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setze(1687).

%) [Séverine 2006], p.9.

6 [Newton 1687].
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8 [Truesdell 1960].

%) [Truesdell 1960], p.9.
10) [Truesdell 1960], p.23.
D [Euler 1750].
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13) [Raman 1972], p.137.
YpopooooooooDOoOooOO[0o 1997) 000000
)00 1997), p.166.,[Harman 1998], p.25.

16) [Mach 1883]

1 [Truesdell 1960], pp.5-6.

18) [Harman 1998], p.25.

¥ oooo 1991, p.76.

QO)DDD 1000 000000000000000D000[00 1997000000000 000ODOOOOO
000000000000000000000 Truesdell 0000 Aiton, Fraser, Hankins 000000
0o[00o 1997, ix.

2)gpoooOoD0O0000000D0D0DN0NONNONooooNoon [00 1971a) 0000000000
000000000000000 17000000000 [Motte 1729 000000000DOOO0OODODO
000000000 [Cohen 1999] 0000000

200 1971a), pp.72-73., 00000000 ([Motte 1729], p.13.)0
Law I

Every body cotinues in its state of rest, or of uniform motion in a right line, unless it is compelled
to change that state by forces impressed upon it.

Law II

The change of motion is proportional to the motive force impressed; and is made in the direction
of the right line inwhich that force is impressed.

Law III

To every action there is always opposed an equal reaction: or, the mutual actions of two bodies
upon each other are always equal, and directed to contrary parts.
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)00 1971a), p.60.
)00 1971a), p.61.

25)[EID 1982], p.136. 0 0000000000000 DOODOOOOOODOOOODOOODOOODOOOOO
gooooobooooooobooooboooobooobooo0oooobobDoooobOoobooooo
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2600 1971a), p.63. 00 000000000000 [Motte 1729], p.4.

DEFINITION VII

The accelerative quantity of a centripetal force is the measure of the same, proportional to
the velocity which it generates in a given time.

DEFINITION VIII

The motive quantity of a centripetal force is the measure of the same, proportional to the

motion which it generates in a given time.
D00 1971a), p.63.
)00 1982, p.139.
2[00 1971a), p.73.
3000 1971a), p.82.

SYgpoooO0000DO0ODO0ODOD 30000000000000000000000000000000
g3oobooooooooooboooooooooboobooobobobobooooooooooooODbObbbOoon
000000000000 0ooooooooo[DO 1974], pp.155-157.

3200 1997, pp.177-179.
33) [Wilson 1985], p23.

34) [Laplace 1814].

35) [Belanger 1847].

36) [Colioris 1844].

ST oo 2000].

38) [Blewster 1830].

¥ QppoooD 20000000000000000000000000000000000 (Law of several
Forces) 000000000000 DODODOOODDOOODOODODOODODDOOOODODOOOODOOO
gooooboooobOOoooboooon

020000000000000DOO00DOO0ODOODOOOOOODOUODOODOODOOODOOO
0000000000000 000000000000M 00000000000 OOd (the Law of
Several Forces) 0000000 (p.287)

ooo

The second law describes what will happen when the body, impelled by any force, is at
the same time acted on by several other forces, or has been previously put in motion, and
therefore may be called the Law of Several Forces.

40) Blewster 1830], pp.286-287.

ood



15

41)[

There are three general rules which a body obeys in its motion, whatever be the kind of body
or the kind of force that impels it ; whether it be a particle of dust driven by the wind, or a
planet revolving in consequence of an original impulse through the celestial spaces.

These rules are the key that unlocks all the treasures of mechanical philosophy: they form
the guide, which, assisted by the torch of geometry, conducted the great Newton through all
the labyrinths of nature.

Haris 1833], p.453.

goo
Emerson’s treatises of mechanics have been justly valued in our country

421758 00 20017690 0180000 500181100 6001825 001836000

43) [Emerson 1758].

) [Emerson 1758), iii.,

goo
Upon mechanics is also founded the Newtonian, or only true philosophy in the world.

) N00000000000000000 ([Emerson 1758], iv-v.)0
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goo

It has been ignorantly objected by some, that the Newtonian philosophy, like all others before
it, will grew old out of date, and be succeeded by some new system, which will then be as
much cry’d up as this new. But this objection is very fondly made. For never philosopher
before Newton ever took the method that he did. For whilst their systems are nothing but
hypothesis, conceits, fictions, conjectures, and romances, invented at pleasure, and without

any foundation in the nature of things.

ooood

Jodddoooooooooooooooooooboboooooo0od0o0oooooooooooooo
Jbddoddoooooooooooooooooobooooobobooo0oo0oooooooooooo
Jbdddd0doooooooooooooooooobOoooboboo00o0o0o0oooooooooooo
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Hence it evidently follows, that the Newtonian philosophy, being thus built upon this solid
foundation, must stand firm and unshaken ; and being once proved to be true, it must
eternally remain true, until the utter subversion of all the laws of nature. It is therefore a
mere joke to talk of a new philosophy. The foundation is now firmly laid: the Newtonian
philosophy may indeed be improved, and further advanced ; but it can never be overthrown:
notwithstanding the efforts of all the Bernoulli’s, the Leibnitz’s, the Green’s, the Berkley’s,
the Hutchinson’s, &c. And even the French themselves have at last adopted it, and given up
the Cartesian scheme.

) nppoon0000D0000 ([Emerson 1758], iii)0



gooboooobobooobbooobbooobobbooooobooobDboooobooooboboo
goboboooboooboooboboooboooobOoobobooobUobDbobboboboboobOoo
goooooooooooOdboOooDoOfdoo0mOoooooooDoo0ogoooDoOoooOooooag
gobooboodoobooboobooboobUoobUoobUoobDboobDbUooboobooboo
goboobooobboobooboobooboUoobUoobDUoooDbUooboobooboobOoo
goboboooboooboboobooboboooboboboboooo
goboobooobobooboobooboobobobobobDoobDUoobDbOoobDLoobOboobOoo
goboobooobooobobooboboobooboobUoobDUooDbUooDbooboobooboo
goboobooooboobooboobooboUoobobooDbUooDbooboUoboobUooboo
goboobooobboobooboobooboobUoobUoobDboobDbUoboboboboboobOoo
gobooboobooboboobobooboobooboobUoobDboobobbUooboobooboo
goboobooobobooboobo0obUoobooboobUoobDbobObobDbooObooboo
goboooooooo

gooo

To the art of mechanics is owing all sorts of instruments to work with, all engines of war,
ships, bridges, mills, curious roofs and arches, stately theatres, columns, pendent galleries,

and all other grand works in building.

Architecture, navigation, husbandry, and military affairs owe their invention and use to this
art. And whatever hath artificial motion by air, water, wind, or cords ; as all manner of
musical instruments, water-works, &c. This is a science of such importance, that without in
we could hardly eat our bread, or lie dry in our beds.
By mechanics we come to understand the motions of the parts of an animal body; the use of
the nerves, muscles, bones, joints, and vessels. All which have been made so plain, as proves
an animal body to be nothing but mechanical engine. But this part of mechanics, called
anatomy, is a subject of itself. Upon mechanics are also founded the motions of all celestial
bodies, their periods, times, and revolutions. Without mechanics, a general cannnot go to
war, nor besige a town, or fortify a place. And the meanest artificer must work mechanically,
or not work at all. So that all persons whatever are indebted to this art, from the king down
to the cobler.
47 [Emerson 1758], p.3.

ood:

1. Every body perseveres in its present state, whether of rest, or moving uniformly in a right

line, till it is compelled to change that state by some external force.

2. The alteration of motion, or the motion generated or destroyed in any body, is proportional

to the force applied, and is made in the direction of that right line in which the force acts.

3. The action and re-action between two bodies are equal, and in contrary directions.
00000000000000000 ([Emerson 1758], p.3-4.)0
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1. Every body perseveres in its present state, whether of rest, or moving uniformly in a right
line, till it is compelled to change that state by some external force.

2. The alteration of motion, or the motion generated or destroyed in any body, is proportional
to the force applied, and is made in the direction of that right line in which the force acts.
3. The action and re-action between two bodies are equal, and in contrary directions.

4. The motion of the whole body is made up of the sum of the motions of all the parts.

5. The weights of all bodies in the same place, are proportional to the quantities of matter
they contain, without any regard to their bulk, figure, or kind. For twice the matter will be
twice as heavy, and thrice the matter thrice as heavy; and so on.

6. The vis inertias of all bodies is proportional to the quantity of matter.

7. Every body will descend to the lowest place it can get to.

8. Whatever sustains a heavy body, bears all the weight of it.

9. Two equal forces acting against one another in contrary directions, destroy one another’s
effects.

10. If a body is acted on with two forces in contrary directions, it is the same thing as if it
were only acted on with the difference of these forces, in direction of the greater.

11. If a body is kept in equilibrio, the contrary forces, in any one line of direction, are equal,
and destroy one another.

12. Whatever quantity of motion any force generates in a given time, the same quantity of
motion with an equal force destroy in the same time, acting in a contrary direction.

13. Any active force will sooner or more easily overcome a lesser resistance than a greater.
14. If a weight be drawn or pushed by any power, it pushes or draws all points of the line of
direction equally. And it is the same thing, whatever point of that line the force is applied
to.

15. If two bodies be moving the same way, in any right line their relative motion will be
the same, as if one body stood still, and the other approached, or receded from it with the
difference of their motions; or with the sum of their motions, if they move contrary ways.
16. If a body is drawn or urged by a rope, the direction of that force is the same as the
direction of that part of the rope next adjoining to the body.

17. If any force is applied to move or sustain a body, by means of a rope, all the intermediate
parts of the rope are equally distended, and that in contrary directions.

18. If a running rope go freely over several pullies, all the parts of it are equally stretched.
19. If any forces be applied against one end of a free lever or beam, the other end will thrust
or act with a force, in direction of its length.

20. The parts of a fluid will yield, and recede towards that part where it is least pressed.

) ppDoo00DOO0O0mMO0OO0DDO00DDNO0ON0NDN0000NN000N0N000NDNN00nNnD
goooooboobOoooobobobooboooboooboobOobOoobOoobOboboDbDobOoobOobooo
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([oO 2000], pp.165-166.) 000 00000000000000OO0ODOOOOOOOOOOOOOOMO
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[]

D [Haris 1833], p.453.

goobooobooboooocmoboooobooboobooooobooobooobooboOobooooooooDOoDo
gooooOoobOobooooooboooboboobooobo

gooo
but as elementary works, they are superseded by Dr. Wood’s neat and luminous treatise,
designed for the use of students in the university of Cambridge.

) [Wood 1812].
%) [Becher 1980], p.15.

Y 1796 00000000000 20 (1799)00 30000M0O 40 (1809)00 50 (1812)00 6 0
(1818)00 70 (1824)00 80 (1830) 00D DOODDODDO0O181200000000 5000
000000000000

) 0ponooD00DO0DOOD
0I00000D0O00(On Matter and Motion)
0OII0D00D00000(On the Laws of Motion)
OIII0DD000000000(On the Composition and Resolution of Motion)
0 IVOOOO0O0O0O(On the Mechanical Power)
0 VOOOOO (On the Center of Gravity)
0 VIOODODODOOOO (On the Collision of Bodies)
0 VIIOODODODODOOO (On accelerated and retarded Motion)
O VIIIOOOOOOOO (On the Oscillation of Bodies)
0 IX OOO0O0(On Projectiles)

6 [Wood 1812], p.15.

) [Wood 1812], p.16.

gooo

The effects produced by the actions of forces are of two kinds, velocity and momentum ; and
thus we have two methods of comparing them, according as we conceive them to be cause of
velocity or momentum.

(21.)The accelerateing force is measured by the velocity uniformly generated in a given time,
no regard being had to the quantity of matter moved.

(22.)The moving force is measured by the momentum uniformly generated in a given time.

%) [Wood 1812], p.19.

oo:
If a body be at rest, it will continue at rest, and if in motion, it will continue to move
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uniformly forward in a right line, till it is acted upon by some external force.
9 [Wood 1812], p.25.

og:
Motion, or change of motion, produced in a body, is proportional to the force impressed, and
takes place in the direction in which the force acts.

19) [Wood 1812], p.28.

oo:
Action and reaction are equal, and in opposit directions.

) [Wood 1812], p.29.

go:

By action, we here understand moving force, which, according to the definition (Art. 22.),
is measured by the momentum which is, or would be generated, in a given time ; and to
determine whether action and reaction, in this sense of the words, are equal or not, recourse

must be had to experiment.
12) [Wood 1812], p.134.

od:
(227.)IF a body be impelled in a right line by an uniform force, the velocity communicated

to it is proportional to the time of it’s motion.
13) [Wood 1812], p.134.

0 0: By force, in this and the following Propositions, we understand the accelerating force,
no regard being paid to the quantity of matter moved, unless it be expressly mentioned.

14 [Wood 1812], p.134.

ooo

The accelerating force is measured by the velocity uniformly generated in a given time (Art.
21.), and in this case, the force is invariable, by the supposition ; therefore, equal increments
of velocity are always generated in equal times (Art. 20.) ; and since a body, by the first
law of motion, retains the increments of velocity thus communicated to it, if, in the time ¢,
the velocity a be generated, in the time mt the velocity ma is generated; that is, the velocity
generated is proportional to the time (Alg. Art. 193.).

15) [Wood 1812], p.15.
16) [Wood 1812], p.134.

goo

(228.) If bodies be impelled in right lines by different uniform forces, the velocities generated
in any times are proportional to the forces and times jointly.

Let F and f be the forces, T' and t the times of their action, V' and v the velocities generated
; also, let  be the velocity generated by the force f in the time T'; then,

Viz:F:fO (Art.21);
z:v =T :t0 (Art.227);

comp. V :wv :: FT : ft; that is, the velocities generated are proportional to the forces and
times jointly (Alg. Art. 195.).
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O

poooo195000MO0 3. 1000000 20000000000000000000000000
0000000000000 00000D 20000000000000000 ([Wood 1815], p.104.)0

gooo
(195.) DEF. 3. One quantity is said to vary as two others jointly, if, when the former is-
changed in any manner, the product of the other two be changed in the same proportion.

18) [Wood 1812], p.147.

ooad
(249.) The force which accelerates or retards a body’s motion upon an inclined plane, is to
the force of gravity, as the height of the plane is to it’s length.

19 [Wood 1812], pp.148-149.

ooo
(253.) COR.4. If a body fall down an inclined plane, the Velocity V', generated in 7", is

H
such as would carry it uniformly over I X 2mT feet in 17; where m = 161—12.

20) [Wood 1812], pp.140-141.

2D [Wood 1812], p.151.,

22) [

gooo
(256.) The wvelocity which a body acquires in falling down the whole length of an inclined
plane, varies as the square root of the perpendicular height of the plane

00 2003], p.199.)

3)goo0D0000000000 [00 2003000000

24) [

Blewster 1830], p.298.

gooo
On Dynamics, the reader may consult La Grange’s Mechanique Analytique; D’Alembert’s
Dynamique; Gregory’s Mechanics.

o0ooooo (T.b)ooooooo

»)ppoOo00D0000D0000D00000000000000000000000

GREGORY OLINTHUS GILBERT 017740 10 2900000000000000018410 2
020000000000000

180000 19000000000000000O0O0O0000O0OO0OO0O0O0OOO0OOO0OGOOO0
goobooooooooooboOoOoOoO0OoOoooOobOOoOoOoOoOobOOoOoOOO0OOOOOobOOOOOO00O0
00o0oo0ooo0o0oOoO0o0OO0O0OO0OO0O0O000 18300000000 oo0ooooooooa
0000000000000000000000000 182100000000000183800000
oobooooooooo

00oo0o0oO0ooOo0oOo0OoO0boOo0oOoO0ObOoso6 00000000000 40000000000
pgoooooooooooboooboooobboOoooooobobobooboOoooOoOooooooOooo
oooooooooOoO00oooOoOoO0oO0O0OooOoO0oO0OO0O0OOO0O0OOOO0OO0O0OOOO0OO0 1000
goooooooooooboOoOoOoOoOooooOoOoOoOoOoOoOobooboOoOOOOOoOoOoboOoOOOO00O0
ogoobooooooooooboOoOoOoOoOoboooOoOoOoOoOoOoOooobOoOOO0OOOoOoOoboobOOOO00O
ooboooooooOoOoOoooO0oOoO0ooOoOoOoO0OoOmOoOoOoooOOOO0OOOOO0ObObOO0O
ooboooooobooOoooooOooOoOoooooOoOoobooooon

26) [Gregory 1815].
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2T Remarks on the nature, construction, and simplification of machinery, on friction, rigidity of
cords, first movers, &c., and descriptions of many curious and useful machines

28) Remarks on the nature, construction, and simplification of machinery, on friction, rigidity of
cords, first movers, &c., and descriptions of many curious and useful machines

¥)npooooooo
[Gregory 1815], xxi-xx.

ooo

BOOK I. STATICS

Introductory Definitions and Remarks.................. 1

I. Axioms, or Laws of Motion and Rest.................. 8

II. On Statical Equilibrium, and the Compositon and Resolution of Forces................... 14
III. On the Centre of Gravity.................. 45

IV. On the Mechanical Powers, or Simple Machines .................. 70

V. On the Strength and Stress, of Materials.................. 107

VI. On Cords, Arches, and Domes .................. 135

BOOK II. DYNAMICS.

Introdutory Definitions and Remarks .................. 163

I. On Motion, uniform and variable .................. 169

II. On the Descent and Ascent of Heavy Bodies in vertical Lines, the Motion of Projectiles,
Descents along inclined Planes and Curves, the Vibrations of Pendulums, &c............ 193
III. On Central Forces.................. 244

IV. On the Rotation of Bodies about fixed axes, and in free Space ; with Theorems
relative to the Centres of Oscillation, Gyration, Percussion, Spontaneous Rotation,

&Cuieiiiiiiiiiiiaeee, 267

V. Physico-mathematical Theory of Percussion .................. 303
VI. On the Motion of Machines and their maximum Effects .................. 330
g1000d

0000000 ciiiiiieienne. 1

OI00D0000O0O00000 ceiiiiieinneen. 8
OII00000000000000000 ciiiiiviiinneenn. 14
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OIVOOOOOO (Powers) 00000000 iiieiuiieennnn. 70
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30) [Gregory 1815], p.8.

goo
I . Every body continues in its state of rest, or of uniform motion in a right line, until a
change 1is effected by the agency of some mechanical force.



1I. Any change effected in the quiescence or motion of a body is in the direction of the force

impressed, and is proportional to it in quantity.

II1. Reaction is always equal and contrary to action; or the mutual actions of two bodies upon

each other are always equal, and directed to contrary parts.
31) [Gregory 1815], p.5.,

gooo
17. Force or power, in a mechanical sense, is that which causes a change in the state of a

body, whether that state be rest or motion.
32) [Gregory 1815], p.164.

gooo

212. Force, according to our definition (art. 17.), is that which causes a change in the state
of a body; or, it is that which either moves or tends to move a body: forces, as we there
observed, are no further known to us than by their effects; it is only therefore by the effect
any force produces that we can measure it. Now the effect of a force is to give to every
material particle of a body a certain velocity: if, therefore, all the parts of a body receive the
same velocity (as we suppose here), the effect of the moving cause has for its measure the
product of the velocity into the number of molecule moved, or the product of the velocity
and mass: A force therefore is proportional to the velocity which it can impress on a known
mass, and that mass conjointly.

33) gregory, p.8.

ooo

21. IN order that the doctrine of Mechanics may be brought within the boundaries of math-
ematical investigation, it is necessary not only that the quantities it proposes for discussion
should be measurable either in themselves or in their effects ; but also that some general
principles should be exhibited, the truth of which should be incontrovertible, and to which
the student may at all times appeal in the course of his researches. Such general principles
were first distinctly proposed by Sir Isaac Newton in his Principia; they have since his time
been received as Mechanical Axioms, or, as they are commonly called, Laws of Motion. They
are, in reality, intermediate propositions between geometry and philosophy, through which
mechanics becomes a mathematical branch of physics, and are as follows:

34 [Gregory 1815], pp.12-13.

gooo

Again with respect to the second axiom, it may almost be considered as an identical propo-
sition, considering force as we do(17.), merely as the cause of motion, or of a change in
motion:

35) [Gregory 1815], p.5.
gobooobobooobuooboo

All forces, however various, are measured by the effects they produce in like circumstances;
whether the effects be creating, accelerating, retarding, or deflecting motions: the effect of
some general and commonly observed force is taken for unity ; and with this any others may
be compared, and their proportions represented by numbers or by lines : in this point of view
they are considered by the mathematician ;

oo
gobooooooooooobooooooooooooooooboboboooo0—o0ooooooboo
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gbobooooooobobobooobooo—-0o00oboooobOomooooboobooooboooo
goo0ol1oooooooooo0ooooooOooooooooooboobooOooooooobooboooo
gboooboooboooobooobooooboobooooooooooboooboooboooboooooo

36) [Gregory 1815], p.164.,

DEF. Momentum, or Quantity of Motion, is the rectangle of the mass of a body and its
velocity.
Consequently, forces are measured by the quantities of motion they are capable of producing.

37) [Gregory 1815], p.164.

ooo
Thus, if F denote the motive or moving force, B the body moved, and V the velocity imparted
to it, we have F o« BV.

38) [Gregory 1815], p.170.
39) (Gregory 1815], p.179.
40) [Gregory 1815], p.179.

goo
When any quantities are given, or their relations to some fixed quantities of the same kind
known, they are to be left out in the general theorems : thus, if the body be proportional to
2
the force, we shall have S x TV « FT? x }/—*7 whereF* = g .
0000000000 I0000000000000000000 ([Gregory 1815], p.176.)0

DEFS. We call in general any force which acts on a body so as to make it vary its motion an
accelerating force: when, in equal intervals of time, it acts equably, or the velocity undergoes
equal mutations, we call it a constant or uniform accelerating force, or a constant retarding
force, according as it tends to augment or diminish the actual velocity of the moving body.

oo
b ooooooooboooboooobooooooooobooobooooobobooboooboooooo
gboooboooooooooobooobooooooooooboooboooboobooooo

42) (Gregory 1815], p.227.

43) [Gregory 1815], p.227.

ooo
.o v4v . effective velocity from C towards A
w ... v+ gsinet e .
gsinet — v ...... velocity destroyed
-V =V ... effective velocity from C towards B

v+ gsine't ... velocity destroyed

4 [Gregory 1815], p.182.,

og:
232. PROP. To find the fundamental equations which apply to variable motions.

45) [Gregory 1815], p.182.



46) [Gregory 1815], p.183.
47) [Gregory 1815], p.183.

gooo
The two preceding equations readily furnish a third, which may often be advantageously
. . S .
adopted: for, from the equa. § = vt , we deduce t = —: substituting this value of ¢ in the
v
equation v = ¢t, we readily find
vi

(IIL) - - - ¢ = vd, or ¢ = —.
S

Again employing the same equations, since ¥ = ¢f, and vi = § we have by multiplication
viv = ¢ts; whence, striking out ¢, there remains v = ¢s. But vo = %(vv), consequently,

1
(IV.) ¢s= 5(11@)'.
) ppoooDO00000D0D0D0DNO0N01829000000000000000000000
49) [Gregory 1815], p.183.

goooooooooo

0000 +v=¢t 00000000000000000000000000000O00O0000O000
0000000000000 79=¢i 000 ¢s=v0 000000000000000000000
000000000000 0000000000040v=¢t 000 ¢s=4v0 0000000000
gbooboobOooboobooboobooooooboooobooooo

gooo

In the reasoning by which we found the equations © = ¢t, we have considered the velocity as
increasing. If, therefore, cases arise in which the velocity diminishes, its fluxion will become
negative, and the equations v = ¢t, and ¢$ = v0, in order to accommodate them to all cases
which may arise, must be written with the double sign: viz. 0 = ¢t, and ¢s = £vv, the
superior sign obtaining when the motion is accelerated, and the lower one when it is retarded.

%0) (Gregory 1815], pp.183-184.
ooo
The equation $ = vt, or v = %, being fluxed gives v = (%) @ if this value be substituted for

¥ in the equation ¢t = £, it will become

(VJ-~¢£::£(§>Z

And this equation must be employed when £ is supposed variable : but if we imagine, as it is

. . §
often right to do, that t is constant, we have ¢t = i;; therefore

(VL) .- ¢i2 = +3, ord):i%

51) [Gregory 1815], p.187.

gooo

Suppose that a material point, or very small globe, placed at A (fig. 7. pl. XI.) is solicited by
two forces; the one tending to make it move from A towards B, with a motion uniformly varied;
the other tending, on the contrary, to push it back from A towards D: the circumstances of
the motion of the globule are required, on the supposition that the repulsive power impresses

upon it an accelerating force varying inversely as the distance from the point B.
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52) [Gregory 1815], p.187.

ooo

$ $
To find the fluent of this equation, we must multiply by $, whence will arise 7 X (;) =

v2:mH-L~(a—|—s)—gs+C.

ms
n — g8; and consequently, by a well-known form, %
a+s

Where, since at the point A we have v = 0, and s = 0, we conclude that C = -mH-L - a.
Therefore

S

v=+@mH L 2% g
a

This equation determines the velocity that the moving body has when it has run over the

space s:

53) [Gregory 1815], p.188.

goo

The problem just resolved finds its application in a case which we shall now state: if a heavy
body, as a piston, is forced into a cylinder or vertical tube BD, open only at the extremity
D, which the piston closely fits, and if the part AB is full of a compressed elastic fluid, or of
an expansive vapour; then, not considering the friction of the piston against the sides of the
tube, it is obvious that this piston will be subjected to the action of gravity which tends to
make it descend and impresses a constant accelerating force g, and at the same time to the
repulsive force of the elastic fluid : but this fluid having less spring as it is less compressed,
viz. as the piston is farther distant from the extremity B, the accelerating force thence arising
varies inversely as the distance of the moveable piston from the bottom of the tube.

54) [Gregory 1815], p.188.

ooo

We have an example of this species of motion in the balls of guns, and pieces of cannon,
driven by the inflammation of the powder: this produces instantaneously a great quantity of
an aeriform fluid, of winch the repulsive force is inversely as the space in which it is contained.
‘We here neglect the consideration of the weight of the ball, since it has but little effect upon
the velocity up to the mouth of the piece, the weight being nothing in theory when the axis of
the piece is horizontal. We therefore make g = 0, or, which amounts to the same, we consider
at the commencement of the calculation the accelerating force as :al—i—s: consequently,

v:\/(2mH-L-a+s).

a

Making s to equal the distance of the point A from the orifice, this equation gives us the
velocity with which the ball issues from the piece.

55) [Gregory 1815], p.269.

ooo

801. PROP. If a body revolve about an axis, the particles of which that body is composed
resist, by their inertia, the communication of motion to any given point, with forces which
are as the particles themselves, and the squares of their distances from the axis of motion
jointly.

Let a force ¢ be applied at any point A (fig. 2. pl. XIV.) in order to communicate motion
to a system of particles p,p’, p’”’, &c. revolving at determinate distances round the centre of
motion C. Let A be such a quantity of matter as will, if concentrated in A, have the same
effect in resisting the communication of motion to that point, by its inertia, when any particle
p is removed from the situation P, as that particle would have, revolving at the distance PC.
Now the effect of the given force ¢ acting at the point A (in a direction ¢A perpendicular to
CA), to move a body at that point, is to its effect to move a body at P, inversely as those
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distances ; or as PC to AC, by the nature of the lever: and if these bodies be moved with
equal angular velocities, their distances from the axis being then (art. 300.) as the spaces

described in a given time, the moving forces are inversely as the spaces described.
56) [Gregory 1815], p.269.

oboo
2

BV
But taking for a moment the notation of art. 228. we there have F « < or FS o« BV?2

; in which, if F o é, then will B o % : consequently, the quantities of matter must be
inversely as the squares of the velocities; or, in the present case, inversely as the squares of
p-PC?
2 9
which indicates that the resistance of the particle p at the distance PC is equivalent to the

the distances from the axis; that is, A : p : : PC2 : AC? ; whence we have A =

resistance of the mass %, at the distance AS.

