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Abstract 

In this doctoral thesis, we study quantum-mechanical supersymmetry with 

point singularities and its application to higher dimensional gauge theories. 

We give a detailed analysis in quantum-mechanical supersymmetry on a circle 

with point singularities, and the study has a physical application to higher 

dimensional gauge theories. We show that a quantum-mechanical N = 2 

supersymmetry is always hidden in any gauge invariant theories with extra 

dimensions, and the physical application to higher dimensional gauge theories 

is discussed. We propose the criteria of obtaining a possible set of boundary 

conditions in a supersymmetry point of view, and construct a toy model of 

GUT. 
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Chapter 1 

Introduction 

Higher dimensional theories have recently attracted enormous attention be­

cause hierarchy problem can be solved by geometry of extra dimensions or 

symmetry of the higher dimensions [lJ-[46J. 

The standard model of elementary particles has been very successful in 

describing observed phenomena. Theoretically, however, a serious problem 

arises when it is regarded as the effective low energy theory of a certain more 

fundamental theory. We think that the standard model is valid up to some 

energy scale A, and at A the theory is replaced by more fundamental theory. 

For instance, if we assume that the fundamental theory is grand unified theory 

(GUT), which is invented to unify the electroweak force and the strong force, 

it has two hierarchical mass scales which are the weal scale Mw f'V 102[GeVJ, 

which is the symmetry breaking scale of the electroweak theory, and the GUT 

scale (lvIcUT ) , which is determined by the scale where the electroweak and 

strong coupling constants are unified. The ratio of these masses, for instance, 

is !V~1WT f'V 1013 for SU(5) GUT. The hierarchy problem is the problem of how 

to maintain the hierarchy of these mass scales. If we abandon the GUT, the 
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hierarchy problem still remains. There is the hierarchy between the Planck 

scale lVIpl rv I018[GeV], where gravity becomes as strong as the gauge interac­

tions, and the weak scale Mw. The hierarchy problem is serious in the sector 

of the Higgs mass. In the standard model, the quadratic divergence arises in 

the quantum correction to the Higgs mass-squared. It is possible to adjust the 

bare mass of the Higgs, so that the renormalized Higgs mass remains to be the 

weak scale. It, however, will require a fine tuning of the bare parameter at the 

precision rv 10-26 in a SU(5) GUT scenario. This problem at the quantum 

correction is known as that of "quadratic divergence". Many physicists think 

that solving the hierarchy problem would be a clue of new physics beyond the 

standard model. 

An interesting possibility to solve the hierarchy problem at the classical 

level has been suggested by Shaposhnikov and Tinyakov[lJ. They considered 

a gauge invariant theory with a noncompact extra dimension with a weight 

function and showed that massless modes disappear from the theory, while 

massive modes appear in such a way that one is much lighter than the others. 

In ref. [2, 3], we extend the idea of them, and study the possibility of solving 

the hierarchy problem in a SU(5) GUT scenario, based on 5D gauge invariant 

theories on orbifold with nontrivial boundary conditions at fixed points. We 

present a toy model in which a large mass hierarchy of the spectrum naturally 

arises without a fine tuning. Hidden supersymmetry in higher dimensional 

gauge theories plays a crucial role to obtain the hierarchy structure. 

Arkani-Hamed et al. have solved the hierarchy problem between Mw and 

Mpl in the brane world scenario[4J. The standard model particles are confined 

to a (3 + I)-dimensional subspace, or "D3-brane", in the higher dimensions. 

However, this confinement will not work for gravity, which necessarily prop­

agates in all dimensions as it is the dynamics of spacetime itself. In higher 

dimensional theory, the effective four-dimensional Planck scale lVIpl is related 
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to the fundamental (4 + n )-dimensional Planck scale J\;1~;+n) as, 

(1.1 ) 

where Rn is the volume of the compact extra space. Since gravity is tested 

only down to the size of a millimeter or so, R could be as large as fraction 

of a millimeter. If we take R '"" O.l[mm] and n = 2, the fundamental Planck 

scale l\!I~;+n) in the theory becomes of the same order as the weak scale. In 

their model, fundamental scale is only Mw , and the original hierarchy problem 

does not exist. This scenario, however, produces a new hierarchy, namely that 

between the compactification scale and the weak scale. They do not consider 

the reaction of gravity to the presence of the branes themselves, either. 

More attractive model which does not have the problem mentioned above 

has been suggested by Randall and Sundrum[5]. They explicitly constructed 

a solution to the Einstein's equations in 5 spacetime dimensions, one of which 

is compactified on 8 1/Z2, with two D3-branes located at the fixed points of 

8 1/ Z2. The vacuum metric solution is given by 

(1.2) 

where e-2klyl is called warp factor, and T/J1.// is the 4d Minkowski metric with 

'TJJ1.// = diag(-l, 1, 1, 1). The 5d-dimensional coordinates are denoted by xlv! = 

(xJ1., y), where y is the extra dimensional coordinate. The geometry of the bulk 

5d space-time is Anti-de Sitter spacetime, i.e. a space-time with a negative cos­

mological constant. We note that even though the extra dimension is curved, 

the brane itself remains static and flat, that is it preserves 4d Poincare invari­

ance. In that scenario, all mass scales except the scale of gravity are reduced 

to the weak scale by the warp factor. The exponential factor is the source 

of the large hierarchy between the observed Planck scale and the weak scale. 

With this scenario, various attempts have been made to construct realistic 

models[6]-[11]. 
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The Gauge-Higgs unification scenario attracts attentions from the view 

point of solving the hierarchy problem[12J-[24J. In that scenario, the Higgs 

field is identified as the zero mode of the extra dimensional components of the 

gauge field. Since the gauge symmetry in the higher dimension protects the 

Higgs mass from quadratic divergences, the hierarchy problem at quantum 

level is solved. In the Gauge-Higgs unification scenario, since particles of 

different spin in four dimensions can be unified within a higher dimensional 

theory, this scenario is also attractive in the sense of unification of particles 

with different spin. Recently, Hasegawa, Lim and Maru have suggested the 

solution to the hierarchy problem in the Gravity-Gauge-Higgs scenario, in 

which four dimensional bosonic fields with all possible integer spins, graviton, 

gauge boson and Higgs are unified in a framework of a gravity theory with extra 

dimensions[25, 26]. The Higgs is identified with the extra space component of 

the metric tensor. General coordinate transformation invariance protects the 

Higgs mass from quadratic divergence in this model. 

A recent new proposal for solving the hierarchy problem is the Higgsless 

scenario [2, 3]'[27J-[38J. In extra dimensions, it is indeed possible to break 

gauge symmetries via boundary conditions without any light scalar appearing 

in the theory. The scattering amplitude of longitudinal mode of massive gauge 

bosons W±, Z can be unitarized by the gauge boson resonances rather than 

by the Higgs field. 

It is phenomenologically important to obtain the mass spectrum in a four 

dimensional point of view when we consider such higher dimensional theories. 

We note that the problem of how to obtain the 4d mass spectrum can be 

replaced by the eigenvalue problem in quantum mechanics. Let us consider 

a scalar field in the (4 + 1 )-dimensional space-time. The (4 + 1 )-dimensional 

coordinates are denoted by xM = (xJ.L, y), where xJ.L(/l = 0,1,2,3) are the 4-

dimensional coordinates and y is the extra space coordinate. The action we 
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consider is 

s - J d4x J dYV-g(y) (-IOM<I>(X,y)1 2 -l\IJ2 1<I>(x,y)1 2
) 

J d4x J dYV-g(Y)(-<I>*(x,y)(-op,oP,) <I>(x,y) 

- <I> * ( x, y) ( - ~y + M2) <I> ( x, y)), ( 1. 3 ) 

where t:..y is an extra dimensional laplacian. One can expand the field <I> (x, y) 

in an appropriate complete set with respect to the fifth coordinate, 

<I>(x, y) = L ¢n(x)in(Y), (1.4) 
n 

where in (y) satisfies 

(1.5) 

Here mn is a mass of the 4d scalar field ¢n(x), the problem we have to solve 

is the eigenvalue problem(1.5). Integrating with respect to the extra space 

coordinate y, the action becomes 

s = J d4x L (-¢~(x, y) (-op,oP,) ¢n(x, y) - m~l¢n(x)12) . (1.6) 
n 

We can obtain the 4d mass spectrum {mn }, if the eigenvalue problem in quan­

tum mechanics is solved. 

Note that the mass operator is given by a square of a certain hermitian op­

erator when we consider the gauge invariant theory with extra dimensions[39]. 

Let us consider a (4 + 1) dimensional Abelian gauge theory on a curved space­

time, 

where 

(1.8) 
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and the metric is assumed to be of the form with a wight function fj.(y) 

The mode expansions of the gauge fields are given by 

n 

A5(x, y) = L A~n)(X)9n(Y), 
n 

where fn(Y), 9n(Y) satisfy 

(1.9) 

(1.10) 

(1.11) 

where m; is a mass-squared of the 4d gauge field A~n). This mass operator 

can be written as 

H ~ Q' ~ ( - "I,)8~~(Y)8, (1.13) 

Q ~ (;, - "IY)~Y~(Y) ) . (1.14) 

This eigenvalue probl§m is known as that of the supersymmetric quantum 

mechanics, where supercharge is denoted by Q. In this thesis, we first study the 

supersymmetric quantum mechanics in order to discuss the 4d mass spectrum 

in the higher dimensional gauge theories. 

There exist some evidence for the existence of some kind of supersymmetry 

in 4d mass spectrum of higher dimensional gauge theories: If a 4d gauge 

symmetry is not broken, a massless 4d gauge field appears because 4d gauge 

invariance guarantees the gauge field to be massless. This may be explained 

from a supersymmetry point of view because supersymmetry ensures that the 

ground state has zero energy and the zero energy state is interpreted as the 

massless gauge field. The second evidence is that in a 5d gauge theory with 
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a single extra dimension, every massive mode of A~n) (a massive KK mode 

of the gauge field in the direction of the extra dimension) can be absorbed 

into the longitudinal mode of A~n) (a massive KK mode of the 4d gauge field) 

by gauge transformations. This fact implies that there should exist a one­

to-one correspondence between A~n) and A~n). The correspondence may be 

interpreted as supersymmetry between a "bosonic" state and a "fermionic" 

one, although both modes are bosonic. The last evidence is that a massless 

mode A~O) (if exists) cannot be gauged-away and it appears as a physical state, 

in contrast to the massive modes A~n) , which can be gauged-away and hence are 

unphysical modes. This observation is again consistent with supersymmetry 

because zero energy states do not form any supermultiplets between bosonic 

and fermionic states. 

Another appealing and well-known scenario to solve the hierarchy problem 

is to invoke supersymmetry in quantum field theories. Then, it may be natural 

to ask a question whether these two kinds of theories, gauge theories with extra 

dimensions and supersymmetric theories, have some relation. The immediate 

answer is negative, since supersymmetry necessarily needs fermionic degree 

of freedom, while the cancellation mechanism of the quadratic divergence in 

the higher dimensional gauge theory does not necessitate it. However, as 

mentioned above, these two theories are related through quantum mechanical 

supersymmetry. 

Now, we note that many attractive models with extra dimensions include 

singularities. Orbifolds[40]-[45], on which phenomenologically interesting mod­

els have been proposed, are one of such example because orbifolds have fixed 

points, which are singularities on manifolds. In most studies, it has been tac­

itly assumed that the field configurations are smooth at fixed points of the 

orbifolds. However, it is natural to allow field configurations to be discontin­

uous at fixed points. Another example of the theory including singularities 
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is a brane world scenario[4, 5], [46]-[49]. For instance, a D3-brane located 

at a point on the extra dimension may be regarded as a singularity in the 

4d point of view. Singularities, indeed, leads to more realistic and attractive 

models[2, 3, 46]. 

Now, we pay attention to singularities and their treatment. A point sin­

gularity in quantum mechanics is parameterized by the group U(2) and the 

parameters characterize connection conditions between a wavefunction and its 

derivative at the singularity[50]-[52]. The variety of the connection conditions 

leads to various interesting physical phenomena, such as duality[53, 54], the 

Berry phase[55, 56] and scale anomaly [57] and supersymmetry[58]-[62]. We 

would like to emphasize that the study of supersymmetry in one-dimensional 

quantum mechanics with point singularities not only is interesting in a math­

ematical physics point of view but also has a physical application to higher 

dimensional gauge theories. N = 1 or N = 2 supersymmetry in the model of 

a free particle on a line R or an interval [-l, l] with a point singularity was 

discussed in [58]. This work was extended to N = 4 supersymmetry in the 

model on a pair of lines or intervals each having a point singularity[60]. In 

this thesis, we extend the previous study to the N-extended supersymmetry 

on a circle with 2n point singularities[59]-[62]. 

The plan of this thesis is as follows. In chapter 2, we give a brief review 

of quantum mechanical supersymmetry and discuss how to treat the singular­

ities in quantum mechanics. In chapter 3, we give a review of singularity in 

quantum mechanics, and the N = 2 supercharges are explicitly constructed in 

terms of differential forms. After that, we study N-extended supersymmetry 

in one-dimensional quantum mechanics on a circle with point singularities in 

detail. For any integer n, N = 2n+ 1 supercharges are explicitly constructed in 

terms of discrete transformations, and a class of singularities compatible with 

supersymmetry is clarified. In our formulation, the supersymmetry can be re-
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duced to AI/-extended supersYll1metry for any integer !vI < N. The degeneracy 

of the spectrum and spontaneous supersymmetry breaking are also studied in 

this chapter. The analysis discussed here can be applied to the study of higher 

dimensional gauge theories. In chapter 4, we show that a quantull1ll1echanical 

N = 2 supersYll1ll1etric structure is always hidden in the 4d mass spectrum 

of any gauge invariant theories with extra dimensions. We also show that the 

higher dimensional gauge theory on the whole possesses the N = 2 quantum 

mechanical supersymmetry and the supersymmetry is a part of the higher 

dimensional gauge symmetry. In chapter 5, we extend the previous analysis 

to extra dimensions with boundaries, and propose the criteria of obtaining 

a possible set of boundary conditions in a supersymmetry point of view. We 

construct a toy model of GUT using the boundary condition, and demonstrate 

that it possesses gauge symmetry breaking with a large mass hierarchy with 

the help of the previous analysis. Chapter 6 is devoted to summary. 
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Chapter 2 

N == 2 Supersymmetric quantum 

mechanics 

2.1 Supersymmetry in quantum mechanics 

In this section, we give a brief review of the N = 2 supersymmetric quantum 

mechanics which is called the Witten model. 

The supersymmetry algebra in quantum mechanics is given by 

{Qi, Qj} = 6ij H, 

Qt = Qi, (i,j = 1,2,···, N), 

(2.1) 

(2.2) 

where H is the Hamiltonian and Qi (i = 1,2, ... ,N) are called supercharges. 

Here we consider the supersymmetry algebra with N = 2. We will see later 

that the N = 2 supersymmetry appears in 4d mass spectrum of any gauge 

invariant theories with extra dimensions, and any gauge invariant theories with 
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extra dimensions possess the N = 2 supersymmetry, i.e. the action is invariant 

under the transformations whose generators are the N = 2 supercharges. 

Let us introduce a two-component wave function as 

'lj;(x) = ( <h(x) ) . 
cP2(X) 

(2.3) 

The N = 2 supercharges which act on the two-component wave function can 

be written by 

QI = ~ [llli :x + ll2W'(X)] , 

Q2 = ~ [ll2i d~ -llIW'(X)] , 

(2.4) 

(2.5) 

where W'(x) = d~ W(x) and W(x) is called superpotential. This model is 

called the Witten model[63]. The lli (i = 1,2,3) stands for the Pauli matrices, 

ll2 = (~ -i), ll3 = (1 0). 
1, 0 a -1 

The Hamiltonian is given by 

H = ~ [-d:2 + (W'(X))2 -ll3W"(X)], 

They form the N = 2 supersymmetry algebra 

i,j = 1,2. 

We can introduce the "fermion" number operator as 

which satisfies 

{Qi, (_l)F} = 0, 

((_1)F)2 = 12 , 

20 

i = 1,2, 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 



where hI denotes an M x N/ unit matrix. We call states with ( -l)F = + 1 ( -1) 

"bosonic" ( "fermionic") ones, that is, the "bosonic" and "fermionic" states 

'!/J+(x), '!/J-(x) are given by 

'l/J-(x) = ( 0 ). 
(P2(x) 

(2.13) 

Since 

(2.14) 

we can introduce simultaneous eigenfunctions of Hand (-1)F such that 

H'l/JE;± = E'l/JE;±, 

(-l)F'l/JE;± = ±'l/JE;±. 

The important properties of this model are as follows: 

(2.15) 

(2.16) 

(i) Since the Hamiltonian is given by the square of each supercharge which is 

hermitian, the energy is positive or zero, 

E~ O. 

(ii) The supersymmetry algebra implies that 

H (Qi'l/JE;±) = E (Qi'l/JE;±) , 

(_l)F (Qi'l/JE;±) = =F (Qi'l/JE;±). 

