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Connection coefficients and monodromy representations for a class
of Okubo systems of ordinary differential equations

Shotaro KONNAI
Department of Mathematics, Kobe University

Abstract

Explicit connection coefficients and monodromy representations are constructed for the
canonical solution matrices of a class of Okubo systems of ordinary differential equations as
an application of the Katz operations.

Introduction

The Okubo systems are one of the most important classes of Fuchsian systems of ordinary differen-
tial equations on the Riemann sphere P'; for the definition of an Okubo system, see Section 1. A
characteristic feature of this class is that each Okubo system admits a solution matrix consisting of
non-holomorphic solutions around its finite singular points, which we call below Okubo’s canonical
solution matriz. Okubo [7] studied basic properties and in particular established an explicit deter-
minant formula for such a solution matrix (see Theorem 1.1). This determinant formula guarantees
that Okubo’s canonical solution matrix is in fact a fundamental solution matrix. Also, it is because
of this determinant formula that Okubo systems provide with good models for global analysis of
Fuchsian systems.

Yokoyama [14] classified the types of irreducible rigid Okubo systems under the condition that
the nontrivial local exponents are mutually distinct at each finite singular point; this class consists
of eight types I, II, III, IV and I*, IT*, III*, IV*, which is usually referred to as Yokoyama’s list.
For each type in Yokoyama’s list, Haraoka constructed a canonical form of the Okubo system [1],
as well as the corresponding monodromy representation, up to the action of diagonal matrices [2].
The purpose of this doctoral thesis is to propose a method for determining the explicit monodromy
representation for Okubo’s canonical solution matrix, including the diagonal matrix factor which
has not been fixed in [2]. This problem is in fact reduced to determining the connection coefficients
among non-holomorphic solutions for the Okubo system. We solve this connection problem by
means of the middle convolutions for Schlesinger systems.

It is known by a celebrated work of Katz [3] that any irreducible rigid local system can be
constructed by a finite iteration of the so-called Katz operations (additions and middle convolutions)
from a local system of rank one. Dettweiler and Reiter [10] reformulated the Katz operations so
that they can be applied directly to Schlesinger systems and their monodromy representations.
Therefore, any irreducible rigid Schlesinger system, as well as its monodromy representation, can
be constructed in principle from the rank one case. In the case of Okubo systems, Yokoyama
independently introduced the notions of extending and restricting operations for differential systems
and their monodromy matrices [15]. He also proved that any generic rigid Okubo system can be



constructed by a finite iteration of his operations. It is clarified by Oshima [12] the Katz operations
and the Yokoyama operations are essentially equivalent as far as the Okubo systems are concerned.
It is not completely clarified, however, how the Katz (or Yokoyama) operations can be realized on
the level of fundamental solution matrices and their monodromy representations.

Our method for solving the connection problem is based on the inductive construction of Okubo
systems by middle convolutions. For a given Schlesinger system and a fundamental solution matrix,
we give an explicit construction of a fundamental solution matrix of its middle convolution in the
sense of [10]. We then apply this procedure for constructing the Okubo systems in Yokoyama’s list
and their explicit monodromy representations.

This paper is organized as follows. We propose in Section 1 the notion of Okubo’s canonical
solution matriz W(z) for an Okubo system

(x — T)%Y =AY, A e Mat(n;C) (0.1)
of ordinary differential equations. This solution matrix, introduced by Okubo [7], consists of non-
holomorphic solutions around finite singular points, and forms a fundamental solution matrix under
a certain genericity condition. We also give a remark on the relation between the connection coeffi-
cients among non-holomorphic local solutions and the monodromy matrices for Okubo’s canonical
solution matrix. The monodromy matrices for ¥(z) are determined from the connection coeffi-
cients through formula (1.17). Our main results are collected in Section 2. We fix a canonical
form for each of the Okubo systems of of Yokoyama’s list as in Theorems 2.1 to Theorem 2.6, and
give the explicit monodromy matrices for the corresponding canonical solution matrix in Theorem
2.7 to Theorem 2.12. Theses results are proved in subsequent sections by iterations of the Katz
operations.

Our method for determining the connection coefficients and the monodromy matrices is based
on the middle convolution for Schlesinger systems of [10]. The procedure of the middle convolution
for a Schlesinger system

T
%y =Y x‘i’“tky (0.2)
k=1
is divided into three steps, which we call the convolution, the K-reduction and the L-reduction.
Analyzing these three steps, in Section 3 we clarify how one can construct a fundamental solution
matrix for the middle convolution from a given fundamental solution matrix of the system (0.2).
A special combination of Katz operations

add(07_._’p,_”70) o} HIC_p_C e} add(07.__,c7._.70) (03)

(middle convolution with additions at a singular points) is used effectively for constructing the
Okubo systems in Yokoyama’s list. In fact, each Okubo system in Yokoyama’s list can be con-
structed by a finite iteration of such operations from the rank one case. We formulate in Section 4
this type of operations for a general Okubo system and its monodromy representation. We show
that the resulting Schlesinger system is also an Okubo system as explicitly given by (4.15). For the
monodromy representation, (4.32) provides the moodromy representation of the resulting system
specified by (4.15). Furthermore we obtain the connection coefficients for the canonical solution
matrix of the resulting system as in Theorem 4.4 by applying these results.



In Section 5 we prove our main theorems for Okubo systems of Yokoyama’s list. Our proof
is divided into two steps. We first compute a certain part of the connection coeflicients for each
of those Okubo systems by applying Theorem 4.4 repeatedly. Second, we determine the other
connection coefficients by the symmetry of the Okubo system. Our argument is based on the fact
that the permutaion of characteristic exponents at a singular point can be realized by the adjoint
action of a contant matrix.

We remark that our approach is similar to that of Yokoyama [16] in which recursive relations
for connection coefficients are investigated in the framework of extending operations for Okubo
systems. It is not clear, however, whether the connection coefficients for individual Okubo systems
in Yokoyama’s list can be directly determined only from the results of [16]. We also remark that
the connection problem for rigid irreducible Fuchsian differential equations of scalar type has been
discussed by Oshima [11] as an application of the Katz operations.

The contents of this thesis have been made public as the two papers [5] and [6].
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1 Okubo systems and their canonical solution matrices

In this section we formulate the notion of a canonical solution matrixz for a system of ordinary
differential equations of Okubo type, and investigate fundamental properties of its connection
coefficients and monodromy matrices.



1.1 Canonical solution matrix for an Okubo system

Let t1,...,t, be r distinct points in C. Fixing an r-tuple (ni,...,n,) of positive integers with
niy + -+ +n, =n, we denote by

tllnl
. tQInQ
T = diag(tiln,, talny, .- trln,) = . (1.1)
trln,

the block diagonal matrix whose diagonal blocks are scalar matrices ¢;I,, (i = 1,...,r), where Ij
stands for the k x k identity matrix. A system of ordinary differential equations on P! of the form

d
(xIp, — T)@Y =AY (A € Mat(n;C)), (1.2)
is called an Okubo system of type (ni,...,n;), where Y = (y1,...,ym)" is the column vector of

unknown functions. For each i, j = 1,...r, we denote by A;; the (4, j)-block of the matrix A:

A1 ... Ay
A= . s Aij S Mat(ni,nj; (C) (1.3)

Ay . A,

Then the Okubo system (1.2) can be equivalently rewritten in the Schlesinger form

d ~ A ©
k
—Y = Y, Ap = | Ak ... Agp kE=1,...,7). 1.4
dx (Z - _ tk) ) k k1 k ( ) 7T) ( )
k=1 0]
We denoting by agk), e ,ag? the eigenvalues of the diagonal block Agx (kK =1,...,r) and by
p1,- -, pPn the eigenvalues of A = A; + - -- + A,; these eigenvalues are subject to the Fuchs relation
r Nk ®) n
YD) DL S 05
k=1 j=1 j=1

We assume hereafter that
o — ol g zZ\0} (1<i<j<n), oVezZ (1<j<m) (1.6)

fork=1,...,r.

A characteristic feature of a system of Okubo type is that, if the local exponents are generic,
there exists a canonical fundamental solution matrix consisting of singular solutions around the
finite singular points x = t1,...,t,.

In what follows, we denote by (’)(5) the vector space of all multivalued holomorphic functions on
D = C\{t1,...,t,} and by O, the ring of germs of homomorphic functions at z = a. Fixing a base
point pg € D, we identify a multivalued holomorphic function on D with a germ of holomorphic
function at x = py which can be continued analytically along any continuous path in D starting



from pg. We denote by v (kK =1,...,7) and 7 the homotopy classes in 71 (D, pp) of continuous
paths encircling x = ¢, and x = oo in the positive direction, respectively; we choose these paths so
that Yooy1 -7 = 1 in m1(D, po) (See Figure 1). In this paper, for two continuous paths «, 3, we
use the notation Sa to refer to the path obtained by connecting o and § in this order. Choosing
the base point py appropriately, we assume that Im (¢; — po)/(t1 — po) < 0 for ¢ = 2,...,r, and
assign the arguments 0 = arg(pg — tx) (k= 1,2,...,7) so that

01 >0 >--->0,>0 —m. (1.7)

When we consider the behavior of f € O(D) around x = tj, we use the analytic continuation of
f € Oy, along the line segment connecting po and .

Po
Figure 1:
If condition (1.6) is satisfied, for each k = 1,...,r, system (1.2) has a unique fundamental
solution matrix U (z) € Mat(n; O(D)) of the form
B (z) = F® (2)(x — t,)*, F®(z) e Mat(n; 0y,), FP®(t) = I, (1.8)

where we specify the branch of (z — ;)% = exp(Ay log(z — t})) near = = py by arg(po — tx) = 0.
We call ®*)(z) the local canonical solution matriz of (1.2) at z = t;,. We decompose this U*)(z)
as
k k ~
V(@) = (0 (@),..., W (), ©7(2) € Mat(n, n;; O(D)). (1.9)

Then the kth block \I',(Ck) (z) represents a basis of all singular solutions around = = t, and its local
monodromy is given by

e U (2) = O (@)e(Aw), (1.10)

where e(n) = exp(2mip). Collecting the singular solutions \I’,(fk) (x) (k=1,...,r) together, we define
the n x n solution matrix W (z) by

U(z) = (U (2), v (2),..., 00 (z)) € Mat(n; O(D)). (1.11)

We call this U(z) the canonical solution matriz for the Okubo system (1.2).

As for the determinant of W(z), the following theorem is known as Okubo’s determinant formula
(Okubo [7], Kohno [4]).

Theorem 1.1. Under the assumption (1.6), the determinant of the canonical solution matriz U(x)
1s explicitly given by

r n (k)y
_ | Hji1 P(1+ a; ) H(m _ tk)znk RO

det(¥(z)) T, T+ ) 11 =19 (1.12)



Corollary 1.2. Under the assumption (1.6), the canonical solution matriz ¥(z) of the Okubo
system (1.2) is a fundamental solution matriz if and only if p; ¢ Z<o fori=1,...,n.

1.2 Connection coefficients and monodromy matrices

We give some remarks on the relationship between the connection coefficients and the monodromy
matrices for the canonical solution matrix ¥(z) of the Okubo system (1.2).

Let W(x) be the canonical solution matrix of the Okubo system (1.2). The analytic continuation
of ¥(x) by v (k = 1,...,r) defines an r-tuple of monodromy matrices M = (My,..., M,) €
GL(n;C)" as

Yie-V(x) =V(x)M (E=1,...,r). (1.13)
Through the analytic continuation along 7 to a neighborhood of x = ¢, the j-th column block
\I{EJ )(x) (j =1,...,7) is expressed uniquely in the form

v (2) = v (@) 0y + HP (2), (1.14)

where C}; is an ny, Xn; constant matrix and H j( )(a:) is an nxn; solution matrix which is holomorphic

around x = t. Since fyk-\I/gc) (x) = \I/Lk) (x)e(Agk), we have

e 09 (@) = WP (@)e(Aw) Oy + HP (2), (1.15)
and hence ‘ . ‘
e8P (@) = U (@) (e(Ar) — 1)Chy + 29 (2) (1.16)

eliminating H ](k) () by (1.14). To summarize, the monodromy matrices for the canonical solution

matrix WU(z) are given as

Mk = (6(Akk) - 1)Ok1 .o B(Akk) oo (G(Akk) - 1)Ckr (k = 1, N ,T) (1.17)

1

in terms of the connection coefficients as in (1.14). We remark that, in order to compute the

monodromy matrices of ¥(x), we need not explicitly determine the holomorphic part H ](k) (x) of
analytic continuation.

2 Okubo systems in Yokoyama’s list

2.1 Canonical forms of the systems

Yokoyama’s list is a class of rigid irreducible Okubo systems such that each diagonal block A;; €
Mat(n;;C) (i = 1,...,7) of A has m; mutually distinct eigenvalues and that the matrix A €
Mat(n; C) is diagonalizable. In this class we can assume that the diagonal blocks A;; (i =1,...,r)
are diagonal matrices with mutually distinct entries. We assume that A is diagonalized as

A~ diag(pllmp SRR qumq) (ml ER mq) (2-1)

7



with mutually distinct p1, ..., p; € C. Then the Okubo systems in Yokoyama’s list are characterized
by the following eight pairs (n1,...,n,), (m,...,my) of partitions of n respectively:

D) { ni,n2) = (n—1,1) (), {

mi,...,my) = (1,...,1)
(I1)2y, : {

my m27m3) (n7n B 17 1) (II )2n : {
(D241 : {
(IV)g : {

(
(
(n1
(
(n1,m2) = (n+1,n)

(my, ma, m3) = (n,n,1)

(

(

Canonical forms of the Okubo systems in Yokoyama’s list are determined by the work of Haraoka

[1]. We first specify explicit canonical forms of the Okubo systems of Yokoyama’s list as in [1],
which we will use throughout this paper.

n

yoesnp) = (1,...,1)
my ) (n—1,1)

[

ny n2an3) (n n— 171)

mi,my) = (n,n)

()2 { mi,ma) = (n+1,n)

ni,ne,ng) = (2,2,2)

(

(

(

(

(n1,ne2,n3) = (n,n, 1)
(

(

(m1,ma) = (4,2)

mna) = (4,2) (V) {

m17m27m3) (27 272)

Case I: We express the Okubo system of type (I), in the form

aq (A12)1
d « A12> . : .

r—T)—Y =AY, A= = ) : ~ dia; 3 P2y s Pr)

@1t (s TR DT

(A21)1 -+ (A21)n1 On
(2.3)
where «, § and T are diagonal matrices defined by

T = diag(t11,—1,t2), a=diag(ai, -+ ,an—1), B=(an). (2.4)

The Fuchs relation in this case is given by

dai=) pi (2.5)
=1 =1

We assume that the parameters of (I),, satisfy the following conditions:
ai—a; €7 (1<i<j<n-1), o ¢Z (1<i<n),
pi—pi ¢Z (1<i<j<n), pi €7 (1<i<n).

