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Chapter 1

Introduction

The statistical physics is the one of the main subject of the modern physics
which deals with systems involve a very large number of degrees of freedom,
for example phase transition of ferromagnet and so on. The renormaliza-
tion group analysis is a method for dealing with some of the most difficult
problems which involve a large number of degrees of freedom. The historical
monograph of Renormalization Group (RG) Analysis appeared in 1974 [13].
In this monograph, They show not only the fundamental idea of RG analysis,
but also the concrete calculations and examples. However, these calculations
are still not proved in mathematical sense. Our purpose of studying mathe-
matical RG analysis is to justify RG analysis in mathematical sense. How-
ever, to establish RG analysis in mathematical sense is a long and winding
road for mathematical physicists, in fact mathematical RG analysis has not
been accomplishment yet. However, some informative results have appeared.
For example, P.M. Bleher and Y. G. Sinai generalized Dyson’s hierarchical
models, and studied these models by using RG analysis. K. Gawedzki and
A. Kupiainen has shown so-called triviality of hierarchical ¢ model. Re-
cently, the author succeeded the generalization of Gawedzki and Kupiainen’s
work. This generarization is the main part of this thesis.

The organization of this thesis is as follows. In Chapter 2, we introduce
hierarchical models, and Renormalization Group. Chapter 3 is a review of
Gawedzki and Kupiainen’s work. And then, we present recent result which
the author showed. The main part of Chapter 4 will be published in

Kenshi Hosaka; Triviality of Hierarchical Models with Small Negative ¢*
Coupling in Four Dimensions, Journal of Statistical Physics.

Section 4.4 in Chapter 4 is proof of triviality of hierarchical P(¢) model,
will be published in



Kenshi Hosaka; Triviality of Hierarchical P(¢) model, RIMS kokyuroku.

Finally, we try to show the law of iterated logarithm about the block
spin at the origin. Unfortunately, we show only Gaussian case in this thesis,
however we expect that this property holds in general cases.

Acknowledgements: The author is grateful to Professor Yasunari
Higuchi for his encouragements and his helpful advice. The author would
like to thank Professor Tetsuya Hattori, Professor Takashi Hara, Professor
Hiroshi Watanabe, and Professor K.R. Ito for emphasizing the importance
of renormalization group idea and giving valuable comments. The author is
also grateful to Professor Hidenori Sonoda, and Professor Tomotoshi Nishino
for their advices. The author would also like to thank Professor Munemi
Miyamoto, Professor Jousin Murai, Professor Taizo Chiyonobu, Dr. Masaki
Takeshima, Dr. Nobuaki Sugimine, Dr. Masato Takei for giving useful advices
at the Tuesday seminar, Statistical Mechanics in Kobe .



Chapter 2
Hierarchical Models

In this chapter, we introduce specific spin models called hierarchical spin
models. F.J. Dyson introduced new type spin models imitating in many re-
spects the lattice systems with pair wise long range interaction in the end
of 1960’s [4]. He proved that these models exhibit phase transition under
suitable conditions. Now, theses models were named Dyson’s hierarchical
models after his name. In the first half of 1970’s, P.M. Bleher and Y.G. Sinai
succeeded to generalize Dyson’s hierarchical models, and obtained some in-
teresting results by using RG analysis. We start this chapter with a exact
definition of hierarchical models introduced by Gawedzki and Kupiainen [5]

[6].

2.1 Gawedzki-Kupiainen’s hierarchical mod-
els

In this section, we will introduce the Gawedzki and Kupiainen’s hierarchical
models. In the statistical physics, we must consider the following distribu-
tion,

L=V (8))dva(8), (21)

where dvg(¢) is the Gaussian measure with mean zero and covariance G =
(—=A)~L. Note that

_ 1

The hierarchical model replaces the covariance (—A)~! by its (hierarchical)
modified version G* with similar long range behavior. Let L be a positive
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even integer, Z% be a d-dimensional hyper cubic lattice, and G" be as follows

G:’cly = Z L_(d_Z)ka'?k:yk (2-3)

k=0

where z;, € Z¢ satisfies [L~*z] = z; where [z] is the integer part of z, and

Popye = 606k+1yk+1Awk+1(xk)Aka(yk) (2'4)

where {A,},czq is defined by

A(z) = +lor—1, for [[7'z] = 2,2 € Z¢ (2.5)
> Afz) =0 (2.6)

z:[L~1z]=z

Notice that G" is a positive but not strictly positive matrix. It is easy to see
that

1
R 7 —(d—2)ke
Gwy = L yl__L—(d—2)
+L"(d—2)(ka:y—l)Axkxy (xkxy_l)A%y (yk”_l) (2.7)

where k,, is the smallest positive integer satisfies [L™*z] = [L7*y]. In that,
the long range behavior of G}, mimics that of (2.2), however G" is not trans-
lation invariance which G = (—A)~! satisfies. Let dvg, be the Gaussian
distribution with mean 0, covariance G"*. Hereafter, we consider the proba-
bility measure formally given by

Aoy (9) =  expl=V ($)]dvc, (9) @9

2.2 Block Spin Transformation and Renor-
malization Group of Hierarchical Models

In this section, we investigate Block Spin Transformation (BST) and Renor-
malization Group. First of all we define Block Spin Transformation as follows,

g =L" 3 4. (2.9)
z€Bpn(z)
Note that we almost consider § = gc—lfzi) case in this thesis, Particularly we

only use the symbol ¢{!) for § = (d—;z—) case. We note that this hierarchical
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(massless) Gaussian measure dvg, is invariant under the block spin transfor-
mation (2.9). Due to (2.3), we may also write

Gh, = L"WAGE 4+ Ty, (2.10)

Z1,Y1

Both terms on the right hand side of (2.10) are positive matrices. Hence
we can realize the field ¢, distributed according to dvg, as a sum of two
independent ones:

¢y =L~ 2 4 7 (2.11)

where Z according to normal distribution Np;. Since {Z,},cz¢ is a mean
0 Gaussian system with covariance I', there exist i.i.d. random variables
{Z.} ,ez4 with distribution No,. Z, = A,(z)Z, as. for every x € B(2),z €
Z¢. So Y zeBy(x) Z: = 0as.. Note that Z describes the fluctuations of ¢
around the average values. From the property of Gaussian system, (2.10)
implies that

dvg,(¢) = dVGh(¢(1)) X dvp(Z). (2.12)
Now, if the random field ¢ is distributed according to
1
o0l X (6.)]dve, (9)
1
= exp[— ZU(L—(d_2)/2¢;11) + Z,)]dve, (M) x dvp(Z), (2.13)

then the distribution of the block spin field ¢ is

AL ool 30 oL @260 + Z,)]dun(2))dvon (6)

T:r1=Yy

- % I1( fexpl= 30 (L7422 + Ay, (2)2))dv(z))dven ()

T:T1=Y
(2.14)
where dv(z) = Wexp(—%zz)dz. Let us defined the new potential Rv =
v =wv; by
exp[—Ruv(¢)]

_ Jexp[—3 (L7 D26 4 2) + v(L D26 — 2)[Jdv(2)

ol T2l (?) - (215)

We call this transformation R : v — v/ Renormalizaton Group Trans-
formation.



2.3 Renormalization Flow — Dynamical Sys-
tem of RG Transformation

In this section, we consider the property of RG transformation. More pre-
cisely, we consider about discrete dynamical system determined by iterations
of RG transformation 2.15. First, we define a fixed point of this system.

Definition 2.3.1 Let f(¢) be a real valued function of $ € R. Then f(¢)
is called a fized point of RG transformation, if f(¢) satisfies the following
equation

exp[—f(¢)]
_ Jexp[—3LYf(L~@21¢ + 2) + f(L-D"2 — 2)lldv(2)
J exp[—L4 f(z)]dv(z)

From the definition of this hierarchical spin model, we can immediately find
the following fixed point.

. (2.16)

Proposition 2.3.2 The function f(¢) =0 is one of the fixed point.
In fact, we calculate the RHS of (2.16)
Jexp[=3LAUf(L=422¢ 4 2) + f(L~@ D¢ — 2)]|dv(2)
Jexp[—L4f(2)}dv(2)

_ Jepldn(2) = e
= Feplldn) -~ oell =eal/ @) (2.17)

This fixed point is the one of the most fundamental and important fixed
point of the dynamical system defined by RG transformation.

Definition 2.3.3 We call the fized point of proposition 2.53.2 the Gaussian
fixed point.

It is natural to ask about behavior of this discrete dynamical system in the
neighborhood of the Gaussian fixed point, it is the main theme of this thesis.
Precisely speaking, we consider the following question.

Question 2.3.4 When does the RG iterations of a function v(¢) converge
to the Gaussian fized point?

In the quantum field theory, the above property is called trivial.



Chapter 3

Renormalization Group
Analysis for Hierarchical ¢}
case

3.1 About Gawedzki and Kupiainen’s work

In this section, we explain the work of Gawedzki and Kupiainen [7]. They
established how to analyze RG flow [7], and succeeded proving triviality of ¢}
case. Their analysis contains two parts. Roughly speaking, the first part is
analyzing precise structure of the iterated potential near small field, second
part is analyzing global structure of the iterated potential. In this section,
we will use the following notations,

k'U
(Un)Zk(¢) = Un(¢) - 2(’071)1‘ (32)

In this section, single spin potentials v, are assumed to satisfying the follow-
ing conditions.

G-Ka e~(")2409) is analytic in [Im¢| < Cy(ng + n)¥/4, positive for real ¢,
even and

| exp[—(vn)54()]] < exp[D = \2[g]” + Aihn(Imo)], (33)
in this region.
G-Kb for |¢| < Ci(ng +n)Y4, (v5)4(@) is analytic,
(Un)24(8) = A" + (vn)6(0) (3.4)

9



with

C_L C, L 1 1
< M < == S ,
ng+n /\"_n0+n’C_ 48’C+ 24’ (3:5)
|(vn)36(8)] < (no+mn)™¥/" (3.6)

We write VC~X(L, D, Cy, ng) for the collection of such single spin potentials
v,. If single spin potential satisfies these conditions, a potential obtained by
iteration of RG (2.15) also satisfies these conditions. Precise statement is as
follows.

Theorem 3.1.1 (Gawedzki and Kﬁpiainen) There exist constants
D,C\(L,D) > 1,7y(L, D, Cy)

such that the following holds. Let Cy, > Cy(L, D), ng > Ao(L,D,Cy), n > 0
and 6 > 0 fired. Put

6\,

- ﬁ_—ﬂg + (Vn)>4(¢) (3.7)

un(®) = pn
where (vn)>4(@) € VS=X(L,D,C1,n0). Then, there exists a closed interval
Jp C I, = [ (ng+n)"1°, (ng +n)"17%] such that for u, running through J,,
(Vnt1)34(9) = Vnp1(@) — pni19® + 2ot o2 € YVEIK(L, D, Cy,no). Further,
the map pn, — pny1 Sweeps I, 1 continuously.

If we use this theorem inductively, we can prove the following theorem.

Theorem 3.1.2 (Gawedzki-Kupiainen) If (vo)>4(¢) satisfies above con-
ditions G-Ka and G-Kb forn = 0, then there exists pierit(No) € Mo, Jn C Lo
such that the RG trajectory sarting from vo with p = perie will leads to the
Gaussian fized point, i.e., the hierarchical ¢§ model is trivial.

3.2 Proof of Theorem 3.1.1

The Proof of Theorem 3.1.1 is as follows. According to reference [7], this proof
involves Small field region, and Large field region analyses corresponding to
the cases either |¢| < Cy(ng +n)V4, or [Ime| < Cy(ne + n)Y/*, respectively.
In the small field, we prove that v/ (¢#) satisfies G-Kb, n being replaced by
n+ 1. We call it simply G-Kb’. On the other hand, we only investigate the
global behavior of v/,(¢) in the large field region, i.e. we confirm that v},(¢)
satisfies with (3.3) of G-Ka’.

