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In the theory of Macdonald polynomials of type A, the kernel function of Cauchy type
has been used to derive various important properties of Macdonald polynomials. 1. G.
Macdonald derived the existence of Macdonald polynomials in [Mal]. K. Mimachi also
gives one of the proofs for Macdonald’s constant term conjecture [Mil]. The integral
representation of Macdonald polynomials by {MiN] is known as an application of kernel
function. Kajihara's Euler transformation formula for multiple basic hypergeometric
series can also be regarded as an application of the kernel function of Cauchy type [Ka].
It is known that the kernel function of dual Cauchy type for type A intertwines a g-
difference operator H%(u;q,t) in the z variables with Macdonald difference operator
DY%(u;t,¢) in the y variables [N2]. The operator H%(u;q,t) is known as a generating
function of “row type” g-difference operators H3 ;. We can obtain this fact as the special
case of Kajihara’s Euler transformatign formula. It is also known that the Macdonald
polynomials for type A are the joint eigenfunctions of H%(u;g,t) and the eigenvalues
are given by the special values of the Macdonald polynomials attached to single row
partition (I). The commutativity of this family {H%}72, is proved in |Sa} through the
Wronski relations in the elliptic setting.

Recently, Y. Komori, M. Noumi and J. Shiraishi in [KNS] introduced the kernel func-
tion ®(x;ylq,t) of Cauchy type for type BC in the variables z = (zi,...,Tm) and
Yy = (¥1,.-,Yn) Televant to Koornwinder polynomials. The kernel function ®(z;ylg,t)
satisfies the following g-difference equation:

(O DF®(wyla,t) — () DYB(w;yla, 1) = (¢™) "N )8 (mivla t), (1)
where @ = y/abed/q and (2) is the multiplicative notation for trigonometric function
(z) = J% QR —z_%(l —2).

In this identity, D is the Koornwinder g-difference operator in the z variables and
5’{ denotes the Koornwinder operator in the y variables with the parameters (a, b, ¢, d)
replaced by (v/fq/a,/1q/b, vig/c,/Tq/d). They proved this identity for the elliptic
Ruijsenaars-van Diejen second order difference operator. They also derived the explicit
formula for the Koornwinder polynomials attached to single row partitions () as an
application of kernel function. In this paper, we show that the kernel function ®(z; ylg, t)
intertwines the whole commuting family of van Diejen’s g-difference operators, which
includes the Koornwinder operator as the first member. From this result, we also derived
a transformation formula for certain multiple basic hypergeometric series of type BC.
Our paper is organized as follows.

In Section 2, we state our main result Theorem 2.1 and prove it. We first recall the def-
inition of the commuting family of van Diejen’s g-difference operators D7 in Subsection
2.1. Note that van Diejen’s g-difference operators are invariant under the permutations
of indices and the inversions of the variables. Van Diejen’s g-difference operators have
the joint eigenfunctions. Let W, be the Weyl group of type BC,, acting on the Laurent
polynomials in the variables ¢ = (z1,...,Zm,) through the permutations of the indices
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and the inversions of the variables. Under the assumption that a,b, ¢, d, ¢, t are generic,
for each partition A = (Aq,..., Am) there exists a unique Wp-invariant Laurent poly-
nomial Py(z) = Pi(z;a,b,c,d|g,t), called the Koornwinder polynomial attached to A,
satisfying the following conditions.

(1) Pa(z) is expanded by the orbit sums my(z) = 30, e, * 88

Py(z) = T(L\(Wj + Z caumy(z),

H<A

where ¢, € C and < means the dominance ordering of the partitions.
(2) Py(z) is a joint eigenfunction of van Diejen’s g-difference operators DZ:

DiPy(z) = Pi(z)er(at’™g*;at),

where §,, = (m —1,...,1,0) and e.(z; ajt) are the interpolation polynomials of column
type defined by

er(z;alt) = Z e(mil;ti"la)e(zi,; t'12q). .. e(mi, it " a),
1<i1 < <ir<m
elz;w) = w)zw DN =2+ 2 —w—wl,
Note that e.(z; aft) is Wir-invariant and satisfies the following interpolation property:
For any partition p 2 (17),

ex(otdn g, aft) = 0. )

These facts and notation are due to [vD1, Ko, KNS]. In Subsection 2.2, we introduce the
kernel function ®(x; y|q, t) of Cauchy type for type BC as a solution of linear ¢-difference
equations. We note that the four types of explicit formula for kernel function of Cauchy
type are introduced by [KNS]. We also define a generating function D(w) of van Diejen’s
g-difference operators. Then the kernel function ®(z;y|q,t) of Cauchy type intertwines
the g-difference operator D*(u) in the z variables with g-difference operator 5y(u) in
the y variables:

