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ABSTRACT

We use and improve some forcing techniques of iterations with finite support to construct models of
inequalities between some cardinal invariants with large continuum.

The first and most elaborated forcing technique that we look at is Shelah’s theory of template itera-
tions. We present a version of this theory where non-definable forcing notions are allowed in the forcing
construction. Doing this, we obtain many local properties of such an iteration to prove consistency re-
sults. One is to get models where the groupwise-density number g can be arbitrarily large. Another
application, that involves a more complicated construction, is forcing § < x < b < a where x is a
measurable cardinal in the ground model and the cardinal invariants s, b and a can take arbitrary regular
uncountable values.

The second forcing technique that we use is matrix iterations of ccc posets. By including Suslin ccc
posets in the construction of such an iteration, we prove that some cases where the cardinal invariants of
the right hand side of Cichon’s diagram take three different values are consistent.

Our last results concern gaps in quotients by F ideals on w. For (such) an ideal Z, the Rothberger
number of T, denoted by b(Z), is the least cardinal x such that there is a (w, x)-gap in the quotient
P(w)/Z. We focus our research on the Rothberger number for fragmented ideals, which is a subclass
of F, ideals, and we prove that the Rothberger number is N; for a large subclass of these ideals. On
the other hand, we prove that the Rothberger number is above the additivity of the null ideal for another
quite large subclass of fragmented ideals. At the end, by introducing properties for preservation of
(w, k)-gaps in quotients by fragmented ideals, we show that it is consistent that there are infinitely many
(even continuum many by assuming the existence of a weakly inaccessible cardinal) fragmented ideals
with pairwise different Rothberger numbers.

The main results of this dissertation are included in [Mel3a], [Mel3b], [Me] and [BrMe].
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INTRODUCTION

Set theory is an area of mathematical logic which studies the foundations of mathematics and the com-
binatorics of infinite sets. The father of this area, Georg Cantor, discovered that the set of real numbers
cannot be enumerated by natural numbers, which means that the infinite that measures the size of the
set of real numbers is bigger than the infinite that measures the size of the set of natural numbers. He
introduced the notion of cardinal number, which is a number that measures the size of a set. For a set
x, |x| denotes the cardinality of x, which is the cardinal number that represents its size. Cantor proved
that, for any set z, |x| < |P(x)| where P(x) := {z / z C x} is the power set of x. Given a cardinal
K, 2% denotes the cardinality of the power set of any set of size x, so Cantor’s result can be expressed
as k < 2% for any cardinal number . Since ¢ = 2%0 is well-known, this implies that Xy < ¢ where R
denotes the size of the set of natural numbers and c, the size of the continuum, is the size of the set of real
numbers.

Cantor’s result also gave rise to the idea of the existence of infinitely many infinite cardinals. More-
over, he established that all the infinite cardinals can be well-ordered. In fact, N is the minimal infinite
cardinal and it is defined as the set of natural numbers, which is also denoted by w. Given a cardinal &,
the immediate successor of x is denoted by ™. Ny = w; denotes Nar and N9 = ws i Nf.

Cantor worked in (the creation of) set theory between 1874 and 1884. He also conjectured the
continuum hypothesis, which is the first problem in set theory that, decades later, was proved to be
undecidable in standard mathematics. Recall ZFC Zermelo-Fraenkel Set Theory, which is a standard
formal system in which the basic results of modern mathematics can be formalized. To fix some notation,
a formal theory ¥ is said to be consistent, denoted by Con(T), if it does not prove a contradiction. A
mathematical statement ¢ (formally, a statement in the language of ‘T) is said to be consistent with ¥ if
Con(%) implies Con(¥ + ¢), where T + ¢ is the theory that results by adding ¢ to the axioms of ¥.
This means that, whenever ¥ is free of contradiction, — (the negation of ¢) cannot be proved in T. If,
in addition, —¢ is also consistent with ¥, we say that ¢ is independent from ¥, which means that, under
the consistency of ¥, ¢ can not be proved or refuted under the axioms of .

The continuum hypothesis (CH) is the statement “there is no set whose size is strictly between X
and ¢” or, equivalently, ¢ = N;. Kurt Godel [Go] proved in 1938 that the Axiom of Choice (AC) plus the
generalized continuum hypothesis (GCH) are statements consistent with ZF (the system ZFC without
AQ), where

GCH: 2* = k™ for any infinite cardinal .

Later, Paul J. Cohen [C] proved in 1963 that CH is independent from ZFC and, also, that AC is indepen-
dent from ZF. Both Godel’s and Cohen’s works triggered new techniques in set theory that became the
cornerstone of most of the work in contemporary set theory, especially for obtaining consistency results.

The standard methods to prove, in set theory, that a statement is consistent with ZFC are derived
from some basic techniques of model theory. The usual way to prove that a statement ¢ is consistent
with ZFC is to construct a model, in ZFC, that satisfies the axioms of ZFC and that also satisfies! Pp.

'Tn more technical detail, for any finite arbitrarily large enough amount of axioms of ZFC, one constructs a model that
satisfies these axioms and .
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For instance, Godel’s proof consisted in defining, in ZF, the constructible universe L, a model of ZFC
that satisfies GCH.

The most powerful technique for obtaining consistency results in set theory is the forcing method,
which was created by Cohen for his original proof of the independence of CH from ZFC. In brief, this
method consists in extending a model V' of ZFC (or a model of a finite large enough amount of axioms
of ZFC), known as the ground model, to a generic extension V¥ by a forcing notion IP, which is a partial
order defined in V that has the machinery for constructing V. The generic extension V¥ is a model
of ZFC with many new objects that have special properties in relation with the ground model. Cohen’s
proof consists in the construction of Cohen forcing Cy in V' where A is a cardinal that satisfies A = A, so
this forcing adds \ different Cohen reals in a generic extension V¢ and, as V'€ preserves the cardinals
of V, ¢ = A is true in this extension (see Subsection 1.3.1).

Several techniques of the forcing method have been developed throughout the years and, now, forcing
is one of the main tools in the study of set theory. In particular, it became interesting in relation with
set theory of the reals and descriptive set theory (see Section 1.1) as it is a tool that can be used to
obtain generic extensions that have new reals with special properties in relation with the ground model.
Conversely, problems about set theory of the reals motivate new research in forcing theory, so both
forcing and the combinatorics of real numbers are closely related.

The main topic of this dissertation is the application of some forcing techniques to obtain models
related to cardinal invariants of the continuum, in particular, to those that are defined in Section 1.4.
These invariants describe important facts about the combinatorial structure of the real line and statements
about these invariants express properties of the reals in a simple and short way. In practice, they assume
values between N; and ¢ and are important because of their role in applications of Set Theory to other
fields of mathematics like General Topology, Group Theory, Measure Theory, among others.

Typically, a cardinal invariant ¢ assumes different values in different models of set theory, so its value
is not determined in ZFC. For instance, there may be models where ¢ is N; (e.g., models where CH is
true) and other models where 1 is No or some other fixed larger cardinal value. However, it is often the
case that, for two cardinal invariants ¢ and v, ¢ < p is provable in ZFC. If this is not the case, one
needs to exhibit a model of ZFC in which ¢ > ¥y, that is, to show the consistency of ¢ > y with ZFC.
This is usually done via forcing techniques, moreover, there is a strong interplay between forcing theory
and cardinal invariants of the continuum. Forcing is not only used to prove results like the consistency
of ¢ > py with ZFC, but important open problems about cardinal invariants also have triggered new
developments in forcing theory.

An important example is Cichon’s diagram in Figure 1. Consider the ideal M of meager sets of
reals and the ideal A of null sets of real numbers (under the Lebesgue measure). For Z € { M, N}, the
following are cardinal invariants.

add(Z), the additivity of T, which is the least size of a subfamily of Z whose union is not in Z.
cov(Z), the covering of Z, which is the least size of a subfamily of Z whose union is the set of all reals.
non(Z), the uniformity of Z, which is the least size of a set of reals that is not in Z.

cof(Z), the cofinality of Z, which is the least size of a C-cofinal subfamily of Z.

Denote by w® the set of functions from w to w. If w is endowed with the discrete topology, w®
with the product topology is known as the Baire space, which is homeomorphic to the subspace of
the irrational numbers (see [HarW, Ch. X]). Consider the preorder <* defined on w® by f <* g iff
f(n) < g(n) for all but finitely many n € w. Define b, the (un)bounding number, as the least size of a
subset of w* that is not bounded in (w*, <*). 0, the dominating number, is the least size of a <*-cofinal
subset of w®.

Clearly, ¢ is also considered a cardinal invariant. In Cichon’s diagram (Figure 1), the lines from
bottom to top and from left to right represent <-inequalities provable in ZFC. The dotted lines mean
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cov(N) non(M) cof(M) cof(N)

add(N) add(M) cov(M) non(N)

Figure 1: Cichon’s diagram

add(M) = min{b, cov(M)} and cof(M) = max{d,non(M)}. All the inequalities that are not stated
in the diagram have been proved to be consistent with ZFC, see [Bal] for proofs and references.

We say that the size of the continuum is small if it is N1 or No. Otherwise, we say that it is large.
A lot is known about cardinal invariants when the continuum is small. For example, when its size is N;
(that is, CH is true), all the cardinal invariants are N; and so this is not interesting. If ¢ = N9, for almost
all pairs of cardinal invariants ¢ and 1y for which ¢ < p is not provable in ZFC, the consistency of r >
is known and there are few open questions. This is known, for example, for all the cardinal invariants in
Cichon’s diagram. However, when the continuum is large, many of these questions remain unanswered.
This is so because, for ¢ = N9, we have a much better understanding of forcing theory than for larger
continuum. The reason is that one of the two main methods for carrying out consistency proofs, namely,
countable support iteration (csi) of proper forcing, can only yield models with ¢ < N,. The forcing
method, in general, has been quite successful when the size of the continuum is assumed to be small.

On the other hand, when the continuum is assumed to be large, some of the classical forcing tech-
niques do not seem to apply. Only with one technique, the finite support iteration (fsi) of countable
chain condition (ccc) forcing, has it been possible to obtain many consistency results. However, this
method also has drawbacks, for example, since a fsi of ccc forcing adds Cohen reals at limit stages, it
can be used only to get models in which non(M) < cov(M). Therefore, if one wants to obtain models
with non(M) > cov(M), one has to try something else, for example, a large product construction with
countable support, the random algebra or a novel iteration technique. This is a difficult and challenging
area of research.

Some known interesting consistency results about cardinal invariants with large continuum that are
proved with fsi of ccc forcing are due to Judah and Shelah [JS88, JS90] and Brendle [Br91, Br98].
More sophisticated techniques of finite-supported type of iterations were introduced as well. Blass and
Shelah [B1S84] introduced matrix iterations, which are fsi of ccc forcing that are constructed in a two-
dimensional way. Besides, Shelah [S04] invented iterations along a template, which is a generalization
of fsi of ccc forcing but with supports that are not necessarily well ordered. Brendle is also developing
an iteration technique called shattered iterations [Br-1, Br-2]. A more detailed introduction to these
techniques (except the last one, that is not used in this thesis), as well as the consistency results involved,
are described in the following two sections of this introduction.

Large product construction with countable support is a forcing technique that has been used to gen-
erate models where, for a type of cardinal invariants that depend on a real parameter, there are many
different parameters (in practice, uncountably many) that produce pairwise different cardinal invariants
of that type. For example, Kellner [Kell08] and Kellner and Shelah [KellS09, KellS12] have been using
large product constructions to prove the consistency of the existence of continuum-many pairwise differ-
ent cardinal invariants of certain type. Recently, Hrusak, Rojas-Rebolledo and Zapletal [HrRZ] used this
technique to obtain a model where there are continuum many ideals on w that have pairwise different
cofinality numbers. A general approach to this technique can be found in [RosS].
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Although we do not use large product constructions in this work, we produce models, by fsi of ccc
forcing, where there are infinitely many pairwise different cardinal invariants related to gaps in quotients
by definable ideals on w. We discuss this, and other problems related to gaps, in the third section of this
introduction.

The main results of this dissertation are applications and improvements of certain forcing techniques
that involve finite-supported type of iterations, in order to solve consistency problems about cardinal
invariants with large continuum. In the following sections, we describe the specific problems that are
tackled and solved in this thesis. Some of these problems were solved by the author in [Me13a], [Me13b],
[Me] and [BrMel], the last one in joint work with J. Brendle.

Template iterations, almost disjointness and groupwise-density

We first introduce two cardinal invariants. Two infinite sets of natural numbers A and B are said to be
almost disjoint if their intersection is finite. A family A of infinite sets of natural numbers is an almost
disjoint (a.d.) family if any two different sets in 4 are pairwise almost disjoint. A maximal a.d. (mad)
family is an a.d. family that cannot be extended to a larger a.d. family. The almost disjointness number
a denotes the least size of an infinite mad family.

For two infinite sets of natural numbers X and A, say that X splits A if X N A and A~ X are infinite.
A family C of infinite sets of natural numbers is a splitting family if any infinite set of natural numbers is
splitted by some member of C. Define s, the splitting number, as the least size of a splitting family.

Interesting knowledge about forcing and cardinal invariants has been obtained from the study of the
relation between the cardinals s, b, 9 and a. It is known that b < a and s < 0 are provable in ZFC, as
well as b < 0 (included in Cichon’s diagram). Thanks to intensive research on forcing, we already know
that any other inequality between these cardinals is consistent with ZFC. Cohen models (see Subsection
1.3.1) satisfy s = b = a = N; < 0 and, with fsi of ccc forcing, Baumgartner and Dordal [BD85]
proved the consistency of s < b. With csi of proper forcing, Shelah [S84] proved the consistency of
b=Ni<a=s=c¢c=Ngandb=a=8; <s=c¢=No.

With these results proved in the 80’s, the only remaining open problem (about those four cardinal
invariants) was the consistency of 0 < a. Many related problems are still unanswered, like

Problem A. (1) (Roitman, 1970’s) Does 0 = Ny imply a = N;?
(2) (Brendle and Raghavan, [BrRal4]) Does b = s = Ry imply a = N ?

Shelah [S04] proved the consistency of 8; < 9 < a in two different ways. In the first proof, it is
assumed the existence of a measurable cardinal x and, by forcing with ultrapowers (see Section 4.2 for
details), he constructed a ccc poset that forces £ < b = 9 < a = ¢. The same type of construction with
ultrapowers works to get a model of K < u < a = ¢, where u is the ultrafilter number (see Section 1.4).

The previous technique can be used only to get consistent statements with ZFC+ “there exists a
measurable cardinal”, but recall that a measurable cardinal is inaccessible and that it cannot be proved
that the existence of an inaccessible cardinal is consistent with ZFC. However, inaccessible cardinals
have very strong combinatorial properties and are extensively used in set theory.

For the second proof, he invented the technique of iterations along a template, or just template
iterations, which generalizes a fsi of definable ccc posets (or Suslin ccc posets, see Sections 1.3 and
2.2) in the sense that an iteration can be constructed along a linear order that is not necessarily well
ordered (which is a requirement for a typical fsi). An additional feature of such an iteration is that it
can be localized in any subset of the linear order, fact that was used by Shelah to replace the ultrapower
argument in the first construction by an isomorphism-of-names argument, this to prove the consistency
of N} < 0 < a = ¢ with ZFC alone. We discuss this iteration technique carefully in Chapter 2.

Although Shelah’s construction with ultrapowers for the consistency of 0 < a can be seen as a
sequence of template iterations, the template structure is not important here to understand the model.
However, it is unclear whether the chain of iterations constructed with ultrapowers for the consistency



of u < a can be put into the template framework. It is an open question whether it is possible to get the
consistency of u < a on the basis of ZFC alone.

For this project, we are particularly interested in getting consistency results with large continuum
where the values of b, a and s can be separated. Assume that 4+ < A are uncountable regular cardinals
with A = A. Some extension of the classical consistency results, with large continuum, are the con-
sistency of b = 4 < a = s = p* due to Brendle [Br98] by using fsi of ccc forcing and, with matrix
iterations, Brendle and V. Fischer [BrF11] proved the consistency of b = a = y < 5§ = ¢ = X\ with ZFC
and the consistency of K < b = 4 < a = 5 = ¢ = )\ where « is a measurable cardinal (in the ground
model). In Shelah’s model for the consistency of u < aitisalsotruethatk < b=s=u=pu<a= A\

We turn to the case where s, b and a may take pairwise different values.

Problem B ([BrF11]). Is it consistent that
(1) b<a<s?
(2) b<s<a?
(3) s<b<a?

Since models for b < s and b < a are very difficult to construct, a very involved forcing construction
may be necessary to answer (1) and (2). To handle (3), an argument to force b < a while preserving
splitting families of the ground model seems to work, but fsi techniques from [Br98] do not seem viable.

We analyze Problem B(3) from the point of view of template iterations. Actually, both models of
Shelah (explained above) satisfy s = Ny, so (3) is consistent with s = R;. We answer (3) where s is
allowed to be (almost) an arbitrary value below a measurable cardinal, which is one of the main results
of this thesis.

Theorem C. Assume that k is a measurable cardinal. Then, it is consistent that N1 < s < Kk < b < a =
C.

The forcing construction to prove this result is similar to Shelah’s construction to get the consistency
of 0 < a modulo a measurable cardinal. However, in this case it seems to be relevant to look at the
template structure of the iterations in order to ensure that s will not become too big in the final extension.
Moreover, as non-definable forcing notions are involved in these iterations, we need to extend Shelah’s
theory of template iterations by allowing these posets in the construction. By doing so, many consistency
results with fsi of ccc forcing can be generalized. For example, an application of a result of Blass [BI89]
(Lemma 4.1.1) to force the groupwise-density number g (see Section 1.4) to be equal to N; can be
extended to the framework of template iterations in order to get larger values for g. In summary:

Theorem D. (1) Shelah’s theory of template iterations is extended to allow quite arbitrary forcing no-
tions.

(2) Arguments to force g = Ry can be extended, in view of (1), to obtain models with larger g.

Theorems C and D were obtained by the author in [Me].

Matrix iterations and Cichon’s diagram

We are interested in obtaining models of Cichon’s diagram (Figure 1) with large continuum. With small
continuum, Cichon’s diagram is now fully understood, but there are still many interesting open problems
concerning large continuum. Judah and Shelah [JS90] and Brendle [Br91] established techniques with
fsi of ccc forcing that can be used to get many different values for the cardinal invariants in Cichon’s
diagram, in particular for those that appear on the left hand side. For example, these techniques can be
used to get the consistency of add(M) < cov(N) < b < non(M) = cov(M) < 0 = non(N) = ¢

X1



(see Section 4.1). Also, by adding random reals (see Subsection 1.3.2) over a model of the previous
statement, we can get the consistency of non(N) = N; < b <0 < cov(N) = c.

However, it seems more complicated to get models where the cardinal invariants of the right hand
side of Cichon’s diagram can assume more than two values. With Brendle, Judah and Shelah’s techniques
it only seems to be possible to obtain models where invariants of the right hand side assume at most two
different values. The previous example with random forcing shows how to get three different values on
the right hand side, but we don’t know how to get more examples like this.

Problem E. Get models where cardinal invariants on the right hand side of Cichon’s diagram assume
three or more different values. For example, is it consistent that cov(M) < 0 < non(N') < cof(N) = ¢?

We found out that matrix iteration constructions solve part of this problem, at least some cases for
three values on the right hand side of Cichon’s diagram. Blass and Shelah [BIS84] used this technique
for the first time to prove the consistency of u < 0 with large continuum. Later, Brendle and V. Fischer
[BrF11] improved this type of construction to get the consistency results mentioned in the previous
section.

In this work, we show how to use this technique with Suslin ccc forcing notions and to get models
for some cases of Problem E.

Theorem F. There are many consistent cases where cardinal invariants of the right hand side of Cichon’s
diagram can assume three different values. For example, it is consistent that cov(M) < 0 < non(N) =
C.

We also extend this result to some other classical cardinal invariants of the continuum, which are
defined in Section 1.4. These results were obtained by the author in [Mel3a, Me13b].

There is a work in progress by M. Goldstern, J. Kellner, S. Shelah and A. Fischer where they use
a large product construction with countable support to prove the consistency of cov(N) = 0 = 8y <
non(M) < non(N) < cof(N) < ¢, which gives an example of 5 different values on the right hand side
of Cichon’s diagram.

Rothberger gaps in F, quotients

We review some notation concerning gaps in quotients by ideals on w. Fin denotes the ideal of finite
subsets of w. For an arbitrary ideal Z on w, define the relation C7 on P(w) by A Cz Biff A\ B € Z,
and let ~7 be the equivalence relation on P(w) given by A ~7 B iff A C; B and B C7 A. The
quotient P(w)/Z := P(w)/ ~z is a Boolean algebra, in fact, 0 = & = Z (the zero object in the Boolean
algebra), ANB=ANBand A < Biff A Cy B for A, B € P(w) where the bar on top denotes the
corresponding equivalence class. Also note that AN B =0iff ANB € Z.

For two families A, B C P(w)/Z, the pair (A, B) is a gap in P(w)/Z if

e ANB=0forall A e Aand B € B, and
e thereisno C' € P(w)/Z suchthat AANC = 0forall A€ Aand B < C forall B € B.

Let (A, B) be a gap in P(w)/Z. Say that (A, B) is a Hausdorff gap if both A and B are o-directed (i.e.
any countable subfamily of .A has an upper bound in A, likewise for 13). On the other hand, if one of A
and B is countable, we say that (A, B) is a Rothberger gap. For two cardinals x and ), say that (A, B)
is a linear gap of type (K, \) or a (k, A)-gap if A and B are well ordered increasing sequences of order
type x and A, respectively. Clearly, any (w, \)-gap is Rothberger.

We are interested in the study of Rothberger gaps in quotients by definable ideals on w. To understand
definability in this sense, consider 7P (w) with the topology given by the Cantor space 2* (2 =[], ., 2
with the product topology where 2 = {0, 1} has the discrete topology) by associating each member of
P(w) with its characteristic function. If I" is a pointclass on P(w) (e.g. I' is the collection of F, subsets,
or of the analytic subsets, etc.), we say that an ideal Z on w is a I ideal if Z, as a subset of P(w), belongs
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to I'. In practice, a definable ideal is understood as a I" ideal where I is the pointclass of analytic sets, or
even a pointclass higher in the projective hierarchy (see Section 1.1). Unless otherwise stated, we assume
that our ideals are non-trivial, in the sense that they contain Fin but do not contain w as an element. The
simplest definable non-trivial ideals are F,.

Gaps in P(w)/Fin have been studied since almost 100 years ago and there is still a lot of ongo-
ing research nowadays. The first celebrated result is the construction of an (w;,ws)-gap by Hausdorff
[Hal909, Ha36]. Years later, Rothberger [Ro41] produced his (w, b)-gap and, moreover, proved that
there are no (w, x)-gaps in P(w)/Fin for any x < b. However, Todoréevi¢ [T, Thm. 8.6] proved that,
under ¢ = Yy and the open coloring axiom OCA, there are no gaps in P(w)/Fin of type different from
(w,b) and (w1, wr).

Recently, the research on gaps has been extended to quotients by definable ideals in general. First,
Mazur [Ma91] found out that Hausdorff’s construction also works for a class of ideals he calls pseu-
dosolid, a class which contains the F,-ideals, so quotients by such ideals contain an (w1, w1)-gap. Later,
Todorcevi¢ [T98] made a great improvement of this by showing that, when Z is either a pseudosolid ideal
or an analytic P-ideal, P(w)/Fin can be embedded into P(w)/Z in such a way that gaps are preserved,
so there is a gap in P(w)/Z of any of the type of gaps that exist in P(w)/Fin. Therefore, such quotients
also contain (w, b)-gaps and (w1, w1)-gaps. An important problem, addressed in [T98, Problem 2] and
discussed deeply in [Fa, Section 5], is determining the gap spectrum of these quotients.

Problem G (Todoréevié¢ [T98, Problem 2]). Determine the gap spectrum of P(w) /I for every analytic
ideal T on w.

One interesting example, proved by Kankaanp#i [Kank13], is the existence of an (w, add(M))-gap
in P(Q)/nwd where nwd denotes the ideal of nowhere dense subsets of the rationals Q, which is an
F,s ideal. Moreover, like Rothberger’s result, there are no gaps in this quotient of type (w, k) when
k < add(M).

Results about Rothberger gaps can also be handled using a cardinal invariant that we define as fol-
lows. For an ideal Z on w define the Rothberger number b(Z) of T as the minimal cardinal s such that
there is an (w, x)-gap in P(w)/Z (see Lemma 6.1.1 for equivalent definitions). Rothberger’s result can
be interpreted, in terms of this cardinal invariant, as b(Fin) = b (this is why we use the letter b for the
Rothberger number). Also, Todorevic’s result above directly implies that b(Z) < b when Z is either
an F, ideal (or even pseudosolid) or an analytic P-ideal. Moreover, b(Z) = b for an analytic P-ideal
7 follows from Solecki’s characterization [S096, S099] of analytic P-ideals? (see Corollary 1.5.7 for a
proof).

For our main results about gaps, we focus our interest on the Rothberger number of fragmented
ideals (see Definition 6.1.4), which is a subclass of the F}, ideals defined by Hru§dk, Rojas-Rebolledo
and Zapletal [HrRZ]. They also consider the subclass of gradually fragmented ideals to get an interesting
dichotomy for fragmented ideals and their cofinality number, moreover, a specific type of gradually
fragmented ideal is used to get, via large product constructions, the consistency of the existence of
continuum many such ideals that have pairwise different cofinality numbers. Typical examples are £Dgj
(see [Hrl1, p.42], also Example 6.1.12(2)), which is a fragmented not gradually fragmented ideal with
domain the set of ordered pairs of natural numbers below the identity function and generated by the
graphs of functions below the identity; the linear growth ideal Iy (see [Hrll, p.56], also Example
6.1.12(3)), given by X € Zj, iff the sequence {%} . is bounded where {a; }ic,, is a partition of w

1cw
with |a;| = 2° ; this ideal is also fragmented but not gradually fragmented; and the polynomial growth
ideal Ip (see [Hrl1, p.56], also Example 6.1.12(1)), which is a gradually fragmented ideal given by
X € Ipiff 3 <wVicw(| X Na;| < max{i,2}™), where {a;};c, is the same partition as before.

Brendle proved in 2009 that there is an (w,ws)-gap in P(w)/EDg,. A similar argument for this
proof works to get b(Z7,) = wy. In view of this, the following has been conjectured.

Problem H (Hrusdk). Is b(Z) = Ny for any fragmented not gradually fragmented ideal T?

2 Although this is a well-known fact, we could not find a reference.
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We solve this problem for a large class of fragmented ideals.

Theorem 1. There is an (w, w1 )-gap in P(w) /L for a large class of fragmented, not gradually fragmented
ideals T that include £Dg,, and Ty,

Like in [HrRZ], we use the gradually fragmented ideals to force that there are many different such
ideals with pairwise different Rothberger numbers. To prove this, we first study how to destroy gaps in
gradually fragmented ideals and also how to preserve gaps in some forcing extensions. In this case, we
do not use large product constructions to force such a statement because these Rothberger numbers are
below b and this forcing technique typically generates models with 0 = N;. However, we use fsi of ccc
forcing and preservation properties inspired from [KaO14] to construct such a model. The outcome is
summarized in the following

Theorem J. (1) For all gradually fragmented ideals T,

e b(Z) > add(N),
e b(Z) = b when T is nowhere tall (see Section 1.5 for this definition), and
e it is consistent that b(Z) < b for all somewhere tall ideals T (see Section 1.5 for this definition).

(2) For a large class of gradually fragmented ideals T including Zp, add(N') < b(Z) < b is consistent.
(3) There may be many gradually fragmented ideals with pairwise different Rothberger numbers.

Theorems I and J correspond to the main results of the research of Brendle and the author in [BrMe].

Outline of the dissertation

We summarize in Chapter 1 the preliminary knowledge about set theory of the reals, forcing, cardinal
invariants and gaps, which is needed to understand the main results of this work. Chapter 2 is the most
technical part of this dissertation as it contains the elements to construct a template iteration with non-
definable forcing notions as expected for Theorem D(1). Also, many general properties about embed-
dability and ccc-ness for template iterations are included. The well known general theory of preservation
properties for cardinal invariants is presented in Chapter 3. These properties are known in the context of
fsi of ccc forcing and of matrix iterations, but we extend this to a general context of iterations that works
in the framework of template iterations. This chapter is fundamental for the proofs of the main results.

The following chapters are devoted to the proofs of the main results of this dissertation. The proofs
of Theorems D(2) and C are included in Chapter 4 as applications of the theory of template iterations
and its corresponding preservation properties. We explain the construction of a matrix iteration in Chap-
ter 5 and, using preservation properties, we deal with the proof of Theorem F and related results. We
introduce fragmented ideals in Chapter 6 and prove Theorems I and J. For the first theorem we present
many interesting combinatorial constructions based on eventually different reals and on a notion of inde-
pendent families. For the second, we present a forcing notion that is useful to destroy gaps in gradually
fragmented ideals and, in a context similar to Chapter 3, we explain how to preserve some kind of gaps
for fragmented ideals.

At the end, we include a chapter discussing open problems that are related to the main results of this
thesis.
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CHAPTER 1
PRELIMINARIES

No one shall expel us tfrom the paradise that Cantor has created for us.
— D. Hilbert

This chapter is devoted to the basic notions and the knowledge that is needed for the main results of
this thesis. The main topics discussed are: elementary concepts of descriptive set theory for Polish spaces
and Borel sets; elementary forcing theory, with special attention to Suslin ccc posets and particular cases
that are used in all our applications throughout this work; cardinal invariants and gaps in quotients by
ideals on w. The last topic, discussed in Section 1.5, is only necessary for the results in Chapter 6.

Our notation is quite standard, like in [Je], [Ke] and [Ku]. Given a cardinal number p, [ X]<# denotes
the collection of all the subsets of X of size < p. Likewise, define [X]<* and [X]#, the latter being
the collection of all the subsets of X of size u. Given two sets X,Y, Y denotes the set of functions
from X into Y. For an ordinal 6, Y <% := | J acs Y. If we consider the product [, ; X;, for a function
p € [[;c; Xi where J C I, denote by [p] := {2 € [[,c; Xi /p C x}. Also,if k € I ~ Jand z € X,
let p~(z)x be the function that extends p with domain J U {k} and whose k-th component is z. In the
case where I = ¢ and J = o < § are ordinals, p~(z) = p " (2)a.

Given a formula ¢(z) of the language of ZFC, V52 ¢(n) means that ¢(n) holds for all but finitely
many n < w. 3°°, ¢(n) means that infinitely many n < w satisfy ¢(n). Say that J = (J,)n<, is an
interval partition of w if it is a partition of w into non-empty finite intervals such that max(J,) + 1 =
min(Jp41) forall n < w.

Given a set X, an ideal on X 1is a collection of subsets of X that is closed under finite unions and
downwards closed under C. Throughout this thesis we assume, unless indicated otherwise, that an ideal
on X contains all the singletons from (and thus all the finite subsets of) X and that X itself does not
belong to the ideal. If 7 is an ideal on X, for A, B C X, A C7 B denotes A . B € 7 and ~7 denotes
the equivalence relation given by A ~7 B iff A Cz Band B Cz A. If B C P(X) is a subalgebra,
B/Z = B/((B x B)N ~1) denotes the quotient Boolean algebra of B modulo I. Say that A is Z-positive
if A ¢ Z and Z* denotes the collection of Z-positive sets. Z|B = {A € T / A C B} is the restriction of
the ideal I to B. A o-ideal is an ideal that is closed under countable unions. An ideal Z is called P-ideal
if, for any C C 7 countable, there exists a B € Z such that C C* B for all C' € C, where C' C* B means
that C is almost contained in B, that is, C' \. B is finite.

As a dual notion, F C X is a filter on X if it is closed under finite intersections and upwards closed
under C. We assume that all cofinite subsets of X are in a filter and that & does not belong to a filter. An
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ultrafilter on X is a maximal filter. Equivalently, /{ C P(X) is an ultrafilter iff it is a filter on X and, for
any A C X,eitherAclUdor X N AelU.

A cardinal k is measurable if it is uncountable and has a k-complete (non-trivial) ultrafilter I/, where
k-complete means that {/ is closed under intersections of < x many sets. Note that, in this case, x is an
inaccessible cardinal. For a formula ¢(x) in the language of ZFC, say that ¢ («) holds for D-many « iff
{a < k / p(a)} € D. To fix a notation about ultraproducts and ultrapowers, if (X,)q < is a sequence
of sets, ([[o<r. Xa)/D = [{Xa}a<x] denotes the quotient of [ |, _,. X» modulo the equivalence relation
given by & ~p y iff £, = y, for D-many o < k. If 2 = (Za)a<r € [[,<, Xa» denote its equivalence
class under ~p by T = (z4)a<w/D. It is known that posets of size <  does not destroy the measura-
bility of , that is, preserves the xk-completeness of D. For facts about measurable cardinals (and large
cardinals in general), see [Kan].

1.1 Polish spaces and Borel sets

In this section, we summarize many notions and important results about Borel sets on Polish spaces,
including a breve description of the Borel and projective hierarchies, as well as coding of Borel sets. For
details on the contents of this section, see [Ke] and [Je].

A topological space (X, 7) is Polish if it is completely metrizable and separable. Typical examples
of Polish spaces are the real line R with the usual topology, the Cantor space 2* and the Baire space w®.
As the structure of an uncountable Polish space X is very close to the one of real numbers, sometimes
we refer to the elements of X as reals. It is known that the size of such a space is .

Fix n < w. For {ny}k<n € {2,w} and atree T' C (], k)<, denote [T] := {(x0,...7p—1) €
[icnni / Vicw((zo 14,..., 241 [i) € T)}, which is a closed subset of [],_,, n7. Recall that, if
C C I]yenny is closed, then there is a tree T C ([[,,,, mx)<* such that C' = [T7].

For a topological space X, the Borel hierarchy of Borel subsets of X is defined by recursion on 0 <
o < wy, where 9(X) is the collection of open subsets of X and, for o > 1, £% (X)) is the collection of
countable unions of members of | J;_,, Hg (X). Forall a < wy, ITY (X) is the collection of complements
of sets in 3 (X). Let AY(X) = 2(X) NTIA(X). B(X) = Uncp, Za(X) = Upcw, o (X) is the
o-algebra of Borel subsets of X. Sets in $9(X) are typically known as F,-sets and sets in TI9(X) are
known as Gs-sets.

The projective hierarchy for all Polish spaces is defined by recursion on 0 < n < w. X1(X), the
collection of analytic sets, is the collection of sets of the form [ F'| where F is a closed subset of X x w*
and 7 : X x w* — X is the projection onto the first coordinate. For 1 < n < w, X} 4+1(X) is the
collection of sets of the form 7y [A] where A is in IT} (X x w*). IT! (X) is the collection of complements
of sets in L (X). Let Al (X) = = (X) NTIL(X). Sets in TI}(X) are known as co-analytic sets. It is
known that B(X) = A}(X). When the space X is understood, we just refer to these classes as 0, X1
etc. In many cases, when a subset of X is defined by a formula P(z), say, A = {x € X / P(z)}, we
say that the formula P(z) is . if A € XL, likewise for the other defined point-classes.

1.1.1 Theorem (Mostowski’s absoluteness theorem [Je, Thm. 25.4]). For spaces of the form [], <ok
with {n}rew C {2,w}: if M is a model of ZFC, then any X1 statement with parameters in M is
absolute. The same holds for TI} statements.

1.1.2 Theorem (Shoenfield’s absoluteness theorem[Je, Thm. 25.20]). For spaces of the form [ ], .
with {n }kew C {2,w}: if M C N are transitive models of ZFC and wY € M, then any T3 statement
with parameters in M is absolute for M, N. The same holds for H% statements.

For a topological space X, say that A C X is nowhere dense (nwd) if int(A) = 0. A is meager if it
is the countable union of nwd sets. Let M (X)) be the o-ideal of meager subsets of X. When the space
is clear from the context, we just write M to denote the ideal.

1.1.3 Theorem. Let X andY be uncountable Polish spaces. Then
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1. ([Ke, Subsect. 8.F]) B(X)/M(X) and B(Y')/ M(Y") are isomorphic complete Boolean algebras.

2. ([Ke, Subsect. 15.D]) If ¥ : B(X)/M(X) — B(Y)/M(Y') is an isomorphism, then there exists
a Borel isomorphism f : Y — X such that V([A]) = [f ' [A]] for any A € B(X).

3. There exists a Borel isomorphism f : Y — X such that, for A C X, A € M(X) iff f}[X] €
M(Y).

Let X be a set and .A be a o-algebra of subsets of X. A function p : A — [0, 4+00] is a measure if
() = 0 and if it is o-additive, that is, u(U,, ., An) = D, <., #(A;,) for any pairwise disjoint family
{4, / n < w} C B(X). pis a probability measure if it is a measure such that ;(X) = 1. A measure
W is o-finite if X is the countable union of subsets of finite measure. A measure p is continuous if
p({x}) = 0forall z € X. We say that N C X is p-null if there is a B € A such that N C B and
p(B) = 0. Denote by N'(X, A, i) the o-ideal of null subsets of X. When the space and the measure are

clear from the context, we just write .

1.1.4 Theorem ([Ke, Thm. 17.41]). Let X be a Polish space and p : B(X) — [0,1] a continuous
probability measure. Then, there exists a Borel isomorphism f : X — [0, 1] such that u(f~1[A]) = M\(A)
forany A € B([0,1]), where X is the Lebesgue measure on [0, 1].

There are also canonical measures for spaces of the form [, ., m with {n;}x<o, € {2,w}, which
are also called Lebesgue measures. They are given by the product measure where, in 2, each singleton
has measure  and, in w, {n} has measure zn% for each n < w.

1.1.5 Theorem (Lebesgue density theorem [Ke, Sect. 17.B]). Let A : B(2¥) — [0, 1] be the Lebesgue
measure for 2. If B € B(2%), then A(B) = A({z € B / limy—00 A(B N [z[n])/A([z]n]) = 1}).

There are similar versions of this theorem for the Lebesgue measures on w* and on R.

To finish this section, we introduce Borel coding, which is a way to code the construction of Borel
sets by real numbers. BC = J,_,,, BCy is constructed recursively in such a way that (BCqy)a<w, is an
increasing sequence of subsets of w* and that each a € BC indicates how to construct a certain Borel
subset B, of any Polish space. This is done in such a way that, for o < w1, £°(X) = {B, / a € BC,}
for each Polish space X. Typically, BC is a II} subset of w® such that the statement “z € B,” is a
Borel statement in X x w* where X is any Polish space of the form [[, _ nx with {n; }r<., € {2,w}.
Therefore, this implies that statements such as “B, C B.”, “B, N B, = &” and “B, = Un<w B, are
IT1-statements for Borel codes a, c, ¢y, . . .. This coding, along with Mostowski’s absoluteness Theorem
1.1.1, is important in order to have absolute statements about Borel sets between ZFC models. For the

construction of Borel codes, details and the following result, see [Je, Sect. 25] and [Ku84].
1.1.6 Theorem. The statements “B, € M” and “B, € N’ are Borel.

For an infinite set I consider the topological space 2! given by the product topology where 2 has the
discrete topology. Note that all its clopen subsets (that is, open and closed sets) are of the form Upe rlp]
where F' C Fn(1,2) is finite, with Fn(7, 2) the set of finite partial functions from I to 2. Let Ba(27) be
the o-algebra of Baire subsets of 2!, which is generated by the clopen subsets of 2.

It is known that any Baire subset of 2/ is of the form 2/ x B where I = JUXK is a disjoint union, K is
countable and B € B(25) = Ba(2X). Therefore, the coding of Borel subsets of 2* can be extended for
Baire subsets of 2. For example, BaCy(I) = {(a,A) / a € BCy, A : w — I one-to-one} for o < wy
and BaC(I) = U,.,, BaCa(I). If (a,A) € BaC(I), then Boa = A;'[B,] where A, : 27 — 2¢
with A, (f) = f o A (a projection function). Clearly, any Baire subset of 2/ has the form B, A for some
Baire code (a, A) € BaC(I). As in the case of Borel sets, we can get many absolute statements about
Baire subsets, for example, “f € B.”, “B. C By”, “B. € M(2!)” and “B,. € N (2!, Ba(2"), \)” are
absolute between ZFC-models for ¢, € BaC(I), where 2 is given the measure where each singleton
has measure % and A\ is the corresponding product measure.



1.2 Preliminaries about forcing

This section contains many results that are known in the folklore of forcing theory. For basic knowledge
about forcing, see [Je] and [Ku].

For a poset P and p,q € P, p L ¢ means that p and ¢ are incompatible. p || ¢ represents the
compatibility of both conditions. p € P is an atom if any pair of conditions that extend p are compatible.
P is said to be non-atomic or non-trivial if none of its conditions is an atom. If M is a model of ZFC,
IP € M,p € PN M and ¢ a formula in the forcing language of IP with parameters in M, p IFp pr ¢
denotes that “p forces ¢ is true in the model M. When IP and M are clearly understood, we ignore such
subindexes in the notation.

If @ is another poset, recall that g : P — Q is a complete embedding if

(i) forany p,p’ € P, p < p' implies g(p) < g(p),
(ii) for any p,p’ € P,p L p' if and only if g(p) L g(p'), and

(iii) forany q € Q there is a p € IP which is a reduction of q (with respect to g), that is, for every p’ < p,
g(p') is compatible with q.

Conditions (ii) and (iii) can be replaced by: for any maximal antichain A in PP, g[A] is a maximal
antichain in . When g is the identity function, we say that IP is a complete suborder of Q.

For this section, fix M C N transitive models of ZFC. If P € M say that g : P — Q is a complete
embedding with respect to M if (i) holds and, for any A € M maximal antichain, g[A] is a maximal
antichain in . When g is the identity function, say that IP is a complete suborder of Q with respect to
M. This notion is important because, if g, Q € N and G is Q-generic over N, then g~ ![G] is IP-generic
over M and M[g~}[G]] C N[G].

g : P — Q is a dense embedding if it satisfies (i) and (ii) and also g[IP] is dense in Q. It is known
that, for any poset IP, there exists a complete Boolean algebra B and a dense embedding g : IP — IB. In
fact, if we associate to IP the topology generated by the subsets of the form [p| = {p’ € P / p’ < p}
for p € P, then B = ro(P), the complete Boolean algebra of the regular open sets of P (that is, those
subsets A such that int(A) = A). g is defined as g(p) = int([p]). This complete Boolean algebra IB is
unique under isomorphism and is known as the completion of P.

If A and B are complete Boolean algebras, then any complete embedding as posets between them
is an embedding as complete Boolean algebras, and any dense embedding is actually an isomorphism.
Moreover, it is known that the forcing structure of a poset can be completely described by its completion.