57) [Gregory 1815], pp.269-270.

ooad
In like manner, taking another particle p’, at the distance P’C, and a corresponding quantity
of matter A’ concentrated into the same point A, we shall have the resistance of the particle

/P2
pAT at the distance AC. And the

p’ at its distance equal to the resistance of the mass
same may be shewn of other particles p”’,p’”’, &c. Consequently, if we use, as hitherto, the
character / to denote the whole fluent, or sum of all the separate resistances, we shall have
p-PC?

ACZ

the resistance of the whole revolving body expressed by

)y pNo0000000DMOD00NN00N0NON0NNNNOONnOO (the number of molecule) OO
gooooooooOoooooOoooboooOoOoooooOoO0oOoO0ooOOoOoOoooOoOoOoOoboOO000n
2120000000 211 00000000000C0000000C0O000O0O0O0O0OOOOOOOGCOOO
gooooooooomoooboboooooOoO0oOO0OO0OOOO0OO0OoboOoOoOOO0O000O00000BO
goobooooooooOooooooonoo

goooooobOooboooo
[Gregory 1815], pp.163-164.

211. The sum of the material particles of which a body is composed, is what we denote by the
word Mass. This mass depends on the volume of the body and that which we call Density.
We have already observed (art. 10.) that density is directly as the quantity of matter, and
inversely as the magnitude of the body: but it will not be improper to deduce concisely the
general theorem which comprises this relation. To this end it must be considered that as all
bodies are penetrated with a great number of void spaces or pores, their quantity of matter
is not proportional to their volume; but under the same volume there will be more or less
matter as the particles are nearer or further asunder ; and we say that a body has a greater
or less density, according as there subsists a greater or less proximity between its moleculae.
Thus we say a body is more dense than another when in an equal volume the former contains
more matter than the latter: we say, on the contrary, that it is less dense or more rare (for
density and rarity are reciprocal qualities) when in an equal volume it comprises less matter.
The density serves, therefore, to judge of the number of material particles when the volume
is known: thus, we may regard the density as representing the number of equal moleculas
in a de terminate volume; as when, for example, we say that gold is 19 times denser than
water, we wish to be understood that gold contains 19 times the number of particles that
water does in the same space.

Since we represent the density as expressing the number of molecule in a determinate volume



which we assume as the unit of magnitude; it is obvious that to obtain the mass, or the
total number of moleculse, of any body of which the magnitude is known, we must take the
rectangle of the density and magnitude.

oo
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The density of bodies depends upon the number of material points which are contained in a
given volume. In order to have their absolute density, it would be necessary to compare their
masses with that of a body without pores ; but as we know no bodies of that description, we
can only speak of the relative densities of bodies; that is to say, the ratio of their density to
that of a given substance. It is evident that the mass is in the ratio of the magnitude and
the density, by naming M the mass of the body, U its magnitude, and D its densily, we shall
have generally M = DU : an equation in which it should be observed that the quantities
M, D, and U express a certain relation to the unities of their Species.
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59) [Emerson 1758].

60) [Marrat 1810].

V) [Enfield 1811].

%2) [Bridge 1814].

63) [Farrar 1825].

4) [Blair 1826).

65) [Jackson 1827].
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Y00 DSB O Whewell 000 O [Becher 1980]. 00000
2) [Wilson 1985], p.15.

%) [Becher 1980], pp.23-24.

) [Harman 1985a], p.1.

5) [Whewell 1819)].

%) [Becher 1980], p.15.

& [Grattan-Guiness 1985], pp.99-100.,[Harman 1985b], p.222, [Butts 1965].0 [0 O 2000]. 0 OO
8) [Grattan-Guiness 1985], pp.101-102.

%) [Butts 1965].

10) [Harman 1998], p.25.

1) [Harman 1988], p.85.

12) [Harman 1998], p.25.

3100 2000], pp.64-65.

100 2000], p.64.

15100 2000], p.69.

16100 2006], p.169.

1) [Whewell 1819], p.202., p.269., p.273.

ooo
FIRST LAW OF MOTION. A body in motion, not acted on by any force, will move on in a
straight line, and with a uniform velocity.

SECOND LAW OF MOTION. When any force acts upon a body in motion, the change of
motion which it produces is in the direction and proportional to the magnitude of the force

which it acts.

THIRD LAW OF MOTION. When pressure commumnicates motion to a body, the accelerating
force is directly as the pressure and inversely as the quantity of matter moved.

18) [Whewell 1819], ix.

gooo

We have to analyse all the phenomena of motion, and to obtain such general principles as
shall be sufficient to account for them. If, when we have collected these from experiment,
we reduce them to the smallest possible number of distinct laws, we shall find that they are

those three which Newton, with his wonderful sagacity, has selected.
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19) [Whewell 1819], ix.

goo:
Perhaps some apology is necessary for an alteration in the enunciation of the Third Law of
Motion.

20) [Whewell 1819], p.269.

og:

This may also be thus expressed. When any force is exerted upon a body already in motion,
the motion which the force would produce in a body at rest, is compounded with the previous
motion, in such a way, that both produce their full effects parallel to their own directions.

2D [Whewell 1819], ix-x.

o0:

It appeared advisable on several accounts; because the form in which it is here given shews
more clearly its relation to preceding principles ; because it separates it from the consideration
of Action and Reaction in equilibrium; because it is the more simple form of the proposition;
and because it is that form in which we have most frequently occasion to apply it. As it is
here presented, its meaning is seen without any new definition, of moving force, momentum,
quantity of motion, action, reaction, inertia, impetus, &c. The introduction of such terms
as these is not absolutely necessary, though it may often be convenient; but it has frequently
led to confusion, when these words, appearing to express familiar qualities of bodies, have
been made to imply mathematical laws of motion. When for instance it was asserted that
Action and Reaction, or that the Quantities of Motion gained and lost, were equal; it was
not at first sight perceived that the proposition was not by any means in its simplest shape,
and was made to appear so only by arbitrary definitions of Action and of Motion.

22) [Whewell 1819], p.7., 0 O O Force is generally concieved as the cause of motion, or of change of

motion.

23) [Whewell 1819], pp.8-9.

24) [Whewell 1819, p.274.

25) [Whewell 1819], p.276.

26) [Whewell 1847, p.3.

gooobooboooboooobooo

ooo

6. We conceive force as necessarily acting on matter, but not as necessarily residing in
matter and acting by means of matter. The pressure or the fall of a heavy body is conceived
as produced by the force of gravity, this force not residing in any material vehicle, or operating
on the body by material contact ; but being an immaterial influence,—a mere attraction. And
in like manner any other attraction, as that of a magnet on iron, is conceived as an immaterial
influence, producing in the body pressure or motion, as material pressure or impulse might
do.

0000 (force)00000DODOODDOOOODOOOOOOOOOOOOOOODODODOOOOOO
0000000000000 000000000 pressure000000000 (the force of gravity)
0O00000000D0D00000 (force) 00000000 ODODOODDOOOOOOOOOOOOO
ooooooooooOoOOO0OO0OO0O0O0O0O0O0O0—00000000000O000000000000
0000000000000 0000000DD00000000000000 (material) pressure
0000 (impulse) 0000000000000 presswre 00000000O0O0OOO
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27 [Whewell 1840], p.231.

o0:

We have, in the definition of Accelerating Force, a measure of Forces, so far as they are
concerned in producing motion. We had before, in speaking of the principles of statics, defined
the measure of Forces or Pressures, so far as they are employed in producing equilibrium.
But these two aspects of Force are closely connected; and we require a law which shall lay
down the rule of their connexion. By the same kind of muscular exertion by which we can
support a heavy stone, we can also put it in motion. The question then occurs, how is the
rate and manner of its motion determined ? The answer to this question is contained in the
Third Law of Motion,

28) [Barnshaw 1844], p.12.,[Pratt 1842, p.3. 00 19802020 0000000000000 300000
0000000000000 000000000000000000&0D0000000000000
0&O000000000000000000000000[00 2000], p.64.,[Smith and Wise 1989].,
p.375.

29) [Whewell 1819], p.279.
30) [Whewell 1819], p.5.

ooo
The Mass or Quantity of Matter, similarly, means the number of times a certain unit of
matter must be repeated to make up the body.

3D [Whewell 1819], pp.280-281.

o0:
Since the law is known according to which the accelerating force varies, if we know its mag-
nitude in one case we know it in all. But in the case in which a body falls freely by gravity
its whole weight is employed in producing motion, and its weight is also the mass moved.
Hence, by the third law of motion, its accelerating force is as % or 1. But in this case the
accelerating force is the whole force of gravity, which we may represent by g, the velocity
generated in 1”. Hence for any other case, we have this proportion,
Pg

l:g=P:f;0Ff o
If we represent the accelerating force of gravity not by g, but by 1, we shall have, if F' be any
accelerating force,

F=—.
Q
In the fraction % which expresses the accelerating force, the numerator Pg is the product
of P, the weight or pressure which produces motion, by g the accelerating force, (in this case
gravity,) which acts upon it. This product of accelerating force by the veeight on which it acts
is called Moving Force. The denominator @ is the whole weight moved ; (including P when
the motion is produced by a weight;) and may be considered as representing the resistance
to the communication of motion; in which sense it is called Inertia. The Inertia in general
may be considered as the denominator of the fraction which represents the accelerating force
and. whose numerator is the moving force. Hence it appears, by the third law of motion,
that the Inertia is as the mass, or the weight. This is applicable to those cases only in which
all the parts of the mass moved have the same velocity; and when of course we may consider
it as a point in motion: in other cases the resistance to motion is at a mechanical advantage
or disadvantage, and the inertia of the whole is to be calculated by methods which may be
explained hereafter.

32) [Whewell 1832a], p.28.
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goo

Bodies of different materials are supposed to have the same quantity of matter when they
have the same inertia. And if the weight of such bodies be proportional to the inertia, in this
case also, the weight is proportional to the quantity of matter.

This is proved to be true by observation and experiment. Bodies of different materials, as
well as of different magnitudes, falling freely, descend with the same velocity in the same

time. And in this case also more accurate experiments may be made by means of pendulums.
33) [Whewell 1828].

34) [Whewell 1828], p.29.

0000000000000 oooooooodooooooooDoooooooooooooono
(In stating the three laws of motion for the puropse of this comparison, we must, in order to
avoid confusion and false reasoning, reject entirely their apprication to statics. ) 0000000
0000000000000 300000000000 300000000 DOoooag

00 10000000000000000000G000000O0

00 200000000000000000000O00O000C00O0O0O0COOO0O0O0O0OOOOOGAO0
ooooooooooooooo

00 30000000000000000000000O000O000G000

ooo

Lawl. Abody in motion, not acted upon by any force, will move on in a straight line with a
uniform velocity.

Law2. When any force acts upon a body in motion, the change of motion which it produces
is in the direction, and proportional to the magnitude, of the force which acts.

Law3. When pressure communicates motion to a body, the moving force is as the pressure.

35) [Whewell 1828], p.29.

goo

First, The law of inertia, that a body not acted upon by any force would go on for ever with
a uniform velocity.

Second, That the velocity communicated is proportional to the force.

36) [Whewell 1828], p.30.

goo
The question, therefore, now becomes, whether the second law of motion be included in the
third? and this is what the foreign writers alluded to, assert, and pretend to prove.

37) [Whewell 1828], p.30.

ooo

Let a body be moving in a direction AB with any velocity BC. At the point B let it be acted
upon by any force in the direction BD. It will describe an intermediate line BE by the second
law of motion. But this intermediate direction is also deducted from the principle that the
velocity is proportional to the force, in this manner.

The body being at B, and moving with the velocity BC, is in the same condition as if it
were at that instant acted upon by a force which is represented by BC. But in that case it
would be acted upon by two forces represented by BC and BC, and hence, by the statical
compositon of forces, it might be considered as acted upon by a single force BE, the resultant
of BC and BD. Hence, since the velocity is proportional to the force, the body will move in

BE with a velocity represented by BE.

38) [Whewell 1828], p.31.
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gooo

It will appear from a careful consideration of these proofs, that, first, it is taken for granted
that any velocity may be produced by an instantaneous force: That 2d, it is proved from
experiment that this force is as the velocity: That 3d, it is taken granted that we may, at our
choice, at any instant, consider the body either as possessing the velocity, or as acted upon
by the force which would produce it: And that jth, it is also taken for granted that these

instantaneous force acting together may be compounded according to the laws of statics.

39) [Whewell 1828], p.35.

ooo

To those who feel an interest in the strictness of scientific logic the question will not appear
unimportant. It is in fact the question, whether, after carrying the process of induction and
generalization as far as is requisite, in order to obtain the three laws of Newton, we can carry
it one step farther, and include one of these laws in the other. It is the question, whether the
third law of motion be capable of being considered as a particular case of the second. The
preceding considerations seem to disprove such a dependence.

The manner in which the French writers have tried to establish such a connection has been
by including both in the principle that force is as velocity

40) [Butts 1965]. 0 0

4D [(Whewell 1832a], pp.34-35.

42) [

o0:

In some treatise on Dynamics, and especially in French writers, the second and Third Law
are both understood to be included in the Proposition that “the force is as the velocity.”
This Proposition is then taken in two different senses. In order that it may express the third
Law, it means that the velocity directly communicated to a given body is as the pressure
which communicates it. In order that the proposition, that “the force is as the velocity,” may
express the second Law, it means that the velocity which a body has may be replaced by a
force proportinal to it, and that this force, and the extaneous forces which act on the body,
may be compounded according to the laws of statics. These are two different assertions, and
requier separate proofs.

The third Law determines what is the amount of the motion which a given force will produce:
the second Law determines in what manner this motion will be compounded with a previously
existing motion.

The second Law of motion is proved by the experiment suggested by Laplace; namely, by
the fact that the oscillations of the same pendulum are equally quick in all aximuths. The
third Law is proved by experiments which shew that time of oscillation is proportional to the
square root of the length of the pendulum. One of these laws cannot be deduced from the
other, except one of these facts can be shewn to be implied in the other.

Laplace 1814].

43) [Laplace 1814], pp.28-30.

44) [

Laplace 1814], pp.61-62.

45) [Whewell 1828], p.29.

go@mooooo0o0o0O0 3000goooooooooooooo

[Whewell 1832a], p.25.

ooad
When pressure communicates motion directly (that is, in the direction of the pressure,) the



moving force is as the pressure.

00 (pressure) 000000000000D0D0D0D0DDDDD0DO00DODODOOO (moving force) O
00 (pressure) 00000

46) [Whewell 1832a], p.24.

goo

Measure of The Quantity of Matter
Bodies are considered as having the same quantity of matter when they produce, by their
matter, the same mechanical effects. The effect which is more peculiarly taken as the measure
of this quanitity, is the resistance to motion, pressure. The quantity of matter is supposed to
be greater, exactly in proportion as the velocity, or accelerating force, resulting from a given
pressure upon the body, is smaller.
The resistence to motion measured as above is called the inertia. Hence the quantity of
matter is the same when the inertia is same.

oo

oooooo
ooboooooooooooO0o0o0o0OobooOoOoO0O0oO0oO0OoooOoOoO00000OobooOO0000000
oobo0ooooooooooO0o0o0oO0OooooOobO0o0o0o0oooooOo0o0o0o0o0ooooo000000
oobooooOoo0ooooooOo0o0o00O0boOoOoO00O000O0booOO00000O0booO0000000
ooo0o0ooooo0o0oooobOo0o0oooo00o

0000000000000 D00000000O0 (emertia) 00000000000 00OO0ODODOOO
oooooo

A7) [Whewell 1832a], p.25.

goo

Moving Force is measured by the Accelerating Force multiplied into the Quantity of Matter.
COR. 1. The moving force is as the accelerating force multiplied into the quantity of matter,
and the accelerating force is as the velocity communicated in a given time. Hence the product
of the velocity in a given time into the quantity of matter will be as the moving force.
COR. 2. The procuct of the velocity and quantity of matter is called the Momentum : Hence
the momentum communicated in a given time is as the moving force.

oo

ooooon
gboooboooobooooboooboooboooooooo
010000 (moving force) 00 000000000000000O0D0000O0DOO0OODODO0O
gboooboooboooooooboooooooOobooobooobooboobOOoobOOoooboOobOoOoOoDbo
020000000000000 (Momentun) 00000000000D0000O0D0000O0DOO0
gbooboooooooo

48) [(Wewell 1834b].

49) [Whewell 1828].

0)ppooDoD0D0D0DO0DO0DO0DO
[Wewell 1834b], p.574., p.575., p.576.

ooo
AXIOM.I. —FEwvery change is produced by a cause.

AXIOM.II. —Causes are measured by their effects.
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AXIOM.III. —Action is always accompanied by an equal and opposite Reaction.
00l 000000000000000a0

00Il. 000000000000

00 . 0oo00oooooooooooooooooono

0000000000000 mMoO0bD000000o000000bD000000o00o00o00 “0Oo”o
000000 “0”0000000000000000000000O000O000O0O0

D [Whewell 1834a), ix-xv.
52) [Whewell 1832b].
53) [Whewell 1832a)].
54) [Whewell 1834al, ix.-x.

gooo
PRINCIPLE I. No change can take place without a cause.

PRINCIPLE II. Effects are proportional to their causes.

PRINCIPLE III. The action of one body upon another is accompanied by an equal and
opposite reaction.

55) [Whewell 1834a), xi-xii., xii., xiiv.

ooo
FIRST LAW OF MOTION. A body in motion, not acted upon by any force, will move in a

straight line with a uniform velocity.

SECOND LAW OF MOTION. When any force acts upon a body in motion, the change of
motion which is produced is in the direction and proportional to the magnitude of the force

which acts.

THIRD LAW OF MOTION. When pressure produces motion, the effective moving force is

as the pressure.
56) [Whewell 1834a)., xii.

oboo
Case 1. When the force acts in the direction in which the body is always moving.

57) [Whewell 1834a), xiii.

gooo
12. Case 2. When the force acts transversely or obliquely to the direction in which the body

is moving.
58) [Whewell 1834a], xii.

gooo

A uniform force, acting in the direction in which a body is moving, is found to produce the
same increase of velocity in a given time, whether the body be moving quick or slow, or if it
begin to move from rest. Therefore the effect of a uniform force in this case is independent
of the rest or motion of the body.
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gboooooooboboobooooboooobooooboboooobooboboobooobooooobooo
gboooooboooobooboooobbooboobooooboobooboooobooooooooo
goooooooooobo0omooooooooooOoooooooOooboOooooooooDoboDOo

59 [Whewell 1834a], xiii.

goo

When a uniform force acts upon a body already moving, in a direction transverse or oblique
to the direction of the motion, it produces the effect of compounding with the motion which
the body already possesses, a velocity equal and parallel to that which the same force would
produce in a body at rest. This appears by observation; for instance, in bodies falling or
thrown in a ship which is under way.

goooooooooooooooboooooboooobooooboboboobobooobobooo
goooooooooooooooooooooooooOomooooooooobooDbooDbooo
gooooooooooooooooboooooboooobooooboobooboboooDbobooo
gooooooooooooboooboboooDo

60) [(Whewell 1834a], xiii.

ooo
Hence the magnitude of a uniform force is measured by the wvelocity which if generates or
adds in a unit of time, as one second ; in pursuance of the second General Principle.

1 [Whewell 1834a), xiii.

goo

The magnitude or quantity of a uniform force, and of a variable force, measured in the
manner just stated, is the accelerating quantity of the force, and is usually called simply the
Accelerating Force.

oo
gooooooooooobooobooobooooboooooooboooooooooobooboooobooOoo
obooooboooooooooboobooobooon

62) [Whewell 1834a], xiv.

ooo
Case 1. When force acts upon a system directly, so that the mutual action of two bodies is
in the line which joins them.

93) [Whewell 1834a], xv.

ooo
15. Case 2. When force acts upon a system by means of any mechanical connexion whatever.

0000001 000000000000 ((Whewell 1834a], xiv-xv.) O

ogoad

Case 1. When force acts upon a system directly, so that the mutual action of two bodies is
in the line which joins them.

When a force acts on any system, so long as the pressure is the same, the magnitude of the
Action, as shewn by the motion produced, is the same also : for force considered as pressure
is identical with force considered as the cause of motion.

Two equal pressures, acting for the same time, will put two equal bodies in motion with equal
velocities; and these pressures, acting together, make a pressure twice as great as either of
them ; therefore the action is twice as great. Therefore, the velocity produced in a given time



by any force, being given, the amount of action is proportional to the quantity of matter
moved.

Inertia is the quantity of matter of a body, thus measured by the pressure requisite to
communicate to it a given velocity in a given time.

14. The Momentum of a body is the product of the numbers which represent its quantity of
matter and its velocity.

It appears by observation that, in the direct mutual action of bodies, the momentum gained
by the body acted on, and that lost by the acting body in the same time, are equal.

For instance, if A impinge upon B directly, or if A communicate motion to B by the continuous
action of its weight, B’s momentum is greater than it would have been in the same time, if
B had not been connected with A, and A’s momentum is less than it would have been in the
same time, by exactly the same quantity.

Hence, momentum gained and lost in n unit of time may be taken as the measure of action
and reaction, in pursuance of the third General Principle.

The motive quantity of the force which bodies exert on one another, as measured by the
momentum generated in a given time, is called Moving Force ; and it appears, by what
has been said, that this moving force may be taken as the measure of that Action which is
identical with pressure.

oo

g0l 2000000000CCO00000OOOOCOOOO0OOOOODOODO
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goooooooooooooo0oOoooooooooOoocoOo 2000000000000 00mMO
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obooobooobooo

OO0 (nertsa) 00 0000000000000 DO0OODOO0OOOOODOOODOOOODOOODOOOO
oooooog

14.000000 (Momentum) 000000000000 DOOOOOODOO
goboooooooooboooooboooooobooooobOoooooboobobooobooobooooobooo
oboooboooobooobooooooobooooboooobooooooooooooog
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00000000BO00000IO0NUIOONUODDDOODDOODDODDOODOOUDOOUOBO ADO
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95) [Whewell 1834a], xv.

ooo

15. Case 2. When force acts upon a system by means of any mechanical connexion whatever.
In a system which is in motion, the moving forces, as inferred from the momenta gained
and lost by each part of the system, are called the effective moving forces, and the pressures
which produce motion are called the impressed forces.

In this case, The effective forces are equivalent to the impressed forces, according to the
statical properties of the system.

This is proved by reasoning similar to that employed in Case 1.

96) [Whewell 1834a), p.42.



goo
Equality of Impressed and Effective Forces.

154. The forces which really act upon a system, are called the impressed forces : the forces
which must act upon each of the points of the system, supposing them unconstrained, in
order to produce the motions of those points which really take place, are called the effective
forces.

PROP. In all cases of the motion of points, connected so that the mutual action of any two
is in the straight line which joins them, the impressed and the effective forces are statically
equivalent to each other.

67)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
([Whewell 1834a], p.44.)0

ood

156. PROP. The sum of the vis viva of each of the points of a system which has been acted
upon by any forces, under the same condition as in Art. 154., is the same as if the points,
being separate, had been acted upon by the same forces, through the same spaces.

Let P be the impressed force which acts on the particle m,p the distance of m from a fixed

d
point in the direction of this force; therefore d—i) is m’s velocity in the direction of the force.
Also, if ¢ be the distance of m from a fixed point in the direction or its motion, % is its
2 2

velocity, 49 the effective accelerating force, and m—q the effective moving force, by the
dt? dt?

principles of mechanics.

oo
156.00000000000000000000000000000 (visviva)DOOOOD15400

0000000000000 0000000000000000000000000000000000
dp

rPOOO mDDDDDDDDDpDDDDDDmDDDDDDDDDDDDDDDDE goooo
d
oo mDDDDDDDDDDDqDDDDDDmDDDDDDDDDDDDDDDDd—Z oo0 mO

d%q . . d?q
0ooo0ooOooboooo ) 000000 (the effective accelerating force)O mﬁ oooo

00 (the effective moving force) 000000000 »/,m”,000000000000000OO
000000000 m,m/,m”00000000000000000D0O0O0OOO0OOOOO0OOO0
gooooooooooooobooobbooboooooooo

0odoPm,P'm',P'm"”, &ec.

d d / d 1/
noooooooo R 2P k.
dt dt  dt
d2q dzq/ qu//
oo mZ2 29 29 4.
dt?’ dt?2 ’ dt?
d d ! d 17
oooooooo 2 29 4.
dt dt  dt
0000000000000000000000000000000000000000000

d, dp’ dg d? dq’ d?q’
mP—p—l-m’P’l—&—&c.:m 449 d d

— m— + &c.
dt dt dt dt 2 dt dt 2

000000000000000000000000000000000000000000000000
000[00 1997], pp.295-301., pp.308-312. 10000 M O0000000000000000000
000000000000000000000000000000000000000000000000
0000000000000[00000000 1983, pp.21-27.00

%) [Whewell 1836], pp.1-2.

The third Law of Motion gives us the connexion between e statical force requisite to produce



equilibrium in a point, and the dynamical force by which its motion is affected.

When several points are connected, so that they must move or rest simultaneously, and one of
them is acted on by any pressure ; this total pressure is to be resolved, on statical principles,
into various partial pressures, acting on the several points ; and these partial pressures must
be so proportioned and adjusted that the points shall move in a manner consistently with
their connexion. This rule, applied to determine the change of motion of a system, is an
extension of the third law of motion to the case where the force is transferred from one
part of the system to another by the connexion of the parts of the system. It is generally
introduced into calculations by means of D’Alembert’s Principie.

%9) [Whewell 1832b].

0) [Whewell 1823].

"gpoooooooooo
000000000000000000000000000 ([Whewell 1836], iii.)0

ooo

A leading object in compiling a Treatise on Dynamics for the use of this University must of
course be to conduct the Student through most of the reasonings, formulae and propositions
which are requisite as a preparation for the higher investigations connected with physical
science, and especially with the most profound and perfect of mathematical sciences, Physical
Astronomy.
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Another main object of the present edition appeared to me equally necessary with reference
to the course of mathematical reading commonly pursued in this place, and more difficult
to accomplish : I mean the assigning to the Principia of Newton its proper place among our
Dynamical studies.

On this subject there has existed, and probably still exists, a good deal of difference of opinion
in the University. Some strenuous analysts have loved to maintain that the study of Newton’s
works in their original form, or in a form somewhat like it, has long been a millstone about the
neck of our system of mathematical education ; that it wastes the time and ruins the taste of
our Students, destroys the unity of our calculus, and limits the range of our generalisations.
Others again have held that, from us, countrymen and disciples of Newton, his works have
a paramount claim to attention ; and they have asserted moreover that the geometrical and
synthetical methods which he pursues offer to us examples of solid and instructive reasoning,
while analysis too often merely gives us results which exercise no intellectual faculty, nor
convey any satisfactory knowledge.

