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Abstract

This dissertation describes theoretical aspects of point interaction in quantum physics on
one-dimensional topological graph known as quantum graph. After the precise definition
of point interaction on quantum graph, we study the exact renormalization group flow and
path integral description of point interaction. As an application we attempt to construct
a worldline formalism of perturbative quantum field theory with a single extra compact
dimension. Using this formalism, we find the master formulae for scalar one-loop amplitudes
with arbitrary number of external gauge bosons in Abelian gauge theory with a single extra
dimension compactified on a circle.
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Chapter 1

Introduction

1.1 Why point interaction?

Point interaction, or interaction of zero range, may be the simplest yet ubiquitous inter-
actions in low-energy physics. We naively expect that any short ranged interaction, which
may be a defect or impurity or brane, could be approximated by a point interaction in the
long-wavelength limit. In order to get detailed information about what the short ranged in-
teraction is, we need to use a probe particle whose de Broglie wavelength is shorter than the
size of the range of interaction. In other words, the longer the probe particle’s wavelength
is, the less information we can get about microscopic details of the short ranged interaction.
This is the reason why point interaction appears in such diverse fields as nanoscience, con-
densed matter physics, as well as modern high energy physics when one limits to consider
some appropriate low-energy scale.

This dissertation describes theoretical aspects of point interactions in quantum theory
on graph (quantum graph) that is no longer differentiable manifold. The reason why we
consider quantum graph is that it is not only a more general setting than a system on
one-dimensional manifold such as line or interval or circle, but also provides great insight to
an ordinary one-dimensional system. Before going to discuss this point further, we would
like to give a brief overview of theoretical and experimental backgrounds relevant to the
physics of point interactions on graphs.

1.2 Theoretical and experimental background

There are two main motivations for studying quantum systems on graphs. The first is
a recent development of manufacturing mesoscopic networks (graphs) of one-dimensional
systems. It is known that the most simplest model for such a system is quantum graph [1,2].

The second for this work is to understand worldline formulation of perturbative quan-
tum field theory with a single extra dimension in the presence of defects or boundaries.
When extra space is one-dimensional, such defects or boundaries can be viewed as point
interactions along the direction of extra dimension.

Apparently, these two fields of quantum physics have nothing in common. However, they
actually have a single common point in respect that boundary condition plays a crucial role
in quantum dynamics. As we will see throughout of this dissertation, physics of point
interaction is nothing but physics of boundary condition. Now let us take a brief look
at quantum role of boundary condition/point interaction from nanoscale to high energy

1



2 1.2 Theoretical and experimental background

(d) Bola (e) Double loop (f) Triple loop

Figure 1.1: Top: Experimental realization of (a) bola, (b) double loop, and (c) triple loop
structures of Al superconducting wire. Bottom: Experimental measurement of critical
temperature Tc(Φ) for (d) the bola, (e) the double loop, and (f) the triple loop with the
subtraction of universal parabolic background. The N/S phase boundary exhibits the os-
cillatory behavior for the magnetic flux Φ penetrating through the samples. Taken from V.
V. Moshchalkov et al., arXiv:cond-mat/9804267[cond-mat.supr-con] [3].

physics as well as mathematical physics.

1.2.1 N/S phase boundary in mesoscopic systems

Recent development of nanotechnology such as an electron-beam lithography enables us to
fabricate mesoscopic networks of one-dimensional superconducting wires [3–5], where sam-
ple geometry plays an important role. Such a mesoscopic superconducting system has been
studied in different sample topology, e.g., loop, square loop, double square loop and micro-
ladders etc. [3–5] (see Figure 1.1 top), with sizes smaller than the temperature-dependent
correlation length ξ(T ) and the magnetic field penetration depth λ(T ). The experimentally
observed normal/superconducting (N/S) phase boundary exhibits oscillatory behavior in
the magnetic field-temperature (so called H-T ) phase diagram (see Figure 1.1 bottom),
which is different from the ordinary parabolic behavior of non-mesoscopic superconduc-
tors. Those oscillatory behaviors are in excellent agreement with calculations based on the
Ginzburg-Landau theory. Near the phase boundary, it is known that the quartic term of the
Ginzburg-Landau Lagrangian can be neglected such that the N/S phase boundary is well-
described by the following linearized differential equation (see for textbook description [6])

− ~2

2m

(
∇⃗ − i

e∗

~c
A⃗

)2

ψs = −α(T )ψs, (1.1)

with

−α(T ) =
~2

2mξ2(T )
and ξ(T ) =

ξ(0)√
1 − T/Tc

. (1.2)
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Eq.(1.1) is nothing but the Schrödinger equation for a particle of mass m and charge e∗ = 2e
in the presence of a magnetic field H⃗ = ∇⃗ × A⃗ by identifying −α(T ) as the energy eigen-
value E(H). The lowest energy eigenvalue Elowest(H) corresponds to the highest possible
temperature Tc(H) for the nucleation of the superconducting order parameter ψs (whose
modulus is proportional to the density of Cooper pair). Thus, the N/S phase boundary in
the H-T phase diagram can be found by using the following simple procedure [4]:

1. solve the Schrödinger equation (1.1) by identifying E(H) = −α(T );

2. take the lowest energy eigenvalue Elowest(H) and calculate the critical temperature
Tc(H) by the relation Elowest(H) = −α(Tc(H)).

To get the glimpse of the procedure, let us consider a mesoscopic superconducting ring
of radius R in the presence of a constant magnetic field H⃗ penetrating through the sample.
The Schrödinger equation is easily solved with the result1

En(Φ) =
~2

2m

(
n − Φ/Φ0

R

)2

, n ∈ Z, (1.3)

where Φ = (e∗/~c)πR2H is the magnetic flux and Φ0 = hc/e∗ is the flux quantum. The
relation −α(Tc(Φ)) = Elowest(Φ) enables us to find the H-T phase boundary from the
equation

1 − Tc(Φ)
Tc

=
(

ξ(0)
R

)2 (
n − Φ

Φ0

)2

. (1.4)

0

Φ
Φ0

1−
Tc(Φ)

Tc

n = 0 n = 1n = −1

superconducting

phase

Figure 1.2: N/S phase boundary
(blue curve) in mesoscopic super-
conducting ring with ξ(0)/R = 1.

Notice that for a given Φ, n must be chosen to min-
imize (n − Φ/Φ0)2. Consequently, the N/S phase
boundary in the H-T phase diagram exhibits oscil-
latory behavior with a period Φ0 (see Figure 1.2),
which is indeed observed in the Little-Parks exper-
iment [7]. As is well known (and as we will see
in chapter 4) the magnetic flux contribution Φ/Φ0

in the energy spectrum (1.3) can be introduced by
twisted boundary condition of wavefunction such
that it belongs to the notion of point interactions
on a circle (or, more general, quantum graph). Con-
sequently, we can say that the N/S phase boundary
is determined by only the spectrum of Laplace oper-
ator (or free Hamiltonian) defined on a sample with
appropriate boundary conditions.

In general, spectrum (especially low energy spec-
trum) of Laplace operator is very sensitive to the geometry and boundary conditions. Now
it it evident that by changing the actual sample topology, we can strongly modify the low-
est energy level Elowest(H) and thus the N/S phase boundary. Although there exist some
attempts [8, 9], a systematic description of N/S phase boundaries for mesoscopic samples
of different topology, made from the same material under the same conditions, has not yet
been fully understood. This is mainly due to the complexity and difficulty to analyze the
spectrum of arbitrary sample geometry. We believe that systematic study for the spectrum
of (compact) quantum graphs will gain insight into these problems.

1We here ignore the parabolic background E(H) ∝ (sample area) × H2 because it is a universal contri-
bution that always appears when a magnetic field penetrates through the sample.



4 1.2 Theoretical and experimental background

1.2.2 Exact trace formulae

Quantum graphs has also been attracted much attention to mathematical physicists due to
its exact solvability. One of the exact mathematical results relevant for our physical interests
(especially for path integral and its application to perturbative quantum field theory with
extra compact dimensions) is the exact trace formulae given by [10]. Generally speaking,
trace formulae are duality relations between quantum energy spectrum and classical length
spectrum (or periodic orbits), which can be schematically expressed as follows:∑

(classical length spectrum) =
∑

(quantum energy spectrum). (1.5)

By ‘classical length spectrum’ we mean the physically (or topologically) distinct closed
trajectories for a classical particle on a given background space. By ‘quantum energy
spectrum’, on the other hand, we mean the eigenvalues of the Laplace operator defined
on a given background space. One of the simplest examples of exact trace formulae is the
Poisson summation formula, usually referred to as the Poisson resummation formula for
particle theorists. The Poisson summation formula is an exact trace formula on a smooth
circle, or flat tori, and based on the Fourier analysis.

Now, in a view point of perturbative quantum field theory with extra compact dimen-
sions, Eq.(1.6) can be re-expressed as follows:∑ (

physically distinct closed loop
winding around extra dim.

)
=

∑
(Kaluza-Klein mode). (1.6)

If one considers a smooth circle of radius R as an extra dimension, then the left hand side
is given by the summation over the trajectories for a free particle (free because a circle is
smooth) distinguished by the winding number w ∈ Z, and the right hand side is given by
the summation over Kaluka-Klein mass n/R, n ∈ Z; that is,

1
2π

∑
w∈Z

eip·2πwR =
1

2πR

∑
n∈Z

δ(p − n/R), (1.7)

where p is a parameter variable. This is nothing but the Poisson summation formula. If
one considers as an extra dimension a circle in the presence of point-like defect such as
δ-function potential, however, the Poisson summation formula is no longer available: it is
limited to the case where the spectrum is distributed in equidistance.

As we will see in chapter 4, systematic study of quantum graph shows that it is possible
to derive the trace formulae exactly even if a system admits nontrivial point-like defects
such as δ-function potentials and we can no longer find the Kaluza-Klein mass spectrum
analytically.

1.2.3 Quantum field theory with extra dimensions

In the previous section we have seen that trace formulae can be re-expressed as (1.6), which
seems to be almost handmade for loop calculations in perturbative quantum field theory
with extra compact dimensions. In the following let us take a look at the long-distance IR
structure of extra dimensional models from the view point of winding number.

A fluctuation of quantum fields winding around the extra compact dimensions is the
long-distance contribution in nature so that it is irrelevant for the far UV behavior of the
theory. Thus, as far as we concern the nonzero winding sector, high-energy physics could be
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well separated from low-energy physics. This infrared structure of extra-dimensional field
theory has opened up a new vista for the gauge hierarchy problem in particle physics in
the context of gauge-Higgs unification [11], where the Standard Model Higgs fields are iden-
tified as the extra spatial components of higher-dimensional gauge field. A local operator
corresponding to the Higgs mass is forbidden by the higher-dimensional gauge symmetry.
However, it is radiatively generated via the nonlocal operator of Wilson line phase, which
is induced by quantum fluctuations of matter fields winding around the extra compact
dimensions and thus totally independent of the UV cutoff and predictable.

The standard approach to perturbative extra dimensional field theory consists of mo-
mentum space Feynman rules in terms of Kaluza-Klein modes provided by the dimensional
reduction. In this approach it is far from obvious whether virtual particles, or internal lines
of given Feynman diagrams, wind around the extra compact dimensions or not without
turning into position-space Feynman rules by using the trace formula. Since winding num-
ber naturally arises in the path integral description from the beginning as a sum over all
possible paths, it is more desirable to reformulate extra-dimensional field theory into the
path-integral oriented way, at least for practical computational level. This will be achieved
by translating extra-dimensional models into the worldline formalism. Worldline formalism
is a mapping of field theoretic problems onto quantum mechanical path integrals, identifying
the trajectory of a fluctuation in coordinate space with the path of a quantum mechanical
particle in the presence of a given background field. In four-dimensional perturbative field
theory it is known that the worldline formalism is powerful enough to compute the effective
action and amplitudes at least for one-loop order. In higher-dimensional field theory with
extra compact dimensions, however, it is very difficult to formulate perturbative field theory
into the worldline formalism when extra dimensions admit nontrivial defects or boundaries
in spite of the existence of exact trace formulae. This is a problem of single-particle quan-
tum mechanical path integral rather than field theoretical one. Although there exist some
attempts [12–14], until now it is not yet fully understood how to incorporate such a point
interaction into the worldline formalism.

1.3 Outline of the dissertation

This dissertation is organized as follows. In chapter 2 we give a precise definition of how
to treat point interactions in quantum theory on a graph. In chapter 3 we investigate the
renormalization group flow of point interaction, which can be derived exactly. In chapter 4
we derive the path integral description of point interaction on a rose graph. In chapter 5 we
study the worldline formalism of gauge theory with a single extra dimension conpactified
on a circle. We derive the one-loop master formulae for general N -point gauge theory am-
plitudes as Feynman parameter integral representations. Chapter 6 is devoted to summary
and outlook.





Chapter 2

Point interaction in quantum graph

In this chapter we give a precise definition of point interaction at the vertex of star graph
with N bonds as a set of boundary conditions provided by the self-adjoint extension of
the Laplace operator on the graph. The resultant boundary conditions are characterized
by an N × N unitary matrix. We also study symmetry classes of U(N) family of point
interactions.

2.1 Introduction

Quantum graph, also known as quantum wire or quantum network or quantum circuit, is
an idealized one-dimensional quantum mechanical system where the configuration space is
a graph, i.e. a set of finite and/or semi-infinite lines that are connected at some vertices
by certain relations. The simplest quantum graph is a star graph, which consists of several
half-lines joining at the single vertex (see Figure 2.1). Such a quantum system on a graph
provides a testing ground for theoretical laboratory of rapidly developing one-dimensional
mesoscopic systems, whose typical sizes are of nanometer order.

A natural question first comes into mind is how do we define a quantum mechanics
on such a graph which is no longer differentiable manifold (because at the vertex it is not
locally R). An important observation is that quantum graph can be viewed as a system
constructed by joining (or sewing) each quantum system defined on each finite/semi-infinite
line at a single vertex. Then the problem is reduced to a problem how should we sew each
quantum mechanical system consistently. This sewing quantum mechanics problem is solved
by requiring that the probability current density should be conserved even at the vertices.
This requirement is usually referred to as the Kirrchhoff’s law of probability current, just
as an analogue of that for electric circuits, and ends up with boundary conditions for
wavefunctions at the vertex. It is not an exaggeration to say that all the problems of
quantum graphs are just reduced to a single problem how to specify the boundary conditions
at the vertex.

Another important point to note is that quantum graph is essentially a topological
object; that is, we do not need to concern how a graph is embedded into our real world. A
graph may be planar as well as non-planar and be bent when it is realized as a subset of
our three-dimensional Euclidean space R3.

The rest of this chapter is organized as follows. In section 2.2 we define a quantum
system for a free particle on a star graph with N bonds by requiring the conservation of
probability current density at the vertex. It turns out that point interaction at the vertex

7



8 2.2 U(N) family of point interaction

0
x1

x2

xj

xN

Figure 2.1: Star graph with N bonds. Arrows represent the directions of each bond. The
vertex is located at x1 = x2 = · · · = xN = 0.

is characterized by an N × N unitary matrix U ∈ U(N). In section 2.3 we derive the
one-particle scattering matrix exactly. In section 2.4 we try to classify symmetry classes of
U(N) point interactions. After a brief review for the case of U(2), we give a classification of
symmetry classes of U(3) family of point interactions. Section 2.5 is devoted to conclusions
and discussions.

2.2 U(N) family of point interaction

Let us consider a free particle on a star graph which consists of N half-lines joining at the
single vertex; see Figure 2.1. Each half-line is assigned a number j (j = 1, 2, · · · , N) and
introduced a coordinate xj ∈ (0,∞). The junction point x1 = x2 = · · · = xN = 0 and the
jth half-line are usually referred to as the vertex and the jth bond, respectively.

Now let ψj(xj) be the square-integrable wavefunction on the jth bond. The Schrödinger
equation for a free particle on the star graph is given by

Hψj(xj) = Eψj(xj), j = 1, 2, · · · , N, (2.1)

where the Hamiltonian H is defined as

H = − d2

dx2
j

. (2.2)

(Here as in the following we will use the units where ~ = 2m = 1.) Notice that Eq.(2.2)
is only the formal definition of the Hamiltonian operator unless we specify its self-adjoint
domain or boundary conditions at the vertex. The self-adjointness of H indicates the
conservation of probability in the whole quantum system and leads to the Kirchhoff’s law
of probability current [1]:

N∑
j=1

jj(0) = 0, (2.3)

where the probability current density on the jth bond is defined by

jj(xj) := −i(ψ′∗
j (xj)ψj(xj) − ψ∗

j (xj)ψ′
j(xj)), ′ :=

d
dxj

. (2.4)
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For the following discussions it is convenient to introduce the N -component column vector
Ψ⃗ and its derivative Ψ⃗′ as

Ψ⃗(x1, x2, · · · , xN ) := (ψ1(x1), ψ2(x2), · · · , ψN (xN ))T , (2.5a)

Ψ⃗′(x1, x2, · · · , xN ) := (ψ′
1(x1), ψ′

2(x2), · · · , ψ′
N (xN ))T , (2.5b)

where T stands for the transposition of matrix. Then the requirement for the probability
conservation (2.3) can be written as Ψ⃗(0)† · Ψ⃗′(0) = Ψ⃗′(0)† · Ψ⃗(0), or, equivalently,∣∣Ψ⃗(0) − iL0Ψ⃗′(0)

∣∣2 =
∣∣Ψ⃗(0) + iL0Ψ⃗′(0)

∣∣2, (2.6)

where Ψ⃗(0) is the shorthand notation for Ψ⃗(0, 0, · · · , 0) and L0 is an arbitrary non-vanishing
real length scale, which is just introduced to adjust the length dimension of the equation
(2.6). Since our Hamiltonian is characterized by lack of any scale parameters, we immedi-
ately see that any dimensionful quantities, such as momentum or energy of a particle, must
be scaled by this arbitrary parameter L0. As we will see in section 3.2, L0 turns out to
play a role of a renormalization scale if we require any physical quantities such as scattering
amplitudes or bound state energies should not depend on the choice of L0. The dependence
of the theory on this scale parameter will be described by the renormalization group.

Eq.(2.6) shows that the squared length of the N -dimensional complex column vector
Ψ⃗(0) − iL0Ψ⃗′(0) is equal to that of Ψ⃗(0) + iL0Ψ⃗′(0), which implies that these two vectors
must be related by an N -dimensional unitary transformation. Thus we can write

Ψ⃗(0) − iL0Ψ⃗′(0) = U
[
Ψ⃗(0) + iL0Ψ⃗′(0)

]
, U ∈ U(N). (2.7)

For the following discussions it is more convenient to parameterize the matrix U into the
spectral decomposition form:

U =
N∑

j=1

eiαjPj , (2.8a)

Pj =
1
N

1lN + 2e⃗j · T⃗ , (2.8b)

where 0 ≤ αj < 2π (j = 1, 2, · · · , N) and e⃗j is an N2−1-dimensional real vector, which can
be constructed by N(N − 1) successive adjoint rotations of SU(N) weight vector w⃗j in the
fundamental representation. T⃗ = (T 1, T 2, · · · , TN2−1) is the hermitian traceless generator
of SU(N) and Pj is the hermitian projection operator fulfilling

∑N
j=1 Pj = 1lN , PiPj = δijPj

and P †
j = Pj , where 1lN is the N × N unit matrix and † indicates the hermitian conjugate.

As an example, for the case of N = 2 the projection operator Pj can be parameterized as
follows:

P1 =
1l2 + e⃗ · σ⃗

2
, (2.9a)

P2 =
1l2 − e⃗ · σ⃗

2
, (2.9b)

where e⃗ = (ex, ey, ez)T is a unit vector fulfilling e2
x + e2

y + e2
z = 1 and σ⃗ = (σ1, σ2, σ3)T is

the Pauli matrix.
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Plugging back into the equation, the boundary conditions (2.7) boil down to the following
N independent equations

Pj

[
Ψ⃗(0) + LjΨ⃗′(0)

]
= 0⃗, j = 1, 2, · · · , N, (2.10)

where

Lj := L0 cot(αj/2). (2.11)

Notice that when αj = 0 or π the scale parameters Lj drop out from (2.10):

PjΨ⃗′(0) = 0⃗, for αj = 0, (2.12a)

PjΨ⃗(0) = 0⃗, for αj = π. (2.12b)

In section 3.2, we will see that these scale-independent boundary conditions describe the
vertex at the fixed points of RG flow.

2.3 Exact S-matrix

Although particle production and annihilation process are absent in a system of one-particle
quantum mechanics on a star graph, the scattering matrix (S-matrix) in this system becomes
nontrivial due to the presence of a point interaction, which acts as a point scatter. In
this section we derive an exact one-particle S-matrix whose components are reflection and
transmission coefficients for a continuum state once scattered from the point scatter located
at the vertex. As we will see below, S-matrix completely determines the dynamics of the
system not only for scattering states but also for nontrivial bound states.

The general solution to the Schrödinger equation (2.1) for positive energy E > 0 is the
linear combination of the plain waves

ψj(xj ; k) = Ain
j (k)e−ikxj + Aout

j (k)eikxj , j = 1, · · · , N, (2.13)

where k =
√

E > 0. Notice that the coefficients Ain
j (k) and Aout

j (k) may depend on k. The
superscripts ‘in’ and ‘out’ mean the incoming/outgoing waves toward/against the vertex,
respectively (see Figure 2.2).

The boundary value vectors are

Ψ⃗(0) = A⃗in(k) + A⃗out(k), (2.14a)

Ψ⃗′(0) = ik
[
−A⃗in(k) + A⃗out(k)

]
, (2.14b)

where A⃗in(k) and A⃗out(k) are N -component column vectors defined as

A⃗in(k) :=
(
Ain

1 (k), Ain
2 (k), · · · , Ain

N (k)
)T

, (2.15a)

A⃗out(k) :=
(
Aout

1 (k), Aout
2 (k), · · · , Aout

N (k)
)T

. (2.15b)

Substituting these into the boundary conditions (2.10) we get

0⃗ = Pj

[
Ψ⃗(0) + LjΨ⃗′(0)

]
= (1 + ikLj)Pj

(
A⃗out(k) − ikLj − 1

ikLj + 1
A⃗in(k)

)
. (2.16)
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0
x1

x2

xj

xN

A
in
j

(k)e−ikx
j

A
out
j

(k)eikx
j

Figure 2.2: One-particle scattering from the vertex. Red arrow on the jth bond repre-
sents the incoming wave Ain

j (k)e−ikxj toward the vertex and blue one the outgoing wave
Aout

j (k)eikxj against the vertex.