For the type (I),, the canonical form can be taken as follows

Theorem 2.1 ([1]). Canonical form of the Okubo system of type (1), is given by the matrices
K = (K;)i and L = (Lj); with the following entries respectively :

[T5zy (s — pr) -
A2); =1, A2)j = — , (i,7=1,...,n—1 2.7
(A12) (A21) Hk#]( ") (4,7 ) (2.7)



The symbol Hz;z stands for the product over k such that 1 < k < m and k # i.
Cases II and III: We express the Okubo systems of type (II)2, and (III)2;,41 in the form

dx Ay B

where «, f and T are diagonal matrices defined by

(II)Qn T = dlag(tlj’n; tQIn)7 o = diag(ah o 70471)7 /8 = dia‘g(ﬁlv o 76%)7

d A .
(II,' - T)—Y - AY7 A= < - 12) ~ dlag<plln7p2lm—17p3) (m =n,n+ 1)7 (28)

. i : (2.9)
(I)9p4+1 = T = diag(t1Lny1, taly), o =diag(as, - ,ant1), B =diag(fi, -, L),
respectively. Note that the Fuchs relations in these cases are given by
m n
Zai—l—Zﬂi =mnp1 + (m —1)p2 + ps. (2.10)
i=1 i=1

We always assume that the parameters satisfy the following conditions:

ai—oy €7 (1<i<j<m), a¢Z (1<i<m),

Bi—Bi¢Z (1<i<j<n), Bi¢Z (1<i<n), (2.11)
pi—pi ¢ (1<i<j<3), pi¢Z (1<i<3).
)

In the cases of type (II)a, and (III)g,1, the following canonical forms of the Okubo systems are
proposed by Haraoka [1].

Theorem 2.2 ([1]). Canonical forms of the Okubo systems of type (I)2, (m = n) and (III)2p41
(m = n+ 1) are given by the matrices K = (K;j)ij and L = (Lgj)i; with the following entries
respectively :

[Tizi(ar + 85 = pr = p2)
[Tz (Bj = Br) -

[Trsi(aj + B — p1 — p2)
[Trzj1(a; — ax)

(Ary),, = i x4 85 =1 = p2) ' 1<

12)ij Tz, (B — Br) - o

(III)2n+1 : n . (213)

Hk#(aj—l—ﬁk—m—m) (1<i<n 1<j<n+1).
[Thkj (e — ax)

To be more precise, the canonical form of Haraoka [1] is the conjugation of our A by the diagonal
matrix

(A12)ij = (Bj — p1)
(II)Qn .
(A21)ij = (o — p1)

(2.12)

(A21)i5 = (oj — p1)(j — p2)

diag(a; ', ... a0 0000 a = [ (i —an), b= T8 — Br)- (2.14)
ki ki
Case IV: The system (IV)g is expressed in the form
d [0 Alg
-T)—Y = Y 2.15
(2 )da: <A21 B ) (2.15)

9



Then the Fuchs relation is given by

Oli—anéZ (1§Z<]§4), OngZ (1§Z§4),

B — B2 ¢ Z, Bi¢Z (1<i<2), (2.16)
pi—pi#7, (1<i<j<3), pé¢Z (1<i<3).
We assume that the parameters of (IV)g satisfy the following conditions:
o ¢Z (1<i<d4), pr—p2¢Z, p1,p2¢LZ, (2.17)

Theorem 2.3 ([1]). Canonical form of the Okubo system of type (IV)g is given by the matrices
A = (Ayj)ij with the following entries respectively:

3
(o +oag+ 05 —p1—p2 —
(A1) = Hk;;éz( k 4+ Bj—p1—p2 P3) (1=1,2,3,j = 1,2),

12,8 = Br)

(1 =1,2),

1

Aoy — —
(i) [Tz (85 — Br)

(2.18)

3 H2 (aj+oa+Br—p1—p2—
k 4 K — P1— P2 — P3) . .
(A21)ij = H(Oéj — Pk) #Z J 1 (Z = 1,2,] = 1,2,3),
k=1 Hk;éj(aj —ag)
3 H3 H2 ~(O[ + _ _ _
k1 Llizi(ok +as+ B —pr—p2—p3)
(A21)ia = H(aj — Pk) a ) (i=1,2).
f—1 [Ty (cj — )
Case I*: The Okubo system of type (I*),, is expressed in the form
o1 a2 - Qlp
Tr — tl
d a1 Qg --- G2p .
pradiatl B .| Y ~ diag(pidn-1, p2). (2.19)
T —t, ' S
Gpl Gp2 - Op
Then the Fuchs relation is given by
n
> i = (n =1 + 2 (2.20)
k=1
We assume that the parameters of (I*),, satisfy the following conditions:
a¢Z (L<i<n), pr—p2&Z, p1,p2¢L, (2.21)

The canonical forms of the type (I*),, is given by following form:

Theorem 2.4 ([1]). Canonical form of the Okubo system of type (I*), is given by the components
a;; with the following entries respectively :

ag=a;—p1 (i#],4,j=1,....n) (2.22)

10



Cases II* and III*: We express the Okubo systems of type (II*)g, and (II1*)g,,+1 in the form

d o A Az
(z — T)%Y =AY, A=|Axn B A | ~diag(pilm,p2ln) (m=n,n+1), (2.23)
Az Az vy

where «, § and T are diagonal matrices defined by

(II*)Qn T = dlag(tllna t?-[n—lu 1)7 o = diag(al7 o 7an)) /8 = diag(ﬁlv e 7ﬁn—l))

2.24
(III*)2n+1 : T'= dlag(tllna t?-[nu 1)7 a = diag(aly o 7a’n)) /B - diag(ﬁh o 7Bn)7 ( )
respectively. Note that the Fuchs relations in these cases are given by
n m—1
Zai + Z Bi +v =mp1 + npa. (2.25)
i=1 i=1
We always assume that the parameters satisfy the following conditions:
a—0; €7 (1<i<j<m), o ¢Z (1<i<m),
Bi—Bi¢Z (1<i<j<n), Bi¢Z (1<i<n), (2.26)

YEZL, p1—p2¢Z, pi¢Z (1<i<3).

In the cases of type (IT*)g, and (II1*)g,,+1, the following canonical forms of the Okubo systems are
proposed by Haraoka [1].

Theorem 2.5 ([1]). Canonical forms of the Okubo systems of type (II* )2, (m = n) and (II1*)a,41
(m =n+1) are given by the matrices A = (A;;)ij with the following entries respectively :

[Tis(Bj+ar—p1—p2) .
A12)ij: k# ;_1 (Z:l,...,ﬂ,]:l,...,n—l),
[Tk (Bj — Br)
A13i =1 (i:1,...,n),
A 1 (i=1,...,n—1),

[Tiz: (@ + B — p1 — p2)
[Tiz(cj — o)

n—1 . _ —
(A31); = —(aj —p1)(aj — p2) kﬂl%ij(f;_ 5;1) =

[ (B ok —p1—p2) .
Asz)j = — =1,...,n—1),
o) M- "y

(IT")2p, (i=1,...,n—1,7=1,...,n),

Ao ij = (aj - Pl)(aj - p2)

(j=1,...,n),

(2.27)

11



[T5si(Bj + . — p1 — p2)

(A12)Z] - ( VA pl) HZ;éj(ﬁj — 5k’) (27] =1, .,’I’L),

(A13)i =1 (i:17-~-7n)7

(AZS)Z' =1 (Z:Lnan)a

() ans1 : (As1)ij = (o 1)“’“#"(02 +5’f:p1 — ) (,§=1,...,n),

nHk;éj(a] )

(A?)l)j :_(aj_pl)Hk:1(O:Lj+ﬁk__pl_p2) ( _17 "7n)>
. Hk;ﬁj(a] )

(An)y = (8 - p itz ) iy

[Tz (B — Br)

(2.28)
Cases IV*: We express the Okubo systems of type (IV*)g in the form
d a App Ags
(z — T)d—Y =AY, A=Ay B Ax| ~diag(pily,p2lz), (2.29)
x
Az Azz v

where «, 8, v and T are diagonal matrices defined by

T = diag(ti1n,talpn—1,1), a=diag(ar,az), B =diag(f,H2), v =diag(yi,2) (2.30)

respectively. Note that the Fuchs relations in these cases are given by

2 2 2
Z o + Z B+ Z’yg =4p1 + 2po. (2.31)
k=1 k=1

k=1
We always assume that the parameters satisfy the following conditions:
ar—ax &7, o ¢Z (1<i<2),B8—-8;¢%Z, pi¢gZ (1<i<2),
N2 ¢L, V¢l (1<i<2),pr—p¢Z, p¢Z (1<i<2)

In the cases of type (IV*)g, the following canonical forms of the Okubo systems are proposed by
Haraoka [1].

Theorem 2.6 ([1]). Canonical form of the Okubo system of type (IV*)g is given by the form

(2.32)

a1 0 ha12 ha22 1 hai2h222
0 %) hi12 hi122 1 hii2hize
d hi22 hago B1 0 1 —hi22ho22
—-T)—Y = DY, 2.33
(@ )d:n hi12 ha12 0 B2 1 —hi12h212 (2.33)
—hi12h122 —ho12h222 —hi12ho12 —hi22h222 1 0
1 1 1 1 0 7
where the notations
hijk = a; + Bj + v — 2p1 — po, (2.34)
and D = diag(ay, ag, b1, ba, c1,c2) denotes the diagonal matriz defined by
a; i b= L= (j=1,2) (2.35)

= s = T B N
[Trsi (e — ) TT5,(b; — br) [Tz (v — )
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2.2 Main theorems

For each Okubo system, the monodromy matrices for the canonical solution matrix are expressed
in the form (1.17) by using the connection coefficients. Our main results are the explicit formulas
for the connection coefficients and the monodromy matrices for the canonical solution matrices of
Yokoyama’s list. In what follows, we use the notation (t;—t;)* = exp(alog(t;—t;)) (o € C) with the
convention of arguments such that §; —m < arg(t; —t;) < 0; fori < j, and 6; < arg(t; —t;) < 0;+m
for i > j, using 6; = arg(py — t;) as specified in Section 1.1.

Case I: For the Okubo system of type (I),, the canonical solution matrix

U(z) = (¢1(2), ..., n-1(x), ¥n(x)) € Mat(n; O(D)) (2.36)
is a multivalued holomorphic solution matrix on D = P!\ {t1,t2, 00} characterized by the following
conditions:

bj(e) = (z =) (e +O(x —t1)) (j=1,...,n) (2.37)
around x = tq, and

Yn(z) = (& — t2)* (en, + O(z — t2)) (2.38)

around z = ty, where e; = (0;;)7_; denotes the j-th unit column vector.
According to the representation (1.17) of the previous section, the monodromy matrices M7, My
are expressed in the form

M, = <601 (ex _11)Cl2> , e =diag(e(ay),...,e(an-1)),
_ In-1 0 _
My = <(€2 o e2> , eg=e(ay). (2.39)

These connection matrices C' = (C12); and Ca1 = (Dg1); are defined as

n—1
Un(@) = i(2)(Cra)i + hn(x), hn(z) € Oy (2.40)
i=1
around z = t; and
V(@) = ¢Yn(2)(Co1)j + hj(z), hj(z) €Oy, (j=1,...,n—1) (2.41)

around x = t5. As to the monodromy around x = 0o, we remark that
MLt = MM ~ diag(fi, fa, - -, fn), (2.42)

where f; =e(p;) (i=1,2,...,n). The connection matrices C12 and Cy; are given by the following
theorem:
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Theorem 2.7. The monodromy matrices My, My for the canonical solution matriz V(x) of type
(I)n, is expressed as (2.39) in terms of the connection matrices Cia = (Ci2); and Co1 = (Co1);
determined as follows :

[ T+ ok — o)
His Pt pe=0i) g g5
[kzj 1<hen—1 Dlej — )

[Ti—i T(aj — pr)

(751 _ tz)m—az‘
(t2 _ tl)pQ_Oén

(Cr2)i = (=1)" e(5(p2 — @i — an)) (=)o +1)

(Con)j = e(5(—p2 + aj + o)) L1+ a;)l(—an)

Cases II and III: For the Okubo system type (II)2, and (III)g,1, the canonical solution matrix

U(x) = (Y1(2), .- o, (@), Y1 (2)s - - o, Prtn () € Mat(m + n; O(D)) (2.44)

is a multivalued holomorphic solution matrix on D = P!\ {t;, 2, 00} characterized by the following
conditions:

1/13(.%) = (x—tl)o‘j(ej—i—O(x—tl)) (j = 1,...,m) (2.45)
around x = tq, and
Yin+j(x) = (& = t2)% (ens + Oz —t2)) (j=1,...,n) (2.46)

around z = t9.
According to the representation (1.17) of the previous section, the monodromy matrices My, My
are expressed in the form

My - (eol (ex _Ij)CH)’ e1 = diag(e(on), ., e(am),

In 0 o
e = ((62 ~1)C 62)  ea = diag(e(Br),.., e(Bn)), (2.47)

These connection matrices (C12) = (C12);; and Cop = (Ca1);5 are defined as

Vs (2 sz (C12)ij + hmii(x), hmyj(x) €Oy (G =1,...,m) (2.48)
around z = t; and
Z¢n+1 )(C21)ij + hj(x), hj(z) € O, (j=1,...,m) (2.49)

around x = t5. As to the monodromy around x = 0o, we remark that

n m—1

. L —— ——
MOO = M1M2 ~ dlag(fla"')flafZa"' 7f27f3)7 (250)

where f; =e(p;) (i=1,2,3).
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Theorem 2.8. The monodromy matrices My, My for the canonical solution matrices ¥(x) of types
(II)2,, and (II1)2n41 are expressed as (2.47) in terms of the connection matrices C = (C12)i; and
Co1 = (C21)j determined as follows :

