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Abstract

In this doctoral thesis, we study quantum-mechanical supersymmetry with
point singularities and its application to higher dimensional gauge theories.
We give a detailed analysis in quantum-mechanical supersymmetry on a circle
with point singularities, and the study has a physical application to higher
dimensional gauge theories. We show that a quantum-mechanical N = 2
supersymmetry is always hidden in any gauge invariant theories with extra
dimensions, and the physical application to higher dimensional gauge theories
is discussed. We propose the criteria of obtaining a possible set of boundary
conditions in a supersymmetry point of view, and construct a toy model of

GUT.
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Chapter 1

Introduction

Higher dimensional theories have recently attracted enormous attention be-
cause hierarchy problem can be solved by geometry of extra dimensions or

symmetry of the higher dimensions [1]-[46].

The standard model of elementary particles has been very successful in
describing observed phenomena. Theoretically, however, a serious problem
arises when it is regarded as the effective low energy theory of a certain more
fundamental theory. We think that the standard model is valid up to some
energy scale A, and at A the theory is replaced by more fundamental theory.
For instance, if we assume that the fundamental theory is grand unified theory
(GUT), which is invented to unify the electroweak force and the strong force,
it has two hierarchical mass scales which are the weal scale My ~ 10%[GeV/],
which is the symmetry breaking scale of the electroweak theory, and the GUT
scale (Mgyr), which is determined by the scale where the electroweak and
strong coupling constants are unified. The ratio of these masses, for instance,
is %Mlvéﬁ ~ 10' for SU(5) GUT. The hierarchy problem is the problem of how

to maintain the hierarchy of these mass scales. If we abandon the GUT, the



hierarchy problem still remains. There is the hierarchy between the Planck
scale Mp; ~ 10'8[GeV], where gravity becomes as strong as the gauge interac-
tions, and the weak scale Myy. The hierarchy problem is serious in the sector
of the Higgs mass. In the standard model, the quadratic divergence arises in
the quantum correction to the Higgs mass-squared. It is possible to adjust the
bare mass of the Higgs, so that the renormalized Higgs mass remains to be the
weak scale. It, however, will require a fine tuning of the bare parameter at the
precision ~ 1072 in a SU(5) GUT scenario. This problem at the quantum
correction is known as that of “quadratic divergence”. Many physicists think
that solving the hierarchy problem would be a clue of new physics beyond the

standard model.

An interesting possibility to solve the hierarchy problem at the classical
level has been suggested by Shaposhnikov and Tinyakov(1l]. They considered
a gauge invariant theory with a noncompact extra dimension with a weight
function and showed that massless modes disappear from the theory, while
massive modes appear in such a way that one is much lighter than the others.
In ref. [2, 3], we extend the idea of them, and study the possibility of solving
the hierarchy problem in a SU(5) GUT scenario, based on 5D gauge invariant
theories on orbifold with nontrivial boundary conditions at fixed points. We
present a toy model in which a large mass hierarchy of the spectrum naturally
arises without a fine tuning. Hidden supersymmetry in higher dimensional

gauge theories plays a crucial role to obtain the hierarchy structure.

Arkani-Hamed et al. have solved the hierarchy problem between My, and
Mp; in the brane world scenario[4]. The standard model particles are confined
to a (3 + 1)-dimensional subspace, or “D3-brane”, in the higher dimensions.
However, this confinement will not work for gravity, which necessarily prop-
agates in all dimensions as it is the dynamics of spacetime itself. In higher

dimensional theory, the effective four-dimensional Planck scale Mp, is related
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to the fundamental (4 + n)-dimensional Planck scale M S’L") as,

M3, = (ME™) R, (1.1)

where R" is the volume of the compact extra space. Since gravity is tested
only down to the size of a millimeter or so, R could be as large as fraction
of a millimeter. If we take R ~ 0.1jmm] and n = 2, the fundamental Planck
scale M }(ﬁfr") in the theory becomes of the same order as the weak scale. In
their model, fundamental scale is only My, and the original hierarchy problem
does not exist. This scenario, however, produces a new hierarchy, namely that
between the compactification scale and the weak scale. They do not consider

the reaction of gravity to the presence of the branes themselves, either.

More attractive model which does not have the problem mentioned above
has been suggested by Randall and Sundrum[5]. They explicitly constructed
a solution to the Einstein’s equations in 5 spacetime dimensions, one of which
is compactified on S'/Z,, with two D3-branes located at the fixed points of

S'/Z,. The vacuum metric solution is given by
ds® = e Wy dztdr” + dy?, (1.2)

where e~2l ig called warp factor, and N is the 4d Minkowski metric with
nw = diag(—1,1,1,1). The 5d-dimensional coordinates are denoted by z™ =
(z#,y), where y is the extra dimensional coordinate. The geometry of the bulk
5d space-time is Anti-de Sitter spacetime, i.e. a space-time with a negative cos-
mological constant. We note that even though the extra dimension is curved,
the brane itself remains static and flat, that is it preserves 4d Poincaré invari-
ance. In that scenario, all mass scales except the scale of gravity are reduced
to the weak scale by the warp factor. The exponential factor is the source
of the large hierarchy between the observed Planck scale and the weak scale.
With this scenario, various attempts have been made to construct realistic
models[6]-[11].
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The Gauge-Higgs unification scenario attracts attentions from the view
point of solving the hierarchy problem[12]-[24]. In that scenario, the Higgs
field is identified as the zero mode of the extra dimensional components of the
gauge field. Since the gauge symmetry. in the higher dimension protects the
Higgs mass from quadratic divergences, the hierarchy problem at quantum
level is solved. In the Gauge-Higgs unification scenario, since particles of
different spin in four dimensions can be unified within a higher dimensional
theory, this scenario is also attractive in the sense of unification of particles
with different spin. Recently, Hasegawa, Lim and Maru have suggested the
solution to the hierarchy problem in the Gravity-Gauge-Higgs scenario, in
which four dimensional bosonic fields with all possible integer spins, graviton,
gauge boson and Higgs are unified in a framework of a gravity theory with extra
dimensions|[25, 26]. The Higgs is identified with the extra space component of
the metric tensor. General coordinate transformation invariance protects the

Higgs mass from quadratic divergence in this model.

A recent new proposal for solving the hierarchy problem is the Higgsless
scenario|2, 3],(27]-[38]. In extra dimensions, it is indeed possible to break
gauge symmetries via boundary conditions without any light scalar appearing
in the theory. The scattering amplitude of longitudinal mode of massive gauge
bosons W*, Z can be unitarized by the gauge boson resonances rather than
by the Higgs field.

It is phenomenologically important to obtain the mass spectrum in a four
dimensional point of view when we consider such higher dimensional theories.
We note that the problem of how to obtain the 4d mass spectrum can be
replaced by the eigenvalue problem in quantum mechanics. Let us consider
a scalar field in the (4 + 1)-dimensional space-time. The (4 4+ 1)-dimensional
coordinates are denoted by = = (z#,y), where z#(u = 0,1,2,3) are the 4-

dimensional coordinates and y is the extra space coordinate. The action we
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consider is

s = [d'o [ dyy/=glu) (~10u®(z ) ~ M|2(z,5)P")
= [d' [ dyy/-9(v) (~9"(2,v) (-0,5") $(z.)

~0*(z,y) (-4, + M*) &(z,y)), (1.3)

where A, is an extra dimensional laplacian. One can expand the field ®(z, y)

in an appropriate complete set with respect to the fifth coordinate,
Zcbn ) fn (), (1.4)
where f,,(y) satisfies
(=0, + M?) faly) = m2faly)- (1.5)

Here m,, is a mass of the 4d scalar field ¢,(x), the problem we have to solve
is the eigenvalue problem(1.5). Integrating with respect to the extra space

coordinate y, the action becomes
S= [d23 (~6i@9) (-0:0) balay) - mEla@)) . (L0)

We can obtain the 4d mass spectrum {m,}, if the eigenvalue problem in quan-

tum mechanics is solved.

Note that the mass operator is given by a square of a certain hermitian op-
erator when we consider the gauge invariant theory with extra dimensions[39).
Let us consider a (4+ 1) dimensional Abelian gauge theory on a curved space-

time,

S = /d4 /dy\/ < gMM NN/FM’N’(‘T’y)FMN(mvy)>’ (1.7)

where
Fun(z,y) = OuAn(z,y) — OnAu(z,y), (1.8)
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and the metric is assumed to be of the form with a wight function A(y)
ds* = A(y) (nwdz*d” + dy?) . (1.9)

The mode expansions of the gauge fields are given by

=" ADM(2)fuly), (1.10)
As(z,y) = 3 AP (2)ga(y), (1.11)

n

where fu(y), gn(y) satisfy

( = a3, 0 )(my) ) :__mi(my)), 1.12)
0 ~0y x5 AW) ) \ 9 () gn(y) )

where m2 is a mass-squared of the 4d gauge field AI(L"). This mass operator

can be written as

2 — 3 A )9, 0

H=Q ( . 6M% 6,00 ) (1.13)
(0 A%y 9,A(y)

Q= ( 5, . ) . (1.14)

This eigenvalue problem is known as that of the supersymmetric quantum
mechanics, where supercharge is denoted by ). In this thesis, we first study the
supersymmetric quantum mechanics in order to discuss the 4d mass spectrum

in the higher dimensional gauge theories.

There exist some evidence for the existence of some kind of supersymmetry
in 4d mass spectrum of higher dimensional gauge theories: If a 4d gauge
symmetry is not broken, a massless 4d gauge field appears because 4d gauge
invariance guarantees the gauge field to be massless. This may be explained
from a supersymmetry point of view because supersymmetry ensures that the
ground state has zero energy and the zero energy state is interpreted as the

massless gauge field. The second evidence is that in a 5d gauge theory with
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a single extra dimension, every massive mode of Aé") (a massive KK mode
of the gauge field in the direction of the extra dimension) can be absorbed
into the longitudinal mode of AL") (a massive KK mode of the 4d gauge field)
by gauge transformations. This fact implies that there should exist a one-
to-one correspondence between Ag”) and AEL"). The correspondence may be
interpreted as supersymmetry between a “bosonic” state and a “fermionic”
one, although both modes are bosonic. The last evidence is that a massless
mode Aéo) (if exists) cannot be gauged-away and it appears as a physical state,
in contrast to the massive modes Aé”), which can be gauged-away and hence are
unphysical modes. This observation is again consistent with supersymmetry
because zero energy states do not form any supermultiplets between bosonic

and fermionic states.

Another appealing and well-known scenario to solve the hierarchy problem
is to invoke supersymmetry in quantum field theories. Then, it may be natural
to ask a question whether these two kinds of theories, gauge theories with extra
dimensions and supersymmetric theories, have some relation. The immediate
answer is negative, since supersymmetry necessarily needs fermionic degree
of freedom, while the cancellation mechanism of the quadratic divergence in
the higher dimensional gauge theory does not necessitate it. However, as
mentioned above, these two theories are related through quantum mechanical

supersymmetry.

Now, we note that many attractive models with extra dimensions include
singularities. Orbifolds[40]-[45], on which phenomenologically interesting mod-
els have been proposed, are one of such example because orbifolds have fixed
points, which are singularities on manifolds. In most studies, it has been tac-
~ itly assumed that the field configurations are smooth at fixed points of the
orbifolds. However, it is natural to allow field configurations to be discontin-

uous at fixed points. Another example of the theory including singularities
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is a brane world scenario[4, 5], [46]-[49]. For instance, a D3-brane located
at a point on the extra dimension may be regarded as a singularity in the
4d point of view. Singularities, indeed, leads to more realistic and attractive
models[2, 3, 46].

Now, we pay attention to singularities and their treatment. A point sin-
gularity in quantum mechanics is parameterized by the group U(2) and the
parameters characterize connection conditions between a wavefunction and its
derivative at the singularity[50]-[52]. The variety of the connection conditions
leads to various interesting physical phenomena, such as duality[53, 54|, the
Berry phase[55, 56] and scale anomaly[57] and supersymmetry[58]-[62]. We
would like to emphasize that the study of supersymmetry in one-dimensional
quantum mechanics with point singularities not only is interesting in a math-
ematical physics point of view but also has a physical application to higher
dimensional gauge theories. N =1 or N = 2 supersymmetry in the model of
a free particle on a line R or an interval [—[,!] with a point singularity was
discussed in [58]. This work was extended to N = 4 supersymmetry in the
model on a pair of lines or intervals each having a point singularity[60]. In
this thesis, we extend the previous study to the N-extended supersymmetry

on a circle with 2" point singularities[59]-[62].

The plan of this thesis is as follows. In chapter 2, we give a brief review
of quantum mechanical supersymmetry and discuss how to treat the singular-
ities in quantum mechanics. In chapter 3, we give a review of singularity in
quantum mechanics, and the N = 2 supercharges are explicitly constructed in
terms of differential forms. After that, we study N-extended supersymmetry
in one-dimensional quantum mechanics on a circle with point singularities in
detail. For any integer n, N = 2n+1 supercharges are explicitly constructed in
terms of discrete transformations, and a class of singularities compatible with

supersymmetry is clarified. In our formulation, the supersymmetry can be re-
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duced to M-extended supersymmetry for any integer M < N. The degeneracy
of the spectrum and spontaneous supersymmetry breaking are also studied in
this chapter. The analysis discussed here can be applied to the study of higher
dimensional gauge theories. In chapter 4, we show that a quantum mechanical
N = 2 supersymmetric structure is always hidden in the 4d mass spectrum
of any gauge invariant theories with extra dimensions. We also show that the
higher dimensional gauge theory on the whole possesses the N = 2 quantum
mechanical supersymmetry and the supersymmetry is a part of the higher
dimensional gauge symmetry. In chapter 5, we extend the previous analysis
to extra dimensions with boundaries, and propose the criteria of obtaining
a possible set of boundary conditions in a supersymmetry point of view. We
construct a toy model of GUT using the boundary condition, and demonstrate
that it possesses gauge symmetry breaking with a large mass hierarchy with

the help of the previous analysis. Chapter 6 is devoted to summary.
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Chapter 2

N = 2 Supersymmetric quantum

mechanics

2.1 Supersymmetry in quantum mechanics

In this section, we give a brief review of the N = 2 supersymmetric quantum

mechanics which is called the Witten model.

The supersymmetry algebra in quantum mechanics is given by

QIZQZ’ (L]z 1a2>aN)7 (22)
where H is the Hamiltonian and @; (i = 1,2,---, N) are called supercharges.

Here we consider the supersymmetry algebra with N = 2. We will see later
that the N = 2 supersymmetry appears in 4d mass spectrum of any gauge

invariant theories with extra dimensions, and any gauge invariant theories with
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extra dimensions possess the N = 2 supersymmetry, i.e. the action is invariant

under the transformations whose generators are the N = 2 supercharges.

Let us introduce a two-component wave function as
$1(z)
Y= """ (2.3)
¢a()

The N = 2 supercharges which act on the two-component wave function can

be written by

Q1= % [Uﬂgda‘c + U2W'(£L’)} , (2.4)
Q2 = % [Uzi% - 01W'(x)] ; (2.5)

where W'(z) = £W(z) and W(z) is called superpotential. This model is
called the Witten model[63]. The o; (¢ = 1,2, 3) stands for the Pauli matrices,

01 0 —i 1 0
01:(1 0), OQZ(Z_ 0), 03=(O ‘1>. (2.6)

The Hamiltonian is given by

H= % [-dd—; + (W(2))? — a3W"(m)J . (2.7)
They form the N = 2 supersymmetry algebra
{Q:, Q;} = 26;;H, (2.8)
Ql=qQ, 4,i=12 (2.9)
We can introduce the “fermion” number operator as
(—1)F = o3, (2.10)
which satisfies
{Qu(-D)f}=0, =12 (2.11)
(~17) =1, (2.12)



where I); denotes an M x M unit matrix. We call states with (—1)F = +1(—1)

“bosonic” ( “fermionic”) ones, that is, the “bosonic” and “fermionic” states

Y (x),%-(z) are given by

. $1(z) z) = 0
Yi(z) = ( 0 ) h-(z) = (¢2(x) ) (2.13)

(1), H] =0, (2.14)

Since

we can introduce simultaneous eigenfunctions of H and (—1)F such that

Hygpt = EYgs, (2.15)
(1) e = T¥pe. (2.16)

The important properties of this model are as follows:

(i) Since the Hamiltonian is given by the square of each supercharge which is

hermitian, the energy is positive or zero,

E>0. (2.17)

(1) The supersymmetry algebra implies that

H(QiYg+) = E(Qive+), (2.18)
(—1)7 (Qivex) = F (Qivops) - (2.19)

Noting that Q; = —iQ,(—1)¥, we have the relation

Q1¥e+(2) = FiQaVes X Yp4(7) (2.20)

when E > 0. Thus, all the non-zero energy states are degenerate between

“bosonic” state ((—1)F = +1) and “fermionic” one ((—1)F = —1).
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(iii) The above argument cannot apply for E = 0 states because Qi3 = 0.
If there exists a supersymmetrically invariant state then it is the vacuum and

supersymmetry is not spontaneously broken.

