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Preface

Business cycles are an important topic in economics. In order to describe
how the economic variables move, we need to construct a dynamic system,

which is often established in terms of a simultaneous equations system.

A simultaneous equations system consists of variables and parameters.
Naturally, the values of the variables are determined subject to the values
of the parameters. This means that if the values of the parameters change,
those of the solutions do as well. And when we extend our scope to dynamic
simultaneous equations systems such as differential equations systems, we can
easily imagine that this applies to the movements of variables, not only to the
values at equilibria. In other words, the movements in a system also depend

on the values of parameters. Of course, this includes cyclical movements.

In this context, economists have established a theory called endogenous
business cycles, in which a pioneering work is Grandmont’s “On Endogenous
Competitive Business Cycles” (1985), in Fconometrica. Since the publication
of this work, this theory has become a hot issue in economics, based on the
conventional bifurcation theory in mathematics. We are interested in this

hot issue.

We will also take up this issue, but we do so based on the notion that a
dynamic system can be described in terms of a linear simultaneous differential

equations system. In this situation, the values of the ingredients of a Jacobian
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matrix at fixed points matter, because they determine the eigenvalues of the
Jacobian matrix, which control the time paths of the economic variables. And
the values of the ingredients also depend on the values of the parameters. As
a result, for the values of some parameters, the fixed point can be a sink. In
this situation, the time paths of economic variables can not be determined.
This is called indeterminacy, and it can cause business cycles.

We are also interested in the possibility that this indeterminacy can occur

due to taxation policy, which we deliberately formulate.

For advice, criticism and encouragement, I would like to thank Profes-
sors Jun Iritani, Tamotsu Nakamura and Takeshi Nakatani, who served on
my doctoral committee. Similarly, I would like to express thanks to Profs.
Hiroaki Nagatani, Ken Urai, Toshiji Miyakawa and Tomoyuki Kamo. Their
responses to my report were sharp and stimulating. And I especially want
to express my appreciation to the late Nobuo Okishio, for his severe and
passionate guidance of my research in economics.

I am also grateful to Professor Jeffrey Herrick, for advising me about
English and checking my English in this thesis.

Of course, I accept full responsibility for any possible errors.
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Chapter 1

Perspectives on Economic

Fluctuations

Economic fluctuations, especially business cycles, are commonplace, in fact
inevitable in our capitalistic economy. We can divide them into two cat-
egories, exogenous business cycles, and endogenous business cycles. And
the latter can be derived in terms of bifurcation, which implies a variety of
movements in an economy, and in terms of indeterminacy, which implies the

indeterminacy of time paths in an economy.

1.1 Two business cycles

In general, we should be careful about what is determined and what is not

within a model in analyses of economic behaviour. Indeed, the distinction

1



2 CHAPTER 1. PERSPECTIVES ON ECONOMIC FLUCTUATIONS

when we think one economic variable is given exogenously and another is
determined endogenously is a matter of viewpoint or emphasis, or of goals
in the analysis. For example, some, such as Keynes (1978), consider supply
of the labour force as given exogenously, while others, such as Lucas (1969),
consider it as determined endogenously. And naturally the former approach
establishes a model with the supply of the labour force as a given, and the
latter establishes one in which the supply of the labour force is determined.

This is applicable to modeling business cycle theories.

In theoretical perspectives of business cycles, we can consider the follow-
ing two categories:

In the exogenous theory, exogenous shocks to an economy, such as sunspots,
changes in technologies, unexpected changes in the supply of money based
on finding new gold, and an upper limitation to the labour force, can trigger
changes in an economy, and afterwards the influences of an initial shock can
tead to business cycles.

In the endogenous theory, distinctions in economic factors built into an
economic system, such as the shapes of utility functions, the shapes of pro-
duction functions, or taxation on economic agents, can cause business cy-
cles. These kinds of business cycles can occur without any shocks from the
outside and derive from the rational behaviour of economic agents, which
seemingly implies the existence of micro-foundations of economic behaviour

by the agents.

In short, in these models, economic variables are naturally determined
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within a system, but their values also naturally depend on the values of the
parameters which are included in the model. That is, the determination of
the variables depends on the values of the parameters. This implies that
the values of the variables can change according to the parameters, and as
a result, economic movements, including business cycles, can change due to

changes in the parameters.

In this dissertation, we intend to discuss endogenous business cycles.
However, before we begin to do so intensively, we will briefly consider con-
crete theories of exogenous business cycles and two aspects of endogenous

business cycles, bifurcation and indeterminacy.

1.2 Examples of exogenous business cycles

Okishio (1968) established his theory based on a Keynesian perspective to
describe economic fluctuations. It assumes an investment function of the
Harrod-Okishio type, which strongly reflects a Keynesian view about our
capitalistic economy. In Keynesian terms, first of all, we must consider what
is left after consumption is deducted from the gross national product. Keynes
(1978) calls this investment. Investment behavior is the most important

driving force in our capitalistic economy,! because of its volatility.

YHowever, the recent literature on business cycles, such as Lucas (1972), Grandmont
(1985), Benhabib and Farmer (1994) and Utaka (2003), ignores the importance of this and
as a result omits the role of positively-driven investment in their models.
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An investment function of the Harrod-Okishio type, which explains the

determination of investment in terms of volume, can be expressed as

g(t) = g(t — 1)[6(t - 1)". (1.1)

Here, g(t) = I(t)/K(t — 1), which means the ratio of capital accumulation,
which has been planned in the ¢ period. I(¢) means planned demand for
investment , K (t) capital stock, respectively in the ¢ period. Moreover, §(t —
1) means the ratio of capital accumulation which has been realized. And
d(t — 1) means utilization in the ¢ — 1 period. Additionally, 3 > 0 means the

coeflicient of resolution for investment in terms of volume.

(1.1) means that the ratio of capital accumulation in the ¢ period is de-
termined by increasing (or decreasing) that in the ¢ — 1 period, based on the
difference between the utilization in the ¢ — 1 period and 1. This investment
function features the necessity for investment even in deep depressions as

long as the rate of profit is positive.

Based on this investment function, it becomes clear that an economy can
reach a boom and encounter a shortage in the labour force. In this situation,
it is assumed that firms raise wages to compete for the labour force. There-
after, how this boom curves downward and turns to a depression becomes a
big issue. As formulated, the description that firms raise wages to compete
for the labour force is an expression of the initial trigger, caused by an exoge-

nous shock, the upper limitation of the labour supply. Therefore, economists
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who accept these premises should be devoted to elucidating how this initial
raising of wages influences other economic ingredients in the economy, and

how this influence is transmitted.?

On the other hand, Lucas (1972) offers a monetary business cycle theory
from the Monetary School, which, in contrast to the Keynesian model, lacks
investment functions and unemployment. The monetarists, such as Freed-
man, Barro, Sargent and Lucas, argue that the main driving force causing
business cycles is not investment but the supply of money.

In addition, they distinguish two cases in terms of the effects of the money
supply on a real economy, involving real interest rates, production and em-
ployment, as follows:

In one case, economic agents can anticipate the change in the money
supply, and in the other one they can not anticipate it. In the former case,
since economic agents can naturally change their behaviour according to their
anticipations, a change in the money supply does not affect the real economy,
and the influence is only on price levels. In short, the neutrality of money
holds. Of course, this situation does not show any economic fluctuations.

Conversely, in the latter case, since agents make decisions given unex-
pected circumstances, their decisions are not rational. So, in this case, a
change in the money supply can also naturally affect the real economy. In

other words, the neutrality of money does not hold, and this case can show

2See Takata (2004) for more details about this mechanism.
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business cycles caused by outside shocks, called exogenous business cycles.

With the controversial results stated above, Lucas (1972) establishes a
framework, as we can easily guess, that needs modeling, since economic
agents have imperfect information about the money supply. For this pur-
pose, he assumes an overlapping generations model consisting of the young
and the old. Thus the economy consists of two isolated islands, with the
whole population constant, 2V, half young. The young can not move to the
other island when they are young, nor can the old, even in order to balance
the money which they hold. Since the population on one island can not trade
with that on the other island, they can not know market prices on the other
island.

Lucas also assumes that the number of the young on the first island is
gN , while that on the second island (1 — g)N , and additionally 6 means a
stochastic variable, defined as 0 < § < 2.

Moreover, the young decide their current consumption, labour supply
and savings, in terms of the money which will be used for the purchase
of goods, by maximizing the present value of their lifetime utilities. The
old only consume goods in exchange for the money which they saved in their
young period. And the government intervenes in this situation by transferring
money to the old.

On these assumptions, exogenous shocks appear in terms of change in

monetary holdings by the old and in the population of the young, that is,
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(8, ), in which it follows that m’ = zm, where m means the initial monetary
holdings when the young become old, and (z — 1) m is the amount of money
transferred to the old by the government. Additionally, x is also defined as

a stochastic variable and changes as time passes.

Lucas (1972) then offers the following:

p=m-p(3), (1.2)

which determines an equilibrium price of outputs, p. And the function ¢ has
an elasticity which is between 0 and 1.

Here, the demand for outputs means the real monetary level of holdings by
the old, while the supply of outputs is the result of the population of the
young multiplied by the amount of supplies each holds, which depends on
market prices. It is obvious that observation data about p convey information

about z/8, but not about z.

When the young aim to maximize the present value of their lifetime utili-
ties, they need to know the prices in an entire economy, but according to the
above assumptions they can not. In other words, the young can not know
prices on the other island, nor the present value of money zmN. In this
situation, - Lucas assumes that agents anticipate on the basis of a rational
expectation principle. For example, when they find prices rising, they can

not understand why this has occurred, i.e., whether due to a change in the
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population, 8, or to a change in the aggregate money supply, z. As a result,
this change in the aggregate money supply affects the real economy, and can
cause business cycles.

| We can specifically interpret this mechanism as follows:

Because agents can only have imperfect information about relative prices,
they react to changes in relative prices even if changes in the aggregate money
supply alone affect price levels. This kind of adjustment in both demand and
supply, corresponding to changes in relative prices, causes, first, substitution
effects, and, second, income effects. The former refers to the fact that if the
ratio between the price in a market and the anticipated price level is high,
for example, agents take it as an increase in the opportunity cost of leisure,
and consequently reduce leisure, work more and reduce consumption. The
latter leads to an increase in real income, which causes increases both in

consumption and in leisure.?

Some other studies on real business cycles, for instance, Kydland and

Prescott (1982), are in the same vein as Lucas (1972).

1.3 Examples of endogenous business cycles

In contrast to exogenous business cycles, we can consider another theory,

which claims that business cycles can occur without outside shocks.

3As for the relationship between consumption and labour supply, and substitution
effects and income effects, see Lucas and Rapping (1969).
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1.3.1 Bifurcations

Let us consider, as a good example, the following famous recurrence relation

in terms of a quadratic relationship:
Tep1 = r24(1 — x¢), (1.3)

where 7 means a positive constant, t a positive integer, and z a variable.

It is well known that the relationship expressed by (1.3) can be depicted
in a,rbitraiy forms, according to the values of r, the initial conditions of z
and the number of iterations.* At this stage, we should pay sharp attention
to the role of r as a parameter, focusing on the movements of x in recurrence
equation (1.3).

First, if we consider the map formulated one time, from (1.3) we obtain
the Jacobian, J, as follows:

dz.
J:—ﬁ=7'(1—2$0),

which implies that if —1 < J(z) < 1, this map is stable at zo.

Second, if we consider fixed points on the map, since x;41 = z;, the

4 Recurrence equation (1.3) can not be solved in general, except for some small numbers
of r. Wolfram (2002) offers a general solution for the exceptions of r, as follows:

2= 51— £t 57 (12 20))

where f means a function, and f~* its inverse function.
For a detailed discussion, see Wolfram (2002).
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following hold:

which leads to the following conclusion:

zll —rz{(l —z)]=2z(1 —r +rx)
=rzfz — (1 —7r71)]

=0.
Consequently, we obtain two fixed points as

x&la =0,

e =1-—r1.

Based on the above conclusion, we know that r must be greater than 1 for
one fixed point to exist positively, and that to be stable, —1 < r(1-2z9) < 1
must be satisfied. The second condition shows that the stability at a certain

point depends on the values of both parameters and variables.

Now, we need to focus on the case of r > 3 on a map with two formu-
lations. In this case, the map becomes unstable, and a pitchfork bifurcation

appears, in which two stable orbits with two periods exist, corresponding
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to two stable fixed points of g?(x). The fixed points of g?(z) must satisfy
Tiyo = Ty

When we specifically transform the relationship, we obtain the following:

Tero = TT41(1 — Toy1)
= r[rzy(l — zy)][1 — rze(1 — z¢)]
=12 1,(1 — ) (1 — 7z, + r22)

= T,

which can be further transformed as follows:®

z[r*(1 —z)(1 — rx +rz*) — 1] =0,

and which can finally be expressed as

—rglr - (1—r Y2 - 1 +r Hz+r1+r)]=0. (1.4)

(1.4) shows the existence of four fixed points on this map. However, the
values in a circle with two periods, meaning that variable z has only two
values, in other words, that z goes back and forth between the two values,

must satisfy the following:

22— (1+rDz+rH1+r) =0,

5We omit subscripts below, for convenience.
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from which we obtain the following solutions:

O %[(1 ) SR ).

Accordingly, we can see that when r = 3, a cycle with two periods begins,

(2)
*

because £’ must be real.

Based on the above analysis, we can see that when the value of parameter
T increases, the behaviour of x changes, from monotonous to circular. This
rule is general, since the periodicity of 2¢ increases as r does. And it is well
known that when r reaches approximately 3.599, ¢ reaches infinity, and the

periodicity is called chaos.

In the above explanation, we describe how periodicity appears based on
changes in parameters, but this description is confined to a special case in
which .41 = r z,(1 — z;), that is, to a logistic map. So, we intend to extend

our scope to more general cases.

First, consider the following dynamic system:
Ter1 = Fzy; ), (1.5)

where F: X x 2 - X, (z,a) — F(z,a), X C R*, and  C R™.

Additionally, R"™ is a euclidian n-space.
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All fixed points in (1.5) must satisfy the following equation system:

G(z;a) = Flz;) — z

=0, (1.6)

At this stage, we assume that (z°,a°) is a solution in (1.6), that is, with
respect to a = a°, z° is the value in an equilibrium. In what follows, assume

that o is a value slightly different from o°.

Now we consider the following:

|D-G(z% a®)} # 0, (1.7)

which means that the value of the Jacobian matrix of G is not null.

If bifurcations involving the phenomena of appearance or the vanishing

of equilibria occur, (1.7) and the implicit function theorem do not hold.

We respectively define Ay and A, as follows:

|DyF (2% %) — ApI =0,

and

|D.G(z°% %) — A | =0,

which obviously show the eigenvalues of D,F(z° a°) and D,G(z° a®), re-

spectively. Additionally, we denote the unit matrix as .
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As a result, we obtain the following:
Ag =Xy — 1,
and

1D.G(z% )| =[] X

= H(A;; ~1).

Focus on the two eigenvalues. Now assume that all eigenvalues of D, F(x)
are real. In this situation, if at least one of the eigenvalues of )\3} equals 1,
then D,G(x) vanishes, because |D, G(z°;a°)| = 0. Therefore, the implicit
function theorem with respect to function G(z) does no hold, which leads
to the fact that (1.5) is non-hyperbolic. This is applicable to the case of

imaginary eigenvalues.

From what we have discussed so far, we can easily imagine that the eigen-
values of the Jacobian matrix can affect movements of our dynarﬁic system,
and that the values of the eigenvalues can be influenced by the values of
the parameters in the dynamic system, which are symbolized as « in this

example.

In fact, as we have seen in a special case in terms of a logistic map, in

mathematics, the relationships between the values of parameters and some
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kind of bifurcations have been rigorously investigated; among them, the flip
bifurcation is useful in describing fluctuations in our economy.

This case has —1 as an eigenvalue, in which, more strictly speaking, it
follows that D, F(2°;a°) has a single real eigenvalue on the boundary of the
unit circle with value —1.°

Additionally, note that in this case, the implicit function theorem obvi-
ously holds.

Conversely, if the eigenvalues include 1, this case is called a fold bifurcation,

in which the implicit function theorem naturally does not hold.

Let us return to (1.5). Moreover, assume that m = 1, the eigenvalues
of D F(x° a°) are less than 1 in terms of absolute values, and that as an
exception, a real eigenvalue A\(a°) = —1 on the boundary of a unit circle
exists.

. . .. dA(a®) N

On these assumptions, and additionally if T # 0, the equilibrium

o
loses stability when this a crosses the bifurcation point a°. Consequently, in

a small neighborhood of (z°, @°), the system has a periodic 2 orbit, on either

side of bifurcation point a°.

This theory was originally explored in mathematics.” However, we can

6This expression is cited from Azariadis (1993). Besides, see Medio (1992) and Puu
(2003) for more details.

"For example, Neuman suggested in the 1940s that the logistic map x¢41 = 47:(1 — z¢)
can generate random numbers. The research history of this logistic map is offered by
Wolfram (2002), in a sketchy fashion.
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easily see that it can be utilized in order to describe economic fluctuations,
especially how economic movements change from monotonous trends to cycli-

cal ones, without any shocks from outside.

In other words, if we can establish a dynamic system, which includes
parameters such as the degree of greed for consumption, the degree of time
preference, indications of technology and tax rates, we can easily imagine
from the above mathematical discussions that the movements of this dy-
namic system can be affected by the values of such parameters. The reason
is that the values of variables in the system are determined under parametric
preconditions. In this framework, changes in the values of the parameters
cause changes in the values of the variables, which are supposed to be equi-
libria values, and the pattern of movements in economic fluctuations can be

changed, for example, to bifurcations or to chaos.

This kind of theory is called an endogenous business cycle theory, and it
has been prevalent since the publication of Grandmont (1985). Grandmont
(1985) succeeds in explaining how business cycles with two periods can occur
without shocks from outside, under the dubious condition that individuals re-
duce their savings in a circumstance with no investment opportunities, when
real interest rates increase. Apart from this dubious but necessary condition,
Grandmont’s conclusion sharply contrasts with that of Lucas (1972), which

asserts that business cycles never occur without shocks from outside.

And we basically discuss, in this dissertation, this bifurcation theory from

the viewpoint of business cycles in the framework of an overlapping genera-
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tions model, as Grandmont (1985) did.

1.3.2 Indeterminacy

Let us consider a model, in which a representative individual lives to infinity,
and chooses labour supply, consumption and savings. Of course, the stan-
dards of these choices are based on the maximization of the present value
of utilities over time, under budget constraints over time. In this context,
over time naturally means infinity. This model originates in Ramsey (1928),
in which a central planning authority is assumed, but we extend that model

into a market model with production and a government.

Our model, which is basically consistent with that in literature such as
Benhabib and Farmer (1994), Farmer (1999), and Schmitt-Grohé and Uribe
(1997), can deal with time paths of economic variables. This shows that we
can know how our economy moves, how some conditions cause fluctuations,
and others do not, in terms of a non-linear simultaneous differential equations

system.

In general, the system can be expressed as follows:®

Kt = ¢(Kt) Ct)’

. (1.8)
Ct = ¢(Kt’ Ct)-

8See Benhabib and Farmer (1994).
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Here, K means capital stock and C consumption. Functions, ¢ and
are not necessarily linear with respect to K; and C;. Therefore, in order to
identify economic movements, we are forced to linearize our system. In this
situation, in general, the values of ingredients of a Jacobian matrix at steady
states, if those states exist, matter, because they determine the eigenvalues
of the Jacobian matrix, which control the time paths of economic variables
in our system.

Moreover, whether the steady state is unique or not is also a big issue.

In addition, as can easily be imagined, the values of ingredients of the Ja-
cobian matrix at a steady state are affected by the parameters in our system.
Since our dynamic system consists of both variables and parameters, just as
in the case of previous models about bifurcations, in fact, the behaviour of
the system can be affected by changes in parameters. The reason is that
the values of variables at a steady state are those at a fixed point, which is

determined by certain parametric values.

Among changes in economic behaviour, first of all, we should shed light

on indeterminacy.

For simplicity, consider that a unique steady state exists and all eigen-
values of the Jacobian matrix at this steady state are real and negative. In
other words, the fixed point is assumed to be a sink. In general, in light of
(1.8), our system apparently consists of two ingredients, K; and C;, and con-
crete time paths of both variables are respectively controlled by the values

of the ingredients and additional initial conditions. Here, we can consider
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an initial condition of K; as given historically, and one of the values of C,
as a given by a transversality condition, which, in this context, is derived
from the economic assumption that a representative agent entirely consumes

savings over time.

In this fashion, the time paths of K; and of C; can be concretely deter-
mined. However, when all eigenvalues of the Jacobian matrix at the steady
state are negative, one possibility, all trajectories of the variables finally con-
verge on this steady state, regardless of the value of Cy, which in turn leads
to the indeterminacy of C, which shows the indeterminacy of the system.
Of course, in this situation, the transversality condition holds, because the

steady state satisfies that condition.

Moreover, this indeterminacy can lead to sunspot fluctuations, i.e., belief-
driven fluctuations or fluctuations based on animal spirits, in a Keynesian
context. And these kinds of fluctuations can be business cycles, that is,

endogenous business cycles.

Second, there is a possibility of multiple equilibria in (1.8). In this case,
multiple trajectories with different features can coexist in an economy, which

we can also call indeterminacy.

Apparently, these phenomena depend a lot on the values of the parameters
in a system such as (1.8). So it is important to identify the relationship
among these values, especially in terms of economics. Benhabib and Farmer
(1994) lists externality and monopolistic competition as ingredients inducing

indeterminacy, and points out that this indeterminacy based on externality
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in production can occur if the shape of a demand curve for the labour force
is steeper than that of a labour supply curve.® However, this condition is

dubious.

On the other hand, Schmitt-Grohé and Uribe (1997) discusses this inde-
terminacy issue from another viewpoint, that is, income taxation, which is a
product of artificial policy, different from naturally produced economic reflec-
tions such as markets, externality, and monopolistic competition. And they
assert that regressive taxation in terms of a balanced budget rule can cause in-
determinacy, and this view is followed up in Guo and Harrison (2001), Utaka
(2003) and Mino (2004). Basically, we intend to explore the possibilities of
the occurrence of indeterminacy and of stability caused by income taxation
under a balanced budget rule, as in these articles. However, Schmitt-Grohé
and Uribe (1997) has serious logical flaws, because in their model, the labour
supply by a household can not be derived. We will demonstrate this in

chapter 3. And therefore we can not accept their model directly.

1.4 Outline of the dissertation

In chapter 2, we deal with a bifurcation, explaining how business cycles
with two periods appear, as individual character changes. We discuss our

theory based on the assumption of an overlapping generations model, and of

9See Benhabib (1998) and Farmer (1999), for details on the same lines as in our dis-
cussions here.
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a stationary expectation principle.

In what follows, specifically from chapter 3 through chapter 5, we focus
on the influence of income taxation on movements in an economy, in which
a balaﬁced budget rule with fixed tax rates is assumed. And in chapter 3,
we analyze how labour income taxation affects movements in an economy,
especially in light of business cycles. This is based on a framework of infinite
horizons, as originally described by Schmitt-Grohé and Uribe (1997), but we
modify it and establish a new model because that article has flaws. There-
after, we direct our attention to the influence of capital income taxes on the
movements in an economy, in the same model framework and in the same
light as in chapter 3, in chapter 4. Because, contrary to our expectations,
this results in affirming that under both forms of taxation, the economy con-
verges to a saddle point in the long term, in chapter 5, we compare which
form of taxation is preferable, in light of consumption in relation to labour.
Then, chapter 6 is devoted to offering a model framework to determine how
indeterminacy can occur under a balanced budget rule, in which tax rates

are changeable. Finally, chapter 7 is devoted to a brief conclusion.






Chapter 2

Endogenous Business Cycles:
The Influence of Character

Traits

This chapter deals with how business cycles can occur, in light of charac-
ter traits which influence how individuals choose and behave in an economy.
We assume an overlapping generations model and utility with additive sep-
arability with respect to time. In this situation, individuals choose current
consumption and current savings, which leads to consumption in the future.
And the result of this choice is dependent of both the shape of its utility
function and an evaluation about utility in the future.

Acknowledging that this dependency is rooted in a common characteristic of

individuals, we conclude that in an economy comprised of individuals with

23
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profligate characteristics, like Aesopian grasshoppers, endogenous business

cycles with two periods can occur, and in other cases they do not.

2.1 Introduction

This chapter deals with how the character traits of individuals, which deter-
mine the shape of utility functions and subjective time preference, affect eco-
nomic movements. We rely upon the overlapping generations model, which
Samuelson (1958) established and which has since prevailed in discussing
movements of economies.

We summarize several models of business cycles and their problems below.

Capital is a driving force in economic movements. Since we can consider
that capital is transformed and accumulated from savings, first of all, we
should focus on the movements of savings. In this model, the young genera-
tion chooses its savings under given budget constraints, in order to maximize
the present value of utilities, which include the utility that it will be able to
obtain when it becomes old.

In this situation, the young need to add the utility in their old age to that
in their young age. In fact, on the assumption of this additive separability of
utility with respect to time, Diamond (1965), Grandmont (1985) and Utaka
(2003) establish their own theories.

This assumption, however, necessarily involves a problem. How can we

determine discount rates, which are utilized in order to reassess utility in the
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future, as present value? ’I“he future is uncertain, since we can not know
what will happen. Mas-Colell (1995) focuses on uncertainty about longevity,
and Diamond (1965) and Utaka (2003) take the discount rate into account
but do not say what determines the degree of the discount rate. Grandmont
(1985), however, ignores this problem and assumes that the discount rate is
a unity, which means equal assessment of both present and future utility.