I shall not attempt to decide between these rival opinions. I will observe however that if we
should resolve to preserve a part of the Principia in our examinations only as a matter of
mathematical history, and as a token of our veneration for Newton, a very few propositions
might answer the purpose, and spare valuable time; and that if much of the work is to be
retained, this ought to be done on the ground of its being a useful portion of dynamical
science. I conceive moreover that a considerable number of the propositions of the Principia,
including most of those which usually appear in our examination papers, have this substantial
claim to our notice. I refer especially to the propositions in the Third Book, and to those
in the First Book on which these mainly depend. There are very considerable advantages to



the Student in Newton’s mode of investigating the motions of the heavenly bodies. Nothing
could be more unwise than to deny the vast superiority which the analytical methods possess
in the treatment of all complex and general problems.
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™) [Whewell 1836], p.1.
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1. THE object of the science of Dynamics is to determine, for any body or system of bodies,
the motion which corresponds to any forces; and conversely, to determine the forces which
correspond to any motion : that is, we have to investigate the relation of the time, space, ve-
locity, and force, when bodies are in motion under given circumstances. In the “Introduction
to Dynamics,” we have proved that if s be the space, described in the time ¢, in the direction

of the motion, v the velocity at the end of that time, f the accelerating force in the direction
d

of the motion, we have the equations v = ?,f = d—: These equations may be considered
as the mathematical definitions of velocity and force.
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ds dv
f=—00000000000000000000000000

gboooooooboood v= —,
dt dt

ooooo
) [Whewell 1836], p.1.
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Force, according to the common acceptation of the word, signifies the quality by which
external causes produce an effect upon the motion of a body. We cannot conceive cause and
effect without supposing certain principles which result from this relation ; and by considering



the manner in which these principles are exemplified in the phenomena of motion, we obtain
Laws of Motion, (Introd. to Dynamics, p. 20.) by means which Dynamical Problems may

be reduced to equations.
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™) [Whewell 1836], p.1.

ooo
The first Law of Motion is implied in the above-mentioned definition of force.

75) [Whewell 1836], p.1.

ooo
The second Law of Motion is translated into analytical language in obtaining the equations
of the curvilinear motion of a point. (Art. 19.)

6) [Whewell 1836], p.20.

gooo
PROP. To find the equations of motion of a body, moving in a plane and acted upon by any

forces in that plane.
™) [Whewell 1836], p.22.

gooo
These equations enable us to solve various problems respecting the motions of bodies acted
on by any forces.

)np 180000 19000000000000
[Whewell 1836], pp.20-22.

ooo

18. WHEN a point in motion is acted on by a force which is not in the direction of its
motion, it will be perpetually deflected from its path, so as to describe a curve line. The
quantity of this deflection will be regulated by the second law of motion, as explained in the
Introduction, p. 23. By that law it is asserted, that if a point at P be moving with a velocity
which would in a given time carry it through the space PR, fig.7; and if, during its motion it
be acted on by a constant force always parallel to itself, which would in the same time make
it move through a space Pp from rest, it will be found, at the end of that time, in a point r,
determined by completing the parallelogram Rp.

If the force which acts upon the body, be variable in magnitude, or direction, or both, we can
no longer in the same manner find the place of the body at the end of a finite time from P.
The second law of motion is then applicable ultimately only ; that is, to the motion of the
body during an indefinitely small time ; as explained in the Introduction, Cor. 1, to Law II.
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19. Prop. To find the equations of motion of a body, moving in a plane and acted upon by
any forces in that plane.

Fig. 7. Let ¢ be the time from a given epoch, till the body arrives at P, and ¢+ h till it arrives
at @, so that h is the time of motion in PQ. Also let AM, M P be rectangular co-ordinates
to the point P, and be called = and y : similarly, let AN, NQ, and AO, OR, be co-ordinates
parallel to these; PI and RK parallel to AN. Let the force at P be called P, and let the
angle which it makes with z, be called «. Also let the velocity at P be called V, and let the
angle which it makes with x be called 6.

Let PR be described in the time h, with the velocity at P, and let Rr be the space through
which a point would in the same time be described by the force at P. We shall then have

1
PR=Vh: andRr = 5th’;

because Rr is described by a constant force. (Ch. I. Ex. 2.) Hence, PH = Vhcos.0; RH =
Vhsin .6.
Also if Rs, sr be parallel to AM, M P,

1 1
Rs = §Ph2 cos.q; Sr = EPhQ sin .a.

But by Taylor’s Theorem, considering x and y as functions of ¢, and ¢ as the independent

variable,
dzr d?z h?
AN = —.h+ —.— + &c.
x+dt +dt2 1.2Jr ¢
dy d?y h?
NQ = —.h+ —.— + &c.
@ y+dt +dt2 1.2Jr ¢
Hence,

dzx d?z h?

RK =MN —PH = — h+ —.— + &c. — Vhcos.0.
a T aE i T o8
dy d?y h? .
KQ=IQ—-RH=-"-h+—.—— +&c.— Vhsin.0.
@ Q dt + dt?2 1.2 +&e st

Now, by last article since Rr ultimately coincides with R(Q), we have ultimately Rs, RK equal,
and also sr, KQ. Hence, ultimately

d d? 1
(%—Vcos@)h-{— £.§+&c. EPhQ.cosa.
d d?y h? 1
(d?; - VCOSQ) ht dt2y'1.2 +&e. = S PR sina.

Whence we must necessarily have, equating coefficients of h,

d d
—m—Vcosﬂ:O, —y—Vsinﬂ:O,
dt dt
d? d?
@z = Pcos.a, 2Y _ psin.a.
dt? dt?
Hence,
dx locity i dy locity i
— = velocity in z, — = velocity in y,
dt Y dt ymy

d%z . dy .
o = force in z, —— = force in y,

dt?
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If we represent by X and Y, the whole forces which act on the point in the direction of x

and of y, we have

d’x d?y

) :X,andw =Y. (a)
where t is the independent variable ; and X and Y are positive, when they tend to increase
x and y.
0:

19. 00 0000000000000000000000000000000000
07000000¢+0000000000 POO0OOOOOOOt+A0 QOOOO00000000
O0kD PQUOOOO0O0O00OOO0OAM,MPOO POOO0000,y0000000 AN,NQ
0 AO,OR00000000000PIO RKO ANODODDOODODODODOOOPOODODOOOO PO
00000 200000 «00000000POO0OO0OOOD V,e0OOOO #0000

PRO POOOOOO00O0O AOOOOOOOOR 000000 POOOOOOOOOOOOO0O
O000Rr000000000000000000000000000000000100 20

1
PR:V%:DDDDRT:QP#;

000000PH =Vhcosf; RH = Vhsinf
O0000OORs,sr0 AM,MPOO0O00000O0OOOOOOO

1 1
Rs = §Ph2 cosq; ST = §Ph2 sin

gobobOooboobobobzb0ybO¢tOO00OD0OODOtODOODOODOODODOO
dx d%z h?

AN=z+Zp+ 220 L g
w+dt +dt2 1.2Jr ¢
dy d?y h?
NQ=y+Zh+Z¥ 2 g
@ y+dt +dt2 1.2jL ¢
oooo
d d2z h2
RK=MN—-PH="2n+22 22 | &c — Vhcos.0.
dt dt? 1.2
d d2y h2
KQ=1Q-RH="n+ 2% | g — Vhsin.0.

dt’ dt2 1.2
O00O000O0ORr0000 RQUODODODOOOOOOOOORsO RKOOODOOOO srO0 KQO
0000000000000

d d?z h? 1
(d—f - Vcos@) h + ﬁfﬁ + &c. = §Ph2.cosa.

d d?y h? 1
(ﬁ—VCOS@)h—I—WQy.E—l—&C.:§Ph2.sina.
J000000000 hOODOOODOOOO

d d
—m—Vcosﬂ:O, d—?z—Vsinﬂ:O,

dt
d%z d?
—— = Pcos.a, —y:Psin.a.
dt? dt?
oooad
gooooad
dz dy
— =200000, —==yO0O0O000,
dt dt
d’x dy
— =z 0000, — =y Qoooo,
dt dt?
oooad

00 XO00O0DYODmMOoooooOoOUO 00000 y0O0O0O0O0D0D0O0O0O0OOOODODO



d’x d2y
= =X,000 —-—2=VY;rruo..
dt? dt2 (2)

00000000+000000000X000Y 0«0y 000000000000
™) [Whewell 1834a).
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81) [Whewell 1834a), p.4.
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Sect. I. THE MOTION OF A POINT ON A PLANE CURVE.
143. PROP. When a body moves on a curve, acted on by given forces, to determine its
velocity.
Let a body P move on the curve PA, fig. 1, the curve being referred to the co-ordinates
AM, M P, which are represented by xz,y : and let the forces which act upon the body be
resolved into X, Y, parallel, respectively, to these co-ordinates and tending to increase them.
Besides these forces, we have to consider the reaction of the curve, which is in the direction
PK, perpendicular to the curve, and which we may represent by PK, and may resolve into
PL,PH. If we call the reaction R, we shall have, for the resolved parts in PL, and in PH.
parallel to AM,

PL PH
R.—— and R.——, respectively;
PK PK
or, (since the triangles PLK and T'M P are manifestly similar, PT being a tangent),
MT MP d d
R 22 and R~ that is, R-Y, and R .
PT PT ds ds
. ds dy2 .
supposing — =,/ 1+ — |, and s being therefore the curve AP.
dx dzx?

Hence, collecting the whole forces in the directions PH and M P, we have, by equations (a)
of Article 19,

d’x dy

— =X+ R-—-,

dt? + ds
2

@y _y _ pdz

dt? ds

d d
Now, to eliminate R, multiply by Qd—f and Qd—z, respectively, and and we have

2 2
ylzd’s o dydly _, dv o dy
dt dt? dt dt? dt dt

itegrating with respect to ¢

dz?  dy? dx dy
~_ 4+ 2 =2 X—+4+Y—)=2(] X Y).
dt? + dt? /t ( dt + dt) (o +fy )

This expression is the same as it would be if the body moved freely. Hence, it appears that
when a body, acted on by given forces, moves from one given point to another, as from B to
P, the velocity is the same, whatever be the path it takes, and whether it moves freely or be
constrained to move along a given curve.

If we suppose the body to be acted on by a force in parallel lines, we may suppose the axis
of  to be parallel to these lines ; and we have then Y = 0.

If the force be also supposed to be constant, as for instance, gravity, and z to be measured
upwards, we have X = —g ; and 2 fx X = C—2gzx. Or, if we put C = 2gh, h being a quantity

depending on circumstances, we have



dz?  dy?
elocity)? = — + — = 2g(h — ).
(velocity)? = 2 + S = 2g(h — )
Here, when x = h, the velocity is = 0 ; therefore h is the height from which the body begins
to fall. Also since the velocity depends on z alone, it appears that it is the same, whether the

body fall down the perpendicular DM, or down any curve BP of the same vertical height.
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MT MP dx dy
R——, 000 R——, 000, R—, 000 R
PT PT ds ds
ds dy?
DDDDDDD—:\/ 1+—=— ) 000000000 sO00 APOOOO
dzx dax?
JO0000D0OPHUOOO MPOUOUOOODOOODOO IQDDD(a)DDDDDDD
d’z dy
— =X+ R—,
dt? + ds
d? d
Py _y  pdz
dt? ds
goood
dx dy
DDRDDDDDDDD2ED2EDDDDDDDDDDDDDD
dz d? dy d? d d
ded’e L dydy . do o dy
dt dt? dt dt? dt dt
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dx?  dy? dx dy
= 42 —9 X—4+Y=2)=2 X Y
dt? + dt? /t < dt + dt) (Ja +fy )
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First Law of Motion. FEvery body continues in a state of rest or of uniform motion in a
stratght line, exept in so far as it may be compelled to change that state by force acting on
it.

Second Law of Motion. Change of Motion is proportional to the acting force, and takes place
in the direction of the straight line in which the force acts.

Third Law of Motion.

To every action there is always an equal and contrary reaction: or the mutual actions of any
two bodies are always equal and oppositely directed in the same straight line.
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8) [Todhunter 1874], p.299.
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137. We have followed Newton in our enunciation of the Laws of Motion ; but it is necessary
to observe that this course is not universally adopted. Many writers in effect divide Newton’s
Second Law into two, which they term the Second and Third Laws, presenting them thus :
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86) [Todhunter 1874], p.299.
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Second Law. When forces act on a body in motion each force communicates the same velocity
to the body as if it acted singly on the body at rest.

Third Law. When force acts on a body the momentum generated in a unit of time is
proportinal to the force.
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Then Newton’s Third Law is presented as another principle which must be admitted to be
true, although apparently not difficult enough or not important enough to be ranked formally
with the Laws of Motion.

88) [Parkinson 1874], p.184.
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48. « Much difference of opinion has prevailed at different times as to the proper mode of
stating the principles derived from experience and observation which are commonly spoken of
as Laws of Motion. These principles were the subject of much discussion among mathemati-
cians at the close of the 16th and the beginning of the 17th centuries, and it would appear
that to Galileo is due the credit of first and second laws. Newton’s Principia was published
A.D. 1687, and the celebrated Azioms or Laws of Motion which stand at the beginning of
the book are a much clearer and more general statement of the grounds of Mechanics tahn
had yet appeared, —though they do not involve any doctrines which had not been previously
stated or taken for granted by other mathematicians.

The distinction between Statics and Dynamics now accepted is of recent date, and was not
made till the beginning of the present century: —and the statement of the several Laws of
Motion given in this chapter is substantially that adopted by Dr Whewell and the principal
English writers on Elementary Mechanics of late years.
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U [Lunn 1859).

2 [Sandeman 1850)].

3 [Sandeman 1850].
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%) [Sandeman 1850], iii.

goo

I have throughout endeavoured to distinguish between the geometrical and mechanical, or, as
they are sometimes called, the kinematical and dynamical, properties of motion. Properties
of the former kind do not depend on physical causes, but arise solely from the manner in
which the human mind necessarily conceives the relations of space and time, and, like all
geometrical truths, require for their investigation no knowledge of the external world beyond
what is necessary to develope the ideas of extension and succession : properties of the latter
kind, on the contrary, depend entirely on the constitution of the physical universe, and can
be discovered in no way other than by making experiments on material bodies.
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) [Whewell 1840], p.146.

0000000000 ([Smith and Wise 1989) 00000000 133000000

%) [Sandeman 1850], iii- iv.

ooo

The course usually followed of presenting propositions relating to velocities and accelerations
of motion in close connexion with (and even as forming parts of), propositions relating to
forces, and the all-but-universal practice of calling accelerations of motion, accelerating forces,
certainly do not tend to keep clear the distinction between the two kinds of properties; yet,
any confusion here will inevitably lead to incorrect conceptions of the relationships existing
in the subject of motion. For the sake of clearness, I have kept the geometry separate from
the mechanics of particle motion ; the term force has been applied exclusively to the cause
of motional change, and the several effects of force have been spoken of as the statical,
accelerating, and moving effects.

10) [Sandeman 1850], p.28.
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FIRST LAW OF MOTION. If a particle be acted on by no external forces, or by external
forces which balance one another, either it is at rest, or it moves in a straight line with a

constant velocity.

[Sandeman 1850], p.35.

SECOND LAW OF MOTION. If any material particles be acted on by external forces, the
mowving effect of each force is in the direction in which the force acts, and is proportional to
the statical effect of the force.

[Sandeman 1850], p.35.

11) [

12)[

THIRD LAW OF MOTION. If one particle act on another particle, the second exerts on the
first a force equal in magnitude and opposite in direction to that which the first exerts on
the second.

Sandeman 1850], v-vi.

ooo

The form under which I have stated the three laws of motion is virtually the same as that
under which they appear in Newton’s Principia. The first Newtonian law is universally
adopted; but in a few lately published books the second is split up into two laws which
respectively assert the proportionality of the statical and accelerating effects of forces with
regard to the same particle, and the proportionality of the statical and moving effects of
forces with regard to any particles; in these books the third Newtonian law, viz. the equality

of action and reaction, is virtually ignored.

Sandeman 1850], vi-vii.

gooo

Now, with reference to the breaking up of Newton’s second law into two, it may be observed
that if the law of the proportionality of the accelerating and statical effects of forces acting
on a given particle be established, and if the constant of this proportionality be called the
mass of the particle, the law of the proportionality of the moving and statical effects of forces
acting on any particles, follows as an immediate consequence.

These laws therefore are not essentially different, but each of them involves the other; the
definition of mass is the only thing required to render them identical. If indeed a mechanical
law be necessary in order to pass from the one to the other, it is that the constant of the
proportionality of the statical to the accelerating effects of forces is not necessarily the same
for different particles; but this is really only the most general supposition that can be made.
The great objection to thus considering the second Newtonian law as involving two essentially
different laws, is that so doing gives an appearance of appealing to some idea of mass derived
independently of the law; whereas it is precisely to this very law that every department of
physics looks as the only source whence a definite idea of mass or quantity of matter can be
derived.

¥opooo[oo 1983], pp.32-34.

14) [

Sandeman 1850], p.28.

ooo
12. The laws which regulate the action of forces on a material particle may be stated as
follows:

12.0000000000000C000O00C000OO0GCOO0OOOGO
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[Sandeman 1850], p.28.

(1) If a force act constantly, with the same intensity and in the same direction, on a particle
which is initially either at rest or moving in the direction of the force, the resulting motion
is wholly in direction of the force and is uniformly accelerated.

[Sandeman 1850], p.29.

(2) The accelerations of motion produced by different forces of constant intensities, when
they act singly on a given particle in the direction of its motion, are in the directions and
proportional to the intensities of the forces.

[Sandeman 1850], p.30.

ooo
(3) The accelerations of motion produced by any forces, acting singly on a given particle in
the direction of its motion, are in the directions and proportional to the intensities of the
forces.

[Sandeman 1850], p.30.

(4) The acceleration of motion produced by any number of forces, acting simultaneously on
a particle in the direction of its motion, is equal to the sum of the accelerations which they
would separately produce if each of them acted singly in the same direction.

[Sandeman 1850], p.31.

goo
(5) The acceleration produced by a force acting in any direction on a given particle is in the
direction and proportional to the intensity of the force ;

[Sandeman 1850], p.33.

ooo

(6) When any forces act simultaneously on a material particle, which is either at rest or
in motion, each of them produces in its own direction an acceleration proportional to its
intensity, and precisely the same as it would have produced if it alone had acted and the
particle had been initially at rest.

15) [Sandeman 1850], pp.30-31.

goo
For if f, f/, f”, &c. denote the statical effects of the forces, and a,a’, a”, &c. their respective
accelerating effects when they act singly; by the preceding law we have

statical effect of the simultaneous action of the forces

accelerating effect of their simultaneous action

/ ”
a a’ a”

RS B A 20
" a4d +a + &ec.

and .

But the statical effect of the forces acting simultaneously is =f+ f’ + f”+ &c. ; and therefore
the acceleration produced by their simultaneous action is = a + a’ + a”+ &c.

0o
f.f'f’, &.000000000000Oa,d,a”, &. 00000000000000000000
000000000000000000000000000 (3)0000
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16) [Sandeman 1850], pp.33-34.

gooo

Hitherto the actions of different forces on the same particle have been compared; and it
has been concluded that a force whose statical measure is p produces in its direction an
acceleration of motion a, such that p o« a, and therefore

p=ma

m being a quantity independent of p and a, and constant for the same particle.

17 [Sandeman 1850], p.34.

gooo

If, however, the actions of the same force on different particles be compared, the accelerations
of motion produced will not necessarily be the same ; therefore the quantity m is not neces-
sarily the same for different particles. Consequently, each particle of matter has its peculiar
and distinctive constant, which expresses the connexion between the statical measure of any
force acting on it and the acceleration of its motion produced by the force; the greater this
constant is, the greater will be the force required to produce a given acceleration of motion,
and the less will be the acceleration of motion produced by a given force. The characteristic
mechanical constant of a particle, thus found to exist, is taken as the measure of the mass
of, or the quantity of matter in, the particle; it also may be considered as measuring the
indisposition to a change of motion, or as it is called, the inertia, of the particle. For the
sake of distinctness, the following definition may be made:

The mass of a particle is measured by the statical intensity of the force which produces in it
an acceleration of motion equal to unity.

oo
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18) [Sandeman 1850], p.38.
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CHAPTER III.
THE FREE MOTION OF A MATERIAL PARTICLE.
14. A PARTICLE is said to move freely under the action of forces, when these forces are the
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only causes which affect its motion ; it is subject to no geometrical conditions, nor does it
experience resistance from the medium in which it moves.
The forces which act on a particle may be supposed to be known at any instant when the
accelerations which they produce in three perpendicular directions are known. At the end of
the interval of time ¢ measured from a fixed epoch, let xz,y, z be the co-ordinates of a particle
referred to a system of co-ordinate axes, and let X, Y, Z be the component accelerating effects,
in the respective directions of the coordinate axes, of the forces acting on the particle. If the
motion of the particle be free, we have

d’x - d2y _ d?z _

a2 T a2 T de?
These are the equations of the free motion of a particle, and they may be regarded as the
translation of the second law of motion into the language of analysis.

1400 0000000000000 000000000000000000000000000000
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19) [Sandeman 1850], p.61., IV. To determine the motion of a heavy particle, which is projected in
a direction inclined to the vertical; the motion being supposed to take place in a perfect vacuum.

20) [Sandeman 1850], p.61.

goo
The path will be wholly in the vertical plane passing through the line of initial projection. Let
the point of projection be taken, for origin, the horizontal line through the point of projection
in the plane of motion for the axis of x, and the line drawn vertically upwards from the point
of projection for the axis of y ; and let x,y be the co-ordinates of the particle at the end of
the time ¢, measured from the instant of projection. Suppose the particle projected with the
velocity v’ in a direction making an angle 7 with the horizon.
The equations of motion are

d?x —0 d?y o

prea
g being the accelerating effect of gravity.

O:
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000000« 00000000+¢00000000000000O00g 0000000000000
d?x d2y
=0t =y
dt? di?
gooo
21 [Sandeman 1850], p.96-, Chapter IV. The Free Motion of two Material Particles acting on One
Another
22) [Sandeman 1850], p. 122-, Chapter V. The Constrained Motion of Particles.
23) [Sandeman 1850], p.123. To determine the motion of a particle, constrained to move in a given
smooth plane curve, and acted on by given forces in the plane of the curve.
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25) [

26) [

24) [

Sandeman 1850], p.123.

ooooooooDoo

ooo

Let R denote the moving effect of the force of constraint exerted by the curve on the particle
; since the motion of the particle and the forces acting on it are wholly in the plane of the
curve, therefore the force R acts in this plane ; and since the curve is smooth the force acts
along the normal. Hence the equations of motion are

d? d
m—x =mX — Rﬁ’
dt? ds
d2y dx
29 Yy + R
Mz T T

s being an arc of the curve intercepted between (z,y) and a fixed point.
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d? d
mZ2 —mx - RY
dt? ds
d%y dx
27 Y + R—
Mz T

0ooo0o0o000OsO0O0(z,y)0D0DDODOOOOOOOOOOOOOO

Sandeman 1850]. p.160-., Chapter VI. The Motion of a Particle in a Resisting Medium

Sandeman 1850], p.161., p.64. To detrmine the motion in a resisting medium of a particle,

acted on by a force in the line of motion.

) [Sandeman 1850], p.161.

goo

Since the force acts in the line of motion and the resistance acts in direction opposite to the
direction of motion, therefore the path of the particle is a straight line. After an interval
of time t elapsed from a fixed epoch let s be the distance of the particle from a fixed point
in its path, and let S denote the accelerating effect of the force acting on it. If kv? be the
accelerating effect of the force of resistance which the medium offers to the motion, k being

a constant quantity and v the particle’s velocity, we have for the equation of the motion
d?s ds\?
22 _sxk( =
dt? + ( dt )

ds
the upper or the lower sign being taken according as — is positive or negative.
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d?s ds\ 2
— =SFk
dt? + (dt)
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28) [Lunn 1859, iii.
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My object in the following pages has been to put forth the principles of the Science of Motion
in their true geometrical form, postponing the consideration of force (the properties of which
are presumed to have been fully investigated in Statics) until the reader may be able to
separate in his mind the geometrical ideas from the mechanical.

29) [Lunn 1859], v.

goo
In the first four chapters I have confined myself entirely to the pheenomena of Motion, that
is, I have treated of what has hitherto been called (though not universally) Kinematics :

30) [Whewell 1840].
3D [Lunn 1859), iv.

ooo

and I may remark in passing, that in them Newton always uses the word “force” as synony-
mous with “acceleration;” and I think that if any editor of Newton should in future replace
the words “force” and “body” by “acceleration” and “point,” he will do good service to the
cause of philosophy.

32) [Lunn 1859], v.

goo

I may be thought a purist in my nomenclature, but it seems at least a fault on the right
side, especially in a work on first principles : for the furtherance of my purpose of keeping
the reader’s mind free from any idea of force in his considering motion abstractedly, I have
rejected the usual symbol f for an acceleration, using instead «; for the actual choice of f

would in my opinion naturally lead the reader to think of force.
33) [Lunn 1859, iii.

ooo

The first book, I think, in winch the geometry of Motion was formally treated of, separate
from the cause, was Griffin’s Dynamics of a Rigid Body; this of course could not be referred
to till the kelements of the subject had been mastered. The same method of treatment was

adopted in Sandeman’s excellent treatise Of the Motion of a Single Particle;
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000000000000000000000000000 Dynamics of a Rigid Body 00000
000000000000 00000000000000000000000000000000000
(1847)([Griffin 1847).) 00000000
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34 [Lunn 1859, iii-iv.
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gooo
a work to which I am greatly indebted, as the reader will easily see, the 6th chapter being
very little else than a transcript of his second chapter on the Laws of Motion.

35) [Lunn 1859], pp.55-56., pp.57-58., p.62.

oboo
101. THE FIRST LAW OF MOTION then will be: —“If a material particle be acted upon
by no external force, or by forces which statically balance each other, it will either be at rest,

or be moving uniformly in a straight line.”

THE SECOND LAW OF MOTION.
“When any number of forces act on a material particle, the acceleration which any one of
them produces on the motion is the same, both in direction and magnitude, as if it had acted
on the particle at rest, and the other forces had not acted at all, being proportional to the

intensity of the force.”

THE THIRD LAW OF MOTION
“If one particle act on another particle, the motional effect produced by the first on the
second is equal in magnitude and opposite in direction to that produced by the second on
the first.” Or concisely thus: “Action and reaction are equal and opposite.”
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36) [Lunn 1859], p.58.

ooaod
(1) that a force acting constantly in the same direction and with the same intensity on a
particle at rest, will produce an uniformly accelerated motion in its own direction.

(2) The same is true if the particle have an initial motion in the direction in which the force

acts.
(3) This is also true if the body have a velocity in any other direction.
(4) The accelerations produced by constant forces are proportional to their intensities.

(5) If any number of constant forces act in the same direction, the acceleration produced will

be equal to the sum of the accelerations which they would separately produce.

(6) The effect of any constant force acting on a particle is independent of any other constant

force that may be acting.
(7) The foregoing statements will also be true for any forces.

37 [Lunn 1859, iii-iv.
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There is one defect in that work, but for which the present treatise would never have appeared
: it is, that a certain amount of previous knowledge of the subject is almost necessary, and
the work itself is inadmissible in the case of those who are unacquainted with the Differential

Calculus.
38) [Lunn 1859], p.30.

ooo

Now the acceleration of the motion at the instant is measured by the acceleration which would
have been, had the motion immediately after the instant continued uniformly accelerated (art.
6).

