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Abstract. Ullrich, Grubb and Moore proved that a lacunary trigonometric 
series satisfying Hadamard's gap condition is recurrent a.e. We prove the existence 
of a recurrent trigonometric series with bounded gaps. 

1 Introduction. 

If we regard the sequence {cos 27rnkx} as a sequence of random variables on the 
unit interval equipped with the Lebesgue measure, it behaves like a sequence of 
independent random variables when nk diverges rapidly. For example, by assuming 
Hadamard's gap condition 

nk+I/nk > q > 1 (k = 1,2, ... ), 

the central limit theorem for L: cos 27rnkX was proved by Salem and Zygmund [9], the 
law of the iterated logarithm by Erdos and GilJ [4], and the almost sure invariance 
principles by Philipp and Stout [8]. 

As to recurrence, Hawkes [7] proved that {L:~=1 exp(27rinkx)} NEN is dense in the 
complex plane for a.e. x assuming the very strong gap condition to L: nk/nk+l < 00. 

Anderson and Pitt [1] weakened the gap condition to nk+1/nk -t 00 or nk = ak, 

where a 2: 2 is an integer. These results imply the recurrence of L:~=1 cos( 27rnkx). 

For this one-dimensional recurrence, Ullrich, Grubb and Moore [11, 5] succeeded in 
weakening the condition to Hadamard's gap condition. 

It is very natural to ask ifthe gap condition can be replaced by a weaker one. For 
the central limit theorem, Erdos [3] relaxed the gap condition to nk+I/nk > 1 +Ck/ Vk 
with Ck -t 00. This condition is best possible. Actually Erdos [3] and Takahashi 
[10] constructed counter examples to the central limit theorem satisfying nk+1/nk > 
1 + c/ Jk with C > O. But there still remains the possibility that some series having 
smaller gaps may obey the central limit theorem. Indeed, for any ¢(k) t 00, Berkes 
[2] proved the existence of L: cos 27rnkX with small gaps nk+l - nk = O(¢(k)) which 
obeys the central limit theorem. And it was a longstanding problem whether some 
trigonometric series with bounded gaps nk+l - nk = 0(1) can obey the central limit 
theorem. Recently the existence of such series was proved in [6] and the problem 
was solved. 

In this paper, we consider the same problem for recurrence, and prove the exis­
tence of recurrent series with bounded gaps. 
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Theorem 1. Suppose that {nd satisfies the Hadamard's gap condition and {mj} 
is an arrangement in increasing arrangement of N \ {nd. If we put 

N 

SN(X) = I: cos 27l'mjx, 
j=l 

then {SN(X)} is recurrent a.e. x . 

The sequence {nd satisfying the Hadamard's gap condition has null density 
lim nklk = 0, and its complement sequence {md defined above has full density 

k--+oo 
lim mklk = 1. Both of these define recurrent trigonometric series. We can also 

k--+oo 
construct a sequence with bounded gaps and intermediate density defining recurrent 
trigonometric series. 

Theorem 2. Let plq (p, q E N) be an arbitrary rational number in (0,1). Put 
Ip,q = {lq+jll = 0,1,2, ... ; j = 1,2, ... ,p} and suppose that {nd is a sequence 
satisfying Hadamard's gap condition and {nd n Ip,q = <p. Let {mj} be an increasing 
arrangement order of {nd UIp,q' Then L: cos 27l'm kX is recurrent a.e. x, and {mj} 
has density limk--+oo mk I k = pi q . 

The proofs are modifications of those in Grubb and Moore [5]. We use the 
properties of the Dirichlet kernel. 

2 Proof. 

We use a lemma which is a modification of that in Grubb and Moore [5]. 

Lemma 3. Let I be a non-empty open interval EN, FN C I(N EN), c > 0 and 
o < 6N -1,.. O. Assume that for any x E EN, there exists No such that for N 2: No, 
there exists an interval IN with x E IN, IJNI = 6N and IFNnlNI 2: cllNI· Ifx E EN 
infinitely often almost every x E I, then x E FN infinitely often for almost every 
x E I . 

Proof of Theorem 1: Take p > 0 arbitrarily and take an open interval 
I C [0,1] such that 2 sin 7l'qx > p on I. Since p is arbitrary, it is sufficient to 
prove the recurrence for a.e.x E I. 
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Put ~ = 27f (~ + :2) and take an arbitrary t E (0, ~ ). We have 

1 
SN(X) = DmN(x) - "2 - . 2.: cos 27fnjx, 

J'nj~mN 

where Dn (x) is the Dirichlet kernel given by 

D ( ) 
_ 1 2.:n 

. _ sin 7f(2n + l)x 
n x - -2 + cos 27fJx - 2' . 

sm7fX 
j=l 

It is easily verified that ID' n(x) I :::; 27f(2 + 2n) / p2 :::; 87fn/ p2 on I and IT'j (x) I :::; 
27f(nl + n2 + ... + nj) :::; 27fnjq/(q - 1) where Tj(x) = cos 27fnlX + cos 27fn2X + ... + 
cos 27fnjx, Hence S~(x) :::; ~mN on I. Take an arbitrary a E lR. and put 

EN = {x E I: SN(X) 2: a,SN+1(x) < a}, 

FN = {x E I : ISN(X) - al < t or ISN+l(X) - al < t}. 