Noting that Ql = -iQ2( -l)F, we have the relation 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

when E > O. Thus, all the non-zero energy states are degenerate between 

"bosonic" state ((_l)F = +1) and "fermionic" one ((-l)F = -1). 
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(iii) The above argument cannot apply for E = 0 states because Qi'I/Jo = o. 
If there exists a supersymmetrically invariant state then it is the vacuum and 

supersymmetry is not spontaneously broken. 

The equations Qi'I/Jo;± = 0 (i = 1,2) are easily solved and we have formal 

solutions 

(2.21) 

Here, N± denote normalization constants. The solutions can be removed from 

the functional space because some of them may be non-normalizable 1. We 

assume that IW(x)1 ~ 00 as Ixl ~ 00. If W(oo) . vV(-oo) < 0, then the 

sign of W for x ~ +00 is opposite from the sign of W for x ~ -00. In this 

case, both of the solutions are not normalizable, then the supersymmetry is 

spontaneously broken. On the other hand, if W(oo) . W(-oo) > 0, then the 

sign of W is the same for x ~ +00 as for x ~ -00. In this case, one of the 

solutions is always normalizable and another is not normalizable. Thus, the 

supersymmetry is not broken. We note that whether the supersymmetry is 

broken or not only depends on the asymptotic behavior of the superpotential. 

2.2 Supersymmetry algebra and differential forms 

In this section, we construct the N = 2 supersymmetry algebra in terms of 

differential forms. We will see later that the formulation of differential forms 

becomes powerful tool. 

IIf space is compact, the solutions are always normalizable. Nevertheless, some of them 

must be removed from the functional space. This occurs due to incompatibility with bound­

ary conditions (connection conditions). This will be described in next chapter. 
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Let K be a D-dimensional compact Riemannian manifold with a metric 

gij (i,j = 1,2,,", D). A k form W(k) on K is given by 

(2.22) 

where yi (i = 1,2,,'" D) are coordinates on K and 1\ denotes the wedge 

product. The coefficient Wil ... ik is totally antisymmetric in all k indices. The 

Hodge star (Poincare dual) operator on the k form w(k) is defined by 

(k) y'g . . . . . . 
*w - W· . gtlJl .•• g!kJkc . .. . dyJk+l 1\ ... 1\ dyJD (2.23) - k!(D - k)! !l···tk Jl···JkJk+l···JD , 

where 9 = detgij and cili2 ... iD is a totally antisymmetric tensor with C12 ... D = l. 
Repeated applications of * on any k form give 

(k) (l)k(D-k) (k) **w = - w. (2.24) 

The inner product of any two k forms w(k) and TJ(k) is defined by 

(TJ(k) , W(k»)b. :! L dDy JgD..TJil ... ikWj] .. -jkgidl ..• gikjk 

- L D.. TJ(k) 1\ *w(k). (2.25) 

Here, we have introduced a weight function D..(y) for later convenience with a 

property 

D..(y) > o. 

Then, it follows that 

(W(k), w(k»)b. > 0, 

(TJ(k) , *W(D-k»)b. _ ( - I )k(D-k) (*TJ(k) ,W(D-k) b. 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

The adjoint of the exterior derivative d is defined, with respect to the inner 

product (2.25), by 

(2.30) 
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For compact manifold without a boundary2, the action of dt on a k form W(k) 

turns out to be of the form 

For k = 0 and 1, dtw(k) are explicitly written as 

(2.31) 

(2.32) 

(2.33) 

where w(1) = widyi. The first equation comes from the fact that dt maps k 

forms into k - 1 forms and there is no -1 form. We notice that the nilpotency 

of dt still holds irrespective of ~(y), i.e. 

(2.34) 

We can now construct the N = 2 supersymmetry algebra. To this end, we 

introduce a two-component vector 

n(k) = W 
( 

(k») 
I ) - qP+l) , (2.35) 

where the upper (lower) component consists of a k (k + 1) form. The inner 

product of two two-component vectors In~k») and In~k») is defined by 

( (")(k) I (")(k») = ((k) (k») + (",(k+l) ",(k+ 1») 
H2 HI - W2 ,WI 1:1. '1-'2 , '1-'1 1:1.. (2.36) 

Then, the N = 2 supercharges Qi (i = 1,2) are given by3 

2 = (0 -id
t
). 

Q id a (2.37) 

2 An extension with boundaries will be discussed in chapter 4. 
3Here, the inner product (2.25) should be extended for complex forms as 

( (k) (k») _ 1 r dD rr; A( )* idl ikik 1/ ,W c. = k! J
K 

y ygw. 1/i l "'ik Wh,,·jkg ... g , 

and the relation (2.30) is then replaced by (1/(k),w(k»)c. = ((w(k),1/(k»)c.)*. 
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We note that the action of Qi on IO(k)) is well defined. It is easy to show that 

they form the following N = 2 supersymmetry algebra: 

{Q.i, Qj} = 26ij H, 

[Qi,H] = 0, 

[( _1)F, H] = 0, 

{(-1t,QJ = 0, for i,j = 1,2, 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

where the Hamiltonian H and the operator (_1)F with F being the "fermion" 

number operator are defined by 

( 
dtd 0 ) 

H = 0 ddt ' (2.42) 

(_1)F = (1 0). 
o -1 

(2.43) 

We may call states with (_1)F = + 1 (-1) "bosonic" ("fermionic") ones. All 

the operators Qi, Hand (_1)F are hermitian with respect to the inner product 

(2.36). 

To examine the structure of the N = 2 supersymmetry algebra, let us 

consider the following Schrodinger-type equations: 

(2.44) 

Since H = (Qd 2 and Q1 = Ql, the eigenvalues (m~k))2 are positive semi­

definite, i.e. 

(2.45) 

Since ( -1 V commutes with H, we can have simultaneous eigenfunctions of H 

and (_1)F such that 

Hlm~k), ±) _ (m~k))2Im~k), ±), 

(_1)Flm~k), ±) ±Im~kl, ±). 

25 
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Since Ql commutes (anticommutes) with H ((-I)F), Qllm~k),±) have the 

same (opposite) eigenvalues of H ((-IV) as to Im~k), ±), i.e. 

H (Qllm~k), ±)) 

(-IV (Qllm~k),±)) 
- (m~k)? ( Q 11 m~k) , ±)) , 

=f ( Q 11 m~ k) , ±) ) . 

(2.48) 

(2.49) 

Actually, the states Im~k), ±) and Qllm~k), =f) are mutually related, with an 

appropriate phase convention, as 

Since Im~k), ±) have the form 

Im~k), +) _ 

( 
WO~k) ) , 

the relations (2.50) are rewritten as 

m(k) A-, (k+ 1) 
n 'fin , 

(2.50) 

(2.51) 

(2.52) 

(2.53) 

(2.54) 

Therefore, there is a one-to-one correspondence between the eigenstates of dtd 

and ddt for k and k + 1 forms, respectively, and the eigenvalues are, in general, 

doubly degenerate except for m~k) = O. 

In Appendix, we have shown that any k form A(k) can be expanded as 

(2.55) 

where {17~k), P = 1, 2, ... , bk} is a complete set of the harmonic k forms and 

w~:) and ¢~~-l are eigenfunctions of the equations 

dtdw(k) 
nk 

ddt¢(k) 
nk-l 

for m(k) -L 0 
nk I , 
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(2.56) 

(2.57) 



The summations in eq. (2.55) should be taken over the eigenfunctions with 

nonzero eigenvalues. Thus, we have found the following structure among a 

sequence of differential forms: 

k + 2 form q/k+2) 

0 d 1 dt 0 
dt d t 

k + 1 form ( rJ(k+1), w(k+l) 

¢~'!rd: 
, 

~ dt ~ dt 
0 0 0 

d t d t 
k form ( TJ(k) , (k) 

:rj~ 
w , 

~ dt ~ dt 
0 0 

k - 1 form w(k-l) 
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Chapter 3 

Supersymmetry in quantum 

mechanics with point 

singularities 

3.1 Quantum mechanics with a point singu­

larity 

In this section, we give a brief review of one-dimensional quantum mechanics 

with a point singularity. 

We first consider the model of a free particle on a line R with a point 

singularity placed at x = 0[57]. 

Since the model contains a point singularity, wavefunction will, in general, 
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x=O. 

Figure 3.1: Point singularity in one dimension. 

be discontinuous there. This thesis deals with the model in which the wave­

function and its derivative are continuous everywhere except for the point sin­

gularity. We need to impose appropriate connection conditions there, namely, 

our model is specified not only by the Hamiltonian but also by the connection 

conditions. The functional space in our model is required to be squared inte­

grable and to be spanned by eigenfunctions of the Hamiltonian with connection 

conditions that make the Hamiltonian hermitian. 

The Hamiltonian is given by 

(3.1 ) 

The discontinuity of the wavefunction at x = 0 has to be controlled by the 

connection conditions that make the Hamiltonian hermitian. The hermiticity 

condition of the Hamiltonian is 

(jO-C dx + roo dX) 1jJ*(x) (H<p) (x) = (jO-C dx + roo dX) (H1jJ)* (x)<p(x) 
-00 Jo+c -00 Jo+c 

(3.2) 

for any wavefunctions 1jJ(x), <p(x). Here E is an infinitesimal positive constant. 

We introduce a two-component boundary vector as 

<I>({' = (<P(O+E) ). 
<p(0 - E) 

(3.3) 

In terms ofthis boundary vector, the requirement (3.2) can simply be rewritten 

as the constraints on the boundary vector 

(3.4) 
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where, r.p'(X) = d~~X) and 

<I> <p' = ( r.p' (0 + c) ) . 
r.p' (0 - c) 

It is easy to show that equation (3.4) is equivalent to 

(3.5) 

(3.6) 

where Lo is an arbitrary non-zero constant with the dimension of length. Then, 

the condition (3.6) can be written as 

(3.7) 

where U M is a /VI x /VI unitary matrix. Thus, we have found that the connection 

conditions which make the Hamiltonian hermitian are given by equation (3.7). 

The singularity is characterized by a 2 x 2 unitary matrix U2 . 

For instance, when U2 = 0"1, the connection conditions become 

r.p(0 + E) = r.p(0 - c), 

r.p' (0 + c) = r.p' (0 - E), 

in other words, this model has no singularity at all. 

For the case of 

( 

.. e 
ill. 1, S111 2 

U = e 2 

cos ~ 
2 

cos ~ ) 
i sin 2~ , 

the connection conditions become 

r.p(0 + E) = r.p(0 - E), 
2 () 

r.p'(0 + E) - r.p'(0 - E) = --L tan -r.p(0 + E), 
o 2 
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(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 



The model with the connection conditions (3.11),(3.12) are equivalent to the 

model which has delta-function potential, instead of the singularity, i.e. the 

corresponding Hamiltonian is 

1 d2 1 e 
H = --- - -tan-8(x). 

2 dx2 Lo 2 
(3.13) 

3.2 Point singularities and discrete transfor­

mations 

In this section, we introduce the discrete transformations which make the 

wavefunction and/or its derivative discontinuous at some points. They playa 

crucial role to analyze the model with point singularities on a circle. 

We consider the model which is one-dimensional quantum mechanics on a 

circle 51 (-I < x ~ I) with 2n point singularities placed at 

x = 1 = (1 - _8 ) 1 
s 2n - 1 

for 8 = 0, 1, ... ,2n - 1. (3.14) 

These point singularities are placed at regular intervals on the circle (Fig. 3.2). 

We define discrete transformations on the circle as 

2k - 1 

(PkCP)(x) = ~ 8 (x - (1 - 2:-2 ) I) 8 ((1 - ~=-;) 1- x) 

xcP (-x + (2 - 2;k'~}) I) , (3.15) 

(Rk~)(X) = ~H)' [-e (x - (1- s ;~t2) I) e ((1- ~:;) 1- x) 
+ 8 (x - (1- 2k8_ 2 ) I) 8 ((1- 8 ;~{2) 1- x) 1 cp(x), 

(3.16) 

(3.17) 
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:r=/o=1 

)'=12 Il j=I(1+i}d ~ l=/1=1(1'--,!,1) 2 

:r=I"2/1 2=l(-1+21~-i)--'" ~\o--o---o~ .....,-.1:=/2=l(1- 2
"

i) 

:1:=/ 2 11 :1 =l(·-l +2}'j) ~:/>i) 

;]:=1'1 11 1 = .... ')' . .. ) -
:! -

Figure 3.2: The positions of the singularities on a circle 8 1 (-l < x :s; l) 

for k = 1,2"", n + 1. Here 8(x) is the Heaviside step function defined by 

() 
{

I for 0 < x < l, 
8 x = 

o for -l < x < O. 
(3.18) 

The Pk (k = 1,2", . ,n + 1) is a kind of the parity transformation. The P l 

is just the familiar parity transformation, (P1CP) (x) = cp( -x). The Rk (k = 

1,2, ... ,n + 1) is a kind of the half-reflection transformation. The action of 

Pk, Rk (k = 1,2,3) is schematically depicted in Fig. 3.3- Fig. 3.5. In each 

figure, the upper figures mean the geometrical meaning of Pk, Rk (k = 1,2,3). 

In the lower figures, the dashed line denotes the original function cP (x), and 

the solid line denotes (PkCP) (x), (RkCP) (x) (k = 1,2,3). 
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X=l , 

,'---.. () ", ......... , r..p ~r 

-[ 

" \. ,I' '\ 
" \. /0 \ I . \ 

x 

Figure 3.3: The action of PI, RI 

x=! , 

, , 
x=o 

The Pk, Qk, Rk (k = 1,2,···, n) and Pn+l produce no new singularities 

except for the original ones. Note that Qn+l and Rn+l make wavefunction 

and/or its derivative discontinuous at x =1= ls (8 = 1,2, ... ,2n-1). For instance, 

if we consider the case of n = 1, there are two singularities located at x = 0, l. 

As seen in fig. 3.3, a set of discrete transformation {PI, QI, Rd does not make 

wavefunction and its derivative discontinuous at x =1= 0, l. We introduce a new 

set of discrete transformation {P2 , Q2, R 2}. Although the P2 produces no new 

discontinuity for wavefunction and its derivative at x =1= 0, l, the Q2 and R 2 , 

however, produce discontinuity for wavefunction and/or its derivative at the 

different points of the original singularities, x = ±~ (see fig. 3.4). 

A crucial observation is that each set {Pk, Qk, Rd (k = 1,2,···, n + 1) 

forms an 8u(2) algebra of spin 1/2, 
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X=l 
, 

x=o 

: :t: 
I 

I 
I 

\ " \ I 
\ I 

\, ,l<.p(:t) --' 

X=l 

x=() 

+ + 

~--~-+--:::-t---+--r-----r- :r 

Figure 3.4: The action of P2 , R2 

(3.19) 

and that Ok = {Pk> Qk> R k} and Ok' = {Pk" Qk" Rk'} commute with each 

other if k =f:. k', 

for k =f:. k'. (3.20) 

For later use, let us introduce new sets of su(2) generators {QPk' QQk' QnJ 

(k = 1,2,·· ·,n) as 

k = 1,2,···, n, (3.21 ) 

where 

(3.22) 
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-/ 

x=l , , 

, 

x=o 

Figure 3.5: The action of P3, R3 

x=[ R;j 

, . 
x=o 

+ + - - + 
<pCe) 

, .. , .. _ ... r ........... 

Here, Pk (Vk) is an abbreviation of Pk = (Pk, Qk, R k) (Vk = (VPk' VQk' vnk))' 

and (VPk' VQk' Vnk) are real parameters. The new su(2) generators {9Pk , 9Qk' 9nk} 

have to be linearly related to Pk as 

k= 1,2,···,n, 

(3.23) 

where {epk' eQk' enk} are three-dimensional orthogonal unit vectors. 
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3.3 N = 2n + 1 supersymmetry 

3.3.1 N = 2n + 1 supercharges 

Equipped with the discrete transformations given in the previous section, we 

construct N = 2n + 1 supercharges in terms of the n + 1 sets of the discrete 

transformations. There are two types of N = 2n + 1 supercharges (type A and 

type B), 

• Type A 

QA = if VA = iVA f 1 2 2 1 a 2 a 2 a, a = , , ... , n + , (3.24) 

• Type B 

where 

VA (Rl '" Rn+l!) + QRl ... QRn (Rl '" R n+1 W'(x)), (3.26) 

VA - (Rl'" Rn+l d~) -QRl ... QRn (R1 ••• R n+1 W'(x)), (3.27) 

VB (Rl ... Rn+l d~) -Pn+1 (Rl ... R n+1 V'(x)), (3.28) 

VB (Rl ... Rn+l d~) + Pn+1 (Rl ... R n+1 V'(x)) (3.29) 

and 

f 2k- 1 - QRIQR2' ··QRk_1QPkRn+l, 

f2k - QRIQR2···QRk_1QQkRn+l, k=1,2,···,n, (3.30) 

f 2n+1 Qn+l. 
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Here, vV'(x) = d~ W(x), V'(x) = d~ V(x), and W(x), V(x) are superpotentials. 

We note that r a, VA (B) ,fjA(B) in the supercharges contain R n+l , Qn+1 which 

produce new singularities except for the original singular point x = l8(S = 
1,2" .. ,2n - 1). The combinations of these operators in the supercharges, 

however, make the Qn+1 and Rn+1 vanished due to the su(2) algebra. 

