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Abstract. Ullrich, Grubb and Moore proved that a lacunary trigonometric
series satisfying Hadamard’s gap condition is recurrent a.c. We prove the existence
of a recurrent trigonometric series with bounded gaps.

1 Introduction.

If we regard the sequence {cos2mn,z} as a sequence of random variables on the
unit interval equipped with the Lebesgue measure, it behaves like a sequence of
independent random variables when n, diverges rapidly. For example, by assuming
Hadamard’s gap condition

nk+1/nk >q>1 (k:1,2,),

the central limit theorem for ) cos 27n,x was proved by Salem and Zygmund [9], the
law of the iterated logarithm by Erdés and G4l [4], and the almost sure invariance
principles by Philipp and Stout [8].

As to recurrence, Hawkes [7] proved that {3°F | exp(2mingz)} yen is dense in the
complex plane for a.e. z assuming the very strong gap condition to Y ng/ng41 < o0.
Anderson and Pitt [1] weakened the gap condition to ng,;/n, — oo or ny = a,
where a > 2 is an integer. These results imply the recurrence of chvzl cos(2mngx).
For this one-dimensional recurrence, Ullrich, Grubb and Moore [11, 5] succeeded in
weakening the condition to Hadamard’s gap condition.

It is very natural to ask if the gap condition can be replaced by a weaker one. For
the central limit theorem, Erdés [3] relaxed the gap condition to ngi1/ng > 1+cx/VE
with ¢, — oo. This condition is best possible. Actually Erdés [3] and Takahashi
[10] constructed counter examples to the central limit theorem satisfying ny1/n, >
1+ ¢/vk with ¢ > 0. But there still remains the possibility that some series having
smaller gaps may obey the central limit theorem. Indeed, for any ¢(k) 1 oo, Berkes
[2] proved the existence of > cos 2rnz with small gaps ng1 — i = O(¢p(k)) which
obeys the central limit theorem. And it was a longstanding problem whether some
trigonometric series with bounded gaps ng 1 — ng = O(1) can obey the central limit
theorem. Recently the existence of such series was proved in [6] and the problem
was solved. ‘

In this paper, we consider the same problem for recurrence, and prove the exis-
tence of recurrent series with bounded gaps.



Theorem 1. Suppose that {n;} satisfies the Hadamard’s gap condition and {m;}
is an arrangement in increasing arrangement of N\ {ny}. If we put

N
Sy(z) = Z cos 2rm; x,
7j=1

then {Sn(z)} is recurrent a.e. x .

The sequence {n;} satisfying the Hadamard’s gap condition has null density

klim ng/k = 0, and its complement sequence {m;} defined above has full density
—00

klim my/k = 1. Both of these define recurrent trigonometric series. We can also
—00

construct a sequence with bounded gaps and intermediate density defining recurrent
trigonometric series.

Theorem 2. Let p/q (p,q € N) be an arbitrary rational number in (0,1). Put
L,={lg+j1=012,..; 5 =1,2,..p} and suppose that {n.} is a sequence
satisfying Hadamard’s gap condition and {ng} () L, = ¢. Let {m;} be an increasing
arrangement order of {ng}\J I, Then Y cos 2nmyx is recurrent a.e. z, and {m;}
has density limg_,o. mp/k = p/q .

The proofs are modifications of those in Grubb and Moore [5]. We use the
properties of the Dirichlet kernel.

2 Proof.

We use a lemma which is a modification of that in Grubb and Moore [5].

Lemma 3. Let I be a non-empty open interval En,Fy C I(N € N),¢ > 0 and
0 < dny 1 0. Assume that for any x € Ey, there exists Ny such that for N > Ny,
there exists an interval Jy with x € Jy, |Jn| = 0n and |FyNJy| > ¢|Jn|. Ifx € Ey
infinitely often almost every x € I, then x € Fy infinitely often for almost every
xel.

Proof of Theorem 1: Take p > 0 arbitrarily and take an open interval
I C [0,1] such that 2sinmgxr > p on I. Since p is arbitrary, it is sufficient to
prove the recurrence for a.e.x € I.