Since the factor (1 + ikLj) cannot be zero for real k > 0, we have

Pj

(
A⃗out(k) − ikLj − 1

ikLj + 1
A⃗in(k)

)
= 0⃗, j = 1, 2, · · · , N. (2.17)

Since Eq.(2.17) with different j is orthogonal to each other, they can be combined into the
following form

0⃗ =
N∑

j=1

Pj

(
A⃗out(k) − ikLj − 1

ikLj + 1
A⃗in(k)

)
= A⃗out(k) −

N∑
j=1

ikLj − 1
ikLj + 1

PjA⃗
in(k), (2.18)

where the second equality follows from
∑N

j=1 Pj = 1lN . Thus,

A⃗out(k) = S(kL0)A⃗in(k), (2.19)

where S(kL0) is an N × N matrix defined as

S(kL0) :=
N∑

j=1

ikLj − 1
ikLj + 1

Pj = 1lN − 2
N∑

j=1

1
1 + ikLj

Pj . (2.20)

Eq.(2.19) shows that the matrix S(kL0) plays a role of an evolution map between the
“in-state” A⃗in(k) and the “out-state” A⃗out(k). The ij-component of the matrix S(kL0) is
nothing but the transition amplitude for a particle traveling from the jth bond to the ith
bond. Thus, the diagonal element Sjj should be interpreted as the reflection coefficient
Rj(kL0) for a particle of momentum k on the jth bond. Similarly, the off-diagonal element
Sij (j ̸= i) should be interpreted as the transmission coefficient Tij(kL0) for a particle
traveling from the jth bond and scattered to the ith bond. Hence we write

S(kL0) =


R1(kL0) T12(kL0) · · · T1,N (kL0)
T21(kL0) R2(kL0) · · · T2,N (kL0)

...
...

. . .
...

TN,1(kL0) TN,N−1(kL0) · · · RN (kL0)

 . (2.21)

In the literature [2] the matrix S(kL0) is refereed to as the (on-shell) vertex scattering
matrix. In this dissertation I will call S(kL0) the S-matrix.

Here let us summarize several important properties of the S-matrix:
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1. Unitarity.
From Eq.(2.20) it is obvious that the S-matrix S(kL0) is unitary, S†(kL0)S(kL0) =
S(kL0)S†(kL0) = 1lN , and has the modulus unity eigenvalues (ikLj−1)/(ikLj+1), j =
1, 2, · · · , N . Note that at kL0 = 1 the S-matrix satisfies the following normalization
condition

S(1) = U. (2.22)

2. Hermitian analyticity.
Since the eigenvalues (ikLj − 1)/(ikLj + 1) are meromorphic function of k, it can
be analytically continued to the entire complex k-plain. Then the S-matrix S(z) for
z = kL0 ∈ C satisfies the following relation

S†(z) = S(−z∗), (2.23)

from which we find

R∗
j (z) = Rj(−z∗), (2.24a)

T ∗
ij(z) = Tji(−z∗). (2.24b)

3. Bound states.
The negative energy or bound state solution is obtained by just replacing ik to κ(> 0)
in Eq.(2.13). The square integrability of the wavefunction on the star graph requires
Aout

j (−iκ) = 0 for all j and hence from Eq.(2.16) the nontrivial bound state solu-
tions can exist if and only if κ = 1/Lj with Lj > 0, in which case the bound state
wavefunction is given by

ψj(x) ∝ exp
(
−xj

Lj

)
, 0 < xj < ∞. (2.25)

The corresponding energy eigenvalue is

Ej = − 1
L2

j

. (2.26)

Without any loss of generality, we can assume that L0 > 0. With this assumption, the
number of bound states on the star graph is determined by the number of eigenphases
lying on the region 0 < αj < π. Now it is clear that in the star graph with N bonds
there exist at most N bound states.

Whether the bound states exist or not can also be explained from the scattering theory
point of view. It follows from the boundary conditions (2.16) that at k = i/Lj , which
is a simple pole in the S-matrix, the general solution (2.13) with A⃗out(i/Lj) = 0⃗
behaves as ψj(xj ; k = i/Lj) ∝ exp(−xj/Lj) with negative energy eigenvalue Ej =
(i/Lj)2 = −1/L2

j . When k is in the upper half k-plain (i.e. Lj > 0), the wavefunction
at the pole exhibits an exponentially damping behavior asymptotically and hence is
normalizable. This shows that if a simple pole in the S-matrix lie on the positive
imaginary k-axis, it corresponds to a bound state. When k is in the lower half k-plain
(i.e. Lj < 0), on the other hand, the wavefunction has an exponentially growing
behavior asymptotically and thus cannot be normalizable. Such a real- and finite-
energy yet non-normalizable solution is referred to as an antibound (or virtual) state.
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As the simplest example, possible distributions of bound and antibound state poles
for the case of N = 2 are depicted in Figure 2.3.

We here note that if there is no bound state pole the following relation holds:∫ ∞

−∞

dk

2π
eikxS(kL0) = δ(x)1lN , x > 0, (2.27)

which follows from Eq.(2.20).

4. Logarithmic derivative.
The logarithmic derivative of the S-matrix satisfies the following relation

1
i

d
dk

log S(kL0) =
S†(kL0) − S(kL0)

2ik

= −
N∑

j=1

2Lj

1 + (kLj)2
Pj

 , (2.28)

which will be important for the path integral representation of the Feynman kernel
on a rose graph; see chapter 4.

5. Power series expansion.
Although one-particle S-matrix can be derived exactly, it also admits perturbative
expansions. Noting that the elementary identities

1
1 + ikLj

=



∞∑
n=0

(−ikLj)n, for |kLj | < 1,

−
∞∑

n=1

(
i

kLj

)n

, for |kLj | > 1,

(2.29)

we can expand the S-matrix into the following infinite series

S(kL0) =


−1lN − 2

∞∑
n=1

N∑
j=1

(−ikLj)nPj , for |kLj | < 1,

1lN + 2
∞∑

n=1

N∑
j=1

(
i

kLj

)n

Pj , for |kLj | > 1.

(2.30)

In chapter 3 we will use these power series expansions for the renormalization group
analysis.

6. Duality.
Noting that the elementary identity [cot(αj/2)]−1 = tan(αj/2) = − cot((αj ± π)/2),
we see that the eigenvalue of the S-matrix has the following remarkable property

ikL0 cot(αj/2) − 1
ikL0 cot(αj/2) + 1

= − i(kL0)−1 cot((αj ± π)/2) − 1
i(kL0)−1 cot((αj ± π)/2) + 1

, (2.31)

from which we conclude that

S(kL0; αj , e
a
j ) = −S((kL0)−1; αj ± π, ea

j ), (2.32)

where ‘+’ sign for 0 ≤ αj < π and ‘−’ sign for π ≤ αj < 2π. This identity indicates
that the high-energy regime of the theory characterized by the parameters {αj , e

a
j}
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×

i

L2
(antibound state)

0 Re k

Im k

×

i

L1
(antibound state)

×

i

L2
(bound state)

(a) Case (0, π) < (α1, α2) < (π, 2π). (b) Case (π, 0) < (α1, α2) < (2π, π).

0 Re k

Im k

×

i

L1
(bound state)

×

i

L2
(bound state)

0 Re k

Im k

×

i

L1
(antibound state)

×

i

L2
(antibound state)

(c) Case (0, 0) < (α1, α2) < (π, π). (d) Case (π, π) < (α1, α2) < (2π, 2π).

Figure 2.3: Possible distributions of poles of S(kL0) in the complex k-plain for N = 2. A
simple pole lying on the positive (negative) imaginary axis corresponds to a bound (anti-
bound or virtual) state.

is equivalent, or dual, to the (opposite sign of) low-energy regime of the theory char-
acterized by the parameters {αj ± π, ea

j}. This duality of S-matrix has been studied
and emphasized by many authors. Notice that Eq.(2.32) implies that the transfor-
mation αj 7→ αj ± π interchanges the ultraviolet (UV) and infrared (IR) regions of
scattering states and further a normalizable bound state and a non-normalizable an-
tibound state. In section 3.4 we will briefly discuss this duality transformation from
the renormalization group point of view.

2.4 Symmetry classes of point interactions

As discussed in Introduction, physics of point interactions is essentially low-energy one. In
a philosophy of renormalization group theory, low-energy physics will be well captured by
relevant interactions and symmetries, the former requires an analysis of renormalization
group flow in a space of all possible point interactions allowed for a given system, which is
a main subject of chapter 3 and will be studied in great detail there. In this respect, it is
very important to classify the symmetry classes of U(N) family of point interaction in a
general footing.

Before embarking on the classification of symmetries for the system of star graph, it
is wise to remember first what we mean by a symmetry. To this end, we here trace the
argument given in [15] by rewriting it suitable for the following discussions.
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Given a system with point interaction at the vertex described by U , we call a unitary
or an antiunitary transformation V of the wavefunctions on each bond, ψj

V7→ ψ̃j = Vjψj ,
symmetry if it commutes with the differential operator H and further ψ̃j also satisfies the
same boundary conditions that ψj fulfills.

To be more precise, let us suppose that a transformation W of the wavefunction, ψj
W7→

ψ̃j = Wjψj , commutes with H and induces transformations on the boundary value vectors
as

Ψ⃗(0) W7→ ⃗̃Ψ(0) = W Ψ⃗(0), Ψ⃗′(0) W7→ ⃗̃Ψ′(0) = W ′Ψ⃗′(0), (2.33)

with some N × N matrices W and W ′. As we will see below, in most cases W = W ′ and
further W (= W ′) is either a unitary or an antiunitary matrix. So let us first consider the
unitary case W = W ′ ∈ U(N). In this case the boundary condition (2.7) changes, under
the transformations (2.33), as

(1lN − U)W Ψ⃗(0) − iL0(1lN + U)W Ψ⃗′(0) = 0⃗. (2.34)

Multiplying the inverse W−1 = W † by the left we have

(1lN − W †UW )Ψ⃗(0) − iL0(1lN + W †UW )Ψ⃗′(0) = 0⃗. (2.35)

Thus, we see that W induces a map

U
W7→ UW = W †UW. (2.36)

If UW = U , or, equivalently, [U,W ] = 0, such a transformation W becomes a symmetry1.
Notice that in such a case U and W are simultaneously diagonalizable so that they have
eigenvectors in common with each other and thus also projection operators. This fact
provides us an alternative way to construct the projection operator of U by PWj = w⃗j · w⃗†

j

with {w⃗j}N
j=1 being a set of orthonormal eigenvectors of W . We will use this method

in section 2.4.2. Note also that since det(λ1lN − UW) = det(λ1lN − U), any symmetry
transformation provided by a unitary matrix W cannot change eigenvalues of U . This
implies that such a symmetry W does not impose any restrictions on the parameter space
spanned by the eigenphases αj , j = 1, 2, · · · , N .

Let us next consider an antiunitary case, that appears when one considers a symmetry
transformation related to the time-reversal. Note that any antiunitary matrix W can be
written as W = XK where X is some unitary matrix and K complex conjugates everything
to its right. Note further that K satisfies K2 = 1.

Then, in an antiunitary case W = XK, the boundary condition (2.7) changes, under
(2.33), as

(1lN − U)XKΨ⃗(0) − iL0(1lN + U)XKΨ⃗′(0) = 0⃗. (2.37)

Successive multiplication of U−1 = U † and (XK)−1 = KX† by the left yields

−(1lN − KX†U †XK)Ψ⃗(0) + iL0(1lN + KX†U †XK)Ψ⃗′(0) = 0⃗, (2.38)

1 Since, by assumption, W commutes with H, the transformation U
W7→ UW does not change the spectrum

of the two systems, one characterized by U and the other by UW , even if U ̸= UW . In the literature [15]
such a spectrum-preserving transformation is referred to as the generalized symmetry.
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where we have used K(−i) = iK in the second term of the left hand side. Noting that
KX†U †XK = XT UT X∗KK = XT UT X∗, we see that W induces a map

U
W7→ UW = XT UT X∗. (2.39)

If UW = U , W becomes a symmetry of the system. It should be noted here that since,
just as in the unitary case, det(λ1lN − UW) = det(λ1lN − UT ), any symmetry transforma-
tion provided by an antiunitary matrix W = XK cannot change eigenvalues of U , which
implies that the parameter space of αj (j = 1, 2, · · · , N) is free from restrictions under any
symmetry characterized by a unitary as well as an antiunitary matrix.

The above argument is easily translated into the symmetry of an (on-shell) S-matrix.
Since the “in-state” and “out-state” vectors can be written as A⃗in/out(k) = 1

2 [Ψ⃗(0)± 1
ik Ψ⃗′(0)],

which follows from (2.14a) and (2.14b), the above introduced W induces transformations
on these vectors as

A⃗in/out(k) W7→ ⃗̃Ain/out(k) =

{
WA⃗in/out(k) for W unitary,

WA⃗out/in(k) for W antiunitary,
(2.40)

where we have used ± 1
ikK = K(∓ 1

ik ). Notice that for the case of W antiunitary, “in-state”
and “out-state” are interchanged, as they should in a respect of time-reversal. Then, the
defining equation of an S-matrix (2.19) changes as WA⃗out/in(k) = S(kL0)WA⃗in/out(k) for
W unitary/antiunitary. Hence the transformation W induces the following map:

S(kL0)
W7→ SW(kL0) =

{
W †S(kL0)W for W unitary,

XT ST (kL0)X∗ for W antiunitary.
(2.41)

If SW(kL0) = S(kL0) we can also say that such a W is a symmetry of an S-matrix.
Using this general discussion, in the subsequent sections we will try to reveal possible

symmetry classes of point interaction in star graphs. For the sake of simplicity, however, in
what follows we will restrict ourselves to U(2) and U(3) family of point interactions.

2.4.1 I-junction

0
x1x2

ψ1(x1)ψ2(x2)

Figure 2.4: I-junction of two half-
lines.

Let us first consider the symmetry classes of U(2)
family of point interactions in an I-junction of two
half lines, i.e. a single line; see Figure 2.4. We note
that symmetries and invariant subfamilies of point
interaction on a line have already been studied in
the literature [16, 17] and completely classified (see
Table 2.1). It should be emphasized that this section
is just a review and does not contain any new results: it is aimed to make this dissertation
self-contained.

2.4.1.1 Parity

Let us first consider the parity transformation P : x1,2 7→ x2,1, which acts on the vector
Ψ⃗(x1, x2) = (ψ1(x1), ψ2(x2))T as

P : Ψ⃗(x1, x2) 7→ (PΨ⃗)(x1, x2) := σ1Ψ⃗(x1, x2). (2.42)



Aspects of point interaction 17

Table 2.1: Subfamily for U(2) family of point interactions [15,18].

subfamily of point interactions constraints on U
constraints on parameter space

T 2: (α1, α2) S2: (ex, ey, ez)

reflectionless subfamily det(U ± 1l2) = 0
(0, π), (π, 0) (ex, ey, 0)

(smooth subfamily) & U = σ1U
T σ1

scale-independent subfamily
U = ±1l2 (0, 0), (π, π) –

det(U ± 1l2) = 0 (0, π), (π, 0) (ex, ey, ez)

transmissionless subfamily
U = σ3Uσ3 (α1, α2) (0, 0,±1)

(separated subfamily)

P-symmetric subfamily U = σ1Uσ1 (α1, α2) (±1, 0, 0)

T -symmetric subfamily U = UT (α1, α2) (ex, 0, ez)

PT -symmetric subfamily U = σ1U
T σ1 (α1, α2) (ex, ey, 0)

Thus, under P the boundary value vectors are changed as Ψ⃗(0) P7→ σ1Ψ⃗(0) and Ψ⃗′(0) P7→
σ1Ψ⃗′(0). Since σ1 is unitary as well as hermitian, according to the formula the parity
transformation P induces the following map:

U
P7→ UP = σ1Uσ1. (2.43)

Since σ1σjσ1 = σj only for the case j = 1, it is obvious that in our parameterization the
parity invariant subfamily (UP = U) is specified by the condition ey = ez = 0.

2.4.1.2 Time-reversal

Let us next consider the time-reversal transformation T , which is an antiunitary operation
and given by

T : Ψ⃗(x1, x2) 7→ (T Ψ⃗)(x1, x2) := KΨ⃗(x1, x2) = Ψ⃗∗(x1, x2). (2.44)

Then the boundary value vectors are changed as Ψ⃗(0) T7→ KΨ⃗(0) and Ψ⃗′(0) T7→ KΨ⃗′(0). It
follows from the formula that T induces the map

U
T7→ UT = UT . (2.45)

Since symmetric Pauli matrices are σ1 and σ3, the time-reversal invariant subfamily (UT =
U) is specified by the condition ey = 0.

2.4.1.3 PT symmetry

Let us next consider the PT transformation. PT symmetry plays an important role for
a system in the presence of an applied magnetic field, where the parity and time-reversal
invariance are broken yet the PT symmetry holds. It should be emphasized that the U(2)
family of point interaction is also responsible for a system with an external constant mag-
netic field: when one considers a quantum mechanical system on a circle of circumference L



18 2.4 Symmetry classes of point interactions

with a single point interaction at the origin, an Aharonov-Bohm phase, which appears when
an external magnetic field penetrates through the circle, can be represented as transmission
coefficients for a particle once winds around the circle. In terms of the boundary conditions,
it can be expressed as a twisted boundary conditions ψ(L) = eiθψ(0) and ψ′(L) = eiθψ′(0)
by choosing θ to be (proportional to) the applied magnetic flux.

Now let us move on to the analysis of PT transformation, which is defined by the
successive transformation of P and T :

PT : Ψ⃗(x1, x2) 7→ (PT Ψ⃗)(x1, x2) := (P(T Ψ⃗))(x1, x2) = σ1KΨ⃗(x1, x2). (2.46)

Under this antiunitary transformation, the boundary value vectors are changed as Ψ⃗(0) PT7→
σ1KΨ⃗(0) and Ψ⃗′(0) PT7→ σ1KΨ⃗′(0) so that the PT transformation induces the map

U
PT7→ UPT = σ1U

T σ1. (2.47)

Noting that the identity σ1σ
T
1,2σ1 = σ1,2, we see that the PT -symmetric subfamily (U =

UPT ) is specified by the condition ez = 0.

2.4.1.4 Weyl scaling

Let us next consider the Weyl scaling Wλ, which is a continuous transformation with a real
parameter λ > 0. This acts on the vector Ψ⃗ as

Wλ : Ψ⃗(x1, x2) 7→ (WλΨ⃗)(x1, x2) := λ−1/2Ψ⃗(λx1, λx2). (2.48)

Under this, the S-matrix is mapped as

S(kL0)
Wλ7→ S(λkL0). (2.49)

Thus the scale-independent subfamily is specified by the constraints (α1, α2) = (0, 0), (π, π),
(0, π), (π, 0). As we will see in chapter 3, these scale-invariant subfamily becomes the fixed
points of renormalization group flow.

2.4.1.5 Half-reflection (Z2-reflection)

Let us finally consider the half-reflction transformation R which acts on the vector Ψ⃗ as

R : Ψ⃗(x1, x2) 7→ (RΨ⃗)(x1, x2) := σ3Ψ⃗(x1, x2). (2.50)

Then the boundary value vectors are changed as Ψ⃗(0) R7→ σ3Ψ⃗(0) and Ψ⃗′(0) R7→ σ3Ψ⃗′(0) so
that R induces the map

U
R7→ UR = σ3Uσ3. (2.51)

Thus, the invariant subfamily under the half-reflection transformation is specified by the
conditions ex = ey = 0. It should be noted that in this subfamily the S-matrix becomes
diagonal, that is, the transmission coefficients identically vanish. This implies a particle
cannot penetrate through the origin so that the system is physically equivalent to that of
two decoupled half lines. In this sense the half-reflection invariant subfamily is dubbed as
the separated subfamily [18].
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2.4.1.6 Spectrum-preserving su(2)

We have seen that the parity and half-reflection transformations induce maps given by the
Pauli matrices σ1 and σ3. It is then quite natural to consider a map given by σ2, which is
induced by a transformation Q = −iRP:

Q : Ψ⃗(x1, x2) 7→ (QΨ⃗)(x1, x2) := −i(R(PΨ⃗))(x1, x2) = σ2Ψ⃗(x1, x2). (2.52)

Then the boundary value vectors are changed as Ψ⃗(0) Q7→ σ2Ψ⃗(0) and Ψ⃗′(0) Q7→ σ2Ψ⃗′(0) such
that Q induces a map

U
Q7→ UQ = σ2Uσ2. (2.53)

Concerning the fact that a set {σ1, σ2, σ3} spans the Lie algebra su(2) of the special unitary
group SU(2), the set of following three discrete transformations also spans the algebra su(2):

su(2) = span{P, Q, R}. (2.54)

Since these three discrete transformations obviously commute with the free Hamiltonian
H, a quantum system on I-junction of two half-lines with a point interaction at the vertex
characterized by U has the same spectrum to that characterized by UW with W being any
elements of the algebra (2.54). As discussed in [17], if a system is invariant under P and R,
that is, characterized by U satisfying (2.43) and (2.51) simultaneously, which is realized by
the matrix of the form U = eiα1l2 (0 ≤ α < 2π), the Lie algebra su(2) becomes symmetries
of the system and hence energy eigenstates are categorized by the irreducible representation
of su(2).

2.4.2 Y-junction

0

x1x2

x3

ψ1(x1)

ψ2(x2)

ψ3(x3)

Figure 2.5: Y-junction of three half-
lines.

Let us next consider the symmetry classes of U(3)
family of point interactions in a Y-junction of three
half-lines (see Figure 2.5). Although the Y-junction
of three quantum wires has been extensively dis-
cussed by many authors as the simplest but non-
trivial topological space which does not manifold,
its symmetry classes have not yet been uncovered.
This is mainly due to the highly nontrivial structure
of parameter space for the unitary group U(3). In
this section we would like to try to address this issue.
Notice that the maps of U ∈ U(3) induced by the
time-reversal and Weyl scaling transformations are
the same for those obtained in the previous section
because they do not depend on the geometrical structure of space. The nontrivial point is
that the generalization of parity. Noting that the parity transformation is nothing but the
permutation of two half-lines, it is quite reasonable to consider as the generalization of par-
ity in a system of Y-junction all possible permutations of three half-lines, which obviously
consist of the symmetric group of order three S3. It is well known that S3 is isomorphic
to the dihedral group of order three D3, which is the symmetry group of rotations of an
equilateral triangle with undirected sides and consists of the six elements: identity transfor-
mation, 2 rotations through angles 2π/3 and 4π/3, and 3 distinct transpositions of two of
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0

x1x2

x3

ψ1(x1)

ψ2(x2)

ψ3(x3)

C7→
0

x3x1

x2

ψ3(x3)

ψ1(x1)

ψ2(x2)

Figure 2.6: Counterclockwise rotation C through an angle 2π/3.

three vertices. Note that the first three elements form a subgroup, a cyclic group of order
three C3.

In the following sections we will study the action of the group D3 on a system of Y-
junction of three half-lines.