The equations @;¥o.+ = 0 (¢ = 1,2) are easily solved and we have formal

N+€—W(z) 0
TpOH" = ( 0 ) "41’0;— = N_€+W(x) . (221)

Here, N, denote normalization constants. The solutions can be removed from

solutions

the functional space because some of them may be non-normalizable !. We
assume that [W(z)| — oo as |z| — oo. If W(oo)  W(—00) < 0, then the
sign of W for £ — +o0 is opposite from the sign of W for £ — —o0. In this
case, both of the solutions are not normalizable, then the supersymmetry is
spontaneously broken. On the other hand, if W(oo) - W(—o00) > 0, then the
sign of W is the same for £ — 400 as for £ — —oo. In this case, one of the
solutions is always normalizable and another is not normalizable. Thus, the
supersymmetry is not broken. We note that whether the supersymmetry is

broken or not only depends on the asymptotic behavior of the superpotential.

2.2 Supersymmetry algebra and differential forms

In this section, we construct the N = 2 supersymmetry algebra in terms of
differential forms. We will see later that the formulation of differential forms

becomes powerful tool.

11f space is compact, the solutions are always normalizable. Nevertheless, some of them
must be removed from the functional space. This occurs due to incompatibility with bound-

ary conditions (connection conditions). This will be described in next chapter.
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Let K be a D-dimensional compact Riemannian manifold with a metric

gij (1,7 =1,2,---,D). A k form w® on K is given by

;1 o '
W = Ewmz...z‘kdy“ Ady? A - Ady, (2.22)

where y* (i = 1,2,---, D) are coordinates on K and A denotes the wedge
product. The coefficient w,..;, is totally antisymmetric in all £ indices. The

Hodge star (Poincaré dual) operator on the k form w(® is defined by

*w(k) = k—'(l—)\/—:—];ﬁwil...ikg““ Tt glukéjl...jkjk+1...jody]k+l VANEIAN dy]D, (223)

where g = detg;; and €;,5,...i, is a totally antisymmetric tensor with €5..p = 1.

Repeated applications of *x on any k& form give
xxw® = (—1)k(D_k)w(k). (2.24)
The inner product of any two k forms w® and 7*®) is defined by

1 i o
(n(k),w(k))A = E/KdDy VIO i Wiy G - gtRIE

= / A nE A xw® (2.25)
K
Here, we have introduced a weight function A(y) for later convenience with a
property

A(y) > 0. (2.26)

Then, it follows that
™, w®)a = (W®,n®)4, (2.27)
(@®,w®)y > o, (2.28)
(@, 4 P=)a = (=D)HPE (5 ®, P04 (2.29)

The adjoint of the exterior derivative d is defined, with respect to the inner
product (2.25), by

(*=D, dlw®) 5 = (dn®=D, wk),. (2.30)
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For compact manifold without a boundary?, the action of d' on a k form w®

turns out to be of the form
diw® = —(—=1)F DDA 4 gA x W), (2.31)
For k =0 and 1, d'w® are explicitly written as

dfw® =0, (2.32)

1 y
dtw(l) = ~m5](A\/§g ]wz‘)7 (233)

where w®) = w;dy’. The first equation comes from the fact that d maps k
forms into k — 1 forms and there is no —1 form. We notice that the nilpotency

of d! still holds irrespective of A(y), i.e.

(dH?=0. (2.34)

We can now construct the N = 2 supersymmetry algebra. To this end, we

introduce a two-component vector

) w®
[2) = St | (2.35)

where the upper (lower) component consists of a k (k + 1) form. The inner

product of two two-component vectors ngk)) and IQék)) is defined by
k) o (k k)  (k k k+1
(471017) = (@, wi”)a + (#5791 )a. (2.36)
Then, the N = 2 supercharges Q; (i = 1,2) are given by®

0 d 0 —id'
Ql:(d 0), Q2=(id 0 ) (2.37)

?An extension with boundaries will be discussed in chapter 4.
3Here, the inner product (2.25) should be extended for complex forms as

1 . -
(ﬂ(k)w(k))A = 7g—' /;( dDy \/gA(n‘ir"ik) wjx"'jk-ghh gty

and the relation (2.30) is then replaced by (n®),w®)a = ((w® n*)A)*.
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We note that the action of @; on [Q*)) is well defined. It is easy to show that
they form the following N = 2 supersymmetry algebra:

{Qi,Q;} = 204 H, (2.38)
[Q:, H) =0, (2.39)
[(—-DF,H] =0, (2.40)
{(-D)F,Q:} =0, for i,7 = 1,2, (2.41)

where the Hamiltonian H and the operator (—1)F with F being the “fermion”

number operator are defined by

“\ o dat ]’ ‘
s (10
(-1)" = <o . ) (2.43)

We may call states with (—1)F = +1 (—1) “bosonic” (“fermionic”) ones. All
the operators Q;, H and (—1)F are hermitian with respect to the inner product
(2.36).

To examine the structure of the N = 2 supersymmetry algebra, let us

consider the following Schrédinger-type equations:
HIOP) = (mP100). (2.44)

Since H = (Q;)? and Q] = @, the eigenvalues (m{®)? are positive semi-

definite, i.e.
(m#?2 > 0. (2.45)

Since (—1)¥ commutes with H, we can have simultaneous eigenfunctions of H
and (—1)¥ such that

Him® £y = (m)?2m) ), (2.46)
(—DFmP, ) = £m{P), +). (2.47)
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Since @; commutes (anticommutes) with H (( 1) ) Q:/m{®, £) have the

same (opposite) eigenvalues of H ((—I)F) as to [m® +), ie.

H(Qum®, +)) = (m{)? (Qum{), £)), (2.48)
(-DF (Qum®, ) = F(Q:ImP, +)). (2.49)

Actually, the states |m®, £) and Q;|m¥), F) are mutually related, with an

appropriate phase convention, as
QimE, £) = m{PImP, F). (2.50)

Since |m¥), +) have the form

(k)
Im{®, +) = (wg ) (2.51)
0
(k) _y —
Imn ’ > - ( ¢(k+1) > ) (252)
n
the relations (2.50) are rewritten as
dotf) = mPgtD, (2.53)
D o)), (2.54)

Therefore, there is a one-to-one correspondence between the eigenstates of d'd
and dd! for k and k+ 1 forms, respectively, and the eigenvalues are, in general

doubly degenerate except for m{¥) = 0.

In Appendix, we have shown that any & form A% can be expanded as

"')—ch(")+2a WP+ 3 b 0B (2.55)
Nk—1
where {n(k) p=1,2---,b} is a complete set of the harmonic &k forms and

wnk and gbﬁf?_l are eigenfunctions of the equations

d'dwl® = (m®¥)2u® for m) # 0, (2.56)
dd'el) . = (m® el for m{¥) % 0. (2.57)
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The summations in eq. (2.55) should be taken over the eigenfunctions with

nonzero eigenvalues. Thus, we have found the following structure among a

sequence of differential forms:

k + 2 form H(k+2)
0 d||dt 0
d T d
k+1 form (pktD) D k) )
| df | af
0 0 d||dt 0
d T d T
k form ( n(k)’ W), e )
| dt | df
0 0 dll gt
w(k_l)

k—1 form
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Chapter 3

Supersymmetry in quantum
mechanics with point

singularities

3.1 Quantum mechanics with a point singu-

larity

In this section, we give a brief review of one-dimensional quantum mechanics

with a point singularity.

We first consider the model of a free particle on a line R with a point

singularity placed at = = 0[57].

Since the model contains a point singularity, wavefunction will, in general,
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Figure 3.1: Point singularity in one dimension.

be discontinuous there. This thesis deals with the model in which the wave-
function and its derivative are continuous everywhere except for the point sin-
gularity. We need to impose appropriate connection conditions there, namely,
our model is specified not only by the Hamiltonian but also by the connection
conditions. The functional space in our model is required to be squared inte-
grable and to be spanned by eigenfunctions of the Hamiltonian with connection

conditions that make the Hamiltonian hermitian.

The Hamiltonian is given by

1 d?

=

(x # 0). (3.1)

The discontinuity of the wavefunction at £ = 0 has to be controlled by the
connection conditions that make the Hamiltonian hermitian. The hermiticity

condition of the Hamiltonian is

([Caos [T an)vrte) (o) @) = ([ “anr [7 de) (H0) @ota)

O+¢ —~00 O+e
(3.2)

for any wavefunctions ¥ (z), ¢(x). Here ¢ is an infinitesimal positive constant.

We introduce a two-component boundary vector as

& — ©(0+¢) (3.3)
T\ p0-¢) ) '

In terms of this boundary vector, the requirement (3.2) can simply be rewritten

as the constraints on the boundary vector
(I)Iba3q)lp' = (Ug@w)f (D(p, (34)
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where, ¢'(z) = -q%:—) and

¢'(0+¢)
Dy = ( ) i (3.5)
¢'(0—¢)
It is easy to show that equation (3.4) is equivalent to

](I)‘p - ?:L()O'g@(p/l = l@w + iLOU3CI>(p/| (36)

where Ly is an arbitrary non-zero constant with the dimension of length. Then,
the condition (3.6) can be written as

(12 — Ug)q)gp - ZLO(I2 + U2)0'3q><p/ = 0, (37)

where Uy, is a M x M unitary matrix. Thus, we have found that the connection

conditions which make the Hamiltonian hermitian are given by equation (3.7).
The singularity is characterized by a 2 x 2 unitary matrix Us.

For instance, when U; = o3, the connection conditions become
(0 +¢) = p(0 —¢),

©'(0+¢€) =¢'(0-e),

in other words, this model has no singularity at all.

For the case of

- . [2] 2
g [ 1SInS COS3
U=e¢'z A (3.10)
COS§ 251115

the connection conditions become

(0 +¢) = (0 —¢),

(3.11)
, , 2 9
@ (0+¢e)—¢(0—¢g) = ——tan=-p(0 +¢),

Ly 2
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The model with the connection conditions (3.11),(3.12) are equivalent to the
model which has delta-function potential, instead of the singularity, i.e. the

corresponding Hamiltonian is

H=—-—-— — —tan=6(x). (3.13)

3.2 Point singularities and discrete transfor-

mations

In this section, we introduce the discrete transformations which make the
wavefunction and/or its derivative discontinuous at some points. They play a

crucial role to analyze the model with point singularities on a circle.

We consider the model which is one-dimensional quantum mechanics on a

circle S! (—1 < z <) with 2™ point singularities placed at

x=l35(1—2n5_1>l fors=0,1,---,2" — 1. (3.14)

These point singularities are placed at regular intervals on the circle (Fig. 3.2).

We define discrete transformations on the circle as
2k 1 s _1
ot 0o (- 55)0)o (13-
2s—1
<o (~o+ (2= 5 ) )

Reo)(z) = 5 (1) [—@<x~—(1— 2k12/2>z)e(< =)i-2)

+0 (o (1-55) @(1 2,612/2)1—3;)}@(:@),

(Qup)(z) = —i (RiPrip) (2)
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Figure 3.2: The positions of the singularities on a circle S*(~! < z < [)

for k =1,2,---,n+ 1. Here ©(z) is the Heaviside step function defined by
1 for O<z<l,

o(z) = o usT (3.18)
0 for —I<z<0.

The Py (k= 1,2,---,n+ 1) is a kind of the parity transformation. The P,
is just the familiar parity transformation, (Pip) (z) = ¢(~z). The Ry (k =
1,2,---,n 4+ 1) is a kind of the half-reflection transformation. The action of
P, R (k = 1,2,3) is schematically depicted in Fig. 3.3- Fig. 3.5. In each
figure, the upper figures mean the geometrical meaning of Py, Ry, (k = 1, 2, 3).
In the lower figures, the dashed line denotes the original function ¢(z), and
the solid line denotes (Pxy) (), (Rryp) (z) (k = 1,2,3).

33



,,,,,
- =,

_______

Figure 3.3: The action of P;, R,

The Py, O, Ri (k = 1,2,---,n) and Ppy1 produce no new singularities
except for the original ones. Note that Q,; and R,+; make wavefunction
and/or its derivative discontinuous at x # I, (s = 1,2,---,2"—1). For instance,
if we consider the case of n = 1, there are two singularities located at z = 0, [.
As seen in fig. 3.3, a set of discrete transformation {P;, Q;, R} doesnot make
wavefunction and its derivative discontinuous at x # 0,{. We introduce a new
set of discrete transformation {Ps, @2, R2}. Although the P, produces no new
discontinuity for wavefunction and its derivative at x # 0,1, the Q; and R,
however, produce discontinuity for wavefunction and/or its derivative at the

different points of the original singularities, z = :i:% (see fig. 3.4).

A crucial observation is that each set {Py, Qr, Ri} (k = 1,2,---,n + 1)

forms an su(2) algebra of spin 1/2,
PrQr = —QuPr = 1Ry, QuRi=—RyQx =iPr, RyPr=—PrRy =1Qy,
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Figure 3.4: The action of Py, R

(Pe)® = () = (Re)* =1 (3.19)

and that O, = {'Pk, Qk,Rk} and Oy = {Pkl, Qkf,'R,kr} commute with each
other if k # k/,
(00, O] =0 for k# K. (3.20)

For later use, let us introduce new sets of su(2) generators {Gp,, Go,, Or, }
(k=1,2,---,n) as

Gp, = VPV, Go, = VoLV, Gr, = VIRV,
k=1,2,--,n,  (3.21)

where
V=V V., V=P e SU2). (3.22)
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Figure 3.5: The action of P3, R3

Here, 73,c () is an abbreviation of P, = (P, Qk, Ri) (T = (vp,, V0 VR ))s
and (vp, , vo,, Ur, ) are real parameters. The new su(2) generators {Gp,, Go,, Gr, }

have to be linearly related to 73k as

gP}C = é:Pk '7_5/6) ng =€Qk 'ﬁka ng =€Rk '73/6, k= 1,2,"‘,77/,
(3.23)

where {€p,, €g,, €, } are three-dimensional orthogonal unit vectors.
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3.3 N =2n+ 1 supersymmetry

3.3.1 N =2n + 1 supercharges

Equipped with the discrete transformations given in the previous section, we

construct IV = 2n + 1 supercharges in terms of the n + 1 sets of the discrete

transformations. There are two types of N = 2n+ 1 supercharges (type A and

type B),
e Type A
Q(‘:‘:%FaDA—-%ﬁAFa, a:1a2a"'72n+17
e Type B
Qf: %FGDB_ %’DBFM a=12,---,2n+1,
where

and

F?k—l - gngR2 e gRIc—l gkan+1,
P = GrOre- Gr190Rnt1, k=1,2,--+,n,

1—‘2n+1 - Qn+1-
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(3.27)
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Here, W'(z) = W (z), V'(z) = £V (z), and W (z), V(z) are superpotentials.
We note that T'y, DAB), DAB) in the supercharges contain Rpy1, Qny1 which
produce new singularities except for the original singular point z = ly(s =
1,2,---,2" — 1). The combinations of these operators in the supercharges,

however, make the Q,,; and R,,; vanished due to the su(2) algebra.

We assume that the functions W'(z), V'(z) are continuous and finite valued
functions at intervals between singularities and are allowed to have disconti-
nuities at = I, (s =0,1,---,2" — 1). In order to construct the N = 2n +1

superalgebra, the functions turn out to be required to

PkW/($) = _W,(x)ka k= 1, 2a IR LS (331)
Pn+1W’(x) = W/(IL’)Pn_H (332)

and
PV'(zx) = =V'(z)P, i=12-,n+1 (3.33)

Noting that R, - - -Rnﬂa%, Ri- RppW'(z) and Ry -+ Rp1V'(z) commute
with {Py, Ok, R} (k=1,2,---,n+ 1), we have the relations

{TaTo} = 264, (3:34)
FaDA(B) — ’514(3)1"(17 a, b — 1, 2, SN 2n + 1. (335)

It follows that the supercharges form the N = 2n + 1 superalgebra,;

e Type A
{Q), Q'Y = H%%w, a,b=1,2,---2n+1, (3.36)
HA _ 1 NATYA __ 1 d2 W// 7 2
= —‘517 D = 5 —Eﬁ_gm“'gﬂn (z) + (W'(z))"| ,(3.37)
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e Type B

{QaB» QbB} = HB(Saba aab = 17 27 < 2n+ 17 (338)

HB — —}‘Z_)BDB l d2

5 5|72z PanV (@) + (V'(2))*],  (3.39)

where H4 and H? are the Hamiltonian in each model.