Theorem 2.1: D= (w)®(z; ylg, t) = e(u; &),m—nD¥ (w)®(z; ylg, 1),

where e(z;w)gx is the g-shifted factorial of type BC with base point w. We call this
formula a kernel identity of Cauchy type. Since the constant function 1 is a joint eigen-
function of van Diejen’s difference operators, this identity for n = 0 holds. We use this
fact as the starting point of our proof. Theorem 2.1 is equivalent to a rational function
identity (Theorem 2.2) of = variables and y variables. We prove this rational function
identity by induction on the number n of y variables. We regard it as a rational function
identity of y,. Note that this identity is invariant under the inversion and permutation
for z and y. By analyzing the residues and computing the limits as y, — 0o, Theorem
2.1 and Theorem 2.2 are proved. Note that Theorem 2.1 includes the result (1) of [KNS].
In fact, the g-Saalschiitz summation formula gives rise to the transformation formula for
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the base point of ¢-shifted factorials of type BC. From this transformation formula, we
obtain

n-— lc

D ®(z;ylg, ) ZD” (t%(""““’/a;t%“*"‘z’"*’”/a)t,r-ké(x;qu, t).

This formula for 7 = 1 recovers the result (1) of [KNS].

We derive two types of transformation formulas for multiple basic hypergeometric
series in Section 3. By applying the multiple principal specializations to Theorem 2.2,
we have a transformation formula for type BC indexed by four multi-indices (Theorem
3.1). This formula is regarded as a kind of duality transformation formula. In the case
of n = 0, this transformation formula gives rise to a summation formula. Specializing
the parameter of Theorem 2.2, we also obtain a rational function identity which include
the result of M. Lassale (Theorem 6 in [L]) as a special case. This identity gives rise
to a C type transformation formula of multiple basic hypergeometric series by a same
method. Note that this formula recovers one of the C type transformation formulas,
due to H. Rosengren [R). Rosengren derived this result from Gunstafson’s summation
formula of multilateral basic hypergeometric series for type C. Our proof is different
from his proof.

In Section 4, we construct an explicit operator H=(u; q,t) which satisfies

H’(u;q,t)\It(m'y)=c0nst.-5”(u)\ll(z~ ), (3)
D¥(u) = 2( 1)"e(u; @)gn—rD
r=0

Here ¥(z;y) is the kernel function of dual Cauchy type for type BC introduced by
Mimachi [Mi2] and ~ means the operation of replacing the parameters (q,t) with (¢,q).
We call this identity a kernel identity of dual Cauchy type. Mimachi proved the following
expansion for kernel function of dual Cauchy type:

Z: (-D)X PA(@)Pae(y), M =(m—-X,m=X,_q,...,m—A).
AC(n™)

This formula plays an important role in computing the explicit formula of g-difference
operator H®(u;q,t).

In Subsection 4.1, we recall Noumi’s representations of affine Hecke algebras H(W2f)
for type C [N1]. We denote by C(x)[TiE}] the ring of ¢-difference operators with rational
coefficients. For any A% € H(W3a), A is expressed as 3, ASw (A% € C(z)(TEL).
Then we define the g-difference operator L5 by L% = EWEWm AZ. It is known that
the following fact holds. For any Wy, -invariant Laurent polynomial f(£) in the variables
&= (&,...,&m), and for any Wp,-invariant Laurent polynomial p(z) € Clz*')"=, one
has

F(Y®)p(@) = Liy=y9(a).
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Furthermore, the g-difference operator L} = L?(Y*) satisfies for any partition A
FY?)Ps(z) = L}Pa(z) = Pa(g)f(at’™*). @

In particular, the ¢-difference operators L7 for the interpolation polynomials f = e.(¢; aft)
of column type give rise to van Diejen’s operators D¥. From this view point, we call D®

“column type” g-difference operators. Since {e,(&;a|t)}2; is the generator system of
the ring C[¢%1}Wm of W,,-invariant Laurent polynomials in m variables, L 1 is an element

of C[Df§,...,DZ) for any f(£) € C[¢X')Wm. The operator H?(u;q,t) to be constructed

in Subsection 4.2 is a generating function of “row type” g-difference operators. This fact

(4) guarantees the existence of the g-difference operator H*(u; q,t) satisfying the iden-

tity (3). We define g-difference operators Hf(l = 0,1,2,...) by Lj for f = hy(§;alg,t).

Here hy(€; alg,t) is the interpolation polynomials of row type introduced by [KNS]. In

this view point, we call Hf “row type" g-difference operators. We also introduce the ¢-

difference operator H*(u; g, t) as a generating function of row type g-difference operators

Hf (1=0,1,2,...):

o0

€ C()[T ().