2.4.2.1 Cyclic group C3

Let us first study the action of cyclic group C3 (or Z3) on a system of Y-junction of three
half-lines. The cyclic group C3 can be generated by a single element C of a counterclockwise
rotation through an angle 2π/3 (see Figure 2.6), and it consists of three elements: C3 =
{C , C 2, C 3 = 1l}. The action of C on the vector Ψ⃗(x1, x2, x3) = (ψ1(x1), ψ2(x2), ψ3(x3))T

is as follows:

C : Ψ⃗(x1, x2, x3) 7→ (C Ψ⃗)(x1, x2, x3) := CΨ⃗(x1, x2, x3), (2.55)

where C is a 3 × 3 traceless unitary matrix given by

C =

0 0 1
1 0 0
0 1 0

 . (2.56)

It should be noted that C2 = C† = C−1 and C3 = 1l3. Under the rotation C , the boundary
value vectors are changed as Ψ⃗(0) C7→ CΨ⃗(0) and Ψ⃗′(0) C7→ CΨ⃗′(0) so that C induces the
map

U
C7→ UC = C†UC. (2.57)

Next consider the parameterization of U satisfying [U,C] = 0. To this end we first note
that the unitary matrix C has three distinct eigenvalues c1 = ω, c2 = ω2, c3 = ω3 = 1
with ω = ei2π/3 being the 3rd root of unity fulfilling ω2 + ω + 1 = 0 and ω∗ = ω2. The
corresponding orthonormal eigenvectors are, respectively,

c⃗1 = 1√
3
(1, ω2, ω)T , (2.58a)

c⃗2 = 1√
3
(1, ω, ω2)T , (2.58b)

c⃗3 = 1√
3
(1, 1, 1)T . (2.58c)
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Figure 2.7: Transposition B1 of x2- and x3-axis.

As noted in section 2.4, the projection operator of U can be constructed as PC j = c⃗j · c⃗†j
(j = 1, 2, 3). A straightforward calculation yields

PC 1 =
1
3

 1 ω ω2

ω2 1 ω
ω ω2 1

 =
1l3 + ωC + ω2C2

3
, (2.59a)

PC 2 =
1
3

 1 ω2 ω
ω 1 ω2

ω2 ω 1

 =
1l3 + ω2C + ωC2

3
, (2.59b)

PC 3 =
1
3

1 1 1
1 1 1
1 1 1

 =
1l3 + C + C2

3
. (2.59c)

Thus the C -invariant subfamily of U(3) family of point interactions is a three parameter
family described by the three eigenphases α1, α2 and α3.

2.4.2.2 Transposition

Let us next consider the transposition of two of three half-lines (see Figure 2.7). The
transposition of Y-junction consists of the three elements Bj (j = 1, 2, 3) and acts on the
vector Ψ⃗ as

Bj : Ψ⃗(x1, x2, x3)
Bj7→ (BjΨ⃗)(x1, x2, x3) := BjΨ⃗(x1, x2, x3), (2.60)

where Bj is a 3 × 3 symmetric unitary matrix given by

B1 =

1 0 0
0 0 1
0 1 0

 , B2 =

0 0 1
0 1 0
1 0 0

 , B3 =

0 1 0
1 0 0
0 0 1

 . (2.61)

It should be noted that B2 = B1C = C2B1 and B3 = B1C
2 = CB1 because the rotations

C (C 2) followed by the reflection B1 and the reflection B1 followed by the rotation C 2

(C ) both result in the reflection across the x2- and x3-axis, respectively. Note further
that a set of three matrices {B1, B2, B3} does not form any group under the multiplication
rule of matrices, however, a set of six unitary matrices {1l3, C, C2; B1, B2, B3} does form a
symmetric group of order three S3, or, equivalently, dihedral group of order three D3, as it
should.
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Under the transposition Bj , the boundary value vectors are changed as Ψ⃗(0)
Bj7→ BjΨ⃗(0)

and Ψ⃗′(0)
Bj7→ BjΨ⃗′(0) such that Bj induces the map

U
Bj7→ UBj

= BjUBj . (2.62)

Next consider the B1-invariant subfamily of point interactions characterized by the
condition [U,B1] = 0. The unitary matrix B1 has the eigenvalues b

(1)
1 = 1, b

(2)
1 = 1,

b
(3)
1 = −1 so that the corresponding eigenvectors enjoy the following parameterizations

b⃗
(1)
1 = (e−iφ cos θ, 1√

2
sin θ, 1√

2
sin θ)T , (2.63a)

b⃗
(2)
1 = (−e−iφ sin θ, 1√

2
cos θ, 1√

2
cos θ)T , (2.63b)

b⃗
(3)
1 = 1√

2
(0, 1,−1)T . (2.63c)

Using these orthonormal eigenvectors, the projection operators are easily constructed as
PB1j = b⃗

(j)
1 · [⃗b(j)

1 ]†, or, more explicitly,

PB11 =

 cos2 θ 1√
2
e−iφ sin θ cos θ 1√

2
e−iφ sin θ cos θ

1√
2
eiφ sin θ cos θ 1

2 sin2 θ 1
2 sin2 θ

1√
2
eiφ sin θ cos θ 1

2 sin2 θ 1
2 sin2 θ

 , (2.64a)

PB12 =

 sin2 θ − 1√
2
e−iφ sin θ cos θ − 1√

2
e−iφ sin θ cos θ

− 1√
2
eiφ sin θ cos θ 1

2 cos2 θ 1
2 cos2 θ

− 1√
2
eiφ sin θ cos θ 1

2 cos2 θ 1
2 cos2 θ

 , (2.64b)

PB13 =
1
2

0 0 0
0 1 −1
0 −1 1

 . (2.64c)

Since the eigenvalue equation B1⃗b
(j)
1 = b

(j)
1 b⃗

(j)
1 implies that B2(Cb⃗

(j)
1 ) = b

(j)
1 (Cb⃗

(j)
1 ) and

B3(C 2⃗b
(j)
1 ) = b

(j)
1 (C 2⃗b

(j)
1 ), the projection operators of U for B2- and B3-invariant subfamily

are given by PB2j = Cb⃗
(j)
1 · [⃗b(j)

1 ]†C† = CPB1jC
2 and PB3j = C 2⃗b

(j)
1 · [⃗b(j)

1 ]†C2† = C2PB1jC.
Consequently, the Bj-invariant subfamily is a five parameter family of point interactions
described by α1, α2, α3, θ and φ.

2.4.2.3 Z3-reflection

As a generalization of the half-reflection, let us finally consider a Z3-reflection Z which can
be defined as an action on the vector Ψ⃗ as

Z : Ψ⃗(x1, x2, x3) 7→ (Z Ψ⃗)(x1, x2, x3) := ZΨ⃗(x1, x2, x3), (2.65)

where Z is a 3 × 3 unitary matrix given by

Z =

1 0 0
0 ω 0
0 0 ω2

 . (2.66)
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Notice that a set {Z,Z2 = Z†, Z3 = 1l3} forms an Abelian group Z3 (or C3). Under
the transformation Z the boundary value vectors are changed as Ψ⃗(0) Z7→ ZΨ⃗(0) and
Ψ⃗′(0) Z7→ ZΨ⃗′(0) such that Z induces the map

U
Z7→ UZ = Z†UZ. (2.67)

If UZ = U , the transformation Z becomes a symmetry.
Next consider the parameterization of U for the Z -invariant subfamily. Since the eigen-

vectors of Z are simply given by z⃗1 = (0, 0, 1)T , z⃗2 = (0, 1, 0)T and z⃗2 = (1, 0, 0), the
projection operators of U are given by PZ j = z⃗j · z⃗†j :

PZ 1 =

0 0 0
0 0 0
0 0 1

 =
1l3 + ωZ + ω2Z2

3
, (2.68a)

PZ 2 =

0 0 0
0 1 0
0 0 0

 =
1l3 + ω2Z + ωZ2

3
, (2.68b)

PZ 3 =

1 0 0
0 0 0
0 0 0

 =
1l3 + Z + Z2

3
. (2.68c)

Thus, a unitary matrix fulfilling the condition UZ = U is diagonal, U = diag(eiα1 , eiα2 , eiα3).
An important physical implication of this is that, just as in the case of half-reflection, Z3-
reflection invariant subfamily of point interaction does not admit any particle transmissions
at the vertex. Thus, the resultant system of Y-junciton is physically equivalent to that of
three decoupled half-lines.

2.4.2.4 Spectrum-preserving su(3)

So far we have introduced several discrete transformations on a system of Y-junction of
three half-lines. It should be emphasized that a set of eight traceless unitary matrices plus
unit matrix

1l3 =

1 0 0
0 1 0
0 0 1

 , C =

0 0 1
1 0 0
0 1 0

 , C2 =

0 1 0
0 0 1
1 0 0

 , (2.69a)

Z =

1 0 0
0 ω 0
0 0 ω2

 , CZ =

0 0 ω2

1 0 0
0 ω 0

 , C2Z =

0 ω 0
0 0 ω2

1 0 0

 , (2.69b)

Z2 =

1 0 0
0 ω2 0
0 0 ω

 , CZ2 =

0 0 ω
1 0 0
0 ω2 0

 , C2Z2 =

0 ω2 0
0 0 ω
1 0 0

 , (2.69c)
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is known to form a basis for the Lie algebra u(3) of the unitary group U(3) (see for review [19]
and references therein)2. It is also known that its subset obtained by excluding the unit
matrix 1l3 spans the Lie algebra su(3) of the special unitary group SU(3), and is named
as the generalized Pauli matrices [19]. These generalized Pauli matrices differ from the
ordinary (hermitian but non-unitary) Gell-Mann matrices used for describing the SU(3)
uds flavor symmetry in the standard quark model. One of the advantages to concern the
generalized Pauli matrices is its unitarity and cyclic symmetry, which is now obvious.

A remarkable point concerning the fact that the set of eight distinct traceless unitary
matrices {C,C2; Z,Z2;CZ,C2Z; CZ2, C2Z2} provides a basis for su(3) is that correspond-
ing set of eight discrete transformations also spans the algebra su(3):

su(3) = span{C , C 2; Z , Z 2; C Z , C 2Z ; C Z 2,C 2Z 2}. (2.70)

Since these eight discrete transformations obviously commute with the free Hamiltonian
H, a quantum system of Y-junction characterized by U has the same spectrum to that
characterized by UW with W being any elements of the algebra (2.70), even if W is not a
symmetry of the system described by U . Furthermore, if a system is invariant under both
C and Z , which is realized by a unitary matrix of the form U = eiα1l3 (0 ≤ α < 2π), the
algebra su(3) becomes symmetries of the system. Hence, just as in the case of I-junction,
in this case energy eigenstates are categorized by the irreducible representation of su(3).

2.5 Conclusions and discussions

In this chapter we have defined a one-particle quantum mechanical system on a star graph
with N bonds consistent with the conservation of probability current density at the vertex.
The system is characterized by a unitary matrix U ∈ U(N). Its dynamics is governed by
the one-particle S-matrix which can be derived exactly. We also give a classification of
symmetries and invariant subfamily of U(3) family of point interactions in a system of Y-
junction of three half-lines. We find that the set of eight distinct discrete transformations
(2.70) generated by the counterclockwise rotation C and Z3-reflection Z spans the Lie
algebra su(3). Now it is easy to generalize this spectrum-preserving su(3) to su(N). To this
end, fist observe that the basis for the Lie algebra u(3) is given by {CaZb | a, b = 0, 1, 2},

2 One can easily check that the following linear combinations certainly yield the standard hermitian
traceless Gell-Mann matrices λj (j = 1, 2, · · · , 8):

λ1 = E21 + E12, λ2 = iE21 − iE12, λ4 = E31 + E13, λ5 = iE31 − iE13, (f2.1a)

λ6 = E32 + E23, λ7 = iE32 − iE23, λ3 =
(1 − ω2)Z + (1 − ω)Z2

3
, λ8 =

−ωZ + (1 + ω)Z2

√
3

, (f2.1b)

where

E21 :=
C + CZ + CZ2

3
=

0

@

0 0 0
1 0 0
0 0 0

1

A , E31 :=
C2 + C2Z + C2Z2

3
=

0

@

0 0 0
0 0 0
1 0 0

1

A , (f2.2a)

E13 :=
C + ωCZ + ω2CZ2

3
=

0

@

0 0 1
0 0 0
0 0 0

1

A , E23 :=
C2 + ωC2Z + ω2C2Z2

3
=

0

@

0 0 0
0 0 1
0 0 0

1

A , (f2.2b)

E32 :=
C + ω2CZ + ωCZ2

3
=

0

@

0 0 0
0 0 0
0 1 0

1

A , E12 :=
C2 + ω2C2Z + ωC2Z2

3
=

0

@

0 1 0
0 0 0
0 0 0

1

A . (f2.2c)
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which is generated by only two distinct unitary matrices C and Z. Thus, in order to study
the spectrum preserving su(N), it is natural to expect that it would be sufficient to consider
the counterclockwise rotation C through an angle 2π/N and ZN -reflection Z . As we will
see soon, this observation is indeed true.

In a star graph with N bonds the discrete transformations C and Z are defined by

C : Ψ⃗(x1, · · · , xN ) 7→ (C Ψ⃗)(x1, · · · , xN ) := CΨ⃗(x1, · · · , xN ), (2.71a)

Z : Ψ⃗(x1, · · · , xN ) 7→ (Z Ψ⃗)(x1, · · · , xN ) := ZΨ⃗(x1, · · · , xN ), (2.71b)

where C and Z are N × N traceless unitary matrices given by

C =



0 0 0 · · · 0 1
1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 0
0 0 0 · · · 1 0


, Z =



1 0 0 · · · 0 0
0 ω 0 · · · 0 0
0 0 ω2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · ωN−2 0
0 0 0 · · · 0 ωN−1


, (2.72)

with ω = ei2π/N being the Nth root of unity fulfilling ωN = 1, 1 + ω + · · · + ωN−1 = 0 and
ω∗ = ωN−1. It is known that a set of N2 unitary matrices {CaZb | a, b = 0, 1, · · · , N − 1}
forms a basis for the Lie algebra u(N) of the unitary group U(N) [19]. Then, the subset
{CaZb | a, b = 0, 1, · · · , N − 1} \ {C0Z0 = 1lN} spans the Lie algebra su(N) of the special
unitary group SU(N). As a direct consequence, the following set of N2−1 distinct discrete
transformations also spans the algebra su(N):

su(N) = span{C aZ b | a, b = 0, 1, · · · , N − 1} \ {C 0Z 0 = 1l}. (2.73)

Since these N2 − 1 discrete transformations commute with the free Hamiltonian H, they
are intrinsically spectrum-preserving. Now it is easy to see that the invariant subfamilies
under the transformations C and Z are, respectively, characterized by the N -parameter
families of unitary matrix U =

∑N
j=1 eiαjPj (0 ≤ αj < 2π), where Pj (j = 1, 2, · · · , N) is a

hermitian projection operator given by

Pj =


1lN + ωjC + ω2jC2 + · · · + ω(N−1)jCN−1

N
, for C -invariant subfamily,

1lN + ωjZ + ω2jZ2 + · · · + ω(N−1)jZN−1

N
, for Z -invariant subfamily.

(2.74)

If the system is invariant under both C and Z , then the algebra su(N) becomes the
symmetry of the system. Since C - and Z -invariance become compatible with each other
only when α1 = α2 = · · · = αN , such a system is characterized by the one-parameter
family of unitary matrix U = eiα1lN (0 ≤ α < 2π), which is nothing but the center of the
unitary group U(N). In such an su(N)-invariant system every energy eigenstates fall into
the irreducible representations of su(N).





Chapter 3

Exact RG flow of point interaction

In this chapter we study a renormalization group flow of U(N) family of point interactions
for a quantum particle on a star graph. We derive the renormalization group flow of point
interactions exactly and show that the scale-independent subfamily of point interactions
introduced in chapter 2 are realized as nontrivial fixed points.

3.1 Introduction

When a slow particle scatters off a short ranged scatterer it cannot resolve the structure of
the object since its de Broglie wavelength is very long: In order to get detailed information
about what the short ranged scatter is, we need to use a probe particle whose de Broglie
wavelength is shorter than the size of the scatter. In other words, the longer the probe
particle’s wavelength is, the less information we can get about the short ranged scatter.
The idea for describing low energy physics is that then it should not be important what
precise potential one scatters off, but only how the potential looks at long length scales.
The concept behind describing low energy properties in terms of a few (relevant) parameters
and symmetries is the idea of renormalization group theory.

Renormalization group approach to quantum mechanics with short ranged or singular
potential has a long history. It has been provided a powerful method for analyzing bound
state energies and/or scattering amplitudes. Most of the literature concern the δ-function
potential in two dimensions [20–28] described by the Hamiltonian

H = − ∂2

∂r⃗2
− 2gδ(2)(r⃗), r⃗ ∈ R2, (3.1)

and the inverse square potential in one dimension (as known as conformal mechanics [29])
described by the Hamiltonian [30–37]

H = − d2

dr2
+

α

r2
, r > 0, (3.2)

where g and α are both dimensionless coupling constants. These two Hamiltonians are
characterized by lack of any scale parameters. However, strongly singular behaviors of
these potentials at the origin require regularizations in order to make the energy eigenvalue
problems well-defined so that it is inevitable to introduce a new scale through this regular-
ization procedure, just as in the case of perturbative quantum field theories. By interpreting
this new scale as a renormalization scale, the original ill-defined problem can be put into

27
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a well-posed problem of regularization and renormalization, without use of any knowledge
of short-distance physics behind the singularity. This is the reason why renormalization
group theory is also powerful enough for analyzing one-particle (or one degree of freedom)
quantum mechanics with strongly singular potentials.

It should be noted that both regularization and self-adjoint extension are aimed to define
the spectrum of Hamiltonian to be real and lower-bounded, and introduce in common new
scales, the former is renormalization scale (or cutoff) and the latter is L0 that we are already
familiar with. Indeed, it has been shown that the self-adjoint extension of (3.2) is equivalent
to regularization and renormalization procedures [38].

The rest of this chapter is organized as follows. In section 3.2 we derive the exact β-
function and exact renormalization group flow of U(N) family of point interactions. We
find 2N fixed points in the parameter space spanned by the eigenphases of unitary matrix
U ∈ U(N). We also discuss the stability of given fixed point. Section 3.3 is devoted to
explicit examples of renormalization group flow of U(2) and U(3) family of point interac-
tions. In section 3.4 we briefly discuss the duality found in the previous chapter from the
renormalization group point of view. We conclude in section 3.5.

3.2 Exact RG flow of point interaction

In this section we study the renormalization group flow of point interactions, which can be
derived exactly thanks to the exactness of S-matrix. Before going to discuss the RG flow
it may be instructive to investigate the UV (k → ∞) and IR (k → 0) behaviors of the
S-matrix and give an observation to what the point interactions at the fixed points of RG
flow are.

For the sake of concreteness, let us consider the case of N = 2 described by U . When
α1,2 ̸= 0 or π (i.e. L1,2 ̸= ∞ or 0), the S-matrix S(kL0) flows into the unit matrix 1l2 in the
UV regime (k → ∞), while in the IR regime (k → 0) it flows into −1l2. Since S(kL0) = ±1l2
means U = ±1l2, we see that in this case the point interactions flow into the infinite walls
described by the Dirichlet and Neumann boundary conditions Ψ⃗(0) = 0⃗ and Ψ⃗′(0) = 0⃗ in the
IR and UV limits, respectively; see Eq.(2.7). Note further that the diagonal S-matrix means
the transmissionless point interactions, in this case particles cannot penetrate through the
origin both in the UV and IR limits. This is physically equivalent to the situation where
a single line splits into two disconnected half lines in the UV and IR limits. This is very
interesting because it suggests that the topology change of space(-time) may be realized as
the fixed points of RG flow.

The above situation will be changed when α1,2 = 0 or π. Let us first consider the case

where α1 = 0 and α2 ̸= 0. In this case the S-matrix flows as S(kL0)
k→∞→ 1l2 and S(kL0)

k→0→
P1 − P2 = e⃗ · σ⃗, which means that while in the IR regime particles can penetrate through
the origin, it is impossible in the UV regime. As a next example let us consider the case
where α1 = π and α2 ̸= π. In this case the S-matrix flows as S(kL0)

k→∞→ −P1 +P2 = −e⃗ · σ⃗
and S(kL0)

k→0→ −1l2. As contrast to the previous case, in this case particles can penetrate
through the origin in the UV regime but it is impossible in the IR regime. All of the different
behaviors of the S-matrix are summarized in Table 3.1. Different flows of the S-matrix in
the IR limit implies that there exist nontrivial fixed points in the U(2) parameter space
(theory space).

In what follows we will confirm that this observation is indeed true for generic N .
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Table 3.1: Flow of the S-matrix S(kL0) for N = 2. e⃗ = (ex, ey, ez)T is a unit vector fulfilling
e2
x + e2

y + e2
z = 1. The third row represents the scale-independent S-matrices.

α1 α2 IR limit (k → 0) UV limit (k → ∞)
α1 ̸= 0, π α2 ̸= 0, π S(kL0) → −1l2 S(kL0) → 1l2
α1 = 0 α2 ̸= 0, π S(kL0) → P1 − P2 = e⃗ · σ⃗ S(kL0) → 1l2
α1 ̸= 0, π α2 = 0 S(kL0) → −P1 + P2 = −e⃗ · σ⃗ S(kL0) → 1l2
α1 = π α2 ̸= 0, π S(kL0) → −1l2 S(kL0) → −P1 + P2 = −e⃗ · σ⃗
α1 ̸= 0, π α2 = π S(kL0) → −1l2 S(kL0) → P1 − P2 = e⃗ · σ⃗
α1 = 0 α2 = 0 S(kL0) = 1l2 S(kL0) = 1l2
α1 = π α2 = π S(kL0) = −1l2 S(kL0) = −1l2
α1 = 0 α2 = π S(kL0) = e⃗ · σ⃗ S(kL0) = e⃗ · σ⃗
α1 = π α2 = 0 S(kL0) = −e⃗ · σ⃗ S(kL0) = −e⃗ · σ⃗

3.2.1 Exact β-functions

As noted before, L0 is just an arbitrary reference scale so that the physical quantities, such
as an S-matrix element or a bound-state energy, must be independent of the choice of L0.
The lack of dependence of L0 can be expressed as an invariance of the theory under the
renormalization group transformation

Rt : L0 7→ L̄(t) := L0e−t, −∞ < t < ∞. (3.3)

Any change of L0 must be equivalent to changes in the U(N) parameters gi = {αj , e
a
j}.

This requirement is expressed as

S(kL0; gj) = S(kL̄(t); ḡj(t)), (3.4a)
Ej(αj , L0) = Ej(ᾱj(t), L̄(t)), (3.4b)

where ḡj(t) = {ᾱj(t), ēa
j (t)} are the running U(N) parameters, which will be determined by

the following two equivalent ways:

1. Before embarking on a standard renormalization group approach, it is wise to consider
first the S-matrix evaluated at momentum ket. Dimensional analysis and the invari-
ance of S-matrix under the RG transformation allow us to relate it to the S-matrix at
momentum k:

S((ket)L0; gj) = S(k(L0et); gj) = S(k((L0et)e−t); ḡj(t)) = S(kL0; ḡj(t)), (3.5)

where the first equality follows from the dimensional analysis: the S-matrix is a di-
mensionless quantity and hence its momentum dependence must be encoded with the
combination kL0. The second equality, on the other hand, follows from Eq.(3.4a).
Since momentum k appears only in the combination kLj = kL0 cot(αj/2), the rescal-
ing of k must be adjusted by the running of αj :

kLj
k 7→ket

7→ (ket)Lj = k(Ljet) = k
(
L0et cot

αj

2

)
= k

(
L0 cot

ᾱj(t)
2

)
, (3.6)

where the last equality follows from the requirement (3.4a). Thus, in order for the
invariance of the theory under the RG transformation we must have

cot
ᾱj(t)

2
= et cot

αj

2
, (3.7)
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from which we obtain

ᾱj(t) = 2 arctan
(
e−t tan

αj

2

)
=

1
i

log
(

1 + ie−t tan(αj/2)
1 − ie−t tan(αj/2)

)
. (3.8)

The running of ea
j , on the other hand, must be trivial:

ēa
j (t) = ea

j , (3.9)

which implies that ea
j is a truly marginal parameter against the RG.