10



3.2.1 small field region

In this subsection, we assume that ¢ satisfies |¢| < (1/2)LC}(ng+ n)Y/*, and

x(z) is the indicator function given by x(z) = x(|z| < (ng + n)/4). e~ is
defined by

dv(z)

7 1
v ($) _ / _igad [2-424 4 o amz) 3.8
e ex Up 2)]x(z , .
pl-3 Zi: ( ¢ £ 2)]x( )(¢>=0)smau (3.8)
where
dz
— e F2 2
dv(z) e Jor
(¢ =0)sman = /exp[—Ldvn(z)]X(z)dV(z).
We prepare the following notation,
dz
— -2%/2 27
dvy () x(2)e N (3.9)
1 6L4\
_ 2y 2.2 4y 4 4, .2 n 2
Wn(P,2) = 6L A0°2° + L* N, 2° + §L e s
1
5L S (wn)ze( LM £ 2), (3.10)
+

(=), = /—e‘tw"(¢’z)dux(z)//e'tw"(¢’z)dl/x(z). (3.11)

Notice that e*»(9) is positive if ¢ is in the small field region. So, we take the
logarithm.
~ 1 6L%\,

’U:L (¢) = §L2;u'n¢2 1 _ L2

& + A" — log / e @Ay (2).  (3.12)

Now, we start expanding — log [ e~“~®?)dy, (2), we call this expansion per-
turbation expansion.

_log/e_wnwyz)dl/x(z) = <wn(¢7 Z))O - %(wn(¢7 Z);wn(¢, z)>0
by [ = 08,20, D wn(d, 7)) (313)
where (f;9)y = (f9)o — (f)o(9)o, and (f5g;h), = (fgh)y — (fg)o(h)e —
—(fh)o(9)o — (gh)o(F)o + 2(f)0{9)o(R)y- Let us estimate each term of the
equation of (3.13).

11



Estimation of (w,(®, 2)),

1
(a9, 2))g = 6L* A (%) + LA (2%, + §L4,un(z2>0
6L4)\ 1 _
T 730+ 5L D ((Wa)2e(LT 8 £ 2)). (314)

+

Notice that
(2™, = (2m — DI(1 4+ O(e~ <oty

So, we estimate (w,(¢, z)), as follows,

(Wa(0, 2))g = Ool(no +1)™1) + 6LA,G? + Op(e=(ro+m™?)
4

(Tl £ 2), (3.15)

where O,(A) = O(SUD|4=1./20; (no4nyr/4 |91 2" A), O(-) is usual Landau
O. (vp)>6(¢) is even analytic function, we get

(P )6(L76 % 2))g = (0n)z0( o + 5 L7035 ()20l
+
L () ze(2o + Rol(8), (3.16)

where
Ro(6) = 516" [ de(1 - o)

()2t +2) — (n)ao(—tL 79 = 2))ye (317

By Cauchy’s formula, we get

{(wm)zo(Mol = g [ 81 = P25 (m)z(Ihel
< s o+ n) U1+ O ), (319
s nzo(Nol = 35 [ L =PI T (on)ze(hel
< (o Syl )L O ), (319
ozl = [ 1~ DI ()2
360C"

(no + n)~4(1 + O(e~<rotm ™)) (3.20)

T (C=1)

12



From the condition of G-Kb, we get

IRo()] < ()61 + 2ol +1 5L (on)z0(2)ol
HE L ) ze(2ol

< (no + 1) ™" + Oo((no + n)™*) + Oz((no + n)~"*)
+O4((Tl0 +n)”5/4)

< (ng 4+ n) %% + O((ng + n)~/4). (3.21)
So, we get
(W(¢,2))g = Ool(no+71)™1) + 6L2Au¢? + Ox((no +1n)"7/4)
+04((no +n)™*) + Re(9). (3.22)
Especially, Following relation is satisfied
|Re(¢)| < L*(no +n)™3/* + O((no + n)~*/%). (3.23)

Estimation of (w,(¢, 2); wn(®, 2)), Next we estimate (wn (¢, 2); wn(9, 2)),-
By linearity,

1
_§<wn(¢v z); wn(¢: Z))O
= —18L*N\2¢" (2% 2%), — 6LONZ@?(2%; 2%) ) — BLO A pun® (2% 2%),

36L6)\i 2/.2. .2 6 2/.2. -1
o g 1 2o — SLMGHE () 20(L 7+ 2))g
— L3 (2% (vn)26(L7 0 + 2))0 — %Lsun<z2; (va)26(L 7' + 2))q
6L%N, , 5 -1
+(1—_E_—2)<Z s (Un)>6(L7 0 + 2)),
_% D3 {(vn)26(L 70 £ 2); (va)26(L 19 % 2))
+ =+
+0o((no +n)7?), (3.24)

where

Oo((no + n)_z)

1 82,4 4 18L°A2 5 o Log, 2y 2
= _EL )‘n<z 3% >0_ (1 _L_2)2(z 3 2 )O— gL (:u’") <Z 3% )0
1 6L8\2
S LB (22 2 n_ 7,2 .4
5 Antin (2% 2%) o + (1_L_2)(z ;2%
BLEN i 5. o
e (2% 2%),. (3.25)

13



From following estimations,

(275 2%™),|

= ((2(n+m) — DI — (2n — DI(2m — D)L + O(e~<t™*)) (3.26)
(2% (vn)26(L7 p + 2))o| = (no + 1) ™* + O((no +n)™>/*), (3.27)
{(vn)>6(L "¢ % 2); (vn)26(L 7" % 2))o| = (no + 1) ™2 + Og((ng + n) ™)

+02((Tl0 + n)_4) + 04((7’10 + ﬂ)_7/2) + 026((77,0 + n)'6/4). (328)

We use these estimations, we get as follows,

1
—5(wn(8,2);wn(®, 2))o = Oo((no +n)~*) + Oa((no +n)~*?)
—36L4Ai¢4 + 04((n0 + n)_9/4) + OZS((”O + n)_5/4). (329)
The estimation of [ dt(1 — t)2(w,(¢, 2); wa(, 2); wn (9, 2)), Since we as-
sume that |@| < (1/2)LCi(ne +n)4, |2| < (ne +n)/4, by definition of

w(p, z), we get
|lwn (¢, 2)| < O(1).

For t € (0,1), we get
[(wn(@, 2); wn(¢, 2); wn(, 2)),|
< K ((wn(8, 2)*)| + 3(wa(9, 2)*) (wn(8, 2))o + 2(wn($, 2))o) (3:30)

where K is absolute constant.

For |$| < (1/2)LCi(no +n + 1)1/% by the above calculation, we have

~ 1 6L2 /\
v (8) = —5L%mnd"+ 5 + Angp* — 36L*N% g
+04((no + n)—4/5)+ vnzﬁ (), (3.31)

~

and vy, (¢) satisfies the following estimate,
| Vs (9)] < LA(no + 1) =% + O((ng + n) ™). (3.32)

In the last part of this subsection, we estimate v;,5¢ (¢) again. From analyt-

icity of 17 (¢) in |¢] < (1/2)LC1(no +n+1)/4, ¢S Up>g (#) is also analytic
function. So, we apply the maximum principle, and we get

| vs6 (9)]
< (141/(1/2)LCy(no + n + 1)) [L4(ng + n)~¥4 + O((no + n)~*/*).(3.33)

14



So, we get

~ 26
| vnse (B < F5(no +n+ 1) + O((no + 1)) (3.34)
in |¢| < Ci(no +n + 1)/%. Now, we estimate remainder part of —v/,(¢), i.e.,
~ Jexp[—3 LA Ty va(L71¢ + 2) — 12%)(1 - x(2)) &
7 (6) mtog14 [P B ) X

exp[— v}, (¢)]
If ng is sufficiently large, this function is sufficiently small analytic function

in the small field region. In other words, v;,(¢) is almost equal to v/, (¢). To

show this, we must estimate vz (¢) using nyg, for sufficiently large ng. So, we
estimate

J(1=x(2)) eXP[—in Yxva(LT £ 2) — 327 E ver

exp[— vy, (¢)]
the denominator part and the numerator part of separately. We use estima-
tion of v/, (¢).

(3.36)

|denominator| = |exp[v ()]
6L An
— -2
x| exp[=Ang* +36L“A2¢ — Os((mo +1)™/%)= (un)5s (D)
S+ 2 G, (Red)? — (Ime)?)
g T T
x exp[+02((no + 1) ~*2) + O4((no + n)~%*)]
X exp[(—=A, + 36L*\2)((Rep)* — 6(Red)?(Ime)? + (Img)*)]. (3.37)
From the condition of the small field region, Re¢,Im¢ < |¢| < 1LCi(no +

n + 1)/4. Hence, we estimate as follows.

6L%)\, 9 2 9
S+ 6L (Reg)? + (Im)?)

x exp[Os((ng + 1) ~/2) + O4((no + n)~>/*)]

X exp[+(/\ + 36L*)\2)((Red)* + 6(Re¢)2(1m¢)2 (Img)*)]

6L2)\,
— L2

x exp|Oy((no + n)‘3/2) (A +36L4N2) L4(n0 +n+1)]

x exp[+0a((no + n)~>/*)]. (3.38)

= Iexp[——L"’ nd’ + ¢ — 6L2A, 9% — Oa((no + n)~%/2)]|

= exp|(~

RHS of (3.37) > exp[—(§L2|un| +

> exp[—( L2] al + 1 S+ 6L°\,) = L2(n0 +n+ 1)1

15



The Iast 1nequahty is bucause the copling constants \,, u, have estimates;
M < gy il < (0 + )5/,

> L*O((no + 1)) + O(1) + O2((no + 1)) + O4((no + n)~%*).(3.39)

So, the absolute value of the denominator is bounded from below by a positive
absolute constant. Next we estimate the numerator part,

|numerator part|

< /] (1-x exp[——Z’un (L™ + 2)]|dv(2)
6L2)\

< expl(Llual + 1ol

— 4
v / (1 - X(z))e%lunlzz‘i‘%z =>4 (n)>a(L 1¢iz)|LTdy(z), (3.40)

From the condition of G-Kb, we get

|numerator partl

6L2)‘ 211/2y( 4[2 4
< expllG L nl + s — NG + LD + 207 Tmg)'
6L%\, 1 d
<[ l(l—x(z))exp{<§L4|un|+1_L_2—§)z21|7;. (3.41)

We estimate the last part of the right hand side of the above inequality as
follows,

[ = x@)espl(s Ll + 220~ Ly jzzw
- 2/(:+n)1/4 exp|(5 L4Iun| + L4L>\ - 1) 15 \/27r
< 2exp|(z L4|un| + 6L42 5~ %)(no +n)'/?)
X/o exp[(§L4|Mn| + % - %)22]%
— expl(S Ll + 2~ Dy 4
x\/ % - % L] — 165421’2. (3.42)

16



So, we get

4

JO =X expl= S un(L7 £ 2) = 52 explin (9)

+

614\,
— L2

< const. x exp|( L | on| + - —)(no +n)Y3.  (3.43)

Since ng is sufficiently large and ¢ is in the small field region, zl (¢) is an
analytic function and estimated as follows

v, (#) = Ofe7 1), (3.44)
By analyticity %dd— 71 (¢) and %% y (¢) are estimated as follows,
%ac‘lqz U, (8) = Ofemelrm”) (3.45)
a0 (@) = 0w (346
Note that 1.4, . v ' (¢) and % d_;’f v], (¢) are continuous function of u,, by using

the dominated convergence theorem.
From (3.44), we get

|(v))26()] < (no +m+1)~%4 (3.47)

After all we get the following recursion relation

(U)4(9) =Mo" = (An — 6L + O((no + 1) ~>/)) g%, (3.48)
and we know
1 1
Tt 36 L% + O((ng + n)'/%). (3.49)
We solve this recursion relation, and get
Cc_L™ C, L™ 1 1
—_— < N <L —— . =— ,C, = — 3.50
ng+n+1 — " ng+n+l’ i Gr=ap 50

We also solve the recursion relation of (v},)2(¢),

1 6N
(vp)2(9) = (5'“:1— — 22)¢2
2
= (%Lzun—q- 1652 +6L2)\ +O((n0+n) 2))¢2 (351)
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Hence, p, is written by

12 ! -2
~1—_—L_—2()\ —An) + O((no +n)™%)

= L, + O((no +n)72). (3.52)

Pn = L?pun +

The RG map R : p, — p,is continuous, so the image R([,) contains
I.+1. Then we chose suitable closed interval J,;; in R™(I,41) C I, so that
R(Jy11) = Iny1. We complete proof of small field region.