In this chapter, we assume the existence of a discount rate, as Mas-Colell
(1995) did. Furthermore, we consider that the degree of this discount rate
is derived from the characteristics of individuals, who are naturally careful
about future events. But in the face of equal future events, some will value
the present more than others do.

On the other hand, the shape of a utility function can affect the deter-
mination of savings. Furthermore, the way individuals behave in the face of
changes in consumption determineé the shape of a utility function. In other
words, individuals are greedy in some cases and not in other cases. Diamond
(1965), Grandmont (1985), Reichlin (1986), and Utaka (2003) introduce the
Arrow-Pratt sta,ndard as a measure of how much the utility changes, in the
face of this kind of consumption change.! In this chapter, we consider elas-
ticity of marginal utility to consumption as the measure.

However, there is a critical point. The way individuals behave in the face

of changes in consumption is associated with their behavior over time. More

1Grandmont (1985) assumes that individuals behave differently when they are young
and old, given the existence of this change. If we accept this, we deal with the character-
istics only of the young here.
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cohcretely speaking, if individuals behave prudently (or greedily) in the face
of changes in consumption, they must similarly behave carefully (or boldly)

in the face of future events.

In this chapter, in light of the above points, we will demonstrate that
these differences of character can cause fluctuations, in which business cycles

are included.

When the young generation decides how much to save, it has to presume
the future interest rate, which will determine the returns from savings it will
receive when it becomes old. Diamond (1965), Granmont (1985), and Utaka
(2003) all assume perfect foresight, which means that the anticipated interest
rate equals the real market interest rate in every period. This assumption,
in fact, leads to the fact that anticipations about future events surely match
real events, and therefore it is kind of artificial and unrealistic.

Conversely, we suppose that the young generation anticipates interest
rates on the basis of stationary expectation. In the above papers, the young
generation determines savings with reference to the market interest rate in
their old age in advance, while in this chapter, the determination is seen as

taking place in relation to the currently prevailing rate.

Based on the argument so far, we conclude that in an economy composed
of individuals with optimistic outlooks, business cycles with two periods can

occur, while in other cases they do not. In other words, if we cite one of
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Aesop’s Fables, business cycles can occur in a society not with ants but with
grasshoppers. In this situation, it becomes clear that a change of income
does not influence savings very much, but changes of interest rate (the market
interest rate for the young by definition) can substantially determine savings.
Additionally, we derive the necessary condition for business cycles with two
periods when the share of capital income is less than a certain level.?

The structure of this chapter is as follows:v In section 2.2, we present our
basic framework. We establish a fundamental equation, which controls our
economy, in section 2.3. Thén, after concrete specification of a utility and
a production function, we explore some conditions for business cycles with
two periods, in section 2.4. Finally, in section 2.5, we examine the economic
situations of the business cycles and briefly discuss a policy to guide us toward

a better economy.

2.2 Model framework

Assume the following: Our economy consisits of two sectors, individuals
and corporations. Individuals consist of two generations, namely the young
and the old. This means that individuals live in two periods. The young
generation offers labour, receives wages in exchange for it, and loans its

savings to corporations in the same period. The old generation receives

2Reichlin (1986) asserts, in light of production technology, that the elasticity of sub-
stitution between capital and labour is small, as a necessary condition for business cycles.
However, in our model, it is assumed to be a unity.
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its savings with interest from corporations to which it loaned when it was
young. The old generation retires from our model after it entirely consumes

its savings with interest.

2.2.1 Individuals

We define our notations as follows: w, means a wage in the ¢ period which an
individual in the young generation receives in exchange for offering labour.
S; means savings in the ¢ period; e} consumption by a young individual in
the ¢ period; €7, ; consumption by an old individual in the ¢+ 1 period; 7,1 &
real rental rate of capital in the ¢ 4+ 1 period (we later call this a real interest

rate). A young individual designs budget constraints over a lifetime as
wy = €; + st (2.1)

(1+Te41)8e = €rp1- (2.2)

Under these constraints, a young individual maximizes utility over life-

time R as

R =U(w; — s¢) + BU(1 + 7ey1)84)- (2.3)

Here, § means a discount rate over time, and we assume that 0 < 8 < 1.
Additionally, U means a utility function featuring U’ > 0 and U” < 0.
(2.3) means that a young individual maximizes the present value of util-

ities. In this situation, in the ¢ period, the individual is forced to presume
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7e+1- We postulate that the individual presumes it on the basis of stationary

expectation. In this context, (2.3) is modified as
R= U(wt - St) + ,BU[(]. + Tt)St]. (24)

In the t period, both w; and r; are predetermined. Therefore, the young
maximize (2.4) with respect to s;.

In order to verify this, let us analyze corporations, as a preparation.

2.2.2 Corporations

The savings borrowed from the young generation in the ¢ period are trans-
formed into capital in the t+1 period. In this situation, corporations produce
output, utilizing both this capital and the labour offered by the young gen-
eration.

Outputs can be used as both capital and consumer goods, with perfect
substitution. Production technology is under a constant return to scale, and
therefore corporations have no profit. We can assume a production function

as

v = flky), f'>0, f"<0. (2.5)

We define our notations as follows: y, = Y;/L; and &k, = K,;/L;. Here, Y;
means output in the ¢ period, L, labour supply in the ¢ period, and K; capital

stock in the t period, respectively.
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We obtain the following relationships, since corporations maximize their

profit.
Wy = f(kt) - ktf’(kt)7 (2-6)

e = f'(ky).- (2.7)

(2.6) means a demand schedule for labour. (2.7) means a demand schedule
for capital. In this context, the whole savings in a society in the ¢ period
turn into capital in the next period. In other words, the capital in the ¢
period is determined by the savings in the ¢ — 1 period. Furthermore, we
assume that the supply of labour is exogenous, and that the labour market is
fully competitive. So, this labour supply entirely meets the labour demand.
Therefore, k; is predetermined in the ¢ period. In this situation, both w; and

T are given (see (2.6) and (2.7)).

Furthermore, when we eliminate k; from (2.6) and (2.7), we obtain a

factor-price frontier, which Samuelson (1962) originally introduced.

wy = P(1¢), (2.8)

which satisfies

¢'(re) <0. (2.9)
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2.2.3 Savings determination

Let us focus on (2.3) again; we can see that a young individual maximizes
utility in (2.3) with regard to savings, because 7;,; is presumed to be equal
to r;. Based on the necessary and sufficient conditions of maximization with

respect to s;, the following holds:

U'(wy — 8¢) = BU'[(1 + r)se] (1 + 7). (2.10)

(2.10) means that the young choose current savings, s;, so that the
marginal utility of consumption in the ¢ period equals the present value of

that supposed to be gained in the ¢ + 1 period.

At this stage, let us focus on (2.7), which indicates the equilibrium condi-
tion in the capital market, in light of a given k;. Assuming an economy with
a positive rate of increment of the labour supply, we can obtain the following
relationship between individual savings and the capital-labour ratio in the

whole economy:
St
1+n

kt+1 = (211)

Additionally, n means the rate of increment of the labour supply, and is

positive and constant.

From (2.7) and (2.11), equilibrium in the capital market is expressed as

St
1+n

Tt41 = fl(kt+1) = f’( ) (2-12)
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Based on (2.12), we obtain the following relationships:

St = (p(rt+1-), (213)
which satisfies
ds; 1+n
— . 2.14
dr t+1 f " <0 ( )

We need to explain (2.13) from the economic viewpoint. When a young
individual determines s;, this savings turns into capital in the next period,
and the capital is utilized in production. In competitive markets, the capital
yields a real rental rate equal to the marginal products of capital. This means

that s; determines r.;. (2.13) describes this mechanism.

2.3 A fundamental equation

2.3.1 The equation

Based on what we have analyzed so far, we obtain the following fundamental

equation which controls the movements of our economy:

U'l¢(re) — plreea)] = BU[(1 + re)p(req))(1 + 7e).- (2.15)

(2.15) determines 7441, if 7 is given.
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In order to verify this, we define the following function:
Flress) = U19(r) = plress)] = BV + e 7). (216)

First of all, we demonstrate that (2.16) has a unique solution.

We assume Inada conditions in the production technology designed by
(2.5), as follows:
lim f'(k;) =0. (2.17)
ky—o00

l}tiino I'(kt) = o0. (2.18)

Under the above assumptions, the following correspondingly hold:

lim @(rir) =0. (2.19)
Ti41 00

lim o(rey) = 0. (2.20)
Tg+1-—90

At this stage, we can easily understand the following:

lim F(re) < 0. (2.21)
T441—00

lim F(ryq) > 0. (2.22)
Ti41—0

Therefore, solutions can exist.
Secondly, we demonstrate uniqueness.

In order to verify this, it is enough to show that the function F' is
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monotonous with respect to T4l

Assuming that r;,, > rZ ;, we can obtain the following:

F(rip)—F(riy) = U'[g(re) ~ @(ri)] = U'l(re) — e(ri.y)]

= BA+r)UA+r)e(re )] - U1+ r)e(rfy)]l. - (2:23)

Here, under the above assumption, since ¢(r) — @(rl,;) > ¢(re) — (r2,;)
holds, U'[¢(r:) — ¢(1341)] < U'[@(rs)—p(rZ,,)] does. In a similar fashion, since
(T+r)e(riy) < (1+r)e(riyy) holds, U'[(14+7)e(rh)] > U[(1+r:)e(rd,,)]
does.

From the above analysis, we finally obtain the reqired result, that is, F(r},,) <
F(r2,,). The above relationship means that F is a monotonously decreasing

function with respect to 74 ;.
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2.3.2 Non-cyclical movements

At this stage, differentiating the fundamental equation (2.15) totally, we

obtain the following:

[U”[(r2) ~ @(rea)]d (re) —BU'[(1 + ) p(res)]
— B+ r)U"[(1 + r)p(res1)lp(res)ldre
= [U"[¢(r:) — ‘P("”t+1)]<Pl(Tt+1)

+B(1+ Tt)2U”[(1 + Tt)SO(rHl)}‘PI(Tt+1)]d7“t+1-
(2.24)

Now, we respectively define two parts of (2.24) as

F = UH[¢(”) - ‘P(Tt+1)]¢[(rt)_ﬁUl[(1 + 76)p(Te41)]

=B+ r)U"[(A + re)p(reg1)]o(res). (2.25)

Fy = U"[¢(10) =p(resn)l@ (resa) +B(1+7e)2U" [(147)p(re11) ] (re4)- (2.26)

In this situation, when we consider F(ry,7:11) = Q, (2.24) can be ex-
pressed in this way:

Fldrt — FQth+1 = 0. (227)
On the other hand, the following holds:

oF oF
art d’rt + a’l't+1 d’f't+1 0 ( 8)
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We can easily verify the following relationship:

Because the above relationship holds in general (of course in a steady state,
where r; = 7341), function F' can be expressed by an implicit theorem as

Ti4+1 = G(Tt).

OF , OF

87} 8rt+1

Since dryyq/dry = — holds, at this stage we can investigate the

movement of r;.

Based on what we have seen so far, we understand that if F is positive,
our system cam not have any circulating solution. Furthermore, it seems
that the conditions controlling the way our system circulates are intensively

related to the shape of an individual’s utility function.

In order to verify this, we introduce the elasticity of marginal utility in

relation to consumption, p,® which determines the shape of a utility function.

We can define p as

_ U"[(1+ 10)p(re41)](1 + ro)p(res)
U1+ Te)p(Ter1)] '

p= (2.30)

3In uncertainty, this concept equals the Arrow-Pratt measure.
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Under this definition, we can express F] as

Fy = U"[¢(re) — o(re41)]@/ (re)

=B = p)U'[(1+ r)p(resn)].  (2:31)

(2.31) means that F; > 0, if p > 1. In this situation, dry,;/dry = Fy/F, > 0
holds, for all the regions of  defined. This implies that cyclical fluctuations
never occur, if individuals do not have a greedy enough tendency in relation
to consumption. This proposal seems, on appearance, to have no relationship
with a careless tendency about future events, which is denoted as 8. However,

the two are positively associated.*

2.4 Occurrence of endogenous business cycles

2.4.1 A further speciﬁcation.of utility and production

Because we aim to investigate why endogenous business cycles occur, we
assume 0 < p < 1, below. In order to express (2.15) concretely, at this
stage, we respectively specify the utility function and the production function
below.

First, we assume there is constant elasticity of marginal utility in relation

to consumption. This leads to an assumption that their utility functions are

4We will discuss this later.
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determined in order to satisfy the following relationship:

_ _U(e)e
U'le)

(2.32)

Here, e means consumption by an individual, and p is constant. When we
solve (2.32) with respect to e, we obtain the following, which shows our utility
function.®

U= el (2.33)

Additionally, 0 < p < 1, and ¢ is positive and constant.

Secondly, we concretely assume a Cobb—Douglas type production function
based on (2.5) as
ye=flk) =k, 0<a<l (2.34)

(2.34) obviously satisfies the Inada conditions. In this situation, the fol-

lowing relationships are derived, based on (2.6), (2.7), (2.12) and (2.13):

1

st =(re1) = (1+ n)Ozﬁ rt+11’_", (2.35)

SA proof is as follows: If U’ = y, we can establish the following differential equation:

dy
— = 0.
dee Ty

When we transform the above equation, we obtain the following relationship:

1 1,

Solving the above equation, we obtain ye” = c¢. Then, when we solve this differential
equation with respect to e, supposing an integration constant as null, we finally obtain
the requisite formula (2.33).
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wy = B(ry) = (1 — a)atss r, 5, (2.36)

Furthermore, the fundamental equation, (2.15), is modified based on

(2.33) as follows:

(L+re)o(reen) T
57—l ~ T (237)

Based on (2.35) through (2.37), (2.15) leads to the following:

repr = G(ry) = a r&{(1+1)" 7 + b, (2.38)

where a and b are, respectively, defined as

5(1 — )

1+ n)a]_(l_a)’ (2:39)

a=|
b= Gs. (2.40)

Now, we will investigate how function G(r) behaves. In this procedure,

for simplicity, we ignore the denotation of time below.

By a simple manipulation of (2.38), we obtain the following relationship:

95 — are (14 1) (G - ) (2.41)

where (1(r) and (o(r) are respectively defined as

G(r) = o(14+7)"7" +1), (2.42)
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Gr)=Q-a)r s (1+r) o (2.43)

The function ¢;(r) has properties as follows:

d(y 1—p _1
2= _a— "1 » 2.44
o o 5 (1+7)7% <0, ( )

Cl(O) = a(l + b),
(i1(o0) = abd.
(2.44) and the subsequent two relationships show how (;(r) behaves, as

follows: It starts at a(l + b), decreases gradually, and then approaches ab,

as r increases.

On the other hand, the following holds for the function {,(r):

dGe l1-p N-ise-2g 1_—£T

i e Uy (1——>=), (2.45)
(2(0) =0,
CQ(OO) = 0.

(2.45) and the subsequent two relationships imply that () behaves like
a curve, which starts at 0, reaches a maximum at » = p/(1 — p), and then

approaches null, as r increases.

Furthermore, at this stage, we will confirm the unique existence of a

steady state. In a steady state, 7, = r;4; = r* must be satisfied, where
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t =1,2,.... In this circumstance, r* is determined by (2.38). Let us consider
this more concretely. With h(r*), the function derived from(2.38) equals null,

and the interest rate in a steady state is uniquely determined.

The following hold:
h(r*) = r* — a™a (14 1r*)" 7 —baTa, (2.46)
fr % L 1- 4 wy—i=L_1
h(r*)=1+al-= (147" >0, (2.47)
h(0) = —a™=(1+b) < 0. (2.48)

It is obvious that function A is monotonous. Additionally, in light of the three
relationships from (2.46) through (2.48), we can easily obtain the conclusion

required.



42 CHAPTER 2. ENDOGENOUS B.C. AND CHARACTER TRAITS

o
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a1 4p
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Figure 2.1

Based on the argument so far, it is obvious that the relationships depicted
in Figure 2.1 should hold, if endogenous business cycles can occur. Therefore,

it 1s our next aim to look for some conditions for the relationships.

Let us investigate what Figure 2.1 shows. It clearly conveys information

about the shape of G(r). As r increases, G(r) increases to point r;, decreases
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‘to point 7y, and then again increases over r,. However, as r continues to
increase and approaches infinity, G(r) also approaches infinity, while the rate
of increase in G(r) is less than a unity. This implies that G(r) is necessarily
below the forty-five degree line, when r is sufficiently large.

The reason is as follows: In this circumstance, (1(r) — (2(r) approaches a
constant ab, while r*~! and (1 + r):Lﬁ:ﬂ approach null. This finally implies
that dG/dr approaches null. On the other hand, the rate of increase in

the forty-five degree line is clearly constant, a unity. Therefore, G(r) is

necessarily under the line when r is large enough.

Fen

|
|
, G(ry)
\
\
|

b — ~ — —

[
1 I rt
0 n r rz

Figure 2.2

What Figure 2.1 shows is seen from another perspective in Figure 2.2.

Based on Figure 2.2, it is obvious that endogenous business cycles necessarily
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occur, if the gradient of G(r) in a steady state is less than —1. In other words,
a gradient of less than —1 is a sufficient condition for endogenous business
cycles. Additionally, it evidently holds from (2.38) that both G(r) and the
second map of G(r), i.e. G*(r), are continuous with respect to 7.

The reason is as follows:

In general, endogenous business cycles with two periods means that both

re+1 = G(ry) and 1y = G(ry41) hold. These lead to the following relation:

r; = G*(r3), (2.49)

where ¢ =1,2,....

(2.49) implies that r; can have four fixed points on G2, two of which, p;
and po, are stable, and our economy goes back and forth between these fixed
points, p; and po. In other words, if G(r) is as seen in Figure 2.2, then G?(r)
must be as seen in Figure 2.3, in light of the relationships proved below.

Figure 2.3 shows the above situations.
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Figure 2.3

At this stage, we will demonstrate why, right of 7%, curve G2 stays under

forty-five degrees. From (2.38), we obtain the following:

G2(ry) = aG(r)®[(1 + G(ry)) 7 + b*~@
= afarg{(1+r) 77 + o

X [(1+[a rg[(1+7) ™75 + 8]0 7°) + 5],
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which can be reformulated

G*(ry)

Tt

- aG(r* 1+ G0y 7+ x (1)

Tt

=alarf[(1+7)" 7 + b

x [(1 4 [a 72[(1 + o)~ + 8] 55%) + 5] x <%) . (250)

(2.50) evidently means that lim,, .., G%(r;)/r = 0, and this implies our an-
ticipated result.

Second, we can confirm important properties between G(r) and G?(r), as
follows®
Theorem (1)

If T is a fized point in G, T is also a fized point in G>.

Proof
By definition, G(Z)=Z. Therefore, G*(Z) = G|G(T)] = G(T) =T.

Theorem (2)
dG*(z) _ 9G(®@)

dz [ dx s

If T is a fized point in G,

Proof

By definition, the following obviously hold:

6 Azariadis (1993) gives similar proofs.
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dG*(z) _ dG[G(Z)]
dr dx

=G G@|G' @) =[G'@)I

We summarize the above logic as follows:

Based on the above relationships, we can understand Figure 2.3, that is,
the local relationship between G(r;) and G*(r;). When G(r;) can be shown as
in Figure 2.2, it obviously follows from Theorem (2) that G2(r;) is larger than
G(ry), as r; increases from null. And it follows from Theorem (1) that at r*,
G*(r;) intersects with G(r;) and the gradient of G?(r*) is larger than unity.
This also follows from Theorem (2) and the assumption that the gradient of
G(r) in a steady state is less than —1. This implies that G*(r;) is smaller
than G(r;), as r; increases through 7*. In light of the demonstration that in
large 7;, G*(7;) stays under the forty-five degree line, we eventually obtain
Figure 2.3, which necessarily shows the existence of both p; and p,.

Here, we can specifically show both 7} and 7} corresponding to p; and ps,

respectively.

2.4.2 Saufficient conditions

d F;
It is evident from Figure 2.3 that e = —
d’l"t F2

for endogenous business cycles, and this condition requires the following, at

< —1 is a sufficient condition

Ty = T*:

i+ F <. (251)

Here, we investigate the values of both F; and F5, at r; = r* respectively.
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We obtained the following relationship from (2.31):
Fy =U"[g(r") — o(r)]¢ (r*) = B(L ~ p)U'[(1 +1")p(r")].
Futhermore, the following relationships hold:
#) =~k

U'l¢(r) — ()] = BU[(1 + r*)ep(r)I(1 + ).

Taking the above relationships into account, we can transform F; as

Fi = =K T[(r") — o(r")] — B(1 - U'I(1 +7)(r")]
K U"160) — plr)] — (1 - p) LA P]

]

Here, because by the definition of p, the following holds

_Ue(r") — o(r)] _ p
Ulg(r) — ()] ¢(r*) — o(r*)’

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)
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as a result, F; can be expressed as

pk* 1-p

B = U100") — ol N s 1)
— ) P ~ 1)
(2.57)
On the other hand, based on (2.26), we can express Fy as
e
— B(14)2P w’(rgli’ [S);(:i))w(r*)]
=~ U160) o) [ e+ 6
— —p ()P (r) (gf + ;—(1;-)) > 0. (2.58)

Here, we define e! = ¢(r*) — @(r*).

Furthermore, define ¢ = F; + F5, and it finally leads to the following:

p=cle) Pt ! — Py, (2.59)

In addition, noticing s (r*)/s(r*) = —1/[(1 — a)r*], we obtain the following
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relatonship:
e, 1 1
T —cj(l-{-n * (1—a)r*)
1 1
— 1+ —). 2.6
+ 1 - a( + r*) (2.60)

Here, we denote €? = (1 + 7*)(r*).
Our aim is to investigate how an individual’s character traits affect the
movements of our economy. In other words, it is our goal to find both p and

B which make ¥ negative.

2.4.3 p for cyclical movements

From what we have analyzed so far,” cyclical movements apparently occur,
if F is negative in a steady state. Because this is a necessary condition for

endogenous business cycles, first of all, we begin our analysis here.

Based on (2.57), the following formula has to hold:

k*(1 + r*) 1—p

< 2.61
) el < s (21
Since k* = (r*) /(1 + n), so (2.61) eventually leads to the following :
A+rYe(r) 1 () 1 _1-p
= . 2.62
o) o) Tan A Ten " (202

"See Figure 2.2.
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(2.62) requires that for cyclical fluctuations to occur, the ratio of con-
sumption by the old generation to that by the young generation must be

lower than a certain rate, (1 — p)/p.

On the other hand, the fundamental equation, (2.15), leads to the follow-

ing:
(1+77)(r)
¢(r*) — ()

(2.63) is the equation to determine the rate of interest in a steady state, when

= [B(1 +)]7. (2.63)

two parameters, 3 and p, which respectively show the degree of carelessness

about future events and greed for consumption by an individual, are given.

At this stage, as a preparation for later analyses, we need to investi-
gate the movement of r* induced by p. First, we need to consider how this

movement is depicted when only p moves, while 8 remains unchanged.

Here, we define the ratio of wages to savings in a steady state as

* ¢(’l"*)-
nr*) = 2.64
)= 20 (264)
In this situation, when we transform (2.63) as
47" wnqd
[B(1+7)]7, (2.65)

nry—1



52 CHAPTER 2. ENDOGENOUS B.C. AND CHARACTER TRAITS

and put (2.65) into a logarithmic form, we obtain

log(1 -+ ") — logln(r") — 1] = ~log[B(1 + 7).

Therefore, the following holds:

147"
o O U 00

8 l1—p (e
1+r  nlr) -1

Here, noticing that '(r*) = n(r*)/r* and (1+7*)/(n(r*) — 1) = €2/e!, we

eventually obtain the following relationship:

2

2
* log(—=)
o _ SA— (2.67)
O 1-p pf . &
+ =1+ ——
147  r* 1+7r*

In addition, we have used the following relationship:

n(r*) = (Z—:)(l +7*) + 1. (2.68)

In (2.67), the denominator is evidently positive, because 0 < p < 1. There-

fore, it becomes apparent that the sign of 9r*/9p is not determined uniquely,

but done, instead, corresponding to (:—f) §
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From the above analysis so far, we obtain the following conclusions

2 *
(i) In the case of Z_l <1, or

< 0.
Op
2 *

(ii) In the case of e_l =1, 887'p = 0.
2 *

(iii) In the case of NS 1, o > 0.

el dp

Furthermore, in preparation for later arguments, we need to investigate the
relationship between e?/e' and the interest rate r* in a steady state. Based

on (2.1), (2.2), (2.35), and (2.36) we obtain the following two relationships:

el =¢(r") — o(r")

1 11—«

= @T-a(r*) =] r* — (14 n)], (2.69)
and
& = (1+7)(r)
=(1+r)1+ n)al’}E(r*)'lia. (2.70)

Therefore, in a steady state, the following relationship holds

e_2: (1+n)r*+(1+n)

N = T 2




54 CHAPTER 2. ENDOGENOUS B.C. AND CHARACTER TRAITS

which satisfies y
2
() @+n)la+n)+59

dr* [2=2r* — (1 4+ n)]?

<0. (2.72)

Figure 2.4 shows (2.71).

e2/el

|
|

rH—

\ -

Figure 2.4

Figure 2.4 depicts a negative relation between €®/e! and r*, showing that
there are two asymptotic lines, 7+ , to which both €?/e! and r* can ultimately
approach.