(I1)2y, :
it
[Tk Tl(cfzr p1+ pj— oql — Br) [T Flg;j - oa; - plj — p2) (1<ij< n)(,2‘51)
o (ﬁilwew }5 ‘F’Z?’l)lréajiigp?;)IﬂF((f o
[Trsi F]sz + Bi - pf— p2) [T FI(TJF p1+ p: - a; —5y (Ishisn),
(I1)2ps1 -

(ty —ta)™ % T(Bj + I (—ox)
(ta — t1)P*= D(a; — p1)T' (@ — p2)

(Ci2)ij = (—1)"e(3(p3 — o — B;))

n+1 n
'T(1 + ag — a T(8; —
] [T T+ a — o) nHHk;é] (Bj — Br) A<i<n+1:1<j<n),
]_[k# L1+ p1+p2— a1 — Br) Hk# L(Bj + ar — p1 — p2) (2.52)
(t2 — t1)rs P D(=B:)T (o + 1) '

o= (111l .
(Ca1)ij = (—1) e(Q(O‘] + B PB))(tl — 1)~ T(1+ p1 — )T (1 + pg — o)
[Thj T(ay — o) [T5e T+ B = Bi)

(1<i<m1<j<n+1).
HZ;AZ'F(%—FBI«—M —,02)1_[2;; D1+ p1+p2—ap—Bi)

Case IV: For the Okubo system type (IV)g, the canonical solution matrix
U(z) = (Y1(x),...,0a(x),¥5(x), Ys(z)) € Mat(6; (’)(25)) (2.53)

is a multivalued holomorphic solution matrix on D = P!\ {¢y, 5, 00} characterized by the following
conditions:

i) = (@ — 1) (e + Oz — 1)) (G=1,....4) (2.54)
around x = t1, and
Umtj(@) = (z = t2)% (earj + Oz —t2))  (j=1,2) (2.55)

around x = to.
According to the representation (1.17) of the previous section, the monodromy matrices My, My
are expressed in the form

M, = (‘301 (e1 _Ii)012> , e =diag(e(aq),...,e(as)),

Im 0O s
My = <(e2 ~ )0y 62> , eo = diag(e(p1),e(B2)), (2.56)
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These connection matrices C' = (C12);; and Ca1 = (Ca1);; are defined as

4
Yari(@) = ¢i(@)(Cra)ij + harj(x), harj(x) €O (j=1,...,4) (2.57)
=1
around z = t; and
2
V(@) = Wni(@)(Cor)ij + hy(x), hi(x) €O, (j=1,2) (2.58)
=1

around x = ts. As to the monodromy around x = oo, we remark that

M = MiMy ~ diag(f1, fi, fo. f2. f3. fs). (2.59)
where f; =e(p;) (i =1,2,3).

Theorem 2.9. The monodromy matrices My, My for the canonical solution matriz VU (z) of types
(IV)g are expressed as (2.56) in terms of the connection matrices Ci2 = (C12)ij and Car = (Ca1)qj
determined as follows:

Y VY (tg — tl)pgfai F(—Ogi)r(ﬂj + 1)
(Craliy = el =) (1 = 82)7 5 T T (L + gy — )

Hi;éj I'(B; — Br) Hi;ﬁz‘A Pl +ap — o)
12 DBj + an + aa = p1 — p2 — p3) [Tk T(L+ p1 + p2 + p3 — i — . — B,)

(i=1,2,3j=1,2).

(2.60)
(Cro)a; = e(3(—as = B)) (ty — t1)P3~  T(—aq)T(B; + 1)
T iy s (a1 + g+ B — pr— po — ps) (tr = 2)P 75 T T(1+ p — ag)
[Tty D85 = Bi) TTpa DL+ 0 — ) 1),
[Tezr,a (85 + a + a1 = p1 = pa = p3) [Ti; T+ o1+ p2 + p3 — a1 — cau — Bi) ’
(2.61)

(ta —ty)* ™" I'(=p)l(a; +1)
(ty — t2)*1=% Doy — p1)T(ej — p2)I'(aj — p3)
Hi;ﬁj I'(a; — ax) Hi;ﬁi L1+ By — i)

[Thsi Ty + aa+ B — p1 — p2— p3) [lizja T(L+ p1 + pa + p3 — o — Bi — )

(Ca1)ij = —e(5(aj + s + Bi — 2p3))

(i=1,2;5=1,2,3).
(2.62)

3

_ , . (tz —t1)* P L(=Bi)T (g + 1)
(o= LLlew w8 =pu = = pdelen et B2 g 4 o Mo e — pal(as— )

4 2
1Ty Dy — aw) [Ty DL+ B — i)
Hi# I(on + s + By — p1 — p2 — p3) Hi#,;; L1+ p1+p2+ps—ap—Bi—ar)

(i=1,2).

(2.63)
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Case I*: For the Okubo system of type (I*),, the canonical solution matrix

U(z) = (1(2), ¥2(2), ..., ¥u()) € Mat(n; O(D)) (2.64)
is a multivalued holomorphic solution matrix on D = P\ {t,ts,...,t,00} characterized by the
following conditions:

by(@) = (2 — ;)% (e; + Oa — 1)) (1 =1,....n) (2.65)
around x = t;.

The monodromy matrices My, Mo, ..., M, are expressed in the form
1 0]
MZ‘Z (61'—1)01'1 R 7 A (61—1)02' (i: 1,...,7},). (2.66)
(0] 1
These connection matrices C;; are defined as
Theorem 2.10. The monodromy matrices My, Ma, ..., M, for the canonical solution matriz V(z)

of type (I*), is expressed as (2.66) in terms of the connection matrices Cj; determined as follows :

[Trs(ti — ti)= [(—a;)T(aj + 1)

= e(%m)nz¢j(tj — )= (e — p1)L(1+ p1 — o) (i <d), (2.68)
S SN NN e N e VR

[l (t5 = ti) =7 Doy — p1)l'(1 4 p1 — )

Cases II* and III*: For the Okubo system type (II*)g, and (III*)9y,+1, the canonical solution
matrix

U(2) = (1 (@), Yn(@), Y1 (@), Yngn1 (), i (2)) € Mat(m+n;O(D))  (2.69)
is a multivalued holomorphic solution matrix on D = P\ {ty,ts, 3,00} characterized by the follow-
ing conditions:

Yi(x) = (z —t1)"(e; + O(x —t1)) (F=1,...,n),
Ymtj(2) = (= 12) (ensj + O(x —t2)) (j=1,...,m —1), (2.70)
Uman (@) = (# = 13)"(€mn + Oz — 13))
around x = t1, * = t3 and x = t3 respectively.

According to the representation (1.17) of the previous section, the monodromy matrices M,
My, Ms are expressed in the form

€1 (61 — 1)012 (61 — 1)013

My = 0 I 0 , €1 = diag(e(al)v v ,C(Oén)),
0 0 1
1, 0 0
My = | (e2 —1)Co1 e2 (e2 —1)Ca3 |, ez = diag(e(B1), ..., e(Bm-1)), (2.71)
0 0 1
I, 0 0
M3 = 0 Im,1 0 5 €3 = 6(’)/)

(e3 —1)C31 e3C3 e3
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These connection matrices C' = (Cjj);; are defined as

wn—I—] sz ClQ z] + hgﬁg(x) (] = 17 cee, M — 1)7 wm-‘rn Z wz Cl3 hgrlzi)n( )

around x = t1,

Z wn—s—z C’21 zj + h(21) (J)) (J =1,..., n)a wm—&-n Z ¢n+z 023 + hgsi)n( )

around =z = t9 and
%(33) = ¢m+n($)(031) + h(31)( ) (] =1,... 7”)7 Qﬁern Z wnJrz 032 + hgr?ﬁr)n( )

around x = t3 where hl(ij) (x) € O, (i=1,2,3). As to the monodromy around = = oo, we remark
that

Moo :M1M2M3 Nd1ag(f1,...,f1,f2,...,fg), (272)
where f; =e(p;) (i=1,2).
Theorem 2.11. The monodromy matrices M1, Mo and Ms for the canonical solution matrices

U(z) of types (I1*)9y, and (I11*)9,+1 are expressed as (2.71) in terms of the connection matrices
determined as follows:

(IT*)2y,
i i B;
(27’l) o— 1\ ]. l L (tl — t2)P1+P2 i tl _ t3 p1+p2 ;
o )l] -y (2(p1 tom o f V) (ta — tl)ﬁl-i-pz—ﬁj—V to — 13
T'(—a)T(B; + 1) [Tiz; T(8; — Br) T17. T+ g — )
F(1+p1 — ay)D(L+ po — ;) [ 11 D(Bj + i, — p1 — p2) HZ;; T(1+ p1 + p2 — i — By)
(2.73)

n t1 — ta)PrTP2—i=B1 /4 ¢ p1+p2—ai—
(08, ))i = (—1)"e((p1 +p2 — ; — B1 — (t1 —t3) ( L 2)

V) (tz — t1)PrP2=P1i=7 \ t3 —tg

n 2.74
(o1 + o — i — B1) Ly + DI (—ay) [Tsi D1+ o — o) (2.74)
1+p2—a;—pP1 -
T(1+p1 = a)T(1+ p2 = i) TR T(1 + p1 + p2 — i — By)
—a1—p; +p2—Bi—y
@n)y _ 1 B o (tg — t3)P1+P2 1—06; to —t1\ ™
(023 )z = ( 1) (g(Pl +p2— a1 — G ’Y)) (s — to)rtre—o1—7 \t; — t;

(2.75)

152 T+ B — B)
[Tici T+ p1 4 p2 — ax — Bi)

(p1+p2— a1 — B;) 'T(v+ DI(=5)
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(C5M)y; = (—1)"e(SH(ey + Bi +7 — p1 — p2)

(t2 _ tl)P1+P2—Bz‘—’Y <t2 _ t3>p1+l72_ai_/3j

(t1 = to)Ptr2=e =7 \ ¢y — t3
T(aj + DT (=5) [Tz (B — Bi + 1) [T}, Ta; — )
L(L+p1 = BT+ p2 = Bj) Iy T+ p1 + p2 — Bi — o) TTid Ty + B — p1 — p2)
(2.76)
1+p2—a;—PF1 _ 1+p2—o—
T = s (S M
D(=7)0 (0 +1) TT, Tla; — ) (2.77)

(p1+ p2 — a; — P1)

U(e — p1)T(ej = p2) TI7Z] Ty + Br — p1 — p2)

(an))j =(-1)"(3(p1 +p2—a1— B —

(tg _ t2)p1+p27a17'y ts — 1 p1+p2—PBi—
’7)) (t _ t3)91+P2—0¢1—5j ( >

to — 11
T2 T — o) 279
(p1+ p2 — ar — B)T(—y)L(B; + 1 i
’ (5 )szl Do + B — p1 — p2)
(IT*) 241
@nt+1)y 1 ' (tl — t2)p1+p2iaiiﬂf t1 —t3 prtp2—ai—p;
(012 )w = ( 1) (2(/01 +p2 — o — 5] - ’Y) (t — tl)p1+p2—ﬁj—7 to — 13
[(—a)T(B85 + 1) Hk;é] (Bj — Br) HZ;éiF(l + g — o)
L1+ p1 = )08 = p1) [Tizi T(Bj + ar — p1 — p2) [Tz, T(L + p1 + p2 — i — B)
(2.79)
@nt1)y - (1 )ne(L . (ty — tg)Prtre—ci=Bu (4 — gy \PrEPmTY
(013 )Z_( 1) 6(2(p1+p27a275177) (tg_tl)pl+p27517,y t3—t2 )50
Dy + DP(—ai) a1+ oy — ) (2:80)
P(1+p1 — ) Tl T+ p1 + p2 — o — Br)
@nt+1)y _ 1 B o (to — t3)01+p2—a1—ﬂi ty — 11 prt+p2—Bi—y
i e e Ve (2.81)
Ly + DI(=5) [T T+ B = Bi) ‘
L(1+p1 = Bi) [Tt T+ p1 4 p2 — . — i)
@n+1)\ 1\ =1 ' ' (to _tl)ﬁi+7*m*p2 ty — 13 p1+p2—a;—y
(021 )Z.] - ( ]‘) e( 2 (101 + P2 — a] - B’L - ’7) (t]_ _ t3)p1+P2_ai_Bj tl — 9
(e + DI'(=5i) [lesi DL+ Be — ) [Tz Ty — ax)
L(aj —p)T(1+p1 = Bi) [Ty T(L + p1 + p2 — Bi — ag) [Tz Ty + B — p1 — p2)
(2.82)
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(t3 _ tl)p1+P2—Oéj—51 <t3 _ t2>P1+P2—aj_'Y

C(2n+1) = (=1)" 1 — a; — —
( 31 )J ( ) 6(2(/)1 tp2—q f1—=) (tl _t3)p1+ﬂ2—,31—7 t1 — 1o

n (2.83)
D(—y)T(aj+1) Ty Tlay —ax)
(g = p1)  TTr=y Dlay + Br = p1 = p2)
—a1— —Bi—v
(2n+1)y n_ 1 ) (t3 - tz)p1+p2 177 (tg — 1 pLEp2
(032 )J =(-1) 6(5(/)1 +p2—a1— Bi — 7)) (s — t3)Ptre—c1—Bi \ 1y — 1, 50
L(—y)L(B; + 1) [Trs; T(B5 — Br) '
(B =p1) Tl Tlow + B — p1 = p2)
Case IV*: For the Okubo system type (IV*)g, the canonical solution matrix
U(z) = (¢1(2), ..., v%6(x)) € Mat(6; O(D)) (2.85)

is a multivalued holomorphic solution matrix on D = P\ {ty, ts, 3,00} characterized by the follow-
ing conditions:
bj(x) = (. —t)% (e + O(x —t1)) (4 =1,2),
Ya4j(2) = (& — t2)% (€24 + O(x — 1)) (j =1,2), (2.86)
Yayj(x) = (x = t3)"(ear; + Oz —13)) (1 =1,2)
around x = t1, x = t3 and x = t3 respectively.

According to the representation (1.17) of the previous section, the monodromy matrices My,
My, Ms are expressed in the form

€1 (61 - 1)012 (61 - 1)013

My=1{0 I 0 , e1 = diag(e(), e(a2)),
0 0 I
I, 0 0
My = | (e2 = 1)Co1 eg (e2 — 1)Coa3 |, ez = diag(e(B1),e(B2)), (2.87)
0 0 I
I 0 0
M; = 0 I 0|, es=diag(e(n),e(2)).

