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Kernel identities for van Diejen’s g-difference operators and
transformation formulas for multiple basic hypergeometric series

Yasuho Masuda

‘Department of Mathematics, Graduate School of Science, Kobe University

Abstract

In this paper, we show that the kernel function of Cauchy type for type BC intertwines the
commuting family of van Diejen’s g-difference operators. This result gives rise to a transforma-
tion formula for certain multiple basic hypergeometric series of type BC. We also construct a
new infinite family of commuting ¢-difference operators for which the Koornwinder polynomials
are joint eigenfunctions.
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1 Introduction

In the theory of Macdonald polynomials of type A, the kernel function of Cauchy type has been used
to derive various important properties of Macdonald polynomials ([Mal, Mil, KiN]). Kajihara’s
Euler transformation formula for multiple basic hypergeometric series can also be regarded as an
application of the kernel function of Cauchy type [Ka].



Recently, Y. Komori, M. Noumi and J. Shiraishi in [KNS] introduced the kernel function
®(x;y|q,t) of type BC in the variables z = (z1,...,Zm) and y = (y1,...,Yn) relevant to Koorn-
winder polynomials. The kernel function ®(z;y|q,t) satisfies the following ¢-difference equation:

(t) DY ®(x;ylg, t) — (1) DY D(w;ylg,t) = (™)t W™ )@ (z;5yla. t), (1.1)

where o = y/abcd/q and (z) is the multiplicative notation for trigonometric function

(2) =22 — 277 = —z73(1 — 2). (1.2)
In this identity, DY is the Koornwinder g-difference operator in the x variables
P =3 A@) Ty — D+ S Ada (T — 1), (1.3)
i=1 i=1
N b)) (ex; ) da; togr;) (trie; !
aa) = Semdlboeny ey 1 Ers)Un ) (1.4)
J#i
Toeif(@1, -, Tiy oo, Zm) = f(Z1, .., 9T4, - -, Tm), (1.5)

and 1331/ denotes the Koornwinder operator in the y variables with the parameters (a, b, ¢, d) replaced
by (V%q/a,/tq/b,\/Tq/c,\/tq/d). In this paper, we show that ®(z;ylg,t) intertwines the whole
commuting family of van Diejen’s g-difference operators, which includes the Koornwinder operator
as the first member.

In Subsection 2.1, we recall some basic facts on van Diejen’s g-difference operators. We also state
our main result in Subsection 2.2 and prove it in Subsection 2.3. In the proof of the main result,
we show a rational function identity of x variables and y variables. By using a method of principal
specialization, from this identity we derive two types of transformation formulas for multiple g-series
(Theorem 3.1 and Theorem 3.3). Theorem 3.3 recovers one of the C' type transformation formulas,
due to H. Rosengren [R]. From the special case of Theorem 3.1, we construct a family of explicit
g-difference operators of “row type” for which the Koornwinder polynomials are the eigenfunctions.

Throughout the present paper, we assume that the base ¢ is a complex number such that
0 < |g| < 1. We also assume that a, b, c,d, g,t are generic complex numbers.

2 Kernel identity of Cauchy type

2.1 Van Diejen’s ¢g-difference operators

In this subsection, we recall some basic properties of the family of van Diejen’s g-difference opera-
tors. For further details, we refer the reader to [vD1, Ko, KNS|.

The family of van Diejen’s g-difference operators {D¥(a,b,c,d|q,t)}r, in the variables z =
(x1,...,Zm) is defined as follows:

D :=D(a,bcdlg,t)= Y. Verre(@)Upe,_py(z)TL9, (2.1)
Ic{1,...,m}
0<|I|<r
EiZil(iEI)



Vo) = [ olbaitesldefty p ey ey gy oo ) (22)
&b o i i i . 6 €3 i Ly .
el < 26 7qx26 > i,jel (:L‘: xjjaqmze' 'rjj> icl <‘T: xj 1)
1<j jed
6 1.0 5» 8 6,0 6 0 8, £1
(axi®, bay*, caj®, dxi*) (tz; iEJ gzt /1) {tz'z;)
UJr(x) = Z (_1)r H 25 : H H (23)
) 8; 8; 5 0;, 1\’
IcJ il {; ,qa: > i,jel (z;’ 5’7] »4T; x]> icl (z; T )
5 Ii|1=(r_ 5 i<j jeJ\I
i==x1(2€

where Tq(,lw’e) = [lie; Ty%, and we used the shorthand notation

(21, z1) = (z1) - {z), (2w = (2w, zw™1). (2.4)

We will use the following notation of g-shifted factorial in this paper:
2)qu —H(qz Ly = (1)l 3273 (zq) (1=0,1,2,...), (2.5)

where (z;q); = 221(1 — ¢*~12). For these two types of g-shifted factorials, we use the shorthand
notation as

(21, 2kdqr = | (B)aps (2 )gp = (zw)ga(zw ™) gy, (2.6)
1<i<k
(21w = [ Godn  (zwthieh = (zw; @20 q). (2.7)
1<i<k

Let w(z) and v(z) denote the following rational functions, respectively:

(az,bz,cz,dz)
(22,q22)

Then Vs s(z), Usr(x) are also expressed as

Ver,g(z) = Hw ) H ix;j)v qz; x Hv(ze’xil) (2.9)

_ {t2)
v(z) = B (2.8)

w(z) =

i€l i,J€l i€l
1<j Jjed
) Yy 1S 8.
Ujr(z) = Z (—1)7Hw(3;‘21 H v a:f’xjj)v(q Lz, 5’xj 7) H (ac‘S x;ﬂ) (2.10)
IcJ i€l ijel icl
{I|=r 1<j JeINI
§;=%1(iel)

where v(:cix;.hl) means v(x;z;) 'v(x,x;l)

Let W,, be the Weyl group of type BC,, acting on the Laurent polynomials in the variables
z = (z1,...,%m) through the permutations of the indices and the inversions of the variables.
Under the assumption that a, b, ¢, d, q,t are generic, for each partition A = (A1, ..., Ay, ) there exists
a unique Wp,-invariant Laurent polynomial Py(z) = Px(x;a,b,c,d|q,t), called the Koornwinder
polynomial attached to )\, satisfying the following conditions.

(1) Pr(z) is expanded by the orbit sums my(z) =3, ey, =" as

Py(z) = ma(z) + Y _ caump(), (2.11)
p<A



where ¢y, € C and < means the dominance ordering of the partitions.
(2) P\(z) is a joint eigenfunction of van Diejen’s g-difference operators D :

DEPy\(z) = Py(z)e,(at’™¢*; alt), (2.12)
where 6,, = (m—1,...,1,0) and e.(x; a|t) are the interpolation polynomials of column type defined
by

er(z;alt) = Z e(zi; t a)e(riy; t2 ) - - e(my, 1T Q) (2.13)
1<i1 <--<ir<m

= Y et a)e(my 7T ) (i £ ), (214)
1<i1 < <ip<m

e(z;w) = (zw)(zw ) =24+ 27 —w—w™h (2.15)

Note that e,(z; a|t) is W,-invariant and satisfies the following interpolation property (See [KNS]):
For any partition u 2 (17),
er(at®mgh; alt) = 0. (2.16)

2.2 Main result

We recall the definition of the kernel function ®(z;y|q,t) of Cauchy type associated with the root
systems of type BC in the variables z = (z1,...,Zp) and ¥y = (y1,...,Yn). The kernel function
®(x;y|g,t) is defined as a solution of the following linear g-difference equations:

e(v/a/tws; yr) .
Tow ®(z39lg,t) = B(zsylg,t) [ P (1<i<m), (2.17)

e(v/'a/tyxk; ;)
Tou (x5 yla,t) = (x5 9lg, t) — VLD (1< k< n). (2.18)
o élm e(v/tqyi; ;)

Such a ®(z;yl|q,t) is a multiple of the function

So(z;ylg,t) = (z1- - 20)"7 H xzyk ’q)oo, (2.19)
1<i<m (Va :czyk Y @)oo
1<k<n

by a g-periodic function with respect to all the variables z and y. Here (2;¢)oo = [[5o0(1 — ¢‘2) and
~ is a complex number such that q7 = ¢t. We note that four types of explicit formulas for kernel
function of Cauchy type including ®(zx;y|q,t) are introduced by [KNS].

For any integer [, let e(z; w)q; be the g-shifted factorial of type BC with base point w defined
by

o), = e(z;w)e(z;qw)..l.e(z;ql—lw) (1>0), 220
Wil — e(z;qhu)e(z;qb+1u0_._e(z;q_luo a <:0). .