Put A =27 (q—‘_% + —47) and take an arbitrary ¢ € (0, %) We have

Y

Sn(z) = Dy () — % = Z cos 27z,

Jjnj<my
where D, (z) is the Dirichlet kernel given by

sinw(2n + 1)z
2sintx

1 n
Dy(x) = 5 + > cos 2 =

=1

It is easily verified that | D/, (z)| < 27(24 2n)/p* < 8wn/p* on I and |T';(z)| <
2r(ny +ng + ... + 1) < 27n;q/(q — 1) where Tj(x) = cos2mniz + cos 2mnex + - - - +
cos 2rnjz. Hence Sy (x) < Amy on I. Take an arbitrary a € R and put

Ex={z€I:Sn(z)>a,Sy+1(z) < a},
Fy={xel:|Sy(z)—a|<eor|Snsi(z)—al <e€}.
By noting |D,(z)| < % and the properties sup Tj(z) = oo and inf Tj(z) = —o0 a.e.
7 J
of lacunary trigonometric series (205pp of Zygmund [12]), we have sup Sy(z) = o0
N

and ir]%’f Sny(z) = —oc, for a.e. x € 1. Hence z € Ey infinitely often for a.e. z € I.

Pick an arbitrary x € Ey. Put 6y = 1/my,1 and Jy = (x — dn /2,2 + 6n/2).
We have Jy C I for large N. We divide the proof into two cases:

Case I:. there exists an xy € Jy such that Sy(zg) = a. Then we have
|Sn(z) —a] < € on (xg — |Inle/A, o + |Inle/A). Since Jye/A < |Jn|/2, either
(xog — |Inle/A, xq) or (xo, 2o + |JIn|€/A) is contained in Jy and hence on Fy N Jy.
Therefore |Fy N Jx| > |Inle/A.

Case II: Sy(z) > a on Jy. As z € Ey, we have Sy(z) > a and Sy1(z) < a.
Since |Jy| = 1/mp+1, there exists an z1 € Jy such that cos2rmy121 = 0. Hence
Sni1(z1) = Sy(z1) > a, and therefore we can find zy € Jy such that Syi1(z2) = a.
In the same way as in the previous case, we can see that |Fy N Jy| > |Jn|e/A.

Applying the lemma, we see that z € Fy infinitely often for a.e. s € I.



Theorem 2 can be proved in the same way by noting that

sin((2n + 1)g + 2j)z — sinw(q + 2j)x
2sinmwgx '

D,(z) = Zcos 2r(lg+ j)z =

=1

3 Differentiation of Monotone functions

3.1 Vitali Covering

Let J be a collection of intervals, then the collection J covers a set F in the sense
of Vitali, if for each € > 0 and any x € E there is an interval I € J such that z € I
and I(]) < e.

Lemma 4. Vitali Lemma: Let E be a set of finite outer measure and J a collection
of intervals which covers E in the sense of Vitali. Then given € > 0 there is a finite
disjoint collection {I1,...,In} of intervals in J such that

N
m*(EN UI") <e.

n=1

Proof: Suppose each interval in J is closed.
Let O be an open set of finite outer measure containing E. Since J is a Vitali covering
of E, without loss of generality we may assume that each I of J is contained in O.
We choose a sequence (I,,) of disjoint intervals of J by induction as follows: Let I;
be any interval in J.

Let ki = sup {1(1) TeJINl = ¢}. Since I C O, we have k; < mO < oco. If

F C I, then there is nothing to prove. If E' C I is not true, we can find an interval
IQ € JWlth l([g) > k:1/2 and IQ N [1 = ¢

Let it holds for p = n, i.e., disjoint intervals I, I5, ..., I, have chosen by induction.
Forp=n+1,
let

k. :sup{z(f) IedInh=¢,INL=¢,... INI, :¢>}. (1)

4



n
Since I C O, we have k, < mO < o0. If E C U I;, then there is nothing to prove.
i=1

If B C U I; is not true, we can find an interval I,,,; € J with I([,;1) > k,/2 and
i=1

Qﬂm(OQ):¢

i=1
Since from the definition of suprema, there exists an I,.1 € J such that I,41 N

(O Ii) = ¢ and
- (Insa) > kn/2. (2)

Thus we have a sequence (I,,) of disjoint intervals of J, and U I(I,) <m0 < oc.
Hence, there exists N such that

o0
> UL <e/5. (3)
N+1
Let
N
R=E~|]JI,
n=1
We prove m*R < e.
N
Let = be an arbitrary point of R. Since U I,, is a closed set not containing z, by
n=1
using the definition of Vitali covering, there exists an interval I € J such that z € I,
and whose length is so small that I does not meet any of the intervals I, Iy, ..., In.

