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PADE METHOD TO ¢-PAINLEVE EQUATIONS
HIDEHITO NAGAO

ABsTrACT. Recently, we studied Padé interpolation problems of the g-grid, related to all the g-
Painlevé equations of types from E;l) to (A, + A;). Then, by solving those problems, we could
derive the evolution equations, the scalar Lax pairs and the determinant formulae of special so-
lutions for the corresponding g-Painlevé equations. We can choose another grid: the differential
grid, namely the usual Padé approximation. In this paper, we will review the Padé interpolation
method of the g-grid, and apply the Padé approximation method, related to all the g-Painlevé
equations of types from E.” to (4, + A)).
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1. INTRODUCTION

1.1. The background of differential Painlevé equations. []
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In this subsection, we will give a rough explanation of the background of differential Painlevé
equations. For the general background, we refer the reader to [2] [12] [15] [38] [42] [55].

1.1.1. Two origins. [

It is well known that the differential Painlevé equations have two independent origins.

The first is the "Painlevé property” of second order nonlinear ordinary differential equations.
In original works [44] and [4], P. Painlevé and B. Gambier discovered the Painlevé equations
as the differential equations whose solutions do not have movable singularities other than poles.
This property, now called the Painlevé property, has become a guiding principle in the theory
of integrable systems.

The second is the "monodromy preserving deformation” of second order linear ordinary dif-
ferential equations (see [3] [17] [18] [19]). In [3], R. Fuchs arrived at the sixth Painlevé equation
from a completely different problem, namely the deformation theory of linear equations. Going
into more detail, we see that the sixth equation appears as the condition for moving the coeffi-
cients of the second order Fuchsian equation having four regular singularities without changing
its monodromy.

As integrable systems, differential Painlevé equations have been studied from various points
of view. For example, Lax pairs, special solutions, Bécklund transformations, bilinear forms,
degenerations between the discrete Painlevé equations, spaces of initial conditions, higher order
system, Garnier (multivariable) system and quantum system, etc.

1.1.2. The classification. [

In the first origin, we illustrate the differential Painlevé equations. We consider a second order
nonlinear ordinary differential equation

(1.1 A" =R(t; 2,2

for the dependent variable 4 = A(¢), where R(t; A,n) is a rational function in (¢, A,77) and the
prime ' = d/dt is the derivation with respect to the independent variable ¢. The differential
equation (1.1) is said to have the Painlevé property, if any solution of (1.1) has no movable
singular point except for poles.

As is well known, any rational differential equation of second order having the Painlevé prop-
erty is reduced to one of the six Painlevé equations Py (J = I, I, III, IV, V, VI), unless it can be
algebraically integrated, or transformed into the linear differential equations or the differential
equations of the elliptic functions. The six Painlevé equations are as follows:
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P A" =64% +1,
PIIZ/Y,:2/13+I/1+Q’,

1 1 1 0
Pp: A" == — =2+ (@l +B) +y + =,
I /l( ) p t(a B+ 1

1 3
P A" = ﬁ(/l’)2 + B+ +2 - )+ ’%3

(12) 2 2
1 1 1 A-1 A1+1
PV:/l”:(—+—)(/l’)2——/l’+( 2)(a/l+'§)+z/l+6( ),
12/11 /1—11 | t tl ) A | t A-1
Y ] e
24 A-1 A-t t =1 A-t
+/1(/1—1)(/1—t)( t+ r—1 N t(t—l))
2(— 1) 2 a-e T
Here, @, 5, - - - are complex parameters.

We remark that the six Painlevé equations are related by the following degeneration diagram
(or the coalescence cascade):

Pyi—Py— Py

(1.3) NN

PIV_)PH —)P].

In section 2, we will consider the differential Painlevé equations of types from VI to IV.
The main results of this section are the differential equations, the scalar Lax pairs and the
determinant formulae of special solutions for the corresponding differential Painlevé equations.

1.1.3. Special solutions. [

Generic solutions of the differential Painlevé equations are known to be very transcenden-
tal (See Umemura’s survey [55]). Also, these equations are known to have hypergeometric
solutions and algebraic solutions.

We recall the definition of the hypergeometric series [5] [6]. The hypergeometric functions
are defined by

F ap, -, ar_x _ N (al,"'aar)nx_n
T\ by e, b T L (byy e by n!
(1.4) ; "=
(a,as, -+ ,a;); = ]—[ ar(ax + D(ag +2) - (ax + j— 1).
k=1
The degeneration diagram (1.3) of the Painlevé equations is now mapped to the confluence
diagram of their hypergeometric solutions

Gauss —» Kummer — Bessel
o Fy 1F
(1.5) N N
Hermite — Weber — Airy —
2 Fo

Besides the hypergeometric solutions along the walls, the Painlevé equations occur to have
algebraic solutions. They typically arise when the parameters take values corresponding to
some fixed point of the extended affine Weyl group. For the algebraic solutions of the Painlevé
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equations up to Pyy, we refer the reader [11] [21] [29] [34].

1.2. The background of discrete Painlevé equations. [

In this subsection, we will roughly explain the background of discrete Painlevé equations. For
the general background, we refer the reader to [7] [9] [39] [50] [54].

1.2.1. The origin. U

Discrete Painlevé equations are discrete equations which reduce to differential Painlevé equa-
tions by a suitable limiting process. In the pioneering works of Grammaticos, Ramani, Papa-
georgiou and Hietarinta [10] [47] in early 1990s, discrete Painlevé equations were discovered
through the studies of the singularity confinement property, called discrete analogue of the
Painlevé property.

As integrable systems, as well as the differential Painlevé equations, discrete (or difference)
Painlevé equations have been studied from various points of view. For example, Lax pairs,
special solutions, Backlund transformations, bilinear forms, degenerations between the discrete
Painlevé equations, spaces of initial conditions, higher order system, Garnier (multivariable)
system and quantum system, etc.

1.2.2. Sakai’s classification. [

As for discrete Painlevé equations of second order, it seems to be standard nowadays to re-
fer to Sakai’s classification [50] defined by means of geometry of rational surfaces. Sakai’s
framework not only fits nicely with discrete Painlevé equations discovered earlier by different
approaches, but also clarifies their connection with the geometry of plane curves and Cremona
transformations. Each equation in this class is defined by an affine Weyl group of Cremona
transformations on a certain family of rational surfaces obtained from P, by blowing up.

Sakai’s list of discrete Painlevé equations consists of elliptic (e-), multiplicative (g-) and
additive (d-) difference equations. The single elliptic difference Painlevé equations is associated
with the affine Weyl group of type Egl). The diagrams of affine Weyl groups for the single e-
Painlevé, for the g-Painlevé equations and for the d-Painlevé equations are given as follows,
respectively.

(1.6)
() E
ell.(e-) 8 ,
/!
mul.(g-) Eél)_)Egl)_)Eél)_’ Dy’ — A - A +A)D A +AND— AP - D
q-Pvv  @-Py) @-Prv.q-Pip q-Pm q-Pp
add(d-) E-EV-E” - DY - A @ ranio Al -z
(Pyp (Pv) P
N N 3

A(ZI) —>A(11) -1
Py
Prv) Py U1
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We remark two points. Firstly, the d-Painlevé equations of type Dil) and its degeneration

arise as Bécklund (Schlesinger) transformations of differential Painlevé equations, namely P;
J =LILIILIV,V,VI. Secondly, there are the symbols (g-Pj) under the g-Painlevé equation
of types from Dgl) to A(ll) in the classification (1.6). The symbols have traditionally been used

before Sakai’s classification. For example, the g-Painlevé equation of type Dgl) is the g-Painlevé
VI equation of Jimbo-Sakai [20]. other g-Painlevé equation are similar.

For the forms of all the discrete Painlevé equations, we refer the reader to [50] [53]. For
example, the g-Painlevé equations of types from Eg) to (A; + A" are as follows:

The g-Painlevé equation of type EY” ([23] [43] [50] [53]) is
@t = gst =) =GP - =1 _ P(fyt,mi,....my)
I g 1 1\ Pt mg,...,m)
e 0

s 3272 §212
(1.7) fst=g)(fst=g) = (=D =1 p(g s.mo.....m)

]_” f . 1 . 1\ Pgs'my,...,my)
L

where
(1.8) P(f,t,my,...,m7) = f* —mitf> + (mot> =3 - 18 f?
+(mat’ — mst® + 2mi) f + (18 — mgt® + myt* — mat? + 1),
and my; (k = 1,2,...7) are the elementary symmetric functions of k-th degree in b; (i =
1,2,...,8) with
(1.9) biby---bg =1.
Moreover,
(1.10) t=gqt, t=q""s.

The g-Painlevé equation of type ES" ([8] [23] [48] [50] [53]) is

@f —)@Qf =) _ (f = bi)(f = bat)(f = bst)(f — bat)
@fF-D@f-1  (f=bs)(f —be)(f —b))(f —bs)

(1.11) (8f =) =1 (g 1/b1)(g - 1/b2)(g - t/b3)(g — t/b)
@f-D@f -1 (- 1/bs)g— 1/be)g — 1/br)(g — 1/bg)

where

(1.12) T=qt, bibobsbs=q, bsbgbibs = 1.

The g-Painlevé equation of type E. ([14] [23] [48] [50] [53]) is

_ - (f=b)(f = b)(f = b3)(f — by)
-1 —-1)= ,
@F = = D) =t 5 (F —1/bs)
(&= 1/b)(g =~ 1/ba)g = 1/bs)g = 1/b)

(g — bet)(g — t/bg) ’

(1.13)
(¢f - D(gf-1) =

where
(1.14) t= qt, b1bybsby = 1.
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The g-Painlevé equation of type D{"(g-Py; equation) ([20] [23] [50] [53]) is

2 = (f —ain)(f — ast)
(f—a)(f —as)’

1.15
(1.15) £f = (g — bit/q)(g — bat/q)
ST (g-byg-b)
where
bib, | aia
(1.16) bba  lazas

The g-Painlevé equation of type A\ (g-Py equation) ([23] [28] [50] [53]) is
— (f +b1/0(f +1/by1)

1+bsf ’
1.17
(1 PRCETNDCERILY
- 1+ g/bs ’
where
(1.18) T=qt, t=q’s.
The g-Painlevé equation of type (A, + A;)" (g-Pry equation) ([26] [50] [53]) is
- aob
ff = —(azbo - L)(1 - 2),
(1.19)
arbogg = —f azbo,
f +a
where
(120) q = aaay = b]bz.
The g-Painlevé equation of type (A, + A;)" (g-Pyy equation) ([23] [46] [48] [50] [53]) is
_ _ 1+ aotf
88f = bo i+
(1.21)
£ = ajjt+g
§1L =20 77 ga/t’
where
(1.22) t=qt.
The g-Painlevé equation of type (A, + A))" (¢-Py equation) ([23] [28] [50]) is
a2
(1.23) Ff = D0f -1 =% <,
where
(1.24) 7= qt.

In sections 3 and 4, we will consider the g-Painlevé equations of types from Egl) to (A, +
A"V, The main results of these section are the evolution equations, the scalar Lax pairs and the
determinant formulae of special solutions for the corresponding g-Painlevé equations ((1.11),
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(1.13), (1.15), (1.17), (1.19), (1.21)).

1.2.3. Hypergeometric solutions of the q-Painlevé equations. [

The g-Painlevé equations are known to have hypergeometric solutions (e.g. [23] [39] [48]).
We recall the definition of the g-hypergeometric series [5] [6]. The g-hypergeometric series
~ps 1s defined by

ap,...,a, . - (a; @n- - (ar; @n n (D1

r¥s s q, = -1 2 ,

Y (bu~~-,bs ! Z) 2 Granga
(a:q)n =1 -a)1 —qga)---(1-q"a).

The g-hypergeometric series ,,¢, is called balanced if the condition

(1.25)

(1.26) qaiaz---ary =biby---by, =g
is satisfied, and is called well-poised if the condition

(1.27) ga, = a;by = --- = a,1b,

is satisfied. Moreover, it is called very-well-poised if it satisfies
(1.28) a, = qa}/z, as = —qa}/z,

in addition to equation (1.27), and denoted as .1 W,:
12 12
alaqal ’_qal » A4 .o, Ay
(1.29) raaWiarsas, ..., a4159,2) = 15 1 q,2]-

1/2 1/2
a,'’”,—a,"”",qa/ay, ...,qay/a-

As reviewed in [39], it is shown explicitly in [23] [24] that g-hypergeometric functions in
Table (1.30) arise as Riccati solutions to the g-Painlevé equations of each type from q—Eél) to
g-(A + A)).

Weyl Group symmetry g-Hypergeometric function Terminating case

Q'Eél) Balanced oWy Ismail-Masson-Rahman
q-E§” sW7, 403 Askey-Wilson polynomials
q-E;’ 342 Big g-Jacobi polynomials
1.30) q-D’ (q-Pv1) 201 Little g-Jacobi polynomials
o g-A (g-Pv) 1915 2501(a’ b; q, Z) g-Laguerre polynomials
a 0
g-(Ay + ADWY (g-Prry) 1(,01( 0; q, z), 1(,01(b; q, z) Stieltjes-Wigert polynomials

0
q-(Ar + AD)Y (g-Pu) 1901(_q; q.2)

Besides, concerning the results of the elliptic difference Painlevé equation (of type Eél)) and
its hypergeometric solutions, we refer the reader to [22] [25] [45].
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1.3. The background of the Padé method. [

In this subsection, we will briefly explain the background of the Padé method (See also [40]
[58]).

1.3.1. What is the Padé method? [

The Padé method has been presented by applying Padé approximation to differential Painlevé
equations of types from Py to Py in [58] (see section 2).

The method, which we call the "Padé method” in this paper, is a method for giving the
Painlevé equations, the scalar Lax pairs and the determinant formulae of special solutions si-
multaneously, by starting from suitable problems of Padé approximation (of the differential
grid)/interpolation (of the difference grid).

The Padé method is closely related to the theory of orthogonal polynomials (e.g. [1] [30]
[56] [58] [63]). By both approaches, we can obtain Painlevé equations, Lax pairs and special
solutions. (The theory of orthogonal polynomials is more general and the Padé method is sim-
pler.)

