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In this paper we investigate the conection problem for confluent generalized hypergeometric differential
equations ,F,[z], with a regular singular point at z = 0 and an irregular singular point at z = co. We give in
particular a complete description of the Stokes coeflicients around z = oo as well as the two-point connection
coefficients from 2z = oo to z = 0. Following the ideas of

G.D. Birkhoff: Singular points of ordinary linear differential equations,
Trans. Amer. Math. Soc. 10 (1909), 436-470.
and
M. Kohno: Global analysis in linear diffential equations, Kulwer academic publishers, 1999. ,
we use the Laplace and the Mellin transformations as main tools to analyze these connection problems.

This paper is organized as follows. In Section 1, we introduce the confluent (generalized) hypergeometric

differential equation

pEglz] + (. + B —1) - (04 B8y —1) =20, + ) (F. + ap)}f(z) =0,
and transform ,E,[z] by the change of variables z = (" (r = ¢ + 1 — p) into another differential equation
SE[C] ¢ [Oc{Dc + 7‘(51 D} {8 +7(8, = 1)} —77¢ (I + ral) (B¢ +rap)]eC) =0

which has a regular singular point at ¢ = 0 and an irregular singular point of Poincaré rank one at ¢ = oo.
We also describe the singular directions and the proper sectors around ¢ = oo for ,E¢[(]. By the theories of
H. Poincaré and M. Hukuhara discussed in
M. Hukuhara: Sur les singuliers des équations différentielles linéaires II,
J. Fac. Sci. Hokkaido Univ. 5 (1937), 123-166.
and
M. Hukuhara: Sur les singuliers des équations différentielles hnealres II1,
Mem. Fac. Sci. Kyushu Univ. 2 (1941), 125-137.
on each proper sector we can specify a fundamental system of holomorphic solutions which are asymptotically
expanded to the canonical fundamental system of formal solutions. From Section 1 through Section 6 we
consider the case where p > 1; the case p = 0 will be discussed separately in Section 7. In Section 2, we
apply the Mellin transformation to the connection problem for , F;[(] from ¢ = 0 to { = oo in each sector.
We construct the Mellin transform of each solution (1 ~#¢(¢) at ¢ = 0 of »ElC) as

an(s) = — ;Z;H\EEZ e/ () =T g,

and through the inverse transform such-that

T/ —1s
TS5 e
&0 = 21r\/—/ $)¢ sin(ns) Sntrs) &

we obtain its asymptotic expansion as ( — oo in the sector {Theorem 2.1). We additionally take the
meromorphic function

T(ey +3) ) 1 RN )
ao(s) —jl:[l () z1—1 B +5)

and through the inverse Mellin transform of ag(s) such that

7y/~1s
®o(() = “ \/—/ao(S)C H (sufj(ﬁTs))) ds

we obatin the asymptotic expansion as { — co in the sector for a linear combination of solutions at { = 0 of
»E4[C] (Therorem 2.2). From Section 3 on, we apply the Laplace transformation to the connection problem

HE
=
Bt
1

for , E;[(} from { = co to { = 0 and the study of Stokes coefficients for »Ey[(] around { = co. By the Laplace
transformation our differential equation ,E,[(] such that

00 = [
is transformed into a Fuchsian differential equation
&l [19 (@ = 1)+ {0 — (r = 1)} (Fa + 1 —r01) -+ (a + 1= 70t)
- (——f) (O + {8 +1+7(1~ ﬂl)} s P+ 1+l — ﬁq)}]w(m) =0.

It can be transformed further by the change of variables £ = (—z/r)" into a generalized hypergeometric
differential equation

i o2 ) )
—£<195+%> (195+%+1—ﬂ1>“'(ﬂe+%+1—ﬂq>]g(€)=0,

for which the connection problem has been studied by

N.E. Nerlund: Hypergeometric function , Acta Math. 94 (1955), 289-349. ,

K. Okubo, K. Takano and S. Yoshida: A connection problem for the generalized hypergeometric equation,

Funkeial. Ekvac. 31 (1988), 483-495.

and .

E. Winkler: Uber die hypergeometrische differentiagleichung n*** ordnung mit zwei endlichen singuléren

punkten, Iaugural-Dissertation, Miinchen, 1931. .

After constructing the holomorphic solutions of ,,E(’7 [¢] on each proper sector by the Laplace integrals, from
the connection formulas for the generalized hypergeometric differential equation we derive the two-point
connection coefficients in Section 5 (Theorem 5.1) and the Stokes coefficients in Section 6 (Theorem 6.1) for
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