From Egs. (1) and (2), we have I(I,,) < k, < 2I(I,41). Since lim{(1,,) = 0, I(I,) <
kn < 2l(I,+1) = 0 as n — oo the interval I must meet at least one of the intervals
I,. Let n be the smallest integer such that I meets I,,. We have n > N, and
I(I) < ky_1 < 2l(1,). Since z € I, and [ has a point in common with I, it follows
that the distance from  to the midpoint of I, is at most I(1,) + 31(1,) < 2I(1,).
Thus z belongs to the interval P, having the same midpoint as [,, and

U(P,) = 5l(I). | (4)
Thus we have shown that

RCGRV (5)



Hence from Egs. (3), (4) and (5),

mR<Y U(P) =5 II,)<e.
N+1 N+1

Suppose each interval in J is not closed.
Let 1, I5, ..., Iy is not closed interval of .J. We have

N

N N
E ~ nL;Jl I, C (E ~ nL:chlo(In)) U <n:1{ end points of In}),

where clo(1,,) =closure of (I,,). Hence

N N N
m* (E ~ nL:Jl In) <m* (E ~ nL;Jl clo([n)) +m* (TLL:JI{ end points of In})

Since the measure of the set of endpoint of Iy, Iy, ..., Iy is equal to 0, which implies

N N
m (ENnL:JlIn) Sm*(EN !clo([n)) =m'R <e.

Therefore we have the conclusion.

3.2 Differentiability of functions on the real line

A function f defined in a neighborhood of a point z € R is called differentiable at
this point if there exists a finite limit

o F@th) — f(@)

h—o0 h

Y

which is called the derivative of f at the point x and denoted by f'(x).

In ‘the study of derivatives it is useful to consider the derivate of a function f
that take values on the extended real line and are define by the following equalities:

D—l—f(aj)zhg)%F f(x+h})L_f($)>

(6)



If D*f(z) = D, f(x) then we say that the function f has the right derivative
fi(z) := D/(z) = D, f(z) at a point z; and if D~ f(z) = D_f(z), then we say that
f has the left derivative f’ (z) := D~ f(z) = D_ f(z) at the point z. Clearly we have
D*f(z) > D, f(z) and D™ f(z) > D_f(z). If

D*f(z) = Dy f(z) = D f(z) = D_f(z) # o0 (10)

we say that f is differentiable at  and f'(x) to be the common value of the deriva-
tives at z.

Theorem 5. Let f be an increasing real-valued function on the interval [a,b]. Then
f is differentiable almost everywhere. The derivative f' is measurable, and

./fhwxﬁﬂw—ﬂ@- (11)

Proof: Let us show that the set where any two derivatives are unequal have
measure zero. Consider a set £ = {x : DT f(z) > D_f(z)}. For every pair of
positive rational numbers u and v such that u > v. Let

E,,={z:D"f(z) >u>v>D._f(z)}. (12)

It is clear that

E= |J E. (13)

u,vEQ;0<u<v

We first prove that m*E, ,, = 0, for all u,v € Q such that 0 < v < u. Let us assume
a contrary that there exist positive rational numbers u and v such that u > v and
m*E, , = s. Take arbitrary ¢ > 0, there is an open set O such that E,, C O with

m'O <m'E,,+ec=s+c (14)



If z € E,, then z € O and D_f(z) < v. Since z € O, there exists a ¢’ such that

(.Z'—(S',.T—i—(sl) C 07 and D_f(I) <w, from Equation (9) h_m f(flf) - f(x — h) <

h

h—04

there exists an A’ such that for all 0 < h < min {#',d'} such that h < € and

flz) = f(x —h) <vhand [z — h,z] C O,

there is an arbitrary small interval [x—h, z] contained in O such that f(z)—f(z—h) <

vh. Denote [z; — h;,x;] = I;. From Vitali lemma, there exists a finite disjoint
N

collection {[acZ — h;, xz]} such that

i=1

N N
m* (Eu ~U If) = m* (B ~ 11-) <e (15)
i=1

i=1

where
I? = interior of ;.
Define
N
A=E,,n ]I (16)
i=1
We have
N N
A=Eu,nJI2 = Euy ~ (Buw ~J 7).
i=1 i=1
N

m'A=m'E,, —m" (Ew ~ U If) > 8§ — €,
i=1

since by Equation (15). Then summing over these intervals, we have,

N N
Z(f(zn) - f(wn - hn)) < UZ hn < vmO < U(S + 6). (17)
Since UI C O implies m UI Zl Zh < mO.

n=1

Now, for each point y € A, there ex1sts an arbltrary small interval [y, y+ k]| which is
contained in some I, for n < N, and for which f(y+k)—f(y) > uk. Again from Vitali
lemma , there is a finite disjoint collection {Ji, Ja, ..., Jar} where Jy = [yar, yar +ku)



M
such that m* (A ~ U Ji) < e.

i=1

Define M
B=AnlJ (18)
i=1
Then u
m*B:m*A—m*<A~(A~UJi))>5—e—e:s—26. (19)
i=1

Then summing over these intervals, we have

M

M
> (F@ + k) = f@)) > ud k> uls - 20), (20)

i=1
M M
since s — 2¢ < m*B < m(U Ji) = Zkl
i=1 i=1

Each interval J; (i = 1,2, ..., M) is contained in some interval I,,, and if we sum over
those i for which J; C I,,. We have