(e3 —1)Cs1 e3C32 €3
These connection matrices C' = (Cjj);; are defined as

2 2

Yaij(@) = Y i(@)(Craij + h§DN@) (G=1,2), usj@) =D il2)(Cua)yy + b)) (7 =1,2),

i=1 i=1

around x = t1,
Z¢4+2 )(Can zg+h( V@) (j=1,2), Yayj(z Z¢2+z )(Cas z]"‘hz(fjj)( ) (1=1,2),
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around =z = t9 and
wa )(Ca1)ij+hy() B (5 =1,2),¢24(x Zwﬂ )(Ca)ij+h$2 (@) (j=1,2),

around x = t3 where hl(ij) (x) € O, (i=1,2,3). As to the monodromy around = = oo, we remark

that
4 2

. ) —_— ——
Moo :M1M2M3Ndlag(fl:"'7f17f27"'7f2)7 (288)
where f; =e(p;) (i=1,2).

Theorem 2.12. The monodromy matrices My, My and Ms for the canonical solution matriz U (z)
of types (IV*)g are expressed as (2.87) in terms of the connection matrices determined as follows:

tl _ t2 p1tp2—oa;—71 tl _ t3 p1tp2—a;—pf;
(Cr2)ij = 6(%(201 +p2—a; =B —m — 72))< )

(tg — t1)PrtP2=Bimm \ tg — t3
(—a;)l'(8 +1) [1i T35 = Bi) [as T+ g — i)
L1+ p1 = a)T(B; = p1) [T T + By + 72 — 21 — p2) TTig; T(L + 201 + p2 — i — B — 2)

(2.89)

(Ci3)ij = Hhk2JHh2k )2 e(3(201 + p2 — i — b1 — 71 — o)

(tl _ tg)P1+P2*aiﬂ31 <t1 _ t2>ﬂl+P2—Oéi—7j
t

(tg — t1)Prtr2e=Pi=vi \t3 —to

k#i k#j
F('Yj + 1)F(_O‘i) Hk;ég ( — k) Hk‘#z (1 + o — )

(2.90)

ty — tz)P1tP2—a1 =B (1, 4, p1+p2—Bi—;
(C23)ij = ( Hth]Hthk 2]€%Pl+/72—041—/3i—7j))( )

kA kA (t3 — to)P1P2m =% \tg — ty
Ly + DI(=5) [Ty T = ) [l DL+ Br — 1)
T+ p1 = BT (v = 1) TTees T+ 2 + Br + 5 — 201 — p2) [T T(L + 201 + p2 — a2 — Bi — )
(2.91)
(tl _ t2)pl+P2*aj*'Yl t —t3 p1+p2—a;—p;
(Co1)ij = e(3(201 + p2 — i — Bj — 11 — 72)) (la =ty 7B \ Iy — 1
I'(a; + DI'(=5) Hi;ﬁj (o — ay) HZ;&Z (14 Bk — Bi)
L@+ p1 =Bl (e — p1) Hi;ﬁi L(aj + Bk +72 = 2p1 — p2) [ 11z T(1 + 201 + p2 — g — Bi — 72)
(2.92)
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e(3(201 + p2 — o — B1 — v —2)) (b1 — t3)PrP2— =B (4 g, \ 1P
(Car)ij = 2 2 5 Bi+vi—p1—p2
(I Tozi Pjor [z j P2i) %2 (ts —t1)Prt7i t3 —to
L(—)I(1 + o) [Trrz; Doy — o) [Tes DL+ v — k)
(2.93)
(Ca)is = e(%(2p1 +p2—o1— B — 71 —72)) (ta — t3)P1+P2*a1*,8j <t2 _ t1>01+/)2—ﬁj—%
32)ij (HZ;AZ h2jk Hz# h%i)aw (t3 — to)tvi—pi=p2 \ t3 — 1
P(—v)T'(1 + 5) [Tz TB5 = Br) Ties T(L 47 — )
P+ p1 = %)TB5 — p1) [z Ulce + 85 + vk — 2p1 — p2) [11; T(p1 + p2 — a2 — B, — i)
(2.94)

In the following sections, we prove these theorems by the method of middle convolutions.

3 Middle convolutions for Schlesinger systems

In this section, we briefly recall the definitions of the Katz operations (the addition and the middle
convolution) for a Schlesinger system and its monodromy representation ([10]).

3.1 Addition

For each r-tuple of matrices A = (Ay,..., A;) € Mat(n;C)", we consider the Schlesinger system

d "L A,

—Y = Y, A Mat(n;C) (k=1,... 3.1

dx (;(E—tk) ) k€ a(na ) ( ; 7T)7 ( )
of ordinary differential equations on D = P!\{ty,...,t,,00}. We denote by Ay, = —A1 — -+ — A,

the residue matrix at * = co. For an r-tuple a = (ay,...,a,) € C", the addition addg(A) of A by
a is defined simply as

adda(A) = (Al +at,..., A+ CLT>. (32)
The corresponding Schlesinger system is given by
d - A + ay,
—7 = Z, A eMat(n;C) (k=1,...,7). 3.3
dx (k; Ilf—tk> ) k€ a(na ) ( ) 774) ( )

associated with an

Let Y (x) be a fundamental solution matrix of the Schlesinger system (3.1)
k=1,...,r) defined as

r-tuple of matrices A € Mat(n;C)". Then the monodromy matrices M}, (
Y Y (x) =Y (x) My, (3.4)

give rise to an r-tuple M = (My,...,M,) € GL(n;C)" of invertible matrices. The addition for an
r-tuple M = (M, ..., M,) is defined by

Addx(M) = (MM, .. AM,) (3.5)
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for each A = (A1,...,\) € (C*)", where C* = C\{0}.
We remark that the Schlesinger system (3.3) is obtained from (3.1) by the operation

Z =[] - te)™Y. (3.6)

k=1
Then the monodromy matrices for the fundamental solution matrix Z(z) = [[;_;(x — t;)*Y (z) of
(3.3) is given by (3.5) with A\ = e(ax) (k=1,...,7).
3.2 Middle convolution of a Schlesinger system

The middle convolution mc,(A) of A with parameter ; € C* is defined through three steps ([10]).

Step 1 (Convolution): We first define the convolution c,,(A) of A with parameter p as the r-tuple
of matrices B = (By, ..., B,) € Mat(nr; C) by setting

0 0
Bpy=|A ... Ap+pu ... A, | € Mat(nr;C) (k=1,...,7) (3.7)
0 0

where By is zero outside the k-th block row. The Schlesinger system associated with B can be
written in the form of an Okubo system

d
-T)—Z=BZ .
(@ —T)— , (3.8)
where T' = diag(t11y,...,t-I,) and B = By + -+ + B;.

Step 2 (K-Reduction): Setting ny = rank Ay, we decompose Ay (k=1,...,r) as Ay = PrQj with
two matrices Py € Mat(n,ng; C), Qr € Mat(ng,n; C), and take the block matrix

Ql r
Q= € Mat(n,nr; C) (n= an) (3.9)
Q. =
Since the (4, j)-block of B is given by B;; = A; + pd;j = P;Qj + pdij, we have Q;B;; = (QiP; +
1405)Qj, namely

QB =BQ, B=(QiP+psy) (3.10)
Hence, the system (3.8) gives rise to the Okubo system
d ~ -~
-T)—Z=BZ 3.11
@-1)% (3.11)

for Z = QZ. Equivalently, we obtain the Schlesinger system

d ~ "\ By \ =
7= (Z m_tk> Z (3.12)

k=1
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corresponding to B= (El, - ET), where

0 0
Ek: QP ... QP+ 1 ... QpP; (/{3: 1,...,7‘). (313)
0 0

Step 3 (L-Reduction): Setting m = rank E, we further decompose B as B = PoQq by two

matrices Py € Mat(n,m;C), Qo € Mat(m,n;C). Since By, is expressed as By = EpB, Ep =
diag(0....,Ip,,...,0), we have

QoBi = QoELB = QuEPoQo. (3.14)

Hence, multiplying (3.12) by Qo we obtain

d > ~ QuErPy >
—QoZ = - Z. 1
deO (z_:l T —t ) @o (3.15)
Setting Z = QOZ , we obtain the Schlesinger system
d 5 "B, \ s =~
—7 = Z, Br=QoErPy, (k=1,... 3.16
dr (;x_tk> ) k QO k40 ( ) 7T) ( )

associated with mc,(A) = (El, ..., B,). We call the system (3.16) the middle convolution of (3.1)

with parameter u. We note that these matrices B; (i = 1,...,r) are realizations of the linear
transformations on C" /((€D},_; Ker Ay) @ Ker B) induced from B;.

3.3 Middle convolution of a monodromy representation

We next recall the middle convolution of monodromy matrices.
Let Y (z) be a fundamental solution matrix of the Schlesinger system (3.1
r-tuple of matrices A € Mat(n;C)". Then the monodromy matrices My, (k =

) associated with an
1,...,r) defined as

VoY (z) =Y () My (3.17)

give rise to an r-tuple M = (Mj,..., M,) € GL(n;C)" of invertible matrices. The multiplicative
middle convolution MC, (M) we are going to explain below provides a way to construct the mon-
odromy matrices for a certain fundamental solution matrix of the Schlesinger system associated
with the middle convolution mc,(A) with A = e(u).

Let M = (My,...,M,) € GL(n;C)" be an arbitrary r-tuple of invertible matrices. The multi-
plicative middle convolution MCy (M) of M with parameter A € C* is constructed through three
steps.
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Step 1 (Convolution): We define an r-tuple of invertible matrices N = (N1, ..., N,) € GL(nr;C)"
as follows:

1 0
Ne= [ MMy —1) ... MM, ... M, —1 | € GL(nr;C). (3.18)
0 1

Then we call N the convolution of M with parameter A, and denote it by Cy(M). As we will see
later, Cy(M) represents the r-tuple of monodromy matrices for a fundamental solution matrix of
the Schlesinger system c,(A).

Step 2 (K-Reduction): Setting ng = rank (Mj — 1), we decompose My — 1(k = 1,...,r) as
My, — 1 = P Qy with two matrices Py, € Mat(n,ng; C), Qr € Mat(ng, n; C). Taking a right inverse
Sk € Mat(n, ng; C) of Qy for each k =1,...,r so that QS = I, we define the block matrices Q
and S by

Q S1
Q= € Mat(n,nr;C), S= € Mat(nr,n; C). (3.19)
9 Sp

where n = >_._, n;. Since the (k, j)-block of Ny — 1 is given as

)\(Mj—l)Z)\Pka (1§j<k¢)
(Nk—l)kj = M — 1 I)\'Pka—i-()\—l) (j :k) (3.20)
Mj—lzkak (k<j§7“),

by QiSk = 1 we obtain Q(N, — 1)S = Ny — 1, i.e. QNS = Ny, where

1 0
Ni= | AQuP1 ... AM(QuPr+1) ... QuP, | € GL(7;C), (3.21)
0 1

which gives a K-reduction of the middle convolution N = (Nl, e ,NT).

Step 3 (L-reduction): To construct monodromy matrices corresponding to the middle convolution
MCy (M), we set Ny = Ni---N,, and decompose Ny — 1, as No — 1 = PoQp by two matrices
Po € Mat(n,m;C), Qo € Mat(m,n;C) with m = rank (Ny — 1), and take a right inverse Sy €
Mat(n, m; C) so that QySp = 1. Then we obtain an r-tuple of monodromy matrices N(Ny, ..., N;)
as

Ni=QoNiSo  (k=1,...,7). (3.22)

We call the r-tuple N the mz’ddlf convolution of M with parameter A\, and denote by MCy(M).
We remark that these matrices N; (i = 1,...,r) are realizations of the linear transformations on
C" /(D) Ker (M}, — 1)) @ Ker (Ng — 1)) induced from N;, where Ng = Ny - - - N,..
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3.4 Fundamental solution matrices

Let Y (x) be a fundamental solution matrix of the Schlesinger system of (1.4) and M = (M, ..., M,)
the r-tuple of invertible matrices defined by the monodromy representation as in (3.17). We sum-
marize below how one can obtain fundamental solution matrices whose monodromy representations
correspond to the convolution Cy(M) and the middle convolution MCy (M) of M.

Following the construction by [10], for a complex parameter p € C we consider the nr x n block
matrices

It Y(z) = (/Lk(m—u)“Y(u) du > (k=1,...,r), (3.23)

u—1ti )

called the FEuler transforms of Y (x). Here Lj denotes the double loop in the wu-plane D, =

C\{t1,...,tr,x} encircling u = t;, and u = x foreach k = 1,...,r. We use the symbols awo, a1, ..., o,
and «, for the generators of m1(D,,pg) encircling u = oo, t1,...,t, and u = z in the positive di-
rection such that asoa -+ aya, = 1. Then the double loops Ly (kK = 1,...,r) are expressed as

Ly, = Llty,z] = a; "oz taga, (See Figure 2). We also set Lo = L[oo, 2] = aztag lasas.

Figure 2:

We define the nr x nr block matrix I*Y (z) by

1Y (z) = (Ile(m), o ,I]é‘rY(x)>
(3.24)

= (/L (x —uw)!Y (u) du >1<i,j<r € Mat(nr; O(D)).

) u—t;
j (A

It is known by [10] that [#Y (x) is a solution matrix of the Okubo system (3.8) associated with
cu(A), and that the monodromy of I*Y (z) is described as

Y- IPY () = IMY (z) N, (k=1,...,7) (3.25)
in terms of the convolution Cy\(M) = (Ny,...,N;) of M with A = e(u).

Theorem 3.1. Suppose that the following three conditions are satisfied.

(i) pe C\Z.
(ii) For each k =1,...,r and oo, any pair of distinct eigenvalues of Ay has no integer difference.
(iii) A (k=1,...,7) and As — p have no eigenvalue in Zg.