3.2.2 large field region

We prove the condition G-Kb in |¢| > C1(ng +n + 1)V/* and |¢]| < Cy(ne +
n + 1)Y/4 separately. From G-Kb, in the region [Im¢| < Cy(ng + n + 1)/4,
we get

|e(-un)(@)]
= 1(o=07" [expl-3 Lt Sun(L 0 2)iv()
= (6= 0 expl g L — — 2 127]
x [ exple g EApuns? - GAL 2L4 o L (L ()
< |(¢=0)""exp[O((no +n)™") + LD — L'2\2|¢]?]
x exp[+20), (Im¢)* — %L2,unRe¢2 - 6)\L L*Reg?|
X /exp[—%lflun 1E)\L SL2° %L‘l — L*AY2220du(z))|
< exp[O((no +n)™Y?) + L*D ~ ;L2(A )172|4)? + 20X, (Img)*]
< exp[D — (\)[¢]* + 20X, (Im)']

x explO(mo + ) %) + (L* = 1)D = (17 = S ")|of7). (359)
From |¢| > Ci(no + n + 1)V/4 and if C; is sufficiently large, we estimate

LI er <1 (3.54)

exp[O((no +n)"Y?) + (L* = 1)D — (L* — .

So, we get

|eln24@) < exp[D — (X;)"/?] @] + 20X, (Tme)*]. (3.55)
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Finally, we prove the condition G-Ka in the |¢| < Ci(ng + n + 1)V/%
From the estimation of the small field region, we get

€O < exp[O((mo +m) )| SPN(Red?) + (o +n+ 1)), (3.56)

We estimate as follows,

An(Reg?)

2

vV

v

Mn(Reg)! — 6X,,(Reg)*(Img)* + A, (Img)*
Ly (Re¢)* — 17X, (Img)*

2 n
SX,[(Reg)* + (Ima)¥] - 20X, (I’
—-;—D + %A;[(Rw)‘* + (Im@)] — 20X, (Imp)s.  (3.57)

So, we can prove G-Ka in the large field region. Finally we chose constants
L, D(L), C\(L,D), and no(L,D,C)) sufficiently large, we prove theorem

3.1.1 completely.
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Chapter 4

Main Results

4.1 Introduction and Main Results

Hierarchical spin model is an equilibrium statistical mechanical system intro-
duced by Bleher and Sinai (2] [3] as a model suitable for tracing block spin
renormalization group (RG) trajectories. For the model, the RG transfor-
mation is reduced to the following nonlinear transformation R of a function
(single spin potential) v = v(¢):

exp[—Rv(¢)]
_ Jexp[—3 LY(L"ED2g 4 2) + (L~ D2¢ — 2)]ldv(2)
J exp[—L4v(2)]dv(z)

where dv(z) = Wexp(—%f)dz, and L > 10 is an even integer valued

(4.1)

constant. It is easy to see that the trivial function v(¢) = 0 is a fixed point
of R, which we call the Gaussian fixed point. If, for a class of single spin
potentials, RG trajectories with initial potentials in the class, converge to
the Gaussian fixed point, then we say that the class of functions is trivial
Gawedzki and Kupiainen studied this recursion in detail, and proved (among
other things) the triviality for ¢* models with some small ¢* coupling constant
in 4 dimensions [5] [6] [7]. See [7] for a review of their results together with
the relation of (2.15) and the hierarchical spin model. The purpose of the
present paper is to extend the results of Gawedzki and Kupiainen and prove
triviality for a wider class of potentials. To be specific, we consider the
following class of single spin potentials:

W) =pd + (A= 1PN+, ER (42)

Before stating our results, let us briefly review the relative known results. The
triviality of the hierarchical model with (4.2) in 3 dimensions has already been
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established for small parameters by Miiller and Schiemann [10]. A common
belief based on power counting type of arguments suggest that the results
of [10] would support triviality also for higher dimensions. However, one
should note that the role of ¢* term for d = 3 is different from that for
d = 4. It is because ¢* is relevant for d < 4 while it is not relevant for
d > 4. The statement in [10] says that for sufficiently small p we can find
u and X such that the RG trajectory converges to the Gaussian fixed point.
On the other hand, a triviality statement for d = 4 is that for arbitrary
(but small) p and A we can find p such that the same conclusion holds.
In the latter case, we have to prove that an arbitrary (small) choices of A
and p, in particular, with negative ¢* term, do not distort the standard
expectation of the behavior of an RG trajectory. T. Hara, T. Hattori, and
H. Watanabe proved the triviality of Dyson’s hierarchical Ising model in 4
dimensions [9]. They used characteristic function of single spin distributions
and Newman'’s inequalities on truncated correlations. Their method is useful
to analyze in the strong coupling regime. We expect that their method is
valid for analyzing general class of initial single spin potentials. However,
(4.2) is still out of the range of their method, because these initial single
spin potentials do not satisfy the Lee-Yang property when the coefficient
of ¢* term is negative [11], so truncated correlations of these potentials do
not satisfy Newman’s inequalities that are the key estimation which their
method needs [9], [12]. Gawedzki and Kupiainen succeeded the construction
of the non-trivial Euclidean ¢} theory with the complex coupling constant
with negative real part [8]. However, the parameter region of the coupling
constants which we studied is not included in their studied region.

Let us turn to our proof of triviality for (2.15) with potentials of the
form (4.2). We will show that the parameters will enter the region where the
Theorem of Gawedzki and Kupiainen [7] can be applied (we call this region
“G-K region” ), after some iterations (finite time iterations) of the RG by the
same techniques of Gawedzki and Kupiainen [7]. The point of our proof is to
change the induction hypothesis after some iterations to reflect the dominant
terms in the potential. Now, we state the results precisely. We will use the
following notation:

un(¢) = R"w(¢), (4.3)
kU

() = om0 (d;;,{(o)qsk, (4.4)

(vn)Zk(¢) = vn(¢)_12;c(vn)l(¢) (4'5)
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Let us be given an initial single spin potential

vo(@) = (1o — 102(710))¢2 + (Ao — 304(?)0)%1?4 + pod® + (v0)>8(), (4.6)

2
where
12)\0 180p0 90p0
_ _ 4.7
o) =TT T Ao a9 T 1= L (47)
30p0
C4(U0) = 1 — L_Q) (48)

are the counter terms originating from Wick ordering. Let us define a class
of initial single spin potentials Vo(L, D, C1,ng, po) satisfying the following
conditions for constants L, D, C, ng, and py.

Ta for [Im¢| < Cy((L~*p5 )8 A ni/*), exp[—vo(¢)] is analytic, positive for
real ¢ even, and

@] < exp[D — (W + o) 91 + A do(Img)* + Agpo(Tmg)°], (4.9)
where A;(> 20) and Ay(> 2004) are universal constants.
Tb for |¢| < C1((L~4pg )8 A ng’®), (vo)sa(@) is analytic,

15P0

(v0)>4(®) = (N0 — —)8* + pod® + (v0)>s(9), (4.10)
with
C__L™ Cyy L™ 1 1
< A < —— = — = — 11
oSS C oL Cist 58’ (4.11)
|(v0)28(¢)] < o3 mg’® v mg /™. (4.12)

Notice that the coefficient of ¢* is represented as \g — 15”0 . If we take
a value of py suitably large, then the coefficient of ¢* will be negatlve So,
the class Vo(L, D, Cy, ng, po) includes small negative ¢* case. This case is
the main object of our study in this paper. Of course, this class includes
potentials which Gawedzki and Kupiainen studied. In fact it is easy to see
that Vo(L, D, C1, ne,0) is a class which are investigated in [7]. We will prove
the following for our class.

Theorem 4.1.1 There exist positive constants:
D7 él(LaD) Z L7 ﬁO(LrD’Cl) 2 L48)
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such that the following holds.
Let Cl Z Cl(LaD); o Z ﬁO(L)Dvcl)a and

0<po < L%yt (4.13)

Define the RG as (2.15). Then there exists pqi: € R such that the iterates
vn of the recursion converge to zero uniformly on compacts in C!, if we start
from vy € Vo(L, D, Cy,ng, po) with po = preris.

The proof goes along the following line. In the beginning, we are in the re-
gion where (v,)>6(¢) is dominant. For properly chosen initial data, (v,)>¢()
decreases rapidly, and we then go into the region where ¢* term of v,(¢) is
comparable to (v,)>6(¢). As the recursion proceeds, the ¢* term becomes
positive and dominant, after which it eventually decreases, and v,(¢) finally
enters the G-K region. To trace the trajectory, we will divide up the induc-
tion into 2 parts along the trajectory and impose different induction hypoth-
esis for the p dominant regime and the A dominant regime. (Compare the
induction hypotheses L1.2a and L1.2b with L1.3a and L1.3b, respectively.)

We will prove this by means of two lemmas. First, for n > 0, let
VML, D, Cy,ng, po) be the class of potentials v, satisfying:

L4.1.2a for [Img| < Cy(L*4p51)Ve, exp[—un(¢)] is analytic, positive for
real ¢, even, and

le7 @] < exp[D — (A% + pl/) 61 + A1da(Ime)* + Aopy (Tmg)°] (4.14)
L4.1.2b for [¢| < Ci(L**p5 "), (vn)>4(4) is analytic, and

()24(8) = (= (08" + pud® + (va)s(6), (4.15)

with
An = Dol < nng™?, (4.16)
lon — L™2py| < nL 2374 (4.17)
(vn)ss(®)] < (05 °n’® ving® )L, (4.18)

Lemma 4.1.2 There exist constants D, Cy(L, D) > L, no(L,D,Cy) > L*®
such that the following holds. Let C1 > Ci(L,D), ny > no(L,D,C)) and
n 2> 0 satisfy the inequality

(77»0 + n)1/4 Z (LG-4pal)l/6- (419)
Suppose also that vo(p) € Vo(L, D, Cy,ng, po) with

Lng®? < po < L™%ng?, (4.20)
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and vy(¢) € VAL, D, C1,nqg, po)-

Then, there exists a closed interval J, C I, = [—(no+n)"%2, (ng+n)=%/?
such that for p, running through J,, vnq1 € V1, (L, D, Ci,n9, po). Further,
the map p, — pinyy sweeps I, continuously.

Iterating Lemma 4.1.2, each time we can choose a subinterval J,, 1, C J, C
Iy of the initial mass squared values such that p, sweeps I,,11. The effect of
relatively large coefficient of ¢ provides us with a positive coefficient of ¢*
in the next step, and we can get rid of negative ¢* term. However, we can
not iterate Lemma 4.1.2 for arbitrary times because of assumption (4.19). In
other words, (v,)>6(¢) will not be dominant any more compared with ¢* term
after some iterations. After applying Lemma 4.1.2 as much as possible, we
are still not in the G-K region, and we have to trace the trajectory carefully
for some more steps. So, we must prepare new assumptions. Put

ny = max{n € N|(L> 1p; 1)V < (ng +n)Y/*} +1. (4.21)

Notice that this number is the ﬁrst n for which Lemma 4.1.2 can not be
applied. Obviously, we have n; < log L o-
Let us define a class of single spm potentials V2

ni +n(L7 D7 Cl, no, po) sat-
isfying:

L4.1.3a for [Im¢| < Ci(ng+n1+n)4, exp[—vn,1n] is analytic and positive
for real ¢, even, and

|e—vn1+n(¢)| < exp[D - (/\:l{?i-n :L/li-n)l(ﬁlz + Al n1+n(Im¢) }
X exp[A2pn1+n(Im¢) ]a (422)

L4.1.3b for |¢| < Ci(ng + ny + )4, (Uny4n)>4(@) is analytic,

(Un1+n)24(¢)

1
= (Anytn — _C4(Un1+n))¢4 + Pn1+n¢6 + (vn1+n)28(¢)» (4.23)

2
with

Pngsn — Ao| < (na +n)ng 4, (4.24)
7 -2(n1+n) < —2(n1+n—l) =7/4

’pn1+n L P0| = (n1+n)L Mo ’ (425)
(Wmsn)2s(@)] < L7308 °ng/® v ing ™). (4.26)

Note that V! (L, D, Cy,no, po) C V2, (L, D, Cy,n0, po), if L, D, Cy, 1, and
po are same constants.
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Lemma 4.1.3 There exist constants D, C1(L,D) > L, (L, D,C;) > L®
such that the following holds.