By noting I Dn (x) I :::; 1. and the properties sup Tj (x) = 00 and inf Tj (x) = -00 a.e. 
P j J 

of lacunary trigonometric series (205pp of Zygmund [12]), we have SUPSN(X) = 00 
N 

and inf SN(X) = -oc, for a.e. x E I. Hence x E EN infinitely often for a.e. x E I. 
N 

Pick an arbitrary x E EN. Put ON = l/mN+1 and I N = (x - oN/2, x + oN/2). 
We have I N C I for large N. We divide the proof into two cases: 

Case I: there exists an Xo E I N such that SN(XO) = a. Then we have 
ISN(X) - al < t on (xo - IJNlt/~, Xo + I1Nlt/ ~). Since JNt/ ~ :::; IJNI/2, either 
(xo - IJNlt/~, xo) or (xo, Xo + IJN!t/~) is contained in I N and hence on FN n I N· 
Therefore IFN n JNI 2: IJNlt/~. 

Case II: SN(X) > a on I N. As x E EN, we have SN(X) 2: a and SN+l(X) < a. 
Since IJNI = l/mN+l, there exists an Xl E I N such that cos 27fmN+lxl = O. Hence 
SN+l (xd = SN(Xl) 2: a, and therefore we can find X2 E IN such that SN+l (X2) = a. 
In the same way as in the previous case, we can see that IF N n J N I 2: I J Nit / ~. 

Applying the lemma, we see that x E FN infinitely often for a.e. s E I. 
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Theorem 2 can be proved in the same way by noting that 

() l:
n ( .) sin n((2n + l)q + 2j)x - sin n(q + 2j)x 

Dn x = cos 2n lq + J x = 2 . . 
sm nqx 

1=1 

3 Differentiation of Monotone functions 

3.1 Vitali Covering 

Let J be a collection of intervals, then the collection J covers a set E in the sense 
of Vitali, if for each t: > 0 and any x E E there is an interval I E J such that x E I 
and l (I) < t:. 

Lemma 4. Vitali Lemma: Let E be a set of .finite outer measure and J a collection 
of intervals which covers E in the sense of Vitali. Then given t: > 0 there is a .finite 
disjoint collection {h, ... , IN} of intervals in J such that 

N 

m*(E ~ U In) < t:. 

n=l 

Proof: Suppose each interval in J is closed. 
Let 0 be an open set of finite outer measure containing E. Since J is a Vitali covering 
of E, without loss of generality we may assume that each I of J is contained in O. 
We choose a sequence (In) of disjoint intervals of J by induction as follows: Let h 
be any interval in J. 

Let k1 = sup {l(I) : I E J, In h = cp}. Since I C 0, we have k1 :::::: mO < 00. If 

E C II, then there is nothing to prove. If E C II is not true, we can find an interval 
hE Jwith l(h) > kd2 and 12 nIl = cp. 
Let it holds for p = n, i.e., disjoint intervals 11 ,12 , ... ,In have chosen by induction. 
For p = n + 1, 
let 

kn = sup {l(I) : I E J, In h = cp, I n 12 = cp, .. . ,I n In = cp}. (1) 
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n 

Since leO, we have kn ::::; rnO < 00. If E c U h then there is nothing to prove. 
i=l 

n 

If E c U Ii is not true, we can find an interval In+l E J with l(In+1) > kn/2 and 
i=l 

In+l n (U Ii) = ¢. 
i=l 

Since from the definition of suprema, there exists an In+l E J such that In+l n 

(U Ii) = ¢ and 
i=l 

(2) 

Thus we have a sequence (In) of disjoint intervals of J, and U l(In) ::::; rnO < 00. 

Hence, there exists N such that 

00 

(3) 

Let 

We prove rn* R < c. 
N 

Let x be an arbitrary point of R. Since U In is a closed set not containing x, by 
n=l 

using the definition of Vitali covering, there exists an interval I E J such that x E I, 
and whose length is so small that I does not meet any of the intervals 11 ,12 , . .. , IN. 
From Eqs. (1) and (2), we have l(In) ::::; kn ::::; 2l(In+l). Since lim l(In) = 0, l(In) ::::; 
kn ::::; 2l(In+d -+ 0 as n -+ 00 the interval I must meet at least one of the intervals 
In. Let n be the smallest integer such that I meets In. We have n > N, and 
l(I) ::::; kn- l ::::; 2l(In). Since x E I, and I has a point in common with In) it follows 
that the distance from x to the midpoint of In is at most l(In) + ~l(In) ::::; ~l(In). 
Thus x belongs to the interval Pn having the same midpoint as In and 

(4) 

Thus we have shown that 
00 

(5) 
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Hence from Eqs. (3), (4) and (5), 

00 00 

m*R ~ L l(Pn) = 5 L l(In) < t. 