Additionally, in general, r* = [a(1 + n)]/(1 — @) can move from null

through infinity, as @ moves from null through 1. However, in this chapter, we
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assume r* < 1, because otherwise our economy has no cyclical movements,

as is later shown. This condition refers to o < 1/(2 + n).

Based on the arguments so far, the direction of 7*, when p moves, depends
obviously on whether e%/e! is larger than 1 or not. And (2.72) shows that

the magnitude of €2 /e! is unproportional to that of r*.

At this stage, we should remember key formulation (2.37), which can be

expressed as
2

== [B(1+ )5 (2.73)

el

So, whether e?/e! is larger than 1 or not depends obviously on whether
the right-hand side of (2.73) is so or not. This determines whether (1 4 7*)

is larger than 1 or not. We know the relationship between p and r*.

2.4.4 f for cyclical movements

*

Similarly, we need to analyze the movement between 3 and r*.

We begin with (2.63). Transforming it, we obtained (2.65).

1+ s
W*[ﬂ(1+ )]e.

The above equation can be expressed in terms of a logarithmic form as fol-
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lows:

log(1 +r*) — log(n(r*) — 1) = %[log B+log(l+r).  (2.74)

Assuming that p is constant, we differentiate the above equation totally,

and eventually obtain the following;:

3r*_ 1 147
83 B e?

r* el

<0. (2.75)

)

2.4.5 The relationships between r* and both p and 3

It is obvious from (2.73) that the interest rate in a steady state, r*, is deter-

mined to satisfy the following relationship:

e?(r*)
el(r*)

= [B(1 +7%)]7. (2.76)

(2.76) means that 7* is correspondingly determined when parameters 8 and

p are given.

It may seem that r* is determined when an arbitrary combination of
B and p is given, but this is not true. B and p respectively indicate the
degree of carelessness about future events and greed for consumption by
individuals. Therefore, for example, individuals who are highly careless about
future events are also highly greedy for consumption. In this light, we can

say that if § is large, p is also large, and that if 8 is small, p is also small.

Additionally, (2.76) means that the steady interest rate satisfying e2/e! =
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1, that is, r**, is determined independently of the value of p. In this situation,

the value of 3, that is, 8*, is determined by the following:

_ 1
Tl

B* (2.77)
Based on what we have analyzed so far, it becomes obvious that the move-

ments of p are not related to those of 7* uniquely, so we will analyze our

economy in two cases.

First, in the case of €?/e! < 1, (2.74) leads to the following relationship:

dn
1 * 1 1 d 2 1d
( _— dr R )drr* — _..__ploge_..l__._é
1+ n—-1 pl+r* p el pp

(2.78)

Here, noticing dn/dr* = n/r*, we can transform the contents in the paren-

theses on the left hand, depicted as A, as follows:

1 p—1 n
A= - <0, 2.79
147 p r™(n—1) ( )

because p < 1 and 1 > 1.

At this stage, we assume the movement of 5 and p as

4 _dp

5=, <0 (2.80)

On this assumption, the right-hand side of (2.78), which is expressed as B,
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is transformed as

B=-2%00e 801+ —1] < 0. (2.81)

p B

In the above logic, we used log (1 + 7*) < 0, because we assume that e?/e! <
1, which naturally satisfies 8(1 + 7*) < 1.

In light of what we have analyzed above, we can conclude dr* > 0.

We will discuss this logic in more detail. First, we assume certain values
of p and 3, that guarantee r* under which e?/e! < 1 holds. Second, we
assume lower values of p and § than those, and then larger * holds, which
results in less e?/e!. Of course this new e*/e! remains less than unity, which
also leads to 8 (1 +r*) < 1.

This means that the interest rate in a steady state becomes larger when
both 3 and p are smaller. In other words, in this situation, it becomes clear

that e*(r*)/e(r*) is smaller than 1 and decreases.

2.4.6 Endogenous business cycles and both p and

Let us return to (2.59). We need to look for the conditions under which
1 becomes negative. The above relationship means that if both 8 and p
are small enough, e*(r*)/e(r*) decreases, and 1/[(1 — a)r*] and (1 + %)
similarly decrease. Furthermore it is obvious from (2.60) that this leads to
the decrement of A. On the other hand, in this situation, (1—p)/p — oo, as

p — 0. Therefore, 1y < 0 necessarily holds, and endogenous business cycles
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with two periods occur.

We can establish a significant theorem based on the above logic:
Theorem
If p and B are both small enough, endogenous business cycles with two periods

occur.

2
e

Second, in the case of — > 1.
e

Because €2/e! > 1 occurs when both p and 3 are large enough, contrary to
(2.80), we need to investigate the movements of our economy on the following
assumption:

b _d (2.82)

B p
In this case, the sign of the right-hand side in (2.78) is not certain, and
therefore the movement of €?/e! is also unsure. However, it is obvious that

e/e! > 1 holds, if only both p and 3 are large enough.
We demonstrate this below.
Since e?/e! > 1 is equal to B[1+7*(8, p)] > 1, we focus on B[1+7*(83, p)].

We define the above relationship as

H = p(1+7(8,p))- (2.83)

Differentiating (2.83) totally, we obtain the following:

dH = %g dg + a—Hdp (2.84)
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Here, the following holds:

0H . 1 1+7r*
5—ﬂ—=1+r(ﬂ’p)"ﬁ5 np €.’
l_p+F(é—1)

Transforming the above relationship, we obtain the following:

OH _  p(l+m)(8r) +re(r)
96~ (L= p)lelr) — o) + p )AL+ 1)

> 0,

because p < 1.

On the other hand, the following holds:

oOH or*
—'87 —ﬂap >0,

because e?/e! > 1 and because of (iii) on page 53.

(2.85)

(2.86)

(2.87)

In these situations, dH > 0 holds and eventually e?/e! > 1 obviously

holds, as both p and 8 become larger. On the other hand, as p approaches

unity, (1—p)/p decreases sufficiently and to null, F; < 0, which is a necessary

condition for cyclical fluctuations, is not satisfied.® Therefore, no business

cycles evidently occur.

8See (2.62).
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2.5 Conclusion

Based on what we have carefully analyzed so fai, we can conclude as follows:
In an economy consisting of individuals with strongly careless and greedy
characteristics about future events and consumption, which means small 3
and p, endogenous business cycles can occur, but in other cases they can not.

How do these characteristics influence the formation of savings? We know
that our whole economy is fluctuating through the movements of k&, which
means the intensity of capital to labour. Since the capital in the current
period results from the savings in the last period, and the labour supply is
supposed to be exogenous, it is important for analyzing our fluctuation to
know how capital moves. Furthermore, this leads to investigating how savings
move. In short, at this stage, we can analyze the relationship between the
formation of capital and the degree of careless and greedy character traits
in terms of that between the formation of savings and the degree of careless
and greedy character traits.

In our economy, based on (2.37), savings are determined on the assump-
tion of stationary expectation regarding r, as

,8%(1 +'l"t)-1_;e’wt
8¢ = ip-

14+ B87(1+r) 7

(2.88)

(2.88) means savings by individuals. If an arbitrary combination of (wy, 1),
that is, an arbitrary k, is given, s, is determined by (2.88) on the basis of

stationary expectation with regard to r.
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It is obvious that for the functions G(r) and G?(r), (2.88) must necessarily
hold, and that in this light, s; is determined as two fixed points, p; and p,
on G*(r).

Based on (2.88), we obtain the following:

Jsy ,3%(1—!—73)1_;2
Owe 14 B5(14m) 7

> 0. (2.89)

1 1-p
0s, _ (L4 7
95t _ s, .
Ore T[4 Br(14r) 7 2

(2.89) means that individuals increase their current savings when they can

(2.90)

earn large enough current wages, regardless of the degree of p. However, the
sign of (2.90) depends on the degree of p. If p > 1, the sign is negative.
That is, savings move in the opposite direction to the interest rate. However,
if p < 1, both move in the same direction, and then, the sign of (2.90) is
positive. This conclusion is in sharp contrast with Grandmont (1985). And
this means that the substitution effect on savings caused by a change in the

interest rate is larger than the income effect.

Furthermore, if p is sufficiently small, it becomes clear that only a change
in the (anticipated) interest rate can affect savings, but a change in wages

can not affect savings very much.

We can verify this as follows:
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(2.89) can be transformed as

8 _ __ [Ba+m)lF
Bue 1tr+[B(L+m)]r

(2.91)

Suppose that p approaches null. This necessarily entails that (3 also ap-

proaches null. Then, gj—)’: — 0, because B(1+ 1) < 1, as ry — o0.

The above relationship shows that w, has little influence on the determi-

nation of s;.

From the above conclusion, we can consider real savings to be determined
only by the interest rate. Then, the following chain of logical relationships
obviously result, among individual savings, the intensity of capital to labour,
and the interest rate.

Initially, we assume ds; < 0. In this situation, dk;y; < 0, because

St
14+n

ki1 = Then, dryy; > 0 holds. In this situation, ds;.; > 0.° In
the same fashion, similar processes are repeated thereafter, that is, dk;y2 > 0

—->d7”t+2<0-—>dst+2<0——>....

In short, the above circulating movements show our endogenous business

cycle with two periods.

Additionally, under our endogenous business cycle, the following obvi-

®Note that ds;/8r; > 0, because p < 1.
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ously hold:
GSer1 _ -1 driv -1 ki =1
dSt d'rt dkt
dys41 1 dwiyy - _1
dy: dw;
t=1,2,....

In this chapter, we can conclude that if economic fundamentals remain
unchanged, and if the characteristics of individuals can change, our economy
can behave differently. Therefore, if we can, we should consider modifying
certain of our character traits, not seeing them as inherent. In this context,
if we are allowed to figure that business cycles are not good because they
can cause a smaller amount of consumption per person than in stationary

economies, ¢

our policy should be devoted to encouraging people toward
significant prudence. In this sense, Aesop’s moral, that it is better to be a

prudent ant than an imprudent grasshopper, still holds true.

10See Lucas (2003)



Chapter 3

How Do Fixed Labour Income

Taxes Affect an Economy?

This chapter deals with whether taxation on labour income can change eco-
nomic movements or not. Schmitt-Grohé and Uribe (1997) discussed this
problem, based on the infinite horizon model which Ramsey (1928) origi-
nally established. They affirm that economic behaviour can change from a
steady tendency to indeterminacy, if labour income tax rates change, and

that it cannot cause endogenous fluctuations if labour income tax rates are

fixed.

However, they are inaccurate in the manipulation of the optimal con-
trol theory and therefore fail to derive the labour supply, which a household
should offer. We establish a new utility function instead of that in the above

paper and explore their affirmation about fixed tax rates in detail, because

65
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in their paper it is stated without any proof. As a result, we conclude that
changes in labour income tax can not cause instability in an economy, and
conversely that the economy converges to a steady state. In this sense, chap-

ter 3 offers a proof about their affirmation and follows them.

3.1 Introduction

In this chapter, we deal with whether an economy has a tendency towards
stabilization or not, a conventional controversy, from the viewpoint of en-
dogenous business cycles.

Endogenous business cycle theory shows us that if only parameters (not
fundamentals) change, such as, for example, the elasticity of marginal util-
ity in relation to consumption determining the shape of a utility function,
the behaviour of an economy can differ drastically. In this situation, behav-
ioral differences can range from a steady state to intense fluctuations, the
occurrence of business cycles, indeterminacy or chaos.

As one factor behind the parameters in the above sense, we are interested
in taxation. That is, we want to examine whether a change in taxation by
governments might cause changes in economic movements, i.e., from a steady-
state tendency to fluctuations, business cycles, indeterminacy or chaos.

Schmitt-Grohé and Uribe (1997) tries to answer this question on the
basis of an infinite horizon model and balanced budget rules, resulting in

an affirmation that a certain range of tax rates on labour income can cause
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intense economic fluctuations and indeterminacy, while other tax rates do
not.
Apparently, not a few economists agree, and this theory seems to be widely

accepted; we can list Utaka (2003) as a good example.!

However, we doubt their theory, especially from the viewpoint of their
mathematical manipulations. Their model framework is fundamentally based
on Ramsey (1928), but does not deal just with planned economies as Ramsey
(1928) did, instead extending the scope to equilibria in markets. In this
framework, they naturally try to deduce the supply of labour forces within
their system,? but in vain, because their manipulation of the optimal control
theory is not accurate, as explained in detail below.

In light of these arguments, we aim to prove why their logic is incor-
rect and instead offer a new model. In this chapter, we deal with labour
income taxation, in which the tax rates on labour income are fixed and,
correspondingly, government expenditure is endogenous, under the balanced
budget rule. As a result, based on our new model, we conclude that this
taxation on labour income can not cause any instability, but the economy
tends to converge to a steady state. However, we also obtain a conclusion

that taxation has other negative impacts on an economy, namely it reduces

1Utaka (2003) says: “Schmitt-Grohé and Uribe (1997) show that distortionary taxes
can cause instability in the neoclassical growth model. In their model, government expen-
ditures are constant and the tax rate is endogenous. Distortionary taxes make the labour
demand curve upward sloping, which generates local determinacy”. From this statement,
Utaka (2003) seems to accept their theory.

2The neoclassical growth models like Solow (1956) often assume the supply of labour
as determined exogenously, but they conversely determine it endogenously.
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the scale of the economy, while leaving efficiency unchanged. More concretely
speaking, the more labour income tax rates increase, the more sharply the
economy decreases. Furthermore, leaving efficiency unchanged means that
factor prices remain unchanged, before and after the taxation is introduced.
This implies the existence of a maximum to government revenue financed by

labour income tax, and we prove this.

The structure of this chapter is as follows:
In section 3.2, we point out some mistakes in Schmitt-Grohé and Uribe
(1997). In what follows, in section 3.3, we refute Schmitt-Grohé and Uribe
(1997), and subsequently, in section 3.4, offer our new model, which roughly
follows the model in Schmitt-Grohé and Uribe (1997), except for an assump-
tion about a utility function. Then we establish a system of dynamics in
order to identify the time paths of our economy, in section 3.5. Furthermore,
we demonstrate the existence and characteristics of an optimal path, in sec-
tion 3.6. And, in section 3.7, we introduce a system of taxation on labour
income and analyze its impacts on an economy, in particular focusing on

movements. Finally, section 3.8 offers a conclusion.

3.2 Existing problems

The framework by Schmitt-Grohé and Uribe (1997) is as follows:

An economy consists of three sectors, namely households, firms and govern-
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ments. These three sectors are each assumed to be represented by an agent.

First, let us consider a representative household. It possesses capital
and loans it to a firm in exchange for rental fees, and additionally offers its
labour to a firm. The population is constant, the rate of participation in the
labour market is also assumed to be constant, and therefore a representative
household determines only how many hours to work and how much capital

to offer. This assumption is the same as that in classical economics.

The utility of a household at continuous time ¢, Uz, is defined as
Ut = log Ct — AHt (31)

Here, C; means consumption, H; working hours, and A a positive constant,

respectively.

On the other hand, a household is assumed to live forever and to maximize

the present value of its lifetime utility, which is expressed as
o0
/ e " (log C; — AH,)dt. (3.2)
0

Here, p means a subjective discount rate of utility.

Because a household determines its consumption and savings at every in-

stant, under its budget constraints, and because saving becomes an increment
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of capital, the following holds:

Kt = (Ut - (S)Kt + (]. - Tt)tht - Ct. (33)

Here, u; means a rental price of capital, w; a wage rate, § a depreciation

rate, K, net investment, K, capital stock, and 7; labour income tax rate.

In short, the household maximizes (3.2) under (3.3), in which the house-
hold takes 7; as a given. This problem can be solved by the optimal control

theory.

The authors rely on a Hamiltonian function, R, for this problem as

R(ﬂt, Ch Ht7 Kt) = e_pt(log Ct - AHt) + ,ut[(ut - 6)Kt+ (1 - Tt)tht - Ct]
(3.4)

Additionally, u; means an adjoint variable.

The necessary conditions for the optimal control theory require the fol-

lowing;:
OR 1
_— = _'Dt— —_ P
a0, e C. pe =0, (3.5)
OR _
g~ —¢ A+ m(l - mu =0, (3.6)
d/.,tt OR
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Based on (3.5), the following holds:

Bt = "'CT, (3-8)

which yields

p G

L . 3.9

L- PTG (3.9)
Based on their argument so far, the following key relationship is obviously
deduced:

C
—C—;=ut—p—(5. (3.10)

Second, the authors introduce a production function F, called a Cobb-

Douglas type, as
F(Ki, Hy) = KXH} ™. (3.11)

Furthermore, they assume that the markets for labour, capital, and output
are fully competitive, and that a firm aims to maximize its profit.

As a result, the following relationships hold:

oF
wy = g‘ﬁ = FH(Kt, Ht), (312)
and
oOF
Uy = ﬁ = FK(Kt, Ht) (313)

Here, an output price is assumed to be 1.

We can consider the two relationships above as demand schedules for
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labour force and capital, respectively.

On the other hand, Walras’ law requires the following:

Ci+ G + K, + 6K, = F(K,, Hy). (3.14)

Here, G means government spending, which equals labour income taxes. As a
consequence, the authors affirm that their economic system can be described

by the following four equations:

( 1
A = ‘5‘(1 — Tt)FH(Kta -Ht))
. Oy
Cy
—— =p+6— Fx(K;, Hy),
! T TF x (K, Hy) (3.15)
Kt - F(Kt,Ht) - Ct — G - 5Kt,
L G = TtFH(Kta Ht)Ht-
3.3 Refutations
The formulas in (3.15) can be arranged as follows:
. K K,
Kt = Uy (#‘) Kt + (1 - Tt)’wt (-H—t) Ht - Ct - (5Kt,
. t t
Q_u & s (3.16)
c. . “\H, P

Because both u; and w; are equilibrium prices in the markets, we explore
how u; is determined.

The demand for capital is derived from maximization of profit by a firm
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and u; is equal to the marginal product of capital, F/9K;. Since the produc-
tion function is assumed as in (3.11), it leads to o %)1‘“. In this situation,
K, is predetermined, so u; is logically determined, if H; is given.

The same discussion is applicable to how w; is determined.

The demand for labour is also derived from a profit maximization policy

by a firm, and w; is equal to the marginal product of labour.

But how is the supply of labour determined 7 Because the household is
supposed to offer labour force, the supply of labour should be determined
through the household’s optimal principle, that is, by (3.5) through (3.7),
which means a process of maximizing the Hamiltonian function. However,
H; does not appear in (3.5) through (3.7), and therefore the system composed

by (3.5) through (3.7) cannot determine variables.

At this stage, we should return to (3.4). In (3.4), when we collect items

concerning H;, we obtain in the following:
[_Ae—-pt + Mt(l - Tt)wt]Ht.

The above relationship obviously shows that the Hamiltonian function R is
linear with respect to H;. In this situation, the optimal solution with respect
to H, is not an inner-point solution, but an end-point one. Nonetheless, the

authors take the inner-point solution as the optimal one.

In other words, if [—Ae P + u;(1— 7 )we] > 0, the supply of labour force is

determined at its maximum, if a maximum exists. Conversely, if [—Ae™" +
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pt(1 — 7e)we] < 0, it is null. This implies that the authors actually postulate
an economy that does not satisfy optimal conditions, that is, maximization
of the present value of the lifetime utility of a household. This postulation is
a serious error. More specifically, the assumption about the utility function

U; = log C; — AH, causes this mistake.

3.4 A new model

We define a new utility function as follows:

U, =logC, + Alog (L — H,). (3.17)

Here, L means maximum hours for leisure which a household can utilize and
is a positive constant.

In other words, we assume that a household can enjoy both consumption
and leisure. It follows that we ignore depreciation for simplicity, because it
does not affect our theory in the context below, and other assumptions in
the original paper by Schmitt-Grohé and Uribe (1997) are roughly used in
our analyses. But to maintain uniformity of symbols we denote a subjective

discount rate of utility as -y instead of p, below.

In this circumstance, the problem of the choices made by a household is

modified as

max [ e "[logC; + Alog (L — H,)|dt, (3.18)
CoAt J,
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subject to

Kt = uth -+ (1 - Tt)tht - Ct. (319)

The household takes factor prices u; and w; as given, and chooses consump-
tion and the supply of labour force. In other words, in this situation, the

factor prices mean supply prices in the factor markets.

The Hamiltonian function, R, is defined as

R = e "M[log Cy+Alog (L — H;))

—+ ,ut[uth -+ (1 - Tt)tht e Ct] (320)

Concerning control variables, the following have to hold:

OR 1
— =M= — =0
act € . e 3
which yields
e
e = o (3.21)
OR _ -1
b—j{"t‘:e ’YtAL—Ht +Nt(1—7t)wt :0,
which yields
H =L- _AG (3.22)
(1 —_ ’Tt)wt

(3.22) means there is a supply curve of labour force, which was lacking in

the original paper.
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Furthermore, the following must hold:

dus _ _OR

dat —(‘9‘}‘(; = — Uy,

which yields

2o (3.23)
Ht

Considering both (3.21) and (3.23), we obtain the following relationship,
called an Euler equation:
Ci
— =U — . 3.24
C, U — Y ( )
The Euler equation plays a key role in our future analyses, showing how a
household chooses consumption.

In addition, since function R is concave with respect to C;, H;, u; and

K;, the sufficient conditions for the objective function are satisfied.?

3.5 Dynamics

3.5.1 Optimization of a firm

Because a firm is supposed to aim to maximize its profit, and a production

function is assumed by (3.11), the following hold as a result:

wy = (1 - )k, (3.25)

3See Koyama (1995)
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w = ak; 7%, (3.26)

K,
Here, k; &f T{—t’ which means the capital-labour ratio. Additionally, note

t
that in this situation, a firm takes factor prices u; and w; as given. In other

words, these mean demand prices for the factors.

So far, the factor prices are arbitrary, that is, the ones which a household
and a firm are respectively anticipating. These can be called demand prices

or supply prices.

However, at this stage, we assume equilibrium prices in competitive mar-
kets. In short, we do not assume a command economy as Ramsey (1928)

originally supposed, but a market economy. The reason is as follows:

The prices w; and u; in (3.22) and (3.24) indicate the ones anticipated by
a household. On the other hand, the prices w; and u; in (3.25) and (3.26)
indicate the ones anticipated by a firm. Equilibrium prices mean the ones at
which the former match the latter. We can say that the equilibria hold at
every instant on the assumption of perfect foresight.
As a preparation for later discussions, we should derive a relationship. (3.25)
holds for arbitrary time, and this means that we can consider (3.25) as an
identity with respect to time. Therefore, we can differentiate (3.25) with

respect to time, so the following holds:

W, = a1l — a)k* k. (3.27)
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3.5.2 Dynamics of the system

By definition, since k; = —g—f - %’;% holds, by substituting (3.19) into the

above definition, we obtain the following:
K, C , H

k;t = UtE + (1 - Tt)wt - E - ktE (328)

At this stage, differentiating (3.22) with respect to ¢, we obtain the following,

Ht _ _ A tht - tht’

2
1 —Tt wt

from which the following holds:

(G
Ht_ Cy Wy

H Lo —m)e - A
t

(3.29)

The above relationship indicates a rate of change in the labour supply.

As a consequence, a rate of change in the capital-labour ratio is expressed as

- (1 — Tt)wtCt
kt = Utkt -+ (1 Tt)’wt (1 — Tt)’th — ACt
& i
+ AR —C (3.30)
L(l - Tt)— - A
G
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Here, we respectively define the following:

Wy = n(kt)a
(k) = (1 - a)ke,

(3.31)

uy = (ke),
Bki) = akf .

(3.32)

Therefore, in light of equilibrium prices, we can transform (3.30) into the

following;:

kt = ¢(ke)ke + (1 — 1)n(ke) — (1 Eth_)r;-E])q;?)(lLCt)—Cj‘lCt

C.'t ﬂ(kt)
Ak, |— — C,
¢ C, ﬂ(kt)] '

L(1 — 7)n(ks) — AC’t”

_.I_

which leads to

ky = P(ke)k: + (1 — m)n(ke) — (1 Engﬁi?)(ftz-C;Ct

Akf—p -+ o(k) — 220,
R (3.33)

L(1 — m)n(ks) — AC;

+
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Furthermore, transforming (3.33), we obtain the following:

k"t[L(‘1 — 1)n(k:) — AC; + AaCy] = [L(1 — 1)n(ks) — ACy)d(ky) ks
+ [L(1 = m)n(ks) — AC](1 — 7)n(ky)

— (1 = 7)n(ke)Cy + AC[—p + ¢(kt) k.
(3.34)

Yet, H; 2 0 must hold, so it follows from (3.22) that L(1—7;)n(k,)—AC, 2
0. Therefore, L(1 — 7)n(k:) — A(1 — &)C; > 0 holds.

As a result, our economic system is expressed by the following:

[L( = m)n(ks) — AC[p(ke)k: + (1 — 1)n(ke)]
L(1 — m)n(ks) — A(1 — )Gy
(1 = 1)n(k:)Cy — AC =~ + d(ke)} ks

T TTI0 (k) — A0 = )G, (3:35)

k.t:

Ci = [¢(k:) —]C:. (3.36)

Considering (3.31) and (3.32), we can transform the above system into the

following simultaneous equations system with respect to k; and C,.

i LA - 7)1 - o)et (1-n)(1 - o)k
’ (1 - a)[L(1 — 7)k® — AC)]
(A+ 1)1 - 7)1 — a)Cik® + AyCiky
h (1—a)[L(1 - n)ke — ACy]

(3.37)

C, = (ak; ™% = y)C.. (3.38)
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3.5.3 A steady state

Here, we confirm the existence of a steady state in the above simultaneous
equations system, and define k = k*, C; = C*, and 7; = 7, for any t.
In this situation, when we place C; = 0 in (3.38), we obtain the capital-

labour ratio in the steady state, k*, as

k* = (%) = . (3.39)

The above relationship means that the capital-labour ratio at the steady
state is not affected by labour tax rates. We can call this property a Neutral

Theorem of capital intensity on tax rates.