A poset P (forcing) embeds into @, denoted by IP < Q, if there is a complete embedding g : ro(PP) —
ro(Q). P ~ Q denotes that P is forcing equivalent with @, which means that their completions are
isomorphic. Just for notation, if P € M, IP <, Q means that IP is a complete suborder of @ with respect
to M.

1.2.1 Lemma. Assume that P € M and Q € N are posets such that P <;; Q. If pis a Z%-smtement
in the forcing language of P with parameters in M and p € P, then p I-p ar ¢ iff p IFq.n @. The same
holds for T13 -statements. Moreover, if wM = w, this also holds for £} and T1}-statements.

Assume that g : P — Q is a complete embedding between posets. Define the quotient poset Q /P
(with respect to g) as the P-name of the poset {g € Q / 3 (p is a reduction of ¢) } with the same order

as Q, where G is the canonical P-name of the generic subset.
1.2.2 Lemma. Q ~ P (Q/IP). Moreover, if ¢ € Q and ¢ is a formula in the forcing language, q IFq ¢
iff (p, q) Fp«(q/p) ¥ for all the reductions p € P of q.
Proof. Assume that g : P — @ is a complete embedding. Let f : P — A and f’ : Q@ — B be dense
embeddings into complete Boolean algebras. There is a complete embedding ¢’ : A — BB such that
g o f = f'og,infact,

d'(a)=\/{f'(9p) /p P, fp) < a}.
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Consider h : B — A the projection with respect to ¢, that is, h(b) = A,{a € A / ¢'(a) > b}.
Note that B/A = {b € B / h(b) € G}, where G is the A-name of its generic subset. We claim
that A forces that & : Q /P — B/A is a dense embedding, where k is an A-name for the function
defined as k(q) = f'(¢). Indeed, let G be A-generic over V and b € B/A arbitrary. By genericity, as
{h(f'(q)) /] f'(q¢) < b,q € Q} is dense below h(b), we can find ¢ € Q such that f'(¢) € B/A and
f'(q) <b. As{f(p) / f(p) < h(f'(q)),p € P} is dense below h(f'(¢q)), we can find a reduction
p € f71G] of ¢,s0 q € Q/P.

Note that P x (Q/IP) ~ A x (IB/A) is witnessed by the function that sends (p,¢) € P * (Q/P) to
(f(p), k((g))). On the other hand, B ~ A (B/A) by the dense embedding that sends b € B to (h(b), b),
soQ ~Px(Q/P).

Assume that ¢ IFq wand p € P isareduction of g. Then, f(p) < h(f'(q)),s0 (f(p), f'(q)) <axm/a)
(h(f'(g)), f'(q)). On the other hand, g IFq ¢ implies f'(q) IFp ¢ and, then, (h(f'(q)), f'(2)) IFax/a)

©. Thus, (f(p), f'(q)) IFawm/a) > which clearly implies that (p, q) IFp.(q/p) ©-
Now, assume that ¢ lfq ¢, that is, there is a ¢’ < ¢ such that ¢’ I-q —p. By the previous argu-
ment, (p',q') IFp.(q/p) —¢ for every reduction p’ € PP of ¢'. Any such p' is a reduction of ¢ and, as

(', q") <pwqr) (@', q) then (p', q) Fp.(q/p) ©- O

1.2.3 Lemma. Let P be a complete suborder of Q and R a Q-name for a poset. Then, P forces that

(Q*R)/P ~ (Q/P) *R.

Proof. Let G be P-generic over V. Work in V[G]. Note that, if (¢,7) € (Q * R)/P andp € G is a
reduction of (g, 7), then p is also a reduction of ¢, so ¢ € Q/P. Define g : (Q * R)/P — (Q/P) xR
as g(q,7) = (q,7g) where 7¢ is a Q/IP-name (which can be defined canonically) such that I-q /p
7 = rg. Note that g is increasing and onto, so it remains to see that it preserves incompatibilities.
Let (¢,7),(¢,7) € (Q * R)/P and assume that there is a ¢ € Q/P extending ¢ and ¢’ such that
q2 IFq/p 7 || 7. Let p2 € G be a reduction of g such that, in V, (p2, q2) IFps(q/p) 7 || 7.

1.2.4 Claim. InV, if g3 € Q is an extension of g2 and pa, then g3 |-q 7 || 7.

Proof. If p € P is a reduction of g3, then any extension of (p,¢3) in P % (Q/IP) is compatible with
(P2, q2), 50 (P, 43) IFpy(q/p) 7 || 7. Therefore, by Lemma 1.2.2, g3 I-q 7 || 7. O

Note that D := {p € P / 3,,cq(pis areduction of g3 and g3 < p, ¢g2)} is dense below ps in P.
Then, in V[G], there exists p3 € D N G with p3 < py. Choose g3 a witness of p3 € D so, by Claim

1.2.4, g3 € Q/P and g3 IFq v 7 || . Thus, (g, 7) and (¢’, ') are compatible in (Q * R)/PP. O
1.2.5 Corollary. Let Q be a complete suborder of R and P a complete suborder of Q. Then, R/P ~
(Q/P) = (R/Q).

Proof. By Lemma 1.2.3, R/P ~ (Q * (R/Q))/P ~ (Q/P) *x (R/Q). O

Recall that a partial order (I, <) is directed iff any two elements of I have an upper bound in /. A
sequence of posets (IP;);c; is a directed system of posets if, for any i < j in I, IP; is a complete suborder!
of IP;. In this case, the direct limit of (IP;);cy is defined as the partial order limdir;c;IP; := J;c; P;. It is
clear that, for any ¢ € I, IP; is a complete suborder of this direct limit.

For an infinite cardinal y, recall that a poset IP has the p-chain condition (p-cc) if all its antichains
have size < p. In the case that y = Ny, u-cc is known as the countable chain condition (ccc), a property
that is relevant for preserving cardinals and cofinalities in generic extensions. We introduce stronger
versions of this condition.

1.2.6 Definition. (1) For n < w, B C P is n-linked if every F' C B of size < n has a common
extension in P.

'In a more general way, we can think of a directed system with complete embeddings e; ; : IP; — P, for i < j in I such
that, for i < j < k, e;x 0 e;,; = e4,. This allows to define a direct limit of the system as well.



(2) C C P is centered if it is n-linked for every n < w.

(3) P is p-linked if it is the union of < y many 2-linked subsets of P. In the case p = Rp, we say
o-linked.

(4) P is p-centered if it is the union of < u many centered subsets of IP. In the case u = Ny, we say
o-centered.

(5) P is p-Knaster if, for every sequence {pq } o<, of conditions in IP, there is an A C p of size p such
that {p, / @ € A} is 2-linked. For 1 = Wy, we just say Knaster.

Note that p-centered implies p-linked, and p-Knaster implies p-cc. Also, p-linked implies p -
Knaster.

1.2.7 Lemma. Let n < w and B C P be n-linked. If F' € V has size < n and a is a P-name for a
member of F, then there exists a c € F such that no p € B forces a # c.

Proof. Assume that, for every ¢ € F, there exists a p. € B that forces a # c. As {p. / ¢ € F'} has
size < n and it is a subset of B, it has a common extension p € . Thus, p forces that & ¢ F, a
contradiction. O

In Section 1.3 we introduce many examples of definable forcing notions. Meanwhile, consider the
following two posets that will be relevant for many proofs of this text. Recall that 7 C [w]“ is a filter
base if it nonempty and closed under finite intersections. C' € [w]* is a pseudo-intersection of F if
C C* Aforall A e F.

1.2.8 Definition. Let F be a filter base (of infinite subsets of w).

(1) Mathias forcing with F is the poset Mz = {(s,A) / s € [w]~¥, A € F, sup(s + 1) < min(A)}
(where s+1={k+1/k € s})ordered as (¢, B) < (s, A)iff s C¢t, BC Aandt~ s C A.

(2) Laver forcing with F is the poset Iz whose conditions are trees ' C w<*“ such that {i < w /¢ (i) €
T} € F forany t € T with stem(7") C ¢, where stem(T"), the stem of T, is the least splitting node
of T'. The order of I 7 is C.

Notice that M and L are o-centered posets, the first witnessed by the centered sets {(s, F') €
Mz / s = a} for a € [w]<¥, and the latter witnessed by {T" € L / stem(T) = ¢} for t € w<“. The
generic object added by M is 7z = |JdomG = J{s / Ir((s, F) € G)} where G is the M r-name
of the generic subset. IM r forces that this generic object is a pseudo-intersection of F. On the other
hand, IL adds generically a function (7 := Urpeg stem(T') where H is the IL-name of the generic
subset. Lz forces that f <* [ #(n) for every ground model function f in w* and that ran(i F)is a
pseudo-intersection of F. Laver forcing with an ultrafilter has a very special property about decision of
statements.

1.2.9 Theorem (Pure decision [BI88, Thm. 9]). Let U be an ultrafilter on w, s € [w]<“ and ¢ a formula
in the forcing language of 1yy. Then, there exists a T € 1y with stem s such that either T' |- ¢ or
T I+ —.

The proof of pure decision for Laver forcing with an ultrafilter uses a rank argument, which is useful
to solve many problems. Consider a dense set D C Iy, where U is an ultrafilter on w. For s € w<¥,
define the ordinal pp(s) recursively, such that, for o > 0,

pp(s) =0 iff there exists a T' € D with stem s,
pp(s) =a iffpp(s) £ cand {j <w / pp(s~(j)) < a} e U.

To see this, define Rp(0) = {s € w<* / Ipep(stem(T") = s)} and, for o > 0,

Rp(a) = { co e/ {i<w/ st e U Ro)} eu} < U Eol8)

B<a B<a



Clearly, p(s) = aiff s € Rp(«) for any ordinal c.

The main feature of this rank function is that pp(s) < w; for any s € w<*. To see this, note that, if
pp(s) > wi then {j < w / pp(s~(j)) > w1} € U so, if such an s exists, then it is possible to construct
a tree T' by recursion such that stem(7") = s and pp(t) > w; for any t € T above the stem. Now, as D
is dense, find S € D, S C T. But pp(stem(S)) > w1, a contradiction.

Proof of Theorem 1.2.9. Let D = {T € Iyy / T I+ ¢ or T |- —p}, which is clearly dense. We show
that pp(s) = 0 for all s € w<“. Assume the contrary and let s € w“ of minimal rank > 0. Then,
{j <w/pp(s(j)) =0} € U, that is, either {j < w / Irer,, (stem(T) = s (j) and T' I+ )} € U or
{j <w/ 3ren, (stem(T) = s7(j) and T' IF =)} € U. In the first case, it is easy to get 7" C T in Ly,
with stem s such that 7" I (. For the second case, we get such a 7" that forces —p. In each case, we get
a contradiction. O

1.3 Suslin ccc posets

1.3.1 Definition (Suslin ccc poset). A Suslin ccc poset 3 is a ccc poset, whose conditions are reals, such
that the relations < and L are 1.

In this case, note that § itself is a 31-set because 2 € § iff z < x. The main feature of this type of
poset is that, thanks to its definability, many of its features, when relativized to models of ZFC, become
absolute. For example, if M is a model of a large enough fragment of ZFC and the parameters of the
poset $ are in M, then $ may be interpreted in M, say $, and many statements like “z € $” or
“p,q € 3 and p L ¢” are absolute. The notion of Suslin ccc forcing is due to Judah and Shelah [JS88].
See also [Br10] and [Bal] for the proofs of the results of this section and for more about Suslin ccc
forcing notions.

Fix $ a Suslin ccc poset.

1.3.2 Lemma. The statement “{z, / n < w} is a maximal antichain in $” is £1 U II}. Moreover; if
“x € 8”7 is a Borel statement, then the previous statement is 1‘[%.

1.3.3 Corollary. Let M C N be transitive models of ZFC. Then:
(i) IfS is coded in M, then $™ <, $V.

(ii) Assume that P € M and QeN are posets such that P <y Q and that $ is a P-name of a Suslin
ccc poset. Then, IP gM” < Q x GNe

The following are examples of well known Suslin ccc posets that we use throughout this text.

1.3.1 Cohen forcing

1.3.4 Lemma. Any pair of countable non-atomic posets are forcing equivalent.

Cohen forcing, denoted by C, is any non-atomic countable poset. If we consider C = {z €
W [ Visz0)(2(i + 1) = 0)} ordered by 2’ < ziff 2(0) < 2/(0) and 2’ [[1,2(0)] = z[[L,2(0)], it
is an F, subset of w®. Note also that the order and L are Borel relations, so it is a Suslin ccc poset,
moreover, it is o-centered.

The notion of Cohen forcing is extended to C; = Fn(Z, 2) (see at the end of Section 1.1), ordered by
D, for any set I. Also, C ~ C,,. Itis clear that, if I = J U K is a disjoint union, then C; ~ C; x Cx ~
C; * Ck. Actually, C;., is equivalent to the finite support product of C with indexes in I. Also, if & is
an infinite cardinal, then C,, is equivalent to the fsi of length  of C.

Cy is equivalent to Ba(2')/M(2") witnessed by the dense embedding g : C; — Ba(2!)/M(21)
where g(p) is the equivalence class of [p|. Therefore, by Theorem 1.1.3, Cohen forcing is also given
by B(X)/M(X) where X is an uncountable Polish space. C; adds a real that evades all the Baire
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meager sets coded in the ground model, that is, IF¢, ¢ ¢ BC‘L/ ] Where G is the C-name for the generic
subset, ¢; = |J G and a is any code for a Baire meager set that belongs to the ground model. Also,
Vler] = V[G]. In this concept, if M is a model of ZFC, say that a real ¢ is a Cohen real over M if
¢ ¢ B, for any code a € M N BC of a Borel meager set. Therefore, the generic real added by C is a
Cohen real over the ground model.

Note that a fsi of ccc posets adds Cohen reals at limit stages.

1.3.5 Lemma. Let P = (IP,,, Qn>n<w be a fsi of ccc posets such that each P, forces that Qn contains a
pair of incompatible conditions. Then, P adds a Cohen real over the ground model V, that is, C < IP.

1.3.2 Random forcing

Typically, random forcing on I, denoted by By, is the poset B(2!) ~. N(2) ordered by C, but note
that its completion is B(2/)/N(27). By Theorem 1.1.4, random forcing B := B,, is equivalent to
B(X)/N (X, 1) where X is any uncountable Polish space and y is a continuous probability measure on
X. By adds a generic function 77 = (J{p € Fn(I,2) / [p] € G} that evades all the Baire null subsets
of 27 coded in the ground model. Clearly, V[G] = V'[r;]. If M is a model of ZFC, say that a real r is a
random real over M if r ¢ B, for any code a € M N BC of a Borel null set.

Note that {[T'] / T" C 2<% is a tree such that Viep(A([T] N [t]) > 0)} is dense in B(2¥) \ N, so
the set of such trees, ordered by C, is forcing equivalent to random forcing. Therefore, as this set of
trees, the order and incompatibility relations are Borel (note that such trees 7,.S are incompatible iff
M[T N S]) > 0, which is a Borel statement), random forcing is a Suslin ccc poset. Moreover, it is
o-linked as witnessed by the Borel sets B, = {T' € B / A([p] \ [T]) < 2\([p])} with p € Fn(w,?2)
(Lebesgue density Theorem 1.1.5 implies that the union of these sets is IB).

1.3.6 Lemma. B; does not add Cohen reals. Dually, C1 does not add random reals.
1.3.7 Lemma. o-centered posets do not add random reals.

Like Cohen forcing, if I = J U K is a disjoint union, then By ~ By * IBK. But By 2 By x By
because B x B adds a Cohen real, that is, C < B x B.

1.3.8 Definition. A poset P is w*-bounding if, for any IP-name ¢ for a real in w* and p € P, there
exists a ¢ < pin IP and an f € w“ (in the ground model) such that ¢ I ¢ < f (pointwise, that
is, Vnew(g(n) < f(n))). Equivalently, for any P-generic set G and g € w® N V[G], there exists an
few’NVsuchthatg < f.

B is w¥-bounding, but C is not because, if ¢ € w* is a Cohen real over a model M of ZFC, then

322 ,(f(7) < ¢(4)) forany f € w* N M. For more about C; and By, see also [Ku84].

<w

1.3.3 Hechler forcing

Recall from the Introduction that f <* g denotes V2 (f(i) < g(4)), which is read as g dominates f.
Define f <* g likewise. For a set M, say that d € w" is dominating over M if d dominates all the reals
inw* N M.

Hechler forcing D is the poset whose conditions are pairs (s, f) € w<* X w* where s C f. The
order is given by (¢, g) < (s, f)iff s C tand f < g. If G is D-generic, the Hechler real d = | JdomG is
dominating over the ground model. Also, V[d] = V[G]. D can be coded by w* with the transformation
z €w — (2[[1,14 2(0)), z[[1,w)), so D, <p and Ly are Borel, that is, D is Suslin ccc. Moreover, it
is o-centered as witnessed by the Borel sets Dy = {(¢, f) € D / t = s} for s € w<¥.

It is known that C < ID but, by Lemma 1.3.7, D does not add random reals. As By is w“-bounding, it
does not add dominating reals. C does not add dominating reals (see Lemma 3.1.7 and Example 3.2.2).
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1.3.4 [Eventually different real forcing

Eventually different real forcing TE is the poset with conditions in w<* x [w*]<* and ordered by (¢, B) <
(s,A)iff s € t, A C B and V(s ¢)Vrea(t(i) # f(i)). If G is E-generic, the generic real e =
|JdomG is eventually different from the reals in the ground model V, that is, if f € w* NV then
Voo ,(e(i) # f(i)). Here, V[e] = V[G]. By coding IE by reals in w®, it is clear that I, its order and the
incompatibility relation are Borel, so It is Suslin ccc. Moreover, it is a o-centered poset witnessed by the
Borel sets £, = {(t,A) € E / s =t} for s € w=¥.
It is known that C. < I, but IE does not add either random (Lemma 1.3.7) or dominating reals (Lemma
3.2.4). C does not add eventually different reals (Lemma 3.1.7 and Example 3.2.1). Although D and IB
add eventually different reals over the ground model, It is not forcing embeddable into any of them.

1.3.5 Amoeba forcing

Givenareal ¢ € (0, 1), amoeba forcing A is the poset whose conditions are open subsets of 2% that have
Lebesgue measure strictly smaller than J, ordered by O. Equivalently, it is the poset whose conditions
are the closed subsets of 2 with Lebesgue measure strictly bigger than 1 — ¢, ordered by C. Also, we
get equivalent notions by considering just Borel sets in place of open or closed sets. If GG is Ag-generic
(for the poset given by open sets), a = | J G is called amoeba real, it is an open set of measure §. Clearly,
Vl]a] = VIG].

By Theorem 1.1.4, an equivalent poset is obtained if we consider an arbitrary uncountable Polish
space with a continuous probability measure. Also, Truss [Tr88] proved that A5 ~ A for two different
9,8 € (0,1). Therefore, we can denote amoeba forcing by A. It is a o-linked Suslin ccc forcing. To
see this, put A, as the set of subtrees ' C 2<* such that A([T]) > %, ordered by C. In this way, it is
clear that A /5, the order and the incompatibility relation are Borel. To see o-linkedness, for C' C 2
clopen of measure < 3 and n < w such that \(C) + 2 < 1, let Ac,, = {T' C 2<% tree / C N [T] =
gand A(CUIT]) > 1— %} which is a subset of Al/Q, it is Borel (as C can be coded by finitely many
objects in 2<“) and 2-linked. Also, A, /2 is the union of all such A¢ .

A adds a G null set that covers all the Borel null sets coded in the ground model V. To see this,
consider an amoeba real a of measure 5 L and note that every ground model Borel null set is contained in
N ={,cqa+ 2z where Q = {z € 2<% / V22 (2(i) = 0)} and the sum in 2 is the sum by coordinates
of the group Zy. As z + N = N for any z € Q, the measure of NN is either O or 1 but, as N C a, we get
that IV is null. Also, in V[a], 2 . N is an F, set of measure 1 of random reals over V.

1.3.6 Localization forcing

For h € w¥, put S(w, h) = HKw[w]Sh(i), Sp(w, h) =T, w]=" @) and S (w, h) = Un<w Sn(w, h).
We often call the reals in S(w, h) slaloms. If x € w* and ¢ € ([w]<*)%, define the relation x €* v by
V2, (x(i) € ¢(i)), which we read ) localizes x.

If  is non-decreasing and converges to infinity, the localization forcing LOC" at h is the poset given
by the conditions of the form (s, F') where s € S, (w, h) and F' C w is a set of size < h(]|s|), ordered
by (t, F') < (s, F)iff s Ct, F C F' and Vs o ({f(7) / f € F} Ct(3)). If G is LOC"-generic, the
h-localization slalom v = | JdomG € S(w, h) localizes all the reals in w® of the ground model. Also,
VG = VY]

By coding the members of LOC” by reals in w®, it is easy to see that this is a Suslin ccc pose;
in fact, the domain, the order and the incompatibility relations are even Borel. Since the Borel sets
L ={(t,F) e LOC" / t = s, |F| < $h(|s])} for s € S<,(w, h) are 2-linked, it is o-linked.

Truss [Tr88] proved that A < LOC™, so this forcing adds a G5 null set that contains all the Borel null
sets coded in the ground model. Also, C., D and It are embeddable into LOC". But LOC" cannot be
embedded into A.




1.4 Some cardinal invariants of the continuum

We present some classical cardinal invariants of the continuum that are relevant for the main results of
this thesis. For definitions, proofs of all the results of this section and further explanations, see [Bal],
[Bal0] and [B110].

For a set X and an ideal Z C P(X), define the following cardinal numbers.

add(Z), the additivity of Z, which is the least size of a subfamily of Z whose union is not in Z. Note that
this cardinal is regular.

cov(Z), the covering of Z, which is the least size of a subfamily of Z whose union is all of X.
non(Z), the uniformity of Z, which is the least size of a subset of X that is not in Z.

cof(Z), the cofinality of Z, which is the least size of a cofinal subfamily of Z. Recall that 7 C T is
cofinal if, for any A € Z, there exists a C' € F such that A C C.

We are particularly interested in the previous cardinal invariants for the ideals M and N for an
uncountable Polish space. The following result states that these cardinals do not depend on the chosen
uncountable Polish space.

1.4.1 Lemma. Let X, Y be uncountable Polish spaces.
(a) add(M(X)) = add(M(Y")) and likewise for cov, non and cof.

(b) If nand v are o-finite continuous non-zero measures on X andY respectively, then add(N (X, u)) =
add(N (Y, v)) and likewise for cov, non and cof.

Proof. (a) is a direct consequence of Theorem 1.1.3. (b) follows from Theorem 1.1.4 and the fact that,
for any o-finite non-zero measure y on a Polish space X there exists a probability measure ' on X such
that V' (X, u) = N (X, i). O

The cardinal invariants add(\') and cof(N) can be characterized as follows.

1.4.2 Theorem (Bartoszynski characterization [BaJ, Thm. 2.3.9]). Let h € w* that converges to infinity.
Then,

(a) add(N) is the least size of a set Y C w* that cannot be localized by a single slalom in S(w, h).

(b) cof(N) is the least size of a family F C S(w, h) with the property that every real in w* is localized
by some slalom in F.

The following is a well known characterization of covering and uniformity of category.

1.4.3 Theorem ([BaJ, Thm. 2.4.1 and 2.4.7]). (a) non(M) is the least size of a family F C w* such
that, for any x € w®, there is an f € F such that 5% (f(n) = z(n)).

nw

(b) cov(M) is the least size size of a family € C w* such that, for any © € w®, there is ay € & such
that V3., (w(n) # y(n)).

Recall, from the Introduction, the (un)bounding number b and the dominating number 0 in the pre-
order (w*, <*). Recall also Cichon’s diagram in Figure 1, where the vertical lines from bottom to top
and the horizontal lines from left to right represent < provable relations in ZFC. Also, the dotted lines
represent add(M) = min{b, cov(M)} and cof(M) = max{d, non(M)}.

Recall the splitting number s from the Introduction. Given F C [w]“, say that A reaps F if A splits
all the members of F. F is said to be an unreaping family if it is not reaped by any infinite subset of w.
Define v, the (un)reaping number, as least size of an unreaping family. In relation with the cardinals in
Cichon’s diagram, we know that
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1.4.4 Theorem. (a) s is less than or equal to non(M), ® and non(N).

(b) v is greater than or equal to cov(N'), b and cov(M).

A collection F of infinite subsets of w is said to have the finite intersection property (f.i.p.) if the
intersection of finitely many members of F is infinite. Note that, if 7 has the f.i.p., the set of all its finite
intersections form a filter base. Define the following cardinal invariants.

p, the pseudo-intersection number, which is the least size of a filter base (or a family with the f.i.p.) that
does not have a pseudo-intersection.

t, the tower number, which is the least order type of a C*-decreasing sequence that has no pseudo-
intersection.

It is clear that { is an uncountable regular cardinal and that p < t. Moreover,

1.4.5 Theorem. (a) p is regular.

(b) tis less than or equal to add(M) and s.

Recently, it has been proved by Malliaris and Shelah [MS] that actually p = t, which was a long
standing problem about cardinal invariants. Even though important, this result is not necessary for any
of the conclusions of this thesis.

The ultrafilter number u is defined as the least size of a filter base (or a family with the f.i.p.) that
generates an ultrafilter. It is known that

1.4.6 Theorem. v < u.
Recall a, the almost disjointness number, from the Introduction.
1.4.7 Theorem. b < a.

A family G C [w]¥ is groupwise-dense if it is downwards closed under C* and, for every interval
partition (I,)n<., of w, there is an A € [w]“ such that | . 4 I € G. g, the groupwise-density number,
is the least size of a collection of groupwise-dense families whose intersection is empty.

1.4.8 Theorem. t < g <. Also, g is regular.

Figure 1.1 describes the diagram of provable inequalities in ZFC of the cardinal invariants introduced
in this section. Lines from bottom to top represent <. Dotted lines are as in Cichon’s diagram (Figure
1) and the double line represents equality. The diagram is complete in the sense that the inequalities that
are not stated, are consistent with ZFC, with the exception of ¢t < a and u < a that are consistent modulo
a measurable cardinal ([S04], see also [Br07]). Proofs and summaries about most of these consistency
results can be found in [BaJ] and in [B110]. For example, with countable support iteration of proper
forcing techniques, u = a = non(M) = non(N) = N; < g = N3 holds in Miller’s model and
cof(N) = Ny < v = Ry is true in Silver’s model. Also, the consistency of u = 8y < § = Ny is proved in
[BIS87] and the consistency of v < u is proved in [GS90].

Classical models with large continuum constructed with finite support iterations: a,non(M) <
cov(M) is true in Cohen’s model (an extension of a model of CH by C, with A > ¥; regular) and
non(N) = a =10 =Ry < cov(N) is true in the random model (an extension of a model of CH by B
with A > Ry regular). Moreover, if we assume b > 8; in the ground model, non(N) = R; < b holds
in an extension by B. s < add(N') and g < add(\) hold in the amoeba model, that is, an extension of
a model of CH by a fsi of amoeba forcing of length A > N; regular (see [JS88] for the first inequality
and [B189] or Lemma 4.1.1 for the second) and cov(N),s, g < add(M) holds in Hechler’s model (an
extension of a model of CH by a fsi of Hechler forcing of length ). The dual of Hechler’s model (that
is, assume that add(/\') and p are large in the ground model and perform a short iteration using Hechler
forcing) satisfies cof(M) < r,non(N). A long fsi of Mathias forcing with ultrafilters yields a model of
cov(N) < p. A model of g < s is obtained by a matrix iteration construction as in [BIS84], e.g., define
Py, = ((Pag, Qa7§)§<y>a<w1 as in Context 5.1.4 with U = v and v > N; regular (this is a typical
matrix iteration construction for a model of b < s where g = N; because of Lemma 4.1.1).

Brendle [Br02] proved the consistency of X; < cof(N') < a by a template iteration construction.
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cov(N)

Figure 1.1: Diagram of some cardinal invariants

1.5 Gaps

Let B be a Boolean algebra and A, B C B. A is o-directed if, for any countable C C A there is an
a € A such that V.cc(c < a). The pair (A, B) is orthogonal if a Nb = 0 foralla € Aand b € B. If,
additionally, there is no ¢ € B such that V,c 4(a A ¢ = 0) and V(b < ¢), we say that the pair (A4, B) is
a gap. In the case that .4 and B are o-directed, say that (A, B) is a Hausdorff gap. On the other hand, if
one of A and B is countable, say that (A, B) is a Rothberger gap. For ordinals 7, 0, a linear (v, §)-gap is
a gap of the form ({aq }a<~, {bg}s<s) Where both sequences {aq }a<~, {bg}s<s are strictly increasing.
Equivalently, ({aa }a<y, {05} s<s) is a linear gap iff {aq}a<y € B is strictly increasing, {—bs}s<s is
strictly decreasing, a, < —bg forall v < 7y, 8 < 4 and there is no ¢ € B such that a, < ¢ < —bg for all
a <7, 8 < 6. Alinear (v, §)-gap where v = w (or § = w) is called linear Rothberger gap.

In this work, we are mainly interested in Rothberger gaps for quotients of the form P(w)/Z where
7 is an ideal on w. Recall that Fin the ideal of finite subsets of w. Given a pointclass I' on the Cantor
space, an ideal 7 is a I'-ideal if the set of characteristic functions of elements of Z belongs to I'. We can
extend the notions for gaps in P(w)/Z without looking at the equivalence classes modulo Z but just at
subsets of w.

1.5.1 Definition. Let Z be an ideal on w, A, B C w.
(1) The pair (A, B) is orthogonal (with respect to L) iff V 4c AVpeg(AN B € T).
(2) C C w separates (A, B) (with respect to T) iff (A, {C'}) is orthogonal and Vpep(B Cz C).

(3) The pair (A, B) is a gap (on Z) if it is an orthogonal pair and there is no C' C w separating it. When
A (or B) is countable, we say that (A, B) is a Rothberger gap (on I).

Notions like “linear gap” can be extended likewise in this way.

1.5.2 Lemma (Hadamard [H84]). IfZ is an ideal on w and A, B C P(w) are countable, then (A, B) is
nota gap on T.

The following results states also that a (w, b)-gap on Fin can be constructed in ZFC.
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1.5.3 Theorem (Rothberger [Ro41]). There is a linear (w, k)-gap in P(w) /Fin iff there is a well-ordered
unbounded sequence in (w, <*) of length k.

The following is an extension (in one direction) of the previous result to a large class of ideals.

1.5.4 Theorem (Todorcevi¢ [T98]). If L is either an F,-ideal or an analytic P-ideal, then there exists an
embedding 1 : P(w)/Fin — P(w)/Z that preserves all gaps of P(w)/Fin.

Theorems 1.5.3 and 1.5.4 directly imply
1.5.5 Corollary. IfZ is either an F-ideal or an analytic P-ideal, then P(w) /T has a gap of type (w, b).

Recall that, foraset Y, ¢ : P(Y) — [0, +00] is a submeasure on P(Y) if the following conditions
hold.

e p(2)=0.

e o(x) < +oo forany finitez C Y.

e (Monotonicity) A C B C Y implies ¢(A) < ¢(B).

e (Finite subadditivity) p(AU B) < ¢(A) + ¢(B) forall A,BCY.
If Y = w, a submeasure ¢ on P(w) is lower semicontinuous if ¢(x) = lim,,_, o @(x N n).
1.5.6 Theorem. Let 7 be an ideal on w.

(1) Mazur [Ma91]) Z is F, iff there is a lower semicontinuous submeasure @ on P(w) such that T =
Fin(y) :={z Cw / ¢(x) < +o0}.

(2) (Solecki [S096, S099]) Z is an analytic P-ideal iff there is a lower semicontinuous submeasure ©
on P(w) such that T = Exh(¢) := {z C w / lim,0 ¢(x ~ n) = 0}. In particular, all analytic
P-ideals are Fs.

The following result is a well known fact about gaps on analytic P-ideals. We include a proof because
we could not find a reference.

1.5.7 Corollary. IfZ is an analytic P-ideal, then it has no (w, k)-gaps for k < b.

Proof. By Theorem 1.5.6(2), choose a lower semicontinuous submeasure ¢ such that Z = Exh(y). Now,
let (A, B) be an orthogonal pair such that A = {A,, / n < w} is a partition of w (this can be assumed
without loss of generality) and |B| < b. Without loss of generality, we may assume that Z is an ideal on
w x wand A,, = {n} x w. In this notation, for x C w X w, x € Exh(y) iff, for all € > 0 there exists an
F C w X w finite such that o(x \ F') < e. For m < w, we denote by (Ay,)m = {(n, k) € A, / kK < m}.
Foreach 0 < | < wand B € B, let gg;(n) be the minimal m such that ¢((A, N B) \ (An)m) <
1/(1-2™1), which exists because A, N B € Z. As {gp, / B E B, 0 <l < w} has size < b, we can find
g € w” that dominates that set of functions. Put C' := {J,,,(An)4(n)- Clearly, A, N C' = (Ap)gn) €T
for every n < w, so it remains to show that B \. C' € Z forany B € B. Let 0 < [ < w and choose
N < wsuch that gg(n) < g(n) forevery n > N. Let F' := |J,, .y (An) gy ,(n) and note that

@((B\C)\F)S@(U(Ant\( ngn) Zl 2n+1:7’
n<w n<w

where the last inequality holds because of the lower semicontinuity of the submeasure. O

To finish this section, we recall the notion of tallness. An ideal Z on w is fall if, for any Y € [w]¥,
Z1Y contains an infinite subset of w. Also, say that Z is somewhere tall if there is some Z-positive Y’
such that ZTY is tall (with respect to Y). Z is nowhere tall if it is not somewhere tall.
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CHAPTER 2
ITERATIONS ALONG A TEMPLATE

The theory of iterations along templates was introduced for the first time by Shelah [S04], originally
developed to prove the consistency, with ZFC, of 0 < a, which was one long-standing open problem
about inequalities between classical cardinal invariants. As this theory is an extension of the construction
of iterations with finite support, it turns out to be useful to solve problems related to models with large
continuum. A very interesting insight about template iterations has been done by Brendle in [Br02],
[Br05] and [Br03], in particular, the latter contains the consistency, with ZFC, of Xy < 0 < a where a
has countable cofinality.

Originally, the theory about templates was introduced for iterations with Suslin ccc posets. Later, the
author found a way to expand this theory to iterations where non-definable posets are allowed [Me]. The
main purpose in this chapter is to introduce the theory of iterations along templates with non-definable
posets and also prove some general results about this type of iterations.

This chapter is organized as follows. In Section 2.1 we present correctness, which is a fundamental
concept about forcing, introduced by Brendle, that is very useful to construct iterations that extend fsi,
like shattered iterations [Br-1, Br-2] and template iterations [Br05]. Section 2.2 is about the relationship
between Suslin ccc and correctness, which is essential to identify which definable ccc posets can be used
in a template iteration. Templates, which are the supports where a template iteration grounds, are defined
in Section 2.3 with some examples. Finally, we explain the construction of an iteration along a template
for non-definable posets in Section 2.4 and also prove general results about ccc-ness and embeddability.

2.1 Correctness

The concept of correctness is originally developed for complete Boolean algebras [Br-1, Br-2, Br05], but
notions and results can be translated in terms of posets in general. In this section, we present correctness
for posets.

For this section, fix M C N transitive models of ZFC. Recall the four-element lattice 14 :=
{A,0,1,V} where V is the largest element, A is the least element and 0, 1 are in between.

2.1.1 Definition (Correct system of embeddings). Let IP; be a poset for each i € I, and lete; ; : IP; — PP
be complete embeddings for ¢ < j in I4 such that eg\ o ex o = €1,y 0 ex 1. This system of embeddings
is correct if, for each p € Py and ¢ € Py, if both have compatible reductions in P, then eg v (p) and
e1,v(q) are compatible in IP,. An equivalent statement is that, for each p € P and for every reduction
r € P of p, ex1(r) is a reduction of eg v (p). When the embeddings are not stated, we assume that they
are the identity functions.

There is a restrictive version of this notion. For the model M, if P, Pg,ex 0 € M and en 1, €g, are
just complete embeddings with respect to M, say that the system of embeddings is correct with respect to
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M if, for any p € P, and ¢ € Py, if p is a reduction of ¢ with respect to e, ¢, then e, 1(p) is a reduction
of eg v (g) with respect to e; . When the embeddings are understood, we say that (P, Py, Py, Py) isa
correct system (with respect to M).

The results of this section are applications of this notion to two-step iterations, quotients and direct
limits of posets.

2.1.2 Lemma. Let P € M, P’ € N posets such that P <,; P’ IfQ € M is a P-name of a poset,
Q' € N a P’-name of a poset and I’ forces (with respect to N) that Q < e Q', then P x Q <3y P’ + Q.
Also, (P, P Q,P", P x Q') is a correct system with respect to M.

Proof. First prove that, if (pg, do), (p1,¢1) € IP * Q are compatible in I’ % )/, then they are also com-
patible in P % Q. Let (p/,¢') € P’ x Q' be a common extension. Find A € M a maximal antichain
in P contained in {p € P / p < pg,p1orpy L porp; L p}. As A is also maximal antichain in PP/,
there exists a po € A compatible with p’. ps is a common extension of pg, p; because p’ is a common
extension of pg, p1. Also, ps cannot force, with respect to IP and M, that g L ¢; because p’ forces their
compatibility with respect to I’ and N. Therefore, there exists p < p2 that forces o, ¢1 compatible.

Now, let {(pa,¢a) / @ < §} € M a maximal antichain of IP x s Q. We claim first that P forces that
{4o / Pa € G, < &} is a maximal antichain in Q, where G' is a P-name of the generic subset. Indeed,
let p € P be arbitrary and ¢ be a IP-name for a condition in Q, For some o < 6, there exists a common
extension (r 3) of (p,q4), (Pasda), so 1 forces that p, € G and that ¢, $ are compatible.

Let (p/,¢) € P/ Q. Clearly, p' forces (with respect to Q, N) that {¢s / pa € H,a < d}isa
maximal antlcham in ', where H is the IP’-name of its generic subset. Hence, there are & < § and
p" < p/ in P’ that forces p, € H and ¢/ compatible with ¢,. Therefore, (p/, ') is compatible with

(paa Qa) D
2.1.3 Lemma. Ler (P, Q, P, Q') be a correct system. Then, P’ forces that Q /P <y» Q' /TP

Proof. Correctness implies directly that IFpr Q/P C Q'/IP’. We prove first that IP’ forces that any pair
of incompatible conditions in Q/IP are incompatible in Q'/PP’. Let p’ € P/, qo,¢q1 € Q and ¢’ € Q' be
such that p’ IFp/ “qo,q1 € Q/P, ¢ € Q'/P" and ¢ < qo,¢q1”. We need to find a p” < p’ in P’ which
forces that gg and ¢ are compatible in Q/P. As p’ I-p/ ¢ € Q' /P, p’ is a reduction of ¢’. Find p € P
and ¢ € Q such that ¢ < qo, q1, p is a reduction of ¢, p is a reduction of p’ and ¢ is a reduction of ¢’.
Indeed, choose py € P a reduction of p’. Then, as py is also a reduction of ¢, there exists a ¢ € Q' such
that ¢” < ¢, po. Then, we can find ¢ € Q a reduction of ¢” such that ¢ < qo, g1, po. Now, find p < pg
in IP such that it is a reduction of ¢. Clearly, p and ¢ are as desired. Now, p IFp ¢ € Q/P and, as it is a
reduction of p/, find p” € P’ such that p” < p,p’. Thus, p” IFp/ “q € Q/P” and q < qo, q1-

Now, let A be a P-name for a maximal antichain in Q/P. Given p' € P’ and ¢’ € Q' such that
P IFpr ¢ € Q' /P, we need to find p” < p in P’ and ¢ € Q such that p forces that ¢ € A and that it is
compatible with ¢’ in Q' /IP’. Clearly, p’ is a reduction of ¢/, so there exists ¢” € Q' that extends both p’
and ¢. Now, let ¢; € Q be a reduction of ¢. Hence, as A is the P-name of a maximal antichain in Q /P,
there exist ¢, g3 € Q and p € PP such that g3 < ¢, g2 and p is a reduction of g3 that forces g € A. Find
qs € Q such that ¢4 < p, q3. As q4 < o, there exists ¢/ € @ extending ¢’ and ¢4. Now, let p” € P’ be
a reduction of ¢"” such that p” < p,p’. Thus, p” forces that ¢ € A, ¢""" € Q' /P’ and ¢ < q, ¢ O

2.14 Corollary. Let (P, Q,P', Q") and (Q,R,Q',R’) be correct systems. Then, P’ forces that the
system (Q/P,R/P, Q' /P, R! /P') is correct with respect to V¥

Proof. By Lemma 2.1.3 we only need to prove correctness (to get, e.g., IFp Q/P < R/P, note that
(IP,Q, P, R) is a correct system). In V', we know that R/P ~ (Q/P)*(R/Q) and R’ /P’ ~ (Q' /')
(R'/Q') by Corollary 1.2.5. As Q/P <y» Q'/P' and Q' /P’ forces that R/Q <, R'/Q’ by Lemma
2.1.3, we get the correctness we are looking for from Lemma 2.1.2. O

2.1.5 Lemma (Embeddability of direct limits [Br-1], see also [Br05, Lemma 1.2]). Let I € M be a
directed set, (P;);c;r € M and (Q;);cr € N directed systems of posets such that
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(i) foreachi € I, P; <5 Q; and
(ii) whenever i < j, (P;,P;, Q;, Q;) is a correct system with respect to M

Then, P := limdir;c;P; is a complete suborder of Q := limdir;c;Q; with respect to M and, for any
iel, (P;,IP,Q;, Q) is a correct system with respect to M.

Proof. Let A € M be a maximal antichain of IP. Let ¢ € Q, so there is some ¢ € [ such that ¢ € Q.
Work within M. Enumerate A := {p,, / a < 0} for some ordinal ¢ and, for each o < 6, choose j, > i
in I such that p, € P;,. Now, if p € IP;, there is some o < 0 such that p is compatible with p, in P;_,
so there exists p’ < p which is a reduction of p,, with respect to IP;, P;_.

The previous density argument implies, in IV, that ¢ is compatible with some p € IP; which is a
reduction of p, for some o < 4. By (2), p is a reduction of p, with respect to Q;, Q;,,, which implies
that ¢ is compatible with p,,. O

2.1.6 Lemma. Let (IP;);cs be a directed system of posets, P its direct limit. Assume that Q is a complete
suborder of P; for all i € I. Then, Q forces that P/Q = limdir;c;P;/Q.

Proof. Fori € I,as (Q,P;, Q,P) is a correct system, by Lemma 2.1.3 Q forces that IP; /Q is a complete
suborder of IP/Q. It is easy to see that Q forces that P/Q = J,.; Pi/Q. O

2.2 More on Suslin ccc posets

All the material presented in this section is due to Brendle [Br-2, Br-1] (see also [Br05]).
2.2.1 Definition ([Br05]). Let $ be a Suslin ccc poset.

