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Abstract

In this thesis, we reveal two classes of the hidden quantum mechanical supersymmetry in
the higher dimensional free Dirac field, the N' = 2 and the N-extended supersymmetries.

The standard model is one of the most successful theories which describe the nature.
On the other hand, there are still reminded mysteries. The extra-dimensional theory is
one of the great candidates of the beyond the standard model. In order to reproduce the
standard model, it should be revealed that what symmetry controls the spectral degeneracy
of the theory and the profile of the mode function.

We show that there exist the two hidden quantum mechanical supersymmetries, the
N = 2 and the N-extended supersymmetries, in the KK decomposition of the higher
dimensional Dirac field. The supersymmetries control the degeneracy and the profile. The
first one, the N' = 2 supersymmetry ensures the existence of the chiral partners in the
4D spectrum. That hidden symmetry always exists because its existence is equivalent to
the existence of the higher dimensional theory. On the other hand, there typically exist
additional isospectral pairs in the 4D spectrum of the higher dimensional free Dirac field.
The second one, the N-extended supersymmetry represents the additional isospectral pairs
in the 4D spectrum. We stress that the two hidden symmetry control the degeneracy of
the spectrum and the profile of the mode functions. However, in contrast to the N' = 2
supersymmetry, the existence of the N-extended supersymmetry deeply depends on the
boundary condition of the theory. We will demonstrate the correspondence between the
hidden supersymmetry and the isospectrality on the 4D spectrum in several explicit models
after discussing the boundary condition consistent with the theory.
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Chapter 1

Introduction

1.1 Extra-dimensional theory as the beyond standard
model

By discovering the Higgs boson in 2012 [1, 2], the standard mode (SM) that is a four-
dimensional (4D) non-Abelian gauge theory established as a successful model describing
the nature below the TeV scale. The high energy experiments have increased the plausibility
of the SM. For example, the experimental value of the electron’s g-factor matches to the
theoretically predicted value with the extraordinarily high accuracy of ~ 10712 [3].

In spite of the great successes, there still remain mysteries in the SM and the particle
physics. We focus on the three mysteries.

The first mystery is the generation problem. The SM is a non-Abelian gauge theory
with three generations of quarks and leptons. That is, there are three copies of quarks and
leptons in the theory which have exactly the same interaction with the gauge fields. In
order to realize experimentally verified CP violation, there should be three generations at
least [4-6]. However, the SM could not answer the question; why is not the high generation
but the minimal generation realized? This is called the generation problem.

The second mystery is the fermion mass hierarchy problem. There is a huge hierarchy in
the quark’” masses even though they have exactly the same interaction with the gauge fields.
Especially, the ratio of the masses between the top and up quark m;,/m,, is approximately
10° [3]. The fermions obtain the masses by the Higgs mechanism (we briefly review in
Section 1.3). Therefore, such the huge mass hierarchy comes from the huge hierarchy of
the Yukawa coupling constants which are dimensionless coupling constants. The ratio
my /m,, is almost the same as the ratio of the masses between a mosquito and an elephant.
It is unnatural that there exist such the huge hierarchy in the theory. In the SM, the Yukawa
coupling constants are the free parameters of the theory. Hence, the reason is not explained
in the SM. This is called the fermion mass hierarchy problem.

The last mystery is the chiral asymmetric problem. Namely, the left-handed and
right-handed quarks and leptons interact with the SU(2); gauge fields differently.! The

! The left-handed quarks and leptons belong to the fundamental representation of the SU(2); gauge fields,
but the right-handed ones belong to trivial representation. Therefore, the right-handed quarks and leptons do



reason is, also, not explained in the SM.

In addition to the problems, many problems remain in the standard model. A lot of
models have been proposed so far to solve them.

The models [7, 8] with two hidden spatial directions with the solitonic background
will generate chiral 4D theory effectively. If the magnetic flux pierces through the T2
and S? which are the hidden direction, the three generations can appear [9—11]. If the
background space-time equips the exponentially decaying metric (warped metric), the
theory will naturally obtain huge hierarchy [12]. The orbifold space-time can generate the
chiral 4D theory effectively also [13, 14].

We should stress that these models aiming to solve the problems are defined on the
higher dimensional space-time. Such the theory is called the extra-dimensional theory.
In the extra-dimensional theory, the extra-dimensions are compactified, and the standard
model appears as the low energy effective theory. We could not verify the extra-dimension
directly because it is compactified with a tiny scale.