The running of ᾱj(t) for several initial values αj is depicted in Figure 3.1.

2. Let us next rederive the above results (3.7) and (3.9) by using the renormalization
group techniques. Since S(kL0; gi) dose not have t in any way, from Eq.(3.4a) we
must have

∂

∂t
S(kL0; gi)

∣∣∣∣
gi,L0

= 0 =
∂

∂t
S(kL̄(t); ḡi(t))

∣∣∣∣
gi,L0

. (3.10)

The first equality is trivial, but the the second one leads to the following homogeneous
renormalization group equation(

−L̄
∂

∂L̄
+

∑
ḡi=ᾱi,ēi

βgi(ḡi(t))
∂

∂ḡi

)
S(kL̄(t); ḡi(t)) = 0, (3.11)

where the β-functions are defined by

βgi(ḡi(t)) :=
∂ḡi(t)

∂t

∣∣∣∣
gi,L0

with ḡi(0) = gi, (3.12)

which determines the running of U(N) parameters.

In order to extract the β-functions we can differentiate the S-matrix in terms of t
explicitly:

∂

∂t
S(kL̄(t); ḡi(t))

∣∣∣∣
gi,L0

=
∂

∂t

−1lN − 2
∞∑

n=1

N∑
j=1

(
−ikL̄j(t)

)n
P̄j(t)


gi,L0

= −2
∞∑

n=1

(−ik)n
N∑

j=1

(
n
(
L̄j(t)

)n−1 ∂L̄j(t)
∂t

∣∣∣∣
gi,L0

P̄j(t) +
(
L̄j(t)

)n ∂P̄j(t)
∂t

∣∣∣∣
gi,L0

)
,

(3.13)

where L̄j(t) := L̄(t) cot(ᾱj(t)/2). In the first line we have assumed |kLj | < 1 for any
j and used the power series expansion (2.30). In order to implement the requirement
(3.10), the coefficient of kn must vanish for all n:

N∑
j=1

(
n
(
L̄j(t)

)n−1 ∂L̄j(t)
∂t

∣∣∣∣
gi,L0

P̄j(t) +
(
L̄j(t)

)n ∂P̄j(t)
∂t

∣∣∣∣
gi,L0

)
= 0 for ∀n. (3.14)
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Since P̄j(t) are orthogonal to each other, we see that Eq.(3.14) will be accomplished
if and only if

0 =
∂L̄j(t)

∂t

∣∣∣∣
gi,L0

= −L̄j(t)

(
1 +

1
sin ᾱj(t)

∂ᾱj(t)
∂t

∣∣∣∣
gi,L0

)
, (3.15a)

0 =
∂P̄j(t)

∂t

∣∣∣∣
gi,L0

= 2
N2−1∑
a=1

∂ēa
j (t)
∂t

∣∣∣∣
gi,L0

T a. (3.15b)

Thus we arrive at the exact β-functions:

βαj (ᾱj(t)) = − sin ᾱj(t) with ᾱj(0) = αj , (3.16a)
βea

j
(ēa

j (t)) = 0 with ēa
j (0) = ea

j . (3.16b)

From Eq.(3.16a) we see that ᾱj(t) = 0 and π are a UV and an IR fixed point,
respectively; see Figure 3.2.

Let us next derive the running U(N) parameters by using the above exact β-functions.
To this end we integrate dt = dαj/βαj over the range (0, t). Noting ᾱj(0) = αj we
get ∫ t

0
dτ = −

∫ ᾱj(t)

αj

dα

sinα
. (3.17)

With the help of the integral formula
∫

dx
sin x = log | tan x

2 | we get

t = − log
∣∣∣∣tan(ᾱj(t)/2)

tan(αj/2)

∣∣∣∣ , (3.18)

from which we find |tan(ᾱj(t)/2)| = |tan(αj/2)| e−t, or, equivalently,

ᾱj(t) = 2 arctan
(
e−t tan

αj

2

)
. (3.19)

Since the β-function for ea
j identically vanishes, its running becomes trivial:

ēa
j (t) = ea

j . (3.20)

All of the above results are consistent with those obtained in the previous discussions.

3.2.2 Stability of fixed points

Let us next discuss the exact RG flow in the (α1, α2, · · · , αN )-space, which is an N -
dimensional torus TN , by looking at the fixed points at which βαj = 0 and analyze their
stabilities. To this end, let us first study the stability of a given fixed point. As is well
known, flow near a given fixed point follows from the linearized RG equations

∂

∂t


ᾱ1(t) − α∗

1

ᾱ2(t) − α∗
2

...
ᾱN (t) − α∗

N


∣∣∣∣∣∣∣∣∣
αj ,L0

= M


ᾱ1(t) − α∗

1

ᾱ2(t) − α∗
2

...
ᾱN (t) − α∗

N

 + O
(
ᾱj(t) − α∗

j

)2
, (3.21)
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t

ᾱj(t)

0

π

2π

αj = 0

αj = π

0 < αj < π

π < αj < 2π

Figure 3.1: Running eigenphases ᾱj(t) with
initial values αj = 0, π

4 , π
2 , 3π

4 , π, 5π
4 , 3π

2 , 7π
4 .

βαj

ᾱj

0
π

2πUV limit
(t → +∞)

IR limit

(t → −∞)

IR limit
(t → −∞)

UV limit
(t → +∞)

Figure 3.2: Exact β-function for ᾱj . ᾱj = 0
(π) is the UV(IR) fixed point.

where α∗
j = 0 or π, and M is the stability matrix given by

M =

∂βαi

∂ᾱj

∣∣∣∣∣
ᾱi=α∗

i


1≤i,j≤N

=


− cos α∗

1 0 . . . 0
0 − cos α∗

2 . . . 0
...

...
. . .

...
0 0 . . . − cos α∗

N

 . (3.22)

The eigenvectors of M with negative eigenvalues determine the relevant (IR unstable) direc-
tions at the given fixed point, and those with positive eigenvalues the irrelevant (IR stable)
directions. Since in our present case the stability matrix M is already diagonal, we can
easily check the stability of a given fixed point by looking at the explicit solution to the
linearized equation

ᾱ1(t)
ᾱ2(t)

...
ᾱN (t)

 =


α∗

1

α∗
2
...

α∗
N

 +


(α1 − α∗

1) exp(− cos α∗
1t)

(α2 − α∗
2) exp(− cos α∗

2t)
...

(αN − α∗
N ) exp(− cos α∗

N t)

 + O(αj − α∗
j )

2, (3.23)

where we have imposed ᾱj(0) = αj . Now it is easy to see the relevancy or irrelevancy of a
given fixed point (α∗

1, α
∗
2, · · · , α∗

N ):

• If α∗
j = 0, αj-direction is relevant : as lower the energy scale t → −∞, the running

eigenphase ᾱj(t) moves away from its fixed point value α∗
j exponentially.

• If α∗
j = π, αj-direction is irrelevant : as lower the energy scale t → −∞, the running

eigenphase ᾱj(t) moves towards its fixed point value α∗
j exponentially.

We may distinguish 2N fixed points by the number of relevant parameters:

1. N relevant parameters (UV stable fixed point).
There is a ultraviolet stable fixed point at (α∗

1, α
∗
2, · · · , α∗

N ) = (0, 0, · · · , 0). At this
point the unitary matrix becomes the identity matrix, U =

∑N
j=1 Pj = 1l. Thus,

by referring to the equation (2.7), we see that this fixed point corresponds to the
Neumann boundary conditions at the vertex:

ψ′
1(0) = ψ′

2(0) = · · · = ψ′
N (0) = 0. (3.24)
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2. Zero relevant parameter (IR stable fixed point).
There is an infrared stable fixed point at (α∗

1, α
∗
2, · · · , α∗

N ) = (π, π, · · · , π). At this
point the unitary matrix is U =

∑N
j=1(−1)Pj = −1l. Thus, from Eq.(2.7) we see that

this fixed point corresponds to the Dirichlet boundary conditions:

ψ1(0) = ψ2(0) = · · · = ψN (0) = 0. (3.25)

At this stage it should be noted that at the UV and IR fixed points the S-matrix
becomes diagonal, which means that the vertex flows into a transmissionless infinite
wall both in the UV and IR regimes. This is equivalent to the situation where the
star graph with N bonds splits into N independent half-lines because particles cannot
penetrate through the vertex at those fixed points. This is one of the simplest example
of topology change of space discussed in [39,40].

3. n relevant parameters with 0 < n < N .
There are

(
N
n

)
= N !

n!(N−n)! fixed points at which they have n relevant directions. To be
precise, let us consider a fixed point (α∗

1, · · · , α∗
n, α∗

n+1, · · · , α∗
N ) = (0, · · · , 0, π, · · · , π).

At this point the unitary matrix becomes U =
∑n

j=1 Pj −
∑N

j=n+1 Pj = 1lN −
2

∑N
j=n+1 Pj . This fixed point corresponds to the following N independent bound-

ary conditions

PjΨ⃗′(0) = 0, j = 1, · · · , n, (3.26a)

PjΨ⃗(0) = 0, j = n + 1, · · · , N. (3.26b)

3.3 Examples

As explicit examples, in the subsequent sections we will study the renormalization group
flow of U(2) and U(3) family of point interactions. We also study the boundary conditions
realized at the fixed points for the case of U(2).

3.3.1 I-junction

As an explicit example let us first consider the case N = 2, i.e. the I-junction of two quantum
wires at the origin, which is just the line R (see Figure 2.4). The vertex of I-junction is
known to admit the U(2) family of point interactions and there exist the following 22 = 4
distinct fixed points (see Figure 3.3):

(α∗
1, α

∗
2) =


(0, 0) : S = U = 1l2,
(π, 0) : S = U = −P1 + P2 = 1l2 − 2P1,

(0, π) : S = U = P1 − P2 = −1l2 + 2P1,

(π, π) : S = U = −1l2.

(3.27)

Conformal field theories on these fixed points are discussed by various authors; see, for
example, ref. [41,42]. The exact RG flow of I-junction is depicted in Figure 3.3. According
to the discussion given in section 2.3, there exist the following three distinct phases:

(i) zero bound state phase: (π, π) < (α1, α2) < (2π, 2π),
(ii) single bound state phase: (π, 0) < (α1, α2) < (2π, π),

(0, π) < (α1, α2) < (π, 2π),
(iii) two bound states phase: (0, 0) < (α1, α2) < (π, π),
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Fülöp-Tsutsui fixed point

Figure 3.3: Exact RG flow of (α1, α2). Arrows denote the directions toward infrared.

where we have assumed L0 > 0.
Let us next study the boundary conditions at the fixed points by parameterizing the

projection operators explicitly. There are various ways of parameterizing the projection
operators (2.9a) and (2.9b). In this chapter we will use the following convention

e⃗ = (sin θ cos φ, sin θ sinφ, cos θ)T , 0 ≤ θ < 2π, 0 ≤ φ ≤ π, (3.28)

so that the projection operator becomes

P1 =
1
2

(
1 + cos θ e−iφ sin θ
eiφ sin θ 1 − cos θ

)
=

(
cos2 θ

2 e−iφ sin θ
2 cos θ

2

eiφ sin θ
2 cos θ

2 sin2 θ
2

)
, (3.29a)

P2 =
1
2

(
1 − cos θ −e−iφ sin θ
−eiφ sinφ 1 + cos θ

)
=

(
sin2 θ

2 −e−iφ sin θ
2 cos θ

2

−eiφ sin θ
2 cos θ

2 cos2 θ
2

)
. (3.29b)

With this parameterization the boundary conditions at the fixed points (α∗
1, α

∗
2) = (π, 0)

and (0, π) are given by

(α∗
1, α

∗
2) = (π, 0) :


cos

θ

2
ψ1(0) + e−iφ sin

θ

2
ψ2(0) = 0,

sin
θ

2
ψ′

1(0) − e−iφ cos
θ

2
ψ′

2(0) = 0,

(3.30a)

(α∗
1, α

∗
2) = (0, π) :


cos

θ

2
ψ′

1(0) + e−iφ sin
θ

2
ψ′

2(0) = 0,

sin
θ

2
ψ1(0) − e−iφ cos

θ

2
ψ2(0) = 0.

(3.30b)

These are boundary conditions first discovered by Fülöp and Tsutsui [18]. Notice that
when θ = π Eq.(3.30a) boils down to the Neumann-Dirichlet boundary conditions ψ′

1(0) =
0 = ψ2(0), whereas when θ = 0 it becomes the Dirichlet-Neumann boundary conditions
ψ1(0) = 0 = ψ′

2(0) (ψ′
1(0) = 0 = ψ2(0)). The case θ = π/2 and φ = π corresponds to the

“free theory”, ψ1(0)− ψ2(0) = 0 and ψ′
1(0) + ψ′

2(0) = 0, and the case φ = π corresponds to
the system described by the δ′ potential V (x) = 21+tan(θ/2)

1−tan(θ/2)δ
′(x).
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Figure 3.4: Exact RG flow of (α1, α2, α3). Arrows denote the directions toward infrared.

3.3.2 Y-junction

As a next example let us consider the case N = 3, i.e. the Y-junction of three quantum
wires at the origin (see Figure 2.5). The Y-junction of three quantum wires has been vastly
studied in the literature [43–45] as the simplest topological space which is not manifold.
The vertex of Y-junction is known to admit the U(3) family of point interactions and there
exist the following 23 = 8 distinct fixed points:

(α∗
1, α

∗
2, α

∗
3) =



(0, 0, 0) : S = U = 1l3,
(π, 0, 0) : S = U = −P1 + P2 + P3 = 1l3 − 2P1,

(0, π, 0) : S = U = P1 − P2 + P3 = 1l3 − 2P2,

(0, 0, π) : S = U = P1 + P2 − P3 = 1l3 − 2P3,

(0, π, π) : S = U = P1 − P2 − P3 = −1l3 + 2P1,

(π, 0, π) : S = U = −P1 + P2 − P3 = −1l3 + 2P2,

(π, π, 0) : S = U = −P1 − P2 + P3 = −1l3 + 2P3,

(π, π, π) : S = U = −1l3.

(3.31)

The exact RG flow of Y-junction is depicted in Figure 3.4, which is consistent with those
obtained in [45]. According to the discussion given in section 2.3, there exist the following
four distinct phases:

(i) zero bound state phase: (π, π, π) < (α1, α2, α3) < (2π, 2π, 2π),
(ii) single bound state phase: (π, π, 0) < (α1, α2, α3) < (2π, 2π, 0),

(π, 0, π) < (α1, α2, α3) < (2π, π, 2π),
(0, π, π) < (α1, α2, α3) < (π, 2π, 2π),

(iii) two bound states phase: (π, 0, 0) < (α1, α2, α3) < (2π, π, π),
(0, π, 0) < (α1, α2, α3) < (π, 2π, π),
(0, 0, π) < (α1, α2, α3) < (π, π, 2π),

(iv) three bound states phase: (0, 0, 0) < (α1, α2, α3) < (π, π, π),

where we have assumed L0 > 0.



36 3.4 Duality

βαj

ᾱj
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Figure 3.5: β-function flip. UV and IR fixed points are interchanged.

3.4 Duality

In this section we briefly discuss the UV/IR duality transformation which interchanges the
UV and IR fixed points as depicted in Figure 3.5. As discussed in section 2.3, such a
transformation can be expressed as

D : ᾱj 7→

{
ᾱj + π, for 0 ≤ αj < π,

ᾱj − π, for π ≤ αj < 2π,
(3.32)

which acts on cot(ᾱj/2) as

cot
ᾱj

2
D7→ cot

(
ᾱj

2
± π

2

)
= − tan

ᾱj

2
, (3.33)

and on the S-matrix as

S(kL0; αj , e
a
j )

D7→ −S((kL0)−1; αj , e
a
j ). (3.34)

In summary, the duality consists of the following:

• High energy/low energy scattering duality.
Scattering process in high energy regime (|kLj | > 1) of the system characterized by
the parameters {αj , ej} is dual to low energy regime (|kLj | < 1) of that characterized
by {αj ± π, ej}.

• Bound state/antibound state duality.
Under the duality transformation a simple pole of S(kL0) lying on the imaginary k-
axis changes its sign, which means that it exchanges a normalizable bound state and
a non-normalizable antibound state.

3.5 Conclusions and discussions

In this chapter we have studied the renormalization group flow of U(N) family of point
interactions at the vertex of star graph. We have found that in a star graph with N
bonds there exist 2N distinct fixed points, where the scale-independent point interactions
are realized. We believe that this result strongly suggests that there exist 2N types of
universality classes of short ranged scatters in one spatial dimension: any short ranged
interaction must flow to one of these 2N fixed points in the long-wavelength limit.



Chapter 4

Path integral with point
interaction

In this chapter we study a particle propagation on an N -petal rose in the presence of a point
interaction at the vertex. We show that the one-particle Feynman kernel can be written
into the sum of reflected and transmitted trajectories which are weighted by the elements
of the nth power of a certain 2N × 2N unitary matrix composed of the S-matrix S(kL0)
evaluated on a star graph with 2N bonds and the so-called bond propagation matrix.

4.1 Introduction

Mathematically, the correct framework to treat the boundary conditions in quantum the-
ory is by means of the analysis of von Neumann’s self-adjoint extension of Hamiltonian
operator [46]. The analysis of self-adjoint extension of the Hamiltonian operator, as the
name suggests, is essentially based on the Hamiltonian operator approach. However, in the
Feynman’s path integral approach, we do not know a priori how to incorporate the bound-
ary conditions into the integration measure nor into the path integral weight. As discussed
in many textbooks (see for example [47, 48]), the naive path integral representation for a
system on a bounded domain leads to a wrong boundary behavior and hence requires mod-
ification. The most rigorous way to incorporate the boundary conditions into the Feynman
kernel is to evaluate it by the operator formalism. However, the kernel evaluated by the
operator formalism becomes the summation over the energy spectrum. In order to switch
to the path integral description, we have to perform resummation of the energy spectrum
to the paths of the space. In general, this resummation is accomplished by trace formulae.
Trace formulae provide a direct connection between quantum energy spectrum and classical
length spectrum (periodic orbits). However, this connection is in general an asymptotic re-
lation valid for large wave numbers, just as in the case of the Gutzwiller trace formula [49].
There are only few cases where the trace formulae become identities. Noteworthy among
these are the Poisson summation formula and the Selberg trace formula [50], the former
is the trace formula for the Laplace operator on flat tori and the latter on Riemannian
manifolds with constant negative curvature.

Although in the operator formalism point interactions have been extensively discussed
in the literature, the path-integral description of point interactions has not yet been fully
understood. The aim of this chapter is to fulfill a gap of the description for boundary
conditions between the operator formalism and the path integral formalism: we would like

37
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to propose a physically transparent prescription how to incorporate the boundary conditions
obtained in the operator formalism into the path integral description. To illustrate our idea
in a simple setting, in this introductory section let us first consider a quantum particle on
a circle of circumference ℓ in the presence of a δ′-interaction described by the Hamiltonian
H = −d2/dx2 + 2cδ′(x), where c ∈ R is the dimensionless coupling constant and prime (′)
indicates the derivative with respect to x. It is known that the δ′-interaction belongs to
the so-called scale-independent subfamily of point interactions [16] and is verified by the
boundary conditions ψ(ℓ) = [(1− c)/(1 + c)]ψ(0) and ψ′(ℓ) = [(1 + c)/(1− c)]ψ′(0) [51,52],
where ψ is the square integrable wave function on an interval (0, ℓ). Although the Feynman
kernel of this system has been analyzed in the literature [15,18], the physical interpretation
for the weight factors (see below) remains open. We would like to first address this issue.

As ubiquitous in the scale-independent point interactions, in this δ′-interaction case the
wave numbers are quantized in an integer step so that it is easy to rewrite the Feynman
kernel 〈x′|e−iHT |x〉 evaluated in the operator formalism into the path integral description
with the help of the Poisson summation formula. The resultant kernel takes the form

〈x′|e−iHT |x〉 =
1√

4πiT

∑
n∈Z

{
cos(nθ)ei T

4

“

nℓ+x′−x
T

”2

∓ sin(nθ)ei T
4

“

nℓ+(ℓ−x′)−x
T

”2
}

, (4.1)

where 0 ≤ θ := Arccos[(1 − c2)/(1 + c2)] < π and − (+) sign for c > 0 (c < 0). Arccos
is the principal value of the inverse cosine. Notice that the presence of a point interaction
breaks the global translational invariance. As a consequence the kernel (4.1) is the sum of
partial amplitudes for the translational invariant and variant classes of trajectories, which
are weighted by the factors cos(nθ) and sin(nθ) respectively.

Before going to discuss the physical meaning of the weight factors, we have to reveal
the particle propagations described by (4.1). To this end, it should first be noted that
c = 0 leads to θ = 0 so that Eq.(4.1) becomes the well-known form of the one-particle
Feynman kernel on a circle with periodic boundary conditions. As discussed in many
textbooks (see for example Ref. [47, 48]), in this c = 0 case the kernel (4.1) is the sum of
partial amplitudes for transitions via classical paths distinguished by the homotopy class
of S1, i.e., the winding number. For nonzero c, however, the classical trajectories of a
particle are not so trivial due to the presence of δ′-potential, which acts as a point scatterer.
When a particle reaches to the position of the point scatterer, there must be in general two
possibilities: reflection or transmission. Thus the paths for a particle interacting n-times
to the point interaction must consist of 2× 2n distinct paths, where the first factor 2 is due
to the initial particle’s momentum directions, i.e. clockwise or counterclockwise directions.
Notice that the clockwise direction corresponds to n > 0 in (4.1) and the counterclockwise
n < 0. As an example the classical world lines for n = 2 and −2 in (4.1) are depicted in
Figure 4.1. As we will see below, the half of these 2× 2n paths belongs to the translational
invariant class and the other half of them to the translational variant class.

Now it is time to discuss the physical meaning of the weight factors. It is intuitively
clear that reflected trajectory should be weighted with a reflection coefficient R2 (R1) for
every time when a particle is reflected by the point scatterer from left to left (right to
right), where R2 (R1) is the reflection coefficient for a particle propagating the 2nd half-line
x2 ∈ R+ (1st half-line x1 ∈ R+) in the system of I-junction of two half-lines (see Figure
2.4). Similarly, transmitted trajectory should be weighted with a transmission coefficient
T12 (T21) for every time when a particle is transmitted by the point scatterer from left to
right (right to left), where T12 (T21) is the transmission coefficient for a particle propagating
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(a) T12T12 (b) R1R2 (c) R2T21 (d) T21R2

(e) T21T21 (f) R2R1 (g) R1T21 (h) T12R1

Figure 4.1: Classical worldlines for a particle scattered twice by the point interaction. Time
is flowing along the vertical direction. Dashed lines represent the worldlines for the point
interaction.

from the 2nd half-line to the 1st half-line and vice versa. The physical meaning of the weight
factors is now obvious: these must be elements of the nth power of the matrix

(
R1 T12
T21 R2

)
,

which is given by Sσ1 with S being the (scale-independent) S-matrix for a system on a
I-junction of two half-lines introduced in chapter 2. In the case of δ′-interaction, it is easy
to compute the one-particle S-matrix with the result

Sσ1 =
(

T12 R1

R2 T21

)
=



(
cos θ sin θ

− sin θ cos θ

)
, for c > 0,(

cos θ − sin θ

sin θ cos θ

)
, for c < 0,

(4.2)

which is just the rotational matrix. The nth power of Sσ1 is thus given by just replacing
the argument θ in (4.2) to nθ. These matrix elements are nothing but the weight factors in
(4.1). In this sense the identity cos2(nθ) + sin2(nθ) = 1 is a consequence of the unitarity of
the S-matrix.