(D) S is correctness p(eserving if, given a correct system (P, Pg, Py, IP\/), the system (PA * S/\, Py *
S0, Py * 51, Py % 5y) (with the obvious embeddings) is also correct, where each $; is a IP;-name for

S.

(2) S is Suslin o-linked if there exists a sequence {.S, } <., of 2-linked subsets of $ such that the state-
ment “z € S,,” is 1. Here, note that the statement “S,, is 2-linked” is TT}.

(3) S is Suslin o-centered if there exists a sequence {5y, }n<. Of centered subsets of $ such that the
statement “z € S,,” is 31. Here, note that the statement “S,, is centered” is TI3, this because the
statement “py, . . . , p; have a common extension in $” is 2%.

According to the rules of the construction of template iterations, the Suslin ccc posets that are cor-
rectness preserving are the definable posets that can be used in such an iteration. The concepts of Suslin
o-linked and Suslin o-centered are useful to get ccc forcings from template iterations (see Section 2.4).
We prove that the examples of Suslin ccc posets presented in Section 1.3 are correctness preserving.
Nevertheless, it is not known an example of a Suslin ccc notion that is not correctness preserving.

2.2.2 Conjecture (Brendle). Every Suslin ccc notion is correctness preserving.

It is easy to note that B, A and LOC” are Suslin o-linked, while C, D and I are Suslin o-centered.
For these posets, the statement “pg, . . ., p; have a common extension” is Borel. Then, “S is centered” is
IT: for any X subset S of such a poset.

2.2.3 Lemma. C is correctness preserving.

Proof. Clear, because P « C ~ P x C. O

2.2.4 Lemma. Let P be a complete suborder of the poset P'. Let Q' be a P'-name of a poset and Q a
P-name of a poset such that lFpr Q <yv Q. If (p,¢) € P« Q, (¢, ') € P’ « Q, p is a reduction of p'
and p' |k ¢ || ¢, then there exists a P-name {o of a condition in Q such that p forces, in P, that ¢y < ¢
and that, for any r € Q extending g there exists a py < p' in P’ /P such that p, Fprp 7| ¢
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Proof. Let G be P-generic over V with p € P. Work in V[G]. Let A be an antichain contained in
D:={reQ/r<gqandp IFpp r L ¢} which is maximal in D. Note that A is not a maximal
antichain below ¢ because, if so, p’ IFp/ P gL ¢'. Therefore, there exists a g < ¢ in Q that is
incompatible with all the members of A. Thus, any r < gq is not in D, so there is a p; < p’ in P’'/IP
such that py IFpr/p 7 || ¢'. O

2.2.5 Lemma ([Br-2]). B is correctness-preserving.

Proof. Let (P, Py, P1,Py) be a correct system as in the notation of Definition 2.1.1. Without loss of
generality, assume that the embeddings are the identity functions. For ¢ € 4, let IB; be a IP;-name for
random forcmg To prove that (P * IBA, Py * IBO, Py« IBI, Py ]BV) is correct, it is enough to show
that, if (po, bo) € Py * IBO and (p1, b1) € Py x IB1 have a common reduction in P * IBA, then they
can be extended to conditions (o, ¢9) and (g1, ¢1), respectively, such that g; I= A(¢; N éx) > 2A(¢a)
for ¢ = 0,1 where X is the Lebesgue measure for 2“, ¢, is a IP ,-name for a condition in B A and qg, q1
have a common reduction in IP . This is so because qg, ¢; will be compatible in P\, by correctness and
¢y = €g N €1 N ¢ is forced to be, by any common extension of gg and gy, a condition in ]BV of measure
> (¢

Let (p,b) be a common reduction in P, B, of (po, bo) and (p1, by). Let (p},b}) € Py B be a
common extension of (p, b) and (p1, b1), so p), forces that b, C b N by. Choose p’ < p a reduction of
inPx.

2.2.6 Claim. There is a P A-name bA of a condition in IBA such that p’ forces in P 5 that bA - b and that,
for any ¢ € B, extending by, there is a condition q < p} inPy /P, such that q IFp, /P A )\(b1 Ne) > 0.

Proof. Direct consequence of Lemma 2.2.4. O

As (p,bp) is a reduction of (po, by), there is a common extension (p), c'g) € Pg * Bo. Then, p)) IF
¢éo C ba. By the Lebesgue dens1ty Theorem 1.1.5, find s € 2<% and p{j <p, pj, that forces A(¢o N [s]) >
3X([s]). Put b’/( = bp N [s], so pi I /\(co L) > 3ADL).

Let p” < p’ be a reduction of p{j in Px.

2.2.7 Claim. There are P -names {¢" } <., for conditions in B, and {7} }n>w of conditions in Py /P 5
such that p” forces that {¢"}n<w is @ maximal antichain below b’ and, for each n < w, pt < p) and
forces, in Py /P, that \(V, N ¢™) > > 3A(E).

Proof. Let G be a IP\-generic over with p” € G. Work in V[G]. Let ¢ C b/ in B arbitrary. By Claim
2.2.6, there is a ¢ < p/, that forces, in Py /PP, A(J}, N ¢) > 0. As in the paragraph preceding the claim,
use the Lebesgue density theorem to get ¢ C ¢ and ¢ < ¢ that forces, in Py /IPx, A(B} N ¢) > SN(d).
As cis arbitrary, there exists {c" },, <., maximal antichain below &’ such that, for any n < w, there exists
apt < p| that forces, in Py /Px, A(B}, N ") > SA(c™). O

Note that there is an n < w and a common extension gy € P of p” and Py such that g IF A(¢o N
¢y > %)\(c'”). If it were not the case, then any common extension of p” and p{ in Py would force
A(éoMé™) < 3M(é™) for all n < w, but this implies that A(¢o N b)) < i/\(b’/’\), which is false because py)
forces the contrary. Put ¢y = ¢".

Let ¢ < p” be a reduction of gy in P5. As ¢ forces that p} < pf is in P1 /PP, there exists a ¢ < p}
in Py and gn < ¢ in P, such that gr IF ¢} = p} € P1/P,, so gn is a reduction of ¢}. Let ¢1 € Py
be a common extension of g, and ¢}, so Claim 2.2.7 implies that any reduction of ¢; in P, forces that
@1 IFp, e, A(B) Nén) > 3A(¢n). Therefore, by Lemma 1.2.2, g1 IFp, A(B) N én) > 2A(¢n). Put
¢ = b’1 Note also that any reduction of ¢; in IP is also a reduction of ¢g, so the proof is complete. [

2.2.8 Lemma ([Br-1], see also [Br05, Lemma 1.3]). ID is correctness preserving.
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Proof. Let (P, Po, Py, Py) be a correct system. Assume (po, (so, fo)) € Py Dy and (p1, (s1, f1)) €
Py x ]D‘l with a common reduction in IP5 * D,. Show that they are compatible in P\, * ID\,. Consider
(p, (s, f)) € PA * DA such a common reduction with |s| > |sq].

2.2.9 Claim. s; C s and, fqr any t O sinw<Y, if ¢ < p forces, in P, that th| < t, then there is a
Py < p1,qin Py that forces fi]|t| < t.

As (p, (s, f)) is a reduction of (po, (s0, fo)) € Po * Do, let (p), (sh, f5)) € P * Dy be a common
extension, so s C s;. Let (p/, (¢, f')) < (p, (s, f)) be a reduction of (pj, (sg, f§)) in Pp * Dy with
|so] < |tl, so s, C t. By the claim, there is a p} < py,p in Py that forces fi[[|t| < t. As any reduction
of p in P4 is a reduction of pj, by correctness we get that py, pj are compatible in . Note that any
common extension of p{, and p} in P\, forces that (s, f()) and (s1, f1) are compatible. O]

2.2.10 Lemma. I is correctness preserving.

Proof. Imitate the proof of Lemma 2.2.8 and just replace f[|t| < t by Vie[s),|t) Voep(7(3) # (7)) and
fillt] < by Vig(sy |, Vae i, (2(2) # t(3)) O

2.2.11 Lemma. For h € w* non-decreasing that converges to infinite, LOC" is correctess preserving.

Proof. Same idea of the proof of Lemma 2.2.8. O

2.3 Templates

We introduce Shelah’s notion of a template (in a simpler way than in the original work [S04]), which

represents the index set of a forcing iteration as defined in Section 2.4. Except for Lemmas 2.3.8 and

2.3.11, all definitions and results are, in essence, due to Shelah [S04], but for proofs we refer to [Br02].
For a linear order L := (L,<p) and z € L,denote L, := {z € L / z < z}.

2.3.1 Definition (Indexed template). An indexed template is a pair (L,T := (I,),cr) such that L is a
linear order, Z,, C (L) forall z € L and

(1) @ €1,

(2) Z, is closed under finite unions and intersections,
(3) if z < « then there is some A € Z, such that z € A.
4 I, CZyifx <y,and

(5) T := Uyer Ze U {L} is well-founded with the subset relation. Let Dpy : Z — On be the rank
function for this relation.

L is meant to be the index set of an iteration as in Section 2.4, which can be constructed thanks to
the well-foundedness of Z. Note that properties (2) and (4) imply that Z is closed under finite unions and
intersections.

If AC Landz € L, define Z,|A := {ANX /X €T,} the trace of T, on A. Put L[ A :=
(Zo 1 A)pca and ZTA = |J,cnZo T AU {A}. Although the notation Z [ A has a different meaning
when 7 is an ideal, we change its meaning only in the context of templates (note that it may be that
TIAC{ANX /X €T}). For Z C Asuchthat Z = AN X forsome X € Z, let X; = X7  be aset
in Z of minimal rank such that Z = AN X .

232 Lemma. (A, Z[A := (I, A)zc4) is an indexed template. Moreover, J := {ANX / X € T} is
well founded and Dp ;(AN X) < Dpz(X) forall X € T.
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Proof. Firstnote that, for Z, 7' € J,7Z C Z'iff X; C Xz . Indeed, if Z C Z’',then AN (Xz;NXyz) =
Z and Xz N Xz € I. Therefore, by minimality of Xz, Xz N Xz = X .

The previous argument implies that 7 is well-founded, moreover, Dp 7(Z) < Dpz(Xz) for all
ZeJ. fZ=AnXfor X € Z, then Dp ;(Z) < Dpz(Xz) < Dpz(X) because of the minimality of
Xz. O

Also note that, if X € A C L, then (Z,[A)[|X = Z,[X forany 2z € L, (Z|A)[]X = Z]X and
(ZTA)IX =I1X. ) )

In view of the previous lemma, for a template (L, Z) define YZ : P(L) — ON such that TZ(X) =
Dpz, x (X). Although this is not a rank function (that is, increasing with respect to C), it can be used to

define an iteration along the template (L, Z) by recursion on YZ(X), this to have directly that such an
iteration can be restricted to any subset of L. When the template is understood, we just denote Y := Y.

2.3.3 Lemma. Fix A C L. Y := YT has the following properties.
(a) IfY € TIA, then Y(Y') < Dpzy4(Y).
(b) If X C Athen Y(X) < YT(A).
(c) Letx € A IfY € T,]Athen Y(Y) < T(A).
Also, YTI4 = TP (A).
Proof. For X C A,put Jx :={XNZ /Z e IlA}.
(@) YY) <Dpg (Y)=Dpy (YNY) < Dprya(Y) by Lemma 2.3.2.
(b) By Lemma 2.3.2, Y(X) < Dp, (AN X) < Dpz4(A).
(¢) By (@), T(Y) < Dpzi4(Y) < Dpzja(4).
O

For x € L, define Z, :== {B C L, / B € Z,|(B U {z})}. This family is important at the time of the
construction of an iteration because the generic object added at stage  is generic over all the intermediate
extensions that come from any support in 7, (see the comment after Theorem 2.4.1). Note that B € 7,
if and only if B C H for some H € Z,. Also, (1), (2) and (3) imply that any finite subset of L, is in Z,.

2.3.4 Example. (1) Given a linear order L, Z,, = [L,]<“ for x € L form an indexed template on L.
Note that Z,, = 7, and, for X C L,

| X| if X is finite,
w otherwise.

T(X) = {

(2) (Template for a fsi) Let 0 be an ordinal number. Then, Z, := a+ 1 = {£ / £ < a} for o < § form
an indexed template on §. This is the template structure that corresponds to a fsi of length §. Note
that 7, = P(«) and, for X C §, T(X) is the order type of X.

2.3.5 Definition (Innocuous extension). Let (L, Z) be an indexed template and # an uncountable cardinal.
(I) An indexed template (L, 7) is a 6-innocuous extension of (L, T) if

(1) foreveryz € L,Z, C J,, and
(2) forany x € L, A € J, and X C A of size < 0, there exists a C' € 7, containing X.

If in (2) we can even find C C A, say that (L, J) is a strongly 0-innocuous extension of (L, T).

(I) Let (L',7") be an indexed template such that L' is a linear order extending L. (L’ JI') is a
(strongly) 0-innocuous extension of (L,T) if
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(1) forevery xz € L, Z)|L C 7! and
(2) (L,T'IL) is a (strongly) #-innocuous extension of (L, Z).

The main point of this definition is that, when two iterations are defined along templates where one is
an innocuous extension of the other and where some “coherence” is ensured in the construction of both
iterations, we can get complete embeddability or equivalence between the resulting posets. The results
that express this are Corollary 2.4.8 and Lemma 2.4.9.

2.3.6 Lemma ([Br02, Lemma 1.3] Adding small sets to a template). Let (L,Z) be an indexed template,
Lo C L. Forz € L, define J, := {AU (BN Ly) /A BETI.}. Then, (L,J) is an indexed template
which is a 0-innocuous extension of (L, T) and a strongly §-innocuous extension of (Lo, I|Lo) for any
0. Moreover, j[Lg = f[Lo.

Proof. According to the notation in Definition 2.3.1(5), 7 C {AU (BN Ly) / A, B € I}, so we prove
that the set in the right hand side is well-founded. Let {C}, },,<., be a C-decreasing sequence where, for
any n < w, C, = A, U(B,, N Ly) for some A,,, B,, € Z. Without loss of generality, we may assume that
A, € By, s0 {B, N Lo}n<. is a C-decreasing sequence. On the other hand, with D,, = (,.,, 4; € Z,
{Dy } n<w is C-decreasing. Then, by Lemma 2.3.2, there is an N < w such that B, N Ly = BnNLgand
Dy C A, forany n > N. This implies A,, \ Ly = Ay \ Lo, s0 C,, = (A, ~\ Lo) U (B, N Ly) = Ch.

It is clear that J,[Lg = Z,[Lo C J, for any z € L. Also note that any member of 7, is contained
in a member of Z,.. This facts imply directly the claims about innocuity. O

Fix a measurable cardinal x with a non-principal x-complete ultrafilter D and let (L, Z) be an indexed
template. Put L* := L /D, which is a linear order. For = (z4)q<x/D € L*, let I be the family of
sets of the form A := [{Aq }a<k] = [Toc, Aa/D where {Aq }a<x is a sequence of subsets of L such that
Ay € I, for D-many «. Identifying the members of L with constant functions in L*, L* extends the
linear order L and Z, C Z/, := Z*| L forall z € L. For & € L*,let ZL = {AU (BNL) / A, B € I%}.
Notice that 7, = ZI]L C ) for all & € L*.

2.3.7 Lemma ([Br02, Lemma 2.1] Ultrapowers of templates). (a) (L*,Z*) is an indexed template.
(b) (L,T') is an indexed template which is a strongly k-innocuous extension of (L, T).

(c) (L*,I7) is an indexed template which is a 0-innocuous extension of (L*,I*) and a strongly 6-
innocuous extension of (L,T') for any 0.

(d) (L*,I') is a strongly k-innocuous extension of (L, T).

Proof. (a) Note that ¥ = {A / A, € Z for D many a}. We show that this family is well founded.
Let {fln}n<w be a C-decreasing sequence of sets in that family. For n < w, let D,, = {a <
K/ Ant1,a € Analt, which is in D. By s-completeness of D, (), Dn € D, so {Ay a}fn<w is
C-decreasing for D-many «. Again, by x-completeness, there is an N < w such that, for D-many
@, V>N (Ana = ANn.o). Therefore, A, = Ay forn > N.

(b) Lemma 2.3.2 and item (a) imply that (L,Z’) is an indexed template. To see strong innocuity, let
rel,Z EI; and X C Z of size < k. Then,Z:LﬂflwhereAEI;Fory € X,asy € Z, the
set Dy = {a < k /[y € Ay} isin D. By r-completeness, D = (), x Dy € D. Now, consider the
family 7 = {(,cp Aa / F € [D]<¥} C I,. As I, is well-founded, there is a C-minimal C' € F,
that is, C C A, for all o« € D. Therefore, ﬂaeD Ay=C€Z,. Clearly, X CC C Z.

(c) Consequence of Lemma 2.3.6.

(d) Immediate from (b).
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Typically, given a poset IP that comes from an iteration along the template (L, ), its ultrapower is
(forcing equivalent to) an iteration along (L*,Z*). Also, Z' is very close to Z*, so there is an iteration
along (L*,Z1) that gives a poset which is forcing equivalent to the ultrapower of IP. This procedure is
used for the inductive step of the construction of the chain of template iterations of the proof of Theorem
4.3.1. The use of ZT, though it is used like Z* to define the same iteration for IP* /D, is preferred in order
to ease the construction of the template in the limit step.

2.3.8 Lemma. Fix 0 < r an infinite cardinal. Assume that |Z]X| < 0, for all X € [L]<Y. Then, for
every X € [L*]<9, |T11X]| < 0.
Proof. Let X = {2¢ /¢ < v} for some v < 0. For a < £ let X, := {xg/§< 1/}. Then, X =

[{Xa}a<r), soany Z € ZT[ X comes from two objects of the form Y = [{Y, }a<y] Where Y, € T1X,,
for D-many «. But, as § < x and each |Z]X,| < 0, there exists v/ < 6 such that |Z[X,| = v/ for
D-many . Therefore, |ZT1X| < (V)% < 6. O

Now we deal with the context of the construction of a “limit” of templates, which is relevant for the
construction of the templates corresponding to the limit step in the proof of Theorem 4.3.1.

2.3.9 Lemma ([Br02, Lemma 1.4] Adding large sets to a template). Let (L,Z) be an indexed template
and p an ordinal such that

(i) uw C Lis cofinal in L and
(ii) forx € L and a < p such that o < x, if A € T, then L, N A € I,.
Forx € Lput 7, =T, U{AU Ly /o <, a <z and A € T,}. Then, (L, J) is an indexed template.

Proof. For notational purposes, consider L_; = @. Note that 7 = {AULy, /A€ Zanda € [—1,p)}.
Let { By, }n<w be a C-decreasing sequence in 7, where B,, = A, U L, for some A,, € Z and «,, €
[—1, ). Let an be the minimal of {c,, / 7 < w}, so we may assume N = 0 and also that By # L. Note

that By, = (Vcp B = Lag U C where Cy, = U{Npen Xi % / f € 2771, £(0) = 0} with X0 = Ay,
and X! = L,,. Note that {C,},<. is a decreasing sequence in Z, so there is an ny < w such that
Cy, = Cp, forall n > ng, so also B, = By,. ]

Fix an uncountable cardinal § and consider a chain of indexed templates {(LO‘, 7o) }a < such that,

for a < 8 < 4, (LP,IP) is a strongly #-innocuous extension of (L%, Z®). Moreover, assume that there
is an ordinal  C LY such that, for all o < §,

(i) p is cofinal in L and
(i) Lg € Z¢ forall £ € p.

Define L = |J,_; L and, for z € L°, let I, := Uaelan.0)
x € L%, Also, put 7 ::IxU{LgUA/é cu,{<zand A€}

T where a is the least o such that

2.3.10 Lemma ([Br02, Lemma 1.8] Chains of templates). (a) (L°,T) is an indexed template which is a
strongly 0-innocuous extension of (L, %) for all o < 6.

(b) (L%, ) is an indexed template which is a strongly 0-innocuous extension of (L Lfa>f0r all a < 4.
Moreover, if cf(5) > 0, then (L°, J) is a strongly 0-innocuous extension of (L°, ).

Proof. (a) Assume, by the contrary, that { B, }, <., is an strictly C-decreasing sequence in 7°. Choose
{an tn<w C 0 increasing such that B,, € 7%, so B,, € Z%"[L*. Choose x,, € By, \ Bj+1 and
put X,, = {z,, / m > n}. As X,, C B, is countable, by strong innocuity find C,, € Z*° such that
X, € C, C By. Put D, =(),,, Ci € I%. Note that, x,, € Dy, \ Dy41, 50 { Dy, }r<y 18 strictly
C-decreasing in the well-founded Z0, a contradiction.
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(b) Consequence of Lemma 2.3.9. Strong innocuity is easy to prove.

O

Note that properties (i) and (ii) also hold for the template <L5 J ), but (ii) may not hold for (L 5 >
Although, in many cases, both templates lead to equivalent template iteration constructions when cf( ) >
0, J is preferred over T because of property (ii).

As Lemma 2.3.8, the following result states that, in the resulting template, it is preserved the property
of having small templates when restricting to a small set.

2.3.11 Lemma. Assume that v < 0 is a regular cardinal and that, for each o« < 6 and X € [L*]<¥
IZX| < v. Then, |I1X| < v and |J|X| < v for any X € [L]<.

Proof. If cf(0) < v, choose an increasing cofinal sequence {047,}77 ~cf(s) for 0 and note that (Z1X)~
{X} C Un<cf T (X N L) for any X C L°, so it has size < v when X does. In the case that
cf(6) > v, if X € [LO]<¥, there exists an a < & such that X C L®. We claim that Z| X = Z¢[X. If

Z ellX,thenZ =X € Z%X or Z = X N H for some H EIgwithﬁ € pand a < f < 4. As
|Z| < v, by strong f-innocuity, we can finda C' € ¢ such that Z C C C H,s0 Z = C' N X € I%|X.

For the case of 7, note that {Lng/gg u} has size < | X]|. As, for any X C L, J1X =1)
XU {(LgﬂX) UZ /&< pand Z € Z[X}, then it has size < v when X does. O

2.4 Template iterations

We present the theory of template iterations for non-definable posets. Although this approach is general,
the proofs of the criteria of construction of the iterations and ccc-ness are not different from those in
[Br05], actually, our presentation is based on this reference. With some generality, we can say that the
original version of template iterations with definable forcing (in [S04]) corresponds to Example 2.4.3
with Lo = @

The original idea of a construction of an iteration along a template (L, Z) is to define, by recursion
on A € Z, the poset IP[ A that represents the iteration defined on the support A. Later, as (Z, Z]Z) is also
a template for any Z C L, P[Z, the iteration defined on the support Z, can also be defined. However,
in this dissertation, we use the function YZ (defined in Section 2.3) to prove that we can directly define
PIZ forall Z C L.

Like a finite support iteration, we consider names of posets with which we force at a stage x € L,
but for this we also need a support, say, if B € L., Qf is a P[ B-name of a poset (given by reals) that
we use to get P[(BU {z}) ~ P[B x Qf As these names for posets depend on some support, we need
some additional properties to get a well defined iteration. All these conditions and properties for this
construction are explained in the following result.

2.4.1 Theorem (Iteration along a template). Given a template (L, T), a partial order P| A can be defined
by recursion on o = Y (A) for all A C L, this with the following conditions and properties.

(1) Forz € Land B € 1,, Qf is a IP | B-name of a poset given by reals. The following conditions
should hold.

(i) If E C B and P|E is a complete suborder of P|B, then I-pp QE <yPiE Qf

(i) IfE € I, P|{(BNE)isa complete suborder of both P|B and P|E, and q is a P[(BNE)-name
for a real such that \Fp g ¢ € Q and \Fpi ¢ € Qx, then IFp(BnE) 4 € QBHE

(iii) If B',D C Band (P[(B'ND),P[B,P[D,P[B) is a correct system, then the system
(PI(B'N D)« QE'P PIB « QF ,PID « QP,PIB % QF) is correct.

(2) The partial order P A is defined as:
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(i) Pl A consists of all finite partial functions p with domain contained in A such that p = & or, if
Ip| > 0 and © = max(domp), then there exists a B € T, [A such that p|L, € P|B and p(x) is
a P B-name for a condition in Qf

(ii) The ordering on PTA is given by: q <, p if domp C domgq and either p = & or, when p # 0
and x = max(domg), there is a B € T, | A such that q| L, € P|B and, either x ¢ domp,
p € PIBand q|L, <p p, orxz € domp, p[L, € P|B, q|L, <p p|L, and p(x),q(x) are
P B-names for conditions in QP such that q|L, lFpig q(z) < p(x).

Within this recursion, the following properties are proved.

(a) If p € PIA, x € A and max(domp) < z, then there exists a B € T, A such that p € P|B.
(b) For D C A, PID C P[A and, for p,q € PID, q <p piff ¢ <a p.

(c) PJA is a poset.

(d) P[A is obtained from some posets of the form P|B with B C A in the following way:

(i) If © = max(A) exists and Ay := AN L, € Z,, then PIA = PJA, * Qf’c
(ii) If © = max(A) but A, ¢ I, then P | A is the direct limit of the P | B where B C A and
BN L, € I, [A.

(iii) If A does not have a maximum element, then IP[ A is the direct limit of the P[B where B € T,[A
for some x € A (in the case A = @, it is clear that P[A = 1).

(e) If D C A, then P|D is a complete suborder of P[A.
(f) If D C LthenP{(AND)=PIANP|D.
(¢) If D, A" C Athen (P|(A' N D),PIA",P|D,PA) is a correct system.

Proof. By just changing certain notation, the proof follows the same lines as [Br05, Thm. 2.2]. Note
that Lemma 2.3.3 guaranties that the definition in (2) can be done recursively by the function Y.

(a) Denote z := max(domp). By (2)(i), there is an ' € Z,[ A such that p[L, € P|F and p(z) is a
P | E-name for a condition in QZE . By Definition 2.3.1 and Lemma 2.3.2, there is some B € 7, A
such that z € B. Without loss of generality, we may assume that & € 7,B (as £ = AN H and
B=AnNH'forsome H € Z, and H' € Z,, just redefine B as AN (H U H')). Thus, p € P|B.

(b) Let p € P[D and assume that p # &, so let x = max(domp). By (2), there is an E € Z, | D such
that p[L, € P[E and p(z) is a P[ E-name for a condition in Qf . Also, there exists an H € 7, such
that E = DNH. PutB:= ANH € Z,J]A. AsE C Band T(B) < T(A) (see Lemma 2.3.3),
by induction hypothesis and (e), we have that IP[E' is a complete suborder of P[B, so p[L, € P|B.
Moreover, by (1)(i), p(x) is a P[B-name for a condition in Qf, sop € PJA.

Now, fix p,q € P[D. Assume that ¢ <p p and x = max(domp) = max(domg). By (2)(ii), there
exists an £ € Z,[D such that p[L,,q[L, € P[E, q[L; <p p|Ly, p(z) and g(x) are IP| E-names
for conditions in Qf such that ¢[ L, IFpig ¢(z) <qr p(z). Also, there is an H € Z, such that
E =DnNH. Put B= AN H so, by induction hypothesis, ¢ [ L, <p p| L, p(z) and g(x) are
IP | B-names for conditions in Q7 and ¢ L, IFpis q(x) <qB p(z). Clearly, ¢ <4 p. The case
max(domp) < max(domg) is treated similarly. :

To prove the converse, assume g <4 p and z = max(domp) = max(domgq). p,q € P[D implies
that there is an £ € Z, [ D such that p[L,,q[L, € P[FE and p(x) and ¢(z) are P | E-names for
conditions in Qf (here, induction hypothesis and (e) are used). On the other hand, ¢ <4 p implies
that there is a B € Z,[ A such that the statement in (2)(ii) holds. Without loss of generality, we may
assume that £ C B (there are H, H' € T, such that ¥ = DN H and B = AN H’, so just redefine
Bas AN (H U H’)). By induction hypothesis, ¢[L, <g p[Ly and ¢[L, IFp;g g(x) <gr p(x), so
¢ <g p. The case max(domp) < max(domyg) is treated similarly, but it requires (a).
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(c) Reflexivity of <, is easy by the induction hypothesis, so we prove transitivity. Let p, g, € IP[A be
such that r <4 ¢ and ¢ <4 p. Assume that z = max(domp) = max(domg) = max(domr) (the
other cases are treated similarly). We can find a B € 7, [ A such that p[ L, q[L,,r[L; € P[B,
r|Ly <p ql Lz, q|Ly <p p|L; and p(z),q(x),r(z) are P | B-names for conditions in QB such
that r[L, IFpp 7(x) < q(z) and ¢[L, IFp;p ¢(x) < p(z). By induction hypothesis, it is clear that
7[Ly <p plLy and r[Ly lbpip 7(z) < p(z )

(d) (@) Itis enough to show that the set {p € P[A / x = max(domp) and p|L, € P[A,} is dense
in PlA. Let p € PJA. If either p = @ or max(domp) < x then, by (a), p € IP| B for some
BeT,A,sopeP|A, and pA<]lQ£I> <4 p. On the other hand, if max(domp) = =, then it is
clear that p[L, € P[A,.

(ii) Let p € P A. If either p = @ or max(domp) < z then there is a B € Z, | A such that
p € P | B (by (a)), so assume that max(domp) = z. There is an £ € Z, [ A such that
plL, € P|FE and p(z) is a P | E-name for a condition in QF. Put B := E U {z}. Itis
clear that BN L, = E € Z,[B and that p € P[B. On the other hand, by the previous case,
{PIB/BC Aand BN L, € Z,[A} is a directed system of posets, so IP[A is its direct limit.

(iii) Let p € PJA and y = max(domp). As there is some = € A above y, there is some B € Z,[A
such that p € P|B by (a). On the other hand, by induction hypothesis, {IP[B / 3,c4(B € Z,|
A)} is a directed system of posets, so P[A is its direct limit.

(e) We argue by cases from (d) for A.

(i) If x ¢ D then D C A,. By induction hypothesis (as Y(A;) < Y(A)), P[D is a complete
suborder of P [ A,. It is clear that IP [ A, is a complete suborder of IP [ A. Assume © € D
otherwise. Note that D, := DN L, € Zg, so IP[ D, is a complete suborder of IP[A,. Then, by
(1)(1), Lemma 2.1.2 and (d)(i), it is clear that IP[D is a complete suborder of P[A.

(i) We proceed by the following cases.

e D,:=DnNL, € fx Then, there is some B, € Z,[A such that D, = D N B,. Put
B := B, U {x}. As in the previous case, IP [ D is a complete suborder of I’ [ B and the
latter is a complete suborder of P[A by (d)(ii).

e D, ¢ fx We first assume that x € D. Then, P [ D = limdirgcplP [ E where D :=

{ECD/ENL, € Z,|D}. Clearly, D = {BND /B € A} where A := {B C
A/BnNL, € T, A} and, foreach B,B' € A, if B C B, (P|[(BNDNL,),P|
(BBNnDNL,),PI(BNL,),P[(B N L,))) is a correct system by induction hypothesis
and (g), so (P[(BND,P[(B'ND),PIB,P|B’)) is a correct system by (1)(iii). Therefore,
by Lemma 2.1.5, P[D is a complete suborder of P[A.
Now, we assume that x ¢ D. D, ¢ fx implies that, whenever D has a maximum z,
D,:=DnNL,¢ i’z, so P D is described as a direct limit from (d)(ii) or (iii). In either
case, P|D = limdirgc 4IP[ B N D (the system of posets is directed because of inductive
hypothesis and case (i)), so, as in the previous argument, P[ D is a complete suborder of
PTA.

(i) If D € 7, for some z € A, we can find some B € Z, [Asuchthat D C B,soP[Disa
complete suborder of IP[B (by induction hypothesis) and, by (d)(iii), it is clear that the latter is
a complete suborder of P[A. So assume that D ¢ 7, for any ¢ € A. Again, as in the previous
paragraph, P|D = limdirge sAP[B N D with A := {B C A / 3,ca(B € Z,]A)}, so Lemma
2.1.5 implies that IP[ D is a complete suborder of P[A.

(f) We prove the statement for all D C L with Y (D) < «a. By (b), itis clear that P[(AND) C P[ANP|
D. To prove the converse contention, assume p € P[A N P[D with z = max(domp). Then, there
are B € T,]Aand F € Z,[D such that p[L, € P[BNP[E and p(z) is a P] B-name for a condition
in QB as well as a IP[ E-name for a condition in Qm Without loss of generality, we may assume that
BN E € Z,[(AN D). By induction hypothesis, as Y(B), T(F) < a, P[(BN E) = P[BNP[E,
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sop[L; € PI(BN E). Clearly, p(z) is a P[(B N E)-name for a real. Thus, by (1)(ii), p(z) is a
P[(B N E)-name for a condition in Q5.

(g) We split into cases according to (d) for A.

(i) Here, A, := AN L, and D, := D N L, are subsets of A,, so they are in 7. By induction
hypothesis, (P[(A’N DN L), PIA" P|D,,P|A;) is a correct system, so the result follows
(do cases for x being in A’ or in D and use (1)(iii) for the case z € A’ N D).

(ii) Let p € P A and r € P| (A’ N D) a reduction of p. We first assume that D, € Z. Find
BeA={BCA/BNL, € Z,/|A} suchthat D C Band p € P|B (by (d)(ii)). Put
B’ := A'N B,sop e P|B by (f)and, as A’ D = B’ N D, r is a reduction of p with respect
to P[(A’ N D), PIB’. On the other hand, by the previous case, (P[(A’ N D), P|B’, P|D,P|B)
is a correct system, so r is a reduction of p with respect to IP[ D, P B. Thus, this is also with
respect to P[D, PTA.

Now, assume that D, ¢ 7, so P[D = limdirge 4AP[(B N D) (like in the proof of (e)). Choose
B € Asuchthatp € P[|Bandr € P|[(BN D). Put B = A’ N B. As before, we have
thatp € PIB,r € P|(B'N D) and (P|(B'NnD),PIB,P|(BND),P|B) is a correct
system. Clearly, r is a reduction of p with respect to P[(B’ N D),P[B’ and, by correctness,
the same with respect to IP[(B N D), P|B. We claim that r is a reduction of p with respect
to P[D,PJA. Indeed, if ¢ <p r, find B; € A containing B such that ¢ € P [(B; N D).
The system (P[(B N D),P|B,P[(By N D),P[By) is also correct, which implies that r is a
reduction of p with respect to P[(B; N D), P[Bj, so ¢ is compatible with p in P[B; (and so in
PrA).

(iii) By doing cases on whether 3,c4(D € Z,[A) or not, a similar argument as before (using facts
from the proof of (e) as well) works.

O]

Condition (1), particularly item (ii), implies that, when we step into the generic extension of P[L,
the generic object added at stage x is generic over the intermediate extension by IP[B for any B € Z,.
In general, as L, may not belong to 7, (that is, to Z), this object added at stage = need not be generic
over the intermediate extension by P[ L, or over the extension for any subset of L, that is not in L.

The following examples present the types of template iterations that are used in our applications in

Chapter 4.

2.4.2 Example (Fsi in terms of a template iteration). Let § be an ordinal and consider the template 7
defined in Example 2.3.4(2). An iteration along (§,Z) defined as in Theorem 2.4.1 is equivalent to the
fsi (Pla, Qg>a<5. Unlike a generic fsi, this iteration has the feature that it can be restricted to any subset
of &. To be more precise, if X C 4, then IP[X is equivalent to the fsi (P[(X N ), QX"*)4cx that is a
complete suborder of P[§. Recall that, for any o < 4, I, = P (), so the generic object added at stage
« is generic over the intermediate extension by IP[.X for any X C .

Of course, the proof of Theorem 2.4.1 is much simpler for this template, for it is enough to have
the conditions in (1) and prove, by induction on o < 6, that IP[ X is defined for any X C « and that
properties (a)-(g) hold (notice that, in the case of the proof, by recursion on o < §, IP[X is defined for
all X of order type o).

2.4.3 Example. Let L. = Lg U L be a disjoint union. For z € L define the orders Qf for B € fm
according to one of the following cases.

) Ifz € Lg, Qf is a IP [ B-name for SXP[B, where 3, is a fixed Suslin correctness-preserving ccc
poset coded in the ground model.
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(i) If x € L, for a fixed C,, € fw and a P|C';-name Qx for a poset given by reals,

QF — Q. ifC,CB
71 1  otherwise.

It is a straightforward calculation to see that the properties stated in (1) of Theorem 2.4.1 hold, so the
template iteration can be defined.

The following result is about complete embeddability between two template iterations. Although it
is stated in a general way, Corollary 2.4.8 presents a particular case corresponding to what we need for
our applications.

2.4.4 Theorem (Complete embeddability of template iterations). Let L be a linear order, T and J
templates on L such that 1, C Jy for all x € L. Consider two template iterations IP '(L,Z) and
P[(L, J) such that the following conditions hold.

T

(1) Forz € L and B € T,, if P|B is a complete suborder of P| B, then ”_lPrB Qf <yPIB QB

(2) Whenever B € 1,, A C B and (PTA,PIAP[B,P|B) is a correct system, then the system

(PTA x Q?, P[A « Q?,IP[B * Qf,fP[B x QP) is correct.
(3) Fr BC L,z € B, if C € J,|B and p € P|C, then there exists an A € T,|B such that p € P|A.

(4) For BC L, x € B, if C € J.[Band isa P[C-name for a condition in Qg then there exists an
A € T, |B such that q is a P|A-name for a condition in Qf

Then, the following hold for each B C L.
(a) P|B is a complete suborder of P|B.
(b) If A C B, then (P|A,PlA,P|B,P|B) is a correct system.

Proof. We proceed by induction on I (B). The non-trivial case is when B # &. According to Theorem
2.4.1, consider the following cases:

(i) Case x = max(B) and B, = BN L, € I,. Then, P|B = P|B, « Q5 and P|B = P|B, » Q5-.
Then, by induction hypothesis, (1) and Lemma 2.1.2, P| B is a complete suborder of IP| B. This
gives (a).

For (b), if z € A, note that A, = AN L, € Z,. By inductive hypothesis, (P|A,, P|B,, P|A,, P|
B,) is a correct system, so (P[A,P[B, PlA, P [ B) is a correct system by (2). The conclusion is
simpler when x ¢ A.

(ii)) Case x = max(B) and B, ¢ Z,. Then, with B := {BBCB/B'NL,€Z,B},P|B =

limdirgcP | B'. By induction hypothesis and Lemma 2.1.5, it is enough to prove that P | B =
limdirg e gP| B’ to see that P| B is a complete suborder of P[B. If p € P| B, then, in the case that
x = max(dom(p)), there exists an A’ € 7| B such that p[L, € P[A’ and p(z) is a P[ A’-name
for a condition in Qf'. By (3) and (4), we can find C € Z, | B such that p[ L, € P |C and
p(x) is a P[C-name for a condition in Q%, so p € P[(C U {x}) with C U {x} € B. The case
max(dom(p)) < x is treated in a similar way.
For (b),let A C B and p € IP[A which is a reduction of ¢ € IP[B and prove that p is a reduction of
q with respect to the posets IP[ A and P[B. Find B’ € B such that p,q € P|B". Put A’ = AN B/,
so p € P|A’. Itis easy to notice that p is a reduction of g with respect to the posets IP]A’ and IP| B’
s0, by induction hypothesis, p is a reduction of ¢ with respect to the posets P[A’ and P[B’. As
(PTA', PIA,P|B’,P|B) is a correct system, our claim is proved.
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(iii) Case B does not have a maximum element. Then, P | B = limdirgcp P | B’ where B’ :=
{B' C B/ 3,cp(B’' € Z,|B)}. Like in the previous case, (3) and (4) imply P|B = limdirp czP|
B’. Then, by Lemma 2.1.5, IP| B is a complete suborder of P | B. The argument for (b) is very
similar to the one of the previous case.

O

For our applications, we are interested in template iterations that produce ccc posets. The following
result presents some conditions for this.

2.4.5 Lemma (Ccc-ness of template iterations). Consider an indexed template (L, T) and P|L a corre-
sponding template iteration such that the following conditions hold.

(i) Foranyx € Land B € T, there are P|B-names <inx>n<w witnessing that Qf is o-linked and

(i) if D C B then Fpip Q5 , € QE, foralln < w.
Then, IP[L has the Knaster condition.

Proof. The idea is the same as the proof of [Br05, Lemma 2.3]. By induction on YT (A) it is easy to prove
that any p € IP] A can be extended to a ¢ € IP[ A such that there is a function f, : domg — w and, for
any x € domg, there is a B € Z,[A such that ¢[L, € P|B and q[L, IF ¢(x) € Q?q(xm.

We prove that, whenever p, ¢ € IP[ A are as above and f}, and f, are compatible functions, then p and
q are compatible conditions. Enumerate domp U domg = {z}, / k < m} in increasing order. Construct
conditions rj, and sets By, for &k < m such that

e Bp,eZ, .[Bpyifork <m,B,, =A,

k+1r

e domry = {z; / j < k} and p[Ly,, q[Ly, 7 € P[By, (for k = m, p[L,,, = p, likewise for g),
® 75 < plLy,,q Ly, and

o forall k < m, rp41[Ly, = 7k, 1 forces, in P[ By, that 7441 (21) extends both p(zx) and g(xy)

(when they exist). Also, p[L,, forces p(zy) € Qf;’“( and ¢[L, forces q(zy) € ng(mk),rk

Ik)7zk

(Bk)k<m is constructed by regressive recursion on k£ < m such that p[L,, forces p(xj) € Q?’“(xk) -

< (),

and q[L,, forces q(zy) € Q?’“(xk) oy Construct 7, by recursion on k£ < m. Put rg = &. Assume we

q "Wk

have constructed ry, (k < m). If z, € domp \ domg, put r41 = ;" (p(2k))a,; if 5 € domg . domp,

put 741 = 1k (q(Tk))x,; otherwise, if zp € domp Ndomgq, p[ Ly, ql Ly, 7 € P By, pl Ly, forces

p(z) € Qf:@k and ¢[L,, forces q(z) € QE:M where n = f,(x) = fy(zx). As 71, extends both p[L,,

and q[Lg,, it forces that p(z) and ¢(xy) are compatible in ka so let ri41(zx) be a P|By-name of a
common extension.

A typical delta-system argument and the previous facts imply that IP[ A has the Knaster condition. [J

For this lemma, if the template <L,f> is as .in Example 2.3.4(2), to obtain that IP | L has the ccc
conditions (i) and (ii) can be replaced by I-p| 5 “Qf has the ccc” for any x € L and B € Z,.. The reason
of this, as explained in Example 2.4.2, is that P[ X is a fsi forany X C L.

2.4.6 Corollary ([Br05, Lemmas 2.3, 2.4]). Any template iteration defined as in Example 2.4.3 where
Lc = @ and where only Suslin o-linked correctness-preserving posets are involved satisfies the Knaster
condition. Moreover, any condition and any name of a real for this template iteration poset has a support
of countable size, that is, if A C L, p € P A and & is a IP | A-name for a real, then there exists a
C € [A]=¥ such that p € P|C and i is a P[C-name.