We assume that the functions W'(x), V'(x) are continuous and finite valued 

functions at intervals between singularities and are allowed to have disconti­

nuities at x = ls (s = 0,1" .. ,2n - 1). In order to construct the N = 2n + 1 

superalgebra, the functions turn out to be required to 

k=1,2,"',n, 

W'(x)Pn+1 

and 

i = 1,2, .. , ,n + 1. 

(3.31) 

(3.32) 

(3.33) 

Noting that R I ,· ·Rn+ld~' R I " . Rn+IW'(x) and R I ,· . Rn+IV'(x) commute 

with {Pk, Qk, R k} (k = 1,2, ... ,n + 1), we have the relations 

{r a, r b} - 26ab, 

r aVA(B) - fjA(B)r a, a, b = 1,2" .. ,2n + 1. 

It follows that the supercharges form the N = 2n + 1 superalgebra; 

• Type A 

{Q~, Q~} = H A6ab, a, b = 1,2"" 2n + 1, 
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(3.35) 
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• Type B 

{Q~, Qf} = HBbab , a, b = 1,2"" 2n + 1, (3.38) 

B 1 - B B 1 [ d
2 

" ) (' ( ) )2] H = - ;{D V = 2 - dx2 + P n+l V (x + V x , (3.39) 

where HA and HB are the Hamiltonian in each model. 

3.3.2 Connection conditions compatible with supersym­

metry 

In this section, we clarify the connection conditions compatible with the N = 

2n + 1 supersymmetry. Since the model contains the point singularities, we 

need to impose appropriate connection conditions there, namely, our model is 

specified not only by the Hamiltonian but also by the connection conditions. 

The functional space in our model is required to be squared integrable and to 

be spanned by eigenfunctions of the Hamiltonian with connection conditions 

that make the Hamiltonian hermitian. 

In order to obtain the appropriate connection conditions, let us introduce 

a 2n+1 -dimensional boundary vector <I><p that consists of boundary values of 

a wavefunction 'P( x) in the vicinity of the singularities, 'P(ls ± t) for s = 

0,1, ... , 2n -1 with an infinitesimal positive constant t. For later convenience, 

we arrange 'P(ls ± t) in such a way that <I><p satisfies the relations 

k 

<I>Pk<P = ('-12-0-' -. '-'0'--12-0-(J--l' 012 0 ... 0 12) <I> <P' 

<I>Qk<P = (120' .. 0120 (J2 0 12 0 ... 012)<I><p, 

<I>nk<P = ([2 0 ... 012 0 (J3 012 0 ... 0 12)<I>'P' 
v 

n+l 
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(3.41) 
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The boundary vector can be arranged as 

<Pcp = 

cP(lo - E) 

cp(ll + E) 

(Pncp)(IO - E) 

(Pncp)(lr + E) 

(Pn-1CP)(lo - E) 

(Pn-1CP)(11 + E) 

(Pn-1Pncp)(lo - E) 

(Pn-1Pncp) (II + E) 

(Pn- 2CP)(lo - E) 

(Pn- 2CP)(lr + E) 

(Pn- 2Pncp)(lo - E) 

(Pn- 2Pncp)(lr + E) 

(Pn- 2Pn-lCP)(lo - E) 

(Pn- 2Pn- I CP)(11 + E) 

(Pn-2Pn-IPncp)(IO - E) 

(Pn- 2Pn- 1CP)(lr + E) 

(P2P3 •·• Pncp)(IO - E) 

(P2P3 · .. PnCP)(l1 + E) 

[
upper half 1 

PI components 

(3.43) 

For instance, <Pcp for the case of n = 1 (two singular points are placed at 

x = 0, I) is arranged as 

cp(l - E) cp(l - E) 

<Pcp 
cp(O+E) cp(O+E) 

(3.44) - -
cp(-I+E) (PICP)(I- E) 

cp(O - E) (PICP) (0 + E) 
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which obeys the relations (3.40)-(3.42) with n = 1, 

(PIr.p)(l - €) 

(PIr.p)(O + €) 

(PIr.p)( -l + €) 

(PIr.p) (0 - €) 

(RIr.p) (l - €) 

(RIr.p) (0 + €) 

(RIr.p)( -l + €) 

(RIr.p) (0 - €) 

(QIr.p) (l-€) 

(QIr.p) (0 + €) 

(QIr.p)( -l + €) 

(QIr.p)(O - €) 

r.p(-l+€) 

r.p(0 - €) 

r.p(l - €) 

r.p(0 + €) 

r.p(l - €) 

r.p(0 + €) 

-r.p( -l + €) 

-r.p(O - €) 

-ir.p( -l + €) 

-ir.p(O - €) 

ir.p(l - €) 

ir.p(O+€) 

=(~ 

Since our model has the singular points, wavefunction will, in general, be 

discontinuous there, but the discontinuity has to be controlled by the con­

nection conditions that make the Hamiltonian hermitian. The hermiticity 

condition is 

for any wavefunctions 'lj;( x), r.p( x), where the integral J~l dx is defined by 

(3.49) 

In terms of the boundary vector, the requirement (3.48) can simply be rewrit­

ten as the constraints on the boundary vector 

(3.50) 
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(3.46) 
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In order to derive it, we have used the relation (3.42) and the formula of 

integration by parts 

L dx~'(x) (! ~(X)) ~ - [, dx (d~ ~(x) r ry(x) H((0"3 0·· 0 0"3)4" 

(3.51) 

where the functions ~ (x) and T/ (x) are assumed to be continuous everywhere 

except for the singular points. It is easy to show that eq. (3.50) is equivalent 

to 

(3.52) 

where Lo is an arbitrary nonzero constant with the dimension of length. Then, 

the condition (3.52) can be written as 

(3.53) 

where U is a 2n+1 x 2n+1 unitary matrix. Thus, we have found that the 

connection conditions which make the Hamiltonian hermitian are given by eq. 

(3.53). The 2n singularities in our model are characterized by a 2n+1 x 2n+l 

unitary matrix, U. 

It is important to notice that the above connection condition does not nec­

essarily guarantee the N = 2n + 1 supersymmetry, because the hermiticity of 

the Hamiltonian does not, in general, ensure that of the supercharges. More­

over, the state, (Qa<P) (x) does not necessarily belong to the same functional 

space as <p(x). This also means that (Qa<P) (x) does not obey the same con­

nection conditions as <p( x). In order for any operator 0 to be physical, the 

state (O<p) (x) for any state <p(x) has to obey the same connection conditions 

as <p( x). In the following, we call 0 a physical operator if 0 is hermitian and 

(O<p) (x) satisfies the same connection conditions as <p(x). 

In the standard argument of supersymmetry, for any energy eigenfunction 

<p with an energy E, Qa<P is also an energy eigenfunction with the same energy 
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E(> 0) and then Qarp is called a supersymmetric partner of rp. In our model, 

this is true if and only if Qa is a physical operator, otherwise the state Qarp 

should be removed from the functional space, in which any state satisfies the 

connection conditions (3.53) with a characteristic matrix U. Therefore the 

N = 2n + 1 supersymmetry can be realized in our model, only when all the 

N = 2n + 1 supercharges are physical. We will see below that this requirement 

severely restricts a class of the connection conditions. 

Let rp(x) be any wavefunction obeying the connection conditions (3.53), 

and satisfying Schrodinger equation, HA(B)rp(X) = Erp(x). 

We first require that (Q~(B)rp)(X) (a 

connection conditions as <p(x), 

1,2,···,2n + 1) obey the saIne 

(12n+1 - U) <I> Q~(B)cp + iLo (12n+l + U) <I>'DA(B)(Q~(B)cp) = O. (3.54) 

Here, <p in eq. (3.53) has been replaced by Q~(B)rp. By noting (3.24), (3.25), 

(3.35), (3.36)-(3.39) and HA(B)rp(X) = Erp(x), eq. (3.54) leads to 

(3.55) 

The connection conditions must be independent of the energy E, so that we 

find the eigenvalues of U must be ±1, i.e. U2 = 12n+1. Then, (3.55) can be 

written as 

(12n +I - U)<I>r a'DA(B)cp = 0, 

(12n+1 + U)<I>r aCP = O. 

(3.56) 

(3.57) 

We note that the case of U = ±12n+1 turns out to lead to no nontrivial models 

because all wavefunctions would vanish. It is convenient to introduce "fa (a = 

1,2"" ,2n+ 1) as 

'Y2k-l (enl . iJ 0 ... 0 enk- I . iJ 0 epk . iJ 0120 ... 01200"3) ,(3.58) 

"f2k (enl . iJ 0 ... 0 enk_1 . iJ 0 eQk . iJ 012 0 ... 0 12 0 0"3) i3.59) 

"f2n+l (120' .. 012 00"2) , k = 1,2, ... , n,(3.60) 
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where if = (0"1,0"2,0"3)' The "'Ia for a = 1,2, ... ,2n + 1 satisfy the same anti­

commutation relations as r a, 

U sing these, we have the relation 

and then, eqs. (3.56), (3.57) become 

Eq. (3.53) is reduced to 

(I2n+1 - "'IaU"'Ia)iPvA(B)<p = 0, 

(I2n+1 + "'Ia U "'Ia) iP <p = O. 

(I2n+1 - U)iP<p = 0, 

(I2n+1 + U)iPVA(B)<p = 0, 

(3.61) 

(3.62) 

(3.63) 

(3.64) 

(3.65) 

(3.66) 

under the condition of U2 = 12n+l. Since our model contains the 2n point 

singularities, we need to impose 2 x 2n connection conditions at the singularities 

to solve the Schrodinger equation. If the number of conditions is larger than 

2 x 2n, the model would become trivial due to overconstraints. Since the 

number of the conditions (3.53), which make the Hamiltonian hermitian, is 

2 x 2n, eqs. (3.63) and (3.64) should produce no new constraints. This implies 

that the characteristic matrix U has to satisfy 

"'IaU "'Ia = -U, a = 1,2,,' ·,2n+ 1. 

Thus, we have found the constraints on the characteristic matrix U, 

-U, a = 1,2,···,2n+ 1 
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(3.67) 

(3.68) 

(3.69) 

(3.70) 



which guarantee that the Hamiltonian is hermitian and (Q:(B) <p) (X) (a -

1,2, ... ,2n + 1) satisfy the same connection conditions as <p(x). 

Before we discuss the hermiticity of the supercharges, let us determine the 

form of the characteristic matrix U. An arbitrary 2n+1 x 2n+1 matrix can be 

uniquely expanded as 

(3.71) 

where 

k = 1,2,··· ,n, (3.72) 

and 

(3.73) 

First, we impose the conditions (3.70) on the characteristic matrix U. Then, 

some coefficients in the expansion vanish except for CQ1 =O".',Qn=O,Qn+l=1, 

CQ1 =3"",Qn=3,Qn+l=3. Thus, the characteristic matrix U becomes 

where 

(3.75) 

The conditions utu = 1 2n+l and U2 = 12n+1 imply ut = U, so that we have 

Therefore, the connection conditions can be written by 

(I2n+1 - U(b1, b2 )) if><p = 0, 

(I2n+ 1 + U(b1 , b2 )) if>VA(B)<p = 0, 
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where 

Now, an important question that remains to be answered is whether the 

supercharges are hermitian under the connection conditions (3.77) and (3.78) 

or not. Using (3.51), we have the relation 

rl dx1j;*(x) (QaCP) (x) = rl dx (Qa1j;)* (x)cp(x) + i<I>~ra<I>'P' i-l Ll 2 
a=1,2,···,2n+1. (3.80) 

It is not difficult to show that the surface term in (3.80) vanishes, 

a = 1,2,··· ,2n+ 1, (3.81) 

if wavefunctions cP and 1j; obey the connection conditions (3.77) and (3.78). 

Thus, the connection conditions (3.77) and (3.78) also make all the super­

charges hermitian. 

Thus, we have found that the connection conditions, which make not only 

the Hamiltonian hermitian but also the 2n + 1 supercharges physical, are given 

byeq. (3.77), (3.78). Then, the N = 2n + 1 supersymmetry can be realized 

with the connection conditions (3.77), (3.78). 

3.3.3 Degeneracy of the spectrum 

In this section, we study the degeneracy of the spectrum in the N = 2n + 1 

supersymmetric models, in particular, vacuum states with the vanishing en­

ergy. We consider the two types of the N = 2n + 1 supersymmetric models 
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(type A and type B), separately. 

(i) Type A model 

We first consider the degeneracy in the type A supersymmetric model. The 

connection conditions compatible with the N = 2n+ 1 supercharges Qf, ... , Q~+I 
are given by 

where 

(I2n+1 - U(b l , b2 ))<I><p = 0, 

(12n+l + U(b l , b2))<I>VA<p = 0, 

(3.82) 

(3.83) 

U(bl , b2 ) = bl(h ® ... ® 12 ® ad + b2(~1 . a ® ... ® ~n • a ® (3) (3.84) 

with bl , b2 E Rand (bd 2 + (b2 )2 = 1. We note that the gnk (k = 1,2" .. ,n) 

commutes with the Hamiltonian HA and also with each other. Since they 

are also physical under the connection conditions (3.82) and (3.83), we can 

introduce simultaneous eigenfunctions of H A and gnk such that 

HA'PE)'l,··,AJX) = E'PE;Al,··,AJX), 

gnk'PE;Al, .. ,AJX) = Ak'PE;Al,··,AJX) 

(3.85) 

(3.86) 

with Ak = 1 or -1 for k = 1,2"", n. Since Q: (a = 1,2"", 2n + 1) and 

gnk (k = 1,2,' .. ,n) satisfy the relations 

QAg = {-gnkQ: for a = 2k - 1 or 2k, 
a nk A 

+gnkQa otherwise, 
(3.87) 

the states Qtk-I'PE;Al, .. ,An(x) and Qtk'PE;Al, .. ,A,.(X) should be proportional to 

'PE;Al, .. ,-Ak, .. ,AJX), and the states Qtn+I'PE;Al, ... ,An(x) should be proportional 

to 'PE;Al, .. ,AJX). Noting that Qtk-I = -iQtkgnk' we have the relations 

Q:k-I'PE;Al,··,An(X) = - iAkQ:k'PE;Al, .. ,A,.(X) ex 'PE;Al,··,-Ak, .. ,AJX), 

(3.88) 

(3.89) 
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when E > O. These imply that the degeneracy of the spectrum for E > 0 is 

given by 2n. Some examples of the transition for the eigenfunction <PEl;)'1 ,",>"n 

by acting the supercharges are depicted in Fig. 3.6. This degeneracy can also 

E 

Q A it 
2n-1, Q2n 

Figure 3.6: Examples of the transition for the eigenfunction 'PEl;>"!,".,>"n under 

the action of the supercharges (Qt,···, Qtn+l) 

be understood from an algebraic point of view; for fixed nonzero energy E, 

Q: /VE for a = 1,2, ... ,2n+ 1 form the Clifford algebra in (2n+1)-dimensions, 

and the representation is known as 2n. 

The above argument cannot apply for the case of E = O. This is because 

any state 'Po(x) with vanishing energy must satisfy Q:'Po(x) = 0 for a = 
1,2"", 2n + 1. The equations Q:'Po(x) = 0 are equivalent to 

(3.90) 

The above equation is easily solved, and we have formal solutions as 

(3.91 ) 

Here, N>"l, .. ,>"n denotes normalization constants. By noting the Hamiltonian 

HA includes only W'(x) (but not W(x) itself), we have an ambiguity to choose 

48 



W (x) to satisfy 

PkW(X)Pk - W(X), k = 1,2,···, n, 

Pn+1 W(x)Pn+1 - - W(x). 

(3.92) 

(3.93) 

For a noncompact space, any non-normalizable states would be removed from 

the functional space. The space is, however, compact in our model, so that 

these solutions are always normalizable. Nevertheless, some of them must 

be removed from the functional space. This is because some solutions are 

incompatible with the connection conditions. Although the zero energy states 

trivially satisfy the half of the connection conditions (3.83), we need to verify 

whether the states (3.91) satisfy the remaining connection condition (3.82) or 

not. 

In order to investigate the consistency of the zero energy states with the 

connection conditions, we use the transformation (3.21), (3.22). This trans­

formation yields 

where 

(3.95) 

The transformation is a singular unitary transformation because it, in general, 

changes connection conditions of wavefunctions at singular points. The trans­

formation may be regarded as a duality connecting different theories (with 

different connection conditions). Moreover, the transformation gives us the 

convenient expression for the connection condition. 

For instance, we consider the model which possesses two point singularities 

placed at x = 0, l (n = 1) as an example. The connection condition (3.82) is 

transformed by (3.95) to 

(3.96) 
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where 

U(b l , b2 ) = bl (120 O"d + b2 (0"3 00"3)' ~= VI<P, VI = eiih .Pl. (3.97) 

Explicitly, eq. (3.96) is written as 

1- b2 -bl 0 0 ~(l- f) 

-bl 1 + b2 0 0 ~(O + f) 
(3.98) = O. 