(a0 ) — H
) = ) T
Then the g-difference oi)erator H(u;q,t) and the t-difference operator 13”(1/.) satisfy the
identity (3). We also obtain the relationship between the g-difference operators Hf and
van Diejen’s difference opérators Dy, However, it is difficult to compute the explicit
expressions of difference operators H by means of the g-Dunkl operators. So, we use
the special case t = ¢~M of Theorem 3.1 for each M = 0,1, 2,.... Then we obtain the
kernel identity of dual Cauchy type for t = ¢~™. We compute the explicit formula of
g-difference operator Hf in the case of t = ¢~M (M =1{,1+1,...). Since the form does
not depend on M, we obtain the explicit expression for any parameter t. It is known that
the Koornwinder polynomials Py(z) have the duality property [vD2]. Van Diejen derived
the Pieri formula of column type by combining the duality with difference operator Df.
We present the “Pieri formula of row type” by using the ¢-difference operators H; in
Subsection 4.4.
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FEAECEES
B ¢ Kernel identities for van Diejen’s g-difference operators and transformation
formulas for multiple basic hypergeometric series
B B | (van Diejen O ¢ BHEARICN T 2HMER L S8 o BEARKOTRAR)
X 4 B £ K 4
F A B B8 i IE #
S wa= % & LE RE
z T % @ ml fB®
Bl # HEHER (SIEORE) N W
Bl #& Hl
o =]

A, ¢ ZERROTHIRICN T 2 BIRR L 2 DS E ¢ BBAREA
DISHICBT 2% TH 3,

MEBD z = (z1,...,2m) £ nEBD y= (y1,...,Yn) DEEREK &(z, y)
KOWT, o BBUCIER Y 21ERIE A, &y BEUCIEAT 2EHE B, B526h
T, BRI A, ®(2,y) = By ®(z,y) 2FRILT B & &, B(z,y) ZEAKOM (A,, B,)
KT BB TH B v ). ofiokES, BEERAZOBEEEROWED
HWThY, FREEGRORA BREIC B TEELREEH 2 RT.

q ZEIERR OB O IEIBNIL, A D Macdonald ¢ EDERRICHNT 2
Cauchy Bi% & OB Cauchy BOLEE TH 5. T 6 i3 1980 R DK H D
sk CHMoNTEY, EHEHTH 5 Macdonald LTHROKE 4 HHERAR %
HTBDICHOONTELLDTH S, FICERLEERETZbDLE LT, A HY
D q ZSITERSRDTHRIRD Cauchy BILBIFRAD S, A BIOSE ¢ HEBAHRHD
PPN % B 7 ABFREE (2004) DR D H 2.

A BIPAND g ZHERIROBMBEBOMEIMER L - D13, HEBIEHED & &
THB. =0T (2001) ¥, BCp, B Koornwinder D q ZEEFE I 5 T
Cauchy BB EHKR L, BAHH (n™) 12T 3 Koornwinder SIHER DR 34
NERM L 7. £ IER - B - B9 (2009) 13, Koornwinder g 4 EHE D
Cauchy BIBERBE AL L, S8 1 51KV 1 FTDHE D Koornwinder ZHERD,
RARAAEE 272, m Z#D Koornwinder D ¢ ZESEFAFICH LTk, m A
5% % q ZIERROAIRET, REWIIZHIZ7% b D23 van Diejen(1994) 2 &

A RCEES:

TR I N TE D, Koornwinder ZIHFIZ T @ van Diejen DT g Z=45rfEFHE K
DRBEAERE BTV, LaL, SHTOMERIE VLTS, IE - BE - %
HBOMEKBIZD\WT H, 2058 van Diejen DV ¢ EOEHEBRSMEHIIN LT L
IIRZEE) D id, TNETHL LI ENT VR0,

HEARFEROAED EEHIL, IR 86  B¥ED BC BIE%H3 van Diejen
DA q ZTERIRELG OB & Lo TWAHEHH L -EH 21 Th 3. | -
K, COEEHROIGH L LT, GRDOREDOHAED BC IADILREEZL
BC BDLH ¢ BRAIREICN T 2 KA (B 3.1) & C BloTmAR (E3
3.3) ZEH L. #E KR L LT Rosengren(2003) DEMAR I DB
oDHEEAEEZ 72 bD LoD, WiFD BC HEMARIZLCHLVDD
THoT, BEZFTICHSN TV 34 H ¢ ©THRKOETWARD P TR —IRK
"bDEEZ 6N S. van Diejen D q EOEAFOTIIKIL, Z OBEGMHS 151
DAL HXDORIITRENS BB, OFMKTH S, Znilcn LT, HKIZ
BC HpZmARN (B 3.1) OIGH & LT, EHEDS 1 ToMESER ORI T
KINsEH % TH O qEIERAKORNEZ R L, SHTOMBERDHS, van
Diejen DFIHEID ALK & HT L < HERL U 72 7B D AR % ASHa ¢ 2 @M % B> Tw
5T LS MIC LT (B 4.3, 4.4, 4.5).

A%, BC B D van Diejen D q 30 1EFED TG & 2 OBIEHOH
%, RV BC B0 q MM OERAR D% % TREIC, Y ciE L
RIbDTHY, ¢ ZOEAR L o BSATERBOM b 2 SHEEEHIC BT ME %
RED 2EMTH S, XoT, SArRFES MM K00, B () O%a
2EIEEGD B LED S,