Let C; > Ci(L,D), ng > mo(L,D,Cy), logrng > n > 0. w(¢) €
Vo(L, D, Cy,m9, po), and vy, 1n(¢) € V2 (L, D, Cy,n0, po).

Then, there exists a closed interval

Jnyan C Injon = [—(no + nq1 + n)_3/2, (no +mny + n)_?’/?]

such that for pn, +n running through Jo, 1n, Vni4nt1 € V72z1+n+1’ Further, the
MAP Pnyin ™ Pnyint1 Sweeps I 1ni1 continuously.

The proof of Lemma 4.1.3 is close to the proof of Lemma 4.1.2. A differ-
ent point from Lemma 4.1.2 is the difference in the condition of the region
where vn,, 1,(¢) satisfies analyticity. In fact we require that exp[—uvn,1(¢)] is
analytic for [Im¢| < Ci(no+n; +n)/4 in Lemma 4.1.3. The reason why that
there is such a difference because ¢* term becomes dominant compared with
(Uny4n)>6(¢). If we notice that the conditions of Lemma 4.1.3 are different
from the conditions of Lemma 4.1.2, we can prove Lemma 4.1.3 in a similar
way as Lemma 4.1.2. So, we omit the proof of Lemma 4.1.3 from this paper.

With Lemma 4.1.3 we can continue iterations, and we can make sure
that after a finite number of iterations, this potential is in the G-K region.
More precisely, Gawedzki and Kupiainen introduced a class of potentials

VE=K(L, D, Cy,ng), which is defined to satisfy:

G-Ka e~()24(9) ig analytic in [Im¢| < Ci(no + n)'/4, positive for real @,
even and

| exp[—(vn)24()]] < exp[D — A2[6[* + A1hn(Ime)?], (4.27)

G-Kb for |¢| < Ci(ng +n)Y%, (v,)>4(9) is analytic,

(Un)24(¢) = )\n¢4+(vn)26(¢) (4.28)
with
C_L™ C,. L™ 1 1
o S WS O Cim g (4.29)
|(v)26()] < (mo+n)~%* (4.30)

In this class V¢=K(L, D, Cy,ng), Gawedzki and Kupiainen proved the
following,
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Theorem 4.1.4 (Gawedzki and Kupiainen) There exist constants D,
Cy(L, D), no(L, D,Cy) such that the following holds. Let C; > Cy(L, D),
no > fo(L, D,Cy) and n > 0.

Put

(@) = bn — ¢ + (Un)>4(9) (4.31)

1—L -2

where (vn)>a(¢) € VEX(L,D,C1,ng). Then, there exists a closed interval
Jn C I, such that for Hn running through J,, (Vnt1)>a(¢) = vni1(d) —
P19’ + 16:\2.,_12 ¢* € ViriX(L, D, Cy,no). Further, the map jin > pini1 sweeps

I,y continuously.

Finally, let us explain differences between the work of Gawedzki and
Kupiainen (7] and this paper. First of all, we study contribution of the term
of ¢° to the term of ¢* rigorously to control the term of ¢* even with negative
coeflicient. Secondly, our class of single spin potentials permits us to take
v>6(¢) in wider class than that Gawedzki and Kupiainen studied.

4.2 Proof of Lemma 4.1.2

We will prove that v},(¢) = vn41(¢) is in V) (L, D,C1,no, po), if pn is
in I,. We prove this lemma according to Gawedzki and Kupiainen [7].
The proof involves the small field region analysis, and the large field re-
gion analysis corresponding to the cases either || < Cy(LH+D~4p5 1)1/ or
Tme| < Cy (L2045 11/6 respectively.

In the small field, we prove that v/ (¢) satisfies L4.1.2b’, the condition
L4.1.2b with n being replaced by n + 1, by using the Taylor expansion, and
some estimation of the Gaussian integrals as in [7].

As for the large field region, we only investigate global behavior of v/ (¢),
i.e., we confirm that v/,(§) satisfies (4.18) of L4.1.2a’, the condition L4.1.2a
with n being replaced by n + 1.

We use K for calculable absolute constants, whose values will vary in
each occurrence.

4.2.1 Small field region analysis

Let v, € V.. Write x1(2) = x(|z| < (L**p; )1/6) and throughout this
subsection, we assume that ¢ is in the region |¢| < LCl(LQ" g )1e.

Note that we have to put C’1 to satisfy the mequahty |L I + 2| <
C (L2n 4 )1/6 for |Z| < (L2n 4 )1/6 and |¢l < 10LC (LG —1)1/6_
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Next, decompose v,11(¢) as follows,

vaia(6) = 0(6) =0, (B)+ 4 (9), (432)
g~ vn(9) =/ exp[—% > vn (L7 £ 2)]dni(2) /(¢ = 0)sman, (4-33)
£
where
(¢ =0)smar = / exp[—L*va(2)]dr1(2), (4.34)
dn(z) = Xl(z)e‘zz/2—di (4.35)

V2r

First of all, we estimate v}, (¢) in 4.2.1, and then complete the analysis
in the small field region by looking into the Taylor coeflicients in 4.2.1.

Estimation of UN; (@)

Let us take a logarithm of (4.33).

UN;z (¢) = L*(pn— %CZ(Un))¢2 + (An — %04(11"))(#4 + L™%p,¢°
~log / e~y (2) + 1og(d = 0)smait- (4.36)
we(z) = wo(2) + wa(2)d” + wa(2)¢" + we(2)9° + wrs(9, 2), (4.37)

and

wo(z) = Ltun(2)

= L4{(n — 5eaon))2 + (= 5eu(a))2" + pnz® + (m)as(),
wy(z) = L*(6(\, — 1c4(vn))2:2 + 15p,2 + d—2(vn)28(z)), (4.38)

2 2dz?
, 1dt
w4(z) = 15an +Zi‘d?(vn)28(2), (439)
d6
we(z) = L—QW(Un)zs(z)a (4.40)
L4481 8
wss(6,2) = Tl A1~ 0 T (n)as(L76 + 2)



From the conditions L4.1.2a - L4.1.2b, v,(¢) is even and analytic.
We can estimate %(vn)zg(qﬁ) on the support of dv;(2) as follows by using
the Cauchy formula and (4.18),

@)as() < = [ dt1 = 6712 5 vn)s(t2) (4.42)
Ch 2/3 1/8 ., —3/4\,74  \4/3 7 —11n/3_8
< g!—(‘él_—l)g(Po ng's Vg ) (LApe) LIRS,
a2

2 (vn)>s(2) to %(Un)zg(Z) can be estimated as (4.42).
From the perturbation expansion:

- log/e’“"”(z)dul(z)

- — log/dz/l (2) + (wy(2))o — /01 dt(1 — t)(we(2); we(2)),, (4.43)
where

() z/...e'twd’(z)dul(z)//e‘t%(")dul(z). (4.44)

Now, we shall estimate each part of (4.43). Using the estimation of the
Gaussian integrations, we get

(oMo = L*(vn(2))o + 6L (s — gea(un))? + 4510,

~0,0 9 4 ~0,0 4
+ R2 (L7n07p0an)¢ + 15pn¢ + R4 (L7 n07P07n)¢
~0,0
+ RG (L7 No, Po, n)¢6 + <w28(¢7 z)>07 (445)

~0,0
where, the terms Ry, (L,ng, po,n),% = 1,---,3 satisfy

~0,0 _ —11n
l Ry; (L,"proa")l < (P(2)/3"(1J/8 Vn, 3/4)(L4P0)4/3L 1n/3, (4-46)

Therefore from (4.45), we can estimate (w>s(¢, 2)), as follows,
[(w2a(@, 2))o| < L (1 (L4p0) 2L ) (0 P v ng ™). (4.47)

Next we estimate

[ a1 = ) we(e); wa@)), = [ b1 =) S ()
= [t~ t)wo(e); wol@)), + [ (1= 1) T () (449

1,570
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where
o wa; (2 )gbz’ 1=0,1,2,3
2 = w28(¢; ) ’L = 4

The cumulants are
(Wai; Wej), = (e_t%(z))(;l<1D2i71~)2je_tw¢(z)>o
— (e ) (e ) (yze o). (4.49)
Note that the support of dvi(2) is |z| < (L*"~*p*)"/® and the coefficients
are as small as the inverse of the diameter of the small field region.

We get the uniform estimate |wy(z)] < K - Cf for |2| < (L*"*p5')Y/¢ and
‘d)' < IOLCl (L2n 4p61)1/6 We have

| Y (i)l
(4,5)#(0,0)
Ny . s . .
<efA YT ((|wailla])g + ([@ail) o lD251)o)- (4.50)
(1,3)#(0,0)
So, we can estimate | f dt(1 — t) ¥ (.7)#(00) {Wai; Waj),| similarly as in (4.42),
we obtain
|2nd term of RHS of (4.48)]
< KMUL g2 (19 + L72g)* + L7 1¢l°)
+|higher order terms]. (4.51)
The higher order terms are estimated as follows,

K.CilLu_nCllznal/S( 2/3 1/8 n(;3/4)‘ (4.52)

|higher order terms| < Ke [

Next, we estimate [ dt(1 — t){wo(z); wo(2)),. From the Taylor expansion
of ¢, and we can use the Cauchy formula because (wo(z); wo(2)), is analytic
function in |¢| < 2 LCI(L™4p;")V/¢, we get

[ a1~ () wo(=)), — [ db(1 — 2){wofz); (2 ool
< Kexp(K -C})- L7 %ng%|¢|*.  (4.53)
So we have,
[ a1 ol wel = [ db1 — 2)wolz)s wn(2y oo
< K exp(K - CHL™ng*(1g]* + L7|g|* + L7 |g[°)

+|higher order terms|, (4.54)
|higher order terms| < KeK‘CfL12_"C%2n61/8(p2/3n1/8 Vg, (4.55)
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These coeflicients are large, but not terrible, because we can take ng
sufficiently large. In the following, we put nd/® > K - C12L12¢K-C.
From (4.36) and (4.43), we infer that

0 () = IP(tn — 502(0a)) 67 + 61200 — 5es(vn))6 + 4512
+ By (L0, po, 1) + O = S1(00)) 1 + 1500
+ Ra (L, o, po,n)* + L™2png™+ Ro (L, 0, p0,1)¢%+ (1) 5 (), (4.56)
where, the terms ;221' (L,no, po,n),% = 1,23 satisfy

| ﬁ?i (L7n07p07n)| S L_10_2Z o ore + | RQz (L7n07p07'n’)|7i = 1727 (457)
| Re (Lyno, po,m)| < L1808 1| B (L,mo, po, m), (4.58)

~

and from (4.47) and (4.55), (vn)'54 (¢) satisfy

~

| (v0) 55 ()] < L*(1+ L7M3(L2p0)/ + L7*) (03 *n/® v g *'*), (4.59)

for |¢] < %LCl(pglLZ")l/s. Notice that

(6= O)amau = l0g [ dir(2) — (wo(y + [ dU(1 = )un()00(2)) oo

So we can check that the constant term (¢ = 0)s,q; vanishes. The estimate
(4.59) is a little weaker than what we want (see (4.18)). So, we need a

stronger estimate. Since v, (¢) is analytic in |¢| < 19LC(L*4p;")V/e,

¢78 (vn) 54 (¢) is also analytic in |¢| < 2LCy(L**pg")/8. We obtain from
the maximum principle

Y |9 2/3 1/8 -3/4
l (Un) >8 (¢)l < ((IOL/ll)Cl(LQn_‘lpal)l/G) (pO v U] )
X (LA™ 4 L™23( LA p) /3 + L)), (4.60)

so that for |¢| < Cy(L2(+1)=4p,)1/6,

~ 11
| ()55 )] S (T LR (L + L723(L000) Y 4 L7
x (o5 *ng/® v g *)). (4.61)
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Estimation of 17’ (¢) for || < RLCY (L™ *pyt)V/6
Represent (4.32) as

Uz 6) = log(1+ fexp[—%[/1 Sa vf(L“lgb + 2)](1 — x1(2))dv(2)
e—’%(¢>) (d’ - 0)small

)

+ lOg(¢ = 0)small - 10g(¢ = 0) (462)
We want to prove that N; (¢) is analytic in|¢| < 2LCy (L*~*p;')V/6 and
sufficiently smaller than v), (¢). To prove these properties, we have only to

prove that

Jexp[=3L* Ty vn(L7'¢ £ 2)](1 = xa(2))dv(2)
6'”7‘(¢)(¢ = 0)small

is analytic and sufficiently small in |¢| < 2LC;(L*~4p;")V/e.