39) [Lunn 1859, p.60.,

ooo

For the effect of a variable force at the instant in question will be measured by the effect
of an equal force continued constant for a certain time, and therefore the measures of the
accelerations will be the same (for the instant) as if the forces were continued constant,

40) [Lunn 1859], pp.59-60.
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Let the forces be I, Fa, &c. and the accelerations they would separately produce be a1, a2
&c.; also let F' be the resulting force, and « the acceleration produced by it.

Then F' is in the same direction as F1, Fa2, &c., and therefore « is in the same direction as
ay,ag, &c.

Also, by the preceding case,

F F F:
e &e.,
(07 aq a2
and thererore each = &
al oo+ ...

But F=FR+F+..;0a=a1+tas+...
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4D [Lunn 1859], p.61.

goo

if F' be the force acting on each particle to produce an acceleration « in its motion, there
being n particles; when they are connected together, or formed into one particle, all the
forces, i.e. nF', must act in order to produce the same acceleration « as before.

Now the quantity of matter in this last particle is n times as great as the quantity of matter in
one of the original particles: wherefore, in order that the accelerations on different particles
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may be the same, the intensity of the forces acting on them must be proportional to the
quantity of matter in the particles. This is the only plan on which we can proceed to estimate
the quantity of matter in bodies.
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Lunn 1859], pp.61-62.
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107. The force then acting on a particle varies as the acceleration produced as long as the
mass of the particle is the same, and as the mass when the acceleration is the same; therefore
generally the force varies as the mass of the particle and the acceleration produced jointly;
i.e. if forces F, F’ acting on particles whose masses are M, M’, produce accelerations «, o/,

F «
then I = A We must assume the unit of mass: let the mass of the second particle
«@
M’ be the unit of mass, then
F M « " F
—_ = —, oo M=%
F 1 o a F’

F’, o’ are at present undetermined: let them both = 1,

F
then M = — or F = Ma.
«

This assumption fixes the unit of mass to be that quantity of matter in which the unit of force
produces the unit of acceleration, and then we have the numerical measure of the intensity of
a force equal to the product of the numerical measures of the mass moved and the acceleration
produced.
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43) [Lunn 1859], p.77.

ooad
Take a pair of rectangular axes in the plane of the curve, and let o, oy, be the accelerations
on the motion in directions of z and y, arising from the external forces, and £ the acceleration
due to the force of constraint, which is in the direction of the normal at any point: then if
m be the mass of the particle, may, my, are the forces acting on it, and mg is the force of
constraint (Art. 107); and we have

d’z _ dy

dcy dx

dt?
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these, together with the equation to the curve, determine the motion.

44) [Wilson 1985], p.35.

45) [Brown and Stratton 1897], p. 256.
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%) [Thomson 1867], ii.

ooo

‘We adopt the suggestion of AmpPERrE, and use the term Kinematics for the purely geometrical
science of motion in the abstract. Keeping in view the proprieties of language, and following
the example of the most logical writers, we employ the term Dynamics in its true sense
as the science which treats of the action of force, whether it maintains relative rest, or
produeces acceleration of relative motion. The two corresponding divisions of Dynamics are
thus conveniently entitled Statics and Kinetics.

6) [Smith and Wise 1989], pp.361-362.

) [Smith and Wise 1989], pp.376-378.
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S)DDDDDDDDDDDDDDDDDDD[DD 1996]. D00 OKinetics 0 M O00—00, 0000000
0000000000 Dynamics0 000000000 O0ODOODOOO

%) [Thomson 1867], p.178.
220000000000

the two centuries which have nearly elapsed since he first gave them have not shown a necessity
for any addition or modification.

9000 1969], p.170.
Y [Thomson 1867], p.178.

gooo
The first two, indeed, were discovered by Galileo, and the third, in some of its many forms,
was known to Hooke, Huyghens, Wallis, Wren, and others; before the publication of the

Principia.
12) [Thomson 1867], p.178.
24200000000000000

Of late there has been a tendency to split the second law into two, called respectively the
second and third, and to ignore the third entirely, though using it directly in every dynam-
ical problem ; but all who have done so have been forced indirectly to acknowledge the
completeness of Newton’s system, which is really Newton’s rejected third law in another
form. Newton’s own interpretation of his third law directly points out not only D’Alembert’s
principle, but also the modern princples of Work and Energy.

13) [Thomson 1867], p.183.

gooo
259.1t appears, lastly, from this law, that every theorem of Kinematics connected with accel-
eration has its counterpart in Kinematics.

For instance, suppose X,Y,Z to be the components, parallel to fixed axes of x,y, z

respectively, of the whole force acting on a particle of mass M, We see by §212 that

MdQ—x :X,M@ :Y,M& = Z,
dt? dt? dit?
or
Mi=X My=Y MzZ=2

14) [ Tait 1856], p.25.
00000000000000000000000000000000000000

A particle acted on by no external forces will either remain at rest or move uniformly in a

straight line.
15) [ Tait 1856], p.26.

If any number of forces act upon a particle in motion, the effect of each forces, in respect
to intensity and direction, in altering the particle’s motion, is the same as if it had acted
singly on the particle at rest.

16) [Tait 1856], p.27

The measure of a force if uniform is the momentum generated by it in an unit of time; if
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variable, that which would have been generated by the force if at any instant it had continued

uniform for an unit of time.

1) [Tait 1856], p.28.

18) [Tait 1865], viii.

When I wrote that Chapter, in 1855, I had not read Newton’s admirable introduction to the
Principia; and I endeavoured to make the best of the information I had then acquired from

English and French treatises on Mechanics.

19) [Tait 1865], viii.

the whole of the second Chapter has been rewritten, upon the basis of the corresponding portion

of Thomson and Tait’s Natural Philosophy which, though as yet unpublished, was printed off

nearly two years ago.

20) [Tait 1865], p.43.

2)ppoooo0o0o0o0oo

[Tait 1865], pp.51-52.
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Mach 1883], p.2850000 [000 1969. 0000000 p.271,000000000[000 1976]. O

p.2210000 [000 1931]. O p.290.

) 0o 2000].

24) [

Belanger 1847], v.

ooo
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Un théoréme général et sécond (pag.184) montre le réle que joue le produit force par la durée
de son action. J’ai jugé convenable de donner un nom a cette quantité pour fixer I’attention
des éleves sur son importance.Il m’a paru que la déigner, comme on le fait quelquefois , par les
mots quantité de mouvement, qui signifient proprement le produit de la masse d’un corps par
sa vitesse , ¢’était s’exposer a confondre un effet avec sa cause : j’ai préféré le mot impulsion,
dont je n’ai fait que préciser le sens en mécanique.

25) [Belanger 1847], p.40.
26) [Belanger 1847], pp.40-41.
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0000000000 n670000000000D00D0000ODOMMIO)
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Partillerie et du genie de Metz) 0000000000000 18290 0000000000000
0000 (Traité du calcul de leffet des machines) 00 0000000000000 0O0 18350
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82 De limpulsion d’une force.

Toute force agissant réellement sur un corps a nécessairement une certaine durée pendant
laquelle la force peut d’ailleurs varier d’intensité.

Longtemps les savants ont admis qu’il existait dans la nature deux espéces distinctes de
forces,les unes supposees sans durée, et capables de produire dans les corps des change-
ments brusques de vitesse sans les faire passer par les états intermédiaires; les autres agissant
sans interruption, d’une maniére continue, et ne produisant par conséquent un effet sen-
sible qu’aprés un temps appréciable.lls appelaient les premieres forces instantanées ou de
percussion:les drnieres , forces accélératrices.

Mais une saine physique constant que toutes les actios sont continues dans la nature , on
s’accorde généralement aujourd’hui & ne plus admettre dans la science les forces instantanées,
et & ne reconnaitre que des forces dont ’action a toujours une certaine durée,quelquefois tres-
petite,quelquefois indéfiniment prolongée, et dont l'intensité, qui peut etre trés-grande, est
néanmoins toujours comparable & une méme unité telle que le kilograme défini au n 67.

(*) Cette doctrine , qui repousse les forces instantanées, a été prosesée par M.Poncelet dans
ses lecons a I’école de lartillerie et du génie de Metz dés 1825, et par Coriolis dans son Traité
du calcul de l'effet des machines , publié eu 1829. Elle a été admise par Poisson dans la
seconde édition de son Traité de mécanique, en 1835.

") [Lunn 1859], pp.87-88.
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151. The forces we have hitherto considered have required a finite time in which to act in order
that they might generate an appreciable velocity in a particle, but cases occur in which forces
are brought into action for an inappreciably small time and yet a finite velocity is generated:
such forces are called impulses. Of course they will be measured in an analogous way to that
in which all other forces are measured, and therefore their measures will be proportional to
the accelerations they would produce, i. e. to the velocities they would generate in an unit
of time, supposing them to be constantly acting for that unit. But these would be infinitely
great, therefore we must seek for some other measure of an impulse. Now with an uniform
acceleration, we have v = at (Art. 21); therefore if ¢ be the same for a set of accelerations, v
will vary as «, and therefore the measure of an impulse will vary as the velocity it generates
in any assigned time. We shall assume that the inappreciably small times for which impulses
act are appreciably equal; then the measure of an impulse will vary as the velocity it actually
generates. This is as long as the same quantity of matter is acted on: and when different
particles are acted on and the same velocity is generated, the measure of an impulse will of
course vary as the measure of the quantity of matter, as in Art. 106. Then if with the unit
of impulse acting on a particle of mass M’ a velocity v’ is generated, and with the impulse
R acting on the mass M a velocity v is generated, we have

R:1: Mv:Mdv

As M’ and v’ are arbitrary, let them both = 1 ; this fixes the unit of impulse to be that which
generates the unit of velocity when acting on the unit of mass, and then we have R = Muv:
therefore the measure of an impulse is the momentum produced by it (Art. 109).

28) [Parkinson 1874], p,164.
29) [Todhunter 1874], p.271. Statics 0 0000 Dynamics 0 D0 M 40000000000000
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30) [Gross 1876], pp.85-86.
31 [Ziwet 1894], pp.2-3.
32) [Maxwell 1876).

33) [Maxwell 1870], p.88.
) [Maxwell 1873).

5%) [Maxwell 1876], p.39.

ooo
The change of momentum of a body is numerically equal to the impulse which produces it,
and is in the same direction.

*)000000000000000000 [Thomson 1867], p.274.

goooooooooooobomooooboooOoooooooobooooooooooooO0O0oooo
gboooooooboooobooooooboobobOooOooOoOOobOOooOobObOOobOOobOoOoboOoobooOonn
gbooobooobooooooboboobOoOobOOoOoOOoOOoOobOOOobOOOO0ObOOObOOoODbOOoOn
gooooOoO0oO0O0OO0OO0O0O0O0O0O0OO0O00O0OOOOOODOOOOD “0C00000”0000000
gbooooobooooboooobooooobooboooboOoboooboOobobooboOobooooboOooboo
gboooobooooobooooooboooooboooobooboobOobobooboOobooooboOooboo
goooooOoO00OO0oO0OO0O0O00O0DO0O00O0OoO0OoOOOOOO00O0 “CO0O0”000O0OO0OO
oood

37) [Harman 1995], p.423., “LETTER TO WILLIAM THOMSON 19 AUGUST 1868”

gooo
Why do you talk of the time integral of a force. Why you not say Impulse and take Impulse
of a Force=Momentum of a System or Body as the general eq™ of Dynamics.

3%) [Loney 1891], p.80.

39 [Love 1897, p.90.

40) (Ziwet 1897], p.36.

4D [Perry 1898], p.264.

Y gpgpoooooD0OD00ODOODOODOOn
000000000000 (1891)
[Loney 1891], p.80.
ODOo 2000

0000000ooooooooooo0000000000000oooo0o0 the impulse of the
forceO O OOd

ooooooo.

000000000 (1897)[Love 1897], p.90.
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81.Impulse of a force
#0,70,200 t=t,000000000000000000000

t
mx — mxg = XdtOoooooooo

to
good
0000000000000000000000000000000 impulse 00000000000
gddjdoooooooooooobboboboobobbbboobobbodooooooo o
unlocalised00 0000000
goddddooooooooooooooboobobobbobobobobodoooooooo o o
000 impulse 00000

000000000000000 (1898) [Ziwet 1897, p.36.

d d
p=d™ P a0g
dt dt
afalafsfala]sls

6l. 0 (6)0000DDODOODOOOO0O0OOOOO

tl
/ Fdt =mv' —mo 000 (7)
t

0000

000000000000000 ¢ —¢000 F(¢ —t)0000000000000000000
’

J! FatooooDDDOOOO impulse 0000

0(4)0 (7)00000000 impulse10000000000000000

0000000000000 000000000000D0000000 iImpulse0000000OODOO
0000000000 (1898) [Perry 1898, p.264.

210.00000000000000000COO00O0O0OOOCOOOOOOOOO0OOO0O0O0O00000
0000000000D0000D0000 impulse 000MMO0O0O00000O00O00OO0DOOOOO
oooooooo0o0o@mooOoOooooo0o0ooooOo0o0oobooO000bboO0000b0oO00000
ooo0oooooO0oooooo0o0ooooo0o0o0o@mooooooo0o0oooOo0000b0o00000
ooooooboooOo0ooooooooboooonoon

43) [Holbrow 1999], p.53.
49 Duff 1921], p.32.
45) [Fuller 1937], p.220.

46) [pSSC 1669).
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omy. by Samuel Webber Second American Edition (Boston: Published by Thomas &
Andrews, 1811)[Enfield 1811].
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James Wood, The Principle of Mechanics: Designed for the Use of Students in the
University The Fifth Edition (Cambridge, 1812)[Wood 1812].
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Bewick Bridge, A Treatise on Mechanics: Intended as an Introduction to the
Study of Natural Philosophy (Printed for T. Cadell and W. Davis, Strand, London,
1814)[Bridge 1814].
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0000000000000000000000D0O(1814)

Pierre Simon Laplace, Treatise upon Analytical Mechanics; being the first book of
the Mécanique céleste of P.S. Laplace, Member of the Institute and of the Bureau of
Longitude of France, €c., &c. Translated and elucidated with explanatory notes by
The Rev. John Toplis.[Laplace 1814].
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0000000000000 00000000O0OOD (1815)

Olinthus Gregory A treatise of mechanics : theoretical, practical, and descriptive,
Vol.1. containing The theory of statics, dynamics, hydrostatics, hydrodynamics, and
pneumatics. The third Edition, Corrected and Improved. (London: printed for F. C.
and J.Rivington, etc., 1815)[Gregory 1815].
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9 DO00OO000000000000DOO0DOoOO0Do0000o00oOooooooOOooDan

00000000000 (1821)

Pierre Simon Laplace, Thomas Young, Elementary Illustrations of the Celestial
Mechanics of Laplace Part the First, comprehending the First Book(London: Printed
for John Murray ,1821)[Laplace 1821].
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10 DO0DO0O0ODOO0O0ODOO0DO00O0 0ObO0bOO0DbOO0OO0DOO00bO0bDObOobDOoDbOOOD
00000000000 0000000000000 000D0O0O0DO0OD(1825)

John Farrar, An FElementary Treatise on Mechanics, Comprehending the Doctrine
of Equilbrium and Motion, as Applied to Solids and Fluids, Chiefly Compiled, and
Designed for the Use of the Students of the University at Cambridge, New Eng-
land.(Cambridge, N. E. Printed by Hilliard and metcalf, at the University Pres.,
1825)[Farrar 1825].
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11 ODO00000000O000O0oOo0ooo0: oooooooooooooooooooon
(1827)

Thomas Jackson, FElements of Theoretical Mechanics: Being the Substance of a
Course of Lectures on Statics and Dynamics (Edinburgh: Printed for W. & D. Laing
and Longman, Rees, Orme, Brown, & Green, London, 1827)[Jackson 1827].
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James Renwick, The Elements of Mechanics. (Philadelphia: Carey & Lea, Chesnut-
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Samuel Earnshaw, Dynamics, or an Elementary Treatise on Motion; with a Great
Variety of Examples illustrative of the General Principles and Formule: to Which is
Added, A Short Treatise on Attractions. (Cambridge, 1832) [Earnshaw 1832].
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and The First Three Section of The Principia.(Cambridge: Printed by John Smith
Printer to the University; for J. and J. J. Deighton; and Whittaker, Trecher, & Arnot,
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William Whewell, On the Motion of Points Constrained and Resisted, and on the
Motion of a Rigid Body. The Second Part of a New Edition of A treatise on Dynamics.
(Cambridge: Printed at the Pitt Press, by John Smith, Printer to the University. for
J. J. Deighton, Trinity Street: and Whittaker & co. London., 1834)[Whewell 1834a].
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John Radford Young, Revised and Corrected by John D. Williams, The Elements
of Mechanics, Comprehending Statics and Dynamics. with a Copious Collection of
Mechanical Problems. intended for the Use of Mathematical Students in Schools and
Universities. with Numerous Plates., (Philadelphia, 1834)[Young 1834].
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William Whewell, On the Free Motion of Points, and on Universal Gravitation,
Including the Principal Propositions of Books I. and IIl. of the Principia; the First
Part of A Treatise on Dynamics. Third Edition. (Cambridge: Printed at the Pitt
Press, by John Smith, Printer to the University. for J. J. Deighton, Trinity Street:
and Whittaker & co. London., 1836)[Whewell 1836].
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Jean-Louis Boucharlat FElementary Treatise on Mechanics. Translated from the
French of M. Boucharlat with Additions and Emendations Desingned to Adapt it to
the use of the Cadets of the U. S. Military Academy by Edward H. Courtenay (New
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20 0000000000000 0O00 0D000D00DO0O0ODODO0OODOODOOO(1841)
Robert Willis, Principles of Mechanism, Designed for the Use of Students in the
Universities, and for Engineering Students Generally. (London: John W. Parker,
1841)[Willis 1841].
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Joseph Denison, A New Treatise on Mechanics, by the Author of “A New Introduc-
tion to the Mathematics,” “A New Supplement to Euclid’s Elements of Geometry,”c.
éc. (London: Whittaker & Co. Ave Maria Lane., 1841)[Denison 1841].
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Samuel Earnshaw, Dynamics, or an Elementary Treatise on Motion; with a Great
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William Walton, A collection of problems in illustration of the principles of Theo-
retical Mechanics. (Cambridge: W. P. Grant, 1842)[Walton 1842].

00000000 1842,1855,1876

0000000000 (B.A)ODODOODODOODODOODODOOOOOO

O II0 Dynamics 00 100 Collision and Impact 00000000 2000000
00000 (Rectilinear Motion of a Particle) 00 0O

0000000000000 000000000D00oOo®™o

coboooobooboobooooboooobooboooooboooboboOobooOoooDooo
oooooooboobo 2000000000000D0000000DOO00OO0DOOO

ooogg
dx dv

dat ~ Udt
gob¢«0ooobbooobbuooobbuoobobboobbtd-0bOo0o0obn
000000000000000000000f00000000000OOOO
googn
oboob2000000000000000000

=f

d?x dv

ae ~ e =)

000D000000000000D0 (acceleration or retardation) 00000 O
O000000000000O00000O0O0O00000170000000000A0
O00000000000000000p.2200000000000000000
000000000000000000000000000O000O00O00O00O00A0
0oooooo



200 ugd o0gopoogooogoood

00000000000 00000O Principia, lib. T sect.7. lib. II. sect 1. 000 O
ooooo

000000000000 0000000000dChapter X Dynamical Principles
00 Sectl.Vis Viva 00000 0OMoving Force 0000000000000 O0OODOOO
00000000000 0000®™o

OO00D00O0000000000 VisVivadOOOOOOOOOOOoOoDOoOOoo
0000000000000 000000000D0O0o0oDoooDoO (Moving
Force) 00O 0D0O0O0D0O0ODO0DOO0ODOO0OOOODOOODOODOOODOOODOO
goboobboobboooboooboobbooboooboon

goobooboogoobuoooboobooboooboobbuooboooboooboo
gbobogoboooboobboobobooboobboobo

24 0000000000000 000ODO HH.ODODOODOOOODODODOOooooo
000000000 (1842)
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Longman and co. Dublin: A Miliken; and Hodges and Smith, 1842)[Poisson 1842].
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Samuel Newth, The Elements of Statics, Dynamics, and Hydrostatics, with an Ap-
pendix on the Laws of Light, the Formation of Images by Lenses, and the Nature of
Sound. (London: Taylor, Walton, and Maberly, 1850)[Newth 1850].
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William Parkinson Wilson, A Treatise on Dynamics. (Cambridge: Macmillan and
Co., London: George Bell. Dublin: Hodges and Smith., 1850)[Wilson 1850].
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gboobobobobobobobobobo
gooboobobooobooboboobboobooboboobboooboooo
oboboooooooboboooobooboboooooboboooobooD 1
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0l1000000000OOo0oo00oobooOoo0oboOooooboogoooog
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0020000000000 00000000DO0ObOOObOO0 200D0DbDOOO
goboogobogoobooobbooboooobooboboobuoooboboooo
gboboobogoboobbuoobboobbooboooboobboobo
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gboooobooooboobbooboooboobobooboooboboooboo
00bOO000O pPOOOODOOOUOOODODOOOOUOOODODODOOOLOO
gboboobogoboobbuoobboobboobuooobuoobboobo
ooooooooooobbbbbooooooooooogooboobobooo
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gboboobogoboobbuoobboobbooboooboobboobo
omoobooooboobobooboboobooobobobobooboboooboo
goboobobogoooog

0000000 200000000000000000000000070

w,0,w 100 ¢t00000003000000000X,Y,Z000¢0000
0000000000000000000000000
X+40X,Y+6Y,Z+6Z0000 ¢t+6t000000000006X,6Y,6Z 0
6t00000000000000000000000000000000000
000000000000000000& 0000000000000
02000000000000000000000000 & 00000000
0000D0000000006O00000000000000000000000
0000000000000000
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X3t (X +6X)st

M M
gooogooog

ooboobobooboboobobooobooboboooo

Yot | (Y 40Y)st

sv 0 0ooon

AV M ’
25t _ (Z+682)5t

swo 22880 ¥ 020 ngng

e Vi M

000000 ¢t+6t00000000000000 w4+ du, v+ 6v,w+ w00
006u,dv,0w 0 00000000 w0, 000 wOOODOOOO
000000000000000000

du dv dw
M—=X M—=Y, oog M— = Z.
dt U dt ’ dt
rz,y,2 000000 ¢tO00D00O00OOOO0OO,
_dx  dy  dz
St T T a
d’x d?y d’z
o000 M—=XM-"ZS3=YM— =_27.
dt? T dt? T dt?

gooboobbooboboobooobooboboobooboooboo

O000000000000000000000000000000"™no

28. 000000DO0ODO0ODO0ODO0O0O0OU0ODOODbDUObODODUOODbOUObDODbDODO
gooboobobooboooobuoooboobbooboooboooboooboo
goboobboobooobuoobobuoobbooboooboooboboobo
googn

gooboobboooboooboobbooboobbuoobboooboooboo
gobooboboobobooobuoooboobbooboooboooboooboo
goboobbooobooon

oooboobboobooboboobobooobuoobobuoobboooboooo
gooboobbooboooboooboobobooboooboooboboooboo
goboobboobooobuoooboobbooboooboooboooboo
gbobgdgbbogobbooobuoobobuoobboobooobooboboobn
oooboobboobbooboooboobbooboooboooboboooboo
gooboobobooboooobuoooboobbooboooboooboooboo
goboobboobooobuoobobuoobbooboooboooboboobo
oooboobobooobooboboobboooboobobooboooboooo

gooboobboooboooboobbooboobbuoobboooboooboo
gooogooog

0000000000000 (momentum)M OO0 OO (accelerating-force) (D O
OO0 (visviva)JDODOODOOO



219

gboooobooooboobbooboooboobbooboooboboooo
gbobogboooboo

0300000000000 00O000DOOo0OO00oOoOoobDboObOoOooD

34 J00000000O0O0D0OO0DO0OO0OOIloDoO0OD(1851)

Harvey Goodwin, Elementary Mechanics Designed Chiefly for the Use of Schools.
Part 1. Statics. (Cambridge: John Deighton. London: Simpkin, Marshall & Co., and
George Bell. Liverpool: Deighton & Laughton., 1851)[Goodwin 1851].

OO0 1870000 obooooao

ggodoooooobobobobobbbobbodddoooooooooooo oo
(Late Fellow and Mathematical Lecturer of Gonville and Caius College)

000000000000000000 (Gonville and Caius College) 000000
000000000000 00B4 0000000000000 000O1570000ad
gogobbodogobbuoo bbb oooobbobooooobbbooooboobo
goom

000000000000 000O00O0O0D0O00D (1830)00000

0 00 Introductory Conversation 0 O kinematics 0 0000000

PODODO Pupile0000OO0OOOO0OOOODOOOOOOODO

T.(OO Tutor) 000000 O0O0ODOOOOOOOOOUOOOOUOOOOOOO
000000000000000000 ADD BOOOOODOODOOODOOOO
goboobooobooboboobboooboobboobbooobooo

00000000000000000000000000000 (kinematics)
gboooobogoo

3p DOoOoOoO0opbDOoOooOoboOoo0oOooOoooooobDOoooOobOoboboOoDboOooboO
(1851)
George Finden Warr, Dynamics, Construction of Machinery, Equilibrium of Struc-
tures and the Strength of Materials. (London: Robert Baldwin, 1851)[Warr 1851].
206 00O0D0ODODOO
D0000000000000000000000000 0 (1851)™”
01oo0™

gbobooobogoobooobbooboooboobbooboooboboooo
gOoooOobDOooO0oobOobOoOo0o 1boo0oboOoOoUobOoOobDbooDbOoDo
oooooooobobbboboboobooobboboobbbooooooooooogoo
ool power UOOOOOODODOODODODODOOOOOOOODDODODODDDODDOO
power O UODO0OO0DOOOD0OOO0DOO0OOOOO0ODOO0OOOODODOOODOO
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goboobboobobooobuoooboobbooboooboooboooboo
goboobboobbooobuoobobuoobbooboooboooboobo
ooobooboboobbooboooboobobooboooboooboooo
oobooboooboobobooboooboobbooboo

0200 (p5.) ™
0000000000000000000020000000000000

0300000000

36 000000 DOODODOODOODOODOODOO0ODOO0DOD0—00000ooDooDooooog
000000 0000000000000 0U0 D00D000O0O0O0O0OODo(1851)

Thomas Baker, The Principles and Practice of Statics and Dynamics, Embracing
a Clear Development of Hydrostatics, Hydrodynamics, and Pneumatics: with Cen-
tral Forces and Super-FElevation of Exterior Rail for the Use of Schools and Private
Students. (London: John Weale, 1851)[Baker 1851].