O

1.3.2. Previous works on the Padé method. [

Concerning all the g-Painlevé equations of types from Egl) to (A, + A;)" in the classification
(1.6), the g-Painlevé equations, the scalar Lax pairs and the determinant formulae of special
solutions have already been derived by various methods. References are written in the following
Table:

| | a-E | ¢-E | a-D5” | g-4)" | g-(4s + ADY |

(131) g-Painlevé [8] [48] | [20] | [28] |[26][28][50]
' Lax pair [59] | [52] | [20] | [35] [35]
special solutions | [33] | [14] [49] | [13] [36]

Here, amongst the references in the Table (1.31), only [14] is directly related to the Padé method.
The Padé method for discrete Painlevé equations has been applied to the following types:

B 0 P 0 N R P2 P
(1.32) [40] [60] [37] | [141[37] | [14][37][62] | [37] [37]
grid | elliptic | g-quadric | ¢ q differential, ¢ q q

Here, the type q—Dg) is studied as both the g-grid and the differential grid (i.e. Padé approxima-
tion).

1.4. The purpose and the organization of this paper. U

e The purpose of this paper is to apply the Padé interpolation/approximation method to all the
g-Painlevé equations of types from ¢-E%" to g-(A; + A;)". As the main results, the following
items are presented for each type.

(a) Setting of the Padé interpolation/approximation problem,
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(b) Contiguity relations,
(¢) The Painlevé equation,
(d) The Lax pair,

(e) Special solutions.

e The main part of this paper is composed of section 2, section 3 and section 4. Because each
section is written independently, subsection 3.1 (b), (c¢), (d) and subsection 4.1 (b), (c), (d)
overlap almost completely each other. Therefore, they may be skipped over.

This paper is organized as follows:

In section 2, we will reconsider the results of previous works [58] [61] [62]. In subsection 2.1,
we will explain the Padé approximation method applied to the differential Painlevé equations.
Namely, we will explain the method for items (a)—(e). In subsection 2.2, we will present these
main results for all the differential Painlevé equations of types from Py to Pry. The contents of
this section is the same as the results of [58] [61] [62].

In section 3, we will reconsider the results of the previous work [37]. In subsection 3.1, we
will explain the Padé interpolation method applied to the g-Painlevé equations. Namely, we will
explain the methods for items (a)—(e). In subsection 3.2, we will present these main results for
all the g-Painlevé equations of types from E'” to (A, + A;)". The contents of this section is the
same as the results of [37].

In section 4, we will consider the Padé approximation method. In subsection 4.1, we will
explain the Padé approximation method applied to the g-Painlevé equations. Namely, we will
explain the methods for items (a)—(e). In subsection 4.2, we will present these main results for
all the g-Painlevé equations of types from E.” to (A, + A;)".

In section 5, we will give a summary and discuss some future problems.

2. PADE APPROXIMATION METHOD TO DIFFERENTIAL PAINLEVE EQUATIONS

O
In this section, we will reconsider the results of previous works [58] [61] [62]. In subsection 2.1,
we will explain the Padé approximation method applied to the differential Painlevé equations.
Namely, we will explain the method for items (a)—(e). In subsection 2.2, we will present these
main results for all the differential Painlevé equations of types from Py to Pry. The contents of
this section is the same as the results of [58] [61] [62].

2.1. Padé approximation method. [J

In this subsection, we will explain the methods for deriving the items (a)—(e) in the main results
given in section 2.2.

2.1.1. (a) Setting of the Padé approximation problem. [J

e In this section, we will consider the following approximation problem (of the differential
grid):
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For a given function Y (x), we look for functions
@1 Pu(x) = ) ax', Q)= > b, ay=bh
s=0 s=0
which are polynomials of degree m and n, satisfying the approximation condition
Py (x)

On(x)
We call this problem the "Padé approximation problem (of the differential grid)”. Then, the
function Y(x) is called the ”generating function” (because the Y(x) generates the p; in equa-
tion (2.13) in item (e) below), and the polynomials P,,(x) and Q,(x) are called approximating
functions” respectively.

The common normalization factor of the polynomials P,,(x) and Q,(x) is not determined by
the condition (2.2). However, this normalization factor is not essential for our arguments, i.e.
the main results in subsection 2.2. The explicit expressions of P,,(x) and Q,(x), which will be
used in the computations for the item (e) above, were essentially given in equation (2.16) (see
item (e) below).

(2.2) Y(x) = (mod ™1,

e In this section, we will establish the approximation problems (2.2) by specifying the generat-
ing functions Y(x) as follows:

1 P Py | Py |

(2.3)

Yo || (1 -1 - ’;C)b (1—x) exp(IXt ) | exp(2tx - 22)

2.1.2. (b) Computation of contiguity relations. [J

e We will consider the following pair of linear differential equations L, and L, for an unknown
function y, which are the main object in our study.

yy yy'y
2.4) Li:juu u’ =0, Ly:|luu ul=0,
vv v vV v

where u = P,,,v = YQ, and’ = d/dx,” = d/dt. Then, the pair of the differential equations (2.4)
are called the “contiguity relations”.

e We will show the method of computation of the Lax pair L, and L,.

Sety = [ ; - ] and define Wronskian determinants D; by

(2.5) Dy =detly,y’]l, D,=detly’,y"], Ds=detly,y]l, D4=detly’,yl].
Then, the Lax pair (2.4) can be rewritten as follows:

(2.6) Li:y'+A)Y +Ay=0, L,:y+B)Y +By=0,

where

2.7 Ay ==D|/D\, Ay =Dy/D\, Bi=-D3/D\, B;=D4/D.
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We define basic quantities G, K and L (e.g. (3.20), (3.33)) by
(2.8) G=Y/Y, K=Y"]Y, L=Y/Y,

where Gy, and Gy, are defined as the polynomials of the denominator and the numerator of G
respectively, and Kgen, Knpums Lgen and Ly, are similarly defined. Substituting these quantities
into the equations (2.5), we obtain the following determinants:

Y
D, = G_{GdeanQ;, - GnuumQn - GdenP;nQn}’

den

Y
D2 = _{KnumP;’nQn + 2GKdenP;an;, + KdenP,,nQ;,, - GKdenP;,;Qn - KdenP;,;Q;q}»
den
2.9) v
Ds; = L_{LnuumQn + LdeanQn - LdeanQn}a

den

D,

= GY {LGdenP;nQn + GdenP;/nQn - GnuumQn - GnuumQ;l}-
den

Using the approximation condition (2.2) and the form of the basic quantities (e.g. (2.25),
(2.39)), we can investigate positions of zeros and degrees of the polynomials within braces
{ } of the equations (2.9). Then, we can simply compute the determinants D; (e.g. (2.26),
(2.40)) except for some factors such as A — x in Dy, QA+ cox + Ox? in D, (Both of two symbols
QO depend on parameters a, b, m, n), where A and cy, etc. are constants with respect to x. In this
way, we obtain the contiguity relations L; and L, (e.g. (2.27), (2.41)), whose coeflicients A;
and B; (e.g. (2.28), (2.42)) are expressed in terms of three unknown constants A, u, H and three
unknown constants A, My, M, (e.g. (2.29), (2.43)) respectively. In item (c), the A and the u are
expressed as the unknown functions of the differential Painlevé equation. Similarly, the H is
expressed as a Hamiltonian (2.11) (e.g. (2.32), (2.46)), and the M, and the M, are expressed in
terms of A and u (e.g. (2.33), (2.47)).

2.1.3. (c) Computation of the q-Painlevé equation. [

We can derive the differential Painlevé equation from the compatibility condition of the conti-
guity relations L; and L,. Computing the compatibility condition

(210) Al = B;’ + ZB,Z —AlB; —AllBl, Az —A]B/2 = Blzl - 2AzB/1 —A/ZBI,

we determine five quantities A, 1, H, M, and M,. Expressions for these quantities (e.g. (2.32),
(2.33), (2.46), (2.47)) are obtained in terms of A and pu.

Eliminating  and & from two expressions for the A and the fz, we can obtain an expression
for A in terms of A and A, namely the differential Painlevé equations (e.g. (2.30), (2.44)). The
expression for the H is a Hamiltonian, namely it satisfies

dd _9H du  OH

2.11 — = , —— =—-—.
@1D) dt  Ou dt 0d

Remark 1. on two meanings of A, u, m and n

We use the variables A and u with two different meanings. The first meaning is the A and u

which are explicitly determined in terms of parameters a, b,t,m and n by the Padé problem.
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The second meaning is the A and u which are unknown functions in the differential Painlevé
equation. In items (c) and (d), we consider A and u in the second meaning.

Similarly, we use the parameters m and n with two meanings. In the first meaning, m and n
are integers. In the second meaning, m and n are generic complex parameters. In items (c) and
(d), we consider m and n in the second meaning. Then, the result of the compatibility of L;(x)
and L,(x) also holds with respect to the second meaning. O

2.1.4. (d) Computation of the Lax pair. [

We will consider the following pair of linear differential equations for the unknown function y:
(2.12) Li:y'"+A)Yy +Ay=0, Ly:y+BYy +By=0,

such that their compatibility condition gives a g-Painlevé equation. Then, the pair of differential
equations is called the ”scalar Lax pair”. Substituting the expression for H, M; and M, (e.g.
(2.32), (2.33), (2.46), (2.47)), derived in item (c), into the contiguity relations L; and L, (e.g.
(2.27), (2.41)) in item (b), we can obtain the scalar Lax pair L, and L, (e.g. (2.34), (2.43)).

2.1.5. (e) Computation of special solutions. U

By construction, expressions for A as in the first meaning in Remark 1 give a special solution
for the differential Painlevé equation. We will present how to compute determinant formulae of
the special solutions.

e We will derive formulae (2.16) which are convenient for deriving the special solution 1. We
can assume that

(2.13) Y@ =Y p, po=1 pi=0 (i<0),
k=0

near x = 0 without loss of generality. Then, for each type of Y(x) in Table (2.3), the p, are given
respectively as a HGF (the hypergeometric functions [5] [6]) defined by

rFS(ala”"ar. )_ - (ab""ar)nﬁ

@14 R A AP AT CREN SN

Here, the Pochhammer symbol is defined by
(2.15) (ar,az,--- ,a); = 1—[ ar(ag + D(ag +2) -+ (ap + j— 1).
k=1
The formulae (2.16) were described in [58]. For a given function Y(x), the polynomials P,,(x)
and Q,(x) of degree m and n for an approximation condition (2.2) are given by the following
determinant expressions:

(2.16) Pux) = D" SrX's Q) = ) Simstymn(—1),
i=0 i=0

where s, is the Schur function defined by the Jacobi-Trudi formula

(2.17) S ) = det(PﬂrHj)ﬁ,j:l-
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The derivation of (2.16) is as follows:
By using the relation

(2.18) XY@ =Y pt = pred,
k=0 k=0
the formulae (2.16) is given by the following computation:
1 Pm+1 " Pmin Pm  Pm+1 " DPmn
x i . . X E e . . .
Y00, =Y| " = | P
: : "o Pm+1 Pm  Pm+1

X Prnst - pm | Y@ e 2¥(0) Y

Pm Pm+1 " Pm+n

(2.19) :i N

=0 |[Pm-n+1 """ Pm Pm+1
Pk-n  *° DPk-1 Pk

Here, we note that

Pm Pm+1 *° DPm+n

m+n . . . .
(2.20) Z A )
k=m+1 Pm-n+1 " Pm Pm+1
Pik—n ° Pr-1 Dk

Substituting equation (2.20) into equation (2.19), we obtain

[e0)

2.21) Y@ = (D + D Vs =Pu@+ D spepxt. O
k=0

k=m+n+1 k=m+n+1

e We will show the method of computation of the special solution A.

We can derive the expression for the A by comparing D, in (2.5) and D, in item (b) (e.g. (2.26),
(2.40)) as the identity with respect to the variable x, when we apply (2.21) to the first D; and

apply the formulae (2.16) to the second D; above.

For example, the computation for the case Py is as follows: Applying (2.21) to Dy in (2.5),
we obtain the coefficient of minimum degree x™*" in D;. Similarly, applying (2.16) to D; in
(2.26), we obtain the coefficient of minimum degree x"*" in D;. Therefore, we obtain the

expression for the A by comparing each coefficient of x”*".

2.2. Main results. [

In this subsection, we will present the results obtained through the method, which is explained

for each case from Py to Pry in subsection 2.1.