First of all, we estimate the denommator of (4.63). We can show that the
denominator is bounded from below by a constant which depends on C, but
not on ng. From L4.1.2b, and (4.57)-(4.58) together with uniform estimate
of wo(z) under the condition that (ng + n)/* > (L?"1p;1)1/6, we estimate
denominator as follows,

(4.63)

|denominator of (4.63)] > exp[-K - C¥]. (4.64)
Next, we estimate the numerator part of (4.63),

|numerator of (4.63)]

< [ =xa(@) I lexpl-va(L7g & 2)]|**2dv(z).  (4.65)
+

Using (4.14) of L4.1.2a for |L7¢ + 2| < C1(L**p)'/%, we have
Inumerator of (4.63)]

1
<exp[K + L*D + A1CT + 2A,CF — Z(LQ"_4pgl)l/3]. (4.66)

So,

1

(4.63)| < exp[K - C + L*D + A, C# + 24,C% — Z(1;2"-4,)51)1/3]. (4.67)

For given L, D and C}, we can take ng large enough to obtain

RHS of (4.67) < exp[—= LQ" o5 Y3 (4.68)
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This estimate is also valid for log(¢ = 0) — log(¢ = 0)smau- According to
(4.68), we can show that ”N:; (¢) is analytic and

~

| W, ()] < 267 /8L 1o, (4.69)

Estimation of coefficients

Now, we assume that |¢| < Ci(L21D=4p;1)/6 ie. ¢ is in the small field
region of v/ (4). Notice that the small field region is in the region |¢| <

O LC(L**p;")Y/8, so we can use the result in 4.2.1. Thus, V. (¢) is analytic

in the small field region, and we can obtain power series expansion of vz (¢).
With the use of Cauchy’s estimate, we see that coefficients of ¢?, ¢* and ¢°
satisfy,

g o O < eV =2 qand. (4T0)

Using the bounded convergence theorem, we see that 3 d;, v (0), %% Uy,

,and & 4= vN 0) are continuous functions of u, on [,. From (4.61) and
3] d¢
(4.69) if no is sufficiently large, then we have

|(wn)os(®)] < L™ (g ng/® v ng®%), (4.71)

for |¢l < Cl(L2("+1)_4po)1/6.
From (4.56), (4.58), and (4.70), we know that

1 d® = _
Py, = L™2pnl = | Re(L, no, po, n) + 61 dgs U L (0)] < Lg% (472)

Thus, if ng is sufficiently large, we have
|l — L2 pg) < (n+ 1)L7mng ™" (4.73)

which proves (4.18) of L4.1.2b'.
From (4.56), (4.57), we know

= 15(pf, = L™%pn)

I)\:,l - )\nl = |R4(L,n07,007 ) 4'd¢4 (% (0) 1 _ [ -2 |
< ng™8 (4.74)
Thus, we have |AL, = o] < (n+ ng 4, (4.75)
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which completes the proof of L4.1.2b'.
Similarly, we get estimation of coefficient p, as follows,

6(An —N,)  90(L%pn —pl) | 45(L%pn — p),)
r_ L2 < n/ _ n n
l/’l’n :u’nl - I( 1__ L_2 1_ L_2)(]. - L__4) 1_ L_4 )l

—~—~

Q

(0)] < K x ng™™® (4.76)

ST~

1
+|R2(L, no, po,n) + 248 v

We know that map R : p — p’ is continuous, and image R([,) include
I,,+y. So that we can take for J,,, a connected component of this inverse
image R~Y(1,,,) C I,.

This ends the analysis of the small field properties.

4.2.2 Large field region analysis

Next, we prove that e~(“»)'(#) satisfy the condition L4.1.2a’ First, we prove
it in the case where |Red| > Ci(L*™D~4p;1)1/6, Next, we prove it in
¢l < BLC(L**p;")V/0 i.e. this region includes the small field region of

||
V().
The case where |Reg| > C;(L2(D)=4551)1/6

Note that the definition of the RG (2.15) has the following expression

= = [[Tewlon(E+ ) ) (0 =0).  477)

Im(L~ ¢+ 2)| < C(L#py )8, if [Ime| < C (L**2py1)Y/6. From the
condition L4.1.2a,
e @) < exp[LD — LX(A/? + pi/*) |6 + Aidn(Im)']

xexp[ AL 2pu(Img)] [ e O A a(z) (0 = 0). (4.78)

Note that, A, and p,, are positive and sufficiently small, hence, this inte-

gral part and (¢ = 0) estimated as absolute constants, so we get
RHS of (4.78) < exp[L*D — L2 (A2 + pX/®)]¢|* + A (Ime)!]

x exp|As L2 p,(Ime)® + K]. (4.79)

If D and L are given, we take C) sufficiently large and then we take ny
sufficiently large. Thus, we obtain

| exp(—v'(¢))]
< exp[D — (N2 + . V3|82 + AN, (Img)* + Agpl,(Tmg)®], (4.80)
for [Im¢| < C(LAm+D=4pr1)1/6 |Reg| > Cy (LA p1)1/6,
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The case where |¢| < 12LC;(L?~4py)'/

Let (no +n)"* 2 (I405")%, iy € I, and |¢] < 2LCH (L7455 1)1F.
From (4.59), (4.73), (4.75), and (4.76), we have

|e—(vn)'(¢)| < exp[K . L_chzn(;lﬂ]
x exp[+K - Cf L*3(L72+D) po)1/3)
x exp[—, (Red*) — f,(Red®) + L'ng %] (4.81)

And, we estimate p, (Re@®) as follows,

p(Red®) 2 i, (5(Red)® — 2001 (Imo)°)

1 / /
2 —5Ds+ 2(0,)"*|91* — Azp,(Img)°. (4.82)

Notice that Dg does not depend on Ci, ng or n. Similarly, we can estimate,
X Reg? > —1D, + 2(\,)1%|¢|> — AN, (Img)*. Notice that Dy does not
depend on C, ng or n, either. Put D = Dy + Dg. From (4.81) to (4.82),

|7 @) < exp[D — (W)Y2 + (0,) /%)@ + AN, (Img)*]
1 _
x exp[+Azp, (Im¢)°® — §D +K-L2Cng '
x exp[K - LAPCH L2+ po )13 4 [Ang '), (4.83)
which is smaller than
exp[D — (M) + () V2)I817 + A1\, (Img)* + Azp),(Img)°],  (4.84)

if ng is sufficiently large. Proof of Lemma 4.1.2 is completed.

4.3 Proof of Theorem 4.1.1

Finally, we prove Theorem 4.1.1, using Lemma 4.1.2, Lemma 4.1.3 and The-
orem 4.1.4. First of all, we notice that it is possible to take constants L,
D, C\(L,D), no(L,D,C1) to satisfy Lemma 4.1.2, Lemma 4.1.3, and The-
orem 4.1.4. We can check that potential v(¢) can be iterated n; times if
initial parameters satisfy the conditions Ta and Tb because of Lemma 4.1.2.
Notice that v, (¢), the potential after n; iterations, satisfies the conditions
L4.1.3a and L4.1.3b with n = 0, and so Lemma 4.1.3 can be applied to
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this potential. We have to iterate R using Lemma 4.1.3, sufficiently many
times so that the iterated potentials satisfy the G-K conditions. Put

ny = min{n € N : |pn1+nll¢|6 + | (Vny4n)>8(@)| < (o + 11 + n)—3/4
for |¢| < Ci(no +m1 +n)/*} +1.  (4.85)
Then, Pratna—1 < (no +n1 +ng — 1)7/4 (4.86)

By calculation, ny can be estimated as ny < logy, ng. Since, pn,4n, > 0, and
by (4.24)

1504, 4n -
>\n1+n2 — T—p}:j—_’-; < )\o + (n1 + n2)n0 /4
Ciy _ C
< E; !+ 2(log,, no)no LZ (no +mn1 +mng)~". (4.87)
Similarly, by (4.86) we have
150, 4n C_
Amptny = T 1L+_; > 27 (no +n1+m2)” L (4.88)

So, we checked the condition G-Kb completely.

Next, let us check the condition G-Ka. Notice that analyticity, positivity
for real ¢, and even function of vy, 1n,(¢) are checked easily. Now, We check
the bound of vy, 1n,(9)

| exp[—0ny 1 (8)]] < exp[D — (ALliny + Preens)01%]
X exp[+A1)\n1+n2 (Imd)) + A2pn1+nz (Im¢)6] (489)

From the definitions of n, and ns, — p}l/lin2|¢|2 + Ay pn, 4n,(Img)® is nonpos-
itive for (Img) < C1(no + n1 + n2)/4, so we have

|€Xp[—vn1+nz(¢)]| < exp[D - )‘:L{%l-nzl(MZ + Al/\n1+n2 (Im¢)4] (490)

We have checked all of the G-K conditions. Since pp;in,-1 is sufficiently
small by (4.86), we know

90pn no—1 45pn na—1
2 + +
I:unﬁ-nz - L (:um-i-nz—-l + (1 -2 3( : L_4) - 1 _IL_24 )l
—<_ 16 —15/8 + ‘15[1 p'n1+'n2 1 l . —15/8 (491)

As in the proof lemma 4.1.2 and Lemma 4.1.3, we can take for J, in,
suitable connected component. So, we can adapt Theorem 4.1.4. Theorem
4.1.1 is now proved.
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4.4 Remark and another result —triviality of
hierarchical P(¢) model —

Theorem 4.1.1 can be easily extended P(¢) models. However, we require
that a polynomial P(¢) is even and satisfies an additional condition (4.98)
below. We consider the following class of single spin potentials:

wl6) = ué®+AP(@), (4.92)
N
P(g) = > am:¢* (4.93)
k=2
where : ¢ : is given by
/oo Ly (L=D/2g 4 )2 - du(z) = L~ k-Dd g2k (4.94)

+

(For example : ¢% := ¢b— 22 ¢t — 45 4¢2+(1 = 2)(1 = 4)¢2+“const”.) Let
us define a class of initial single spin potentials Vo(N, L, D, C1, ng) satisfying
the following conditions for constants L, D, C, and ny,

Pa) for Img¢| < Clnl/ 2 , exp|—vo(¢@)] is analytic, positive for real ¢, even,
0 y
and satisfies

N N
Ie—(v0)24(¢)| < exp[D — Z a;]{:{c0|¢l2 + Z A2ka2k’o(1m¢)2k], (495)
k=2 k=2

where {Aj} are universal constants, and ageo = A - ag

(Pb) for |¢| < Cyny/*", (vo)>4(¢@) is analytic,

(vo)>4(¢) = Ao Z ¢ : +(v0)>s(¢) (4.96)
with
C__L* Cy L™ 1 1
<ago < = el .
= ago < U C__(N) > 48’C++(N) < o1 (4.97)
CoL™*ng! < agro < CoL™*ng*,Cy > 0 (4.98)
|(v0)s2n42(8)] < mg ™. (4.99)