0 0 1 + b2 -bl ~(-l + f) 
0 0 -bl 1 - b2 ~(-O - f) 

We observe that the above connection condition is separated into two inde­

pendent conditions, depending on the argument of the wavefunction. This 

suggests that it is useful to assign the eigenvalue Al of the operator RI for the 

wavefunction. To this end, we define the projection operator, 

(3.99) 

By multiplying (1+A I R I )/2 from the left to eq. (3.96), we obtain the boundary 

vector as 

~)\1 =+ I (l - f) = 0 

~Ai=+1(O + f) = 0 

o 
o 
o 
o 

~Al=-I(-l + f) = 0 

~'\1=-1(0 - f) = 0 

Then, the connection conditions (3.96) are reduced to 

• for b2 = 1 (and bl = 0) 
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for Al = +1, 

(3.100) 

for Al = -1. 



• for b2 =J. 1 

0,\1=+1 (0 + €) = 0, 

0'\1=-1 (-l + €) = 0, 

(1- b2)0'\1=+1(l- €) - b10'\1=+1(0 + €) = 0, 

(1 - b2 )0'\1=-1(0 - €) - b10'\1=-1( -l + €) = O. 

(3.101) 

(3.102) 

(3.103) 

(3.104) 

Let us also note that the Schrodinger equations can be written separately in 

each region of (0 < x < l) and (-l < x < 0), 

H0'\1=+1(X) = E0'\1=+1(X) (0 < x < l) with (3.101) or (3.103), 

(3.105) 

H0'\1=-1(X) = E0'\1=-1(X) (-l < x < 0) with (3.102) or (3.104), 

(3.106) 

where H == V HVt. 

Similarly, we can generalize the above argument to the case of n. The 

connection conditions (3.82) can be written as 

(3.107) 

where 

r.p- _= Vr.p wl'th V - V V V V iiJi,Pi = 1 2'" n, i = e . (3.108) 
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In this basis, the boundary vector can simply be written as 

o 

o 

<p( ) -<P-TIn l+AkRk - - 'PAlo' .. ,An 
k=j 2 'P 

(P11-;>'1 ... p~-2>'n CPAl"',An) (lo - E) 

(P11-;Al ... p~-2An CPAj, .. ,An ) (h + E) 

o 

o 
(3.109) 

The connection conditions (3.107) are reduced to 

• for b2 = 1 (and b1 = 0) 

( ~ .!=h ) PI 2 '" Pn 2 CPAl, .. ,An (lo - E) = 0 

for >'1 ... .xn = -1, (3.110) 

( ~ .!=h ) PI 2 ••• Pn 2 CPAl,' .. ,An (ll + E) = 0 

for .x1 ···.xn = +1, (3.111) 

• for b2 =I- 1 

( ~ .!=h) (0J. ~ ) (1 - b2 ) PI 2 ••• Pn 2 CPAJ, ... ,An (lo - E) - b1 PI 2 ••• Pn 2 CPAj, ... ,An (ll + E) = 0 

for .x1 ···.xn = +1, (3.112) 

( ~ .!=h) (0J. ~ ) (1 - b2 ) PI 2 .,. Pn 2 CPAl, .. ,An (II + £) - b1 PI 2 ••• Pn 2 cp)Ij, .. ,An (Lo - £) = 0 

for .x1 ···.xn = -1. (3.113) 
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The Schrodinger equations can be separated into 2n regions of (ls < x < ls+d 

(s = 0, 1, ... , 2n - 1). 

Now, we are ready to discuss whether the zero energy states satisfy the con­

nection conditions or not. With the transformations (3.108), the zero energy 

states (3.91) become 

[ nIl CPO;Al,··,AJX) == V'PO;Al,··,AJX) = NA1,··,An II 2(1 + AkRk) e-Al···AnW(X). 
k=l 

(3.114) 

The states (3.114) do not satisfy the connection conditions (3.110), (3.111) for 

b2 = 1. Although for general vV(x), the connection conditions (3.112), (3.113) 

are not satisfied by the zero energy states for b2 =I 1, there is, however, an 

exceptional case, where W(x) satisfies 

J 1 - b1 = e2W(lo-£). 

1 + b1 
(3.115) 

With this special vV(x), all the states (3.114) become supersymmetric vacuum 

states compatible with the connection conditions. 

There is no supersymmetric vacuum state for general W(x). Therefore, the 

supersymmetry is "spontaneously" 1 broken. While, for the special W (x) satis­

fying (3.115), we have the supersymmetric vacuum states, and the degeneracy 

is 2n. 

Let us note that the Pn+1 becomes physical when b2 = a and commutes with 

the Hamiltonian HA only for WI/(x) = O. We can introduce the simultaneous 

eigenfunctions of the Hamiltonian HA, Qnk (k = 1,2"", n) and Pn+1, 

(3.116) 

1 If there is no zero energy state, we say that supersymmetry is spontaneously broken 

by analogy with supersymmetric quantum field theory. Other mechanisms of (spontaneous) 

supersymmetry breaking due to boundary effects have been found in Refs. [64, 65, 66]. 
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Ynk 'PE;Al, ... ,An ,An+l (x) - Ak'PE;A], ... ,An,An+l (x), 

Pn+l'PEh, .. ·,An,An +l (x) An+l'PE;Al, ... ,An ,An+l (x). 

(3.117) 

(3.118) 

The new label An+l on the wavefunction suggests the enhancement of the 

degeneracy for the state with E > O. In order to confirm it, let us define new 

operator Q~ (a = 1,2, ... ,2n + 1) as 

(3.119) 

Then, the Hamiltonian H A can be written as 

where c2 (W'(X))2 is independent of x for W"(x) = O. The energy is 

bounded from below as 

(3.121) 

We can show that Q~ (a = 1, 2, ... , 2n + 1) is physical under the connection 

conditions (3.82) and (3.83). Since Q~ and Ynk (k = 1,2,' .. ,n), Pn+1 satisfy 

for a = 1,2"", 2n + 1. 

for a = 2k - 1, 2k, 

otherwise 

(3.122) 

(3.123) 

(3.124) 

(3.125) 

Thus, in this case, the degeneracy for E > ~C2 is given by 2n+l. This result can 

also be obtained from an algebraic point of view; Q~ / VB (a = 1, 2, ... , 2n + 1) 
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and Pn+l form the Clifford algebra in (2n + 2)- dimensions and the represen­

tation is known as 2n+1. 

Let us discuss the case of E = ~C2. The state with E = ~C2 satisfies 

Q:r.pE=~c2(X) = 0 (a = 1,2"", 2n + 1), which is equivalent to 

(3.126) 

where we have performed the singular transformation (3.108). The solution 

satisfying (3.126) always have only An+1 = 1 state because the state with 

An+1 = -1 have discontinuity except for the original singularities. The formal 

solutions for the state with E = ~C2 are given by 

Let us note that the solution (3.127) shows that it takes constant values be­

tween the two neighboring singularities. 

Let us study the compatibility of the solutions (3.127) with the connection 

conditions (3.110)-(3.113). For bl = +1, all the states with E = ~C2 satisfy the 

connection conditions (3.112) and (3.113), so that the degeneracy is 2n , while 

for bl = -1, all the states do not satisfy the connection conditions (3.112), 

(3.113) and are removed from the functional space. 

We can introduce the "fermion" number operator as 

(3.128) 

for b2 = 0 and W'(x) = 0 (c = 0). We note that W'(x) = 0 ensures2 

(3.129) 

2Let us note that when W"(x) = 0, Pn+1 anticommutes with Q:. If we regard Q: as a 

supercharge, Pn +1 can be taken as the "fermion" number operator. 
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We call states with (_1)F = +1 ( -1) "bosonic" ("fermionic") ones. Under 

the relation (3.129), Q:'PE;>"l, ... ,>..Jx) have the opposite eigenvalues of (_1)F 

as 'PE;>"l,. .. ,A,,(X). 

We discuss the Witten index in this model. The Witten index of an oper­

ator 0 with 0 2 = 1 is defined by 

A = NE=o _ NE=o 
UW;O - + _, (3.130) 

where Nf=o denotes the number of the zero energy states with 0 = ±1, 

respectively and all the nonzero energy states between 0 = 1 and 0 = -1 are 

degenerate. 

The Witten index of Pn+l for W'(x) = 0 (c = 0)3 and b2 = 0 is given by 

(3.131) 

When WI/(x) = 0, the zero energy states do not exist. However, by shifting 

the energy, E --t E = E - ~C2, there is a nonzero Witten index for E = 0 

(E = ~C2), 

(3.132) 

We should make a comment on the special case (3.115) in which the zero 

energy states exist. In this case, the Witten index of gRl ... gRn vanishes 

because N!=o and N~=o are the same, 

(3.133) 

(ii) Type B model 

3In this case, Q: is the same as Q:. 
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The connection conditions compatible with the N 

QP,···, Qfn+l are given by 

2n + 1 supercharges 

where 

(1211.+1 - U(b1,b2))<I><p = 0, 

(12n+1 + U(b1, b2))<I>VB<p = 0, 

(3.134) 

(3.135) 

with b1,b2 E Rand (b1? + (b2)2 = 1. We first note that the Qnk (k = 

1,2, ... ,n) commute with HB and also with each other. Since they are also 

physical under the connection conditions (3.134), (3.135), we can introduce 

simultaneous eigenfunctions, 

HB'PE;)I1,··,).,n(x) = E'PE;).,1,",).,n(x), 

Qnk'PE;).,1'''',).,n (x) = Ak'PE;).,1''',).,n (x) 

(3.137) 

(3.138) 

with Ak = 1 or Ak = -1 for k = 1,2"", n. The supercharges Q~ (a = 

1,2, ... ,2n + 1) and Qnk (k = 1,2, . " ,n) satisfy the relations 

QBQ = {-QnkQ~ for a = 2k - 1, 2k, 
a nk r. QB h . 

+~nk a ot erWlse. 
(3.139) 

Noting that Q~k-l = -iQ~kQnk' we have the relations 

Qfk-l'PE;).,1,",).,n(x) = - iAkQfk'PE;).,1, .. ,).,JX) ex: 'PE;).,1,",-).,k,··,).,Jx), 

(3.140) 

(3.141) 

then the degeneracy of the spectrum is given by 2n for E > O. This result 

can also be obtained from an algebraic point of view, that is, for fixed nonzero 

energy E, Q~ /VE for a = 1,2",' ,2n + 1 form Clifford algebra in (2n + 1)­

dimensions, and the representation is known as 2n. 
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The above argument cannot apply for E = 0 states because Q:I.Po = O. 

The equations Q:I.Po(x) = 0 are easily solved and we have formal solutions as 

I.PO;Al,·.,An (x) = NA1"',An [fr ~ (1 + Ak9nk )] eV(x), 
k=l 

(3.142) 

where NA1, .. ,An denotes normalization constants. Since the Hamiltonian HB 

includes only V'(x) (but not V(x) itself), we have an ambiguity to choose V(x) 

to satisfy 

PiV(X)Pi = V(x), i=1,2,"·,n+1. (3.143) 

Under the singular unitary transformation (3.108), the zero energy states be-

come 

<PO;Al, ... ,AJX) = VI.PO;Al, .. ·,AJX) = NAlo" .. ,An [IT ~ (1 + AkRk)] eV(x). (3.144) 
k=l 

The zero energy states trivially satisfy the half of the connection conditions 

(3.135). Let us discuss the remaining connection conditions (3.134), which are 

given by eqs. (3.110)-(3.113). 

The states (3.144) do not satisfy the connection conditions (3.110), (3.111). 

On the other hand, the connection conditions (3.112), (3.113) are neither sat­

isfied by the zero energy states. There is, however, an exceptional case 

(3.145) 

This is because V(lo - c) = V(ll + c). 

The Pn+1 commutes with 9nk (k = 1,2"", n), HB and becomes physical 

only for b2 = O. An accidental degeneracy occurs in this case. We can introduce 

simultaneous eigenfunctions of the Hamiltonian H B
, 9nk (k = 1,2"", n) and 

Pn+1 such that 

HBI.PE;Al, ... ,An,An+l (x) - EI.PE;Al, ... ,An,An+l (x), 

9nk I.PE;AJ, ... ,An,An +1 (x) AkI.PE;Al, ... ,An,An+l (x), 

Pn+1I.PE;Al, .. ·,An,An+l (x) An+lI.PE;Al, ... ,An,An+l (x). 
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The Q: and Pn+l satisfy the relations 

Q~Pn+l = -Pn+lQ~, a = 1,2"", 2n + 1. (3.149) 

Eqs. (3.139), (3.140) and (3.149) imply that the degeneracy of the spectrum 

for E > 0 is given by 2n+l. 

The zero energy formal solutions are 

'PO;Al,.·,An,An+l=+l(X) = NA1, .. ·,An [IT ~(1 + AkQnk )] eV(x). (3.150) 
k=l 

Here 'PO;Al, ... ,An,An+l=-l(X) do not exist because the states cannot construct 

without new singularities except for the original singular points x = ls (8 = 
0,1, ... ,2n - 1). For b1 = 1, all the zero energy states (3.150) become super­

symmetric vacuum states compatible with the connection conditions (3.112), 

(3.113), while, for b1 = -1, all the states are incompatible with the connection 

conditions (3.112), (3.113). 

The Pn+1 can be regarded as the "fermion" number operator only if b2 = 0, 

(3.151) 

The operator satisfies 

(3.152) 

There is a nonzero Witten index of Pn+1 only for b1 = 1 and b2 = 0, 

(3.153) 
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3.4 Reduction of the supersymmetry 

3.4.1 General discussion 

In this section, we provide a general discussion on a reduction of the supersym­

metry by relaxing the connection conditions4
. So far, we have considered the 

connection conditions compatible with all the 2n + 1 supercharges. Here we 

require that only a subset of the supercharges are physical. To put it the other 

way around, we allow some of the 2n + 1 supercharges to become incompatible 

with connection conditions. 

Let us consider the m supercharges that are a subset of the 2n + 1 su­

percharges (3.24) ((3.25)). The connection conditions compatible with the m 

supercharges are given by 

(/2n+1 - U) <P<p = 0, 

(I2n+1 + U) <PVA(B)<p = 0, 

where the constraints on the characteristic matrix U are 

-u. 

(3.154) 

(3.155) 

(3.156) 

(3.157) 

(3.158) 

Here the number of "'fi is m, which is a subset of the "'fa (a = 1,2" .. ,2n + 1). 

The difference from the case of the N = 2n + 1 su persymmetry is in eq. (3.158), 

that is, the number of "'fi is smaller than that of the case of the N = 2n + 1 

supersymmetry. The smaller the number of "'fi in eq. (3.158) becomes, the 

4Falomir and Pisani have also discussed the reduction of supersymmetry in the presence 

of singular superpotentials[67]. 
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larger the number of parameters of the characteristic matrix U becomes. This 

implies that the supercharges not belonging to the subset are not the physical 

operators. 

3.4.2 N = 2n supersymmetry 

In this section, we consider some N = 2n super symmetric models as examples 

of the reduced supersymmetry. We choose 2n supercharges that are subset of 

the 2n + 1 supercharges (3.24), (3.25) as 

(a) Qt, Qt, .. ·, Qtn, 

(b) Qt, Qt,···, Qtn-l' Qtn+l' 
(c) Qf, Qf,···, Qfn, 

(d) Qf,Qf, .. · , Qfn-l,Qfn+l' 

We will obtain the connection conditions compatible with the constraints 

(3.156)-(3.158) and study the degeneracy of the spectrum and the zero en­

ergy states in each model. 

In order for the supercharges Qt, ... , Qtn to satisfy the superalgebra, we need 

onlyeq. (3.31). And the Hamiltonian is also given by eq. (3.37). 

The connection conditions compatible with the 2n supercharges 

Qt, .. ·, Qtn are 

where 

(I2n+1 - U)ip<p = 0, 

(I2n+1 + U)ip'DA<p = 0, 
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utu - 12n+l, 

"fiU"fi -U, i = 1,2, ... ,2n. 

(3.162) 

(3.163) 

In order to obtain the expression of the characteristic matrix U, we use the 

expansion (3.71 )-(3. 73). Eq. (3.163) implies that the nonvanishing coefficients 

are only four, 

Thus, the characteristic matrix U can be expanded as 

U = a1 (I20 ... 0 12 00"1) + a2 (I2 0 ... 0 12 0 0"2) 

(3.164) 

(3.165) 

(3.166) 

(3.167) 

+a3 (en1 • a 0 .. ·0 enn • a 00"3) + a4 (en1 • a 0 .. · 0 enn • a 0 12). 

(3.168) 

Let us note the number of parameters in the characteristic matrix U is larger 

than that in the N = 2n + 1 supersymmetric model because of the decrease 

of the conditions on the U. We further restrict the form of U by imposing the 

conditions (3.161) and (3.162). Then, we obtain that 

and (3.169) 

or 

and (3.170) 

with aI, a2, a3, a4 E R. Thus, the characteristic matrix U compatible with the 

2n supersymmetry is given by 

(I) Type I 
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(II) Type II 

Un(a) al (h 0 ... 0 h 00'1) + a2 (12 0· .. 0 12 00'2) 

+a3 (en! . iJ 0 ... 0 enn • iJ 0 0'3) 

(3.171) 

(3.172) 

Let us next study the degeneracy of the spectrum. We note that QRk 

(k = 1,2"", n) commutes with the Hamiltonian HA and is physical under 

the connection conditions (3.171), (3.172), so that the state with E(> 0) is 

labeled by the quantum number Ak, which is the eigenvalue of QRk' Noting 

that Qfk-l = -iQfkQRk and the relations 

Q. '::IR -
At: _ {-QRkQf for i = 2k - 1 or 2k, 

l k +QRk Qf otherwise 
(3.173) 

for k = 1,2, ... ,n, we have the relations (3.88) for k = 1,2, ... ,n. Thus, the 

degeneracy for E > 0 is given by 2n. This result can also be obtained from an 

algebraic point of view; for fixed nonzero energy E, Qf / -IE for i = 1,2, ... , 2n 

form the Clifford algebra in 2n-dimensions, and the representation is known 

as 2n. 