N+l N+l 

Suppose each interval in J is not closed. 
Let h, 12 , ... , IN is not closed interval of J. We have 

N N N 

E rv U In C (E rv U clo(In)) U (U { end points of In}), 
n=1 n=1 n=1 

where clo(In) =closure of (In). Hence 

N N N 

m*(E rv U In) ~ m*(E rv U clo(In)) +m*(U{ end points of In}). 
n=1 n=1 n=1 

Since the measure of the set of endpoint of II, h, ... , IN is equal to 0, which implies 

N N 

m*(E rv U In) ~ m*(E rv U clo(In)) = m*R < t. 
n=1 n=1 

Therefore we have the conclusion. 

3.2 Differentiability of functions on the real line 

A function f defined in a neighborhood of a point x E R is called differentiable at 
this point if there exists a finite limit 

1
. f(x + h) - f(x) 
1m , 

h-too h 

which is called the derivative of f at the point x and denoted by f' (x). 

In the study of derivatives it is useful to consider the derivate of a function f 
that take values on the extended real line and are define by the following equalities: 

D+ f(x) = lim f(x + h) - j(x); 
h-tO+ h 

(6) 
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D-f(x) = lim f(x) - ~(x - h); 
h-+O+ 

(7) 

D f( ) 
- l' f(x + h) - f(x). 

+ x - 1m h ' 
h-+O+ 

(8) 

D-f(x) = lim f(x) - ~(x - h). 
h-+O+ 

(9) 

If D+ f(x) = D+f(x) then we say that the function f has the right derivative 
f~(x) := Df(x) = D+f(x) at a point x; and if D- f(x) = D-f(x), then we say that 
f has the left derivative f~(x) := D- f(x) = D-f(x) at the point x. Clearly we have 
D+ f(x) ~ D+f(x) and D- f(x) ~ D-f(x). If 

D+ f(x) = D+f(x) = D- f(x) = D-f(x) i- ±oo; (10) 

we say that f is differentiable at x and l' (x) to be the common value of the deriva­
tives at x. 

Theorem 5. Let f be an increasing real-valued function on the interval [a, b]. Then 
f is differentiable almost everywhere. The derivative f' is measurable, and 

lb j'(x)dx ::; f(b) - f(a). (11) 

Proof: Let us show that the set where any two derivatives are unequal have 
measure zero. Consider a set E = {x : D+ f(x) > D-f(x)}. For every pair of 
positive rational numbers u and v such that u > v. Let 

Eu,v = {x : D+ f(x) > u > v > D-f(x)}. (12) 

It is clear that 
E= u (13) 

u,vEiQl;O<u<v 

We first prove that m* Eu,v = 0, for all u, v E Q such that 0 < v < u. Let us assume 
a contrary that there exist positive rational numbers u and v such that u > v and 
m* Eu,v = s. Take arbitrary t: > 0, there is an open set 0 such that Eu,v C 0 with 

m*O ::; m* Eu,v + t: = S + t:. (14) 
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If x E Eu,v then x E 0 and D _ f (x) < v. Since x EO, there exists a (j' such that 
f(x) - f(x - h) 

(x - (j', x + (j') c 0, and D_f(x) < v, from Equation (9) lim h < v, 
h--+O+ 

there exists an h' such that for all 0 < h < min {h', (j'} such that h < f and 
f(x) - f(x - h) < vh and [x - h,x] cO, 
there is an arbitrary small interval [x-h, x] contained in 0 such that f(x)- f(x-h) < 
vh. Denote [Xi - hi, Xi] = h From Vitali lemma, there exists a finite disjoint 

collection {[Xi - hi, Xi] }:1 such that 

where 

Define 

We have 

N N 

m* (Eu,v '" U liD) = m* (Eu,v '" U Ii) < f, 

i=l i=l 

If = interior of Ii· 

N 

A = Eu,v n Ulr 
i=l 

N N 

A = Eu,v n U If = Eu,v '" (Eu,v '" U liD) . 
i=l i=l 

N 

m*A = m*Eu,v - m*(Eu,v '" Uln > S - f, 

i=l 

since by Equation (15). Then summing over these intervals, we have, 

N N 

(15) 

(16) 

2: (f(xn) - f(xn - hn)) < v 2: hn < vmO < v(s + f). (17) 
n=l n=l 

N N N N 

Since U In C 0 implies m( U In) = 2: [(In) = 2: hn S mO. 
n=l n=l n=l n=l 

Now, for each point yEA, there exists an arbitrary small interval [y, y + k] which is 
contained in some In for n S N, and for which f(y+k)- f(y) > uk. Again from Vitali 
lemma, there is a finite disjoint collection {J1 , J2 , ... , JM} where JM = [YM, YM+kM] 
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M 

such that m* (A rv U Ji ) < C 

i=l 
Define 

M 

B=AnUJi . (18) 
i=l 

Then 
M 

m* B = m* A - m* (A rv (A rv U Ji )) > s - t: - t: = S - 2c (19) 
i=l 

Then summing over these intervals, we have 

M M 

I: (f(Yi + ki) - f(Yi)) > u I: ki > u(s - 2t:), (20) 
i=l i=l 

M M 

since s - 2t: < m * B ::::; m (U Ji ) = I: ki · 

i=l i=l 

Each interval Ji (i = 1,2, ... , M) is contained in some interval In, and if we sum over 
those i for which Ji C In- We have 

(21) 

since f is increasing. Thus 

N M 

I: (f(xn) - f(xn - hn)) ~ I: (f(Yi + ki ) - f(Yi)), (22) 
n=l i=l 

and so 
v(s + t:) > U(s - 2t:). (23) 

Since this is true for each positive t:, we have vs ~ us. But u > v, and so s must be 
zero. Therefore m* Eu,v = 0, for all u, v E Q. Then 

m*E=m*( U Eu,v) = o. (24) 
u,vEQ 

Hence 

m{ x: D+ f(x) > D-f(x)} = 0 implies D+ f(x) ::::; D-f(x) a.e. (25) 
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And similarly 

rn{ x : D- f(x) > D+f(x)} = 0 implies D+f(x) ~ D- f(x) a.e. (26) 

We know 
D+ f(x) ~ D+f(x) and D- f(x) ~ D-f(x). 

