaussian system. Obviously, 
E[<px] = 0 for all x, and it is easy to see that E[(<Px)2] = l_L!(d-2)' From the 
definition of block spin, <p~n) has the same distribution of <Px. So, statement 
is shown. 

5.1.2 massive hierarchical Gaussian case 

Here, we consider the central limit theorem for massive hierarchical Gaussian 
case, i.e., single spin is v( <p) = J-l<p2, J-l > O. In this case, {<Px} is still a Gaussian 
system. However the order of scaling is different from massless case. 

Lemma 5.1.2 Let v(<p) = J-l<p2, and Pv ['] be formaly written by 

(5.2) 

(5.3) 

Then, this system is also a Gaussian System, whose means {mj.l(<px)}, vari­
ances {Vj.I(<Px)}, and covariances {Covj.l(<Px, <py)} are given by 

0, (5.4) 
ko-l L -(d-2)k 00 L -(d-2)k 

{; 2Ld+2kJ-l + 1 + k~O 4dLd+2kJ-l + l' (5.5) 

ko-l L -(d-2)k 00 L -(d-2)k 

L 2Ld+2kJ-l + 1 + L 4dLd+2kJ-l + l' (5.6) 
k=/s.(x,y) k=ko 

where /s.(x, y) is the smallest number which satisfies [L -kx] = [L -ky], for each 
x, y E Zd and ko = kQ(x) is the smallest number which satisfies [L -kX] = O. 

proof of Lemma 5.1.2 

Let <p~ be the LN size cut off spin variables, i.e., 

N-l 

<p;: = L A[L-kx]Z[L-k-lx],k, X E AN 
k=O 
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where AN = {x E Zd; [L-Nx] = O}. We first compute the characteristic 
function of ¢;} for the massive hierarchical Gaussian system {¢;}}XEAN' 

m 

E:'[exp(it L tl¢XI)] 
l=1 

1 m N-1 
= -rr r A exp(i L tl L L -(d-2)k/2 A[L-kx]Z[L-k-Ixj,k) 

ZAN JR N l=1 k=O 
N-1 

exp[- L L(1/2+L(k+1)dL-(d-2)kJ1 )Z;,k] 

xEAN-I \{O} k=O 
N-1 

x exp[- L (1/2 + 2dL(k+1)dL-(d-2)k J1 )z5,k] IT dZx,k. 
k=O 0"5.k"5.N-1,XEAN_I 

m k(XII,.··,Xlq) (th + ... + tlp)2 L -(d-2)k 

= exp[- L L L 2 1 + 2£2k+d ] 
p=1 h <l2< .. ·<lq k-k( ... ) J1 -_ XLI' ,Xlq 

m 

X exp[- L 
kO(XII,. .. ,Xlq) 

L 
(th + ... + t lp )2 L -(d-2)k 

2 1 + 4d£2k+d) 
(5.8) 

where k(Xl!? ... ,Xlp) is the smallest number which satisfies [L -kXh ] = ... = 
[L -kXlp ] -I- 0 for only xh,"" Xlp' and k(Xh,"', Xlp) is the largest num­
ber which satisfies [L -kXh ] = ... = [L -kXlp ] -I- 0 for only Xl!?···, Xlp' 

kO(Xl!? ... ,Xlp) is the smallest number, satisfies [L -kXh ] = ... = [L -kXlp ] = 0 
for only xh, ... , Xlp' and ko (xh , ... , Xlp) is the largest number which satisfies 
[L -kXh ] = ... = [L -kXlp ] = 0 for only XLI' ... ,Xlp' Notice that cross term in 
LXEAN v(¢;}) vanish because of the factor {Ax}. Let take limit N ---t 00, we 
get the assertion of the lemma. 

CLT of massive hierarchical Gaussian Case 

We show the central limit theorem of block spin at the ori~in. We must 
calculate the characteristic function of ¢~n). Recall that ¢on) is the n'th 
iterated block spin, i.e., ¢~n) = L-(d+2)n/2 Lx:[L-nx]=O¢x, Hence we have 

(5.9) 

In this formula, EIL[exp[it¢~n)ll goes to 1 as n ---t 00. Obviously, the limit 
distribution is degenerated. It means that this scaling is incorrect. The 
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correct scaling is Ldn/2. In fact, 

t2 00 L -(d-2)k 
exp [-"2 L L-2n + 4d£2k+d ]. (5.10) 

k=O ~ 

So, the limit of ElL [exp[itL -~n Lx:[L-nxj=O <Pxll exists, and we know 

Jl.~ ElL [exp[itL -dn/2 L <Pxll 
x:[L-nxj=O 

t 2 00 1 
exp [-"2 E 4dL-(k+l)d) 

t 2 1 1 
exp[-- . -]. (5.11) 

2 Ld - 1 4d~ 

Theorem 5.1.3 Let <P6n) be the n'th iterated block spin at the origin, i. e., 

;:. (n) _ L- dn 
'1'0 - 2 

Then, the limit distribution of fo (n) is as follows 

- (n) 
lim PIL[a :::; <Po < b] 

n--->oo 

where 
1 1 

Ld - 1 4d~' 

(5.12) 

(5.13) 

(5.14) 

5.2 The Hartman-Wintner Law of the Iter­
ated Logarithm for Hierarchical Spin Sys­
tems 

In this section, we investigate into the Law of the Iterated Logarithm (LIL) of 
this system. First of all, we prove the LIL of hierarchical massless Gaussian 
Case, next we consider another situation. 