We will prove the following for our class.
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Theorem 4.4.1 In d > 4, there exist positive constants:
D(N), Cy(N,L,D) > L, m(N,L,D,Cy) > L*®,

such that the following holds. Let Cy > Cy(N, L, D), ny > ng(N, L, D, Cy).
Define the RG as (2.15). Then there exists poiw € R such that the iterates
v, of the recursion converge to zero uniformly on compacts in Ct, if we start
from vy € Vo(N, L, D, Cy,np) with po = fherit-

To prove of the triviality for (2.15) with potentials of the form (Pa)-(Pb),
we will show that the parameters will enter the region where the Theorem
of Gawedzki and Kupiainen [7] can be applied (i.e. G-K region), after some
iterations (finite time iterations) of the RG. The point of our proof is to
change the induction hypothesis after some iterations to reflect the domi-
nant terms in the potential. The proof goes along the following line. In the
beginning, we are in the region where (v,)>an(¢) is dominant. For properly
chosen initial data, (v,)>2n(¢) decreases rapidly, and we then go into the
region where ¢*V=2 term of v, (¢) is comparable to (v,)>an(@). As the re-
cursion proceeds, the ¢V =2 term becomes positive and dominant, and then
#*M~* becomes positive and dominant etc. After all, v,(¢) enters the G-K
region. To trace the trajectory, we will divide up the induction into N + 1
parts along the trajectory and impose different induction hypothesis for the
gk dominant regime for k = N,N —1,---,2,1. (Compare the induction
hypotheses 14.4.2a and L4.4.2b with L1.3a and L1.3b, respectively.) We
will prove this by means of two lemmas. First, for N > m > 2,n > 0, let
V™ (N, L,D,Cy,ng) be the class of potentials v, satisfying:

L4.4.2a for [Im¢| < Cy(LEm9nng)l/2m  exp[—v,(¢)] is analytic, positive

for real ¢, even, and

N N ’
|e=0m23@)] < exp[D = Y agli |6 + Y Askaonn(Img)*™],  (4.100)
k=2 k=2

L4.4.2b for |¢| < C1(LP™mng) /2™ (v,)s4(¢) is analytic, and

N
(n)24(9) = D annd™ + (vn)s2n42(8), (4.101)
k=2
with
lagn — Lm0 o) < nLE 20 17N for k=1,--- N (4.102)
|(vn)san4a] < (gL~ (4.103)
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Lemma 4.4.2 Let 3 <m < N There exist constants
D(N),C_'I(N, L,D)> L,ng(N,L,D,Cy) > L8 (4.104)

such that the following holds. Let 1/2N > § > 0, C; < Cy(N, L, D), ny >
nmo(N, L, D,C}) and n > 0 satisfy the inequality

(L(d—2m+2)nnal)l/(2m—2) me > 3,

(d—2m)n, —1\1/2m ~
(L mo ) - { (ng + n)~1/4 if m=3.

(4.105)

Suppose also that vo € Vo(N,L,D,Cy,ng), and v, € V*(N,L,D,Cy,np).
Then, there exists a closed interval J, C I, = [—(ng +n)"17%, (ng + n)~179]
such that for p, running through Jy, vni1 € VI (N, L, D, Cy,ng). Further,
the map pn, ¥ fny1 sweeps Iy1 continuously.

Since Vo(N, L, D, Cy,no) = VV(N, L, D,Cy,ng), we can iterate Lemma 4.4.2
for m = N, and for n > 0 as long as (4.105) is satisfied. For 3<m < N -1,
put

Ny = min{n € Nl(L(d—Zm)nnal)lﬂm < (L(d—2m+2)nn6-1)1/(2m—2)}. (4.106)
Obviously, élogL no < Ny, < log; no. By Lemma 4.4.2 for m = N,

(N,L,D,Cy,ne) = VN-1(N,L, D, Cy,np). (4.107)

N
Uny_, €V, nN-1

nN-1
Therefore we can restart applying Lemma 4.4.2 for m = N — 1. Since

V”Tl

Nm—1

(N,L,D,Cy1,ng) = Vp"' (N, L, D, Cy,no) (4.108)
for each m, this can be continued until n = n3. Let
ny = min{n : (ng + n)/* < (L*"ne)"/*}, (4.109)

and let us define a class of single spin potentials V2 , (N, L, D, Cy,ng) sat-

na+n
isfying:

L4.4.3a for |Im¢| < Ci(ng+n2+n)4, exp[—vp,1n] is analytic and positive
for real ¢, even, and

le—(vn2+n)24(¢)|

N N
< explD — Y a2 + 3 Askaskiny+n(Ime)**], (4.110)
k=2 k=2
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L4.4.3b for |¢| < Ci(ng + ng + n)Y4, (Vn,4n)>4(¢) is analytic,

N
(Vnptn)>a(9) = O azkn : 6% ¢ +(Unyin) 2n+2(d), (4.111)
k=2
with
|@4npsn — asol < (N2 + nyng N, (4.112)
|a2km+n _ L(d—2k)(n2+n)n0| < (ng + n)L(d—2k)(nz+n—1)n61—2/N, (4.113)
|(Uny ) z2n42(@)] < L3232, (4.114)

Lemma 4.4.3 There exist constants
N,D(N),C’l(N,L,D) > L,no(N,L,D,Cy) > L4

such that the following holds. Let N~ > § > 0, C, > Ci(N,L,D), ng >
mo(N,L,D,Cy), log,ng > n > 0. v(¢) € Vo(N, L, D,C1,n0), and vpyqn €
Vi (N, L,D,C1,n0). Then, there exists a closed interval Jp,1n C Inyin =
[—(no 4+ ng +n)717% (ng + n2 + n)~17°] such that for fin,4n TunNIng through
Jn2+n7 Ung+n+l € Vr2lg+n+1' Fuﬁher, the Map tny4n > Pnytn+1 SWEEPS In2+n+1
continuously.

The proof of Lemma 4.4.3 is close to the proof of Lemma 4.4.2. A differ-
ent point from Lemma 4.4.2 is the difference in the condition of the region
where v,,.,(¢) satisfies analyticity. In fact we require that exp[—vn,4n(®)]
is analytic for [Im¢| < C1(ng + ny +n)'/* in Lemma 4.4.3. Because ¢* term
becomes dominant compared with (vn,4+n)>6(¢) this time.

With Lemma 4.4.3 we can continue iterations, and we can make sure that
after a finite number of iterations, this potential is in the G-K region. More
precise information about G-K region is in section 3.1 and section 4.1.

4.5 Proof of Lemma 4.4.2

Now we start to prove Lemma 4.4.2. The proof is quite similar to that of
lemma 4.1.2. Let 2 < m < N, we will only prove that v/ (¢) = vn41(®)
is in VI"1(N, L, D,C1,ng), if pn is in I,. As before, we separate the cases
into two ; small field case or large field case corresponding to the cases either
¢ < CL(LEm=DH DR 1/2m o Tme| < Cp(LEM~DM+1pg)1/2m respectively.
In the small field case, we prove that v}, (¢) satisfies 1.4.4.2b’, the condition
L4.4.2b with n being replaced by n + 1, by using the Taylor expansion,
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and some estimation of the Gaussian integrals as in [7]. As for the large
field region, we only investigate global behavior of v/ (¢), i.e., we confirm
that v/ (¢) satisfies (4.103) of L.4.4.2a’, the condition L4.4.2a with n being
replaced by n+ 1. We use K for calculable absolute constants, whose values
will vary in each occurrence.

4.5.1 Small field region analysis

Let v, € V*. We must also prepare some notations. Write x1(z) = x(|z| <
(L2m=9nn4)1/2m) and throughout this subsection, we assume that ¢ is in the
region |@| < 2 LC,(LE™H"ng)l/2™. Note that we have to put C; to satisfy
the inequality |L™1¢ & 2| < Cy(LE™9ng)/2™ for |z| < (LEm—Unp,)l/2m

and |¢] < BLC;(LEm=9nng)1/2m Next, decompose v,41(¢) as follows,

vns1(8) = V() =0, ()4 0, (4), (4.115)
o0 = [expl[-— 3 vn(L6 £ 2)]dn()/ (6 = O)uman (4.116)
+
where
(6= 0)omar = / exp|— L4, (2)]dvs (2), (4.117)
dn(z) = Xl(z)e_zz/2%. (4.118)

Estimation of QZL (9)
Let us take a logarithm of (4.116).

N
U (@) = 3L (agn — conn)d™

k=1
- log/e‘“"ﬁ(")dul(z) + log(é = 0) smaut, (4.119)

where cor, 5, We(2) are given by
N

N
Z A2kn - ¢2k = Z(a2k,n - C2k,n)¢2k; (4120)
k=1

we(2z) = wo(z) + 1;2(z)¢2 + wy(2)d* + we(2)° + w>s(9,2), (4.121)
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wo(2) = Liva(2)
wyp(2)

Y 4—2 2k 2 dQ(N_P) 2N -2,
=y L7 % (a2k,n — Cok,n)2™" + PRI (Un)>2ny2(2) ™" 7 (4.122)
k=1

forp=0,---,N—1and
2N+2

L4gN+2 an+1 @ 1
w>2N+2(¢, ) (QN—-{-:—[—)—{/ dt(l - t) + dz2N+2 ('Un)ZQN—}—Z(L— t¢ + Z)

2N+2

+ /0 dt(1 —t)*N+! ddzzmz (vn)sonso(L7 9 — 2)}. (4.123)

From the conditions L4.4.2a - L4.4.2b, v,(¢) is even and analytic. We can
estimate 7N+—(Un)>21v+2(¢) on the support of dv;(z) as follows by using the
Cauchy formula and (4.103),

[(vn)>2n+2(2))]
< ; /1 dt(1 — 75)2N+1|z2]\7+2 ~ (Un)son42(t2)]
= 2N +2)Jo dz?N+2 e
Gy o [ S aNe g 19y

<
= 2N + 2)(C, — 128"

;1%25(’0")221\/4_2(2) to (;iz—zévﬁ(’l]n)ZZN+2(Z) can be estimated as (4.124). From the
perturbation expansion:

—log / e~y (2)

= —log [ dn(2) + {wg(e))y ~ [ (1 ~ O)wg(2); we(2)),, (4.125)

0
where

(), = /...e“twqb(z)dyl(z)//e_tw‘f’(z)dyl(z). (4.126)

Now, we shall estimate each part of (4.125). Using the estimation of the
Gaussian integrations, we get

(wo(2))g = L'{wa(2))g

N-1 N
+ Z L4 2k< ) 2k — C2k‘,n)¢2N_2p(2p - 1)”
p=0 k=1 p
N .00 o
+ Z Ry, (L,10,1)¢"" + (wran12(9, 2))o, (4.127)
k=2
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~0,0
where, the terms R,;, (L,ng,n),i=1,---, N satisfy

| Bonr (Lynoym)] < (ng ¥V yng D/ [~Q/N+(N+m=2)/mn (4 128)

From (4.124) and the similar estimates for %(Un)22N+2, ey
dZN

2N (Un)>2N+z, we obtain,

[(wsany2($, 2))ol < LN (1 4 (ng) /M LA=2mn/my(n o328 - (4,129)

Next we estimate

—/ dt(1 — £){wo(2); wo(z +/ dt(1— ) 3 (iss; 1), (4.130)
1,j7#0

where '
Wo: = 'W2i(z)¢21 7;:07"'72N
2 w22N+2(¢, Z) i=N + 1.