Combining Eqs. (25), (26) and (27), we get, 

D+ f(x) = D+f(x) = D- f(x) = D-f(x) a.e. 

This shows that 

() 1
. f(x + h) - f(x) 

gx = 1m h 
h-+O 

is defined a.e. and that f is differentiable whenever g is finite. 
For each n, define 

gn (x) = n (f (x + 1 In) - f (x) ) , 

where we set f(x) = f(b) for x ~ b. 

We have lim f(x + h) - f(x) a.e. Therefore 
h-+O h 

lim gn(x) = g(x) a.e. 
n-+oo 

(27) 

(28) 

(29) 

(30) 

Then gn(x) tends to g(x) for almost all x, and so g is measurable. Since f is 
increasing, i.e., f(x + lin) ~ f(x), we have gn(x) ~ O. Hence by Fatou's lemma, 

I
b 
g(x) < lim Ib gn(x) 

n-+oo a 

l~~ n Ib (f (x + 1 In) - f (x) ) dx 

l~~ (n Ib f(x + 1/n)dx - n Ib f(x)dx) 

Ib+1/ n la+l/n 
l~~ (n b f(x)dx - n a f(x)dx) 

l
a+1/ n 

l~~ (f(b) - n a f(x)dx) 

l
a+1/ n 

< f(b) - l~~ n a f(a)dx. 

f(b) - f(a). 
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Hence lb g(x)dx ::; f(b) - f(a). (31) 

This shows that 9 is integrable and hence finite almost everywhere. Thus f is dif­
ferentiable a.e. and 9 = l' a.e. 

3.3 Function of Bounded Variation 

Let f be a real-valued function defined on the interval [a, bJ, and let a = Xo < Xl < 
X2 < ... <Xk = b be any subdivision of [a, bJ. Define 

(32) 

k 

n = L (f(Xi) - f(Xi-I)) -, (33) 
i=l 

k 

t = n + p = L !f(Xi) - f(Xi-I)!, (34) 
i=l 

where we use r+ to denote r, if r 2:: ° and 0, if r ::; ° and set r- = Irl- r+. We have 

since 

f(b) - f(a) = p - n, 

k + k 

P - n L (f(Xi) - f(Xi-I)) - L (f(Xi) - f(Xi-I))-
i=l i=l 

~((i(Xil - !(Xi-1lf - (!(xil - !(Xi-1lr) 

k 

L (f(Xi) - f(Xi-I)) 
i=l 

f(Xk) - f(xo) 
f(b) - f(a). 

11 

(35) 



Set 
P = sup p, 

N = sup n, 

T = sup t, 

(36) 

(37) 

(38) 

where we take these suprema over all possible subdivisions of [a, bj. Since p :::; t = 

P + n, sup p :::; sup t = sup (p + n) :::; sup p + sup n. Hence we have 

P:::; T:::; P+N. (39) 

We say P is the positive variation of f over [a, bj. Sometimes we write it by P~, P~(f). 
Similarly we call Nand T by negative variation of f over [a, bj and total variation 
of f over [a, bj. Sometimes we denote the negative variation by N~, N~(f) and the 
total variation by T~, T~(f), it means that dependence on the interval [a, bj or on 
the functions f. If T :::; 00 ,we say that f is of bounded variation over [a, bj. This 
notation is sometimes abbreviated by writing f E BV. 

Lemma 6. If f is of bounded variation on [a, b], then 

Tb = p b + N b 
a a a 

and 
f(b) - f(a) = p! - N!. 

Proof: For any subdivision of [a, bj 

p-n f(b)-f(a) 

p n+ f(b) - f(a) 

< N + f(b) - f(a), 

and taking suprema over all possible subdivisions, we obtain 

P :::; N + f(b) - f(a). 

Since N :::; T and f is of bounded variation over [a, b], 

P - N :::; f(b) - f(a). 

12 
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Similarly, 
N - P :::; f(a) - f(b). 

Hence from Eqs. (42) and (43), 

P - N = f(b) - f(a). 

From Eqs. (34), (35) and (38), 

From Eq. (44) 

T > t 

p+n 

p + p - {f(b) - f(a)}. 

T > 2p+ N - P. 

Taking suprema over all possible subdivisions, we obtain 

T > 2P+N-P 

P+N. 

Since T :::; P + N, hence, we have 

T=P+N. 

( 43) 

( 44) 

Theorem 7. A function f is of bounded variation on [a, b] if and only if f is the 
difference of two monotone real-valued functions on [a.b]. 