Z(f(yz + kz) - f(:%)) < f(mn) - f(-rn - hn)v (21)

since f is increasing. Thus

ij:(f(xn) — f(z, —hn)) > ii[:(f(yi’f‘ki) _f(yi)), (22)

and so
v(s+€) > u(s — 2). (23)

Since this is true for each positive ¢, we have vs > us. But u > v, and so s must be
zero. Therefore m*E, , = 0, for all u,v € Q. Then

mE=m( Eu> —0. (24)

u,veEQ

Hence

m{x . D" f(z) > D_ f(:v)} = 0 implies D* f(z) < D_f(z) ae.  (25)

9



And similarly

m{x : D™ f(x) > D+f(ac)} = 0 implies D, f(x) > D™ f(z) a.e. (26)
We know
D*f(x) > D f(z) and D™ f(z) > D_f(z). (27)
Combining Eqgs. (25), (26) and (27), we get,
D f(z) = Dy f(z) = D™ f(z) = D_f(z) ae. (28)

This shows that A B - f)
. T+ v
9(z) = Jim h

is defined a.e. and that f is differentiable whenever g is finite.
For each n, define

gal@) =n(f(z+1/n) = (@), (29)
where we set f(x) = f(b) for x > b.
We have ’lll_r)% flzt })z— /() a.e. Therefore
lim gn(z) = g(z) ae. (30)

Then g¢,(x) tends to g(z) for almost all z, and so g is measurable. Since f is
increasing, i.e., f(z +1/n) > f(z), we have g,(x) > 0. Hence by Fatou’s lemma,

b b
/g(w) < lim [ gu(2)

n—oo Ja

~ lim n/ab(f(a;ﬂ/n)—f(x))dx

— nl_i_)moo(n/abf(a:+ 1/n)dz — n/abf(:v)dx)
= lm (n /b e f@)dz —n / v f(x)dx)
= (50— [T pay)

< g0 gmn [T s

= f(b) = f(a).

10



Hence ,
/g@ﬂxﬁﬂ@—f@) (31)

This shows that g is integrable and hence finite almost everywhere. Thus f is dif-
ferentiable a.e. and g = f a.e.

3.3 Function of Bounded Variation

Let f be a real-valued function defined on the interval [a,b], and let a = 7o < 21 <
Ty < --- <z = b be any subdivision of [a, b]. Define

k

p=3 (F@) - fain) (3)
k —
n=" (f(e:) - flzi-r)) (33)
=1

k
t=n+p= | (@)= fl@i)], (34)

i=1
where we use 7 to denote r, if > 0 and 0, if » < 0 and set v~ = |r| — r*. We have
f®) — fla)=p—n, (35)

since

M- 10 i

—

|
s oy
N N
8]
x
S’
|
=
8
O

11



Set

P = sup p, (36)
N = sup n, (37)
T = sup t, (38)

where we take these suprema over all possible subdivisions of [a,b]. Since p <t =
p+ n,sup p < sup t = sup (p + n) < sup p + sup n. Hence we have

P<T<P+N. (39)

We say P is the positive variation of f over [a, b]. Sometimes we write it by P2, P*(f).
Similarly we call N and T by negative variation of f over [a,b] and total variation
of f over [a,b]. Sometimes we denote the negative variation by N° N°(f) and the
total variation by T°, T°(f), it means that dependence on the interval [a,b] or on
the functions f. If T < co ,we say that f is of bounded variation over [a,b]. This
notation is sometimes abbreviated by writing f € BV.

Lemma 6. If f is of bounded variation on [a,b|, then

T) = P’ + N! (40)
and
f(b) = f(a) = Py = N, (41)

Proof: For any subdivision of [a, b|

p—n = f(b)— f(a)
p = n+ f(b)— f(a)

and taking suprema over all possible subdivisions, we obtain

P < N+ f(b) - f(a).

Since N < T and f is of bounded variation over [a, b],
P =N < f(b) - f(a). (42)

12



Similarly,
N — P < f(a) — f(b). (43)
Hence from Egs. (42) and (43),

P—N = f(b) — f(a). (44)
From Eqs. (34), (35) and (38),

T

Y

t
p+n

= p+p—{f(0) - f(a)}.

Il

From Eq. (44)

T > 2p+ N-P.

Taking suprema over all possible subdivisions, we obtain

T > 2P+N-P
= P4+ N.

Since T < P + N, hence, we have

T=P+N.