The last assertion of the preceding corollary follows from the next result. In contrast with this, when
we consider iterations as in Example 2.4.3 with Lo # &, it is not possible to guarantee that the supports
of a condition or of a name for a real have countable size.
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2.4.7 Lemma (Small support for ccc template iterations). Fix 6 a cardinal with uncountable cofinality.
Consider a template iteration defined as in Example 2.4.3 where

o forx € Lg, 8, is a Suslin o-linked correctness-preserving forcing notion and

o forx € L, Q, is a P|Cy-name for a o-linked poset of reals such that each linked component
contains the trivial condition, and |Cy| < 6.

Then, for each A C L, PTA has the Knaster condition and each condition and name of a real for this
poset has a support of size < 0 contained in A.

Proof. The Knaster condition follows from Lemma 2.4.5. This proof is based in [Br0O5, Lemma 2.4].
Proceed by induction on Y(A), let p € P[A and z = max(domp). There exists a B € Z,[A such that
plL, € P|B and p(x) is a IP | B-name for a condition in Q. By induction hypothesis, there exists
D C B of size < 6 such that p € P[D and p(x) is a P[D-name for a real. If = € Lg, then clearly p(x)
is a name for a condition in QP = $,., so p € P[(D U {z}). When z € L, if C;, € B then p(x) will
be the trivial condition, so that p € P[(D U {x}). Else, if C;, C B, we may assume C,, C D, so p(z) is
a IP| D-name for a condition in QF = @Q,. Then, p € P|(D U {z}).

Now, if & is a IP [ A-name for a real, note that it can be determined by countably many conditions
(rn)n<w in PTA. As each 7, has a support of size < 6 and 6 has uncountable cofinality, we can find
X C A of size < 0 such that r,, € P[X for all n < w. This implies that & is a IP[X -name. O

The following is a consequence of Theorem 2.4.4 that fits for the purposes of our applications. Al-
though this type of results was considered originally to get only forcing equivalence, we need to extend
to cases where we can get complete embeddability, fact that is needed in order to deal with the limit steps
of small cofinality in the proof of Theorem 4.3.1.

2.4.8 Corollary (Complete embeddability of template iterations, particular case). Let 6 be a cardinal
with uncountable cofinality, L a linear order, Zand J templates on L such that (L, J ) is a O-innocuous
extension of (L, I). Consider two template iterations P|(L,T) and P|(L, J) defined with the conditions
of Lemma 2.4.7, such that

(0°) The same Lg and L¢ are considered for both iterations.

(1’) Forx € Lg, the same Suslin forcing S, is considered for both template iterations.
(2°) Forz € L either Cy, = Cy, and Qg; = Qw or Cp = @ and Qw is the trivial forcing.
Then, the following hold for each B C L.

(a) PIB is a complete suborder of P|B.

(b) If A C B, then (P|A,PlA,P|B,P|B) is a correct system.

Proof. 1t is enough to prove conditions (1)-(4) of Theorem 2.4.4.

(1) Straightforward from (0’), (1’) and (2’).

(2) Forzx € Lg, the result follows because S, is a correctness-preserving Suslin ccc notion. For x € L,
it is straightforward from (2’).

B3)Let BC L,z € B,C € J,|Bandp € P|C. By Lemma 2.4.7, there exists K C C' such that
pE ]P[K and | K| < 6. Then, by f-innocuity, there exists H € Z, such that K C H,so K C A and
p € P[A, where A:= BN H € 7,[B.
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(4) Let BC L,z € B, C € J,|B and ¢ a P[|C-name for a condition in Qg A similar argument as
before works with Lemma 2.4.7. It is clear for x € Lg,soassumez € Lo. If C, C C, find K C C
such that ¢ is a [ K-name for a real, | K| < 6 and C;; C K. Then, ¢ is a P[ K-name for a condition

in Q.. so, by #-innocuity, find an A € Z,|B containing K, so that ¢ is a | A-name for a condition in
Q.. The case C, ¢ C'is simpler because ¢ is a IP|C-name for the trivial condition.

O

We conclude this section with a version of a known result of forcing equivalence for the template
iterations of Lemma 2.4.7.

2.4.9 Lemma (Forcing equivalence between template iterations, analog to [Br02, Lemma 1.7]). Assume
that (L, J) is a O-innocuous extension of (L,T). Consider P|(L,T) and P[(L,J) template iterations

satisfying the hypothesis in Corollary 2.4.8, but in (2°) always assume that Cy, = C, and Qx = Q.
Then, there exists a dense embedding F' : P[L — P[L.

Proof. Proceed like in the proof of [Br02, Lemma 1.7]. By recursion on ¢4 (B), construct F : ]P[B —
IP|B such that

(1) Fpis adense embedding and
(2) Fg C Fp whenever B,B’ € J and B C B'.

Letp € P|B. If p = @, put Fp(@) = @, so assume that p # &. Let z := max(domp) and find

B € J,|B such that p| L, € | B and p(z) is a P | B-name for a condition in Q. Consider the
following cases.

(i) = € Lg. By hypothesis, there exists an A C B of size < 6 such that p|L, € P|A and p(z) is a
P [[l—name for a condition in S}C/PM. By innocuity, there exists a C € I.IB C J,|B containing
A, soplL, € P|C and p(z) is a P[C-name for a condition in SXIP[C. As YT (C) < YI(B),
the embedding F has already been defined. So let Fp(p) := Fa(plLy) (po(x)). where po(z) is
the P |C-name associated to p(z) with respect to the embedding Fi~. Notice that, because of (2),
Fg(p) does not depend on the choice of C.

(ii) z € Lo and Cy, C B, so Qf = Qx Proceed like before, but take A such that C,, C A.

(iii) € L but C, € B, so Qf = 1, that is, p(z) is forced to be the trivial condition. Proceed as in!
@).

O]

"Here, Fp(p) = F(p/L.) would be ok, but proceeding as in (i) guarantees that domF5 (p) = domp.
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CHAPTER 3
PRESERVATION PROPERTIES

Judah and Shelah [JS90] and Brendle [Br91] developed techniques to get models of cardinal invariants
with large continuum from fsi of ccc forcing. They did not only use Suslin ccc notions as in the examples
in Section 1.3 to increase the value of certain cardinal invariant in a fsi iteration of ccc posets, but also
created some preservation properties to ensure that a certain invariant does not become too big (or too
small) in the final extension of such an iteration. These preservation properties can be contextualized in
a very general theory, for example, properties in [JS90] and [Br91] are summarized and generalized in
[Bal, Sect. 6.4 and 6.5] and in [G92].

In this chapter, we present this general theory of preservation properties and extend its use to template
iterations and matrix iterations. We introduce this theory in Section 3.1 and generalize many known
results, specially the preservation on directs limits which is fundamental to extend the applications of
preservation properties to template iterations. We present many well-known and less-known examples of
such properties in Section 3.2. In Section 3.3, we generalize a property studied in [BIS84] and in [BrF11]
to preserve unbounded reals along iterations, which is useful for matrix iterations. Section 3.4 contains
the preservation results for template iterations and an interesting preservation result about “adding new
reals”, proved by the author as a generalization of a similar result for fsi of Suslin ccc posets.

3.1 Preservation of —-unbounded families

Fix, for this section, an uncountable regular cardinal # and a cardinal \ > 6.

3.1.1 Context ([G92],[Bal, Sect. 6.4]). Fix (C,)n<w an increasing sequence of 2-place closed relations
in w* such that, forany n < wand g € w*, (Cy,)? = {f € w* / f Ty, g} is (closed) nwd.

For f, g € w¥, say that g C-dominates f if f C g. F C w" is a C-unbounded family if no function in
w* dominates all the members of F'. Associate with this notion the cardinal b, which is the least size of
a C-unbounded family. Dually, say that C' C w* is a C-dominating family if any real in w® is dominated
by some member of C'. The cardinal 0. is the least size of a C-dominating family. For a set Y and a real
[ € w®, say that f is C-unbounded over Y if ¥yc,ony (f IZ g), which we denote by f (7 Y.

Although this context is defined for w®, the domain and codomain of [ can be any uncountable
Polish space coded by reals in w®.

3.1.2 Lemma. b- < non(M) and cov(M) < dr.
Proof. Immediate from the fact that ()¢ is meager for any g € w®. O

3.1.3 Definition. Let F' C w®. Say that F' is -C-unbounded if, for any X C w® of size < 6, there is an
f € Fsuchthat f 7 X.
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Clearly, any 6-C-unbounded family is C-unbounded, so
3.14 Lemma. [f F C w* is 0-C-unbounded, then b < |F| and 0 < 0.

The following is a property that expresses when a forcing notion preserves 6-C-unbounded families
of the ground model.

3.1.5 Definition (Judah and Shelah [JS90], [BaJ, Def. 6.6.4]). A forcing notion PP is 6-C-good if the
following property holds': For any P-name h for a real in w®, there exists a nonempty ¥ C w* (in the
ground model) of size < @ such that, for any f € w®,if f 7 Y then |- f i h.

Say that P is C-good if it is Ny-C-good.

3.1.6 Lemma ([BaJ, Lemma 6.4.8]). Assume that P is 6-C-good>.
(a) If F C w" is 0-C-unbounded, then P forces that F' is still 0-C-unbounded.
(b) If o > )\, then P forces that 0 > .

Proof. (a) Let {ha}a<5 be a sequence of P-names for reals in w® with 6 < 0 ordinal. For o < 6, let
Y, € w® of size < 6§ that witnesses goodness of IP for h,. PutY =, <5 Yo, Which has size < 6

because of the regularity of 6. It is clear that f € w® and f Z Y imply I+ f [ hy, for any a < 6.

(b) Let {ga }a<~ be a sequence of P-names for reals in w* with v < X ordinal. For o < 7, let Z, C w*

of size < 6 that witnesses goodness of P for g,. Put Z = | J a<ry Z, which has size < A. Therefore,

Y is not C-dominating, so there is some f € w® such that f [ Y. Then, I f [Z g, forany o < ,
that is, IP forces that {gq } o<~ is not C-dominating.

]

Note that # < ¢’ implies that any 6-C-good poset is §'-C-good. Also, if P < @ and Q is #-C-good,
then PP is 6-_-good. The following result shows that small forcing notions are good.

3.1.7 Lemma. Any poset of size < 0 is 0-C-good. In particular, C is C-good.

Proof. Put P = {p, / a < u} where y := |P| < . Let h be a P-name for a real in w*. For each
a < i, choose (¢S )n<. a decreasing sequence in P and h, € w® such that ¢§ = p, and, for every
n < w,qy - hln = hg|n. It suffices to prove that, if f € w* and Va<u(f Z ha) thenl- f 7 h, that i,
VpePVm<wIg<p(q Ik f Zm h). Fix p € P and m < w, so there exists an & < g such that p = p,. As
fZ hoand (Cp)g:={g € W/ f T g} is closed, there exists n < w such that [h.[n]N(Cp)f = 2,
s0 qo I [Aln] N (Cm)f = @. Therefore, ¢ I- f h with 4% < po =Dp. O

Judah and Shelah [JS90] proved that §-C-goodness is preserved in fsi of §-C-good posets. We
generalize the preservation in the limits steps in Theorem 3.1.9.

3.1.8 Lemma ([BaJ, Lemma 6.4.11]). Let P be a poset and Q a P-name for a poset. If P is 0-cc,
0-C-good and P forces that Q is 6-C-good, then P x Q is 0-C-good.

Proof. Let h be a P« Q-name for a real in w®. As PP forces that / is a Q-name for a real, by #-cc and the
regularity of 0, there is a P-name Z = {da }a<w for a set of reals and some v < 6 such that P forces that
Z witnesses goodness of Q for h. Now, let Y,, be a witness of goodness of P for g,,s0Y = (J,., Yo
has size < 6 and witnesses goodness of P x Q for h. D

3.1.9 Theorem (Preservation of goodness in short direct limits). Let I be a directed partial order;, (P;);cr
a directed system and P = limdir;c;P;. If |I| < 0 and P; is 0-C-good for any i € I, then P is 0-C-good.

" According to [Bal, Def. 6.6.4], our property is called really #-C-good while 6-C-good stands for another property. How-
ever, [BaJ, Lemma 6.6.5] states that really 6-C-good implies 6-C-good, and it is also easy to see that the converse is true for
0-cc posets, see details in [Mel3a, Lemma 2].

2Note that # or A may not be cardinals in some P-extension.
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Proof. Let h be a P-name for a real in w*”. Fori € [ , find a IP;-name for a real hl and a sequence
{pin}m@ of IP;-names that represents a decreasing sequence of conditions in IP /IP; such that IP; forces
that p! IFp /P, hlm = h;[m. For each i € I choose Y; C w® of size < 6 that witnesses goodness of IP;
for h;. As |I| < 6,Y = U, Y has size < 6 by regularity of 6.

We prove that Y witnesses goodness of IP for h. Assume, towards a contradiction, that few fZY
and that there are p € P and n < w such that p IFp f T, h. Choose i € I such that p € P;. Let G
be IP;-generic over the ground model V' with p € G. Then, by the choice of Y;, f [Z h;, in particular,
fZnhi.AsC = (Cpn)f ={g € w* / f Ty g} is closed, there is an m < w such that [h;[m|NC = @.
Thus, pi, Fp/p, [AIm] N C = @, thatis, pb, IFp/p, f Zn h. On the other hand, by hypothesis,

IFp/p, f Cn h, a contradiction. O

3.1.10 Corollary (Preservation of goodness in well ordered direct limits). Let d be a limit ordinal and
{Po}a<s be a sequence of posets such that, for o« < < 6, P, is a complete suborder of Pg. If
Ps = limdir, 5P, is 0-cc and P, is 0-C-good for any o < 6, then Pgs is 6-C-good.

Proof. First assume that cf(5) < 6, so there is an increasing sequence {ac}, ~cf(s) that converges to 4.
Then, Ps = limdirE <cf( 5)1Pa§, which implies that IP; is 6-C-good by Theorem 3.1.9.

Now, assume that cf(d) > 6. Let hbe a Ps-name for a real. By #-cc, there is an o < 6 such thgt his
a P,-name. Then, by hypothesis, there is Y C w* of size < 6 that witnesses goodness of P, for h. It is
clear that Y also witnesses goodness of Pj. O

3.1.11 Corollary (Preservation of goodness in fsi [Bal, Lemma 6.4.12]). Let P5 = (IP,, Qa>a<5 be a
f5i of O-cc forcing notions. If, for each oo < 6, P, forces that Q,, is 0-C-good, then P is 0-C-good.

Proof. Prove by induction on o < § that P, is -C-good. Step o = 0 follows from Lemma 3.1.7,
successor step from Lemma 3.1.8 and the limit step is a direct consequence of Corollary 3.1.10. 0

The following results show how to add C-unbounded families with Cohen reals, in order to get values
for b and 0. These are essential to prove the main results of this thesis.

3.1.12 Lemma. Let v be an uncountable regular cardinal, (Py) o<, a <-increasing sequence of forcing
notions and P, = limdiry, <, P,. If

(i) foreach o < v, P,41 adds a Cohen real over VP and
(ii) P, is ccc,

then, P, adds a v-C-unbounded family (of Cohen reals) of size v. Moreover, it forces b < v and
1% § 0[.

Proof. Let ¢, be a P, 1-name of a Cohen real over V. Then, P, forces that {¢, / a < v} isa
v-C-unbounded family. Indeed, if {:¢ }¢,, is a sequence of IP,-names for reals with ;i < v, by (ii) there
is an o < v such that {¢}¢, is a sequence of IP,-names, so P, forces that ¢, [Z &¢ forall £ < p.
This last assertion holds because ()Y is an F,, meager set for any g € w* (see Context 3.1.1).

The second statement is a consequence of Lemma 3.1.4. O

3.1.13 Lemma. Let § > 6 be an ordinal and Ps = (P, Qo) a<s be a fsi such that,
i) for a <0, Qa is forced (by P) to be ccc and to have two incompatible conditions, and
ii) for0 < a < 8, Q is forced to be H-cc and 0-C-good.

Then,

(a) Py adds a 0-C-unbounded family (of Cohen reals) of size 0.
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(b) The family added in (a) is forced to be a 0-C-unbounded family by Ps. In particular, it forces that
b <6 <0

Proof. (a) This is a direct consequence of Lemmas 1.3.5 and 3.1.12.

(b) Let Cbea IPQ—name for a family of reals as in (a). Step in Vj. Note that IP5/IPy is equivalent to the
fsi (Po /Py, Qa)p<a<s- Thus, by Corollary 3.1.11, IP5 /PPy is §-C-good. Hence, by Lemma 3.1.6, it
forces that C is 6-C-unbounded.

O

3.2 Examples of preservation properties

We present examples of relations of Context 3.1.1 that are useful for the proofs of the main result. Also,
we discuss the cardinal invariants given by those relations and the type of forcing notions that are good
for them.

3.2.1 Example (Preserving non-meager sets). Letn < w. For f, g € w*, define f =, g & Vi>,(f(k) #
g(k)), so f = g V2 (f(k) # g(k)). From Theorem 1.4.3 it is clear that b. = non(M) and
0. = cov(M).

Every forcing notion that adds an eventually different real is not cov(M)-=-good, so this applies to
LOC", A B, D, E and L with a filter base F.

3.2.2 Example (Preserving unbounded families). Forn < wand f, g € w*, f < gdenotes V>, (f(k) <
g(k)),s0 <*= U, <, <p- Clearly, b<x = b and 9<+ = 0.

Any b-<*-good poset is <*-good, moreover, IP. is b-<*-good iff for any h P-name for a real, there
is a g € w” such that, for any real f £* g, IF f £* h.

3.2.3 Lemma. If P is 0-cc and w¥-bounding, then P is 0-<*-good. In particular, random forcing B is
<*-good.

Proof. Let h be a P-name for a real in w®. By Definition 1.3.8, there are a maximal antichain A C P
andY = {g, / g € A} such that ¢ IF h < gq foreach ¢ € A. Assume f € w” and f £* Y. If p € P,
find ¢ € A compatible with p, so f £* g,. This implies ¢ |- f £* h, so any common extension of p and
q forces f £* h. O

3.2.4 Lemma (Miller [Mi81]). [ is <*-good.

Proof. Let g be a Ii-name for a real in w®. We want find h € w* such that, for any f € w* that is not
dominated by h, I+ f £* ¢. For s € w<* and n < w, define hs, : w — w + 1 such that h, (i) is the
minimal j < w such that, for any F' C w® of size n, (s, F') Iff (i) > j.

3.2.5 Claim. h,, € w*.

Proof. Suppose that there is an ¢ < w such that h, ,, (i) = w, thatis, for any j < w thereis an F; C w* of
size n such that (s, F}) IF g(i) > j. Put Fj = {fjl /1 < n}. Find D C winfinite with D = {m; / j < w}
increasing enumeration and, for [ < n construct Al C D infinite and fl . A — w such that, for any
k<uw,

o if my € A', then f}, (k) = f'(my,) for any j > k;
o if my € D~ Al then ffn](k) > j forany j > k.
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The construction is done by recursion. Put D~! = w. Let k < w and assume that we have D¥~! C w
infinite and that dy, := {m; / j < k}, AN dy and f'[(A' N dj) have been defined in such a way that
D*nsup(d+1) = @. Putmy, = min D*~Yand I=! = D*~1\{my}. Forl < n assume that we have
I'=1 € DF=1\{m;} infinite. If the set {fjl(k:) /7 € I'"'Yisfinite, put A'N(my+1) = (AlNdy)U{my}
and choose f!(my,) € wand I' C I'"! infinite such that f]l(k:) = fl(my) for any j € I'; otherwise, put
AN (my, + 1) = AN dj, and choose I' C I'~! infinite such that the sequence { fjl-(k:)}jE i is strictly
increasing and above k + 1. At the end, Put D¥ = "1,

For each | < n choose some ¢! € w® such that ¢g'(k) = f!(my) for any k& < w such that m;, € A
Put I/ := {g' /| < n} and find (¢, F") < (s,F') in E and jo < w such that (¢, F") I+ (i) = jo.
Choose j > jo such that j is above {t(k) / k < [t|} U {|t[}, so (¢, Fj; U F") is a common extension of
(t,F") and (s, Fy,)). Indeed, assume k € [t| N |s[, | < k and argue from these two cases: if m;, € A’
then ffnj(k) = g'(k) # t(k) because (¢, F") < (s, F"); if my, ¢ A, then f,lnj(k:) > 7 > t(k).

Therefore, (t, Fy,, U F") forces that jo = g(i) > m; > j, a contradiction. O

Now, find h € w® that dominates {hs,, / s € W<, n < w}. Assume that f € w“ is not dominated
by h. Fix (s, F) € IE and i9 < w. Then, there is an i > 4o such that f(i) > hg (i) where n := |F|. As
(s, F) I g(i) > hsn (i), thereis (¢, ") < (s, F) that forces §(i) < hg (i) < f(3). O

Note that any forcing that adds a dominating real is not 9-<*-good, so this applies to D, LOC" and
Lz for any filter base F.

3.2.6 Example (Preserving splitting families). Forn < wand A, B € [w]“, define A x,, B < (B~n C
AorB~n Cw~\ A),so A x Biffeither B C* Aor B C* w~ A. Note that A x B iff A splits B.
Clearly, b = s and 0, = .

3.2.7 Lemma (Baumgartner and Dordal [BD85], see also [Br09, Lemma 3.8]). D is o<-good.
3.2.8 Lemma. B is not o<-good. Moreover, any forcing that adds a random real is not <-good.

Proof. Consider B = B(2%) ~ N and let (I,,),,<,, be an interval partition of w such that |,| = 2" for
each n < w. Enumerate I,, = {k; / t € 2"}. Construct a B-name of a subset of w such that, for each
n<wandt € 2", [t] I+ k; € & and [r] IF k; ¢ & for any r € 2™ \ {t}. Note that B forces that & is an
infinite set.

Now, if {z, }n<w is a sequence of infinite subsets of w, then we can construct an infinite set a C w
such that, for any n < w, a splits z, and |a N I,,| < 1, moreover, a N Iy = a N I} = &. Then, for any
B € B that forces a N I,, N & # & there is a (unique) ¢t = ¢, € 2" such that k; € a and B Cys [t].
Indeed, choose B’ C Bin B and ¢t € 2" such that B’ IF k; € a N, s0 ky € aand B Cyr [t]. As
la N I,| <1, B is incompatible with [r] for any r € 2" \ {t}, so B C [t].

We claim that any B that forces aN # < has Lebesgue measure < % Let .A be a maximal antichain
below B such that, for any A € A thereis ann € [2,w) such that A - a NI, N % # & anlet n4 be the
minimal such n. For 2 < m < w, let A,,, = {A € A/ n4 = m} (this may be empty) and B, = |J A,.
{Bm / m < w} ~ {@} is still a maximal antichain below B and, for B,, # & there is a t"* € 2™
such that B,, Cxs [t™]. This last statement holds because, for any A, A" € A, as t’}, 1"}, € a N I,

m — ym, Thercfore, A(B) = 3205, A(Bm) < Y00 MI™]) < Y527 = 4.

Moreover, |- |a N &| < Ry. This is because, by a similar argument as before, if 7' C 2<% is a tree

such that A([T] N [t]) > 0 forany t € T, any B C [T] in B that forces 3,,> (stem(7)+2(a N [, N & # D)

has measure < ZA([T). O

If U is an ultrafilter on w, then both IM;, and IL;; are not ox-good. This is because both posets add an
infinite subset of w that cannot be splitted by any infinite subset of w of the ground model. We do not
know whether It is o<-good.

3.2.9 Example (Preserving finitely splitting families). For a € [w]* and an interval partition J =

(Jn)n<w of w, define a >, J < (Vizn(Ji € a) or Vispn(Je € w~a)),soa > J& (V2 (e €
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a) or V2 (Jy € w~ a)). a ¥ Jisread a splits J. It is proved in [KWe96] that b, = max{b, s} and
0. = min{d, t}.

3.2.10 Lemma. Any <*-good poset is I>-good. In particular, B and I are >-good.

Proof. Let J be a IP-name of an interval partition of w. By <*-goodness, choose h € w* such that
- 35 (max(J,) < f(n)) for any f € w®” with f £* h. Without loss of generality, assume that h is
strictly increasing and h(0) > 0. Define h € w* recursively, where h(0) = 0 and h(n+ 1) = h(h(n)).
Put J! := [h(2n),h(2n + 2)) and .J' := (J)neo. It is enough to prove I a 1 J for any a € [w]* such
that @ ¢ J'. Indeed, define f € w* such that

F(n) = h(n)+1 ifn € [h(2k),h(2k + 1)) and J,, C a for some k < w,
10 otherwise.

It is clear that f £* h, so IF 3%°(max(J,) < f(n)). Now, let G be a P-generic set over the ground
model. In V[G]: fix m < w and choose n, k' € w such that h(k') > m, n € [h(K'), h(K + 1)) and
max(Jy,) < f(n). As f(n) cannot be 0, then k' = 2k for some k € w, J;, C a and f(n) = h(n) + 1. It
is easy to check that .J,, C [n, f(n)) C J;, C a. This gives us 37°(J,, C a). To get I°(J,, C w N\ a), do
the same argument but change a by w \ « in the definition of f. O

No ccc poset that adds dominating reals is I>-good. If there were such a poset and x = ¢, a fsi of
length kT of this poset would force kT < b < by <Ry < K (the last inequality by Lemma 3.1.13),
which is false.

3.2.11 Example (Preserving null covering families). Fix I= (In)n<w an interval partition of w such
that [I,,|] > n foralln < w. Forn < wand f,g € 2¢, define f L g€ Visn(f I Ik # g1 1x), so
filge Vel o (fI # gl1). Note that (h1)9 is a co-null F,, meager set for any g € 2%

This preservation property is related to cov(A) and non(N) in the following way.
3.2.12 Lemma. cov(N) < b,; < non(M) and cov(M) <9, < non(N')

Proof. b,r < non(M) and cov(M) < 9,7 are immediate from Lemma 3.1.2. If F C 2 is a -

unbounded family, then {2* \ (rhj )9/ g € F} C N covers all the reals. Dually, any not null subset of
2¢ is a th-dominating family. O

3.2.13 Lemma ([Br91, Lemma 1*]). Let ;u < 0 be an infinite cardinal. Then, every ji-centered poset is
6-th!-good.

Proof. Let P be a poset such that P = (J,,,,
real in 2. Given o < pand n < w, by Lemma 1.2.7 find a 5., € 2/ such that no p € P, forces that
San 7 gl1n. Put hy = Un<w Sa,n-

Assume that f € 2¥ and f #l h, forall « < p. Letp € P, n < w and find « < p such that
p € P,. Find k > n such that f[I; = hy[Ig. Then, p If ho Iy # §[1k, so there is a ¢ < p that forces
[ = hally = g1 O

P, where each P, is centered. Let ¢ be a IP-name for a

Any amf-mf -good poset IP does not add random reals. Indeed, let & be a P-name for a real in 2%,
so there is Y C 2% of size < 0,7 that witnesses goodness for z. Then, we can find f € 2% such that

FAl Y, solF i € 29~ ()7,

3.2.14 Example (Preserving “union of null sets is not null”). Fix h € w" that converges to infinity.
Given n < w, for z € w* and ¢ € S(w,h), define the relation x €} ¢ iff Vi>,(z(k) € ¢(k)),
so x €;€ Y& x € 1 (see Subsection 1.3.6). By Bartoszynski characterization (Theorem 1.4.2),
bey = add(N) and d¢y = cof(N).

36



3.2.15 Lemma (Judah and Shelah [JS90]). If u < @ is an infinite cardinal, then every p-centered poset
is 0-c; -good.

Proof. Let P be a poset such that P = |J,,., Pa. Let Y be a P-name for an slalom in S(w, h). For

a < pand k < w, let o(k) = {j < w/ Fpep,(p IF j € 9(k))}. Centeredness of P, implies that
Yo € S(w,h).

Assume that x € w* is such that z ¢* 1), for any o < . Let p € P and n < w be arbitrary. There
exists an o < g such that p € P,. Then, choose k > n such that z:(k) ¢ ¥ (k), so p I z(k) € (k)
i.e., there is a ¢ < p that forces (k) ¢ (k). O

Judah and Shelah [JS90, Def. 3.3] defined a similar property for the preservation of “union of null
sets is not null”. We generalize their notion in the following way.

3.2.16 Definition. Let / C w“ countable such that each of its members converges to infinity. Put
S(w,H) = Upeg S(w,h). Forn < w, z € w* and ¢ € S(w,H), define the relation x Hn
Y & Visn(z(k) € ¥(k)), so x €5 9 is equivalent to x € 1. Note that add(N) = be: < bex
and 0c: < 0¢y = cof(N') forany h € H.

3.2.17 Lemma. bc: = add(\) and dc: = cof(N).

Proof. If ' € w* dominates all the functions in H, then ber < ber, = add(\N') and cof(N) = D=

h/

<
06}1 . D
As Lemma 3.2.15 is valid for any h that converges to infinity, it follows directly that

3.2.18 Corollary. If u < 0 is an infinite cardinal, then every ji-centered poset is 6-€7;-good.

For a Boolean algebra B, say that i : B’ — [0,1] is a strictly positive finitely additive (s.p.f.a.)
measure if p(1) = 1, u(aVb) = p(a)+ p(b) forall a,b € B’ such thataAb = 0 and p(a) = 0iff a = 0.
It is clear that any Boolean algebra with a s.p.f.a. measure is ccc. Examples of such Boolean algebras
are random forcing B and the completion of any o-centered poset. To see the last statement, let A be a
complete Boolean algebra that is o-centered, so A \ {0} = |J,,, Un Where each U, is an ultrafilter in
A (in the sense that 1 € U,, 0 ¢ U,, U, is closed under intersections, it is upwards <-closed and, for
any a € A, either a € U, or —a € U,). Given a € A, define u(a) = > {1/2"*! /Ja € U,, n < w},
which is clearly a s.p.f.a. measure on A.

3.2.19 Lemma (Kamburelis [K89]). Let H as in Definition 3.2.16 such that, for any h € H there exists
an h' € H such that % converges to 0. Then, any Boolean algebra with a s.p.f.a measure is €5 -good.
In particular, random forcing is €7;-good.

Proof. Let A be a boolean algebra and p : A — [0, 1] a s.p.f.a. measure. As A is isomorphic to the class
C of clopen subsets of its Stone space, C inherits the measure from A and, by compactness of the Stone
space, the measure on C is even g-additive. Thus, the (forcing) completion of C admits a strictly positive
o-additive measure, so, without loss of generality, we may assume that A is a complete Boolean algebra
and that p is o-additive.

Recall that, for a formula ¢ in the forcing language of A, ||| denotes the maximum condition in
A that forces ¢. To prove that A is €7;-good, since A is ccc, we can assume that 1/1 is an A-name for

a slalom in S(w, h) for some h € H. Let b’ € H be such that % converges to 0. For n < w, define
. . h(n)+1
W(n)={j <w/u(lj € pm)) > 5L}

3.2.20 Claim. |¢/(n)| < B(n).

37



Proof. Assume the contrary, that is, there is some ¢ C ¢'(n) of size '(n) + 1. For any y C 7'(n)
consider i(y) = max{|z| /  Cy, \;c, [lJ € ¥(n)|| # 0}. By [Kelley59, Prop. 1],

nt (i < by <int {1 /o€y c v

in particular, h,(( )) < h,(iﬁf))Jrl, 50 h(n) < i(c), which is a contradiction to the fact that I [¢)(n)|

<
h(n). O

Assume that z € w® is not localized by ¢’ and show that I = ¢&* - ¢* 1’ means that
h(k)+ h ;
e ulla(k) € DR < g so. as Ty converges to 0, p([[Vin(x(k) € $(R)I) =
for any n < w. Thus u(||z €* ¢||) = 0, ie., IF = ¢* 1. O

3.2.21 Example (Preserving new reals). Consider, for f,g € w” and n < w, f =} g defined as
Visn(f(n) = g(n)). Then, f =* giff Vi (f(k) = g(k)). Note that b— = 2 and 0_- = c.

In this case, the associated cardinal invariants are not that important. We are interested in the meaning
of “f € w* is =*-unbounded over M, which is equivalent to f ¢ M when M is a model of some finite
subset of axioms of ZFC.

3.2.22 Lemma. If0 < ¢, any 0-cc poset is 0-="-good. In particular, any ccc forcing is ="-good.

Proof. Let IP be a 6-cc poset. If h is a IP-name for a real,let A C P be a maximal antichain such that,
forany p € A, either p I f ¢ Vorthereisan f, € Vsuchthatp IF h = f,. If f #* f, forallp € A
for which f), exists, then I- h #* f. O

The preservation property of Example 3.2.21 will be important to prove that, in a template iteration
of certain type, any real added at some stage of the iteration cannot be added at other different stages (see
Corollary 3.4.7).

3.3 Preservation of —-unbounded reals

For this section, fix M C N transitive models of ZFC. We discuss a property of preserving unbounded
reals over M along parallel iterations from M and N. After defining the property, we present some
examples and, at the end, prove some general results about the preservation of this property through
iterations. Except of Lemmas 3.3.6, 3.3.7 and 3.3.8, the material of this section is based on results from
[BIS84] and [BrF11].

Consider — from Context 3.1.1 with parameters in M and fix ¢ € N a C-unbounded real over M.
As Cohen reals over M that belong to N are C-unbounded over M, typically c is such a real.

3.3.1 Definition. Let P € M and Q € N be posets such that P <, Q. Define
(x,P,Q,M,N,C,c): forevery h € M P-name for a real, lFqn cliZ h.
This means that c is forced by Q (in N) to be C-unbounded over M™ .

This notion is fundamental to get consistency results about cardinal invariants using matrix iterations.
We apply this property to get an interesting result in Section 3.4 and for the construction of models with
matrix iterations in Chapter 5.

The first known example of preservation of unbounded reals is the following.

3.3.2 Lemma (Blass and Shelah [BIS84, Main Lemmal). In M, let U be an ultrafilter on w. If c € N
is <*-unbounded over M, then there exists an ultrafilter V € N such thatUd C V, My < My, and
(*7MU7 MVa M? Na S*a C)'
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Proof. For (s, F) € [w]<¥ x [w]¥, say that t € [w]<“ is permitted by (s, F)if s Ct CsUF.IfAe N
is a subset of M, t is permitted by A means that ¢ is permitted by some conditionin A. C' € [w]* N N
is forbidden by s, A if there is no finite subset of w permitted by (s, C) and A.

If 2 € M is a IMy/-name for a real in w®, it is coded by a sequence of maximal antichains (B} )n<w €
M in My, and a sequence of functions {g; }n<w € M N[], ., w?" such that, forany n < wand p € B,
P, ar 2(n) = g2 (p). For s € [w]<¥, say that C' € [w]* N N is forbidden by s, # if C is forbidden by
5. Upcudp € BE / gi(p) < c(n)}.

In N, consider Z the ideal on w generated by the finite subsets of w and the sets C' € [w]* such that,
for some s € [w]<¥, C is either

(i) forbidden by s, A for some A € M maximal antichain in IM;,, or
(ii) forbidden by s, z for some IM;,-name 2 € M for a real in w®.

333Claim. 7TNU = @.

Proof. Assume the contrary, that is, there are sets {Cy, }x<; and { Dy } & <1 such that each CY, is forbidden
by some sg, Ay as in (i), each Dy is forbidden by some ¢/, 2+ as in (ii) and the union of all these sets is
in 4. Without loss of generality, as being forbidden is downwards closed under C, we may assume that
{Ck } k<t U{ Dy } i <p is a pairwise disjoint family, that any member of this family has empty intersection
with any s and t;, and that [ = [’ when both are not 0. This is because, in the process of making them
pairwise disjoint, those sets that become finite can be ignored, so it may happen that some of the two
sequences disappear. When both do not disappear, make their length equal by splitting some sets. Let
1 < e < 2 be the number of sequences that did not disappear and put J = | J,,_;(Cx U Dy,) (ignore in
this union the sets that disappeared). Note that J € M because it is in .

3.3.4 Claim. There exists an f € w* N M such that, for any n < w, f(n) > n and, whenever we
partition J N [n, f(n)) into e - | pieces, at least one of the pieces a satisfies

o Vi<i3gca(sk U q is permitted by Ay) and
o Vici3gca(ty U q is permitted by {p € Bzr [ g2+ (p) < f(n)}).

Proof. Work in M. Fix n < w and assume that there is no such f(n). Construct a tree of height w such
that level n’ is formed by the sequences of length e - [ that partitions .JJ N [n, n + n') into sets that do not
satisfy the claim, which order is {q; tx<eq < {ak}r<er iff ¢ C a forall k < e - l. As the levels are
finite and non-empty, by Konig lemma we can find a partition of J N [n,w) into e - [ non-empty pieces
such that none of them satisfy the claim. Then, there is one piece K that belongs to ¢/. For each k < [,
as (s, K), (ty, K) € My and Ay, and B2 are maximal antichains, we can find q,}:, qg C K such that
sk U ¢} is permitted by Ay, and ¢, U g7 is permitted by Bz*. Thus, we can easily find f(n) such that
f(n) > sup({n} U U, (g} U ¢?) + 1) and satisfies the claim, a contradiction. O

Then, as {Cy, N [n, f(n)) / k <1} U{DyN[n, f(n)) / k < 1} is a partition of J N [n, f(n)) into
e - [ pieces, one of these pieces a satisfies the previous claim. If a is of the form Cy N [n, f(n)), then
there is a ¢ C a that is permitted by (sg, Ck) and Ay, contradicting that CY, is forbidden by sy, Ay.
Hence, a is of the form Dy N [n, f(n)). Then, there is a ¢ C a that is permitted by (¢, Dy) and
{p € B / gix(p) < f(n)}),so c(n) < f(n) because Dy, is forbidden. As this is true for any n < w,
we get that ¢ < f with f € M, but ¢ is <*-unbounded over M, a contradiction. O

In N,asUd U{w~\Y /Y € 7} has the finite intersection property, there exists an ultrafilter V containing
it. Itis clear that V N Z = &. We prove:

o My <pr My. Let A € M be a maximal antichain in Mz, and (s, F') € My. As F' ¢ Z, F is not
forbidden by s, A, so there is a t € [w]<* permitted by (s, F') and by some p € A, so it is clear
that (s, F') is compatible with p.
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o Ik, v ¢ £F 2 for any 2 € M My-name for a real in w*. Towards a contradiction, assume
that there are 2 € M, m < w and a (s, F) € IMy that forces Vi>n,(c(k) < 2(k)). By making
finitely many changes to 2, we may assume that (s, F') forces ¢ < 2. As F' is not forbidden
by s, %, there is a t € [w]<* permitted by (s, F') and by some p € B with gZ(p) < c(n) for
some n < w. Then, (s, F') is compatible with p, so there is a common extension ¢ € IMy. As
p kg, h(n) = gZ(p) < ¢(n), we get that g forces i(n) < c¢(n) and ¢ < h, a contradiction.

O

3.3.5Lemma. Ifc € wY NN is <*-unbounded over M, then it is E%—unbounded over M. In particular,
in Lemma 3.3.2 we can also conclude (x, My, My, M, N, €%, c).

Proof. Lety € S(w, H)NM. Let h € w” N M defined as h(n) = sup(¢(n) + 1) for any n < w. Then,
35, (h(n) < c¢(n)), which implies 332 (c(n) ¢ ¥(n)). O

Lemma 3.3.2 does not hold for o< because the Mathias real added cannot be spitted by any infinite
subset of w in the ground model and also because I, v 7y = niyy. We do not know whether the
lemma is valid for ! or for €7 (this last without using a <*-unbounded real, as it happens in Lemma
3.3.5). However, this can be done for Laver forcing with an ultrafilter.

3.3.6 Lemma. In M, let U be an ultrafilter on w and, in N, let V be an ultrafilter on w such thatUd C V.
Then,

(a) (Shelah [S04], see also [Br06, Lemma 2.1] and [Br0O7, Lemma 8]) Iyy < Ly.

(b) Let ¢ be a 2%—statement in the forcing language of P with parameters in M. Fix s € w<% and
assume that no T € Iy, with stem s forces, in M, that —~p. Then, no T' € 1Ly, with stem s forces, in
N, that —.

(c) (x, Ly, Ly, M, N, €%, c) holds for any c € N that is ! -unbounded over M.

(d) (*,1Ly, Ly, M, N, 7, ¢) holds for any ¢ € N that is ! -unbounded over M.

Proof. (a) It is clear that I;; C Ly and that incompatibilities are preserved. Let D € M be a dense
subset of I;;. Consider the rank function pp defined for the proof of pure decision of IL;; (Theorem
1.2.9). We prove, by induction on this rank function, that, for all s € w<¥, any T" € Ly with
stem s is compatible with a member of D. If pp(s) = 0 then there is S € D with stem s, so
clearly any T € ILy with stem s is compatible with it. Now, if pp(s) = a > 0 and T € Ly, with
stem s, there exists a j < w such that ¢t := s (j) € T and pp(t) < «. By induction hypothesis,
Ty ={reT /r Ctort Cr}iscompatible with some S € D, so T is compatible with the same
S.

(b) By pure decision (Theorem 1.2.9), choose S € I;; with stem s such that either S Iy, rr @ or
S IFr,,,m —. By hypothesis, the second option is not possible, so S IFr,, a7 . By (a) and Lemma
1.2.1,in N, S kg, . Now, if T' € ILy has stem s, then it is compatible with .S, so it cannot force

(c) Itis enough to prove the statement for €; for any h € w® that converges to infinity. Letc € w* N N
be a real such that no slalom in S(w, h) N M localizes it. In M, fix v a Iy-name for a slalom in
S(w,h). Fors € w<¥let Ly s := {T € Ly / stem(T') = s}, which is centered. For n < w, let
Ye(n) ={j <w/Irer, (TIFje 1)(n))}. By the centeredness of Ly, 1, € S(w, h).

In N, fixT € Lyandn < w. Puts = stem(T'). Asc ¢" ¢y, thereisak > n such that c(k) ¢ 5 (k),
that is, in M, no copdition in Ly, s forces that c(k) € (k). By (b), no condition in ILy) with stem s
forces that c(k) € ¢ (k), so there is S C T in Ly, that forces c¢(k) ¢ ¥ (k).

40



(d) In M, let & be a Ij;-name of a real in 2¥. For s € w<Y, as Ly s 1s centered, by Lemma 1.2.7, for
each n < w we can find z,[I,, € 2» such that no condition in Ly s forces that z, I, # ©[I,. Put
2s = Upew 2s/In €2° N M.
In N, fix T € Ly and n < w any natural number. Put s = stem(7"). Choose k > n such that
c[ly = zs[1I. By (b), no condition in ILy) with stem s forces that z;[[y, # ©[[j, so there is S € Ly

extending T that forces [l = zs[[ = @|Ik.
O

Like in the case of Mathias forcing with an ultrafilter, the previous result is not valid for oc. Moreover,
as by, v iv = iu, the result is not valid for <*.