Similarly, when we place k; = 0 in (3.37), the following holds:

[(A+1)(1—7)(1 — a)(k)*" + Ay]C* =

L1 - 7)1 - a)[a+ (1 — 7)(1 — a)] (k)2

Eventually, we obtain the consumption in the steady state, C*, as

L0 -1 - o) (1) ot (1 - 1)1 - o)
Cr = & = : (3.40)
(A+DA-7)(1-a) (1) + 4y

(%

Since both the denominator and the numerator are positive, obviously C* >
0.

Now, we can depict the global movements of our economy, which have
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been mathematically shown in (3.37) and (3.38). It is convenient for the
identification of the movements to utilize a phase diagram on (k, C) axes.

Let us subsequently analyze the directions in time of C; and k;, respectively.

3.5.4 The movements of C,

(3.38), an Euler equation, shows the time paths of C;. Based on (3.38) we
obtain Figure 3.1.

The dC/dt = 0 locus is expressed by a vertical line at k*. Consumption
is increasing to the left of the locus, where k; < k*, because in this situation
us > 7, so a household can feel more comfortable about consumption in
future. Conversely, it is decreasing to the right of the locus, where k; > k*,
because in u; < 7, a household feels less comfortable about consumption
in future. Vertical arrows show these directions. Of course, at the locus

consumption remains unchanged.

Ct

Figure 3.1
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3.5.5 The movements of k;

We define ¢ and b as

a=L(1-71)1-a)a+(1-mr)1-a),
b=(A+1)(1—-7)1-a).

Using these definitions, we can express (3.37) as

ak?® — bCik® — yACik,

e = (1 —a)[L(1 — n)ke — AC)]

(3.41)

In this situation, first, we explore the dk/dt = 0 locus. So, the following

must hold:

or

ak2*™! — bCik2™! — yAC, = 0.

We should focus on the latter relationship, in order to identify the dk/dt = 0

locus in general, and therefore transform it as

akfo‘_l

Co=—nt
FT bk 4 A

(3.42)

Additionally, bk +~A > 0.

We need to find the shape of (3.42), and therefore interpret (3.42) as a

function, in which k; works as an independent variable and C; as a dependent
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one. Following this idea, we differentiate C; with respect to k;, in order to
identify the (k:, Cy) relationships. (This is applicable below.)

We obtain the following:

dC;  ak}® Vbakd ! + (2a — 1)yA]

= 3.43
dk; bk~ +yA)? (3.43)

Here, based on the numerator in (3.43), we define the following:

fk) = bakd™ + (2a — 1) A, (3.44)
which has properties such as

(
f'=bala—1k¥? <0,
" =ba(a — 1){a — 2)k*3 >0,
f (@ — 1)(a = 2)k; (3.45)

f(0) = oo,
| limg, o0 f(ke) = (200 — 1)7A.

Based on what we have analyzed so far, we can describe the shape of (3.44)

as follows:

1 dG
2" dk,

d*C,

>Oa.nd~g%;2—

First, in the case of a = < 0. (The proof is offered

in Appendix 1)
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Additionally, because of 2o — 1 2 0, the following hold:*

Ct(o) =0,

limkt_.,oo C(kt) = Q.

1
Second, in the case of 0 < a < 2 the situation is divided into the following

two categories: . .
1—2a\>T [vA\ =T dC
In the case of 0 < k, < ( a) (L> , — >0, and conversely,

o b dk;

1 1
1—2 a—1 A a=1 ]
in the case of k; > « ke , _ﬁ < 0 hold, respectively.
(0] b dkt

In addition, the following hold:®

Ct(O) = O,
limkt_.,oo Ct(k‘t) = 0.

Based on what we have analyzed so far, we can depict two phase diagrams

as follows:

1
First, in the case of 3 Sa<l

2a—1
4Note that C; = ak; .
e
5We can transform (3.42) into C; = a .
— 4 7Ak1:_(2a_1)

kg
b (20—
In this circumstance, when k; — 0, — — oo and YAk, Ze—1) . Therefore, when

ki
kt - 0, Ct(kt) — 0.
In the same fashion, when k; — oo, Ce(kt) — 0.
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Ct
e____
—_—
0 ke
Figure 3.2

The locus dk/dt = 0 starts from the origin and increases as k; increases.
Anywhere above the dk/dt = 0 locus, the capital-labour ratio decreases, be-
cause consumption is too large to leave the capital-labour ratio unchanged.
Conversely, anywhere below the dk/dt = 0 locus, it increases, because con-
sumption is too small to leave it unchanged. Of course, on the dk/dt = 0
locus, the ratio remains unchanged. The horizontal arrows in Figure 3.2

demonstrate these directions of motion.

1
Second, in the case of 0 < a < 5
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Ct

Figure 3.3

The locus dk/dt = 0 also starts at the origin, increases until the point k; =

1 1
1—92a\aT /~A\ a1
( a) ( %) , and thereafter decreases and approaches null.
o

The horizontal arrows in Figure 3.3 show the same movements as those in

Figure 3.2.

3.6 The existence and characteristics of an
optimal path

Based on the above argument, we can finally identify the global time paths,
utilizing phase diagrams in Figure 3.1, 3.2, and 3.3, drawn on (k, C) axes.
1
We obtain Figure 3.4 in the case of 3 < a < 1, and Figure 3.5 in the case

1
of 0<a< 2 respectively.b

8The discussion below holds under the condition that H > 0, which naturally leads to
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Ct

kt
ct
N
E*
0 K* kt
Figure 3.5

In what follows, we consider only the case of Figure 3.4, because the logic of

Cy <
exist.

L{1— 1-—
( 02( ) kY. In this sense, in fact, the trajectories with increasing C; do not
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Figure 3.4 is exactly applicable to that of Figure 3.5.

Point E* means a steady state, where both k£ and C remain unchanged,
and it refers to a situation where consumption, capital stock and the amount
of labour in production all are still kept constant. This noticeably means no

investment. In short, E* indicates a classical equilibrium.

In our economy, initial capital stock, Ky, is historically given. So, if initial
consumption Cy is determined, time paths of all economic variables such as
K, C;, H;, u; and wy are determined.

We can depict possible time paths in Figure 3.4 on the (k, C) axes.

Time paths can be divided into three categories.
First, suppose that Kj is given. In this circumstance, in our system, Hy and
Cy are not uniquely determined in general. Therefore, in addition, suppose
H, is given and then kg is determined. Second, postulate that the corre-

sponding Cyp can be in three points like Cj, C. and C,, as in Figure 3.4.

When an economy starts from Cj, both k; and C; increase, and after k;
reaches k*, k; continues to increase, while C; asymptotically decreases and
approaches the horizontal axis.”

And when it starts from C,, both k; and C; increase to some extent, but
afterwards k; declines and finally reaches the vertical axis, while C; continues

to increase.®

If the economy starts from C,, it converges to point E*.

"See the proof in Appendix 2.
8See the proof in Appendix 3.
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Furthermore, there can be any number of paths on the (k, C) axes and we
know that these paths on the (k, C) axes can not intersect each other. (See

Koyama (1995))

In this situation, what condition concretely determines our time path

uniquely?

Returning to the dynamic budget constraint, (3.19), we can notice that
it just shows how much a household allots to savings or consumption with
its disposable income in every instance, and that this budget constraint does
not necessarily mean its lifetime budget constraint, that is, its intertemporal

budget constraint.

In short, we need to convert it into a lifetime budget constraint, under
which the lifetime utility of a household should be maximized. It is not a
dynamic budget constraint but an intertemporal one that, in our context, we

have to consider as a real budget constraint for consumption and leisure.

However, on the assumption that no household has debt, and in addi-
tion to the dynamic budget constraint, if a transversality condition holds,
which requires that all capital at a final end, that is, at infinity, be ientirely

consumed, the required intertemporal budget constraint is satisfied.
The proof is as follows:

From (3.14) we have obtained the dynamic budget constraint as

Kt = Uth -+ (1 — Tt)’U)th - Ct.
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When we integrate the above relationship from time null through infinity,

the following holds:®

/ Kodt + / C, dt = / wK, di + / (1— r)weH, dt,  (3.46)
0 ] 0 0

and (3.46) should be transformed as follows, when we evaluate (3.46) at time

null:

/C’texp[ /u,,dl/]dt+/ Kte:vp[ /u,,du

t
/ (1 — 7)weH; exp [— u,, dv] dt +/ uy K; exp [—/ u, dv] dt.
0 0

(3.47)

Then, the second term on the left side in (3.47) can be transformed as
/ Ktexp[ /u,,du =
t
[K: exp [— / u, dv)le° - / K uy exp[— / u, dv] dt, (3.48)
0 0
which yields

/ K, exp | / Uy dv] dt =

—K0+/ u Ky exp[— /ul, dv] dt. (3.49)

9Notice that 7; is supposed to be constant.
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Note that the transversaliy condition which we require means the following:

Ko exp[— / u, dv} = 0.
0

As a result, in light of the above relationship, we can transform (3.47) as

iJoe] 14 [oe] t
/ C; exp [—/ u, dv] dt — Ky +/ us K; exp [—/ u, dv] dt =
0 0 0 0

o0 t o0 t
/ (1 — 7)w:Hy exp [——/ u, dv} dt +/ us Ky exp [—/ u, dv] dt,
0 0 0 0

which finally yields

/oo C; exp[— /t u, dv] dt = Ko + /00(1 — Te)we Hy exp[— /t w, dv] dt.
0 0 J 0 (3.50)
The above relationship is the very condition we explore as a lifetime budget
consfraint.
(3.50) means that the present value of the consumption enjoyed by a house-
hold over infinity is equal to initial capital plus the present value of disposable
labour income over infinity. This is what an intertemporal budget constraint

actually means.

The transversality condition can be also expressed as follows:

lim pueks = 0, (3.51)
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which in this context, yields

im Bt
tlirglo —C-,;e = 0. (3.52)

(3.51) means that the present value of the marginal utility of consumption at
infinity in terms of capital stock, which can be transformed into consumption
at perfect substitution, must be null. In this sense, the consumption at
infinity means that of capital stock at that time. In other words, this context
means that a household consumes its capital entirely when it dies.!?

Now focus a saddle point E*. The saddle path that converges to E*
obviously satisfies (3.52). Furthermore, because trajectories can not intersect
each other, this trajectory is the only path which our economy allows, in light
of our intertemporal budget constraint.

Since E* is a saddle point, our economy converges to E* in the long term.

In this situation, since both k¥ = 0 and €' = 0 hold, the following is true:
Kt = Uth + (]. — Tt)tht - Ct = 0.

At E*, since no capital is accumulated, capital stock remains constant, K*.
So, the private sector does not save and consumes all its disposal income.
This phenomenon is drastically contrary to that deduced by the neoclassical

theories, like Solow (1956).

101f our economy is supposed to be controlled by immortal genes, an intertemporal
budget constraint is not necessary. So, our story will change drastically. In this sense, the
assumption that at infinity a household necessarily dies is crucial.
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On the other hand, the labour in production processes also remains con-
stant, H*, and the scale of production remains constant, (K*)*(H*)'~.
These outputs are entirely consumed by both the private sector and the

government.

3.7 Tax and economic movements

Next, we explore how changes in the tax rate imposed on labour income

affect our economy.

3.7.1 No tax

Initially, as a preparation for later analyses, we consider an economy without
taxation. This means our analyses are deduced as a special case in which
7 = 0 is applicable.

At a saddle point, which is denoted by E, we obtain the following con-
clusions:

Based on (3.39) and (3.40), we obtain the following:

1

k= (%) - (3.53)

- (2

C= A+ 1)1 —a)+ Ao’

(3.54)
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Apparently, (3.53) implies that the capital-labour ratio at the steady state is
case indifferent, whether with labour income taxes or without (See (3.39)).
This is derived from the fact that an Euler equation is not affected by the

taxes imposed on labour income.

It follows that the capital-labour ratio given by (3.53) determines both
labour and capital factor prices, which are correspondingly the same when a

labour income tax is imposed.

That is, based on (3,26) and (3.25), the following hold:
=4, (3.55)

and

[ed

zb=(1—a)(%>tz. (3.56)

In this situation, labour supply and capital stock are respectively determined

H:L_ﬁg
T4+ 1L)8 = Zi + Aa’ (3.57)
and N
PO T I (§> 58

(A+1)(1 —a)+ A’

Furthermore, outputs and outputs in relation to labour, )7/ H, are respec-
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tively expressed as

Y = (K)*(H)"~*
1) ()

T A+ D1 -a)F Aa (3.28)
and 3
Y AT
7 = (k)°. (3.60)

(3.59) shows that all products are consumed, while savings do not exist and
therefore no capital accumulation exists.

In addition, consumption in relation to labour is demonstrated as

%: (k)e. (3.61) |

3.7.2 Taxation on labour income

Suppose that the government imposes a tax at a certain rate on labour income
and a household considers this taxation will continue forever.
In this situation, the household again plans its optimal scheme under this

new budget constraint, in which its disposable labour income is lower by the
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amount of labour income tax.

It obviously follows from the Euler equation that the capital-labour ratio
is not affected by this taxation and remains &, unchanged in an equilibrium

in the long term.

However, the k, = 0 locus shifts downwards, as follows: Based on (3.42),

we obtain the following:

6@ 20—1 a—1 201 ab .0—1

o (k5T + 7A)?

(3.62)

Here, we denote the numerator in (3.62) as D, and obtain the following

relationship:

_ (0a b\ 302 94, 901
D_(anb aaTt)kt +7A8Ttkt ,

where the following relationships hold:
Oa 9
= ~LA-a)la+(1-1)1—-a)] - L(1 —7)(l — )

t

= —L(1 - a)fe+2(1 - w)(1 - a)] <0,

and
ob

5. =—(A+1D(1-a) <0

As a result, we can show as below that the sign of the parentheses in D is
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negative:

—b— a——t =—(A+1)(1-a)(1-7)Lla+2(1 - 1)1 - a)](1-a)

+L(1-71)(1-a)a+(1—1)(1 - a)](A+1)(1 - a)

=—(A+1)(1-a)®L(1—-7)*<0.

Eventually, we obtain the following:

0C, _ _(A+1)(1—a)fL(l—m)k
o (ke -+ A)?
_ YAL(L — o) + 2(1 — 1)(1 — o)}k ?

(bkg™ + v A)?

<0, (3.63)

Therefore, we can obtain the following conclusions:

The taxation on labour income makes the curve shift downwards, which
satisfies k; = 0, while the curve which satisfies C; = 0 remains unchanged,

on the (k, C) axes.

At this stage, we can explore how our economy behaves differently be-
fore and after the taxation is introduced. In order to do so, Figure 3.6 is

convenient.

E shows the saddle point before the taxation and E* the one after the

taxation, respectively.
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Ct

kt
0 K

Figure 3.6

Based on what we have analyzed so far, we know that our economy moves
along a saddle path to converge on the saddle point, if the intertemporal
budget constraint is satisfied, and we assume this condition.

First, we assume that our economy starts at a certain point on the saddle

path before the taxation, under an initial condition of state variable, Ky, and
then eventually converges to E.
Second, suppose that when the economy stays at E, a government imposes
a tax on labour income. In this situation, a household maximizes its utility
under the revised intertemporal budget constraint, and we can obtain a new
saddle path and a correspondingly new saddle point E*. Since the revised
budget constraint is satisfied, an initial point is sure on the new saddle path,
and our economy converges to E*.

The way in which the initial point on the new saddle path is determined

is a crucial issue here. We can offer a solution to this inquiry as follows:
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First, concerning C, from Euler equation (3.24), the following holds:
i
Cy = Gy exp| / (uy, — ) dv]. (3.64)
0

Here, Cy means initial consumption.
On the other hand, an intertemporal budget constraint is given from
(3.50) as
o0 t N
/ C; exp[—/ u, dv] dt = K + hy. (3.65)
0 0
Here, X means the initial capital corresponding to point E. Additionally,

ho, the present value of labour income after taxation to be earned from 0

through infinity, which is constant, is given as

00 4
ho = / (1 —7)wH, e:cp[—/ u, dv] dt.
0 0

In light of both the Euler equation and the intertemporal budget constraint,

we substitute (3.64) into (3.65) and obtain the following:
o0 t t _
/ Co exp[/ (uy — ) dv] exp[—/ uy, dv] dt = K + hy, (3.66)
0 0 0

in which the left side of (3.66) results in %9.

As a consequence, we obtain the required conclusions as follows:!?

1The following expression is possible:

Co = C* exp[— -/Ooo(u,, — ) dvl.
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Co = (K + ho). (3.67)

Furthermore, the following holds in the labour market:

1 _AG =(1—a)(-§5)1-a. (3.68)

1—7’L-—H0

Since (3.67) determines Cy, Hy is determined by (3.68). It becomes clear
that our economy starts from the point determined by the above conditions,
which consist of both an initial condition of a state variable, K, and initial
values of control variables, Cy and Hp.

Because this economy moves along a saddle path corresponding to the
taxation and eventually converges to E*, we can conclude that this taxation,
that is, the labour income tax, does not make our economy unstable.

However, we can easily guess some other disturbances may occur due to
this taxation, so we explore these possibilities.

In the equilibrium denoted by E*, the values of the variables are deter-
mined as follows:

The two factor prices are the same as those in the equilibrium denoted

by E and are expressed as
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The quantities in the equilibrium denoted by E* are respectively determined

as follows:

In the determination of H, the following must hold:

_AC 1
" 1—7L— H*

K*
= (1-a)(7R)

-0-a(5)"

When we substitute C*, that is, (3.40), into the above, we obtain the follow-

w*

ing:
. L(1—-7)(1—-a)
S @)1 -N(-a) + Aa’ (3.69)
K™ is determined as
K* =kK*H*
L(1—7)(1— ) <9“-> -
= i . (3.70)
A+1)(1-7(1-«a)+ Ax
In the determination of Y'*,
Y* = (K*)a(H*)l-a
Lo—n-a (%)
<7) (3.71)

TA+NA-7(1-a)+ Ao’
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In the determination of G,

G=7w*H*
71— a)? (%) -7

S AT DA -N(l—a)+Aa’ (3.72)

From the above analyses, we can verify that the whole demand C* +G equals
the whole output Y.
Concerning consumption in relation to labour, the following relationships

hold:

G —lo+-n(-a) (3)— < (%)_ (373

In addition, notice that « + (1 — 7)(1 — a) < 1.12

3.7.3 Disturbances caused by the taxation

Here, we subsequently examine how the taxation causes mamny disturbances
In our economy.
Concerning the supply of labour, comparing the difference in labour sup-

ply between the case of non-taxation and that of taxation, we obtain the

12We offer a proof here.
Consider a function g(a) = a+ (1 — 7)(1 — ).
In this situation, the following hold:

g'(a)=71>0,
{ g)=1-7>0,
g{l)=1.

Based on the above relationships, we obviously obtain the required result.
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following result:

H* (1- A+ 1)(1 — o) + Aa]
7~ (-7A+D)(1-a)+4a - © (3.74)

In short, labour supply is reduced.

Concerning the capital stock, we obtain the following relationship:

}{* _(A=-7)(A+1)(1~-a)+ Ad]

K (1-1A+11-0)+ Aa

< 1. (3.75)

In other words, capital stock is reduced.

Concerning the scale of production, the following holds:

Y* (1-7)[(A+1)(1 - a)+ Adg]
VS 0-nAT D1 -a)+da ~F (3.76)

Based on (3.74), (3.75), and (3.76), we know that the reduction rates for

labour, capital stock and production scale are the same.

Concerning consumption, the following holds:

cr 1-7[A+1D(1 - o)+ Ad] W
= (1—7)(A+1)(1—a)+Aa[a+(1—7)(1 ) < 1. 3.77)

Based on the proof in footnote 10, because o + (1 — 7)(1 — @) < 1, the
reduction rate of consumption in the private sector is obviously larger than

that of labour, capital stock and production.
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Concerning consumption per labour, the reduction is as follows:

(2) —a+(1-7)1—a)< 1. (3.78)

(5)

3.7.4 Tax rates and government revenue

‘We need to compare our economies in steady states.

When the tax rate on labour income is 7, the revenue of a government,

which supposedly equals government spending, is given by (3.72) as

o
«

7(1 — o) <—> o L1 —1)
G = i .
(A+1D)(1 -7l —-0a)+ Aa

(3.79)

From the above analyses, we know that labour is reduced when the tax rate
increases. On the other hand, since the real wage rate remains unchanged,
this clearly leads to a reduction of the tax base.

Therefore, we wonder if the revenue necessarily increases when the tax rate

does. In this sub-section, we deal with this issue.
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Based on (3.79), after some calculations, we obtain the following relationship:

.

oG L(1 — a)? (%) A D - @)1 = 72 + Aa(l — 27)]
ar [(A+1)(1—a)(1=7) + Aa]?

(3.80)

Let us analyze the signs of the numerator in (3.80), and denote a part of it

as

9(r)=(A+ 1)1 —a)(1 —7)% + Aa(l — 27), (3.81)

which has the following properties:

g(1) = -2(A+1)(1 - a)(1 - 7) - 240,
9(0) = (A+1)(1 - a)+ Aa >0, (3.82)
9(1) = —Aa < 0.

Consider g(7) = 0, and we obtain the following quadratic equation:

(A+1)(1-a)? 2[4+ (1—a)jT+A+(1—a)=0. (3.83)

Here, if we consider the signs of x, we obtain the following:

x=[A+1-a)-(A+1)1-a)(A+1-a)

= [A+ (1 - a)]da > 0.

The above relationship shows that quadratic equation (3.83) has two real
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roots, and we denote these real roots as 73 and 7, respectively.

Additionally, the following relationships hold:

_2[A+(1—a)]
7-1+T2_(A—i—l)(l—a)>0’
TLsTy = A+~ a) >0
T A+ —e) T

The above relationships show that the two roots are positive and the larger

root is greater than one.

We can verify this as follows: In light of ¢ = 0 in (3.82), we obtain the

following:

A+ D1 -a)(1—-7)+ Aa=0.

When we solve the above equation with respect to 7, we eventually obtain

the following:
Aa
(A+1D(1-0a)

TH=1+

Based on the arguments so far, we can depict g as in Figure 3.7.
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Figure 3.7

Now, we can respectively modify (3.80) and (3.79) as

&

e L= (%))
or  [(A+1)(1—-a)1—7)+ Aa]?’

(3.84)

J -

oo o) o

(A D e

From (3.79), we know the following:

G(0) =0,
G(1) = 0.

Finally, we obtain Figure 3.8, which implies the existence of an optimal tax
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rate from the viewpoint of a government.!?

G

| .
0 T 1

Figure 3.8

71 is the optimal tax rate, at which at least government revenue is maximized.

Additionally,

_A+l1-a—-/(A+1-0a)Aa
e (A+1)(1-a) '

3.8 Conclusion

As in the conclusion in Schmitt-Grohé and Uribe (1997), we have seen that
a labour income tax does not affect economic movements, which are stable
and necessarily converge to a saddle point, when the labour income tax rates
are fixed. Of course, neither business cycles nor indeterminacy occur.

In addition, contrary to the notion of neoclassical equilibrium, in which an

13This may be called a Laffer curve.
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economy is growing, our economy tends to converge to a steady state. In this
situation, all economic variables are constant, as in the classical equilibrium.

However, the higher the labour income tax rate is, the more the economy
deteriorates, regardless of our assumption of a balanced budget rule. This
assumption means that a government spends and consumes the amount equal
to the labour income tax levied.

This deterioration means a reduction in production, resulting in a reduc-
tion of inputs, that is, a scaled-down economy, but, conversely, production
efficiency is not affected, which is typically shown by the neutrality regarding
taxation of an Euler equation. At the saddle point, the capital-labour ratio
remains unchanged before and after the taxation is introduced or the tax
rates are changed.

This can be deduced as follows:

First, when a certain labour income tax is introduced, a household actu-
ally procures a smaller amount of labour income than before and anticipates
as a result that similar taxation will continue in future.

Second, under this anticipation, in other words, in light of this anticipated
reduction in disposable income, a household maximizes its utilities again. As
a result, at a new saddle point, as we have already analyzed, consumption,
capital stock, the amount of labour force hired and production are reduced.

However, as an Euler equation suggests, the capital-labour ratio remains
unchanged. In short, the capital-labour ratio is eventually independent (neu-

tral) of the change of tax rates imposed on labour income.
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Because this leads to constant factor prices, that is, because both wages
and rental rates remain unchanged, the production efficiency shown by labour

productivity remains unchanged as well.

It becomes clear that real interest rates are not influenced by a change in
the labour income tax rates. And since we can consider a real interest rate as
a ratio of the price of present goods to that of future goods, the consistency

of real interest rates naturally implies no business cycles.

Conversely speaking, we should consider another situation, in which the
real interest rates can be changed by taxation on capital income, instead of

on labour income.

We intend to deal with this interesting issue in the next chapter.

3.9 Appendix

3.9.1 Appendix 1

We omit the character ¢ showing time, below.

The following hold:

dC _ ak** U[bak® + (20 — 1)vA]
dk (bko1 + Av)?