000 (1869, Second edition, revised and corrected by Edward Nugent)

1480000 120000

dddodooooooobobobbobobobbobobbobobuooudouuouuoa

oogoooon

0000000000000000000@A8s)*o00 IIo00000odgd
0000 (Definition) 0000000000000 00 (Dynamics), 0O (Motion),
0000 (Uniform motion), 00 OO (Accelerated motion), 0 O (Velocity), O O O
(momentum), 0 0 O (Accelerating force), 00 O (Moving force) 000000000
ooooo™o

0000000000000 0D0DO0O00DObO0O00030b000000D0DO0O0d
00

gogbogoobgooo
129. 0 1000000000000 DOO0DOOOOODOOODODOODOOD
gooogn
130. 0D 200000000C00DOOO0OO0O0ODODODOOOOOUODOODOOOO
gbobgobbooboobobuoobboobboooboo
131. 0 3000 (pressure) 00000000000 DO0OOO0OOOODOOOO
000000000 (pressure) JO0OOO0O

000 300000000000000000000 %0

133. 00 —0O000000000DbO00bO0o0oboobOobobOoobOoobOoo
gooogooboooog
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fO000000D000Df=10000000000000000000O00O0
0O00O0O 10000 fOOODOOUODUODOODDOOD2f0 2000000000
O0ooooO3f03000000000000000¢ 0 ¢t0000000
gooooboobbtby=000000000D0O0ODOOODODOODOO

v
v = ft, gooog t=-—.
f
O000f=0000000 :32%DDDDDDDDDDDDDD 3000
goo

v=ft=32tx3=9610000.

good

37 0000000000000 0000DO0O0ODOO0OD(1852)
Isaac Wilber Jackson, An Elementary Treatise on Mechanics (Albany: Published
by Gray, Sprague & co., 1852)[Jackson 1852].
O0: 0000000000000 (Professor of Mathematics in Union College)
18540000000
Advertisement 0 000000070

gooogoon
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gboboobogoboobboobboobbooboooboobboobo
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goobooboooboooboboobboobbooboooboobobooobo
gbobooboooboobobuoobboobobooboooboobobooobo
gbooogoobogoo
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00000000000 0000000000000000000000
o300t

nI.oooooooooooon
goboobbooboooboobbooboooboobboooboo

000000000000000000000000000000
020 DYNAMICSOODOODOOOOODODOOoooooo™

00000000000000000000000000000
ooooooooooo ™o

0000 dOo0O0O0OF:F amu:mJ00 W 00000000002 000
O000000F 0000000000000000000000000000
ooo0ooboboooboooboon

F=muv...... (e)

00000000000000000000w000000000000000000
000 F=maeOOOOOOO
O00000000oOooooooon®™o

0000 (0D0:F=mvO0Ov0O0O0ODO0O0DOODOODODOODOODOODOODOODOO
0000 (impulsive) 00 0000000000000 O0OOOOOOOODOOO
gobodbboobobooobuoobbuoobboobooobooboboobn
oooboobbo0obbooobuoooboobobooboooboooboooo
ooboobooooboobbooboooboobbooboo

v 0000 (impulsive force) 00000000 000000 0O0OODOOO
gbobgobbogoboobbuoobbuooboooboobbaooo

Of0o00oooooood0m=10000000000O00
F=uvF = ¢;
000000000 oUoF 00000000000 ooUoooo

O00000¢ 0000000 (the accelerating force) 000000 k]00O00 F
000000000 me 0000 (moving force) 00000
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33 00000O000000000O(1853)

William Holms Chambers Bartlett, Elements of Analytical Mechanics(New York,
1853)[Bartlett 1853].

004450000

obobobooboooooob0b0obobUob oo oDooDooo@M o
000000000000000 (Professor of Natural and Experimental Philosophy
in the United States Military Academy at West Point, and Author of Elements of
Mechanics, Acoustics and Optics.) 000 0O

00 (Introduction) 000000000000 OU0OOOOOOOOOOOOOOOO
Oooooooo®o

g

§7.—00000000000000000000000000000O 000
ggbooooooooooobobbooooobbbbbibooooooooooon
gobooogg b bggobbugobbuooobobbooobboooobo
goboobooobooboboob o oboo

gbobooobogoobooobbooboooboobbooboooboboooo
ggooooooooobooobbbbbbboodooooooooogoooo
ooobooboooboobobooboboobbooboooboooboooo
gooboobobooobooobobooboboobbooobg

00 (INTRODUCTION) OODOOOOODO (Mechanics of Solid) 00000000
(Varied Motion) 0000000000

gboooobooooboobboobooobooboboobooboboooo
0000000000000 0ooo0oooo0U0oooO0ooD dd0oooo
0000000000000 0Ood0D dvOD0ODODODDODODOOOOOODODO
0000000 do00000OOOOOO dtO0ODOODODOODOOODODOODODOODO
goooooogoobooooa

gooooU0obobo pPOD0OO0UODOOO0 MOUOODOOOUODOUODOOODOODO

dv
P=M—. 12
o (12)

0000¢+0000000000D0 (1)OoDOoOOooOoOOoDOOoOooDOoo

d?s

dy = =2
VT
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0ooo (12)0000,

d?s
P=M—. 13
2 (13)
goooooo
d
O (11)DDDD1}:—SDEIDDDDDDDDDDDDDDDDDDDDDDDD

dt
coboodooboobobooooooobooo

0(12)000000000000000000 (motive force) 0000000
gooboobobooboooobuoooboobbooboooboooboooboo
gooooboogoon

0000 (13)000000000000000b00DO0DO0O0DOOOUOO
goboobooooboobobooobg

39 J000O00ooDOo0oooDmooOo0ooodoD o0 ooooooooooo
(1853)

anonymous (The Committee of General Literature and Education), The Elements
of Natural Philosophy. Vol. I. Elementary Statics and Dynamics. (London: Society
for Promoting Christian Knowledge, 1853)[anonymous 1853].

godoooooobobbboboboboobobbbiudddoouoooooobo
0000000 (Published under the Direction of the Comittee of General Literature
and Education, Appointed by the Society for Promoting Christian Knowledge) O
ggd

(1862) DO ODOODOO476000000ODOODO

OI00000000000D000000000 Measurement and Graphical Repre-
sentation of Force—Division of the Mechanical Sciences.

000 Division of Mechanics. 0 Kinematics 00000 0

gobodobbogoboooboobobooboobbuooboooboobo
gboobobobobobobobobobobuoboboboboboobooboo
ooboobboobboooboooboobboobooobooboboooboo
000000000000 (The Principles of Mechanism) 0000000000
000000D000000000 (move) DU0DODOOOOO Kinematics 000
oooooboogooo

0 00 0 O 0O (100)Statics.(101) Dynamics.(103) Hydrostatics., including Pneumat-
ics.(104) Hydro-dynamics, including Hydraulics.

00000000000 0000000000D0ODynamics 0 Kinematics OO OO O
O000D0O00 II0 Dynamics 000000000000 O0OOODOOY™DO

(106)) JDDODODOODD 3000000000000 O(Statics)d OO
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O (Dynamics)00 O O (Hydromechanics) D0 0000000 00O (Kinematics)O
0000000000 (Principles of Mechanism) D0 000

oooo 100t

oooo 100
gboobogobogoboobboobooboboobboobuoooobooobo
oboboobboooboooboobobuoobobooboooboo

o200

oooo 200

goooobooboboobboobooobooboboobuoooboooo
gbobooboooboooboobuoobboobboobooobooboboooo
gboboobogoboooo

o300t
00000000000000000000000000000000000

0000000000000 00000000000000000000O0O0oooan
ooo*’o

gboobobooooogoogn

vbobobo—uooogouoobooooobouoboobooooboooooon
gboboooboooboobobobobobobobobobobobobobobo
ubobobootboobobobobobobobobobobobobobonoo
oooooooooobooobooboo 20000000000000000
o0200 3000000000000 30DLb0DLDODOOOODODODOD—0ODOO
0000000000000 000000000 AODODO BOoOooooooo
00000000000000000000000000 (repulsion) 000000
O000000OBO ADODODOODO (force)y J00O0O0O0ODDOOOOOOOODO
BO ADUDODOODODOODOOOOO (return pressure or reaction)d 0 10 0O 32
0000000000000000 (original pressure)D0000 AD BOOOO
vbobobootbobobobobobobobobOobobobobobooboo
vbobobogboobobdgbdobdobdobobaboboboboboabanod
gboooboooboooboobooboobobobobobobobobobobobobo
ubobobooboobobobobobobobobobobobobobonoo
vbobobootbobobobobobobobobobobobobobaonoa
oooooobooo

0000000000000 0D000D00D00O (CONSEQUENCES AND PRINCI-
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PLES IMMEDIATELY DEDUCIBLE FROM THE LAWS OF MOTION.)
00000000000000000000000O0000000"O

ooo—-[o0oooboooulooooooooooooooooboboboon
gbobgdgbboggbobooobuoobobuoobboobooobooboboobn
ooboobboobbooobuoooboobbooboooboooboooboo
000000000000 fO00000100000000O0 (velocity generated
per second)0 0 O M OO O (rate of acceleration)0 000000000

o0—40o0obodbobo0ooobboobooboboooobobooboooo
000000000000 00000 fOO00O0O00OO0OO0O0DODOOOOOOO0O0
gooobooboobooobooobooobooobobooobooboobo 3220
gobbooooobbb gdoobbboooobbbooobbbuoodobbg
0000000o0m32190800000000¢g 00000000 ODOODOO1O
0002000000 203¢g 0000 300000000000 MgOOOOO
ooooo0oboo0 MOODOOOOOODOOOw OoOoDOoooooobooo
gobogbobooboon

W =Mg.
P
ggd f:WgD wioooooooooooooo

P

f_M7

doo0dl0o000do0o0dooodooOo00oDbOo0oDbO00D 1gooo
oooooooooooooooo

ooQ .. P=fM.

40 00000O0DOODODODODO0O Oo0ooO0oO0o0: 0ooooooooooaon
000000000 (1853)

Thomas Tate, The Principles of Mechanical Philosophy Applied to Industrial Me-
chanics: forming a sequel to author’s “Fxercises on Mechanics and Natural Philoso-
phy.” (London: Longman, Brown, Green, and Longmans., 1853)[Tate 1853].

bbb oobtbooobbbuoobbooooboooobooo
0000000000000 ooooooooooog (Of Kneller Training Col-
lege, Twickenham; Late Mathematical Professor and Lecturer on Chemistry in the
National Society’s Training College, Battersea)

3420000000000

00000 (LAWS OF MOTION.) 00000 30000000000DO

o1oo0™

2. 00 3000000000000 DOOUDOODOODOO
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ooob0 100—0O0000o00ooobobobobobobobooboooooo
googo

o200

oboobo 200 ~—0000000000b00b0bO0obO0obOobobobooo
gboboobogoboobboobboobbooboooboobboobo
gooooboogn

0200000000000000000O

gogbboobooooboooboouobbooboboouobboooboo
gobooboooboobboobbooboooboobbooboo

0300000000000000o

0000300 00 (pressure) 0000000 D0O0O0OOO0ODOODOOOO
gooooboobbooobooooo
oboob0o 1900b0o 2000b00b0oooooon

41 000000OODOOODOODOODOO0OO0OO0O0OO0O0DOO0ODOOOOOOOOOOOoOOn
0000 (1854)

Joseph Allen Galbraith and Samuel Haughton, Manual of Mechanics Second
and Improved Edition. (London: Longman, Brown, Green, and Longmans.,
1854)[Galbraith 1854].

0000000000000 o000 oooboooonoon
000000 (Fellow and Tutor of Trinity Collge, and Erasmus Smith’s Professor of
Natural and Experimental Philosophy in the University of Dublin)

008 U00OOnoOoDooDOon

000 (1855,1856)0 00 0 (1860,1861)0 00 (New edition, 1862)

010000000 20000000000000000044 0000000000
00000000 1000000000000 (DEFINITION AND LAWS OF MOTION.) 0
googogo

01 0000000000000 (Motion, or Velocity)DO 2000000000
(Quantity of Matter and Motion)0 D OO0 30000000 (Laws of Motion) O O
0”0

3. 00000 —O0DO0O0OOOOOO0ObOOO0OO00OO0U0oDOoUODOODO
oooboobooobooboboooboobobooboooboooboooo
o00o0o00obOoooooogo 30gbogoooboobobobob 100 2000
goboobogoboooboobobuoooboboon—
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LEX I.

“Corpus omne perseverare in statu suo quiescendi vel movendi uniformiter
in directum, nisi quatenus a viribus impressis cogitur statum ilium mutare” —
Princip. Math. Jes. Edit. torn. i. p. 15.

J0ooooooooooobobobbobboddddooooooooooo
doooooooooooboboboooboooooog

o200

LEX IIL
“Mutationem motus proportionalem esse vi motrici impressee, et fieri secun-
dum lineam rectam qua vis ilia imprimilur.”—Princip. Math. Jes. Edit. ,tom.
i. p. 15.
OO000od0Oo0oOoOobooOo0ooDoDoOoooOoooOoooodg

oo00o00300000000*o

o0obO0oo0obobO 3000b0bo0o0o0obboooboooboooobOooo
obooooooooboobobob 1oooooooobo 200 3000oUoog
googno

0100000000000 0000000DO0000DODbOoODODbOO00
goboobboobboobboobo

02000 30000000000000*"

020 —0000000O0O00O00DOO0100000O00DOO00O00DODOO0
goooobooooboooon

030 —000000DOO00O0OOO0bOOoOobDOoOoOoUObooOoDboOo100
goboobbogbooobuoopoobuoobboooo

goo

F=mf (2)

0o0o0oood0o fOoO00D00OO0 FOOODODDODOOOOO mOO0OOOOOO
goboobboobobooobooobuoobbooboooboooboobon
oobooboboooboooboo

42 000000000 DOO0OO00DOO00O00O0000oOO0oO0oOooOooOooOooan
00000000 0D000000000000000O(1855)
Augustus William Smith, An Elementary Treatise on Mechanics: Embracing the

Theory of Statics and Dynamics, and its Application to Solids and Fluids. Pre-
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pared for the Undergraduate Course in the Wesleyan University. (New York: Harper
&Brothers, Publishers, 1855)[Smith 1855].

000000000000 (LL.D.)OODDO0D0O0O0O0DO0O0 (Professor of Mathematics
and Astronomy)

307 00000DOn

18490 185500 18630 1874 0O D O O O

o1oog™

216. 00 00O0OODOOODOODODOODOOODOODODOODODDOODOODOO
gobooboooboobboobboobboobooobooboboobo
goboobogoobooboobuoobboobbooboooboooboboooboo
gbooooboobbooobogoboo

ooooogooobbboboboboooooooooooggobogoooo
gobooboooboobboobbooboonooboo

Oooo0ooDb 100b000Dboag

o200

goooooooooboobobobobbbooodoooouoooooogooooo
goo

o300
O00000000000000000000000
O0000000000000000000000 ™0

225.0J0o000ooo0o0oboooboobooboboooooOoboOobooOoboboobooDO
ocoooooooooobOooOoOoOoOOOOOOOODbOOOOOOOOOOOO
(accelerating force) 0000000000000 0D0OO0OOODODOOODOODOO
00000000000000000000000000000O000O00B0O0
000 (moving force) 00000 0¢ 000000000000 D0OODOOOOM
o0o00o0oooeOOO0OO0O0O0OOCOeOOOOOOOOOCOOOOOOOOO
0000000ooooo0000

® = GM. (VL)

d
DDDDDDQS:MDDDDDDDDDDDDDDDDDDDDDDDD
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43 J00000000D000O0OO000O0DO(1855)

Benjamin Peirce, Physical and Celestial Mechanics (Boston: Little, Brown and
Company, 1855)[Peirce 1855]

00000000000000000000™

Ioooo
v ooo0ooO0o0O0ooOoOoOoOooboOobooboOoboOobUoboOobogooDOoo
(exertion) 0000 (effort) 0000000000000 DO0ODOOODOODOOO
gooboobboobooobuoooboobbooboooboooboooboo
000000000000 (forece) D0D0ODODOODOOOO (effort) 000000
000000000000 (whole amount of exertion) 000000 OO (power)
000000000000 00000000 POOO SODOOOOOODOO
FOOO (exertion) 0000000000 D0OOO0OODOOOOOOOOOOO
goo
r-r

s

. JoboobOoUoooobboUobooobbooboUbooobooobooDboOoD
bbb noooooooo0oooooobbbbbvOooooOO
ooodmodnonOOd

9. J0o000OO0ObOOO0bOO0ObOOU0bOO0b0O0bOoOOoUbOUUoDOoOooDoOn
0000000000000 (mess) 0000000000000 0OOO0 mOO
goooooog

10. 00000b0obobooooobobobooooboobOobooDoooo
cooooooooooogoooOooobooboooboobooogopoboog F
ood0ot¢tooooooobobobobbboood mObOy0OO0O0O0OOQO4oobobODbOO
ooooobobooooon

mv = F't.

gooboobboobooobuooobooboooboooboooo

mD, = F.

oo0o000oo0bD, 000000 %DDDDDDDDDDDD
000000000000 0O000 (pp4-5)0

F=2" _
ds

D P.

goo

P=Zmv?
2
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O000D00D000OPO Power 0O0OOOOOOOOOOCOOODOODODOOOO
oo00O00 FOOOOOODOODOOOOOODOODOOOODOOOD

Dt’U:F.

goooobooooboobbooboobboobboobboooboo

44 J0000O0OO0OO0ODO0OO0DDOOUOO0OLOOUObODODOOObObOObObODUOObObOODOObDO
(1858)

John Bradford Cherriman, An FElementary Treatise on Mechanics: Designed as a
Text-book for the University Examinations for the Ordinary Degree of B.A. (Toronto:
Maclear & co., 1858)[Cherriman 1858].

000000000000 000DbO000bOO0O00DObOO0o0DDbOOoOoOoooY92D0000d
gogoogd

gbdbddbooobobooboobuobboobuoobboobboobuoboobo
000000000 (Late Fellow of St. John’s College, Cambridge, and Professor of
Natural Philosophy in University, Toronto)O

000 (1870) 000000

OII0 000000 (Dynamics of a Particle) 00 1000000000000 0OO
0 0O I THE MOTION OF A PARTICLE GEOMETRICALLY CONSIDERED. OO OO OO0O0O
OO0 I00000000000000000(THE MOTION OF A MATERTAL PARTICLE
ACTED ON BY UNIFORM FORCES.) 000 0000000000000

21.J0o0bO0o0oboboobobooobb0oobomoooboooobog
goobobotbobobomooo™@oobobobobobobobooo
oooooooooooobbbobobooooboboooooogogooooboobooo
O (Dynamics) 0000
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[

D [Emerson 1758], pp.3-4.

ooo

1. Every body perseveres in its present state, whether of rest, or moving uniformly in a right
line, till it is compelled to change that state by some external force.

2. The alteration of motion, or the motion generated or destroyed in any body, is proportional
to the force applied, and is made in the direction of that right line in which the force acts.
3. The action and re-action between two bodies are equal, and in contrary directions.

4. The motion of the whole body is made up of the sum of the motions of all the parts.

5. The weights of all bodies in the same place, are proportional to the quantities of matter
they contain, without any regard to their bulk, figure, or kind. For twice the matter will be
twice as heavy, and thrice the matter thrice as heavy; and so on.

6. The vis inertias of all bodies is proportional to the quantity of matter.

7. Every body will descend to the lowest place it can get to.

8. Whatever sustains a heavy body, bears all the weight of it.

9. Two equal forces acting against one another in contrary directions, destroy one another’s
effects.

10. If a body is acted on with two forces in contrary directions, it is the same thing as if it
were only acted on with the difference of these forces, in direction of the greater.

11. If a body is kept in equilibrio, the contrary forces, in any one line of direction, are equal,
and destroy one another.

12. Whatever quantity of motion any force generates in a given time, the same quantity of
motion will an equal force destroy in the same time, acting in a contrary direction.

13. Any active force will sooner or more easily overcome a lesser resistance than a greater.
14. If a weight be drawn or pushed by any power, it pushes or draws all points of the line of
direction equally. And it is the same thing, whatever point of that line the force is applied
to.

15. If two bodies be moving the same way, in any right line their relative motion will be
the same, as if one body stood still, and the other approached, or receded from it with the
difference of their motions; or with the sum of their motions, if they move contrary ways.
16. If a body is drawn or urged by a rope, the direction of that force is the same as the
direction of that part of the rope next adjoining to the body.

17. If any force is applied to move or sustain a body, by means of a rope, all the intermediate
parts of the rope are equally distended, and that in contrary directions.

18. If a running rope go freely over several pullies, all the parts of it are equally stretched.
19. If any forces be applied against one end of a free lever or beam, the other end will thrust
or act with a force, in direction of its length.

20. The parts of a fluid will yield, and recede towards that part where it is least pressed.

2 [Emerson 1758], pp.7-8.

ooo
SCHOLIUM.
Let b = body or quantity of matter to be mowved.
f = force of impulse acting on the body b.
m = momentum or quantity of motion generated in b.
v = velocity generated in b.
s = space described by the body b.
t = time of describing the space s with the velocity v.



O 245

Then, by the three last Props, we shall have m o bv,s « tv, and f o« m.
%) [Emerson 1758], p.6.
) [Emerson 1758, p.6.
5) [Emerson 1758, p.7.
%) [Marrat 1810], p.6.

ooo

17. Ewery body continues in its state of rest, or uniform motion in a right line, until a
change is effected by some external cause.

18. Any change effected in the quiescence or motion of a body is in the direction of the force
impressed, and is proportional to it in quantity.

19. Action and reaction ore equal and contrary: that is, the mutual actions of two bodies
upon each other are always equal and directed towards contrary parts.

) [Marrat 1810, p.6.

goo

These general principles were first given by Sir Isaac Newton in the PRINCIPIA and since
his time they have been received as mechanical axioms, to which students might at all times
appeal in the course of their researches.

They are not indeed self-evident truths, nor are they laid down as such, but as truths which
result by legitimate induction from the testimony of our senses.

They are, all of them, reducible to the inertness of matter, not a priori, but by the method
of induction.

8) [Marrat 1810], p.121.
ooo

245. Force generating velocity is called an accelerating force; generating motion it is called a
moving force.

Thus, the accelerating force is measured by the velocity uniformly generated in a given time,
without any regard to the quantity of matter moved ; and the moving force is measured by
the quantity of motion uniformly generated in a given time.

9 [Marrat 1810], p.123.

ooo

250. The moving forces acting upon bodies, and the momenta communicated to them in a
given time, are as the quantities of matter moved, and the velocities communicated jointly.
For, (art. 245.) when the velocity communicated in a given time is the same, the moving
force is as the quantity of matter moved; and, by art. 18, when the quantity of matter is
given, the moving force is as the velocity communicated in the same time: therefore, both
the quantity of matter and the velocity communicated being different, the moving forces, and
their effects, viz. the momenta produced, will be as the quantities of matter moved and the
velocities communicated jointly.

That is, if m denote the momentum, b the body, f the force, and v the velocity: then,

focmO(bv,andUO(%.

19) [Blair 1826], p.16.

oood
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20. Primary Laws Motion are,

First, That Body will continue in its state of rest, or uniform motion, in a right line, until
it is compelled by some external force to change its state.

Secondly, That the change of motion is always proportinal to the moving force by which it is
produced, and it is made in the line of direction in which that force is impressed.

Thirdly, That action and re-action are always equal and contrary.

D [Enfield 1811], pp.10-12.

ooo

PROPOSITION I. EVERY body will continue in its state of rest, or of uniform motion in a
right line, until it is compelled, by some force, to change its state.

PROP. II. The change of motion produced in any body is proportional to the force impressed,
and in the direction of that force.

PROP. III. To every action of one body upon another, there is an equal and contrary re-action
: Or, the mutual actions of bodies on each other are equal and in contrary directions, and
are always to be estimated in the same right line.

12) [Enfield 1811], pp.12-13.

ooo

SCHOL. These three laws of motion may be illustrated by experiments, but their best con-
firmation arises from hence, that all the particular conclusions drawn from them agree with
universal experience. They were assumed by Sir Isaac Newton as the fundamental principles
of mechanicks ; and the theory of all motions deduced from them, as principles, being found
to agree, in all cases, with experiments and observations, the laws themselves are considered
as mathematically true.

13) [Enfield 1811], p.15.

ooo

PROP. XIII. The force, or power of overcoming resistance, in any moving body, is as its
momentum.

Since a body having a certain degree of motion is able to overcome a certain degree of
resistance, it is manifest, that with an increased momentum, it will be able to overcome a

greater resistance.

19) [Enfield 1811], p.14.

ooo

PROP. A. If bodies be acted upon by different constant forces, the velocities communicated
will vary in a ratio compounded of the forces and times.

Let F, V, T, represent force, velocity and time, and be supposed variable; it is evident that
the velocity will be increased and diminished in the same ratio with both force and time, and
these being independent of each other, V will be as F x T.

COR. If, therefore, F be compared with any other known force f capable of generating a
velocity equal to v in the time ¢, then V:v :: F x T : f x ¢.

15) [Wood 1812, p.8.

ooo

Sir I.Newton has discovered that the moon is retained in her orbit by the agency of a cause
similar to that by which a body falls to the ground, differing from it only in degree, and this
in consequence of the greater distance of the moon from the earth’s center.

16) [Wood 1812], p.16.
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goo

The effects produced by the actions of forces are of two kinds, velocity and momentum ; and
thus we have two methods of comparing them, according as we conceive them to be cause of
velocity or momentum.

(21.)The accelerateing force is measured by the velocity uniformly generated in a given time,
no regard being had to the quantity of matter moved.

(22.)The moving force is measured by the momentum uniformly generated in a given time.

1) [Wood 1812], pp.1-2.

goo

THE term Mechanics has at different times, and by different writers, been applied to branches
of science essentially distinct from each other. It was originally confined to the doctrine of
equilibrium, or the investigation of the proportion of powers when they balance each other.
Later writers, adapting the term to their discoveries, have used it to denote that science which
treats of the nature, production, and alteration of motion; giving to the former branch, by
way of contradistinction, the name of Statics.

Others, giving the term a still more comprehensive meaning, have applied it to both these
sciences.

None of these definitions will exactly suit our present purpose ; the first being too contracted;
and the others much too extensive, for a treatise which is intended to be an introduction only,
to the higher branches of philosophy. Our system of Mechanics will comprise the doctrine
of equilibrium, and so much of the science of motion as is necessary to explain the effects of
impact and gravity.

18) [Wood 1812], p.10.

ooo

(9.) By the quantity of matter in a body, we understand the aggregate of it’s particles, each
of which has a certain degree of inertia. Or, in other words, if we suppose bodies made up
of particles, each of which has the same inertia, the quantity of matter in one body, is to the
quantity of matter in another, as the number of such particles in the former, to the number
in the latter.

19 [Bridge 1814], p.12.

goo

These are called LAWS of Motion, and have sometimes been considered as axioms in Natural
Philosophy. They are, however, by no means self evident; nor are they capable of strict
mathematical demonstration. The true light in which they ought to be considered, is that of
fundamental principles in the science of Mechanics; the truth of which may be established,
either by experiment, or by a just process of reasoning upon the circumstances universally
connected with the GRAVITY and INERTIA of matter. They are as follow.

1. A body continues always in its state of rest, or of uniform rectilinear motion, till, by some
external force, it is made to change its state.

II. Motion, or change of motion, is proportional to the force impressed, and is produced in
the right line in which that force acts.

III. When bodies act upon each other, action and re-action are equal, and in opposite direc-
tions.

20) Bridge 1814], pp.10-11.

goo

Since matter, from its inertia, is incapable of changing its state of rest or motion, it is evident
that whenever such change is produced, it must be by the agency of some external cause.
This cause is denominated force or power. Before we proceed to the Laws of Motion, it will
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be proper, therefore, to make a few observations upon the nature ot FORCES in general.

1. Forces are divided into two kinds, according to the manner in which they act.

I. If a force acts instantaneously, and then ceases, it is called an impulsive force. A ball,
suddenly put in motion by the hand or any instrument, along an horizontal plane, is an
instance of the effect produced by an impulsive force. If it moves with a uniform velocity,
the space over which it passes in a given time, and the momentum communicated to it, may
be estimated according to the rules stated above.

II. When a force acts incessantly, it is called a constant or wvariable force, according as the
increments or decrements of velocity caused by it, in equal successive parts of time, are equal
or unequal. The force of gravity near the Earth’s surface is an example of a constant force;
for it causes equal increments or decrements of velocity in equal portions of time, not by

impulses, but by incessant action.