We also define a generating function of D¥ and that of DY by

m

D% (u) := D%(u;a,b,c,d|g,t) = Z(—l)’"Dfe(u; @)t m—r, (2.21)
r=0



DY(u) := D¥(u; 4, b, ¢, d|q, t) = Z(—l)’”ﬁ}!e(u; )t n—r (2.22)
r=0
where (@,5,¢,d) = (vVig/a,/Tq/b,/Tq/c,/Tq/d), so & = t/a. We also denoted DY¥(@,b,¢,d|g,t)
by D?. For any function f(z) = f(z;a,b,c,d) depending on the parameters (a,b,c, d), we write
f(z) = f(z;a,b,¢,d). Then we have the following theorem.

Theorem. 2.1. The kernel function ®(x;ylq,t) intertwines the q-difference operator D”(u) in the
x variables with the g-difference operator DY(u) in the y variables:

D (u)®(z; ylg, t) = e(u; @)gm—nD¥(u)®(z; ylq, t). (2.23)
We call this equation a kernel identity of Cauchy type.

A proof of this theorem will be given in the next subsection. We now give some remarks related
to Theorem 2.1. Firstly, it is known that Theorem 2.1 in the case of n = 0 holds. Namely, the
constant function 1 is the eigenfunction of van Diejen’s ¢-difference operators [vD1]:

D%(u) - 1 = e(u; &)t,m- (2.24)
We will use this fact as the starting point of our proof. It is also known by [KNS] that
m m
Z(—l)’"er(m; aft)e(u; a)tm—r = H e(u; ;). (2.25)
r=0 i=1

In general, for any partition A we have

D*(u)Py(z) = Px(z) H e(u; at™ M), (2.26)
‘ i=1
Secondly, comparing the coefficient of e(u; @) m—1 in the left-hand side of (2.23) with that in
the right-hand side, we obtain (1.1). In fact, the g-Saalschiitz sum gives the transformation formula
for the base points of the ¢-shifted factorials of type BC"

e(wib)y= 3 (-1) H e(t3 Db 30D fa), s e(w; a)esr, (2.27)
0<r<i t

-1
H e (2.28)
P
It follows from this formula that
e(u; a)t,m——ne(u; t/a)t,n—k

=Y (- [”;k} e(t2 Y Ja; ¢30H2MHR) [0 e (u; )yt (2.29)
0<i<n—k t

Comparing the coefficients of e(u; &)t m—r in the both sides of (2.23), we have
T
Dit(eialat) = Dt 17| cHb fased I o) amylay. (230
k=0 t

The formula (2.30) for r = 1 recovers the result (1.1) of [KNS].



2.3 Proof of the main result

It is enough to show the case where m > n > 0. The identity (2.23) is equivalent to
®(x;ylq, t) 1D (w) B (w3 ylg, t) = B(w;yla, ) T DY (w) @ (23 ylg, t)e(u; @)t m—n- (2.31)

Regarding this as a rational function identity of the variable y,, we prove it by computing the
residues and the limits as y, — oo.
The generating function D*(u) is expanded as

Do (w)= Y (=)W re(@)Ure(u; 2)TL, (2.32)
Ic{1,..,m}
e;=+1(iel)
. .8 _ _8: =&
Uswz)= Y e(we)ygon [[wed) [T vedia? we %) [ vz, (2:33)
IcJ iel i,jel iel
8;=+1(i€l) i<j jeJ\I

Similarly, we expand 'ZSy(u) We also define the rational function F'(z;w) in the variables z =
(21,...,2r) and w = (wy,...,ws) by

zZyw \/_z“wk
F(zw) = 111 PN (2.34)

1<k<s

For any subset I = {i1,...,4,} C {1,...,m},|I| = r and signs ¢ = £1(: € I), we write 2§ =
(z*,...,z"). Then, (2.31) is expressed as

21 ! ) ’L
> (=)W re(@)Ure(u; 2) F (23 )

Ic{1,..,m}
ei=+1(i€l) (2.35)
=e(w)emrn P (~DEWek ke()Uke(u; y) F(yi; ).

Kc{1,..,n}

ep=*1(keK)

We prove this identity by induction on n, starting with (2.24) of the case n = 0. We assume that
our identity holds when the number of y variables is less than n.

Firstly, we consider the residues of the both sides. The left-hand side of (2.35) may have the
poles at

- Vet

(1 <i<m). (2.36)
On the other hand, there may be the poles at
H1<i<m), =+1, =¢?

1
yn —_—,\/Exj:l’ \/_ ’L 3 (2 37)
+q7 V2 gyt ¢lWE 1<k <n)

in the right hand side. However, we can check by direct calculation that the points other than

1
= Vigzi!, —=zF' (i =1,...,m) are apparent singular points. Since (2.35) is invariant under

\/'—a 2



the inversions and permutations for £ and y, we have only to analyze the residue at the point
Yn = \/t_q$m~

In the left-hand side, the term indexed by (I, €) has a pole at y, = v/tqz,, if and only if m € I
and €, = 1. Note that

F(25%; Viqam) = H <qu$?,tl‘m/27;l:> _ H M (2.38)

where I’ = I\ {m}. Thus it follows that the residue is equal to

_\/E(axm,bwm,cwm,da:m)(\/t_—M)xm H v(wilxm)

(z2,,tqz2))

1<j<m—1
- F(xm;y’) x (Lh.s. for the case of (z;v')), (2.39)
where ' = (z1,...,Zm-1) and ¥ = (y1,...,Yn-1)-
In the right-hand side, the term indexed by (K, €) cannot have a pole at y, = y/tqzm, unless
n € K and ¢, = —1. The corresponding residue is equal to

_\/E(axm,bxm,cxm,dxm)(\/t_—\/q_/t):cm H v(wilmm)

2 2 J

- F(xm;y') x (r.h.s. for the case of (z';9)). (2.40)

Therefore it follows from the induction hypothesis that the residues of the both sides at the point

Yn = Vtqxm, are equal.
Next, we calculate the limits of the both sides as y, — oco. It is easy to check

lim (Lh.s.) = (Lh.s. for the case of (z;y)). (2.41)

Yn —>00
We consider the limit of the individual terms of the right-hand side in the following three cases:
(i)ne€ K and €, =1, (ii) n € K and €, = —1, (i) n ¢ K.

By direct calculation, we can check in the case (i) and (ii) respectively as follows:

lim | Y (=D¥Wek ke () Uk (s 9) F (yics @)

Yn=300 neK
en=1
=—at" SN (=) E Wk ke () Oroe (w3 y ) F(yicrs ), (2.42)
K'c{1,..,n—-1}
Ekzﬂ:l(kEKl)

lim | (1) Wk ke (9) Uk (w; 9) F (5 @)

Yn—+00 ey
en=—1
=gttt Y ()R W e () Oee (us ) F (g @)- (2.43)

K'C{1,..n—1}
€k=i1(k€K/)



In the case (iii), we divide the sum

~ — -4
Uke(u;y) = Z e(u; @)y, Ke|—|L| H w(ykk) H ykky?l “ly 5k 1Y) H yk yl
LCK® keL klcL kL
Sp==%1(k€L) k<l leK°\L
(2.44)
into the three groups of terms as
(a) n€ Land 6, =1, (b)n € L and §, = -1, (¢) n ¢ L.
Combining the limits of these three cases, we obtain
; “IOWEW. o e (DU wee (4 € .
ngK
=@+u) Y ()W ge(y)Ukre (s 3 ) F (yir; o). (2.45)
K'c{1,..,.n—1}
Gk:i‘_l(kEKl)
From (2.42), (2.43) and (2.45), it follows that
lim (r.h.s.) = (r.h.s. for the case of (z;y')), (2.46)
Yn —>O0
and hence we complete the proof of Theorem 2.1.
Replacing (g, t) by (t,q), the formula (2.35) can be rewritten explicitly as follows.
Theorem. 2.2. Given two sets of variables t = (z1,...,2m) and y = (y1,...,Yn), the following

identity holds:

Z ( mH (azs, bzt ey, dast) H (qzst :/U ' tqziix ) H (qz; w;H}
261, 2¢; €; +1
Ic{1,...m} i€l t2i) ijel Co N IJ> icl (o5 z5™)
ei=t1(iel) i<g jel¢
; ; 8; 8; d; 8,03
<a,;1;‘.5’ bg;‘s' cq;.’,dq;.’> (q:v ar; t.l‘ .’IZ /q>

Z (e(u’ \Z q/ta)Qv|IC|—|J'H = 2(;,', 2151' : H d; d; 5

JCI® ieJ (3™, by ™) ijed (x; a: 't 5UJ>
§;=+1(ieJ) 1<j

& :i:l )

H (qx; z; H e(\/t/axs; y)

Py (w‘s’x;tl) icl e(vtqzs'; yk)
JEINJ 1<k<n

= G(U' \/q_/ta)q m-n Z ( IK| H \/—yk /a7 \/_y /b \/_yek/(;’ \/Zay;:k/d>
n}

3
Kc{l,.. keK v (Ui ty ™)
ex=*1(k€K)

(qy vty y) 1 (vt
1 oy Il > |ewvig/o)g ke
kick e YWVl gk W'vi")  [cre
k<l leK® dp=11(keL)
5 5 § 5 s S, 8

10 (Viayy*/a, Viqy, /b, viqy* /e, viqyy /d) I (avpu' tw vl /9)

2% ;.20 Or. 01 1,060
kel <yk Yy *) kJleL <ykkyllatykkyll>
k<l



(qyikyl:tl 6(\/t/qy2k;xi)
11 I 7= ) (2.47)
kel <yk yl > keK 6( qyk 7:U’L)

leK\L 1<i<m

3 Transformation formulas for multiple basic hypergeometric se-
ries

In the case of type A, the kernel function of Cauchy type intertwines the Macdonald g¢-difference
operators [MiN]. This property gives the rational function identity which is similar to (2.47).
Applying certain specializations to this identity, Kajihara derived the Euler transformation formula
for multiple basic hypergeometric series. In the same way, we propose two types of transformation
formulas for multiple basic hypergeometric series.