3.3.2 Connection conditions compatible with supersym-

metry

In this section, we clarify the connection conditions compatible with the N =
2n + 1 supersymmetry. Since the model contains the point singularities, we
need to impose appropriate connection conditions there, namely, our model is
specified not only by the Hamiltonian but also by the connection conditions.
The functional space in our model is required to be squared integrable and to
be spanned by eigenfunctions of the Hamiltonian with connection conditions

that make the Hamiltonian hermitian.

In order to obtain the appropriate connection conditions, let us introduce
a 2"*! -dimensional boundary vector ®,, that consists of boundary values of
a wavefunction ¢(z) in the vicinity of the singularities, ¢(l; + €) for s =
0,1,.--,2"—1 with an infinitesimal positive constant €. For later convenience,

we arrange ¢(l; & €) in such a way that ®,, satisfies the relations

k
Ppp =L ®LR®NAL® - @ L)d,, (3.40)
Do, = (]2®---®12®02®12®---®12)<D¢, (3.41)
Prip= (1O ®L®LE - ® L), (3.42)

n+1
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The boundary vector can be arranged as

@(ly — €)
o(ly +¢)

3
3
|
L
S
g p Ve T~

(Pa-1p
(Pr-1Prp)(lo — €)
(Pa-1Pnip)(ly +¢€)

(Pn—2p)(lo —€)

(Pr—2p)(l1 + €)
(Pr-2Prp)(lo — €)
(Pr-2Prp)(ls +€)

(Pn-2Prn-10)(lo — ¢€)
(Pr—aPr_10)(lh +€)
(Pr—2Pn1Prp)(lo — €)
(Pr-2Pr-10)(lh +¢)

(PaPs - Paip)(lo — €)
(PaPs -+ Prp)(ly + €)

...............

[ upper half ]
P
components

(3.43)

For instance, @, for the case of n = 1 (two singular points are placed at

z =0,1) is arranged as

o, =

p(l—€) p(l—¢)
o(0 +¢) _ ©(0+ €)
p(—l+e€) (Pre)(l —¢)
©(0 —¢) (Prp) (0 +¢)
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which obeys the relations (3.40)-(3.42) with n = 1,

(3.45)

(3.46)

(Pro) (I —¢) o(—=1+€)
(Prp) (0 + 0— 0 I
p,p = 1) ‘) ol ) = ’ P, = (01 ® I2) D,
Plgo -+ 6 <p(l -~ t’) I, 0O
(Prp) ( (0 + €)
(Rup) (1 —€) Pl —€)
(R1p) (0+ 0+ L 0
Pryp = ) ‘) = ol ) = ’ D, = (03® I3) Dy,
(R1p) ( l—i— €) —p(—1+€) 0 —1I,
(Raw) ( —p(0 —¢)
(Q1p) (I =€) —ip(—1 + €)
(Q1) (0 + ¢) —1p(0 — € 0 -l
Do = ) = . A=) ) . P 0, = (020 b)®,.
(Q10) (=l +¢) io(l —€) ily 0
(Qiwp) ( (0 + €)

Since our model has the singular points, wavefunction will, in general, be
discontinuous there, but the discontinuity has to be controlled by the con-

nection conditions that make the Hamiltonian hermitian. The hermiticity

condition is

[ dv(z)

for any wavefunctions ¥(z), ¢

le—1—€
/dx_Z/ s with lon = I,

In terms of the boundary vector, the requirement (3.48) can simply be rewrit-

(HP0) @) = [ da (H*P) @)ola)  (3.48)

(z), where the integral [*, dz is defined by

(3.49)

ten as the constraints on the boundary vector
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In order to derive it, we have used the relation (3.42) and the formula of

integration by parts

/_ll dz€*(z) <'d£l£n($)> = - /;ll dz <%f($)>*n(m) + @2(03 ® - ® 0a3)Py,
(3.51)

where the functions £(x) and n(z) are assumed to be continuous everywhere
except for the singular points. It is easy to show that eq. (3.50) is equivalent

to
I(I)tp — ?:LO(bDA(B)(pI = lq)go + iLO@DA(B)LpI, (3.52)

where Lg is an arbitrary nonzero constant with the dimension of length. Then,

the condition (3.52) can be written as
(_[2n+1 - U) ‘Il\p +1Lg ([2n+1 + U) q)»DA(B)‘p =0, (353)

where U is a 2"*t! x 2"t unitary matrix. Thus, we have found that the
connection conditions which make the Hamiltonian hermitian are given by eq.
(3.53). The 2" singularities in our model are characterized by a 27+! x 2n+!

unitary matrix, U.

It is important to notice that the above connection condition does not nec-
essarily guarantee the N = 2n + 1 supersymmetry, because the hermiticity of
the Hamiltonian does not, in general, ensure that of the supercharges. More-
over, the state, (Qqp) (x) does not necessarily belong to the same functional
space as ¢(z). This also means that (Q,¢) (z) does not obey the same con-
nection conditions as ¢(z). In order for any operator O to be physical, the
state (Oyp) (x) for any state p(z) has to obey the same connection conditions
as p(z). In the following, we call O a physical operator if O is hermitian and

(Oyp) (z) satisfies the same connection conditions as ¢(x).

In the standard argument of supersymmetry, for any energy eigenfunction

o with an energy F, Q. is also an energy eigenfunction with the same energy
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E(> 0) and then Q. is called a supersymmetric partner of . In our model,
this is true if and only if @, is a physical operator, otherwise the state Q,¢
should be removed from the functional space, in which any state satisfies the
connection conditions (3.53) with a characteristic matrix U. Therefore the
N = 2n + 1 supersymmetry can be realized in our model, only when all the
N = 2n+1 supercharges are physical. We will see below that this requirement

severely restricts a class of the connection conditions.

Let go(x) be any wavefunction obeying the connection conditions (3.53),

and satisfying Schrédinger equation, H4B)p(z) = Ep(x).

We first require that (Q2®p)(z) (a = 1,2,---,2n + 1) obey the same

connection conditions as ¢(z),

(Ignt1 —U) @ AB),, +iLo (Ign+r + U) (I)DA(B)(Qf(B)w) = 0. (3.54)

Qa
Here, ¢ in eq. (3.53) has been replaced by Q4. By noting (3.24), (3.25),
(3.35), (3.36)-(3.39) and HAB)p(z) = Ep(x), eq. (3.54) leads to

(Ign+1 — U) @pa*DA(B)w — 21LoE (Ign+r + U) $r,, = 0. (3.55)

The connection conditions must be independent of the energy E, so that we

find the eigenvalues of U must be +1, i.e. U? = In+1. Then, (3.55) can be

written as

(Igntr = U)@p, pae, = 0, (3.56)

(Iynss + U)®r,, = 0. (3.57)

We note that the case of U = +Iyn+1 turns out to lead to no nontrivial models

because all wavefunctions would vanish. It is convenient to introduce v, (a =
,2,---,2n+1) as

Yok-1 = (57?4 '6®"'®€Rk_1 '5"®ng -5®Ig®"‘®12®03) 358

o = (Er,6® - ®er, , F0E, FOLE - ©L®03)(3.5)

Yomt1 = (L®-- - ®@L®0y), k=1,2---,n,3.60)
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where & = (01, 09,03). The 7, for a = 1,2,---,2n + 1 satisfy the same anti-

commutation relations as I,

{Va> 1o} = 260p- (3.61)

Using these, we have the relation
Pr.p = 12 Py (3.62)

and then, egs. (3.56), (3.57) become

(Ign+1 — ’)’aU’Ya)q)'DA(B)"D = (), (3.63)
(Ipn+1 + % Un,)®, = 0. (3.64)
Eq. (3.53) is reduced to
(Ipntr = U)®, =0, (3.65)
(Izn-H + U)(PDA(B)QO =0, (3.66)

under the condition of U? = I,n+1. Since our model contains the 2" point
singularities, we need to impose 2x 2" connection conditions at the singularities
to solve the Schrodinger equation. If the number of conditions is larger than
2 x 2™, the model would become trivial due to overconstraints. Since the
number of the conditions (3.53), which make the Hamiltonian hermitian, is
2x 2", egs. (3.63) and (3.64) should produce no new constraints. This implies

that the characteristic matrix U has to satisfy
Y Ue = =U, a=1,2,---,2n+ 1. (3.67)

Thus, we have found the constraints on the characteristic matrix U,

UU = Iy, (3.68)
U? = Iy, (3.69)
YUy, = -U, a=1,2,---2n+1 (3.70)
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which guarantee that the Hamiltonian is hermitian and (QAPp)(z) (a =

1,2,--+,2n 4 1) satisfy the same connection conditions as ().

Before we discuss the hermiticity of the supercharges, let us determine the
form of the characteristic matrix U. An arbitrary 2"*! x 2"+ matrix can be

uniquely expanded as

3 3
Z T Z Ca1,a2,~--,an+1 (g&ll) ® é¢(122) @& é&n) ® egn—:i)) ) (3'71)
o1 =0 n41=0
where
— - o~ k' - - ~ k - = —
ka—o =1, € ak | =€p, - T, egk)zz =€y, * 0, e(ak)=3 = e, - 0,
k=1,2, , T, (3 72)
and
~(n+1)  _ ~(n+1 ~(n+1 ~(n+
g:il)_o = 192, e(af::_l) 1 = 01 BEXRH) 2 = U el(;;_*_l)_s = 03 (373)

First, we impose the conditions (3.70) on the characteristic matrix U. Then,
some coefficients in the expansion vanish except for Cpyy=0,. an=00nr1=1>

Ca1=3,an=3,0ns1=3- Lhus, the characteristic matrix U becomes
U = 6 (L® - Leo)+b(€r Q-  -Qég, -dQ03), (3.74)
where
b1 = Cay=0,an=0,anp1=1, 02 = Cay=3 - an=3,ans1=3- (3.75)
The conditions UTU = Iyne1 and U? = Ipn+1 imply Ut = U, so that we have
bi,by € R, (b)) + (b))’ =1. (3.76)
Therefore, the connection conditions can be written by

(Lnss — Ulby, b)) @, = 0, (3.77)
(Ign+1 + U(by, ba)) Ppacs), =0, (3.78)
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where
U(bl,bg) = b1 (Ig@"'[z@d’l) +b2(€R1 6@ ®€Rﬂ '5@0'3) (379)
with bl, b2 € R and (b1)2 + (b2)2 = 1.
Now, an important question that remains to be answered is whether the

supercharges are hermitian under the connection conditions (3.77) and (3.78)

or not. Using (3.51), we have the relation
[ d0"(@) @) () = [ 2 (@u)’ )ela) + S8},
a=1,2--,2n+1  (3.80)
It is not difficult to show that the surface term in (3.80) vanishes,
&y,®, =0, a=12-2n+1, (3.81)

if wavefunctions ¢ and 1 obey the connection conditions (3.77) and (3.78).
Thus, the connection conditions (3.77) and (3.78) also make all the super-

charges hermitian.

Thus, we have found that the connection conditions, which make not only
the Hamiltonian hermitian but also the 2n+1 supercharges physical, are given
by eq. (3.77), (3.78). Then, the N=2n+1 supersymmetry can be realized
with the connection conditions (3.77), (3.78).

3.3.3 Degeneracy of the spectrum

In this section, we study the degeneracy of the spectrum in the N = 2n + 1
supersymmetric models, in particular, vacuum states with the vanishing en-

ergy. We consider the two types of the N = 2n + 1 supersymmetric models
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(type A and type B), separately.
(i) Type A model

We first consider the degeneracy in the type A supersymmetric model. The
connection conditions compatible with the N = 2n+1 supercharges @%,-- -, Q ’24n+1
are given by
(Igner — U(by, b))®, = 0, (3.82)
([2n+1 + U(b]_, bg))‘D'DA(p = 0, (383)

where
Ulby,be) =b1(1® - QL ®01) +by(€r, - T Q- Qegr, -0 Q0o3) (3.84)

with b;,by € R and (b1)% + (b2)? = 1. We note that the G, (k=1,2,---,n)
commutes with the Hamiltonian H# and also with each other. Since they
are also physical under the connection conditions (3.82) and (3.83), we can

introduce simultaneous eigenfunctions of H4 and Gr, such that

HA(,DE;)\L...’)\” (l‘) = EQOE;)‘l,...,)\n (.’L‘), (385)

R PEAN, 2 (B) = APE AL 20 (T) (3.86)
with Ay = 1 or =1 for k = 1,2, ---,n. Since QY (a=1,2,--+,2n+ 1) and
Or, (k=1,2,---,n) satisfy the relations

—Gr, Q% for a =2k —1 or 2k,

3.87
+Gr, Q% otherwise, (3.87)

-]

the states Q% _10Ex . (T) and Q5@ g, .2, (z) should be proportional to

OBa - —Ap-an (T), and the states Q2 ¢g., ... (z) should be proportional

t0 QEA, A, (7). Noting that Q4_, = —iQ45.Gr,, we have the relations
Qo 19E 20 (£) = —MQPE N A0 (T) 6 DB A (2
(3.88)
Q19210 (£) X DB (), (3.89)
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when E > 0. These imply that the degeneracy of the spectrum for £ > 0 is
given by 2". Some examples of the transition for the eigenfunction vg .z, ...,

by acting the supercharges are depicted in Fig. 3.6. This degeneracy can also

E
A A A A
Q?n-i—l Q‘Zk—l ) Q‘Zl.'
WEI;_)\I...;\H LPEl:)‘l”' )‘k“'”)‘”
El —— [ ] W e v N
7 . (pEJZ)\.l'“ “Ap A
Qr, ¢

A A
Q‘Zn -1 Q‘Zn

Figure 3.6: Examples of the transition for the eigenfunction g,y ...n, under

the action of the supercharges (Qf, -, Q4,.1)

be understood from an algebraic point of view; for fixed nonzero energy F,
QA/VEfora=1,2,---,2n+1 form the Clifford algebra in (2n+1)-dimensions,

and the representation is known as 2.

The above argument cannot apply for the case of £ = 0. This is because
any state o(r) with vanishing energy must satisfy Q2¢po(x) = 0 for a =

1,2,--+,2n + 1. The equations @%¢o(z) = 0 are equivalent to
DApy(z) = 0. (3.90)

The above equation is easily solved, and we have formal solutions as
ol g
WO;)‘ly"',)\n(‘r) = N)\lv"')An [H 5 (1 + )\kng)] € )\1 )\nW(:t)‘ (3-91)
k=1

Here, N,,....», denotes normalization constants. By noting the Hamiltonian

H4 includes only W'(z) (but not W (z) itself), we have an ambiguity to choose
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W (z) to satisfy

PkW(CL‘)Pk = W(CE), k= 1, 2, m, (3.92)
Pn+1W(I)Pn+1 = —W(ZII) (393)

For a noncompact space, any non-normalizable states would be removed from
the functional space. The space is, however, compact in our model, so that
these solutions are always normalizable. Nevertheless, some of them must
be removed from the functional space. This is because some solutions are
incompatible with the connection conditions. Although the zero energy states
trivially satisfy the half of the connection conditions (3.83), we need to verify
whether the states (3.91) satisfy the remaining connection condition (3.82) or

not.

In order to investigate the consistency of the zero energy states with the
connection conditions, we use the transformation (3.21), (3.22). This trans-

formation yields
U(by, b)) = VU(by, b))V =6 (L@ @ L, ®0y) + by (03® - - - @ 03) ,(3.94)
where
V= ("0 0 @™ R L), ™ eSU2). (3.95)

The transformation is a singular unitary transformation because it, in general,
changes connection conditions of wavefunctions at singular points. The trans-
formation may be regarded as a duality connecting different theories (with
different connection conditions). Moreover, the transformation gives us the

convenient expression for the connection condition.