21 [Bridge 1814], p.11.

gooo

2. Forces also receive different denominations, according as the momentum or the veloc-
ity generated by them is the subject of consideration. With reference to the momentum
generated, they are called mowving forces; with reference to the velocity, accelerative forces.

22) [Bridge 1814], Vol.IL., p.3.

oo

2. In order to estimate these effects, we have only to consider, that if a body be acted
upon by different constant forces for the same time, the velocity generated will evidently be
proportional to the intensity of those forces ; and that if it be acted upon by the same force
for different times, the velocity will be proportional to the time for which the forces act;
from which it follows, that if a body be acted upon by different constant forces for different
times, the whole velocity generated will be as the force and time conjointly. Suppose now
that the force of gravity is represented by unity, that m = l6%feet, and that V = the
velocity acquired in the time T whilst a body describes the space S acted upon by some

other constant force F, then, from what has just been shewn, V' : the velocity acquired by

: Vv
gravity in 1”7(2m) = FxT : 1x1, . . V=2mFT,and T = ——.
2mF

oo 2007).

Laplace 1814]., p.30.

gooo

Thus we have two laws of motion, the law of inertia, and that of the force being proportional
to the velocity, which are given from experience. They are the most natural and the most
simple which it is possible to imagine, and are without doubt derived from the nature itself of
matter; but this nature being unknown, they are with respect to us solely the consequences
of observation, and the only ones which the science of mechanics requires from experience.

25) [Laplace 1814], p.36.

gooo

Thus denoting by dx, dy, and dz any variations whatever of the three co-ordinates x,y, and
z, variations which it is not necessary to confound with the differentials dz, dy, and dz, that
express the spaces whic the moving body describes parallel to the co-ordinates during the
instant dt; the equation (b) of No.3 will become

dx dy dz
0=0dx{d.— — Pdt} + dy{d.— — Q.dt}. + 6z{d.— — R.dt
p{d S~ Pty + 0y {0 L — Qut). +6:{a 5 — Rt} (/)

If the point M be free, we shall equal the co-efficients of dx, dy, and dz separately to nothing,
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and, supposing the element 6t of the time constant, the differential equations will become

d’x d2y d?z
- = P; — =Q; = = R
dt? dt? @ dt?

26) [Laplace 1814], p.70.

goo
The mass of a body is the number of its material points, and the product ot the mass by its
velocity is called its quantity of motion ; this is what is understood by the force of a body in

motion.
27) [Laplace 1814], p.70.

goo

The density of bodies depends upon the number of material points which are contained in a
given volume. In order to have their absolute density, it would be necessary to compare their
masses with that of a body without pores ; but as we know no bodies of that description, we
can only speak of the relative densities of bodies; that is to say, the ratio of their density to
that of a given substance. It is evident that the mass is in the ratio of the magnitude and
the density, by naming M the mass of the body, U its magnitude, and D its densily, we shall
have generally M = DU : an equation in which it should be observed that the quantities
M, D, and U express a certain relation to the unities of their Species.

28) [Laplace 1814], p.140.

ooo

The forces which are destroyed during the motion of the system at any instant, will evidently
form an equation of equilibrium for it at that instant. If in this equation of equilibrium
the bodies undergo an indefinitely small change in their position, the moments of the forces

according to the principle of virtual velocities will be equal to nothing; the the forces destroyed

. d’z d?y d?z , d?x’

are mP, m@Q, mR, m'P’ &c. —-m.—,—m.—, —m.—, —m/. ,
dt2 dt2 dt? dt?

&c. whose moments...

29) [Gregory 1815], pp.1-2.

goo

2. Matter is a term by which we denote that substance of which every thing our senses
perceive is imagined to be composed. So far as relates to Mechanics, its essence may be
regarded as consisting in extension, impenetrability, and inertness.

3. Body is such a collected quantity of matter as is palpable, or obvious to some of the senses.
We say that a body is solid, when it is composed of particles, or moleculz, so adhering the
one to the other that they cannot be separated without effort: such are metals, stone, wood,
&c. The term fluid we apply to such substances as are composed of particles adhering very
slightly, and which, yielding to any small effort, are easily moved among each other: such are
water, wine, air, &c.

All bodies, it is manifest, are extended, and therefore are found existing under figure, or shape,
which is the boundary of extension. It appears also essential to matter, that it prevents all
other substances of the same kind from occupying its place; and that it requires the exertion
of something ab extra to remove it from its situation, or to change its state. The former
of these properties is called Solidity, or Impenetrability : the latter, inertness or inertia; of

which we shall have occasion to say more. (18.)
30) [Gregory 1815], p.5.

goo
18. Among other forces it has been customary to speak of the wvis inertia, or inert force
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of matter; applying the term to that property of bodies by which they tend to retain their
present state (3.), or are indifferent to motion or rest. But while we admit that, much of
the language which relates to powers, forces, actions, &c., is metaphorical, we must object

to such use of it in the present case; this property being improperly called a force:

3D [Gregory 1815], pp.163-164.

ooo

211. The sum of the material particles of which a body is composed, is what we denote by the
word Mass. This mass depends on the volume of the body and that which we call Density.
We have already observed (art. 10.) that density is directly as the quantity of matter, and
inversely as the magnitude of the body: but it will not be improper to deduce concisely the
general theorem which comprises this relation. To this end it must be considered that as all
bodies are penetrated with a great number of void spaces or pores, their quantity of matter
is not proportional to their volume; but under the same volume there will be more or less
matter as the particles are nearer or further asunder ; and we say that a body has a greater
or less density, according as there subsists a greater or less proximity between its moleculae.
Thus we say a body is more dense than another when in an equal volume the former contains
more matter than the latter: we say, on the contrary, that it is less dense or more rare (for
density and rarity are reciprocal qualities) when in an equal volume it comprises less matter.
The density serves, therefore, to judge of the number of material particles when the volume
is known: thus, we may regard the density as representing the number of equal moleculas
in a de terminate volume; as when, for example, we say that gold is 19 times denser than
water, we wish to be understood that gold contains 19 times the number of particles that
water does in the same space.

Since we represent the density as expressing the number of moleculze in a determinate volume
which we assume as the unit of magnitude; it is obvious that to obtain the mass, or the total
number of moleculse, of any body of which the magnitude is known, we must take the
rectangle of the density and magnitude.

32) [Laplace 1821], p.65.

ooo

SCHOLIUM 2. Now, the equality of times being thus estimated from any one motion, all
other bodies, moving without disturbance, will describe equal successive parts of their lines
of direction in equal times. And this is the second law of motion, which, with the former
law, constitutes Newton’s first axiom or law of motion ; “ that every body perseveres in its
state of rest or uniform rectilinear motion, except so far as it is compelled by some force to
change it.” This second law appears to be strictly deducible from the axioms and definitions
which have been premised, and principally from the consideration of the relative nature of
motion, and the total deficiency of any criterion of absolute motion : it is also confirmed by
its perfect agreement with all experimental observations, although it is too simple to admit
of an immediate proof.

33) [Laplace 1821], pp.70-71.

ooo

SCHOLIUM 6. In the laws of motion, which are the chief foundation of the Principia, their
great author introduces at once the consideration of forces ; and the first corollary stands
thus : “ a body describes the diagonal of a parallelogram by two forces acting conjointly, in
the same time, in which it would describe its sides, by the same forces acting separately.”

34) [Laplace 1821], p.70.

gooo
SCHOLIUM 5. The law of motion, here established, differs but little, in its enunciation,
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from the original words of Aristotle, as they stand in his Mechanical Problems. He says, that
“ if a moving body has two motions, bearing a constant proportion to each other, it must
necessarily describe the diameter of a parallelogram, of which the sides are in the ratio of
the two motions.” It is obvious, that this proposition includes the consideration not only of
uniform motions, but also of motions which are similarly accelerated or retarded : and we
should scarcely have expected, that, from the time at which the subject began to be so clearly
understood, an interval of two thousand years would have elapsed, before the law began to
be applied to the determination of the velocity of bodies actuated by deflecting forces, which

Newton has so simply and elegantly deduced from it.
35) [Laplace 1821], p.170.,

[D.] The mass of a body consists in the number of its material points, and the product of the
mass by the velocity is called the quantity of motion of a body

36) [Farrar 1825), iii-iv.

0 00 The works principally used in preparing this treatise are those of Biot, Bézout, Poisson,
Franceeur, Gregory, Whewell, and Leslie. In the portions selected it was found necessary to
make considerable alterations and additions in order to give a uniform character to the whole.
There has often been occasion, moreover, in appropriating the substance of a proposition or
course of reasoning, to amplify or condense it, or to vary the phraseology. It became incon-
venient, therefore, to distinguish by quotations the respective portions taken from different
authors. Bézout has been adopted, in substance, as the basis in what relates to statics, dy-
namics, and hydrostatics, although the matter is arranged according to a different system;
and Gregory, with many changes and substitutions, has been principally used in that which
is comprehended under hydrodynamics.

37) [Farrar 1825, p.16.

goo
The product of the mass of a body by its velocity is called the quantity of motion of this
body. Forces are therefore measured by the quantities of motion which they are capable of
producing respectively. Thus, if we designate the above product by p, the mass by m, and
the velocity by v, we shall have p = mwv. This equation gives v = ﬁ, and m = b ; from
which it will be seen that, " !
1. The moving force of a body and its mass being known, we shall find the velocity by
dividing the mowving force by the mass ;
2. The moving force and the velocity being known, we shall find the mass belonging to this
velocity and moving force, by dividing the moving force by the velocity ;
3. If the moving forces are equal, the velocities are inversely as the masses.
The truth of these propositions is easily shown by putting successively the value of m equal
to m/, that of v equal to v’, and that of p equal to p’ ; the equations thus obtained, reduced
and converted into proportions, form the several propositions above stated.

3%) [Farrar 1825, p.17.

goo

30. The mass or number of material parts of a body, depends upon its bulk or volume, and
what is called its density, that is, the greater or less degree of closeness or proximity among
its particles. As all bodies have more or less of void space within them, their quantities
of matter are not proportional to their bulks ; since, under the same bulk, the quantity of
matter is greater according as the parts are more crouded and compressed together. A body
is said to be more dense than another, when under the same bulk it has more matter; and on
the other hand to be more rare than another, when under the same bulk it has less matter.
Accordingly, by means of the density of a body, we are able, when the bulk is known, to judge
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of the number of material parts which compose it; so that the density may be considered as

representing the number of material parts in a given bulk.
39) [Farrar 1825], p.165.

ooo

Any force, which acting upon a body causes it to vary its motion, is called an accelerating
or retarding force. When it acts equally at equal intervals of time, it is called a uniformly
accelerating, or uniformly retarding force, according as it tends to increase or diminish the
actiual velocity of the body.

40) [Farrar 1825], p.173.

ooo

280. The principles necessary for determining the circumstances of this kind of motion are
easily deduced from the principles that we have laid down with regard to uniform motion,
and motion uniformly accelerated.

d
v = —Sords = vdt
dt
as the first foundamental equation of varied motion.
41) [Jackson 1827], p.136.

ooo
287. The most general of these, as laid down by Sir Isaac Newton in his Principia, are three

1. “Every body continues, when at rest, in a state of rest, and, when in motion, in a state
of uniform and rectilinear motion, unless it be affected by some force impressed.”

2. “ Change of motion is always proportional to the motive force impressed, and is made
in the direction of that force.”

3. “There is always a reaction equal and contrary to action ; or the actions of bodies are
mutual, equal, and opposite.”

42) [Jackson 1827], p.136.

ooo

288. Though these laws are few and simple, they are of most extensive application, reaching
from the phenomena that we regard as the most familiar, to that sublime elevation of science
from which the disciple of Newton contemplates with admiration, in the order of mechanical
connection and harmonious dependence, the magnificent machinery of the solar system. It
is of the highest importance then that we should carefully study them, and endeavour to
acquire a clear and accurate conception of their import.

43) ibid., p.148.

ooo

310. With regard to the term force, we may observe that it is not unfrequent in philosophical
discussion to adopt the phraseology of common language, but generally in a restricted or more
definite sense. In common language, for instance, we speak of greater force being required to
put in motion two pounds of matter than to put in motion one, with the same velocity ; and
we say that it requires more to give the velocity 10 feet per second, than to give the velocity
9, when the mass is the same. But we say this rather laxly perhaps, and without any very
distinct reference to a measure of force. In reference to our own efforts, we may mean what
appears to us a greater exertion continued for the same time, or an equal or even less exertion
continued for a longer time; and we cannot pronounce with certainty that the exertions are
in the one case as 2 : 1, or in the other as 10 : 9. In physical investigations, whenever the
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44) [

magnitude of a motive force is concerned, we adopt, after Newton, as its definite measure,

the quantity of motion produced or expended in a given time.

Jackson 1827], p.150.

goo

314. A motion uniformly varied is one that receives equal increments or equal decrements of
velocity in any equal times during its continuance; and the rate of the variation, that is, the
velocity produced or destroyed in a given time, commonly taken one second, is assumed as
the measure of what we are to call accelerating and retarding force. Let this be denoted by
¢; and, in a case of acceleration, let V' be the final velocity acquired in the number of seconds

T : then
1.V = ¢T,

or the final velocity is equal to the velocity acquired in one second multilied by the number
of seconds employed in its acquisition.

45) [Jackson 1827], p.149.

goo

In cases of impact, where the production of motion seems to depend on a repulsive force
of unknown but variable intensity, according to the specific nature of the bodies concerned
and the successive degrees of approximation, we seldom consider the progressive generation
and extinction of motion, and we treat it as if it were, what it is to sense, instantaneous.
Our measure of motive force impressed is, in this case, the quantity of motion expended ;
and, on the authority of the third law of motion, we may state an absolute equation between
this measure of force, and that of the motion which it produces. But, if in speaking of the
force the reference be to any pressure by which a certain velocity, now continued uniformly,
has been produced, we can only state a proportional equation between such force and the
resulting quantity of motion.

311. Let V denote the velocity of an uniform motion.

S the space described.

T the time of the motion’s continuance.
Q the quantity of matter moved.

F the motive force.

And the relations of all the quantities concerned may be expressed as in the following table :

sovr=ET

Q

voS_F

T Q
73
Vv

QS

F=QVv =22

Q T

_F_FT

Tv.os

46) [Renwick 1832], pp.43-44.

goo

43. Although it is the tendency of matter, if once set in motion, to move forwards forever
with uniform velocity, in the same direction, this if by no means the moost frequent case of
motion that occurs in nature. There are in fact two distinct species of forces.

(1) Those which having acted for a time upon a body, abandon it and leave it to go forward,
so far as they are concerned, in a right line with uniform velocity; these are called projectile

forces.
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(2) Those which act during the whole continuance of the body’s motion. Such forces will
cause changes in the direction and velocity of the body, and produce what in general terms,
are called Variable Motions.

47) [Earnshaw 1832], p.3.

ooo
11. A particle of matter cannot, by any action of its own upon itself, produce a change in
its present state of rest or motion.

48) [Jackson 1827], p.5.

ooo
17. If a particle of matter be acted on by any number of forces, each one will produce its
DUEFE effect, estimated in the direction in which it acts.

49) [Jackson 1827], p.4.

gooo

12. COR. 1. Motion, and change of motion, can only be produced by the action of force.
13. COR. 2. and DEF. If the velocity of a particle continually increases or decreases, it is
acted on respectively by an accelerating or retarding force; which is said to be uniform or
variable, according as the increments or decrements of velocity in equal times, are equal or
unequal.

50) [Whewell 1832c], xi-xii.

gooo
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5D [Young 1834], p.3.

goo

THE following Treatise is an attempt to exhibit, in small compass, the principles of Mechan-
ical Science in its present improved state, and to supply the English student with a clear and
comprehensive manual of instruction on this important branch of Natural Philosophy.

Our language already possesses some very valuable works in this department of science,
as for instance, the treatises of Professors Gregory and Whewell ; works which, for the
abundance of real information that they convey, are not, perhaps, to be equalled by any
similar performances of our continental neighbours.

52) [Young 1834], p.119.

0 00 We call the cause of variable motion, whatever it really be, force: an accelerative force
if the velocity continually increase, and a retardive force if the velocity diminish. We shall,
in our general reasonings, consider the force as accelerative, because in order to adapt our
conclusions to retardive forces, it will be necessary merely to prefix to the expression for F
the negative sign.

%3) [Young 1834], p.120.
) [Young 1834], pp.215-216.

goo
WE propose in this chapter to investigate some very general and remarkable theorems which
apply to the motion of a system of bodies acting in any arbitrary manner on each other, and
each influenced by any accelerative forces.
Let m, m1, ma, & c. represent the masses of the different bodies in the system, x, y, z; z1y1, 21,
&c. the rectangular co-ordinates which mark their position, X, Y, Z, the components of the
accelerative forces on m, X1, Y1, Z1, the components of those on m1, & c. then the motive
forces applied to any ;)ne, as2m7 will be mX, mY, mZ, and those which actually have place
will be m%dtz, md—g,dezz; hence the differences of the impressed and effective forces
resolved in tfl;e directions of the co-ordinates are

md2—:r — mem@ — mY,m& —mJZ;

di? di? dit?

and, in like manner, for each of the other bodies m1, ma, &c. we get similar expressions for
the differences between the impressed and effective forces, and we know, from the principle
of D’Alembert(154), that if these differences alone acted on the system it would be kept in

equilibrium.

55) [Boucharlat 1836], p.193.

ooo
If, therefore, we denote this force by ¢, we shall obtain for the second equation of varied
motion,
dv
= —.... 149
b= "0..(149)

The character ¢, will hereafter be used to designate the intensity of the force: the force being
represented by the effect which produces.
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56) [Boucharlat 1836], p.193.

gooo
391. From the preceding equation we obtain

¢dt = dv;

thus, if the incessant force be given, the increment to the velocity in the time dt can be
readily calculated.
392. By eliminating dt between the equation (148) and (149), we obtain a third equation of

varied motion,

@ = vdv.

°7) [Boucharlat 1836], pp.289-290.

ooad
546. Let F represent a force which impresses a velocity V upon a mass M : if the same force
be supposed to act upon a mass M times less, and which will consequently be represented by

M
Mo 1, this force will communicate to the mass unity, a velocity M times greater than that

communicated to the mass M : this velocity will therefore be expressed by MV. For a similar

reason,the force F’, which communicates to the mass M’ a velocity V’, would communicate
/

to the mass M[ =1, a velocity represented by M’V’.
The velocities represented by MV and M’V being communicated by the forces F and F’ to
the mass unity, it follows, from the principles enunciated in Art. 388, that we shall have the
proportion

F:F ::MV:MV.
The expressions MV and M’V’ are called the quantities of motion communicated by the
forces F and F’ ; and it should be recollected that the characters M, V, F, M’, V, and F’
represent abstract numbers, which merely express the number of times which the quantity
under consideration contains the unit of its own species.
547. The unit of force being arbitrary, we may represent it by the quantity of motion which
it produces. Thus, by supposing F’ to represent this unit, we can replace F’ by M’V’ in the
preceding proportion ; and we thence infer that

F=MV.
548. When the force ¢ acts incessantly, it has been.shown, Art. 388, that this force will be

represented by the velocity which it would communicate in a unit of time, if the value of the
force should become constant ; hence we obtain, by substituting for V its value ¢,

F = Mo¢.
If the mass M be supposed equal to unity, we shall have
F=¢;

consequently, ¢ represents the force exerted upon the unit of mass ; the quantity ¢ is usually
called the accelerating force, and F is called the moving force. When F is given, the value of
¢ can be determined by simply dividing by M, the mass moved.

58) [Boucharlat 1836], p.192.

gooo

388. Before investigating the expression for the value of the incessant force, it will be necessary
to discover the relation which exists between the force and the velocity.

If a force F be supposed to communicate a velocity v to any body, a force n times as great
will communicate to the body a velocity equal to nv. The truth of this proposition might
well be questioned, since the nature of forces being entirely unknown, we cannot affirm that
a double force will necessarily produce a double velocity ; or, in general, that a single force



O 257

equal to the sum of two others, will necessarily produce a velocity equal to the sum of the
velocities which the two forces would separately produce. But the fact being confirmed by
universal experience, we adopt it as a principle. Thus, by supposing different forces applied
to the same body or material point, their relative intensities can be estimated by comparing
the velocities which they would severally communicate.

The proper measure of an incessant force will be the velocity which it can generate in a
given time ; but the intensity of the force being constantly variable, we must suppose the
force to become constant at the instant when we wish to estimate its value, and the measure
of the force will then be the velocity generated in the unit of time succeeding this instant.
The velocity communicated by this incessant force during the unit of time, when it is sup-
posed to retain a constant value, will obviously be unequal to that which would have been
communicated by the variable incessant force, in the same time.

59) [Willis 1841], vii.

goo

Ampere, however, appears to have contemplated the formation of a system that would also
include these latter objects; for in his Essay on the Philosophy of the Sciences, published in
1834, we find it distinctly asserted, “that there exist certain considerations which if sufficiently
developed would constitute a complete science, but which have been hitherto neglected, or
have formed only the subject of memoirs or special essays. This science, (which he terms
Kinematics,) ought to include all that can be said with respect to motion in its different
kinds, independently of the forces by which it is produced. It should treat in the first place
of spaces passed over, and of times employed in different motions, and of the determination
of velocities according to the different relations which may exist between those spaces and

times. ”

60) [(Willis 1841], viii.

ooo

“After these general considerations relating to motion and velocity, this new science might
pass on to the determination of the ratios that exist between the velocities of the different
points of a machine, or generally of any system of material points, in all the movements of
which the machine or system is susceptible; in a word, to the determination, independently of
the forces applied to the material points, of what are called virtual velocities; a determination
which is infinitely more comprehensible when thus separated from considerations of Force*.”

* Vide Ampere, Essai sui la Philosophie des Sciences, 1835, p. 50.
S (Willis 1841, ix.

goo

It is much to be regretted that this distinguished writer did not attempt to follow up this
clear and able view of the subject, by actually developing the science in question.

A similar separation of the principles of motion and force formed the basis of the Lectures on
Mechanism which I delivered for the first time to the University of Cambridge, in 1837; and
the same views were subsequently sanctioned by the high authority of Professor Whewell,
who, in his Philosophy of the Inductive Sciences, has assigned a chapter to the Doctrine of
Motion*, in which, under the title of Pure Mechanism, he has defined this science nearly in
the above words of Ampere, whom he quotes.

* Whewell, Philosophy of the Inductive Sciences, 1840, p. 144.

62) [Denison 1841], p.1.

goo
As motion is the passion of matter influenced by impulse, so a state of rest (which is the
mere negation of motion) is the passion of matter not influenced by impulse.
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First Law of Motion.—A body continues in its state of rest, or of uniform rectilinear motion,
until, by some external force or impulse, its state is changed.

Second Law of Motion.—Motion, or the change of motion, is produced uniformly in the line
of direction in which the impulse or force acts, and is proportional to the excess of the force
applied above the resistance.

Third Law of Motion.—When a force applied to a body is resisted, the resistance reacts upon
the body in a direction opposite to that of the force applied, and destroys pro tanto the action
of the force applied.

[This law is generally stated as follows :—“Action and Reaction are equal, and in opposite
directions.”|

63) [Denison 1841}, p.4.

gooo

1. In the first case, that in which one body only is a moving body and the other is at rest,
the resistance of the body at rest consists of its weight and friction; if the weight and friction
together are equal to, or greater than the force of the moving body, then the quantum of
reaction of the resisting body is equal to the quantum of action of the moving body, and
destroys it altogether. But, if the resistance of the body at rest is less than the action of
the moving body, then the reaction of the body at rest is equal only to its own resistance,
and is less than the action of the moving body, and destroys only so much of its action as
is equivalent to the reaction. And in this manner is to be understood this law, as generally
laid down by authors, viz. that “action and reaction are equal;” not that they are equal in
point of quantum, but equal pro tanto in effect; as will be more apparent when we consider
the case of two moving bodies acting on each other in opposite directions.

64) denison, p.91.

ooo

From these considerations it appears that mowving-force, as a cause acting on a body in
equilibrio, produces its equivalent effect in the momentum of the body in that state; so
that the cause and effect being equal, the moving force is equal to the momentum. Yet,
notwithstanding this equality between the two, both moving-force and momentum have each
their peculiar properties which distinguish them from each other, and prevent their being
altogether convertible or the converse of each other. Thus the product of the weight into the
velocity is never equal to the momentum, but always exceeds it, whatever is the value of d;
that is, M is always = M On the contrary, F, or the moving force, is always = WV. For
F has an auxiliary in that part of the force-applied which brings the body to an equilibrium,
but which is not auxiliary to the momentum of the body.

Hence, the moving-force is applied to the body when it is relieved from its weight; which relief,
therefore, is in aid of the moving force ; but this relief is in diminution of the momentum. In
the state of equilibrium, the moving force impels the body to advantage. It moves the body
possessing weight with the same facility as if it possessed no weight. Hence, when it moves
the quantity of matter, it actually moves the weight; for it cannot move the one without the
other. Hence in effect, with regard to moving force,% = W; and F = WV. And consequently,
W= % ; which formulae will determine all the cases of moving force with regard to any one
body moving uniformly.

65) [Earnshaw 1844], p.3., p.5., p.12.

gooo

THE FIRST LAW OF MOTION.
8. If a body in motion be not acted upon by any EXTERNAL force, it will move in a straight
line with uniform wvelocity.

THE SECOND LAW OF MOTION.
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12. If a particle of matter already in motion be acted on by any external force, the change of
motion is in the direction of the force, and is in magnitude the same as if the particle had
no previous motion.

THE THIRD LAW OF MOTION
23. The pressure (measured as in Statics by the weight which it can support) which produces
motion in any body is equal to the product of the mass of the body into the accelerating force.

66) [Earnshaw 1844], p.7.

goo
Consequently, in variable accelerating forces,
indefinitely small increment of velocity

force = - . )
time of generating it

L increment of velocity
= limit of

time of generating it
67) [Earnshaw 1844], p.13.

ooo
O pressure = (mass)0 (accelerating force)

%) [Walton 1842], p.152.

goo

THE determination of the circumstances of the motion of a material particle, which moves
in a straight line under the action of a finite accelerating or retarding force, depends upon
the two following differential equations, called the equations of motion of the particle

=0 2=,
where t denotes the time of the motion reckoned from an assigned epoch, x the distance of
the particle at the end of this time from an assigned point in the line of its motion, v the
velocity, and f the accelerating or retarding force.
From these two equations wo readily deduce the two following,

2

x

These equations, which constitute the complete expression of the circumstances of rectilinear
motion in the language of the differential calculus for every condition of acceleration or retar-
dation, are due to Varignon, and were published in the Mm, de I’ Acd. des Sciences de Paris,,
1700, p.22. It may be observed however that long before this, geometrical investigations of
rectilinear motion for variable forces had been given by Newton.

%9) [Walton 1842], p.387.

goo

Since the publication of D’Alembert’s work, the term Vis Viva has been used to signify merely
the algebraical product of the mass of a moving body and the square of its velocity, while
the words Moving Force have been universally employed, agreeably to the definition given
by Newton in the Principia, in the signification of the product of the mass of a body and
the accelerating force to which it is conceived to be subject, no physical theory whatever in
regard to the absolute nature of force being supposed to be involved in these definitions.