3.1 Type BC case

In this subsection, we derive a transformation formula of type BC' from Theorem 2.2. Let a =
(o1,...,0p) € NM and 8 = (B1,.-.,8n) € NV be the multi-indices such that |a| := Zf\il o =
m, |B] = Eivzl Br = n. Here N is the set of non-negative integers. Then we consider the following
specializations:

a1—1 ag—

122;---§ZM7qZMa~-aan_1ZM)a (3.1)

Pr=Lupo; .. swn, qun, .. .,@N Tuy). (3.2)

z = pal2;q) = (21,921,...,4

y = pa(w; q) == (w1, quy, . .., ¢ Fwiswe, qua, . . ., q

21,22,422,...,4

These specializations are called multiple principal specializations. We apply these to (2.47).
For each pair (I, €), we divide the subset I as I™ LI I~ by setting

={iellg=1}, I ={ielleg=-1} (3.3)

Similarly, we divide the subset J by J* = {i € J|§; = 1} and J~ = {i € J|§; = —1} for each pair
(J,8). We also denote the complement {1,...,m}\(I UJ) by C. Using these symbols, we rewrite
the left-hand side of (2.47) as

1+ - (ax;, bx;, cxi, dx;)
m (e 1

i, t;
rrur-uJjtuJ-uc iel+uJ+ (@7, tas)
={1,...,m

H (a/zi,b/zi,c/zi, d]Ti) H (qzsTs)t,2 H <qw;1$j_1>t,2 H <qwix;1>t,2

—2 , 2 - i 1
el (z; %, tz; %) e (Ti%)e.2 el (T 27 M2 Pt (T )2
i< i< o jeI-
: + + 1,1 ;. —1 -
H (qziz; h) H (qz; 1%1> H {quixj, trsx;/q) H {g; "z; !t 1%'1/‘1)
) T +1 - T -1
v @) s {wag) ijeJ* (@izj)e2 ijeJ- <x R
jeJ-ucuJt jeJ-ucuJ+t i<j i<j
H <qﬂvz’$}1,t$i$}1/Q> H <qxiﬂ?}t1> (gz; 190;t1>
) —1 +1 H 1 +1
gt (Tiz )12 i C ) e~ (z; "z;)
jeJ= jeC jeC



(Vt/aziyi ") (Vt/az; )
. 11_[[4, <\/E33z'yfkl> ,gl— (viqz;? :ﬂ) ) (34)

1<k<n 1<k<n

We first consider the principal specialization z; = ¢!z (1 < i < m) of a single block. Noting
that (qz;/z;41) =0 (i =1,...,m — 1), we find that non-zero terms arise from the divisions of the
following form:

_={1,2,...,i1}, J_Z{i1+1,i1+2,...,i2}, C={i2+1,i2+2,...,’i3},

3.5
+={i3+17i3+2v"',i4}7 I+:{i4+1?i4+2a"'7m}7 0§21S12§Z3SZ4§_7’7’L ( )

Next, we consider the multiple principal specializations z = pa(z;q),y = pg(w;q). We replace
the index set {1,...,m} by
{1,...,m}={(¢,a)|1 <i<M, 0<a<a} (3.6)

and write z(; 5y = ¢%z;. For any two multi-indices p, v € NM if y; < v; (i = 1,..., M) then we write
p < v. From the same argument as above applied to each block, I~,J~,C,J + I + are parametrized
by the four multi-indices =, v, v+, uT € NM such that 0 < u~ < v~ S vt S ut < a as follows:

Im={@a)1<i<M, 0<a<y;},

1<i<M, v; <a<vy}, (3.7)

In the following, we omit the base ¢ in the g-shifted factorials (z)4 % and e(z; w)qk-
With this parametrization (3.6) of indices, the formula (3.4) specialized by & = pa(2;¢),y =
pg(w; q) gives rise to

H (az;, bz, czi, dz;) g, H (9% 2i25,tq% 2i25) H \/ Zzwku/—_zz/qﬁkwk)
(22,t22)q, (zizj tzizj)oa: oy, /qziwg, /12 Wk a,
1§k_§N

> ((—1)|a'+|”+|+|"—|e(w Vatas -1 1

1<i<M 1<i<j<M

(zi/a,zi/b, zi/c, Zz'/d>,,z,—

(azi, bzi, Cz;, dzi>y+
2

0<p~ <v-<vt<pt<a 1<i<M

T4ul Fiut i +
11 (g T3 2i25/tq, tg" M 2125/ q) I (g ™" zi/25,¢" 7" 2i/2)
\<isienm (2i2j/ta,tziz/q) \<icien (2i/2j, 2/ 25)

v, —v,

: +_t _ _
H (q i Y Zi/zj,qu v, zi/Zj><ziZj/t,zizj/Q>,,i—+l,j- H <qui +M;_Z7j2j/q, q”i +szizj/q>

1<i<j<M <Zi/zja Zi/Zj) <Zizj, tZzZ]/q> ,++y+ 1<i, <M <Zizj/q, zizj/q>

(qu’ “H Z’L/tZJ><Z7,ZJ/q>u i +(tzi2/q) pi+vf <Z'sz/tq> <ZZZJ/Q> (zz/q I zJ,zz/tq sz)”—

1<i,j<M (2i/tq"s ZJ><ZZZJ/t>u +uy (2izj) iy (g* Zzzj) (tq JZZZJ) +(qzl/tq I zJaqzz/ZJ>
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+ + +
(2i/0%92j) 4 (a2i/tq"7 2,21/ 477 %)y~ 21/ 4" 2)

+
1<ijem  (97/%) ¢ 92/t0" 25, 9z ), -0zl 25)

| <qﬂk zwy /g, \/q_/tzi/wk>u{ (qﬂk \/t/_qziwk, \/t_dzi/wk>uj >
Lgienr (ZwR/ VG Ntz aPrwr) - (Vi azion, Sz Prwr) 1 )

1<k<N

(3.8)

We used (a)), version of some formulas of Appendix I in [GR]. We also used the formula
= .
r<iijem TN e (@i

due to Milne.

We apply the same specializations to the right-hand side of (2.47). If we denote (3.8) by

F éAg’N)(z; w;a, b, ¢,d), Theorem 2.2 implies the following duality transformation formula:

F™ (230505, ¢,d) = e(u; v/q/ta)a—n Fy D (w; 25 v/ig/a, VEa/b, VEa/c, VEg/d).  (3.10)
Relabeling M and N by m and n, and replacing the variables and parameters by

zi > igr; (i=1,...,m), wr =y (k=1,...,n),
(CL, b,C, d) - (\/ﬁ/ab\/t_CI/a%\/fa/a&\/ﬁ/%),

we obtain the following theorem.