Theorem 7. A function f is of bounded variation on [a,b] if and only if f is the
difference of two monotone real-valued functions on [a.b].

Proof: Let f be of bounded variation, and set
g(z) = P, (45)

and
h(z) = NZ. (46)

13



Let a = g < 1 < -+ < & = x < b be any subdivision of [a, z]. Assume z <y <b.
From Eq. (45) and taking suprema over all the possible subdivision of [a, z],

o(x) = Supzk:(f(xi)—f(xi—l))+
supz (£~ fn) + (F) - @)

+

IA

IN
JE

= g(y).

Hence g(z) is a monotone increasing function. Similarly h(z) is also a monotone
increasing function, g(z) and h(z) are real valued functions, since 0 < P*¥ < T7 <
Tg <oocand 0 < N7 <T? < Té’ < 00. Since f is of bounded variation, from lemma
3

f(@) = fla) = By — Ng. (47)
From Eqgs. (45) and (46) and after calculate, we get

f(x) = g(z) — h(z) + f(a).

Since h(z) is a monotone increasing real valued function and f(a) is a constant,
h(z) — f(a) is a monotone function. Hence f is the difference of two monotone
real-valued functions on [a, b].

Converse Part: If f(z) = g(x) — h(z) on [a,b] with g(x) and h(z) is a monotone
real-valued functions, and let a = o < 1 < 5 < --- < xx = b be any sub-division
of [a,b], then we have

f(@) — flzica) = g(zi) — g(wia) + h(zi) — h(zi1).

Taking absolute value and summing both sides from i =1,2,... k; we get

k k

Z'f(332) — flzim)] < Z| (i) — g(zi—1 |+Z|h ;) — h(zi-1)|

=1 =1
k

= 3 (ot - atencn)) + 3 (i) = b))

= i=1

= g(b) —g(a) + h(b) — h(a).

14



Taking suprema over all the possible subdivisions, we obtain

T.(f) < g(b) = gla) + h(b) — h(a)

0.

ANVAN

Hence f is of bounded variation of [a, b].

Corollary 8. If f is of bounded variation on [a,b], then f'(x) exists for almost all
z on [a,b] .

Proof: Since f is of bounded variation, then from Theorem 7, f can be written
as the difference of two increasing real-valued functions on [a,b]. Let suppose such
functions are g and h, i.e. f(z) = g(z) — h(z). Again from Theorem 5, g and h are
differentiable almost everyewhere. Since

. glz+k)—g(x)
oo 7 lim k
a.e. and Wz + ) — h(z)
) z — h(z
+oo # lim k
a.e. then

Le. fi(x) = ¢ (z) — k() for almost all z in [a,b]. Hence f is differentiable almost
everywhere.

3.4 Differentiation of an Integral

We use these Theorem 9, Proposition 10 and Lemma 11 from Royden[13].

15



Theorem 9. (Monotone Convergence Theorem): Let (f,) be an increasing
sequence of nonnegative measurable functions, and let f = lim,,_, f, a.e. Then

[ [

Proposition 10. Let f be a nonnegative function which is integrable over a set E.
Then given € > 0 there is a & > 0 such that for every set A C E with mA < § we

have
/f<e.
A

If f is integrable function on [a,b], we define its indefinite integral to be the
function F' defined on [a,b] by

F(z) = / Ft)dt. (47)
Lemma 11. If f is integrable on [a,b], then the function F defined by
F(z) = / F(t)dt

is a continuous function of bounded variation on [a,b] .

Proof: Since f is integrable over [a,b]. Write f = f* — f~. Here f* and f~ are
non-negative integrable function over [a, b], then from Proposition 10, for all € > 0,
there exists a § > 0 such that (z,y) C [a,b] with |z — y| < 4, we have [’ f+ < €/2
and [¥ f~ < ¢/2. Therefore

F@ - Pl = | [ o= [ s

_ / e

= /my ST()dt - /:f_(t)dt‘

< /xy fH{t)dt + /: f(t)dt

16



Hence F(x) is a continuous function.
To show F is of bounded variation, let « = xg < 1 < 23 < --- < 2 = b be any
subdivision of [a,b]. Then

IA
ing
=
=
=
~

< 00,

since f is an integrable function over [a, b]. Taking the suprema over all the possible
subdivisions of [a,b] then

< | | F(0) e

Hence F(zx) is a continuous function of bounded variation on [a,b]. We take this
Proposition 12 also from the theory of Lebesgue integral [13].

Proposition 12. If E is measurable, then for all € > 0 there is a closed set F C E
such that m*(E ~ F) < ¢

Proposition 13. Every open set of real numbers is a union of a countable collection
of disjoint open intervals .