70) [Poisson 1842], p.170.

ooo
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The laws of equilibrium do not imply any particular relation between the forces and the
corresponding velocities; and to resolve the problems of statics, it is sufficient, if the numerical
relations of forces, such as they have been defined in No. 5, be known. The laws of motion,
on the contrary, depend on the relation which should exist between the magnitudes of the
velocities produced by given forces; and this relation, the knowledge of which is indispensable
for the solution of the dynamical problems, is the same as that of the forces, as we proceed
now to demonstrate.

™ [Earnshaw 1844], p.175.

™) [Earnshaw 1844], pp.180-181.

ooo

This being established, let us consider a body of any magnitude and form whatever, all the
points of which describe parallel lines with a common velocity, which may moreover vary
with the time. Let this body be divided into an infinite number of material points equal in
mass, such as they have been just defined. The motion of all these points may be ascribed
to forces which are equal and parallel throughout the entire extent of the moveable; their
resultant for any part of this body, is equal to their sum, and applied to the centre of gravity
of this part. The forces corresponding to any two parts will be therefore to each other as
their masses; consequently, if f be the entire force which acts on the moveable, m its mass,
and ¢ the force which answers to a part of this mass, taken for unity, we shall have

f=mo.
With respect to the force ¢, it will be proportional to the increase of the velocity of the

moveable during an infinitely small portion of time; and if v denotes this velocity at the end
of the time ¢, we may assume for its measure, as in No.118,

dv dv
d)—,(DDDDD—DDDDDDDDD)
dv dt
Hence there will result
dv
f=my

for the expression of the force in any motion whatever, the man of the moveable being taken
into account, and all its points being supposed to be actuated by the same velocity.

This force f, which is the resultant or sum of all the infinitely small forces, with which all
the pints of which the body is composed, are actuated, is termed the motive force, the factor
¢ of its value me, is called the accelerating force, and is no other thing than the motive force
referred to the unit of mass.

73 [Pratt 1842], viii.

gooo

After explaining the conventional method of measuring motion, I proceed to an enquiry into
the laws that regulate the motion of bodies when uninfluenced by external causes: a variety
of experiments and facts of ordinary occurrence point to the principle called the First Law
of Motion. This leads to an explanation of the conventional method of measuring force
dynamically. In explaining the means of estimating force, I have aimed at giving a distinct
idea of the nature of forces that require a finite time to develop their effects, and those which
generate velocity in an indefinitely short time. An investigation is then made into the laws
which regulate the motion of bodies when acted on simultaneously by different causes, and
this leads to the principle called the Second Law of Motion. This law enables us to introduce a
method of referring the curvilinear motion of a body to three rectangular axes. The necessity
is then shewn of obtaining a relation between the two arbitrarily assumed measures of force,
viz. pressure, and velocity generated : this leads to the principle called the Third Law of
Motion.
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™) [Pratt 1842], p.3.

000 7.In Statics force is estimated by the pressure it causes a body when at rest to exert
against another with which it is in contact and is said to be estimated statically.

) [Pratt 1842], p.182.

ooo

The reader is referred to Desaguliers’ Course of Experimental Philosophy, 4to. 1734, Vol. 1.
Lecture V. for more experiments upon the motion of bodies.

Philosophers have assumed, then, as a fundamental principle of the motion of matter that A
body in motion, not acted on by any external force, will move uniformly and in a straight
line. This is called the First Law of Motion.

76) [Pratt 1842], pp.183-184.

77) [

ooo

DYNAMICAL MEASURE OF FORCE.

194. The First Law of Motion enables us to extend the definition of force given in Arts. 5
and 191 — We may now define it, not only as any cause, which produces or tends to produce
motion in a body; but also as any cause, which changes the uniform and rectilinear motion
of a body.

It appears then, that when a body moves with a variable velocity, force is acting on the body
: and, conversely, when force acts upon a body, its velocity is continually changing. Now
we take the magnitude of the change of velocity during a given time as the measure of the
magnitude of the force which acts upon the body : and, for the sake of distinction, when
force is measured in this manner it is termed Accelerating Force. We have already mentioned,
that when force measured statically, it is called Pressure (Art. 7).

Pratt 1842], p.189.

ooo

Hence, if f be the accelerating force, uniform or variable, which generates the velocity v in a

d
body in the time t, then f, v, t are connected by the equationf = d—:

™) [Pratt 1842], p.194.

ooo

For more facts and experiments we refer again to Lecture V. of Desaguliers’ Experimental
Philosophy.

These facts point out to us the following general principle:

When a force acts upon a body in motion, the changf of motion in magnitude and direction
is the same as if the force acted on the body at rest.

This is called the Second Law of Motion.

™) [Pratt 1842], p.200.

goo

214. The product of the mass of a body and the accelerating force is called by Newton the
Mowing Force of the body : and the product of the velocity and mass of a body he calls
its Momentum, or quantity of motion. These experiments therefore shew, that the pressure
communicating the motion varies as the moving force, or as the momentum generated in the
body in a given time: for moving force must be measured by the momentum generated in a
given time, since accelerating force is measured by the velocity generated in a given time.

80) [Pratt 1842], p.202.
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gooo
The statical measure of force, whether finite or impulsive, varies directly as the product of
the mass of the body upon which it acts, and the dynamical measure of the force.

81 [Pratt 1842], p.202.

ooo

218. This Law may be stated also in the following forms.

When finite pressure generates or destroys motion in a body, the moving force is proportional
to the pressure: and when impulsive pressure generates or destroys motion in a body, the
momentum generated or destroyed is proportional to the pressure.

Newton has given this Law under the more general form, that Action and Reaction are equal
and opposite. If action and reaction in dynamics be measured by the quantity of motion
gained and lost, this is an immediate deduction from our Third Law of Motion.

52) [Pratt 1842], pp.203-204.

ooo
220. We shall now choose the units of pressure, or statical force, and mass.
Let P be a finite pressure, f the accelerating force and M the mass, then P varies as M f.
Let the unit of pressure be that of a body of which the mass is M’ and the accelerating force
f' : then
P:1:Mf:MFf
_ M5
MY I’ )

we shall choose M’ and f’ so as to simplify this formula as much as possible : let M’ =
1, f/ = 1; then

the unit of pressure being the pressure of a body of a unit of mass and acted on by the unit
of accelerating force.
When the pressure is impulsive its unit is that of a body of mass unity moving with a unit

of velocity : if we, as above, suppose

83) [Potter 1846], pp.118-119. 00O

The first law of motion. When a body in motion is not acted on by any external force, it
will move in a straight line, and with a uniform velocity.

The second law of motion. If several forces act upon a body at the same time, each produces
its full effect in the direction of its action, whether the body be at rest or in motion.

The third law of motion. When a pressure acting on a body puts it in motion, the moving
force, measured by the momentum generated in a unit of time, is proportional to the pressure.

84 [Potter 1846], pp.116-117.

ooo

We call a force an accelerating force whilst it continually increases the velocity of a body ;
and a retarding force whilst it continually diminishes it. A uniform or constant accelerating
force is one that increases the velocity of the body uniformly, or adds the same amount of
velocity to the previous velocity of the body in every successive equal interval of time. A
uniform retarding force is one that diminishes the velocity of a body according to the same
law. Variable accelerating or retarding forces are those whose effects on the velocities of
bodies are continually changing.

By the mowving force acting on a body, we mean the mass moved multiplied by the accelerating
force, which we shall shortly see, by the third law of motion, is proportional to the pressure
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exerted on the body, by whatever means that pressure arises, whether by the unbending of a
spring, by the attraction of other bodies upon it, by the explosion of gunpowder, &c.

By the momentum of a moving body, we mean the mass of the body multiplied by its velocity.
The mass multiplied into the square of the velocity is called the vis viva of a moving body.
As forces are measured by the effects they produce, the Dynamical measure of an accelerating
force must be the velocity which it generates in the body in a given time, when uniform or
constant. Let f represent the force, and let the given time be taken as the unit, we have
f= the velocity generated in a unit of time. Since the force is constant, the same velocity is
added in every unit of time ; therefore, if v be the velocity acquired from rest by the action
of the force in t units of time, we have v = ft.

From the above definitions we see that mowving force is measured by the momentum generated
in a unit of time.

From the expression v = ft, we have

velocity generated in any time

v
f—;— time

When the force is variable, and changing from one instant to another, we must take the time
indefinitely small ; so that, for a variable force, we have

velocity generated in an indefinitely small time

time
v —v v
T Y-t bv

if v= velocity of the body at the time t, and v’ the velocity at the time ¢’ indefinitely near
to t.
In the above, it will be shortly seen, that we have anticipated the first law of motion.

8) [Potter 1846], p.158.

gooo
if = the radius of circle,

v2

f=—

r
If m be the mass of the body at P, the centrifugal moving force
=mf
mu?

r
= the tension in the cord.
86) [Whewell 1847, p.132.

goo

129. Dynamics is the science of Force, considered as producing or altering motion. If the
forces which act upon any body or bodies be not such as produce equilibrium, some motion
or other must be the result. Dvnamics is the science which has for its object to determine
what the circumstances and properties of this motion will be.

Thus in Dynamics we consider Forces of the same kind as those which we considered in
Statics; namely, Pressures. In Statics pressure produces equilibrium : in Dynamics pressure
produces motion.

87) [Whewell 1847], p.137.

goo

139. The consideration of the laws of velocity and direction of parts of machines in general,
and of the modification of such laws in the communication of the velocity from one part to
another, belongs to a separate science, which has been termed Kinematics, or Mechanism.
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The subject of the present treatise is, motions considered with reference to the forces which

produce or alter them.
88) [Whewell 1847], p.140.

ooo
144. DEF. Accelerating force is force measured by the velocity which, in a given time, it
would produce in a body.

89) [Whewell 1847], p.141.

ooo
145. DEF. Uniform Accelerating Force is measured by the velocity added (or subtracted) in
a given time, as for instance, one second.

90) [Whewell 1847], p.150.

gooo

154. When accelerating forces are variable, the reasonings respecting the motion must involve
the conception of a limit; and the calculations will require some mathematical mode of
applying this conception; for instance, the Differential Calculus.

By the fundamental principle of the Differential Calculus, the differential coefficient of s with

d
regard to t, is the limit of the ratios of the increments of s and ¢; and is denoted thus,d—;9 ;
(Doct. Lim. B. v. Art. 5.)

PROP. If s be. the space described in a time t by a point acted upon in the direction of its
motion by an accelerating force f ; and if v be the velocity at any moment, we have

ds dv
v = E,f— E.

It has already been shewn, Art. 135, that the velocity is the limit of the ratio of the increments
of the space and time.

Also, in like manner, the accelerating force is greater as the increment of velocity in a given
time is greater, and is measured by the ratio of the increment of the velocity to the increment
of the time when this ratio is constant, as we have seen in Art. 146, Cor.

Therefore when this ratio is not constant, we measure the accelerating force by the limit to
which this ratio tends when we diminish the time, for the same considerations as in the case
of the velocity. Hence, by the definition of differential coefficients,

ds dv
sl =T
91)
[Whewell 1847], p.163.

ooo

DEF. I. The momentum of a body in motion is proportional to its velocity and quantity of
matter jointly.

DEF. II. Moving force is force measured by the momentum which, in a given time, it would

produce in a body.
92) [Hart 1847], pp.59-60.

gooo

Axiom 1. A particle of matter, if at rest, will remain for ever at rest, or if in motion, will
continue for ever to move uniformly in a right line, unless it be acted on by some force.
Axiom 2. If a particle of matter at rest be acted on by any force, the velocity produced will

be proportional to, and in the direction of that force.

93) [Hart 1847], p.60.



O 265

goo

Axiom 3. If a particle of matter in motion be acted on by any force, the resulting velocity
will be the same as that which would have been produced in the same particle, if at rest, by
the resultant of this force and the force due to the velocity with which it had been moving.

94) [Hart 1847], p.61.

goo

This axiom and the second are usually comprised in one which is called the second law of
motion, and is thus expressed: “Motion, or change of motion, is in the direction of the force
impressed and proportional to it.” This law is here divided into two, for the purpose of

¢

avoiding any difficulty in understanding the phrase “ change of motion.”

%) [Hart 1847], p.61.

ooo
Axiom 4. The weights of equal particles of matter are equal.
Axiom 5. Action and reaction are equal and opposite(a).

%) [Hart 1847], p.61.

goo

a) The fifth axiom, which was called by Newton the third law of motion, has been more
generally stated by D’Alembert thus: If any forces act on different points of a body, or sys-
tem of bodies, the motion of these points may, in consequence of their mutual connexion,
be different from those which would have taken place if they were unconnected; but if forces
be applied to all the particles equal and opposite to the forces due to the velocities actually
produced, these forces will make equilibrium with the forces which produced them. In New-
ton’s statement of the third law of motion, the change of motion in any particle caused by its
connexion with another, is called the action of that particle; and the corresponding change
in the second particle is called the reaction; and since these two are equal and opposite, the
forces to which they are due will make equilibrium; and since this is true of all the parti-
cles, the forces due to all the changes of motion throughout the system make equilibrium;
but these forces are all evidently equal and opposite to the resultants of the forces between
which there is equilibrium, by the principle of D’Alembert; whence it is evident that the two
principles are identical.

) [Sandeman 1850], v.

goo

At the period of entering on the consideration of the laws of motion, we have the means of
measuring motions and changes of motion, and we have from Statics the means of measuring
forces. The object of the laws then becomes clear and definite ; it is to connect the kinematical
measures of motions and motional changes of particles, with the statical measures of the forces
acting on the particles. Everything therefore with respect to measures is now fixed, except
of course the mere optional units of space, time, and statical force. Such being the case, it
is evidently incorrect to represent (as is frequently done), that the purpose of the laws is to
seek for measures of force derived from the motions of bodies. In point of fact however the
laws of motion do furnish such measures ; but this is, as it were, accidental, and arises from
the circumstance that the accelerations of motion produced by forces acting on a particle
happen to be proportional to the measures of the forces which have been already adopted.

98) [Sandeman 1850], vii-viii.

goo
It may be remarked that there is, strictly speaking, only one law of motion, viz., that which
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asserts the O proportionality of the statical and accelerating effects of forces acting on a
given particle. This law manifestly includes in it the law of uniformity of motion when no
external forces act; the law that the constant of the proportionality of statical to accelerating
effect of force is not necessarily the same for different particles—is a law of matter rather
than of motion, since it connects force with matter rather than with motion; and the law of
the equality of action and reaction is a law of force rather than of motion, since it connects
force with force and not force with motion. Even the principle called D’Alembert’s is only a
generalization of the second Newtonian law, since it hangs immediately on the principle that
two systems of forces, which produce the same moving effects in a system of particles, are

statically equivalent.

99) [Sandeman 1850], viii.

ooo

My chief aim in the following treatise has been to exhibit plainly the true fundamental
relationships in the science of motion, by avoiding defects and errors such as have just been
pointed out. It is scarcely possible to over-estimate the importance of a sound philosophy
relative to the principles of motion, whether they be regarded as leading to valuable results
in their own especial province, or as forming the groundwork of all physical science, or as
furnishing rich materials for philosophizing on the nature of human knowledge.

100) [Sandeman 1850], vii.

ooo

In the books referred to, the law of the proportionality of the statical and moving effects of
forces is represented to be the same as the law of the equality of action and reaction, but
under a different form; in other words, Newton’s second and third laws are represented to be
identical. It is difficult to see how such a confusion of ideas could have arisen; the latter law
compares the forces which two particles exert on one another (that is, the statical effect of
the one with the statical effect of the other, or the moving effect of the one with the moving
effect of the other), while the former law compares the statical with the moving effect of a
force acting on a single particle. An indistinct perception of the principle —that all forces
arise from the actions on one another of material bodies—may have had something to do in
producing this strange jumbling together of essentially different laws.

10D [Newth 1850], p.79.

ooo
98. The first law of motion. A body in motion, not acted on by any external force, will

continue to move in a straight line and with a uniform velocity.

192) [Newth 1850], p.81.

gooo

100. The second Law of motion. When a force acts upon a body in motion, the change of
motion produced is the same, both in magnitude and direction, as if the force acted on the
body at rest.

103) [Newth 1850], p.82.

000101. The third law of motion. When pressure communicates motion to a body, the
accelerating force varies as the ratio of the pressure and mass.

104) [Newth 1850], p.83.

ooao
102. Since f:f

BN
WO
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it follows that fA : f'B = P : Q.

The product of the accelerating force and mass is termed mowving force. Hence the third law
of motion may be enunciated as follows : — When pressure communicates motion to a body,
the moving force is proportional to the pressure.

103. Let a pressure P communicate motion to a body whose weight is W ; let f = the
accelerating force, and g = the force of gravity. If W falls freely under the action of gravity,
the pressure communicating motion is the weight itself; and therefore by the third law of

motion

P W

mass mass

f g =
but the mass moved is the same in both cases ; therefore
f:9g 2P W

Hence when pressure communicates motion to a body
pressure

accelerating force = g————
weight moved.

105) [Phear 1850], p.175.

goo

First Law of Motion,

A material particle if at rest will remain at rest, and if in motion will continue to move
uniformly in the same straight line, unless it be acted upon by some external force.

106) [Phear 1850], p.177.

goo

When any number of forces act simultaneously upon a material particle in motion, the in-
stantaneous quality of each force as regards its intensity and direction remains the same as
if it had acted alone upon the particle at rest.

197) [Phear 1850], p.216.

ooo

39. If we define the momentum of a body at any time to be the product of its mass into the
velocity which it has at that time, the results of the experiments alluded to can be easily
enunciated in the form which is known as,

The Third Law of Motion. Forces are proportional to the momentum which they generate in

any mass in the same time.
198) [Phear 1850], p.216.

goo
Hence, if a force represented by I’ generate a velocity V in a mass M in a unit of time, we

have

F=CMYV,

where C' is some constant whose value depends upon the convention which we make with
regard to the units of force, mass, and velocity.
It is convenient to assume these units, so that C = 1, and therefore

F=MV
This makes M = 1, when F' and V are put each equal to 1 ; which implies that the unit of

mass is the mass of that body in which a unit of force will generate a unit of velocity in a

unit of time.
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199) [Phear 1850], p.217.

ooo

41. In the formula
F =MV,

V' is the velocity which the force generates in 17, in the body whose mass is M ; it is therefore,
according to Art. (6), the measure of the accelerating force which F exerts upon M ; F itself
is called the measure of the moving force. This accelerating force may very well, in consistency
with the symmetry of our notation, be represented by f, so that

F=Mf

therefore

2|~

110) [Phear 1850], p.176.

ooo
Force when uniform is proportional to the velocity which it either generates or destroys in a
given time in the particle to which it is applied.

1Y) [Phear 1850], p.176.

ooo

6. This assertion shews us that if we chose to consider forces simply with reference to the effect
which they produce in altering the velocity of a material particle, we could very correctly
measure them by the velocity which they respectively generate or destroy in that particle in
a unit of time: and this is in fact the convention which is usually made; but then force so
measured receives the distinctive appellation of accelerating force.

12) [Phear 1850], pp.233-234.

gooo

Suppose a force represented by F' to generate in a given time a velocity v in a mass M; also
in the same time let a force F’ generate a velocity v’ in a mass M’: F and F’ are estimated
upon the consideration that forces are equal when in a given time they generate the same
velocity in the same material particle.

The velocity generated in M is the same as would be generated in any one of its units of

mass separated from it by a force equal to % , acting alone upon that unit for the given
time.

The same may be said with regard to a unit of mass separated from M.

Hence, since the unit of mass is the same for both, these velocities must be proportional by
the Second Law of Motion to the forces which generate them; therefore

, F F
ViV — —,
M M’
F Mv
or i ;
F M’y
and therefore F o< Mwv.

The assumption here made is distinguished by being written in italics; it is simply the same
thing as that which the definition of mass asserts, i.e. the strict proportionality between
masses and the forces which generate in them the same velocity. But this measure is, as
remarked in Art. (38), only justified by the Third Law of Motion, itself or some other
assertion equivalent to it: in the same manner as the Second Law of Motion proves the
propriety of our measure of accelerating force, does the Third Law prove the correctness of
our measure of mass: as, therefore, it does not seem that this law can be deduced from the
preceding laws without an accurate idea of the measure of mass, it can only stand alone as
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an experimental fact, unless it be conceived that the measure of mass can be deduced from
the Second Law of Motion.

113) [Wilson 1850], p.11.

114)[

ood
ov
If then we take as our unit that particular degree of acceleration for which Tl = 1,we have
1
the equation
ov  dv
a=—=—.
ot dt

This unit is always adopted.
The letter f will in future be used to denote the numerical representation of the acceleration,

so that our equation is

_ov

r=%.

Wilson 1850], p.18.

ood

It is found, however, that it will move in obedience to the following law, which is called the
First Law of Motion.

A body in motion not acted on by any extertial force will move in a straight line with uniform
velocity.

This law assures us of two facts.

First, that matter has no property inherent in itself which enables it to change the direction
of its motion, or to alter or destroy its velocity; and

Secondly, that the molecular forces which keep together the ultimate atoms of which our
particle is composed have no such tendency.

115) [Wilson 1850], pp.18-19.

ooo

16. Before proceeding farther, we will make a remark which must never be lost sight of. It is
this. Force, by whatever means exerted, or from whatever cause arising, is always necessarily
essentially of the same nature.

Forces may differ from one another in their intensity, and in their directions, and in the points
at which they are exerted, but they are always forces, and as such are always magnitudes of
the same kind.

Thus, a force may be exerted by means of a string, in which case it is called tension. It
may be exerted by pushing one body against another, in which case it is called pressure or
reaction. We may have the force of friction, pressure exerted by a spring, by a body’s weight
which arises from the attraction of the earth, by any other attraction or repulsion whatever,
but still all are the same.

Forces may produce equilibrium, or they may produce motion, but still the force itself is the
same.

When, therefore, we use the term ”force,” we always mean such a force as a pressure or
tension.

Two forces are equal to one another when a point on which they act in opposite directions
continues at rest under their action.

Two equal forces acting on the same point in the same direction, constitute together a force
double of either of them.

From these two definitions we are able to represent a force numerically, by referring it to
some standard force as a unit.

116) [Wilson 1850], pp.19-20.
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gooo

17. We will now consider the effect of a force when acting on a material point.

Suppose the point at rest originally; when the force acts it will generate a velocity in the
particle, and if the force acts for a certain time and then ceases, we know from the first law
of motion that the particle will continue to move in a straight line with the velocity which it
had when the force ceased acting.

Now suppose a force exactly equal to this one to act for exactly the same time on another
particle originally at rest, exactly similar and equal to the other one; by the end of the time
this particle will have acquired the same velocity as the other, and will continue to move on
with this same velocity when the force ceases acting.

Or, in other words, when a given force acts on a given particle, originally at rest, for a given
time, there is always some definite velocity which it will generate in the time.

Now suppose that a force acts for a certain time on a particle and produces a certain velocity,
if it goes on acting for another equal time in the same direction, it will increase the velocity,
but we cannot, a priori, say by how much. Here then we are stopped again.

Also, suppose that together with our force another equal force acts on the body for the time
specified, in the same direction with it, thus amounting to a double force, we cannot say, a
priori, what proportion the velocity generated in any given time, by these two forces, will
bear to that which would have been generated in the same time by one only.

To meet these two difficulties we have another rule to guide us, called The Second Law of
Motion, which may be thus stated.

When any number of forces act upon a particle in motion, the effect of each force on the
velocity of the particle is the same in magnitude and direction as if it acted singly on the
particle at rest.

The best commentary on this law will be the manner in which it is applied. When a force
is designated by a letter (as P) that letter must be considered as representing numerically
the intensity of the force, estimated by reference to some standard unit. All forces whose
intensities are equal and which act in the same direction will be considered as the same force,
from whatever different causes they may arise. For instance, a body pulled by a string, and
another attracted by a magnet in the same direction and with the same intensity, would be
considered as acted on by the same force. Forces of different intensities, even though they
arise from the same cause (as from the attraction of the same body at different distances),

are considered different.

U7 [(Wilson 1850], p.28.

ooo

Let u, v, w be the components at time ¢ of the velocity of the particle in the direction of three
axes ; X, Y, Z the sums of the components in directions of the axes of all the forces which act
on the particle at time ¢.

X 4+6X,Y +6Y,Z + 6Z, the same quantities at time t + §t. 6X,dY,Z may depend on §t
explicitly, and also on the change of position and velocity of the particle, but in all cases they
will vanish with §t.

Now we are told by the second law of motion, that each of these forces will produce the same
effect on the velocity of the particle during the time §t as if the particle were at rest at the
commencement of ¢, and that force were the only one acting.

X
Hence the variable force X will produce in that time a velocity du which lies between Y

X +0X)ot
and % , and the other forces will produce effects in their own directions, namely,
Y Y Y
v between ﬁ and M,
M M
Zot Z +62)6t
and dw between —— and %

so that the components of the velocity at the time ¢+ dt will be u+ du, v + dv, w + dw, where
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du, 6v, dw are properly the increments of u, v, and w.

Hence, passing to the limit, we have

du dv dw

M— =X M— =Y, and M— = Z.
dt dt dt
If z,y, z are the coordinates of the particle at time ¢,
dx dy dz
u=—,v=— w=—,
dt dt dt
d? d? d?
and MEZ2 - x MY vy MEZE — 7
dit? dit? dt?

These equations must be considered as the fundamental equations of dynamics where the
motion of a particle only is considered.

118) [Wilson 1850], pp.28-29.

ooo

28. It may be objected to what has preceded, that we have used terms which have in
themselves a meaning in ordinary language, and that we have assigned to these terms a sense
differing from, or only partially agreeing with, their ordinary meaning, and that this sense
has been assigned arbitrarily.

To this we reply that we are perfectly at liberty to give any arbitrary definitions that we
please, provided only that we adhere to them throughout the subject.

The Science of Mechanics, however, is particularly unfortunate in this respect, that the
terms used in it have, in addition to the meaning given them by definition, a meaning in
common conversation. It arises from the fact, that in the early ages of the science erroneous,
very erroneous notions were entertained of the principles of the science, and the phraseology
adopted expressed those erroneous notions. When the true principles of the science were
gradually developed, it was found convenient to retain the old names expressing the same
analytical combinations and numerical quantities as before, though all idea of the name
expressing any principle was given up.

In popular language, however, the old notions still cling to the words.

” W ”

Such terms are “momentum,” “accelerating-force,” “vis viva,” &c.
‘We caution the student, once for all, to take the words in the sense assigned them by definition

and in no other.
119) [Goodwin 1851], p.3.

goo

P. What put it in motion then ?

T. The question for us is not, what originally put it in motion, but what force is acting upon
it now ; and inasmuch as no force is acting upon it during its actual course from A to B,
its motion between those points involves no considerations of the nature and action of force.
The science of the motion of bodies, which does not introduce any considerations of force, is

sometimes distinguished as the science of kinematics.
120) (Warr 1851].
121) [Warr 1851], p.3.
ooo

14.) The principle we have here deduced forms part of the first of the celebrated laws of
motion, as stated by Sir Isaac Newton in his Principia, which is, that all bodies will continue
in their state of rest or motion ; that is, if they be in motion they have no tendency or power
to stop, and if at rest no power to move; the latter assertion is easily acknowledged, as we
find that every body resists our efforts to move it, but the former cannot, as we have seen, be
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so plainly shown to the physical senses; indeed many of the old philosophers supposed that
rest was the natural state of matter, which it always sought when in motion, and accordingly

termed this passiveness of matter inertia, or idleness.
122) (Warr 1851], p.5.
ooo

25.) What we have stated in the preceding articles follow from the second law of motion. In
the first treatise the principle was referred to statically, that is, showing that two or more
pressures might be equilibrated by a pressure in the direction of the resultant of all the
pressures ; in the present case we suppose no equilibrium to be established, but use the same
means to find the resulting motion.