Theorem. 3.1. Let a9 = +/aiazazas/q. Take two sets of variables x = (x1,...,Tm),y =
(Y1,---,Yn) and two multi-indices o = (a1,...,am) € N8 = (B1,...,06n) € N*. Then the
following identity holds:

(3.11)

H (tqri/a1,tqr;/az, tqr;/as, tqri/as)q, H (tq® T lax, 2q T35,

2 12,2 . 42 o
1<i<m (thz7t qa:7,>az 1<i<j<m <th1x3’t qxzx]>ai

txyk,t 1=k 7 a; a|+jv v
1T (tziy, ta" " @i/ yk) o ) ((_1)| I e (u; v/Eq/a0) - |

(tqPexiyk, tqxi/yk)

1<i<m * 0<pm v <vt<pt<a
(@121, agi, a3, A44) - (ghi THi :ci:cj,1t2<1”i++"J‘+ T;2)
lslgm (tqxi/a1,tqx;/az,tqr: /a3, thi/%),,j @ISLm (zsxy, t2225)
<qliz'_"/‘j—q;i/xj’q#?—_“jxi/xj,ql/i_—l’j_.’L'z’/.’L'j,qu—V;_xi/.'Ej><t.’L‘iiL'j,q:Eimj)Vi—_i_Vj—
1Si1<_J[‘Sm , (Ti/zj, i/ Tj, @ifx, @) x5) (t2xsx;, tq:ci:cj)yj+y;r
(tq“i_+“jmiwj,tq”fw;a?ixj, qﬂf—#jxi/t:cj)(ta:ixj)#i_w;r <t2,’1,‘i$j>’u;|—+vj-}-
11
1<ij<m (txizj, txix;, xi/tq”j$j)(q$iwj>ui—+,,; <thi.’1fj>#j-+yj—

- . + +
I (zizj, 2i/q" @5, 2i [t x5) - (tmizs, @i/ Q™I 5) 3 (qi /8q"7 5, @i /4T T5) -

T ¥
1<ij<m (ta® M @iw), qui/te"s Tj, qui/x5) - (P aizy, qxi/x5) .+ (g /tq"T 5, qmi/25),-
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+
(@i/q" @j),+ (@% xiye, azi/ye) - (ta ™ ziye, tqwi /ye) .+ )

191;[5771 (gzi/z5),+ 1511.1 (@iye, @ PRz [yi) - (thyk,tql 5sz/yk>
1<k<n

(a1yx, a2yk, a3yk, a4yk) 8 (Pryeu, tPruru) s
= e(u; vEg/ao) -8 | ] e = T] e k
1<k<n Yier WYk) B \<haicn  \URYLTYRYL) By

H (tykx,, q_aiyk/xi>ﬁk Z ((_1)|5|+|n+!+|f€—|e(u; \/MGO)|I€+|—|K_|

(tq% iy s, Y/ i)

1<ksn P gcr-<hm<nt<at<s

(yr/ a1, yr/ a2, yx/ a3, yr/ a4) .- (@ N Lyey /bt TN Ly
151;[9 (alyk7a2yk503yk,a4yk>nt 1<,£[l<n (ykyl/tq, tyeyr/ @)

(% 7 i /v, N Yy 0 T Yy 0 Y ) Uk € Uk /1) - e
1§I£Il§n <yk/yl7yk/ylayk/ylayk/yl><tykyl/q7 ykyl>n;+nl
0 (N Ly, g%y, % TN g ) (U D s gk (CURU D 5t 4

1 <hi<n (ykve/ @ v/ @, i/t ) yru/t) Az SRV A 4

(ywn/ta, ye/ 9™ v vk /tdP ) —<ykyz/q,yk/q5’y1>x+<qyk/tq“7yz,yk/q“fyﬁ —<yk/qu+yz) ot
\<hlen (PR, aue/td k) — (taPywye, ayn/y0) st (aye/ta oy qye/u) . —{ayk/yn) et

(3.12)

(9% Yk, Yr /i) 5 (L™ Yri, yk/mz),\z
(Ui, Yo /tq*ixe) = (byri, %Yk /i)yt )

I/\I/\ z

We give some remarks of Theorem 3.1. As the special case n = 0, we obtain the following
summation formula:

> <(‘1)[a|+|y+|+w—|6(u; Vq/ao) |+ |- -

0~ <v~ vt <pt<a

- o4
(@124, 224, a324, a4i) - 10 (@ 5 2, 205 i)

H (tqz;/a1,tqz;/az, thz/ as, thz / a4>

1<i<m (zizy, t%ﬂj)

1<i<5<m
—V; vt
(g" ~Hj zi/xj, q —uf xz/xj,q i Y wi/ﬂl?j,q i Y xi/xj)(txixj,qximj)yi—_i_yj—

1<i1;[.<m (@) g, xi/zj, 2ifw), wi /) (PTizs, tqzizs) 3 45

[I

+
1<ij<m (tzizj, twizj, €:/tq" €)(q2i5) - 4 <th,~xj) ut 4w i/ T5),

-t — ot -
(tg" T 2wy, tq" TV wuzy, gt TR xi/txj)(txi:cj)# ., +{t2z;x5) wt o +{zi/q" xj)

+ +
(zixj,xi/q" mj,mz/tq “”J) (txlm],:cz/q J$J> +(qwi/tq"i T, xi/q" xj)ui‘ )

) ¥
1<i,5<m <tq i+l Zi%j, qm’t/tq J Zj, qxz/IJ> <t2qa3+1x2xj, qxz/x.7> ;"(qmi/tqﬂj Ly, qxi/xj>yi_
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tqz?, t2qx? tqx; i, t2qTiT;) o
= e(u; V1q/ao)|ql H ( iy H (tazsz; i A

1<i%m (tqrs /a1, tqxi/az, tqrs /a3, tqx;/aq)q; L<i<i<m (tq® T, t2q T 225 ) 0,

(3.13)
Note that the g-Saalschiitz sum (2.27) implies
e(u; Vtq/a0) ja|—|1€( v/ ¢/ta0) |+ - |
&t |~ |~ P
S (%e(t—%q%um—wnao;t—éq%m—|—|n+|—2|a1+2|ﬂ1>a0)r
— Q)r
-e(y; \/q/t/a0)|a|—|5|+|n+l—|n‘|——r> : (3.14)
Hence, the right-hand side of (3.12) is also expressed as
1 (a19k, a2y, a3Yk, G4Yk) 5, I (@™ yry, ta™ yryr) s (tykei, ¢ *iyn/i) g,
Zien (i tui) g r<haen  (WRULtURUDE. oo (BO%URTi UR/Ti)p,
T - 1<i<m

et 1=l = |||
) ( )3 (( D R e R Al 2

0<A~<hR™<hTLATLB r=0 (@)r
e(t_%q%(|n+|—|f€_|)a0;t—%q%(['ﬂ_|—|n+|—2|a|+2|5|)a0)re(u; \/t—q/a0)|a|—|f3|+lfi+|—[fi_|—r
I (yr/a1, yk/ a2, yr/ a3, ye/a4) - 0 (%N Ly /T Ly
\Sien (alyk,azyk,asyk,a4yk>,¢ \<ki<n (ykyl/tq,tykyl/q)

-

- +
I1 (@ N i/ @ Yk Sy @ gy, @ g/ v v/ 4, YRYL/ ) g
e (w/ v ye /v, yk/yz, Yi/yr) (tykyz/q, YRYL) et 1

A A -1

+
1<ki<n (YY) 9, Yt/ @ Y/t YR O 5=y YRV NF

— -\
{q Yy, ¢ T "y, gt TN Yk/tY0 kYL D 5= et CURYL/ Dt 4t

- + + +
0 Cura/ta i/ a™ v, i /ta™ye) s ursn /@ v/ @70 s (qye /60" o, e/ 9 ), =y /aN y0)

ihi<n @By aue/ta u, aye /vy (tqﬁlykyz,qyk/yz>A+(qyk/tqlyz,qyk/yz) —{qye/yi) cx
(@Y, yr/tz:) \- (g ykmz,yk/wzh; ))

LZien \URTis Y /bqixi) - (tykTi, g Yk /Ti) yt

(3.15)

3.2 Type C case

In the previous subsection, we derived the transformation formula of type BC by a method of
principal specializations. In this subsection, we apply the same method to derive another type
of transformation formula. We specialize in advance the parameters of (2.47) so that (c,d,t) =
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(4"%,—4"%,q):

3 < N v=L{axf, brft) I (g*zix]) 1 (gafiay") I (ol
261 €€ +1 . 1
Ic{1,...;m} i€l ) ijer (i zy) i€l (@i'ey™) e ey )
e;=+1(:€l) 1<j Jer° 1<k<n
8i, 1
i bt (gziias)
> efuwsalueon [ Il &
Jcle i€J ) ieg  (&T)
8;=%1(ieJ) JEINJ
k b €, +1
) Y <( D I = qyk%ia , qYy" /b) I <(Zi/ ?€J>> 11 (qye,li yL)
Kc{l,...n} kEK Y ) wick kY Gex R )
ex==1(k€EK) k<l leK®
(ypea") V=T(qu*/a, qup* /b) (quPryi)
€ p 21 e(u; ¢/ @) ke ||| H 25 H 5 :
kle_!{ {qyi"zi) L;G kel (v ) ver  WRuh
1<i<m Sp=+1(k€L) leK\L
(3.16)
Note that o = v/—ab. In this setting, the internal sum of each side simplifies drastically.
Lemma. 3.2.
8; .1 |I€|
a:c bw ‘) (gzi'z; ) 1
> elwa)e- |J|H I L =(uvt+=) (3.17)
JcIe i€J 2 g (LT u
8;==%1(ieJ) jeIC\J
—vV=L{qy* /a, qup /b) (vt yi) 1\ !
Z e(u; ¢/ @) ko) ILIH 25 H ok, 1\ <“’+_ . (3.18)
LCK® kel (yk *) kel (ykkyl ) u
p=21(keL) 1eK\L