We use the following notations:
aiar - ay,
cevay/biby- b, = ——"
(2.22) @y anfbibs biby---b,

Tmn = S(m)-

13
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Here, by definition (2.17), the Schur functions s, is expressed as
Pm Pm+1 " Pmn-1
(2.23) Sy = | P!
pm_n+1 PR ... pm
where the p; are defined in (2.13).
2.2.1. Case Py;. U
(a) Setting of the Padé approximation problem
The generating function (2.3):
b
(2.24) Y(x) = (1-2(1-2).
t
(b) Contiguity relations

The basic quantities:

a b aa—1) bb-1) 2ab —bx/t
2.25 G = +—, K= . L= _
(2.25) x—1 x-t x=-1?% x-0* (x-Dx-1 x—t
The Wronskian determinants:
Y
D, = m-n-a->ba,b,x""(1 - x),
Gden
Y -1 2
D, = (m—n—a—-b)a,b,x"" " {(m + n)a; At + cox — m(n + a + b)x~},
Kden
(2.26) b
D3 — _xm+rl+l( _ ambn — —ambn + a;nbn>,
Lden t
Y . b
D, = @x’”*"”{m(ambn = —aby) = (n+ a+ D)iyby),

where A and ¢ are constants with respect to x.
The contiguity relations:

(2.27) Ly +Ay +Ay=0, Ly:y+Biy +Byy=0,
where
Alz—(m+n)+1—a+l—b_ 1 ’
X x—1 x—-t x-A4
(2.28) A:m(n+a+b)_ tt—1)H N A - Dyu
) : x(x—1) x(x=Dx=1  x(x=1Dx=-2)

x(x—=1) X
B :M—, B :M .
1 O 2 i
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Here,
- DH = mt*(a + b +n) — a At(m + n) — cot,
A—t
_Am(a+Db+n)—ajf(m+n)—co
B A-1DA-1) ’
(2.29) amby + l;)ambn — anb,
M, = - ,
: (m—-—n-a->ba,b,
b .
(n+ @+ b)aub, + m(=aub, — anb,)
M — t
, =

(m—n-a-b)a,b,

(c) Differential Painlevé equation

The compatibility gives the following equations:

— ==+ —+—)(— - + —)—
(2.30) dr 22 A-1 A-t'\dt t t—-1 y-t'dt
' A(A—l)(/l—t)( t+ r—1 N l(t—l))
21y 2 a—ye T a— )

where

(m —n—a—b)? (m+n+1)> a’ 1 -b?
2.31 = __mEnr oY so
(2.31) o > , B > A >

This equation is equivalent to the differential Painlevé equation of type VI (1.2).
The Hamiltonian H:
t(t— DH = A1 - 1)(A - Hu?
+{A-D)AA-1)—(m+n+1DA-1DA-1)—al(d-1)}u
+(a+b+nmd-r1),

da 1
== 2P+ A(—~a—b-2u—m—n-2ut
o) 7 t(t_l){ H+ A (—a U —m—n—2ur)
. +Aat+b+mt+m+nt+n+2ut+1)—tim+n+ 1)},
d 1
7’;:t(t_1){,u(2a/l—at+2b/l—b+2/1m—mt—m+2/1n—nt—n—t)

—m(a+b+n)+p? (=342 + 20+ 22t - 1)),

The Hamiltonian H (2.32) is the same as that in [58]. (Note that there is a typographical error
in equation (19) in [58], namely the expression a + m + n should read a + b + n.)
The part of By and B;:

__ At _pAa=-DHd-0
(2.33) My = wt—1y M, = (t—1)

(d) Lax pair
(234) L: y” + Alyl + Azy =0, L,: v+ Bly, + Bzy =0,
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where
Alz—(m+n)+l—a+1—b_ 1 ’
wrarny S T A=
(2.35) A2=m - + s
x(x—1) x(x-Dx-1 x(x- lg(x -A)
B __/l—t x(x—1) _u@A-D@A-1) x
YTe-1) x=20 TP -1 x-A

Here, the Hamiltonian H in A, is given by (2.32). The scalar Lax pair (2.34) is the same as that
in [58].

(e) The special solution

_ (m+n+ 1) TimanTm+1,n+1

(2.36) A

m-n-—a-— b Tm,n+le+l,n,
where the py in the 7,,, (2.22) are given by
= (k—')kQFl( 5 1- —).
! —a—-b t
The p, are expressed in terms of the terminating ,F; (2.14) series (Jacobi polynomials [5] [6]
[27]). The corresponding Schur functions, defined in (2.17), were obtained in [31].

(2.37) Dk

2.2.2. Case Py. O
(a) Setting of the Padé approximation problem

The generating function (2.3):

(2.38) Y(x) = (1 - x)™ exp(l)itx).

(b) Contiguity relations

The basic quantities:

b t b+ 1) 21(1+D) 1? =X
@™ =ty FTaoy ooy Taoar i

The Wronskian determinants:

D, = (m—n+ b)a,b,x™"(1 — x),
den
D, = (m —n+ b)a,b,x" " H(m + n)a; A + cox — m(n — b)x*},
(2.40) den
D3 = _-xm+n+1(_ambn - ambn + ambn)a
Lden
Y L '
D4 _xm+n+ {m(ambn - ambn) - (I’l - b)ambn}a

Gden

where A and ¢ are constants with respect to x.
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The contiguity relations:

(241) L: y" + Aly, + Azy =0, L,: y + Bly, + Bzy =0,
where
Alz—(m+n)_ t +b+2_ 1 ’
xb x-D% x-1 xl—/l
(2.42) a, =zl H o Ad-De
x(x=1) x(x=12 x(x-1D(x-2)
x(x — X
Bl = Ml ’ Bz = M2 .
x—A X —
Here,
tH_m(n—b)—al/l(m+n)—co _Am(n—b) —a;(m+n)—cp
- A-1 T (A- 1) ’
(2.43) M= anmb, + a,,b, — a,,b,
' YT m-n+banb,
(l’l - b)ambn + m(ambn - ambn)
M2 =

(m —n+ b)a,,b,

(c) Differential Painlevé equation

The compatibility gives the following equations:

d’A 1 1 \,dAy2 1dd (1-1)? B\ vy A1+ 1)
2.44 2 (= — &y 242 1+ 5+ 0
( ) dr? (2/l+/l—1)(dt) tdt+ 2 (a +/l)+t o A-1"
where
(m —n+ b)? (m+n+1)? 1
2.4 T RrE g TR §= -2
( 5) 2 b ﬁ 2 b y b 6 2

This equation is equivalent to the differential Painlevé equation of type V (1.2).
The Hamiltonian H:
(2.46)
tH=n—-bmA—-1)+ Au—m—n)ud - 1>+ bAu(d - 1) + u(A = 1) = Aut,

di 1
E:;{2/13;1+/lz(b—4,u—m—n)+/l(—b+2,u+2m+2n—t+1)—m—n—1},

d, 1

d_it = ;{—(/l— DGBA = Dp? + u(=2bA+ b +2Am —2m +2An = 2n + t — 1) + m(b — n)}.

The Hamiltonian H (2.46) is the same as that in [58].
The part of By and B;:

I-4 A-1)
(24—7) M1 = T, M2 = l.%

(d) Lax pair
(248) L] : y” + Alyl + Azy = O, L2 : y + Bly, + Bzy = O,

17
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where
A _—(m+n)_ t b+2_ 1
I A )
(249) Azzm(n_ )_ t + ( - )/1 ,
x(x—=1) x(x=1)%2 x(x-=1D(x-2)
I-Ax(x=1) u(d-1?% x
B =—= B ="

t x—-A4~ t x—-A
Here, the Hamiltonian H in A, is given by (2.46). The scalar Lax pair (2.48) is the same as that
in [58].

(e) The special solution

_ m+n+ 1 Tm,nTm+1,n+1

(2.50)

B m-—n-+ b Tm,n+le+l,n ’
where the p; in the 7,,, (2.22) are given by

(D) —k
(2.51) i = WlFl( , 1),

The p; are expressed in terms of the terminating | F (2.14) series (Laguerre polynomials [5]
[6] [27]). The corresponding Schur functions, defined in (2.17), were obtained in [31] [32].

2.2.3. Case Py. O
(a) Setting of the Padé approximation problem
The generating function (2.3):
(2.52) Y(x) = exp(2tx — x%).
(b) Contiguity relations

The basic quantities:
(2.53) G=2t-2x, K=(2t-2x)* L=2x

The Wronskian determinants:

Y
D, = 20,0, X" (A = Xx),
den
(2.54) D, = X 20,,b, X" H(m + n)a; A + cox + 2mx?},
den
+n+1 Y > +n+1
D; = 20,b,x™"", D4y = 20,0, X"

den den

where A and ¢ are constants with respect to x.
The contiguity relations:

(2.55) Li:y"+Ay +Ay=0, Ly:y+ By +By=0,
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where
+ 1 H A
A =2x—n- 211 T A=dme o “ﬂ),
(2.56) . X qux x  x(x
Blz 5 BZ_
x—A4 x—A
Here,
2.57) H=u—-m+n)a;, u=m+n)a,+cy+2mAl.

(c) Differential Painlevé equation

The compatibility gives the following equations

d’A 1 ,dAy2 3 5 5 B
(2.58) W = ﬁ(E) +64° — 8t + 2(t" —a)d + i’
where
1 2
(2.59) o=-m+n, B= —w.

This equation is equivalent to the differential Painlevé equation of type IV (1.2) by rescaling
A= —=1/2, 8- B/4.
The Hamiltonian H:

H=Au(u—-21+2t)+ (m+n+ l)u—2mA,

a
(2.60) ?:—2/1 +m+n+2/l(,u+t)+1,
d_ltl = —u?® +2m — 2u(t — 22).

The Hamiltonian H (2.60) is equivalent to that in [58] by taking transformations H — —H and
U= —pu.

(d) Lax pair
(2.61) Li:y"+A)y +Ay=0, Ly:y+ By +By=0,
where
+ 1 H 4
AI:Z()C—Z')—m n_—/l’ A2:—2m——— ( ll/l),
(2.62) N o AN
B, = , 2 = .
x—A x—A

Here, the Hamiltonian H in A, is given by (2.60). The scalar Lax pair (2.61) is equivalent to
that in [58] by taking transformations H — —H and u — —pu.

(e) The special solution

(2 63) 1= m+n+ 1 Tm,nTm+1,n+1

2 Tm,n+le+1,n

where the py in the 7,,, (2.22) are given by

QO ~kj2.—(k—1)/2 1
- k!kzFO( _ ;_72)'

(2.64) Dk
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The p, are expressed in terms of the terminating ,F (2.14) series (Hermite polynomials [5] [6]
[27]). The corresponding Schur functions, defined in (2.17), were obtained in [41].

3. PADE INTERPOLATION METHOD TO q-PAINLEVE EQUATIONS

[ In this section, we will reconsider the case of the Padé interpolation method of the ¢-
grid. In subsection 3.1, we will explain the Padé interpolation method applied to the g-Painlevé
equations. Namely, we will explain the methods for items (a)—(e). In subsection 3.2, we will
present these main results for all the g-Painlevé equations of types from E;l) to (A +A;)V. The
contents of this section is the same as the results of [37].

3.1. Padé interpolation method. [

In this subsection, we will explain the methods for deriving the items (a)—(e) in the main results
given in subsection 3.2.

3.1.1. (a) Setting of the Padé interpolation problem. [

e In this section, we will consider the following interpolation problem (of the g-grid):
For a given function Y(x), we look for functions P,,(x) and Q,(x) which are polynomials of
degree m and n, satisfying the interpolation condition

(3.1 Y(q") = Pu(g")/Qn(q") (s=0,1,--- ,m+n).

We call this problem the "Padé interpolation problem (of the g-grid)”. Then, the function Y(x)
is called the “interpolated function”. Correspondingly, the polynomials P,,(x) and Q,(x) are
called "interpolating functions” respectively.

Here, the “interpolated function” and the “interpolating function” in this section correspond
to the ”generating function”and the ”approximating function” in section 2 respectively.

The common normalization factor of the polynomials P,,(x) and Q,(x) is not determined by
the condition (3.1). However, this normalization factor is not essential for our arguments, i.e.
the main results in section 3.2 (see Remark 3). The explicit expressions of P,(x) and Q,(x),
which will be used in the computations for the item (e) above, were essentially given in [16]
(see item (e) below).

o In this section, we will establish the interpolation problems (3.1) by specifying the interpolated
functions Y(x) and the interpolated sequences Y = Y(g*) as follows:

(3.2)
| | eE’ | ¢E’ | ¢DY | g¢AY [ g(A+A)T|

3 . 2 . K . .

Y(X) (aix’ bi’ Q)oo (al-X, bl, Q)oo C]qux(al-xabl,Q)oo C]qux (blaq)oo (d M)]qux
i=1 (ai, bix; @)oo i (@i, bix; @)oo (a1, b1x; @) (D1%; @)oo
a1a203q" _
b1b,b3q"
3 2
(bi; @) (bi; @)s (b1;9)s s
Y, 2nd)s Did)s s 20 ds (b11q),s B)gs
l;l (ai39)s El (ai; 9)s (a1;q)s b 1
g-HGF 493 3¢2 21 201 141
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m

ajarasq

bibyb3q"
factorials are defined by

= 1 is a constraint for the parameters in the case g-E"

where 7

and the g-shifted

Jj-1
(3.3) (@40, a3, 9); = | |(1 = aigh(1 = agh) - (1 - aigh),
k=0

and the ¢g-HGF (the g-hypergeometric functions [5] [6]) is defined by

i .
ala".aak (al,'..9ak’q)s

e C1yq®
(3.4) W«%~wh”)sﬂwy~ﬁwmxknqz

with () = s(s — 1)/2.

x5,

] 1+l-k

Remark 2. on the choice of Y, and Y(x)

In Table (3.2), the expressions for the interpolated sequences Y, are closely related to those of

g-HGF ,¢,. In fact, we chose the Y; by comparing the coefficient of x* in ,¢, (3.4) and the
—(m+n).

expression for Y (g ;9)s/(q;q)s in (3.15). Then, we also chose the interpolated functions
Y(x), which are equal to the Y at x = ¢*. O

e In this section, we will consider yet another Padé problem where some parameters a;, b;, ¢, d, m
and n in Y(x) are shifted. The parameter shift operators T are given as follows:

| | parameters |
Q-Esl) (ay,az,a3,b1,by,b3,m,n) +— (qay,as, qas, by, by, gbs,m —1,n)
(3.5) Q'E(é)) (a1,a2,b1,0,mn) & (qay,az, by, by,m —1,n)
q-D; (a1, bi,c,m,n) > (gai,by,c,m—1,n)
g-A (b1,¢,m,n) - (b1,c,m—1,n)
g-(Ay + A (d,m,n) - (d,m—1,n)

Here, the operators T are called the ”time evolutions”, because they specify the directions of
the time evolutions for g-Painlevé equations.

3.1.2. (b) Computation of contiguity relations. [

e We will consider the following pair of linear g-difference equations L,(x) and L3(x) for un-
known function y(x), which are the main object in our study.

$CS T O NS (6
L) :| Pu)  Pulg) Py |=0,
Y(0)Q4(x) ¥(g)Qu(g) Y()0,(x)

o 3w 3/
(3.6) L:| Pu@) P _ Pua/g) |=0.
Y(0)0,(x) Y(0)0,(x) Y(x/)0,(x/q)

Then, the pair of g-difference equations (3.6) is called the “contiguity relations”. Here, F and
F denote T(F) and T~!(F) respectively. T is the shift operator acting on parameters given in
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Table (3.5).

e We will show the method of computation of the contiguity relations L,(x) and L;(x).

[ P
Sety(x) = [ Y(x)0,(x)

(3.7 Di(x) = det[y(x), y(gx)], Dy(x) = det[y(x),y(x)], Ds(x) = det[y(gx),y(x)].
Then, the contiguity relations (3.6) can be rewritten as follows:

Ly(x) : D1 (x)y(x) = D2(x)y(gx) + D3(x)y(x) = 0,
Ls(x) : Di(x/q)y(x) + D3(x/q)y(x) — D2(x)y(x/q) = 0.