Let us study the zero energy states. The states, which satisfy eq. (3.90), 

are formally given by 

(3.174) 

with Ak = 1 or -1 for k = 1,2, ... ,n. The zero energy states trivially satisfy 

the half of the connection conditions (3.160). We need to verify whether the 
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zero energy states (3.174) satisfy the remaining connection conditions (3.159) 

or not. In order to investigate the consistency of the zero energy states with 

the connection conditions, let us perform the singular transformation (3.108), 

under which the zero energy states become 

tPO;Al,··,AJX) == V'PO;Al,··,Av(X) = NA1,··,An [IT ~ (1 + AkRk)] e-Al···AnW(X). 
k=l 

(3.175) 

According to the singular transformation, the connection conditions (3.159) 

can be written, depending on the type I, II, as 

(I) Type I with Ur(±) 

(3.176) 

(3.177) 

where the double sign of Al ... An correspond to the double sign in the Ur(±) 

(II) Type II with UII(a) 

(1 - a3 Al ... An) (Pll-2>-1 ... p~-2>-n tPA1'''',An) (lo - c) 

-(al - ia2) (Pll~>-l ... p~-2>-n tPAl, ... ,An) (it + c) = 0 

for otherwise. (3.179) 
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Let us first discuss the case of U1( +). We note that the connection condition 

(3.159) does not yield nontrivial conditions for the state with AI··· An = +1, 

while the other connection condition (3.160) is automatically satisfied due to 

(3.90). On the other hand, we must check whether the state with AI· .. An = 

-1 satisfies the connection conditions (3.176), (3.177) or not, but it is obviously 

impossible due to the exponential factor in the solutions (3.175). Hence, the 

degeneracy is given by 2n - I . The discussion goes the same as above for the 

case of U1( -), so that the degeneracy is, again, 2n - I . Thus, the supersymmetry 

is unbroken. We have seen that once we determine the connection condition 

U1(±), the states with AI· .. An = ±1 can satisfy the connection conditions. 

For the type II connection conditions, the zero energy states (3.175) are 

found to be inconsistent with the connection conditions (3.178), (3.179), so 

that there are no vacuum states with zero energy. There is, however, an 

exception. If the following relations are satisfied 

(3.180) 

all the states (3.175) accidentally become supersymmetric vacuum states com­

patible with the connection conditions (3.179), hence, the degeneracy is 2n. 

Therefore, for the type II connection conditions, supersymmetry is sponta­

neously broken except for the above case. 

If a2 = 0, the supercharge Q~n+l become physical. Then, Qt,···, Q~n+I 

form the N = 2n + 1 super algebra if we require the conditions (3.32). There­

fore, the supersymmetry is enhanced to the N = 2n + 1 supersymmetry, and 

the degeneracy has been studied in the previous section. 

We can introduce the "fermion" number operator as 

(3.181) 
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which is physical under the connection conditions (3.159) and (3.160), and 

commutes (anticommutes) with the Hamiltonian H A (all the supercharges 

Qf (i = 1,2,"', 2n)). Let us note that eigenvalues of the fermion number 

operator are .AI' . ·.An = ±l. The Witten index of gnl ... gnn with Ur(±) is 

given by 

(3.182) 

where the double sign correspond to the double sign in the Ur(±). 

If W'(x) = 0, the Pn+1 is physical under the connection condition (3.171). 

And it (anti)commutes with the (supercharges) HA. Then, we can introduce 

the Witten index of Pn+1, 

J\ 2n-1 
UW;Pn+1 = . (3.183) 

For the type II connection conditions with Un(a), the Witten index of 

gnl ... gnn vanishes because there are no zero energy states. We should make 

a comment on the special case (3.180), in which the zero energy states exist. 

The Witten index of gn) ... gnn is, however, zero because N!f=o and Nl!=o 

are the same, 

(3.184) 

The N = 2n supercharges Qt, Qt,···, Qtn-l' Q~+1 form the N = 2n super­

algebra if the function W'(x) obeys (3.31) and (3.32). The constraints on the 

characteristic matrix U are 

(3.185) 
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-U, i = 1, 2, ... , 2n - 1, 2n + 1. 

(3.186) 

(3.187) 

We expand the U in the expression (3.71)-(3.73). Because of the conditions 

(3.187), nonzero coefficients are only four, 

al == CCQ=O,0<2=O"",O<n=O,O<n+l=l, 

a3 == C Cq =3,0<2=3"",O<n=3,O<n+l=3, 

a2 C 0<1 =3,0<2=3,··· ,O<n-1 =3,O<n =2,O<n+ 1 =3, 

a4 = CO<l=O,0<2=O"",O<n_1=O,O<n=1,O<n+l=1. 

(3.188) 

The conditions (3.185) and (3.186) imply that 

and (3.189) 

or 

and (3.190) 

with aI, a2, a3, a4 E R. Thus, the characteristic matrix U compatible with the 

2n supercharges Qt,···, Q~-l' Qtn+1 are 

(I) Type I 

(3.191) 

(II) Type II 

Uu(a) - al (h ® ... ® 12 ® al) 

+a2 (eR1 . a ® ... ® enn_l . a ® eQn . a ® a3) 

+a3 (en1 . a ® ... ® eRn . a ® a3) (3.192) 
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with (ar)2 + (a2)2 + (a3)2 = 1. With the above characteristic matrix U, the 

connection conditions are given by 

(I2 n +1 - U)<J?IP = 0, 

(I2 n +1 + U)<J?VAIP = O. 

(3.193) 

(3.194) 

In this case, 9nn is no longer physical under the connection conditions 

(3.191), (3.192), but instead, 9pn Pn+1 is physical. The Hamiltonian HA, 9nk 

(k = 1,2,' .. ,n - 1) and 9Pn Pn+1 are physical, and they commute with each 

other. We can introduce simultaneous eigenfunctions of these operators such 

that 

H A<[JE;)I1, .. ,AtjX) - E<[JE;Al, ... ,Nn (X), (3.195) 

9nk<[JE;Al, ... ,A'n (x) = A.k<[JE;Aj, ... ,A'n (x), k = 1,2, ... ,n - 1, 

(3.196) 

(3.197) 

with A.k = 1 or -1 for k = 1,2, ... , n - 1 and A.~ = 1 or -1. In this case, we 

have the relations 

because 

Qtk-l <[J E;Al,···,AtjX) = -iA.kQtk<[J E;Al,"',A'n (x) ex <[J E;Aj ,···,-Ak,···,A~ (x), 

k = 1,2, ... ,n - 1, (3.198) 

Qtn-l<[JE;AJ, ... ,A'n (x) ex <[JE;Aj, ... ,-A'n (x), (3.199) 

Qtn+l<[JE;Aj, ... ,Atjx) ex <[JE;Aj, .. ,-Adx), (3.200) 

{ 
-Qf9nk for k = 2i - 1, 2i, 

+Qf9nk otherwise, 

- -Q~ (QPnPn+1) 

(3.201 ) 

(3.202) 

for i = 1,2" .. ,2n - 1, 2n + 1 and Qt,.-l = -iQtk9nk for k = 1,2" . " n - 1. 

Thus, the degeneracy for E > 0 is given by 2n. This result can also be 
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obtained from an algebraic point of view; for fixed nonzero energy E, Qf / VB 
for i = 1,2, ... ,2n - 1, 2n + 1 form the Clifford algebra in 2n-dimensions, and 

the representation is known as 2n. 

The above argument cannot apply for the zero energy states. The zero 

energy states are given by solving 

VArpo(x) = [( RI ... Rn+l d~) + Al ... An-19nn (RI ... Rn+l VV1(X))] rpO;Al,.",A~ (x) = O. 

(3.203) 

The solutions to eq. (3.203) are formally given by 

rpO;Al,.",A~ (x) = NAl, ... ,A~ (If 1 + ~kgnk) 
k=l 

X {(I +29nn ) e-A1"'An-lW(X) + A~ (1-
2
9nn ) eA1"'An-lW(X)} , 

(3.204) 

and trivially satisfy the half of the connection conditions (3.194). We need to 

verify whether the zero energy states satisfy the remaining connection condi­

tions (3.193) or not. Under the singular unitary transformation (3.108), the 

zero energy states become 

and accordingly the connection conditions, (3.193) can be written as 

(I) Type I with U1(±) 
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(3.206) 

for A~ = =F1, 

(3.207) 

where the double sign of A~ correspond to the double sign in the Ur(±), 

(II) Type II with UII(a) 

(1- a3AI ... An-I) (Pl1-2A1 ... p~=:;-l CP>"l, .. ,>"',.) (io - E) 

-(al - ia2AI ... A~) (PI
1

-
2A

] ••• p~=?n-l CP>..], .. ,>..;,) (ll + E) = 0 
for otherwise. (3.209) 

We first consider the case of Ur( +) (Ur( -)). The zero energy states with 

A~ = +1 (A~ = -1) can satisfy the connection conditions (3.193), (3.194) 

because the connection conditions (3.193) do not yield nontrivial conditions for 

the states with A~ = +1 (A~ = -1), and the connection conditions (3.194) are 

automatically satisfied due to (3.203). On the other hand, the states with A~ = 

-1 (A~ = +1) do not satisfy the connection conditions (3.206), (3.207) because 

of the exponential factor in the solution. Thus, the degeneracy of the zero 

energy states for the case of U1(±) is given by 2n - 1 , and the supersymmetry 

is unbroken. 

For the case of UII ( a), the zero energy states do not satisfy the connection 

conditions (3.208), (3.209) with one exception. If the following relations are 
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satisfied 

(l=a; = e2W(lo-c) al = Jl - (a3)2, a2 = 0, (3.210) 
V~ , 

all the states (3.205) are compatible with the connection conditions (3.209), 

then, the degeneracy is 2n. Hence, for the type II connection conditions, the 

supersymmetry is spontaneously broken except for the above case . 

. Note that if a2 = 0, the supercharge Qtn becomes physical. Then, the 

supersymmetry is enhanced to the N = 2n + 1 supersymmetry. 

In this model, QPn P n+l can be regarded as the "fermion" number operator, 

The Witten indices of QpnPn+1 , Pn+1 for Ur(±) are given by 

D.w;QPn Pn+l 

D.w;Pn+1 

_ ±2n - 1 , 

only for W'(x) = 0, 

(3.211) 

(3.212) 

(3.213) 

where the double sign in eq. (3.212) correspond to the double sign in the 

Ur(±). For Un(a), the Witten index of QPn Pn+1 vanishes because the zero 

energy states do not exist. Let us comment on the special case (3.210), where 

we have the zero energy states. We note that the supersymmetry is enhanced 

to the same N = 2n + 1 supersymmetry in the special case (3.210) as that in 

the previous section. 

(c) Qr,···, Qfn 

The N = 2n supercharges Qr, ... ,Qfn form the N = 2n superalgebra if the 

V'(x) obeys (3.33). In this case, the constraints on the characteristic matrix 

U are same with the case of (a). The connection conditions are given by 

(l2M1 - U)<P~ = 0, 

(I2n+1 + U)<PVB~ = 0, 

71 

(3.214) 

(3.215) 



where U is given by (3.171) or (3.172). 

For Ur(±), the Qnk (k = 1,2" .. ,n) and Pn+1 are physical under the con­

nection conditions (3.214),(3.215) and commute with HB. We can introduce 

simultaneous eigenfunctions of HB, Qnk (k = 1,2",', n) and Pn+1 such that 

HB'PE;A!, .. ,An+l (x) 

Qnk'PE;A!, .. ,An +! (x) 

Pn+1'PE;A!, .. ,An+l (x) 

E'PE;A!, .. ,An+l (x), (3.216) 

Ak'PE;A!, .. ,An +! (x), k = 1,2, ... , n, (3.217) 

An+l 'P E;Al , .. ,An +! (x). (3.218) 

Although the labels in 'P increase, the degeneracy of the spectrum for E > 0 

states does not increase in this model. The Qf (i = 1,2,···, 2n), Qnk (k = 
1,2, ... ,n) and Pn+1 satisfy 

for i = 1,2, ... ,2n, 

for i = 2k - 1, 2k, 

otherwise, 

(3.219) 

(3.220) 

The supercharge Qf (i = 1,2" .. , n) ~hanges not only the sign of Ai but also 

the sign of An+l' so that no supercharge connects Al ... An+l = + 1 states with 

Al ... An+l = -1 ones. Therefore, The degeneracy between the states with 

AI'" An+l = +1 and the states with AI'" An+! = -1 is not guaranteed, so 

that the 2n+l-fold degeneracy is not ensured. 

Since Qfk-l = -iQfkQnk for k = 1,2"", nand 

Q~k-l'PE;A!, .. ,A,.(X) = -iAkQ~k'PE;AI,' .. ,An(X) ex: 'PE;Al, .. ·,-Ak," .. ,-An(X) 

(3.221) 

for k = 1,2, ... ,n, the 2n-fold degeneracy for E > 0 states is ensured. This re­

sult can also be obtained from an algebraic point of view; for fixed nonzero en­

ergy E, Qf / JE for i = 1,2, ... , 2n form the Clifford algebra in 2n-dimensions, 

and the representation is known as 2n. The Pn+1 is regarded as a "fermion" 
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number operator (-l)F in the type I connection conditions. For Un (a), since 

the Pn+l , in general, is not physical, the degeneracy for E > 0 is 2n. 

The zero energy states satisfying Qf<po(x) = 0 are formally 

(3.222) 

The zero energy states trivially satisfy the half of the connection conditions 

(3.215). Under the singular unitary transformation (3.108), the remaining 

connection conditions (3.214) can be written by eqs. (3.176)-(3.179), and the 

zero energy states become 

(3.223) 

Let us first discuss the case of UI ( +) (Ur ( - )). We note that the connec­

tion conditions (3.214) do not yield nontrivial conditions for the states with 

AI'" An = +1 (AI'" An = -1), while the other connection conditions (3.215) 

are automatically satisfied due to VB<po(X~ = O. On the other hand, we must 

check whether the states with Al ... An = -1 (AI'" An = + 1) satisfy the con­

nection conditions (3.176), (3.177) or not. It is obviously impossible because 

of the exponential factor in the solution. Hence the degeneracy for the zero 

energy states for the case of Ur(±) is given by 2n - l , and the supersymmetry 

is unbroken. We have seen that once we determine the connection conditions 

UI (±), the state with AI' .. An = ±1 can satisfy the connection conditions. 

For the type II connection conditions, the zero energy states (3.223) are 

found to be inconsistent with the connection conditions (3.178), (3.179), so 

that there are no vacuum states with zero energy. There is, however, an 

exception. If the following relation is satisfied 

al = 1, (3.224) 
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all the states (3.223) accidentally become supersymmetric vacuum states com­

patible with the connection conditions (3.179), then, the degeneracy is 2n. 

Hence, for the type II connection conditions, supersymmetry is spontaneously 

broken except for the above case. Note that if a2 = 0, the supercharge Qfn+l 

becomes physical, therefore the supersymmetry is enhanced to the N = 2n + 1 

supersymmetry, which is same as the type B model in the previous section. 

The fermion number operators can be defined as 

(_1)F = Qnl ... Qn
n 

(_1)F = Pn+1 

for Ur(±) or Un(a), 

for Ur(±) or Un(al = ±1). 

For U1(±), the Witten indices of Qnl ... Qnn and Pn+1 are given by 

~W;9nl ... 9nn = ±2n
-

1
, 

A 2n-1 
LlW;Pn +l = , 

(3.225) 

(3.226) 

(3.227) 

(3.228) 

where the double sign in eq. (3.227) correspond to the double sign in the 

Ur(±). Let us comment on the special case of UII(a) with al = 1, where we 

have the zero energy states. We note that the supersymmetry is enhanced to 

the same N = 2n + 1 supersymmetry even in the special case of al = 1 as that 

in the previous section. 

The N = 2n supercharges Qf, ... , Qfn-l' Qfn+l form the N = 2n superalgebra 

if the V'(x) are assumed to obey (3.33). The characteristic matrix U is again 

given by (3.191),(3.192). The connection conditions become 

(I2n+1 - U)If:><p = 0, 

(I2n+1 + U)If:>VB<p = O. 