The cumulants are

(Wyi; o), = (e7™0@)g sigze ¢ )),
__<e—tw¢(z)>(-)—2 <1I)2¢€_tw¢(z)>0<1D2je_tw¢(z)>0. (4.131)

Note that the support of dii(z) is |z| < (L™ %"ng)1/?™ From (4.105), we
get the uniform estimate |wy(z)| < K - L2VNCEN for |2| < (L@m=npg)l/2m
and |¢| < 10L& (L(2m=4)np,)1/2m  Hence,

| Z (77)21';@2j>t|

(1,4)#(0,0)

72N 2N - - - .
<METGT N (|wailligs g + (J@ail)olliagl)g)-  (4.132)
(3,9)#(0,0)

From (4.122)-(4.123), we can estimate | fy dt(1—t) 3 jy(00) (Wai; Was),| sim-
ilarly as in (4.124), and we obtain

|2nd term of RHS of (4.130)|
< KeKC?NL 2 -2 |¢|2+ZL (4—2k)n— 2|¢[2k)

+|h1gher order terms|. (4.133)
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The higher order terms are estimated as follows,

higher order terms| < KLV OEY [AN=1)=n/N AN =1)(p =4/2Ny (4 134
1 0

Next, we estimate f, dt(1—t)(wo(z); wo(2)),. Since (wo(z); wo(2)), is analytic
function in || < 12 LC1(LEm=ng)!/?™ by Cauchy formula we get

[ a1 = woa)sn(, — [ = ) o()s 00 (oo
< Kexp(K - L*NC?N) . L™?n;?|¢)?.(4.135)

So we have,

1 1
| [ dt(1 = t){we(2); we(2)), — [ dt(1 — t)(wo(2); wo(2));|s=ol
0 0
< K exp(K - LNCIV)L™2ng*(|f? + - + L7072 |g[)
+|higher order terms|, (4.136)
|higher order terms| < KL O pAN-1)—n/N GAN=1)(p ~4/2N) (4 137)

These coefficients are large, but not terrible, because we can take ng suffi-

ciently large. In the following, we put ny/*" > K - Cf"V~ DpAN-1)eK-L2V Y

From (4.119) and (4.125), we infer that

~

v, (¢) =

L4_2k (a2k,n - C2k,n)¢’2k

[V]z

k

ule

N
Z 2% Czp Qgk,n — Cokn ) (2N — 2p — 1)”¢2p
1 k=1

~ ~

2N
Z 2k (N, L,no, n)¢** + (vn),22N+2 (¢), (4.138)

where, the terms ],\_1;21‘ (N,L,ng,n),i =1,---, N satisfy

~ N ~0,0
l Ro; (N7 L7n07n)| S L—lO—(4—2¢)nn0 /AN + | R2i (N7 Lan07n)|7
i=1,---,N, (4.139)

~

and from (4.129) and (4.137), (va)'5on 4o () satisty

~

| (vn)' 55 (8)] < LN (14 L-6=2min/m(pg)=1/m o [=4)(ng®/2Y), (4.140)

for |¢] < 9 LC,(L1-2mnng)l/2m Notice that
1
(¢ = 0)sman = log / di(z) — {wo(2))o + /0 dt(1 — t){wo(2); wo(2)),]¢=o-
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So we can check that the constant term (¢ = 0)sman vanishes. The estimate
(4.140) is a little weaker than what we want (see (4.103)). So, we need a

stronger estimate. Since v}, (¢) is analytic in |¢| < 2 LCy(L=“-2mnp,)1/2m,

¢~ (vn)'5g () is also analytic in |¢] < B LCy (L~ =2mInpg)l/2m - We
obtain from the maximum principle

~ ¢ -
| ) sovse O < (om0 )

><(L4-—n/1\/'(1 +L—(4—2m)n/m(n0)—l/m + L_4))’ (4141)

so that for || < Cy(L~(-2m)(n+lp)1/2m

| (U;)/22N+2 ()] < (%)2N+2L—(2N+2)(1‘(4‘2m)/2m)

s (LA~ (1 4 L @=2min/m(p y=1/m o [=4)(n=3/2NY) (4.142)

Estimation of UN;L (¢) for |¢| < XLC (L~(-2mnpy)t/2m

Represent (4.115) as

56 = log(ts LA TenalLt0 £ A1 - i),
e—v;(¢)(¢ = 0)small
+ 10g(¢ = O)S'mall - log(qS = O) (4143)

~

We want to prove that vz (¢) is analytic in|¢| < 2 LCy(LE™~Hng)1/2™ and

~

sufficiently smaller than v/

' (#). To prove these properties, we have only to
prove that

Jexp[=3L* Ty vn(L7'0 £ 2)](1 — xa(2))dr(2)
6_12‘(¢)(¢ = 0)small

(4.144)

is analytic and sufficiently small in |¢| < 12 LCy(L@m~Y"ng)l/2m  First of all,
we estimate the denominator of (4.144). We can show that the denominator
is bounded from below by a constant which depends on C7, but not on ny.
From L4.4.2b, and (4.139) together with uniform estimate of wg(z) under
the condition of (4.105), we estimate denominator as follows,

|denominator of (4.144)] > exp[—K - L* C?V)]. (4.145)
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Next, we estimate the numerator part of (4.144),

Inumerator of (4.144)]

< / (1-x1(2 |exp[—vn(L_l¢ + z)]|L4/2d1/(z). (4.146)

Using (4.100) of L4.4.2a for |L’1¢ + z| < CL(L@mnng)1/2m we have
|[numerator of (4.144)]
N
<explK + L'D+ Y Ay CyCH* — 4:(L@m Do) /™. (4.147)
k=2

So,
|(4.144)]

L pem—onpn v (4.148)

2N
<exp[K - L*NCN 4+ IAD + Y~ AnCyCHr — 1

k=2

For given L, D and C, we can take ng large enough to obtain
RHS of (4.148) < exp[—= L<2m “nng)tm]. (4.149)

This estimate is also valid for log(¢ = 0) — log(¢ = 0)smau. According to
(4.149), we can show that vN’n (¢) is analytic and

| 0!, (¢)] < 2™ V/BEE™ D o)™ (4.150)

Estimation of coefficients

Now, we assume that |¢| < Cy(LEmD0+Dng)1/2m je ¢ is in the small
field region of v/ (¢). Notice that the small field region is in the region
|¢| < LCy(LE™=Ymng)l/*™, so we can use the argument above. Thus,

vzl (¢) is analytic in the small field region of v;,, and we can obtain power

series expansion of UN;L (¢). With the use of Cauchy’s estimate, we see that
coefficients of ¢? to ¢?"V satisfy,

|k' d(ﬁk‘ 7,1 (O)| < e—l/8(L(2 o)/ 7k =24, 72N (4151)
Using the bounded convergence theorem, we see that %% TZL (0), i,d—dg; v~
(0), - 557 di;;)’v !, (0) are continuous functions of u, on I,. From (4.142) and

46



(4.150), if ng is sufficiently large, then we have
l(”n)lz2N+2(¢)| < L—(n+1)/N(n(;3/2N), (4.152)

for |¢| < C(LEm=Dn+lp)1/2m From (4.94), (4.138), (4.139), and (4.151),
we know that

d2k =

lasknt1 — L' askn] = |Ra(N,L,ng,n)+ k! dgF vy, (0)]

< L(4—2k)nn81—2/N, k. — 3, PN 2N (4153)

Thus, if ng is sufficiently large, we have
|agk 1 — LA P00 0l < (n+ 1)LE 2R 172N (4 154)

which proves (4.103) of L4.4.2b’. From (4.138), (4.139), we know

g1 — gl < ngt N (4.155)

Thus, we have
laant1 — ag0| < (n+ 1)ng“2/N, (4.156)

which completes the proof of L4.4.2b’. Similarly, we get estimation of coef-
ficient u;, as follows,

i — Lpa| < K xng N, (4.157)

We know that map R : p — ' is continuous, and image R(I,) include
I,11. So that we can take for J,,; a connected component of this inverse
image R~ (I,41) C I,.

This ends the analysis of the small field properties.

4.5.2 Large field region analysis

Next, we prove that e~»)(%) gatisfy the condition L4.4.2a’. First, we prove
it in the case where [Red| > C;(LPm~4M+hn)1/2m  Next, we prove it in
|¢| < Z0LCy(LEm=nny)l/2m je. this region includes the small field region

of v} (9).
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The case where |Reg| > Cy(LEm=9+p,)1/2m
Note that the definition of the RG (2.15) has the following expression

@ = [Tlexplovn(B7'6 £ 2 2a(z)/(9=0). (4159

Im(L ¢ + z)| < Cy(LEmpg)l/2m i [Img| < Cy(LEm=ntng)1/2m,
From the condition L4.4.2a,

N
|e™024®) < exp[L*D — L* Y agin ol + Z L% Aggang n (Tmp) ]
k=2 k=2

x / e Pt~ L 0 4y () /(6 = ). (4.159)

—00

Note that, {asx .} are positive and sufficiently small, hence, this integral part
and (¢ = 0) estimated as absolute constants, so we get

RHS of (4.159)

N
< explLD - 123" a0 + 30 L% Apgang n(Tmg) + K]. (4.160)

k=2 k=2

If D and L are given, we take C; sufficiently large and then we take ng
sufficiently large. Thus, we obtain

| exp(—(v7,)24(9))|

2N 2N
<explD— 3 a2, |6 + Y Asasins1(Img)*],  (4.161)
k=2 k=2

for [Img| < Cy(LC™ 9 +ng) /2", [Reg| > Cy(LEm- 9+ g 1/2m,

The case where |¢| < 10LC;(LEm~Hnpy)t/2m

Now we prove remainder part of large field region. Let u, € I, and |¢] <
L 1,6y (LEPm™4mng) /2™ From (4.140), (4.154), (4.156), (4.157), and K(no +
)1/4 (L@ )12 for m > 3, we have

|e—((vn) )>4(¢)| < eXPKZL 2C2Ic —l/k]
k=2

N
x exp[— 3 agns1(Red™) + Lng V%], (4.162)
k=2
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And, we estimate aog ,1(Reg?*) as follows,

nir(Reg™) > s (3 (Red) — K (Img)?*)

1
> =5 Do + 2k mt1) *|B1? — Askaoknii(Ime)?*.  (4.163)

Notice that Do, does not depend on C4, ng or n. Put D = ZkN=2 Dyi.. From
(4.162) to (4.163),

N N
e~ ((n))2409)} < exp[D — Z(QQk,n+l)l/kl¢|2 +> Agkagg 1 (Ime)*]
k=2 k=2

1 ,
X exp[—§D + K- L72C%ng '
x exp[K - LY3CEN (LU-2m)ntp yU/m 4 [4n =12 (4.164)

which is smaller than

N N
exp[D - Z a;é{cn—kl [¢|2 + Z A2ka2k,n+l (Im¢)2k]7 (4165)
k=2 k=2

if ng is sufficiently large. Proof of Lemma 4.4.2 is completed.

4.6 Proof of Theorem 4.4.1

Finally, we prove Theorem 4.4.1, using Lemma 4.4.2, Lemma 4.4.3 and The-
orem 4.1.4. First of all, we notice that it is possible to take constants L,
D(N), Ci(N,L,D), no(N,L,D,C}) to satisfy Lemma 4.4.2, Lemma 4.4.3,
and Theorem 4.1.4. We can check that potential v(¢) can be iterated ng
times if initial parameters satisfy the conditions (Pa) and (Pb) because of
Lemma 4.4.2. Notice that v,,(¢), the potential after n, iterations, satisfies
the conditions L4.4.3a and L4.4.3b with n = 0, and so Lemma 4.4.3 can
be applied to this potential. We have to iterate R using Lemma 4.4.3, suffi-
ciently many times so that the iterated potentials satisfy the G-K conditions.
Put

n1 = min{n € N : |(Vpy1n)>6(@)] < (no +n2 + n)_3/4
for |¢| < Ci(no +na +n)/4}.  (4.166)

Then,

A6, ny14na—1 < (no +ny+ng — 1)_9/4. (4167)
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By calculation, n; can be estimated as n; < K log; no. Since, agkn,+n, = 0,
and by (4.112)

A nytng = Canitny < G40 + (N1 + no)ng N
< %Fnal +2(log, noyng N < %—}(no + 1y +ny) 7L (4.168)
Similarly, by (4.167) we have
Q4.ny+ny — Conitng > g(”O +ny +n2) (4.169)

L4

So, we checked the condition G-Kb completely. Next, let us check the con-
dition G-Ka. Notice that analyticity, positivity for real ¢, and even function
of Un,4n, (@) are checked easily. Now, We check the bound of vy, 45,(¢)

2N
k
| eXp[~Vny 4nz(B)]] < exp[D — 3" ayt¥, o |8[7]

k=2
2N

X expl+ Y Asklak nyn, (Im)**]. (4.170)
k=2

Notice that —3°3%; aéé?rlfl-i—nzld)lz + 2N, Aok@ok g +n, (Im@)?* is nonpositive

for (Im¢) < Ci(no + ny + n2)'/* from the definitions of ny and ns. So we
have the following inequality

| €XP[—Vny-4nz (D)]] < €xD[D — a1, 40,1612 + Adsnyny (Im@)*]. (4.171)
We have checked all of the G-K conditions. Since ask n,+n,—1,k > 3 is suffi-

ciently small by (4.167), we know

6/\11 -1 -1-2/N
|/"m+n2 - L2(/J’n1+n2—1 — C2n1+np-1 + ﬁ%ﬂ <K- Ny =2 (4172)

As in the proof lemma 4.4.2 and Lemma 4.4.3, we can take for J,, +n, a suit-
able connected component. So, we can adapt Theorem 4.1.4. Now, Theorem
4.4.1 is finished.
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Chapter 5

Central Limit Theorem and
Law of Iterated Logarithm for
Hierarchical Models

In this Chapter, we consider some problems related to hierarchical models.
First, we consider the central limit theorem (CLT) for the block spin see
[2] for a related work for the central limit theorem for hierarchical models.
Finally, we show the Law of Iterated Logarithm for Block Spin at the origin.