Then the nr x nr block matrix Z(x) = I*Y (x) is a fundamental solution matriz of the Okubo system
(3.8) associated with c,(A).
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We prove that I#Y (x) is a fundamental solution matrix. The fundamental solution matrix Y (x)
of (3.1) is written of the form

V(z) = F® () (z — tp)*C® F®(2) e Mat(n; 0,,), F® () =1, (3.26)
around x =t for each k =1,...,r, and
Y(z) = F()(z) 274~ C(®) F®)(2) € Mat(n; Os), F)(c0) = I, (3.27)

around x = co. We investigate the local behavior of

Y (@) = /L HY(WU: /L wF@)(u)(u—tj)Ach)du (3.28)

J J

at © = t;. Changing the integration variable by u = (x — t;)v + t;, for j # i we have

YT — )M A A
[ =y = | Bl O (@t + )0 — )M 00
I L[0,1] (@—t

. u—t j)v_<ti_tj)
1 —v)# . j
-/ SR )b (@ — )00 (14O — 1)
Lo U — U

_ B(Aj;r 1,tu +1) (z — )4+ LO0) (1 4 O(z — 1)), (3.29)
g — U

where

= _ A1y _ . -1
B(A, ) /L[o,l]u (1 —u)”""du (3:30)

= (e(4) —1)(e(B) —1)B(4,8) (A€ Mat(n;C), g €C)
denotes the regularized beta function with a matrix argument. In this integral, as the base point

we take a point in the interval (0,1) with argu = arg(l — u) = 0. Similarly we have

/L WY(U)du = B(Ai,p+ 1w —t)4CO(1+ 0@ 1) (i=1,--- 1),

—u)# L~
/ uY(u)du = —e "M B(Age — piy o+ 1)z~ At () (1+0@).

u—ti

Since A; has no eigenvalue in Z~g by the assumption, we have det B (Aj,pp+ 1) # 0, and hence
det(I*Y (x)y) # 0 for ¢ = 1,...,r. Similarly, det([ﬁwY(:U)i) # 0 for i = 1,...,r. Consider the
vector space

L= )Ker(N; —1) =Ker(Ny — 1)
Dl (3.32)

={v=(My---Muw,...,Mv,v)' € C" | v e Ker(AMy--- M, — 1)},
where we regard square matrices as linear transformations acting on column vectors.

Lemma 3.2. Under the assumption of Theorem 3.1, we have Ker(I"Y (z)) C L.
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Proof. Assume that a column vector v = (vq,...,v,)! € C" belongs to Ker(I*Y (x)), namely,
I"Y (z)v = 0. Then we have (y; — 1) - I*Y(xz)v = 0 for k = 1,...,r. This implies that the k-th
row of I*Y (z) satisfies

'Y (2 (Y e(w)(M; — D)o + (e(u)My — Dog + > (M= 1)) =0 (k=1,...,7). (3.33)
1<i<k k<i<r
Since det(I*Y (x)gx) # 0, we have
> e(w)(M; = i + (e(u)My — Dve+ Y (M= 1)o; =0 (k=1,...,7). (3.34)
1<i<k k<i<r

Hence we find that v € Ker(N; —1) (k=1,...,r). O

To complete the proof, we assume v € Ker(I*Y (z)). Then by Lemma 3.2, v is expressed as
v=(My---Mw,...,Myv,v) for some v € Ker(AMj --- M, —1). In the following we set

Y () = ( /a (2 — )Y ()~ )::1 (3.35)

u—ti

for each o € w(D,,pp). Note that by Ly = a;laglakaz we have

I Y(2) = I8 Y (2)(A— 1) — I Y(2)(My, — 1) (k=1,...,7),

" N u 1 (3.36)
I7 Y(z) =15 Y(x)(A=1) =I5 Y(2)(AMy -+ M;)"" = 1).
In this notation I*Y (x)v is computed as follows:
I"Y (w)o = > 1Y Y (2) My - - Myv
k=1
(Ih Y ()X = 1) = IR Y (2)(My, — 1)) Myqr - - - Myw
Z Y (@) (M = 1) My -

T
=(A—1) ZI“Y YMpsy -+ Mypv — Y I Y (2) (Mg — 1) My -+ Myw

k=1
=(\— 1)[;;1 oY (@) —IE Y (2)(My - M, — 1)v
By
o Y(@) =1 1Y (2) = Ig;Y(x)xl + I Y (@) 3.35)
=—I% Y(z)My-- M, — It Y (z)\!
we obtain
I"Y (z)v = —(\ = D)IX_Y(x)My - My —IF Y (z)(My -+ My — A
= (—(A=DI Y(z)+ ' Y(x)(AMy - M)~ = 1)) My - - My (3.39)

— I Y(2)M;--- M.

Since det(I}_Y(x);) # 0 (i = 1,...,7), I*Y(z)v = 0 implies v = 0, and hence v = 0. This
completes the proof of Theorem 3.1.

We set nj, =rank Ay for k=1,...,r,and n =), n;.
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Theorem 3.3. In addition to the conditions (i), (ii), (iii) of Theorem 3.1, suppose that the following
condition is satisfied.

(k) (k)

(iv) For each k =1,...,r, Ay has non-integer eigenvalues ay ..., an, where n, = rank Ay.

Using the constant matrices Q and S as in (3.9) and (3.19) respectively, we set Z(z) = QZ(2)S,
Z(x) = I"Y (z). Then the n x n matriz Z(z) is a fundamental solution matriz of the K- reductzon

(3.12) of the convolution, and the monodromy matrices for Z( ) are given by the K-reduction N
of Cx(M) = N.
Theorem 3.4. In addition to the conditions (i), (ii), (iii), (iv) above, suppose that the following

condition is satisfied.

(v) Aso — p has non-integer eigenvalues agoo) — Ly al(oo) — p where | = rank (Ao — ).

Using Qo and Sy as in (3.14) and (3.22) respectively, set Z(z) = QoZ(2)Sy. Then Z(x) is a
fundamental solution matriz of the Schlesmger system corresponding to the middle convolution
(3.16), and the monodromy matrices for Z(x) are given by the middle convolution MCy(M) = N.

As we already verified, QZ(x) is a solution matrix of the K-reduction (3.12). Also, under the
assumption (iv), we have rank Ay = rank (M} — 1) for k =1,...,r. For Qy , Sk in (3.19), we take
Qy., S;, such that

(gz) (S SL) = I, (3.40)
Since My — 1 = P, Op, we have
(M — 1) (Sk S;.) = (Px,0). (3.41)
We consider solution matrix QZ(z)S of (3.12) defined by
S1 S
S=(88)= . (3.42)
Sy S
Noting that
Z(2)8 = I"Y (2)8 = (I} Y (2)S1, ... I} Y (2)S,, I} Y (2)S],.. . I} Y (2)S]) (3.43)
we compute the analytic continuation by ;. as
T Y (2)S] = {ﬁi@w} o (3.44)
Y @en)S, (G =k)
by (M; —1)S; = 0. Hence we have
’yk-QIka(x)S,'c = Qlj-jkY(:B)‘S’,’€ e(p) (k=1,...,7). (3.45)
However, under the assumption (iv), e(u) is not an eigenvalue of v on the solution space of the
K-reduction (3.12). This means that QI Y (2)S;, =0 (k =1,...,7), namely,
QZ(2)S = (QZ(x)S,0). (3.46)

Since rank Q = n, the matrix rank QZ (x)S = n for any regular point x € D. Hence we have
rank QZ(x)S = n. This completes the proof of Theorem 3.3. Theorem 3.4 can be proved in a
similar way.
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4 Construction of Okubo systems by middle convolutions

4.1 Middle convolution for an Okubo system with additions at a singular point

We consider the operation

add omc_pcoaddg, . ... 0)(A) (c,peC) (4.1)

7"'7,07"'70)

for an Okubo system (1.2) with residue matrices A = (Ay,..., A,), where two additions are applied
at © =t (k=1,...,r). The Okubo systems of types I, IT and III are included in the class of the
differential systems obtained from (II), by a finite iteration of operations in the form (4.1). We
show that the Schlesinger system corresponding to (4.1) is an Okubo system if the parameters ¢
and p are generic in the sense that Ker(Ay + ¢) = 0 and Ker(Ag, — p) = 0.

With the notations of (1.3) and (1.4), we first decompose the components of addp,_ ., . 0(A) =
(A1,..., Ax+c,..., A) as

0
Ai=PQy Pi=|In|, Qi=(4n - Aw), (#k
0 ) e= a0, a#m "
0
Ap+ce=PQr; Po=1, Qp=Ar+c

For the decomposition of A — p, we use the following lemma.

Lemma 4.1. Let X = (X;;)i;,_; € Mat(n;C) be an n x n block matriz of type (n1,...,n;),
ni +---+n, = n, where X;; € Mat(n;,n;;C) (i, = 1,...,r). Suppose that rank Xy, = ny and
rank X > ny for an index k=1,...,r and set | = rank X — ny. Then there exist matrices

& € Mat(n;,;C) (1<i<wr i#k), njeMat(l,n;;C) (1<j<r i#k) (4.3)

such that
Xij = XXt Xpj +&mj (1 <i,5<r; i,j#k). (4.4)

Furthermore, the (n—mny) x 1 matriz § = (&)1<i<r;izk and the I x (n—ny) matriz n = (nj)1<j<r; itk
are of mazrimal rank.

Proof. Without loss of generality we assume k = r and set
A= (Xy)it, B=Xy) ', C=(Xp)jZ), D=Xp. (4.5)

Noting that D is invertible, we decompose this matrix into the form

3 e | T PO R

Since rank(A — BD7!C) = rank X — n, = [, there exist matrices £ € Mat(n — n,,[;C) and
n € Mat(l,n — n,; C) of rank [ such that A — BD~'C = ¢n. From A = BD~!C + £n we obtain

Xij = Xir X, Xoj + &im (i,j=1,...,7—1) (4.7)

where £ = (&)Z] and n = (m);i- -
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If we apply Lemma 4.1 to the matrix A — p with the invertible block Agi — p, then formula
(4.4) implies the decomposition A — p = PyQp of A — p where

Ap(Age — )™t &

A1 6(Ape — p) 7 &l
T Lk(Ark = )7 S Ak Ak Akk — 0 Akgr1 oo Ak
Py = 1 0 |, Qo= . ; 0 0 o ) (4.8)
Apgrk(Ak — p) 7 &g b TR bt
Ap(Agr —p) ™" &
In this case, the linear mapping
C" = C"™: (v1y..,0p) = (V] — Vky e ooy Vg1 — Vky Uy Ukt 1 — Uy« -+, Up — V) (4.9)

induces the isomorphism from the quotient space C""/ ((@p 1, KerAp @ Ker(Ag +¢)) @ KerB) for
the middle convolution to

(C"/KerA;) @@ (C"/KerAg_1) ®(C"/Ker(A—p))® (C"/KerAg41) D@ (C"/KerA,). (4.10)

Therefore we redefine @Q as

Q1 —
Q= ’ Qo . (4.11)
_Qr Qr
Then, from the convolution
d r
(@-T)--Z=BZ; B=(By)ij=, Bij=Aj+0rec—20;lp+o), (4.12)

by the transformation Z = @ Z we obtain the Schlesinger system

T

d 5 By + pdi = =
—Z7 = 7 BQ=0B; (l=1,... 4.13
dx Z T —1 s lQ Q l ( ) ,7") ( )

corresponding to the operation (4.1), where

—@Q1
0 :
Bi=|An - QP Ay | —(p+)Ey (I#k), Bi=| Qo |(PL---Py--- P) (4.14)
O :
_Qr

with QP in the (I, k) block of B;.
Then the Schlesinger system (4.13) is transformed into the Okubo system

d N ~
(2= T)-W = A™W,  A™ = Ad(@)(B1+---+ B, +) (4.15)
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for W = GZ where

A (A + ) (A —p) 1 (p +_ c)é1

Aij — (p+ ¢)dij : : Aij
A1 (Akk + ) (Agk — p) ™ (p+ )&t
AMme — Agr .- Ak:,k:—l A, 0 Ak,k+1 R (416)
mooee. Mi—1 0 P Met1 - M
A1 (Ape + ) (Are — )7 (p+ €)rs1
Aij : : Aij — (p+¢)dij
Ap(Agr + o) (A, — p) ™1 (p+ )&
and
1 Ap(Age —p)™ b &
1 Apo1k(Are — p) 7t Ehs
1 0
- 4.1
G 0 1 (4.17)
Ap1k(Ape — p) 71 &g 1
Ark(Akk - p)_l 5‘7‘ ‘ 1

We remark that the transformation from the convolution (4.12) to the Okubo system (4.15) is
given by W = GQZ:

Ql (_PInla O)
Qk—l (07 _pInk,u 0)

GQ = Qo . (4.18)
(07 _pIan 0) Qk—‘rl

0, —pL,.) Q

Lemma 4.2. If the Okubo system (1.2) satisfies the conditions Ker(Ag+c) = 0 and Ker(Agr—p) =0
for an index k = 1,...,r, then the Schlesinger system with residue matrices (4.1) is equivalent to

the Okubo system (4.15).