Proof: Let f be of bounded variation, and set 

(45) 

and 
( 46) 
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Let a = Xo < Xl < ... < Xk = X ::; b be any subdivision of [a, x]. Assume X < y ::; b. 
From Eq. (45) and taking suprema over all the possible subdivision of [a, x], 

k + 
g(x) = sup L (f(Xi) - f(Xi-I)) 

i=l 

k + + 
< sup L (f(Xi) - f(Xi-I)) + (f(Y) - f(x)) 

i=l 

< pY 
a 

g(y). 

Hence g(x) is a monotone increasing function. Similarly h(x) is also a monotone 
increasing function, g(x) and h(x) are real valued functions, since 0 ::; P:f ::; T:f ::; 
Tg < 00 and 0 ::; N~ ::; T:f ::; Tg < 00. Since f is of bounded variation, from lemma 
3 

f(x) - f(a) = P:f - N~. ( 47) 

From Eqs. (45) and (46) and after calculate, we get 

f(x) = g(x) - h(x) + f(a). 

Since h(x) is a monotone increasing real valued function and f(a) is a constant, 
h(x) - f(a) is a monotone function. Hence f is the difference of two monotone 
real-valued functions on [a, b]. 
Converse Part: If f(x) = g(x) - h(x) on [a, b] with g(x) and h(x) is a monotone 
real-valued functions, and let a = Xo < Xl < X2 < ... < Xk = b be any sub-division 
of [a, b], then we have 

Taking absolute value and summing both sides from i = 1,2, ... ,k; we get 

k k k 

L If(Xi) - f(Xi-dl < L Ig(Xi) - g(Xi-I)1 + L Ih(Xi) - h(Xi-I)1 
'i=l i=l i=l 

k k 

L (g(xi ) - 9(Xi- I)) + L (h(x i ) - h(X i - I)) 
i=l i=l 

g(b) - g(a) + h(b) - h(a). 
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Taking suprema over all the possible subdivisions, we obtain 

T~(f) < g(b) - g(a) + h(b) - h(a) 

< 00. 

Hence f is of bounded variation of [a, b]. 

Corollary 8. If f is of bounded variation on [a, b], then f'(x) exists for almost all 
x on [a, b] . 

Proof: Since f is of bounded variation, then from Theorem 7, f can be written 
as the difference of two increasing real-valued functions on [a, b]. Let suppose such 
functions are 9 and h, i.e. f(x) = g(x) - h(x). Again from Theorem 5, 9 and hare 
differentiable almost everyewhere. Since 

±oo =1= lim g(x + k) - g(x) 
k---+O k 

a.e. and 

± -Ll' h(x+k)-h(x) 
00 I 1m k 

h---+O 

a.e. then 

±oo =1= g/(x) - h'(x) 

lim (g(x + k) - g(x) _ h(x + k) - h(X)) 
k---+O k k 
. (g(x + h) - h(x + h)) - (g(x) - h(x)) 
l~ k 
r (g - h) (x + h) - (g - h) (x) 
k~ k 
(g - h)'(x). 

i.e. f'(x) = g/(x) - h'(x) for almost all x in [a, b]. Hence f is differentiable almost 
everyw here. 

3.4 Differentiation of an Integral 

We use these Theorem 9, Proposition 10 and Lemma 11 from Royden[13]. 
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Theorem 9. (Monotone Convergence Theorem): Let Un) be an increasing 
sequence of nonnegative measurable functions, and let f = limn---+oo fn a. e. Then 

J
f=limJfn. 

n---+oo 

Proposition 10. Let f be a nonnegative function which is integrable over a set E. 
Then given t: > 0 there is a 15 > 0 such that for every set AcE with mA < 15 we 
have 

If f is integrable function on [a, b], we define its indefinite integral to be the 
function F defined on [a, bJ by 

F(x) = l x 

f(t)dt. ( 47) 

Lemma 11. If f is integrable on [a, b], then the function F defined by 

F(x) = lx 

f(t)dt 

is a continuous function of bounded variation on [a, bJ . 

Proof: Since f is integrable over [a, bJ. Write f = f+ - f-· Here f+ and f- are 
non-negative integrable function over [a, b], then from Proposition 10, for all t: > 0, 
there exists a 15 > 0 such that (x, y) C [a, bJ with Ix - yl < 15, we have J: f+ < t:/2 
and J: f- < t:/2. Therefore 

IF(x) - F(y)1 11x 

f(t)dt -lY 

f(t)dtl 

11Y 

f(t)dtl 

11Y 

f+(t)dt - l Y 

f-(t)dtl 

< l Y 

f+(t)dt + l Y 

f-(t)dt 

< t. 
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Hence F( x) is a continuous function. 
To show F is of bounded variation, let a = Xo < Xl < X2 < ... < Xk = b be any 
subdivision of [a, b]. Then 

k 

2:.= IF(Xi) - F(Xi-dl 
i=l 

tit f(t)dtl 
i=l Xi-l 

< t, [" If(t)ldt 

lb If(t)ldt 

< 00, 

since f is an integrable function over [a, b]. Taking the suprema over all the possible 
subdivisions of [a, b] then 

T~(f) ~ lb If(t)ldt. 