For instance, we consider the model which possesses two point singularities
placed at £ = 0,1 (n = 1) as an example. The connection condition (3.82) is
transformed by (3.95) to

(Lo — T (b, b2))®g = O, (3.96)
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where

Uby, b)) = (L@ 0y) +ba(03 ®03), ¢ =W, V=P (3.97)

Explicitly, eq. (3.96) is written as

1—by, —b 0 0 B(1 — €)
~b 1+b 0 0 p(0
toiTh p0+9 | g (3.98)
0 0 1+ bg —bl (ﬁ(—l + 6)
0 0 —bl 1- b2 cﬁ(—O - 6)

We observe that the above connection condition is separated into two inde-
pendent conditions, depending on the argument of the wavefunction. This
suggests that it is useful to assign the eigenvalue A; of the operator R, for the

wavefunction. To this end, we define the projection operator,

(1+MRy). (3.99)

[N

By multiplying (1+A1R1)/2 from the left to eq. (3.96), we obtain the boundary

vector as
( ¢A1=+1(Z - 6) =
Orn=110+€)=0
<p/\1 +1( 6) fOI‘ )\1 — _+_1’
CD(1+,\2]R] )¢ = 0 (3.100)
0

5 for )\1 = —1.
(P)q:—l('_l + 6) =0

Pan=-1(0 —€) =0

\

Then, the connection conditions (3.96) are reduced to

e for b, =1 (and b, = 0)
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Pa=+1(0+€) =0, (3.101)

Pr=—1(—l+€) =0, (3.102)

o for by #1
(L= b2)@ai=+1(l —€) = bipr,=41(0 +€) = 0, (3.103)
(1 - bg)@)\lz_l(o — 6) - b1g5,\1:_1(—l + 6) = 0. (3104)

Let us also note that the Schrodinger equations can be written separately in

each region of (0 < z < [) and (- <z < 0),

Hy e1(z) = E@y—1(z) (0<z <)  with (3.101) or (3.103),
(3.105)

Hpyeo1(z) = E@p=—1(z) (=l <z <0)  with (3.102) or (3.104),
(3.106)

where H = VHV!.

Similarly, we can generalize the above argument to the case of n. The

connection conditions (3.82) can be written as

(Ign+r —-U(bl,bg))@< n o 1EAR )_ =0 (3.107)
k=1 2 »
where
G=Vp with V=V, V,, V, =P (3.108)
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In this basis, the boundary vector can simply be written as

0
0
1M 12
o & (Pl 2 P’n, 2 (p)\lv"")\n> (l() - 6)
n 1A RE Y s T T PALAn 1-2 1A
( k=1 2 ) A1 A ('PI-—ZJL - Pn 2 85/\1’“"/\”) (ll + E)
0
0
(3.109)
The connection conditions (3.107) are reduced to
e for by =1 (and b; =0)
1my 1odn
(P P Grspen) (=€) = 0
for Ay -+ A\, = —1, (3.110)
1oy 1o
(7’1 P Pat B ,An> (lh+e)=0
for Ay -+ Ay = +1, (3.111)

1-X 1-Ap

1y 1odn -
(1= by) (Pl TP, (,D)\l)...’)\n> (lo—€) — by (791 T P Gy
for Ay --- Ay = +1,

1-X 1-Ap

=N 1-dp -
(1= by) (Pl TP wAl,...,An> (i +€) by (731 Y R N
for Ay --- A, = —1.
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) (ll + 6) =0
(3.112)

n>(lo—6)=0

(3.113)



The Schrodinger equations can be separated into 2™ regions of (I; < z < l441)
(s=0,1,---,2" — 1).

Now, we are ready to discuss whether the zero energy states satisfy the con-
nection conditions or not. With the transformations (3.108), the zero energy

states (3.91) become

[\.’)

950;/\1.-")\71 (SL‘) = V(,O();)\I’..._)\n( N,\ly »Y [H - 1 + )‘lch :' —->\1..-,\nW(m).

k=1
(3.114)

The states (3.114) do not satisfy the connection conditions (3.110), (3.111) for
by = 1. Although for general W(z), the connection conditions (3.112), (3.113)
are not satisfied by the zero energy states for by # 1, there is, however, an

exceptional case, where W(z) satisfies

1=-b _ awgo-e (3.115)

With this special W(z), all the states (3.114) become supersymmetric vacuum

states compatible with the connection conditions.

There is no supersymmetric vacuum state for general W (z). Therefore, the
supersymmetry is “spontaneously”! broken. While, for the special W (z) satis-
fying (3.115), we have the supersymmetric vacuum states, and the degeneracy

is 2",

Let us note that the P, 1 becomes physical when by = 0 and commutes with
the Hamiltonian H4 only for W”(z) = 0. We can introduce the simultaneous

eigenfunctions of the Hamiltonian H*4, Gz, (k=1,2,---,n) and Pp4,,

H0Edodest (B) = EQEN o Anss (T), (3.116)

lf there is no zero energy state, we say that supersymmetry is spontaneously broken

by analogy with supersymmetric quantum field theory. Other mechanisms of (spontaneous)

supersymmetry breaking due to boundary effects have been found in Refs. [64, 65, 66].
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g’R'kSDE;/\h“"Any)\n{»l(m) = )‘kQOE;/\l,"x/\n,)\nH(:r)? (3117)
Prs1@Ba - dns (L) = Andl@EA - Andns (T)- (3.118)

The new label \,,; on the wavefunction suggests the enhancement of the
degeneracy for the state with E > 0. In order to confirm it, let us define new
operator Q4 (a =1,2,---,2n + 1) as

A i d
QA = 5Fa (Rl fe Rnﬂ%) : (3.119)
Then, the Hamiltonian H# can be written as
A 1
HY = 2(Q5)" =2(Q7)" + 3¢ (3.120)

where ¢ = (W'(z))? is independent of x for W”(z) = 0. The energy is

bounded from below as
E>=c% (3.121)

We can show that Qg‘ (a=1,2,---,2n+1) is physical under the connection
conditions (3.82) and (3.83). Since Q2 and Gr, (k = 1,2, -+, n), Payy satisfy

Pa1@f = —QfPopy  fora=12,-2n+1.  (3122)

R —QAQR for a = 2k — 1,2k,
Or, Q4 = P _ (3.123)
+Q%Gr,  otherwise
and Q4._, = —iQ4.Gr,, we have the relations
Qék—l(pE§/\la"'y)\n))\n+1 = _i)‘ngllc@E;)\1,'")\n,)\n+1 X PEA = Ak An,=Ant 1)
(3.124)
Q?n—{—lQOE;/\l,-".)\n,An-q-l X PE AL An,=Ang1 (3125)

Thus, in this case, the degeneracy for E > 3¢? is given by 2"*!. This result can
also be obtained from an algebraic point of view; Q4/VE (a =1,2,---,2n+1)
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and P4, form the Clifford algebra in (2n + 2)- dimensions and the represen-

tation is known as 27t1,

Let us discuss the case of E = %02. The state with E = §c2 satisfies

QfsoEz%cz(x) =0(a=1,2,---,2n + 1), which is equivalent to

d

ESEE:%CZ;)\]_,"-,/\n,)\,H_l (:L‘) = 07 (3~126)

where we have performed the singular transformation (3.108). The solution
satisfying (3.126) always have only A,;; = 1 state because the state with
An+1 = —1 have discontinuity except for the original singularities. The formal

solutions for the state with E = %cz are given by

n

1T %(1 + AkRk)J .(3.127)

(’DE=%62;/\1,"',)\n,/\n+1=+1 = N)\ly"'q/\n»/\n-{»l:-f-ll:
k=1

Let us note that the solution (3.127) shows that it takes constant values be-

tween the two neighboring singularities.

Let us study the compatibility of the solutions (3.127) with the connection
conditions (3.110)-(3.113). For b; = +1, all the states with £ = 1¢? satisfy the
connection conditions (3.112) and (3.113), so that the degeneracy is 27, while
for by = —1, all the states do not satisfy the connection conditions (3.112),

(3.113) and are removed from the functional space.

We can introduce the “fermion” number operator as
(~1)F = Poys (3.128)
for b, = 0 and W'(z) = 0 (c = 0). We note that W’(z) = 0 ensures?

{@, (=D} =0. (3.129)

%Let us note that when W”(z) = 0, P41 anticommutes with Q2. If we regard QA as a

supercharge, Pp, 41 can be taken as the “fermion” number operator.
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We call states with (~1)F = +1(~1) “bosonic” (“fermionic”) ones. Under

the relation (3.129), Q2pg.,...x, () have the opposite eigenvalues of (—1)F

as (pE;)\l,.,.,)\n(l‘).

We discuss the Witten index in this model. The Witten index of an oper-
ator O with 0% = 1 is defined by

Aw,o = NE=0 — NE=O, (3.130)

where NE=0 denotes the number of the zero energy states with O = %1,
respectively and all the nonzero energy states between O = 1 and O = —1 are

degenerate.

The Witten index of Py for W (z) = 0 (¢ = 0)* and b, = 0 is given by
Aw.p,., = 2" (3.131)

When W”(z) = 0, the zero energy states do not exist. However, by shifting
the energy, £ — E=FE- %cz, there is a nonzero Witten index for £ = 0

(E = 1c?),

Awp,,, = NE=0 — NB=0 = on, (3.132)

We should make a comment on the special case (3.115) in which the zero
energy states exist. In this case, the Witten index of Gz, ---Gg, vanishes

because N¥=0 and NEF=0 are the same,

Nglogp, =41 = NE=O . _ =21 (3.133)

(ii) Type B model

3In this case, Q2 is the same as Q4.

56



The connection conditions compatible with the N = 2n + 1 supercharges

B B :
Q%+, QB4 are given by

(Iyn+1 — U (b1, b)), = 0, (3.134)
(Ign+1 + U (b1, b2))®ps, = 0, (3.135)

where
U(bl,b2> = b1(12®"'®12®0'1) +b2(€R1 5@ ®€Rn '5:®0'3> (3136)

with by, € R and (b))% + (b)2 = 1. We first note that the Gg, (k =
1,2,--+,n) commute with H B and also with each other. Since they are also
physical under the connection conditions (3.134), (3.135), we can introduce

simultaneous eigenfunctions,

HB 0, () = E@gag, - (T), (3.137)
GRePEM, 2 (T) = MPEN 20 (T) (3.138)

with A\, = 1 or A\, = —1 for & = 1,2,.--,n. The supercharges Q2 (a =
1,2,---,2n+ 1) and Gg, (k=1,2,---,n) satisfy the relations

—Gr,QF fora=2k—1,2%,
QEGr, = ngQE ore= (3.139)
+Gr, Qs otherwise.
Noting that QF,_; = —iQ5.Gx,, we have the relations
Q219 E 2 (B) = —IMQBPEN 0 (T) O PEAL A e (T);
(3.140)
Qi 19E M - (T) X DB 00 (2), (3.141)

then the degeneracy of the spectrum is given by 2" for £ > 0. This result
can also be obtained from an algebraic point of view, that is, for fixed nonzero
energy E, QB/VE for a = 1,2,---,2n + 1 form Clifford algebra in (2n + 1)-

dimensions, and the representation is known as 2".
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The above argument cannot apply for £ = 0 states because @2y, = 0.

The equations QZpo(z) = 0 are easily solved and we have formal solutions as

n

11 % 1+ /\kng)} ', (3.142)

(PO;Al,---,)\n(x) = N)\l,...‘,\n [
k=1
where N, ..., denotes normalization constants. Since the Hamiltonian H?2
includes only V'(z) (but not V{(z) itself), we have an ambiguity to choose V (x)
to satisfy

PV(z)P,=V(z), i=12--,n+1. (3.143)
Under the singular unitary transformation (3.108), the zero energy states be-

come
) "1 .
(po;)‘h...,)\n(.’r) = V(po;)\l,...,,\n(x) = N,\l,...,)\n [H 5 (1 + )\kRk):l eV( ). (3.144)

k=1

The zero energy states trivially satisfy the half of the connection conditions
(3.135). Let us discuss the remaining connection conditions (3.134), which are

given by egs. (3.110)-(3.113).

The states (3.144) do not satisfy the connection conditions (3.110), (3.111).
On the other hand, the connection conditions (3.112), (3.113) are neither sat-

isfied by the zero energy states. There is, however, an exceptional case
by = 1. (3.145)

This is because V{(ly —€) = V(I + ¢).

The P41 commutes with Gr, (k=1,2,---,n), H? and becomes physical
only for b; = 0. An accidental degeneracy occurs in this case. We can introduce
simultaneous eigenfunctions of the Hamiltonian HZ, Gz, (k=1,2,---,n) and
Pri1 such that

HB0p e dudns: (€)= EQEA - Anns (T), (3.146)
GRePEM - Aadnsr (T) = ARPEA - An A (T), (3.147)
Pn+1g0E;/\ly"'y/\n»/\n+l (x) = /\n+1(p0E;)\1,"-,)\n,)\n+1 (I)' (3~148)
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The Q2 and P,y satisfy the relations
QPP = -PupiQE, a=1,2,---,2n+1 (3.149)

Egs. (3.139), (3.140) and (3.149) imply that the degeneracy of the spectrum
for E > 0 is given by 2"*1.

The zero energy formal solutions are

|
900;)\1,---,)\n,)\n+1=+1( N/\l |:H = 1 -+ )\kgnk)} ev(w). (3150)

[\D

Here ©o.n,,Aninsi=—1(Z) do not exist because the states cannot construct
without new singularities except for the original singular points z = I (s =
0,1,--+,2" — 1). For by = 1, all the zero energy states (3.150) become super-
symmetric vacuum states compatible with the connection conditions (3.112),
(3.113), while, for b; = —1, all the states are incompatible with the connection
conditions (3.112), (3.113).

The P,+1 can be regarded as the “fermion” number operator only if by = 0,
(-=1)F =Ppy1. (3.151)
The operator satisfies

{QZ,(-DF}y=0. (3.152)

There is a nonzero Witten index of P, only for b = 1 and by = 0,

Awp,,, = 2" (3.153)
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3.4 Reduction of the supersymmetry

3.4.1 General discussion

In this section, we provide a general discussion on a reduction of the supersym-
metry by relaxing the connection conditions®. So far, we have considered the
connection conditions compatible with all the 2n + 1 supercharges. Here we
require that only a subset of the supercharges are physical. To put it the other
way around, we allow some of the 2n 4 1 supercharges to become incompatible

with connection conditions.

Let us consider the m supercharges that are a subset of the 2n + 1 su-
percharges (3.24) ((3.25)). The connection conditions compatible with the m

supercharges are given by

(Igne1 —U) ®, =0, (3.154)
(Ign+1 + U) Ppamy, =0, (3.155)

where the constraints on the characteristic matrix U are

UlU = Ipn, (3.156)

U2 = Ipn, (3.157)
w0y = U (3.158)
Here the number of ~; is m, which is a subset of the v, (a = 1,2,---,2n+ 1).

The difference from the case of the N = 2n+1 supersymmetry is in eq. (3.158),
that is, the number of -; is smaller than that of the case of the N = 2n + 1

supersymmetry. The smaller the number of v; in eq. (3.158) becomes, the

4Falomir and Pisani have also discussed the reduction of supersymmetry in the presence

of singular superpotentials[67].
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larger the number of parameters of the characteristic matrix U becomes. This
implies that the supercharges not belonging to the subset are not the physical

operators.

3.4.2 N = 2n supersymmetry

In this section, we consider some N = 2n supersymmetric models as examples
of the reduced supersymmetry. We choose 2n supercharges that are subset of
the 2n + 1 supercharges (3.24), (3.25) as
() QF, Qf ., QO
(b) fl, Qé, T Q124n—17 2An+1’

(c) @7, Q7.+, Q%

(d) @, QF, -+, Q1 Q-
We will obtain the connection conditions compatible with the constraints
(3.156)-(3.158) and study the degeneracy of the spectrum and the zero en-

ergy states in each model.

(a) Qiqa Q2A’ t ’Qg‘n

In order for the supercharges Q% - - -, Q%, to satisfy the superalgebra, we need

only eq. (3.31). And the Hamiltonian is also given by eq. (3.37).

The connection conditions compatible with the 2n supercharges

A A
o, @y, are

(Ipnsr — U)®, = 0, (3.159)
(Ign+r + U)Ppa, =0, (3.160)

where
U? = Lp, (3.161)
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UU = I, (3.162)
"YiU’Yz' = '—U, 1= 1,2,"',2%. (3163)

In order to obtain the expression of the characteristic matrix U, we use the
expansion (3.71)-(3.73). Eq. (3.163) implies that the nonvanishing coefficients

are only four,

01 = Cay 0,020, 0 0,001 =1 (3.164)
02 = Cay—0.09m0,rcon0, 5 12 (3.165)
a3 = Coy=3,00=3,,an=3,0n11=31 (3.166)
a4 = Coy=3,0p=3, an=3,an41=0- (3.167)

Thus, the characteristic matrix U can be expanded as

U= aL® Lo)+a(lhb® QL ad)
+a3(Cr, GF® - Q&r, TQ03)+0a4(Cr, R - Qér, - R I).

(3.168)

Let us note the number of parameters in the characteristic matrix U is larger
than that in the N = 2n + 1 supersymmetric model because of the decrease
of the conditions on the U. We further restrict the form of U by imposing the
conditions (3.161) and (3.162). Then, we obtain that

(ag)® =1 and a1 = ag = az = 0, (3.169)
or
(a1)® + (ag)*+ (az)?=1 and ay=0 (3.170)

with a1, a9, a3, a4 € R. Thus, the characteristic matrix U compatible with the

2n supersymmetry is given by

(I) Type I
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U](:{:)=:l:(€721 5®®5Rn5®12), (3171)

(II) Type II

Unla) = a1(® - @LQo1)+a(L® @1, ®0,)
ta3(Er, G® - ®Er, G ® 03) (3.172)

with (a1)? + (a2)® + (a3)* = 1.