We define basic quantities G(x), K(x) and H(x) (e.g. (3.20), (3.33)) by

] and define Casorati determinants D;(x) by

(3.8)

(3.9) G(x) = Y(g0)/Y(x), K(x)=Y®)/Y(x), H(x) =LCM(Gen(%), Kaen()),

where Ggen(x) and Gy (x) are defined as the polynomials of the denominator and the numerator
of G(x) respectively, and Kge,(x) and K,,,(x) are similarly defined. Substituting these quantities
into the equations (3.7), we obtain the following determinants:

Y
Dl(x) = &{Gnum(x)Pm(x)Qn(qx) - Gden(x)Pm(qx)Qn(x)}»
Gden(x)
Y(x) — —
(3.10) Dy (x) = ——{Knum(X) Pu(x) 0, (X) = Kien(X) Prn(x) D (X))},
Kden(x)
B Y(x) H(x) — B H(x) -
Ds(x) = H) {—Kden o Kium (%) Py (gx) 0, (x) G () G num (%) P (%) 0 (g x)}

Using the interpolation condition (3.1) and the form of the basic quantities (e.g. (3.20), (3.33)),
we can investigate positions of zeros and degrees of the polynomials within braces { } of the
equations (3.10). Then, we can simply compute the determinants D;(x) (e.g. (3.21), (3.34))
except for some factors such as 1 — fx in D;(x) and 1 — x/g in D3(x), where f and g, etc, are
constants with respect to x. In this way, we obtain the contiguity relations L,(x) and L;(x) (e.g.
(3.22), (3.39)).

Remark 3. on the gauge invariance of C,C,

When the common normalization factor of P,,(x) and Q,(x) is changed, an x-independent gauge
transformation of y(x) is induced in L,(x) and L;(x). Under the x-independent gauge transfor-
mation of y(x): y(x) — Gy(x), the coeflicients of y(x), y(x/q), y(x) and y(x), y(x), y(x/q) in (3.8)
change as follows:

(91 (x) : D2(x) : D3(x)) & (EDI(X)_/G : Dz(ﬁ) : D3(x))
(Di(x/q) : D3(x/q) : Dy(x)) = (GD(x/q)/G : D3(x/q) : Dy(x)).

The coefficients Cy and C; in L,(x) and L3(x) (e.g. (3.22), (3.35)) are defined as the normaliza-
tion factors of the coefficients of y(x) and y(x) respectively. Then, Cy and C; change under the

(3.11)

gauge transformation, but the product CyC is a gauge invariant quantity. Moreover, Cy and C,
do not appear in the final form of the g-Painlevé equations. O
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3.1.3. (c) Computation of the g-Painlevé equation. [

We can derive the g-Painlevé equation from the compatibility condition of the contiguity rela-
tions L,(x) and L3(£) (e.g. (3.22),(3.35)). Computing thiz compatibility condition, we determine
three quantities g, f and CoC;. Expressions for g and f are obtained in terms of f and g. An

expression for CyC is obtained in terms of f, g and f (and hence in terms of f and g).
The first and the second expressions are the g-Painlevé equation (e.g. (3.24), (3.36)). The
third expression is a constraint for the product CyC; (e.g. (3.26), (3.38)).

Remark 4. on two meanings of f, g,m and n

We use the variables f and g with two different meanings. The first meaning is the f and g
which are explicitly determined in terms of parameters a;, b;, m and n by the Padé problem. The
second meaning is the f and g which are unknown functions in the g-Painlevé equation. In
items (c) and (d), we consider f and g in the second meaning.

Similarly, we use the parameters m and n with two meanings. In the first meaning, m and n
are integers. In the second meaning, m and n are generic complex parameters. In items (c) and
(d), we consider m and n in the second meaning. Then, the result of the compatibility of L,(x)
and L3(x) also holds with respect to the second meaning. O

3.1.4. (d) Computation of the Lax pair. [

e We will consider the following pair of linear g-difference equations for the unknown function
y(x):

Li(x) : Ai(x0)y(x/q) + A2(x0)y(x) + A3(x)y(gx) = 0,

Ly (x) : As(x)y(x) + As(x)y(x) + Ae(x)y(gx) = 0,

such that their compatibility condition gives a g-Painlevé equation. Then, the pair of g-difference
equations is called the “’scalar Lax pair”.

(3.12)

e We will show the method of computation of the scalar Lax pair (3.12).

The Lax pair L;(x) and L,(x), which satisfies the compatibility condition, is derived by using
the results of items (a)—(c) as follows: The L,(x) equation in item (d) (e.g. (3.27), (3.39)) is
the same as the L,(x) in the item (b). We can obtain the Lax equation L;(x) as follows: First,
combining the contiguity relations L,(x) and L;(x) (e.g. (3.27), (3.39), etc.), one obtains an
equation between the three terms y(gx), y(x) and y(x/q) (See the figure below), whose coefficient
functions depend on the variables f, g, f, Co and C;. However, the variables Cy and C; appear
through the product CoC,. Therefore, expressing f and C,C; in terms of f and g only, one
obtains the Lax equation L;(x) (e.g. (3.27), (3.39)).

y(x/q) y(x)

Ly(x/q) Lo (x)

y(x/q) Li(x) y(x) (gx)
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3.1.5. (e) Computation of special solutions. U

By construction, expressions for f and g as in the first meaning in Remark 4 give a special
solution for the g-Painlevé equation. We will present how to compute determinant formulae of
the special solutions.

e We will derive formulae (3.15) which are convenient for computing the special solutions f and
g. The Cauchy-Jacobi formulae (3.14) are essentially presented in [16]. For a given sequence
Y, the polynomials P,,(x) and Q,(x) of degree m and n for an interpolation problem

(313) Y, = Pm(-xs)/Qn(xs) (S =0,1,--- ,m+ I’l)

are given by the following determinant expressions:

(3.14) P,y (x) = F(x) det [ i iy xxi [y Qi) = det i X (x — x)]:o
s=0 s s=0 |

where u; = Y, /F’(x,) and F(x) = [T%"(x — x;).
In the g-grid case of problem (3.13) (i.e. the case of problem (3.1)), the formulae (3.14) take
the following form:

F m+n —(m+n)’ s(i+j+1) "
Pu(x) = (x)ldtZY g
(q q g:-—l—n (q Q)s X — qs i,j=0
(3.15) 5=0 i
On(x) = det Z y——~= (g™ q); ¢ (x — g )]
! (q:q Zﬁn (4 9)s

In the derivation of (3.15), we have used the following relations:

F’(xs) :(xv - )Co) tte ( - xsfl)(xs - xs+1) ot (xs - xm+n)
=(=1)"¢“"""*(q; 9)s¢" """ (@ Qmin—s
(3.16) =(q: QG Dmenl 7' (™™ )5

Moreover, substituting the values of Y (3.2) and F’(x,) (3.16) into the formulae (3.14), one
obtains the determinant formulae (3.15).

e We will show the method of computation of the special solutions f and g.

The expressions for the f and g can be derived by comparing D;(x) in (3.10) and D;(x) (e.g.
(3.21), (3.34)) in item (b) as the identity with respect to the variable x and applying the formulae
(3.15).

For example, the computation for the case q-Egl) is as follows: Substituting x = 1/a; into
Dy(x) in (3.10) and D;(x) in (3.21), we obtain an expression for the f in the first equation of
(3.28) by comparing the two expressions for D;(x) and applying the formulae (3.15). Similarly,
substituting x = 1/b; into the third equation of (3.10) and D;(x) in (3.21), we obtain an expres-
sion for the g in the second equation of (3.28) by comparing the two expressions for D;(x) and
applying the formulae (3.15).
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3.2. Main results. [

In this subsection, we will present the results obtained through the method, which is explained
for each case from g-ES" to g-(A; + A;)" in subsection 3.1.
We use the following notations:

ayay---ay/biby---b, = %,
by b,
m+n—1
G.17) N(x) = ]_[ (1= x/q).

T (F) - Fla —qa;» ail(F) = Fla,«—mi/qa

for any quantity (or function) F' depending on variables «; and b;.

3.2.1. Case q-Egl). 0
(a) Setting of the Padé interpolation problem

The interpolated function, the interpolated sequence and the constraint (3.2):

S (ax, bisg) TBra),  aaasg”
318 v = [ty =[], S
G-18) ) ]—1[ (@i, bix; @)oo 1:1[ (@isq)s bibabsgq

The time evolution (3.5):

(3.19) T :(a1,az,a3,b1,by,b3,m,n) = (qa,,az,qaz, by, by, gbs,m — 1,n).

(b) Contiguity relations

The basic quantities:

(1 -bi) Cl=byx 7 (1-a) ~ :
@m)am_ﬁwl et mﬂ_l_%#mﬂ_%w Hm_a—mﬂja—wu
The Casorati determinants:
Dy(x) = cox(1 = xIN(x)Y (X)’ Dy(x) = ci(1 = bsx/a,g" 9N (x)Y (X)’
(3.21) Gen(X) Kgen(x)
' ci(1 =b3x)(1 —x/9N )Y (x)
Ds(x) = ) ,

where f, g, co and c; are constants with respect to x.
The contiguity relations:

(3.22)
1)+ Cox(l = 500~ (1 = )0 by g+ (1 =1 =3/ = 0
Ls(0) £ Cox(l = xF/y() + - 2( ) (1= 250 - AID (1 b5/ q) = 0

1 —axx/q
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where
M) = (1= ax)(1 =g | (1= b),
i=1,2
(3.23) Ax(x) = (1= b3x)(1 = /g™ | |1 = apm),

=13
Co =co(1 =b3)/ci, Cy=co(1 —ap)l —a3z)/qc.

(¢) The g-Painlevé equation

Compatibility gives the following equations:

(fg—l)(fg—l) _Al(l/f)
(3.24) (fg- b3/a2qm)(f§ - bi/Cqum“) - A2(1/f)’
(1-fe)d - f9 Ai(g)

(1= axg" foIby)(1 — axgmfg/bs)  Aa(axqg/bs)’

These equations (3.24) are equivalent to the g-Painlevé equation of type E;l) given in [8] [23]
[48]. The 8 singular points are on the two curves fg = 1 and fg = b3/a,q™.

(3 25) (f’ g) = (a2? l/aZ)7 (bl’ 1/b1)’ (bZ’ 1/b2)7 (q’ 1/51)’
' (ai, b3/aiarq™), (b3, 1/aq™), (1/q™"", bsq" | as), (a3, b3/ arazq™).

The product CyC}:
(3.26) CoCi = A1(g)(1 = b3/arq™)(1 - b3/azqm_l).
g(1 - fo)(1 - fg)g?
(d) The Lax pair
(b3 — arg™)x* [ Ai(g) As(aq"g/b3) ]
L : _
) gy | (Fg - gg — %) (g™ falbs — Dasgglbr — 0 |
q*(q — b3x)A (x/q) by(axq™'g/bs — x)(q — arx)

(q — axx)(q - fx) [y(x/Q)  aq™(gg - 0)(q - b3x) y(x)]
N (I = a,x)As(x) [y( £ — aq"(g — x)(1 — b3x) y(x)]
(I =b3x)(1 - fx) b3(aq™g/b; — x)(1 — a»x)
Ly(x) : Cox(1 = xf)y(x) = (1 —axx)(1 — b3x/axq"g)y(qx)

+ (1 = b3x)(1 — x/g)y(x) = 0.
The scalar Lax pair (3.27) is equivalent to that in [59] by using a suitable gauge transformation
of y(x). (Note that there is a typographical error in the second equation of (36) in [59], namely
the expression fg — > should read fgq — 1%.)

(3.27)

=0,

(e) Special solutions

1- f/a1 . Y1 Ta1 (Tm,n)Ta_ll(TmH,n—l) 1- l/blg _ wlT[,_II(Tm,n)Tbl(?mH,n—])

(328 5 = - : =— — :
- f/aQ 72Ta2 (Tm,n)Tuz (Tm+1,n—1) 1 - 1/b2g wZsz (Tm,n)sz(Tm+l,n—l)
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where
b —(m+n) o n

(3.29) T = det[ais( P2 PP g g

a, dp, as ,j=0
(3.30)

ai(l = a;g™™ (1 - ai/q)" [1;-,(1 = bi/a;) (1 = az/b)(1 = by)" .
P = , W; = , fori=1,2.
(1 —a;)*! (I =bi/q)

These determinant formulae of hypergeometric solutions (3.28) are expressed in terms of the
terminating balanced 4¢3 (3.4) series (Askey-Wilson polynomials [23] [27] [39]), and they are
expected to be equivalent to the terminating case of that in [33].

3.2.2. Case q-Eél). 0
The contents of this subsubsection is the same as [14].
(a) Setting of the Padé interpolation problem

The interpolated function and the interpolated sequence (3.2):

2 2
_ 171 W@ix b @) _ 171 ®59s
L anbi g™ 0 A (@i g)s

(3.31) Y(x)

The time evolution (3.5):

(3‘32) T : (a17a23b17b27m’n) = (qal’a279b1’b2am - lan)-

(b) Contiguity relations

The basic quantities:

A -bx)

2
— —a — I
(3.33) G(x) = e K@= = HO = ];1(1 ax).
The Casorati determinants:
G54 (I =xHINX)Y(x) N(x)Y(x) (I = x/9N(X)Y(x)
_cox(l —x x)Y(x _aNWY(x ol =x/9INX)Y(x
D= = P kw0 Ho

where f, g, ¢y and c; are constants with respect to x.
The contiguity relations:

Ly(x) : Cox(1 — x[)}(x) — (1 —axx)y(gx) + (1 — x/g)y(x) = 0,
(3.35) Ly(x) : Cix(1 = xf/q)y(x) + (1 — a;x)(1 — x/q"™™)(1 = x/qg)y(x)
= (1 = x)(1 = bix/q)(1 = bax/q)y(x/q) = 0,

where C() = CQ/C1 and Cl = E()(l — al)/qcl.