We prove a general preservation result of unbounded reals for Suslin ccc notions. Before, consider
the following preliminary result.

3.3.7 Lemma. Let o(xy,...,2,_1) be a Gg statement. Then, p I-s @(iq, ... &n_1) is a TI}-statement.

Proof. Let {1}, be a sequence of subtrees of (w™)<* such that |J,_,[T}]] = {(zo0,...,2n-1) €
(W) / =¢(x0,...,2n_1)}. We can code iy, ..., 1 by areal given by maximal antichains { A},
where A% = {qf / j < w} and functions {g*}r<., where g* : w — (w<¥)" such that q;? - g*(5) =
(#olk,...,Zn_1]k). Observe that p IF (Zo, ... 3<n—1) & U, [T7] iff

Va<p¥icwInewTj<w(a || ¢ and g"(5) ¢ T)).

The latter is clearly a TT}-statement. 0

3.3.8 Lemma. Let S be a Suslin ccc poset with parameters in M. If S is C-good in M, then the property
(%, $M SN M, N, C,c) holds.

Proof. In M, fix h a $-name for a real and choose Y C w* a witness of the goodness of 5 for h. By
Lemma 3.3.7, the statement V¢, (fZY = IF fiZ h)is I3 so, as it is true in M, then it is also true
in N.But,asc[Z Y, IFy cIZ h. O

When the same poset is used in M and N, the preservation of an unbounded real is guaranteed.

3.3.9 Lemma (Brendle and Fischer [BrF11, Lemma 11]). Let P € M be a poset. Then, (x,IP, P, M, N, C
, ¢) holds.

Proof. In M, let h be a P-name for a real in w*. Fix p € Pandn < w. Choose {pk }k<w a decreasing
sequence in P and ¢ € w® such that pg = pand pi IF hlk = g[k. In N, c [Z g, so ¢ [/, g, which
implies that there is a k& < w such that [g [ k] N (C,). = @, this because (). is a closed set. As

pr IFn Rk = glk, we get that pi -y ¢ 7, h. O

To finish this section, we prove that preservation of unbounded reals is preserved in fsi. We even
generalize this for direct limits.

3.3.10 Lemma. Let P € M,‘IP’ € N posets such that (x,P,', M, N, C, ) holds. Also, let Q € M
be a P-name of a poset and Q €Na IE’ -name of a poset such that P’ forces (with respect to N ) that
(+,Q,Q, MP N¥ =, ¢). Then (x, P« Q,P' « Q', M, N, C, c) holds.

Proof. From Lemma 2.1.2 it is clear that P« Q <;; P’ « Q. (x,P,P’, M, N, C, ¢) indicates that IFpr N
cZ MY and, as it forces (x, Q,Q, MP NY' c), then II—IP/,N“H—Q, NP CE MPQ> O

3.3.11 Lemma. Let [ € M be a directed set, (P;);cr € M and (Q;)icr € N directed systems of posets
such that

(i) foreachi € I, (x,P;,Q;, M, N,C, c) holds and

(ii) whenever i < j, (P;, P, Q;, Q;) is a correct system with respect to M
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Then, (x,P,Q, M, N,C, c) where P := limdir;c;IP; and Q := limdir;c;Q;. Moreover, for any i € I,
(P;, P, Q;, Q) is a correct system with respect to M.

Proof. By Lemma 2.1.5, it is enough to prove that, if h is a IP-name for a real in w*, then lFqn cZ h.
Assume, towards a contradiction, that there are ¢ € Q and n < w such that ¢ IFq v ¢ T, h. Choose
1 € I such that g € Q;.

Let G be Q;-generic over N with ¢ € G. By assumption, l-q,q, n(g] ¢ Cn h. In M[G NP, find
g € w” and a decreasing chain {py }<., in P/IP; such that py IFp,p, rrjcnp] hik = glk. In N[G], by
hypothesis, ¢ [Z g so there is a k < w such that [g[k] N (Cpn)e. = @. Then, as P/IP; <pgrp) Q/Q:
by Lemma 2.1.3, py, qq,.nig) [ [k] N (Ca)e = @, that is, p kg, nie) ¢ Yn . which is a
contradiction. 0

3.3.12 Corollary. Let Ps = (P, Q) be a fsi in M and P = (Py,, Q) afsiin N. Assume that, for any
o < 0, if Py <pr P, and P!, forces (in N) (%, Qqa, Q.,, MT>, NPa T, ¢). Then, (x,Pq, P!, M,N,C,c)
holds for any o < 0.

3.4 Theorems of preservation for template iterations

We show how can we get preservation results as in Section 3.1 for iterations along a template. Consider
Context 3.1.1 and fix € an uncountable regular cardinal.

3.4.1 Theorem. Consider (L,T) an indexed template and P|L a corresponding template iteration such
that it is 0-cc and v < 0 is an uncountable cardinal such that

(i) forall B € [L|<¥, Z|B has size < v,
(ii) for all A € I, every condition and name for a real in IP| A has a support of size < v and
(iii) forallz € L and B € I, IFpp Qf is 0-C-good.

Then, P|L is 6-C-good. Moreover, if L' is an initial segment of L such that V¥, € L ~ L' (L' € 1), then
PIL' forces that P[|L/PIL" is 6-C-good.

Proof. We prove, by induction on T (A) with L' C A, that P[L’ forces that P]A/P[L’ is 6-C-good. We
may assume that L' C A. Proceed by cases.

(1) A has a maximum x and A, = ANL, € I, By Lemma 1.2.3, P | A/PP [ L' is equivalent to
(PTA,/PL’) * Q2+, so it is #-C-good by Lemma 3.1.8 and induction hypothesis.

(2) A has a maximum x but A, ¢ Z,. Then, P A = limdirge 4P| B where A := {BCA/BNL, €
T,]Aand L' C B}. Let h € V be a P| A-name for a real. If there exists a B € A such that / is a
IP| B-name then, in V', any witness of goodness of P[B/IP|L’ for h is also a witness of goodness
of PIA/P[L’, this because P[B/P[L’ is a complete suborder of P[A/PP[L’ by Lemma 2.1.3. So
assume that  is not a IP| B-name for any B € A. By (ii), there is C' € [A ~. L']<" such that A is a
P[(L' U C)-name with z € C. As L' € Z,, note that

C:={DCL'UC/L'CDandDNL, €L, (L'UC)}
c{BnL'uC)/Be Ay c{L/UE/ECCand ENL, € Z,/C}.

and C is cofinal in the latter. As p := |Z | C| < v by (i), this equation implies that |C| < p,
so enumerate C := {D, / a < u} where each D, = B, N (L' U C) with some B, € A. Note
also that (L' U C) N L, ¢ C (if so, there exists a B € A such that L' UC C B, so h would be
a P | B-name, which is false), so P [ (L' U C') = limdir {P|D, / « < u} and, by Lemma 2.1.6,
P[(L'u C)/P|L" = limdir {P[D,/P|L' / o < p}. By induction hypothesis, as P[D,/P[L’ is a
complete suborder of P| B, /IP|L’, then both are #-C-good for any w < p. Therefore, by Theorem
3.1.9, P|(L' U C)/P|L’ is f-C-good. Any family of reals that witnesses this goodness for i works
for the goodness of P[A/IP|L’ for h.
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(3) A does not have a maximum element. So P|A = limdirgeplP[B where B := {B € Z,[|A / x €
Aand I’ C B}. Let h a P| A-name for a real. If there is no B € B such that & is a IP [ B-name,
proceed to find C C A . L’ of size < v such that 4 is a P (L’ U C')-name and, without loss of
generality, assume that C' doesn’t have a maximum. Proceed exactly as in the previous case.

O]

3.4.2 Remark. Shelah’s models ([S04], see also [Br02]) for the consistency of 9 < a with ZFC use
template iterations like in Example 2.4.3 where Lo = @ and S, = D forevery z € Lg = L. By Lemma
3.2.7, the conditions of Theorem 3.4.1 with # = N; and C=o hold for those template iterations and,
thus, s = N; in the generic extension. Therefore, if N; < p < A are regular cardinals and \* = A, there
is a model of ZFC that satisfiess =N <b=0=p<a=c= A\

3.4.3 Theorem. Consider (L, T) an indexed template and P|L a corresponding template iteration such
that it is ccc and, for any A C L.

(i) whenever A has a maximum x and AN L, ¢ I, if hisa P A-name for a real, then there exists an
increasing sequence (By)n<y in Ba := {B C A/ BN L, € Z,[A} such that h is a P |C-name
for a real, where C' := | J B, and P|C' = limdir,,,P[B,,

n<w

(ii) whenever A does not have a maximum and hisalP [ A-name for a real, then there exists an
increasing sequence (By,)n<y in Ba :={B C A/ 3yca(B € I,A)} like in (i), and

(iii) forallx € L and B € Z,, IFpr B Qf is 0-C-good.

Then, P[L is 0-C-good.

Proof. By induction on Y (A). Proceed by cases.

(1) A has a maximum x and A, = AN L, € ip. Use Lemma 3.1.8.

(2) A has a maximum x but A, ¢ Z,. If his a P | A-name for a real, use (i) to find (Bn)n<w and
C. Then, by induction hypothesis and Theorem 3.1.9, P[C is 6-C-good. Any family of reals that
witnesses this goodness for h also works for P A.

(3) A does not have a maximum. Proceed like in case (2) and use (ii).
O

3.4.4 Corollary. Consider a template iteration given by the template T for a fsi (see Example 2.4.2)
where all the names for posets involved correspond to ccc forcing notions. Then, conditions (i) and
(ii) of Theorem 3.4.3 hold, moreover, (i) is irrelevant because, whenever A C L have a maximum x,
ANL, €1,

To finish this section, we prove a result that states that reals added at certain stage of an iteration
cannot be added at other stages. To see this, we give a more general result.

3.4.5 Theorem. In a (ground) model V of ZFC, let P|{L,T) be a template iteration. Fix x € L such
that L, € T, let ¢ be a P|(L, U {x})-name for a real and assume that P|(L, U {x}) forces that ¢ is
C-unbounded over V¥l If

(i) foranyy € L, if B € T, and L,U{z} C B, thenlkpp (x, Q) 11 QB vPIBNah) yPIB - ¢,
then, P|L forces that ¢ is T-unbounded over VF ({2},

Proof. Put L, = L, U {z}. Let G be P|L,-generic over V. Put M = V[GNP[L,] and N = V[G].
We prove, by induction on Y(A) with L, C A and A € V, that (x, P[(A ~ {z})/P[L,,P[A/P]|
Ly, M, N, c). Proceed by cases.
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(1) A has a maximumy and A, = ANL, € fy. We may assume that < y. Clearly, A, ~{z} € iy. By
(i), PTA, forces (x, Qﬁy\{m}, Q;y, VIPT(Ay\{m})i7 VPI4y = ¢), so inductive hypothesis and Lemma
3.3.10 implies (%, P|(A ~ {z})/P|Ls, PIA/P|Ls, M, N, ¢).

(2) A has a maximum y but A, ¢ Z,. Clearly, z < y. With B={BC A/ BNL, € I,/Aand L, C
B}, PIA = limdirgepP [ B and P[A \ {2} = limdirgegP [(B ~\ {z}), so the same applies with
quotients with P[ L, and IP|L,, respectively. Moreover, if B C B’ are in B, by Lemma 2.1.4 (P|
B~ {x}/P|L,,P|B'\{z}/P|L,,P|B/P[L,,P|B’/P|L,) is a correct system with respect to M.
Thus, by induction hypothesis and Theorem 3.3.11, (x, P[(A~{x})/P[L,, PIA/P|L,, M,N,C,c)
holds.

(3) A does not have a maximum. Proceed exactly as in the previous case.
O

3.4.6 Corollary. In a (ground) model V of ZFC, let P[{L, T) be a template iteration as in Example 2.4.3
such that, for every x € Lgand B € Z,, P|B forces that QB is C-good. Let x € L such that L, € T,
¢aP|(Ly U{zx})-name for a real and assume that P | (L, U {x}) forces that ¢ is C-unbounded over
VPILs Then, PIL forces that ¢ is C-unbounded over V({2

Proof. By Lemmas 3.3.8 and 3.3.9, this iteration satisfies condition (i) of Theorem 3.4.5. 0

3.4.7 Corollary. In a (ground) model V of ZFC, let P | (L,I) be a template iteration as in Example
2.4.3. Let x € L such that L, € T,, ¢ a P[(L, U {x})-name for a real and assume that P|(L, U {x})
forces that ¢ ¢ V¥!L=. Then, P|L forces that ¢ ¢ PI(L ~ {z}).

Proof. Use Corollary 3.4.6 with  as =" (see Example 3.2.21) and Lemma 3.2.22. O
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CHAPTER 4

APPLICATIONS OF TEMPLATE
ITERATIONS

This section includes the proof of some main results of this dissertation. We first show how to extend
Blass’s argument [BI89] to get larger values of g in models constructed by template iterations. The other
result is to force s < k < b < a with a poset constructed by ultrapowers of template iterations, where x
is a measurable cardinal in the ground model and s is allowed to take any arbitrary uncountable regular
value below .

In Section 4.1, we show how to extend Blass’s result about g and how to use it in template iterations
for fsi (see Example 2.4.2). Here, we use fsi techniques from [Br91] to force values for some cardinal
invariants of Section 1.4. In Section 4.2, we explain Shelah’s approach [S04] of forcing with ultrapowers
of a poset by a measurable cardinal. We use this for the construction with ultrapowers of the model of
5 < Kk < b < a with x measurable in Section 4.3.

4.1 Models with finite support iterations

Recall the following known result about the construction of models with small g.

4.1.1 Lemma ([B189], see also [Br10, Lemma 1.17]). Let 6 be an uncountable regular cardinal, (V,)a<o
an increasing sequence of transitive models of Z¥C such that

(i) [W]w N (Va+1 N Va) #* 2,
(ii) ([w]Y N Via)a<o € Vo and
(iii) [w]* N Vg = Upegle] N Ve
Then, in Vy, g < 6.

Proof. In Vp, for a < 0 let Cp = {z € [w]* / 734epjonv, (@ S @) }. By (iii), (o9 Ca = D, s0 it is
enough to prove that each C,, is groupwise-dense ((ii) implies that (Cy)a<g € V). C*-closed is clear.
Let (/) n<. be an interval partition of w. By (iii), we can find 3 € [, #) such that (I,),<., € V3.

In Vj, consider F' a perfect a.d. family, e.g., by identifying w with 2<“, F is the family of subsets of
the form ay = {f[k / k < w}. Let M be a mad family extending F'. Now, in V3,1, any set of the form
ay with f € 2N Vg1 \ Vj has finite intersection with any member of M because, forany x € M \ F,
the statement “V pcow (Jay N x| < Ng)” is II7. By (i), choose such an f and put z = Un@f I,,. We show
that z € C, which implies that z € C,,. Towards a contradiction, assume that there is an a € [w]* NV}
that is almost contained in z. Putd = {n < w /a NI, # @}. Clearly,d € Vg and,as a C* z,d C* ay,
so d is almost disjoint from M where M is mad in Vj, a contradiction. O
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For the following results, fix uncountable regular cardinals 11 < ps < ps < v and a cardinal A > v.
Also, products of the form a-y denote ordinal product.

4.1.2 Theorem. If \<H3 = ), then it is consistent with ZFC that add(N') = u1, cov(N) = g, p =5 =
g = us, non(N) = v = ¢ = \ and that one of the following statements hold.

(a) non(M) = us and cov(M) = A
(b) add(M) = cof(M) = v.
(c) b= ps3 non(M) =cov(M) =vandd = A\

Proof. (a) Consider (L = \, T) the template corresponding to a fsi of length ) (see Example 2.3.4). For
each o < \ enumerate [o]<#3 := {C, 5} 3. Fix a bijection g : A — A3 such that g~ (o, 8,7) >
a, B, for any a, 8,7 < A. Consider a template iteration P [ (\,Z) as in Example 2.4.3 such that
Ls = {{<X/35(6=40)}, 8¢ = Cfor & € Lg and, for each § € L¢, if £ = 4¢ + r¢ with
0 <re <4andg(d¢) = (o, 3,7), then

o (¢ :=Cyhp.
° {Aa’ 8. }n<x is an enumeration of the IP[C, g-names for all the suborders of A of size < y1.
) {I'Ba, 8. }n< is an enumeration of the IP[C, 3-names for ail the suborders of B of size < po.
o {Fupnty<x is an enumeration of the IP[C,, s-names for all the filter bases of size < 3.

e Ifre =1, then Qg = A'Aa7ﬁ,7.

o If re = 2, then Qg = Ba,ﬁ:y-

o Ifre =3, then Q¢ = Mx

o, B,y

By Lemma 2.4.7, P L is ccc and every name of a real has a support of size < ;13. Also, by Theorem
3.4.3, Lemmas 3.1.7, 3.2.13, 3.2.19 and Corollary 3.2.18, P [ L is ul—e";q—good, ,ug—rhl—good and
us-=-good. We prove that IP[L forces the following.

e add(V) = pi. To force >, let {Nn}n<u be a sequence of IP [ L-names of Borel null sets

with © < p1. Then, there is an o« < A such that all the Nn (n < w) are P | a-names (i.e.,
their Borel codes), so we can find a 3 < A such that these are IP | C,, g-names. Step into
VPIC.5_ Find a model M of a large finite amount of ZFC such that {N,, / n < u} € M and
|M| < p. Now, back in V, find v < A such that Aaﬁ’ﬂ, is a P|C,, g-name for AM  Thus, with
€ =497, B,7) + 1, P|(Cqap U{£}) adds a Borel null set that covers all the null sets in M,
in particular, it covers {N,, / 1 < u}.
To force add(N') < p1, note that Px; adds a 11-€}-unbounded family of Cohen reals of size
1 by Lemma 3.1.12. Also, this unbounded family is preserved in the P[L extension because
PIL /Py is forced by Plus to be p11-€%;-good by Theorem 3.4.3 and the fact that P[L /Pl
is equivalent to a template iteration corresponding to a fsi on [u1, A). Therefore, P | L forces
add(N) = be}l < H1-

e cov(N) = pg. Similar argument as before, but use the small suborders of B of the iteration
and use z12-rh’-goodness to force cov(N) < b < po (see Lemma 3.2.12).

e p = non(M) = pus. To force ug < p use the Mathias posets with small filter bases of the
iteration like before. To force non(M) < us, use ps-=-goodness.

e cov(iM) = ¢ = A As|PJL| < Xand \¥ = )\, then ¢ < X is clearly forced. To force
A < cov(M) note that, for any regular cardinal x such that 3 < k < A\, P [k adds a k-
=-unbounded family (by Lemma 3.1.12) that is preserved until the IP [ L-extension. Then, by
Lemma 3.1.4, P [ L forces k < 9. = cov(M). As this is true for any such regular «, this
implies A < cov(M) in the IP|L-extension.
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g = p3. Asp < g, we only need to force g < 3. Consider a partition { A, },<,, of A such
that each A,, has size A an intersects Lg. For each < u3, put E,, = Ug <n A¢. Now, if G is
IP[L-generic over V, in W, = V[G] let W,, = V|G N P[E,] for each n < p3. It is enough to
see that the conditions of Lemma 4.1.1 hold for the sequence {W),},<,,. Conditions (ii) and
(iii) follow from the fact that, in V', P [ L = limdir,<,,P [ E,, this because any condition in
IP[L has a support of size < u3. Tosee (i),in V, let{ € A, N Lg = (Ey41 ~\ Ey) N Lg, so
P[((E, N &) U{¢}) adds a Cohen real over VFI(F11) and, by Corollary 3.4.7, this new real
does not belong to VFI#n —= W,

(b) Let (L = \v, ) be the template corresponding to a fsi of length Av. Fix a bijection b : A — Ax Ax 3
and, for each a < v, enumerate [Aa| <3 := {C, g} <. Perform a template iteration P[(L, Z) such
that Ly = {da+2n / a < v, n < A}, 8¢ = D for each £ € Lg and, for each { € L, if
&= Xa+2n+1forsomea < v,n < Aand h(n) = (B,7,r), then

Ce:=Cup
{A\a’ 5,,7}7,< A is an enumeration of the IP|C, g-names for all the suborders of A of size < 1.
{I'BOH 8. }n<x is an enumeration of the IP[C, 3-names for ail the suborders of B of size < po.
{Fo, 8. }n<x is an enumeration of the P[C,, 3-names for all the filter bases of size < p3.

If r =0, then Qg = Aa,,g,y.

If r = 1, then Q¢ = B, 5.

if r =2, then Q¢ = M 1

o, B,y

Asin (a), IP[L is ccc and every name of a real has a support of size < 3. Also, by Theorem 3.4.3 and
Lemmas 3.1.7, 3.2.13, 3.2.18 and 3.2.7, P[L is pu1-€7;-good, po-h!-good and pi3-oc-good. Similar
arguments from (a) show that IP| L forces add(N') = p1, cov(N) = po, p =g = puzand ¢ < \. We
show that IP[L forces the following.

s < us. P[us adds a us-oc-unbounded family that is preserved in IP[L by u3-oc-goodness. So,
in the final extension, s = by < us.

A < non(N). By Lemma 3.1.12, if & is regular and pug < x < A\, P« adds a x-h! -unbounded
family that is preserved in the IP [ L-extension. Therefore, x < 0,7 < non(N ) is true in that
extension for any such regular . Therefore, A < non(/\).

A < v. Same argument as before, but use p3-oc-goodness and x-oc-unbounded families.

add(M) = cof(M) = v. As P[L = limdira<, P [ A, by Lemma 3.1.12, it adds a v-=-
unbounded family of Cohen reals, which make non(M) < v < cov(M). We are left to prove
v < bandd < v. Indeed, P[A(a + 1) adds a dominating real d,, over VPl for any a < v, S0

it is easy to see, in the IP| L-extension, that {d, / a < v} is a dominating family and that any
family of reals of size < v can be dominated by some d.

(c) Use the same template, lzijection and enumerations of subsets of size < w3 as in (b). Perform a
template iteration P[(L,Z) such that Lg = {Aa+2n/a < v, n < A}, 8¢ = Eforeach £ € Lg
and, for each £ € L¢, if £ = Aa+ 21+ 1 for some o < v, 7 < Aand h(n) = (5,7, ), then

Ce:=Cup
{A\w 8. }n< is an enumeration of the IP[C, 3-names for all the suborders of A of size < j1.
{I'Boh 8 }n<x is an enumeration of the P[C,, 3-names for all the suborders of IB of size < ys.
{.7;"0{7 5,7,},7< A is an enumeration of the IP[C,, g-names for all the filter bases of size < ps3.

Ifr =0, then Q¢ = Ay -

If r =1, then Q¢ = By 5,4

if r = 2, then Q¢ = M

o, B,y
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With the same techniques as before, IP [ L forces the desired statements. Just notice that, to force
b,s < ps and A < 0, t, we should use that P[L is u3->-good.
]

The same type of argument as in the previous proof leads to the following results.

4.1.3 Theorem. Assume A\<V2 = \. It is consistent with ZFC that add(N) = p;, p=b =5 =g = pup,
cov(N) =non(M) = cov(M) =non(N) =vandd =t =c= \

Proof. As in the proof of Theorem 4.1.2, perform a fsi (as a template iteration) of length \v alternating
between B, C, suborders of A of size < 1 and IM x with filter base F of size < s such that we use a
book-keeping for the small posets. O

4.1.4 Theorem. Assume \<** = \. It is consistent that p = g = p1, cov(N) = add(M) = cof(M) =
non(N') = v and ¢ = X\ and that one of the following statements hold.

(a) add(N) = u1 and cof(N') = .
(b) add(N) = cof(N) = v.

Proof. (a) Perform a fsi (as a template iteration) of length Av alternating between B, D, suborders of
A of size < py and M with filter base F of size < p; with a book-keeping to track all the small
posets.

(b) Perform a fsi (as a template iteration) of length Av alternating between LOC" and M = with filter
base F of size < 1 with a book-keeping to track all the small posets.
]

In this last result we do not know how to obtain values for s, v and u. For example, in (a) we would
like to obtain s < pp and A < v, but the preservation properties related to s (and v) that we know so far
do not work for B and ID at the same time, i.e., D is ox-good but B is not and, although B is t>-good, D
is not because it adds dominating reals.

4.2 Forcing with ultrapowers

We present some facts, introduced by Shelah [S04] (see also [Br02] and [Br07]) about forcing with
the ultrapower of a ccc poset by a measurable cardinal. Fix a measurable cardinal x and a xk-complete
ultrafilter D on k.

Fix a poset IP. For notation, if p € P*, denote p, = p(«). For p, g € P* say that p <p qiff p, < qq
for D-many «.. The poset IP* /D, ordered by p < qiff p <p g, is the D-ultrapower of P.

4.2.1 Lemma (Shelah [S04], see also [Br02, Lemma 0.1]). Consider i : P — P* /D defined as i(r) = 7
where ro, = 1 for all a < k. Then, i is a complete embedding iff P is k-cc.

Proof. Tt is clear that 7 is increasing and that preserves incompatibilities. If {r,, / a < A} is a maximal
antichain in P with A\ > &, put p := (rq)a<x and note that p L i(r,,) for all & < A. This proves ( = ).
To see the converse, let A C P be a maximal antichain and p € P*/D. For each a < « choose an
ro € A such that p, || 7o. As |A| < k, by k-completeness of D we can find an r € A such that r, = r
for D-many «. Therefore, p || i(r). O

4.2.2 Lemma (Shelah [S04], see also [Br02, Lemma 0.2]). If u < k and P is p-cc, then P* /D is also
pu-cc. The same holds for p-Knaster, p-centered and p-linked in place of p-cc.

Proof. We prove the lemma for the case of p-cc. Let {7 / £ < p} be an antichain in IP*/D. For distinct
£ <pletAge i ={a<k/ pg € pg} € D. As there are < x-many such A¢ ¢, their intersection is
in D. So, if & < k is in such intersection, then {p, / & < p} is an antichain in PP of size . O
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Fix a ccc poset P. We analyze how P /D-names for reals looks like in terms of P-names of reals.
For reference, consider w®. First we show how to construct a IP* /D-name from a sequence ( f'a>a<,{
of P-names of reals. For each @ < w and n < w, let {pp” / j < w} be a maximal antichain in P
and k" : w — w a function such that p7 I fo(n) = k"(j) for all j < w. Put p™ = (ph’),cp
and note that, for n < w, {p™’ / j < w} is a maximal antichain in IP*/D by w;-completeness of
D. Also, as ¢ < k, there exists a D € D and, for each n < w, a function £ : w — w such that
k" = k" for all « € D. Define f = (fo)a<r/D the P¥/D-name for a real such that, for any n,j < w,
P |- f(n) = k™(j). Note that, if (§o)a<s is a sequence of P-names of reals and IFp f, = g, for
D-many a, then IFpx/p f = g where § = (Ja)a<n/D.

We show that any IP*/D-name f for a real can be described in this way. For each n < w, let

"= {§™I / j < w} be a maximal antichain in P* /D and k" : w — w such that 57 I f(n) = k"(§).
By r-completeness of D, we can find D € D such that, for all « € D, {pa”’ ' /J< w} is a maximal
antichain in PP for any n < w. Let f, be the P-name of a real such that pod Ik f = k™(j). For
o € K~ D just choose any P-name f, for a real, so we get that IFpr /D f = <fa)a<,§/D This
characterization of IP*/D-names of reals is very useful to get consistency results about reals by using
ultrapowers of posets. The next two results are consequences of this characterization that are very useful
for the applications in Section 4.3.

4.2.3 Lemma. Fixm <wanda L property o(x) of reals. Let (fo)a<r be a sequence of P-names of
reals and put | = (fa>a<H/D Then, forp € P*/D, p I+ cp(f) iff pa IFp go(fa)forD -many .

Proof. This is proved by induction on m < w. Recall that 2(1) = H(l) corresponds to the pointclass of
closed sets. Thus, if p(z) is a E(l]-property of reals, there exists a tree " C w* such that, for z € w®,
pla)iff e € [T] = {z € w* / Vieu(2lk € T)}.

As in the previous discussion choose, for each n < w, a maximal antichain { J/j < w}on
P~ /D and a function k" : w — w such that p™J Ik f(n) = k"(j) and p2? I fo(n) = k"(j) for
D-many «. First, assume that p, I+ f, € [T] for D- many aand fix £ < w. If § < p, we can find a
decreasing sequence {q'}i<kand at € w such that ° = g and 7! < p*( for any i < k. Therefore,

g+ H—fk—k”otand for D-many a, ¢¥ I fa [k=k"ot,sok™oteT.

Now, assume that p, | fo € [ | for D-many «. Without loss of generality, we may assume that
there is a £ < w such that p,, I fa 'k ¢ T for D-many «. To prove p I+ f Ik ¢ T repeat the same
argument as before, but note that this time we get k" ot ¢ T.

For the inductive step, assume that () is £} 1, 50 ¢(z) & yewwt(z,y) where (z,y) is some
IT! (w¥ x w*)-statement (notice that, if this theorem is valid for all X! -statements, then it is also valid
for H,ln). First assume that p,, IF 3,c,09( fa, z) for D-many « and, for those o, choose a P-name ¢,
such that po, I ¥(fa, o). By induction hypothesis, 7 I- ¢(f, §) where § = (go)a<r/D. The converse
is also easy. O

To finish this section, we prove that forcing with the ultrapower IP* /D of a ccc poset P destroys the
maximality of big mad families in the IP-extension.

4.2.4 Lemma (Shelah [SO4],. see also [Br02, Lemma 0.3]). Let A be a P-name of a ad family such that
IFp |A] > K. Then, IFpr jp A is not maximal.

Proof. Letr € P and A > k be a cardinal such that r |Fp A= {Ag /& < A}. Put A= <Aa)a<H/D
(this can be defined in a similar way by associating the characteristic function to each set), and show that
itis a P /D-name of an infinite subset of w and i(r) I Ve (| A¢ N A| < ). But this is straightforward
from Lemma 4.2.3. O
4.3 A model with a large

This section is devoted to the proof of the following result.
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4.3.1 Theorem. Let k be a measurable cardinal, 0 < k < @ < X\ uncountable regular cardinals such
that 6<° = 0 and \* = \. Then, there exists a ccc poset that forces s = 0 < Kk < b =0 = p <
a = ¢ = \. Moreover, there is such a poset that also forces add(N) = cov(N) =p =g = 0,
add(M) = cof(M) = pand non(N) =t =\

Fix D a non-principal x-complete ultrafilter on k.

4.3.2 Definition (Appropriate template iteration). A template iteration P[(L, Z) is appropriate (for the
proof of Theorem 4.3.1) if the following conditions hold.

(M Ap € Liscofinal in L,

L| = Xand 0 = min(L).
(II) Every x € L has an immediate successor and, for a € Au, a + 1 is the immediate successor of «.
(II) If v € A is a limit ordinal of cofinality # k, then v = sup; {a € Au / a < 7}
(IV) L is partitioned into four disjoint sets Ly, L4, Lr and L.
V) |Lg N[AE A€+ 1)) N Ord| = A forany & < p.
(VD Foreach a € Ay, Ly, € Z,.
(VID) If X € [L]<Y, then |Z|X| < 6.
(VIII) Forxz € Ly and B € L, Qf is a P B-name for DV,

(IX) For x € L4 there is a fixed C, € fx of size < 6 and a IP|C,,-name AI of a suborder of A of size
< 0 such that, for every B € 7,

z 1 otherwise.

(X) For x € L thereis a fixed C, € fx of size < 6 and ]-}; a IP[C;-name for a filter base on w of size
< 0 such that, for every B € 7,

B IM 7, if C, C B,
1 otherwise.

(XI) Forz € Ly and B € 7, Qf is the trivial forcing.

(XII) Given R a IP [ L-name for a subalgebra of A of size < 0, there exists an x € L, such that
IFpir R = A,

(XIII) Given f a ]P | L-name for a filter base on w of size < @, there exists an x € Ly such that
H—]p[ L F=F,.

Notice that an appropriate template iteration IP [ (L, Z) satisfies the hypothesis of Lemma 2.4.7, so
it has the Knaster condition and the support of each condition and of each name of a real has size < 6.
Therefore, by Theorem 3.4.1 and Lemmas 3.1.7, 3.2.13 and 3.2.7, P [ L is 0-th’-good and 6-c-good.
Similar as in the proof of Theorem 4.1.2(b), we show that IP[ L forces add(N) = cov(N) =p =g =
s =60, add(M) = cof(M) = pand non(N) =t =c =\

e 0 < add(N). Let G be P[L-generic over V. In V[G], let {N,, / n < v} be a family of Borel null
sets with v < 6. Let M be a model of a finite large amount of ZFC such that it contains the codes
of all the N,, (n < v) and |M| < v. Back in V, by (XII), P[ L forces that AM = A, for some
x € Ly, soP|C, Ax adds a Borel null set that covers all the Borel null sets in M, in particular,
it covers {N,, / n < v}.
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0 < p. Similar argument as before, but use (XIII).

e cov(N) < 6. By (V), find @ < X minimal such that |Ly N «| = 6. Notice that cf(a)) = 6 and,
by (III), P[L, = limdir.<oP[L.. Then, by Lemma 3.1.12, P[L,, adds a 6-h! -unbounded family
of size 6 that is preserved in P|L because P[L/P[L, is #-h!-good by Theorem 3.4.1. Therefore,
cov(N) < b7 < 6 is true in the IP[L-extension.

e 5 < f. Same argument as before, but adding a #-occ-unbounded family.

e g < 0. By (V), find an increasing sequence { E, },<¢ of subsets of L such that its union is L and,
foreacha < 6, Ly N AuN Eqq1 N Ey # &. Let G be P[L-generic over V and put Wy = V[G]
and W, = V[GNP[E,] for any a < 6. It is enough to show that { IV, } o<y satisfies the conditions
of Lemma 4.1.1. Conditions (ii) and (iii) hold because, in V', P[L = limdir,¢P[E,. To see (i),
choosea f € Ly N AuN Eqq1 \ E, and note that P[((E, N Lg) U {5}) adds a Cohen real over
VPI(EanLs) 5o, by Corollary 3.4.7 and (VI), that real does not belong to VP B« = ¥/,

e )\ <t By(V), P[Ly = limdir, P [ L, so it adds a A-ox-unbounded family of size A that is
preserved in the IP[L-extension. Therefore, A < 0, = t in that extension.

e )\ < non(N). A similar argument like before, but adding a A-h!-unbounded family.

e ¢ < A\ As 0¥ =0, by (VID), for any X € [L]<9 it is easy to see, by induction on Z € Z]X, that
IP1Z| < 0,s0 [P[X]| < 6. Then, as P[L = limdiry (<P [ X, its cardinality is < A because
A% = \. Thus, it forces ¢ < \.

e add(M) = cof(M) = p. P[L = limdir¢,IP[L ¢ and, by (V), P[L ¢4 add a dominating real dg
over VFIExe PIL forces that {dg / & < p}is a dominating family and that any family of reals of
size < p is bounded by some dg, which implies ¢ < b < 9 < p. On the other hand, by Lemma
3.1.12, P|L adds a p-=-unbounded family of size p, so it forces non(M) < p < cov(M).

Therefore, to prove Theorem 4.3.1, it is enough to construct an appropriate template iteration that
forces a > A. This will be done by constructing a chain of appropriate template iterations of length A
such that the inductive step is done by taking ultrapowers (so we can use Lemma 4.2.4 to force a to be
large). Before proceeding with this construction, we explain how we deal with the inductive and limit
steps for the construction of that chain.

Fix an appropriate template iteration IP[(L, Z). Recall from the context of Lemma 2.3.7 the templates
T* and Z' associated to the ultrapower L* of the linear order L. We show how to construct, in a canonical
way, an appropriate template iteration PT[(L* ZT) that is forcing equivalent to the ultrapower of P[L.

As cf(An) = p > K, it is easy to note that Ay is still cofinal in L*. By standard arguments with
ultrapowers, as A* = A, conditions (I)-(IIT) of Definition 4.3.2 are satisfied by L*. Let L}, := L%; /D,
L%, L% and L defined likewise. (IV)-(VII) for (L*,Z*) and (L*,Z") are clear, the last one by Lemma
2.3.8. Notice that L}; N L = Ly, L3y "L = Ly, L. N L= Lrand L} N L = L.

4.3.3 Lemma (Ultrapower of a template iteration). There is a template iteration P* [(L*,Z*) such that
(VII)-(XI) hold and, for any A = [{Aq}a<s] C L*, there is an onto embedding F : [, PAa/D —
P*[ A such that, for any D = [{Dy}o] C A, F5 C Fj.

a<k

Proof. To define the desired template iteration P* [ (L*, Z*), it is enough to show how C,, A@ an_d Fa
are defined for (IX) and (X). This is done in parallel with the construction, by recursion on T (A), of
the desired onto embeddings.

(IX) For z € L%, let C; = [{Cy, }a<x] € I%. Define the P* | Cz-name Ax = (A, )a<, in the
following way. By ccc-ness, for D-many « there is a cardinal v, < € such that P [C,_ forces
|Axa| < Vq. As 0 < K, there is a cardinal v < 6 such that v, = v for D-many . For those a, let
Ay, = {aae /€ < v} and ag = (Aa,¢)a<n/D, whichis a[], ., PIC;, /D-name for a real. But,

a<k
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by induction hypothesis, this ultraproduct is equivalent to P*[C5 by the function Fe. . solet A;
be a P*|Cz-name for {dz / &€ < v}. By Lemma 4.2.3, P*|C; forces that A is a suborder of A.

Note that, if z € L4, then C,, = C,, because |Cy| < 0, s0 A\* = Ax.

(X) Forz € L, let Cz = [{Cy, Ya<s] € 7. By a similar argument as before and Lemma 4.2.3, we
can define a P*|Cz-name F: := <fxa)a<H/D of a filter base on w of size < 6.

Like before, if z € Ly, then C* = C, and F = F,.

Now, we construct Fiz. Let p € [, . P[A./D, thatis, p, € P[A, for D-many . Let z, :=
max(dom(py)), so there exists a B, € I, [A such that p,[L,, € P[B, and p,(x) is a P[B,-name
for a condition in QB2 Let 7 := (pq Lo )a<r/D and p(Z) := (pa(Ta))a<s/D which is a P*[ B-name
for a real (by induction hypothesis), where B .= = [{Ba}a<x] € Z; [A. By considering cases on (VIII),
(IX), (X) and (XI), by Lemma 4.2.3, p() is actually a IP* | B-name for a condition in , so define
Fz(p) = Fg(7){p())z. Note that this definition does not depend on B. O

A template iteration PT[(L*,Z7) can be defined in a similar way as in the previous proof, so that
P A is forcing equivalent to [locr PIAa/D forany A = [{As}a<s] € L*. Notice that (L*,IT) is
a f-innocuous extension of (L*, Z*) (Lemma 2.3.7), so, by Lemma 2.4.9, PT[ A is forcing equivalent to
P*[A.

4.3.4 Lemma. P* [ (L*,T*) and Pt [ (L*,I") are appropriate template iterations. Moreover, P|A is
forcing equivalent to P*[ A and P11 A for any A C L.

Proof. It remains to prove conditions (XII) and (XIII) for both iterations. As every set in I; is contained
in some set in Z7 for any € L*, it is enough to consider only the case for Z*. As the proof of both
conditions are similar, we only show (XIII). Let ]-" be a IP*[L*-name for a filter base on w of size < 6.
By ccc-ness, find v < 6 such that ]-" is forced to have size < v and let ]-" {Ue /€< 1/}. Each (76
is of the form <Ua7e)a<,@/D where each UmE is a P [ L-name for an infinite subset of w. As v < 46,
fa = {UmE /€< I/} is a IP [ L-name for a filter base for D-many «, so, by (XI), there exists an
Zo € Lp suchthat lbp;z, fa = fxa. Then, IFp« - f" = f;.

The second part of the proof follows from Lemma 2.4.9 because, for x € L, 7} |L = il [ L and
(L,Z*|L) is a strongly #-innocuous extension of (L, 7). O

Now, we explain h(zw we deal, in general, with the limit step. Let 6 < A be a limitiordinal and
consider a chain {(L“,Z%)},<s of templates and appropriate template iterations P®[(L%, Z%) with the
following properties for all & < 3 < 4.

(1) (LP,ZP) is a strongly -innocuous extension of (L%, ).

(2) For z € L%, its immediate successor in L is the same as in L.
(3) L% =LY nL* LY C L and Ly C LY.

@) Ifz € LY, then C¢ = Cj and I, srcp Ag = AZ.

(5) If 2 € L, then Cf = CF and Iy 6 Fo = F7.

Corollary 2.4.8 implies that P®[ X is a complete suborder of P?[X for any X C L.

Consider L9 and the templates 7 and J as in the context of Lemma 2.3.10. Let LS, = U a<s LY, Li
a set disjoint from L% that contains | J, 5 L%, L‘} a set disjoint from L‘SH U Li‘ that contains (J,,_; L%
and L% =L~ (LéH U Li U L). Properties (I)-(V) are straightforward for L°, moreover, properties
(1)-(3) hold for any o < & by replacing 3 by § and for both templates Z and 7. (VII) also holds for both
templates because of Lemma 2.3.11. Nevertheless, (VI) holds for 7 but it need not hold for Z.
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We show how to define template iterations P3[(L, Z) and P{[(L?, J) such that they are close to be
appropriate and have nice agreement with the template iterations P*[{L%, Z%) for a@ < . We just need
to be specific about (IX) and (X) in order to define the iterations. In the case of Z, for z € Li U LS., if
there is some a < & such that z € L% U L%, let C% := C and A% = A% or ) = F2, depending on
the case. Otherwise, choose C® and A% or F? freely.

For this to be defined, it is necessary to proceed inductively and guarantee that, for each o < 4,
P | X is a complete suborder of IP% [ X for any X C L“, but this can be done along the way using
Corollary 2.4.8. Notice that (4) and (5) hold in this case by replacing (5 by ¢ (for IPg [C’g).

IP‘{ [(L‘S, J) is defined in the same way by just ensuring to make the same choices of C;g, Afc and .73;5
as for Z. The same conclusions as in the previous case hold in the same way. However, it is not always
the case that properties (XII) and (XIII) hold, moreover, they will depend on the particular “free” choices
of C9, A‘; and fg There is one case in which both properties hold for both template iterations.

4.3.5 Lemma (Direct limit of a chain of template iterations). Assume that cf(5) > 6, Lo = Uyes LS
and L% = Ua<s LE- Then, both template iterations P[(L°, T) and PI[(L°, T 2 are forcing equivalent
and satisfy (XII) and (XIII). Moreover, IP5 L% = limdirg<sP*[L* and IP5 [<L5, J) is appropriate.