4.2 Middle convolution for monodromy matrices of Okubo type

Let ¥(x) be the canonical solution matrix of the Okubo system (1.2). The analytic continuation
U(z) by v, (k= 1,...,r) gives an r-tuple of monodromy matrices M as defined in Section 1.2.
Then M is of Okubo type in the sense that M; are expressed as

1
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in terms of matices M;; € Mat(n;,n;;C) (1 <i,j <r). We show that the operation
Addg, . a1, 0o MCyg-1 0 Add(y, 4,1 (M) (4.20)

gives rises to monodromy matrices of Okubo type as in the case of Okubo system (1.2). We
decompose M; — 1, (i =1,...,r) and take S; as

0 0
Mi —1= PzQz = Ini (Mz B Mii -1 Mir) , Si = (M“ — 1)_1 . (4.21)
0 0

Also, setting My = AMj - - - M,., we take the decomposition

= 1 0
k)

k -
Mk(:-i-)l,k(MlEk 17 &

k 'k _ '
MY M) = 1) g
mooccc Mk—1 0 Me+1 = Mr

k k k k k
My M) M) -1t M;gr)) (4.22)

k .k _ .
My gy -7 &
for . &

Mg = Ad(Mpsy - My)(Mo) = Mg -+ My My - My = (M}); (4.23)

ij Jig=1

as in Lemma 4.1, and define Py = (Mk+1---Mr)_173(gk), Qo = Q(()k)(Mker--Mr), Sy so that
My —1 = PyQo, QoSo = Ip,- As in the case of the differential system, the linear mapping
cr — C™

(’Ul, .. ,’UT) — (Ul —sMy - v, ..., V-1 — SMyvg, Vg, V41 — Ml;jlvk’ ey Up — (Mk+1 S Mr)_lvk) (424)

induces the isomorphism from the quotient space C™ /((€D, 2 Ker(M), — 1) @ Ker(sMy — 1)) &
Ker(Ng — 1)) for the middle convolution to

(C"/Ker(M; — 1)) @ --- @& (C" /Ker(My—1 — 1))

(4.25)
@ (C"/Ker(M® — 1)) @ (C"/Ker(Myy — 1)) @ - - ® (C"/Ker(M, — 1)).
Therefore, taking block matrices
O —sQ1 My -+ My, S1 sMs - M, So
- Qr—1 SQk—:le B Sk_1 sMy - N M, So
Q= Qo(Myy1--- M)t , S= M1 My So ’
Qk+1Mk_+11 Okt1 Mpyyo - MySo Sk+1
QT'(M]C+1:"'MT‘)71 B Q'r' SO .ST
(4.26)
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we obtain the monodromy matrices (Nl, e Nr) = (QMS,...,QN,S) corresponding to MCy,-1 0
Add(l,...,s,...,l)(M) as

1
Ni= | As™ My - As™ My -+ M; (i # k) (4.27)
1
with the (7, k)-block replaced by Q,;Pp, and
—8sQ1 My - -+ M,

R —5Qk—1 M},
N —1= Qo(Myyq--- Mr)_l ()\5_1731 <o Po - ’Pr) . (4.28)

_Qk+1Mk_+l1

_Qr(Mk—l-l o Mr)_l

We remark here that the i-th rows of Mék) and (Mék))*1 are given respectively as follows:

(1) (MM MMy -+ M) (k+1<i<r)
O M- M) (1<i<h),

(4.29)

(341 ATIM ML) (k+1<i<r)

Ol M M ML) (<< k)
Using these relations (4.29), we rewrite Nj — 1 as
S()\_lMi(f) — 5”) i=1,... k-1
Jj=1,..., s
No—1= olp) (As™IPy - Py Py, (4.30)
(k)

where (M{)~1 = (P

PaoH Noting that Mi(f) — 035 — Mi(,f)(MlE];) - 1)*1M,$") = &n;, we set

ij=1"

g= 1 , (4.31)




=
=
)
=
@
oﬁ/—\

1) (Ad(G)N):

----------

M = | XsT My oo AsTEMG; - (Mi@ﬁ) M%fz)) e Mip | (i < k)

M = | As—1My; - - (M;(T%:l) Msz%)) e AsTIMG - My | (k< i)

1
1
e — AsTIMpy -+ My, 0 - My,
k. 8717’]1 0 Afl )\71777“
1
where M (kl) and M™% (k2) are computed as follows:
M) = My + (1 - Z My MW () — 1) = M) -1
Jj=i+1
= My — (1= A") My (M) — 1)
= A e My (M) — XsTH (M) — 1),
k—1
MG = (1=2"s)( D Mij& — &)
j=it1
for i < k, and
mc - k _
M) = My — A(1 = As™h) Z W) -1

j=k+1
= My + A1 = s )My (P — 1)~
= My (M} As-1><M,§§’ -1,

M) = A1 = As™H) Z M;;( Z

Jj=k+1 p=1,p#k

35

)i stands for the i-th row of Pék) Using this matrix G for the conjugation, from N =

(Ny,...,N, ) we obtain the following monodromy matrices of Okubo type M™* = (Me, ..., M) =

(4.32)

(4.33)

(4.34)



for i > k. Note that M™¢ is the r-tuple of monodromy matrices for the fundamental solution
matrix Y(z) = GQ(z — t3)°Z(2)SG™1, where Z(z) = I 7=¢((x — t;)°¥(x)). Therefore we need
to specify the right inverse SG~1 of GO to solve the connection problem. In this case the matrices
GQ and SG~! are given as

(Qléz])f]_:ll (8(1 — )\_1)Ini5i]’)i:1 ,,,,, k—1 0
’ j=1,..., r
GO = 0 (&) 0 : (4.35)
0 (A =1)dij) it (Qid)] jopar
S (s(A1 = 1)Sy,0)8

SGg7! = S : (4.36)
(0,(1 = N)Sks1, 08P S

0, (1 = N)S,)SH S,
We remark that one can take S(gk) in the form
0 m
" 0 Mke—1
0 Nk+1
0 Ny

Summarizing these arguments, we conclude:

Proposition 4.3. The operation (4.20) gives rise to the r-tuple of monodromy matrices of Okubo
type M™¢ as in (4.32), (4.33). Furthermore M™° is realized as the monodromy matrices for the
fundamental solution matriz Y™ (z) = GQ(x — 1) Z(x)SG ™1, where Z(x) = I7°~¢((z —t1,)°V(z)).

4.3 Recurrence relations for the connection coefficients
We consider the Okubo system (4.15) obtained from the Okubo system (1.2) by the operation

(4.1). Let ¥™¢(x) = (¥7"(x), ..., i (@), Wi (@), ..., ¥7"“(x)) be the canonical solution matrix

of (4.15). Then the monodromy matrices I}’ (i = 1,...,r) corresponding to (1.17) are represented
as

L= (e(Aii—p—c) = 1)CF -+ e(Ais—p—c) -+ (e(Adi—p—c)—1)C° | (i #k)

(4.38)
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where CZTZC = (Cf(fl)a C;?]fg))v and

1

(€(A) = DCR, ++ eldu) 0 o (elidwe) ~ DO,

e — 4.39
= el -0, 0 elp) e (elp) ~ )OS, (4.39)
1
We now investigate the relation between Cj; and C77°, C’Z};‘f)] From the forms of (4.32), the funda-
mental solution matrix Y"¢(z) = GQ(z — tk)”Z( )SG 1 is transformed into ¥¢(x) = Y™¢(z)R~}
by some block diagonal matrix R = (R, ..., R1), Ry, - - -, ). Therefore we have recurrence
relations
e [(e(Aa—p— ) = D R(e(A) ~ DNTIC R (< £ R)
Y (e(Aii —p— ) — 1) ' Ri(e(Au) — 1)Ci; Ry (i <jsi,j#k)
e _ Je(imp=0)= ) Rile( i) ~DCi(e(Ante) - D(e(Am—p) - D RGL (i <h)
DT (e(Ais—p— )= 1) Ri(e(Ais) — D)As ™ Cige(App+¢) = 1) (e( A —p) = DR (B <)
7| Bay O R; (k< J)
(4.40)
The new connection coefficients Cya);, Cjx2) are also given as
Rugys 'Ryt (< k)
Cliz)j = 1 e .
R A~ R; (k<)
me {(6(Azi—P—C)—1)_1Ri(1—6(p+0))(2] ir1Cis&j — E) R (i <k)
i(k2) — — (k .
B2 e Aii—p—0) = 1) Rie(—p) (1—e(—p—)) (g 11 Cis gy Cop &) Ry (k< ).
(4.41)

Looking at the diagonal blocks of the solution matrix Z(z) and GQ,SG™!, we can compute R; as
follows:

du
u—t,-

(e(Aiw) — 1)

r—1;

Ri = Ay lim (2 — )~ Aot (g — 1) / (2 — 1)~ (0 — 1), (w)
L;
= Aji(t; — t5)PT°B(Ayi, —p — ¢ + 1) (e(Ay) — 1) 7!
Ry = (Agk — p) Jim (2 — tk)_A’“”p/ ( —u) """ u — 1) Vg (u)

= (A — ) B(Awg + ¢, —p — c+ 1)(e(Age — p) = 1)

du
u—tk

(e(Agr — p) — 1)_1'

(4.42)
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Using these formulas, the recurrence relations for the connection coefficients are rewritten as

Cmc = ( (A —p— C) 1) A“(tl — tk)ercE(Aii, —p—C + 1)(6(—p — C))6(i<j)0ij

- (e(Aj5) — 1)(B ( jjs—p =+ 1)t — 1) P A

t; — Tk rtee (p—&—c))F(p—i—c—Aii) F(Ajj —p—c+ 1) . L
<tj ) TR Gy USRIl

ti— 1\t %( +e)l(p+c—Ay) , T(Aj; —p—c+1) o
(t] ) e T weaein.

(4.43)
where 6(i < j) =11if i < j and §(¢ < j) = 0 otherwise. Similarly,
r — A I(Agk — ,
i) r — Aii) ., T(Ap — '
(1 — o) Hee( 5o+ o) N Aid g Tk —0) -

D(—Ai)  "T(Aw +0)
_ —peLA+p=Aw)  T(Ajj—p—c+1)
(=l —tk) ¢ T
e e(7(p+0)(t; — ti) (1 — Agx — ©) g I(Aj+1)
(k1)j = LA +p—Aw),, T4y —p—ct+l)
o —p—c ) ]

(J<k)
(4.45)

(k<)

D=

Theorem 4.4. The connection coefficients Ci¢ and 017&?1)7 C’( k1)) (i,j # k) for the canonical solu-

tion matriz W™ (x) are determined from the connectwn coefficients Cjj for W(x) by the recurrence
formulas (4.43) and (4.44), (4.45) respectively.

It seems that the matrices R9) and C(ng) cannot be written as products of gamma functions
in general, while they can be described as the limits as © — t; of certain explicit integrals. In
this paper we do not go into the detail of the description of R0y and C("]zg), since they can be
determined by symmetry arguments in the context of the Okubo systems in Yokoyama’s list that
will be discussed below.

5 Connection coefficients for the Okubo systems of Yokoyama’s
list
5.1 Construction of canonical forms of the Okubo systems

In what follows, we use the symbols (I),, (II)2p, (II)2n+1 (IV)s, and (I*)y, (II")2pn, (II1I%)2p41,
(IV*)g to refer to the corresponding tuples A of residue matrices as in (1.4). As for the nontrivial

eigenvalues, we also use the notations agl) = /BZ-(I) = 03, pgl) = p; in order to specify the rank
Il =n,n,2n,2n + 1 of the Okubo system.

Case I: We first construct (I)2 = (II)2 by mc,, (agl),ﬂ?)) from the differential equation

dy agl) Bgl)
29 _ 1
dx (a:—t1+x—t2 y (5-1)
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of rank 1. The resulting system is given by
1 1 2 2 2
(x—T)iy = AY; A= (O‘g )(T)/“ (55) ) - ( (2)0‘§) @ §)(—2)p§ )> . (52)
dzx oq 1 T oy’ —py By

The canonical form of type (I)3 is obtained as the conjugation of A by the matrix

1 0
G = 5.3
(0 @2) B pgz)) (5.3)

Starting with (I)2, the Okubo systems (I),, can be constructed inductively by the Katz operations
(D41 = add(, 0y o mc_c—p 0 add.gy(I), (n > 2). (5.4)

Lemma 5.1. For the system (2.7) of type (1),,, an — p— Ao1 (o — p) "L A1z is a matriz of rank 1. It
1 expressed as

—p2 — Azi(a—p) A =¢&n (5.5)
with & and n defined by
5:_M, n=1 (5.6)
p=1(p — ax)

Proof. A direct computation of ay, — pa — Aa1(a — p2) "L A1 = £n gives the relation

,0+Z LIl (ox = o) (5.7)

Ok — P Hl;ék (ak — )

By the partial fraction expansion of the function % and the Fuchs relation, we have
k=1 —Ck
[Tez1(p — pr) [Tri(p = pk)
En=an+ Y ar = pp— =t PP P o) (5.8)
Z Z o1 (p— o) k1 (p — ax)

O

We show how the canonical form (2.7) of the Okubo system (I), , ; is obtained from the canonical
form (2.7) of (I),, by the operation of (5.4). By Lemma 4.2 the Katz operation (5.4) for (I),, gives
rise to the Okubo system (z — T) LW = A™W where

Q 0 K
A = 0 p n . (5.9)
Lia+c)(a—=p)™" (p+o) ay

This matrix A™¢ is precisely the canonical form of Okubo system (I),11 with characteristic expo-
nents (o, (n+1 ))Z 1) (,oz(nJr ))izl specified by

7
1 1
P = Y =

{ o =a; (1<isn-1), a™=p (5.10)
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Cases II and III: The Okubo system (III), as in (2.13) is obtained from the system (5.2) by
add,,0) 0 MC—a, - © add(c,p) With

(3) (2) (3) _

Qp = —ar—p, QG =p

=8 —p—a, (5.11)
3 2 3 2 2 2

AV = D= A =l B 2

The Okubo systems (II),, and (III),, ., can be constructed inductively by the following Katz
operations:

(IT),,, = add(o’p;Qn—l)) ome_,  n-1) O add(g,p,_,)(IM)g,_; (0 >2).