Let us next study the degeneracy of the spectrum. We note that Gg,
(k = 1,2,---,n) commutes with the Hamiltonian H# and is physical under
the connection conditions (3.171), (3.172), so that the state with E(> 0) is

labeled by the quantum number A, which is the eigenvalue of Gg,. Noting

that @4,_; = —iQ4.0r, and the relations
-G iA for ¢ = 2k — 1 or 2k,
Qf'Gr, = RkQA , (3.173)
+0r, Qf otherwise

for k =1,2,.--,n, we have the relations (3.88) for k = 1,2,---,n. Thus, the
degeneracy for £ > 0 is given by 2". This result can also be obtained from an
algebraic point of view; for fixed nonzero energy F, Q4/ VEfori=1,2,---,2n
form the Clifford algebra in 2n-dimensions, and the representation is known

as 2",

Let us study the zero energy states. The states, which satisfy eq. (3.90),

are formally given by

| Ay

PO A1, An (33) = N)\l,...,,\n [H 5 (1 + /\kgnk)j' [ A= AnW(z) (3.174)
k=1

with Ay =1 or =1 for £k =1,2,---,n. The zero energy states trivially satisfy

the half of the connection conditions (3.160). We need to verify whether the
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zero energy states (3.174) satisfy the remaining connection conditions (3.159)
or not. In order to investigate the consistency of the zero energy states with
the connection conditions, let us perform the singular transformation (3.108),
under which the zero energy states become

. LA Ay
Lpo;,\l,...,,\n(x) = Vgoo;,\l,...,,\ ( N)\l !iH - 1 + MR ji M ’\"W(x).

) (3.175)

M

According to the singular transformation, the connection conditions (3.159)

can be written, depending on the type I, 11, as

(I) Type I with Ui(=£)

13 1=3g

<’pl Y-S R N )(lo—e) —0, (3.176)
1=y 1-hn

(791 TP, @1,...,&) (i+€ =0 for Ay = F1,

(3.177)
where the double sign of A; - - -\, correspond to the double sign in the Ur(+)

(IT) Type II with Urr(a)

( 1-) 1-An

Pi? o Prn? Paens ) (lit+€)=0 foragh - A, =+1, (3.178)
1,

=2 1=2p
(1 — a3/\1 cee )\n) ('Pl 7 ... Pp, (p;\l,...,)\n) (l() — 6)

1~-M 1—-MAp

—(CL1 - iag) <’Pl 2 Py (zbh,"-,)\n) (l1 + E) =0
for otherwise.  (3.179)



Let us first discuss the case of Uj(+). We note that the connection condition
(3.159) does not yield nontrivial conditions for the state with A; --- A\, = +1,
while the other connection condition (3.160) is automatically satisfied due to
(3.90). On the other hand, we must check whether the state with A;--- )\, =
—1 satisfies the connection conditions (3.176), (3.177) or not, but it is obviously
impossible due to the exponential factor in the solutions (3.175). Hence, the
degeneracy is given by 2"!. The discussion goes the same as above for the
case of Ur(—), so that the degeneracy is, again, 2"~!. Thus, the supersymmetry
is unbroken. We have seen that once we determine the connection condition

Ur(%), the states with A1+ A, = 1 can satisfy the connection conditions.

For the type II connection conditions, the zero energy states (3.175) are
found to be inconsistent with the connection conditions (3.178), (3.179), so
that there are no vacuum states with zero energy. There is, however, an

exception. If the following relations are satisfied

1—a o .
——-——1 + az ES eW(lo ) W(ll+ )’ ap = 1/1 —_ (a’3)2, ay = 0’ (3180)

all the states (3.175) accidentally become supersymmetric vacuum states com-
patible with the connection conditions (3.179), hence, the degeneracy is 2.
Therefore, for the type II connection conditions, supersymmetry is sponta-

neously broken except for the above case.

If a; = 0, the supercharge Q%, ., become physical. Then, Q%, -, Q4,4
form the N = 2n + 1 superalgebra if we require the conditions (3.32). There-
fore, the supersymmetry is enhanced to the NV = 2n + 1 supersymmetry, and

the degeneracy has been studied in the previous section.

We can introduce the “fermion” number operator as

(—1)F = Gr, - Gr,, (3.181)
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which is physical under the connection conditions (3.159) and (3.160), and
commutes (anticommutes) with the Hamiltonian H“ (all the supercharges
Q# (i = 1,2,---,2n)). Let us note that eigenvalues of the fermion number
operator are A ---\, = £1. The Witten index of Gg, -+ - Gr, with Up(%) is

(3

given by
AW;inngn = i2n—1, (3.182)

where the double sign correspond to the double sign in the Up(+).

If W'(z) = 0, the P, is physical under the connection condition (3.171).
And it (anti)commutes with the (supercharges) H4. Then, we can introduce

the Witten index of P, 1,

Aw.p,,, =2 (3.183)

For the type II connection conditions with Up(a), the Witten index of
Gr, - - - Gr, vanishes because there are no zero energy states. We should make
a comment on the special case (3.180), in which the zero energy states exist.
The Witten index of Gg, - --Gr, is, however, zero because N¥=0 and NE=0

are the same,

NE=C NE=C . _ =21 (3.184)

gRl .A.anz_’_l pranen)

(b) Qfa Q?) Ty Q?n—l’ Q?n-{»l

The N = 2n supercharges Q7, Q5. -, Q4,_;, @54, form the N = 2n super-
algebra if the function W'(z) obeys (3.31) and (3.32). The constraints on the

characteristic matrix U are
U? = Iy, (3.185)
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UlU = I, (3.186)
Uy = =U, i=1,2,---,2n—-1,2n+ 1. (3.187)

We expand the U in the expression (3.71)-(3.73). Because of the conditions

(3.187), nonzero coefficients are only four,

a1 = Coy=0,a0=0,,an=0,0n+1=11 a2 = Coy=3,07=3,,0n-1=3,0n=2,0n41=3>
as = a1=3,a2=3,-,an=3,0n+1=3» a4 = Cal=0,a2=0,~-,an_1=0,an:1‘an+1=1'
(3.188)

The conditions (3.185) and (3.186) imply that
(ag)® =1 and a; = ag =az =0, (3.189)
or
(a1)® + (a2)* + (az)? =1 and a;=0 (3.190)

with ay,aq, a3, a4 € R. Thus, the characteristic matrix U compatible with the

2n supercharges @7, -, Q4,_1, Q41 are
(I) Typel
UI(:E)=i([2®"‘®[2®€pn'5®01), (3191)

(II) Type I1

Unla) = a1 (L ®---®@L®0))
+az (8r, @ @R, , F®&, 7@ 03)

+asz (€R1 R ® an 0® 0’3) (3192)
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with (a1)? + (az)? + (a3)? = 1. With the above characteristic matrix U, the

connection conditions are given by

(Ipnt1 — U)®, = 0, (3.193)
(IQn+1 + U)(I)DAgo = 0. (3194)

In this case, Gr, is no longer physical under the connection conditions
(3.191), (3.192), but instead, Gp, Py+1 is physical. The Hamiltonian H4, Gg,
(k=1,2,---,n—1) and Gp, P,41 are physical, and they commute with each
other. We can introduce simultaneous eigenfunctions of these operators such

that

H% g (@) = Eppa,,.x(2), (3.195)

GRe @B, -1, (2) = Me@ppg,(x), k=1,2,---,n—1,
(3.196)
(GpuPrtt) WA, (T) = APEN -, (T) (3.197)

with Ay =1or —1fork=1,2,--- n—1and A, =1 or —1. In this case, we

have the relations

Qhhom1PEM, 2, (T) = ~ QB 3, (T) O DA o gy, (2),s
k=1,2---,n—1, (3.198)
Qb 198:A -1, (B) X QB o, (T), (3.199)
Qb 1PEp -3, () X OB e, (), (3.200)
because
-Qf for k = 2i — 1,2i,
Or, Q1 Oir, fork=2i~1,2 (3.201)
+Q~Gr, otherwise,
(GpPri1) A = —Qf (Gp,Prp1) (3.202)

fori=1,2,---,2n—1,2n+1 and Q5 _, = —iQ4.Gr, for k=1,2,---,n— 1.
Thus, the degeneracy for £ > 0 is given by 2". This result can also be
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obtained from an algebraic point of view; for fixed nonzero energy E, Q4/VE
fori=1,2,---,2n—1,2n+ 1 form the Clifford algebra in 2n-dimensions, and

the representation is known as 2™.

The above argument cannot apply for the zero energy states. The zero

energy states are given by solving

d :
DA(po(l') = [(Rl e Rn+1_’) + )\1 e )\n._lgnn (Rl v Rn+1I/V’(.’II)) (Po;,\l‘...’,\;l (CE) = (.

dzx
(3.203)

The solutions to eq. (3.203) are formally given by

-1

14+ MG
oo @) = Mo, (T 5%

k=1

X {(%) e"/\l"')\n—lw(x) + )\;l (LT_%) e)\l---x\n—1W(z)} ,

2 2
(3.204)

and trivially satisfy the half of the connection conditions (3.194). We need to
verify whether the zero energy states satisfy the remaining connection condi-
tions (3.193) or not. Under the singular unitary transformation (3.108), the

zero energy states become

Gox 4 (Z) = Vepou,-x, (2)

"1+ MR
= ]\/)\l’...’,\;1 (H ___2k—l£>
k=1
y {(1 +2Rn> e—)\l---)\n_1W(x) n Afn, (1 ‘QZR") e)\l"')\n—lw(z)} ,

(3.205)

and accordingly the connection conditions, (3.193) can be written as

(I) Type I with Up(+)
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( 1-) 1-Ap—1

Pl o Pn—lz ()5)\1,"'1/\41,) (lO - 6) =0, (3206)

1= 1=2n—3
(Pl 2 .. 'Pn—12 (,5)\],...,)\4;> (ll + E) =0 for )\:1 = Fl,
(3.207)

where the double sign of A/, correspond to the double sign in the Up(+),

(II) Type II with Up(a)

1=y 1Ay
(P12 P @AI,A..,M) (h+) =0  for aghi - Any = +1,(3.208)

1-)q 1-dn_1
P2
1

(1—agAi - An1) ( Pyt @Al,-.-,Ag) (lo—¢)

=M 1-2p—1

—(al — iasz]_ T )\,/n) (Pl 2 ... Pn,_lz Sb/\lv""’\:1> (l] + 6) =0
for otherwise. (3.209)

We first consider the case of Ur(+) (Ui(—)). The zero energy states with
A, = +1 (A, = —1) can satisfy the connection conditions (3.193), (3.194)
because the connection conditions (3.193) do not yield nontrivial conditions for
the states with A}, = +1 (A, = —1), and the connection conditions (3.194) are
automatically satisfied due to (3.203). On the other hand, the states with A/, =
—1 (N, = +1) do not satisfy the connection conditions (3.206), (3.207) because
of the exponential factor in the solution. Thus, the degeneracy of the zero
energy states for the case of Uj(z) is given by 2"!, and the supersymmetry

is unbroken.

For the case of Uyi(a), the zero energy states do not satisfy the connection

conditions (3.208), (3.209) with one exception. If the following relations are
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satisfied

[1—a e ——
—-—1 + az fod e?W(lo ), al = 1 _ (a3)27 a2 — 0, (3210)

all the states (3.205) are compatible with the connection conditions (3.209),
then, the degeneracy is 2". Hence, for the type II connection conditions, the

supersymmetry is spontaneously broken except for the above case.

.Note that if ay = 0, the supercharge @4, becomes physical. Then, the

supersymmetry is enhanced to the N = 2n + 1 supersymmetry.

In this model, Gp_ Pn+1 can be regarded as the “fermion” number operator,
(-1)" = Gp, Pop1. (3.211)

The Witten indices of Gp, Prr1, Pnt1 for Ui(£) are given by
Awigp Poyy = 277, (3.212)
Awp,,, = on—1, only for W'(z) = 0, (3.213)
where the double sign in eq. (3.212) correspond to the double sign in the
Ui(x). For Uy(a), the Witten index of Gp,Pny1 vanishes because the zero
energy states do not exist. Let us comment on the special case (3.210), where
we have the zero energy states. We note that the supersymmetry is enhanced

to the same N = 2n + 1 supersymmetry in the special case (3.210) as that in

the previous section.

(C) Qf”ng

The N = 2n supercharges QF,---, Q8 form the N = 2n superalgebra if the
V'(z) obeys (3.33). In this case, the constraints on the characteristic matrix

U are same with the case of (a). The connection conditions are given by
(Ign+1 — U)®, = 0, (3.214)
(Ign+1 + U)©D3<p = O, (3215)
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where U is given by (3.171) or (3.172).

For Ui(+), the Gz, (k=1,2,---,n) and Pp41 are physical under the con-
nection conditions (3.214),(3.215) and commute with HZ. We can introduce

simultaneous eigenfunctions of H®, Gz, (k =1,2,---,n) and P, such that

HB(PE;Al,"',/\nH (I) = EwE;Al,"'.An+1 (I)’ (3216)

ORe PEM - Ans () = MePBAL - Angs (T), k=1,2,---,n, (3.217)
Pn+1(IDE§/\1,"‘,)\n+1 (:E) = /\n+1(10E;/\1,'“,/\n+1 (CE) (3218)
Although the labels in ¢ increase, the degeneracy of the spectrum for £ > 0

states does not increase in this model. The @F (i = 1,2,---,2n), Gg, (k =

1,2,---,n) and Pp4; satisfy

Prt1QF = —Q Pnyy fori=1,2,---,2n, (3.219)
G OF = ~QBGr,  fori=2k—1,2k, (3.220)
s +QPGx, otherwise, '

The supercharge QP (i =1,2,---,n) éhanges not only the sign of A; but also
the sign of A\,,1, so that no supercharge connects A; - - - A1 = +1 states with
A1+ Apg1 = —1 ones. Therefore, The degeneracy between the states with
A1+ Angr = +1 and the states with A\;---A,41 = —1 is not guaranteed, so

that the 2"*!-fold degeneracy is not ensured.

Since Q5 _, = —iQ5.Gr, for k=1,2,--- nand

Qa 1P (T) = —IM QRPN A0 (T) X DB A=A =D (T)

(3.221)

fork=1,2,---,n, the 2"-fold degeneracy for £ > 0 states is ensured. This re-
sult can also be obtained from an algebraic point of view; for fixed nonzero en-
ergy E, QB/ VEfori=1,2,---,2n form the Clifford algebra in 2n-dimensions,

and the representation is known as 2". The P,41 is regarded as a “fermion”
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number operator (—1)f in the type I connection conditions. For Up(a), since

the P,.1, in general, is not physical, the degeneracy for £ > 0 is 2".

The zero energy states satisfying Q@2 ¢o(z) = 0 are formally

"1+ /\kgR;c) eV @

g00;/\1,"‘7)‘11 (‘/I") = N)\ly"'a)\n (H 2
k=1

(3.222)

The zero energy states trivially satisfy the half of the connection conditions
(3.215). Under the singular unitary transformation (3.108), the remaining
connection conditions (3.214) can be written by egs. (3.176)-(3.179), and the

zero energy states become

- 14+ MR
Bors, 2 (T) = V@000 (T) = Ny ong <H °—2u

) V@, (3.223)
k=1

Let us first discuss the case of Ui(+) (Ui(—)). We note that the connec-
tion conditions (3.214) do not yield nontrivial conditions for the states with
At Ap = +1 (A1- -+ A, = —1), while the other connection conditions (3.215)
are automatically satisfied due to DZyy(x) = 0. On the other hand, we must
check whether the states with Ay --- A, = =1 (A1 -+ A\, = +1) satisfy the con-
nection conditions (3.176), (3.177) or not. It is obviously impossible because
of the exponential factor in the solution. Hence the degeneracy for the zero
energy states for the case of Uj(+£) is given by 2"~!, and the supersymmetry
is unbroken. We have seen that once we determine the connection conditions

Ui(£), the state with A;--- )\, = %1 can satisfy the connection conditions.

For the type I connection conditions, the zero energy states (3.223) are
found to be inconsistent with the connection conditions (3.178), (3.179), so
that there are no vacuum states with zero energy. There is, however, an

exception. If the following relation is satisfied
a =1, (3.224)
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all the states (3.223) accidentally become supersymmetric vacuum states com-
patible with the connection conditions (3.179), then, the degeneracy is 2".
Hence, for the type II connection conditions, supersymmetry is spontaneously
broken except for the above case. Note that if a; = 0, the supercharge Q%, .,
becomes physical, therefore the supersymmetry is enhanced to the N = 2n+1

supersymmetry, which is same as the type B model in the previous section.