5.2.1 massless hierarchical Gaussian case 

The opportunity of this section, we prove the following assertion, 
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Theorem 5.2.1 Let ¢6n) be the block spin of the n th scale at the origin, and 
(J2 = l-L lid 2)' Then if Ka = [-(J, (Jj, 

P[lim dist(¢6n)/(210glogLdn )1/2,Ka) = OJ 
n---+oo 

P[C(¢6n) 1(2 log log Ldn )1/2) = KaJ = 1, 

1, (5.15) 

(5.16) 

where C(an) is the all of the cluster points of {an}. In particular, with 
probability 1 

lim sup ¢6n) 1(210g log Ldn)1/2 = (J, lim inf ¢6n) I (210g log Ldn)1/2 = -(J.(5.17) 
n--+-oo n-4OO 

Proof of 5.2.1 

We follow the argument by as de Acosta [lJ. We put an = V210g log Ldn, 
and, we will show 

¢(n) 
P[lim sup _0_ :S (JJ = 1. 

n---+oo an 
(5.18) 

For arbitrary 8 > 0, from proposition 5.1.1 we calculate easily as follows, 

100 exp[-x2/2(J2J dz 
an a(1+8) V27f(J2 

< const exp[-a;(J2(1 + 8)2/2(J2J 

< const( nd log L) _(1+8)2. (5.19) 

So, L~=o P[¢6n) > an((J + 8)J < 00. By Borel-Cantelli's first lemma, we get 

¢(n) 
P[lim sup _0_ :S (J + 8J = 1. 

n---+oo an 
(5.20) 

Since 8 is arbitrary, this proves (5.18). We prove next 

(5.21) 

( ) (n) 
In fact, (5.18) applied to _¢on yields that P[liminfn---+oo ~ 2:: -(JJ = 1, and 
since 

{lim sup dist(¢6
n
) Ian, Ka) > O} 

n---+oo 

c {lim sup ¢6n) I an > (J} U {lim inf ¢6n) I an < -(J}, 
n---+oo n-+oo 
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(5.21) follows. It remains to show 

(5.22) 

In order to prove (5.22), it is enough to show that for every bE (-(7, (7) 

(5.23) 

In fact, taking a countable dense set D c (-(7, (7) it follows from (5.23) that 

P[D c C(<P6n) Ian)] = 1. Since C(<P6n) Ian) is closed and as a consequence of 

(5.21), P[C(<P6n) Ian) c K<7] = 1, (5.22) follows. Let nk = (L + k) 10gL(L + k) 
and write 

(5.24) 

• ank (d-2) . () Smce -----±!.L--2-nk+ 1 -> 0, It follows from 5.21 that 
ank 

(d-2) (n) 
lim sup la;;-; L --2-nkH <pO k+1 1 

ank (d-2) (n)) 
lim sup -----±l... L - -2-nk+11 <Po kH I ankH 1 

k---->oo ank k---->oo 

0, a.s. (5.25) 

. I (n) (d-2) (nk) } 
GIVen E > 0, let Ak = {Ia;;-k (<Po k - L --2-nk+1<po +1) - bl < E . Let Ibl < (7, 
put cy = Ibl (71 and choose 8 > ° so that cy + 8 < 1. From a property of 
Gaussian system, there exists k8 = k( 8) such that for k ~ k8 

(5.26) 

and therefore 2:f=I P(Ak) = 00. Since {<P6nk ) - L-d22nk+1<p6nk+1); kEN} is 
independent, Borel-Cantelli's second lemma yields: 

P[likminf la;;-kI (<P6nk ) - L-d22nk+1<p6nk+1)) - bl ::; E] = 1 (5.27) 
---->00 

Since E is arbitrary it follows (5.24) - (5.27) that 

(5.28) 

which implies (5.23). 
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5.2.2 massive hierarchical Gaussian case 

In this section, we consider the LIL of massive hierarchical Gaussian case. 
From the argument of 5.1.2, massive hierarchical Gaussian model has similar 
system as massless hierarchical Gaussian model. So, we can show the LIL of 
massive hierarchical Gaussian model as same as massless case. 

Theorem 5.2.2 Let ¢~n) = Ln¢~n) be the block spin of the n th scale at the 
. . d 2 - 1 1 T'l. ·fK - [ J orzgzn, an CT - Ld_l • 4dJ.L· nen Z a - -CT, CT , 

P[lim dist(¢~n)j(2loglogLdn)1/2,Ka) = OJ 
n .... oo 

p[C(¢~n) j(2log log Ldn )1/2) = KaJ = 1, 

1, (5.29) 

(5.30) 

where C( an) is the all of the cluster points of {an}. In paticular, with prob­
ability 1 

lim sup ¢~n) j (2 log log L dn)1/2 = CT, lim inf ¢~n) j (2log log Ldn)1/2 = -CT, 
n-.oo n-+oo 

lim sup I¢~n) j(2log log Ldn)1/21 = CT. 
n .... oo 
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