(c) The g-Painlevé equation
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Compatibility gives the following equations:

(fg-D(fg-1 _ F=a)(f =b)(f = b)(f =)

3 36) 8§_ (f - al)(f - 1/61”””) ’
' (fe—-D(fg—-1 _ (g —1/ax)(g—1/b))(g —1/b)(g —1/q)
fr (g — 1/aq™)(g — ai/bibrq") '

These equations (3.36) are equivalent to the g-Painlevé equation of type Ef,)l) given in [14] [23]
[48]. The 8 singular points are on the two lines f = 0 and g = 0 and one curve fg = 1.

337) (f,8) = (@, 1/a2), (b1, 1/by), (b2, 1/62), (4, 1/,
| (a1, 0), (1/g"",0), (0, 1/axq"). (0, a1 /bibag".

The product CyCj:
(3.38) CoCy = (I —ag)(1 —b1g)(1 - bz_g)(l - Clg).
qg*(1 — f&)(1 - fg)
(d) The Lax pair
(3.39)
L2 g(1 = x)(q = b1x)(q — byx) [y(x 1) - My(x)]
q-fx qg — x
g(@"™" = x)(1 — a;x)(1 — arx) [ () — (&g—x) (x)]
I~ fx Y = an
+ 2 (a2q"g — D(bibrq"g —a1)  q""(axg — D(big — D(bag — 1)(gg — 1)]y(x) _ 0
f (fg—1D(gg —x) ’

Ly(x) : Cox(1 = xf)y(x) = (1 = azx)y(gx) + (1 — x/g)y(x) = 0.

The scalar Lax pair (3.39) is equivalent to the 2 X 2 matrix ones in [52] [57] and the scalar
ones in [14] [59] by using suitable gauge transformations of y(x). (Note that there are some
typographical errors in equations (30) and (31) in [14], namely the expressions (b4q" — z) and
Y(x) should read (b4q’ — z)t* and Y(z) respectively.)

(e) Special solutions

1- f/a1 . Y1 Ta1 (Tm,n)Ta_ll(TmH,n—l) 1- l/blg _ wlT[,_II(Tm,n)Tbl(?mH,n—])

(3.40) = R = — R
I - f/aQ yZTaz (Tm,n)Tu_zl (Tm+1,n—1) 1 - 1/b2g wZTb_zl (Tm,n)sz(Tm+l,n—l)
where
bl’bZ’ q_(m+n) i+ j+1\]"
(3.41) T = det 1q, g™ o,
[3902( a1 a 9.9 )]WZO
(3.42)
ai(1 = a;g™"(1 = ai/q)" TTie, (1 = bi/ay) (I —ax/bp(1 = by)" .
Vi = , W = , fori=1,2.
(1 —ay)! (1 =bi/q)r

These determinant formulae of hypergeometric solutions (3.40) are expressed in terms of the
terminating 3¢, (3.4) series (big g-Jacobi polynomials [23] [27] [39]), and they are equivalent
to that in [14]. (Note that there is a typographical error in equation (38) in [14], namely the
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expression Ty, Ty, (Tym-1) should read T, T, (Tinpn-1)-)

(1
3.2.3. Case g-Dy’. [
(a) Setting of the Padé interpolation problem

The interpolated function and the interpolated sequence (3.2):

(a1x,b1; @)oo (b1 q)s
3.43 Y(x)=cloqr—2 2212y = .
(5.43) (a1, bi1x; @)oo (ar; q)s
The time evolution (3.5):
(3.44) T : (ay,by,c,m,n) — (gay, by, c,m—1,n).
(b) Contiguity relations
The basic quantities:
1-b 1 -
(3.45) Gy = L=be o 1T =1 —ap
1—ax 1—ax
The Casorati determinants:
co(1 = xHIN(X)Y(x) ciN(X)Y(x) caN(x)Y(x)
3.4‘6 D = s D = — D ="
G40 D e W= @ P TE

where f, ¢y, ¢; and ¢, are constants with respect to x.
The contiguity relations:

Ly(x) : Co(1 = xf)y(x) = y(gx) + y(x)/g = 0,
(3.47) L;(x) : (1 = xf/q)y(x) — (1 —arx)( — x/q"")y(x)/g
+c(1 =) = bix/q)y(x/q) = 0,

where C() = C()/Cl,Cl = —Eo(l - a])/cl andg = C]/Cz.
(¢) The g-Painlevé equation

Compatibility gives the following equations:

(f —a)(f = 1/¢™™") FF = gbi(g = 1/q")(g —a1/biq"¢)
c«(f=b)(f-q ° (- D(g-1/0) '

These equations (3.48) are equivalent to the g-Painlevé equation of type Dgl) given in [20] [23].
The 8 singular points are on the four lines f =0, f = o0, g =0 and g = co.

(349) (fa g) = (al’ 0)’ (1/qm+n’ 0)’ (0’ l/qm)a (O’ al/blcqn), (OO’ 1)’ (OO, I/C), (bl’ OO), (q’ OO)
The product CyC;:
(3.50) CoCy = ~(1 - g)(1 ~cg)/g>.

(3.48) 88 =



30 HIDEHITO NAGAO

(d) The Lax pair
_ . m+n -1 m+n —Dhx -
Lo : 8¢ qfx z(clnx )[y(qx) ~ y(x)] < g(ﬁ; - _)6(1 X =q) [y(g) _gy(x)]
(33D | DOITEZAN - 1ycg - 1)y =0

f
Ly(x) 1 Co(1 = xf)y(x) — y(gx) + y(x)/g = 0.
The scalar Lax pair (3.51) is equivalent to the 2 X 2 matrix ones in [20] [35] and the scalar one
in [59] by using suitable gauge transformations of y(x).

(e) Special solutions

i 1= C(l - bl/al)(l - alqm+n)(1 - al/g)n Tal (Tm,n,l)Ta_ll(Tm+l,n—l,l)

ap qm(l - C)(l - al)n+l Timn,0Tm+1,n-1,2
(5.52) A =ag™(A=b1/g) T (Cun) T

qm(l - al)(l - bl)n Tb_ll (Tm,n,l)Tmb] (Tm,n—l,l)’

9

where
—(m+n)

(3.53) Tonse = det [zgpl(bl’qa 1q,cq™™)]
1

n
i,j=0"

These determinant formulae of hypergeometric solutions (3.52) are expressed in terms of the
terminating ,¢; (3.4) series (little g-Jacobi polynomials [23] [27] [39]), and they are expected
to be equivalent to the terminating case of that in [49].

3.2.4. Case g-A. O
(a) Setting of the Padé interpolation problem

The interpolated function and the interpolated sequence (3.2):
log, x (bl;q)oo

(3.54) Y(x)=c , Yy=c(brq)s.
(b1X; @)oo

The time evolution (3.5):
(3.55) T :(b,c,mn)— (b,c,m—1,n).
(b) Contiguity relations

The basic quantities:
(3.56) Gx)=0-bix)c, Kkx)=1, Hx) =1.
The Casorati determinants:

co(1 = xHIN(X)Y(x) ciN(x)Y(x) caN(x)Y(x)

3.57 D = , D =D St bl it iy
G1 Di Gaen0) e G S B A 7TE

where f, ¢y, ¢; and ¢, are constants with respect to x.
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The contiguity relations:

Ly(x) : Co(1 = xf)y(x) = y(gx) + y(x)/g = 0,
Ls(x) - Ci(1 = xf/q)y(x) = (1 = x/q"™)y(x)/g + c(1 = x)(1 = b1x/q)y(x/q) = O,

where C() = C()/Cl, C] = —Eo/C] andg = C]/Cz.

(3.58)

(¢) The g-Painlevé equation

Compatibility gives the following equations:

SU=Vg™ e abige = /g™
o(f =b)(f-q) (g—Dig—1/0)
These equations (3.59) are equivalent to the g-Painlevé equation of type Ail) given in [23] [28].

The 8 singular points are on the four lines f = 0, f = c0,g = 0 and g = . (0,0) is a double
point.

(3.59) 88 =

(f,8) = (1/q"",0),(0,1/g™),(c0, 1), (e0, 1/¢), (b1, ), (g, ©0),

(.60 (0.0) — g/f = ~1/bicq"
The product CyC}:
(3.61) CoCr = —(1 - g)(1 —cg)/g".
(d) The Lax pair
mn] — b m+n __
Ly(x): 24 (=g~ b [y(x/q) — gy(x)] + 8" — ) [y(gx) — y(x)/g]
(3.62) q-fx 1-fx

+¢" [q"(1 — @)1 = cg) + bicg(l — ¢"g)x/ f]y(x) =0,
Ly(x) : Co(1 = xf)y(x) — y(gx) + y(x)/g = 0.

The scalar Lax pair (3.62) is equivalent to the 2 X 2 matrix one for the g-Painlevé equation of
type g-P(A4) in [35] by using a suitable gauge transformation of y(x).

(e) Computation of special solutions

bl c Tm,n,l Tm+],n—1,l (1 - bl /Q)n Tm,n,le,n—l,l
(3.63) f= p” , 8= — - ;
(c— 1)q Tmn,0Tm+1,n—1,2 q (1-5y) Tb. (Tm,n,l)Tbl(Tm,n—l,l)
where
by, q_(m+n) i+j+k\]"
(3.64) Tnk = det [2901( 0 34, ¢q )]i,jzo'

These determinant formulae of hypergeometric solutions (3.63) are expressed in terms of the
terminating ,¢; (3.4) series (g-Laguerre polynomials [23] [27] [39]), and they are expected to
be equivalent to the terminating case of that in [13].
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3.2.5. Case g-(A» + AWV, O
(a) Setting of the Padé interpolation problem

The interpolated function and the interpolated sequence (3.2):

(3.65) Y(x) = (dx/gu", Y, = qDd",
The time evolution (3.5):
(3.66) T:(d,mn)— (d,m-1,n).

(b) Contiguity relations

The basic quantities:

(3.67) Gx)=dx, Kx)=1, Hx) =1.
The Casorati determinants:
_ o1 = XNV () _ aN@Y (@) _ aNWY()
G bw="—c o PV kw0 PO TEe

where f, ¢y, c; and ¢, are constants with respect to x.
The contiguity relations:

Ly(x) : Co(1 = xf)y(x) — y(gx) + y(x)/g = 0,
Lsy(x) : Ci(1 = xf/q)y(x) + (1 = x/q"™)y(x)/g — dx(1 = x)y(x/q)/q = 0,

where C() = C()/Cl, C] = Eo/C] andg = C]/Cz.

(3.69)

(¢) The g-Painlevé equation

Compatibility gives the following equation:

SG=1/9") £ = 9986 = 1/9")

df-q g-D
These equations (3.70) are equivalent to the g-Painlevé equation of type (A + A;)), namely
Py, given in [23] [28]. The 8 singular points are on the four lines f = 0, f = c0,g = 0 and

g = oco. The two points (0, 0) and (oo, c0) are double points.

(f.&) =1/q"™",0),(0,1/g™), (0, 1), (g, ),
(3.71) 0,0) < g/f =1/dq",
(c0,00) «— g/f =1/d.

(3.70) 88 =

The product CyC}:
(3.72) CoCy = (1 -9/
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(d) The Lax pair

m+n m+n
Ly ; 2847 702 0 /) - gy(v] + £
fx—q -1
+q"[q"(g - 1) - dg(gq" — Dx/f]y(x) = 0,
Ly(x) : Co(1 = xf)y(x) — y(gx) + y(x)/g = 0.
The scalar Lax pair (3.73) is equivalent to the 2 X 2 matrix one for the g-Painlevé equation of
type g-P(As)* in [35] by using a suitable gauge transformation of y(x).

[(gx) — y(x)/g]

(3.73)

(e) Special solutions

(3 74) f _ d Tm,n,le+1,n—1,1 g= 1 Tm,n,le,n—l,l
. - ’ - ’
6]’" Tm,n,OTm+1,n—1,2 qm+” Tm,n,OTm,n—l,Z
where
q—(m+n) o n
(3.75) Tuni = det| 10" 1q.-dg)| .
w 0 i,j=0

These determinant formulae of hypergeometric solutions (3.74) are expressed in terms of the
terminating ;¢ (3.4) series (Stieltjes-Wigert polynomials [23] [27] [39]), and they are expected
to be equivalent to the terminating case of that in [36].

4. PADE APPROXIMATION METHOD TO C]-PAINLEVI:: EQUATIONS

0
In this section, we will consider the Padé approximation method of the differential grid. In sub-
section 4.1, we will explain the Padé approximation method applied to the g-Painlevé equations.
Namely, we will explain the methods for items (a)—(e). In subsection 4.2, we will present these
main results for all the g-Painlevé equations of types from E.” to (A, + A;)".

4.1. Padé approximation method. [

In this subsection, we will explain the methods for deriving the items (a)-(e) in the main results
given in subsection 4.2.

4.1.1. (a) Setting of the Padé approximation problem. [

e In this section, we will consider the following approximation problem (of the differential
grid):

For a given function Y(x), we look for functions P,,(x) and Q,(x) which are polynomials of
degree m and n, satisfying the approximation condition

Pm(-x)
4.1 Y(x) = ——
4.1 (x) 0.0

We call this problem the "Padé approximation problem (of the differential grid)”. Then, the
function Y(x) is called the ”generating function” (because the Y(x) generates the p; in equa-
tion (4.13) in item (e) below), and the polynomials P,,(x) and Q,(x) are called "approximating
functions” respectively.

(mod ™™+,
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Here, the generating function” and the “approximating function” in this section correspond
to the “interpolated function” and the “interpolating function” in section 3 respectively.