(3.229) 

(3.230) 

In this model, Qnk (k = 1,2, ... , n-1) and QPn Pn+1 are physical and commute 

with HB. Since these operators commute with each other, we can introduce 
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simultaneous eigenfunctions of H B, 9nk (k = 1,2"", n - 1) and 9Pn Pn+1 

such that 

HB<pg)'l .. , >..' (x) , , , n E<PE;Al, ... ,A~ (x), (3.231) 

9nk <P E;)o1 , .. ·,A~ (x) )..k<PE;Al,. .. ,A~ (x), k = 1,2,··" n - 1, 

(3.232) 

(9Pn Pn+1 ) <PE;Al, .. ·,A~ (x) )..~<PE;Al,. .. ,A~ (x). (3.233) 

Since 

9nkQf { -Qi'9", for k = 2i - 1, 2i, 
(3.234) 

+Qf9n k otherwise, 

(9pnPn+d Qf -Qf (9Pn Pn+1) (3.235) 

and Qfk-l = -iQfk9nk for k = 1, 2, ... , n - 1, we have the relations 

Qfk-l <P E;Alo' .. ,A~ (x) = -i)..kQfk<P E;>"lo' .. ,N",(X) ex <P E;Alo' .. ,-Ako''',->..:'' (x), 

Qfn-l<PE;>"l,. .. ,AdX ) ex <PE;>"l,. .. ,->..dx), 

Qfn+l <PE;>"lo' .. ,Adx ) ex <PE;Al,. .. ,-A~ (x). 

k = 1,2, .. . ,n - 1, (3.236) 

(3.237) 

(3.238) 

Then, the degeneracy of the spectrum for E > 0 is given by 2n. This result 

can also be obtained from an algebraic point of view; for fixed nonzero energy 

E, Qf /v'E for i = 1,2,,'" 2n - 1,2n + 1 form the Clifford algebra in 2n­

dimensions, and the representation is known as 2n. 

The zero energy states are given by solving 

VB<po(x) = [( Rl .. , Rn+l d:) -Pn+1 (Rl '" Rn+l V'(X))] <PO;Al,. .. ,A~ (x) = O. 

(3.239) 

The solutions are formally written by 
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The zero energy states trivially satisfy the half of the connection conditions 

(3.230). Under the singular unitary transformation (3.108), the remaining 

connection conditions (3.229) become eqs. (3.206)-(3.209), and accordingly, 

the zero energy states (3.240) become 

VrpO;AI '''A~ (x) 

NA"A~ (g 1+ ~k1?k) {C +2'R,.) + A~ C -21?n)} eVlx ) 

(3.241 ) 

We first consider the case of Ur( +) (Ur( -)). The zero energy states with 

A~ = +1 (A~ = -1) can satisfy the connection conditions (3.229), (3.230) 

because the connection conditions (3.229) do not yield nontrivial conditions 

for the states with A~ = +1 (A~ = -1), and the connection conditions (3.230) 

are automatically satisfied due to VBrpo(x) = O. On the other hand, the states 

with A~ = -1 (A~ = + 1) do not satisfy the connection conditions (3.206), 

(3.207). Hence, the degeneracy of the zero energy states for the case is given 

by 2n-\ and the supersymmetry is unbroken. 

For the case of Un(a), the zero energy states (3.241) do not satisfy the 

connection conditions (3.208), (3.209) with one exception. If 

(3.242) 

all the states (3.241) accidentally become supersymmetric vacuum states com­

patible with the connection conditions (3.209), then, the degeneracy is 2n. 

Thus, for the type II connection conditions, the supersymmetry is sponta­

neously broken except for the above case. 

The fermion number operator can be introduced as 

(3.243) 
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For Ur(±), the Witten indices of Qp"Pn+1 and Pn+l are given by 

(3.244) 

(3.245) 

where the double sign in eq. (3.244) correspond to the double sign in the 

Ur(±). For Un(a), the Witten index of QPn Pn+1 vanishes because the zero 

energy states do not exist. Let us comment on the special case (3.242), where 

we have the zero energy states. We note that the supersymmetry is enhanced 

to the same N = 2n + 1 supersymmetry in the special case as that in the 

previous section. 
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Chapter 4 

Supersymmetry and the higher 

dimensional gauge theories 

4.1 Supersymmetric structure in the higher 

dimensional gauge theories 

In the previous chapters, we study supersymmetric quantum mechanics. In 

this section, we show that an N = 2 supersymmetric structure is hidden in 4d 

mass spectrum of any gauge invariant theories with compact extra dimensions 

without a boundary. We should notice, to avoid confusion, that the N = 2 

supersymmetric structure can be seen for mass eigenfunctions appearing in 

the mode expansion of gauge fields, rather than a symmetry of the action. We 

can introduce N = 2 supercharges, that make a mass eigenfunction associated 

with a 4d vector boson transform into a mass eigenfunction associated with a 

4d would-be Nambu-Goldstone boson, and vice versa, which can be absorbed 

into the longitudinal mode of the 4d vector boson. 
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To this end, we consider a (4+ D)-dimensional abelian gauge theory with a 

weight function. The (4+ D)-dimensional metric is assumed to be of the form 

(4.1) 

The (4+D)-dimensional coordinates are denoted by x M = (xJ.L, yi), where 

xJ.L (~l = 0,1,2,3) are the 4-dimensional coordinates and yi (i = 1,2,···, D) 

are the extra D-dimensional coordinates. The rJJ1-V is a 4d Minkowski met­

ric with rJJ.LV = diag( -1,1,1,1), and W(y) and gij(y) are assumed to depend 

only on the coordinates yi. We note that for D = 1 and W(y) = ~klyl with 

g55(y) = e4W(y), the metric reduces to the warped metric discussed by Randall 

and Sundrum[5]. The action we consider is 

s J d4
xLK 

J d4x J dDyJ -c3..(y) { _lCMM' CNN' FA--INFM'N'} , 

where 3..(y) is a weight function depending on yi and 

For our purpose, it is convenient to rewrite LK into the form 

J D ( ) { 1 M M' N N' } LK = d YV9~ y -4g 9 FMNFM'N', 

where 

( 
rJJ.LlI 0 ) 

gMN(y) = 0 gij(y) , 

g(y) = detgij(y), 

~(y) = 3..(y)e-2W(Y). 

(4.2) 

(4.3) 

( 4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

Thus, the system becomes identical to that of the gauge theory with the metric 

(4.10) 
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and the weight function ~(y). 

In a viewpoint of the extra D-dimensions, the 4-dimensional gauge fields 

AIL(x, y) are regarded as 0 forms, while the extra D-dimensional components 

A(x, y) are regarded as a 1 form, so that we may write 

(4.11) 

Here, the exterior derivative d is defined by d = dyiOi with respect to the 

coordinates on the extra dimensions. As was done in the previous section, we 

introduce the inner product for k forms as 

( (k) (k)) 1 JdD r:r::\( )A( ) ( ) ( ) id1() iklk() 'T/ ,w b. = k! yvg~y)UY'T/il· .. ikYWjl .. -jkyg y ... g y. 

It turns out that .LK can be written into the form 

.LK = -~ (oILAv - ovAIL' OIL All - OV AIL)b. 

-~ (dA - 0 A(l) dAIL - OIL A(1)) 2 j.L IL , b. 

-~ (dA(l) dA(l)) . 
2 ' b. 

As proved in Appendix, 0 forms AIL(x, y) can be expanded as1 

AIL(x, y) - AIL,o(x)'T!(O) + L.'Aj.L,no(x)W~~(Y) 
no 

- A (x)'T/(O) + L.,Aj.L,no(x) dt¢/l)(y) j.L,0 (0) no' 
no mno 

where 

'T/(O) (J ) -1/2 dDyJ9~ 

dtdw(O) - (m(0))2w(0) 
no no no' 

ddtqP) -no (m(0))2qP) 
no no' for m(O) =J. 0 

no ' 

1 We have used the fact that the Oth Betti number bo is equal to 1. 
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(4.12) 

( 4.13) 

( 4.14) 

(4.15) 

(4.16) 

(4.17) 



and 
W(O) = _l_dt ,.1,(1) 

no (0) 'f'no 
mno 

or ,.1,(1) = _l_dw (O) 
'f'no (0) no . 

mno 
(4.18) 

Since A(l)(X, y) = Ai(x, y)dyi is a 1 form, it can be expanded as 

f= <pp(X)17~l)(y) + L'<I>n\~~) dtcjJ~2:(y) + L'hno(~~) dw~~)(y), 
p=l nj mn1 no mno 

(4.19) 

where b1 is the 1st Betti number and 

d-r/1) = 0 = dt rP) 
'Ip "p , 

and 

for 

p = 1,2"", b1 , ( 4.20) 

(4.21) 

( 4.22) 

(4.23) 

It is now clear that the N = 2 supersymmetric structure discussed in the 

previous section can be seen in the mode expansion of the gauge fields. The 

mass eigenfunction w~~ and cjJ~~ associated with the 4d vector Aj.L,no (x) and 

the (would-be Nambu-Goldstone) boson hno(x), respectively, obey the N = 2 

supersymmetric quantum mechanics. They transform into each other by the 

action of the N = 2 supercharges and hence form a supermultiplet, i.e. 

wno _ (0) 2 Wno 
( 

(0») ( (0») 
H cjJ~~ - (mno ) cjJ~~ , 

Wno _ (0) 

( 
(0») ( 0 ) 

Q1 0 - mno cjJ~~ , 

Wno _. (0) 

( 
(0») ( 0 ) 

Q2 0 - 'lmno cjJ~~ , 
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( 4.24) 

Q1 ( ¢~~ ) = m~ ( w;1 ), (4.25) 

Q2 ( ¢~~ ) ~ -im~~ ( wt~ ) , 
(4.26) 



where 

( 4.27) 

(4.28) 

We note that the mass eigenfunction w~~ correspond to 4d vector boson 

AJl,no (x) and hence the mass spectrum of the 4d vector bosons is governed 

by the above N = 2 supersymmetric quantum mechanics. 

Inserting the mode expansions (4.14) and (4.19) into the Lagrangian £K 

and using the orthogonal relations of the eigenfunctions, we have 

1 2 -4 (FJlv,o(x)) 

+ 2:' [-~ (F~w,no (X))2 - (m;~)2 (AJl,no (x) - ~o) oJlhno (X)) 2] 
no mno 
1 bl 

-22: (OJl<pp(X))2 
p=l 

+ r [-~ (8"<pn , (x))' - (m;~)' (<pn,(x ))'], (4.29) 

where 

( 4.30) 

Therefore, we conclude that in a 4-dimensional point of view, the field contents 

of the model are given as follows: A~L,O is a massless gauge field. Aj.L,no are 

massive vector bosons with mass m~~. hno are would-be Nambu-Goldstone 

bosons and can be absorbed into the longitudinal modes of Aj.L,no' <pp (p = 

1,2, ... ,bt) are massless scalars and cannot be gauged-away. They could play 

a role of Higgs fields for non-abelian gauge theories[68]. <Pnl are massive scalars 

with mass m~l{. The origin of the scalar fields <pp and <Pnl are the extra 

dimensional components of the gauge fields. 
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We finally make comments on some previous works related to this section. 

Howe et al.[69] discussed an N = 2 world line supersymmetry for a relativis­

tic spin N /2 particle and succeeded to present field equations for massless and 

massive antisymmetric tensors in arbitrary space-time dimensions. The N ,= 2 

worldline supersymmetry seems to have some connections to the N = 2 su­

persymmetry found in this paper, but a direct relation between them is not 

clear. Shaposhnikov and Tinyakov[l] considered a gauge invariant theory with 

a noncom pact extra dimension with a weight function depending on the ex­

tra dimensional coordinate and observed that mass eigenfunctions for Ap.(x, y) 

satisfy a similar equation to eq. (4.16). They, however, missed the full super­

symmetric structure, since they worked on the gauge A5 (x, y) = o. Although 

we found an N = 2 quantum-mechanical supersymmetry in the spectrum of 

gauge fields, a similar N = 2 supersymmetric structure has already been found 

in the spectrum of spinor fields. Jackiw and Rebbi[70J showed that a dynami­

cal localization of a chiral fermion can occur in a nontrivial soliton background 

and that mode functions for left-handed and right-handed spinors are governed 

by an N = 2 supersymmetric quantum mechanics, though they did not use 

the word "supersymmetry". Arkani-Hamed and Schmaltz[71] considered a five 

dimensional fermion coupled to a background scalar that has the dependence 

on the extra dimensional coordinate and explicitly constructed a Hamiltonian 

and N = 2 supercharges that form an N = 2 supersymmetry algebra. The 

connection between the de Rham cohomology and the quantum mechanical 

superalgebra was argued by R.P. Malik in the context of noncommutative 

geometry[72]. 
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4.2 Supersymmetry on the action 

In the previous section, we showed that a quantum-mechanical N = 2 su­

persymmetry is hidden in 4d mass spectrum of any gauge invariant theories 

with extra dimensions, but whether the whole action possesses the quantum­

mechanical supersymmetry is not addressed. In this section, we show that the 

higher dimensional gauge theory possesses the quantum-mechanical supersym­

metry and the supersymmetry, namely the property that the action is invariant 

under the transformations whose generators are the N = 2 supercharges, is a 

part of the higher dimensional gauge symmetry. 

Let us consider a 4 + I-dimensional Abelian gauge theory on a curved 

space-time. The metric is assumed to be of the form 

The action we consider is 

J 4 J ~ ( 1 MM' N N' ) J 4 J s= d x dyy-g -4g 9 FM'N,FMN = d x dy £, 

where 

gM N = l;.(y)' (ry~" ~) - l;.(y J'ryM N, 

FMN(X, y) = 8M A N (x, y) - 8N A M (x, y). 

We impose a gauge fixing conditiion 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

( 4.35) 

where ~ denotes an arbitrary constant. The indices are raised and lowered with 

rtMN. We decompose the 4d component of gauge field into the longitudinal 

mode and transverse one, 

( 4.36) 
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with 8 11 A~ = 0, so that the lagrangian can be written as 

.c = ~~(AY, p) ( 8118
11 

0 ) ( Ay ) _ ~~(AY, p)H ( Ay ) 
2~ 0 811811 P 2 p 

+~AI1T(8 8// + ~ -if) ~f) )AT (4.37) 2 // y YI1' 

where 

(4.38) 

( 4.39) 

Here, we assumed that the surface terms vanish. Note that the lagrangian 

(4.37) can also be obtained by adding a gauge fixing term to the original 

lagrangian 

£CF ~ -~~(y)~ (8" A" + ~~ ay~AY) 2, 

instead of the gauge fixing condition (4.35). 

( 4.40) 

The lagrangian (4.37) is invariant under the supersymmetry transformation 

( ; ) ~ ( 7 ) ~ e"Q ( ; ) , (4.41) 

( 
0 iOy ) 

Q = i~-18y~ 0 
( 4.42) 

with Q2 = H, because of [Q, H] = O. Here, e is a bosonic parameter and the 

gauge fixing condition is also invariant under the supersymmetry transforma­

tion using the equation of motion. 

The infinitesimal supersymmetry transformations are given by 

bAy = -efi,8yp, 

1 1 
5p = - ~e ~ 8y~Ay. 
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( 4.44) 



These transformations can be written as 

( 4.45) 

by using the gauge fixing condition (4.35). The transformation can be re­

garded as a part of the 5d gauge transformation. Thus, we can define the 

supersymmetry transformation of matter fields in any gauge invariant theories 

with matter fields. 
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Chapter 5 

Extra dimensions with 

boundaries 

5.1 Boundary conditions and supersymmetry 

In this section, we extend the previous analysis to extra dimensions with 

boundaries. In this case, we have to impose boundary conditions at the 

boundaries. The criteria of obtaining a possible set of boundary conditions 

are, however, less obvious. For instance, the Dirichlet boundary conditions 

are used in Higgsless gauge symmetry breaking scenario[2, 3],[27J-[38], but the 

boundary conditions break 4d gauge symmetries explicitly. Thus, it is not 

clear whether such boundary conditions lead to consistent gauge theories. Re­

cently, a criterion to select a possible set of boundary conditions has been 

proposed in ref. [27J. The authors require the boundary conditions to obey 

the least action principle. Since the requirement does not, however, rely on 

gauge invariance directly, it is still unclear that such boundary conditions lead 
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to consistent gauge theories. Since gauge symmetry breaking can occur via 

boundary conditions, it is important to clarify a class of boundary conditions 

compatible with higher-dimensional gauge invariance. 

In the following, we discuss how to obtain a possible set of boundary condi­

tions compatible with gauge invariance from a supersymmetry point of view. 

To this end, let us consider a 4+1-dimensional abelian gauge theory on an 

interval 

(5.1) 

with a non-factorizable metric 

(5.2) 

The metric reduces to the warped metric discussed by Randall and Sundrum[5J 

when g55(Y) = 1 and W(y) = ~kIYI. Another choice of g55(Y) = e-4W(y) leads 

to the model discussed in ref. [2, 3J, in which a hierarchical mass spectrum 

has been observed. 