Hence F(x) is a continuous function of bounded variation on [a, b]. We take this 
Proposition 12 also from the theory of Lebesgue integral [13]. 

Proposition 12. If E is measurable, then for all t > 0 there is a closed set FeE 
such that m*(E rv F) < t 

Proposition 13. Every open set of real numbers is a union of a countable collection 
of disjoint open intervals . 

Proposition 14. Let f be a nonnegative measurable function and (Ei) a disjoint 
sequence of measurable sets. Let E = UEi. Then 

Lemma 15. If f is integrable on [a, b] and 

l X 

f(t)dt = 0 

for all X E [a,b]' then f(t) = 0 a.e.in [a,b] 

17 



Proof: If f(t) = 0 a.e. does not hold then m{x : f(x) -=J- O} > O. Denote 
E = {x : f(x) -=J- O}. Suppose f(x) > 0 on a set of positive measure. Take mE > 
t > 0 then from Proposition 12, then there is a closed set FeE such that m*(E '" 
F) < t Since E and F are measurable, then m( E '" F) < t. Since FeE then 
mE - mF < t. Hence mE - t < mF. It implies mF > o. 

Let 0 = (a, b) '" F. Since f: f(x)dx < 00, then either 

or else 

and 

Let f = f+ - f-· But from Proposition 14, 0 is the disjoint union of countable 
collection {(an, bn)} of open intervals, and so by Proposition 11, 

!af = !af+ - !a f -

~ l:n 

f+ - ~ l:n 

f­

~ l:n 

(f+ - f- ) 

~ l:n 

f. 

Since fa f -=J- 0, thus for some n, we have 
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Here 

Then either 

or 

If 

jbn 
a j = 0, 

then 

j
an jbn 

j = - j =J o. a an 
Hence either 

ian j =J 0 

or 

jbn 
a j =J o. 

It contradicts that 

\Ix E [a, b], i x 

j(t)dt = O. 

Similarly, when j < 0 on a set of positive measure, 
i.e. m{x: j(x) < O} > 0 or m{x: -j(x) > O} > O. 
Put -j(x) = g(x) then m{x: g(x) > O} > O. Again similarly, for some x E [a,b], 

or 

implies that 

iX 

g(t)dt =J 0, 

-Ix j(t)dt =J 0, 

ix 

j(t)dt =J O. 

Therefore the lemma follows by contrapositive. We take the following Bounded 
convergence theorem from the theory of Lebesgue integral [13]. 
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Theorem 16. (Bounded convergence theorem) : Let Un) be a sequence of 
measurable functions defined on a set E of finite measure, and suppose that there is 
a real number K such that Ifn(x)1 :S K for all nand x. If f(x) = limfn(x) for each 
x in E, then 

The following Lemma is taken from Royden [13]. 

Lemma 17. If f is bounded and measurable on [a, b] and 

F(x) = l x 

f(t)dt + F(a), 

then F'(x) = f(x) for almost all x in [a, b]. 

Proof: Let If(x)1 :S K, let a = Xo < Xl < X2 < ... < Xk = b be any subdivision 
of [a, b]. Then 

k 

L IF(xi) - F(Xi-I)1 
i=l 

t I {" j(t)dt 

< t [' If(t)ldt 
i=l Xi-l 

lb If(t)ldt. 

If we take the supremum over all possible subdivision of [a, b], 

Since f is bounded, therefore 
T~(F) < 00. 

Hence F is of bounded variation. And from Corollary 5, F'(x) exists for almost all 
.r in [a, b]. 
Setting 

fn(x) = F(x + h~ - F(x) ( 48) 
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with h = 1, we have 
n 

Taking absolute value on both sides, 

11x
+

h 

Ifn(x)1 < h x If(t)ldt 

1 
< K-h 

h 
K. 

Hence for all n and all x, Ifn(x)1 ::; K. Since fn(x) -+ F'(x) a.e., the bounded 
convergence theorem implies that 

l C 

F'(x)dx lim i c 

fn(x)dx 
n--+oo a 

1ic 

~~ h a (F( X + h) - F( x) ) dx 

11c
+

h 11a
+

h 

lim (- F(x)dx - -h F(x)dx) 
h--+O h c a 

F(c) - F(a) 

l c 

f(x)dx, 

since F is continuous. Hence 

l c 

(F'(x) - f(x) )dx = 0 ( 49) 

for allc E [a, bJ, and so from lemma 12, 

F'(x) = f(x) (50) 

a.e. We will use the following Proposition from the theory of Lebesgue integral. 
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Proposition 18. Let f and g be an integrable over E. Then if f ~ g a.e., then 

Here we show that the derivative of the indefinite integral of an integrable func­
tion is equal to the integrand almost everywhere, which is taken from Royden [13]. 

Theorem 19. Let f be an integrable function on [a, b], and suppose 

F(x) = F(a) + ix 

f(t)dt. 

Then F'(x) = f(x) for all most all x in [a, b] 

Proof: It is sufficient to prove for f 2: O. 
Let fn be define by fn(x) = f(x) when f(x) ~ n, and fn(x) = n when f(x) > n. 
Then fn(x) ~ f(x). i.e., 

f(x) - fn(x) 2: O. 