>0,

d*C numerator

dk? (kT + Ay)t
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Additionally, the following relation holds:

numerator = [a2(a — 1)k**3(bak® ! + (2 — 1)yA)
+ ak?@ Dpa(a — 1)k*2)(bk*! + vA)?
— ak@ D bak® ! + (20 — 1)y A] x 20k~ + vA)b(a — 1)k*2.
(3.86)

In (3.86), the contents in brackets can be transformed as
[ ]=ak? O V[8a(a — Dbk* 2 +2(a — 1)(20 — 1)yAK™Y].  (3.87)
In this situation, (3.86) is further transformed as

numerator = (bk®7! + yA)2ak? @V (o — 1)k} (30bk*™! + 2(2a — 1)7A)
— 2ak*@"D(bak® ! + (2a — 1)7A)b(a — 1)k 2(bk* 4+ vA)
= (bk* + yA)ak® @V [(bk*! 4+ yA) (o — 1)k~ (3abk> !
+ 2(200 — 1)yA) — 2(bak® ' + (20 — 1)yA)b(a — 1)k*7,
(3.88)

and the brackets in (3.88) can be modified as

[ ]=(a—1)[ab’k** 3 + 3a byA k*2 + 220 — 1)y2 A%, (3.89)
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Therefore, eventually we obtain the following:

numerator = (bk*~t + yA)ak** V(o — 1)

X [ab?k®*73 4 3a byA k* 72 + 2(2a — 1)y2 A%k 7Y,

1
which is obviously negative, if o 2 5

As a result, we obtain the required result,

d*C
—J];I—é— < 0.
3.9.2 Appendix 2
In this situation, the following hold:
k. > 0,
C; <0.

Then, the trajectory asymptotically approaches a horizontal axis.

We can verify this as follows:

113

(3.90)

Based on an Euler equation, (3.24), the movement of consumption is
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expressed in the following way:

C .
52 = ok®! — 1, (3.91)

which can be transformed as follows, and which means consumption at arbi-
trary time:
t
Ciy=Cy exp[/ (ak2™ — y)dv |. (3.92)
0
Here, Cy means the initial condition with respect to C; and additionally
aky™ ' — v < 0 holds.

In this circumstance, when ¢ approaches infinity, C; approaches null, while

k; approaches infinity.
From the argument so far, we can conclude that our required condition

is satisfied.

3.9.3 Appendix 3

In contrast to Appendix 2, the following hold:

ks < 0,
C, > 0.

In this situation, this trajectory cuts a vertical axis at a finite time, because

(3.92) holds under the condition of ak®™! —~ > 0, and C; increases. On the
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other hand, %k, approaches null.

Therefore, we can obtain the required conclusion.






Chapter 4

How Do Capital Income Taxes

Affect an Economy ?

This chapter deals with whether taxation on capital income under fixed tax
rates can change economic movements, namely can cause business cycles or
nof. We rely on the infinite horizon model which was originally offered by
Schmitt-Grohé and Uribe (1997), and we modify the model mainly concern-
ing their utility function because the model has logical flaws, as pointed out
in the last chapter.

After our analysis, we conclude that there is a saddle point with a saddle
path in our economy, and that therefore this economy with its taxation on

capital income finally converges to a steady state.

117
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4.1 Introduction

In How Do Fized Labour Income Taxes Affect an Economy ¢, we concluded
that the capital-labour ratio in a long-term equilibrium is independent (neu-
tral) of the change in tax rates imposed on labour income, like in the case
of lump-sum taxation. Based on this conclusion, we know that the interest
rates in a long-term equilibrium are also independent of the change in labour
income tax rates.

It follows that there is no possibility of business cycles, which are caused
by a change in labour income tax rates.!

On the other hand, is there not any possibility for changes in taxation
imposed on capital income to cause economic fluctuations, in which business
cycles are included 7 Because the existence of strong effects on savings from
changes of interest rates is a requirement for business cycles, and because a
capital income tax can affect current savings, which are consumed in future,
the taxation may induce changes of interest rates in our economy, and as
a result, eventually cause business cycles. Therefore, we need to explore
how capital income taxation affects our economy, especially focusing on how
savings are formed.

That is our prime aim in this chapter.

We again rely upon the previous model, which is a modified version of

the Schmitt-Grohé and Uribe (1997) model.

1Benhabib and Nishimura (1983) asserts, in light of no taxation, that no limit cycles
occur, on the assumption of one kind of capital goods.
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Our conclusion in this chapter is that there is no possibility for business
cycles to occur due to taxation on capital income. This becomes obvious in
light of the existence of a unique saddle point accompanying a unique saddle
path in our economy. This conclusion is similar to that in the case of labour
income taxation. However, in the long-term, a capital income tax decreases

labour efficiency, while a labour income tax does not.
The overall structure of this chapter is as follows:

In section 4.2, we establish our model, featuring an endogenous labour
supply, which moves positively with the real wage rate. In addition, an
Euler equation associated with the capital income tax rate is deduced. Sub-
sequently, we deduce a system of dynamics describing our economy’s move-
ments, in section 4.3. In what follows, in section 4.4, we demonstrate the
existence of a saddle point with a saddle path, where our economy converges
in the long term, and analyze disturbances caused by capital income taxes.

Section 4.5 is devoted to conclusions.

4.2 The model

A household, at instant null, maximizes the present value of its utilities to

be obtained to infinity, as

o0

max | e "logC; + Alog (L — H;)]dt. (4.1)
Cu.H: J
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The above formula means that a household chooses how much to consume
and how long to work, every instant null through infinity. Of course, because
it makes the above decisions at null, and because a household can not know
anything beyond a null, it is forced to rely on anticipation. In this context,
we assume, as in the case of labour income taxation, that the anticipation is
based on a perfect foresight principle. In short, according to our assumption,

its anticipation with reference to u; and w; is all realized in markets.?

On the other hand, a household determines how much to save from its
disposable income (after tax extraction). In this chapter, since we consider
capital income taxation, and since we can consider that current savings lead

to an increment of capital in future, the following holds:

Kt = 'U,t(]. - Tt)Kt + ’U)th - Ct, (42)

where 7; means a capital income tax rate at an instant ¢, and is postulated

to be constant.

On the assumption above, a household maximizes its present value of
utilities as in (4.1) subject to (4.2). Again, in this situation, a household

takes u; and w; as given.

2As noted in chapter 3, every market is assumed to be equilibrated.
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The Hamiltonian function, R, is defined as

R = e Mlog C; + Alog (L — Hy)]

+ ut[ut(l — Tt)Kt + ’U)th - Ct] (43)

Concerning control variables, the following are necessary:

OR 1
=M= — ;=0
8Ct € ] e ’
which yields
e
Mt = “5; (4.4)

(4.4) means that an adjoined variable, u;, equals the present value of the

marginal utility of consumption at an instant t.

OR -1
e A _
oH, € L_Ht‘*‘,utwt 0,
which yields
A
H,=1 - 2% (4.5)
Wy
which can be furthermore transformed as
ACy
Wy = I — Ht. (46)

(4.6) shows a supply curve of the labour force, which is obviously independent
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of tax rates, contrary to the case of labour income taxation.

Furthermore, the following must hold:

dps OR _
T —m = — (1 — 7)u,

which yields
B (1 m). (47)
He
Based on both (4.4) and (4.7), we obtain an Euler equation :
C
5; = Ut(l - Tt) - . (4'8)
This Euler equation shows how a household divides its current disposable

income into current consumption and future consumption, which will be

realized through current savings.

In addition, we can know from (4.8) that this choice is influenced by the
tax rates imposed on capital income, contrary to the case of labour income

taxation.

Moreover, since function R is obviously concave with respect to Cy, Hy,
u: and K3, the sufficient conditions for maximizing the objective function
are satisfied, in light of mathematics. However, since we assume that only
one kind of output exists, and that outputs have perfect substitution, that
is, they can be entirely used both as consumption goods and capital goods,

it is finally better for a household to consume its capital entirely. In other
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words, from this economic viewpoint, we must also consider the transversality

conditions mentioned above.?

4.3 Dynamics

4.3.1 Optimization of a corporation

We assume that only one corporation exists in our economy, which can be
called a representative corporation. This representative corporation is sup-
posed to aim to maximize its profit at every instant.

It produces outputs utilizing both capital and a labour force, which are hired
in exchange for payment in the form of rental fees or wages, at every instant.
And then the corporation sells its outputs in a market.

The Cobb-Douglas type production function of the corporation is expressed

in the following way:

F(K,, H) = K¢HI™. (4.9)

All markets concerning outputs, capital and labour are supposed to be fully
competitive. In this situation, the demands for capital and a labour force,
which are needed by the corporation, are respectively determined in relation

to maximizing its profit, as follows:

wy = (1 — o)k, (4.10)

3We later deal with this big issue in more detail.
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uy = ak; 7Y, (4.11)

Besides, factor prices, both u, and wy, are anticipated values, respectively.

4.3.2 Dynamics of the system

First, as a preparation for later discussions, we derive a rate of change in the
labour supply, below.

(4.5) holds for arbitrary time, and this means that we can consider (4.5)
as an identify with respect to time.

So, we can differentiate (4.5) with respect to time and as a consequence
obtain the following:

tht - tht

b
wf

Ht=“A

from which the following holds:

7 (-‘é—j) » (4.12)

The above relationship indicates the rate of change in the labour supply with

respect to time, which we need to know.

. . K
Second, we investigate movements of a capital-labour ratio k, = F{—t
t

By definition, the following holds:
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Substituting both (4.2) and (4.12) into the above relationship, we obtain the

following:
, K, C H
kt = (1 —_ Tt)ut}{‘f + Wi — ﬁ—i —_ ktﬁf’ (413)
which yields
Al gﬁ _ W
. C; G wy
kt = (1 - Tt)utkt + W — = — k‘t (414)

H-t Wy '
A—-L{—
(Ct)
Additionally, as a preparation for further calculation concerning (4.14), we

can establish the following relationship:

Ct _ Wy
H, Ci Lw; — AC,
C;

L_A(E’z)
Wy

Based on (4.15), (4.14) can be transformed as

A(G
. Cs Gt wy
— ki (4.16)

kt: (1——7't)utkt+wt— .
L-A(3 A-rp(Z
(t> (Ct

Since we discuss movements of equilibrium prices and equilibrium volumes in

(4.15)
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the markets, we define the following respectively, as in the previous chapter:

we = (k) (4.17)
n(k) = (1 - kg,
and
= gk, (4.18)
b)) & ake1. |

Here, in light of equilibrium in the markets, we can transform (4.16) into the

following:

ke = (1= 1) p(ke) ey + n(ke) — ;7'(%%

Ct n(kt)
Ak = — C,
¢ Ct n(kt)] t

L?’](kt) - ACt ’

which leads to
o _ k)G
ke = (1 — 7)p(ke) by + n(ke) n(k.)L — AC;

ak‘t

Aki[—p+ (1 - 1) p(k:) — Tt]Ct
Lﬂ(kt) 4G, ; (4.19)

+
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Additionally, in the above procedure we utilized the following:

wy ke

= 4.20
= agt, (4:20)

G = (1))~ (4.21)

By the definition of both (4.17) and (4.18), transforming (4.19) further,

we obtain the following:

kJA(1 — a)C—L(1 — a)k§] =
Cike(1 — @) (A + 1K™ + An]

—L(1 - a)[(1 - n)a+ (1 —a))k. (4.22)

At this stage, when we focus on an equilibrium in the labour market, we
can notice that AC; — L k¥ < 0.

We can verify this as follows:
Let us return to the labour supply (4.5). In (4.5), naturally H; = 0 holds.
So, it leads to L wj — A C; 2 0. In this context, we should notice that
w; means a supply price with which a household is satisfied in deciding its

labour supply.
On the other hand, a demand price is denoted as w¢ = (1 — a)k®, with
which a corporation is satisfied in deciding its demand. And in the labour

market, since the demand price equals the supply price, the following must
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eventually hold:
L(1 — a)k¥ — AC; 2 0,

which leads to the following expression:
A Cy — Lk + Laky £ 0. (4.23)
In (4.23), since Lakg > 0, the following obviously holds:
AC—LEF< 0. (4.24)

Based on the above analyses, we obtain the following key relationship:

_ LA -o)f(t — o+ (- a)lk2™
(1—a)[L kg — ACY]
(A+ 11— a)Cikd + A vCiks
- (1= o)L k¥ — ACY]

2

(4.25)

In addition, we have to consider another key relationship, that is, an Euler

equation, expressed as
Co=1(1- Tt)akt_(l_a) - v]C;. (4.26)

Both (4.25) and (4.26) constitute a simultaneous differential equations system
with respect to both k; and C;. In other words, this implies that the solutions

in the above system show the economic movements with respect to time,
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which we are investigating,.

4.3.3 A steady state

Here, we can confirm the existence of a steady state, which will later be
obvious as a saddle point.

As in our previous notations, we respectively define symbols as k; = k**,
Cy = C*, and 1 = 7, for any t.

At first, when we place C; = 0 in (4.26), we obtain the steady value of a
capital-labour ratio, k**, as

S
(0%

= (3;) - | (4.27)

Similarly, placing k; = 0 in (4.25), we obtain the following:
C™ k™ [(1-a)(A+1) (k7)* '+ Aq] = LA - )[(1-7) a+ (1 - a)] (™),

where, assuming k; # 0, we obtain the following;:

L(1-a)[(1=7)a+(l-a)] (k)=
(1—a)(A+1) (k)1 + Ay ’

C** —

which yields

(21

L-ai-na+1-a)](2)™ (1-ne
A+1)(1—-0a)+ Aa(l—7)

o = (4.28)
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In this transformation , we utilized (4.27). Obviously, C** > 0, which shows
the steady state consumption in our economy.

At this stage, we can identify the global movement of our economy, which
is shown by both (4.25) and (4.26) mathematically.
Let us subsequently analyze the directions in time of C; and k; respectively,

on a phase diagram of (k, C') axes, as in the last chapter.

4.3.4 The movements of C;

First, let us analyze the movements of C;, focusing on an Euler equation,

(4.26).
Based on (4.26), we can easily obtain Figure 4.1.
Ct
ke
o) K

Figure 4.1

The dC/dt = 0 locus is shown by a vertical line at £**, which is affected
by tax rates imposed on capital income. This result is diametrically contrary

to the case in labour income taxation, as discussed in the previous chapter.
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Naturally, when the tax rates are higher, the consumption in the fu-
ture is lower. Therefore, it is apparent from (4.27) that k£**, which satisfies
dC/dt = 0 at this newly higher tax rate, must be smaller, as higher interest
rates are realized.
Because consumption in the future is a part of the outcome of current sav-
ings, the regions increasing future consumption, which are denoted in the
area showed by the upward arrow, are smaller towards the point of origin,
when the tax rates are higher. This means that capital income taxation has
incentives towards smaller current savings, which leads to smaller consump-
tion in the future.

Of course, as time passes, consumption is decreasing to the right of the
locus, where k; > k**, because a household feels uncomfortable about con-

sumption in the future, due to (1 — 7)u; < 7.

4.3.5 The movement of k;

Based on (4.25) and in light of A C; — L k¥ < 0, we can judge the following:

| k; 2 05 numerator in (4.25) 2 0,

k: < 0  numerator in (4.25) < 0.

Now, we begin with analyzing the case in which the numerator of (4.25) = 0.

The following from (4.25) holds:

Cy k(1 — a)(A+ VKX + Ay] = L(1 — @)[(1 — 7)o + (1 — )]kZ*, (4.29)
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and here we assume k; # 0.

In this situation, since (1 — a)(A + 1)k ' + Ay > 0, the following even-
tually holds:
L —a)[(1 —n)a+ (1 —a)lky
(A+ 11— a)+ Ay ki~

Cy (4.30)

In light of both (4.25) and (4.30), we can obtain the following conclusions:

C, > right side of (4.30) = numerator in (4.25) < 05 k; < 0,
C, < right side of (4.30) & numerator in (4.25) > 05 ky > 0,

C, = right side of (4.30) = numerator in (4.25) = 0 S ky = 0.

From what we have analyzed so far, we need to know how C; behaves as k;
moves. So, in this situation, we focus on (4.30), which shows the dk/dt = 0
locus, and define the following function with an independenct variable in

terms of ki:
L - a)|[(1 — )a+ (1 — a)]k2*?

f(ke) = (A+ 1)1 - )kt +~4

(4.31)

Based on (4.31), the following relationship holds:

i B numerator
dk:  [(A+1)(1 — a)kZ +yA)2’

where

numerator = L(1 — a)[(1 — )+ (1 — a)](2a — DEZ*F[(A+ 1)(1 — a)kd ! + vA]

~ L1 - a)[(1 = m)a+ (1 —a)]k2* A+ 1)1 - a)(a— 1)k>*2,
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which eventually yields
numerator = L(1—a){{1-7)a+(1—a)}k2* %[(2a—1)yA+a(l—a)(A+ D)k .

As a result, we can obtain the following:

ii_f_ _L(1— a)[(1 — )+ (1 — a)k2* (20 — 1)7A + all —a)(A+ 1)]{:{""1]'

dk, (A4 1)(1 — @)kt + yAJ?
(4.32)
In this circumstance, we focus on the bracket [ ] of the numerator of (4.32),
and define its function as
olk) = a(l—a)(A+ 1Dk + 2o — 1)y A. (4.33)

We can know the following properties concerning ¢(k:), through some simple

mathematical manipulations:

¢ (k) = —a(l — a)>(A+ 1)E*% < 0,
#(0) = oo,
limyg, 00 (k) = (2a — 1)vA 2 0.

Additionally, the following relationship holds:

df L1 — o)1 — m)a + (1 — o)k Vop(k,)

- (A Di-aktap
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which is eventually transformed as follows:

@ L=l - n)e+ (1 - o5 + (20— 1)49)

kl-—a
= t 4.35
dky [(A+1)(1 — ) + A vk ™22 (435)
Based on (4.35), the following obviously holds:
. df
k}l_xgo o 0. (4.36)

As a result, it follows that df /dk, starts at infinity and decreases to a certain
negative value (in the case of 0 < a < 1/2), to a certain positive value (in
the case of 1/2 < a < 1), or to null (in the case of a = 1/2), as k; increases

from null to infinity.

In short, in the case of 0 < o < 1/2, df /dk, finally approaches (2a—1) Ay

1
that stays negative, while in the case of > < a < 1, it stays positive.

L

In light of (4.34) and (4.35), we can obtain two categories of df /dk;, which

are shown as Figure 4.2 and Figure 4.3, respectively.

1
Inthecaseof0<a<§:
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f ]

(20-1) Ay )

Figure 4.2

1
Inthecaseof§§a<1:

kt

P‘iguré 4.3
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On the other hand, we can transform (4.31) into the following:

flk) = L(1—-a)[(l-mn)a+(1—a)k?
(A+1)(1—a)+ Ay k™

(4.37)

From what we have analyzed so far, we can conclude in the following way:

(a) in the case of 0 < a < 1/2,

hmkr—*oo f(kt) = 0:
7(0) =o.

1
(b) in the case of§ Sa<l,

limg, o0 f(ki) = 00,

f(©) =o.

Eventually, we can depict the following two relationships for (k;, C;), which

form phase diagrams:*

Inthecase0f0<a<—;—:

1
4 Additionally, we later offer a proof concerning f” < 0 in the case of 3 L a<1,in the
Appendix.
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kt

Figure 4.4

The locus dk/dt = 0 starts at the origin, increases until the point k; =
a(l—a)(A+1)

- (20— 1)vA

increases.

]ﬁ, and afterward decreases and approaches null, as k;

Of course, anywhere above the dk/dt = 0 locus, the capital-labour ratio
decreases. Conversely, anywhere below that locus, it increases. Furthermore,

on the dk/dt = 0 locus, k; naturally remains unchanged.
The horizontal arrows demonstrate these directions of motion.

1
Inthecase0f§§a<1:
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ke

Figure 4.5

The locus dk/dt = 0 starts at the origin and increases, as k; increases.

1
As in the case of 0 < a < 3 anywhere above the dk/dt = 0 locus, the ratio
decreases, anywhere below it, the ratio increases, and on the dk/dt = 0 locus,

the ratio remains unchanged.

Furthermore, the horizontal arrows similarly show the directions of motion.

4.4 The optimal path under taxation

Here, we can confirm the existence of a globally stable optimal path, on the

postulation of capital income taxation.

Let us focus on (4.37), which shows the dk/dt = 0 locus when capital

income tax is imposed at a rate 7.

When we differentiate (4.37) with respect to 7, we obtain the following
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relationship:
of Lo(l — a)k?

A . 4.
o (A+1D)(1 - @)+ Ayk; ™™ <0 (4.38)

(4.38) implies that C; in response to an arbitrary k, decreases, as 7; increases,
in other words that the k; = 0 locus shifts downwards as T, increases.

This means that this taxation reduces the disposable income of a household,
and that this requires less consumption in order to keep the same capital-
labour ratio after the taxation as before it.

On the other hand, as for the C; = 0 locus, based on (4.27), the following

relationship holds:

ok 1 o
o, l1—a

;> (1-7)™= <0. (4.39)

(4.39) implies that the C; = 0 locus shifts to the left, as 7; increases. This
means that the taxation on capital income makes a household feel uncom-
fortable about consumption in future, and this requires higher rental fees in
order to keep the same consumption in future as at present.

Based on the above analyses, we can describe the following relationship on a

phase diagram with (k;, C;) axes.
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Ct E
/}"—_‘_
[—
< E*
p ke
4] Pead k
Figure 4.6

In this situation, there is a crucial point concerning a budget constraint on
a household, which we have learned. We have deduced a phase diagram in
Figure 4.6, under the condition expressed by (4.2).

However, this condition does not mean a lifetime budget constraint on
a household, because a household can entirely consume its capital stock at
infinity. In other words, we must deduce a phase diagram under a lifetime
budget constraint, by considering this transversality condition.
Without the tranversality condition, we can not obtain any condition in

which a household can attain its maximum utility.?

5In light of the transversality condition, we can establish a lifetime budget constraint
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In this context, we can obtain a saddle path and a saddle point as in
Figure 4.6. The existence of both a saddle path and a saddle point indicates
the global stability of our economy, as in the case of labour income taxation.
In short, it is clear that capital income taxation does not make our economy

unstable.

Here, E** means the long-term equilibrium of our economy, a saddle
point, when capital income tax is imposed at a rate 7. Besides, k** means

the long-term capital-labour ratio under the tax rate 7.

Of course, E/ means the long-term equilibrium of our economy and k the
long-term capital-labour ratio, respectively, when capital income tax is not
imposed.

Incidentally, we can interpret the transversality condition from the house-
hold utilities viewpoint, as follows: Since a household has no desire to retain
its capital at infinity, at that time the marginal utility of consumption of a
household, which should be measured by capital stock at infinity, must be

null.

We can express this as

lim gk, = 0, (4.40)
t—o0

a8 e ] t 0 t
/ C, e:cp[—/ u,dv] dt = Ky +/ (wi Hy — Tu K) ezp[—/ u,dy) dt.
0 0 0 0

The above relationship means that the present value of the consumption enjoyed by a
household over infinity equals the value of initial capital plus the present value of disposable
income over infinity, which is labour income minus the capital income tax levied. We have
omitted a mathematical proof, because this proof is in the same vein as that in the last
chapter, that is, in the case of labour income taxation.
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which eventually yields

L
tl_l»lg ae = 0. (4.41)

(4.41) means that the path through point E** satisfies the tranversality con-

dition.

We have learned that our economy goes along the corresponding saddle
path, and eventually converges to the corresponding saddle point £F**, when
capital income tax is imposed.

In this circumstance, when the tax is newly introduced in our economy, what
initial conditions are determined? In short, when the tax is newly imposed,

where our economy is placed on the saddle path is a new issue.
Let us discuss this issue.
First, we need to determine the initial position Cy of consumption.

We have an Euler equation, (4.8), which describes a time path of con-
sumption by a household, when a capital income tax is imposed at a rate T,

as

C
é=ut (].—'Tt)—’y

Solving the above Euler equation with respect to time, we obtain the follow-
ing:

C, = Cy exp /0 (=) wy— ] dv. (4.42)

On the other hand, we have determined the lifetime budget constraint of a
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household, as follows:8

oo t
/ C; ea:p[—/ u,dv] dt = K + hy, (4.43)
0 0
where
[oe] t
hy = / (weHy — Tu Ky) exp[—/ w,dv] dt,
Jo 0

and K means an initial capital stock when the tax is imposed, and is given.

Since (4.42) must be compatible with (4.43), we substitute (4.42) into

(4.43).

Then, the following eventually holds:
o0 t -
C’o/ exp[~/ (T uy +7) dv] dt = K + hy. (4.44)
0 0 ‘

Because both K and h, are determined, Cj is determined in order to

satisfy (4.44).

On the other hand, the following holds in the labour market:

AC, /AN
Fy = (1-a) <~—> . (4.45)

In this situation, (4.45) determines the initial condition of H, Hy.

6See footnote 4.
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4.4.1 Taxation on capital income

Suppose that the government imposes capital income tax at a certain rate,
and that a household considers this taxation will continue forever. Then,
a household replans its optimal scheme, taking this capital income tax into
account, which lowers its disposable income.

In this situation, we know that our economy inevitably converges to a
steady state, but now we need to specify both the value of respective economic
variables in the long-term equilibrium and how these values move as the tax
rates change.