In order to expand the 5d gauge fields Att(x, y) and A5 (x, y) into mass 

eigenstates, we follow the discussions in Section 3 and consider the supersym­

metric Hamiltonian, 1 

( 

__ 1_8 e-4W 8 
H = Q2 = .,f§55 ~.,f§55 Y o ) 

-8 -1-8 e-4W 
, 

Y.,f§55 Y.,f§55 

which act on two-component vectors 

I\II) = ( f(y) ) . 
g(y) 

------------------------

(5.3) 

(5.4) 

(5.5) 

1 Here, we have represented Hand Q in terms of the differential operator Oy, instead of 

d and dt , so that they act on functions rather than forms. 
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The inner product of two states IWI) and IW2) is defined by 

(5.6) 

To obtain consistent boundary conditions for the functions f (y) and g(y) in 

I'll), we first require that the supercharge Q is hermitian with respect to the 

inner product (5.6), i.e. 

(5.7) 

It turns out that the functions f(y) and g(y) have to obey one of the following 

four types of boundary conditions2 : 

i) 

ii) 

iii) 

iv) 

g(O) = g(L) = 0, 

f(O) = f(L) = 0, 

g(O) = f(L) = 0, 

f(O) = g(L) = O. 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

We further require that the state Qlw) obeys the same boundary conditions as 

I'll), otherwise Q is not a well defined operator and "bosonic" and "fermionic" 

states would not form supermultiplets. The requirement leads to 

ayf(O) = ayf(L) = 0 for i), (5.12) 

( -4W ) ( -4W ) 
ay ~g (0) = ay ~ 9 (L) = 0 for ii), (5.13) 

ayf(O) = ay _e _g (L) = 0 ( -4W ) 

y'955 
for iii), (5.14) 

( -4W ) ay ~g (0) = ayf(L) = 0 for iv). (5.15) 

2If we allow 1(L) (g(L)) to be connected with 1(0) (g(O)), we have a one parameter 

family of the boundary conditions[59, 61, 62]: 

( 
-4W ) ( -4W ) 

sinO 1(0) - coso 1(L) = cosO ~g (0) - sinO ~g (L) = O. 
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Combining the conditions (5.8)-(5.11) together with (5.12)-(5.15), we have 

found the four types of boundary conditions compatible with supersymmetry, 

Type (N, N) : { 8yf(0) = 8yf(L) = 0, 
g(O) = g(L) = 0, 

{ 
f(O) = f(L) = 0, 

TeD D : 
yp ( ,) 8 (e-4W 

) (0) = 8 (e-4W 
) (L) = ° 

y V955 9 y ..j9s5 9 , 

{ 
8yf(0) = f(L) = 0, 

TeN D : 
yp ( ,) (0) = a (e- 4W 

) (L) = ° 9 Y..j9s5g , 

{ 
f(O) = 8yf(L) = 0, 

TeD N : 
yp (,) 8y (e;;g) (0) =g(L) =0. 

(5.16) 

(5.17) 

(5.18) 

(5.19) 

It follows that the above boundary conditions ensure the hermiticity of the 

Hamiltonian, i.e. 

(5.20) 

Therefore, we have succeeded to obtain the consistent set of boundary condi­

tions that ensure the hermiticity of the supercharges and the Hamiltonian and 

also that the action of the supercharge on I w) is well defined. Since the super­

symmetry is a direct consequence of higher-dimensional gauge invariance, our 

requirements on boundary conditions should be, at least, necessary conditions 

to preserve it. It turns out that the boundary conditions obtained above are 

consistent with those in ref. [27], although it is less obvious how the require­

ment of the least action principle proposed in ref. [27] is connected to gauge 

invariance. We should emphasize that the supercharge Q is well defined for 

all the boundary conditions (5.16)-(5.19) and hence that the supersymmetric 

structure always appears in the spectrum, even though the boundary condi­

tions other than the type (N ,N) break 4d gauge symmetries, as we will see 

below. 

From the above analysis, the 5d gauge fields A~(x,y) and A5 (x,y) are 
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expanded in the mass eigenstates as follows: 

n 

n 

(5.21) 

(5.22) 

where fn(Y) and gn(Y) are the eigenstates of the Schrodinger-like equations 

1 -4W e 2 
- ;n,:;By J'fCByfn(Y) = mnfn(Y), 

y g55 Y g55 
(5.23) 

1 -4W e 2 
-By ;n,:;By ;n,:;gn(Y) = mngn(y) 

y g55 Y g55 
(5.24) 

with one of the four types of the boundary conditions (5.16)-(5.19). Since the 

massless states are especially important in phenomenology, let us investigate 

the massless states of the equations (5.23) and (5.24). Thanks to supersym­

metry, the massless modes would be the solutions to the first order differential 

equation Qlwo) = 0, i.e. 

Byfo(Y) = 0, 

( 
-4W ) 

ay ~go(Y) = 0. 

The solutions are easily found to be 

fo(Y) = c, 

go(Y) = c'e4W(y)vg55(Y), 

(5.25) 

(5.26) 

(5.27) 

(5.28) 

where c and c' are some constants. We should emphasize that the above 

solutions do not necessarily imply physical massless states of AM,o(x) and ho(x) 

in the spectrum. This is because the boundary conditions exclude some or all 

of them from the physical spectrum. Indeed, fo(Y) ((go(Y))) satisfies only the 

boundary conditions of the type (N,N) (type (D,D)). Thus, a massless vector 

AM,o(x) (a massless scalar ho(x)) appears only for the type (N,N) (type (D,D)) 

boundary conditions. This implies that the 4d gauge symmetry is broken 

except for the type (N,N) boundary conditions. 
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Let us next discuss geometrical meanings of the boundary conditions. To 

this end, it is convenient to rewrite the equations (5.23) and (5.24) into a famil­

iar form of the N = 2 supersymmetric quantum mechanics. Reparametrizing 

the coordinate y such that 

(5.29) 

where W(Y) = W(y(Y)), we can rewrite the equations (5.23) and (5.24) into 

the form 

where 

-Vy'Dyin(Y) = m~in(Y)' 

-'DyVy9n(Y) = m~9n(Y)' 

eW(ij) in(Y) = fn(Y), 

e
3W

(ij) V 955(Y)9n(Y) = 9n(Y), 

'Df} = of} + W'(y), 

Vy = of} - W'(Y). 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.34) 

(5.35) 

Here, the prime denotes the derivative with respect to y. The Hamiltonian 

and the supercharge can be written, in this basis, as 

H = fi = ( -Vy'Df) 0 _ ) 
o -'Df}'Df} 

= ( -o~ - W"(yo) + (W,(Y))2 0 ) 
-o~ + W"(Y) + (W,(Y))2 ' 

(5.36) 

(5.37) 

These expressions are nothing but the N = 2 supersymmetric quantum me­

chanics given by Witten[63J, and W(Y) is called a superpotential. In this basis, 
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the boundary conditions (5.16)-(5.19) become 

T e (N, N) : { 1'(iJo) + W'(iJo)j(iJo) = 1'UlL) + W'(YL)jUh) = 0, 
yp - (-) - (-) 0 9 Yo = 9 YL = , 

(5.38) 

T (D D) . { j(iJo) = j(iJL) = 0, (539) 
ype , . g'(yo) - W'(Yo)g(yo) = g'(yd - W'(iJL)g(iJd = 0, . 

T e (N, D) : { 1'(iJo) + W'(iJo)j(iJo) = j(iJL) = 0, (5.40) 
yp g(iJo) = g'(iJL) - W'(ydg(iJd = 0, 

T e (D, N) : { j(iJo) = j'(YL) + W'(iJL)j(YL) = 0, (5.41) 
yp g'(iJo) - W'(Yo)g(yo) = g(YL) = 0, 

where Yo = y(y = 0) and YL = y(y = L). For the Dirichlet boundary conditions 

of j(iJ) = 0 and g(iJ) = 0 at y = Yo, YL, we can interpret them as the existence 

of rigid walls at the boundaries. For the other boundary conditions of l' (iJ) + 
W'(iJ)j(y) = 0 and g'(y) - W'(y)g(y) = 0 at y = Yo, YL, we can also interpret 

them as the existence of delta function potentials at the boundaries. Since for 

a delta function potential a localized (bound) state can appear, the low energy 

spectrum will have interesting properties for a non-trivial function W(iJ)[2, 3, 

46]. 

Before closing this section, it is instructive to investigate 5d gauge invari­

ance in non-abelian gauge theories. Let 0 and H be a non-abelian gauge 

group and its subgroup, respectively. We consider the situation that the 4d 

gauge symmetry 0 is broken to H via boundary conditions. We denote the 

generators of 0, H and OJ H by {TI}, {Ta} and {Tit}, respectively. The 4d 

gauge symmetry breaking of 0 -+ H may be realized by imposing the type 

(N,N) boundary conditions on the gauge fields AN1(X, y), which correspond to 

the unbroken generators of H, and one of the other boundary conditions on 

AiI(X, y), which correspond to the broken generators of OJ H. 
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Infinitesimal gauge transformations will be given by 

(5.42) 

where 9 is the 5d gauge coupling constant and jIll{ are the structure constants 

of G. The boundary conditions for the gauge parameters cI (x, y) should be 

taken to be the same as A~(x, y). This requirement comes from the consistency 

with the inhomogeneous terms in eq. (5.42). In order for the 5d gauge invari­

ance under the transformations (5.42) to preserve, the homogeneous terms on 

the right-hand-side of eq. (5.42) have to obey the same boundary conditions 

as A~J(x, y). Then, it turns out that this is the case provided that[83, 84] 

(5.43) 

Although the above conditions are not, in general, satisfied for arbitrary choice 

of G and H, they can be realized, for instance, if the Z2 parity for the gener­

ators of G are assigned as 

P(Ta
) = +Ta

, 

P(Ta) = _TO.. 

(5.44) 

(5.45) 

It is interesting to note that this happens for gauge symmetry breaking via 

Z2-orbifolding[40]-[44]. Thus, we have found that the 5d gauge invariance is 

preserved under the infinitesimal gauge transformations (5.42) with the con­

ditions (5.43), even though the 4d gauge symmetry G is broken to H in the 

4d effective theory. 

5.2 A model with a large mass hierarchy 

In this section, we propose a mechanism of Higgsless gauge symmetry breaking 

with a large mass hierarchy. Hidden supersymmetry discussed in the previous 

analysis is an important role in this mechanism. 
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5.2.1 A mechanism to obtain a large mass hierarchy 

Let us consider one-dimensional quantum mechanics on a circle Sl (-l < y :::; 

l) with two point singularities put at y = 0 and l, and start with the following 

y=l 

y=Q 

Figure 5.1: a circle Sl( -l < y :::; l) with two point singularities at y = 0 and l. 

Hamiltonian: 

H = - d~2 + (W'(y))2 - PW"(y), (5.46) 

where a prime denotes the derivative with respect to y, and P is the parity 

transformation defined by 

P : r.p(y) - Pr.p(y) = r.p( -y). 

The Hamiltonian forms the N = 2 superalgebra [63] 

with the supercharges [59]-[62] 

Q1 - -P :y + W'(y), 

Q2 i d~ - iPW'(y), 
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(5.48) 

(5.49) 

(5.50) 



provided that vV'(y) is an odd function of y, i.e. 

W'( -y) = -vV'(y). (5.51) 

We should stress that to solve the eigenvalue problem 

(5.52) 

the setting given above is insufficient. Since we put singularities at y = 0 and 

l, there are no reasons that wavefunctions as well as W'(y) are smooth at the 

singularities, so that we should allow rpn (y) and W' (y) to have discontinuities 

there. Therefore, to complete the setting of our model, we need to impose 

Be's at the singularities. For Be's to be consistent with supersymmetry, we 

require Hand Qa(a = 1,2) to be hermitian with respect to the inner product 

(fIg) = 10
- dyf*(y)g(y) + (L dyf*(y)g(y), 

-1+ Jo+ 
(5.53) 

where o± == ° ± c and ±l'f = ±l =f c with an infinitesimal positive constant 

c. Possible Be's that make the Hamiltonian hermitian are parameterized, in 

general, by the group U(4).3 The further requirement that the supercharges 

are hermitian puts severe restrictions on allowed Be's. In fact, there are only 

four types of Be's, [59]-[62]4 which are found to be consistent with the parity 

transformation, given by 

Type I Be's : rp~(O+) + W'(O+)rp+(O+) = 0 = rp_(O+), 

rp~(L) + W'(L)rp+(L) = 0 = rp_(L), 

Type II Be's rp~(O+) + W'(O+)rp+(O+) = 0 = rp_(O+), 

rp+(L) = 0 = rp'--(L) - W'(L)rp_(L), 

(5.54) 

(5.55) 

where rp+(y) (rp_(y)) denotes a parity-even (odd) function of y. The other 

two Be's can be obtained by the replacement of rp+ f-> rp_ in eqs.(5.54) and 

3In the case of a point singularity, allowed BC's are shown to be specified by U(2) [57]. 
4If we allow <p(O±) and <p'(O±) to be connected with <p(±l'f) and <p'(±l'f)' we have a two 

parameter family of BC's [59]-[62]. 
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(5.55). It should be noted that the type I Be's reduce to the ordinary Be's for 

smooth parity eigenfunctions when W'(O+) = W'(L) = 0; otherwise, some of 

the functions 'P±(Y) and <p~(y) will have discontinuities at y = 0 and l. Since 

the parity operator P commutes (anticommutes) with H (Qa),5 the energy 

spectrum is found to be doubly-degenerate between <p+,n and <P-,n (except for 

zero energy states). For appropriately normalized eigenfunctions, we will have 

the relations 

(5.56) 

Similar relations hold for Q2. The analysis of zero energy solutions needs 

some care. The fact that the functions <P±,o(y) ex exp {=FW(y)}, which are 

normalizable, satisfy H <P±,o(y) = 0 does not necessarily imply the existence of 

zero energy solutions. In fact, only 'P+,o(Y) ('P-,o(Y)) is a zero energy solution 

for the model with the type I Be's (the type I Be's with the replacement of 

'P+ f-t 'P-), and there are no other zero energy solutions at all. This is because 

other solutions do not match with the desired Be's, so that they have to be 

eliminated from the spectrum. 

For later use, it is convenient to rewrite the equations (5.52) in a different 

basis such that 

where 

e±W(y) 'P±,n (Y), 

e'f2W(y) . 

In this basis, the Be's (5.54) and (5.55) reduce to 

Type I Be's : X~(O+) = 0 = X-(O+), 

X~(L) = 0 = X_(L), 

(5.57) 

(5.58) 

(5.59) 

(5.60) 

5This implies that P can be regarded as the "fermion" number operator (-1)F[63J. 
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Type II BC's x~(O+) = 0 = X-(O+), 

X+(L) = 0 = X~(L). (5.61) 

It follows that X±(Y) simply obey either the Dirichlet or the Neumann BC at 

each singular point. The relations (5.56) are replaced by 

(5.62) 

To clarify characteristics of eigenvalues m; in eq.(5.52) or (5.57), let us 

examine a simple but still nontrivial example of the superpotential, W(y) = 

elyl, in some detail. Then, the eigenvalues and the associated eigenfunctions 

are found to be 

Type I model : 

0) m6 = 0 

iptypeI(y) = ~e-cIYI 
+,0 Y~' 

n) m~ = e2 + (nr r (n = 1, 2, 3, ... ) 

typeI( ) _ 1 . (nrrl I ) ip+,n Y - Jl S111 -l- Y - en , 

typeI( ) _ 1 . (nrr ) 
ip-,n Y - Jl S111 -Z-y , 

. nrr 
WIth tan en = d' 

Type II model: 

0) m6 = e2 
- K2 with K = etanh (Kl) 

{ 

VSinh(2Wl)-2KI sinhK(lyl-l) 

ip~,~eII(y) = y?z;(lyl-l) 
non 

{ 
V sinh (2~:;)-2KI sinh K y 

type II ( ) _ !3 
ip-,o y - V 2[3Y 

non 
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(5.63) 

(5.64) 

(5.65) 

(5.66) 

for cl > 1, 

for cl = 1, 

for cl < 1, 

(5.67) 

for cl > 1, 

for cl = 1, 

for cl < 1, 



(5.68) 

n) m; = e2 + k~ (n = 1,2,3", .) with kn = etan knl 

type II ( ) _ 2kn . 
<P+,n Y - 2knl _ sin (2k

n
l) S111 kn(IYI - l), (5.69) 

2k 
2knl - si: (2knl) sin kny· (5.70) 

The important observations of the above results are summarized as follows: 

For the type I model, a zero energy solution <p~,~eI appears as a localized 

state around a singular point, and the higher modes (KK modes) are doubly­

degenerate between <p%,~eI with eigenvalues m; = e2 + (nr) 2 for n = 1,2,3, .. '. 

On the other hand, for the type II model the lowest eigenvalue for cl » 1 is 

non-vanishing but 

(5.71) 

Thus, the eigenvalue is exponentially suppressed by the factor e-2cl
. This 

turns out to be a key ingredient of our gauge symmetry breaking with a large 

mass hierarchy, as we will see in the next section. The higher modes have 

eigenvalues e2+k~, so that the lowest eigenvalue is much lighter than the others. 

Thus, the type II model is a realization of the idea given by Shaposhnikov and 

Tinyakov. It should be noticed that for e < 0 there is no state with the mass 

squared (5.71) and thus that all masses are heavier than lei. In constructing 

phenomenological models, the lowest modes, which are massless for the type 

I BC's and are massive but much lighter than the others for the type II BC's, 

will survive at low energies. 