The common normalization factor of the polynomials P,,(x) and Q,(x) is not determined by
the condition (4.1). However, this normalization factor is not essential for our arguments, i.e.
the main results in subsection 4.2 (see Remark 6). The explicit expressions of P,,(x) and Q,(x),
which will be used in the computations for the item (e) above, were essentially given in equation
(4.15) (see item (e) below).

e In this section, we will establish the approximation problems (4.1) by specifying the generat-
ing functions Y(x) as follows:

| eEY | eDY | gAY g+ A)T
3 2
(aix; @)oo (aix; @)oo | (@1X, A2X; @)oo
Y —_— > A2X5 q)oo

(42) O G | Gmgn | g, | @5@s9

a1a203q" _

bibybsg"

aaazq™ . . . ) .
where Db - 1 is a constraint for the parameters in the case ¢g-E,’, and the g-shifted
10203g"

factorials are defined by

j-1
(4.3) (@r,a0,a); = | [0 = ag)(1 —axg) - (1 - aig").
k=0

Remark 5. on the choice of Y(x)
In [58] [61] [62], for differential Painlevé equations of types from Py to Py, the Padé approxi-
mation problems (4.1) were established by specifying the generating functions Y (x) as follows:

| Pa Py Py

(4.4)

Yoo | (1=x(1 - ;)b (1 -x)" exp(l’“ ) | exp(2tx - %)

The expressions for the generating functions Y(x) in Table (4.2) are closely related to those
in Table (4.4). In fact, we chose the Y(x) in the Table (4.2) as g-analogs of those in the Table
4.4). 0

e In this section, we will consider yet another Padé problem where some parameters a;, b;, m
and n in Y(x) are shifted. The parameter shift operators T are given as follows:

] H parameter ‘
q—Eél) (ai,az,asz, by, by, b3,m,n) +— (qai,ay,as,qby, by, by, m,n)
4.5) q—DgI) (ai,a», by, by, m,n) - (gai,as,qbi,br,m,n)
Q'Ail) (a1, az, by, m,n) = (gai, az, gbr, m,n)
g-(Ay + A (a1, a3, m,n) - (ga,, az, m, n)
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Here, the operators T are called the “time evolutions”, because they specify the directions of
the time evolutions for g-Painlevé equations.

4.1.2. (b) Computation of contiguity relations. [
The following description is almost the same as that in subsection 3.1 (b).

e We will consider the following pair of linear g-difference equations L,(x) and L;(x) for un-
known function y(x), which are the main object in our study.

CS IR (5 S €
L :| Pu®  Pugn)  Pu) |=0,
Y(x)On(x) Y(gx)0n(gx) Y(x)Q,(x)
1C9 NS 165 NN (€71
(4.6) Lw:| Pu®) Pu® _ Pua/g) |[=0.
Y(x)0n(x) Y(x)Q,(x) Y(x/q)Q,(x/q)
Then, the pair of g-difference equations (4.6) is called the “contiguity relations”. Here, F and

F denote T(F) and T~!(F) respectively. T is the shift operator acting on parameters given in
Table (4.5).

e We will show the method of computation of the contiguity relations L,(x) and L;(x).

[ Pa)
Sety(x) = [ Y ()0, (x)

4.7 D, (x) = det[y(x), y(gx)], Dz(x) = det[y(x), y(x)], Ds(x) = det[y(gx), y(x)].
Then, the contiguity relations (4.6) can be rewritten as follows:

Ly(x) : D1(x)y(x) = Da2(x)y(gx) + D3(x)y(x) = 0,

L3(x) : Dy(x/q)y(x) + D3(x/q)y(x) = D2(x)y(x/q) = 0.

We define basic quantities G(x), K(x) and H(x) (e.g. (3.20), (3.33)) by

4.9) G(x) = Y(g0)/Y(x), K(x)=Y®)/Y(x), H(x) =LCM(Gen(x), Kaen()),

where Gge,(x) and Gy, (x) are defined as the polynomials of the denominator and the numerator
of G(x) respectively, and Kg.,(x) and K,,,(x) are similarly defined. Substituting these quantities
into the equations (4.7), we obtain the following determinants:

Y(x)

] and define Casorati determinants D;(x) by

(4.8)

Di(x) = ——{Grum ()P (x)01(gX) = Gaen(X)P1(gx) Qn(x)},
Gden(x)
Y(x) — —
(4.10) D (x) = m{KHum(X)Pm(X)Qn(x) — Kgen(X) P (X) 0, (%)},
_Y(x), Hx) — H(x) =
Ds(x) = H(x){mKnum(x)Pm(qx)Qn(x) - mGnum(x)Pm(x)Qn(qx)}-

Using the approximation condition (4.1) and the form of the basic quantities (e.g. (4.26),
(4.36)), we can investigate positions of zeros and degrees of the polynomials within braces
{ } of the equations (4.10). Then, we can simply compute the determinants D;(x) (e.g. (4.27),
(4.37)) except for some factors such as 1 — fxin D(x) and 1 — x/g in D;(x), where f and g, etc,
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are constants with respect to x. In this way, we obtain the contiguity relations L,(x) and L3(x)
(e.g. (4.28), (4.38)).

Remark 6. on the gauge invariance of C,C,

When the common normalization factor of P,,(x) and Q,(x) is changed, an x-independent gauge
transformation of y(x) is induced in L,(x) and L;(x). Under the x-independent gauge transfor-
mation of y(x): y(x) — Gy(x), the coefficients of y(x), y(x/q), y(x) and y(x), y(x), y(x/q) in (4.8)
change as follows:

(D1(x) : Dy(x) : D3(x)) = (GD1(x)/G : Dy(x) : Ds(x))

(Di(x/q) : D3(x/q) : Dy(x)) = (GD1(x/q)/G : D3(x/q) : Da(x)).
The coefficients Cy and C; in L,(x) and L3(x) (e.g. (4.28), (4.38)) are defined as the normaliza-
tion factors of the coefficients of y(x) and y(x) respectively. Then, Cy and C; change under the

@.11)

gauge transformation, but the product CyC is a gauge invariant quantity. Moreover, Cy and C,
do not appear in the final form of the g-Painlevé equations. O

4.1.3. (c) Computation of the g-Painlevé equation. []

Also the following description is almost the same as that in subsection 3.1 (c).

We can derive the g-Painlevé equation from the compatibility condition of the contiguity
relations L,(x) and L3(x). Computing the compatibility condition, we determine three quantities
g, f and CyC;. Expressions for g and f are obtained in terms of f and g. An expression for

C,C; is obtained in terms of f, g and f (and hence in terms of f and g).
The first and the second expressions are the g-Painlevé equation (e.g. (4.29), (4.39)). The
third expression is a constraint for the product CyC; (e.g. (4.31), (4.41)).

Remark 7. on two meanings of f, g,m and n

We use the variables f and g with two different meanings. The first meaning is the f and g
which are explicitly determined in terms of parameters a;, b;, m and n by the Padé problem. The
second meaning is the f and g which are unknown functions in the g-Painlevé equation. In
items (c) and (d), we consider f and g in the second meaning.

Similarly, we use the parameters m and n with two meanings. In the first meaning, m and n
are integers. In the second meaning, m and n are generic complex parameters. In items (c) and
(d), we consider m and n in the second meaning. Then, the result of the compatibility of L,(x)
and L3(x) also holds with respect to the second meaning. O

4.1.4. (d) Computation of the Lax pair. [
The following description is almost the same as that in subsection 3.1 (d).

e We will consider the following pair of linear g-difference equations for the unknown function
y(x):
Li(x) : A1 (x0)y(x/q) + A2(x)y(x) + A3(x)y(gx) = 0,

L(x) : A4(x)y(x) + As(x)y(x) + Ag(x)y(gx) = 0,

(4.12)
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such that their compatibility condition gives a g-Painlevé equation. Then, the pair of g-difference
equations is called the “’scalar Lax pair”.

e We will show the method of computation of the scalar Lax pair L;(x) and L,(x).

The Lax pair L;(x) and L,(x), which satisfies the compatibility condition, is derived by using
the results of items (a)—(c) as follows: The L,(x) equation in item (d) (e.g. (4.32), (4.42)) is
the same as the L,(x) in the item (b). We can obtain the Lax equation L;(x) as follows: First,
combining the contiguity relations L,(x) and L;(x) (e.g. (4.32), (4.42), etc.), one obtains an
equation between the three terms y(gx), y(x) and y(x/q) (See the figure below), whose coefficient
functions depend on the variables f, g, f, Co and C;. However, the variables C, and C; appear
through the product CoC;. Therefore, expressing f and CoC, in terms of f and g only, one
obtains the Lax equation L;(x) (e.g. (4.32), (4.42)).

y(x/q) y(x)
Ly(x/q) Lo (x)
y(x/q) Li(x) y(x) ¥(gx)

4.1.5. (e) Computation of special solutions. [

By construction, expressions for f and g as in the first meaning in Remark 7 give a special
solution for the g-Painlevé equation. We will present how to compute determinant formulae of
the special solutions.

e We will derive the formulae (4.15) which are convenient for computing the special solutions
f and g. We can assume that

(4.13) Y@ =Y pd, po=1, pi=0 (i<0),

=0
near x = 0 without loss of generality. Then, for each type of Y(x) in Table (4.2), the p; (e.g.

(4.44), (4.55)) are given respectively as a g-HGF (the g-hypergeometric functions [5] [6]) de-
fined by

x*,

a ):wmw%%%

]1+l—k
g, X
b = (b1, - b1, q;9)s

(4.14) m@j“ [(=1)¢®

with (3) = s(s — 1)/2.

The formulae (4.15) were described in [58]. For a given function Y(x), the polynomials P,,(x)
and Q,(x) of degree m and n for an approximation condition (4.1) are given by the following
determinant expressions:

(4.15) Pux) = D sy Qa0 = D Simstymn(—1)'
i=0 i=0

where s, is the Schur function defined by the Jacobi-Trudi formula

(4.16) S ) = det(PﬂrHj)ﬁ,j:l-
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The derivation of (4.15) is as follows:
By using the relation

(4.17) X'Y(x) = Z et = Z Prn®®,
=0 k=0
the formulae (4.15) are given by the following computation:
1 Pm+1 " Pmtn Pm Pm+1 " Pmin
x » . . . E e . . .
Y(00.(x) =Y | " P = | Pt
: . “e Pm+l Pm Pm+1

X! Pm-n+1 *°° Pm an(x) U XY(X) Y(X)

Pm Pm+1 *°° DPm+n
(4.18) =3 R P
k=0 Pm-n+1 " Pm Pm+1
Pk-n " Pk-1 Pk

Here, we note that
Pm Pm+1 **° DPm+n
m+n .

(4.19) Z : IR IV
kem+l |Pm=n+1 """ Pm Pm+1
Pk-n " Pk-1 Pk

Substituting equation (4.19) into equation (4.18), we obtain
(4.20) Y000 =( Do+ D Jsarix =Pu()+ > serpd. O
k=0  k=m+n+1 k=m+n+1
Furthermore, in [58], interesting formulae were also written as follows: The polynomials
P,,(x) and Q,(x) can be expressed in terms of a single determinant as

4.21) P,(x) = XmS(mn+l)|pHZ§_=ox—jpi_j, O,(x) = (_x)ns((m+l)”)|p,-—)pl-—x’lp,'_]'

e We will show the method of computation of the special solutions f and g.

The expressions for the f and g can be derived by comparing D;(x) in (4.10) and D;(x) (e.g.
(4.27), (4.37)) in item (b) as the identity with respect to the variable x and applying the formulae
(4.15) and (4.21).

For example, the computation for the case q—Eél) is as follows: Substituting x = 1/a; into
Di(x) in (4.10) and D;(x) in (4.27), we obtain an expression for the f in the first equation of
(4.33) by comparing the two expressions for D;(x) and applying the formulae (4.21). Similarly,
substituting x = 1/b; into the third equation of (4.10) and D;(x) in (4.27), we obtain an expres-
sion for the g in the second equation of (4.33) by comparing the two expressions for D;(x) and
applying the formulae (4.21).

4.2. Main results. O

In this subsection, we will present the results obtained through the method, which is explained
for each case from g-E.” to g-(A; + A;)" in subsection 4.1.
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We use the following notations:

alaz...an
-va,/biby b, = ———=,
aay a,/bi1by biby---b,

N — ymtntl ,
(4.22) () =x

Tmpn = S(mm)»

Ta,-(F) = Fla,-—»qap Ta_ll(F) = Fla,-—mi/q-

39

Here, any quantity (or function) F' depends on variables a; and b;, and by definition (4.16), the

Schur functions s, 1s expressed as
Pm Pm+1 " Pmin-1
Pm-1 :
(423) Sy = m

pm_n+1 oo PN pm

where the p; are defined in (4.13).

42.1. Case g-E{’. O
(a) Setting of the Padé approximation problem

The generating function and the constraint (4.2):

(a1x, X, a3X; Q)os  A102a3q"

(4.24) Y(x) = , _
(b]X, bzx, b3x; q)oo b1b2b3qn

The time evolution (4.5):

(425) T: (al’a29 a3abl’ b29 b3, m, n) = (C]al, a, as, qbl9 bZ, b39 m, l’l)

(b) Contiguity relations
The basic quantities:

3 3
P -b) 1=-bix B o
(4.26) G(x) = e K() = e H(x) = ];1(1 ax).

The Casorati determinants:

Di(x) = co(1 = xIN(OY(X)/Gaen(x),  Da(x) = i N(0)Y(x)/ Kgen (),

Dy = ¢ “2“3fmg (1 x/NDY()/H(),

(4.27)

where f, g, co and c; are constants with respect to x.
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The contiguity relations:

Ly(x) : Co(1 = x)y(x) = (1 — ax)(1 — azx)y(gx)

axa3q"g _
(4.28) ) + abla ngl — bix)(1 = x/g)y(x) = 0,
L) : (1 = xF a0 + =550 = a1 = /gy

— g™ (1 = bax/q)(1 = byx/q)y(x/q) = 0,
where C() = Co/Cl and C1 = E()/Cl.
(¢) The g-Painlevé equation

Compatibility gives the following equations:

bt (f —a)(f — a)(f — b)(f — b3)
- D(fg-1) = !
(fg-D(fg-1 pEpEp F=an(F=b) ,

_ (g — 1/az)(g - 1as)(g — 1/b2)(g — 1/bs)
-1 —-1) = b .
e = DUg =D = qab ™ & — b1 faray)

(4.29)

These equations (4.29) are equivalent to the g-Painlevé equation of type Eél) given in [14] [23]
[48]. The 8 singular points are on the two lines f = oo and g = co and one curve fg = 1.