As for factor prices, we can obtain the following:

'U/** — a(k**>a—1,

which finally leads to

W= (4.46)
Based on (4.46), the following palpably holds:

ou** y
5 T =2 > 0. (4.47)

(4.47) means that capital prices increase, when capital income tax rates do,
and vice versa.
The economic reason is as follows: once 7 increases and a household

is convinced that this situation will continue forever, it replans its optimal



4.4. THE OPTIMAL PATH UNDER TAXATION 145

scheme. Then, because of this reduced disposable income, the household
requires higher reward fees from capital stock in order to keep C; = 0, the
end result of our economy. This conclusion is diametrically different from

the one in the case of labour income tax, in the previous chapter.

Next, as for factor prices, the following obviously holds:

1-—7a,

W' = (1= a) [, (4.48)

which features

ow** a? (1 — 7)o, 2a-1
o = —7[(—~)—] e < 0. (4.49)

(4.49) means that the equilibrium wage rate in the long term decreases when
the tax rate increases, and vice versa, because the capital-labour ratio de-

creases.

From what we have seen so far, a tax increase on capital income causes
less capital-labour intensity, and as a result, our economy converges to one

with higher interest rates and lower wages.
Furthermore, other variables are subsequently determined as follows:

In the labour market, the following obviously holds:

_AC™

L—H

* %k

which yields _
B L w** _ A C**

w**

H**

, (4.50)
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and which can be further transformed as

L(1 - a)

B = Ao+ de(l = 7)'

(4.51)

In the above mathematical procedure, we utilize both (4.28) and (4.48).

From (4.51), we obtain the following:

oH*™ L(1-a)Aa

o7 [(A+D{1-a)+ Aa(l -7

0, (4.52)

which means that the labour supply increases when the tax rates increase,
because in this situation, wage rates become lower, while interest rates in-
crease. Of course, the contrary phenomenon appears when the tax rates
decrease. And these results sharply contrast with that in the case of labour

income taxation, as shown in (3.74).

On the other hand, the capital stock is determined as

K** — k** H**
l—T7T)a. 2
L(l _ a) [(_..____)]_1—-a

_ Y
T (A+D(1-a)+ Aa(l —7) (4.53)

Based on a clue from (4.53), we need to investigate how K** changes when
the tax rates change. When we differentiate K** with respect to 7, we obtain

the following:
aK** _ ,(/}

or [(A+1)(1=0a)+ Aa(l - 7))¥’
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where

1

¥ = L(1=0) (S0 (244 1)(1 - @) + Aa(1 - 1)

~
+ L(1 - a)[(l—_—z)ﬁ]_ Aa,
which leads to
T)a . a (l—-7)a,_, _
Y= L[ == [~ 7[———7 A+ 1)1 - a)

+ Aa(l — )] + (1 — a)Aq],

and which is finally transformed as

—T)a, [(A +1){(1 — a)

wZ*L[( 1—71

|T-= + Ao?] < 0.

Eventually, we obtain the relationship between K** and 7 as

o USRS p A (4.54)
or [(A+1)Q =)+ Aa(l—-7)]2 " ’

From (4.54), we can understand that the amount of capital in production
decreases as the tax rates increase, and vise versa.

Next, we will explore the equilibrium production in the long term.
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The following hold:
Y** — (K**)a(H**)l—-a

_ L(1 - a)[“‘—,fE]“g?
A+ D)0 -a)+Aa(l —7)

(4.55)

When the tax rates increase, K** decreases, while H** increases. So on
appearance, we can not identify whether production is larger or not, before
and after the tax rates increase. We need a more detailed analysis of this

important issue.

When we differentiate (4.55) with respect to 7, the following holds:

oY £(7)

o  [(A+1)(1—a)+ Aa(l -7

where
I — o) O (l—T)aﬁ_l a a ol — 7
£(r) = ~L1 - o) 2 (2 44 D1 - o) + Aot - )
o Agr LT T e
+ L(1 — a)Aa] ,Y ==,
and which can be transformed in the following way:
_ (1-7)a e ol —a)
£(r) = ~L[E = 2
+ a(2a — 1)]A + M]}. (4.56)

1—17
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Now, we define the function with respect to A, as follows:

1 a(l — a)

®(A) = _TT[O‘(I —a)+al2a—-1)(1-7)] A+ T (4.57)

In the case of 2a—1 2 0, ®(A) > 0 obviously holds, which leads to £(7) < 0.

1
Therefore we consider only the case of o < 7

Besides, we define the contents in the brackets on the right side of (4.57),

h(1) = —a(2a — 1)7 + a(1 — a) + a(20 — 1),
which has the properties such as
h(1) = —a(2a — 1)T + o2,

h(0) = o?,
h(1) = a(l — a) > 0,

(1) = —a(2ac— 1) > 0.

Based on the above analysis, we can say h(r) >0, for 0 < 7 < 1.
As a result, the value of the contents in the brackets on the right side of
(4.57) is positive. This conclusion leads to £(7) < 0, for 0 < & < 1. And this

means 9Y™** /01 < 0.
We can express this situation in the following way:

oy e
or  [(A+D(1~a)+Aa(l-7)]2 =
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In short, a tax increase on capital income causes a decrease of the pro-

duction scale in the long-term equilibrium.

Here, government spending, which equals tax revenue, is determined as

G** — Tu**K**

1

B L(l-a) 7(%) T r(l-1)Te
A+ -a)+Aa(l-7)

(4.58)

Based on both (4.58) and (4.28), we can easily confirm that C** + G** =
Y™, that is, all output is entirely alloted to consumption and government

spending.

Now, we should investigate how C** changes as 7 moves.

Differentiating (4.28) with respect to 7, we obtain the following:

oC** numerator

or  [A+D(1—0a)+Aa(l -1’

where the following holds in addition:

e

1-o o
numerator = L(1 — a) (%) [~o(l —7)T-=

«

~[A~na+ (1 —a)l—

(1-~ T)ﬁ’l]][(A +1)(1 - o)+ Aa(l - 7))

= _

+ L(1 — @) (%) o (1-Ta+(1-a))(1-7)T%4,
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which leads to

o

m [«3
numerator = L(1 — a) (%) (1—71)T-ax

2L 4+ 1)1 a)+ Aa(l - 7]

[~a = [(1= P+ (1 - a)] =

+ Aaf(1 — T)a+ (1 — a)]].

Moreover, after some mathematical manipulations, the contents in the

brackets [ ] in the above relationship can be transformed as

Ad*(1—7) + (A+1a(l—a)

[ 1= —la(t +240) + 22— T

] <O.

As a consequence, we obtain a conclusion as follows:

o

oo L=0)(2) T (1 =) TF(a(l +240) + 25020 4 etz
or [(A+1)(1 - )+ Aa(1 —7)?

< 0.
(4.59)
In other words, the consumption in the long-term equilibrium decreases as 7

increases.

Finally, let us explore the movement of consumption in relation to labour.
Because we have already obtained the values of both C** and H**, we can

easily calculate this, as follows:

=1 -ma+(1-a) (%>— (1- 7). (4.60)
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Differentiating (4.60) with respect to 7, we obtain the following:

C** ) o
dok o l—a o

o

o

—[1=7a+(1-a)

1—7)is?

which after some mathematical manipulations yields

C**

O gr) o\ %5 .
gT :-a<;) (1-T)m(1i7+1_10)<0. (4.61)

(4.61) implies that the tax increase on capital income makes consumption in
relation to labour in the long-term equilibrium decrease, as we found that on

labour income does in the previous chapter.

4.4.2 Disturbances caused by capital income taxation

We have seen how taxation on capital income affects several economic vari-
ables in our economy, but here, in addition, we explore how much these

variables are affected concretely.

We need to compare two values in the long-term equilibrium, that is, the
value with capital income tax and that with no tax, for respective economic
variables. We denote the values with no tax in the long-term equilibrium

with a tilde below.
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We can obtain the following results concerning factor prices, respectively:

= > 1, (4.62)

and

— =1 —7)Te < 1. (4.63)

The above outcomes result from the following phenomenon:

== —r)e < 1. (4.64)

Moreover, we obtain the following relationship concerning consumption:

c (A+1)(1 — a) + Aa P . e
C’_(A+1)(1—a)+,404(1_¢)[(1 Ja+ (1-a)|(1-7)T=a. (4.65)

In addition, the following obviously hold:

(A+1)(1— o)+ A
A+1)(1—-a)+ Aa(l —7)

> 1,

(l1-7)a+(1—a)<1,

and

(1-7)%= < 1.

So, on appearance, the degree of C**/ C may be greater than 1 or not.
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However, we have found that dC**/0r < 0 from (4.59), and this implies
c*/C < 1.

Concerning factors H and K, we obtain the following:

H*  (A+1)(1-0a)+ Ac
F - GA+D0-a)tAa—7) " (4.66)

And
K™  (A+1)(1—a)+ Aa
K  (A+1)(1-a)+Aa(l—-1)

(1-7)s <1, (4.67)

because of 0K** /0t < 0 from (4.54).
We can interpret this situation as follows:

As 7 increases, the first term on the right side of (4.67),

(A+1)(1 - a)+ Aa
(A+1)(1—-a)+ Aa(l = 7)’

equals the rate of increment in H, and is larger than 1, while the second
term, (1 — 7')1——15, is less than 1. In this situation, since the degree of the

latter is larger than that of the former, K**/ K becomes less than 1.

As for production, we obtain the following conclusion:

= _ (A+1)(1-a)+ Ax RS
7 T A+ DA -t Aea <L (468)

because of Y** /07 < 0, which we have seen.

Based on logic similar to that used for K**/K, we can verify that Y**/¥



4.4. THE OPTIMAL PATH UNDER TAXATION 155

becomes less than 1.

Besides, based on both (4.67) and (4.68), K**/K = (1 — 7)Y**/Y holds.
This implies that the rate of decrease in K is larger than that in Y by
(1 — 1), and this is independent of c. In other words, when tax is imposed,
K decreases largely, while H increases, in the long term. However, Y has a
lower rate of decrease than that in K.

From what we have analyzed so far, we can conclude that the taxation on
capital income causes an increase in labour, a decrease in capital stock, and
as a result, a reduction in production or the scale of an economy. These out-
comes are contrary to those in the case of taxation on labour income, in which
labour, capital stock and production all decrease in the same proportion.

Finally, concerning consumption in relation to labour, we can easily verify

the following:

C**
H _[(1-7a+(1-a)1-7)75 <1. (4.69)

T Q

In other words, the taxation on capital income causes a reduction in consump-

tion in relation to labour, while productivity in relation to labour decreases.

4.4.3 Tax rates and government revenue

We need to analyze the relationship between tax rates and government rev-

enue, which comes from taxation only on capital income.
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As deduced in terms of (4.58), when the tax rate is 7, government revenue,

G** = tu™K**, is determined as

1

. L(1 - a)y (%) -

A+ D —a)+Aa(l=7) (4.70)

From the above definition of G**, we know that the tax base u™K** may
tend to increase or decrease, as the tax rates increase. If the tax base can
decrease, as the tax rates increase, the government revenue levied by capital
income tax can have a maximum at a certain tax rate. We deal with this

issue in what follows.

Differentiating (4.70) partially with respect to 7, we obtain the following:

oG* numerator

or [(A+1)(1 - a)+ Aa(l — 1)}’

where

1
1o 0%

numerator = L(1 — &) v (%) ((1—-7)T= — N (1 —7)Ta Y)x

—

(A+1)(1 =)+ Aa(1 — 7)) +7(1 —7)T= A a]!, (4.71)

which is transformed by defining the bracket [ ]! as below.

2T (1) )(A+ 1)(1 - ) + Aa(1 — 7)) + 7Aa].

[ F=0-nm=(1-
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This can be further expressed as

[ '=0-7nm] P

Here, it follows

l—a—1T1

S B s v

A+1)(1—-a)+ Aa(l — 7)] + TAq,

and this can be transformed as

? = ! —a—T -« —a—T)Ao(l—T1
| P gmaaT@ e DA+ —a)+ (- a-)da(l —7)

+7Aa(l — a)(1 — 7).

Additionally, the contents of the bracket [ ] on the right side in the above

relationship, which is defined as ¥, can be finally transformed as
V(1) = AP —(A+1-a) 7+ (1 -a)(A+1—a). (4.72)

From what we have analyzed so far, we can eventually express the numerator

in the following way:

1

numerator = L(1 — a)y (%) e (1—7)Ta ¥(r)

(1-a)1-7)

(4.73)

Since the sign of the numerator obviously depends only on ¥(7), in what
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follows, we focus only on ¥(7).

We consider (4.72) as a function with respect to 7, and investigate how
function ¥(7) behaves as 7 moves.

Now, we consider (4.72) as an equation, and ¥(7) = 0. In short, we

consider the following quadratic equation with reépect to T:
AT — (A+1-a)T+ (1 - a)(A+1-a)=0. (4.74)

First of all, we investigate whether (4.74) has real roots or not.

The sign of a discriminant for (4.74) depends on that of the following

function g(A):”

g(A) =[1-4c* (1 - a)]A+ (1 - a). (4.75)

"The discriminant for a quadratic equation can be derived, in general, as follows:
Consider the following quadratic form:

P(z) =z'Ex.

Here, £ means a vector with 2 x 1, and E a symmetric matrix with 2 x 2, which is
specifically defined as
a b
E= (b c) ’

In addition, we define z as ' = [y, 1]’. In this situation, the quadratic form P(z) can be
expressed as
z'Ex = ay?® + 2by + c.

If the above quadratic form is positive, the principal minor determinants of FE must all be
positive, as both necessary and sufficient conditions. In short, the following must hold:

a >0,

ac—b% > 0.
Of course, if the above conditions are satisfied, the quadratic equation does not have any
real roots.
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Of course, if g(A) = 0, the sign of the discriminant is positive or null, and
conversely if g(A) < 0, it is negative.
Here, our aim is to show g(A) > 0.

Based on (4.75), we obtain the following;

dg _ 201 _
dA_l 40°(1 — a).

In this situation, we define the above relationship as a function with respect

to o, and then the following holds:
Ua) = 4a® — 4a* + 1. (4.76)

After some mathematical manipulations, we can verify some characteristics

concerning Q(«), as follows:

2
d0 | £0 inthecaseof 0 <a < -,
da 3 (4.77)

do . 2
>0 1ntheca,se0f§<a<1.

And 0 1
(g) = 2_7a
Q(O) =1,
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From the above analyses, obviously 2(a) > 0.
Then it becomes clear that g(A) = Q(a)A+ (1 —a) > 0, in other words, that

the discriminant is positive. Therefore, ¥(7) = 0 has two real roots.

We respectively denote these roots as 1 and 75, and assume that 7, < 75,

which then have properties such as

A+l -«
T1+’T2 A2 >0,
. (1-a)(A+1-0q) 0
= Aa?

The above relationships clearly show that both roots are positive.

Next, differentiating (4.72) with respect to 7, we obtain the following:

' (1) = 24027 — (A+1—q). (4.78)

Denote 7 as 7*, which satisfies ¥'(7) = 0 and 7* = ££152 In this situation,

we can obtain the following:

(A+1-0)?

¥(r) = 4 A2

g(A) < 0. (4.79)
Additionally, W(T) has properties such as

U0)=(1-0a)(A+1—a)>0,
(1) = —a(1 — @)(1 + A) < 0.
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Moreover, let us examine which of the two, 7* or 1, is larger.

Now, we consider 7* as a function of A and define it as follows:

A+ (1-a)
Q(A) = oA
which yields
1—-«a
1+ 2
Q) = — = (4.80)

From (4.80) we can identify the following:

— ~— in the case of A — oo,
QA 2 (4.81)
— o0 in the case of A — 0.

In addition, Q(A) is a decreasing function with respect to A, and we can

verify this as
dQ l—a
X - ) 4.82
A~ 202 < (4.82)
Based on what we have discussed so far, we can conclude that 7* may be
larger than 1 in some cases, or less than 1 in other cases. Therefore, for
0 <7 < 1, ¥(7) changes from (1—a)(A+1—a) > 0to —a(l—a)(1+A) < 0,

as T increases.

Returning to 0G** /01, we obtain the following:

1

o (&) T s ¥(r)
o H1—an (&) a-n 2
or [(A+1)(1 - 0a) + Aa(l — 7)]2 ’

(4.83)
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Furthermore, G** has properties such as
G*(0) = 0,

G**(1) = 0.

From what we have analyzed so far, we obtain the following relationship,

depicted in Figure 4.7.

Here, 7 is the lower root in ¥(7) (see (4.72)), which is explicitly expressed

_A+l-—a—/(A+1-0)[A+1—a—4Ac*(1 - a)
B 2Aa? '

(4.84)

71

71 means an optimal tax rate, at which government revenue is maximized.
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4.5 Conclusions

We have dealt with how our economy moves when capital income taxes are
introduced. And we conclude that a mechanism towards stabilization exists
in our economy, as in the case of labour income taxes. This is derived from
the demonstration of the existence of a unique saddle point, which necessar-
ily accompanies a corresponding unique saddle path.

We should notice that in the process of this demonstration, the condition
AC; — Lk < 0, which is derived from the equilibrium condition in the labour
market, is crucial. Capital income taxes reduce the disposable income of a
household by the amount of the capital income tax levied on the assump-
tion of a balanced-budget rule, and this influences our economy through the
following two processes. In the first, the C; = 0 locus is shifted to the
point of origin. The capital income tax reduces the real rental rates which
a household in fact receives, as Euler equation (4.21) suggests. This implies
that a household feels uncomfortable about future consumption at a certain
level of rental rates, where it felt comfortable before. This means that a
household chooses savings at this rental rate before the taxation on capital
income, while it chooses current consumption at a similar rental rate after
the taxation. It follows that higher rental rates are necessary for C, = 0; in
other words, the taxation causes lower capital-labour ratios. However, this
increase in rental rates associated with lower capital-labour ratios does not

correspond with an increase in savings, but rather a decrease. In the second
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process, the k¢ = 0 locus is shifted downwards. This implies that a household
chooses small consumption after the taxation on capital income, because this
taxation reduces the disposable income of a household. In other words, in
order to keep k; = 0, smaller consumption is correspondingly needed.

Additionally, suppose that once the capital income taxation is introduced,
C, becomes negative, which shows that the consumption in future, that is,
current savings, decreases. This leads to a decrease in the capital-labour
ratios, which causes higher rental ratios, but since the increase in the higher
rental ratios is reduced by the capital income tax, C; remains negative, and
this tendency continues until (1—7)u equals «y. There is no cycle derived from
the mechanism by which this higher rental rates is reversed by the increase
in k, which leads to cycles. Therefore, no circulating movements occur under
this taxation.

We have analyzed how our economies respectively move, when both kinds
of taxation are introduced. So far, we know that fluctuations never occur, but
we do not know which form of taxation leads to better economic performance.

We will deal with this interesting topic in the next chapter.

4.6 Appendix

1
Here, we establish a proof f” < 0 in the case of 5 Sa<l.
We begin with (4.34), and for simplicity omit the subscript ¢ in both k; and

Ty, below.
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In this situation, we can express (4.34) in more detail as

.Cﬁ _ bk2(a—1)[(2a - 1)yA+ (1l — a)(A + 1)k*1]

ak [(A+ 1)1 —a)ke 1 +yA7 (4.85)
Additionally we define b below:
b=L(1—-a)j1-7a+(1-a)].
Differentiating (4.85) with respect to k, we obtain the following:
d*f ___ numerator (4.86)

dk2 " [(A+ 1)1 — a)kol +yAJ

Here,

numerator = [b 2(c — 1) k**7*((2a = 1) v A+ (1 — a)(A + 1)k*Y)
+b k% %1 — a)(A + 1)(a — DE* (A + 1)(1 — a)k>~! + vA]?
— b k7?20 — 1)yA + a1 — o) (A + 1> x 2[(A+1)(1 — o)kt

+ YAl (A+ 1)(1 - o)(a — 1)k*7?, (4.87)
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which is eventually transformed in the following way:

numerator = 2 b((A+1)(1 —a) k* ' +v A)(1 - a)
X [-((A+ 1)1 —a) k5 +y A) k273 ((20 - 1)y A
+o(l—a)(A+1) koY
—((A+D)((1—a) k" + 7 A)a(l — @) (A +1) kP
+(1—a)(A+1)((2a = 1)y A+ a(l — a)(A+ 1)k71) k%),
(4.88)

When we describe the contents of the bracket [ ] in (4.88) more clearly, we

can obtain the following :

contents = —((A+1)((1 — @) k* 1+ A)((2a — 1)y A+ a1 — a)(A + 1) k*71) k23
+ B (1 — a)(A+ D[(2a — 1) YA+ a(l —a)(A+ 1) K>}

—a((A+1)(1 —a) kP +4 A). (4.89)

Since the contents of the bracket [ ] on the right side of (4.89) lead to

—(1— )y A, (4.89) can be further transformed as follows:

contents = —((A+ 1)((1 —a) k* P+ A)((2a — 1)y A+ ol — a)(A+1) k*1) k3

— k(1 - @) (A+1)(1 - a) v A (4.90)
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When we summarize (4.90), focusing on the order of k, the following holds:

contents = —2 a1 — a)y A(A+1) k**7* — a1 — a)?(A + 1)2k**°

—~ (2a — 1)y* A2 23, (4.91)
which is finally expressed in the following way:

contents = —[2a(1 — a)y A(A+1) k7' + a1 — a)* (A + 1)? k222

+ (20— 1)7* A% k**8 < 0. (4.92)
Based on what we have analyzed so far, we can obtain a conclusion:

numerator = —2 b[(A+1)(1 — a) k*7 ! + v A](1 — @)
x 201 — @) v A(A+1) k7L + a(l — a)?(A+1)? k22

+ (2a — 1)y* A% k**73 <0, (4.93)

(4.93) obviously means d2f/dk? < 0, which we require.






Chapter 5

A Comparison of Labour vs.

Capital Income Taxes

This chapter deals with a conventional but hot issue regarding which form
of income taxation, labour or capital, governments should adopt, in light
of the maximization of social welfare. Social welfare in this context means
consumption in relation to labour. We eventually obtain a simple and clear
conclusion: that labour income taxation unconditionally leads to better eco-

nomic performance in terms of consumption in relation to labour.

5.1 Introduction

‘We have previously derived the existence of an internal mechanism in our

economy which leads towards stabilization, and this appears as a unique

169
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saddle point. Therefore, our economy eventually converges to this saddle
point in the long term. This is applicable to both labour and capital income
taxation.

In this situation, which form of taxation yields better economic perfor-
mance? This is the main topic in this chapter.

Our model framework assumes that governments only levy taxes and the
corresponding spending does not benefit a household. This is implied in
the assumption of utility functions, in which government spending is not
included as an ingredient. In this situation, it would be palpably best for a
household to have no taxation and no government spending, but we assume
that government spending is necessary for some reasons. So we can consider
the levy is reasonable. Then we explore which form of taxation is preferable.

We concretely assume the following:

First, we select consumption in relation to labour as an indication of
economic performance, that is, of social welfare, as Diamond (1965) did.
Chamley (1981) selects the utility of a household as an indication of this,
but the utility shows the economic performance only from the viewpoint of
a household. |

Second, Chamley (1981) deals with changes in utilities along a saddle
path as well as in terms of long-term equilibrium, before and after capital
income taxes are introduced. However, we deal with the changes in values of
economic variables only in terms of long-term equilibrium.

Third, we analyze whether consumption in relation to labour is larger



5.1 INTRODUCTION 171

under one form of taxation than the other. Similar government spending is
assumed, whether labour or capital taxes are introduced. Of course, govern-
ment plays an important role and its role has two sides, positive or negative,
from the viewpoint of the private sector. We intend, throughout this disser-
tation, to focus on only the negative points. In this sense, in our situation,
it is natural to assume similar government spending, under both forms of
taxation. So, we can judge in this postulation that the form of taxation in
which consumption in relation to labour is larger is better.

In other words, we assume a comparison as follows:

In light of constant government spending, first of all, governments deter-
mine their corresponding tax rate. Then, under this tax rate, they evaluate
consumption in relation to labour. This procedure is carried out under both
forms of taxation. Finally, governments compare the two forms of consump-
tion in relation to labour.

Based on the above framework, we finally obtain a simple and clear con-
clusion: that consumption in relation to labour is greater under labour than
capital income taxes, regardless of the level of @ and of government spending.
Therefore, we deduce that labour income taxation is preferable as a policy,
in other words, tha,t capital income tax rates should be null.

The overall structure of this chapter is as follows:

In section 5.2, we deduce the situations in which consumption in relation
to labour are larger, at arbitrary tax rates. As a result of this analysis, we find

that in the case of comparatively small «, consumption in relation to labour
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under capital income taxes can be larger than under labour income taxes,
and that in other cases of o, the opposite phenomenon occurs. Subsequently,
we investigate how governments determine their tax rates under both forms
of taxation, in section 5.3. In what follows, in section 5.4, we compare both
forms of consumption in relation to labour. And section 5.5 is devoted to

conclusions.

5.2 Consumption in relation to labour

In what follows, we intend first to investigate the relationship between both
forms of consumption in relation to labour, on the assumption that 7* equals
7**, and second to return to the above discussions, on the assumption that
T* # 7**. Here, 7 means labour income tax rates, 7** capital income tax
rates.

In a sense, we intend to solve a problem to maximize an objective function,
under a constraint. Of course, in our context, this objective function means
consumption in relation to labour, and the constraint is constant taxes levied,
that is, constant government spending.

As a preparation for solving this problem, first of all, we investigate the
relationship between both forms of consumption in relation to labour.

We have obtained the following:

-
%

e+ a-aa-n)(2)7, 6.1)
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and

(23

& 1= 7a+(-a) (%)—— (1 7). (5.2)

H**

Here, C*/H* means the consumption in relation to labour attained under

labour income taxes, and C**/H** that attained under capital income taxes.