Proof. By Lemmas 2.3.10 and 2.4.9, both template iterations are equivalent, so it is enough to prove
(XII) and (XIII) for the iteration along Z. B

We claim that P§[ A = limdir,sP*[(L* N A) for any A C L°. Proceed by induction on TZ(A).
Letp € Pi[Aand z = max(dom( ). so there exists a B € Z,[ A such that p[ LS € P$[B and p(z) is
a IP5 | B-name for a real in QO By induction hypothesis and ccc-ness, find o < § such that x € L<,

B € IS[(L* N A), p|L = p|L® € P*B and p(z) is a P*| B-name for a real. In the case that z € L3,
then z € L%, by (3), so p(z) is a P*[B-name for a condition in Hechler forcing; in the case that = € Li
and C, C B, increasing o if necessary, z € L%, so clearly p(z) is a P®| B-name for a condition in A%
(the case C,, gz B iseasier); if x € L‘SF and C,; C B, like before, p(x) is a P*[B-name for a condition in
M Fo and if x € L5T, then € L and so p(z) is clearly a name for the trivial condition. Then, in any
case, p € P*[(L* N A).

We show (XIII) ((XII) is proved in a similar way). Let Fbea ]P5 [L5 name for a filter base on w of
size < 6. Then, as cf() > 6 and the previous claim, find o < § such that Fis a P L%name, so there
existsan r € LG C L5F such that F is forced to be equal to ]—" o ]-' 0 O

The use of the indexed template Z is to prove the preceding result. But, for the construction of the
model we want, 7 is the one used for the limit step.

Proof of Theorem 4.3.1. Fix a bijective enumeration {2ac +1 / a < A} := {7, 3 / o, f < A} (the odd
ordinals below \), a bijection g : A — A x € and an increasing enumeration (J, )< of 0 and all the
limit ordinals below X that have cofinality < 6. For an ordered pair z = (z,y), denote (z)p := z and
(2)1:=y.

By recursion on y < ), define a chain of templates {(L”,Z7)},< such that they satisfy conditions
(D-(VID) and (1)-(3). It is also required that, for v < 0q, (LLULY)N{A+T0 5/ & <pand B <A} =&
and, if 8o, < 7y, then {\§ +To25 / € < pand § < A} C L and {\§ + 7o 2841 / & < pand § < A} C
L.

Let L° := Ay and Z° be the template corresponding to a fsi of length Az (Example 2.3.4(2)). Put
L;}{ ={2a/a< i} ={ +2a/E<panda < A}, LY = {AN+ 1005/ € < pand B < A},
LY = {A+ 702811 /& <pand § < A}and LG := L\ (LY ULY) = {X+ Tap /€ < pra, B <
A and a # 0}. Clearly, conditions (I)-(VII) hold for (LY, ZV).

Given (L7,Z7), let (Y1, 771 .= ((L7)*,(Z7)") as in the previous discussion of ultrapowers.
Clearly, (I)-(VII) hold and, moreover, L}{H NnNLY = L;I, the same for the other type of sets, so (2)
and (3) hold. For (1), recall that (L7T! Z7+1) is a strongly f-innocuous extension of (L7, Z7), so it is
needed to prove that it is also a strongly 8-innocuous extension of (LfB I8 ) for each § < ~. Indeed, the
non-trivial part is to see that, for x € L?, I TP Cc I I A € I LA, then, as LP C L7, there
exists H € (Z7)* such that A = H N LP. Then, A = [{H, N LP} o] € (Z2)* because )| L° C T.
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If § is a limit ordinal, define L/ := U 8<s LP and 7° := J according to the previous discussion about
chains of templates. Hence, it is only needed to be specific about how to define L% and L3.. If cf(8) > 0,
put Ly = Uy L} and LY = Useg L. Otherwise, let L8 = Uys Ly U {NE + Ta2s / € <
pand B < A} and LY, := Us<s Lg U{AE + Ta28+1 / € < pand < A} where a < A is such that
0 = dq. Clearly, (I)-(VII) and (1)-(3) are satisfied. B

Again, by recursion on v < ), define appropriate template iterations IP7 [(LY,Z7) such that (4) and
(5) are satisfied for them.

Looking at the template (L, Z%), for each ¢ < yu enumerate [A(]<Y := {C’ga Ja< )\}. In an

inductive way, define the iteration P°[(L°, Z°) in the following way.

e Foreach{ < pand o < A, let <A2 an)n<o and <].-"§am>,7<g be enumerations of all the P° [Cga—
names of suborders of A of size < 6 and all the names of filter bases on w of size < 6, respectively.
This can be done because [P’ | X| < 6 when | X| < 6 (see the explanation of this above in the

justification of ¢ < A in the extension of an appropriate iteration).

e Forz € L% and B € Z,, Q2 is defined as indicated in (VII)-(XX). For (IX), if € LY then

T = A + 79,28 for some B < A, so put CY = C’g @(8)o and A0 := Ag () for (X), if x € LOF
then z = A + 70,2541 for some 3 < A, so put C¥ := Cg (9(8)), and FU .= j—'gg(ﬁ).

To see that PV [(Lo,f()} is appropriate, it remains to prove (XII) and (XIII). We show (XIII). If Fisa
PO L%-name for a filter base of size <  then, as the support of every name of a real has size < 6, find
C € [L°)<? such that F is a P*|C-name. Clearly, there exist £ < y and a < X such that C' = C’g o SO
F is forced to be equal to ]:'g’am = .739&70’2971(%”1

The iteration P+ (LY Z7F1) is defined from P7[(LY,Z") as explained in the previous discus-
sion of ultrapowers. From the proof of Lemma 4.3.3, (4) and (5) are satisfied.

For the limit step for § limit consider two cases. When cf(d) > 6, define P’ [(L%, 7°) as in Lemma
4.3.5. So assume that cf(J) < 0, that is, & = J, for some € < \. For each { < p, enumerate [L‘f\ﬁ]<9 =
{C‘;’a / o < A}. As it was done for P°| LY, define the iteration corresponding to § inductively in the
following way.

for some n < 6.

e Foreach & < pand a < A, let (Ag apin<o and (fga ,)n<6 be an enumeration of all the IP‘s[C’g o

names of suborders of A of size < 6 and of filter bases on w of size < 6, respectively.

o Forz € L% and B € I, Q2" is defined as indicated in (VII-(XI). For (X), if 2 € Uys L.
let C) = C’;f and A'xy = A\g for some 5 < § such that x € Li (this does not depend on the
chosen 8 by (4)); if z € Li ~ U5<5 Li, then x = A{ + 7 2 for some (unique) 3 < A, so put
Cl .= Cg,(g(ﬁ))o and A := Agg(ﬂ). For (XI), if z € U6<5 Lf;, let CJ := C2 and F) := F2 for
some 3 < ¢ such that z € LB ifz e L% ~ UB<5 L’?;, then x = A\§ + 7 2341 for some (unique)

S . ) 6 . 0
B < Asoput Oy = Gf (g, and Fy:= F¢ ).

According to the previous discussion with chains of templates, we only need to prove (XII) and (XIII)
for PO[LY, but its proof follows the same lines as in the case of PO[L°.

It only remains to prove that P*|L* forces that a = X. Let A be a P*|L*-name for an a.d. family
of size v < A with v > k (we don’t need to consider a.d. families of size < k because b is forced to be
equal to & > ). By Lemma 4.3.5, P*|L* = limdira<,P®|L?, so there exists an o < A such that A
is a P*[L%-name. As P+ [L*! is forcing equivalent to the ultrapower of P*[L® (Lemma 4.3.3), by
Lemma 4.2.4 this poset forces that A is not mad, and so does P L*. O

4.3.6 Remark. Shelah’s models discussed in Remark 3.4.2 satisfy cov(N) = s = g = Ny < add(M) =
cof(M) = u < non(N) = a = t = ¢ = )\ by the same arguments as in this section for the values of g,

cov(N), non(N') and t.
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CHAPTER 5
MATRIX ITERATIONS

The first example of a matrix iteration was constructed by Blass and Shelah [BIS84] using Mathias
forcing with ultrapowers to force u < 0 with large continuum. Year later, Brendle and Fischer [BrF11]
improved this construction by showing how to add dominating reals up to some intermediate extensions
in the matrix. Also, they constructed a matrix iteration with ultrapowers to get a model where a is large.

In Section 5.1 we define matrix iterations in general and fix the type of matrix iteration that we use
for our applications. Here, we use posets like in the previous paragraph, but we also show how to use
Suslin ccc posets into the matrix. In Section 5.2 we prove our main (consistency) results about Cichon’s
diagram with models that come from matrix iterations, this by also using results of Chapter 3.

5.1 Matrix iterations of ccc posets

Fix two ordinals ¢ and ~.

5.1.1 Definition (Blass and Shelah [B1S84] (see also [BrF11])). For an increasing sequence {Va,0ta<s
of transitive models of ZFC, a matrix iteration of ccc posets is given by Ps, = ((Pa¢, Qa.¢)e<y)a<s
with the following conditions.

(1) Foralla < 6, Py = (Pq, Qa@gq is a fsi of ccc posets in V,, .

(2) Forall¢ <yanda < f <6,if Pag <v,  Ppg. thenlbp, (v, Qag < roe Qe
«,0

By Lemmas 2.1.2 and 2.1.5, (2) implies that P, ¢ <y, , Pg¢ forany a < 8 < § and § < ~. Moreover,
if & < n < v, (Pag Pay Pse,Pgy) is a correct system with respect to V,, . Denote by V, ¢ the
P, ¢-generic extension. Figure 5.1 shows how a matrix iteration can be pictured as a system of parallel
fsi.

Before introducing the type of matrix iteration that we will use for our applications in Section 5.2,
we need the following preliminary results about ultrafilters on w.

5.1.2 Lemma. Let 6 be a limit ordinal of uncountable cofinality and {Vy, }o<s a increasing sequence of
transitive models of ZFC such that [w]* N'Vs = J,5lw]® N Va. Let (Un)a<s € Vs be a sequence such
that, for any o < B < 0, Uy is an ultrafilter on w in Vo, and U, C Ug. Then, Us := J,.5Ua is an
ultrafilter in Vs. Moreover, if My, <v, My, for all « < 3 < 6, then My, <y, My for any o < 6.

Proof. In Vy, it is clear that Us C [w]“ contains the cofinite subsets on w and it is closed under intersec-
tions. Also, [w]* N V5 = [Jy<slw]” NV, implies that Us is upwards C-closed and that, for any X C w,
there is an o < § such that either X € U, or w ~ X € U,, so Uy is an ultrafilter on w.
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Figure 5.1: Matrix iteration

For the second statement, let « < ¢ and A € V,, a maximal antichain in My, . If (s, F') € My, then
there is a 3 € [, d) such that ' € Up, ie., (s, F) € My,. As My, <y, My, then A is a maximal
antichain in Mg, so (s, F') is compatible with some member of A with respect to My, ]

5.1.3 Lemma (Blass and Shelah [BIS84]). Let 6 be a limit ordinal of countable cofinality and {V,}a<s
a increasing sequence of transitive models of ZFC. Assume that (Uy)o<5 € Vs is a sequence such that,
forany o < 8 < 0, Uy is an ultrafilter on w in Vo, Uy, € Ug and My, <y, IMuﬁ. Then, there is an
ultrafilter Us in Vs such that U, C Us and My, <v,, My, for any ac < 9.

Proof. Proceed like in the proof of Lemma 3.3.2. Fix {a, } <, a strictly increasing sequence of ordinals
with limit §. To ease the notation, we may assume that «,, = n and § = w. For (s, F) € [w]<¥ x [w]¥
with sup(s + 1) < min(F), recall that t € [w]<“ is permitted by (s, F)if s Ct CsUF.IfA eV,
is a maximal antichain in My, , ¢ is permitted by A means that ¢ is permitted by some condition in A.
C € [w]¥ NV, is forbidden by s, A if there is no finite subset of w permitted by (s, C) and A.

In V,,, let Z be the ideal generated by the finite subsets of w and the sets forbidden by some s, A
where s € [w]<“ and A € V}, is a maximal antichain in IMy,, for some n < w. The same argument as in
the proof of Lemma 3.3.2 works to get | J,, ., U, N Z = @. Therefore, there exists an ultrafilter Z4,, that
contains | J,_ U, and such that U, N Z = @. Like in Lemma 3.3.2, M, <y, M, foralln <w. O

n<w

5.1.4 Context. Let §,~ be ordinals. Puty = SUU U L UT as a disjoint union and fix a function
A:T — 6. For § € S fix $¢ a Suslin ccc poset with parameters in V. Define the matrix iteration
Psy = ((Pag Qag)e<y)axs as follows.

(1) Vb =V (the ground model) and, by a fsi of Cohen forcing of length ¢, let V,, o be the intermediate
extension on & < §. For o < 6, denote by ¢, € Vo410 the Cohen real over V, o added by the
iteration.

(2) For afixed & < 7, Qa,f is defined, recursively, for all &« < ¢ according to one of the following cases.
(i) For& € S, QQ,E = $5 as a IP, c-name of 5.

(ii) For { € U define, by recursion on o < 6, a P, ¢-name L'{a,g of an ultrafilter on w such that
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e Fora < <9, ”—]Pﬁy&vﬂyo“ua’g - L{M and Mua,g <Va,5 IML'{B@”.

e It is forced by P, ¢ that L'{af contains the Mathias reals and Laver reals (of the form

ran(lua £)) added by P, ¢r4q foreach ¢’ e UU L, & < & (see also (iii)).
o If (*7 IPa,{a IPa+1,§a Va,Oa VaJrl,Oa 3*7 Ca) holds, (*7 Mz/’{a@a Mz,'{aJrL&y Va,f-‘,—la Voa+1,£+1a S*
, Cq) s forced by P 1 ¢.

e If 5 < 4 has uncountable cofinality, then IFp,, Use =, <B Uy

This construction is done by recursion on « < §. For o = 0, consider Z/'lo,g containing all
the Mathias reals and Laver reals added by Py ¢4 for each ¢ € UU L, { < & In the
successor step, use Lemma 3.3.2 to produce U,1 (if ¢, is not <*-unbounded over V, ¢, just
make sure that IMUM <V, ¢ ]l\/[ua+17§). In the limit step, for limit o use Lemma 5.1.3 or 5.1.2,
according to the cofinality of o (Lemma 5.1.5 is also relevant here). Note that, for any o < 6,
PPy c41,Va0 Ta,e = Mo (the corresponding Mathias reals).

Put ng = Muaé.
(iii) For ¢ € L define, by recursion on o < 6, a IP, ¢-name Z/'{a,g of an ultrafilter on w such that

e Fora < ﬁ <4, “_]Pﬁé L'{af - Z/.{ﬁ’g.

e It is forced by P, ¢ that Z/'la,g contains the Mathias reals and the Laver reals added by
Poeryq foreachd e UUL, & <&
e If 3 < ¢ has uncountable cofinality, then II—IPM Z/'{@g = Ua<ﬁ L'la,g.

F_or a = 0 define 2;1075 as in (ii). For g < ¢, if it is successor or has countable cofinality, let
Up,¢ be a P 3 ¢-name of an ultrafilter containing | J,, . g Ua g if 5 has uncountable cofinality, put

Us = Up<pUag:
Put ng =L r Lemmas 3.3.6, 5.1.2 and 5.1.5 are relevant to ensure that the mentioned
properties hold. Y

(iv) For & € T fix a P 5 (¢) ¢-name Tg of a ccc poset whose conditions are reals. Put

. [ 1 ifa< A,
Qoe = { Te if a > A(€).

It is clear that this satisfies the conditions of Definition 5.1.1.

To ensure that a matrix iteration as in the previous context can be constructed and satisfies the con-
ditions of Definition 5.1.1, the following lemma has to be proved along with the recursive construction.

5.1.5 Lemma (Blass and Shelah [BIS84] (see also [BrF11, Lemma 15])). Assume that § has uncountable
cofinality and € < ~.

(a) If p € Ps¢ then there exists an oo < § such that p € P, ¢.
(b) Ifh € Vs is a Ps ¢-name for a real, then there exists an o < 0 such that he Va0 is a P, ¢-name.

Proof. We prove the lemma by induction on § < . As {V,, 0}a<s is constructed from a fsi of Cohen
forcing, conditions (i) and (ii) of Lemma 5.1.2 are satisfied, so the step £ = 0 is clear. For the successor
step, let 7 = (p,§) € Pser1 = Pse * Qs¢ s, by induction hypothesis, there is an o < § such that
p € Py¢and g € V0 is a P, ¢-name for a real. Do cases from (2) of Context 5.1.4.

(i) £ € S. Itis clear that ¢ is a P, ¢-name of a condition in 5.
(i) £ € U. By ccc-ness, there is a 5 € o, §) such that IPs ¢ forces that ¢ € ]Mu[; S0 (p,q) € Pgeqr.

(iii) & € L. Same argument as before.
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(iv) £ € T Increase « so that A(§) < «, so P, ¢ forces that ¢ € Tg.

Leth € Vs,0 be a Ps ¢, 1-name for a real. By ccc-ness, h is coded by a sequence ((Ay,, gn))n<w Of pairs
of a maximal antichains in P5¢; and functions g, : A, — w that decides the values of h(n) Then,
there is some v < ¢ such that this sequence is in V,, ¢ and that the maximal antichains are contained in
Pyey1,s0 h e Va,0 and it is actually a IP, ¢ 1-name for a real.

For the limit step, let <  be limit, so P, = limdir¢,) P, ¢ for all & < §. (a) is clear. (b) follows
for the same argument of the successor step. 0

Given a relation C coded in V' as in Context 3.1.1, in Context 5.1.4 it is clear, by (1), that the Cohen
real ¢, is C-unbounded over V,, o. We are interested in preserving c,, to be C-unbounded over V, .

5.1.6 Theorem. Fix oo < 0 and assume:
(i) Forall § € S, P, ¢ forces that 5¢ is C-good.
(ii) IfU # @, then L = @ and C is <*.

(iii) If L # @, then C is €}; or .

Then, (%, Pq ¢, Potie, Va0, Vat1,0, C, ca) holds for all ¢ < ~. Moreover, if 6 has uncountable cofinality
and (i)-(iii) hold for any o < 9, then P, forces 0= > cf(0).

Proof. The first part is a direct consequence of Corollary 3.3.12 and Lemmas 3.3.8, 3.3.9 and 3.3.6.
Now, assume that J has uncountable cofinality and that (i)-(iii) hold for any o < 4. Step in V. If ¥’
is a set of reals of size < cf(d), by Lemma 5.1.5, there is an o < ¢ such that Y C V,, . Then, as ¢, is
C-unbounded over V,, 4, ¢ Z Y, s0 Y is not a C-dominating family. 0

5.2 Applications

We present the main results of this text concerning applications of matrix iterations. Fix pq < po <v <
x uncountable regular cardinals and a cardinal A > & such that A< = \. Consider ¢t : kv — & such
that t~![{a}] is cofinal in kv for every o < K (e.g., t defined as t(xd + a)) = a works). Fix a bijection
g : A — Kk X A and, given an ordered pair z = (x,y), denote (2)y = .

5.2.1 Theorem. [t is consistent with ZFC that add(N') = p = non(M) = g = v, cof(N) = K, ¢ = \,
and that one of the following statements hold.

(a) cov(M) =
(b) cov(M) = v andd =t = non(N) = k.
(¢) non(N) = = k.

(W) = —k

(e) cof(M

vandnon(N) =t = k.

)
(d) non(\)
)
)

(f) cof(M
(g) cof(M) =non(N)=u=v.

v and non(N) = k.

Proof. (a) According to Context 5.1.4, construct a matrix iteration Py y., = ((Pa, Qaé)gd,ﬂ,)ag,ﬂ
where U = L =0,5 ={\p+2y/p < rr,vy < A} and the following.

(i) S¢ =Cforany ¢ € S.

(ii) If € = Ap + 1 for some (unique) p < kv, put A(§) = t(p) and ']1’5 A is a IPy(,) ¢-name for
INCOES
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(b)

(©

(iii) If & = Ap + 3 for some p < kv, put A(§) = t(p) and ']Tg = IML'{,, where Z/?p is a IP;(,) c-name
for an ultrafilter on w.

For o < x and p < kv, fix a sequence of P, »,-names <F§77>7<>\ of all the filter bases of size < v.
(iv) If & = Ap+2(2+¢€) + 1 forsome p < wp and e < A, put A(€) = (g(e))o and T¢ = M}'—p( -
g(e

We prove the following statements in Vi ...

e ¢ = \. Itis clear that \ = X is true in Vj; o. In this model, it is clear that |IP,; y.,| < A, so it
forces that ¢ < A. The other inequality follows because IP,;  adds A-many Cohen reals.

e cov(M) = cof(N) = v = k. For each p < kv let N, be a Borel null set coded in V; ()11 xp42
that covers all the Borel null sets coded in V;(,) 1,41 (this is added by A). cof(N) < kisa
consequence from the following

5.2.2 Claim. Any family of size < v of Borel null sets is covered by some N,,.

Proof. Let & be such a family. By Lemma 5.1.5, there are o < x and § < kv such that all the
sets in & are coded in V,, »s. Find p € [§, kv) such that t(p) = a. Clearly, all the sets in &£ are
coded in V;, ¢ with £ = Ap + 1, so they are all covered by N,. O

Foreach p < kv letm, € Vi) 11,014 be a Mathias real added by My, which oc-dominates all
the infinite subsets of w that belong to V;(,) 5,43 v < & is straightforward from the following

5.2.3 Claim. Any family of size < v of infinite subsets of w is cc-dominated by some m,,.

Proof. Let C be such a family. By a similar argument as in Lemma 5.2.2, find p < kv such
that C C Vj(,) ¢ with§ = Ap + 3. Clearly, m, oc-dominates all the sets in C. 0

cov(M) = 0. > & follows from Theorem 5.1.6.

e add(NV) = p =non(M) = g = v. v < add(N) is a direct consequence of Claim 5.2.2.
As a fsiin Vj o, P, axy adds a v-=-unbounded family of Cohen reals (Lemma 3.1.12), so
non(M) = b < wis true in Vj ypp-
g < vbecause Vi xuy = Uccp
We are left with v < p. If F is a filter base of size < v, then there are @ < § and p < kv
such that 7 € V,, »,. Then, there is a v < A such that F = ]-"577, so the Mathias real added by
M Fo with e < X such that g(€) = (a, ), is a pseudo-intersection of F.

Vi, axe and the conditions of Lemma 4.1.1 are clearly satisfied.

Use an iteration as in (a), but only change (i) to $¢ = IE for all { € S. The same proofs in (a) works in
this case, but except that we do not get cov(M) > k in Vj; y,,. Instead, we get min{d,t} =0, > &k
and non(N') > 9,7 > « by Theorem 5.1.6.

We only have to prove cov(M) = 0. < v in V, y., but note that P, )., as a fsi in Vj, o, adds v
cofinally many eventually different reals, whose form a =-dominating family of size v.

Use an iteration as in (a) but with the following changes. Let S = {A\p + 47y / p < kv, v < A},
U={\p+4y+2/p<kr,v<A}and put

g — C ifE=Xp+ 87,
ST B ifE=XMp+8y+4.

(iii) can be ignored as well. By Theorem 5.1.6, 0 = d<+ > & holds in Vj; ... non(N') < v because
of the v cofinally many random reals added by the iteration. We show u < v. For § < v, consider
Ms = my¢ € Vg1, with § = Akd + 2, the Mathias real added by My, . in the iteration. By the
construction of the matrix iteration, { M} s, is a C*-decreasing family. Moreover, for any X C w,
there is some v < § such that X € V. y.s, so either M C* X or My C* w ~ X. This means that
{Ms}s5<, generates an ultrafilter.
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(d) Use an iteration as in (a) but put

g _ | C ifE=p+4dy,
ST B ifE=Ap+4y+2

(e) Asin (a), butput S¢ = D forall £ € S.

(f) Do the following changes in (a). Let S = {A\p+ 4y /p < kv, y < AL L={\p+4v+2/p <
kv,y < A} and put S¢ = D for all £ € S. Here, (iii) can be ignored.

(g) Use an iteration as in (f), but put

g _ [ D ife=2p+8y,
ST B ifE=Mp+8y+4.

O]

5.2.4 Theorem. It is consistent with ZFC that add(N') = p1, cov(N) = p = non(M) = g = v,
cof(N) = ¢ = X and that one of the following statements hold.

(a) cov(M) = cof(M) =t =non(N) = k.
(b) cov(M) = v and non(N) =0 =t = cof(M) = k.

(c) cof(M) = v andnon(N) =t = k.
(d) cof(M) = vandnon(N) = k.
(e) non(N) =u = v and ® = cof(M) = k.

(f) HOH(N):VandD:t:cof(M>:,£'

Proof. (a) According to Context 5.1.4, construct a matrix iteration P, x., = ((Pq.e, Qa{} E<hmr)a<n
where U = L =0,5 ={\p+2y/ p < kr,vy < A} and the following.
(i) S¢ =Cforany§ € S.

(i) If £ = Ap + 1 for some (unique) p < kv, put A(§) = t(p) and Tg IB is a IP;(;,) ¢-name for
]BVt(p),&,

(iii) If £ = Ap + 3 for some p < kv, put A(§) = t(p) and ']Tg = ]D,, is a I,y ¢-name for DV
(iv) If £ = Ap + 5 for some p < kv, put A(§) = t(p) and Tg = IML-{p where ZJp is a IPy(,) c-name

for an ultrafilter on w.

Fora < rand p < kv, fix sequences of P, » ,-names (A%, ). < and (F% ,). < for all the suborders
of A of size < pp and all the filter bases of size < v, respectively.

(V) Tf€ = Ap+2(3 + 2¢) + 1 for some p < wpand e < A, put A(€) = (g(e))o and T = M 2o
g(e)

(vi) If &€ = Ap+2(3+2¢e+1)+1 for some p < rpand e < \, put A(€) = (g(e))o and T¢ = AZ(E)'

From the proof of Theorem 5.2.1(a), it is clear that ¢ = A, cov(M) =t = K and p = non(M) =
g = v are true in Vj, . For this iteration, we get v < cov(N') and non(N') < k by the following

5.2.5 Claim. There is a set of reals {r,, / p < kv} such that, for any family of size < v of Borel null
sets, some 1, does not belong to its union.

Proof. Letr, € Vi(,)41,0p+2 be a random real over Vy(,) 5,41 added by IB,,. The proof is similar to
Claims 5.2.2 and 5.2.3. O
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To get 0 < &, note that

5.2.6 Claim. There is a set of reals {d, / p < kv} C w* such that, for any subset of w* of size < v,
some d, dominates it.

Proof. Consider d, € Vy(,)41,1p+4 be a dominating real over Vy(,) »,+3 added by D,. Conclude as
in Claims 5.2.2, 5.2.3 and 5.2.5. OJ

Note that Py, ) is p1-€75-good. Therefore, for any regular € (1, A), Py g, as afsi, adds a 0-€%-
unbounded family that is preserved in Vj; x.y, 50 add(N) = ber < 1 and 6 < cof(N) for any such
0, thatis, A < cof(N).

It remains to prove 1 < add(N) in Vie.ary but the argument is similar to the proof of v < p (see
also Theorem 4.1.2).

(b) Use the an iteration as in (a), but put ¢ = IE forall £ € S.
(c) In (a), just put S¢ = D for all § € S. (iii) can be ignored.

(d) Do the following changes in (a). Let S = {A\p+ 4y / p < kv, vy < A}, L={ ) p+4v+2/p <
kv,y < A} and put ¢ = I for all £ € S. Here, (iii) and (iv) can be ignored.

(e) Use an iteration as in (a) but with the following changes. Let S = {Ap + 4y / p < kv, v < A},
U={\p+4y+2/p<kr,v<A}and put

g _ [ C ifE=dp+8y,
ET1 B ifE=Ap+8y+4.

(ii) and (iv) can be ignored.

(f) Use an iteration as in (a) but put

g _f C itE=2p+dy,
ST B ifE=Xp+4y+2

(ii) can be ignored.
O

5.2.7 Theorem. It is consistent with ZFC that add(N') = p1, cov(N) = pg, p = non(M) = 1,0 =
cof(M) = k, non(N') = ¢ = X and that one of the following statements hold.

(a) cov(M) =t = k.
(b) u=v.
(c) cov(iM) =vandt = k.

Proof. (a) Perform a matrix iteration as in the proof of Theorem 5.2.4(a), but change the following.
Ignore (ii) and, additionally, for &« <  and p < kv consider a sequence (B )< of Py, Ap-hames
for all the suborders of 1B of size < us.

(iv) Tf &€ = Ap+2(2 + 3¢) + 1 for some p < wp and e < \, put A(€) = (g(e))o and T = M 1,

g(e)

(V) TfE = A\p+2(2+3e+1)+1 forsome p < rpand e < A, put A(€) = (g(€))o and T = Ag(g).

(vi) If £ = Ap+2(2+3e+2)+1 forsome p < kppand € < A, put A(€) = (g(€))o and Tg = IB;’(E).
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(b)

(c)
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From the proof of 5.2.1(a), it is clear that ¢ = A, cov(M) =t = k and p = non(M) = g = v are
true in V}; .., . For this iteration, we get 0 < x by Claim 5.2.6.

Note that P, »,, is ,ul—e}l—good and ,ug—mf -good. Therefore, it is easy to conclude, in Vj; )., that
add(N) < p1, cov(N) < b7 < g and A <07 < non(N).

The same technique used in Theorem 4.1.2 and the idea of the proof of v < p work to get p; <
add(N) and pa < cov(N) in Vi nup-

Do the following changes in (a). Let S = {A\p+4vy / p < kv, y < AL, U ={\p+4v+2/p<
kv,y < A} and put S¢ = IE for all £ € S. (iii) can be ignored.

In (a), put 5¢ = Eforall § € S.



CHAPTER 6

ROTHBERGER GAPS ON FRAGMENTED
IDEALS

Recall the notions of gaps of Section 1.5. For an ideal Z on w, b(Z), Rothberger number of Z, is defined
as the least ordinal ¢ such that there exists a (w, §)-gap in P(w)/Z (which is, in fact, an uncountable
regular cardinal when it exists). Our main results about Rothberger gaps are described with this number.
Also, we focus on a particular subclass of Fy, ideals that is called fragmented.

This chapter is structured as follows. In Section 6.1 we introduce, in detail, the Rothberger number
of an ideal and the notion of fragmented ideal, plus some preliminary results that can be interpreted in
terms of the Rothberger number. We prove in Section 6.2 that, for a large subclass of fragmented ideals,
any ideal in that subclass has Rothberger number equal to w;, which is one of our main results about
Rothberger gaps.

There is a subclass of the fragmented ideals, known as gradually fragmented, whose Rothberger gaps
can be destroyed by a two-step iteration of Suslin ccc posets. We show how to do this in Section 6.3.
On the other hand, we explain how to preserve Rothberger gaps for fragmented ideals in Section 6.4 in a
similar way as the preservation results in Section 3.1. At the end, we use the results of the previous two
sections to prove the main consistency results concerning Rothberger gaps on fragmented ideals.

6.1 Rothberger number and fragmented ideals

For an ideal Z on w, we can define the Rothberger number b(Z) of T in terms of Definition 1.5.1, where
it is not necessary to look at linear Rothberger gaps. We show in the next result that many restrictions on
the definition of b(Z) can be considered and the value of the cardinal invariant remains unchanged.

6.1.1 Lemma. Let b(Z) be the least cardinal number \ such that there exists a Rothberger gap (A, B)
with |B| = \. The following restrictions on A and B can be applied without affecting the value of b(Z).

(I) A can either be

(i) a disjoint family, even a partition of w,
(ii) a C-increasing sequence of length w, even with union equal to w, or

(iii) a C-increasing, Cz-increasing sequence of length w, even with union equal to w.
Moreover, it can be assumed that all the members of A are L-positive.
(II) B can either be

(i) a Cz-well-ordered sequence or
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(ii) a Cz-well-ordered sequence.

Moreover, it can be assumed that all the members of B are L-positive. For (i) or (ii), b(Z) is the
least order type of such B.

Proof. In each of these cases, objects in Z can be ignored, so this explain why we can assume that .A and
B contain only Z-positive sets.

(I) Let (A, B) be a Rothberger gap with A = {A4,, / n < w}.
(i) Put A}, = Ap~\Upen Aks 50 A" = {4}, / n < w} \Tis adisjoint family and (A’, B) is still
a gap. Moreover, if w \ |J A" = {l,, / n < n} withsome n < wand A" = {4 /n < w}
(it has to be infinite because it is a half of a gap), put A3 = A” U {l,,} for each n < 7 and
A3 = A for n > n. Clearly, A> = {A2 / n < w} is a partition of w into Z-positive sets
and (A3, B) is a gap.
(ii) It follows from the proof of (I)(iii).

(iii) By (i), we may assume that A is a partition of w into Z-positive sets. Put A, = J,,_, An,
so A = {A], / n < w} is C-increasing, Cz-increasing and its union is w. It is clear that
(A, B) is a gap.

(Il) Let (A, B) be a Rothberger gap with A = {A4,, / n < w} and B of minimal size A such that there
is such an A (even we can assume that A is restricted as in (I)). Without loss of generality, we may
assume that all members of 3 are Z-positive.

(i) See the proof of (I)(ii).

(ii) Enumerate B = {B, / a < A}. Construct, by recursion, a Cz-increasing sequence (BY,) <
of Z-positive sets orthogonal with A such that Ve<o(Be Cz Bj) for any « < A. Put
B{, = By. For the successor step, find v < A minimal such that B, ¢7 B, (if such a y does
not exists, then (A, B) would be separated by BY,), so put B, ., = B/, U B,,. For the limit
step, by minimality of A, (A, {B; / £ < a}) can be separated by a set C' C w. As (A, B)
is a gap, there exists a minimal v < X such that B, 7 C, so it is clear that ¥ > «. Put
B/, =B,UC.
It is clear that (A, { B, / a < \}) is a gap.

O]

Note that Lemma 6.1.1 implies that b(Z) is a regular cardinal, if it exists. Note that there are no gaps
on Z when 7 is a maximal ideal.
The following result becomes very practical in this chapter to find b(Z) in our applications.

6.1.2 Lemma. Let T be an ideal on w, X C w infinite. Then, every gap on L1 X (as an ideal on X) is a
gap on I. In particular, b(Z) < b(Z1X).

Many results of Section 1.5 can be stated in terms of the Rothberger number of an ideal.
6.1.3 Theorem. Let 7 be an ideal on w.
(a) 6(Z) is uncountable (Hadamard [H84]).
(b) b(Fin) = b (Rothberger [Ro41]).
(c) If T is either F, or an analytic P-ideal, then b(Z) < b. (Todorcevié¢ [T98]).
(d) If T is an analytic P-ideal, then b(Z) = b.

Proof. (a) is Lemma 1.5.2, (b) follows from Theorem 1.5.3, (c) is Corollary 1.5.5 and (d) is Corollary
1.5.7. O
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In view of the previous theorem, we are interested in investigating b(Z) for F,, ideals Z. Because of
their combinatorial simplicity, we focus our research in the following subclass of F}, ideals.

6.1.4 Definition (Fragmented ideals (Hrusak, Rojas-Rebolledo and Zapletal [HrRZ])). (1) Anideal Z is
fragmented if there exists a partition {a; };<,, of w into non-empty finite sets and, for each i < w, a
submeasure ¢; : P(a;) — [0, +00) such that x € Z iff {;(z N a;) }i<w is bounded (in [0, +00)). In
this case, we say that Z = Z(a;, ¥i)i<w-

(2) A fragmented ideal Z = Z{a;, pi)i<w 1S gradually fragmented if, for any k < w, there exists an
m € w such that

Vw52 VB (an [(1B] < 1and Voep(pi(b) < k) = @i ] B) < m].

In this case, a function f : w — w witnesses the gradual fragmentation of T if, for any k < w, f(k)

satisfies the same property as m above.

Denote ¢(x) = sup, ., {@i(x)} for any z C w. ¢ turns out to be a lower semicontinuous submeasure
on P(w) with Z = Fin(g). Thus, any fragmented ideal is F,.

The following important dichotomy proved in [HrRZ] implies that the gradual fragmentation of a
fragmented ideal does not depend on the choice of the partition and the submeasures. Recall that, if Z is
an ideal on w, P C 7 is strongly unbounded if it is infinite and the union of every infinite subset of Z is
Z-positive.

6.1.5 Theorem (Hrusdk, Rojas-Rebolledo, Zapletal [HrRZ, Thm. 2.6]). If Z = Z{a;, vi)i<w is a frag-
mented not gradually fragmented ideal for some (a;,p;)i<w, then I contains a perfect strongly un-
bounded subset.

This result becomes a dichotomy because no gradually fragmented ideal contains a perfect strongly
unbounded subset. To see this, let Z = Z{a;, ¢;)i<. be a gradually fragmented ideal and P C Z perfect.
AsT = J;., Cr where C, = {2z C w / Vicw(wi(x N a;) < k)}is closed, there is one & < w such that
P N CY has size ¢. By gradual fragmentation, find m < w and a strictly increasing sequence {V; };<
such that

VicwVizN,YBep(an [(1B] <1+ 2 and Voep(pi(b) < k)) = ‘Pi(U B) <ml].

By recursion, as P N CY, is perfect, find {z;};<,, a 1-1 sequence in P N C}, such that z;1 N Ui<Nl a; =
21N, <, @i foralll < w. Hence, @;(a;NU,, <, n) = vi(@:iN(U,<;11 n)) < mioralli € [Ny, Nj11)
and [ < w, thatis, | J,,.,, #n € Z. Therefore, P is not strongly unbounded.

We need the following notation with functions for the rest of this chapter. idx is the identity function
from X to X. For f,g € w* and ¢ < w, we extend the use of the notation for operations with natural
numbers to functions, that is, f - g = fg is the function such that (fg)(i) = f(i) - g(i) = f(i)g(i),
(f9)(i) = f(1)9D, (¢f)(i) = c¢- f(i), etc. We may use this notation for real valued functions as well.
Also, natural numbers may represent constant functions, that is, a natural number n may represent the
constant function from w to {n}. This will be clear from the context.

6.1.6 Remark. (1) A fragmented ideal may be trivial, e.g., choose any partition of w into non-empty
finite sets and use the zero-measure at each piece of the partition. The trivial ideal clearly is gradually
fragmented. A fragmented ideal Z(a;, ;)< is not trivial iff Vi, 372 (¢i(a;) > k).

(2) If p : P(Y) — [0,+00] is a submeasure, then ¢'(z) = [p(x)] (least integer above ¢(x) if it is
< 400, or +o0 otherwise) is also a submeasure. Therefore, if Z = Z(a;, ¢;)i<w is a fragmented
ideal, then Z = Z{a;, ¢})i<., Where ¢, : P(a;) — w such that ¢} (z) = [pi(z)].

(3) If ¢ is a positive real, then Z{a;, ;) i< = Z{ai, CPi)icw-
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Before introducing some examples of fragmented ideals, we prove some generalities related to tall-
ness.

6.1.7 Lemma. Let T = Z(a;, i)i<w be afragmented ideal. The following are equivalent.
(i) I is tall.

(ii) There exists a k < w such that, for everyi < wand j € a;, p;({j}) < k.

(i) Vm<wIismVicwVaca,; (pi(x) > m = Fpcp(m < gi(2') <1)).

(iv) The previous formula but with m = 0.

(v) The formula of (iii) with 3, <., instead of the universal quantifier.

Proof. To see (i) implies (ii), assume the negation of (ii). Therefore, we can find W := {j;, / k < w} C
w such that p({jx}) > k for any k¥ < w. Then, it is clear that Z|W does not contain infinite sets.

Assume (ii) to prove (iii). Let k& > 0 be as in (ii). Now, for m < w, ! = m + k works. By
contradiction, assume that there are ¢ < w and x C a; such that ¢;(x) > m and all its subsets have
submeasure not in (m,m + k|. In particular, ;(x) > m + k. When extracting one point of z, its
submeasure is still bigger than m and, then, bigger than m + k. By repeating this process, we get
©i(@) > m + k at the end, which is a contradiction.

To finish, we prove (v) implies (i). Let m and [ > m be as in (v) and assume that W C w is infinite.
Now, for each i < w, if ¢;(WW Na;) > m then there exists a y; C W N a; with submeasure in (m, {]. If
ei(Wna;) <m,puty; = Wna;. Then, y := J;., yi € W isinfinite and ¢(y) < l,soy € Z|W. [

6.1.8 Corollary. Any somewhere tall fragmented ideal is not a P-ideal.

Proof. By restricting the ideal to some infinite subset of w, we may assume that Z = Z{a;, p;)i<w is a
non-trivial tall fragmented ideal. Find L C w infinite such that {¢;(a;) }icr, is strictly increasing. Choose
{lk } k<o strictly increasing by applying, recursively, Lemma 6.1.7(iii) and starting with o = 0. Also,
construct a strictly increasing sequence { N } k<, of natural numbers such that ¢;(a;) > > < Lj+ 1 for
all ¢ > N, ¢ € L. By recursion on k, choose xf C q; fori > N, 1 € Lsuchthatl < cpz(xf) < g1
and xf N mg = @ for each j < k. Indeed, for i > Ny, %‘(Uj<k xf) < ngk lj, so its complement with
respect to a; has submeasure bigger than /.. Thus, by Lemma 6.1.7(iii), there exists an xf CaNU i<k mg
as required.

Put 2F := U{xf /i > Ny andi € L}, which is clearly in Z. Now, if y C w is such that 2% C* y for
all k < w, we get that [}, < ¢;, (J:fk) for some ¢j, € L such that xfk C y. Therefore, y ¢ Z. O

On the other hand, nowhere tall fragmented ideals can be simply characterized. For example, a non-
trivial fragmented ideal Z = Z{a;, ¢;)i<w Where {|a;| }i<., is bounded is nowhere tall. Indeed, if X C w
is Z-positive then {¢({j})}jex is unbounded and, by Lemma 6.1.7, Z| X is not tall. A converse of this
and the mentioned characterization is stated as follows.

6.1.9 Lemma. If 7 is a nowhere tall fragmented ideal on w, then T = T{a;,p;)i<w where a; = {i}.
Moreover, 1 is gradually fragmented and can only be one of the following ideals:

(i) Z={x Cw/x C* A} for some A C w, or
(ii) I is the ideal generated by some infinite partition of w into infinite sets.

Proof. LetT = I(a}, ¢})i<w. By Lemma 6.1.7(ii), Z nowhere tall means that, for any Z-positive X C w,
{#'({s})}jex is unbounded. Therefore, for any z C w, z € Z iff {¢'({j})} ez is bounded, so Z =
(ai, pi)icw, Where a; = {i} and p;({i}) = [@'({i})]. Here, the identity function witnesses the gradual
fragmentation of Z. Now, for m < w, put I, := {i < w / p;i({i}) = m}. Note that {I,, };n<. is a
partition of w and that Z is generated by this partition. If [, is infinite for infinitely many m < w, then
we easily get (ii). Otherwise, if there is some N < w such that I, is finite for all m > NV, then we get
() with A := U, L. O]
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Note that the case (i) gives us a P-ideal, so b(Z) = b for such non-trivial Z by Theorem 6.1.3. In case
(ii), Z is not a P-ideal but we are going to prove in Corollary 6.3.6 that still b(Z) = b. In Section 6.5 we
prove that every somewhere tall ideal has, consistently, Rothberger number strictly less than b.