We can prove this lemma in the same way as in Theorem 2.1 by analyzing the residues. From
this lemma, if v = /—1, (3.16) reduces to

— a,;[;e.i xe.i 2(1,'6133 xe.i +1
> o I YHebED pp LA gy kg

ei=+1 1<i<m {z; 1<i<m (gzi've ™)

ASUAS 1<i<i<m ]
ief{l,...,m} 1<k<n
— —v=T{qy;* /a, qu;* /b) (@PysEy) (yiFait)
ze( —I;Oé)m—n Z (_1)n H erk B H (55 ezl> H ( kek il>
— 1<k<n (v ) 1<k<i<n kYT 1lp<n (Y T
kell,..n} 1Zi<m
(3.19)
{ab) 2

Since e(v—1;&)m—n = (\/—1)m_"(—1)m<—qr27‘/’a’b’;‘—2, (3.19) is equal to
q<,n

Z H azel b <q23361% ) <17:’yicl>

2 ’ H H €, +1
=%l 1<i<m - > 1<i<j<m (i zy) (i (9% Yk )
ie{l,...,m} 1<k<n
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(ab)g2 m (ayy” /a, qu; /b) Py (ypea; ")
o (B, 3 MY Y ) Mk Ti ) (3.90)
(g*=2m [ ab)g2 cemt1 1<1;[<n 2€k> 151!—<Ilgn (W) 1<1;[<n (ayitei)
ke{l,...,n} 1<i<m
Let I7,IT,K—,K* be

I_:{7’|1S25m767,:_1}, I+:{Z|1§2Sm’(€z:1}’

3.21
T={kl1<k<n,e=-1}, K"={kl1<k<n,e =1} (3.21)
Using this notation and replacing the parameter ¢ with ql/ 2 we obtain
Y (11 (ax;, bx;) 11 —(z:/a,z;/b) 11 (gziz5) 11 (zizj/q)
I-uIt  \iel+ () iel- (z7) ijelt (wi;) ijel~ (wiz;)
={1,...,m} 1<j 1<
I (qzi/x;) 11 (\/_wzy;jfl))
ielt (wi/zj) icl~ <zzykl/\[>
jeI- 1<k<n
__ (ab)m I (yr//32:) S (10 (V/ayr/a; /qyx/b) I —{ayr/ /@, byr/ /)
(g'=m/ab)n 1<i<m (\/ﬁyk/ah) K-UK* \keK+ (y,%} keK~— (y,%)
1<k<n ={1,..,n}
I {qury) 11 (yryi/q) H {qyr/w1) I1 \/_ﬁw 2 (3.22)
L N 7 R T e (7 N
k<l k<t leK- 1<i<m

Specializing this formula as = = pa(z;9),y = pg(w;q) (@ € NM g € NV |a] = m,|B| = n), we
obtain

Y (11 (zi/a, 2i/b)u, I (g ™H 2/ 7)) I (g 212/ q)
0dita iisn (0 iy BE) oy (@)

I (22)/9, %/9% %)) i (g% ziwe/ /T v/3%/ ’wk>m>

r<ijen (9977505 20 G2y (BRI, Vazi/ 4P wi)

1<k<N
_ (ab>|a| H1§ng<\/§wk/a, Vawk/b) g, HlSi,jSM(zizj>0¢i H1§k<l§N<wkwl>Bk+ﬁz
(ql"la[/ab>|ﬁ| ngigM(azi’ bzi)a; Hl§i<jSM<Zizj>ai+aj ngk,lgNWkwl)ﬂk

_ (Vawk/q% 2:) (awr/ /3, bwk/ /G ui (g™ " w/wn)
151,:£N (Vawr/z) s, 0;/3(1},61]\, (Vawk/a, \/qug/b)y, 15,531\, (wk/wr)
1ZiEM

11 (¢ " wrwi/q) I1 (wrwy/q, we/Prwp)o, <qa"wkzz~/\/@\/§wk/%>%>- (3.23)

T - 156<M

Relabeling M and N by m and n, and replacing the variables and parameters by

zi =gz (t=1,...,m), wp—y (k=1,...,n), (a,b) = (Vq/a1,/q/a2), (3.24)

we obtain a transformation formulas of type C, due to Rosengren [R] (Corollary 4.4).
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Theorem. 3.3. For a € N™ and 8 € N*, the following identity holds:

:

a1T4, A2T4) Hiliz;[x; itk g
11 <<1 22i) 11 (g M/ z4) 11 (g i)

1<i<m qwz’/al,qwi/@)m 1<i<i<m (%‘/-’Ej) 1<i<j<m («%’%‘)

0<p<a
H (zizj, /4% @) s (¢Praiyr, 9T /Yk) i
1< jem (OTITTG 0 )y | e (T @ TPRT Y s

1<k<n
_ <(1/a1a2>|a| H1§k§n<a1yk9a2yk>5k ngi,j§m<qxixj>ai H1§k<l§n<ykyl>ﬁk+51
(ala2/q|a|>|ﬂ| H1§i§m<qxi/a1’ qzi/a2)a; H1§i<j§m<qwixj>ai+aj H1§k,zgn<ykyl>ﬁk

T (/g% i) g, 5 ( 10 (e /a1, e/ a2, (@ "y /u)

1<k<n <a1yk’7 a2yk>llk 1<k<I<n <yk/yl>

1Z5i<m
Kt @ i Z;
I @™ yu/q) 11 ykﬁyz/q U/ ), 11 (g ysz,yz;/ b | (3.25)
\<k<i<n (ykyz/q (ke \CYRYL QYR Y e, YR Y/ 4T,
1<i<m

Rosengren derived this result from Gustafson’s summation formula of multilateral basic hyper-
geometric series for type C. We remark that Lassalle has derived a special case of Theorem 3.3
from a rational function identity by the method of principal specialization ([L], Theorem 11). His
rational function identity (Theorem 6) corresponds to (3.20) with a = ¢,b = —q.

4 New family of ¢-difference operators

In the A type case, it is known that there exists an explicit operator H%(u;g,t) satisfying the
following equation [N2]:

(w; Qoo HG(u; 0, 8) W a(z;y) = (™ ¢" 45 Qoo DY (051, )W A (T3 ), (4.1)

where W 4(2;y) = [[1<i<m [ [1<k<n(Ti—Yk) is the kernel function of dual Cauchy type and DY (u; ¢, 1)
is the Macdonald g-difference operator:

n

DY (uiq,t) = > _(—u)"DY (g 1), (4.2)
r=0
. tu, —
DY .(g,t) = #(z) > 1 —y’“__ Y I Zow. (4.3)
Kcil.myhek I T Y Lk
|K|=r I¢K

The operator H%(u; g,t) is defined by

o0
Ho(usq,t) = > ulHE, (4.4)
1=0
Hige, — qHd tr: /T ) ‘
my =Y [ TEou [ s 7 g (45)
peEN™ 1<i<j<m i 1<ii<m (9zi/2; Qs 1<i<m
lul=l
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We can obtain this fact as the special case of Kajihara’s Euler transformation formula. It is also
known that the Macdonald polynomials P4 x(x|g,t) for type A are the joint eigenfunctions of

HY (u; q,t):

ut™— i+1 )\1 Q)

=

The commutativity of this family {HF ;}72, is proved in [Sa] through the Wronski relations in the
elliptic setting.

In this section, we give the BC type analogue of (4.1). Namely, we construct an explicit operator
H*(u; q,t) which satisfies

HE (13 0, Pan(ala ) = Par(elat) [ ¢ (46)

1<i<m

H(u; ¢, t)¥(z;y) = const. - DY (u)¥(z; y), (4.7)
n
DY(u) =) (—1)"e(u; @)gn—rDY. (4.8)
r=0
Here ¥(z;y) := [T1<i<m €(x:; yk) is the kernel function of dual Cauchy type for type BC introduced

1<k<n
by Mimachi [Mi2] and ™ means the operation of replacing the parameters (g, t) with (¢, g). Therefore,

& = \/q/ta and DY are the t-difference operators D¥(a, b, ¢, d|t, q). Note that W(x;y) is expanded
by the Koornwinder polynomials Py(z) as follows [Mi2]:

U(zy)= > ()N P@)Pe (), (4.9)
AC(nm)
MN=(m-XA,,m—=X_q,...,m—A}). (4.10)

4.1 Affine Hecke algebras

In order to guarantee the existence of H*(u;q,t) satisfying (4.7), we use the framework of affine
Hecke algebras, due to Cherednik [C] and Macdonald [Ma2]. In this subsection, we recall Noumi’s
representations of affine Hecke algebras of type C' and the fundamental facts of g-Dunkl operators.
Our notation is due to [N1].