(5.12)
(III)2n+1 - add(pé2n)70) ] mC_an_pg2n) o a'dd(anyo) (II)2n7 (n Z 2)

Lemma 5.2. (1) For the system (2.12) of type (II),,, B — p2 — A1 (o — p2) Y A1g is a matriz of
rank 1. It is expressed as

B —p2 — Az (o — pa) T A2 = & (5.13)
with a column vector & and a row vector n defined by
[Tsi1<i<n(Be — p1) [Tiei(Bj 4+ ke — p1 — p2)
gi = (p2 - ;01) n y M = b1 . (514)
Hk:l(P2 - ay) ! Hk;éj 1gk§n(ﬁj — B)

(2) For the system (2.13) of type (I11),, |, a — p2 — A12(8 — p2) Y Agy is a matrix of rank 1. It is
expressed as

a—py— A1a(B — p2) Az = & (5.15)
with a column vector & and a row vector n defined by
Hk;ﬁi, 1gk§n+1(ak - p1) i = (a; —p )H1gkgn(5k + o — p1— p2)
7 = (i — po )
[Ti—1(p2 — Br) ! ! Hk;éj,lgkgnJrl(aj —ayg)

Proof. For the canonical form of the Okubo system type (II)2,,, the values of £;n; are also computed
as follows by partial fraction expansions:

&=

(5.16)

= By S oIl By == o) o Tl (B 0 = o1 = p2)
5 77] (ﬂ p2) J ; ap — po H’Z#k(ak _ ap) (6.7 pl) HZ#](,BJ _ Bp)
(B; — p1) = ar — p1 Lpzi(ow + Bp — p1 — p2)
= (B; — p2)6ij — == _ . o
R ey P vearras  pcverwam | (R Al
(Bj — p1) I Ti= 1(5;’ + ak p1 = p2) a0 — p1 i j(ak + Bp — p1 = p2)
= (Bi — p2)dij — 7
(i = p2)2% [, (3 - B9 2 o (s o)
(Bj = p1) [ 1=y (B + ak — p1 = p2) = Lpkij (@ + B, = ph — ph)
= (Bi — p2)dij — —
( 02) J Hk;ﬁ]( ) ; Hp;ﬁ_é (ak _ ap)
_ (Bj — p1) szl(ﬁj + g — p1 — p2) Hk;«éz,]( /n+1 + 52 —p) - ,02)
HZ;éj(ﬁj = Br) HZ;—}LH( O yy — )
= (p2 — p1) (5;‘ —p1) HZ:1</BJ' + o —p1— Pz) Hk;éi,j(ﬁk - p1)
széj(ﬁj — Br) [Tizi(p2 — )

(5.17)
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/ / / !/ / / / /
where o; = o, i = B8; + a1 — Bri1s PL = p1 + P — Byi1, p2 = ), Therefore we can choose §;
and 7; as

[Tz (Bx = p1) no1 (B + o — p1 — p2)
&= (po— pry AUy iy ) (5.18)
k1 (P2 — o) TTrz; (B — Br)
For the canonical form of type (III),,41, the values of & and n; are computed similarly. O

From (III)zn_l to (II)zn

We show how the canonical form (2.12) of the Okubo system (II),,, is obtained from the canon-
ical form (2.13) of (III)2,—1 by the operation of (5.12). By Lemma 4.2 the Katz operation (5.12)
for (III),—1 gives rise to the Okubo system (z — T)%W = AW where

a—p2—by K(B+bu_1)(B—p2)~t (p2+ bn-1)
Ame — L 3 0 . (5.19)
n 0 P2

This matrix A™¢ is precisely the canonical form of Okubo system (II)q, with characteristic expo-
nents (a@n))?:l, (552"))?:1, (p(zn))?zl specified by

K3 3

ag%) =a;—p2—byp1 (1<i<n),

B =g (1<i<n), BZY =p, (5.20)
2n 2n+1 2n

o = b1, p8T =1 Y = s,

From (II)zn to (III)2n+1
Similarly one can construct the canonical form (2.12) of the Okubo system (II)2,42 from

(I11)2p,+1 by the middle convolution. From Lemma 4.2, the Schlesinger system of (5.12) for (III)gy,41
is given by the Okubo system (x — T)%W = AW of type (II)gy+2, where

o 0 K
AT = 0 02 n . (5.21)
L(a + an)(a - PQ)_l (pZ + an)f /B —Aan — P2

The characteristic exponents )?:1 are determined as

=17 )
a§2n+1) = Q4 (1 < 1 < n), 047(12_:_1{‘—1) = p2,
2 1 .
BV =B~ pp—an (1<i<n), (5.22)
2 1 2 1 2 1
PP = —an, Y = pr, p8Y = .

Note that the passage from (II)y to (III)3 is also included in this procedure with ps replaced by p.

Case I*: The system of type (I*), is obtained by mc, with a generic parameter p from the

Schlesinger system
d - (657
—y = 5.23
dx Z T — tky ( )




of rank 1, where aj, € C* (k =1,...,n). The resulting system is given by

d Qrt e Qp
—T—Z = : A
(=T)7 o
Qp o Qpt
Then characteristic exponents (agn))?zl and pgn), p;n) are determined as

n
oA =aitp, o =p o8 = e+
k=1

(5.24)

(5.25)

Cases II* and III*: Firstly, the system (III*)3 is obtained by mc,, from the differential equation

dx r—1t x—ty x—13

(1) (1) (1)
d
Yy _ ( (&%} + Bl + 7 ) Y.

The resulting system is given by

a1 Br—p1pr+p2—or— B
ar—p1 B prt+p2—a1— P
ar—p1 B —p1 v

d
~T)—Y =
(@ =T)—

with characteristic exponents specified by

{a1:a§1)+u1, B = §I)+H17 7:79)4-/117

1 1 1
p1L = p1, P2 =O¢§)+ﬁ§ )+’Y§ )+M1-
It can be transformed into the canonical form

aq fr—p1 1

(II1*)3 = ap — p1 b 1
a1 —p1 B1—p1
pitp2—a1—PB1 pitpr—ar—p1 |

by conjugation with the diagonal matrix

diag(1, 1, p1 + p2 — a1 — B1).

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

Starting from the (IIT*)s, the Okubo systems (II*)g, and (III*)g,+; can be constructed induc-

tively by the following Katz operations:

(H*)Qn = aJdd(pg,O,O) OMC—gq,,_1—py © add(an,hO,O) (IH*)Zn—la

(III*)2n+1 = add(07p270) O MC_p, —py © add(o,bn,o) (II*)Qn

(5.31)

Therefore, by Lemma 4.2 we obtain canonical forms of the Okubo system types (II*)y, and

(I1T*) 25,41 inductively.
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Lemma 5.3. (1) For the system (2.27) of type (II*),,, o — pa — A12(B — p2) L A21 and v — pa —
Aso(B — p2)Aas are matrices of rank 1. They are expressed as

a—py— Aw(B—p2) " Ao = &m, 7 — p2 — As2(B — pa) Ass (5.32)
with column vectors &1, &3 and row vectors m1,n3 defined by

Hn z(ak_pl) o +/8 _
(&1)i = —I# (m);j = (o — p1) i1 (04 O = 1 = p2),

[T5=i (o2 = Br)’ [Tz (05 — o) (5.33)

_ Hk 1(0% p1) _
§3 = ns =1
ni(p2 = Br)

(2) For the system (2.28) of type (I11*),,, .1, B — p2 — A21(a— p2) L A1z and v — py — Az1(a— p2)Ais
are matrices of rank 1. They are expressed as

B—pa— Asi(a—pa) " Ay = Eamp, ¥ — p2— Asi(a — p2) A1z = &3 (5.34)
with column vectors &2, &3 and row vectors n2,m3 defined by
[Trzi (B — 1)  TTha (8 + ok — p1L = p2)

(n2); =

(§2)i = (p2 — ﬂl)m,

szl(ﬁkz - p1) _
szl(PQ - ak)’ =1

This lemma is proved using partial fraction expansions as the case of type (I), and types
(IT)2p, (III)9p41. Assume that the system (III%)y,_ is given as in our canonical form of Theorem
2.5. By Theorem 4.2, the Katz operation (5.31) for (III*)y,—1 gives rise to the Okubo system
(x —T)LW = AW where

HZ;&j(Bj - /Bk:) 7 (5‘35)
&3 =

o 0 Aqg Ars
0 p2 2 73
AT = _ . 5.36
Asi(a+an—1)(a—p2) ™" (p2+an-1)8 B—an_1— p2 Ags (5.36)
Azi(a+an—1)(a = p2)~" (p2 + an-1)& Asz Y~ On-1— P2
Renaming the characteristic exponents of (5.36) as
az(?n) =a; (1<i<n-—-1), ag") = pa,
B = B —py—an1 (1<i<n), (5.37)
,7(271) =7 — Qn—-1 — P2, Pan) = —Aanp-1, pgn) = pP1,

we see that A™¢ is in the canonical form of type (II*)y,. Similarly, applying the Katz operation to
the canonical form of (II*)sy,, we obtain the canonical form of type (II1*)gy,41.

Case IV: The Okubo system of type (IV)g is constructed by
(IV)s = add,,,.0) © MC_c_p 0 add ) (ITT)s. (5.38)

One can directly verify that the the canonical form of type (IV)g is obtained from the canonical
form of type (III)5 of (2.18) by choosing £ and 7 appropriately.

Case IV*: The Okubo system of type (IV*)g is constructed by
(IV*)G = add(0707p1) (e} HlC_c_p1 (¢] add(0,0,c) (HI*)5. (539)

One can directly verify that the the canonical form of type (IV*)g is obtained from the canonical
form of type (IIT*)5 of (2.33) by choosing ¢ and 7 appropriately.
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5.2 Recurrence relations for the connection coefficients of Yokoyama’s list

In what follows we prove our main theorems in Section 2 using recurrence relations for the connec-
tion coeflicients. Before the proof of the main theorems, we give a simple remark concerning the
symmetry of Okubo systems.

Lemma 5.4. Assume that the Okubo system (1.2) is obtained by conjugation from an Okubo system

(z — T)%Y = BY (5.40)

as
A=Ad(D)B=DBD™', D=diag(Dy,...,D,), D;€GL(n;,C) (i=1,...,r). (5.41)

Let C{;‘» and Cg (1 < 4,5 <) be the connection matrices for the canonical solution matrices of
(1.2) and (5.40), respectively. Then we have

Cfi=DiCiDy' (6,5 =1,...,7). (5.42)

In the context of the Okubo system in Yokoyama’s list, we apply this lemma to analyze how
the connection coefficients transform under the permutation of characteristic exponents.

Case I: We determine the connection coefficients (Ci2); = (C(n))i and (Co1); = (Cé )) for the
canonical solution matrix ¥ (z) of the Okubo system (I), in the canonical form (2.7).

Recall that the Okubo system of type (I), is constructed inductively by the Katz operation
(5.4). Hence, by Proposition 4.3 the canonical solution matrix ¥(™(z) of type (I), is obtained
inductively in the form

T (1) = GQ(z — t1)P T~ P ((x — t1) ™) (2)) SGR™, (5.43)
where R = (R(11), R(12), R2). Also, by Theorem 4.4 we obtain the recurrence relations for the
connection coeflicients C’Z-(nH) and Dl(nH) (i=1,...,n—1) as follows:

(C(n+1)) (C Y = —e(L(p+ an))(ta — t1)~"— F(1+p—az(")) O(n)r( alm —p—ay+1)
T — 5 n 2~ U i
" (2 ’ r(1—a™ —a,) Pl +1)
— e(L(almtD) _ D St o T+ o™ — o) Pl +1) )
= 6(5( Pr+1 N(t2 — t1)Pnr (nt1) (nt+1) (n) (Ci2")i
P +ppp’ —a; ) Dlan” +1)
(n) (n) _
n mc - a Fp+an_an n F(a' P)
(CHV), = (O3t = e o+ an)(ta — tyyron LTI 00 ) oy 20— P
I(—ap’) Do +an)
(n+1) (n+1) (n+1)
_ n (n+1) _ (n+1)F(—Oé 1 ) (n) F(04~ (079 )
= o(FHal Y = pIE (k2 — t) o S (Og)
2 +1 F(_a%nﬂ)) 2177 P(a§n+1) - ngll))
(5.44)

(n)

Therefore, using these relations we can completely determine (C'g))l and (C5;)1 in terms of the

gamma function, if we know the initial data (Cg))l and (C’g))l. The other connection coeflicients
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(C’fg))i and (C’gll))Z are obtained from (Cg))l and (C’gf))l by using symmetry of the Okubo system
and Lemma 5.4. In the following we denote by o7’ (resp. afj) the operation which exchanges the
parameters o; and «; (resp. (; and ;). Then the matrix A of the canonical form of type (I),

satisfies
A= Ad(D)(a?jA), D = diag(S;;, 1) (5.45)

where S;; is the permutation matrix corresponding the transposition (ij) of matrix indices. From
(5.75), applying Lemma 5.4 to B = o{;(A) we obtain

Cia = 51i07;(C12)S15, Ca1 = 07;(C21)S1;- (5.46)

Therefore we obtain the other connection coefficients as
O = of(Co,  (CS)i = o(Ci N, (=1 -1 5.47
(C19")i = 01;(Cra' )1, (Co1')i = 01i(Coy )1, (i RN )- (5.47)

The connection coefficients (CS))l and (Cg))l for the Okubo system of type (I), are computed
as follows. Firstly, the equation and the solution of the rank 1 case are given by
d v < aj B

Y = x_t1+x_t2>y, Y(z) = (z —t1)* (z — ). (5.48)

Then the canonical form of Okubo system (I), is given as a conjugation of (5.2). The monodromy
matrices MC)(e(a1),e(31)) are given by

_ (elar) e(az —p1) =1 _ 1 0
Ml‘( 0 1 ) My = <e<pl><e<a1—m>—1> e<a2>>‘ (5.49)

Then the coefficients TF) and réz) are computed as

rP = (4, — )2 P Blog — prop1 + 1), 8 = (g — p1)(ta — t1)* P By — p1,p1 + 1) (5.50)

From r%Q)and T'é?), we obtain the connection coefficients (C'g))l and (Cg))l:

@), _ (elaz—p) —1)r}?
Gl =" -1 @
1 6(051 — pl) -1 (tl — t2)a2—p1 F(O[l — pl)F(ag + 1)
ag—p1 elar)—1  (tog—t)r=P,1 (g — p1)T(a1 + 1)
— (=) (t1 — to)P2—™ T(—an)(as + 1)
2 ta =) T(1+ p2 — a)L(1+ p1 — 1)
r? e e(ag — p1) —
() ="2; (m)(ega; _pll) 1)
51
_ (el =) T(zag)l(on +1)
27ty — t2)*2=P1 Do — p1)L (e — p2)’

(5.51)
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Therefore we can obtain (C( )) from (Cgf))l as follows:

(b1) (k1) o (BHD)
n - ) _ okt (1 + -« N +1)
(052 1 _ 2 H % (k+1) p(k+1)))(t2 _ tl)pk+ ( 1 ) gy

k
+ T(1+ pgj:l) - a(k+1)) r(a® +1)
(tl — t2)/’z -y

(n) _ (n)
F(_a(”)) ( (n) + 1) F(l + Xk )
() () 1 (n) (n)
(to —t1)r2 " Hk L+ py, )
(5.52)

()
1

(n) (n)

=(—1)"e(%(pd" — i — alM))

The connection coefficient (Cgf))l is obtained in the same way. Furthermore, exchanging agn), al™

we obtain (C’fg)) and (Cgf))l. This completes the proof of Theorem 2.7.

Cases Il and III: Keeping the notation of Section 2, we consider the Okubo system of type
(I1)9,, or (II)2,41, and set m = n or m = n + 1 respectively. We denote by W™+ (z) =
(Y1(x), ..., Ymin(x)) the canonical solution matrix of rank m + n.