123) [Baker 1851].
124) [Baker 1851], pp.64-65.
125) [Baker 1851], p.65.

ooo

NEWTON’S LAWS OF MOTION.
129. First. A body in motion, and not acted upon by any external force, will move with a
uniform velocity in a straight line.
130. Second. When a force acts upon a body in motion, the change of motion in quantity
and distance, is the same as if the force acted upon the body at rest.
131. Third. When pressure produces motion in a body, the momentum generated in a given

short time is proportional to the pressure.
126) ibid., p.66.

oboo

133. PROP.— When the force accelerates uniformly, the velocity generated in a given time
is equal to the product of the force and time.

Let f be the accelerating force ; then f = velocity generated in one second of time; and,
since the force is uniform, f will also be the velocity to be added in the end of the next
second; hence 2f will be the whole velocity generated in two seconds. Similarly 3f will be
the velocity at the end of three seconds ; and generally ¢f will be the velocity at the end of
t seconds; therefore, putting v = velocity, there results

v = ft, hence t =

|

Thus, if f = force of gravity at the earth’s surface = 32% feet, and the time of motion be
three seconds, then

v = ft =32¢ x 3 =963 feet.
127) [Jackson 1852], OO.

gooo
ADVERTISEMENT.

THE following exposition of the elementary principles of rational mechanics, is intended to be
sufficiently brief and free from difficulties to be thoroughly mastered by students of ordinary
capacity, in the time usually allotted to the subject, and yet comprehensive enough to be
made the basis of a course of general physics and practical mechanics. It has no claims to
originality; the methods employed being generally those which have been long in use, and
which may be found in many of the best treatises on the same subject.
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128)[

Of the works consulted in the preparation of this volume, most assistance has been derived
from those of POISSON and BOUCHARLAT : occasional use has also been made of those
of EARNSHAW, POTTER, SAURI, and PUISSANT.

In the present emission, the subject of solids only is considered. The few sections on fluids,

necessary to complete the plan, will soon be published.

Jackson 1852], p.2.

goo
1. The law of inertia.
The motion of a body, when left to itself, is rectilinea and uniform.

129) [Jackson 1852], p.3.

ooo

II. The law of the coexistence or independence of motions.

The relative motions of a system of bodies are not affected by any motion which is common
to all the points of the system.

130) [Jackson 1852], p.4.

goo
III. The law of the equality of action and reaction.

To every action, there is always opposed an equal reaction.

131) [Jackson 1852], II-p.4.

ooo
We assume as the measure of a constant accelerating force, the velocity which it generates in

the unit of time.

132) [Jackson 1852], I1-p.43.

ogoad

4° If in proportion [d] we suppose m’ to become the unit of mass, and v’ the unit of velocity,
F’ will become the force which will communicate to the unit of mass a velocity equal to the
unit of velocity; and if we take it for the unit of force, we shall have

F=mv...... (e)

muv being the ratio of the force F' to the unit of force.

133) [Jackson 1852], II-p.44.

goo

6° . The preceding relations are evidently true, whatever the value of v : whether it be a
finite velocity, due to a force of the kind called impulsive ; or an infinitely small velocity, such
as we conceive a force acting at infinitely small intervals, like gravity, to communicate at the
commencement of each interval ; or, lastly, whether it be the finite velocity produced by the
latter kind of force (that is, an accelerating force) acting during a given time.

Reserving v to denote the velocity due to an impulsive force, and employing ¢ to denote the
velocity due to an accelerating force acting uniformly during the unit of time, we shall have,

for the two cases,

F=mv,......... (k)
F=mé.......... ()

If in these equations we make m = 1, we get
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F=uvF=¢

and F' becomes in each case the force which acts upon a material particle, or the unit of
mass. For the sake of brevity, ¢ is commonly called the accelerating force ; and me¢ the
general expression of F' in equation [k’], is called the moving force.

134) Bartlett 1853], pp.20-21.

ooo
FORCE.

§7.—Whatever tends to change the actual state of a body, in respect to rest or motion, is
called a force. If a body, for instance, be at rest, the influence which changes or tends to
change this state to that of motion, is called force. Again, if a body be already in motion,
any cause which urges it to move faster or slower, is called force.

Of the actual nature of forces we are ignorant; we know of their existence only by the effects
they produce, and with these we become acquainted solely through the medium of the senses.
Hence, while their operations are going on, they appear to us always in connection with some

body which, in some way or other, affects our senses.

135) [Bartlett 1853], p.43.

oboo

The mass remaining the same, the velocities generated in equal successive portions of time, by
a constant force, must be equal to each other. However a force may vary, it may be regarded
as constant during the indefinitely short interval dt ; in this time it will generate a velocity
dv, and were it to remain constant, it would generate in a unit of time, a velocity equal to dv
repeated as many times as dt is contained in this unit; that is, the velocity generated would

be equal to
1 d
dv.— = —U;
dt dt
and denoting the intensity of the force by P, and the mass by M, we shall have
d
P=M=. (12)
dt
Again, differentiating Equation (11), regarding ¢ as the independent variable, we get,
d2
dv = —s;
dt
and this, in Equation (12), gives
d?s
P=M—. 13
T (13)

From Equation (11), we conclude that in varied motion, the velocity at any instant is equal
to the first differential co-efficient of the space regarded as a function of the time.

From Equation (12), that the intensity of any motive force, or of the inertia it develops, at
any instant, is measured by the product of the mass into the first differential co-efficient of
the velocity regarded as a function of the time.

And from Equation (13), that the intensity of the motive force or of inertia, is measured by
the product of the mass into the second differential co-efficient of the space regarded as a

function of the time.

anonymous 1853], p.74.

gooo

(102.) There is a very important part of mechanics in which motion is considered geometri-
cally, as it were, without any reference whatever to force. This includes everything relating
to the various forms and movements of machines, the construction of the teeth of wheels,
of link work, clock work, &c. Professor Willis of Cambridge has written a valuable treatise
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138)[

139)[

140) [

142)[

on this part of mechanics, which he designates by the title, The Principles of Mechanism,
Another name has been proposed, derived from the Greek word signifying to mowve, namely,

Kinematics.
anonymous 1853], p.75.

goo
(106.) We shall divide the mechanical sciences into three, namely, Statics, Dynamics, and
Hydromechanics. In Dynamics we shall include Kinematics, or the Principles of Mechanism.

anonymous 1853], p.387.

ooo

FIRST LAW OF MOTION.

When a body is not acted upon by any force, if at rest, it remains at rest; and if in motion,
it continues to move uniformly in the same direction.

anonymous 1853], p.391.

goo
SECOND LAW OF MOTION.
When a body, moving in a certain direction, is acted on by a force oblique to that
direction, the deflection produced in any time is equal to the space which the body would

have described in that time, if it had been originally at rest.
anonymous 1853], p.395.

ooo
THIRD LAW OF MOTION. The velocity produced by a force acting on a given body, during a
given time, is proportional to the force.

141) [anonymous 1853], pp.406-407.

gooo
GENERAL REMARKS ON THE LAWS OF MOTION.

Action and Reaction.—The laws of motion above enunciated are not exactly those given by
Newton, to whom chiefly we owe all our knowledge on this subject. It is customary with many
writers to divide the laws of motion as above, and perhaps it is on the whole a better division.
Newton’s second law virtually includes the second and third laws as we have stated them, and
his third law is this:—Action, and Reaction are equal and opposite. That is, if one body A exerts
a force upon another body B, by contact, by tension or thrust, by attraction or repulsion, or
otherwise; then B exerts the very same force on A in the opposite direction; in other words,
the return pressure or reaction (see Part 1. page 32) of B on A is equal and opposite to the
original pressure, or action of A on B. This is a most important mechanical law, but it belongs
as much to Statics as Dynamics, and is not properly therefore to be regarded as a special law of
motion. As an example of this law, we may quote the case of the mutual attractions of the sun
and planets; thus the actual force of attraction which the sun exercises on the earth, is equal
to that which the earth exercises on the sun. This may appear strange, considering how much
smaller the earth is than the sun, but it is nevertheless the fact.

anonymous 1853], pp.411-412.

gooo

Accelerating Force.—It is usual, in Mechanical Treatises, to designate the velocity produced in
a second by the term “ Accelerating Force ;” but we consider this to be a very bad term for the
purpose, and it generally misleads the student as to the real nature of the quantity denoted.
We shall never use this term, but speak of f simply as the “velocity generated per second,” or
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143) [

144) [

146) [

“ rate of acceleration.”

Mass.—The term mass is used to denote the quantity of matter in a body, as indicated by its
weight. It is generally measured with reference to a peculiar unit in Mechanical Treatises, for
the purpose of making the above expression for f as simple as possible. The unit of mass is
considered to be a body weighing 32.2 lbs., or more correctly, glbs., g, as we have stated, being
(at Greenwich) 32.1908. The quantity of matter in a body weighin glbs. is therefore assumed
to be 1, in a body weighing 2¢g lbs. it is assumed to be 2, 3glbs., 3, and soon; and in general,
the mass of a body whose weight is Mglbs. is assumed to be M. If, then, W be the weight of

a body, and its mass, we have,

W = Mgy.
. P . .
Now, in the formula, f = Wg, put this value of W, and we obtain,

P
f - Ma
That is, the velocity per second is found by dividing the force by the mass, and the force is

and . P=fM.

found by multiplying the velocity per second by the mass.
Tate 1853], p.13.

00024. The truth of the three following laws of motion is based upon observation and
experiment:
FIRST LAW OF MOTION—A body in motion mil move continually in a straight line and with

a uniform velocity, if it is not acted on by any external force.
Tate 1853], p.14.

ooo

SECOND LAW OF MOTION.—If any number of forces act at the same instant upon a body
in motion, each force produces its full effect in the direction of its action, just as if it had acted
alone upon the body at rest.

145) Tate 1853], p.14.

ooo

Thus, if a ball be dropped from the top of the mast of a ship moving uniformly, the ball strikes
the deck at the bottom of the mast, and falls precisely in the same time as if the ship were at
rest.

Tate 1853], pp.14-15.

ooo

THIRD LAW OF MOTION. When a pressure acting on a body puts it in motion, the momen-
tum generated in a unit of time is proportional to the pressure.

This law is proved in Arts. 19. and 20.

147) (Galbraith 1854], p.48.

oood

3. Laws of Motion. — The laws of motion are simple statements of observed facts, from which
can be deduced, without any further appeal to experiment, the laws of the most complicated
motions. They are summed up by Sir Isaac Newton in three laws, with the first two of which
only we are here concerned. These two laws of motion are the following :—

LEX I.
“Corpus omne perseverare in statu suo quiescendi vel movendi uniformiter in directum, nisi
quatenus a virtbus impressis cogitur statum ilium mutare” —
Princip. Math. Jes. Edit. torn. i. p. 15.
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A body will continue in its state of rest, or state of uniform motion in a right line, unless

compelled to alter that state by force impressed upon it.
148) [Galbraith 1854], p.49.

ooad

LEX II.
“Mutationem motus proportionalem esse vi motrici impressee, et fieri secundum lineam rectam
qua vis ilia tmprimilur.”—Princip. Math. Jes. Edit.,tom. i. p. 15.
The change in the quantity of motion produced is proportional to the force applied, and takes
place in the direction of that force.

149) (Galbraith 1854], p.49.

ooo

This law of motion contains three distinct statements, which, for greater clearness, we shall give
separately; the first relates to direction, the second and third to magnitude.

FIRST STATEMENT.— The motion produced in a body by the application of a force takes
place in the direction of the force, and is independent of any previous motion existing in the
body.

150) [Galbraith 1854], p.52.

goo

SECOND STATEMENT.— The velocities produced in the same body by different statical forces
acting for one second, are proportional to those forces.

THIRD STATEMENT.—If the same statical force be applied to move different bodies, the
velocities produced in one second will be inversely proportional to the quantities of matter in
the bodies moved.

Both these statements may be expressed algebraically in a single formula, as follows:— Let F'
represent the Statical force in pounds, ounces, &c., and let f represent the Dynamical force, i.
e. the velocity of the body at the end of one second, expressed in feet per second; and let in
represent the Quantity of matter in the body moved.

The equation,

F =mf, (2)

expresses that the Dynamical force f is directly proportional to the Statical force F', and
inversely proportional to the Quantity of matter m; or that the Statical force applied to move
a body is directly proportional to the Quantity of motion produced in a given time.

151 [Smith 1855], p.132.

ooo

216. Matter at any given moment must be in one of the two states, motion or rest. The inertia
of matter is the entire absence of power in itself to change this state. It implies equally a
disability, when in motion, to change its rate or its direction. Hence

A body, when not acted on by any external forces, if at rest, will remain so, or, if in motion,
will continue to move in a straight line and with a uniform wvelocity.

This is called the first law of motion.

152) [Smith 1855], p.135.

goo
All motion or change of motion in a body is proportional to the force impressed and in the

direction of that force.

153) [Smith 1855], p.135.
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ooo

Action and reaction are equal and in opposite directions.

154) [Smith 1855], p.135.

gooo

225. In estimating the effects of incessant forces, we have considered only the acceleration or
velocity which each force will produce when acting on a free material point or a unit of mass.
When so measured, they are called accelerating forces. If the mass moved differs from that
which we have called the unit of mass, and it is taken into consideration in estimating the
effects of the forces, they are then called moving forces. Let ¢ be the acceleration, or velocity
generated in a unit of time, M the number of units of mass ; then ®, the moving force, will be
measured by the quantity of motion generated in the unit of time, or

® = GM. (VL)

P
Hence ¢ = M or the accelerating force, is equal to the moving force divided by the mass.

155) [Peirce 1855], pp.2-3.

ooo
I
MEASURE OF FORCE.

7. Experiments have shown that the exertion which is required to move any body, is proportional
to the product of the intensity of the effort into the space through which it is exerted. This
product is, then, the proper measure of the whole amount of force which is necessary to the
production of the motion ; long established custom has, however, limited the use of the word
force to designate the intencity of the effort, and the whole amount of exertion may be denoted
by the term power. Hence, if the power P is produced by the exertion of a constant force F,
acting through the space s, the expression of the force is

P
F=—
s
But if the force is variable in its action, the expression of its intensity at any point is

F= ar = DsP.

ds
8. It is found by observation that the force of a moving body is proportional to its velocity.
Thus, if m is the force of a body when it moves with the unit of velocity, its force, when it has
the velocity v, is mw.
9. Different bodies have different intensities of force when they move with the same velocity.
The mass of a body is its force, when it moves with the unit of velocity ; thus, m in the
preceding article, denotes the mass of the body.
10. The force communicated to a freely moving body, by a force which acts in the direction of
the motion, is found to be the product of the intensity of the acting force, multiplied by the
time of its action. Thus, if the mass m, acted upon by the constant force F, for the time ¢,
in the direction of its motion, has its velocity increased by v, the addition to the force of the
moving body is

muv = Ft.

In case the acting force is not constant, the rate at which the force of the body increases is
mD, = F.

156) [Cherriman 1858], p.72.

ooaod
21. In the foregoing chapter the geometrical conditions of the motion of a point have been
examined. It now remains to exhibit the connection of these results with the actual motions of
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material particles, and the relation between these motions and the forces acting on the particles,
and this investigation constitutes the science of Dynamics.

For this purpose it is necessary to appeal to experiment and observation, and it appears that all
the phenomena of the motions of material particles can be referred to three elementary principles
or laws, which are commonly known as “Newton’s Laws of Motion.” These laws, from their
nature, are incapable of being demonstrated by direct experiment, for it is impossible to make
experiments under the precise circumstances conditioned by the Laws, and which would not
involve other phenomena besides those which it is desired to test.

157) [Cherriman 1858], p.73.

ooad

23. FIRST LAW OF MOTION.

A material particle, when not acted on by any force, if at rest, will so remain ; and, if in
motion, will move in a straight line with uniform velocity.

158) [Cherriman 1858], p.74.

ooo
(1.) When a uniform force acts continuously upon a particle in the line of its motion, the
velocity is uniformly accelerated.

159) [Cherriman 1858], p.75.

goo
(2.) When several uniform forces are acting simultaneously in the line of motion, the resulting
acceleration is the algebraic sum of the accelerations which would be produced by each force

acting separately.
160) [Cherriman 1858], p.76.
ooo

The change of velocity produced by the force in a given time is in direction of the force and is
proportional to it in magnitude.

161) [Cherriman 1858], p.76.

ooo

The above, in other words, expresses that the dynamical effect of a force on a particle is wholly
independent of any motion which the particle may have, and is the same as if it were exerted
on the particle originally at rest.

162) [(Cherriman 1858], p.77.

goo

When forces act on the same particle under any circumstances, provided each force be uniform
and always preserve the same direction, the change of velocity in a given time due to each force
is in direction of that force, and is proportional to it in magnitude.

163) [Cherriman 1858], p.77.

goo

(5). It follows from the preceding that if f be the acceleration due to a force P acting on
a certain particle, then the particle the ratio P : f is invariable for this particle. This ratio
is found, however, to be different in different particles, and we thus discover a quality which
distinguishes one particle from another, of which this ratio will serve as a measure. The name
of mass is given to it, and one particle has the same mass as another when the same force
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produces in each the same acceleration. The unit of mass is arbitrary and it is not necessary
to fix it, but we shall take as the measure of mass the above ratio of the numbers expressing
a Force and the acceleration it produces on the particle. Thus, if m be the mass of a particle,

and P, f as above,
P
— =m.
f

It has been mentioned that the acceleration produced by gravity (g) is the same for all bodies

at the same place on the Earth’s surface. Hence, if W be the weight of a body, m its mass, we

have

— = m,and
9

W =mg.

Hence, for a given place, the weights of bodies may be taken to measure their masses.
Cherriman 1858], p.78.

ooo
(6.) Since P = mf, and f is proportional to the change of velocity in a given time (§5), it
follows that P is proportional to the product of the mass and the change of velocity in a given
time.
The product of the mass and the velocity (that is, of the numbers expressing these,) is called the
momentum of the particle, and the preceding results can now all be combined in one statement,
which constitutes :

THE SECOND LAW OF MOTION.
When uniform Forces act continuously for a given time on material particles, each produces in
its own direction a change of momentum proportional to itself in magnitude.

165) [Cherriman 1858], p.83.

ooo

32. THIRD LAW OF MOTION.

When one material particle acts on another, the second exerts on the first an action equal in
amount and opposite in direction to that which the first exerts on it.

The actions here spoken of may be of various kinds; such as the mutual pressures between
bodies in contact whether at rest or in motion ; or the action of one particle on another by
means of a stretched string or a rigid rod; or the action may be of the nature of attraction or
repulsion; or finally of an ¢mpulsive character, as in cases of collision.

The measures of these actions are either their statical measures or those furnished by the second
law of motion.

Sometimes the law is stated in the form :

The actions of bodies are mutual, equal, and opposite.

166) [Cherriman 1858], p.57.

goo

PREFACE.
The arrangement of this elementary work differs from that of most of the recent English writers
on the subject, and is in the main the same as that employed by Professor Sandeman in his
“Treatise on the motion of a Particle.” Adopting in full the principles and method of that
admirable treatise, I have attempted little more than to translate out of the language of the
Calculus into ordinary algebra the investigations there given of the simpler cases of particle-
motion.
For the reason stated in PART 1., I have not added any ezamples, and have endeavored to be
as concise as possible in any explanations or illustrations that have appeared necessary.
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167) [Twisden 1860], p.207.

ooo
The student is particularly recommended to make himself thoroughly master of this Chapter
before proceeding further.

168) [Twisden 1860], p.215.

ooo

110. The acceleration of the motion of a given body produced by a given pressure. — Let the
weight of the body be W Ibs; we have seen that if it falls freely it acquires in every second
an additional velocity g. In other words, if this body is acted on by a pressure of W Ibs., its
velocity is increased every second by g. Now suppose it to be acted on by a constant pressure
P; for instance, suppose it to be placed on a smooth horizontal plane and to be pushed by a
horizontal pressure of P Ibs., it appears from experiment that its velocity will be increased in
every second by a certain constant amount f, given by the proportion

W:P:ug:f,

that is to say, the accelerations, or the increments of velocity of the same body, in each second
are proportional to the pressures that produce them.

169) [Twisden 1860], p.225.

goo

117. Accelerating force. — If the velocity of a body is continually increased by equal amounts
in equal times, that velocity is said to be uniformly accelerated; and the cause which produces
this acceleration is said to be a uniformly accelerating force.

170) [Twisden 1860], pp.235-236.

goo

120. The first and second laws of motion. — The object of the first law of motion is to assert
that a body has no power of changing its own state of rest or motion, and that every such
change is due to the action of some external force ; up to the time of Galileo it was supposed
that certain kinds of motion — such as the rolling of a body along a road — have a natural
tendency to decay ; while certain other kinds — such as that of falling bodies — have a natural
tendency to increase ; when this opinion came to be examined, it was found that every case of
“decay” could be referred to the action of retarding forces, e.g. friction and resistance of the
air, and that the “decay” could be made indefinitely slower by diminishing these resistances; on
the other hand every case of increased velocity could be referred to the action of an accelerating
force such as gravity. The law is stated as follows : “A body not acted on by any external
force, if at rest, will continue at rest, and if in motion will continue to move uniformly on a

”

straight line.” The object of the second law of motion is to assert that the effect produced by
a force is irrespective of the previous motion of the body: it is enunciated thus : —“ When a
force acts on a body in motion, the velocity it would produce in the body moving from rest is

compounded with the previous velocity of the body.”

If the body is moving along the line of
action of the force, the term compounded must be understood to mean added (or subtracted);
if the body is moving transversely to the line of action of the force, the word compounded must
be understood as in Art. 119. The principle asserted in the second law of motion is illustrated
by many obvious facts, such as the following: — a person, on board a ship, can throw up a ball

and catch it with equal facility whether the ship is at rest or in a state of steady motion.

17D [Twisden 1860], p.242.
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goo

Def.—Moving force, or the moving quantity of a force, is the additional momentum which it
communicates in each second to a body.

The accelerating force (f), or the acceleration produced by a force, is the additional velocity it
communicates in each second; consequently if M is the mass of the body,

Moving force = M f.

124. The third law of motion.—We have already seen (Art. 110) that when a pressure P acts
upon a body which weighs W 1bs. at a place where the accelerating force of gravity is g ; then ,

%

P=_"Ff
g

i.e. P oc Mf.

This variation when verbally enunciated becomes what is commonly called the third law of
motion, viz. — when pressure produces motion it is proportional to the moving force.

172) [Morin 1860], pp.61-63.

gooo

61. Principle of the proportionality of forces to their velocities.—The observation of facts
shows, and it seems quite natural to admit, that forces are really proportional to the degrees of
velocity which they impress in equal infinitely small times, upon the same body, yielding freely
to their action and in the proper direction of this action. This is one of the fundamental axioms
admitted by all geometricians, and is proved in the exactitude of consequences deduced from it.
If, then, we call F and F’ two forces which, acting successively upon the same body, impress it
with or deprive it of infinitely small degrees of velocity, v and v’, in an element of time ¢, we
shall have from this principle the proportion

F:F o
To get the expression and measure of the force F, we may compare it with another force, whose
effect upon the body is known ; with gravity, for example, and as we know that the velocity

imparted to heavy bodies in an element of time is v/ = gt, and as we designate by P, the weight
of the body, or the force exerted by gravity, the above proportion will then become

F:P:wv:gt

F =

@ [T
~+ <

Before proceeding farther, we remark that the same principle applied to actions exerted by
gravity upon the same body in different places, where the weight of the body is respectively P
and P’ gives us the proportion

P:P ugt:g'tg:g,

!

whence it follows that the ratio — = —- is constant for all places upon the earth.
This constant ratio of the weight of a body to the velocity communicated to it by gravity, in
the first second of its action, is what we term its mass, and is designated by the letter M.
62. The measure of motive forces and of inertia.—We have, then, for the expression of the
force F capable of imparting to or taking from a body of the weight P or mass M an element of
velocity v, in an element of time ¢ .

oDV Y

gt t

We see, by this expression, that when the weight of a body is given, or its mass, we shall have
the value and measure of its force in pounds, when we know the ratio E. If, for example, this
ratio is constant, which is the case with motion uniformly accelerated or retarded, the force F
is constant.
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173) [Morin 1860], p.132.

174)[

goo
In fact, calling F, F’, F” the forces acting in the same direction upon a material point with a
mass M; v,v’,v”, the finite or elementary velocities imparted by them in the same time, we
have , 9
po My MU, MO
t t t

Morin 1860], pp.8-9.

gooo

5. Inertia of Matter.—All bodies maintain the state of rest, or of uniform motion in which
they are found, provided no foreign cause by its action constrains them to change that state.
(Newton’s first law of motion.)

(0oo

6. Definition of forces.—Force is the name given to any cause which produces or modifies,
or tends to produce or modify motion. Such are attraction, gravity, the action of animals, of
water, of air, of steam, the resistance of air, friction, &c.

175) [Morin 1860], p.13.

gooo

These reciprocal effects constitute one of the fundamental principles or axioms of Mechanics,
and we declare, in the words of their author Newton, “that action and reaction are always equal
and opposite,” that is to say, “the action of two bodies upon each other, are always equal and
in opposite directions.” (Third Law).

176) [Morin 1860], p.14.

goo

18. De [l’inertie.— Pour cela il est nécessaire d’énoncer ici une propriété fondamentale de la
matiere ou des corps en général. C’est qu'un corps ne peut, par lui-méme, changer son étal
de mouvement, et qu’il tend & persévérer dans le mouvement qu’il posséde , tant qu’une cause

étrangere n’agit pas pour ’en faire changer.

177) [Parkinson 1863], p.168.

ooo

FIRST LAW OF MOTION.

27. A particle if at rest will continue at rest, and if in motion will move in a straight line with
uniform velocity unless it is acted on by an extraneous force.

This law is sometimes referred to as the law of Inertia or the principle of Inertia. It expresses
the fact that a particle of matter has no power within itself of altering or influencing its own

state of rest or motion.

178) [Parkinson 1863], pp.168-169.

gooo

THE SECOND LAW OF MOTION.

29. When a particle is in motion under the action of any force, the acceleration of the particle
estimated in any assigned direction is wholly due to the force resolved in that direction,— and
is the same in intensity as if that resolved force alone acted on the particle at rest.

179) [Parkinson 1863], pp.171-172.

gooo
When a particle is in motion under the action of any force, the acceleration of the particle
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estimated in any assigned direction is wholly due to the force resolved in that direction,— and
is wholly due to the force resolved in that direction,— and is the same in intensity as if that
resolved force alone acted on the particle at rest.

180) [Parkinson 1863], p.176.

ooaod

THIRD LAW OF MOTION.

42. When a force or pressure acts on a particle, the moving force on the particle is proportional
to the force or pressure acting upon it.

That is, if P, P’ be two forces measured statically (viz. by the weights they would respectively
support) acting on two particles whose masses are m, m/, and if f, f’ be the consequent
accelerations of the two particles, then

P:P = mf:m'f,
or P ocmf.

Since our units of force, mass, and acceleration are arbitrary, we may for convenience make
P'=1,f =1,m" =1, and we shall then obtain P = mf. In other words, if we take our unit
of mass to be such that a unit of force acting upon it would produce in it a unit of acceleration,
then referred to these units the number expressing the force will be equal to the product of the
numbers which express the mass and acceleration.

181) [Todhunter 1874], v.

ooo
Some of these exapmple are original, and others have been selected from College and University
Examination papers.
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