We use the parameters tg, t,,, g, 4m are defined such that

1 1 1

101 1
(a,b,c,d) = (tHumh, —tmum?, q

1

11 1
t2ud, —q3tduy®). (4.11)

[SIE

We define the Lustig operators T, T7, ..., T}, as

3 (1 —touoqml )(1+t0“0 g7zy")

t2 + tg 2 (s§ — 1), (4.12)
1 —qa:1
_11l—txy /i .

TF =t pt iz g i=1,...,m—1), 4.13
1—mmHﬁZ ) ( ) (4.13)

_1

1—t u x )(1+t um’ T
T S g s (1= b i"_mQ == )(sfn—1). (4.14)

m
Here s§,s%, ..., s%, are the simple reflections

(s5/)() = flgzT 22, ., Zm), (4.15)
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(sTH(z) = flx1, -, Tit1,Tiy -y Tm) (E=1,...,m~—1), (4.16)
(s f) (@) = flx1, o, .., 20). (4.17)

Note that these operators s7,...,s% generate the Weyl group W, of type BCy,. The algebra
H(Wf,“ff) generated by T§,TF, ..., TZ is isomorphic to the affine Hecke algebra of type Cy,:

1 _1
(I —t2)(TF+t,2)=0 (i=0,1,...,m), (4.18)
AT =TT, (i=1,...,m—2), (4.19)
TETE TP TS = TEa TPTELTE (i=0,m— 1), (4.20)
TETE = TPTF (ji— 4| 2 2). (4.21)
Here we wrote t; = - -+ = t;,_1 = t. The ¢-Dunkl operators Y, ...,Y,% are defined by
VP = (TF - To ) (T TO(TE) - (TE) 7Y (=1,...,m). (4.22)

We denote by C(z)[T;51] the ring of g-difference operators with rational coefficients. For any
AT € H(W2E), A® is expressed as Y, oy, ALw (A% € C(x)[T, £1]). Then we define the ¢-difference
operator L% by LY = > cw. Af. It is known that the following fact holds.

For any W,,-invariant Laurent polynomial f(£) in the variables { = (&1,...,&m), and for any
Win-invariant Laurent polynomial ¢(x) € C[z*!]"™, one has
fY")p(x) = L y=yp(). (4.23)

Furthermore, the g-difference operator L := Lfc(ym) satisfies for any partition A

F(Y®)Py(z) = L3P\(z) = P\(z) f(at’ ). (4.24)

In particular, the g¢-difference operators Ljﬁ for the interpolation polynomials f = e,(&;alt) of
column type give rise to van Diejen’s operators D*. From this view point, we call DY “column
type” g-difference operators. Since {e,(&;alt)}, is the generator system of the ring C[¢*!]Wm
of Wy,-invariant Laurent polynomials in m variables, L’; is an element of C[Df,..., D% for any

f(&) € C[¢X)Wm. The operator H=(u; q,t) to be constructed in the next subsection is a generating
function of “row type” g¢-difference operators.
4.2 Construction of row type g-difference operators

The results of this subsection are based on a discussion with M. Noumi.
Let &€ = (&1,...,&m) and n = (m1,...,m,). We define

H(w6) = Dy al,t) = um T VA2 o
H(ws) = So(usele. ) =™ [T ¢ 7= o™

where v is a complex number such that ¢° = t. Note that E(u;n) is a generating function of
er(m; alt):

E(u;n) = [ ] e(wim), (4.25)
k=1

E(w;n) =Y (=1)"er(n; alt)e(u; @)en—r- (4.26)
r=0
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This implies that

n

E(u; YY)PA(y) = Pa(y) [ ] e(w; at™ ). (4.27)
i=1
Namely, the operator L?]{ for f = E(u;n) is the generating function D¥(u) of column type operator

DY. In the following, we regard H(u;&) as an element of u~™YC[¢£1]Wm[[u]]. Namely, u™ H (u;£)
is a formal power series in u with coefficients in the ring of W,,-invariant Laurent polynomials in £.

Lemma. 4.1. The operators H(u;Y?®) and E(u; YY) satisfy the following identity as formal power
Series in u:

E(u; }/}y)

e(u; tma),

e(uw;@)n  E(u; YY)
e(u;t™a), E(y; aigPn )

HuwY*
W‘I’(ﬂf;y) = U(z;y) =

Proof. Note first that E(u; 8¢’ ) = e(u;@),. From (4.9) and (4.24), the formula (4.28) is equiva-
lent to the identity on the eigenvalue:
H(u;at’mq*)  e(w;@)n E(u;a¢’t")
H(u;atdn)  e(u;tma), E(u;ag)
The left-hand side is equal to

1<i<m (\/_uatm “q)a \/ ua—lt mtig=Xi. q),\

Using the notation ¢;; = at™ g1 (1 <i<m,1<j<n), we obtain
j

_ t(1 — /q/teiju)(1 — \/qfteu™) (u*\/q/tei;)
430 = 11 "= w0 —vawe v~ M @i, - 4

On the other hand, since we compute

E(u; g’ t*") ﬁ \/ uaq" kgAR)

U(z;y). (4.28)

(A C (™). (4.29)

(i,7)€A (L.5)ep

—______ <,/ qua 1qk ng— )\*>
E U qu5n 1 / uaq’n >< / ua_lqk n
Il f ot o 105
k=1 Jtuag™ kY (\/q/tu"lag"k)
:i: ..
= 11 %1—\@6”)’ (4.32)
(i,5)€(mmMN\N (u*ly/q/teiz)

and hence the right-hand side of (4.29) is equal to

(Va/tauw )y n H (utly/Eqe;;) _ H (utly/q/tcij) H ( \/*Cz]>
m—1,,+1 +1 N +1 .
(VEigad™ i gn o rona (WEWVAtC)  my WEVECS) s (wttVa tey)

_ (wty/q/te;)
= 11 W Jige;) (4.33)

(B.5)eA

O

19



Next we show that %(Zt%zn—) is a generating function of the row type interpolation polynomials

hi(§; alg,t) introduced by [KNS]:

i alant) = 3 9 (65 0) (it )y el ™), (434)
veN™ Y1 ym

|v|=l

Note that the Laurent polynomial hi(§; a|q,t) is Wy,-invariant and satisfies the following interpo-
lation property: For any partition u 2 (1),

hi(at®™gH; alq, t) = 0. (4.35)

Lemma. 4.2. The following identity holds as formal power series in u:

Hw¢) <~ h&algt)
H (u; otdm) ; e(u;tm\/q/ta); (4.36)

Proof. If t =¢~* (k=0,1,2,...), from Lemma 5.4 in [KNS] one has

km

1

Hw )= [] ewqz®™M&)=> m(&elg t)e(u; vig/a)im-1. (4.37)
1<i<m 1=0

Since H(u;ot’™) with t = ¢~* equals e(u;/tq/a)rm, by dividing the both sides of (4.37) by

e(u; v/1q/ @) gm, We obtain this lemma in the case of t = ¢~*. In the formal power series of u in each

side of (4.36), all the coeflicients are the rational function in ¢3. Hence the identity (4.36) follows
from its validity at infinitely many values of t = ¢7* (£ =0,1,2,...) . O

From this lemma, it follows that

H(u;Y?) :i (Y% alg, t)
H (u; at®m) — e(u;tm\/q/ta);

We now define the g-difference operators Hf := Hf(a,b,c,d|g,t) (I = 0,1,2,...) to be Lfc for
f = (& alg,t), so that

(4.38)

Hf Px(z) = Pa(z)hi(at’q*; alg, ). (4.39)

We call these operators Hf (I =0, 1,2,...) “row type” g-difference operators. We also introduce a
generating function H*(u) := H*(u;q,t) of HY by

Tl — = le' T +1 ull. )
W) =) s € ST ) (440

From Lemma 4.1 , we obtain a “kernel identity of dual Cauchy type”.
Theorem. 4.3. The kernel function of dual Cauchy type intertwines the q-difference operator

H*(u) with the t-difference operator DY(u):

H (u)V(z;y) = . D {u) U(z;y). (4.41)

(u; t™a),
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Theorem 4.3 gives the relationship between H; and van Diejen’s operators D,.