So far we have studied only the case of δ′-interaction, in Ref. [53] we have shown that
the above discussion is valid for any one-particle quantum mechanics on a circle even in the
presence of a U(2) family of point interaction and derived the most general formula for the
one-particle Feynman kernel.

The purpose of this chapter is to extend the analysis given in [53] to a system on a rose
graph as depicted in Figure 4.2. The reason why we consider a rose graph is due to its
topology change, which will be discussed in great detail at the end of this chapter.

Similarly to the star graph with N bonds, on a rose graph with N petals the bound-
ary conditions at the vertex consistent with the Kirchhoff’s law of the probability current
density,

∑N
j=1 jj(0j) =

∑N
j=1 jj(ℓj), takes the following form

Ψ⃗(0) − iL0Ψ⃗′(0) = U
[
Ψ⃗(0) + iL0Ψ⃗′(0)

]
, U ∈ U(2N), (4.3)



40 4.2 Quantum particle on a rose

x1

x2

x3

xN

Figure 4.2: N -petal rose. Each petal is numbered counterclockwise and introduced a coor-
dinate xj ∈ (0j , ℓj), j = 1, 2, · · · , N . The vertex is located at xj = 0j = ℓj , j = 1, 2, · · · , N .

where Ψ⃗ and its derivative Ψ⃗′ are 2N -component column vectors defined by

Ψ⃗(x1, · · · , xN ) := (ψ1(x1), ψ1(ℓ1 − x1), · · · , ψN (xN ), ψN (ℓN − xN ))T , (4.4a)

Ψ⃗′(x1, · · · , xN ) := (ψ′
1(x1),−ψ′

1(ℓ1 − x1), · · · , ψ′
N (xN ),−ψ′

N (ℓN − xN ))T , (4.4b)

and Ψ⃗(0) and Ψ⃗′(0) are shorthand notations for the boundary value vectors Ψ⃗(0, · · · , 0) and
Ψ⃗′(0, · · · , 0). Making use of these boundary value vectors and the spectral decomposition
of U ∈ U(2N) given in (2.8a) (with the replacement N → 2N), we immediately see that
the boundary condition (4.3) boils down to the following form

Pj

[
Ψ⃗(0) + LjΨ⃗′(0)

]
= 0⃗, j = 1, 2, · · · , 2N. (4.5)

The rest of this chapter is organized as follows. In section 4.2 we define one-particle
quantum mechanics on a rose graph with N petals. Section 4.2.1 is devoted to detailed
analysis of the spectral property for the free Hamiltonian (i.e. Laplace operator) on a
rose graph. We also study exact trace formulae which provide a direct connection between
quantum energy spectrum and classical length spectrum of rose graph with U(2N) family
of point interaction at the vertex. These can be regarded as generalizations of the Poisson
summation formula. In section 4.3 we derive the general formulae for the path integral
description of the Feynman kernel on a rose graph. In section 4.4 we present explicit
examples of the Feynman kernels for several subfamilies of U(2) and U(4) family of point
interactions. Section 4.5 is devoted to conclusions and discussions.

4.2 Quantum particle on a rose

In this section we analyze quantum dynamics of a free particle on a rose graph that consists
of N petals and a single vertex. Each petal is numbered counterclockwise and assigned a
coordinate xj ∈ (0j , ℓj), where ℓj is a length of the jth petal (see Figure 4.2). xj = 0j and
xj = ℓj (j = 1, 2 · · · , N) are assumed to be the same vertex point. The purpose of this
section is to illuminate the deep connection between scattering theory on the star graph
with 2N bonds and the spectral property of the N -petal rose.

To this end let us first solve the Schrödinger equation −(d2/dx2
j )ψj(xj) = Eψj(xj)

(j = 1, 2, · · · , N), where ψj is a square integrable function on the jth petal. The general
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solution to this equation for positive energy E > 0 is given by the linear combination of the
plain waves

ψj(xj ; k) = A+
j (k)eikxj + A−

j (k)eik(ℓj−xj), j = 1, 2, · · · , N, (4.6)

where k =
√

E > 0. Notice that the coefficients A+
j (k) and A−

j (k) may depend on k. The
phase factor eikℓj in the second term is introduced for later convenience. By substituting
(4.6) into (4.4a) and (4.4b) we find that the boundary value vectors take the forms

Ψ⃗(0) = A⃗(k) + Σ1eikLA⃗(k), (4.7a)

Ψ⃗′(0) = ik
[
A⃗(k) − Σ1eikLA⃗(k)

]
, (4.7b)

where A⃗(k) is a 2N -component coefficient column vector defined by

A⃗(k) :=
(
A+

1 (k), A−
1 (k), A+

2 (k), A−
2 (k), · · · , A+

N (k), A−
N (k)

)T
, (4.8)

and Σ1 and L are 2N × 2N matrices given by

Σ1 :=


σ1 0 · · · 0
0 σ1 · · · 0
...

...
. . .

...
0 0 · · · σ1

 , L :=


ℓ11l2 0 · · · 0
0 ℓ21l2 · · · 0
...

...
. . .

...
0 0 · · · ℓN1l2

 . (4.9)

In the literature [2], the diagonal unitary matrix eikL = diag(eikℓ11l2, eikℓ21l2, · · · , eikℓN 1l2) is
referred to as the bond propagation matrix. Substituting (4.7a) and (4.7b) into the boundary
condition (4.5) we get

Pj

(
1l2N − ikLj − 1

ikLj + 1
Σ1eikL

)
A⃗(k) = 0⃗, j = 1, 2, · · · , 2N. (4.10)

Since Eq.(4.10) for different j is orthogonal to each other, it can be combined into the
following compact form

U(k)A⃗(k) = A⃗(k) with U(k) := S(kL0)Σ1eikL, (4.11)

which follows from
∑2N

j=1 Pj = 1l2N . S(kL0) is the S-matrix for a free particle on a star
graph with 2N bonds given in Eq.(2.20). The eigenvalue equation (4.11) suggests that
the energy spectrum and energy eigenfunctions on a rose is completely determined by the
S-matrix S(kL0) and the bond propagation matrix eikL, the former determines the local
interaction at the vertex and the latter the global structure of the graph.

Before closing this section we here note that the unitary matrix U(k) satisfies the identity

U−1(k) = e−ikLΣ1U(−k)Σ1eikL, (4.12)

which follows from S†(kL0) = S(−kL0). As we will see in section 4.2.1 and 4.3 the identity
(4.12) plays an important role for the analysis of spectrum and path integral description of
the Feynman kernel.

In the subsequent sections, we will analyze the eigenvalue equation (4.11) in detail.



42 4.2 Quantum particle on a rose

4.2.1 Spectrum and exact trace formula

Let us first study the positive energy spectrum on a rose. The positive energy spectrum is
determined as the positive roots of the following secular equation

ζ(k) = 0, k > 0, (4.13)

where

ζ(k) := det[1l2N − U(k)]. (4.14)

Since the matrix U(k) is unitary, it can be written into the following spectral decomposition
form:

U(k) =
2N∑
a=1

eiϑa(k)Pa(k), (4.15)

where eiϑa(k) is the ath eigenvalue and Pa(k) is the corresponding hermitian projection
operator fulfilling

∑2N
a=1 Pa(k) = 1l2N , Pa(k)Pb(k) = δabPb(k) and P†

a(k) = Pa(k). Then,
the secular equation (4.13) reduces to the following quantization conditions

eiϑa(k) = 1, a = 1, 2, · · · , 2N. (4.16)

In the following we denote the positive roots of (4.16) as 0 < ka,1 < ka,2 < · · · < ka,m <
· · · . We here emphasize that Eq.(4.16) implies there exists a one-to-one correspondence
between the spectral multiplicity (degeneracy) for positive energy eigenvalues of the free
Hamiltonian on a rose and the eigenvalue multiplicity (degeneracy) of the unitary matrix
U(k): If two eigenvalues eiϑa(k) and eiϑb(k) are degenerate, then two sets of roots {ka,m}∞m=1

and {kb,m}∞m=1 are happened to be the same. It should also be emphasized that the following
relation holds

ζ(−k) = det[1l2N − U†(k)] =
2N∏
a=1

[
1 − e−iϑa(k)

]
, (4.17)

which follows from the identity (4.12). Note that Eq.(4.17) implies real roots of the equation
ζ(k) = 0 (k ∈ R \ {0}) are symmetrically distributed on the real k-axis, although eiϑa(−k)

does not coincide with e−iϑa(k) in general.

× × × × × × ×

Rek

Imk

0

iε

−iε

Cε

· · · −k2 −k1 k1 k2 · · ·

Figure 4.3: Integration con-
tour Cϵ and distribution of
non-negative spectrum.

Next investigate the trace formula for a rose graph with
general point interaction at the vertex, first given by Bolte
and Endres [10]. To this end we start with the following
contour integral

I =
∮

Cϵ

dk

2πi
h(k)

d
dk

log ζ(k), (4.18)

where h(k) is a smooth test function that satisfies h(−k) =
h(k) and appropriately converges at infinity. The integra-
tion contour Cϵ is depicted in Figure 4.3, where we have
rearranged the numbering of the positive roots of the sec-
ular equation (4.13) as {0 < k1 < k2 < · · · < km < · · · }.
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Note that with this notation km may be multiply degenerate with multiplicity gm when the
corresponding eigenvalue of U(k) is multiply degenerate with multiplicity gm.

Let us next evaluate the integral (4.18). When h(k − iϵ) = h(k + iϵ), i.e. the test
function does not exhibit any discontinuity across the real k-axis, the integral (4.18) can
then be written as follows:

I = lim
ϵ→0+

∫ ∞

−∞

dk

2πi
h(k)

{(
d
dk

log ζ

)
(k − iϵ) −

(
d
dk

log ζ

)
(k + iϵ)

}
. (4.19)

In order to compute this integral correctly, we have to carefully evaluate the discontinuity of
(d log ζ/dk) across the real k-axis. To this end, we first note that since U(k) is a meromorphic
function of k, it can be analytically continued to the entire complex k-plain such that ζ(k)
is also meromorphic on the entire complex k-plain. Thus in the neighborhood of the root
k = km, whose multiplicity is gm, we can expand ζ(k) into the following power series:

ζ(k) = (k − km)gm [c0 + c1(k − km) + c2(k − km)2 + · · · ], (4.20)

from which we obtain

d
dk

log ζ(k) =
ζ ′(k)
ζ(k)

=
gm

k − km
+ (regular). (4.21)

Hence in the neighborhood of k = km, we find the following discontinuity(
d
dk

log ζ

)
(k − iϵ) −

(
d
dk

log ζ

)
(k + iϵ) = i2πgmδ(k − km), (4.22)

which follows from the identity 1/(x± iϵ) = P/x∓ iπδ(x) with P standing for the principal
value. Thus, except for the zero-mode, the integral (4.19) over the whole real k-axis picks
up every positive energy eigenvalue correctly with twice of the spectral multiplicity (twice
because the real roots of ζ(k) = 0 is symmetrically distributed on the real k-axis):

I = g̃0h(0) + 2
∑
m>0

gmh(km), (4.23)

where we have used g−m = gm, k−m = −km and h(−km) = h(km). g̃0 is the multiplicity for
the vanishing root k = 0 of the secular equation (4.13) (known as the algebraic multiplicity)
and given by the number of eigenvalue +1 of the unitary matrix U(0) = S(0)Σ1. It should
be emphasized that g̃0 does not coincide in general with the true spectral multiplicity for
the zero energy eigenvalue solutions [10,54].

Next re-evaluate the integral (4.19) in another way in terms of the eigenvalue of U(k).
Since ζ(k) =

∏2N
a=1[1 − eiϑa(k)] we have(
d
dk

log ζ

)
(k − iϵ) −

(
d
dk

log ζ

)
(k + iϵ)

= −i

2N∑
a=1

(
dϑa

dk

eiϑa

1 − eiϑa

)
(k − iϵ) + i

2N∑
a=1

(
dϑa

dk

eiϑa

1 − eiϑa

)
(k + iϵ). (4.24)

Again we have to carefully evaluate the discontinuity of (4.24) across the real k-axis. To
this end we first note that eiϑa/(1 − eiϑa) = −1/(1 − e−iϑa) and further∣∣exp

[
iϑa(k ± iϵ)

]∣∣ =
∣∣∣∣exp

[
iϑa(k) ∓ ϵ

dϑa

dk
(k)

]
+ O(ϵ2)

∣∣∣∣ < 1, (4.25a)
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for k + iϵ with (dϑa/dk)(k) > 0 or k − iϵ with (dϑa/dk)(k) < 0, and

∣∣exp
[
−iϑa(k ± iϵ)

]∣∣ =
∣∣∣∣exp

[
−iϑa(k) ± ϵ

dϑa

dk
(k)

]
+ O(ϵ2)

∣∣∣∣ < 1, (4.25b)

for k − iϵ with (dϑa/dk)(k) > 0 or k + iϵ with (dϑa/dk)(k) < 0. By taking these facts into
account we can express the discontinuity (4.24) in terms of power series of the eigenvalue
eiϑa . For example, for the case of (dϑa/dk)(k) > 0, we have

(4.24) = i

2N∑
a=1

(
dϑa

dk

1
1 − e−iϑa

)
(k − iϵ) − i

2N∑
a=1

(
dϑa

dk

eiϑa

1 − eiϑa

)
(k + iϵ)

= i

2N∑
a=1

(
dϑa

dk

∞∑
n=0

e−inϑa

)
(k − iϵ) + i

2N∑
a=1

(
dϑa

dk

∞∑
n=1

einϑa

)
(k + iϵ)

= i
2N∑
a=1

dϑa

dk
(k)

∑
n∈Z

einϑa . (4.26a)

Similar analysis shows that for the case of (dϑa/dk)(k) < 0 the discontinuity (4.24) across
the real k-axis can be expressed as follows:

(4.24) = i

2N∑
a=1

[
−dϑa

dk
(k)

] ∑
n∈Z

einϑa(k), (4.26b)

from which we conclude that irrespective of the sign of the derivative dϑa/dk, the integral
(4.19) can be written as follows:

I =
2N∑
a=1

∑
n∈Z

∫ ∞

−∞

dk

2π

∣∣∣∣dϑa

dk
(k)

∣∣∣∣ h(k)einϑa(k). (4.27)

Combining the results (4.23) and (4.27) we finally obtain the following summation formulae

∑
m>0

gmh(km) = − g̃0

2
h(0) +

1
2

2N∑
a=1

∑
n∈Z

∫ ∞

−∞

dk

2π

∣∣∣∣dϑa

dk
(k)

∣∣∣∣ h(k)einϑa(k), (4.28)

which is the exact trace formulae on a rose graph with U(N) family of point interaction at
the vertex.

Before closing this section let us take another (yet equivalent) look to the trace formulae
by focusing on the periodicity of the eigenphases and give a shortcut derivation of the result
(4.28). To this end let us consider a delta function

∑
q∈Z δ(ϑa(k)− 2πq). This is a periodic

function of ϑa(k) with period 2π so that it can be expanded into the Fourier series∑
q∈Z

δ(ϑa(k) − 2πq) =
1
2π

∑
n∈Z

einϑa(k), (4.29)

from which we find ∣∣∣∣dϑa

dk
(k)

∣∣∣∣−1 ∑
m∈Z

δ(k − ka,m) =
1
2π

∑
n∈Z

einϑa(k), (4.30)
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where ka,m for m < 0 is a negative root of the condition (4.16). Multiplying |(dϑa/dk)(k)|
and an appropriate test even function h(k) on the both hand sides and then integrating
over the range −∞ < k < ∞, we get the following summation formula∑

m∈Z
h(ka,m) =

∑
n∈Z

∫ ∞

−∞

dk

2π

∣∣∣∣dϑa

dk
(k)

∣∣∣∣ h(k)einϑa(k). (4.31)

Notice that ka,−m does not necessarily coincide with −ka,m such that h(ka,−m) ̸= h(ka,m)
in general. However, by taking the summation over the index a and noting the relation∑2N

a=1

∑
m∈Z h(ka,m) =

∑2N
a=1

∑
m∈Z gmh(km) we immediately recover the formula (4.28).

4.2.2 Normalization condition

In this subsection we study the normalization condition of an energy eigenfunction on an
N -petal rose. As noted in section 4.2, the energy eigenfunction is completely determined
by the eigenvalue and the eigenvector of the unitary matrix U(k). To see this, let A⃗a(k) =
(A+

1,a(k), A−
1,a(k), · · · , A+

N,a(k), A−
N,a(k))T be an (unnormalized) orthogonal eigenvector of

U(k) corresponding to the eigenvalue eiϑa(k). Then the (unnormalized) energy eigenfunction
(4.6) corresponding to the root k = ka,m > 0 of (4.16) is given by

ψj,a(xj ; ka,m) = A+
j,a(ka,m)eika,mxj + A−

j,a(ka,m)eika,m(lj−xj). (4.32)

With this eigenfunction let us next study the normalization condition 1 = ∥ψa,m∥2 on an
N -petal rose, where ∥ψa,m∥2 =

∑N
j=1

∫ ℓj

0j
dxj |ψj,a(xj ; ka,m)|2. To this end, let us compute

the squared norm ∥ψa,m∥2. A straightforward calculation yields

∥ψa,m∥2 =
N∑

j=1

[(
|A+

j,a(ka,m)|2 + |A−
j,a(ka,m)|2

)
ℓj

+
(
[A+

j,a(ka,m)]∗A−
j,a(ka,m) + [A−

j,a(ka,m)]∗A+
j,a(ka,m)

)eika,mℓj − e−ika,mℓj

2ika,m

]

= A⃗†
a(ka,m)

[
L + Σ1

eika,mL − e−ika,mL

2ika,m

]
A⃗a(ka,m). (4.33)

Noting that the on-shell (k = ka,m) identities Σ1eika,mLA⃗a(ka,m) = S†(ka,mL0)A⃗a(ka,m)
and A⃗†

a(ka,m)Σ1e−ika,mL = A⃗†
a(ka,m)S(ka,mL0), which follow from S−1(kL0) = S†(kL0),

e−ikLΣ1 = Σ1e−ikL and eiϑa(ka,m) = 1, we get

∥ψa,m∥2 = A⃗†
a(ka,m)

[
L +

S†(ka,mL0) − S(ka,mL0)
2ika,m

]
A⃗a(ka,m)

= A⃗†
a(ka,m)

[
1
i

dU
dk

(ka,m)
]

A⃗a(ka,m), (4.34)

where in the last equality we have used the off-sell identity

1
i

dU
dk

(k) = U(k)L +
S†(kL0) − S(kL0)

2ik
U(k), (4.35)

which follows from Eq.(2.28), and the hermitian conjugate of the eigenvalue equation
A⃗†(k)U(k) = eiϑa(k)A⃗†(k) together with the on-shell condition eiϑa(ka,m) = 1.
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Let us next compute the derivative of U(k) using the spectral decomposition (4.15):

1
i

dU
dk

(k) =
2N∑
a=1

[
dϑa

dk
(k)eiϑa(k)Pa(k) + eiϑa(k) dPa

dk
(k)

]
. (4.36)

Noting that the identity

dPa

dk
(k)Pa(k) + Pa(k)

dPa

dk
(k) =

dPa

dk
(k), (4.37)

which follows from the relation Pa(k)Pa(k) = Pa(k), we obtain the off-shell identity

A⃗†
a(k)

dPa

dk
(k)A⃗a(k) = 0, (4.38)

where we have used the off-shell identities Pa(k)A⃗a(k) = A⃗a(k) and A⃗†
a(k)Pa(k) = A⃗†

a(k).
Thus, by using the off-shell relations (4.36) and (4.38) as well as the on-shell condition
eiϑa(ka,m) = 1 we get the on-shell identity

A⃗†
a(ka,m)

[
1
i

dU
dk

(ka,m)
]

A⃗a(ka,m) =
dϑa

dk
(ka,m)

∣∣A⃗a(ka,m)
∣∣2. (4.39)

Combining the results (4.34) and (4.39) we see that the normalization condition ∥ψa,m∥ = 1
boils down to (dϑa/dk)(ka,m)|A⃗a(ka,m)|2 = 1, or, equivalently,

∣∣A⃗a(ka,m)
∣∣−2 =

dϑa

dk
(ka,m). (4.40)

In summary, the energy eigenfunction (4.32) can be normalized by using a coefficient vector
A⃗a(ka,m) subject to the condition (4.40).

4.2.3 Reconstruction of U(k)

Once given eigenvalues and corresponding orthonormal eigenvectors one can easily recon-
struct a unitary matrix in terms of them. In this section we will reconstruct the unitary ma-
trix U(k) in terms of the eigenvalue eiϑa(k) and the coefficient vector A⃗a(k), a = 1, 2, · · · , 2N .

To this end we first note that the projection operator Pa(k) can be reconstructed, in
terms of the eigenvector A⃗a(k), as

Pa(k) =
1∣∣A⃗a(k)

∣∣2 A⃗a(k)A⃗†
a(k), (4.41)

which satisfies the desired relation
∑2N

a=1 Pa(k) = 1l2N , Pa(k)Pb = δabPb(k) and P†
a(k) =

Pa(k) thanks to the completeness and orthogonality of each eigenvector. It should be noted
that the normalization factor

∣∣A⃗a(k)
∣∣−2 becomes (dϑa/dk)(k) on-shell.

Now it is easy to rewrite the unitary matrix U(k) as well as its nth power in terms of
eiϑa(k) and A⃗a(k). Using (4.41) Un(k) is reconstructed as follows:

Un(k) =
2N∑
a=1

einϑa(k)∣∣A⃗a(k)
∣∣2 A⃗a(k)A⃗†

a(k), n ∈ Z. (4.42)
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As we will see in the next section, the nth power of U(k) plays an important role for the path
integral description of the Feynman kernel. Although we will discuss this point in detail
in the subsequent sections, the reason for the significance of Un(k) could be schematically
understood even at this stage as follows; that is, since U(k) is composed of the S-matrix,
which describes the local interaction at the vertex, and the bond propagation matrix, which
describes how a particle freely propagate on a petal (bond), Un(k) might admit the following
schematic representation

Un = (local interaction)(bond propagation) × (local interaction)(bond propagation)
× · · · × (local interaction)(bond propagation), (4.43)

from which we could conclude that Un(k) would have sufficiently enough information how
a particle interacts with the vertex n-times and how a particle winds around petals n-times
for the duration of its propagation.