Proposition 14. Let f be a nonnegative measurable function and (E;) a disjoint
sequence of measurable sets. Let & = UE;. Then

/Ef=Z/Eif

Lemma 15. If f is integrable on [a,b] and
/ Ft)dt =0
for all x € [a,b], then f(t) =0 a.e.in [a,b]

17



Proof: If f(t) = 0 a.e. does not hold then m{x : f(z) # 0} > 0. Denote
E = {x: f(z) # 0}. Suppose f(z) > 0 on a set of positive measure. Take mFE >
¢ > 0 then from Proposition 12, then there is a closed set F' C E such that m*(E ~
F) < € Since E and F' are measurable, then m(E ~ F) < ¢. Since F C E then
mE —mF < e. Hence mE — ¢ < mF. It implies mF > 0.

Let O = (a,b) ~ F. Since f: f(z)dz < oo, then either

b

f#0
or else
b
0= [+
— [r+ /1
F o)
and

Af=—Lf%0

Let f = f* — f~. But from Proposition 14, O is the disjoint union of countable
collection {(a,,b,)} of open intervals, and so by Proposition 11,

bk

- -y

an

Since fo f # 0, thus for some n, we have

by

f#0

an

18



Here

Then either

[r- el
b

/ P
or
bn
f#0.
If
bn
f=0,
then

/aanf=—/:f7é0.
L%f#O
:

“F#o.

a

Hence either

or

It contradicts that .
vz € [a,b],/ F(t)dt = 0.

Similarly, when f < 0 on a set of positive measure,

ie. m{z: f(z) <0} >0o0r m{z: —f(z) >0} > 0.

Put —f(z) = g(z) then m{z : g(z) > 0} > 0. Again similarly, for some z € [a, b],
[Fsoa o

or .

— [ fQ@)dt#0,

implies that

/:f(t)dt £0.

Therefore the lemma follows by contrapositive. We take the following Bounded
convergence theorem from the theory of Lebesgue integral [13].
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Theorem 16. (Bounded convergence theorem) : Let (f,) be a sequence of
measurable functions defined on a set E of finite measure, and suppose that there is
a real number K such that |f,(2)| < K for alln and z. If f(z) = lim f,(x) for each

x in E, then
/f:lim/ I
E E

The following Lemma is taken from Royden [13].

Lemma 17. If f is bounded and measurable on [a,b] and

Fla) = [ fld+ F),
then F'(x) = f(x) for almost all x in [a,b].

Proof: Let |f(z)| < K, let a = zg < 21 < 23 < --- < zx = b be any subdivision
of {a,b]. Then

< Ef: |
_ /: F(6)at.

If we take the supremum over all possible subdivision of [a, b],

T;(F) < /ab

f(t)ldt.

Since f is bounded, therefore
TY(F) < oo.

Hence F is of bounded variation. And from Corollary 5, F'(z) exists for almost all
z in [a,b)].
Setting

F(z + h) — F(z)

20



with h = %, we have

fu(z)

fu(z)

Taking absolute value on both sides,

| fn(2)]

Hence for all n and all z, |f,(z)] < K. Since f,(z) - F'(z) a

(t)]dt

IN
==

/w—l—h
1
h

IA
=

=

e., the bounded

convergence theorem implies that

/:F'(x)d:v

since F'is continuous. Hence

Tim @)

flzlinh/ F(x+h)—F(z ))dm

}lgr%)(h/c F(z )dz—% aa+hF(a:)dx)
) — F(a)

(c
| staa

/a C(F’(:c) ~ J(@))dz =0 (49)

for all ¢ € [a,b], and so from lemma 12,

(50)

a.e. We will use the following Proposition from the theory of Lebesgue integral.
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Proposition 18. Let f and g be an integrable over E. Then if f < g a.e., then

[1< ]

Here we show that the derivative of the indefinite integral of an integrable func-
tion is equal to the integrand almost everywhere, which is taken from Royden [13].

Theorem 19. Let f be an integrable function on [a,b], and suppose

+ / " e

Then F'(z) = f(z) for all most all x in |a, b

Proof : It is sufficient to prove for f > 0.
Let f, be define by f,(z) = f(z) when f(z) < n, and f,(z) = n when f(z) > n.
Then f,(z) < f(z). ie.,
f(@) = falz) 2 0. (51)

Define Y
Gu(a) = [ (r=£) 0 (52

To show G,(z) is an increasing function of x, suppose = < y,

Guta) = [ (£- fn)(t)dt
< [(r-n) ¢ﬁ+L%f—nywﬁ

= [(r- )
=Gy)

Gn(z) Gn(y),

IA

since f — f, > 0 implies fj ( - fn> > 0. Hence G,(z) is an increasing function of
x. Then from Theorem 5, G, (z) is differentiable a.e.