As a first general example, we prove that any somewhere tall fragmented ideal that is characterized
by measures (finitely additive submeasures) is not gradually fragmented.

6.1.10 Lemma. Let 7 = Z(aj, p;)j<w be a somewhere tall fragmented ideal such that all the ¢; are
measures. Then, T is not gradually fragmented.

Proof. Without loss of generality, by restricting the ideal to an Z-positive set, we may assume that 7 is
tall and non-trivial. Moreover, by Lemma 6.1.7(i1) and Remark 6.1.6(3), we may assume that, for all
j<wandk € aj, 0 < ¢;({k}) < 1 (we restrict the ideal again to those points that have non-zero
measure). Let i < wand L; := {j < w / ¢j(a;) > i+ 1}, which is infinite. To see that Z is not
gradually fragmented we show that, for each j € L;, there exists a pairwise disjoint family B; C P(a;)
of size < 2 -4 such that Ve g, (p;(b) < 1) and ¢;(J Bj) > i.

6.1.11 Claim. Let x C a; such that ¢;(x) > 1. Then, there exists a y C x such that % <ily) <L

Proof. Let y be a subset of  of maximal measure < 1. If ¢;(y) < % there exists a k € x \ y so, as
@;i(yU{k}) > 1, we get that £ < ({k}) < 1, which contradicts the maximality of y. O

Construct B; = {b;, / k < I} by recursion on k, where 3 < ¢;(b; ) < 1 (I is defined at the end).
Assume we have got by for k' < k. If ; (U, <, bjkr) > i put I = k and stop the recursion. Otherwise,
@i(a; ~Upcr bjr) = 1,sowe get b € aj Uy <y bj i by application of the claim. If this recursion
reaches 2 - i steps, put { = 2 - 4. Note that (| Bj) = D19 @5 (bjk) > 1. O

6.1.12 Example. (1) Given ¢ € w®, ¢ > 2 that converges to infinity and any partition P = {a;};<.
of w into non-empty finite sets, denote by Z.(P) := Z{a;, ¢i)i<w Where w;(z) = log.;(|z| + 1)
for z C a;. In view of Remark 6.1.6(2), ¢;(z) can also be defined as the least k& < w such that
lz| < e(i)F.

This ideal is tall and gradually fragmented. Indeed, f : w — w, f(k) = k + 1 witnesses the gradual
fragmentation of the ideal, as

VicwVie(i)21VBp(an (1Bl < Land Vaep(ja| < c(i))) = [[ Bl < (i)*'].

This ideal is not trivial iff V<, 3% (|a;| > c(i)).
This is a generalization of the polynomial growth ideal Zp, which is Z.({a;)i<.,) Where {a;}i< is
the interval partition of w such that |a;| = 2¢ and ¢ = max{id,,, 2}.

(2) An equivalent definition of the ideal £Dg, mentioned in the introduction is given by EDg, =
Z{a;, ¢i)i<w Where {a;};<, is the interval partition such that |a;| = i + 1 and ¢;(z) = |z| for
x C a;. As this ideal is tall and characterized by measures, Lemma 6.1.10 implies that Dy, is not
gradually fragmented.

(3) Letg : w — w~{0} and {a; };<,, a partition of w into non-empty finite sets. Define Z = Z{a;, p;)i<w
where ¢;(x) = |z|/g(i). This ideal is tall and, if it is non-trivial, that is, the sequence of reals
{lai|/g(4)}i<w is not bounded, then Z is not gradually fragmented by Lemma 6.1.10. It is clear that
ED4y is a particular case of this ideal. Also, the linear growth ideal 7, is a particular case with
{a;}i<. the interval partition of w such that |a;| = 2% and g(i) = i + 1.

(4) Letg : w — w~{0} and {a; };<,, a partition of w into non-empty finite sets. Define Z = Z{a;, ;) i<w
where ¢;(z) = |2|'/9%). T is tall and it is gradually fragmented iff 3,,<.,V;<, V52, (min{l, |a;|} <
mg(i)). If such m exists, f(k) = m - k witnesses the gradual fragmentation of Z. Indeed, for I < w,
let N < w be such that V> x (min{l, |a;|} < m9%)) so, fori > N and B C P(a;) of size < [ such
that all its members have size < k90), || B| < (m - k)90,
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For the other direction, assume that V<, <, 352, (m9% < min{l,|a;|}). For m < w choose
| < wand W C w infinite such that m9®) < min{l, |a;|} for all i € W. Then, for any B C P(a;)
of size m9() + 1 whose members are singletons (such a family exists), | |J B| > m9®.

The following result is a characterization of fragmented not gradually fragmented ideals. This was
taken from the proof of Theorem 6.1.5 in [HrRZ].

6.1.13 Lemma. LetZ = Z{a;, ¢;)j<w be a fragmented not gradually fragmented ideal. Then, there exist
k < w, a sequence (C;)i<,, of pairwise disjoint infinite subsets of w and a sequence {l;}i<., of natural
numbers such that, for any i < w and j € C;, there exists a pairwise disjoint family B; of subsets of a;
such that |Bj| = l;, Vpep,; (0 < ¢;j(b) < k) andi < ¢;(IU Bj) <i+k.

Proof. As 7 is not gradually fragmented, there exists a £ < w such that, for any ¢ < w, there are
li < wand W] C w infinite such that, for any j € W/, there exists a B; C P(a;) of size < [
such that V¢ B! (¢;(b) < k) and p;(lJ B}) > i. By taking complements between the members of B,
it is easy to find a pairwise disjoint family B} C P(a;) of size < [} such that |J B} = |J B} and
Ve B! (0 < ¢j(b) < E). A similar argument as in the proof of (ii) implies (iii) of Lemma 6.1.7 shows
that there is a B; C B} such thati < ¢;(U Bj) < i+ k.

It is clear that, for each i < w, there exist [; < I/ and W/ C W/ infinite such that |B;| = [; for all
j € W/'. Finally, find C; C W/ infinite and pairwise disjoint. O

As a final remark, note that a fragmented ideal Z = Z{(a;, ¢;)i<. is coded by the real (a;, ©;)i<w,
so the formula x € 7 is clearly F,, and expressions like “Z is gradually fragmented” and “Z is tall” (see
Lemma 6.1.7) are Borel statements and, therefore, absolute notions.

6.2 Fragmented ideals with short gaps

In this section, we present a wide class of fragmented not gradually fragmented ideals that have, provably
in ZFC, Rothberger number equal to R;. In fact, we present two different arguments for this. The first
(Theorem 6.2.1), discovered by Brendle in 2009, is based on eventually different functions and was used
originally to show b(EDs,) = Ny; in fact it can be used for the ideals in Example 6.1.12(3) as well. The
second method (Theorems 6.2.3 and 6.2.5), based on independent functions, seems to apply to a larger
class of ideals (including those of Examples 6.1.12(3) and (4)).

6.2.1 Theorem (Brendle (2009)). b(EDj,) = Ny.

Proof. Construct a disjoint family A = {4,, / n < w} of subsets of w such that, for each n < w,
lim; 4 oo |AnNa;| = +o00. To see that this can be done, construct, by induction on n < w, a <-increasing
sequence (e, )<, of functions in w* such that e,, < id,,, e, converges to infinity and e,, 1 —e,, converges
to infinity. For each i < w, consider a bijection g; : i +1 — a; and put A,, := {J,, ., gil[en (i), €ny1(4))]
and Ay, = U<, Ak-

For each n < w let N,, be such that A,, N a; # @ for every i > N,. As lim;_, 4 |4, N a;| = 400,
there exists a pairwise eventually different family of functions { fy . }a<w, in [[;~ N, (A, Na;), that is,
if o # B then V22 (fna(i) # fnp(7)).

Construct, by induction, a Cgp, -increasing sequence B = { B }a<w, that is EDgy-orthogonal with
A and such that Vg, V2 (ranf,, 3 C B,). Indeed, let By = @ and Byy1 = Bo U, ranf, q.
For the limit step, if v < wy limit, let By, = U, <, [(Ban ~ An) U Ug<p, ranfn g, | where {on, }new
is a strictly increasing sequence converging to « and « = {f; / k < w} is an enumeration. Note
that Ba, \ Ba C Ba, N A, € EDfin, Ba N Ay € Upen, ((Ba, N Ay) Uranf, 5,) € EDgn and
Vosk(ranf, g, € By).

We claim that (A, B) is an £Dg,-gap. Assume the contrary, so there exists a C' that separates (A, ).
By recursion on n < w, construct a decreasing chain { X, },,<,, of infinite subsets of w and F;, C w finite
such that Ve, F, Vg Xn( fna(i) ¢ C). Start with X_; = w. Suppose that X,, has been constructed
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(n > —1). AsC N Ayq1 € EDsp, there exists an | < w such that V;«,(|C N A1 Na;| < 1). By
recursion in j < w choose, if possible, Y; C w infinite and a; € w1 ~\ {a;; / k < j} such that Yy = X,
Yjy1 C Y and Viey; o (frr1a ; (i) € C). Note that this construction must stop at [, at the latest,
that is, ¥4, and o; cannot exist. For otherwise, as { f,+1,a fa<w, 18 a sequence of pairwise eventually
different functions, there exists an ¢ € Y;4q such that all f,, 41 o ; (7) are different for j < [ and then, as
{fns1,0,;(@) /[ <1} € CN Ay Nag, [CN Apgr Mag| > 1, which is impossible. Now, once the
construction stops at lo < I, Fy, 41 := {o; / j < lo} and X1 := Y], are as required.

Let X be a pseudo-intersection of {X,,},<,. Choose a < wy strictly above all the ordinals in
Un<w Fn- Note that, for any n < w, ranfy, o € Bay1 and V52 i (fr,a(i) ¢ C). On the other hand, as
Bo+1 Cep,, C, there exists a k < w such that V<, (|a; N Bay1 ~ C| < k). Wecan findan i € X
such that i > N, and f,, (i) ¢ C forall n < k. Then, {f, (i) / n < k} C a; N Bat1 \ C s0, as
fna(i) € Ay, itis clear that |a; N Bat1 \ C| > k, a contradiction. d

6.2.2 Corollary. If T is a non-trivial ideal as defined in Example 6.1.12(3), then b(Z) = ;.

Proof. By Lemma 6.1.2, we may assume that |a;| = (i 4+ 1)g(¢) for any ¢ < w. Let {a;;}j<iy+1 be a
partition of a; into sets of size g(i). Let {b;}i<. be the interval partition of w such that |b;| = i + 1
and let b; = {k;; / j < i+ 1} be an enumeration. Define the finite-one function h : w — w such that
h=1[{ki;}] = ai;. Note that, for z C w, x € EDyy iff k71 [z] € Z, s0 F : P(w)/EDgin — P(w)/Z,
F([z]) = [h~![x]], is an embedding (of Boolean algebras).

It suffices to show that F' preserves gaps. Let (A, B) be £Dgy-orthogonal. If the Z-orthogonal
pair ({h71[A] / A € A},{h7'[B] / B € A}) is separated by a subset C of w, then H(C) :=
Uico{kij / |C Na;j| > 39(i)} separates (A, B). Indeed, if A € A then there exists an | < w such that
ICNhHANDB]| =|CNh A Na;| <1-g(i)forall i < w. Therefore, |[H(C)NANb;| <21
for every i < w, so H(C) N A € EDyy. Likewise, as w \ H(C) = ;. {ki;j / laij ~ C| > 39(i)},
B~ H(C) € EDgy for any B € B. O

We will obtain a generalization of the previous two results in two ways. The first part for our gener-
alization focuses on the class of fragmented not gradually fragmented ideals that can be characterized by
uniform submeasures. For a finite set a, we say that a submeasure ¢ : P(a) — [0, +00) is uniform if it
only depends on the size of the sets.

6.2.3 Theorem. Let 7 = Z(a;, p;) <. be a fragmented not gradually fragmented ideal such that all the
©; are uniform submeasures. Then, b(T) = N;.

Proof. Let k be as in Lemma 6.1.13. By multiplying all the submeasures by % (see Remark 6.1.6(3)),
we may assume that £ = 1. Therefore, we can write Z = Z(a; j i, i j.k)i,j k<w> Where the submeasures
are uniform, such that there is a sequence {l; };<, of natural numbers such that, for any i < w, there is
W; C w x w infinite and, for any (j, k) € W, there exists B; ; , a pairwise disjoint family of subsets of
Qi 5k such that ‘Bi,j,k’ =1, vbeBmyk (0 < @i,j,k(b) < 1) and 1 < (Pi,j,k(U Bi,j,k) <1+ 1. By Lemma
6.1.2, we may assume that W; = w x w and a; j = |J B; j forall 4, j, k < w. Also, without loss of
generality, ; j . = [; ;x| (Remark 6.1.6(2)), s0 Vpep, ; , (i jk(b) = 1) and p(a; k) =i+ 1.

Fix i,j,k < w. For each m < i+ 1 let s;x(m) be the maximal n < |a; ;x| such that all the
subsets of a; ; . of size n have submeasure equal to . By uniformity, it is clear that s; ; () exists and
Sijk(m) < s;jk(m 4 1) form <. Also, note that s; j (0) = 0. By induction on m < 4, it is easy to
prove that m - s; (1) < 85 5.(m).

Foreach0 < m < w,i > mand j,k < w, let n; j ;(m) and r; j ,(m) < s; ;1 (m) be such that
|ai ikl = sijk(m) - nijk(m) + 75 5(m). Note that m - s; 5 k(1) - 14 5k (m) < 5556(m) - 14 jr(m) <
la; jil < Ui - sijk(1), where the last inequality holds because |B; ;x| = l;. Therefore, n; ;(m) < ;.
Thus, for a fixed ¢ < w, there is an infinite V; C w X w such that, for all 0 < m < 4, there is an
n;(m) < l; such that n; ; 1.(m) = n;(m) for all (j,k) € V;. Again, by Lemma 6.1.2, we may assume
that V; = w x w.
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Fix k < w and put

P, = H {{x Caijr /|| =sijrek)} /] j<w,i> k}}

Say that a family F C Py is independent if, for any finite F' C F and for all ¢ > k, there are infinitely
many j’s such that { f(¢,7) / f € F'} is either pairwise disjoint or its union is a; j ;. It is easy to see that
adding a Cohen real adds a real ¢ € Py such that, whenever F is an independent family in the ground
model, F U {c} is independent in the extension. Therefore, there exists an independent family F5 C Py
of size V1. Say Fj, = {fra / @ < wi}.

For k < wlet Ay :=J; ;,, @ik and, for o < wi, let Bo := (J{fra(i,J) / J, bk <w,i > k}. As
AN By = U {feali,j) / J <w,i>k}and @; k(frali,j)) =k, we get that Ay, N B, € Z, that is,
({ A} o<ws {Ba}a<w, ) is Z-orthogonal. We want to show that it is an Z-gap.

Assume that B separates ({ Ax }k<w, {Ba}ta<w,)- Find I' C w; uncountable and m < w such that,
forall « € T', p(Bo \ B) < m (here, p(X) = sup; ; p,{9i k(X Naijr)}). Let k > 2m and find
i > ksuchthati+1—F%k > 2-@(Ar N B). Choose H C T of size n;(k). By independence, there
are infinitely many j’s such that { f o (i,j) / @ € H} is a disjoint family because, in the case that its
union is a; ; x, we have r; ; 1.(k) = 0 and the family will be disjoint anyway. Work with one of these j’s.
For any a € H, as ¢; j i(fi,a(i,J) N~ B) < mand @; ; 1(fr,a(i,7)) = k, we obtain | fi, o(7,7) \ B| <
31 Fra(@ D) = 355k (k). Thus, |Unep fra(is 4) Bl < 3ni(k)si jk (k) = 5| Uaer fr.a(i, 4)|, which
implies that ¢; j & (Upcp fra(is7) N B) > 30ii1(Unen fralis5))- But, because r; j x (k) < s; 5 x(k),
we have ; jx(Upep fral(isg)) =i+1—k>2-¢;jk(a;;r N B), acontradiction. O

6.2.4 Corollary. Let T be a fragmented not gradually fragmented ideal as in Example 6.1.12(4). Then,
b(Z) = Ny.

The second part corresponds to fragmented not gradually fragmented ideals that can be characterized
by measures.

6.2.5 Theorem. Let 7 = Z(a;, ¢;)j<w be a somewhere tall fragmented ideal such that all the y; are
measures. Then, b(Z) = N;.

Proof. T is not gradually fragmented by Lemma 6.1.10. Like in the first part of the proof of Theorem
6.2.3, we may assume that Z = Z(a; j i, i j k)i, jk<w 1S given by measures and that there is a sequence
{l;}i<w of natural numbers such that, for any ¢, j, k < w, there exists B; j  a pairwise disjoint family
of subsets of a; ;. such that |B; ;.| = l;, VbeB; ;1 (0 < @ijk(d) < 1), UBijr = aijr and i <
vijr(aijr) <i+ 1.

For i, j,k < w, there exist n; j, < wand r;;, < ksuchthati 4+ 1 = (k+ 1) n; 5+ 7k
As (k+1)-n;;r < i+ 1, we may assume that there is an n; , < w such that n; j, = n; for all
but finitely many j < w. To see this, construct a decreasing family {W; 1. }; x<., (With respect to a well
order of w x w) of infinite subsets of w such that, for each i,k < w, there is an n; ; < w such that
n;jk = N forall 7 € W . Let W be a pseudo-intersection of {VVM}Z;K“, By restricting the ideal,
we may assume that W = w (the set corresponding to the j coordinates). Also note that, for fixed k, the
sequence {n; i }i<., converges to infinity because i + 1 < (k+1) - (n;  + 1).

Start as in the proof of Theorem 6.2.3 but change “|z| = s; j (k)" to “¢; j x(x) € (k, k + 1]” in the
definition of Pj. After choosing I' and m, proceed as follows. Choose k > m and find ¢ > k such that
@(Ar N B) < n;p — 1. Now, for H C T of size n; , — 1, by independence there are infinitely many
j’s such that n; j . = n; and {fr «(4,7) / o € H} is a disjoint family. Work with one of these j’s. As
Cijk(Uaer fralt, 1)NB) < m-(nip=1), 0ijk(Uscn foali; 1)NB) > (nip—1)-(k—m) = n;p—1.
Thus, ¢; jx(B Najjk) > ni, — 1, a contradiction. O

Note that if Z is a fragmented not gradually fragmented ideal and w = X U Y is a disjoint union,
then Z| X or Z1Y is not gradually fragmented. Because of this, we can mix Theorems 6.2.3 and 6.2.5 to
obtain
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6.2.6 Corollary. Let T = T(a;, ;) <. be a fragmented not gradually fragmented ideal such that, for
all but finitely many j < w, either p; is a measure or a uniform submeasure. Then, b(T) = R.

To finish this section, we explain a way of how to obtain a fragmented not gradually fragmented
ideal from a fragmented ideal. Let 7 = Z(a;, ;)i<. be a fragmented ideal. Now, let (a; ;); j<. be a
partition of w such that, for a fixed ¢ < w and all j < w, |a; ;| = |a;| and ¢; ; : P(a; ;) — [0,+00)
is the submeasure associated with (a;, p;), that is, if h; ; : a; ; — a; is the (unique) strictly increasing
bijection, then ¢; j(z) = ¢;(h; [x]) for any x C a; ;. Let 7 be the fragmented ideal associated to
(@i j, @i j)ij<w- Roughly speaking, 7 is the ideal obtained by taking countably many copies of the ideal
T.

6.2.7 Lemma. With the notation of the previous paragraph,
(a) if I is nowhere tall, then T is also nowhere tall;
(b) if L is somewhere tall, then 7 is not gradually fragmented.

Proof. (a) Let X C w be Z-positive, that is, {; j(X N a; ;) }ij<w is an unbounded set of non-negative
reals. Then, there exist W C w infinite and a function g : W — w such that {p; 4;) (X Na; g(3)) biew
converges to infinity. Put X1 = (J;cyy XNa; () € X and X7 = U;ep (hi gy [X Na; g(iy]). Clearly,

(X1,Z1X1) and (X{,Z[X]) are isomorphic and, as the second ideal is not tall, neither is the first
ideal.

(b) Without loss of generality, we may assume that 7 is tall and non-trivial. By Lemma 6.1.7, let k be
such that p;({c}) < kforall ¢ € a; and i < w. Now let m < w be arbitrary. Choose an i < w such
that ;(a;) > m and let [ := |a;|. Note that, for any j < w, the family B; ; = {{c} / ¢ € a; ;} has
size [ and satisfies Ve, ; (i;(b) < k) and ¢; (U Bi ;) > m.

O

6.2.8 Corollary. Let T = Z{(a;, p;)i<w be a somewhere tall fragmented ideal such that, for any i < w,
either p; is uniform or is a measure. Then, b(Z) = N;.

6.3 Destroying gaps of gradually fragmented ideals

We present in this section a way to destroy Rothberger gaps for gradually fragmented ideals by a ccc
poset. Moreover, for the case of an ideal like in Example 6.1.12(1), we can even find a natural cardinal
invariant that is less than or equal to its Rothberger number. As a consequence of our discussion we
obtain two basic ZFC-results: the Rothberger number of any gradually fragmented ideal is larger or
equal to add(N) (Corollary 6.3.5) and the Rothberger number of any fragmented nowhere tall ideal is b
(Corollary 6.3.6).

To fix some notation, for b,h € w* let Ry := [],_ b(i) and S(b,h) = [];,[b(:)]="D. Also,
for n < w put Sy (b, h) = [, [6(8)]=" and S (b, h) == -, Sn(b, h). The forcing notions and
cardinal invariants involved in the destruction of Rothberger gaps of gradually fragmented ideals are,
respectively, parameterized versions of the localization forcings and of the cardinal invariant add (/).

6.3.1 Definition (Localization posets and cardinal invariants). Let b, h € w* such that b > 0.

(1) Define by o (b, h) as the minimal size of a subset of R, that cannot be localized by any slalom in
S(b, h) (if it exists).

(2) If h € w¥ is a non-decreasing function, for 7 C R, define the poset
IL(D(DZJ ={(s,F) /s € Scu(bh), FC Fand|F| <h(|s])}
ordered by (s, F') < (s, F) iff s C &', F' C F'" and Vi[5, ({x(i) / © € F} C s'(i)). Put
LOC} := LOC} g,

71



6.3.2 Remark. (1) If X C wis infinite, then by oc(b, h) < broc(bIX, A1 X).

(2) Denote [h < b] := {i <w / h(i) < b(i)}. Then, broc(b, h) exists iff [h < b] is infinite. In this case,
broc(b, h) < non(M) and, moreover, broc(b, h) = broc(bl[h < b], h[[h < b]).

(3) If [h < b] is infinite and h[[h < b] does not converge to infinity, then by o (b, h) is finite. To see this,
without loss of generality, assume h < b. As h does not converge to infinity, there is an m < w and
X C w infinite such that h[X = m, so, by (1), broc(b, h) < broc(b] X, h[X) =m + 1.

(4) If h|[h < b] converges to infinity, then add(N) < byoc(b, h) by the Bartoszynski’s characterization
of add(N') (Theorem 1.4.2)

6.3.3 Lemma. In the notation of Definition 6.3.1, if h converges to infinity, then ]L(D(D,}i  is o-linked and

generically adds a slalom in S(b, h) that localizes all the reals in F. In particular, IL(D(DZ generically
adds a slalom in S(b, h) that localizes all the ground model reals in Ry,.

Proof. o-linked is witnessed by Qs = {(¢t,F) € ]L(D(D;}f /t = sand |F| < h(]s|)/2} for s €
S<w(b, h). Convergence of h to infinity is needed for the density of U, g_, (5,1) @s- If G is the LOC; -

name of the generic subset, then | dom( is the name of the slalom that localizes all the reals in F. [

It is clear that LOCY is a Suslin o-linked poset. Moreover, as in Lemma 2.2.11, LOC} is correctness-
preserving.

6.3.4 Theorem. Let T be a gradually fragmented ideal. Then, there exists a function b € w“ and a
D-name h of a non-decreasing function in w* that converges to infinity such that the forcing ID x IL(D(D;}
destroys all the Z-Rothberger gaps of the ground model.

Proof. In V (the ground model), let Z = Z{(a;, ;)i<. be a gradually fragmented ideal and f € w* a
function that witnesses its gradual fragmentation. Let d € w* be a dominating real added generically
over V by D. In V[d], by the gradual fragmentation of Z, find a non-decreasing sequence {N;};~, of
natural numbers that converges to infinity and such that

(+) Vn<iVi> N Y Bep(ay) [(IB] < L and Veep(pi(x) < d(n))) = %‘(U B) < f(d(n))].

No = 0 can be assumed. Let & : w — w be defined as h(i) = [ when i € [N}, Niy1).
Back in V/, let h be the D-name of h and put b(i) = P(a;). Now, let (A, B) be Z-orthogonal with

| A| = Ry and we show that D x LOCY adds a subset of w that separates (A, ), moreover, we can even
find a D-name F of a subset of Ry, of size < |B| such that D x ]L(D(DZ # adds such a subset of w. Put

A = {A, / n < w}. Without loss of generality, we may assume that A is a partition of w and that,
for each i < w, Vp»i(Ap Na; = @), so {4, N a;},<; becomes a partition of a;. For each B € B, let
gB € w* be such that gg(n) = [@(B N A,)]. Step into V[d] and, for each B € B, define 5 € R;, such
that xp(i) = U,,<; xB(i,n) where xg(i,n) = BN A, Na; if p;(B N A, Na;) < d(n) and, otherwise,
zp(i,n) = . Put F := {zp / B € B}.

Let ¢ be a slalom in S(b, h) added generically over V'[d] by ]L(DC{; . Now, work in V'[d][¢]. Without
loss of generality, we may assume that, for every i < w, ¥y i) Vn<i(wi(z N Ay) < d(n)) (just take out
those  of ¢ (7) that do not satisfy that property). Put C":= U, ,, U, ey ;) @- This C separates (A, B).

o CNA, €Tforalln < w, moreover, p;(C N Ay, Na;) < f(d(n)) forall i > N,. It is enough
to consider ¢ > n (because A,, N a; = @ for all i < n). Let ! < w be such that i € [Ny, Nj41), so
[W(i)| < h(i) =land, by (+),asn <1, CNAyNa; = Uyep) (@ N An) and i(z N Ap) < d(n)
for all z € (i), we have that p;(C N A, Na;) < f(d(n)).

e BN C € T forall B € B. Note that gg <* d, so there exists an m < w such that, for every
n>mandi > n, p;(BNA,Na;) <d(n). Also, as xp €* ¥, we may assume (by enlarging
m) that (i) € ¢(i) forall ¢ > m. Then, BN A, Na; C CNA,Na; foralli > n > m, so
BN (U,smAn) € CN (U, >m An)- As A, N B € T for any n < w, it follows that B C7 C.
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O]

The previous proof also indicates that the forcing D x LOC" destroys the Rothberger gaps of the
ground model for any gradually fragmented ideal Z. But, as any localization forcing LOC" adds a
dominating real, the following result comes as a consequence.

6.3.5 Corollary. IfZ is a gradually fragmented ideal, then add(N') < b(Z).

Proof. Let T = T{a;, p;)i<w and (A, B) be Z-orthogonal where A is a partition of w and |B| < add(N).
Let x be a large enough regular cardinal and M < H, such that B U {A, B, (a;, pi)i<w} € M and
IM| < add(N). As add(N) < b, there exists a real d € w* dominating M N w®. Define b, h and
F = {gp / B € B} as in the proof of Theorem 6.3.4. Let N < H, be such that M U {d} C N and
|IN| < add(N). As add(N') < broc(b, h), we can find 1) € S(b, h) that localizes all the reals in R, N V.
Like in the proof of Theorem 6.3.4, we can construct C' that separates (A, B). O

If in the proof of Theorem 6.3.4 we consider a partition (a;);<, such that (|a;|);<,, is bounded, then
the resulting forcing IL(D(DZ does not add anything new, which means that we can destroy Z-Rothberger
gaps in this case by just adding dominating reals. Therefore, as a consequence of Lemma 6.1.9, it follows
that

6.3.6 Corollary. IfZ is a nowhere tall fragmented ideal on w, then b(Z) = b.

In the particular case of the gradually fragmented ideals in 6.1.12(1), we even get a nice lower bound
for the Rothberger number for each of these ideals.

6.3.7 Lemma. Let b, h € w® be functions converging to infinity such that b > 2 and h is non-decreasing.
If c € w¥ is such that 2 < cand h <* c and P = {a;};<,, is a partition of w into non-empty finite sets
such that |a;| < log, b(3) for all but finitely many i < w, then min{bz,.(b, h), b} < b(Z.(P)). Also, the

forcing D x IL(D(DZ destroys the Rothberger gaps of Z.(P).

Proof. As b/ <* b implies byoc(b,h) < broc(V, h), it is enough to assume that b(i) = 2/%! for all
i < w. Note that, in the proof of Theorem 6.3.4, any sequence {N;};~,, such that ¢(i¢) > [ forall i > N,
serves for the purposes of that proof, so it can be defined in the ground model. In particular, choose
such a sequence with the property Vc(n,,n,,,)(h(i) = I < c(i)) for all but finitely many [ < w. Define
h'(i) = I when i € [N}, N;11). By the argument of the same proof, min{bpo(b,h’),b} < b(Z.(P))
and, as h’ =* h, it is clear that by o (b, h') = broc(b, h). O

To finish this section, we prove that it is consistent that b < by oc(b, k) for all the pair of functions
b, h € w* for which by (b, h) is infinite.

6.3.8 Lemma. LOC} is <*-good.

Proof. The proof is very similar to (even simpler than) the proof of Lemma 3.2.4. Let g be a ]L(D(D?—
name for areal in w* and find an h € w* such that, for any f € w* that is not dominated by h, I f £* g.
For s € S<,,(b, h) and n < h(|s|), define hg,, : w — w + 1 such that b, (7) is the minimal j < w such
that, for any F' C Ry, of size n, (s, F) I g(i) > j.

6.3.9 Claim. h,, c w®.

Proof. Towards a contradiction, assume that there is an ¢ < w such that, for any j < w there is an
F; C Ry, of size n such that (s, Fj) I- g(i) > j. Put Fj = {le / 1 < n}. Find a strictly increasing
sequence {m;};j<, of natural numbers and, for [ < n, construct fY € Ry such that, for any k < w,
fé@j (k) = fY(k) for any j > k. This construction is carried out as in the proof of Claim 3.2.5 and it is
simpler because, for fixed | < n and k£ < w, the set {f]l(k) /j < w} is always finite.

Put F/ = {f' /1 < n} and find (¢, F") < (s, F') in LOC} with h(|t|) > |F"| 4+ n and jo < w such
that (t, ") I+ (i) = jo. Choose j > jo above [t], so (t, Fy,; U F") is a common extension of (¢, F")
and (s, Fip; ). Indeed, if k € [t| \ |s| and | < , then ffnj (k) = fl(k) € t(k) because (t, F") < (s, F').

Therefore, (t, Fy,, U F") forces that jo = g(i) > m; > j, a contradiction. O
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Let h € w* be a function dominating {h,, / s € S<w(b, k), n < h(]s|)}. Exactly as in the proof of
Lemma 3.2.4, h is as required. O

6.3.10 Lemma. Let b,h € w® such that b > 0 and h converges to infinity. Then, there is an non-
decreasing function I/ that converges to infinity and b’ € w*, V' > 0, such thatt/ > h' and bp,.(b/, h') <
bLoc(b, h).

recursion: No = 0 and N1 > N is such that h(7) > max;<n,{h(j)} + 1 for all i > N;;;. Denote
I = [N;,Ni41) and put 2/(0) = 0 and A'(l) = h(N;—1) forall 0 < | < w. Clearly, A’ is strictly
increasing. Put b'(1) = [[;c, ().

To see broc(b',h') < broc(b,h), ﬁnd F : Ry —» Ry and F' : S(V/,h') — S(b,h) such that,
for any x € Ry and ¢' € S(V/, 1), F(x) €* +/ implies  €* F'(¢'). F is the bijection given by
F(z) = {x|;}1<, and, forzl/ e S, ), let F'(¢)(i) = {o(i) /o € Y'(I)} fori € [; and | < w.
Here, |F'(¢")(2)] < |¢'(1)] < W' (1) < h(i), so F'(¢') € S(b, h). Now, if F(x) €* ¢/, then there is an
m < w such that z|I; € ¢'(1) for all > m. Thus, for i > Ny, z(i) € F'(¢')(7). O

Proof. Without loss of generality, assume that 0 < h < b. Define {NN;};,, C w strictly increasing by

6.3.11 Theorem. Let k < \ be regular uncountable cardinals such that \~* = \. Then, there is a ccc
poset that forces b = k and b, (b, h) = X for all b, h € w® with b > 0 for which bp,.(b, h) exists and is
infinite. Moreover, this poset forces b(Z) = b = k for any gradually fragmented ideal T.

Proof. By a book-keeping argument (as used in the results of Section 4.1), if x < A are uncountable
regular cardinals and A<* = ), it is possible to perform a fsi P = (P, Qa>a< » alternating between
suborders of D of size < & and posets of the form LOC), with b > 0 and h non-decreasing and
converging to infinity, such that, for any v < X and IP,,-names b and h of such reals, there is a 8 € [, \)

such that Qg is ]L(I)C]-b’, likewise for any IP,-name for a suborder of ID of size < k. In a IP\-extension V},
it is clear that ¢ < X and that A < by (b, h) for any b, h € w* N V) with b > 0 and h non-decreasing
that converges to infinity. Therefore, by (b, h) = A when such a by (b, h) exists. By Remark 6.3.2 and
Lemma 6.3.10, broc(b, h) = A for any b, h € w* N V) with b > 0 and h[[h < b] convergent to infinity
(i.e., when by o (b, h) exists and is infinite).

On the other hand, the iteration is xk-<*-good and, by the use of small suborders of D, IP forces that
b = k (see results in Section 4.1 for details of this type of argument).

The second statement is a direct consequence of the first. Let Z be a fragmented ideal and (A, B) an
Z-orthogonal family with A a partition of w and |B| < k = b. Define gp for B € B as in the proof of
Theorem 6.3.4, s0, as b = k&, there is a d € w* that dominates {gp / B € B}. Now, if b and h are defined
as in the proof of Theorem 6.3.4, as byoc(b, h) > &, we can find a subset of w that separates (A, B). [

6.4 Preservation properties

We present some properties that help us to preserve the Rothberger number of a tall fragmented ideal
small under certain forcing extensions. Actually, we present a new cardinal invariant that serves as upper
bound for some of these Rothberger numbers and study a property for preserving this invariant small
under generic extensions. Many ideas involved for this are taken from [KaO14].

For this section, fix T = Z{a;, ¢;)i<.w a tall fragmented ideal, 2% := {P(a;) }icws L := {Ln}n<w a
partition of w into infinite sets, A, := (J;c; a; and A := {A,, /n < w}, which is also a partition of w
into infinite sets. Let O(Z, L) be the collection of all the subsets of w that are Z-orthogonal with A. In
our applications, we will have that lim;_, ;o ;(a;) = +00 (a useful assumption for applying Theorem
6.4.2 and for saying something about the Rothberger number of 7), but this is not a general requirement
for the results in this section.

6.4.1 Definition. Let p € w*, p > 0.

(1) For¢ € [[;o, P(P(a;)) and Y € O(Z, L), define Y € o) iff Vy,, 332, (Y Na; € ¢(i)).
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(2) bP(Z, L) is the least size of a subset ¥ of S(2%, p) that covers O(Z, L), that is, forany Y € O(Z, L),
there exists a 1) € W such that Y €’ 1.

From now on in this chapter, fix £ C w* such that
(i) For any e € &, e is non-decreasing, converges to infinity, e < id,, and id,, — e converges to infinity.
(ii) If e € & then there exists an ¢’ € £ such thate + 1 <* ¢
(iii) If C C & is countable, there exists an e € £ that <*-dominates all the reals in C.

This family can be constructed by recursion on & < wj in such a way that £ = {e, / @ < wi} is
<*-increasing and e,+1 =* e, + 1 for all @« < w. Lemma 6.5.5 can also be used (with g = id,, and
H =1, +1).

For b,p € w¥, put S(b, p) := Uees S(b,p°). For L C w, denote by S(b,p)[L := {Y[L /1 €
S(b, p)}. likewise for S(b, p)| L. For m < w, put Prmi(Z) :={x Ca; / pi(x) <m}, S(Z,L,m,p) :=
SEPmi(T)}icws p) 1L and S(T, L, m, p) := S{Pmi(Z)}icw, p) | L. Note that S(b,1) = S(b,1) and
S(Z,L,m,1) = S(Z,L,m,1).

6.4.2 Theorem. Iflim; ., @;(a;)/p(i) = +oo then b(Z) < b°(Z, L).
Proof.

6.4.3 Claim. Let L C w be infinite, A := | J;cp ai, n < w, f € w* and {{ } k<., a sequence of slaloms
such that Yy, € S(Z, L, f(k), p). Then, there exists a Z € T|A such that

(i) V52 (pi(Z Na;) > n) and

(ii) Vr<wVie [ Voeyp )z N Z = D).

Proof. For k < w, put my, := (k+ 1) - max;<,{f(j)}. Let { Ny }r<. be a strictly increasing sequence
of natural numbers such that ¢;(a;) > n + my - p(i) for all i > Nj. Now, by tallness, find [ < w as
in Lemma 6.1.7(iii) applied to m = n. For i € L N [Ny, Ng+1), as 0i(U; <, Uxe% x) < my - p(i),
a; N UJ; i<k Umew x has submeasure bigger than n, so, by tallness, it contains a z; w1th submeasure in
(n,]. Therefore, Z UieLn(no w) Zi 18 as required. O

6.4.4 Claim. Let L C w infinite, A := UiEL a;, ¥ € S(2% p) L and n < w. Then, there exists a
Zy, € LI A such that

(i) V2 (wi(Zy Na;) > n) and
(i) Vi<wVierVeeyw()(pi(z) <k =2 NZy = 2).

Proof. For each k < w put Yx(i) = {x € (i) /ei(xr) < k} and apply the previous claim with
[ =idy. O

Now, let ¥ C S(2%, p) be a witness of b”(Z, L). For each ) € ¥ andn < w, let Zy,,, € Z|A,, be
as in Claim 6.4.4 applied to Ly, Ay, ¥[L,, and n. Put Zy, := {J,,, Zy.n, Which is clearly in O(Z, L).
It is enough to prove that the orthogonal pair (A,{Z, / ¢ € W¥}) is an Z-gap. Let X € O(Z,L)
and choose 1) € W such that X €’ ). We show that, for any n < w there is some 7 < w such that
@i(a; N Zy ~ X) > n. Choose m < w such that ¢(X N A,) < m, thatis, ¢;(X Na;) < m for all
i € Ly. By Claim 6.4.4, choose a large enough i € L,, such that X Na; € 9 (3), pi(Zy Na;) > n and
XﬁaiﬁZw:@,SOQOi(aiﬁZw\X)>’rl. ]

6.4.5 Definition. Let p € w* with p > 0 and 6 a cardinal number.

(1) ¥ C S(2%, Z‘d‘“) is said to be a #-p-strong covering family (with respect to T and L) if, for any
U C Upmnew ST, Ln,m p) of size < 0, there exists a ¢ € ¥ such that, foralln < wandy € ¥
such that domyp = Ly, 352, (4" (i) 2 9(i)).
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(2) Aposet Pis6-(L,Z, p)-good if, for every m,n < w and 1) a IP-name for a slalom in §(I, L,,m,p),
there exists a nonempty ¥ C S(Z, Ly, m, p) of size < 6 such that, for any ¢ € S(2¢, plde), if
VeI, (¥7(0) 2 ¢'(i)), then - 352, (47 () 2 ().

Note that (2) is simpler for the case p = 1.

The property in (2) is, actually, an intersection of countably many versions of a simpler property
that is defined in [KaO14, Def. 6]. Although 0-(L,Z, p)-goodness is not expressed in terms of a binary
relation as in Context 3.1.1, it works in a similar way as goodness in Definition 3.1.5, say, it is a key
property for preserving 0-p-strong covering families when ¢ is regular uncountable and it is preserved
in finite support iterations. We are interested in using this property to preserve the cardinal pr (Z,L)
small in generic extensions.

6.4.6 Lemma. Let 0 be an uncountable regular cardinal.
(a) If 9" C S(29, pi%) is a 6-p-strong covering family, then b (T, L) < 9.
(b) IfPisa0-(L,Z,p)-good poset, then P preserves 0-p-strong covering families.
(c) Let (P,)a<p be a <-increasing sequence of posets and P = limdir, 9P, such that
(i) for each o < 0, P 1 adds a Cohen real over V¥ and
(ii) P is ccc.
Then, P adds a 0-p-strong covering family of size 0 (of Cohen reals).

(d) IfPisa 0-(L, T, p)-good 0-cc poset and Q is a P-name for a 0-(L, T, p)-good poset, then P x Q is
0-(L,Z, p)-good.

(e) Let (P;)icr be a directed system of 0-(L, T, p)-good posets with |I| < 6. If P = limdir;cP; is ccc,
then it is 0-(L,Z, p)-good.

(f) Any fsi of 0-(L, T, p)-good ccc posets is 0-(L, L, p)-good.

Proof. (a) We prove that U” covers O(Z, L). Let Y € O(Z, L) and, forn < w, putt,, € S(Z, Ly, p(Y N
Ap), p) where ¢, (i) = {Y Na;} forall i € L,,. As U” is a -p-strong covering family, there exists
ay” € U" such that, for all n < w, 352, (1" (i) 2 n(i)). Therefore, Y €’ 3",

(b) Let U” be a 6-p-strong covering family. Let v < 6 and, for n,m < w, let \iln,m = {¢nma /a<
v} be P-names for slaloms in §(Z, Lyp,m,p). Foreachn,m < wanda < v, let V), C
§(I, L,,m,p) be a witness of goodness for n, m and 1/}n,m,a, so it has size < 0. As V" is a 6-p-
strong covering family, there exists a ¢ € W" such that 35¢; (¢"(i) 2 (i) for all ' € Wy, .,
n,m < wand all & < v. Thus, PP forces that 35¢; (") 2 wnma)

(c) Consider Cohen forcing C = S<w(2‘_l, pidW) ordered by end extension. If 1/1” isa C-name for the
Cohen generic real then, for any n < w and ¢y € S(2%, p*%)[L,,, C forces that 332 L, (W"(1) = (i)

For a < 0, let ¢g be a Py 1-name of a C-generic real over VPa_ By the fact in the previous
paragraph, it is clear that IP forces that {¢”) / oz < 6} is a 6-p-strong covering family.