Theorem. 4.4. For any integer l =0,1,2,...,n, the following equation holds:

n—l+1>

q S —lyg—m im— n 3
(D) HFO(z59) = Y L o?)s D ¥(z;y). (4.42)
0<s<l <Q>s

Proof. Since H?P,(x) =0if p C (n™) and I > n,

H(w)¥(zy) = (4.43)

1 1
HT 4 ... z ;).
(1 * e(u;tm\/q_/ta) pee e(u; tm\/q—/ta)an> W(wiy)

By using the g-Saalschiitz sum (2.27), the right-hand side of (4.41) is expressed by

ﬁy(u) - 1 l {n - 7‘] -m_ 1-1 y;m—1 _n 2 A
—————V(r;y) = -1 T Lt g o) DIV (2 y).
e(u; ") (=) ge(u;tm\/q/ta)z 0;1( Vli—r q< )i—r D7 0(z; y)

(4.44)

Comparing the coefficient of ——L—— in (4.43) with that in (4.44) for each I, we obtain (4.42).
e(uit™4/q/to) .

4.3 Explicit formulas of H,

In the previous subsection, we defined the row type g-difference operators H by g-Dunkl operators
and showed the relationship between HY and Dy. However it is difficult to compute the explicit
expressions of operators H by means of the ¢g-Dunkl operators. In this subsection, by using the

special case of Theorem 3.1, we give the explicit formulas of H}.
We consider Theorem 3.1 in the case of a = (M,...,M) e N, 3 =(1,...,1) e N™

H (tqx;/a1,tqzr;/as, tqr;/as, tqr;/as) pm H (tqM T zixy, 2qM iz ) p

2 2 . A2
1<i<m <th1, 3 thxz >M 1<i<j<m <thz-'13], t q.’E'L.’E])M

> ((—1)mM+'V+|+‘"_|€(U; Vq/a0)j+ |-

0<p~ <v=<pt<pt<(M™)

. , ) T4ul Fipt
10 (@124, a2, a3, aq i), - i (@5 2, 207 1)

(tqxi/a1,tqxi/az,tqz;/a3, tqx;/as) +

. e
+ 1<i<i<m (@izj, t2sx;5)

1<i<m

[I

1<i<j<m

[

+
1<i,j<m (twixy, toixs, € /1" x5)(qrs;) u vy (tqwiz;) i

[I

+ +
1<4,j<m (th“ﬂUﬂj,qui/tqyj xjaqxi/wj>“i— (tQQMHJWj,qxi/xﬁuj(qﬂ?i/tqﬂj Ij,qxz’/%h—

%

T +_,t i o +_ut
<qll'i Hj .’L‘Z'/iL‘j,ql% Hy xi/a:j,qu v; xi/mj,qw v; xi/xj)(txixj,qa:ia:jni—_{_uf

<$i/xja $i/xj, ZL'i/-Tj, ml/x]><tq$1x3’ t2xixj>u?’+uj

-t — -t
<tqﬂi ] l'imjatq”i +v; Tixy, gt H xi/tmj)(tmixj)ui—-}-uf <t2$ixj>“j+,,;'

- + +
(Tizj, /9" xja%/thmj)“i— (txi'rb-ri/quj)pj (qzi/tq"s @), @i/ qT x5),-
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+

1 (zi/q" z5),+ (92syks 03 k), (60" Tath, 1™ T/ Yh) g v )

1<i,j<m <qxi/xj>vi+ 1<i<m (Ti¥k: Ti/Yk) - (tqlh ik, tghs +1$z/yk>M —uf
1<k<n

1Yk, Q2Yk, A3Yks A4k qyLYL, QYL
- €(u; \/E/CLO)mM—n H < 2 1.2 > H <—t._....__l
1<k<n (Y tyi) 1<k<l<n (Ukye tykyn)

Z (_1)n+|n+|+]f€—l (e(u; ma0)1n+|—|fc*|

0<A~ <h SRFSXFL(AM)
H (ye/a1,yx /a2, yk/as, yk/a4>,€; H (@ Ly /6t N Ly
(a19k, a2yk, a3y, a4yk)ng <kl (yryi/ta, tyru/ @)

1<k<n
AL AT

A+ - - +_ .+
1 (@ N iy, % 7 Yk /Y €% T Yk /Y 4 Yk /) YR @ YR - e

\<ki<n (yk/yz, Yk/ Yt Yk Y1 Y /Y1) (CYRYL/ D5 YkYL) ot 4t

A A1

) +
1<kI<n WYL/ B Yt/ @ Y/ 6 Y /) o o (URYD b

<q n;+nf—1

- 3+
VYt 4 Ykt O N Yk YR D 3= ot CURN Dt 1

- + + +
(ure/ta, ue/ 4™ Yo Yk /tauid s (Ykvt/ € Y/ qyo) sr (e /ta™ yi ye/ 4™ Y1) . —(yk/qu Yot

(qurur, qui/td™ ui, QYr/ Y1) (tqykyz,qyk/yﬂv(qyk/tqlyz,qyk/yz) —quk/Y0) ¥

(M i, ye/tei) - (tg kykxi,qu My /i), _ )\+>

1<k<n (Wnei ye/taM zi) - (tg™ M Yz, PF yr/zi), A
1<i<m

Then the both sides are W,,-invariant for the variables x and W,-invariant for y. Since

(qziyk, aTi/Yk) ;- <th ik 14" T/ Uk) py

1<i<m <z1yk’m2/yk> <tql+ﬂZ TiYk, tqlh +1 xz/yk> ut

1<k<n
- M-
= II To i (@it T/ Y 11 jbé M)@QM$Wmtfwm/w)
1igm  EYRT/Y) o (taMziy, taMx;/yr) ’
1<k<n 1<k<n

the left-hand side of (4.45) is expressed as the bilinear form:

—(M—ut
Z + ’LL CL') H q,:z:, -szk, xz/?/k) H Tq,-’ﬂ(i Ha )<thx2yk7 thx’L/yk:>
R A (@5, Ti/Yk) . (taMziyr, taMx; /yx)
0<p-<ut<M 1<i<m 1<i<m
- T 1<k<n 1<k<n

In terms of this form, Theorem 3.1 is regarded as a kind of bilinear transformation formula.

(4.45)

(4.46)

(4.47)

We consider the special case t = ¢~ in (4.45). Then the factors involving both variables

22



and y are expressed by

<q332yk, qxz/yk> <tqu’ TiYk, tql‘z wz/yk> _ H Tél;};\ll(x,, y) Tq_,;gfw_#j’)\lf(xi; y)

1<i<m (TilVks Ti/Uk) (tqH‘“ Ziyk, tgHi +1 Zz/yk>M uF o 1<i<m L(wiy) V(@i y)
1<k<n

(4.48)

A —

+ e
<nyk‘xi7yk/twi>)\; (b yrs, ¢ ~Myp/zi), N H Ttyk ’“\II(a: Yk) t,yik U(z; yx)

<th+)‘k YeTi, q Ak yk./w»l >\+ 1<k<n \I’(l', yk) \I/(:C, yk)

1<ken (UkTis Y /tgM zi)
12i<m

> |

(4.49)

We check that each side of (4.45) does not have a pole at the point ¢ = ¢=™. We have only to
examine the following factor in the left-hand side:

(@~ I M) - (-

Hy Yi
H —uF _,t _+ . (450)
1<icm (@7H /) (gt /t>u,-‘ (gHi /t>1/i_
If ,u;L = M for some i = 1,...,m, the denominator has a zero at t = ¢~. But when u; =0, since

(g~ [t) = (g™ /1),
(' /8),-

1<i<m

Also, when p > 0, since (g~ /t) = (™M /1),

(04 Na M /),y (g /1),
1<i<m (g /)9,

Therefore the point ¢ = ¢~ in the left-hand side is an apparent singularity. Note that unless
p; =0or ,u;-'" = M for each 1 < i < m, the corresponding term in the left-hand side of (4.45) is
zero. We can also check that the point ¢t = ¢~ in the right-hand side is an apparent singularity.