(f,g) = (1/ax,as),(1/as,az),(1/b,, by), (1/b3, b3),

(4.30) (a1,0), (by, ). (00, by arazq™). (00, by Jasas).
The product CyC;:
(4.31) CoC1 = ¢"(b1 — arasgq™)(b1g"™" — arasg)/by.
(d) The Lax pair
(4.32) |
(g = bix)(q — byx)(q — b3x)g"*"~ ai(q — a>x)(q — asx)
L : —
100 4 fx [ 19 = 5 e = e - )
(1 = ax)(1 = axx)(1 - agx)[ () bybsg"(1 — by x)(g — x) (x)]
1= fx YD = A = a0 —azn) °

+

arg"! [(1 _ babsg )(1 _ bzb3gq”) L X~ axg) — asg)(1 — bag)( — bzg)]y(x)

bybsg ajg™! ai (1-fg)gqg—x)
aa3q"g

Ly(x) - (1 = xf)y(x) = (1 = axx)(1 — azx)y(gx) + b—1(1 — bix)(1 = x/g)y(x) = 0.

The scalar Lax pair (4.32) is equivalent to the 2 X 2 matrix ones in [52] [57] and the scalar ones

in [14] [59] by using suitable gauge transformations of y(x) (see the comment below equation
(3.39)).
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(e) Special solutions

1= flay _ai [T, = bi/ay) ToyTuae )T (T 1)

L= fla ™ ay [Ty = bi/a2) T DT} (Tner )

1= 1/brg by [Tis(1 = ai/bs) Ty, @i )T, Tonr1.)

L= 1/bsg by [T25(1 = ai/b3) Ty @) Ty @)

where the p; in the 7, (3.17) are expressed in terms of the terminating 3¢, (4.14) series (big
g-Jacobi polynomials [23] [27] [39]) under the transformation of b3 = ¢" 'a,a, and a3 = b, b,.

These determinant formulae of hypergeometric solutions (4.33) are equivalent to that in [14]
(see the comment below equation (3.42)).

(4.33)

4.2.2. Caseg-D’. O
The contents of this subsubsection (a) (b) (c¢) is the same as [14].
(a) Setting of the Padé approximation problem

The generating function (4.2):

_(a1x,a2%; @)oo

(4.34) Y(x) = (b1 bax )

The time evolution (4.5):

(4'35) T : (al’a27 blabz’ m, n) = (qalvaz’ qb17b2a m, n)

(b) Contiguity relations

The basic quantities:

2 2
B (1->b;x) _1-bx 3 o
(4.36) G(x) = | —(1 o)’ K(x) = ax H(x) = D(l ax).
The Casorati determinants:
&7 (I =xHINXY(x) (V)Y (x) (I =b1x)N(xX)Y(x)
_co(l —x x)Y(x _aN()Y(x _ (1 =Dbix)N(x)Y(x
D= e P TR o P Ho

where f, ¢y, ¢; and ¢, are constants with respect to x.
The contiguity relations:

Ly(x) : Co(1 = xHy(x) = (1 = azx)y(gx) + (1 = bix)y(x)/g = 0,
Ly(x) : Ci(1 = xf/@)y(x) + (1 = ar0)y(x)/g — "' (1 = box/q)y(x/q) = 0,

where Cy = c¢y/c1,C1 = ¢o/cy and g = ¢1/cs.

(4.38)

(c) The g-Painlevé equation
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Compatibility gives the following equations:
1 (f-ad)(f=b) (& —bi/axq")(g — ai/bxq")
4.39) = , = apb .
( BT e by T T G- - g

These equations (4.39) are equivalent to the g-Painlevé equation of type Dgl) given in [20] [23].
The 8 singular points are on the four lines f =0, f = o0, g =0 and g = co.
(4.40)

(f’ 8) = (al’ 0)’ (bl’ O)a (Oa bl/anm), (0’ al/qun)a (OO’ l)a (OO’ l/qm+n+l)’ (a25 OO), (bZa OO)

The product CyC;:
(4.41) CoCi=(1-g) (1 -qg™"'g)/g"

(d) The Lax pair

Li(x) : [(1 = g) (1 - gg"") -
g1 —a1x)(1 —ayx) 1-bix
+ S
(4.42) 1 fx [y(fm o(1 = azx)y(x)]
(g — b1x)(q — byx)g™™" (g — arx)
$ S22y (/) - EI=2 ),
_ q—bix
Lr(x) : (1 = xf)y(x) = (1 = axx)y(gx) + (1 = bix)y(x)/g = 0.
The scalar Lax pair (3.51) is equivalent to the 2 X 2 matrix ones in [20] [35] and the scalar one
in [59] by using suitable gauge transformations of y(x).

x(ay — bygq") (b — azgq’")]

y(x)

(e) Special solutions
1= flai a1, (1 = bifay) Tay T )T 0 (T )
1-flax  a M2, = bi/az) Tay@mns DT 2 Tisrn)”
_ai(1 =by/ay) Tal(Tm,n+1)Ta_11(?m+1,n)
7 a0 = b2/a2) TG T T )’
where the py in the 7,,, (3.17) are given by

—k
a,/bs; q " a1/b b
(4.44) pi= BB D 14, 2q).
(9 D

a
The p; are expressed in terms of the terminating ,¢; (4.14) series (little g-Jacobi polynomials
[23] [27] [39]). These determinant formulae of hypergeometric solutions (4.43) are expected to
be equivalent to the terminating case of that in [49].

(4.43)

by ay

4.2.3. Case g-A}. O
(a) Setting of the Padé approximation problem

The generating function (4.2):
_ (@1x, 4% @)

4.45 Y
(4.45) (x) D)
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The time evolution (4.5):

(4.46) T : (ay,az,bi,m,n) » (qai,ay,qb;,m,n).

(b) Contiguity relations
The basic quantities:

1- b]x 1- b].x
, K(x) = ,
(1 —a1x)(1 —ayx) 1 —ax

The Casorati determinants:

1 - xHNX)Y NY NO)Y
4d8) D= éf)(x()X) =, DZ(’C):%’ D3(’“):%’

where f, ¢y, ¢; and ¢, are constants with respect to x.
The contiguity relations:

Ly(x) : Co(1 = xf)y(x) = (1 = azx)y(gx) + (1 = bix)y(x)/g = 0,
Ly(x) : Ci(1 = xf/g)y(x) + (1 = a1 0)y(x)/g = ¢"*"*'5(x/q) = 0,

where Cy = ¢o/c1,Cy = ¢y/cy and g = ¢y /cs.

(4.47) G(x) =

H(x) =1 —-ax)(1 —ayx).

(4.49)

(c) The g-Painlevé equation

Compatibility gives the following equations:

1 (f—a)(f —b) f—:_alaz g — bi/axq"™
gt f(f-a) q" (g—D(g—1/gmmty
These equations (4.50) are equivalent to the g-Painlevé equation of type Ail) given in [23] [28].

The 8 singular points are on the four lines f = 0, f = c0,g = 0 and g = 0. (0, o) is a double
point.

(4.50) 88

(f’ g) = ((11, O)’ (bl’ 0)’ (O’ aZ/blqm)’ (OO’ 1)’ (OO’ 1/qm+n+])9 ((lz, OO)’

@1 (0,00) « fg=~-ai/q".
The product C(C:
(4.52) CoCr = (1-g)(1—q""""9)/g".
(d) The Lax pair
m+n+1 _ _
Lix: % fx(f o) [y(x/q) - %y(x)]
gl —a;x)(1 — axx) —bx
(4.53) + fx—1 [y(CIX) - my(x)]

by — m
N ai(by — aq"g)x

—(g— D(g™™! - 1)] y(x) =0,
Ly(x) : (1 = xf)y(x) = (1 = axx)y(gx) + (1 — by x)y(x)/g = 0.
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The scalar Lax pair (4.53) is equivalent to the 2 X 2 matrix one for the g-Painlevé equation of
type g-P(A4) in [35] by using a suitable gauge transformation of y(x).

(e) Computation of special solutions

1- f/(ll _ (l](l - b]/al) Tal(Tm,n+1)Ta_ll(Tm+l,n)

I- f/aZ B a2(1 - b]/(lz) Ta (Tmn+1)T_l(Tm+1n)’
4.54 i 2 > a >
( ) _ ay Tm (Tm,n+l )Tall (Tm+l,n)

g = — 5
qna2 Taz (Tm,n+l )Ta_zl (Tm+ 1 ,n)

where the py in the 7,,, (3.17) are given by

. —k
(4.55) pk=(—1)"q(]5)—(a2’mk (q ’al/bl'q,lﬂq).

(45 P 21 ’

a
The p, are expressed in terms of the terminating ,¢; (4.14) series (g-Laguerre polynomials [23]
[27] [39]). These determinant formulae of hypergeometric solutions (4.54) are expected to be
equivalent to the terminating case of that in [13].

42.4. Case g-(A, + AV, O
(a) Setting of the Padé approximation problem

The generating function (4.2):
(4.56) Y(x) = (a1x,a,%; @)oo
The time evolution (4.5):

(4.57) T : (ay,a,m,n) — (qay, a, m,n).

(b) Contiguity relations
The basic quantities:

1
(4.58) G(x) = A= a( =mx)’ K(x) = —ax H(x) = (1 —ax)(1 —ayx).
The Casorati determinants:
_co(1 =x/IN(X)Y(x) _oiN(H)Y(x) _ oNX)Y(x)
@9 bw=—c o = P ke o P97 Tae

where f, ¢y, ¢; and ¢, are constants with respect to x.
The contiguity relations:

Ly(x) : Co(1 = xHy(x) = (1 = a20)y(gx) + y(x)/g = 0,
Ly(x) : Ci(1 = xf/g)y(x) + (1 = a1 0)y(x)/g = ¢"*"*'5(x/q) = 0,

where C() = CO/Cl,Cl = Eo/clandg = Cl/c2.

(4.60)

(c) The g-Painlevé equation
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Compatibility gives the following equation:

1 f-a
4.61 = ,
( ) gg qm+n+1 f -

aap 8
q" (g—D(g—1/gmm1y

/7=-

These equations (4.61) are equivalent to the g-Painlevé equation of type (A, + A;)", namely
Py, given in [26] [50]. The 8 singular points are on the four lines f = 0, f = co,g = 0 and
g = oo. Two points (0, 0) and (0, co) are double points.

(f’ g) = (Cl] > O)’ (0’ aZ/blqm)’ (OO, 1)7 (OO? l/qm+n+l)’ (a2, OO)’
(4.62) 0,00) « fg=-a1/q"
0,0) < g/f =-1/aq".

The product CyC:
(4.63) CoCr=(1-g)(1-¢"""g)/g"
(d) The Lax pair
. gqm+n+2
Li(x) 1 =— I [y(x/q) = g(1 = arx/q)y(x)]
g1 —a;x)(1 — axx) 1
(4.64) + - fx [y(qx) ) azx)y(x)]

AETE 1 (g - 1 - 1)] ¥ =0,

Ly(x) : (1 = xf)y(x) = (I = axx)y(gx) + y(x)/g = 0.

The scalar Lax pair (4.64) is equivalent to the 2 X 2 matrix one for the g-Painlevé equation of
type g-P(As)* in [35] by using a suitable gauge transformation of y(x).

(e) Special solutions

1- f/al o Tal(Tm,nH)Ta_ll(TmH,n)
1 - f/aZ ar Taz(Tm,nH)Ta_zl (Tm+1,n)’
_ aq Tal(Tm,n+1)Ta_11 (?m+1,n)

g - — _ ’
C["az Taz (Tm,n+1 )Tazl (Tm+ 1 ,n)

(4.65)

where the py in the 7,,, (3.17) are given by

. —k
(4.66) Pk = (—1)kq(’5) (az_’ Q)"m(q 3 g, ﬂQ)
(q’ C])k 0 ar

The p, are expressed in terms of the terminating ,¢; (4.14) series (Stieltjes-Wigert polynomials
[23] [27] [39]). These determinant formulae of hypergeometric solutions (4.65) are expected to
be equivalent to the terminating case of that in [36].



46 HIDEHITO NAGAO

5. CONCLUSION

5.1. Summary. 0

In this paper, we reviewed the Padé interpolation method of the g-grid in [37], and applied the
approximation method of the differential grid, related to all the g-Painlevé equations of types
from Eél) to (A, + A)"V. The main results of this paper are the following two provisions:

¢ By applying the Padé interpolation method of the g-grid to all the g-Painlevé equations of
types from g-E"/q-E{" to g-(A, + A)" , we could derive the evolution equations, the scalar
Lax pairs and the determinant formulae of special solutions for the corresponding g-Painlevé
equations. These results were presented in [37].

e By applying the Padé approximation method of the differential grid to all the g-Painlevé
equations of types from g-E.’ to g-(A2 + A1), we could derive the same as the first item above.
These are the new results in this paper.

5.2. Problems. Some open problems related to the results in this paper are as follows:

1. In this paper, by choosing one time evolution 7', we applied the Padé method to each type
from ¢-E%" to g-(A, + A;)®. By choosing other time evolutions, we can perform similar com-
putations. It may be interesting to study the relations between the Padé method for the various
time evolutions and Backlund transformations of the affine Weyl group, for example the case
g-E.” in [14].

2. By the results of this paper and previous ones [14] [40] [60], it turned out that the Padé
method could be applied to all the discrete Painlevé equations of types from e—Eél) to g-(A; +
AW, It may be interesting to study the degenerations between these results.

3. In previous papers [14] [62], the Padé approximation method of the differential grid was
applied to the g-Painlevé equation of type Dg). In this paper, we applied the approximation
method to all the g-Painlevé equation of types from E.” to (A, + A;)". It may be interesting
to study whether the approximation method can be also applied to the g-Painlevé equations of
other types.

4. In previous papers [58] [61] [62], the Padé approximation method of the differential grid was
applied to the d-Painlevé equation of types Dil), A(31) and A(zl). It may be interesting to study

whether the Padé method can be also applied to the d-Painlevé equations of other types.

5. It may be interesting to study whether the Padé method can be further applied to the other
generalized Painlevé systems, for example the g-Garnier system in [51].

ACKNOWLEDGMENT



PADE METHOD TO ¢-PAINLEVE EQUATIONS 47

e First and foremost, the author would like to express his sincere gratitude to his advisor Pro-
fessor Y. Yamada at Kobe University, who generously gave the author the chance to study this
research field, namely “Painlevé equations” for three years.