5.1 Central Limit Theorem for Block Spin at
the origin

In this section, we consider the central limit theorem for the block spin at
the origin. This is a natural application of RG analysis, because we already
investigated the limit probability measure for iterations of RG. First, we
consider Gaussian cases.

5.1.1 massless hierarchical Gaussian case

Proposition 5.1.1 Let ¢(()") be the n'th iterated block spin at the origin, i.e.,

n _(d+2)n
o =L Y 4. (5.1)

rE€EBpn (0)

Then, gb(()n) has the normal distribution with mean 0 and variance o? =
I_-IFIG—_ZT for all n. Especially, limit block spin at the origin also has the
same distribution.
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Proof of Proposition 5.1.1

The massless hierarchical spin ¢, is defined by the summation of independent
Gaussian random variables {Z*}, so {¢,} are Gaussian system. Obviously,
E[¢.] = 0 for all z, and it is easy to see that E[(¢,)?] = ;—t2a=zy- From the

definition of block spin, ¢{® has the same distribution of ¢,. So, statement
is shown.

5.1.2 massive hierarchical Gaussian case

Here, we consider the central limit theorem for massive hierarchical Gaussian
case, i.e., single spin is v(¢) = pd?, u > 0. In this case, {¢,} is still a Gaussian
system. However the order of scaling is different from massless case.

Lemma 5.1.2 Let v(¢) = ud?, and P,[-] be formaly written by

R = 5 [ e T Odus, ()4 € BR™) (5:2)

Z, = [ e v, (9) (53)

Then, this system is also a Gaussian System, whose means {m,(¢;)}, vari-
ances {V,(¢:)}, and covariances {Cov,(¢s, ¢y)} are given by

ko-1 [ —(d-2)k o [~(d-2)k
Vuldz) = sTamn T T 2 e (5.5)
# kZ::O 2L4+%y + 1 kg’;o 4dL+2ky 4+ 1
ko=1 [ —(d-2)k o [~(d-2)k

Covu(¢z» ¢y) = Z d+2k + d+2k !
k=K(z,y) 2L ptl k=ko 4dL B+ 1

(5.6)

where k(z,y) is the smallest number which satisfies [L~*z] = [L™*y], for each
z,y € Z% and ko = k() is the smallest number which satisfies [L™*z] = 0.

proof of Lemma 5.1.2
Let ¢ be the LY size cut off spin variables, i.e.,
N-1
¢i\l = Z A[L—kz]Z[L—kflm],k,:E < AN (57)

k=0
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where Ay = {z € Z%[L Nz] = 0}. We first compute the characteristic
function of ¢Y for the massive hierarchical Gaussian system {¢Y }.ca, -

Eﬁ’ [exp(it i tidz,)]
=1

1 / & o
= — exp(t ) L Ak 2L -k-14] k
Z Jun PO 2 (pkal 2+ k)
N-1
expl~ >0 3 (1/2+ LEFDILTERR)E ]
2€AN_1\{0} k=0
N-1
x exp[— Y (1/2 + 2dL*+D4L=(@=2k 2 ] II dzz k-
k=0 0<k<N-la€An_1

[ i 5 ’C(flvz'j’xlq) (ty + -+ 1) L(@-2k
- & —
*P 2 14 2L+,

p=1l1<la< <y k:k(aﬂzl ,"'ﬂ?lq)

ko(aiy - \21,)

m 2 —(d-2)k
STYED SHID DRI DI S D 58)

] (
p=lli<la< <y g 2 1+ 4dL2k+d’u

=Ky (21, ,21,)

where k(z;,, -+, 2,) is the smallest number which satisfies [L™%z),] = --- =
[L™*z,) # 0 for only zy,...,2, and k(zy,---,x,) is the largest num-
ber which satisfies [L™*z;,] = -+ = [L7*z,] # 0 for only z,...,x,
ko(z,,- -+, 21,) is the smallest number, satisfies [L~*z;,] = --- = [L 7%z, | =0
for only x;,,..., 2, and ko(zy,,- -+, z;,) is the largest number which satisfies
[L™*z,) = -+ = [L7%x,] = 0 for only zy,,...,2,. Notice that cross term in
Y zeay V(9N ) vanish because of the factor {A,}. Let take limit N — oo, we
get the assertion of the lemma.

CLT of massive hierarchical Gaussian Case

We show the central limit theorem of block spin at the origin. We must
calculate the characteristic function of ¢{”. Recall that ¢{® is the n'th
iterated block spin, i.e., p{" = L~(@+2n/2 Y [L-nz]=0 ¥z, Hence we have

t2 00 L—(d—-Z)k

E, [explito™]] = exp[—— ) 5.9
/1[ p[ ¢0 ]] p[ 2 I;] 1+4dL2(k+n)+dlu] ( )

In this formula, Eﬂ[exp[itgb(()")]] goes to 1 as n — oo. Obviously, the limit
distribution is degenerated. It means that this scaling is incorrect. The
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correct scaling is L2, In fact,

ElexplitL™" S ¢]] = EulexplitL"¢{”]]

z:[L—"z]=0

t2 o] L—(d—Q)IC

- exp[—E k; [ 4dL2k+dp]' (5.10)
So, the limit of E, [exp[z’tL’%" YL -nzj=0 P2]] exists, and we know
lim Efexplitl ™ 3 ¢, = exp[—g i m]
nee o[ L—"z]=0 k=0 H
= exp —g%ﬁ] (5.11)

Theorem 5.1.3 Let qﬁ(()n) be the n'th iterated block spin at the origin, i.e.,

o =LF Y 4 (5.12)

z€Bn(0)

Then, the limit distribution of qgo(n) s as follows

_ ~ 1 b z?
lim Pl < o™ <8 = = / expl— 5z (5.13)
where
1 1
2 = — ————n
0t = 37 i (5.14)

5.2 The Hartman-Wintner Law of the Iter-
ated Logarithm for Hierarchical Spin Sys-
tems

In this section, we investigate into the Law of the Iterated Logarithm (LIL) of
this system. First of all, we prove the LIL of hierarchical massless Gaussian
Case, next we consider another situation.

5.2.1 massless hierarchical Gaussian case

The opportunity of this section, we prove the following assertion,
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Theorem 5.2.1 Let qS(()") be the block spin of the n th scale at the origin, and

02 = l—_z—_l'(d—_‘zj Then ZfKa = [—O', U],

P[lim dist(¢§”/(2loglog L)/, K,) = 0] = 1, (5.15)
P[C(8{”/(2loglog L™)V?) = K,| = 1, (5.16)

where C(a,) is the all of the cluster points of {a,}. In particular, with
probability 1

limsup 47" /(2loglog L*)!/* = o, lim inf ¢(”/(2log log L*)'/* = ~0.(5.17)

Proof of 5.2.1
We follow the argument by as de Acosta [1]. We put a, = 4/2loglog L4,

and, we will show

¢(")
Pllimsup =2~ <o} = 1. (5.18)

n—oo  Qp

For arbitrary é > 0, from proposition 5.1.1 we calculate easily as follows,

o0 dz
Pig\” > a,0(1+6)] = / exp[—z?/20% ——
0 > 0o 40] = [7 ola?20t)
< const exp[—aZo?(1 + 6)%/207]
< const(ndlog L)~ (1+9*, (5.19)

So, %, Plp{™ > an(o + 9)] < co. By Borel-Cantelli’s first lemma, we get
¢(n)
Pllimsup >— < o + 6] = 1. (5.20)
a

n—00 n

Since ¢ is arbitrary, this proves (5.18). We prove next

P[lim dist(¢6”/an, K,) = 0] = 1. (5.21)

(n)
In fact, (5.18) applied to _¢(()") yields that P[liminf, % > —0] =1, and
since

{lim sup dist(¢" /an, K,) > 0}

c {limsup ¢{”/a, > o} U {lim inf o Jan < —o},
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(5.21) follows. It remains to show
PIC(¢§” Jan) = K] =1 (5.22)
In order to prove (5.22), it is enough to show that for every b € (—0,0)
Pl e Co /an)] = 1. (5.23)

In fact, taking a countable dense set D C (—a,0) it follows from (5.23) that
PIDcC (gb(()") /an)] = 1. Since C’(¢(()") /ay) is closed and as a consequence of
(5.21), P[C(8{"” Jan) C K, = 1, (5.22) follows. Let ny, = (L +k)log(L + k)

and write

D g1 ¢("k+1)|

a7 65 b < lagtL

Hlagh(gf™ - L~

Mgy bl (5.24)

Since a;”“—“L_w—;Z_)"k“ — 0, it follows from (5.21) that

e

lim sup |a,,; - )"k+1¢(()"’°+1)| = limsup —* Inier g "’°+1|¢(""“))/ank A
k—oo k—oo  Qny *
= 0,as. (5.25)

Given € > 0, let Ay = {]a;, (o () _ -5 "k+1¢("’°“)) bl < e}. Let |b] < o,
put o = |b/a| and choose § > 0 so that a+ 8 < 1. From a property of
Gaussian system, there exists ks = k(0) such that for k& > ks

P(Ay) > (ngdlog L)~@+9) - (5.26)

and therefore 332, P(Ax) = oo. Since {o0) — L-Fnengm) ke NY s
independent, Borel-Cantelli’s second lemma yields:

P[hmmf la, ! (¢0 () L‘d;f"k“gé((,""“)) —-b <=1 (5.27)
Since € is arbitrary it follows (5.24) - (5.27) that
Pllim inf |az! () _pl = 0] = 1, (5.28)
which implies (5.23).
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5.2.2 massive hierarchical Gaussian case

In this section, we consider the LIL of massive hierarchical Gaussian case.
From the argument of 5.1.2, massive hierarchical Gaussian model has similar
system as massless hierarchical Gaussian model. So, we can show the LIL of
massive hierarchical Gaussian model as same as massless case.

Theorem 5.2.2 Let ¢\ = L ¢ be the block spin of the n th scale at the

origin, and 0% = 37— - ﬁ. Then if K, = [—0,0],
P[lim dist(¢{"”/(2loglog L™")/?, K,) = 0] = 1, (5.29)
P[C(#§"/(210glog L'™)'/?) = K,] = 1, (5.30)

where C(a,,) is the all of the cluster points of {a,}. In paticular, with prob-
ability 1

lim sup ¢ /(2loglog L%™)/? = ¢, lim inf ¢ /(2 1og log LiMY2 = _g,
n—00 n—00

lim sup |¢~S(()")/(2 log log L%™)Y?| = 0.
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