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In this dissertation we study theoretical aspects of point interactions in quantum theory
on a graph (quantum graph). We are mainly motivated by the following two different fields
of quantum physics. The first is mesoscopic or nanoscale systems. ‘Recent development of
nanotechnology such as an electron-beam lithography enables us to fabricate mesoscopic
networks of one-dimensional wires, whose simplest model is quantum graph. The second is
perturbative quantum field theory with a single extra dimension in the presence of defects or
boundaries, which can be viewed as point interactions along the direction of extra dimension.
Apparently, these two fields of quantum physics have nothing in common. However, they
actually have a single common point in respect that boundary condition plays a crucial role
in their quantum dynamics.

Whatever the motivation, studies of point interactions all end up with the study of
boundary conditions. The essential ingredient to treat boundary conditions in quantum
system is the Kirchhoff’s law of probability current at the vertex. In mathematical language,
it is von Neumann’s theory of self-adjoint extension of symmetric operator. These two
methods are equivalent and reveal a much rich structure of point interaction available in
quantum theory. More specifically, in a star graph with N bonds a point interaction at the
vertex is specified by an N x N unitary matrix U € U(N). Therefore there exist in principle
much variety of point interactions characterized by N2 parameters. In other words, in such
a system theory space spanned by all possible point interactions is just equivalent to the
parameter space of unitary group U(N).

As naively expected, any short ranged interaction, which may be a defect or impurity
or brane, could be approximated by a point interaction in the long-wavelength limit. In
this sense point interaction is essentially for low energy physics. According to the idea of
renormalization group theory, such a low energy system will be well described by symmetries
and relevant interactions regardless of microscopic details of a system. In this respect,
after the introductory chapter we investigate symmetries and invariant subfamilies of point
interactions and renormalization group flow in the parameter space of unitary group U(N)
in chapter 2 and 3, respectively.

In chapter 2, after the precise definition of point interaction on a star graph we review
symmetry classes of U(2) family of point interactions and then proceed to extend the anal-
ysis to U(3) family of point interactions on a Y-junction of three half-lines. We reveal that
the set of eight discrete transformations generated by the counterclockwise rotation through
an angle 27 /3 and Zs-reflection spans the Lie algebra su(3) of the special unitary group
SU(3). One of the remarkable point to note is that these eight discrete transformations
commute with the free Hamiltonian. Hence, under any elements of su(3) spectrum of an
original system is preserved. We further extend to a general star graph with N bonds and
find that the set of N2 -1 discrete transformations, which is generated by the counterclock-
wise rotation through an angle 27/N and Zpy-reflection, consists of spectrum-preserving
su(N) algebra.

In chapter 3 we derive exact renormalization group flow of point interactions and found
2V distinet fixed points in the parameter space spanned by eigenphases of unitary matrix
U € U(N). In general the most infrared (IR) stable fixed point is the Dirichlet fixed
point where the Dirichlet boundary conditions are realized. On the other hand, the most
ultraviolet (UV) stable fixed point is the Neumann fixed point where the Neumann boundary
conditions are realized. The other 2V —2 fixed points have in general IR unstable directions.
Because, in naively speaking, any short ranged interactions can be approximated by a point
interaction in the long-wavelength limit, it is natural to expect that our analysis shows that
there exists 27V distinct universality classes of short ranged interactions that must flow into
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one of the fixed points in the IR limit.

Quantum theory on a graph is also responsible to perturbative quantum field theory. It
becomes obvious when one considers a worldline formalism of perturbative quantum field
theory, where internal lines of a given position-space Feynman diagram are identified as a
single particle’s worldline in configuration space. Then field theoretical S-matrix elements
are obtained by one-particle quantum mechanical path integral with some background fields.
There, Green’s functions on a worldline such as a circle (for one-loop amplitudes) or an fig-
ure eight (for two-loop amplitudes of ¢* theory) are needed for computations. Nowadays
it is known that worldline formalism generally provides a powerful alternative method to
compute effective action and/or S-matrix elements at least to one-loop order. Thanks to its
nature of position-space oriented descriptions for quantum field theory, worldline formal-
ism is also powerful enough to perturbative quantum field theory with an extra compact
dimension for another reason: that is, for the clarity of winding number, that counts how
many times an internal line winds around the direction of extra dimension. It plays an
important role in extra dimensional models because any non-zero winding contributions
are essentially UV finite thanks to its long-distance nature: If one computes a radiative
correction of a quantity that naively diverges in UV as ~ AP with A being a cutoff scale,
then such a loop induced correction from non-zero winding contributions must be of the
form ~ ¥,c5 C®(wL)~P, where w is the winding number, L is a circumference of extra
dimension and C™) is a possible (w-dependent) dimensionless coefficient. This estimation
follows from the dimensional analysis and the fact that internal line winding around the
extra dimension w times cannot be shorter than wL and hence it plays a role of a cutoff
length scale for w-winding sector. The sum ), ., ensures the summation of all possible
physically distinct closed loops, which goes quite well with the philosophy of path integral.
Thus, determination of whether given S-matrix elements are those from the contributions of
zero- or non-zero winding is an essentially significant problem especially for the perturbative
renormalization procedures and/or classification of UV finite quantities such as the Higgs
mass in the gauge-Higgs unification scenario in a quantitative level. However, it has been a
longstanding problem and not yet fully understood how to incorporate boundary conditions
(which describes zero-thick branes in the context of extra dimension) into path integration
on a compact space, where the Poisson summation formula is no longer available.

In this respect, chapter 4 is devoted to the study of path integral formulation of one-
particle quantum mechanics on a rose graph. We find the most general path integral de-
scription of the Feynman kernel valid for U(V) family of point interactions at the vertex of
N-petal rose. We also discuss the topology change of figure eight and speculated that any
compact graphs can be generated via topology change of an appropriate rose graph. This
is the reason why we concern a rose graph.

In chapter 5 we study the worldline formalism of Abelian gauge theory with a single
extra dimension compactified on a circle. We successfully derive the master formula for
scalar one-loop amplitudes with arbitrary number of external gauge bosons in Abelian
gauge theory.

In concluding chapter 6 we discuss a possibility that extra dimension may be a graph
such as a Y-junction of three half-lines as a low energy description of domain wall junctions.
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