Next move on to an analysis of the property of Un(k). To this end, it is convenient to
introduce 2 × 2 submatrix u

(n)
ij (k) (i, j = 1, 2, · · · , N) as

Un(k) =:

u
(n)
11 (k) · · · u

(n)
1N (k)

...
. . .

...
u

(n)
N1(k) · · · u

(n)
NN (k)

 , u
(n)
ij (k) =:

([
u

(n)
ij (k)

]
++

[
u

(n)
ij (k)

]
+−[

u
(n)
ij (k)

]
−+

[
u

(n)
ij (k)

]
−−

)
. (4.44)

Then, in terms of a submatrix u
(n)
ij (k), Eq.(4.42) can be rewritten as the following form:

u
(n)
ij (k) =

2N∑
a=1

einϑa(k)∣∣A⃗a(k)
∣∣2

(
A+

i,a(k)[A+
j,a(k)]∗ A+

i,a(k)[A−
j,a(k)]∗

A−
i,a(k)[A+

j,a(k)]∗ A−
i,a(k)[A−

j,a(k)]∗

)
, n ∈ Z. (4.45)

As we will see soon in the next section, u
(n)
ij is closely related to the transition amplitude

(Feynman kernel) for a particle traveling from the jth petal to the ith petal and interacting
with a point interaction at the vertex n-times.

Let us finally study a property of matrix elements of Un(k) under the momentum flip
k → −k. To this end we first note that the nth power of the unitary matrix U(k) satisfies
the following identity

Un(k) = e−ikLΣ1U−n(−k)Σ1eikL, n ∈ Z, (4.46)

which follows from (4.12). In terms of the submatrix u
(n)
ij (k), the identity (4.46) is then

rewritten as u
(n)
ij (k) = e−ikℓiσ1u

(−n)
ij (−k)σ1eikℓj , or, in components,

[
u

(n)
ij (k)

]
+− = e−ik(ℓi−ℓj)

[
u

(−n)
ij (−k)

]
−+

, (4.47a)[
u

(n)
ij (k)

]
−− = e−ik(ℓi−ℓj)

[
u

(−n)
ij (−k)

]
++

, n ∈ Z. (4.47b)

In the next section these identities will play important roles for the derivation of path
integral description for the Feynman kernel.
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4.3 Path integral on a rose

In this section we derive the path integral description of the Feynman kernel for a free
particle on an N -petal rose. Although over the past decade quantum graph has been vastly
studied by many authors, path integral treatment of quantum graph is quite few. This is
due to the fact that we do not know a priori neither how classical action or Lagrangian
we should adopt as a weight of the path integration on a rose nor what trajectories on a
rose we should integrate over. The most mathematically reliable way is to first write down
the Feynmen kernel in terms of the energy eigenfunctions and then switch the summation
over the energy spectrum to that of classical trajectories (periodic orbits) by using the trace
formulae.

In terms of the energy eigenfunction (4.32) subject to the normalization condition (4.40),
the Feynman kernel is given by

〈x′
i|e−iHT |xj〉 =

2N∑
a=1

∑
m>0

e−i(ka,m)2T ψi,a(x′
i; ka,m)ψ∗

j,a(xj ; ka,m)

+ (zero energy modes) + (negative energy modes), (4.48)

where we have separated the contributions of the possible zero energy as well as negative
energy eigenfunctions from those of positive energy ones because non-positive modes are
out of the scope of our trace formula.

Making use of the trick ψi,a(x′
i; k) =

(
e−ikx′

i

e−ik(ℓi−x′
i)

)† (
A+

i,a(k)
A−

i,a(k)

)
, we see that (4.48) can

be cast into the following form

〈x′
i|e−iHT |xj〉 =

2N∑
a=1

∑
m>0

e−ik2T

×
(

e−ikx′
i

e−ik(ℓi−x′
i)

)† (
A+

i,a(k)[A+
j,a(k)]∗ A+

i,a(k)[A−
j,a(k)]∗

A−
i,a(k)[A+

j,a(k)]∗ A−
i,a(k)[A−

j,a(k)]∗

)(
e−ikxj

e−ik(ℓj−xj)

)∣∣∣∣∣
k=ka,m

+ (zero energy modes) + (negative energy modes). (4.49)

Inserting the unity 1 = |A⃗a(ka,m)|2 · |A⃗a(ka,m)|−2 into the summation
∑

a

∑
m and using

the on-shell identity (4.40) and then the trace formula (4.28) we get

〈x′
i|e−iHT |xj〉 =

1
2

∑
n∈Z

∫ ∞

−∞

dk

2π
e−ik2T

(
e−ikx′

i

e−ik(ℓi−x′
i)

)†

u
(n)
ij (k)

(
e−ikxj

e−ik(ℓj−xj)

)
+ (zero energy modes)′ + (negative energy modes), (4.50)

where

(zero energy modes)′ = (zero energy modes) −
2N∑
a=1

ψi,a(xi; 0)ψ∗
j,a(xj ; 0). (4.51)

It follows from the identities (4.47a) (4.47b) that the Feynman kernel can also be written
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as follows:

〈x′
i|e−iHT |xj〉 =

∑
n∈Z

∫ ∞

−∞

dk

2π

[
u

(n)
ij (k)

]
++

exp
(

iT

[
k

(
x′

i − xj

T

)
− k2

])
+

∑
n∈Z

∫ ∞

−∞

dk

2π

[
u

(n)
ij (k)

]
−+

exp
(

iT

[
k

(
ℓi − x′

i − xj

T

)
− k2

])
+ (zero energy modes)′ + (negative energy modes). (4.52)

This is the final expression for our path integral representation of the Feynman kernel.

4.4 Examples

4.4.1 Circle

In this section we present explicit examples of the Feynman kernels on a circle of circum-
ference ℓ for several subfamilies of point interactions, which are completely classified in the
literature [15,18] and summarized in Table 2.1. Since the time-reversal invariant subfamily
and the PT -symmetric subfamily are quite involved, in what follows we will only consider
the cases of the reflectionless subfamily (smooth subfamily), the scale-independent subfam-
ily, the transmissionless subfamily (separated subfamily) and the parity invariant subfamily.
As we will see below, our formalism recover all known results.

4.4.1.1 Smooth subfamily

Let us first consider the reflectionless point interaction as the simplest example because in
this case the 2 × 2 unitary matrix U(k) becomes diagonal. Since U(k) = S(kL0)σ1eikℓ, the
diagonal U(k) is obtained by the off-diagonal S(kL0), which is given by ez = 0 and (α1, α2) =
(0, π) or (π, 0) in (2.9a) and (2.9b). Since the difference between the two cases (α1, α2) =
(0, π) and (π, 0) is just the overall sign of the S-matrix, without any loss of generality
we can restrict ourselves to the case (α1, α2) = (0, π) by using the parameterization e⃗ =
(cos θ, sin θ, 0), 0 ≤ θ < 2π. With this parameterization the nth power of U(k) becomes

Un(k) =
(

e−inθ 0
0 einθ

)
eiknℓ. (4.53)

The Feynman kernel (4.52) is cast into the well-known form [47]

〈x′|e−iHT |x〉 =
∑
n∈Z

e−inθ

∫ ∞

−∞

dp

2π
eiT

h

p
“

nℓ+x′−x
T

”

−p2
i

. (4.54)

It should be mentioned here the connection between the Laidlaw-DeWitt theorem [55]
and our formalism. The theorem states that the path-integral in a multiply-connected
space has to be taken the sum over the homotopy class of the space with a weight factor
which forms a scalar unitary representation of the fundamental group of the space. In
this well-known example, the weight factor is just a phase e−inθ. In the viewpoint of the
Laidlaw-DeWitt theorem, this weight factor is a scalar unitary representation of π1(S1) ∼= Z,
while in our viewpoint it is just the element of diagonal (Sσ1)n, which is essentially unitary
thanks to the unitarity of the S-matrix.
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4.4.1.2 Scale-independent subfamily

As a next example let us consider the scale-independent point interactions, which include
the above reflectionless point interaction and the δ′-interaction discussed in section 4.1. As
shown in section 2.4.1.4 the scale-independent point interactions are characterized by the
matrices U whose two eigenphases are (α1, α2) = (0, 0), (π, π), (0, π), (π, 0) [15,18]. The first
two cases also belong to the transmissionless point interactions and will be considered in the
next example. The latter two cases, however, are different only for the overall sign of the S-
matrix, without any loss of generality we can restrict ourselves to the case (α1, α2) = (0, π)
by using the parameterization e⃗ = (cos θ, sin θ cos φ, sin θ sin φ) with 0 ≤ θ ≤ π and 0 ≤ φ <
2π. With this choice of the parameters, the matrix U(k) has the form U(k) = (e⃗ · σ⃗)σ1eikℓ.

The matrix U(k) has the spectral decomposition U(k) =
(
eiθP1 + e−iθP2

)
eikℓ with

P1,2 = (1l ∓ sin φσ2 ± cos φσ3)/2. Then its nth power is cast into the following form

U (n)(k) =
(

cos(nθ) − i cos φ sin(nθ) sinφ sin(nθ)
− sinφ sin(nθ) cos(nθ) + i cos φ sin(nθ)

)
eiknℓ. (4.55)

Thus the Feynman kernel (4.52) becomes

〈x′|e−iHT |x〉 =
∑
n∈Z

[cos(nθ) − i cos φ sin(nθ)]
∫ ∞

−∞

dp

2π
eiT

h

p
“

nℓ+x′−x
T

”

−p2
i

−
∑
n∈Z

sinφ sin(nθ)
∫ ∞

−∞

dp

2π
eiT

h

p
“

nℓ+(ℓ−x′)−x
T

”

−p2
i

. (4.56)

Observe that φ = 0 (φ = π) reduces to the previous results (4.54) for 0 ≤ θ ≤ π (π ≤ θ <
2π). The case φ = π/2 (φ = 3π/2) becomes the kernel (4.1) for c > 0 (c < 0).

The kernel (4.56) coincides with the results given in [15, 18] with suitable redefinitions
of the parameters.

4.4.1.3 Separated subfamily

Next consider the transmissionless point interactions, i.e. the separated subfamily of U(2)
family of point interactions. These point interactions are obtained from the diagonal S(kL0),
which is realized by ex = ey = 0 in (2.9a) and (2.9b). With this choice the transmission
coefficients identically vanish and the reflection coefficients become R1/2(k) = ikL2/1−1

ikL2/1+1 for

ez = 1 and R1/2(k) = ikL1/2−1

ikL1/2+1 for ez = −1. In the following we will consider the case
ez = 1. The result for ez = −1 will be obtained by replacing the index ‘1’ to ‘2’ and vice
versa. In the ez = 1 case the nth power of U(k) has the form

Un(k)

=




(

ikL1−1
ikL1+1

)n
2

(
ikL2−1
ikL2+1

)n
2 0

0
(

ikL1−1
ikL1+1

)n
2

(
ikL2−1
ikL2+1

)n
2

 eiknℓ, for n even,

 0
(

ikL1−1
ikL1+1

)n+1
2

(
ikL2−1
ikL2+1

)n−1
2(

ikL1−1
ikL1+1

)n−1
2

(
ikL2−1
ikL2+1

)n+1
2 0

 eiknℓ, for n odd.

(4.57)
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In this case of the separated subfamily, the physical meanings of the eigenphases are clear:
ikL2−1
ikL2+1 ( ikL1−1

ikL1+1) is nothing but the phase shift which occurs every time when a particle hits
the reflecting wall at x = ℓ (x = 0) from the left (right).

Now we can rewrite the kernel (4.52) into the following form

〈x′|e−iHT |x〉 =
∑
n∈Z

∫ ∞

−∞

dp

2π

(
ipL1 − 1
ipL1 + 1

)n (
ipL2 − 1
ipL2 + 1

)n

eiT
h

p
“

2nℓ+x′−x
T

”

−p2
i

+
∑
n∈Z

∫ ∞

−∞

dp

2π

(
ipL1 − 1
ipL1 + 1

)n−1 (
ipL2 − 1
ipL2 + 1

)n

eiT
h

p
“

2nℓ−x′−x
T

”

−p2
i

+ (negative energy mode). (4.58)

Observe that by tuning the parameters α1,2 to be 0 or π, the kernel becomes the simpler form
because in these spacial cases the phase shifts become independent of momentum. Thus
there are 2×2 = 4 simpler cases, (α1, α2) = (0, 0), (π, π), (0, π) and (π, 0), which correspond
to the Neumann-Neumann, Dirichlet-Dirichlet, Neumann-Dirichlet and Dirichlet-Neumann
boundary conditions at x = 0 and ℓ. These cases belong to the scale-independent subfamily
of the U(2) family of point interactions and the corresponding kernels are vastly studied in
the literature [15,18,56], whose results coincide with (4.58) as the above special cases.

It should also be pointed out here that the partial amplitude for n = 0 in (4.58) is
nothing but the one-particle Feynman kernel evaluated on a half-line in the presence of a
reflecting wall characterized by the boundary condition ψ(0) + L1ψ

′(0) = 0 [57,58].

4.4.1.4 P-symmetric subfamily

Next consider the parity invariant point interactions, which include the famous δ- and ϵ-
interactions. The parity transformation on a circle is defined as P : x 7→ ℓ − x. As shown
in section 2.4 the parity invariant point interactions are characterized by the matrix U
satisfying U = σ1Uσ1 [15, 18]. Such a matrix is obtained by choosing ey = ez = 0 so
that the matrix U(k) becomes U(k) =

(
ikL1−1
ikL1+1P1 − ikL2−1

ikL2+1P2

)
eikℓ for ex = 1 and U(k) =(

ikL2−1
ikL2+1P1 − ikL1−1

ikL1+1P2

)
eikℓ for ex = −1, where P1,2 are the projection operators given by

P1,2 = (1l ± σ1)/2. In what follows we will consider the case ex = 1. The result for
ex = −1 can be obtained by changing the index ‘1’ and ‘2’. The nthe power of U(k) is
easily computed with the result

Un(k) =
1
2


(

ikL1−1
ikL1+1

)n
+

(
− ikL2−1

ikL2+1

)n (
ikL1−1
ikL1+1

)n
−

(
− ikL2−1

ikL2+1

)n(
ikL1−1
ikL1+1

)n
−

(
− ikL2−1

ikL2+1

)n (
ikL1−1
ikL1+1

)n
+

(
− ikL2−1

ikL2+1

)n

 eiknℓ. (4.59)

The Feynman kernel (4.52) is therefore

〈x′|e−iHT |x〉 =
∑
n∈Z

1
2

∫ ∞

−∞

dp

2π

(
ipL1 − 1
ipL1 + 1

)n {
eiT

h

p
“

nℓ+x′−x
T

”

−p2
i

+ eiT
h

p
“

nℓ+(ℓ−x′)−x
T

”

−p2
i

}
+

∑
n∈Z

1
2

∫ ∞

−∞

dp

2π

(
− ipL2 − 1

ipL2 + 1

)n {
eiT

h

p
“

nℓ+x′−x
T

”

−p2
i

− eiT
h

p
“

nℓ+(ℓ−x′)−x
T

”

−p2
i

}
+ (negative energy mode). (4.60)

Notice that the first and second lines are parity-even and -odd contributions respectively:
the former is invariant under the parity transformation P : x 7→ ℓ − x, while the latter
changes the sign.



52 4.4 Examples

4.4.2 Figure eight

U(4)

Figure 4.4: Figure eight.

Let us next consider particle propagation on a figure eight
(see Figure 4.4). As opposed to the previous circle case,
to the best of my knowledge, no work has been made on
the path integral representation of the Feynman kernel
on a figure eight. Furthermore, possible symmetries and
invariant subfamilies of U(4) family of point interactions
on a figure eight has not yet been fully understood. So
in this section we will concentrate ourselves upon a “free
theory” on a figure eight as the simplest example. “Free theory” on a figure eight is defined
as the perfectly connected vertex, which, as we will see immediately, is described by the
following unitary matrix:

U =
1
2


−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

 =
(
−σ−

1 σ+
1

σ+
1 −σ−

1

)

= P1 − P2 − P3 − P4 = −1l4 + 2P1, (4.61)

where σ±
1 = (1l2 ± σ1)/2. Pj (j = 1, 2, 3, 4) is a hermitian projection operator given by

P1 =
1
2

(
σ+

1 σ+
1

σ+
1 σ+

1

)
= σ+

1 ⊗ σ+
1 , (4.62a)

P2 =
1
2

(
σ+

1 −σ+
1

−σ+
1 σ+

1

)
= σ−

1 ⊗ σ+
1 , (4.62b)

P3 =
1
2

(
σ−

1 σ−
1

σ−
1 σ−

1

)
= σ+

1 ⊗ σ−
1 , (4.62c)

P4 =
1
2

(
σ−

1 −σ−
1

−σ−
1 σ−

1

)
= σ−

1 ⊗ σ−
1 , (4.62d)

those satisfying
∑4

j=1 Pj = 1l4, PiPj = δijPj and P †
j = Pj . Note that the tensor product

notation will be useful for computation: For example, P2P2 = (σ−
1 ⊗ σ+

1 )(σ−
1 ⊗ σ+

1 ) =
σ−

1 σ−
1 ⊗ σ+

1 σ+
1 = σ−

1 ⊗ σ+
1 = P2, P2P3 = (σ−

1 ⊗ σ+
1 )(σ+

1 ⊗ σ−
1 ) = σ−

1 σ+
1 ⊗ σ+

1 σ−
1 = 0 and so

on.
Since the eigenvalues of U corresponding to P1, P2, P3 and P4 are, respectively, +1, −1,

−1 and −1, the boundary conditions at the vertex are simply given by P2,3,4Ψ⃗(0) = 0⃗ and
P1Ψ⃗′(0) = 0⃗, or, more explicitly,

ψ1(01) = ψ1(ℓ1) = ψ2(02) = ψ2(ℓ2), (4.63a)
ψ′

1(01) + ψ′
2(02) = ψ′

1(ℓ1) + ψ′
2(ℓ2). (4.63b)

This is the boundary conditions that describe a perfectly connected vertex. It should be
noted that S(kL0) = U , Σ1 = 1l2 ⊗ σ1 and eikL =

(
eikℓ1 0

0 eikℓ2

)
⊗ 1l2. Thus, the matrix U(k)

can be written as follows

U(k) = SΣ1eikL =
(

eikℓ1 0
0 eikℓ2

)
⊗ σ−

1 +
(

0 eikℓ2

eikℓ1 0

)
⊗ σ+

1 . (4.64)
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Since σ+
1 and σ−

1 are orthogonal to each other, the spectral decomposition of U(k) is reduced

to the problem of that of two 2×2 unitary matrices,
(

eikℓ1 0
0 eikℓ2

)
and

(
0 eikℓ2

eikℓ1 0

)
. Following

this procedure, one can immediately see that the nth power of U(k) is given as follows:

Un(k) = eiknℓ1P1(k) + eiknℓ2P2(k) + eikn(ℓ1+ℓ2)/2P3(k) + (−1)neikn(ℓ1+ℓ2)/2P4(k). (4.65)

where Pj(k) (j = 1, 2, 3, 4) is a hermitian projection operator given by

P1(k) =
(

1 0
0 0

)
⊗ σ−

1 , (4.66a)

P2(k) =
(

0 0
0 1

)
⊗ σ−

1 , (4.66b)

P3(k) =
1
2

(
1 e−ik(ℓ1−ℓ2)/2

eik(ℓ1−ℓ2) 1

)
⊗ σ+

1 , (4.66c)

P4(k) =
1
2

(
1 −e−ik(ℓ1−ℓ2)/2

−eik(ℓ1−ℓ2)/2 1

)
⊗ σ+

1 . (4.66d)

The submatrices u
(n)
ab (k) (a, b = 1, 2) are:

u
(n)
11 (k) = eiknℓ1σ−

1 +
1 + (−1)n

2
eikn(ℓ1+ℓ2)/2σ+

1 , (4.67a)

u
(n)
21 (k) =

1 − (−1)n

2
eik(n(ℓ1+ℓ2)+(ℓ1−ℓ2))/2σ+

1 . (4.67b)

The transition amplitude for a particle traveling from the position x1 to x′
1 (both are lying

on the 1st petal) is thus given by

〈x′
1|e−iHT |x1〉

=
∑
n∈Z

1
2

∫ ∞

−∞

dp

2π

{
eiT

[
p
(

nℓ1+x′1−x1
T

)
−p2

]
− eiT

[
p
(

nℓ1+(ℓ1−x′1)−x1
T

)
−p2

]}
+

∑
n∈Z

1
2

∫ ∞

−∞

dp

2π

{
eiT

[
p
(

n(ℓ1+ℓ2)+x′1−x1
T

)
−p2

]
+ eiT

[
p
(

n(ℓ1+ℓ2)+(ℓ1−x′1)−x1
T

)
−p2

]}
. (4.68a)

Similarly, the transition amplitude for a particle traveling from the position x1 to x′
2 (the

former lies on the 1st petal and the latter the 2nd petal) is given by

〈x′
2|e−iHT |x1〉

=
∑
n∈Z

1
2

∫ ∞

−∞

dp

2π

{
eiT

[
p
(

n(ℓ1+ℓ2)−(ℓ2−x′2)−x1
T

)
−p2

]
+ eiT

[
p
(

n(ℓ1+ℓ2)−x′2−x1
T

)
−p2

]}
. (4.68b)

Classical worldlines for a particle scattered twice at the vertex that corresponds to the
kernel (4.68a) is depicted in Figure 4.5.
Spectrum of figure eight.
Before closing this section it should be mentioned about the spectrum of figure eight with a
perfectly connected vertex. The positive energy spectrum is determined by the conditions
eikℓ1 = 1, eikℓ2 = 1, eik(ℓ1+ℓ2)/2 = 1 and −eik(ℓ1+ℓ2)/2 = 1. The solutions to these conditions
are:

k1,n =
2nπ

ℓ1
, k2,n =

2nπ

ℓ2
, k3,n =

2nπ

(ℓ1 + ℓ2)/2
, k4,n =

(2n − 1)π
(ℓ1 + ℓ2)/2

, (4.69)
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Figure 4.5: Classical worldlines for a particle on a figure eight scattered twice by the vertex.
There are 16 distinct worldlines. Time is flowing along the vertical direction. Dashed lines
represent the worldlines of the vertex and arrows represent the directions of momentum
flow.

where n = 1, 2, 3, · · · .
Next move on to the analysis of zero energy solution. The zero energy solution ψj(xj) =

Aj + Bjxj (j = 1, 2) consistent with the boundary conditions exist only when B1 = B2 = 0
and A1 = A2. Thus there exits a single zero mode in the spectrum.

It should be noted here that if ℓ1 = ℓ2, i.e. figure eight becomes symmetric under the
exchange of two petals, the spectrum of figure eight exhibits the three-fold degeneracy except
for the zero-energy ground state, which strongly implies a hidden (extended) supersymmetry
structure of the system. We would like to report this issue elsewhere.