G (z) = Gn(:1:—|~h})L—Gn(x).

h—>0
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When h > 0,

Gnlz+h) > Gulx)
G (:v + h) Gn.(z) >0
h—0+ h
Therefore o " o
G (z) = lim n(z+h) = Galz)

h—0 h

Here f,(z) is bounded measurable function and if we put [* f,(t)dt+ F,(a) = F,(z)
then from Lemma 17, F(z) = f,(z) for almost all z € [a, b].
le.

%(/: fu(t)dt + Fn(a)> = fu(2)

for almost all x € [a, b]. Hence

= [ = 1) (55)

for almost all z € [a,b]. And so

d‘ip( - diF(a)+—Ci~/xf(t)dt
O+— / fn dt

fn(z)

Vv

a.e. Since n is arbitrary,
F'(z) > f(z) (54)

/ab F(z)dz > /abf(x)d:c _ F(b) - Fla).

23
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Thus by Theorem 5, we have

/a  F(@)dz = F(b) — Fla) = / ),

/ab (F’(m) . f(x))dx —0.

Since F'(x) — f(z) > 0, this implies that F'(z) — f(z) = 0 a.e., and so F'(z) = f(z)
a.e.

and

3.5 Absolute Continuity

A real valued function f defined on |a,b] is said to be absolutely continuous on
[a,b] if, given € > 0, there is a 6 > 0 such that

Z |f(z}) — fz:)] < e

for every pairwise disjoint family {(3:1, x;)}nzl of open intervals of [a,b] with

%

n
Z ‘x; — xl‘ < 4.
i—1

Proposition 20. An absolute continuous function is continuous.

Proof: Let f: [a,b] — R ba an absolutely continuous function. Take arbitrary
€ > 0. And 0 > 0 is defined same as in the definition of absolute continuity. Take
z € [a,b] , for y € [a,b] such that |z — y| < § implies |f(z) — f(y)| < ¢, since from
the definition of absolute continuity. Hence f(z) is an continuous function.

Proposition 21. Every indefinite integral is absolutely continuous .

Proof: Let .
F(z) = / f(tydt,

for all z € [a,b], is an indefinite integral where f(x) is integrable on [a, b]. Since f(x)
is an integrable function, | f(x)| is also an integrable function. Let ¢ > 0, for all non
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overlapping intervals {(;, :1:;)}?:1 C [a,b] with m (L, (z:,2})) < &, where § is the
positive number corresponding to € in the definition of the absolute continuity of f.
Applying Proposition 10, we get

/ F(0)]dt < c. (55)
Uiz (eisz))
Since
SR~ Rl = 31 [ o
< Z / t)|dt
- / £t
Uiz, (z,2))

ZrF Fes [ s (56)

From Egs (55) and (56) gives that F(z) is an absolutely continuous function.
Lemma 22. [f [ is absolutely continuous on [a,b], then it is of bounded variation

on [a,b] .

Proof: Since f is an absolutely continuous on [a,b], there is a § > 0 such that
for every finite pairwise disjoint family { O, bk)} of open intervals of [a, b] of total
length

n

Z(bk — Clk) <4

k=1

Z|fbk ak|<1

Leta<cy<e < <ep< b be any subdivision of [a, b] such that ¢, 1 —cx <6
for k=0,1,2,...m—1. Here ¢x;1 —cx < d for k =0,1,2,...m — 1. Again for every
finite pairwise d1s101nt family { Cis cz+1)} of open mtervals of (cr,cri1),

Z e — il <6
=1

25
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implies .
Z |fein) = fle)] <1,
i=1
since f is an absolutely continuous function. Hence
t<1
on the interval (cg, cxy1) for k= 0,1,2,...m — 1. Therefore on the interval [a, ],
t< M.
If we take the suprema over all the possible subdivision of [a, b], we have
TP < 0.
Hence f is of bounded variation of [a, b].

Corollary 23. If f is absolutely continuous, then f has derivative almost everywhere

Proof : Since f is an absolutely continuous then from Lemma 22, f is of
bounded variation. Again from Corollary 8, f has a derivative almost every where.

Lemma 24. If f is absolutely continuous on [a,b] and f'(z) =0 a.e., then f is a
constant.

Proof: We want to show that f(a) = f(c) for any ¢ € [a, b]. Let
E = {:L’ € (a,c): fl(x) = O}.
Put A = {x € (a,c): fl(z) # O}. We have f'(z) =0 a.e. z € [a,b], then

AcC {x e [a,b]: f'(z) # o}.