Define 

To show Gn(x) is an increasing function of x, suppose x < y, 

Gn(x) ix 

(f - fn) (t)dt 

< i X

(f-fn)(t)dt+ lY

(f-fn)(t)dt 

l Y 

(f - fn) (t)dt 

Gn(y) 

Gn(x) < Gn(y), 

(51) 

(52) 

since f - fn 2: 0 implies J: (f - fn) 2: O. Hence Gn(x) is an increasing function of 

x. Then from Theorem 5, Gn(x) is differentiable a.e. 
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When h > 0, 

Therefore 

Gn(X + h) 
Gn(x + h) - Gn(x) 
Gn(x + h) - Gn(x) 

h 
r Gn(x + h) - Gn(x) 
h~~+ h 

> O. 

G'( )-1' Gn(x+h)-Gn(x) 0 
nX-lm h >. 

h-tO 

Here fn(x) is bounded measurable function and if we put J: fn (t)dt + Fn(a) = Fn(x) 
then from Lemma 17, F~(x) = fn(x) for almost all x E [a, bj. 
I.e. 

d l x 

dx ( a fn(t)dt + Fn(a)) = fn(x) 

for almost all x E [a, bj. Hence 

(53) 

for almost all x E [a,bj. And so 

a.e. Since n is arbitrary, 
F' ( x) '2 f ( x ) (54) 

a.e. Consequently, 

lb F'(x)dx '21b f(x)dx = F(b) - F(a). 
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Thus by Theorem 5, we have 

lb F'(x)dx = F(b) - F(a) = lb f(x)dx, 

and lb (F'(x) - f(x) )dx = O. 

Since F'(x) - f(x) 2: 0, this implies that F'(x) - f(x) = 0 a.e., and so F'(x) = f(x) 
a.e. 

3.5 Absolute Continuity 

A real valued function f defined on [a, b] is said to be absolutely continuous on 
[a, b] if, given t > 0, there is a 0 > 0 such that 

n 

L If(x~) - f(Xi) I ~ t 

i=l 

for every pairwise disjoint family {(Xi, x~)} ~=1 of open intervals of [a, b] with 

n 

L I x~ - Xi I < 0. 
i=l 

Proposition 20. An absolute continuous function is continuous. 

Proof: Let f : [a, b] ---+ lR ba an absolutely continuous function. Take arbitrary 
t > O. And 0 > 0 is defined same as in the definition of absolute continuity. Take 
X E [a, b] , for y E [a, b] such that Ix - yl < 0 implies If(x) - f(y) I < t, since from 
the definition of absolute continuity. Hence f(x) is an continuous function. 

Proposition 21. Every indefinite integral is absolutely continuous. 

Proof: Let 

F(x) = l x 

f(t)dt, 

for all X E [a, b], is an indefinite integral where f(x) is integrable on [a, b]. Since f(x) 
is an integrable function, If(x) I is also an integrable function. Let t > 0, for all non 
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overlapping intervals {(xi,xDr=1 c [a,b] with m(U7=I(Xi'X~)) < b, where b is the 
positive number corresponding to t in the definition of the absolute continuity of f. 
Applying Proposition 10, we get 

Since 
n 

L IF(x~) - F(Xi)1 
i=1 

l.e. 

tit f(t)dtl 

< t t If(t)ldt 

1 n I If ( t) I dt. 
Ui=l(Xi,x;l 

(55) 

(56) 

From Eqs (55) and (56) gives that F(x) is an absolutely continuous function. 

Lemma 22. If f is absolutely continuous on [a, b], then it is of bounded variation 
on [a,b] . 

Proof: Since f is an absolutely continuous on [a, b], there is a b > ° such that 
for every finite pairwise disjoint family {( ak, bk) } ~=I of open intervals of [a, b] of total 
length 

implies 
n 

L If(bk) - f(ak)1 < 1. 
k=1 

Let a < Co < CI < ... < Cm < b be any subdivision of [a, b] such that CHI - Ck < b 
for k = 0,1,2, ... m -1. Here CHI - Ck < b for k = 0,1,2, ... m -1. Again for every 
finite pairwise disjoint family {( Ci, CHI) } ~=I of open intervals of (Ck' CHI), 

n 

L !cHI - Cil < b 
i=I 
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implies 
n 

L If(Ci+l) - f(Ci)1 < 1, 
i=l 

since f is an absolutely continuous function. Hence 

t < 1 

on the interval (Ck' ck+d for k = 0,1,2, ... m - 1. Therefore on the interval [a, b]' 

t<M. 

If we take the suprema over all the possible subdivision of [a, b], we have 

T~ < 00. 

Hence f is of bounded variation of [a, b]. 

Corollary 23. Iff is absolutely continuous, then f has derivative almost everywhere 

Proof: Since f is an absolutely continuous then from Lemma 22, f is of 
bounded variation. Again from Corollary 8, f has a derivative almost every where. 

Lemma 24. If f is absolutely continuous on [a, b] and f'(x) = 0 a.e., then f is a 
constant. 