At this stage, because we need to know which is larger, we consider the

ratio of the latter divided by the former.

Then, we obtain the following:

C**
H™ _ (1-7a+(1-a))1l-7)T-= (5.3)
% a+(1-a)(1-71) '
H*
Here, based on (5.3) we define a function ¢(t) as
(ta+1—a)trs
) = 5.4
9(t) a+(l—a)t (54)
Additionally, we definet =1 -7, and 0 < t < 1.
Our aim is to investigate how ¢(t) behaves, as t moves.
Differentiating (5.4) with respect to t, we obtain the following;:
numerator
¢'(t) = (5.5)

@+ (1—a)f]?
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The numerator is defined as

numerator = [a t7-s + (t a +1 — a) tra a+ (1 —a) t]

l1—o
—[ta+(1-a)]trs(l-a)
= t7% (o + (ta+ 1 — a)l-%at‘l)(a +(1—a)t)

—(1-a)(t a+(1-a)). (5.6)
Here, the contents in the brackets [ ] on the right side of (5.6) can eventually

be transformed as

1 3 2 o’ 2
(2a° — 4o +4a—1)+7+a t. (5.7)

[ 1=

l—«

As a result, we can express (5.5) in more detail as

a1 1
t1-a| (2a® —4a® +4a — 1) + 2(t + ?)]

) = — = . (68)

At this stage, we define a function, h, as follows:

1
h(a) = T a(2a3 —40® +4a — 1),
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and under this definition we can express (5.8) as

ti=a [h(a) +a? t+ ot
5+ (-

_ Ra) te? o tTe T 4 o TP

¢(t) =

(F+1-0a
t
which can be further transformed as
723 (2 42 / ¢ 2
¢’(t)=tl (0 t* + h(a) +a). (5.10)

(%—i—l-—a)2

Based on (5.10), we explore the conditions in which the numerator of (5.10)

is null. We can easily describe these conditions as

J - S
t1-a 3=0, or

2+ hla)t+a®=0.
Then, let us examine the latter condition,
o® t* +h{a) t+a®=0. (5.11)

Since we can interpret (5.11) as a quadratic equation with respect to t, we
denote two roots as t; and ¢,. Additionally, we denote the discriminant for

(6.11) as D.



176 CHAPTER 5. COMPARISON OF TWO INCOME TAXES

Then, we obtain the following:

D = h(c)* — 40

= [h(a) + 267 [h(a) — 207, (5.12)

h(a)

t1+t = TR

oty = 1.

At this stage, we examine two cases, those in which (5.11) has real roots or
imaginary ones. We can specifically transform (5.12) as

_ 1 3 2 2
D= (1_a)2(4a 6a” + 4o — 1)(—2a” + 4o — 1). (5.13)

Additionally, we can utilize the definition of h(c) and find the following

relationships:

1
h(@) + 20* = ——(—20% + 40 — 1),
l-a
and

1
h(a) — 202 = 1——(4a3 ~ 6a® +4a — 1).

First, we define a function with respect to «, fi(«), as follows:

fi(@) = 40® — 6a* + 40 — 1, (5.14)
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which has the following features:

fl(o) - —17

fl(l) =1,
1

fl('z') = 0.

Furthermore, differentiating (5.14) with respect to o, we obtain the following
relationship:
fila) = 4(3¢® — 3a + 1), (5.15)
which has the following features:
f {(1) = _17
1 1
1( = -,
On the other hand, we can consider (5.15) = 0 as an equation. So, in this

situation, the following hold:

a1+ as =1,
1

0é1'042—§,

D, =-3

In addition, o, ( = 1,2) means the roots of equation (5.15) = 0, and D, the

discriminant for an equation (5.15)=0, respectively.

Based on the above analyses, we know that function f; is an increasing
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' 1
one with respect to «, and that it intersects a horizontal line at o = 3

Next, let us examine the following function:
f2(0) = —20% + 4a -1, (5.16)

which has the following features:

f2(0) = ~1a
fz(l) =1L

We can describe (5.16) in Figure 5.1, which shows the shape of the quadratic

function with respect to a.

f2

Figure 5.1

V2 V2

Here,alzl——anda2=1+7.
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Now, in light of (5.13), D can be expressed as

1 _
D= (e fi(a) - fa(a), (5.17)

which leads to the relationship described by Figure 5.2.

D<0

Figure 5.2

Based on Figure 5.2, we can judge a corresponding relationship between o

and the sign of D, as follows:

1
<0 in the case of o; < a < —,
D 2 (5.18)

1
20 inthecaseof0<a§a1,or§§a<1.

From the arguments so far, it becomes clear that quadratic equation (5.11)

2 1
has imaginary roots in the case of 1 — % <a< 3 and real roots in the case
2 1
of0<a§1-\/7_,or§§a<1.
Let us return to (5.10).
. . \/—2_ 1 : 2 42 2
First, in the case 0f1———2— <a< 5 since o t*+ h(a) t+a* >0

and ¢T3 > 0, as a consequence, ¢/(t) > 0. In other words, o(t) is a
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monotonously increasing function with respect to £. In addition, notice that
O0<t<l.
: V2 :

Second, in the case of 0 < @ £ 1 — 5 we obtain h(a) < 0, because the
function with respect to a monotonously increases from —1 through infinity
and intersects a horizontal line at approximately o = 0.352, as & moves from
null through 1.

In this situation, we obtain the following:

h
t1+t2=“ a

tl'tzzl.

Since D > 0, ¢'(¢) has two positive real roots, in which one, ¢;, is less than 1
and the other, t,, is larger than 1, therefore, ¢(¢) is monotonously increasing,
with respect to 0 < ¢ £ t;, while decreasing with respect to t; <t < 1.

Third, in the case of % < o < 1, we obtain h(a) > 0. According to the
above logic, the following holds:

he)

1+t =— o2

<0,

tl'tgzl.

Noticing D > 0, we conclude that ¢'(¢) has two negative real roots. This
conclusion leads to the corollary that ¢(t) is monotonously increasing with
respect to 0 <t < 1.

Based on the arguments so far, we obtain the following two relationships,
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which are depicted in Figure 5.3 and Figure 5.4, respectively:

Inthecaseofl—\§<a<1:

o)

Figure 5.3
Inthecaseof0<a§1—§:
(t)
1 — _ l _—
0 t 1 t

Figure 5.4
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From the above conclusions, we again consider the function derived from
&(7), which is described as ¢(7), and we respectively obtain Figure 5.5 and

Figure 5.6, as follows:

2
Inthecaseof1~—\/7—<a<1:

Figure 5.5

With respect to 0 < 7 < 1, ¢(7) is less than 1. This shows that consump-
tion in relation to labour under labour income taxation is larger than that

under capital income taxation, with respect to total tax rates.

2
On the other hand, in the case of 0 <@ £ 1 — \/7_, Figure 5.6 holds:
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o(7)

Figure 5.6

Contrary to the case depicted in Figure 5.5, consumption in relation to labour
under labour income taxation is smaller than that under capital income tax-
ation, with respect to a comparatively small 7, that is, 0 < 7 < 71, but with
respect to a comparatively large one, that is, 71 < 7 < 1, the relationship is

reversed. Additionally, 7, = 1 — ¢;.

5.3 Determination of tax rates

In this section, we explore how tax rates are determined by governments. We
postulate that governments naturally determine them in order to maximize

the indication C/H, on the assumption that their tax revenue is a given.
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5.3.1 Government revenue

Since we need to judge which tax rate under both forms of taxation is greater,
first of all, we investigate how the relationship between the tax revenue under

both forms of taxation moves, as 7 does.

We have determined the following:

&

L1 — a)? (%) -

¢ = A+D1-a)I-1+Aa’

(5.19)

and .

L(1—a) 7y (%)T 7(1— 1)
A+1)(1-a)+Aa(l-71)

G = (5.20)

Because our aim here is to know whether government revenue is larger or
smaller in (5.19) and (5.20), at certain tax rates, we consider the difference

between the two, as follows:

-

L(1 — a)? (%) o T(1—=7) L(1-—a)y (%) e (1 = 7)Ta
Cr-er= A+1D)(1-a)1-7)+Ac (A+1)(1-a)+Aa(l—7)

(o3

=L(1-a) (?;—)m'r(l ~ )X

| 1-a (§)a ]
A+D(1—-a)1-7)+4a A+DA-a)+Aa(dl-7)"
(5.21)
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Here, we can transform [ | = x as

numerator

XA+ DA -1 -7+ Ad[(A+ (I —a) + Aa(l =7’

(5.22)

Additionally, the following holds:

2a-~1

numerator = (1 — a)[(A+ 1)(1 — a) + Aa(1 — 7)] — a1 — 7) 1= X

(A+1D)(1-a)(1—7)+ Ad]

= (A+1)(1—-a)?+Ac(l — 7)1 —a) — a(l — a)(A + 1)(1 — 7)1+ 5=
— Ad®*(1—-1) =

= —Ad?(1 — 'r)T—qr?_1 —a(l—a)(A+1)(1—- T)ﬁ

+Aa(l-a)1—7)+(A+ 11 - ) (5.23)

From what we have analyzed so far, since it has become clear that whether
G* or G** is larger or smaller depends on the sign of the numerator, we

explore only the numerator intensively.

Based on (5.23), we define a function as follows and focus on it:

Ft) = —A*T= —a(1 — ) (A + 1)tT=

+ Aa(l —a)t + (A+1)(1 — @)? (5.24)

In addition, t=1—-7and 0 <t < 1.
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Eventually, we can express (5.21) as

o

G'-G*=L(1—-a) (%) o (1—¢) t{—Aar2a!

—a(l —a)(A +1)tTs

+ Aol —a)t+ (A+ D1 - a)/[(A+ 1)1 —a) t

FAAA+1D)1-a)+Aat] (5.25)

which is further transformed as

B(1 - )tf(t)

/S5 G R ey e (0 W [ R By o

(5.26)

Here, we define B = L(1 — a) (%) = and Y(t) = B (1 —1t) t f(t).

Now, returning to (5.24), let us investigate the movements of function

7(t).

Differentiating (5.24) with respect to ¢, we obtain the following:

Fi(t) = —a? tT5 (A +1) t+ Qla_‘al Al + Ao(1 - ). (5.27)

At this stage, in preparation for later discussions, we define as follows:

y=ta?
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which has the following properties:

2
=0 inthecaseof§§a<l,
(0) 0
00 inthecaseof0<a<§.

In further preparation, we need to note the following relationships:

f(0)=(A+1)(1-a)* >0,
f(H)=(1-20)(A+1-a).

(5.28)

Our aim here is to explore how f(¢) behaves as ¢t moves. So, in order to

examine how f(t) moves, we need to analyze (5.27).
In this context, we need to divide our analyses into some cases.

2
First, in the case of a 2 3 when we rearrange (5.27) in terms of y(t), we

can establish the following:

£1t) = —o? yO(A+1) 1+ 22

A+ Aa(l-a). (5.29)
e . 2

In this situation, notice that we assume o = 3 As a result, 0 S y(t) £ 1.

Then, we obtain the following:

1A+A a(l —a)

7/0) = —a? y(0) T—

200 —
1—

=Aa(l-—a)>0, (5.30)
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because y(0) = 0.
On the other hand, the following holds:

£101) = —a2y()[(A+1) + T

A+ A ol — )

—a
= —a*(1+ %A) + Aa(l — ),
which is finally transformed as

f) = al-a+ T

A) < 0. (5.31)

In the above procedure, we utilize (1) = 1 and 1 — 2a < 0.}

Returning to (5.28), we easily identify f(1) < 0, because we assume

azz

3 which satisfies 1 — 2a < 0.2

! Additionally, we can conclude that f'(t) is a decreasing function with respect to t,
and offer a proof as follows:

2270 ) v +y(e)(A+1)]

200—1 «

A}

() = —a®[((A+ 1)t +

= oA+ e -2t 4 (A4 1) ¢,

1—-a l1-a

In this context, the following holds:
{ (A+1)t+2=1la>0,
2 -220.
l—o =
Obviously, f(t) < 0.
2In general, f(0) > f(1) holds, and here we offer a proof:
FO—f(H=(A+1D)1-a)?-(1-22)(A+1-0a)
=a’A+a(l-a)>0.
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From the above analyses, we know that f(z) starts at (4 + 1)(1 — )2,
increases until a certain ¢, and then declines to a negative (1—2a)(A+1—a),
as t increases.

Now, we should return to the movements of the numerator, shown in
(5.26) as

¥(t) = B - 1)tf(t).

We can easily describe the shape of ¢(t) as in Figure 5.7:

wt)

Figure 5.7

Figure 5.7 shows that G* 2 G™, when 0 < ¢t £ ¢*, and that, conversely,
G* < G**, when t* <t < 1. This means that G* 2 G**, when 7+ £ 7 < 1,
and G* < G*, when 0 < 7 < 7F. Additionally, 7+ =1 — ¢t~ .

Second, in the case of % <a< ;, consider (5.29) again. In this case,

2
because a < 3 1= y(t) < oo
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Noticing that, we obtain the following:

f'(0) = —a? y(0) 20 = 1A + Aa(l — @)
l—«a
= —00,
and
F1) = —a? y(1) (A+1+ 21"‘_" LAY+ Aa(1 - o)
=a(—a+ 11:2aA) < 0.

1
In this context, o > 5 naturally holds.

The above relationship means f’(t) < 0, because f’(t) is continuous with
respect to t.

Furthermore, we easily obtain the following:

f(0) =(A+1)(1-a)*>0,
F) =(1-20)(A+1—a)<0.

In what follows, we can obtain the same conclusion based on similar logic to
2

thecaseof§§a< 1.

In other words, G* < G** holds, when 7 is comparatively small, but G* 2

G**, when 7 is comparatively large.
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1
Third, in the case of 0 < o < 50 e obtain the following relationships:

f0)=(A+1)(1~a)*>0,
f)=@0-2a)(A+1—a)=0.

On the other hand, we have established f(0) > f(1).> Therefore, obviously
f(t) > 0 holds.

This leads to G* > G**, for any case in which 0 <7 < 1.

5.3.2 Tax rates

We assume that governments choose between labour and capital income taxa-
tion, whichever yields higher consumption in relation to labour, when govern-
ment spending is a given. In this situation, how is the tax rate determined?
Based on the discussions so far, we can respectively describe two curves,

stating a relation between government revenue and tax rates, as follows:

In the case of 0 < a <

1
2

3See footnote 2.



192 CHAPTER 5. COMPARISON OF TWO INCOME TAXES

G

Gl

Figure 5.8

1
Inthecaseof§<a<1:

G

1 T

Tt

Figure 5.9

In light of constant G, governments can determine their tax rates in two
categories, one a lower rate on a larger tax base, the other a higher rate on

a smallerr tax base. However, in this situation, they naturally choose the
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former, because it absolutely yields more consumption in relation to labour
than the latter does.

In other words, when our economy is in the circumstance described in
Figure 5.8, for example, the government should choose labour income tax-
ation with 7, if C*/H” is larger than C**/H**. Conversely, if C*/H* is

smaller than C**/H**, it should choose capital income taxation with 7**.

5.4 Comparisons

From the preparations so far, we have seen how consumption in relation to
labour and tax rates moves, as T does.

Based on the above discussions and preparations, we can affirm a key
relationship, which we call the K.R. condition, as follows:

If the following conditions are satisfied, labour income taxation is in-
evitably preferable. Of course, we assume that tax revenue is given at a

certain level.

C* S O**
H* H**

C2 1< 7 is satisfied.

C1 holds, for any case in which 0 <1 <1,

Additionally, the first condition concerning the location of the two curves
is derived from the first preparation,* and the second one concerning the

determination of tax rates is derived from the second preparation.

4See ¢(7) in Figure 5.5 and Figure 5.6.
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More specifically, we can depict our situation in Figure 5.10, as follows:

CH

C* /H.

c’/

Figure 5.10

We can understand from Figure 5.10 that governments naturally choose
labour income taxation, because the labour income tax rate is lower than
the capital income tax rate, and because the corresponding consumption in
relation to labour under labour income taxation is inevitably larger than that
under capital income taxation.

Furthermore, it becomes clear from both Figure 5.5 and Figure 5.8 that

V2 1

this occurs when 1 — - <af 5

Based on what we have analyzed above; it is clear that the relationship
between consumption and labour under our two forms of taxation is strongly
associated with the value of a, and moreover that this is applicable to the

determination of tax rates under the two forms of taxation.

So, we proceed to analyze which form of taxation yields more consump-
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tion in relation to labour, as « changes. In this process, we simulate when

necessary.

Here, we assume parameters in these simulations as follows:

L=48; A=1; and vy =0.1.

First, we deal with the case of 0 < o £

In the case of &« = 0.1:

1
5

G T*

*%k

T

C*/H* C**/H**

0.5 0.0244664
0.8 0.0391786
1.1 0.0539164
1.4 0.0686812

0.223516
0.362858
0.509612
0.672348

0.97798  0.950551
0.964739 0.916636
0.951475 0.876798
0.938187 0.824004

In the case of o = 0.2:

G T*

*%

T

C*/H* C**/H**

0.5 0.024705
1 0.0495567
1.5 0.0745686
2 0.0997558
2.5 0.125136

0.100049
0.203921
0.313461
0.432289
0.569888

1.1657  1.1351
1.14206 1.07749
1.11827 1.01463

1.0943 0.943014
1.07016 0.853292

Moreover, in the cases of a = 0.3 through a = 0.5, since apparently the

K.R. condition holds, consumption in relation to labour under labour income

taxation is obviously larger than that under capital income taxation.

In the case of a = 0.6:
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G T* T** C*/H* C**/H**

5 0.063829 0.0433663 14.3217 13.3935
10 0.132127 0.0917768 13.9202 12.0204
15 0.206845 0.147646 13.4809 10.5408
20 0.291892 0.216263 12981  8.87407
25 0.397912 0.315872 12.3577 6.74021

In the case of & = 0.7:

G T* 7..** C*/H* C**/H**

20 0.0666788 0.0290145 91.8586 85.7328
40 0.139641 0.0617362 89.8069  77.292
60 0.222269 0.0998465 87.4834 68.2078
80 0.322737  0.146835 84.6582  58.059

In the case of o = 0.8:

G ,7_* ,7_** C*/H* C**/H**

500 0.0807627 0.0204332 4029.84 3709.7
1000 0.17402  0.0443907 3953.44 3294.41
1200 0.21692 0.0553677 3918.3 3116.99
1500 0.291732 0.0739777 3857.01 2833.68
1800 0.393416 0.0963664 3773.71  2520.5

In the case of o = (.9:
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G 7_* 'T'** C*/H* C**/H**
1x107 0.0623713 0.00695892 3.85004 x108 3.61542 x108

2x107  0.133175 0.0148578  3.82261x10® 3.34061 x 108
3 x107  0.21791  0.0240676 3.78978 x10° 3.04404 x108
4 x10” 0.333455 0.0352714 3.74502 x10® 2.71531 x10®

We understand from the above analyses that C*/H* is larger than C**/H**,
on all the levels of G given. This is applicable even when 7* > 7** holds due
to high o, like in the cases of @ = 0.6 through o = 0.9.

Based on the results so far, we can conclude that regardless of the de-
gree of o, which shows the ratio of capital income distribution in outputs,
or eventually the degree of labour productivity, labour income taxation is

preferable.

5.5 Conclusions

Now we can clearly answer the controversial question of which form of taxa-
tion is better, labour or capital income taxation.

Neither form of taxation under a balanced budged rule causes instability
in our economy, but they entail a key difference concerning labour produc-
tivity.

More concretely speaking, the amount of labour in production processes
decreases after labour income taxes are introduced, while it conversely in-

creases after capital income taxes are introduced. This sharp contrast causes
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a difference concerning consumption in relation to labour, which is assumed
as an indication of social welfare.

As a result, under capital income taxes this is smaller than that under
labour income taxes.

And this holds for 0 < a < 1 and for all levels of G assumed. Furthermore,
this leads to a simple and clear conclusion: that labour income taxation
is unconditionally better than capital income taxation. Therefore, capital

income tax rates should be null.



Chapter 6

How Do Unfixed Labour

Income Taxes Affect an

Economy?

This chapter deals with the possibility of indeterminacy of equilibria, which

can be caused by labour income taxation.

We establish a model, which describes the movements of an economy,
on the assumption of an infinite horizon and a balanced-budget rule. We
demonstrate that this rule in fact causes regressive taxes; therefore, multiple
equilibria can exist in an economy and in some cases these equilibria can be

sinks.

199
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6.1 Introduction

We can divide a balanced-budget rule into two categories, one in which the
government entirely spends the taxes levied, after imposing them on house-
hold income in terms of a fixed tax rate; the other in which the goverhment
initially determines its spending and afterwards changes tax rates in order

to attain revenue matched to its spending plans.

In terms of economic policy, it should be obvious that the former is better
than the latter, because stability of taxation, including tax rates, has long

been considered desirable.

In this chapter, however, we deal with the latter issue, in a direct refuta-

tion of the logic in Schmitt-Grohé and Uribe (1997).

A balanced-budget rule in the above sense means that the government
raises tax rates when tax bases decrease and it cuts tax rates when tax bases
increase. This ensures, in other words, regressive taxation. However, in
general, it is a realistic policy for the government, unlike the private sector,
to initially determine its spending in order to support its activities, and
afterwards to determine the tax rates.

We focus on the relationship between this taxation and stability in an
economy, as in Schmitt-Grohé and Uribe (1997).

As a result, we conclude that this regressive taxation system can have mul-

tiple steady states and can cause indeterminacy, which can lead to sunspot

fluctuations. This conclusion itself is affirmed by Schmitt-Grohé and Uribe
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(1997), but we have demonstrated in the third chapter that their procedures
were wrong, and will demonstrate that based on our procedures, indetermi-
nacy can be derived. In general, it has been shown that the existence of
increasing returns or externality in production cause indeterminacy.! How-
ever, we demonstrate that regressive taxation on labour income can play a
similar part in the occurrence of indeterminacy.?

The constitution of this chapter is as follows:

Section 6.2 deals with basic models, in which the behaviour of the gov-
ernment, a household, and a firm is described. In section 6.3, we derive the
movements of three fundamental economic variables, C;, k;, and 7;. In what
follows, we establish a linear system, which can be more easily manipulated,
and show an imaginary example, in section 6.4. Finally, section 6.5 is devoted

to a conclusion.

6.2 The model

We roughly assume a structural model similar to the one in How Do Fized
Labour Income Tazes Affect an Economy %, in the third chapter, but change
the assumption concerning the determination of labour income tax rates, 7.

In that chapter, we assumed those tax rates are a given and a constant.

1See Benhabib, J. and Farmer, R. F. (1994).
2Guo and Harrison (2001) deals with issues parallel to ours, on the assumption of
externality and regressive or progressive taxes, and in the framework of a two-sector model.
The authors derive the same conclusion as we do and moreover specify conditions which
cause indeterminancy. ’
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In contrast, in this chapter, we assume the government imposes a tax rate

on the labour income of a household in order to satisfy the following:
G= Tt Wt Ht. (61)

Here, G means government spending and is a given.

6.2.1 Optimization of a household

In this situation, a household considers this tax rate, ¢, as a given and solves

the following problem:

o0

max e "[log C; + Alog (L — Hy)ldt, (6.2)
Cy,Ht 0

subject to

Kt = uth -+ (1 - Tt)’U)th - Ct. (63)

Additionally, we assume that the household takes factor prices u; and w; as
given, and anticipates them on the basis of perfect foresight. Furthermore,

the price of outputs is assumed to be 1.

We can describe the Hamiltonian function, R, as

R = e "log Ci+Alog (L — H;)]

+ ,ut[uth + (1 - Tt)tht - Ct] (64)
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Of course, y; means an adjoint variable.

With respect to control variables C; and Hy, the following must hold:

OR 1

e =0
which leads to
e 6.5
Hi = ”@:—7 ( ) )
and
OR -1
— — et _ =
3Ht € AL — Ht + ,U:t(l Tt)’wt 0,
which yields
AC,
H=L———. 6.6
t (1 - Tt)’wt ( )

(6.6) shows the supply curve of the labour force which a household offers.

Moreover, an adjoint equation must hold as follows:

d/.tt . 3R _
&= BR, = Ha (6.7)
which yields

P

= —u,. 6.8
e t ( )

Based on both (6.5) and (6.8), we finally obtain an Euler equation:

C
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6.2.2 Optimization of a firm

We assume that a representative firm aims to maximize its profit under

the production function called the Cobb-Douglas type, and this production

function is explicitly expressed as

F(Ky, H) = K?H®, and 0<a <1, (6.10)

which can be transformed as

Y = k? (611)

Here, y; = F(Ky, Hy)/H; and k; = K/ H;. Of course, the former shows the

productivity of labour, and the latter the capital intensity of labour.

We assume that the markets of output, labour and capital are fully com-

petitive, and furthermore that in these markets equilibria hold.

As a result, the following hold:

wy = (1 — a)ky, (6.12)

U = ak; 4

¢ . (6.13)
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6.3 Dynamics

6.3.1 The movements of k;

Based on both the definition of k; and (6.3), we obtain the following:
k:’t = ut—t + (1 - 'rt)wt _——— = k't—". (614)

At this stage, to prepare for later discussions, we need specifically to explore
H,/H,.
We return to (6.6), which is derived from maximization of the present

value of utilizations of a representative household.

Since (6.6) holds for arbitrary time, we can differentiate both sides of
(6.6) with respect to time. And we should notice that 7, is also differentiable
with respect to time in this context, contrary to the assumption of fixed tax

rates in the third chapter.