It implies,
mA < m{x € [a,b]: f'(z) # 0} =0.

Hence mA = 0. Here EN A = ¢ and E U A = (a,c). Therefore mE + mA = ¢ — a.
Hence mFE = ¢ — a. Let € > 0 be an arbitrary number. Take n > 0 arbitrarily. For
each x € E there is a small interval [z, z + h] contained in [a, ¢] such that

[f (@ +h) = f(2)] <nh. (57)
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n

By Lemma 1, we can find a finite disjoint collection {[a:k, Ty + hk]} of intervals
k=1

such that

m(Eﬂ (Q[mk,xk + hk])c) = ( Q [Tk, Tk + hg] ) < 4, (58)

where § is the positive number corresponding to € in the definition of the absolute
continuity of f. We can assume that a = zo+ ho <21 <21+ h1 <22 < 22+ ho <
< Xy < Ty + hy < XZpy1 = c. Since

=

(@, 1) U (214 h1,22) U+ U(2Zp + hnyc) = ( [Tk, Tk + hk])

1

[T, 2k + hk]) .

C=7

EnN ((a,xl)u(3:1+h1,x2)U---U(xn+hn,c)> :Em(
k

Il
iR

Taking measure on both sides and using Eq. (58), we get,
|z1 —al + |zo — (1 + ha)| + -+ e — (za + hy)| < 6.

Then from definition of absolute continuity,
DN Fke) = flan+ he)| <e (59)
k=0

From Eq. (57)

N 1@+ ) = fl@)l <0 )b < nlc—a).

k=1

n n

1£(0) = F(@)] =Y 1f (@) = Fl@x+ Rl + D | Flae+ ) = f(@)] < e+nlc—a).

k=0 k=1
Since ¢ and 7 are an arbitrary positive numbers, f(c) = f(a).

Theorem 25. A function F' is an indefinite integral if and only if it is absolutely
coONtinuous .
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Proof: Suppose F is an absolutely continuous on [a,b]. From Lemma 22, it
is of bounded variation on [a,b]. Again from Theorem 7, F' is the difference of two
monotone real-valued functions on [a,b]. We may write

F(z) = Fi(z) — Fy(x),

where F1, F, are monotone increasing real-valued functions. Using Theorem 5, F}
and F are differentiable almost everywhere, F] and F}, are measurable and

/ "B < B (5) — Fy(a). (60)

b
[ B < B0) - Fi@. (61)
Hence F'(z) exists almost everywhere and
|F'(z)] < Fi(z)+ F(z).
Integrate both sides from a to b, we get,
b b b
[FF@l < [ Fe+ [ A

<
< Fi(b) + Fz(b) — Fi(a) — Fx(a)
<

0.

From Egs (60) and (61), hence F’(x) is integrable. Let

Glz) = / " (.

By Lemma 21, GG is absolutely continuous and so is the function f = F — G. It
follows from Theorem 19 that f'(z) = F'(z) — G'(z) = 0 a.e., and so f is constant
by Lemma 24. Thus

F(z) = / " Fdt + Fla).

Corollary 26. Every absolutely continuous function is the indefinite integral of ils
derivative .
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3.6 Lebesgue Density Theorem

1
Theorem 27. Let E C R be a measurable set. Then }llir% o™ (E N(x—h,xz+ h))
—

is equal to 1 for a.e. x € E and equal to O for a.e. x € E° .

Proof: For each n € N, define

Gn(z) = /$ xe(t)dt, z € (—n,n).

Here xg(t) is integrable over (—n,n). Every indefinite integral is absolutely con-
tinuous function. Therefore G,(z) is an absolutely continuous function. From
Corollary 23, G’'(x) exists almost every z € (—n,n). Again from Theorem 19,
G, (%) = XEn(=nn) () a.e. We prove

m(Em(x—h,x+h))

Gulw) = lim, 2h
Since,
1 1
2G,(2) = lim+ (Gn(x Y h) - Gn(:v)) + lim - (Gn(w) Gz — h))

G (z) = m%(an(ﬁh)—@(w—h)).

Put § = min{n — z,n+ z}. Suppose 0 < h <9,

z+h
G+ h) — Gr(s) = / xe(b)d,

and .
Gn(z) — Gp(z — h) = / xe(t)dt.
z—h
Hence

Gnlz+h)—Gp(z—h) = /Hh xe(t)dt.

~h
Hence for z € (—n,n)
) ) 1 z+h
Gi(@) = fmz [ e
m(Eﬂ (x — h,x—i—h))
= lim .
h—0 2h
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But we have,
G;L(LL') = XEO(—n,n)(‘T)

a.e. Since n is an arbitrary, we have the result.
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