Proof: We want to show that f(a) = f(c) for any c E [a, b]. Let 

E = {x E (a, c) : f'(x) = o}. 
Put A = {x E (a, c) : f'(x) =F o}. We have f'(x) = 0 a.e. x E [a, b], then 

A C {x E [a,b]: f'(x) =F a}. 
It implies, 

mA:S m{ x E [a, b] : f'(x) =F O} = O. 
Hence'mA = O. Here En A = ¢ and E U A = (a, c). Therefore mE + mA = c - a. 
Hence mE = c - a. Let t: > 0 be an arbitrary number. Take rJ > 0 arbitrarily. For 
each x E E there is a small interval [x, x + h] contained in [a, c] such that 

If(x + h) - f(x)1 < rJh. (57) 

26 



By Lemma 1, we can find a finite disjoint collection {[Xk' Xk + hkl} :=1 of intervals 

such that 

n n 

m( En (U [Xk' Xk + hklr) = m( E '" (U [Xk' Xk + hkJ)) < 6, (58) 
k=l k=l 

where 6 is the positive number corresponding to t in the definition of the absolute 
continuity of f. We can assume that a = Xo + ho :s; Xl < Xl + h1 < X2 < X2 + h2 < 
... < Xn < Xn + hn < Xn+1 = c. Since 

n 

(a,x1) U (Xl + h1,X2) U··· U (Xn + hn'c) = (U[Xk,Xk + hklr 
k=l 
n 

En ((a'X1) U (Xl + h1,X2) U··· U (Xn + hn' c)) = En (U[Xk,Xk + hklr· 
k=l 

Taking measure on both sides and using Eq. (58), we get, 

Then from definition of absolute continuity, 

n 

L If(xk+1) - f(Xk + hk)1 < t. 
k=O 

From Eq. (57) 

n n 

L If(Xk + hk) - f(Xk)1 < rJ L hk :s; rJ(c - a). 
k=l k=l 

Hence 

n n 

(59) 

If(c) - f(a)1 = L If(xk+d - f(Xk + hk)1 + L If(Xk + hk) - f(Xk)1 < t + rJ(c - a). 
k=O k=l 

Since t and rJ are an arbitrary positive numbers, f(c) = f(a). 

Theorem 25. A function F is an indefinite integral if and only if it is absolutely 
continuous. 
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Proof: Suppose F is an absolutely continuous on [a, b]. From Lemma 22, it 
is of bounded variation on [a, b]. Again from Theorem 7, F is the difference of two 
monotone real-valued functions on [a, b]. We may write 

where FI, F2 are monotone increasing real-valued functions. Using Theorem 5, FI 
and F2 are differentiable almost everywhere, F{ and F~ are measurable and 

lb F{(x)dx ~ FI(b) - FI(a). 

lb F~(x)dx ~ F2(b) - F2(a). 

Hence F'(x) exists almost everywhere and 

IF' ( x ) I ~ F{ ( x) + F~ ( x ) . 

Integrate both sides from a to b, we get, 

lb 1F'(x) I < lb F{(x) + lb F~(x) 
< FI(b) + F2(b) - FI(a) - F2(a) 

< 00. 

From Eqs (60) and (61), hence F'(x) is integrable. Let 

G(x) = l x 

F'(t)dt. 

(60) 

(61) 

By Lemma 21, G is absolutely continuous and so is the function f = F - G. It 
follows from Theorem 19 that f'(x) = F'(x) - G'(x) = 0 a.e., and so f is constant 
by Lemma 24. Thus 

F(x) = l x 

F'(t)dt + F(a). 

Corollary 26. Every absolutely continuous function is the indefinite integral of its 
derivative . 
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3.6 Lebesgue Density Theorem 

Theorem 27. Let E c 1R be a measurable set. Then lim 1hm (E n (x - h, x + h)) 
h--+o2 

is equal to 1 for a. e. x E E and equal to 0 for a. e. x E EC . 

Proof: For each n EN, define 

Gn(x) = I: XE(t)dt, x E (-n, n). 

Here XE(t) is integrable over (-n, n). Every indefinite integral is absolutely con­
tinuous function. Therefore Gn(x) is an absolutely continuous function. From 
Corollary 23, G'(x) exists almost every x E (-n, n). Again from Theorem 19, 
G~(x) = XEn(-n,n) (x) a.e. We prove 

Since, 

2G~(x) 

G~(x) 

, . m(En(x-h,x+h)) 
Gn(x) = hm h . 

h--+O 2 

l~ ~ ( Gn (x + h) - Gn (x)) + l~ ~ ( Gn (x) - G n (x - h) ) 

lim ~ (Gn(x + h) - Gn(x - h)). 
h--+O 2h 

Put t5 = min{n - x, n+ x}. Suppose 0 < h < 15, 

l
x+h 

Gn(x + h) - Gn(x) = x XE(t)dt, 

and 

Hence 

l
x+h 

Gn(x + h) - Gn(x - h) = x-h XE(t)dt. 

Hence for x E (-n, n) 

G~(x) 11x
+

h 

lim - XE( t)dt 
h--+O h x-h 

. m(En(x-h,x+h)) 
hm . 
h--+O 2h 
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But we have, 
G~(x) = XEn(-n,n)(X) 

a.e. Since n is an arbitrary, we have the result. 
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