4.5 Conclusions and discussions

In this chapter we have studied the path integral description of the Feynman kernel on an
N -petal rose in the presence of a single point interaction compatible with the conservation
of the probability current at the vertex, or the self-adjoint extension of the Laplace operator
−d2/dx2 on a wedge sum (or one-point union) of N circles S1∨S1∨· · ·∨S1. We uncovered
the classical trajectories for a quantum particle on an N -petal rose, which consist of 2 ×
(Nn−1×2) = 4Nn−1 distinct paths for a particle scattered n-times from the point interaction
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(point scatterer). We also illuminated deep connection between the scattering theory on a
star graph with 2N bonds and the spectral property of an N -petal rose, which, in roughly
speaking, is summarized as the following correspondences:

eigenvalues of U(k) = S(kL0)Σ1eikL ⇔ energy spectrum on a rose;
eigenvectors of U(k) = S(kL0)Σ1eikL ⇔ energy eigenfunctions on a rose.

The main success of this work is the systematic description for a one-particle Feynman
kernel on a rose with a point interaction. The point is that we do not need any knowledge
of the spectrum nor the complete set of energy eigenfunctions of the system (except for
the non-positive energy eigenstates). What we have to know is the one-particle scattering
matrix S(kL0) on a star graph and the bond propagation matrix eikL on a rose graph.

We are left with a number of questions, however. Let us close with a few comments on
these issues:

1. Algebraic construction of trajectories.
We showed that the particle propagation scattered n-times from the point interaction
should be weighted by the elements of Un(k). As briefly discussed in section 4.4,
in the case of reflectionless subfamily of point interactions unitarity of S-matrix and
the Laidlaw-DeWitt theorem seem to be the same thing. However, the theorem is
essentially based on the homotopy theory so that it could not be applied in general
to the other subfamily of point interactions. We thought that the unitarity of Un(k)
would provide a wider notion than the Laidraw-DeWitt theorem and should be de-
rived from some fundamental properties of the Feynman kernel such as the unitarity
K(x′

i, T ; xj , 0) =
∑N

k=1

∫ ℓk

0 dxkK(x′
i, T ; xk, t)K(xk, t; xj , 0).

Another related issue is an algebraic structure for the construction of classical trajec-
tories for a particle on a rose. As mentioned before, the classical trajectories for a
particle interacting n-times to the point interaction consist of 4Nn−1 distinct paths.
These trajectories are constructed from the more fundamental trajectories by gluing
them under the multiplication rule of the matrix U(k). For example, twice-scattered
trajectories for a particle on a circle in the presence of a single point interaction is
algebraically constructed as follows:

U2(k) =
time order←−−−−−−
U(k)U(k) =









=


+ +

+ +

 , (4.70)

where the last equality follows from the computation method that connects ◦ and ◦
in time order: For example,

time order←−−−−−−−−−−−
× = ,

time order←−−−−−−−
× = , (4.71)
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and so on. This algebraic construction of trajectories implies that, in spite of the
presence of a point singularity, it might be possible to introduce some kind of notion
analogous to the fundamental group. We would like to report this issue elsewhere.

2. Path-integral representation for the kernels.
The Feynman kernels derived in this chapter have the forms which will be obtained
after performing the path-integration. It is very interesting to investigate its path
integral representation. As mentioned in the Introduction, boundary conditions are
treated unambiguously in operator formalism by von Neumann’s theory of self-adjoint
extension. However, in path integral formalism we do not know a priori what kind
of trajectories we should integrate over and what kind of “classical action” we should
adopt as a weight. Indeed, even in the system of a free particle confined on an
interval with an infinitely deep well potential, the “classical action” we should adopt
as a path integral weight includes the so-called topological term that localizes at the
boundaries [48]. Furthermore, this topological term is proportional to the Planck
constant so that it is no longer classical.

A system on a circle in the presence of a single point interaction may provide one
of the simplest theoretical laboratory for the study of path integral representation of
the Feynman kernel. In such a system we have to consider the limit N → ∞ of the
equation:

〈x′|e−iHT |x〉 =

[
N−1∏
n=1

∫ ℓ

0
dxn

]
〈x′|e−iHδt|xN−1〉 · · · 〈x1|e−iHδt|x〉, (4.72)

where δt := T/N . We already know the exact form of each partial amplitude
〈xi+1|e−iHδt|xi〉. In order to evaluate the right hand side we have to tackle with
the N −1 products of both translational invariant and variant classes of infinite sums.
For the case of a system on a circle in the presence of a scale-independent subfamily of
point interactions studied in section 4.4.1.2, this procedure is easily performed. The
resultant kernel takes the form1

〈x′|e−iHT |x〉

=
∑
n∈Z

W
(n)
++

[(
1√

4πiδt

)N N−1∏
n=1

∫ ∞

−∞
dxn

]
exp

i
N∑

j=1

δt
1
4

(
xj − xj−1

δt

)2
xN=nℓ+x′

x0=x

+
∑
n∈Z

W
(n)
−+

[(
1√

4πiδt

)N N−1∏
n=1

∫ ∞

−∞
dxn

]
exp

i

N∑
j=1

δt
1
4

(
xj − xj−1

δt

)2
xN=nℓ+(ℓ−x′)

x0=x

,

(4.73)

1 In order to derive (4.73) we have only used the relations W
(−n)
++ = W

(n)
−−, W

(−n)
−+ = W

(n)
+− , W

(n)
++W

(m)
++ +

W
(n)
+−W

(m)
−+ = W

(n+m)
++ and W

(n)
−+W

(m)
++ + W

(n)
−−W

(m)
−+ = W

(n+m)
−+ (n, m ∈ Z) as well as the simple identity

P

n∈Z
R (n+1)ℓ

nℓ
=
R∞
−∞.
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or, more symbolically (by taking the limit N → ∞)2,

〈x′|e−iHT |x〉 =
∑
n∈Z

W
(n)
++

∫ x(T )=nℓ+x′

x(0)=x
Dx(τ) exp

[
i

∫ T

0
dτ

1
4
ẋ2(τ)

]

+
∑
n∈Z

W
(n)
−+

∫ x(T )=nℓ+(ℓ−x′)

x(0)=x
Dx(τ) exp

[
i

∫ T

0
dτ

1
4
ẋ2(τ)

]
, (4.74)

where W
(n)
±± is a weight factor given as the matrix element of the unitary matrix

W (n) := (Sσ1)n with S being the S-matrix given in 4.4.1.2:

W (n) =

(
W

(n)
++ W

(n)
+−

W
(n)
−+ W

(n)
−−

)
=

(
cos(nθ) − i cos φ sin(nθ) sinφ sin(nθ)

− sinφ sin(nθ) cos(nθ) + i cos φ sin(nθ)

)
.

(4.75)

Although in Eq.(4.74) it is clear that the weight factors are given by the S-matrix
elements, it is far from obvious what kind of “classical action” we should adopt as a
path integral weight. Furthermore, for the case of weight factors that depend on the
particle’s momentum it is very difficult to discern any simple formulae for position-
space path integral such as (4.74).

3. Topology change.
In this chapter we have considered the path integral description on a rose graph.
One may wonder why should we concern a rose graph? We believe that it is a quite
general setting in a sense that rose graph may provide any compact graph via its
topology change. One of the simplest example of topology change is a transition from
a circle to an interval. As we have seen, quantum systems on a circle with a single
point interaction contains the separated subfamily, which is nothing but the system on
an interval. From the perspective of the conservation of probability current density,
j(0) = j(ℓ), it is obvious that the original requirement of the Kirchhoff’s law clearly
contains the weaker solution j(0) = 0 = j(ℓ), where no probability current flows at
the origin. Then, resultant system is physically equivalent to that on an interval and
admits U(1) × U(1) family of point interactions, where each U(1) corresponds to the
two ends of the interval.

A less trivial example is a topology change of a figure eight, which admits a U(4) family
of point interactions at the vertex. In group theoretical language, any topology change
of a figure eight corresponds to the following reductions to its subgroups:

U(4) →


U(1) × U(1) × U(1) × U(1),
U(1) × U(1) × U(2),
U(1) × U(3),
U(2) × U(2).

(4.76)

Let us take a closer look at these four “symmetry breakdowns” in terms of the Kirch-
hoff’s law and the S-matrix.

2 It should be noted that in our units (~ = 2m = 1) the kinetic term m
2

ẋ2 becomes 1
4
ẋ2.
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(a) Case U(4) → U(1) × U(1) × U(1) × U(1).
In this case the original requirement for the Kirchhoff’s law reduces to the weakest
one j1(01) = j1(ℓ1) = j2(02) = j2(ℓ2) = 0. The corresponding S-matrix turns out
to be of the form

S →


R1 0 0 0
0 R2 0 0
0 0 R3 0
0 0 0 R4

 , (4.77)

which corresponds to the situation where a figure eight has snapped at the vertex
and then been reduced to two disconnected intervals; see below.

U(4) → U(1)

U(1)

U(1)

U(1)
.

(b) Case U(4) → U(1) × U(1) × U(2).
In this case the original requirement for the Kirchhoff’s law reduces to the less
strong ones j1(01) = j1(ℓ1) = 0 = j2(02) − j2(ℓ2), j1(01) − j1(ℓ1) = 0 = j2(02) =
j2(ℓ2), j1(01) = j2(ℓ2) = 0 = j1(ℓ1) − j2(02). In terms of the S-matrix, these
cases corresponds to the following three distinct reductions:

S →


R1 0 0 0
0 R2 0 0
0 0 R3 T34

0 0 T43 R4

 ,


R1 T12 0 0
T21 R2 0 0
0 0 R3 0
0 0 0 R4

 ,


R1 0 0 0
0 R2 T23 0
0 T32 R3 0
0 0 0 R4

 ,

(4.78)

which are, respectively, graphically depicted as follows:

U(4) → U(2)
U(1)

U(1)
, U(2)

U(1)

U(1)
, U(2)

U(1)

U(1)
.

Thus in this case a figure eight breaks down to the system of two disconnected
interval and circle, and a single interval.

(c) Case U(4) → U(1) × U(3).
In this case the original requirement for the Kirchhoff’s law reduces to the less
strong conditions j1(01) = 0 = j2(02) − j1(ℓ1)− j2(ℓ2) and j2(ℓ2) = 0 = j1(01) +
j2(02) − j1(ℓ1). Correspondingly, the S-matrix reduces to the following forms:

S →


R1 0 0 0
0 R2 T23 T24

0 T32 R3 T34

0 T42 T43 R4

 ,


R1 T12 T13 0
T21 R2 T23 0
T31 T32 R3 0
0 0 0 R4

 . (4.79)

These situations are depicted below:

U(4) → U(3)
U(1)

, U(3)
U(1)

.

Thus in this case a figure eight breaks down to the system of tadpole.
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(d) Case U(4) → U(2) × U(2).
In this case the original requirement of the Kirchhoff’s law is reduced to j1(01)−
j1(ℓ1) = 0 = j2(02) − j2(ℓ2) and j1(01) = j2(ℓ2) = 0 = j2(02) − j1(ℓ1), where the
S-matrix takes the forms

S →


R1 T12 0 0
T21 R2 0 0
0 0 R3 T34

0 0 T43 R4

 ,


R1 0 0 T14

0 R2 T23 0
0 T32 R3 0

T41 0 0 R4

 , (4.80)

which are graphically depicted as follows:

U(4) → U(2)U(2) ,
U(2)

U(2)

.

Thus in this case a figure eight breaks down to the system of two disconnected
circles and a single circle (or oval).

As we have seen, quantum system on a figure eight contains as its subgroups the
systems on two disconnected intervals, tadpoles, two circles, and so on. Along this
thought, it is quite natural to expect that any compact graph can be generated by
the topology change of corresponding rose graph. For example, six-petal rose must
contain a tetrahedron and a hexagon (see below):

→ , , · · · .

6-petal rose tetrahedron hexagon
U(12) U(3)4 U(2)6

However, a systematic classification of topology change of rose graph in a general set-
ting is quite involved so that we will not concern this issue anymore in this dissertation.
We would like to report these issues elsewhere.





Chapter 5

Worldline formalism with extra
dimension

In this chapter we derive the master formulae for scalar one-loop amplitude with arbitrary
number of external gauge bosons in Abelian gauge theory in D-dimensional spacetime with
a single extra dimension compactified on a circle.

5.1 Introduction

A bit surprisingly, quantum mechanics on a graph we have studied so far is also applica-
ble to perturbative quantum field theory. The reason is twofold. The first is so simple;
because Feynman graphs are indeed graphs. In the first-quantization approach to quan-
tum field theory, nowadays dubbed as the worldline or “string-inspired” formalism (see
for review [59]), a virtual particle circulating along internal lines of a given Feynman di-
agram is identified as a single relativistic quantum mechanical particle traveling along its
spacetime trajectory (i.e. worldline) in the presence of some background fields. In such
an approach, first introduced by Feynman in his seminal paper [60], S-matrix elements are
obtained by single-particle path integrals over all possible worldlines of given topology, or
graph, corresponding to a given Feynman diagrams. There, worldline Green’s functions
on one-dimensional arbitrary graphs are needed for computations of arbitrary Feynman
diagrams [61–63]. It is now known that worldline approach to perturbative quantum field
theory generally provides a powerful alternative method for the computation of S-matrix
elements and effective action [14, 59, 64–67], whereas from the perspective of Lagrangians
or off-shell Feynman rules it is very difficult to discern any simple formulae for field theory
amplitudes.

The second reason arises when one considers perturbative quantum field theory with a
single extra compact dimension in the presence of defects, or boundaries, where extra dimen-
sional space can be viewed as a one-dimensional system with point interactions. Worldline
formulation on such a spacetime requires a knowledge for the path integral representation
of a quantum mechanical particle in a one-dimensional space with point interactions, which
we already addressed and solved in general in the previous chapter 4.

An important point to note is that, thanks to its nature of path integral, in the worldline
formalism it is much clear how many times a virtual particle winds around the direction of
an extra dimension, on account of winding number. Winding number plays an important
role in extra dimensional models because any non-zero winding contributions are essentially

61
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UV finite thanks to its long-distance natures: If one computes a radiative correction of a
quantity that naively diverges in UV as ∼ ΛD with Λ being a cutoff scale, then such
a loop induced correction from non-zero winding contributions must be of the form ∼∑

w∈Z C(w)(wL)−D, where w is the winding number, L is a circumference of extra dimension
and C(w) is a possible (w-dependent) dimensionless coefficient. This estimation follows from
the dimensional analysis and the fact that internal line winding around the extra dimension
w times cannot be shorter than wL and hence it plays a role of a cutoff length scale for
w-winding sector. The sum

∑
w∈Z ensures the summation of all possible physically distinct

closed loops, which goes quite well with the philosophy of path integral. Thus, determination
of whether given S-matrix elements are those from the contributions of zero- or non-zero
winding is an essentially significant problem especially for the perturbative renormalization
procedures and/or classification of UV finite quantities such as the Higgs mass in the gauge-
Higgs unification scenario in a quantitative level.

Concerning these facts, in this chapter we attempt to construct a worldline formalism for
perturbative quantum field theory with a single extra dimension. For the sake of simplicity,
in this chapter we consider a massive scalar field theory in the presence of a background
Abelian gauge field with a single extra dimension compactified on a circle. As shown in
the rest of this chapter, scalar one-loop amplitude of N external gauge bosons with definite
momentum kµ

j (j = 1, · · · , N), Kaluza-Klein mode ky
j = 2πnj

L (nj : integer) and polarization
ϵM
j = (ϵµ

j , ϵy
j ) is given by the following Gaussian path-integral

iΓN [k1, ϵ1; · · · ; kN , ϵN ] =
∑
w∈Z

∫ ∞

0

dT

T
e−im2T

∫
x(T )=x(0)

Dx

∫
y(T )=y(0)+wL

Dy

× V1[k1, ϵ1] · · ·VN [kN , ϵN ] exp
[
i

∫ T

0
dτ

1
4
Ẋ2(τ)

]
, (5.1)

where Vj [kj , ϵj ] is the vertex operator given by

Vj [kj , ϵj ] = ig

∫ T

0
dτj ϵj · Ẋ(τj)eikj ·X(τj), (5.2)

with g being the gauge coupling. As mentioned before, the path-integral (5.1) corresponds
to first quantization of perturbative quantum field theory in a sense that it describes a single
point particle propagating in a given spacetime in the presence of a given background gauge
field. The parameter τ ∈ (0, T ) parameterizes the worldline of a particle, where T is the
so-called Schwinger’s propertime and integrated over the range (0,∞). Larger value of T
corresponds to the larger extent of worldline in the spacetime so that T also provides a
smooth regulator scale [68]. In section 5.2.1, it turns out that any contributions from w-
winding sector are suppressed by the factor exp[−(wL)2/TE ] for small TE , as they should
in a respect that classically there are no short-distance UV fluctuations shorter than the
scale wL. The coordinate field XM (τ) = (xµ(τ), y(τ)) is defined on the worldline (target
space) and describes the position of a scalar particle in a background spacetime. The
integral

∫
Dx

∫
Dy is performed over the space of all closed trajectories swept by the point

particle with a definite winding number w, which described by the boundary conditions
(xµ(T ), y(T )) = (xµ(0), y(0) + wL). The sum

∑
w∈Z ensures the path-integration over all

topologically (or physically) distinct closed trajectories winding around the extra spatial
dimension S1.

The rest of this chapter is organized as follows. In section 5.2 we derive the master for-
mulae for scalar one-loop amplitudes in Abelian gauge theory with a single extra dimension
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S1. In section 5.3 we demonstrate an explicit example of vacuum polarization. We conclude
in section 5.4.

5.2 One-loop master formula for gauge theory amplitudes

Let us consider a scalar field theory with a background Abelian gauge field AM = (Aµ, Ay)
in D = d + 1-dimensional spacetime with a single extra dimension conpactified on a circle
of circumference L. The action we consider is

S[φ, φ∗, A] =
∫

ddx

∫ L

0
dy

[
−ηMN (DMφ)∗(DNφ) − m2φ∗φ

]
= −

∫
ddx

∫ L

0
dy φ∗ (

−D2 + m2
)
φ, (5.3)

where ηMN = ηMN = diag(−1, +1, . . . , +1) and DM = ∂M − igAM . The partition function
is therefore

Z[A] =
∫
DφDφ∗ exp(iS[φ, φ∗, A])∫

DφDφ∗ exp(iS[φ, φ∗, A = 0])
= exp

[
−Tr log

−D2 + m2

−∂2 + m2

]
. (5.4)

The one-loop effective action is thus given by

iΓ[A] = −Tr log
−(∂M − igAM )2 + m2

−∂2 + m2
. (5.5)

Noting that the elementary identity1

−Tr log
Ĥ

Ĥ0

=
∫ ∞

0

dT

T
Tr(e−iĤT − e−iĤ0T ), (5.6)

where Ĥ and Ĥ0 are assumed to be positive definite, and taking the functional trace over
the coordinate space, Tr Ô =

∫
ddx

∫ L
0 dy 〈x, y|Ô|x, y〉, we get

iΓ[A] =
∫ ∞

0

dT

T

∫
ddx

∫ L

0
dy

〈
x, y

∣∣exp
(
−i

[
−(∂M − igAM )2 + m2

]
T

)∣∣x, y
〉

− (A → 0). (5.7)

1To derive this, consider the arithmetic

log x =

Z x

1

dy

y
= i

Z x

1

dy

Z ∞

0

dt e−iyt = −
Z ∞

0

dt

t

“

e−ixt − e−it
”

, x > 0. (f5.1)
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Next, the matrix element of exp
(
−i

[
−(∂M − igAM )2 + m2

]
T

)
on Rd−1,1 × S1 has the

following path-integral representation2〈
x′, y′

∣∣exp
(
−i

[
−(∂M − igAM )2 + m2

]
T

)∣∣x, y
〉

= e−im2T
∑
w∈Z

∫ x(T )=x′

x(0)=x
Dx

∫ y(T )=y′+wL

y(0)=y
Dy exp

[
i

∫ T

0
dτ

(
1
4
Ẋ2(τ) + gA(X(τ)) · Ẋ(τ)

)]
,

(5.8)

where w is the winding number, w ∈ π1(S1) ≅ Z. Taking into account that∫
ddx

∫ L

0
dy

∫ x(T )=x

x(0)=x
Dx

∫ y(T )=y+wL

y(0)=y
Dy =

∫
x(T )=x(0)

Dx

∫
y(T )=y(0)+wL

Dy, (5.9)

we get

iΓ[A] =
∑
w∈Z

∫ ∞

0

dT

T
e−im2T

∫
x(T )=x(0)

Dx

∫
y(T )=y(0)+wL

Dy

× exp
[
i

∫ T

0
dτ

(
1
4
Ẋ2(τ) + gA(X(τ)) · Ẋ(τ)

)]
− (A → 0). (5.10)

Next we expand the exponential in the following perturbative series

exp
[
i

∫ T

0
dτ gA(X(τ)) · Ẋ(τ)

]
= 1 +

∞∑
N=1

(ig)N

N !

N∏
j=1

[∫ T

0
dτj A(X(τj)) · Ẋ(τj)

]
. (5.11)

Notice that the first term correctly eliminates the vacuum bubble diagram, or AM -independent
contribution (A → 0), as it should.

Now specializing to the incoming plane wave background with definite momentum kM
j =

(kµ
j , ky

j = 2πnj

L ) and polarization ϵM
j

AM (X(τ)) =
N∑

j=1

ϵjMeikj ·X(τ), (5.12)

and picking out a term including each mode j once, which eliminates the combinatorics
factor 1/N !, we arrive at the N -point gauge boson amplitude

iΓN [k1, ϵ1; · · · ; kN , ϵN ] = (ig)N
∑
w∈Z

∫ ∞

0

dT

T
e−im2T

∫
x(T )=x(0)

Dx

∫
y(T )=y(0)+wL

Dy

×
N∏

j=1

[∫ T

0
dτj ϵj · Ẋ(τj)eikj ·X(τj)

]
exp

[
i

∫ T

0
dτ

1
4
Ẋ2(τ)

]
. (5.13)

This is the expression advertised in section 5.1. In the subsequent three sections we will
evaluate Eq.(5.13) step by step.

2 A Feynman kernel for a nonrelativistic particle in the presence of a background vector potential described
by the Hamiltonian H = 1

2m

`

−i~∇⃗ − e
c
A⃗(x⃗)

´2
+ V (x⃗) is given by

〈x⃗| exp

„

− i

~
ĤT

«

|y⃗〉 =

Z x⃗(T )=x⃗

x⃗(0)=y⃗

Dx exp

"

i

~

Z T

0

dτ

 

m

2

„

dx⃗(τ)

dτ

«2

+
e

c
A⃗(x⃗(τ)) · dx⃗(τ)

dτ
− V (x⃗(τ))

!#

.