The fermion number operators can be defined as

(——l)F = gRl e an for UI(:E) or UH(a), (3225)
(-1 =Pops for Uy(£) or Un(a; = +£1).  (3.226)

For Uj(#£), the Witten indices of Gg, - - - Gr,, and P, are given by

Awigr, -0, = £2"7, (3.227)
Awp,,, =2V (3.228)

where the double sign in eq. (3.227) correspond to the double sign in the
Ur(x). Let us comment on the special case of Uy(a) with a; = 1, where we
have the zero energy states. We note that the supersymmetry is enhanced to
the same N = 2n+ 1 supersymmetry even in the special case of a; = 1 as that

in the previous section.

(d) QB’ Tt an—l’ Q§n+1

The N = 2n supercharges QF,---, Q8 _;, Q2 ., form the N = 2n superalgebra
if the V'(z) are assumed to obey (3.33). The characteristic matrix U is again

given by (3.191),(3.192). The connection conditions become

(Iyn+r — U)®, = 0, (3.229)
(Iypsr + U)®ps, = 0. (3.230)
In this model, G, (k= 1,2,---,n—1) and Gp, Pr+1 are physical and commute

with HZ. Since these operators commute with each other, we can introduce
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simultaneous eigenfunctions of H?, Gz, (k = 1,2,---,n — 1) and Gp, Pr1
such that

HB(PE;Al,-~-,/\4,,($) = Eppa.-(T), (3.231)
ng(pEV\l»“',/\il (I) = )\kSOE;)\l,"-,)\;l (T)7 k= ]-’ 2, e, — 1,
(3.232)
(G Prt1) B, (Z) = A@En - (T)- (3.233)
Since
-QP for k= 2i — 1,24,
G, QF QOr, fork=2-1z (3.234)
+QBGr,  otherwise,
(Gp,Prs1) QF = —QF (Gp.Prt1) (3.235)
and ngq = —ngBkng for k=1,2,---,n — 1, we have the relations
QZ 1 0pa - (T) = —IMQEPEN -, (T) X PE A o= Mgy, =X, (T),
k=1,2,---,n—1,(3.236)
Q5 10 -, (B) X ©EA 1, (2), (3.237)
Q§n+190E;A1,--~,A;($) X ‘PE;)\l,---,—-A;,(x)- (3.238)

Then, the degeneracy of the spectrum for E > 0 is given by 2". This result
can also be obtained from an algebraic point of view; for fixed nonzero energy
E, Qf’/\/E for i = 1,2,---,2n — 1,2n + 1 form the Clifford algebra in 2n-

dimensions, and the representation is known as 2".

The zero energy states are given by solving

d ’
DB(PO(I) = [(Rl e 'Rn+1*) = Prr1(R1-- - RpaV (ac))} Popnr,x, (T) =0

dx
(3.239)

The solutions are formally written by

1+ MG 1+G 1-G
ponee) = o ([T E585 { () o0 (5 )

k=1
(3.240)
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The zero energy states trivially satisfy the half of the connection conditions
(3.230). Under the singular unitary transformation (3.108), the remaining
connection conditions (3.229) become egs. (3.206)-(3.209), and accordingly,
the zero energy states (3.240) become

Gopg,-an () = Vo (@)

L MR 1+ R, , (1-R,
= e (TR (52 o () e

k=1

~ We first consider the case of Ui(+) (Ur(—)). The zero energy states with
A = +1 (\, = —1) can satisfy the connection conditions (3.229), (3.230)
because the connection conditions (3.229) do not yield nontrivial conditions
for the states with X, = +1 (A, = —1), and the connection conditions (3.230)
are automatically satisfied due to DB¢q(x) = 0. On the other hand, the states
with X, = —1 (X, = +1) do not satisfy the connection conditions (3.206),
(3.207). Hence, the degeneracy of the zero energy states for the case is given

by 271, and the supersymmetry is unbroken.
For the case of Uy(a), the zero energy states (3.241) do not satisfy the
connection conditions (3.208), (3.209) with one exception. If
a; =1, (3.242)

all the states (3.241) accidentally become supersymmetric vacuum states com-
patible with the connection conditions (3.209), then, the degeneracy is 2".
Thus, for the type II connection conditions, the supersymmetry is sponta-

neously broken except for the above case.

The fermion number operator can be introduced as
(—1)" = Gp,Pop1. (3.243)
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For Uj(+), the Witten indices of Gp, Ppy1 and Ppy, are given by

Awigp, Py = £2"71, (3.244)
AW;P,,,+1 = 2n——1’ (3245)

where the double sign in eq. (3.244) correspond to the double sign in the
Ui(£). For Uy(a), the Witten index of Gp P,.1 vanishes because the zero
energy states do not exist. Let us comment on the special case (3.242), where
we have the zero energy states. We note that the supersymmetry is enhanced
to the same N = 2n + 1 supersymmetry in the special case as that in the

previous section.
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Chapter 4

Supersymmetry and the higher

dimensional gauge theories

4.1 Supersymmetric structure in the higher

dimensional gauge theories

In the previous chapters, we study supersymmetric quantum mechanics. In
this section, we show that an N = 2 supersymmetric structure is hidden in 4d
mass spectrum of any gauge invariant theories with compact extra dimensions
without a boundary. We should notice, to avoid confusion, that the NV = 2
supersymmetric structure can be seen for mass eigenfunctions appearing in
the mode expansion of gauge fields, rather than a symmetry of the action. We
can introduce N = 2 supercharges, that make a mass eigenfunction associated
with a 4d vector boson transform into a mass eigenfunction associated with a
4d would-be Nambu-Goldstone boson, and vice versa, which can be absorbed

into the longitudinal mode of the 4d vector boson.
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To this end, we consider a (4+D)-dimensional abelian gauge theory with a

weight function. The (4+D)-dimensional metric is assumed to be of the form
d§? = e VW) (77 yazhdx” + gi;(y )dyidyj) : (4.1)

The (4+D)-dimensional coordinates are denoted by =™ = (z*,y'), where
z* (u = 0,1,2,3) are the 4-dimensional coordinates and y* (¢ = 1,2,---, D)
are the extra D-dimensional coordinates. The 7, is a 4d Minkowski met-
ric with 7, = diag(—1,1,1,1), and W(y) and g;;(y) are assumed to depend
only on the coordinates y*. We note that for D = 1 and W (y) = 3k|y| with
gs5(y) = e*" @ the metric reduces to the warped metric discussed by Randall

and Sundrum|5]. The action we consider is
s = [diacy
i d 1 7 4
- / dz / APy —GA(y) {—ZGMM GNN FMNFM/N/} L (42)

where A(y) is a weight function depending on ' and

Fun(z,y) = 0mAn(z,y) — OnAM(T,Y), (4.3)
-sW(y
e D Nuw 0
G = , 4.4
mn(Y) ( 0 e‘%w(y)gij(y) ) (4.4)
G(y) = detGun(y)- (4.5)
For our purpose, it is convenient to rewrite L into the form
Ly = /dDZ/\/—A { L gMM NN/FMNFM’N’} , (4.6)
where
Nuv 0
gun(y) = ; (4.7)
( 0 gi(v) )
9(y) = detgy;(y), (4.8)
A(y) = Afy)e™MW. (4.9)

Thus, the system becomes identical to that of the gauge theory with the metric
ds* = nydztdz” + gij(y)dy'dy’ (4.10)
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and the weight function A(y).

In a viewpoint of the extra D-dimensions, the 4-dimensional gauge fields
Ay(z,y) are regarded as O forms, while the extra D-dimensional components

Ai(z,y) are regarded as a 1 form, so that we may write
AD(z,y) = Ay(z,y)dy’. (4.11)

Here, the exterior derivative d is defined by d = dy'd; with respect to the
coordinates on the extra dimensions. As was done in the previous section, we

introduce the inner product for & forms as

(77( ) w ] /dDy V3 Y)AY)m,. 'Llc le Jk(y)giljl (y) - 'gikjk(y)‘
(4.12)

It turns out that Lx can be written into the form
L = —5 O~ B4, A" — 0¥ AF),
—% (dA, — 0,4M, dA" — B“A(”)A
—-;- (dA®, dA<1>)A . (4.13)
As proved in Appendix, 0 forms A,(z,y) can be expanded as'
Auz,y) = Auo(z) 77(0 + Z Apno( n?)) ()

1Ayn
- (0>+Z L 0 qusno( ), (4.14)

where

n® = (/dDy\/gAyl/Q, (4.15)

dld = (m{))wl, (4.16)
dd'¢l) = (m{))’¢S), for m®) # 0, (4.17)

1We have used the fact that the Oth Betti number bq is equal to 1.
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and

1
WO = —didld) o 4= (0) 2.
Mng Mng
Since AV (z,y) = Ai(z,y)dy’ is a 1 form, it can be expanded as
A (z,y) = Z p(z)m () + Z y, ) + Z hno (2

/hno

- S ata ) + Do) + e
p=1

where b; is the 1st Betti number and

dnl)—O—d*np , p=12,---,by,

dfdw(l) - (m(l)) 7(111),

ddi¢l? = (m{))2e?, for m{}) # 0,
and

w,(lll) = —1(15d*¢7(121) for ¢ = ml dwl).

(4.18)

Oy),
(4.19)

(4.20)
(4.21)
(4.22)

(4.23)

It is now clear that the N = 2 supersymmetric structure discussed in the

previous section can be seen in the mode expansion of the gauge fields. The

mass eigenfunction w( and ¢{) associated with the 4d vector A, n,(z) and
the (would-be Nambu-Goldstone) boson hn,(z), respectively, obey the N = 2

supersymmetric quantum mechanics. They transform into each other by the

action of the N = 2 supercharges and hence form a supermultiplet, i.e.

(0) (0)
Yna _ (0)\2 Wry

(0) 0 0 (0)
“no ) 00 — @ [ “no

(4.24)

(0 0 0 w0
no —_— (0) = — (0) o
QQ ( 0 ) Zmno ( (ﬁ%lo) 3 Q? d)_EZlO) Zmno 0 )

82



where

3 - , [ did 0

H=(Q) = (Qs) —( . dd*), (4.27)
0 d 0 —idt

Ql=(d 0), QF(M : ). (428

We note that the mass eigenfunction wfl?)) correspond to 4d vector boson
A, no(x) and hence the mass spectrum of the 4d vector bosons is governed

by the above N = 2 supersymmetric quantum mechanics.

Inserting the mode expansions (4.14) and (4.19) into the Lagrangian Lx

and using the orthogonal relations of the eigenfunctions, we have

L =~ (Fuol®))’
, ) (0)\2 2
+Z _211 (Fuv,no(x)) - (mg()) (Au,no(f) - ;l(ojauhno(r)) ]
1 2
3 Z_:l (Oupp(z))
) (1))2 )
+3 |- 0tn o - Tl @] (429
where
Fun(x) = 04Aun(z) — 0, Aun(z). (4.30)

Therefore, we conclude that in a 4-dimensional point of view, the field contents
of the model are given as follows: A, is a massless gauge field. A, ., are
massive vector bosons with mass m{Y). h,, are would-be Nambu-Goldstone
bosons and can be absorbed into the longitudinal modes of A,,,. ¢p (p =
1,2,---,b1) are massless scalars and cannot be gauged-away. They could play
arole of Higgs fields for non-abelian gauge theories[68]. ®,, are massive scalars
with mass m{}). The origin of the scalar fields ¢, and ®,, are the extra

dimensional components of the gauge fields.
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We finally make comments on some previous works related to this section.
Howe et al.[69] discussed an N = 2 worldline supersymmetry for a relativis-
tic spin N/2 particle and succeeded to present field equations for massless and
massive antisymmetric tensors in arbitrary space-time dimensions. The N = 2
worldline supersymmetry seems to have some connections to the N = 2 su-
persymmetry found in this paper, but a direct relation between them is not
clear. Shaposhnikov and Tinyakov[1] considered a gauge invariant theory with
a noncompact extra dimension with a weight function depending on the ex-
tra dimensional coordinate and observed that mass eigenfunctions for A,(z,y)
satisfy a similar equation to eq. (4.16). They, however, missed the full super-
symmetric structure, since they worked on the gauge As(z,y) = 0. Although
we found an NV = 2 quantum-mechanical supersymmetry in the spectrum of
gauge fields, a similar V = 2 supersymmetric structure has already been found
in the spectrum of spinor fields. Jackiw and Rebbi[70] showed that a dynami-
cal localization of a chiral fermion can occur in a nontrivial soliton background
and that mode functions for left-handed and right-handed spinors are governed
by an N = 2 supersymmetric quantum mechanics, though they did not use
the word “supersymmetry”. Arkani-Hamed and Schmaltz[71] considered a five
dimensional fermion coupled to a background scalar that has the dependence
on the extra dimensional coordinate and explicitly constructed a Hamiltonian
and N = 2 supercharges that form an N = 2 supersymmetry algebra. The
connection between the de Rham cohomology and the quantum mechanical
superalgebra was argued by R.P. Malik in the context of noncommutative

geometry|[72].
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4.2 Supersymmetry on the action

In the previous section, we showed that a quantum-mechanical N = 2 su-
persymmetry is hidden in 4d mass spectrum of any gauge invariant theories
with extra dimensions, but whether the whole action possesses the quantum-
mechanical supersymmetry is not addressed. In this section, we show that the
higher dimensional gauge theory possesses the quantum-mechanical supersym-
metry and the supersymmetry, namely the property that the action is invariant
under the transformations whose generators are the N = 2 supercharges, is a

part of the higher dimensional gauge symmetry.

Let us consider a 4 + 1-dimensional Abelian gauge theory on a curved

space-time. The metric is assumed to be of the form
ds® = A(y)? (nwdm"dm" + dy2) . (4.31)
The action we consider is

1 / ,
S = /d4$/dy\/ —4g (—ZQMA/I gNN FIV[’N’FI\/IN> = /d4l'/dy E, (432)

where
_ o | TN 0\ _ 2
gun = Ay) ( 0 1 ) = A(y) nun, (4.33)
FMN(x,y) = BMAN(m,y) - 0NAM(x,y). (4.34)

We impose a gauge fixing conditiion

1
oA, + mayA(y)Ay =0, (4.35)

where £ denotes an arbitrary constant. The indices are raised and lowered with
nun. We decompose the 4d component of gauge field into the longitudinal

mode and transverse one,
Ay =AL+ A7 (4.36)
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with 8”145 = 0, so that the lagrangian can be written as

1 a0 0 A 1 A
= —A(AY H Vi) —ZA(AY, p)H | T
£ = geatw (20 ) (%)< Jaww on ()

1
+§A“T(aya” + AT'0,A9,) AT (4.37)
where
_ -1
R e T 0 | (4.38)
0 ~A"19,A8,
Al = L5 p. (4.39)

Vo,

Here, we assumed that the surface terms vanish. Note that the lagrangian
(4.37) can also be obtained by adding a gauge fixing term to the original
lagrangian

1
7
instead of the gauge fixing condition (4.35).

2
Lop = —%A(y){ (B“Au + ayAAy) , (4.40)

The lagrangian (4.37) is invariant under the supersymmetry transformation

p p p
0 id, ‘
= 4.42
© ( iATI9A 0 ) (442)
with @2 = H, because of [@Q, H] = 0. Here, 6 is a bosonic parameter and the

gauge fixing condition is also invariant under the supersymmetry transforma-

tion using the equation of motion.

The infinitesimal supersymmetry transformations are given by

5A, = —0:/¢8,p, (4.43)
1 1
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These transformations can be written as

(5AM = —9\/EOM,0 (445)

by using the gauge fixing condition (4.35). The transformation can be re-
garded as a part of the 5d gauge transformation. Thus, we can define the
supersymmetry transformation of matter fields in any gauge invariant theories
with matter fields.
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Chapter 5

Extra dimensions with

boundaries

5.1 Boundary conditions and supersymmetry

In this section, we extend the previous analysis to extra dimensions with
boundaries. In this case, we have to impose boundary conditions at the
boundaries. The criteria of obtaining a possible set of boundary conditions
are, however, less obvious. For instance, the Dirichlet boundary conditions
are used in Higgsless gauge symmetry breaking scenario[2, 3],[27]-[38], but the
boundary conditions break 4d gauge symmetries explicitly. Thus, it is not
clear whether such boundary conditions lead to consistent gauge theories. Re-
cently, a criterion to select a possible set of boundary conditions has been
proposed in ref. [27]. The authors require the boundary conditions to obey
the least action principle. Since the requirement does not, however, rely on

gauge invariance directly, it is still unclear that such boundary conditions lead
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to consistent gauge theories. Since gauge symmetry breaking can occur via
boundary conditions, it is important to clarify a class of boundary conditions

compatible with higher-dimensional gauge invariance.