We determine the connection coefficients (C12);; = (an-m))ij and D;; = Dg”rm) for Wm+n) ().
From Theorem 4.4, we obtain the recurrence relations

[(p2 + by — ai)c(_zn) L'(8; — p2)
F(—O&i) i F(/Bj + C)

C2 — (CT151))i5 = (L (pa + ba))(t1 — t2)2 e

n— 2n 2
(l(ﬁ@") (Qn)))(t 4 )/87(12n> (2n) F( (2 1)) (2n7 (ﬂ( )l TL))
2 P1 1 2 F( (Qn)) ij (ﬁ(Zn (2n))
(2n) _ 1 —prbyy LA +p2 =) SenI(eg—p—bu1+1)
D — _p(=L _ P2—0n—1 D::
j (C(Ql)l)lj ( 2 (02 + b 1))( 1 t2) 1—\(1 — Bi — bnfl) 1j F(aj + 1)

(2n) B(2n)I‘(1+5(2n) B(Qn)) (2n—1) F( (2n)+1)

F(]. +p 2n) 5(2n ) ij F(a§2n—1) + 1)’

—e(F (B2 — pPP))(ty — ta)

(5.53)

(2n1) | (2nt1) I'(l+ aiiffq) - a§2n+1)) (2n) F(ﬂj(»znﬂ) +1)

nt1 N,
2n+1 2n+1 z 2n ’
D1+ pP" ) — a0y 79 (P 41

(2n+1)_p(1271+1)F(_Bi(2n+1)) (2n) I'(a (2n+1) aiiﬁfrl))

@n+l) _ —1, (2n41)  (@n+Dyy, o yal @
Dy; = e(F (an4q P ) (ta — tq)%n+ (30 ij (§2n+1) D)

2n+1 2n+1 2n+1 o
OO = —e(S (@l = ) (2 — 1)

(5.54)

m+n) .

Therefore using these relations, we can completely determine C( ") and D( in terms of

the gamma function, if we know the initial data C’( ) and Dgl). The connection coefficients CS)

and Dgl) for the Okubo system (5.2) of type (II), are given as follows.

(th —t)" " T(=a))l(fr+1)

(tg = 1)1 =P I'(B1 — p1)I'(1 = o1 + p1)
(g —t)m ™" T(=p)l'(a1+1)

(t1 — t2)P1=P1 D(oq — p1)T'(1 = B1 — p1)’

O = —e(4)

(5.55)

DY = —e(%)
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Therefore we can obtain C’Y{Hrn) from C'ﬁ)as follows:

(2k) (Qk) 1
cem — (_pyn-t (A(alZED _ k=D | g _ (o) (ty — t2)Px
1 — He § P1 +/8 Pl )) (2k—1) _ (2k—1)
(tz - tl)o‘k

Pl F(—ag%—l))pwg?k) EEDN F(1+p§2’“ ) _agzk 1)) (5§2k 2)+1) 11
= (et [~ ) ijpij r(ﬁ?(;‘; + I)T(—ag:))
(t2 —t1)" 1Y + Hr(—al®)
i F(ﬁil:)—ﬁ,g;))r(ur Z: 11)) (g - 1)))08)
i DB = pi ) T(1+ py o)
RSR N S
tz—t)s™ 2 O+ o R

P F(l + pg n) + ngn) . a§2n) . 6}&271)) F( ;271) + CY](fn) ngn) . ngn))

(5.56)

The connection coefficients Dﬁ”),cﬁnﬂ), and Dﬁnﬂ) are obtained in the same way. Fur-

thermore, the other connection coefficients C(m+n), and D(m+n) are derived by Lemma 5.4 and

operations o . For o, 01 i the canonical form of type (H)gn and (III)g,41 satisfies the rela-

]7
tions

A= Ad(D)ofi07(A) D = diag(Sui, S1j)- (5.57)
By taking account of Lemma 5.4 and (5.57), the connection coefficients (C’gﬁn))zj and (CéTJrn)),-jare
given by

(O3 ™) = ooy (Ci)a, (C5 )i = 000 (Cra)n. (5.58)
This completes the proof of Theorem 2.8.
Case IV: The canonical forms of type IV is given by the operation

(IV)6 = add,, ) © MC_p,—c © add . g (I115). (5.59)

Using the connection coefficient of type (III)5, we can completely determine (Cfg))ll for (2.18) by
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the following computation:

L1+ p3 — 041)(0( N ['(Br—ps—c+1)

(C3911 = (Ci5)11 = —e(b(ps +0))(t2 — tr) 27

'l—ay—c (B +1)
_ 3—a4r(1+a4 _(Xl) F( )
= —e(3(aq — p3))(ta — t1)” T+ ps —a1) (Ci2)11 F( O
— 3*O£4F(1+a4_a1) F(B( ) (tQ _tl)a
o e(%(a4 —p3))(t2 —)? L1+ p3 —aq) F(ﬁ%) +1) (ty — ta)Pa=Fs (%(pg ~on = Ao
L(—a)l (B + 1) ITi . T(B1 — Br) I DL+ g — o)
LA+ p1—a)l(1+p2 — a1) Hi;ﬁl L(B1+ar + a4 — p1 — p2 — p3) Hi;ﬂ P(1+p1+p2+p3— B — o1 — ay)
ol (t2 — 1)~ ['(—a)l'(B1 +1)
= 6(2( aq 61)) (tl _ t2)p3—ﬁj I‘(l +p1— Ozl)F(l + po — Oél)F(l + p3 — al)
[T T(B1 — Br) [Tho T+ ke — )

HZ¢1F(51+0%+0¢4—P1 — p2 — p3) Hi¢1F(1+P1+P2+P3_Bk —ay —ay)
(5.60)

As in the cases of types II and HI we determine the other connection coefficients by Lemma 5.4

and operations ow, . For o}, 012, the Okubo system (2.18) satisfies the relations

A = Ad(D)o$0b(A) D = diag(Sy;, S12), (i =1,2,3). (5.61)

By taking account of Lemma 5.4 and (5.61), the connection coefficients (C12)5 (1 = 1,2,3;5 = 1,2)
are given by

(Crz)ij = oior;(Crz)un. (5.62)

Although the system (2.18) is not symmetric with respect to (i, as), for the operation o it
satisfies the relation

A = Ad(Dfy)o1,(A4) (5.63)
where D¢, = diag(dy, ..., ds)diag(S14, I2) is the matrix defined by
2
dy = [J (o1 + a2+ Br — p1 — p2 — ps)(ar + as + B — p1 — p2 — p3),
k=1
2 2
dy=—[(ar +as+Br—pr—p2—ps); ds=—[[(ar+az+pBe—p1—p2—p3), di=1,
k=1 k=1
3 3
ds = [J(er+ox+B1—p1—p2—ps), ds=]](c1+ox+B2—p1—p2—ps).
kA1 kA1
(5.64)

Therefore the connection coefficient (C12)41 is derived by
(C12)41 = ds0y(Cr2)11dg " (5.65)
Since Ch9 = Uf2(012)512, we obtain

(Cr2)1; = 015 (d1o§y(Cr2)11dg ). (5.66)
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The other connection coefficients (Cy1);; of type IV are computed similarly.

Case I*: We consider the Schlesinger system of rank 1 and its solution defined by

n n

dy S -y Y() = [t (5.67)

de~ T — t,
k=1 k=1

Then the Okubo system of type (I*), is constructed by mc,, and its canonical solution matrix is
expressed in the form I*(Y (x))R™!, where R = diag(r1,...,7,). The components of the diagonal
matrix R are computed as

n
. o du
o=l =607 [ = Tl 2
¢ k=1
(n) (n) (n)_ (m du
= Jim (@ =) [ (@ T el 2 (5.69)
i k=1
(n)_ (n) ~ n
= JI -t "B —p o™ +1).
k#i,1<k<n
Therefore the connection coefficients Cj; are obtained as follows:
50>
o _ el elay —p) =D
" e(a;) —1 T
. t: — 15 )P (=) (a; + 1
6(%) Hk#l,lﬁkﬁn( z k) ( al) (Oé] + ) (Z <]) (569)

[kjacren(ti = te)* P Tleg — p)T(1 + p1 — i)
o(=£1) [z 1<han(ti — i) =7 I(—a;)l(aj +1)
[izjicnan(ti = te) =71 Ta — p)T(L + p1 — i)

This completes the proof of Theorem 2.10 .

(i>7)

Case IT*,IIT*: Recall that the canonical form of the system (IIT*)s is constructed by the middle
convolution mc,, for the differential system
d

Y ( ©« L P,

% - :E—tl l‘—tQ $—t3

) Y, Y =(z—t)%z—t2)(x —ts)". (5.70)

Since the Okubo system of type (III*)3 is equivalent to the Okubo system of type (I*)3 up to con-
jugation, the connection coefficients in this case are directly computed. The connection coefficients

(Cg))n and (Cg))l are in fact given as

t1 — to)P1TP2—1—Y
(Cfg))ll = —6(%(;)1 4+ p2—ag — 61 _ ,y))i 1 2)

to — t1)Prtr—pi—p2

5.71
(tl _ t3>p1+p2—0c1—,31 F(—Oél)r(ﬁl + 1) ( )
ty — 13 L'(1+p1 —a)l'(Br — p1)
) t1 — ta)Prtp2—on—p1
(Cg))l =—(y—p1) 16(%(,01 +p2—oq —f1—7)) ((;3 _ ;1))61—1—7—;71—92 (5.72)

<t1 _ t2>p1+pz—a1—“f F(—ai)r(’y 4 1)
t3 — to I‘(1+p1 —Oq)F(’y—pl)
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Using Theorem 4.4, the connection coefficients (C}Qnﬂ)) and (an+1))1 of (IIT*)op4+1 are
computed as follows:

2n+1 n— L 2k+1 2k+1 (2k+1) _ <2’~'+1> 2k 2k (2k) _ (2K)
(€5 = (1) [ eR B3 Y — P (1 — t2)P% e(L(al™ = pP))(ty — t) o
k=2

2k+1 2k+1 2k+1 2k 2k 2k
ﬁ o) LT - B D+ — o) TE 41 o)
- §2k)) I‘( (2k+1) (2k+1)) F(1+p(2k) §2k)) F(5§2k_1)+1) 12
n n (2n+1) (5) (2n) _ (4>
=<—1>“*le<é< PP 1 B )e (R (—pP™ + af)) (b — ta) T (1 — ) e
2n+1 2n n 2k+1 2k+1 2k 2k
(a0 + )H LEY - B DL+ 0 — o) o)
12
F(—aﬁg))F(ﬁf’)—Fl) Pt ( (2k+1) (2k+1)) F(1_|_p(2l~c) a(2k))
(2n+1> (3)
n on+1 on 5 4 3 (t1 —ta)™P1 8
= (—1)"e(&(—pP — o2 4 5 alh — ) T
(tg—tl)pl tp1 oy
pErAD g pand ) (ntl)  g(2nt1) " "
t—ts e A D(—a (s + 1)
t2_t3 F(1—|— (2n+1) g2n+l))F(B£2n+l) _p§2n+1))
n F( §2n+1) - }E:2n+1)) F(l +a§€2n+1) _ag2n+1))

H 1—\(5§2n+1) + al(fn—&-l) . pg2n+1) . p;2n+l)) F(]. + ngn—Q—l) + pg2n+1) o a§2n+l) . ](62n+1))

k=2
)(tl _ t2)01+02—041—"/ t, —t3 p1t+p2—a1—p1
(t — )t Nty —tg
F(—al)F 1 —|— 1 H Bk) F(l + o — 061)
(14 p1 —ay)l F51+Oék—pl p2) (1 + py + p2 — an — Bi)

=(—D"e(5(p1+p2—a1—P1—~

(5.73)

(2k+1) (2k+1) k k k
(0(2"“) _ - H t —to\ Pk (%(5(2 +1) pgz +1)))F(—a§2 +1)) T (kD) 4 1)
13 ts3 — to F(-O{?k)) F(7(2k§) + 1)

oLl _ 0y e DL+ 0™ — ) DHEN +1)
2\ 1 F(1+p(2k) §2k)) F(7(2k—1)_~_1)

(Cu

1 Grin_o (1~ t 8

= (el Y B o - ) (32
D7D + 1) D(=af®™* V) P(L+ o) — oY) (%)

I(v® +1) F(_ag4)) ey p§2n+1) N pg2n+1) _ a§2n+1) _ 5£2n+1)) 13 /11
= (=D e(5(pr 4 p2 — a1 — f1 — 7)) (tr — t3)P T2 Oty — )1t Pme

t— 2\ Dy 4+ 1) (—ay) [T+ g — o)
<t3—t2> D(14p1— 1) [T T4 p1 + p2 — o1 — Bi)

(5.74)

The connection coefficients (C2);; and (C43); for other i, j are derived by Lemma 5.4. Then the
matrix A of the canonical form of type (I11*)q,1 satisfies

A= Ad(D)ofiol;(A), D = diag(Syi, S1j. 1) (5.75)
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From (5.75), applying Lemma 5.4 to B = a‘fgalﬁj(A) we obtain
C1a = S150507;(C12) 815, Cis = Si0507;(C1s). (5.76)
Therefore the connection coefficients (C12);; and (Ci3); are given by
(Ci2)ij = Cf?io’fj(cw)n, (Ci3); = 01;(Ci3)1- (5.77)
The other connection coefficients of type III* and connection coefficients of type II* are computed
similarly.
Case IV*: The canonical form of type IV* is constructed by

(IV*)G = add(0707p1) (e} HlC_c_p1 (¢] add(0,0,c) (HI*)5. (578)

The connection coefficients (C12)11, (C13)11, (C23)11 are directly computed from the connection coef-
ficients (C’Z-j)g‘? of type (IIT*)5 by Theorem 4.4. The other connection coefficients can be determined

by combining Lemma 5.4 and the operations o, UfQ; o]y. For oy, 01%, the Okubo system (2.33)
satisfies the relation

A= Ad(D)o$h0%,(4), D = diag(S12, S12, I). (5.79)
For o7,, the Okubo system (2.33) satisfies
A= Ad(DV)o,(A), (5.80)
where D7 is the matrix given by
D7 = diag(h111h121, ho11hea1, —hi11h211, —hia1hao1, hiiihioihoiiheor, 1)diag(la, I2, S12). (5.81)
With these relations, the other connection matrices are determined by Lemma 5.4 as follows:
Ci2 = 512‘0%015]-(012)51]', Ci3 = S1507;(C13), Ca3 = Sliaﬁ'(cés)’

-1
hi11h 0 h111h121ho11hoo1 O
013:< 111121 >0_’1y2(013)512< 111121 h211 1221 ) ’

0 hoirtheo 0 1 (5.82)
—1
. —h111h211 0 ~y h111h121h211h221 0
Cas = < 0 —h121h221> 912(C23)S12 ( 0 1> '

This completes the proof of the main theorems.
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