5.2.2 A toy model of GUT 

In this section, we have considered a 5D 8U(5) gauge theory with a single 

extra dimension of the orbifold 8 1/ Z2. This orbifold has singularities at fixed 

points, and thus we can impose nontrivial boundary conditions that make field 

101 



configurations discontinuous at fixed points. We can apply the mechanism 

discussed in previous section since gauge invariant theories possess N = 2 

supersymmetric structure shown in chapter 4. We present a toy model in 

which a large mass hierarchy of the spectrum naturally arises without fine 

tutunig. 

Let us consider an SU(5) gauge theory with a single extra dimension com­

pactified on the orbifold Sl / Z2, where Sl is a circle with -l < y ~ land Z2 is 

defined by y ~ -y. 

S = Jd4x r dy b.(y) {_~pa paMN} 
}Sl/Z2 4 MN 

_ Jd4x r dy b.(y) {_~pa pallV - ~F.a pa5V} , (5.72) 
}Sl/Z2 4 Ill' 2 5v 

where PtfN = aMAN - aNA~,'l + g5rbcA~[A~, and the rbc'B are the structure 

constants of the gauge group SU(5). The five-dimensional coordinates are de­

noted by xM = (Xll, y), where four-dimensional Lorentz indices are symbolized 

by Greek letters, e.g. p" /J = 0,1,2,3. The b.(y) is some weight function de­

pending on the fifth coordinate y. We assume b.(y) to be an even function with 

the form b.(y) = e-2W (y), and we will take W(y) = Malyi, as an illustrative 

example, later. Although we will not discuss the origin of the weight function, 

it may arise, for instance, in a way from compactification on 3-branes with the 

metric ansatz 

ds2 = b.(y)2 (TJllvdxlldxv - dy2) , 

6 or a dilaton background. [73, 74, 75J 

The orbifold projection on the gauge fields is given by 

(5.73) 

(5.74) 

6We note that the metric ds2 = e-4Molvl (7)J.LvdxJ.LdxV 
- dy2) resembles the warped metric 

dSks = e-2klvl7)J.LvdxJ.Ldxl/ - dy2, [5] but gives a quite different mass spectrum, as we will see 

below. 
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(5.75) 

where AM = ANITa (Ta's are the generators of SU(5)), and P is a 5 x 5 

matrix defined by P = diag(l, 1,1, -1, -1). The above orbifold projection 

implies that the gauge fields A~(x, y) belonging to the SU(3) x SU(2) x U(l) 

gauge symmetry are even functions of y, while the remaining gauge fields 

A~(x, y) are odd functions of y. On the other hand, the scalar components 

of the gauge fields have opposite parity; Ag(x, y) (A~(x, y)) are odd (even) 

functions of y. Thus, one might conclude that the SU(5) gauge symmetry is 

reduced to SU(3) x SU(2) x U(l) . This is, however, a hasty conclusion. 

The above setting of the orbifold model is not enough to get the mass 

spectrum in four dimensions. Most of the literature have tacitly assumed that 

field configurations are smooth at fixed points of orbifolds. It will, however, 

natural to allow field configurations to be discontinuous at fixed points since 

orbifolds are singular there. 7 Thus, we here impose nontrivial Be's discussed 

in the previous section at the fixed points y = 0 and l. 

We would like to have a model that exhibits a desired GUT symmetry 

breaking, i.e. 

SU(5) ~ SU(3) x SU(2) x U(l) ~ SU(3) x U(l)em' (5.76) 

where Me denotes a GUT scale on the order of 1016 GeV and Mw a weak 

scale on the order of 102 GeV. Let A~y(3)XU(1)em be the abbreviation of the 

gauge fields belonging to the unbroken gauge symmetry SU(3) x U(l)em, and 

1 t A
SU(5)/SU(3)XSU(2)XU(1) d A SU(2)xU(1)/U(1)em b th bb . t· f th e M an M e e a revla Ions 0 e 

gauge fields of the broken generators corresponding to SU(5) ---t SU(3) x 

SU(2) x U(l) and SU(2) x U(l) ---t U(l)em, respectively. The lowest modes of 

ASU(3)xU(1)em have to be massless and those of ASU(2)xU(1)/U(1)em which corre-
J.I. 'J.I.' 

spond to the W± and ZO bosons in the Standard Model, should have masses on 

7Some attempts [76, 77J to generalize orbifold models with discontinuities at fixed points 

have been made. 
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the order of Mw. On the other hand, all the modes of A~U(5)/SU(3)XSU(2)XU(1) 

are expected to have masses on the order of lVlc or heavier. It turns out that 

the above situation can be realized if the gauge fields of the unbroken sym­

metry SU(3) x U(l)em obey the type I BC's and the gauge fields belonging 

to the broken generators obey the type II BC's. The mode expansions of the 

gauge fields are given by 8 

00 

A~U(3)XU(1)em (x, y) _ 2:: A~~(3)XU(1)em (x) X~,~eI(y), (5.77) 
n=O 

00 

A~U(2)XU(1)/U(1)em(x,y) _ 2:: A~,~(2)XU(1)/U(l)em(x) X~,~eII(y), (5.78) 
n=O 

00 

A~U(5)/SU(3)XSU(2)XU(1)(X,y) _ 2:: A~~(5)/SU(3)XSU(2)XU(1)(X) X~,~eII(y), 
n=l 

(5.79) 

and 

00 

ASU(3)XU(1)em( ) 
5 x,y 

" ASU(3)XU(1)em ( ) 2W(y) typeI( ) 
L-, 5,n X e X-,n y, (5.80) 
n=l 

00 

ASU(2)XU(1)/U(1)em( ) 
5 x,y 

"ASU(2)XU(1)/U(1)em( ) 2W(y) )ypeII( ) 
L-, 5,n X e X-,n y, 
n=O 

(5.81) 
CXJ 

ASU(5)/SU(3)XSU(2)XU(1)( ) 
5 x,y 

"ASU(5)/SU(3)XSU(2)XU(1)( ) 2W(y) -type II ( ) 
L-, 5,n X e X+,n y, 
n=l 

(5.82) 

where X±,n(Y) are defined through eq.(5.58), and X±,n(Y) are also defined 

through eq.(5.58) with the replacement of W(y) -t -vV(y). It follows that all 

the massive modes are degenerate between AJI.,n and A5 ,n, and each massive 

mode of A5,n may be regarded as a super symmetric partner of the longitudi­

nal mode of AJI.,n- Since every A5,n mode is massive, there are no massless 4D 

scalars in our model. 

8Since the orbifold 51 jZ2 is given by modding out 51 under the parity reflection, the 

normalization of the eigenfunctions should be multiplied by J2. 
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Table 5.1: Z2 parity, BC's and mass spectrum: k n (kn ) for n = 1,2,3, ... are 

the solutions to k n = Me tan knl (kn = -Me tan knl). 

4D fields Z2 parity BC's mass spectrum 

ASU(3)XU(1)em type I 
rno = 0 

/-L,n + 
rnn = JM't; + (nn2 

A SU(2) x U(I)jU(I)em type II 
rno '" 2lvlee- Mal 

/-L,n + 
rnn = JM't; + k; 

A SU(5)j SU(3) xSU(2) x U(I) 
/-L,n type II rnn = J M't; + (knF 

ASU(3)XU(I)em 
5,n type I rnn = JM't; + (nr)2 

A SU(2) x U(I)jU(I)em type II 
rno '" 2Mee-Mal 

5,n 
rnn = JM't; + k; 

A SU(5)/SU(3)xSU(2) xU(I) 
5,n + type II rnn = JM't; + (knF 
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If we take fl.(y) = e-2MCiYi with .!VIe'"" 1016 GeV and Mel'"" 33, the low 

energy effective theory consists of ASU(3)XU(1)em(x) and ASU(2)XU(1)/U(1)em(x). 
f..!,O /-L,O 

The gauge fields ASU (3)XU(1)em(x) remain massless while ASU (2)XU(1)/U(1)em(x) 
f..!,O , f..!,O , 

which correspond to the VV± and ZO bosons of the Standard Model, acquire 

the masses on the order of 2.!VIee-Mcl '"" 102 GeV. The other modes get masses 

on the order of Me and decouple at low energies, as desired. 

The extension to orbifolds 8 1/(Z2 x ... x Z2) should be straightforward. 

One-dimensional quantum mechanics on 8 1 with 2N point singularities has 

been investigated from a supersymmetric point of vies. That analysis is equally 

applicable to orbifold models on 8 1 /(Z2 x· .. x Z2), as considered in this section. 

To construct a realistic model, we have to introduce fermions. In our 

approach, fermions can exist in the bulk. This is because nontrivial Be's at 

fixed points. Because in our model, low energy modes of gauge fields appear 

to be localized around fixed points, it is suggested that all the content of 

the Standard Model, except for the Higgs scalars, is given by localized modes 

around fixed points. We view the model given in this section as a step toward 

a realistic theory of GUT symmetry breaking without Higgs scalars. It would 

be interesting to explore orbifold models along the line discussed here. 

We finally comment on the question of unitarity violation in our model. 

The Higgs scalar in the Standard Model is necessary to ensure the unitarity 

of massive gauge boson scattering at high energies. [78J-[82J Witijout it, the 

scattering amplitude for the longitudinal components of the massive Wand 

Z bosons would increase with energy as '"" E2. It has been shown [27, 85, 86J 

that higher-dimensional gauge theories maintain unitarity in the sense that the 

terms in the amplitude that would grow with energy as '"" E4 or '"" E2 cancel, 

and there massive KK modes play the role of the Higgs scalar to ensure the 

unitarity. In our model, however, the tree-level unitarity should be violated at 
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the Te V scale, just as in the case of the Standard Model without a Higgs scalar, 

because the KK modes that could cancel the terms of the amplitude that 

increase with energy as rv E2 are too heavy ('" lvla) to have much influence 

before unitarity is violated. Therefore, our model becomes a strong coupling 

theory and is no longer a reliable perturbative framework at energies above the 

Te V scale. To make reliable calculations based on our scenario, additional low 

energy degrees of freedom are required in order to unitarize the amplitude.9 

9For instance, a scalar field existing at a boundary may rescue the low energy unitarity. 

[27] 
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Chapter 6 

Summary 

In this thesis, we have studied the quantum mechanical supersymmetry, and 

its application to the higher dimensional gauge theories. 

In section 3, we have studied in full detail the supersymmetry on a cir­

cle with 2n point singularities placed at regular intervals. The two types of 

N = 2n + 1 supercharges (type A and type B) are constructed in terms of the 

n + 1 sets of discrete transformations {Pk , Q k. Rd (k = 1, 2, ... , n + 1). The 

singularities can be described by the connection conditions in our formulation. 

We have found the connection conditions make all the supercharges physical, 

so that the N = 2n + 1 supersymmetry can be realized under the connec­

tion conditions. In our analysis, the connection conditions, under which an 

arbitrary subset of the N = 2n + 1 supercharges is physical and others are 

not physical, can be obtained. Thus, the N = 2n + 1 supersymmetry can be 

reduced to l\II-extended supersymmetry for any integer M < N due to the 

connection conditions. We have also studied the degeneracy of the spectrum 

in particular zero energy state in the N = 2n + 1 supersymmetric models and 

some N = 2n supersymmetric models as examples of the reduction of the su-
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persymmetry. The energy eigenfunctions can be labeled by the eigenvalues of 

the physical operators which commute with the Hamiltonian and each other. 

The degeneracy of the spectrum for the states with E > 0 have been obtained 

by discussing the transition of the labeled states under the action of the super­

charges. The analysis cannot apply for the states with E = O. This is because 

the zero energy states satisfy Qr..po = 0, that is, the transition does not occur. 

The zero energy states, however, satisfy the first order differential equation 

thanks to the supersymmetry, and the formal solutions can be obtained. We 

have checked whether the formal solutions satisfy the connection conditions or 

not. The degeneracy of the spectrum and the Witten index are summarized 

in table 6.1 and table 6.2. 

In chapter 4, we have investigated gauge invariant theories with extra di­

mensions and observed the quantum-mechanical N = 2 supersymmetric struc­

ture between 4d and extra-space components of gauge fields. The supersym­

metric structure manifests itself in their 4d mass spectrum and massless 4d 

modes are found to be the solutions to the first order differential equation 

Qlwo) = O. It is then clear that the massless modes possess distinct analytic 

properties from other massive modes, which obey the 2nd order differential 

equations. We also have shown that the higher dimensional gauge theory on 

the whole possesses the N = 2 quantum-mechanical supersymmetry and the 

supersymmetry is a part of the higher dimensional gauge symmetry. Thus, 

we can define the supersymmetry transformation of matter fields in any gauge 

invariant theories with matter fields. 

In chapter 5, we have discussed boundary conditions in gauge theories on 

extra dimensions with boundaries. In a gauge symmetry point of view, it is 

less obvious to obtain a possible set of boundary conditions consistent with 

gauge invariance because some of the boundary conditions explicitly break 4d 

gauge symmetries. On the other hand, in a supersymmetry point of view, 
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the requirement of 5d gauge invariance is replaced by the conditions that the 

supercharges are physical (hermitian and the action of the supercharges are 

well defined on a functional space with definite boundary conditions). The 

boundary conditions we obtained are consistent with 5d gauge invariance even 

if some of 4d gauge symmetries are broken via boundary conditions. We 

present a toy model in which a large mass hierarchy of the spectrum naturally 

arise without fine tuning. It would be interesting to explore orbifold models 

along the line discussed here. 

Table 6.1: degeneracy of the spectrum in the N = 2n + 1 supersymmetric 

models 
Type parameters degeneracy Witten index 

Type A 
b2 = 0 

E> lc2 2n+1 
and 2 

WI/(x) = 0 
E = lc2 2n for b1 = +1 ~W;Pn+l = 2n 

(W'(x) = c) 
2 0 for b1 = -1 (for b1 = 1) 

otherwise E> 0 2n 

2n for * 
E=O 0 

0 for otherwise 

Type B b2 = 0 E> 0 2n+1 

2n for b1 = +1 ~W;Pn+l = 2n 
E=O 

0 for b1 = -1 (for b1 = 1) 

otherwise E>O 2n 

E=O 0 0 

where * denotes V~~~; = e2W(lo-€). 
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Table 6.2: degeneracy of the spectrum in the N = 2n supersymmetric models 

Type Ur or Urr degeneracy Witten index 

a Ur(±) E> 0 2n 
D.W;Qnl ···Qnn = ±2n - 1 

E=O 2n - 1 
D.W;Pn+l = 2n

-
1 for W'(x) = 0 

Urr(a) E> 0 2n 

E=O 
2n for * 

0 
0 for otherwise 

b Ur(±) E> 0 2n 
D.w;QPn Pn+l = ±2n

-
1 

E=O 2n - 1 
D.W;Pn+l = 2n

-
1 for W'(x) = 0 

Urr(a) E> 0 2n 

E=O 0 0 

c Ur(±) E> 0 2n 
D.W;Qn1···Qnn = ±2n - 1 

E=O 2n - 1 D. - 2n - 1 
W;Pn+J -

Urr(a) E> 0 2n 

E=O 0 0 

d Ur(±) E>O 2n 
D.w;QPn Pn+1 = ±2n

-
1 

E=O 2n - 1 D. - 2n - 1 
W;Pn+l -

UII(a) E> 0 2n 

E=O 0 0 

where * denotes Jl-a3 = eW (lo-E)-W(ll+E) al = /1 - (a3)2 a2 = 0 
1+a3 ' " 
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Appendix A 

HODGE DECOMPOSITION 

THEOREM 

In this appendix, we give a simple proof of the Hodge decomposition theorem 

by use of the eigenfunctions of the differential operators dt d and ddt. 

Since dt d is a hermitian operator, the eigenfunctions will form a complete 

set. Thus, any k form A (k) can be expanded as 

where 

0, 

(m (k) )2w(k) 
nk nk 

(A.I) 

(A.2) 

(A.3) 

Here, 2:' denotes the summation over all eigenstates with mhkJ =I O. Since ddt 
nk 

is also a hermitian operator, w6k
) can be expanded as 

(A.4) 
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where 

dt rJ6k
) = drJ6k

) = 0, 

ddt ¢~kLl = (m~:-=~»)2¢~J_l for m(k-l) =F O. 
nk-l 

(A.5) 

(A.6) 

It is convenient to further introduce the eigenfunctions of ddt for k + 1 forms 

and dt d for k - 1 forms as 

(A.7) 

(A.8) 

As shown in Section 2 w(k) and A.(k) are related to A.(k+l) and W(k-l) as 
, nk '+'nk-l '+'nk nk-l 

or 

or 

(A. g) 

(A.lO) 

A k form satisfying eqs.(A.5) is called a harmonic k form which can be 

expanded, in terms of a complete set of the harmonic k forms {rJ~k), P = 
1,2, .. ·,bk }, as 

bk 

rJ6k
) = L cprJ~k). (A.11) 

p=l 

The integer bk , which is the number of the independent harmonic k forms, 

is called the kth Betti number and is known as a topological number of the 

manifold. 

We have thus found that any k form A(k) can be expanded as 

This implies that any k form has the decomposition of the form 

(A.13) 

This completes a proof of the Hodge decomposition theorem. 
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