In the following, we discuss how to obtain a possible set of boundary condi-
tions compatible with gauge invariance from a supersymmetry point of view.
To this end, let us consider a 4+1-dimensional abelian gauge theory on an

interval

s= [ [ ay/=g) {~{Funte. ) P o) 6.

with a non-factorizable metric
ds? = e W Wy, dztdz” + gss(y)dy®. (5.2)

The metric reduces to the warped metric discussed by Randall and Sundrum(5]
when gs5(y) = 1 and W (y) = Lkly|. Another choice of gs5(y) = e~"®) leads
to the model discussed in ref. [2, 3|, in which a hierarchical mass spectrum

has been observed.

In order to expand the 5d gauge fields A,(z,y) and As(z,y) into mass
eigenstates, we follow the discussions in Section 3 and consider the supersym-

metric Hamiltonian,!

. Nl 0
H=Q2_—_( ﬁs‘sgﬂﬁy s a"‘w)’ (5.3)
y\/gT Y /955
0
Q = (a Oy\/gT) (54)
Y

which act on two-component vectors

) = ( /) ) : (5.5)
9(y)

'Here, we have represented H and Q in terms of the differential operator 9y, instead of

d and d', so that they act on functions rather than forms.
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The inner product of two states |¥;) and |Us) is defined by

e~ W ()

(Wa|¥y) / dy\/gs5(y) {fz (W) fi(y) R (y)gl(y)}~ (5.6)

To obtain consistent boundary conditions for the functions f(y) and g(y) in

|W), we first require that the supercharge @ is hermitian with respect to the

inner product (5.6), i.e
(U2|Q¥1) = (QT,| 1) (5.7)

It turns out that the functions f(y) and g(y) have to obey one of the following

four types of boundary conditions?:

i) 9(0)=g(L) =0, (5.8)
i) f(0)=f(L)=0, (5.9)
iii) ¢(0) = f(L) =0, (5.10)
iv) f(0)=9(L)=0 (5.11)

We further require that the state @Q|¥) obeys the same boundary conditions as
|¥), otherwise @ is not a well defined operator and “bosonic” and “fermionic”

states would not form supermultiplets. The requirement leads to

8,f(0) = 8,f(L) = 0 for 1), (5.12)
e——4W 6_4W 3
Oy (\/@_5_5_9) (0) =0, ( = g) (L)=0 for i), (5.13)
8,f(0) = 8 <e_4w ) (L)=0 for iii),  (5.14)
) - Yy \/-g_f)gg - ) .
8 (e—m ) 0) = 8,f(L) =0 foriv).  (5.15)
; \/@ggg (0) =9, = or iv). .

2If we allow f(L) (g(L)) to be connected with f(0) (g(0)), we have a one parameter
family of the boundary conditions[59, 61, 62]:

sinf f(0) —cos@ f(L) = cos@ ( —4Wg> (0) —sinéd <e_4wg> (L) =0.
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Combining the conditions (5.8)-(5.11) together with (5.12)-(5.15), we have

found the four types of boundary conditions compatible with supersymmetry,

9,£(0) = 8, (L) = 0,
9(0) = g(L) =0,

£(0) = f(L) =0,

0y (Sa=9) (0) = 8, (S5=9) (L) = O,
8,f(0) = (L) =0,

Type (N,N) : { (5.16)

(5.17)

Type (D, D) : {

(5.18)

Type (N,D) : {

f(0) = 6,f(L) = G,

Oy (679“;9) (0) = g(L) = 0. (5.19)

Type (D,N) : {
It follows that the above boundary conditions ensure the hermiticity of the

Hamiltonian, i.e.

(Uo| HOy) = (H¥5|Ty). (5.20)

Therefore, we have succeeded to obtain the consistent set of boundary condi-
tions that ensure the hermiticity of the supercharges and the Hamiltonian and
also that the action of the supercharge on |¥) is well defined. Since the super-
symmetry is a direct consequence of higher-dimensional gauge invariance, our
requirements on boundary conditions should be, at least, necessary conditions
to preserve it. It turns out that the boundary conditions obtained above are
consistent with those in ref. [27], although it is less obvious how the require-
ment of the least action principle proposed in ref. [27] is connected to gauge
invariance. We should emphasize that the supercharge @ is well defined for
all the boundary conditions (5.16)-(5.19) and hence that the supersymmetric
structure always appears in the spectrum, even though the boundary condi-
tions other than the type (N,N) break 4d gauge symmetries, as we will see

below.

From the above analysis, the 5d gauge fields A,(z,y) and As(z,y) are
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expanded in the mass eigenstates as follows:

Au(:v, y) = ZAu,n(z)fn(y)> (5.21)
As(z,y) = Y hn(2)gn(y) (5.22)

where f,(y) and g,(y) are the eigenstates of the Schrodinger-like equations

1 eV
—\/—ngayﬁayfn(y) =m fuy), (5.23)
1 e—4W

= m2gn(y) (5.24)

—8y——0,—¢x
y\/ﬁ y\/g-?s—g(y)

with one of the four types of the boundary conditions (5.16)-(5.19). Since the
massless states are especially important in phenomenology, let us investigate
the massless states of the equations (5.23) and (5.24). Thanks to supersym-
metry, the massless modes would be the solutions to the first order differential

equation QW) =0, i.e.

Oy foly) =0, (5.25)
e——4W
Oy (\/gggo(y)> = 0. (5.26)

The solutions are easily found to be

foly) =¢, (5.27)
go(y) = e /gss(y), (5.28)

where ¢ and ¢ are some constants. We should emphasize that the above

solutions do not necessarily imply physical massless states of A, o(z) and ho(z)
in the spectrum. This is because the boundary conditions exclude some or all
of them from the physical spectrum. Indeed, fo(y) ((go(y))) satisfies only the
boundary conditions of the type (N,N) (type (D,D)). Thus, a massless vector
A,o(z) (a massless scalar ho(x)) appears only for the type (N,N) (type (D,D))
boundary conditions. This implies that the 4d gauge symmetry is broken

except for the type (N,N) boundary conditions.
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Let us next discuss geometrical meanings of the boundary conditions. To
this end, it is convenient to rewrite the equations (5.23) and (5.24) into a famil-
iar form of the N = 2 supersymmetric quantum mechanics. Reparametrizing

the coordinate y such that
ds? = e~ 4@ (nw,da:“d:r” + dg]2) , (5.29)

where W () = W(y(g)), we can rewrite the equations (5.23) and (5.24) into

the form

~DyDyfa(§) = m2 fa(d), 5.30)
—Dgﬁggn(ﬂ) = mign(g)’ (5.31)
where
"D fo(§) = faly), (5.32)
9/ g55(9)3 () = 9n(v), (5.33)
Dy = 85+ W'(g), (5.34)
Dy = 05 — W'(y). (5.35)

Here, the prime denotes the derivative with respect to . The Hamiltonian

and the supercharge can be written, in this basis, as

PR T
0 DDy

_ ( ~0% = W"() + (W'())’ 0 )
0 —O2+ W@+ W@)* )’
(5.36)
- 0 -Dy
Q = (Dg . ) (5.37)

These expressions are nothing but the NV = 2 supersymmetric quantum me-

chanics given by Witten[63], and W () is called a superpotential. In this basis,
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the boundary conditions (5.16)-(5.19) become

Type (N.N) : { /o) + W' (@) (@) = £/ (5u) + W"(31) 51 = O,
3(%0) = §(9) =0,
(5.38)
F@o) = f(i) = 0,
Type (D,D) : .39
ype (D, D) { 7 (50) — W'(50)3(G0) = §) — W'G)a() = 0. )
[ F@o) + W) i) = Fam) = 0,
Type (N.D) { 3(d0) = §'0) - W'(G)3(51) = O, (5.40)
Type (D,N) { ) = r) W) ) = 0 (5.41)
§'(%0) — W'(#0)3 (%) = §(y) = 0,

where fjo = §(y = 0) and §;, = §(y = L). For the Dirichlet boundary conditions
of () = 0 and 9(9) = 0 at § = 9o, U1, We can interpret them as the existence
of rigid walls at the boundaries. For the other boundary conditions of f° "(9) +
W' (§)f(§) = 0 and §(§) — W'(§)3(9) = 0 at § = go, ¥, we can also interpret
them as the existence of delta function potentials at the boundaries. Since for
a delta function potential a localized (bound) state can appear, the low energy
spectrum will have interesting properties for a non-trivial function W ()2, 3,

46).

Before closing this section, it is instructive to investigate 5d gauge invari-
ance in non-abelian gauge theories. Let G and H be a non-abelian gauge
group and its subgroup, respectively. We consider the situation that the 4d
gauge symmetry G is broken to H via boundary conditions. We denote the
generators of G, H and G/H by {T'},{T°} and {T%}, respectively. The 4d
gauge symmetry breaking of G — H may be realized by imposing the type
(N,N) boundary conditions on the gauge fields A%,(z, %), which correspond to
the unbroken generators of H, and one of the other boundary conditions on

A%(z,y), which correspond to the broken generators of G/H.
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Infinitesimal gauge transformations will be given by
§AL (z,y) = Oue (z, ) + gf 7K AL (z, y)e5 (2, ), (5.42)

where g is the 5d gauge coupling constant and f//% are the structure constants
of G. The boundary conditions for the gauge parameters £(z,y) should be
taken to be the same as A{L (z,y). This requirement comes from the consistency
with the inhomogeneous terms in eq. (5.42). In order for the 5d gauge invari-
ance under the transformations (5.42) to preserve, the homogeneous terms on
the right-hand-side of eq. (5.42) have to obey the same boundary conditions
as A%,(z,y). Then, it turns out that this is the case provided that[83, 84]

Fibe — (5.43)

Although the above conditions are not, in general, satisfied for arbitrary choice
of G and H, they can be realized, for instance, if the Z, parity for the gener-

ators of G are assigned as
P(T*) = +T7, (5.44)
P(T%) = -T°. (5.45)
It is interesting to note that this happens for gauge symmetry breaking via
Zy-orbifolding[40]-[44]. Thus, we have found that the 5d gauge invariance is
preserved under the infinitesimal gauge transformations (5.42) with the con-

ditions (5.43), even though the 4d gauge symmetry G is broken to H in the
4d effective theory.

5.2 A model with a large mass hierarchy

In this section, we propose a mechanism of Higgsless gauge symmetry breaking
with a large mass hierarchy. Hidden supersymmetry discussed in the previous

analysis is an important role in this mechanism.
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5.2.1 A mechanism to obtain a large mass hierarchy

Let us consider one-dimensional quantum mechanics on a circle St (—] <y <

[) with two point singularities put at y = 0 and [, and start with the following

y=1
Sl

Figure 5.1: a circle S}(—I < y < I) with two point singularities at y = 0 and {.

Hamiltonian :
H=——+ W) -PW"y), (5.46)

where a prime denotes the derivative with respect to y, and P is the parity

transformation defined by

P:oly) = Poly) = »(-y). (5.47)
The Hamiltonian forms the N = 2 superalgebra [63]
(Qa,Qs} = 2Hbw, a,b=1,2 (5.48)
with the supercharges [59]-[62]
Q1 = -P—+W(y), (5.49)
Q2 = i— —iPW'(y), (5.50)
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provided that W(y) is an odd function of y, i.e.
W'(—y) = ~W'(y). (5.51)
We should stress that to solve the eigenvalue problem

Hon(y) = mion(y), (5.52)

the setting given above is insufficient. Since we put singularities at y = 0 and
I, there are no reasons that wavefunctions as well as W’(y) are smooth at the
singularities, so that we should allow ¢, (y) and W’(y) to have discontinuities
there. Therefore, to complete the setting of our model, we need to impose
BC’s at the singularities. For BC’s to be consistent with supersymmetry, we

require H and Q,(a = 1,2) to be hermitian with respect to the inner product

(o= [ dufWat) + |, duf o), (5.53)

where 04 = 0 & ¢ and £l; = £l ¥ ¢ with an infinitesimal positive constant
¢. Possible BC’s that make the Hamiltonian hermitian are parameterized, in
general, by the group U(4).® The further requirement that the supercharges
are hermitian puts severe restrictions on allowed BC’s. In fact, there are only
four types of BC’s, [59]-[62]* which are found to be consistent with the parity

transformation, given by

Type IBCs : ¢, (01) + W'(04)p4(04) = 0= p_(04),

Pl) + W )pu(l) =0=p (1), (5.5
Type II BC's @ ¢/ (04) + W' (01 )+ (04) = 0= p_(04),

pr(l-) = 0= () = W(-)e-(I-), (5.55)

where ¢, (y) (p—(y)) denotes a parity-even (odd) function of y. The other
two BC’s can be obtained by the replacement of ¢, < ¢_ in egs.(5.54) and

3In the case of a point singularity, allowed BC’s are shown to be specified by U(2) [57].
41f we allow ¢(04) and ¢’(04) to be connected with ¢(+l%) and ¢’(+l5), we have a two

parameter family of BC’s [59]-[62].
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(5.55). It should be noted that the type I BC’s reduce to the ordinary BC’s for
smooth parity eigenfunctions when W’(0,) = W’(I_) = 0; otherwise, some of
the functions 4 (y) and ¢/ (y) will have discontinuities at y = 0 and I. Since
the parity operator P commutes (anticommutes) with H (Q,),® the energy
spectrum is found to be doubly-degenerate between ¢, , and ¢_ , (except for
zero energy states). For appropriately normalized eigenfunctions, we will have

the relations

Q1P (Y) = Mz n(y). (5.56)

Similar relations hold for ¢)2. The analysis of zero energy solutions needs
some care. The fact that the functions ¢4 o(y) x exp {FW(y)}, which are
normalizable, satisfy Hyy o(y) = 0 does not necessarily imply the existence of
zero energy solutions. In fact, only ¢, o(y) (w—o(y)) is a zero energy solution
for the model with the type I BC’s (the type [ BC’s with the replacement of
w4 < _), and there are no other zero energy solutions at all. This is because
other solutions do not match with the desired BC’s, so that they have to be

eliminated from the spectrum.

For later use, it is convenient to rewrite the equations (5.52) in a different

basis such that

1 d d
CAs(y)dy (Ai(y)@xin(w) = M X (), (5.57)
where
Xinly) = YO0, (y), (5.58)
Arly) = W0, (5.59)

In this basis, the BC’s (5.54) and (5.55) reduce to

Type IBC’s : x,(04+) =0= x_(04),
Xy (=) = 0= x_(l-), (5.60)

5This implies that P can be regarded as the “fermion” number operator (—1)¥[63].
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Type I BC's : X, (04) = 0= x_(04),
x+(l-) = 0=x_(l-). (5.61)

It follows that x4 (y) simply obey either the Dirichlet or the Neumann BC at
each singular point. The relations (5.56) are replaced by

/

Xen(y) = Tz (Y) X7 (y). (5.62)

To clarify characteristics of eigenvalues m2 in eq.(5.52) or (5.57), let us

examine a simple but still nontrivial example of the superpotential, W(y) =
cly|, in some detail. Then, the eigenvalues and the associated eigenfunctions

are found to be

Type I model :
0) md=0

c -
) = |, o

n) m2 = (% (n=1,2,3,---)
P (y) = \—15 in (%—-Iyl ~ Gn), (5.64)
¥ l(y) = % sin (n%y) (5.65)
with tané, = %7[1

Type I1 model :

0) m2 = & — K? with K = ctanh (K1 5.66
0
. (/o sinh K ([yl — 1) for ¢l > 1,
903,%63 (y) = \/ %(lyl ~1) for ¢l =1,
| non forel < 1,
(5.67)
4 K .
sERn=sr Sinh Ky for ¢l > 1,
I
Sot—y,x())e (y) = \/%y for ¢l =1,
non for ¢l < 1,

\
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(5.68)
n)m2=cA+k} (n=123,--) with k, = ctan k,l

2k
weetl(y) = z in ky(Jy| — 5.69
% (y) \/;nl ey YRR (Yl = 1), (5.69)
2k
wrell(y) = - in kyy. 70
oY) \/;knl ~oin (2, ) DY (5.70)
The important observations of the above results are summarized as follows:

For the type I model, a zero energy solution @iﬁ'ﬁ’)el. appears as a localized

state around a singular point, and the higher modes (KK modes) are doubly-
degenerate between 2" with eigenvalues m2 = 2+ (%)2 forn=1,23,---
On the other hand, for the type II model the lowest eigenvalue for ¢/ > 1 is
non-vanishing but

m2 ~ 4cle”?, (5.71)

Thus, the eigenvalue is exponentially suppressed by the factor e~2¢. This
turns out to be a key ingredient of our gauge symmetry breaking with a large
mass hierarchy, as we will see in the next section. The higher modes have
eigenvalues c2+k2, so that the lowest eigenvalue is much lighter than the others.
Thus, the type II model is a realization of the idea given by Shaposhnikov and
Tinyakov. It should be noticed that for ¢ < 0 there is no state with the mass
squared (5.71) and thus that all masses are heavier than |¢|. In constructing
phenomenological models, the lowest modes, which are massless for the type
I BC’s and are massive but much lighter than the others for the type II BC’s,

will survive at low energies.