As a result, we obtain the following:

Ct(l — T )’LUt — Ct[—wt 'T"t -+ (1 —_ Tt) ’U)t]

H,=—A (T , (6.15)
which, based on (6.6), yields
C . )
o —t(l—Tt)—f-Tt—(l—Tt)le
e we (6.16)
7 W : :
R R
t
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Moreover, we can transform (6.16) as follows:

gl_Tt_*_'ft 1"7}%

H, = 4G Ty Ty Wy
" .
[L(1 =) 672‘ — 4]

o= AT (6.17)

Tt

Here, since government revenue G is supposed to be constant in every in-

stance, as in (6.1), the following holds:

T Uy H,
T T H (6.18)
Substituting (6.18) into (6.17), we obtain the following:
_C_’_t_]-_Tt__%_E_l*Tt%
& =—A Ci © Wy H Tt Wy (6 19)
H; 1—-m7 Wy ’ ’
Ll-7) =—-A
L) F -4

from which we can eventually obtain the following relationship, showing

movements of the labour supply:

C, e
. AR (l-T) - —
Ht _ [Ct( t) 'wt] (6 20)
H g Wt ’ '
¢t Ll-T7) = —A

At this stage, we can express (6.14), which shows the rate of change in the
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capital intensity of labour, as follows:

(]. - 'rt)'wt Ot
L(]. - Tt)'wt —A Ct

k}t = U; kt+(1 e Tt) Wy —

C

A k| -C—ta — ) — -gf}
+ Y (6.21)
L1-7)? 2t 4
C

Here, we respectively define the following:

e Z(fkt)’ (6.22)
(k) = (1— o)kg,
and
Uy = ¢(kt)v (6.23)

d(k:) 2 ake 1.

From what we have discussed so far, we can express (6.21) in terms of equi-

librium prices as

Fe= $(ks) ke (1 = 73) (k) — L(l(l——;;;&(:;tii C.

Ct n(k:)
A k?t a (1 —_ ‘Tt) - ’r](kt)]

L(l—Tt)zy—(é@——A .

t

- (6.24)
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Subsequently, we can derive the following relationship from (6.22):

ZE::; =a % (6.25)

Now, substituting (6.9), (6.22), (6.23), and (6.25) into (6.24), we can trans-

form (6.24) as follows:

(1-71)(1 - a) k¥ C;

ke =a k2t k(1 — 1)1 — ) kta_L(l—n)(l—a) A,

k
ARl =r)(a ke =) —a
+ , (6.26)
1—a)k®
L(1—m)? ——————( Ct) t A
which can further be transformed as follows:
- o (1-1)(1—a) k> C
fe=lat (=)0 =)l K - i T - A
4 A1 =) (a k& — v k) — o ky C’t' (6.27)

L(]. - Tt)2(1 — a) k{l —A Ct

Multiplying both sides in (6.27) by both L(1 — 7)(1 — &) k% — A C; and
L(1 —71)%(1 — a) k¥ — A C;, and arranging the results, we eventually obtain

the following;:

[L(1—7)*(1 ~a) k¥ — (1 — a)A C[L(1 — )

X(].—Tt) k?—ACt] ]ét:
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[0+ (1-a)(1-n)]L(1-7)*(1-a)k¥— A C
X [L1—a)(1l—m)kF— A Cy) k¢
—(1-a)1-n)GILA —7)*(1—a) k¥ — A C)) k2

+ ALl —a)(1—7) kf — A CJ(1 — ) (a k¥ — v ky) Cs. (6.28)
In this situation, we can rearrange the right side in (6.28), as follows:

the right side =ky [(a+ (1 —a)(1 — 7)) (L(1 — 1)*(1 — @) k&
— AC)LA - )1 - )k — A Cy)
—(1-a)1-7) CG(LA~7)*(1—a) k2 — A C,)
+Aa(l —7) C(L(1 - a)(1 — )k — A Cy)]

—A Y kt Ct (1 — Tt)(L(l - a)(l — Tt) k? —A Ct),
and in terms of the above expression, &, can be described as
the right side

LA -7)2(1-a)kf — (1-)ACJLA—a)(l—7) kf — A Cy’
(6.29)

k.?tz

Here, first of all, we need to analyze the bracket [ | in the right side, and

for convenience denote symbols as

bh=a+(1-a)(l—-mn),
O = L(1— a)(1 — 7).

(6.30)
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Under these definitions, the bracket [ ] is expressed as

[ ] = 61[02 (1—7}) k? -_ A Ct][OZ k? - A Ct]
6
- f— Cilf2 (1 —7) k& — A C}]

+ A a(l — Tt)Ct(ag k? - A Ct), (631)
which eventually yields

[ ] = 91 0; (].—Tt) kfa + [—A Ct 91 92(2 - Tt)

92
-2 Cl-7n)+ A C(l-n) 0] k
A cg[% A6 —Aa(l—T). (6.32)

Based on (6.32), the right side can be described as

the right side = 0, 03 (1 — 1)k3* 4+ C, 05]—A 6,(2 — 73) — -0L—2(1 — T¢)
+ A a(l — )]k
+ A C? [%+A91 — A a(l —7)] Kk

— A Y Ct (1 ”—Tt) kt (92 k? — A Ct), (633)
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which is then transformed as follows:

the right side = (a+ (1 —a)(1 — 7)) L* (1 — a)? (1 —7)3 k3
— Ay L(1 - a)(1 - 7.)? C, kg™
+L(1—a)(1—7)[~A (e+ (1 -a)1—-7))2~-T7)
+Aa(l-7)—(1-a)(l-m7)? C, kfa
+A[Ala+(1-a)(1-n)+(1-0a)(1—7)

—Aa(l—7)] C2kF+ A%y C? (1 —7) ke (6.34)
In light of (6.28), we can finally express k., as follows:
the right side

[L1-7)?1-a)kf—(1—a) AGILA—a)(1—7) k¥ — A Cy
(6.35)

k:'t-—"‘-—




212 CHAPTER 6. UNFIXED LABOUR INCOME TAXES

6.3.2 The movements of 7

From (6.18), the following holds:

o W H
Tt B wy H,
Cy Wy
, Al =(1—1) — —
_ —% [ Ct( Tt) wt]
= w
we Lu—m2é—A
’L[)t 2 Wi Ct ’L[)t
SR L - B A AL G =) - 2
— Wy Ct Ct Wy (6 36)
T . .
L(Q-7)?—=-A
(1—m) C,
Here, let us focus on the numerator in (6.36):
the numerator = _ L(1 —7)? 2+ 4 (1—m) g, (6.37)
Wy Ct Ct
which as a consequence, can be transformed as follows:
k C
the numerator = —« éL(l —73)? (%:) + A1 - Tt)—C-'-z-. (6.38)
Now, we can formulate a rate of change in 7, as follows:
]i;t Wy Ct
—o— L (1-7)?= A(l —1)—=
_72 (87 k,’t ( Tt) (Ct) + ( Tt) Ct

o L1 - m)? (%) —A | -
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which eventually leads to

ﬁ _ (A-—m)[~a L —7) w, ki + A C, k)
T N L(]. —_ Tt)z Wy kt — A kt Ct ’

(6.40)

At this stage, in light of (6.22), (6.23), and (6.9), we finally obtain the formula

describing the movements of 7;, as follows:

(l=n) —a L(1 - 7)(1 — ) k& ky + A C, k(o k21 —
L(]_ - Tt)2(1 — a) k?_’—l - A kt Ct

1 (6.41)

7:t=

Because (6.35) determines k¢, (6.41) apparently determines 7.
Additionally, in the process from (6.40) to (6.42), we have utilized (6.42),

cited below.

6.3.3 The movements of C;

Based on both (6.9) and (6.23), we obtain the formula in terms of both C,

and k; which describes the movements of C;, as follows:

Ci=(a k¥t —4) C,. (6.42)

6.4 Time paths

(6.35), (6.41), and (6.42) respectively are differential equations with three

unknown variables, k;, C; and 7;,> and moreover we consider that they consist

$Note that (6.42) does not contain 7.
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of a simultaneous differential equations system.

Since the system is not linear with respect to the unknown variables,
however, we can not directly solve this simultaneous differential equations
system.

So, first of all, we intend to linearize and analyze the system approxi-

mately.*

6.4.1 The existence of steady states

As a preparation for later discussions, we need to confirm the existence and
the possibility of the non-uniqueness of steady states.
First, based on (6.42), we can easily confirm the unique value of k in a

steady state, as below.
When we place C; = 0 in (6.42), we obtain the value, k*, as follows:

1

k* = (%) o (6.43)

(6.43) means that k* is determined only by parameters a and 7, in the
simultaneous differential equations system. This relatioship has been called
a neutrality theorem of capital intensity on tax rates, 7y, as established in

(3.39).

Second, when we place k; = 0 and omit k* = 0 in (6.35), the following

4For mathematical details, see Hartman (1982).
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must hold:

(@+(1—a)(1— 7)) LA1 — a)?(1 — 7*)3 (k)%
+L(1-a)C*(1 =) [-Ala+ (1 - )1 —-7))(2—7%)
—(1-e)(1—-77)*
+ Aol =)+ A (CY[A(a+ (1 - a)(1 - 7))
+(1—a)1-17)
—Ao(l -1k 4+ A%y (1 - 7)(C*)?

=Avy L(1 —a)(1 -7 C*(k*)~. (6.44)
On the other hand, based on (6.1), the following must hold:
G=71"wH". (6.45)

G is arbitrary government spending and a given, while H* means the value
of the labour supply in a steady state, which is determined by (6.6), and can

be expressed as
AC*

H =1 -2Y
(1—=7%)w*

In this situation, since k* is determined by (6.43), w* is also determined

by (6.43).
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In light of the above relationship, we can easily deduce the following:

ACH

C=rmv - e

) (6.46)
Our simultaneous equations system consists of (6.35), (6.41), and (6.42).
However, if (6.42) and (6.35) hold, (6.41) correspondingly does. This re-
lationship is obvious from (6.42). In other words, the system is not linear
independent, but 7; is linear dependent on (6.35) and (6.42). However, even
in this situation, the government budget constraint showed by (6.46) must

hold.

Following the above logic, both C* and 7* are simultaneously solved by
(6.44) and (6.46). In this context, since C* and 7* are determined, H* is also

determined. Besides, K™ has been determined by (6.43).

In the above processes, C* and 7*, simultaneously solved by (6.44) and

(6.46), are not necessarily unique.
We can confirm this as follows:

From (6.46) we obtain the following:

1—7)(w* L7 -G)

.
"= AT

(6.47)

When we substitute (6.47) into (6.44) and transform the results, we finally
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obtain the following:

v L(1—a) (k) (w* L -G) (1 —1%)3
=« (1 _ C¥)2 L2 (k*)3a—1 (T*)z (1 _ 7_*)3 + (1 _ 01)3 L2 (k*)3a—1 (7_*)2 (1 _ 7_*)4
—a(l—a) L (k) (w* L - G) ()2 - 1)1 - 7)?

— (1 — )L (k*)*1 (w* L -G)(m")(2—-1)(1 - 7%)3

(1 B 04)2 L *\2a—1 * * - * *\4
———A—(k) (WL =G) (") (1 —7%)
+a(l—a) L (k) w* L -G) ()1 - )3
+ (k) W LT -G)? (1—1)a+ (1-a)(1—7%))

l—«

+ T (k*)a—l(w* L — 6)2 (1 _ 7_*)3

—(W L7 -G)P?(1-7)° (a (k) —~), (6.48)

which shows that the above relationship forms an equation with six orders,

with respect to 7*.

Accordingly, as a solution, we obtain six coupled formulations for both
C* and 7* from the simultaneous system concerning both. Among them, we
have possibilities that there might exist multiple solutions, that is, multiple
equilibria in our economy. This situation can be called indeterminacy, which
specifically means the existence of multiple time paths or multiple equilibria

in an economy.

Naturally, some solutions from (6.48) might not be associated with real

solutions from an economic viewpoint, namely those which do not satisfy
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Warlas’ law.® Therefore, we need to examine whether the solutions from
(6.48) satisfy this law or not. If two solutions, for example, satisfy the law,
our economy can have two independent trajectories.

Now, assume that two solutions meet the criteria. This means that based
on (6.48), we obtain two 7*, which we denote 7! and 72, respectively. Fur-
thermore, based on (6.47), C*, that is, C* and C? are correspondingly deter-
mined. However, it is obvious that £* remains unchanged in the two cases,
because of (6.43). This means that in the steady states in the two cases,
the capital intensity of labour and the corresponding equilibrium prices are
similar, but the scale of two inputs, K* and H*, is different, if they exist.

Naturally, if G changes, both C* and 7* correspondingly do, while k* is

not affected by this change.

6.4.2 Linearization

At this stage, we can define three functions, which respeetively govern the

rates of change in C;, k; and 7, as follows:
Ot = fl(Ct, kt), (649)

kt = fQ(Ct,ktaTt)a (6-50)

5In our situation, the law can be described as

(K*)* (H*)'"*=C" +G.
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and

7 = f3(C, ke, 72). (6.51)

Apparently, (6.49) through (6.51) constitute a simultaneous differential equa-
tions system. However, since this system is not linear, we have difficulties in
terms of calculus to identify concretely how our economy moves. Therefore,

we utilize linear approximation around (C*, k*, 7*).

In other words, we expand the above three functions into Taylor series
around (C*, k*,7*), ignore terms with more than second orders, and consider
only the linearized relationships left. It is well known that under this lin-

earization the solutions are topologically identical with the original solutions.
In sequence, we explore the values of elements of the Jacobian matrix.

First, concerning f;, based on (6.42) we obtain the following:

1= %t‘
=a (k") —y

=0, (6.52)

and

_oh
f12 - m;:

=a(a—1) (k")*2C* < 0. {6.53)
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Second, concerning f,, based on (6.35), we can define the following:

F(Cor ke 1) = [ + (1 — )1 — 7)) E2(1 = a)*(1 — 7)°k}"
— Ay L(1—a)(1—mn)? C k™!
+ L1 — )1 -7m)(—Ala+ (1 —a)(1 —7)(2— 1)
+Aa(l—7)-(1-a)(l—m)?) CkZ*
+ACHA(a+(1-a)1—m)+(1—a)1l—m)
—Aa(l—7) kF+ A%y C? (1-7) ki
X [L(1 - )2 (1 — o)k — (1 —a) A G

X [L(1 =) (1 — a)k® — A C™t. (6.54)

Under the definition of (6.54) we can derive the following:

_ o
fu = 5

—[LA-a)1 -7 -A(a+(1-a)@-TN2-7)—(1—a)(1 -1
+Aa(l -] ()Y +2ACA (a+ (1 —a)(1—1")
+(1-—a)1=1)=Aa(l—19] (k")*— A~y L(1 — a)(1 — 7%)%(k*)>*!
+24% y k* (1 —7*) C7]

x [L(1—7*)*(1—a) (k) - (1 - a)A C*]!

X [L(1—a)(1—7%) (K*)*— A C*™. (6.55)

Additionally, notice that the numerator in (6.35) is null, because we are
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dealing with the values at steady states.

Similarly, we obtain the following relationship:
= [Bafa+ (1 - a)(1 — 7)) L} (1 — @)*(1 — 7%)3(k*)%>?
+20 L(1—a) C*(1 - 7)[-A (a+ (1 — a)(1 — 7*))(2 — 7%)
—(1-a)1-7)+Aa(l—79))(k*)2
+ Ao (CVA(a+(1-a)1—7)+(1—-a)(1—7
—Ao(1-7)] () ' —AyL(1 - a)(1+a)(1— 1) C* (k*)
+ A%y (C7)? (1~ 7]
XL =) (1-a)(k*)* - A C*!

X [L(1 - 7)1 —a)(k")* - (1 —a)A C*]72. (6.56)

Before an analysis of the influence on 7; by 7, for convenience, we define

1—1; = 0; and 0* as the value of ¢ in steady states. Under these definitions,
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we can denote f, as

fa=[(a+(1~a)6)L%(1 - o) kK}* 6
—AvL(1-0a)C k¥ 02+ L(1 — a)b|—A(a+ (1 —a) 6)(1 +6,)
+Aab—(1—a)fC k>
+A[A(a+(1—-a)b)+(1—a)b,—Aab) C?k+ A%y C? 0, k]
X [L(1— o)k 67 ~ (1—a) A Gy

X [L(1 — a)kZ 6, — A C] . (6.57)
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In this situation, we obtain the following:

fzsz‘a;t“

_ o
a6,

= —[L*(1 = a)*(k")**((1 - @)(6")®

+ (o + (1 — @)8)3(6*)?)

+ L(1 — a)C* (k)2 [— Ao+ (1 — @) 8°)(0" + 1)
—(1-a)@)Y+A4Aa6)+0"(-A1 - )6 +1)
~ Ala+ (1 — a)8*) — 2(1 — @)8* + 4 a)]
+A(C) (B)*(Al—a)+(1—a)— A a)
—26* Ay L(1—a) C* k") + A2 v (C*)? k]
X [L(1 — a)(k*)*(6*)® — (1 — o)A C*]

x [L(1 — a)(k*)*6* — A C*]71, (6.58)
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which finally leads to the following:

faz = —[L2(1 — @’ (K")**((1 — a)(¢")°
+3(a+(1—a)6) (6")?) — L(1 — a) C* (k)**[A(1l — @) 6*(30" + 2)
+3(1 —a) (6*)*+ A o]
+AC? R ((1—a)(A+1)-Aa)
—2AyL(1—a)C* g (K)ot + A%y (C*)? k)
x [L(1 — a)(k")*(0")* = (1 - a)A C]

x [L(1 — a)(k*)*0* — A C*]71. (6.59)
Third, based on (6.41) and (6.51) we can express f3 as

fs=[n(1—7) (—a(l — ) L(1 — 1)k f2(C, ke, 72)

Ak G fi(Co k)L — @)1 —7)? ket — Ak, CJ™'. (6.60)

In this situation, we obtain the following results:

_ Ofs
0
=1 -7l —¢) L(1-77) (k*)a_ﬁg
* v afl *
+AKkC E%—Ak 1))

x [L(1 — a)(1 — 7)2 (K" — A k* C*] 7. (6.61)
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In the procedure to formulate (6.61), we utilized fo(C* k*,7*) = 0 and
fi(C* k¥ =0.

Moreover, since fi; = % = 0 here, we can eventually transform (6.61)

O0C

as follows:

f =71 =) (~a(l - @) L (6" f

X [L(1—a)(1 —7%)% (k") — A k* ¢ (6.62)

In a similar fashion, we obtain the following relationship:

_0fs
f32 - —BE

=1 =7 (—a(l —a) L (k*)* fao + A K" C* f15)]

X [L(1 = a)(1 —7*)* (k) — A k* C]7L. (6.63)
At this stage, we denote f3 in terms of #; and obtain the following:

J3=[(1-0:)0; (—a (1 — ) Lk 6; fo(Cy, ks, 0y)
+ Akt Cy f1(Cy, ky)))

X [L(]. — a) k?+10t2 —A Ct kt]—l.
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Then, from (6.63), we can establish the following:

f33:E_t"

_ 05
26,

=(1-6*) (0")a(1-a) L (k") fa

X [L(1 — a)(K*)**! (0*)* - A C* k*]72, (6.64)

because both fo(C*, k*,6*) = 0 and f,(C*, k*) = 0.

Based on what we have analyzed so far, we can establish a linear system,

which approximately depicts our economy, as follows:

C, =+ 0 fiu 0\ [C-cC
ke—k* | =1 fu foo fus|| k—k (6.65)
T —T* far fs2 fa3 Tt— T

6.4.3 A linear system

We define the matrix in (6.65) as B.

In what follows, we explore both eigenvalues and corresponding eigenvec-

tors of B.

First, we can explore eigenvalues concretely by solving the following char-

acteristic equation:

l)\I—B’=0,
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where I means a 3 x 3 unit matrix , which we can solve with respect to
eigenvalue .
When we express the above characteristic equation more concretely, the

following holds:

A — fi2 0
—far A—faa —fo3 | =0,
—fa1 —faa  A— fs3

which can be further transformed as follows:

A> — (faz + fa3) X2+ (fa2 faz — fosfao — frofor) A
+ fr2(forfas — faafa) = 0. (6.66)

(6.66) determines the eigenvalues of B, \;. In addition, ¢ = 1,2, 3.

Second, we explore characteristic vectors by solving the following equa-

(AiI—B)hi=0,

where h* means a characteristic vector corresponding to \;.

tion:

We can express the above equation more concretely as

A =i 0 R
—fa Ai—fao  —fa Ry | =0, (6.67)
—far —fe2 A~ faz) \ P
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which can be expressed as

N R — fia ks =0,
—fa1 B+ (A — fag)hE — foz B =0, (6.68)
—fa1 B% — fa2 By + (M — fa3)Rs = 0.

hi, b and hf are respectively determined by (6.68).

Consequently, we can express the movements of our economy as

C; — C*
-k | =a RleM t 4 ¢, h2eM2t 4 g B3t
™ —T"
hy hi hi
=c | W |eM i+ n2le® it |n3|e®t  (6.69)
hy h3 h3

Additionally, ¢; means a constant determined by initial conditions.

6.4.4 An example

Based on what we have investigated so far, it is obvious that (6.69) shows
the time paths of our economy, and we have seen the possible existence of
multiple equlibria in our economy, that is, of indeterminacy.® Here, we need

to specify how our economy moves under this indeterminacy.

5Note that the existence of multiple equlibria can be proven without a postulation of
linear approximation and for the whole range of 0 < 7 < 1.
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Since our system in (6.69) is highly complicated, we rely on simulation in

order to identify it.

Let us suppose that L =48; a =0.1; A=1; v = 0.1.

Moreover, we postulate that a government chooses to impose labour income
taxation through the determination of tax rates, in order to finance its spend-
ing, and G = 1.

Under these assumptions, k* = 1 is determined by (6.43). Of course,
w* is known because k* has been determined, and it is actually 0.9. In this
situation, a government imposes labour tax rates in order to satisfy condition
(6.46). In this circumstance, C* and 7* are determined to satisfy both (6.44)
and (6.46). In fact, from (6.44) and (6.46) we obtain six couples of C* and
7*, but only one couple, C* = 21.6753 and 7* = 0.0490008 , satisfies the
Walras’ law. In these processes H* = 22.6753 is determined, and afterward
K* = 22.6753 is also determined by (6.43)

Next, we need to explore how our economy moves in this case.

First, in the case of C* = 21.6753 and 7* = 0.0490008, we obtain the

ingredients of a Jacobian matrix as follows:

fiz 195078 fi; 0.000913613
fn -0.0830103 f3  -0.108663
f22  0.0850923 fs;3  -0.0197942
fos -1.79848

Then; based on matrix B, we obtain three eigenvalues of B, A\; = 0.641019,
Ae = —0.557792, and A3 = —0.0179203.
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We can judge from the above eigenvalues that the equilibrium with C* =
21.6753 and 7* = 0.0490008 is a saddle.

If there are other values for the parameter «, such as X; < 0 and X, and
A3 stay negative, this equilibrium is a sink, which means indeterminacy.

Under these conditions, there can exist numerous time paths toward a
steady state, which start with arbitrary capital stocks, and we can not iden-
tify a specific time path, even if a transversality condition holds. Therefore,
this indeterminacy is considered to be one of the necessary conditions for

sunspot fluctuations, in which business cycles can be included.

6.5 Concluding remarks

‘We need to explore, from an economic viewpoint, why the system in (6.69)
has three negative eigenvalues, or two negative parts with double imaginary
roots and a negative eigenvalue. This will show us why the indeterminacy
occurs.

And we have to explain why this indeterminacy matters, if it occurs.

Now, let us consider the situation with no taxation in a steady state that a
representative household faces. Suppose that for some reasons, the household
expects higher rental rates on capital in future. Then, it cuts consumption
today, while it increases its saving today, which will become an increase in
capital stock in future.

But, conversely, this increment of capital usually causes lower rental rates
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on capital because of the law of decreasing returns to scale. This means that
the optimism of a household is not realized.

However, in this situation, if regressive taxation (our balanced-budget
rule is included in this category) is introduced, the theory can be reversed.
Under enough regressive taxation, both after-tax labour income and the rate
of return on capital can be increased. Through this mechanism, the initial
expectation about an increase of rental rates on capital by a household can
be self-fulfilled. Of course, this is a kind of sunspot fluctuation, in which we
can explain how business cycles can occur. And for this fluctuation to occur,
indeterminacy is one of the preconditions.

We are forced to rely on simulation throughout, in order to investigate
what concrete conditions in our economy can cause this indeterminacy. This

interesting research will be carried out in a subsequent article.






Chapter 7

Conclusion

We have established our theory based on an implicit common context, namely
that economic outcomes by an individual agent directly lead to aggregate
ones. This philosophy is simple and prevalent, because of its micro-foundations.
Macroeconomics since Keynes (1978) has been criticized by neoclassical economists
such as Lucas, due to its lack of micro—foundations.

With regard to this, our theory overcomes such criticism on appearance,
because our logical stance is in the same line as that prevailing currently in
economics, that of the neocla;ssical economists. |

However, there might be room for controversies about this big issue.’

The Zeitgeist, as discussed by Hegel, is a term which implies that many
authors, including economists, have a tendency to be influenced by prevailing

ideas in their days. In light of the Zeitgeist, in this sense, this dissertation

1See Yoshikawa (2003).

233
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might not also be able to avoid being seen as a product of our era.
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