Moreover, he gave kind permission for the author to continue as a high school teacher and
carefully guided the author toward the completion of this thesis. In addition, he has been simul-
taneously undertaking both research and education, and this role model has shown the author
how to be both a scholar and an educator. Without his infinite encouragement with fruitful sug-
gestions and stimulating discussions, this work could not have been completed and the author
could not have known how to be both a scholar and an educator.

e Next, the author wishes to express his sincere gratitude to Professor H. Kanno at Nagoya
University, who had been his supervisor when the author was a student at Hiroshima Univer-
sity seventeen years ago. Though the author had worked as a high school teacher in Hyogo
prefecture since the author graduated, he introduced the author to Professor Yamada, who has
specialized this research field for many years.

Furthermore, the author am grateful to the following Professors and fellow teachers:

e Thanks to Professors T. Aoki and T. Suzuki at Kinki University, the author presented results
of case q—Egl) of [37] at the summer seminar on “Theory of functional equations” on 6 August
2013 in Aso Ikoinomura, and the author had stimulating comments with the audience.

e Owing to the support of Professor T. Tsuda at Hitotsubashi University, the author presented
results of case q—Dg) arising from both Padé approximation of the differential grid and Padé
interpolation of the g-grid in this paper at the workshop on “Integrable systems, Orthogonal
polynomials and Painlevé equations related by approximation of rational functions” in Hitot-
subashi University on 31 January 2014, and got valuable comments from the audience.

e Thanks to Professor M. Saito at Kobe University, the author presented results in section 4
of this paper at the summer seminar on “Theory of functional equations” on 6 August 2014 in
KKR Chitosesou, and took helpful advice from the audience.

e The author thanks Professor H. Sakai at the University of Tokyo for giving a chance to present
the Padé approximation method applied to cases Py and q-Eél) at a seminar there on 25 No-
vember 2014, and got valuable advice from the audience.

e The author also thanks Professor M. Noumi at Kobe University for stimulating comments and
Professor W. Rossman at Kobe University for brushing up the grammatical representation of
this paper.

e The author gives thanks for the support and encouragement of fellow teachers in the high
school, where he works, the author was able to study this research field for three years, though
sometimes absent from the high school making less contribution to the work there.

e Finally, the author am eternally grateful to his parents for their continuous encouragement and
endless support.



48 HIDEHITO NAGAO

REFERENCES

[1] Clarkson Peter A., Recurrence coefficients for discrete orthonormal polynomials and the Painlevé equations,
J. Phys., A 46, no.18, (2013), 185205(18pp).

[2] Conte R. (Ed.), The Painlevé Property—One Century Later, CRM Series in Mathematical Physics, Springer,
Berlin, 1999.

[3] Fuchs R., Uber lineare homogene Differentialgleichungen zweiter Ordnung mit drei im Endlichen gelegene
wesentlich singuldren Stellen. Math. Ann. 63, (1907) 301-321

[4] Gambier B., Sur les équations différetielles du second ordre et du premier degré dont |’ intégrale générale
est d points critiques fixes. Acta. Math. 33, (1910) 1-55

[5] Gasper G. and Rahman M., Basic Hypergeometric Series, Encyclopedia of Mathematics and Its Applications,
Volume 35 Cambridge University Press, Cambridge, (1990).

[6] Gasper G. and Rahman M., Basic Hypergeometric Series. With a foreword by Richard Askey. Second edition.
Encyclopedia of Mathematics and its Applications, Volume 96. Cambridge University Press, Cambridge,
(2004).

[71 Grammaticos B., Nijhoff EW., Ramani A., Discrete Painlevé equations, The Painlevé Property: One Century
Later, Editor R. Conte, CRM Ser. Math. Phys., Springer, New York, (1999), 413-516.

[8] Grammaticos B. and Ramani A., On a novel g-discrete analogue of the Painlevé VI equation, Phys. Lett.,
A257 (1999), 288-292.

[9] Grammaticos B. and A. Ramani, Discrete Painlevé equations: a review, in: Grammaticos B., Kosmann-
Schwarzbach Y., Tamizhmani T. (Eds.), Discrete Integrable Systems, Lecture Notes in Physics, vol. 644,
Springer, Berlin, 2004, pp. 245-321.

[10] Grammaticos B., Ramani A., and Papageorgiou V. G., Do Integrable Mappings Have the Painlevé Property?
Phys. Rev. Lett. 67 1825-18258 (1991)

[11] Gromak V.I. and Lukashevich N.A., Special class of solutions of Painlevé equations, Diftferential Equations
18 (1982) 317-326.

[12] Gromak V.I., Laine I. and Shimomura S., Painlevé Differential Equations in the Complex Plane, de Gruyter
Studies in Mathematics, vol. 28, Walter de Gruyter & Co., Berlin, 2002.

[13] Hamamoto T., and Kajiwara K., Hypergeometric solutions to the q-Painlevé equation of type Ail), J. Phys. A:
Math. Theor., 40 (2007), 12509-12524.

[14] Tkawa Y., Hypergeometric Solutions for the q-Painlevé Equation of Type Eél) by the Padé method, Lett. Math.
Phys., Volume 103, Issue 7 (2013), 743-763.

[15] Iwasaki K., Kimura H., Shimomura S. and Yoshida M., From Gauss to Painlevé—A Modern Theory of Special
Functions, Aspects of Mathematics, vol. E16, Vieweg, 1991.

[16] Jacobi,C.G.J Uber die Darstellung einer Reihe gegebner Werthe durch eine gebrochne rationale Function. J.
Reine Angew. Math., 30 (1846) 127-156.

[17] Jimbo M., Miwa T., and Ueno K., Monodromy preserving deformation of linear ordinary differential equa-
tions with rational coefficients. I. Physica 2D (1981) 306-52

[18] Jimbo M., and Miwa T., Monodromy preserving deformation of linear ordinary differential equations with
rational coefficients. II.Physica 2D (1981) 407-448

[19] Jimbo M., and Miwa T., Monodromy preserving deformation of linear ordinary differential equations with
rational coefficients. I11.Physica 4D (1981) 2646

[20] Jimbo M. and Sakai H., A g-analog of the sixth Painlevé equation, Lett. Math. Phys., 38 (1996), 145-154.

[21] Kitaev A.V., Law C.K. and McLeod J.B., Rational solutions of the fifth Painlevé equation, Differential Integral
Equations, 7 (1994), pp. 967-1000



PADE METHOD TO ¢-PAINLEVE EQUATIONS 49

[22] Kajiwara K., Masuda T., Noumi M., Ohta Y., Yamada Y., oE9 solution to the elliptic Painlevé equation, J.
Phys. A: Math. Gen. 36 (2003), L263-L272, nlin.SI/0303032.

[23] Kajiwara K., Masuda T, Noumi M., Ohta Y. and Yamada Y., Hypergeometric solutions to the g-Painlevé
equations, IMRN 2004, 47 (2004), 2497-2521.

[24] Kajiwara K., Masuda T., Noumi M., Ohta Y. and Yamada Y., Construction of hypergeometric solutions to the
q-Fainlevé equations, Int. Math. Res. Not. (2005) 1439-1463

[25] Kajiwara K., Masuda T., Noumi M., Ohta Y. and Yamada Y., Point configurations, Cremona transformations
and the elliptic difference Painlevé equation. (English, French summary) Théories asymptotiques et équations
de Painlevé, 169-198, Sémin. Congr., 14, Soc. Math. France, Paris, 2006.

[26] Kajiwara K., Noumi M., and Yamada Y., A study on the fourth g-Painlevé equation, J. Phys. A: Math. Gen.,
34 (2001), 8563-8581.

[27] Koekoek R. and Swarttouw R. F., The Askey-scheme of hypergeometric orthogonal polynomials and its gq-
analogue, Delft University of Technology, Department of Technical Mathematics and Informatics Report
(1998) no. 98-17.

[28] Kruskal M. D., Tamizhmani K. M., Grammaticos B. and Ramani A., Asymmetric discrete Painlevé equations,
Regul. Chaot. Dyn., 5§ (2000), 273-281.

[29] Lisovyy Oleg. and Tykhyy Y., Algebraic solutions of the sixth Painlevé equation. J. Geom. Phys. 85 (2014),
124-163.

[30] Magnus A., Painlevé-type differential equations for the recurrence coefficients of semi- classical orthogonal
polynomials, J. Comput. Appl. Math., 57 (1995), 215-237.

[31] Masuda T., On a class of algebraic solutions to the Painlevé V1 equation, its determinant formula and coa-
lescence cascade, Funkcial. Ekvac. 46 (2003), no.1, 121-171.

[32] Masuda T., Ohta Y. and Kajiwara K., A determinant formula for a class of rational solutions of Painlevé V
equation. Nagoya Math. J. 168 (2002), 1-25.

[33] Masuda T., Hypergeometric t-functions of the q-Painlevé system of type Egl), SIGMA, 5 (2009), 035 (30pp).

[34] Murata Y., Rational solutions of the second and the fourth Painlevé equations, Funkcial. Ekvac., 28 (1985),
pp. 1-32.

[35] Murata M., Lax forms of the q-Painlevé equations, J. Phys. A: Math. Theor., 42 (2009), 115201(17pp.).

[36] Nakazono N., Hypergeometric tau Functions of the g-Painlevé Systems of Type (A, +A;)V SIGMA, 6 (2010),
084 (16pp).

[37] Nagao H., The Padé interpolation method applied to q-Painlevé equations, arXiv:1409.3932, (2014)

[38] Noumi M., Painlevé Equations through Symmetry, Translations of Mathematical Monographs, vol. 223,
American Mathematical Society, Providence, RI, 2004.

[39] Noumi M., Special functions arising from discrete Painlevé equations: a survey., J. Comput. Appl. Math. 202
(2007), no. 1, 48-55.

[40] Noumi M., Tsujimoto S., Yamada Y., Padé interpolation for elliptic Painlevé equation, Symmetries, inte-
grable systems and representations, Springer Proc. Math. Stat., Volume 40 (2013), 463—482.

[41] Noumi M. and Yamada Y., Symmetries in the fourth Painlevé equation and Okamoto polynomials. Nagoya
Math. J. 153 (1999), 53-86.

[42] Noumi M. and Yamada Y., Symmetries in Painlevé equations, Sugaku Expositions 17 (2004) 203-218, Orig-
inally appeared in Japanese in Sugaku 53 (2001) 62—75 (Translated by T. Masuda).

[43] Ohta Y., Ramani A. and Grammaticos B., An affine Weyl group approach to the eight-parameter discrete
Fainlevé equation, J. Phys. A34 (2001) 10523-10532.

[44] Painlevé P., Sur les équations différetielles du second ordre dont |’ intégrale générale et uniforme. Oeuvret.
11, pp. 187-271



50 HIDEHITO NAGAO

[45] Rains E., Recurrences for elliptic hypergeometric integrals, in: M. Noumi, K. Takasaki (Eds.), Elliptic Inte-
grable Systems, Rokko Lectures in Mathematics, vol. 18, Department Mathematics, Kobe University, 2005,
pp. 183-199.

[46] Ramani A. and Grammaticos B., Discrete Painlevé equations: coalescences, limits and degeneracies, Phys.
A 228 (1996), no. 1-4, 160-171.

[47] Ramani A., Grammaticos B. and Hietarinta J., Discrete Versions of the Painlevé Equations Phys. Rev.Lett.
67 (1991) 1829-32

[48] Ramani A., Grammaticos B., Tamizhmani T., and Tamizhmani K.M., Special Function Solutions of the
Discrete Painlevé Equations, Comput. Math. Appl., 42 (2001), no. 3-5, 603-614.

[49] Sakai H., Casorati determinant solutions for the g-difference sixth Painlevé equations, Nonlinearity, 11
(1998), 823-833.

[50] Sakai H., Rational surfaces with affine root systems and geometry of the Painlevé equations, Commun. Math.
Phys., 220 (2001), 165-221.

[51] Sakai H., A g-Analog of the Garnier System, Funkcial. Ekvac. 48 (2005), 273-297.

[52] Sakai H., Lax form of the q-Painlevé equation associated with the A(zl) surface, J. Phys. A: Math. Gen., 39
(2006), 12203-12210.

[53] Sakai H., Problem: discrete Painlevé equations and their Lax forms. (English summary) Algebraic, analytic
and geometric aspects of complex differential equations and their deformations. Painlevé hierarchies, 195—
208, RIMS Kokyuroku Bessatsu, B2, Res. Inst. Math. Sci. (RIMS), Kyoto, 2007.

[54] Tamizhmani K. M.; Tamizhmani T., Grammaticos B. and Ramani A., Special solutions for discrete Painlevé
equations. Discrete integrable systems, 323—-382, Lecture Notes in Phys., 644, Springer, Berlin, 2004.

[55] Umemura H., Painlevé equations in the past 100 years, Amer. Math. Soc. Transl. (2) 204 (2001) 81-110
(Originally appeared in Japanese in Sugaku 51 (1999) 395-420).

[56] Van Assche.W., Discrete Painlevé equations for recurrence coefficients of orthogonal polynomials. Difference
equations, special functions and orthogonal polynomials, World Sci. Publ., Hackensack, NJ (2007) 687-725.

[57] Witte N.S, Ormerod C.M, Construction of a Lax Pair for the E(ﬁl) q-Fainlevé System, SIGMA, 8 (2012), 097
(27pp).

[58] Yamada Y., Padé method to Painlevé equations, Funkcial. Ekvac., 52 (2009), 83-92.

[59] Yamada Y., Lax formalism for g-Painlevé equations with affine Weyl group symmetry of type E,(ll), IMRN
2011, 17 (2011), 3823-3838.

[60] Yamada Y., A simple expression for discrete Painlevé equations, RIMS Kokyuroku Bessatsu, B47 (2014),
087-095.

[61] Yamasaki K., Padé approximation and special solution for g-Painlevé VI equation. Master thesis in Kobe
University (Japanese) (2009)

[62] YoshiokaR., A construction of special solution for q-Painlevé VI equation by the Padé approximation. Master
thesis in Kobe University (Japanese) (2010)

[63] Zhedanov A.S., Padé interpolation table and biorthogonal rational functions, Rokko Lectures in Mathemat-
ics, 18 (2005), 323-363.

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, KoBE UNIVERSITY, HYOGO 657-8501, JaAPAN
E-mail address: hnagao@math.kobe-u.ac. jp