5.2.2 A toy model of GUT

In this section, we have considered a 5D SU(5) gauge theory with a single
extra dimension of the orbifold S'/Z,. This orbifold has singularities at fixed

points, and thus we can impose nontrivial boundary conditions that make field
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configurations discontinuous at fixed points. We can apply the mechanism
discussed in previous section since gauge invariant theories possess N = 2
supersymmetric structure shown in chapter 4. We present a toy model in
which a large mass hierarchy of the spectrum naturally arises without fine

tutunig.

Let us consider an SU(5) gauge theory with a single extra dimension com-
pactified on the orbifold S'/Z,, where S* is a circle with —] < y <[l and Z, is
defined by y — —y.

1

4 du A {____ Fa aM N }

/dx/svzz y Ay) 4MNF

1 1
- / de /S L, B0 AW {—-—F“ Faw _ 2 ;,,F““}, (5.72)

S

4" 2
where F&n = O A% — On A%y + gs f A5 A%, and the f%¢'s are the structure
constants of the gauge group SU(5). The five-dimensional coordinates are de-
noted by z™ = (z#,y), where four-dimensional Lorentz indices are symbolized
by Greek letters, e.g. u,v = 0,1,2,3. The A(y) is some weight function de-
pending on the fifth coordinate y. We assume A(y) to be an even function with
the form A(y) = e=?"®, and we will take W(y) = M¢|y|, as an illustrative
example, later. Although we will not discuss the origin of the weight function,
it may arise, for instance, in a way from compactification on 3-branes with the

metric ansatz
ds* = A(y)? (nudz"dz” — dy?) (5.73)

8 or a dilaton background.[73, 74, 75]

The orbifold projection on the gauge fields is given by

Az, —y) = PA,(z, y)P, (5.74)

6We note that the metric ds? = e~4Malyl (Nuvdztdz” — dy?) resembles the warped metric

ds%e = e~ 2kluly  dridx¥ —dy?, [5] but gives a quite different mass spectrum, as we will see
RS ym g

below.
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As(x, "y) = -—-PA5(LL‘, y)P_lv (5-75)

where Ay = A§,T* (T®s are the generators of SU(5)), and P isa 5 x5
matrix defined by P = diag(1,1,1,—1,—1). The above orbifold projection
implies that the gauge fields A%(z,y) belonging to the SU(3) x SU(2) x U(1)
gauge symmetry are even functions of y, while the remaining gauge fields
Aﬁ(x, y) are odd functions of y. On the other hand, the scalar components
of the gauge fields have opposite parity; A%(z,y) (A%(z,y)) are odd (even)
functions of y. Thus, one might conclude that the SU(5) gauge symmetry is
reduced to SU(3) x SU(2) x U(1) . This is, however, a hasty conclusion.

The above setting of the orbifold model is not enough to get the mass
spectrum in four dimensions. Most of the literature have tacitly assumed that
field configurations are smooth at fixed points of orbifolds. It will, however,
natural to allow field configurations to be discontinuous at fixed points since
orbifolds are singular there.” Thus, we here impose nontrivial BC’s discussed

in the previous section at the fixed points y = 0 and L.

We would like to have a model that exhibits a desired GUT symmetry
breaking, i.e.

Mw

SU(5) 28 SU(3) x SU(2) x U(1) 2% SU(3) x U(1)em, (5.76)

where Mg denotes a GUT scale on the order of 10® GeV and My a weak
scale on the order of 10% GeV. Let AIS\}J(S)XU(I)‘Z"’ be the abbreviation of the
gauge fields belonging to the unbroken gauge symmetry SU(3) X U(1)em, and
let Aiy(s)/SU(B)XSUmXU(I) and Ai}fﬂ)xwl)w(l)m be the abbreviations of the
gauge fields of the broken generators corresponding to SU(5) — SU(3) x
SU(2) x U(1) and SU(2) x U(1) — U(1)em, respectively. The lowest modes of
AEU(3)XU(1)W have to be massless, and those of AEU@)XU(”/ UDem which corre-

spond to the W¥ and Z" bosons in the Standard Model, should have masses on

"Some attempts [76, 77] to generalize orbifold models with discontinuities at fixed points

have been made.
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the order of My . On the other hand, all the modes of A5V®)/SUEXSUExUW)
are expected to have masses on the order of Mg or heavier. It turns out that
the above situation can be realized if the gauge fields of the unbroken sym-
metry SU(3) x U(1l).m obey the type I BC’s and the gauge fields belonging
to the broken generators obey the type II BC’s. The mode expansions of the
gauge fields are given by 2

ASUGXUMem (5 4y = {ZASU@)XU(UW( ) xTPel(y), (5.77)

n—O

AﬁU(Z)XU(I)/U(l)Em(JZ,y) — ZA.S’U(2 xU(l)/U(l)em( )Xty%ell(y)’ (578)

o0
AiU(S) /SUXSUE)XU()( S Aiﬁ(s)/SU(s)st(z)xU(n (z) 7P 1I ),

—-,n

T,y) =

n=1

(5.79)

and

o0
om s em e
Ao (g ) = 37 AT Do (g) FYWNITEI), (5.80)

n=1
ASUCUM/U Dm0y iA;Z(Q)xU(l)/U(l)em(x) LONTY
" (5.81)
ASUG/SURXSU@XUW 1y i Aig(s)/SU(B)xSU(Z)xU(l)(x) ()Xgry;:len(y),
"~ (5.82)

where x1,(y) are defined through eq.(5.58), and Xin(y) are also defined
through eq.(5.58) with the replacement of W (y) — —W (y). It follows that all
the massive modes are degenerate between A,, and As,, and each massive
mode of A;, may be regarded as a supersymmetric partner of the longitudi-
nal mode of A, . Since every As, mode is massive, there are no massless 4D

scalars in our model.

8Since the orbifold S'/Z, is given by modding out S* under the parity reflection, the

normalization of the eigenfunctions should be multiplied by v/2.
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Table 5.1: Z, parity, BC’s and mass spectrum: k, (k,) for n =1,2,3,--- are
the solutions to k, = Mg tan knl (k, = — Mg tan k,l).

4D fields Zy parity BC’s  mass spectrum
mg =0
ASU(B)XU(l)enL -+— type I
= \/ME + ()
mo ~ 2Mge~Me
ASU@XUW)/U(D)em + type 1I ey
H,m myp = Mé’ + k’;?ll
AE%(s)/SU(:})xSU(?)XU(l) - type I m, =/ M&+ (kn)?
A;Z(3)XU(1)em - type I My = MC% + (711—7‘-)2
ASU@XUM)/UW)em mo ~ 2Mge™e"
5,n

- type II
mp, =/ M&+ k2
ASU()/SUE)XSU@)xU(1)

5,n + type I my, =/ MZ + (k.)?
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If we take A(y) = e~ ?Moll with Mg ~ 10'® GeV and Mgl ~ 33, the low
energy effective theory consists of Ai%(B)XU(l)em(x) and Aﬁfé@)XU(l)/ U(I)‘””(x).
The gauge fields Ai%(‘q’)XU(l)m (x) remain massless, while A%&)XU(U/ Uem (x),
which correspond to the W* and Z° bosons of the Standard Model, acquire
the masses on the order of 2Mge~Ms! ~ 10? GeV. The other modes get masses

on the order of Mg and decouple at low energies, as desired.

The extension to orbifolds S'/(Z; X --- x Z,) should be straightforward.
One-dimensional quantum mechanics on S* with 2V point singularities has
been investigated from a supersymmetric point of vies. That analysis is equally

applicable to orbifold models on S/(Z; - - - X Z,), as considered in this section.

To construct a realistic model, we have to introduce fermions. In our
approach, fermions can exist in the bulk. This is because nontrivial BC’s at
fixed points. Because in our model, low energy modes of gauge fields appear
to be localized around fixed points, it is suggested that all the content of
the Standard Model, except for the Higgs scalars, is given by localized modes
around fixed points. We view the model given in this section as a step toward
a realistic theory of GUT symmetry breaking without Higgs scalars. It would

be interesting to explore orbifold models along the line discussed here.

We finally comment on the question of unitarity violation in our model.
The Higgs scalar in the Standard Model is necessary to ensure the unitarity
of massive gauge boson scattering at high energies.[78]-[82] Without it, the
scattering amplitude for the longitudinal components of the massive W and
Z bosons would increase with energy as ~ E2. It has been shown [27, 85, 86)
that higher-dimensional gauge theories maintain unitarity in the sense that the
terms in the amplitude that would grbw with energy as ~ E* or ~ E? cancel,
and there massive KK modes play the role of the Higgs scalar to ensure the

unitarity. In our model, however, the tree-level unitarity should be violated at
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the TeV scale, just as in the case of the Standard Model without a Higgs scalar,
because the KK modes that could cancel the terms of the amplitude that
increase with energy as ~ E? are too heavy (~ Mg) to have much influence
before unitarity is violated. Therefore, our model becomes a strong coupling
theory and is no longer a reliable perturbative framework at energies above the
TeV scale. To make reliable calculations based on our scenario, additional low

energy degrees of freedom are required in order to unitarize the amplitude.®

9For instance, a scalar field existing at a boundary may rescue the low energy unitarity.
[27]
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Chapter 6

Summary

In this thesis, we have studied the quantum mechanical supersymmetry, and

its application to the higher dimensional gauge theories.

In section 3, we have studied in full detail the supersymmetry on a cir-
cle with 2™ point singularities placed at regular intervals. The two types of
N = 2n + 1 supercharges (type A and type B) are constructed in terms of the
n + 1 sets of discrete transformations { Py, Q- Rk} (kK = 1,2,---,n+1). The
singularities can be described by the connection conditions in our formulation.
We have found the connection conditions make all the supercharges physical,
so that the N = 2n + 1 supersymmetry can be realized under the connec-
tion conditions. In our analysis, the connection conditions, under which an
arbitrary subset of the N = 2n + 1 supercharges is physical and others are
not physical, can be obtained. Thus, the N = 2n + 1 supersymmetry can be
reduced to M-extended supersymmetry for any integer M < N due to the
connection conditions. We have also studied the degeneracy of the spectrum
in particular zero energy state in the N = 2n + 1 supersymmetric models and

some N = 2n supersymmetric models as examples of the reduction of the su-
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persymmetry. The energy eigenfunctions can be labeled by the eigenvalues of
the physical operators which commute with the Hamiltonian and each other.
The degeneracy of the spectrum for the states with £ > 0 have been obtained
by discussing the transition of the labeled states under the action of the super-
charges. The analysis cannot apply for the states with £ = 0. This is because
the zero energy states satisfy Qo = 0, that is, the transition does not occur.
The zero energy states, however, satisfy the first order differential equation
thanks to the supersymmetry, and the formal solutions can be obtained. We
have checked whether the formal solutions satisfy the connection conditions or
not. The degeneracy of the spectrum and the Witten index are summarized
in table 6.1 and table 6.2.

In chapter 4, we have investigated gauge invariant theories with extra di-
mensions and observed the quantum-mechanical N = 2 supersymmetric struc-
ture between 4d and extra-space components of gauge fields. The supersym-
metric structure manifests itself in their 4d mass spectrum and massless 4d
modes are found to be the solutions to the first order differential equation
Q|¥g) = 0. It is then clear that the massless modes possess distinct analytic
properties from other massive modes, which obey the 2nd order differential
equations. We also have shown that the higher dimensional gauge theory on
the whole possesses the IV = 2 quantum-mechanical supersymmetry and the
supersymmetry is a part of the higher dimensional gauge symmetry. Thus,
we can define the supersymmetry transformation of matter fields in any gauge

invariant theories with matter fields.

In chapter 5, we have discussed boundary conditions in gauge theories on
extra dimensions with boundaries. In a gauge symmetry point of view, it is
less obvious to obtain a possible set of boundary conditions consistent with
gauge invariance because some of the boundary conditions explicitly break 4d

gauge symmetries. On the other hand, in a supersymmetry point of view,
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the requirement of 5d gauge invariance is replaced by the conditions that the
supercharges are physical (hermitian and the action of the supercharges are
well defined on a functional space with definite boundary conditions). The
boundary conditions we obtained are consistent with 5d gauge invariance even
if some of 4d gauge symmetries are broken via boundary conditions. We
present a toy model in which a large mass hierarchy of the spectrum naturally
arise without fine tuning. It would be interesting to explore orbifold models

along the line discussed here.

Table 6.1: degeneracy of the spectrum in the N = 2n + 1 supersymmetric

models
Type parameters degeneracy Witten index
by =0
Type A ? E > 3c* | vt
and
wi@ =0 | L[ [2 ferbi=+1 | Awp, =2
(W'(z) =) 2 0 forb =-—1 (for by = 1)
otherwise E>0 |27
-0 2" for x 0
0 for otherwise
Type B by =0 E>0 |20
E= 2" for bl =41 Aw;'pn+1 = 2"
0 for b =-1 (for by = 1)
otherwise E>0Q |27
E=0 10 0

where * denotes \/%%2 = g2W(lo—¢)
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Table 6.2: degeneracy of the spectrum in the N = 2n supersymmetric models

Type | U or Un degeneracy Witten index
a U(x) | E>0 A Awor, - Gr, = $2n-1
E=0 2n-1 Aw.p,,, =21 for W (z) =0
Un(a) | E>0 2"
E—0 { 2" for * 0
0 for otherwise
b U(x£) |E>0 2n Awigp Ppy = £271
E=0 2n1 Aw.p,,, =21 for W (z) =0
Un(a) | E>0 2"
E=0 0 0
¢c | Ul(x) |[E>0 on Awion, -gr, = £2°71
E=0 2n-1 Awp,,, =21
Un(a) | E>0 2"
E=0 0 0
d U(£) | E>0 2n Awigp, Pyr = 27!
E=0 A Aw.p,,, =271
Unla) | E>0 2"
E=0 0

where * denotes \/

1+a3

a3 _eW(lo €)—W(l1+e) a4y =
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Appendix A

HODGE DECOMPOSITION
THEOREM

In this appendix, we give a simple proof of the Hodge decomposition theorem

by use of the eigenfunctions of the differential operators d'd and dd!.

Since d'd is a hermitian operator, the eigenfunctions will form a complete

set. Thus, any k form A®) can be expanded as

AR = i) L Z,ankwﬁff}, (A.1)
Nk
where
dwi® = 0, (A.2)
dldwf? = (mP)2w®  for m® 0. (A.3)
Here, ZI denotes the summation over all eigenstates with m{) s 0. Since dd!
n
is also ; hermitian operator, wék) can be expanded as
Wi =087 + 3 by B (A.4)
Ng—1
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where

dinlF) = anlF) =0, (A.5)
ddte® = (mE 2" for m{ED £ 0. (A.6)

Nk—1 Th—1

It is convenient to further introduce the eigenfunctions of dd' for k + 1 forms
and d'd for k — 1 forms as

ddig{tl) = (mi)2gl+y), (A7)
d'dwl=D = (mEDZ2ED. (A.8)

As shown in Section 2, w and ¢ (k) _ are related to qb (k+1) and w,(z’;j) as

mPw) = quS(’““) or  mPgltt) = dw®), (A.9)
k—1 k—-1) __ (k k 1 k _ (k-1
glk 1)w1(1k 1) dt(bnk) 1 or nk 1)¢’('1k) 1 dwnk 1)‘ (A.IO)

A k form satisfying egs.(A.5) is called a harmonic k& form which can be
expanded, in terms of a complete set of the harmonic k forms {771(,’“) , p =
1,2,---,bg}, as

Zc,, (), (A.11)

The integer b;, which is the number of the independent harmonic & forms,
is called the kth Betti number and is known as a topological number of the

manifold.

We have thus found that any & form A®) can be expanded as

b .
AR — Z cp k) 4 Z ankw(k) + Z bnk~1¢1(’lk;c)_1

Ng—1

- Zcp <k>+§j’ e di gty + Z’ eldwD. (A12)
mn,c

Ng-1 nkl

This implies that any k form has the decomposition of the form
AR = 'r)(()k) + dfa*D) 4 gptk-D), (A.13)

This completes a proof of the Hodge decomposition theorem.
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