(f5.2)
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5.2.1 Separation of zero-mode

Observe that both
∫
Dx and

∫
Dy contain the integration over the constant loop, i.e. the

zero-mode of the Laplace operator on a loop. The presence of the zero-mode is due to the
translational invariance on a loop and, as we will see soon, the path-integration over this
zero-mode just reduces to the total momentum conservation. It should also be pointed out
that we must get rid of the zero-mode to obtain the well-defined inverse of the Laplace
operator, or Green’s function. To this end, we first note that the bosonic free coordinate
field XM (τ) = (xµ(τ), y(τ)) subject to the boundary conditions xµ(T ) = xµ(0) and y(T ) =
y(0) + wL can be decomposed into the following mode-expansions

xµ(τ) = xµ
0 +

1√
T

∞∑
n=1

(
αµ

nei 2πn
T

τ + (αµ
n)∗e−i 2πn

T
τ
)

, (5.14a)

y(τ) = y0 +
wL

T
τ +

1√
T

∞∑
n=1

(
αy

nei 2πn
T

τ + (αy
n)∗e−i 2πn

T
τ
)

. (5.14b)

We separate these dangerous zero-modes by introducing new coordinate field X̃M (τ) =
(x̃µ(τ), ỹ(τ)):

x̃µ(τ) := xµ(τ) − xµ
0 , (5.15a)

ỹ(τ) := y(τ) −
(

y0 +
wL

T
τ

)
. (5.15b)

There are three important issues with this separation of zero-modes:

1. Integration measure.
By substituting the new coordinate field, the integration measure becomes∫

x(T )=x(0)
Dx

∫
y(T )=y(0)+wL

Dy =
∫

ddx0

∫
x̃(T )=x̃(0)

Dx̃

∫ L

0
dy0

∫
ỹ(T )=ỹ(0)

Dỹ

=
∫

ddx0

∫ L

0
dy0

∫
X̃(T )=X̃(0)

DX̃, (5.16a)

where X̃M (τ) = (x̃µ(τ), ỹ(τ)).

2. Free worldline action.
The free worldline action becomes∫ T

0
dτ

1
4
Ẋ2(τ) =

(wL)2

4T
+

∫ T

0
dτ

1
4

˙̃X2(τ). (5.17)

Notice that the first term after the Wick rotation T → −iTE ensures the total con-
vergence (or UV cutoff independence) of amplitude for nonzero winding sector thanks

to the exponential suppression factor exp[−(wL)2/4TE ] TE→0→ 0 for w ̸= 0.

3. Vertex operator.
The vertex operator becomes

N∏
j=1

[∫ T

0
dτj ϵj · Ẋ(τj)eikj ·X(τj)

]

= ei(k1+···+kN )·X0

N∏
j=1

[∫ T

0
dτj ϵj ·

(
V + ˙̃X(τj)

)
eikj ·(V τ+X̃(τj))

]
, (5.18)
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where XM
0 := (xµ

0 , y0), V M := (0µ, wL/T ) and X̃M (τ) := (x̃µ(τ), ỹ(τ)). Notice
that the factor ei(k1+···+kN )·X0 with the integral

∫
ddx0

∫ L
0 dy0 just produces the total

momentum conservation:∫
ddx0

∫ L

0
dy0 ei(k1+···+kN )·X0 = (2π)dδ(d)(kµ

1 + · · · + kµ
N ) · Lδn1+···+nN ,0. (5.19)

5.2.2 Completing the square and performing the path-integration

Note that the vertex operators can be rewritten as follows

N∏
j=1

[∫ T

0
dτj ϵj ·

(
V + ˙̃X(τj)

)
eikj ·(V τ+X̃(τj))

]
=

 N∏
j=1

∫ T

0
dτj


× exp

 N∑
j=1

(ϵj + iτjkj) · V + i

∫ T

0
dτ J(τ ; {τj , kj , ϵj}N

j=1) · X̃(τ)

∣∣∣∣∣∣
linear in each ϵj

(5.20)

where the source field JM is defined by

JM (τ ; {τj , kj , ϵj}N
j=1) :=

N∑
j=1

δ(τ − τj)
(
−iϵM

j

d
dτ

+ kM
j

)
. (5.21)

JM represents the point sources localized on the positions of vertex operators τ = τj . Then,
the N gauge boson amplitude becomes

iΓN [k1, ϵ1; · · · ; kN , ϵN ] = (ig)N (2π)dLδ(d)(kµ
1 + · · · + kµ

2 )δn1+···+nN ,0

×
∑
w∈Z

∫ ∞

0

dT

T
e−im2T+i(wL)2/4T

 N∏
j=1

∫ T

0
dτj

 exp

 N∑
j=1

(ϵj + iτjkj) · V


×

∫
X̃(T )=X̃(0)

DX̃ exp
[
i

∫ T

0
dτ

(
1
4

˙̃X2(τ) + J(τ) · X̃(τ)
)]∣∣∣∣∣

linear in each ϵj

. (5.22)

Let us next perform the path-integration over the coordinate field X̃. To this end, we first
integrate the worldline action by parts:∫ T

0
dτ

[
1
4

˙̃X2(τ) + J(τ) · X̃(τ)
]

=
∫ T

0
dτ

[
1
2
X̃(τ) ·

(
−1

2
d2

dτ2
X̃(τ)

)
+ J(τ) · X̃(τ)

]
. (5.23)

By shifting the variable

X̃M (τ) → X̃M (τ) −
∫ T

0
dτ ′JM ∗

(τ ′)GB(τ − τ ′), (5.24)

where GB(τ − τ ′) is the bosonic worldline Green’s function defined by

−1
2

d2

dτ2
GB(τ − τ ′) = δ(τ − τ ′), (5.25)
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the worldline action becomes

∫ T

0
dτ

1
2
X̃(τ) ·

(
−1

2
d2

dτ2
X̃(τ)

)
− 1

2

∫ T

0
dτ

∫ T

0
dτ ′J(τ) · J∗(τ ′)GB(τ − τ ′). (5.26)

The Gaussian path integral that correspond to the first term is now easily performed with
the result

∫
X̃(T )=X̃(0)

DX̃ exp
[
i

∫ T

0
dτ

1
4

˙̃X2(τ)
]

= (4πiT )−D/2. (5.27)

Let us next evaluate the second term of the integral

∫ T

0
dτ

∫ T

0
dτ ′J(τ) · J∗(τ ′)GB(τ − τ ′)

=
N∑

i,j=1

∫ T

0
dτ

∫ T

0
dτ ′δ(τ − τi)δ(τ ′ − τj)

(
−iϵi

d
dτ

+ ki

)
·
(

+iϵj
d

dτ ′ + kj

)
GB(τ − τ ′)

=
N∑

i,j=1

[
ki · kjGB(τi − τj) − 2iϵi · kjĠB(τi − τj) − ϵi · ϵjG̈B(τi − τj)

]
. (5.28)

As we will see below, the worldline Green’s function is a symmetric function, GB(τi −
τj) = GB(τj − τi), so that its first and second derivatives are antisymmetric and symmetric
functions, respectively: ĠB(τi − τj) = −ĠB(τj − τi) and G̈B(τi − τj) = G̈B(τj − τi). Taking
into account these facts, Eq.(5.28) becomes

2
N∑

i>j=1

[
ki · kjGB(τi − τj) − i(ϵi · kj − ϵj · ki)ĠB(τi − τj) − ϵi · ϵjG̈B(τi − τj)

]
. (5.29)

Substituting these into Eq.(5.22) we obtain the following parameter integral representation
of the N gauge boson amplitude

iΓN [k1, ϵ1; · · · ; kN , ϵN ]

= (ig)N (2π)dLδ(d)(kµ
1 + · · · + kµ

2 )δn1+···+nN ,0

∑
w∈Z

∫ ∞

0

dT

T
(4πiT )−D/2e−im2T+i(wL)2/4T

×

 N∏
j=1

∫ T

0
dτj

 exp

 N∑
j=1

iτjkj · V − i

N∑
i>j=1

ki · kjGB(τi − τj)


× exp

 N∑
j=1

ϵj · V +
N∑

i>j=1

(
−(ϵi · kj − ϵj · ki)ĠB(τi − τj) + iϵi · ϵjG̈B(τi − τj)

)∣∣∣∣∣∣
linear in each ϵj

.

(5.30)
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5.2.3 Worldline Green’s function

Let us consider the inverse of the Hamiltonian operator H = −1
2

d2

dτ2 on the reduced Hilbert

space spanned by the (incomplete) orthonormal basis
{

1√
T

ei2πnτ/T
∣∣∣ n ∈ Z \ {0}

}
.

〈τ1|Ĥ−1|τ2〉 =
T

π2

∞∑
n=1

cos(2πn(τ1 − τ2)/T )
n2

= T

[(
τ1 − τ2

T

)2

−
∣∣∣∣τ1 − τ2

T

∣∣∣∣ +
1
6

]
, −T ≤ τ1 − τ2 ≤ T, (5.31)

where the second equality follows from the formula

∞∑
n=1

cos(nx)
n2

=
1
4
(x2 − 2π|x|) +

π2

6
, −2π ≤ x ≤ 2π. (5.32)

It should be noted that the τ -independent term T/6 in Eq.(5.31) does not affect to the
amplitude because it appears only in the exponent

∑N
i,j=1 ki · kjGB(τi − τj) and the term

(const) ×
∑N

i,j=1 ki · kj = (const) × (k1 + · · · + kN )2 always vanishes thanks to the total
momentum conservation δ(d)(kµ

1 + · · ·+kµ
N )δn1+···+nN ,0. Thus without any loss of generality

we can omit any constant term in Eq.(5.31) and thus obtain the following primed Green’s
function

G′
B(τ1 − τ2) = T

[(
τ1 − τ2

T

)2

−
∣∣∣∣τ1 − τ2

T

∣∣∣∣
]

, (5.33)

where prime (′) indicates the exclusion of the zero-mode contribution. Its first and second
derivatives are

Ġ′
B(τ1 − τ2) =

2(τ1 − τ2)
T

− sign(τ1 − τ2), (5.34a)

G̈′
B(τ1 − τ2) = 2

[
1
T

− δ(τ1 − τ2)
]

. (5.34b)

Notice that the primed Green’s function satisfies the differential equation

−1
2

d2

dτ2
1

G′
B(τ1 − τ2) = δ(τ1 − τ2) −

1
T

=
∑

n∈Z\{0}

ei2πn(τ1−τ2)/T

T
, (5.35)

which is consistent with the exclusion of the zero-mode contribution.

5.3 Example: vacuum polarization

As a demonstration of the power of the formula, in this Section we compute the vacuum
polarization ΠMN defined as

iΓ2[k1, ϵ1; k2, ϵ2] = (2π)dLδ(d)(kµ
1 + kµ

2 )δn1+n2,0ϵ
M
1 ϵN

2 iΠMN [k1, k2]. (5.36)
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p

k k

⊗

p

p + k

k k

⊗ ⊗

(a) (b)

Figure 5.1: Vacuum polarization. kM = (kµ, 2πn
L ) and pM = (pµ, 2πl

L ).

To this end we first extract the multilinear terms of ϵj from the exponential.

exp

 2∑
j=1

ϵj · V +
2∑

i>j=1

(
−(ϵi · kj − ϵj · ki)ĠB(τi − τj) + iϵi · ϵjG̈B(τi − τj)

)∣∣∣∣∣∣
linear in each ϵj

= ϵM
1 ϵN

2

[(
−k2ĠB(τ1 − τ2) + V

)
M

(
k1ĠB(τ1 − τ2) + V

)
N

+ iηMN G̈B(τ1 − τ2)
]
. (5.37)

Thus, taking the total momentum conservation k1 = −k2(=: k) into account, we obtain the
following parameter integral representation of the vacuum polarization

iΠMN [k] = (ig)2
∑
w∈Z

∫ ∞

0

dT

T
(4πiT )−D/2e−im2T+i(wL)2/4T

×
∫ T

0
dτ1

∫ T

0
dτ2 ei(τ1−τ2)k·V +ik2GB(τ1−τ2)

×
[(

kĠB(τ1 − τ2) + V
)

M

(
kĠB(τ1 − τ2) + V

)
N

+ iηMN G̈B(τ1 − τ2)
]
. (5.38)

As a check let us compute the vacuum polarization using the Feynman rules. At one-loop
order there are two Feynman diagrams that contribute to the vacuum polarization.

(a) = −i2g2ηMN

∑
w∈Z

∫
dDp

(2π)D

ieipywL

−p2 − m2 + iϵ
, (5.39)

where we have used the Poisson summation formula

1
L

∑
l∈Z

δ(py − 2πl
L ) =

1
2π

∑
w∈Z

eipywL. (5.40)

Using the Schwinger’s parameterization and shifting the variable py → py + wL/2T , we get

(a) = −2ig2ηMN

∑
w∈Z

∫ ∞

0
dT e−iT (m2−iϵ)+i(wL)2/4T

∫
dDp

(2π)D
e−iTp2

(5.41)
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The momentum integral is now Gaussian and is easily performed with the result

(a) = −2g2ηMN

∑
w∈Z

∫ ∞

0
dT (4πiT )−D/2e−iT (m2−iϵ)+i(wL)2/4T . (5.42)

Next evaluate the second diagram (b):

(b) = (ig)2
∑
w∈Z

∫
dDp

(2π)D

i2(2p + k)M (2p + k)NeipywL

(−p2 − m2 + iϵ)(−(p + k)2 − m2 + iϵ)
, (5.43)

where we have again used the Poisson summation formula. Successive use of the Feynman’s
parameter formula and the Schwinger’s parameterization yields

(b) = (ig)2
∑
w∈Z

∫ 1

0
dx

∫ ∞

0
dTT

∫
dDp

(2π)D
(−2i∂v + k)M (−2i∂v + k)N

× eip·v+iT [−p2−m2+iϵ−x(k2+2p·k)]
∣∣∣
vM=(0µ,wL)

. (5.44)

Completing the square with respect to p and shifting the variable p → p − xk + v/2T , we
get

(b) = (ig)2
∑
w∈Z

∫ 1

0
dx

∫ ∞

0
dTT e−iT [m2−iϵ+x(1−x)k2]

× (−2i∂v + k)M (−2i∂v + k)Ne−ixk·v+iv2/4T
∣∣∣
vM=(0µ,wL)

×
∫

dDp

(2π)D
e−iTp2

. (5.45)

Performing the p-integration and computing the v-derivatives we get

(b) = −i(ig)2
∑
w∈Z

∫ 1

0
dx

∫ ∞

0
dTT (4πiT )−D/2e−iT [m2−iϵ+x(1−x)k2]

×
{[

(1 − 2x)k +
v

T

]
M

[
(1 − 2x)k +

v

T

]
N
− iηMN

2
T

}
e−ixk·v+iv2/4T

∣∣∣∣∣
vM=(0µ,wl)

. (5.46)

Sum of these two contributions (a) and (b) recovers the result given by the formula (5.38).

5.4 Conclusions and discussions

In this chapter we have studied worldline formulation of gauge theory with a single extra
dimension compactified on a circle. By carefully separating out the dangerous zero-mode
contribution, we have successfully derived the master formulae for scalar one-loop ampli-
tudes with arbitrary number of gauge bosons in Abelian gauge theory.

For the sake of simplicity, we have restricted ourselves to a smooth circle with no point in-
teraction as a single extra dimension. As discussed at the end of chapter 4, we already know
the path integral representation at least for scale-independent point interactions character-
ized by two parameters θ and φ. Thus, as the possible simplest extension, it is interesting
to investigate the worldline formalism for an extra dimensional model in the presence of
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scale-independent point interaction and then study the effects of two parameters to gauge
theory amplitudes and effective potential. Since the presence of scale-independent point
interaction breaks the translational invariance along the direction of extra dimension, it is
also interesting to study what boundary localized operators are radiatively induced by the
violation of translational invariance.

Another possible extension of this work is to include fermion loop. In four dimensional
worldline formalism, it has been known that when one considers a worldline fermion, the
worldline action exhibits worldline supersymmetry as a consequence of separation of spin
and orbital degrees of freedom. However, this worldline supersymmetry is violated in general
due to the discrepancy in boundary conditions for worldline boson and fermion: the former
obeys the periodic and the latter antiperiodic boundary conditions. It is interesting to
investigate how worldline supersymmetry is affected due to the presence of point interaction.
Further investigations are required.





Chapter 6

Summary and outlook

In this dissertation we have studied theoretical aspects of point interactions in quantum
theory on a graph (quantum graph). We are mainly motivated by the following two different
fields of quantum physics. The first is mesoscopic or nanoscale systems. Recent development
of nanotechnology such as an electron-beam lithography enables us to fabricate mesoscopic
networks of one-dimensional wires, whose simplest model is quantum graph. The second is
perturbative quantum field theory with a single extra dimension in the presence of defects or
boundaries, which can be viewed as point interactions along the direction of extra dimension.
Apparently, these two fields of quantum physics have nothing in common. However, they
actually have a single common point in respect that boundary condition plays a crucial role
in their quantum dynamics.

Whatever the motivation, studies of point interactions all end up with the study of
boundary conditions. The essential ingredient to treat boundary conditions in quantum
system is the Kirchhoff’s law of probability current at the vertex. In mathematical language,
it is von Neumann’s theory of self-adjoint extension of symmetric operator. These two
methods are equivalent and reveal a much rich structure of point interaction available in
quantum theory. More specifically, in a star graph with N bonds a point interaction at the
vertex is specified by an N×N unitary matrix U ∈ U(N). Therefore there exist in principle
much variety of point interactions characterized by N2 parameters. In other words, in such
a system theory space spanned by all possible point interactions is just equivalent to the
parameter space of unitary group U(N).

As naively expected, any short ranged interaction, which may be a defect or impurity
or brane, could be approximated by a point interaction in the long-wavelength limit. In
this sense point interaction is essentially for low energy physics. According to the idea of
renormalization group theory, such a low energy system will be well described by symmetries
and relevant interactions regardless of microscopic details of a system. In this respect, after
the introductory chapter we have investigated symmetries and invariant subfamilies of point
interactions and renormalization group flow in the parameter space of unitary group U(N)
in chapter 2 and 3, respectively.

In chapter 2, after the precise definition of point interaction on a star graph we re-
viewed symmetry classes of U(2) family of point interactions and then proceed to extend
the analysis to U(3) family of point interactions on a Y-junction of three half-lines. We have
revealed that the set of eight discrete transformations generated by the counterclockwise
rotation through an angle 2π/3 and Z3-reflection spans the Lie algebra su(3) of the spe-
cial unitary group SU(3). One of the remarkable point to note is that these eight discrete
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transformations commute with the free Hamiltonian. Hence, under any elements of su(3)
spectrum of an original system is preserved. We further extend to a general star graph
with N bonds and find that the set of N2 − 1 discrete transformations, which is gener-
ated by the counterclockwise rotation through an angle 2π/N and ZN -reflection, consists
of spectrum-preserving su(N) algebra.

In chapter 3 we have derived exact renormalization group flow of point interactions and
found 2N distinct fixed points in the parameter space spanned by eigenphases of unitary
matrix U ∈ U(N). In general the most infrared (IR) stable fixed point is the Dirichlet
fixed point where the Dirichlet boundary conditions are realized. On the other hand, the
most ultraviolet (UV) stable fixed point is the Neumann fixed point where the Neumann
boundary conditions are realized. The other 2N −2 fixed points have in general IR unstable
directions. Because, in naively speaking, any short ranged interactions can be approximated
by a point interaction in the long-wavelength limit, it is natural to expect that our analysis
shows that there exists 2N distinct universality classes of short ranged interactions that
must flow into one of the fixed points in the IR limit.

Quantum theory on a graph is also responsible to perturbative quantum field theory. It
becomes obvious when one considers a worldline formalism of perturbative quantum field
theory, where internal lines of a given position-space Feynman diagram are identified as a
single particle’s worldline in configuration space. Then field theoretical S-matrix elements
are obtained by one-particle quantum mechanical path integral with some background fields.
There, Green’s functions on a worldline such as a circle (for one-loop amplitudes) or an fig-
ure eight (for two-loop amplitudes of φ4 theory) are needed for computations. Nowadays
it is known that worldline formalism generally provides a powerful alternative method to
compute effective action and/or S-matrix elements at least to one-loop order. Thanks to its
nature of position-space oriented descriptions for quantum field theory, worldline formal-
ism is also powerful enough to perturbative quantum field theory with an extra compact
dimension for another reason: that is, for the clarity of winding number, that counts how
many times an internal line winds around the direction of extra dimension. It plays an
important role in extra dimensional models because any non-zero winding contributions
are essentially UV finite thanks to its long-distance nature: If one computes a radiative
correction of a quantity that naively diverges in UV as ∼ ΛD with Λ being a cutoff scale,
then such a loop induced correction from non-zero winding contributions must be of the
form ∼

∑
w∈Z C(w)(wL)−D, where w is the winding number, L is a circumference of extra

dimension and C(w) is a possible (w-dependent) dimensionless coefficient1. This estimation
follows from the dimensional analysis and the fact that internal line winding around the
extra dimension w times cannot be shorter than wL and hence it plays a role of a cutoff
length scale for w-winding sector. The sum

∑
w∈Z ensures the summation of all possible

physically distinct closed loops, which goes quite well with the philosophy of path integral.
Thus, determination of whether given S-matrix elements are those from the contributions of
zero- or non-zero winding is an essentially significant problem especially for the perturbative
renormalization procedures and/or classification of UV finite quantities such as the Higgs
mass in the gauge-Higgs unification scenario in a quantitative level. However, it has been a
longstanding problem and not yet fully understood how to incorporate boundary conditions
(which describes zero-thick branes in the context of extra dimension) into path integration

1In fact, C(w) is given by an matrix elements for the wth power of corresponding one-particle quantum
mechanical S-matrix.



Aspects of point interaction 75

on a compact space, where the Poisson summation formula is no longer available2.
In this respect, chapter 4 is devoted to the study of path integral formulation of one-

particle quantum mechanics on a rose graph. We found the most general path integral
description of the Feynman kernel valid for U(N) family of point interactions at the vertex
of N -petal rose. We also discussed the topology change of figure eight and speculated that
any compact graphs can be generated via topology change of an appropriate rose graph.
This is the reason why we have concerned a rose graph.

In chapter 5 we have studied the worldline formalism of Abelian gauge theory with a
single extra dimension compactified on a circle. We successfully derived the master formula
for scalar one-loop amplitudes with arbitrary number of external gauge bosons in Abelian
gauge theory.

Let us close this concluding chapter on a more speculative level. Over the past decade, an
intensive study has been made on domain wall networks, or junctions, realized as topological
solitons of supersymmetric quantum field theory [69–71]. One of the motivations for those
studies are field theoretical constructions of D-branes for models of brane-world scenario.
A typical example of such a soliton is the Y-junction of domain walls. Just as in the case
of kink configuration background, when one considers fermion fields in the background
of such a Y-junction of domain walls, it is natural to expect that fermion’s wavefunction
would be localized to the Y-junction. If so, in the low-energy regime where thickness of
domain walls will be ignored, fermions could be effectively described as those confined on
the one-dimensional network of Y-junction of three half-lines. As we have seen in chapter 2,
quantum system on Y-junction admits three distinct bound states, which might be used to
address the generation problem of quarks and leptons: three generations of fermions in our
world could be explained as the three distinct bound states of the lowest three Kaluza-Klein
modes of a single fermion field residing on a higher-dimensional spacetime with an extra
“Y-dimension”. Furthermore, the wavefunctions of these three bound states are localized
to the junction point xj = 0 as ∼ exp(−xj/Lj), j = 1, 2, 3. Thus, it might be possible to
address simultaneously the mass hierarchy of quarks and leptons, or the Yukawa couplings
hierarchy, as overlapping integrals of three distinct wavefunctions without use of any large
hierarchical assumptions of Yukawa couplings. However, all of these arguments are just
speculations. Further investigations will be required.

2The Poisson summation formula is applicable only to the scale-independent point interactions.
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