From the argument above, specializing Theorem 3.1as o = (M™),8 = (1") and t = ¢ ™ (M =
0,1,2,...), we find that the factor involving both variables z and y in each side of (4.45) simplifies
to the form

(4.50) = (4.52)

M

—~(M~
Tq .”cz xu y) Tq agz ~H )‘Il(x'u ) T;,m‘ll(ma y)
I  U(zsy) H U(zizy)  Y(zy) (4:53)
iy >0 BY s eu v ’
AT
T \I/ T, *¥(x; i
k:)\;:zo y Yk kAo =1 s Uk 'Y
respectively. Here we set v and k as follows:
i (ui > 0,u = M), 1 (M =0, =0),
vi=q-(M-p) (W <Mp7=0), rm=9-1 f=1x=1), (4.55)
0 (otherwise), 0 (otherwise).
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In this way, the left-hand side can be interpreted as the action of a g-difference operator on the
kernel function of dual Cauchy type. The right-hand side is also expressed by the action of a
t-difference operator, and in fact is equal to

W(z;y) Le(w; VEq/ao)mar—nDY (u; a1, ag, as, aqlt, 9) ¥ (z; y). (4.56)

We replace the parameters (ai, ag, as, aq) with (a, b, c,d). Then the left-hand side of (4.45) can be
expressed as

mM
U(z;y) ! (Z e(u; x/ﬁ/a)mM_sz> ¥(z;y) (4.57)
=0

for some g-difference operators K}° for which we will determine the explicit formulas later. Hence
we have

mM
U(z;y)™ (Z e(u; \/tq/a)mM_sz> U(z;y) = U(w;9) " e(w; vEg/@)mpm—n DY (W) (w3 y). (4.58)
=0

Comparing (4.41) with (4.58), we obtain that
U(z;y) " e(w; " @)ne(; VEg/a)mar—n HT (u) ¥ (z; y)

mM
= U(z;y) " (Z e(u; \/ﬁ/a)mM-sz> U(z;y)
=0
H (tqxi/a,tqz; /b, tqzr;/c,tqx;/d) p H (tgMH zix;, 2 i)
(tqz2, t2q2?) (tqzizj, t2quizi) M

1<i<m 1<i<j<m

> ((—1)mM+IV+|+|V_|€(U; VEa/ @)t - |

0< = <v= <o+ <yt <(Mm)

H (azx;, bx;, ¢z, dxi)u; H (g T %5, t2qu,*+uf i)
(tqz:/a, tqri/b, tqz:/c, tqxi/d),+

1<i<m

T 12
1<i<j<m (izj, toziz;)

T—pr Fout i vt
<qlli H; xi/xj7qy’z Hj :L'i/g:j,q% v -Ti/xj,q”z v xi/$j><t$ixjaq$ixj>yi-+yj"

1<i1;[<m (mi/wj, ZL'i/ZL'j, xi/xj’ xi/xj)<th¢mj, t2xixj>uj+u;'

[I

+
1<i.7<m (tzizj, taizy, x; [tqhs xj><qmiwj>u{+uj_ (tq$imj>uj-+yj—
11 ; -
1<ij<m (taM 2y, g/t ), Qxi/wﬁui- (t2qMH1ziz;, qiEi/ij),L;L (gzi/tq" =, qxi/xﬁ,,i-

T (xi/q“jxj%,j Ty, ¥ (z; y))

1<i,j<m <q$i/wi>uj U(z;y)

-t -t -+
(tq" ) 3z, tq" Y wixy, gt H .’L'i/tmj><t.’l'5i.’l/'j>ui—+yj. <‘[;2,’L'ixj>l‘;¥+u;-

- + +
(wizs, 2i/q"5 5, wi/tq" wj) - (twizy, wi /g™ x5) 4 (qwi /tq"7 @5, /45 z5),-

(4.59)
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Since
e(u; t™A)ne(u; VI @) mar—n = e(w; VEiq/ &) mar = H(u; at®™), (4.60)
the left-hand side of (4.59) equals

mM
U(z;y) ™ (Z e(u; \/t_Q/a)mM—lHlx> U(z;y). (4.61)

=0

Hence we have HfU(z;y) = KF¥U(x;y) for each | = 0,1,2,...,mM. From the formula (4.9)
proved by Mimachi, we obtain HFPy(z) = K[ Py(x) for any partition A C (n™). Since n is the
arbitrary non-negative integer, H® equals K} as a g-difference operator. We see that the row type
g-difference operators HF (I < mM) correspond to the terms of the right-hand side of (4.59) such
that vt — v~ | =mM — L.

We compute the explicit formula of H = K} for [ < M. As we will see below their coefficients
are expressed as rational functions in t2. Note also that the operator H’ does not depend on the
non-negative integer n. Since H} are the Wp,-invariant operators, it is enough to calculate the
coefficients H,Sl)(sc) = ,Sl)(:z:;a, byc,d) of [Ticiem Tai; v € N0 < || < 1). The coefficients

gY (z) have the following form:

Y @2)= Y 3 AY (@) (4.62)

v<v~ v—<vt<(M™)
[pI<Llv™ < vt [=mM—I+|v—|

Relabeling the indices of summations, we obtain
Wo- ¥ (X (eo Tl

2 -2
vt \o<um<(m)—ut 1<i<m R
pSH<t  um [=lofut|

(axz', bx;, cx;, divi),,+ (a/ﬂ?i, b/wi, C/xz‘, d/fvi},,_—

U +_ut iy -1 - -1 -
<ql/1, uJ,Z‘i/Zj,qu v; wi/a:j7qvg v, :L'i/.’L'j><t£L‘ixj,q.’17iSCj>yzﬂ—+V;- <t;[;i 11"]' 1’qq;z. 1;1;]. 1>Vi_+yj_

' —1,_-1 -1

(" timry,x; x; ") (¢ 7% maxi) (a0 i/z)),
I l T AT -1 — i
1<i<icm (@7 zizy, ¢ w7 e ) 1digem (zis) (g iz,

- + 41 1
(q"i Hxi/xj,twi/xj)l,;r (tq"s xj/$i>ui— (wizj, q" 1ij 1)m>>

e (4.63)
1§£[Sm (i, qzi/T5) 3 (az5/2:),~ (qmizy) + (@' a7 ey ), -
In particular, for |v| = I, € N™ we have

Although we computed the explicit formula of g-difference operator Hf in the case of ¢t = g M, for
a fixed [ this expression with ¢t = ¢~ is valid for any M =[,1 4+ 1,.... Thus the explicit formula
(4.63) is valid for any parameter t.
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Theorem. 4.5. For any v = (611/1,.. J€mUi) € Z™ (& = £1,v] € N) such that > % v < 1,
we write |v| = Y v, Vi and set Y (x a,b,c,d) = Hﬁi)(xl yee s XEmia, b, c,d). Then the row type
g-difference operators Hf (1 =0,1,2,...) are expressed explicitly as

> HY(za,b,c,d) [] T2 (4.65)
veZ™ 1<i<m
0<|v|<!

To summarize: The Koornwinder polynomials Py(z) are the joint eigenfunctions of H (I =
0,1,2,...):
Hf Py(z) = P(z)l(at’¢*; alg, t). (4.66)
Thus the kernel function of dual Cauchy type intertwines the g¢-difference operators Hf with -
difference operators DY:
DY(u)
e(u; ") g n

H(uw)¥(z;y) = U(x;y). (4.67)

4.4 Pieri formulas

It is known that the Koornwinder polynomials have the duality property [vD2, S:

Py(ag"t’;a,b,c,dlq,t) _ Pu(ag*t’™;a,8,7,0lq,t)
P)x(atém;a, b’ c, dlq’ t) B Pu(at6m;aa:8a7a5|q7t) ’

(4.68)

where the parameters «, 3,7, d are defined by

= y/abed/q, B = ab/a,y = ac/a,d = ad/a. (4.69)

Van Diejen derived the Pieri formula of column type from the duality of the Koornwinder poly-
nomials and D,. In this subsection, we present the “Pieri formulas of row type” by using the
g-difference operators H;. By direct calculation, we obtain the following lemma.

Lemma. 4.6. Let y be a partition. Forv € Z™, if p+v = (u1 + V1, -, lom + VUm) 18 not a
partition, H,Sl)(aq“tam;a, b,c,d) =0.

For any partition y , by substituting = ag#t® in (4.66), we obtain

Py (aghtVtom) Py (ag't)
E HD(aghtdm: a,b,c,d) 2t~ = 1 Agom., NS 4.7
S v (a’q 70’7 70’ ) PA(at‘SM) l(aq t O[|q,t) ( t(jm) ( O)
0<v|<t

From Lemma 4.6, we can apply the duality of Koornwinder polynomials to (4.70) to obtain

Z H(l) aq,ut(sm a, b c, d) IH’EV(a‘q tm’a ﬂ 7a5|qa )
vezm P+Eu(at ’03/87775IQ)t)
0<]v|<i
Pu(ag*t’™; a, B,7,6lg,t)
Pu(atém’aaﬁ’7a5|Q7 )

= hy(ag™™; alq, t) L (4.71)

Replacing ag*t® and the parameters (o, 8,7, ) with = and (a, b, ¢, d), respectively, we obtain the
following Pieri formula of row type.
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Theorem. 4.7. For any 1 =0,1,2,..., we have the Pieri formula of row type:

Pr(z) Pu(x)

hi(z; t)———5—~ = HY (aght®m, 0)——5—. 4.72
l(x,CLIQ7 )P)‘(at(sm) UGZZ"L v (aq t ,a,/Ba’Y’ )P“(atém) ( )
0<lv|<l
w=A+vept
Here P is a set of the partitions A with () < m:
PT={AeN"X >--- >\, >0} (4.73)
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