(d) Same proof as Lemma 3.1.8.

(e) Similar to Theorem 3.1.9. Fix m,n < w and let @ZJ be a IP-name for a slalom in g(I, L,,m,p). By
cce-ness, find e € £ such that 1/1 is a IP-name for a slalom in S(Z, L,,, m, p¢). For each i € I, find
a IP;-name ¢); for a slalom in S(Z, L,,, m, p°) and {pi}i1<w a sequence of IP;-names for a decreasing
sequence in P/IP; such that IP; forces zif IFp/p, VIl = % [l. By goodness, there is a nonempty
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v, C §(I, L,,,m, p) of size < 6 that witnesses goodness of IP; for 1/}Z Let ¥ = J,c; ¥;, which has
size < 0.
Assume that ¢ € 5(22, pid) and Ve 322 22, (W7 (4) 2 ¢'(j)). Towards a contradiction, assume

that there are p € P and N < w such that p I+ Ve, (j > N = ¢"(j) 2 ¥(j)). Choose i € I such
that p € P; and let G be P;-generic over V with p € G. In V[G], II—]P/IPZ. VjeLn(j >N=4¢"(j) P

¥(j)). On the other hand, by goodness of IP; (in V), ngLn (¢”( = %(J)) ) choos?j € L, such
that j > N and 9"/(j) 2 vi(j). Also, lkpyp, ¥'(j) 2 0(). But, as ply; Irpse, $7) = i),
then p’ | forces ¢ (j) 2 9(j), a contradiction.

(f) Direct from (d) and (e).
O

Fix # an uncountable regular cardinal. We explore some conditions for a poset to be 6-(L, Z, p)-good.
6.4.7 Lemma. Let v < 0 be an infinite cardinal. Any ccc v-centered poset is 0-(L, T, p)-good.

Proof. Let P = J,., P. be a poset where each P, is centered. Fix n,m < w and let ¢ be a P-

name for a real in §(I, L,,m,p). By ccc-ness, we can find e € & such that w is forced to be in
S(Z, Ly, m, p°). Foreach « < vandi € Ly, choose a ¢/, (i) C Pp,:(ZT) of size < p(i)¢?) such that

Yyer, (9 4 (i) # (i) (Lemma 1.2.7). Then, v, € S(Z, Ly, m. p°). Put® = {4}, | a < v}.
Let ¢" € S(2%, p'®) and assume that 3rer, (W"(i) 2 4y, (i)) for any a < v. We show that -

e, (i) 2 ¥(i)). Let p € P and iy € w be arbitrary, choose @ < v such that p € P, and also
find ¢ > dg in Ly, such that ¢)"(i) 2 ¢,(i). By definition of ¢/;,(i), there exists a ¢ < p such that

¢ I 0,(i) = (i) so, clearly, g IF " (i) 2 (i) -

We also want conditions implying that a poset like in Definition 6.3.1 satisfies a preservation property
like in Definition 6.4.5(2). The following generalization of o-linkedness is useful for this.

6.4.8 Definition ([KaO14]). Let m,p € w“. A poset Q is (m, p)-linked if there exists a sequence
(Qi,j)icw,j<p(i) Of subsets of @ such that

(i) Qi is m(i)-linked and
(ii) forany g € Q, V52,3 () (q € Qi ).
Note that, if 7 >* 2 and p >* 0, then (7, p)-linked implies o-linked.

6.4.9 Lemma. Let m € w* be such that }[P(ai)]gf’(i)i <
(m, p)-linked poset is 2-(L, T, p)-good.

(1) for all but finitely many i < w. Then, any

Proof. Assume that (Qm>,<w Jj<p(i) Witnesses (7, p)-linkedness of a poset Q. Fix n,m < w and let ¥

be a Q-name for a real in S(I, L,,m, p). By ccc-ness, find e € £ such that ¢ is a Q-name for a real in
S(Z, Ly, m, p°). For all but finitely many ¢ € L, for every j < p(i), as m(z) > |[P(al)]<p(
is 7(i)-linked, by Lemma 1.2.7 there is a Y; j C P, ;(Z) of size < p(i)*®) such that Vpeq, ,; (0 ¥ U(i ) ;é
Yij)- Put)’(i) := Uj<p(z)

There existsane’ € £ such that et 1 <* ¢, so we may assume, by changing (i) at finitely many  if
necessary, that ¢’ € S(Z, L, m, p¢'). {1/} witnesses goodness of Q for ¢. Indeed, let ¢’ € S(2%, p')
such that 352, (¢"(i) 2 ¢'(i)). Forp € Q and ip € w, choose an i > ig in L, and a j < p(i) such
that " (i) 2 ¢/(i) and p € Qi j. Then, there exists a ¢ < p such that ¢ IFY;; = w(z) so, clearly,

gl 9" () 2 9/(i) 2 Yig = 9 (i). -

Moreover, as in the proof of Lemma 3.2.15, we can prove that, when 7 converges to infinity, (7, p)-
linked posets has a preservation property like in Definition 3.2.16.
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6.4.10 Lemma. Ler 7,p € w* be such that limy_,, w(k) = +00 and assume g € w® converges to
infinity. Then, there is a <*-increasing definable sequence H = { g, } k<., with go = g and such that any
(m, p)-linked poset is €%;-good.

Proof. This is a direct consequence of the following fact.

6.4.11 Claim. Ler {my}r<, be a strictly increasing sequence of natural numbers such that g(k) <
m(my) < w(my41) and let g’ € w* such that V32 (9'(k) > g(k) - p(my)). Then, if Q is (m, p)-linked
and v is a Q-name for a slalom in S(w, g), there exists a )’ € S(w, ') such that, for any f € w* such

that f ¢* ', IF f & 4.

Proof. Let (Qr.j)k<w,j<p(k) be @ witness of the linkedness of Q. For any k < w and j < p(my),
put 2 == {l < w / 3geq,, ;(a Ik 1 € P(k)}. As Qm, ; is w(my)-linked and g(k) < 7(my), by
linkedness it is clear that [z ;| < g(k). Put ¢/'(k) := ;) Z.gs SO it is clear that ¢’ € S(w, ¢’). Let
f € w¥suchthat 332 (f(k) & +'(k)) and we show that I- 332 (f(k) ¢ ¢ (k)). Forp € Qand ko < w,
find k > ko and j < my, such that f(k) ¢ ¢/(k) and p € Q, ;. In particular, f(k) ¢ zj ;. By definition
of 2y, p I f(k) € ¥(k), so there is a ¢ < p such that ¢ I+ f(k) ¢ (k). O

O

6.4.12 Lemma. Let b, h € w* be non-decreasing functions with b > 0 and h converging to infinity. Let
T, p € W, If {my }r<w is a non-decreasing sequence of natural numbers that converges to infinity and,
for all but finitely many k < w, k - (k) < h(my,) and k - |[b(my, — 1)]SF|™ < p(k), then IL(D(DZF is
(m, p)-linked for any F C R,

Proof. Choose 1 < M < w such that, for any k > M, k - (k) < h(my) and k - |[b(my, — 1)]=F|™ <
p(k). Find a non-decreasing sequence {ny }r<. of natural numbers that converges to infinity such that,
forall k > M, ny < k,my and [Sp, (b, h)| < k. Let Sy := {5 € S (b,h) [ Vicn, mp) (15(0)| < k)}
when k& > M. Note that

|Sk| = [Sny. (b, 2)] -

Foreachk > M and s € Sy, put Qs := {(t, F) € ]L(DCZJ /t=sand |F|-7(k) < h(mg)}. Itis clear
that Qy, s is m(k)-linked for all s € Sj. To conclude that ]L(DCZ 7 is (7, p)-linked, we show that, given
(t,F) € ]L(D(D{; 7. for all but finitely many & we can extend (¢, F') to some condition in @, s for some
s € Si. Choose N < w such that M, |F| < N and |t| < ny. Extend (¢, F) to (¢, F) € IL(D(EZJC such
that |¢'| = ny. Now, for all k > N, we can extend (¢, F) to (s, F) € IL(D(DZMT such that s € Sy because
|F'| < k. For the same reason, we get | F| - w(k) < k- w(k) < h(my,) and, thus, (s, F') € Q5. O

6.5 Many different Rothberger numbers

In this section, we prove all our main consistency results for fragmented ideals. Fix, from now on,
i < v < K uncountable regular cardinals and a cardinal \ such that A<% = \. The first result says that it
is consistent that the Rothberger numbers for all somewhere tall fragmented ideals are strictly less than
b.

6.5.1 Theorem. There exists a ccc poset that forces b(Z) < p for any somewhere tall fragmented ideal

Z, add(N) = p, b = Kk and ¢ = \. In particular, this poset forces b(Z) = add(N') = p for any
somewhere tall gradually fragmented ideal 1.
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Proof. In a similar way as in the results of Section 4.1, perform a fsi Py = (P,, Qa>a< A alternating
between Cohen forcing C, suborders of A of size < p and suborders of D of size < « and, by a book-
keeping argument, we make sure that all those suborders of the extension are used in the iteration. By
the techniques of the same results, IP forces add(N) = pu, b = k and ¢ = \.

InV, fix L = {L,}n<. a partition of w into infinite sets. Now, in Vy, let Z = Z{a;, ;)i<. be
a somewhere tall fragmented ideal and, by Lemma 6.1.2, without loss of generality, assume that it is
tall and lim,,, 1 o ;(a;) = +o00. As Z is represented by a real number, there exists a < A such that
(@i, ¢i)icw € Vo. By Lemma 6.4.6(c), there is a p-1-strong covering family U of size p in V3 with
B = a + p (ordinal sum). By Lemmas 6.4.7 and 6.4.6(f), IPW’/\) = IP)/IP3 (the remaining part of
the iteration from f3) is u-(L,Z, 1)-good, so this p-1-strong covering family " is preserved in V). By
Theorem 6.4.2, b(Z) < bY(Z,L) < |V"| = p.

The last statement follows from Corollary 6.3.5. O

The following shows that, for an ideal as in Example 6.1.12(1), we can find a poset that puts its
Rothberger number strictly between add(N') and b. In particular, this holds for the polynomial growth
ideal Zp as well.

6.5.2 Theorem. Let T = Z.(P) be a gradually fragmented ideal as in Example 6.1.12(1) and assume it
is non-trivial. Then, there exists a ccc poset that forces add(N') = u, b(Z) = v, b =rand ¢ = \.

Proof. By Lemma 6.1.2, it is enough to assume that |a;| > ¢(i)* for every i < w (this assumption is only
used to prove b(Z) < v in the forcing extension defined below). Let h = c and b € w* any function
such that b(i) > olail for any ¢ < w. By Lemma 6.4.12, we can find 7, p € w* such that 7 converges
to infinity and ]L(D(DZ F is (m, p)-linked for any F C R;. Also, by Lemma 6.4.10, find H such that any
(m, p)-linked poset is €7;-good. Fix L as in Section 6.4.

As in the results of Section 4.1, perform a fsi P = (P, Qa> a<) alternating between Cohen forcing
C, suborders of A of size < p, ]L(D(Dfi 7 with | F| < v and suborders of D of size < . By a book-keeping
argument, we make sure that all such possible suborders of the extension are used in the iteration. As IP
is p-€%-good, v-(L,Z,1)-good and k-<*-good, it follows that add(A') = p, b = x and ¢ = X in any
P -extension V.

Now, in V), v < brec(b, h) (this implies v < b(Z) by Lemma 6.3.7). Indeed, let 7 C R}, of size
< v, so there is some o < A such that ' € V. Now, at some point of the remaining part of the iteration,
the poset ]L(D(DZ 7 is used to add a slalom ) € S(b, h) that localizes F.

Finally, we prove that b(Z, L) < v is true in V) (so b(Z) < v by Theorem 6.4.2). This is because,
by Lemma 6.4.6, the iteration adds a v-1-strong covering family of size v in V), that is preserved in
Vi. O

The following result states that, no matter which (uncountable regular) values one wants to force for
add(') and b, it is consistent to find as many as possible gradually fragmented ideals that have pairwise
different Rothberger numbers between add(\) and b. The same happens with the cardinal invariants of
the type of Definition 6.3.1(1).

6.5.3 Theorem. Let 6 < k be an ordinal and {v¢}¢<5 a non-decreasing sequence of regular cardinals
in [p, k]. Then, there are a sequence {I¢}¢<; of tall gradually fragmented ideals, a sequence of pair
of functions {(be, he)}e<s and a ccc poset that forces add(N') = pu, b = K, ¢ = X and b(Z¢) =
broc(be, he) = vg forall § < 6.

For the proof of this theorem, we use another characterization of the unbounding number b. To fix
some notation, define an elementary exponentiation operation 0 : w X w — w by o(n,0) = 1 and
o(n,m+1) =n®™™) Put p : w — w such that p(0) = 2 and p(i + 1) = o(p(i), i+ 3). For a function
x € w* define, by recursion on k < w, 20 = 2 and zlF+1] = 20*=™ Now, let

RP = {z € W | Vo V2, (2 (i) < p(i +1))}.

79



6.5.4 Lemma. Let v € RP. Then,

(a) id, € R’

(b) The functions 2%, %" id,, - x and y defined as y(i) = [x(i)]gp(i)i] are in RP.
(c) z € RP where z(i) = max{z(j)};<i.

(d) V32, (i le(i — DIF" < p(i)).

1<w
Proof. (a) Itis enough to show that id® (1) < o(p(i),2k + 1) for all 1 < w and k < w by induction on
k. The case k = 0 is clear. For the induction step,

idlF () = 9idl’ (i) p(i)? < p(3)7 P@D2k1)p(P ) < yo(p(D).2642) — 5(p(7), 2k + 3).

ide

(b) Clear because 2% <* gl gider™™ <* 22 jq . ¢ <* 21 and y <* 2.

(c) Let N}, be minimal such that V>, (2¥1(i) < p(i 4+ 1)). As the sequence {x!*l(i)}4,, is strictly
increasing for each i < w, { Ny }r<. is non-decreasing and converges to infinity. Let {k;};., be
a strictly increasing sequence of natural numbers such that p(N, + 1) is bigger than 2V (4) for all
i < Nj. Then, zV1(i) < p(i + 1) forall i > Ny,.

(d) Note that (i + 1)|[z(i)]=C+D [+t < 22412 < 2[1(5) for all but finitely many 4 such that
x(i) # 0. The case x(i) = 0 is straightforward.
O

To proceed with the proof of Theorem 6.5.3, we first need to see that b is the least size of a <*-
unbounded family in R”. But we can prove a more general result instead. Fix g, H € w® such that H
is strictly increasing and id,, < H. Define R}, := {z € w” / Vpeu(z¥ <* g)} where 219 = 2 and
21 = H o 2[F, With the particular case (i) = p(i + 1) and H = 2" what we need is just a
consequence of the following

6.5.5 Lemma. Assume that R, # @. Then, b is the least size of a <*-unbounded family in RY,.

Proof. For v € RY, and k < w, let N¥ be the minimal N < w such that V;>n(zF(i) < g(i)).
{N?}k<w is non-decreasing and converges to infinity because H > id,,. Consider the function H’' of
natural numbers such that H'(m) is the maximal n < w such that H(n) < m. Note that the domain
of H' is [H(0),w) and that H(n) < m iff H(m) is defined and n < H'(m). Also, H'(m) < m for
all m > H(0). Define, for k& < w, the function C} on a subset of w by Cy(i) = ¢(i) and Cyy1(i) =
' (Ci(i)).

6.5.6 Claim. Ler x € w”, i,k < w. Then, z¥1(3) < g(i) iff C(3) exists and x(i) < Cj,(i).

Proof. Fix 1 < wand 0 < M < w. Define, when possible, C,y for £ < w such that C’é\/f = M and
CM, = H'(C}). It is enough to prove, by induction on k that, for all 0 < M < w, =kl (i) < M iff
CM exists and (i) < CM (our claim is the particular case M = g(i)). The case k = 0 is trivial, so we
proceed to prove the inductive step. z*+1(i) < M is equivalent to z[¥(i) < CM which is equivalent,

. . . . cM . cM M
by induction hypothesis, to the existence of C}* and z(i) < C.' = C4 ;. O

Note that, as there exists a ¢ € RY,, the functions Cy, are defined for all but finitely many natural
numbers because, by the previous claim, V;>ne(c(i) < Cy(i)). Now, consider W as the set of non-
decreasing functions z € w* such that Vj ., (2(k) > N{). It is clear that b is the least size of a <*-
unbounded family in W.

Define the function F' : W — RY, such that, F(z) = F, : w — w, F.(i) = Cy(i) when i €
[2(k), z(k 4 1)) (we do not care about the values below z(0)). Claim 6.5.6 guarantees that F, € RY,.
Also, let F' : RY, — w®, F'(z) = F, such that F},(i) = N}*. The lemma follows from the fact that, for
any x € R}, and z € W,
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(i) F, <* x implies z <* F, and
(i) F, <* z implies © <* F,.

To prove (i), assume that there is a k& < w such that Viso(r) (F2(7) < z(i)). Let k' < w be minimal
such that z(k) < z(k") and prove that z(k) < N} for all K > k’. By contradiction, assume that there
is a minimal k& > k" such that N7 < z(k), so there exists an ¢ € [z(k — 1), z(k)) with ¢ > N7. Then,
Cr-1(?) = F,(i) < z(¢) and (i) < Cy(i) (by Claim 6.5.6). But Cx (i) = H'(Ci—1(7)) < Cr-1(4), a
contradiction.

For (ii), assume that there is a k < w such that N < z(k) forall k > k. If i > z(k), we can find a

k > k such thati € [2(k), z(k + 1)), so z(i) < Ck(i) = F(i) because i > z(k) > NF. O

Proof of Theorem 6.5.3. Without loss of generality, we may assume that b = x in the ground model V.
Construct, for £ < 6, functions hg, ag, bg, m¢ € w® such that

(a) ho = id? and, for & > 0, h¢ is non-decreasing, converges to infinity and, for n < &, id,, - m, <* hg¢

(b) a¢ > 0 is non-decreasing, converges to infinity and héd“"p B ag,
(c) be and 7 are defined as bg = 2% and 7¢ (i) = |[b§(i)}5p(i)i |, and

(d) V72, (i - [[be(i = D" < p(d)-

We can construct all those functions in R”. To see this, fix £ < J and assume that we have all these
functions for n < . By Lemma 6.5.4, id,, - m,;, € R” for all < &, so there exists a non-decreasing
function h¢ € R bounding them by Lemma 6.5.5. Put a¢ := max{hzd“'p i , 1}, which is in R”. Clearly,
be, m¢ € RP and (d) is true.

For each £ < 0, let Pc = {a¢;}i<w be the interval partition of w such that |a¢ ;| = ag(i), define
ce(i) = max{he(i),2} and let ¢ = Z. (P) (see Example 6.1.12(1)). Perform a fsi P(3,5)., =
(P, Qa>a<(3+5),)\ such that, for v < A,

i) fa=B+9) 7, let Q. be a P,-name for Cohen forcing,
(ii) if = (34 6) - v + 1, let Q, be a P,-name for a suborder of A of size <
(iii) if @ = (34 ) -7 + 2, let Q,, be a P,-name for a suborder of I of size < &,

(iv) if o = (346) -y +3+&foré < 8, let Q, = IL(D(D:&]:_ where F, is a P,-name of a subset of
€ o

Ry, of size < vg.
By a book-keeping argument, as in the results of Section 4.1, we make sure to use all such posets of the
extension in the iteration. Choose L = { Ly, },,<,, any partition of w into infinite sets.

6.5.7 Claim. For every £ < 6 and a < (34 0) - \, P, forces that Qg is ve-(L, I¢, p)-good.

Proof. Let o = (3 + ) - v + £ for some v < A and §" < 3 + 4. Step in V,,. If " < 2 then Q. is
p~(L, Z¢, p)-good by Lemma 6.4.7; if " = 3 + &' for some £’ < ¢ then, if § < &, as |[Qa| < v < vg,
Qo is ve-(L,Z¢, p)-good by Lemma 6.4.7; if £ < &', by (a),(d) and Lemma 6.4.12 (with m;, = k),

Q. = E@CZ;’ 7, 18 (7¢, p)-linked, thus, by (c) and Lemma 6.4.9, Qa is ve-(L, I¢, p)-good. O

6.5.8 Claim. In 'V, there is a sequence H = {gi}r<w of reals in w* that converges to infinity such that
P, forces that Qg is pi-€5-good.

Proof. By Lemma 6.4.10, find H = {gy, }.<., such that any (id,,, p)—linkgd poset is €;-good. Now, step
in V. f a = (3+0) -+ ¢ for some ¢’ < 3+ 4, when & < 2 then Qq is p-€5-good by Corollary
3.2.18; else, if ¢ = 3 + & for some & < 6, the claim holds because Q,, is (id,, p)-linked (see the proof
of the previous claim). O
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It is known that, in V(3 5).x, add(N) = p, b = k and ¢ = \. By the same argument as in Theorem
6.5.2, we get, for £ < 6, vg < broc(be, he) < b(Z¢) (the last inequality by Lemma 6.3.7). On the other
hand, by Claim 6.5.7 and Lemma 6.4.6, for { < 4, we add in V},, a v¢-p-strong covering family (with
respect to Z¢ and L) of size ve that is preserved in V(3 5).), SO b (Ze, L)< ve. But, by Theorem 6.4.2,

as lim; o @i(ag)/(p(i)") = o0 by (b), we get b(T¢) < b”"™ (T¢, L) < vg. B

To obtain (consistently) continuum many pairwise different Rothberger numbers, it is necessary that
the continuum is a weakly inaccessible cardinal. Indeed, let {Z¢ } ¢, be a sequence of ideals such that the
numbers b(Z¢) are pairwise different. As there are continuum many and all of them are < b, we obtain
¢ = b, so ¢ is regular. Also, as there are c-many different cardinals below ¢, ¢ has to be a limit cardinal.
Likewise, the existence of b-many different Rothberger numbers implies that b is weakly inaccessible.

6.5.9 Corollary. Assume that )\ is a weakly inaccessible cardinal such that X\ = )\, and let i < \ be
a regular cardinal. For any collection of pairwise different regular cardinals {v¢}ecn C [p, A, there
exist tall gradually fragmented ideals T¢, (be, he) € w¥ x w¥ for & < X and a ccc poset that forces
add(N) = p, b = ¢ = X and b(Z¢) = b(bg, he) = vg forany & < A
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QUESTIONS AND DISCUSSIONS

Theorem 4.3.1, where we forced s < kK < b = 0 < a modulo the existence of a measurable cardinal  in
the ground model and where s can take any arbitrary regular uncountable value below x, is an extension
of Shelah’s argument to force kK < 0 < a. As Shelah could modify the template iteration construction
in order to obtain the consistency of s = N; < b = 0 < a with ZFC alone by replacing the ultrapower
argument with an isomorphism-of-names argument, it is natural to think that our argument for Theorem
4.3.1 could be modified in order to get the consistency of ¥; < s < b < a with ZFC alone. In Shelah’s
proof it is used a template iteration where Hechler forcing is the only iterand at each stage, so it is possible
to localize by restricting the template to countable sets to get many of them pairwise isomorphic, so an
isomorphism-of-names argument becomes possible to force a to be large. However, as in our argument
we also use Mathias forcing with small filter bases, the construction is not that uniform and it is uncertain
how to localize and get many pairwise isomorphic restrictions of the template iteration, this to allow an
isomorphism-of-names argument.

Problem K. Is it consistent with ZFC (alone) that N1 < s < b < a?

Our construction in Theorem 4.3.1 also forces values for other cardinal invariants. In fact, the starting
point was to construct a fsi as in Theorem 4.1.2(b) with y; = pus = ps = 6 and v = p, which forces
add(N) = cov(N) =p =g =5 =0 < addM) = cof(M) = u < non(N) = v = ¢ = \. Later,
we proceeded with ultrapowers through the measurable « in order to get a model of the same statements
and, additionally, a = A. It is natural to ask whether a similar construction, starting with an iteration as
in Theorem 4.1.2(b) that forces add(N) < cov(N) <p =g =5 =60 < ---, can be done to get the same
consistency result plus a = A. However, Theorem 3.4.1, the preservation result for template iterations
that we use in our proof, is not enough to guarantee that add(N\') and cov(N') can be preserved small
with different values, this because there may be names of reals that have a support on the template of size
larger than the value we want to force for add(N'). An alternative is to guarantee that the hypothesis of
the preservation Theorem 3.4.3 holds, but it is unclear how to deal with the resulting template iterations
that result after taking 6 many ultrapowers with ¢ of cofinality < 6.

Problem L. Is it consistent that add(N') < cov(N) < s < b < a, even with the existence of a
measurable cardinal?

A simpler forcing construction, like for the consistency of 0 < a and u < a with a measurable
cardinal in [SO04] (see also [BrO7]) where it is not necessary to look at the template structure, can be
considered to attack Problem L (and even for a simpler proof of Theorem 4.3.1), but we do not know
how to prove a preservation theorem (in the sense of the results of Section 3.1) for such a construction.

One interesting discovering in this project is that we can use matrix iterations to get models where
cardinal invariants of the right hand side of Cichon’s diagram (or, in general, cardinal invariants above
cov(M)) can assume at most three different values. However, this technique does not seems to work
to get models where four or more values can be assumed. One idea to get such models is to extend the
construction of a matrix iteration to more dimensions, for instance, a three dimensional iteration. The
main problem here is that we cannot guarantee anymore the embeddability between the intermediate
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stages when we do such a construction towards an interesting model. A solution to this problem may
work to give a positive answer to Problem B(1) and (2), possibly assuming the existence of a measurable
cardinal.

As discussed in the Introduction, in an ongoing project by M. Goldstern, J. Kellner, S. Shelah and A.
Fischer, it is proven that, with a large product construction, one way in which the cardinal invariants of
the right hand side of Cichon’s diagram assume 5 different values is consistent. However, such a forcing
is, typically, w“-bounding, so it does not work to get models where d > Wy, i.e., where cov(M) < 0.

Problem M. Is it consistent that cov(M) < 2 < non(N) < cof(N) < ¢?

In our models with fsi and matrix iterations, discussed in Sections 4.1 and 5.2 respectively, we could
get models where the continuum can be singular. As it is provable in ZFC that add(Z) < cf(non(Z)),
add(Z) < cf(cof(Z)) (see [BaJS89]) and that cov(Z) = cof(Z) = non(Z) < cf(cof(Z)) (a result from
Fremlin, see [Br91, Prop. 1]), many assumptions about the regularity of the cardinals is optimal. All the
questions about this are summarized as follows.

Problem N. (a) To what extend can o be assumed to be singular in Theorems 4.1.2 and 5.2.7?
(b) Can we get the consistency result in Theorem 4.1.3 by only assuming that cf(v) > po?

(c) Can we get the consistency results in Section 5.2 by only assuming that cf(k) > v?

(d) Can we get the consistency results in Theorem 5.2.4(c) and (d) with py < cf(k) < v?

In our results in Section 5.2 we need ~ regular because of the application of Theorem 5.1.6 in a matrix
iteration construction. It seems that a similar result to force 0~ > « with x singular cannot be proved in
such generality, that is, it may depend on the way iterands are arranged into the matrix construction.

Note that most of the statements in Section 5.2 can be grouped in pairs in such a way that, when
one consistency result contains v = k, there is other consistency result with the same statements but
changing v =  to u = v. Of course, for those results that contain cov(M) = « it is not possible to get a
corresponding consistency result with u = v because cov(M) < v < u. However, there are statements
that could have a corresponding pair.

Problem O. Can we get similar consistency results as Theorems 5.2.1(b), (g) and 5.2.4(b) by inter-
changing uw = v witht = k?

In the case of Theorems 5.2.1(b) and 5.2.4(b), we can think of adding cofinally many steps in the ma-
trix construction where we use Mathias forcing with an ultrafilter as it is explained in Context 5.1.4(2)(i).
However, it is not clear that the resulting poset forces x < non(\') because we do not know whether
the Mathias posets used preserve the th!-unbounded reals added from the beginning of the construction.
In the case of Theorem 5.2.1(g), as in the corresponding matrix iteration it is used random and Hechler
forcing (as explained in Context 5.1.4(2)(i)) in cofinally many steps, it is not clear how they preserve the
splitting reals added at the beginning of the iteration. This problem is related to the reason why we do
not how to force s < p; and A < vin Theorem 4.1.4.

Recall that, in Section 5.2, whenever a consistency result contains t = & it is not stated a value for u.

Problem P. Can we force u = k or u = X\ in the consistency results of Section 5.2 where v = kK is
forced?

In Chapter 6, we proved in ZFC that every gradually fragmented ideal has Rothberger number above
add(\N'), while there is a large class of fragmented not gradually fragmented ideals where each ideal there
has Rothberger number N;. However, it is not known whether a positive answer to Problem H can be
proved. Even if this is not true, it may happen that there is such a dichotomy for a large class of definable
ideals and that there is a natural combinatorial characterization that suggests which way it goes.

Problem Q. (a) For every fragmented ideal Z, either add(N') < b(Z) or b(Z) = N;.
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(b) For every Fy ideal Z, either add(N') < b(Z) or b(Z) = ;.

(c) For every analytic ideal Z, either add(N') < b(Z) or b(Z) = ;.
Also, in (a), (b) or (c), give a combinatorial characterization of the ideals satisfying either case of
the dichotomy.

Given an ideal as in Example 6.1.12(1), it is consistent that its Rothberger number is strictly bigger
than add(') (Theorem 6.5.2). However,

Problem R. (a) Is there a (gradually) fragmented ideal T with b(Z) = add(N')? Or is it consistent that
b(Z) > add(N) for every gradually fragmented ideal T?

(b) Is there an analytic ideal T such that b(Z) = add(N)?

Perhaps the iteration constructed in the proof of Theorem 6.3.11 would preserve some witness of
add(/\/ ) of the ground model, but this is not clear because, as seen in Lemma 6.4.10, such a preservation
property is not uniform for each iterand that comes from the forcing of Definition 6.3.1.

It is also interesting, as proposed in Problem G, to look at the gap spectrum, in the sense of linear
gaps, of quotients by analytic ideals. For non-trivial fragmented ideals we have, so far, two type of
linear Rothberger gaps, say, of type (w, b) and of type (w, b(Z)). In the case of P(w)/Fin there is a
characterization of its gap spectrum by Rothberger’s result in Theorem 1.5.3, that is, there is a linear
(w, k)-gap in P(w)/Fin iff there is a well-ordered unbounded sequence in (w, <*) of length x. This
spectrum is inherited in every quotient by an F; and by an analytic P-ideal (Theorem 1.5.4), but it could
be larger. By Theorem 6.5.1, (w, b(Z)) is a different type for quotients by somewhere tall fragmented
ideals. In particular, (w,w) is in the spectrum of P(w)/EDgy and (w, b(Z)) is in the spectrum of
P(w)/Zp where add(N') < b(Zp) < b is consistent.

Problem S. Characterize those k for which there is a linear (w, k)-gap in the quotient of a known ideal,
like EDgy, I1, and Tp.

By the consistency result proved in Theorem 6.5.3, we can construct (consistently) F,; ideals with
many types of gaps of the form (w, v) with add(N') < v < b. For example, let {v, }, <. be a sequence of
regular cardinals in (add(N), b) and assume that, for each n < w, there is a gradually fragmented ideal
L, = Z{an,i, Pn,i)icw With b(Z,,) = v,. Given a bijection g : w — w X w, construct a fragmented ideal
T = (bj, ¢j)j<w Where (b;) <. is a partition of w with |b;| = |a(;)| and ¢; is the submeasure associated
with (ag(j), gpg(j)) for any j < w (see the paragraph before Lemma 6.2.7). Lemma 6.1.2 implies that
P(w)/Z has a linear gap of type (w,v,) for each n < w. Moreover, the gap spectrum of P(w)/Z is
contained in P(w)/Z and IP(w)/Z has a gap of type (w,w: ) (Corollary 6.2.8).

It is consistent with the existence of a weakly inaccessible cardinal that there is an Fj-ideal with
continuum many types of gaps of the form (w, v) with add(N) < v < b. Indeed, by Corollary 6.5.9,
given a sequence {vf} feow C (add(N), b) of regular cardinals, we may assume that there is a sequence
(Zf) feow of fragmented ideals on w such that b(Z;) = vy for all f € 2¥. Consider the perfect a.d.
family A = {ay / f € 2*} on 2<% where ay = {f|k / k < w} and let 7 be the ideal on 2<“ generated
by U cow Iy where o’ € T} iff there is an z € Iy such that 2’ = {f[k / k € x'}. Itis clear that T is an
analytic ideal and, by Lemma 6.1.2, it contains a linear (w, v¢)-gap for each f € 2.

Along with our consistency results with gaps, we also proved, assuming a weakly inaccessible car-
dinal, that there are continuum many different cardinal invariants of the type b(b, h) (Corollary 6.5.9).
Although the existence of continuum many different Rothberger numbers for £, ideals implies that the
continuum is weakly inaccessible, the same may not be true for the previous type of cardinals.

Problem T. Is it consistent, with ZFC alone, that there are continuum many different cardinal invariants
of the form b(b, h)?

Kellner [KellO8] proved the consistency, with ZFC alone, of the existence of continuum many dif-
ferent cardinals of the form c” (b, h), where this cardinal invariant is the dual of b(b, ), that is, the least
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size of a set C' C S(b, h) such that every real in R;, is localized by some slalom in C'. This has been done
by a large product construction, so it may be possible to use this technique to give a positive answer to
Problem T.

86



BIBLIOGRAPHY

[BD85] J. Baumgartner, P. Dordal: Adjoining dominating functions. J. Symb. Logic 50, no. 1 (1985)
94-101.

[BaJS89] T. Bartoszynski, J. Ihoda (H. Judah), S. Shelah. The cofinality of cardinal invariants related to
measure and category. J. Symb. Logic 54 (1989) 719-726.

[BaJ] T. Bartoszyniski, H. Judah: Set Theory. On the Structure of the Real Line. A. K. Peters, Mas-
sachusetts, 1995.

[BalO] T. Bartoszynski: Invariants of measure and category. In: A. Kanamori, M. Foreman (eds.),
Handbook of Set-Theory, Springer, Heidelberg, 2010, pp. 491-555.

[BIS84] A. Blass, S. Shelah: Ultrafilters with small generating sets. Israel J. Math. 65 (1984) 259-271.

[BIS87] A. Blass, S. Shelah: There may be simple Py, and Py, points and the Rudin-Keisler ordering
may be downward directed. Ann. Pure Appl. Logic 33 (1987) 213-243.

[BI188] A. Blass: Selective ultrafilters and homogeneity. Ann. Pure Appl. Logic 38, no. 3 (1988) 215-
255.

[B189] A. Blass: Applications of superperfect forcing and its relatives. In: J. Steprans, S. Watson (eds.),
Set Theory and Its Applications, in: Lecture Notes in Math. 1401, Springer-Verlag, Berlin, 1989,
pp. 18-40.

[B110] A. Blass: Combinatorial cardinal characteristics of the continuum. In: A. Kanamori, M. Fore-
man (eds.), Handbook of Set-Theory, Springer, Heidelberg, 2010, pp. 395-490.

[Br91] J. Brendle: Larger cardinals in Cichoni’s diagram, J. Symb. Logic 56, no. 3 (1991) 795-810.
[Br98] J. Brendle: Mob families and mad families. Arch. Math. Logic 37 (1998) 183-197.

[Br02] J. Brendle: Mad families and iteration theory. In: Logic and Algebra, Y. Zhang (ed.), Contemp.
Math. 302, Amer. Math. Soc., Providence, RI, 2002, pp. 1-31.

[Br03] J. Brendle: The almost disjointness number may have countable cofinality. Trans. Amer. Math.
Soc. 355 (2003) 2633-2649.

[BrOS] J. Brendle: Templates and iterations, Luminy 2002 lecture notes. Kyoto daigaku siirikaiseki
kenkyiisho kokytroku (2005) 1-12.

[Br06] J.Brendle: Van Douwen’s diagram for dense sets of rationals. Ann. Pure Appl. Logic 143 (2006)
54-69.

87



[Br07] J. Brendle: Mad families and ultrafilters. AUC 49 (2007) 19-35.
[Br09] J. Brendle: Forcing and the structure of the real line: the Bogotd lectures. Lecture notes, 2009.
[Br10] J. Brendle: Aspects of iterated forcing: the Hejnice lectures. Lecture notes, 2010.

[BrF11] J. Brendle, V. Fischer: Mad families, splitting families and large continuum. J. Symb. Logic 76,
no. 1 (2011) 198-208.

[Br-1] J. Brendle: Measure, category and forcing theory. Preprint.
[Br-2] J. Brendle: Shattered iterations. In preparation.
[BrMe] J. Brendle, D.A. Mejia: Rothberger gaps in fragmented ideals. Submitted.

[BrRal4] J. Brendle, D. Raghavan: Bounding, splitting and almost disjointness. Ann. Pure Appl. Logic
165 (2014) 631-651.

[C] P. J. Cohen: Set theory and the continuum hypothesis. W. A. Benjamin, 1966.

[Fa] 1. Farah: Analytic quotients: theory of liftings for quotients over analytic ideals on the integers.
Mem. Amer. Math. Soc. 148, no. 702, 2000, pp. 177.

[Go] K. Godel: The consistency of the continuum hypothesis. Princeton University Press, 1940.

[GS90] M. Goldstern, S. Shelah: Ramsey ultrafilters and the reaping number - con(r < u). Ann. Pure
Appl. Logic 49 (1990) 121-142.

[G92] M. Goldstern: Tools for your forcing construction. In: Judah H. (ed.) Set theory of the reals,
Israel Math. Conf. Proc., Bar Ilan University, 1992, pp. 305-360.

[H84] J. Hadamard: Sur les caractéres de convergence des séries a termes positifs et sur les fonctions
indéfiniment croissantes. Acta Math. 18 (1894) 319-336.

[HarW] G. H. Hardy, E. M. Wright: An introduction to the theory of numbers 6th edition, Oxford
University Press, 2008.

[Ha1909] F. Hausdorff: Die Graduierung nach dem Endverlauf. Abh. Konig. Séchs. Ges. Wiss. Math.-
Phys. KI. 31 (1909) 296-334.

[Ha36] F. Hausdorff: Summen von Xy Mengen. Fund. Math. 26 (1936) 241-255.
[Hr11] M. Hrusdk: Combinatorics of filters and ideals. Contemp. Math. 533 (2011) 29-69.

[HrRZ] M. Hrusak, D. Rojas-Rebolledo, J. Zapletal: Cofinalities of Borel ideals. Math. Logic Quart., to
appear.

[Je] T. Jech: Set theory. 3rd millenium edition, Springer, Heidelberg, 2002.
[JS88] J. Ihoda (H. Judah), S. Shelah: Souslin forcing. J. Symb. Logic 53, no. 4 (1988) 1188-1207.

[JS90] H.Judah, S. Shelah: The Kunen-Miller chart (Lebesgue measure, the Baire property, Laver reals
and preservation theorems for forcing). J. Symb. Logic 55, no. 3 (1990) 909-927.

[K89] A. Kamburelis: Iterations of boolean algebras with measure. Arch. Math. Logic 29 (1989) 21-
28.

[KWe96] A. Kamburelis, B. Weglorz: Splittings. Arch. Math. Logic 35 (1996) 263-277.

88



[KaO14] S. Kamo, N. Osuga: Many different covering numbers of Yorioka’s ideals. Arch. Math. Logic
53 (2014) 43-56.

[Kan] A. Kanamori: The higher infinite, large cardinals in set theory from their beginnings. 2nd edi-
tion, Springer, Berlin-Heidelberg, 2009.

[Kank13] T. Kankaanpéi: Remarks on gaps in Dense(Q) /nwd. Math. Logic Quart. 59 (2013) 51-61.
[Ke] A.S.Kechris: Classical descriptive set theory. Springer-Verlag, New York, 1995.

[Kelley59] J. Kelley: Measures on Boolean algebras. Pac. J. Math. 9 (1959) 1165-1177.

[KellO8] J. Kellner: Even more simple cardinal invariants. Arch. Math. Logic 47 (2008) 503-515.

[KellS09] J. Kellner, S. Shelah: Decisive creatures and large continuum. J. Symb. Logic 74 (2009)
73-104.

[KellS12] J. Kellner, S. Shelah: Creature forcing and large continuum: the joy of halving. Arch. Math.
Logic 51 (2012) 49-70.

[Ku] K. Kunen: Set theory: an introduction to independence proofs. North-Holland, Amsterdam,
1980.

[Ku84] K. Kunen: Random and Cohen reals. In: K.Kunen and J. Vaughan (eds.), Handbook of set-
theoretic topology, North-Holland, Amsterdam, 1980, pp. 887-911.

[MS] M. Malliaris, S. Shelah: Cofinality spectrum theorems in model theory, set theory and general
topology. http://arxiv.org/abs/1208.5424 (2012) Accessed 9 November 2012.

[Ma91] K. Mazur: Fy-ideals and wiwy-gaps in the Boolean algebra P(w)/Z. Fund. Math. 138 (1991)
103-111.

[Mel3a] D. A. Mejia: Matrix iterations and Cichon’s diagram, Arch. Math. Logic 52 (2013) 261-278.

[Mel3b] D. A. Mejia: Models of some cardinal invariants with large continuum. Kyoto daigaku
surikaiseki kenkytisho kokytiroku (2013) 36-48.

[Me] D. A. Mejia: Template iterations with non-definable ccc forcing notions. Submitted.

[Mi81] A. Miller: Some properties of measure and category. Trans. Amer. Math. Soc. 266 (1981) 93-
114.

[RosS] A. Roslanowski, S. Shelah: Norms on possibilities 1. Forcing with trees and creatures. Mem.
Amer. Math. Soc. 141, no. 671, 1999, xii+167 pp.

[Ro41] F. Rothberger: Sur les familles indénombrables de suites de nombres naturels et les problemes
concernant la proprieté C. Math. Proc. Cambridge Philos. Soc. 37 (1941) 109-126.

[S84] S. Shelah: On cardinal invariants of the continuum. Contemp. Math. 31 (1984) 184-207.

[SO04] S. Shelah: Two cardinal invariants of the continuum (0 < a) and FS linearly ordered iterated
forcing. Acta Math. 192 (2004) 187-223 (publication number 700).

[So96] S. Solecki: Analytic ideals. Bull. Symb. Logic 2, no. 3 (1996) 339-348.

[S099] S. Solecki: Analytic ideals and their applications. Ann. Pure Appl. Logic 99 (1999) 51-72.
[T] S. Todorcevié: Partition Problems in Topology. Amer. Math. Soc., Providence, 1989.

[T98] S. Todoréevi¢: Gaps in analytic quotients. Fund. Math. 156 (1998) 85-97.

[Tr88] J.K. Truss: Connections between different amoeba algebras. Fund. Math. 130 (1988) 137-155.

89