The super string theory which is a great candidate for the “Theory of Everything”
predicts the higher dimensional space-time [15, 16]. Therefore, such the extra-dimensional
theory is interesting from the bottom-up approach for the “Theory of Everything”.

1.2 Kaluza—Klein decomposition

The extra-dimensional theory is defined on the higher dimensional space-time more than
4D. The field appearing in the higher dimensional theory depends on the extra-dimensions
which we refer to the internal space. On the other hand, the SM is the 4D theory, and
we recognize only the four dimensions (including time and space). Therefore, we need
to remove the internal space dependency from the higher dimensional fields to obtain the
theory depending on only the 4D space-time. We note that it is not enough restricting
the field on the 4D hypersurface because field is profiled globally on the internal space in
contrast to point particle.

In this section, we briefly review the Kaluza—Klein decomposition which is the method
to obtain the 4D effective theory from a higher dimensional theory. We would like to point
out that it is important to reveal the hidden symmetry in the Kaluza—Klein decomposition.

The Kaluza—Klein (KK) decomposition is a method of removing the dependency of the
higher dimensional field on the internal space. Roughly speaking, the KK decomposition
is the Fourier expansion of the higher dimensional theory. Here, we demonstrate the KK
decomposition of the d-dimensional scalar field.?

Given a scalar field ®(x, y) on a space-time M* x Q where M* is the 4D Minkowski
space-time and the Q is a d-dimensional internal space. We denote x* (u = 0, 1, 2, 3) as the
coordinates of the 4D Minkowski space-time M% and y = yy, .. ., y4 as the coordinates of
the internal space Q. The scalar field satisfies the d-dimensional Klein—Gordon equation,

(=0 — 07 + M*)®(x,y) = 0,

not interact to the SU(2);, gauge fields.
2 We will strictly define the symbols in after chapters.



where M is mass of the scalar field ®(x, y). Supposing that the internal space is compact,
there exist harmonic functions h(”)(y) (n=0,1,...) which satisfy,

(=02 + MHR"(y) = m2h ") (y)

where m,% (0 <myg <my <... wheren =0,1,...) are the eigenvalues of the equation.
Supposing that the harmonic functions are complete, one can expand the higher dimensional
scalar field ®(x, y) as

O(x,y) = > ¢ ()R "(y)

n

where ¢ (x) are the expansion coefficients depending only on the 4D coordinate x*. We
obtain the 4D equation of the coefficients as

(02 +m2)g" (x) = 0

because of the harmonic functions satisfying the eigenvalue equation. It implies that the
expansion by the complete harmonic functions reduces the higher dimensional scalar field
®(x, y) into the infinite 4D scalar fields ¢")(x) with mass m?.

If appropriate harmonic functions exist, we can remove the dependence on the internal
space form the higher dimensional field in the same method. The method is called the KK
decomposition. The harmonic functions are called the mode functions. And, we label
the mode functions by n. We call the modes with nonzero mass (m,, # 0) as massive KK
modes and the modes with zero mass (m, = 0) as massless KK modes.

The eigenvalues m,, of the KK modes may be understood as the 4D masses. The mass’
scale is approximately the same as the inverse of the scale of the internal space. We note that
the scale of the internal space is taken to be much small. Therefore, the KK modes typically
have huge masses except for the massless KK modes. Thus, the massive KK modes will be
decoupled from the massless KK modes. Namely, after the KK decomposition, naively,
the 4D theory is constructed by the massless KK modes effectively.

It implies that the degeneracy of the massless KK modes results in the generation in the
SM. We emphasize that there exists massless KK mode(s) even if the higher dimensional
field has nonzero mass (e.g. scalar field ®(x, y) with mass M) because the massless KK
mode(s) corresponds to the “bound state” of the eigenvalue equation. That is, the high
dimensional theory has the possibility of solving the generation problem as the degeneracy
of the spectrum.3

Surprisingly, they pointed out that there exists a hidden N = 2 quantum mechanical
supersymmetry in the KK decomposition of the higher dimensional gravity and gauge field in
[17].# Itis also known that there exists a hidden N' = 2 quantum mechanical supersymmetry
in the KK decomposition of the five- and six-dimensional Dirac field on the simple shaped

3 We note that the bound state corresponds to the “geometry” or “topological quantity” of the theory, e.g.,
the de Rham cohomology. Such the higher dimensional theory gives an interpretation of the generation
problems as a “geometric” or “topological” problem.

4 The symbol N implies the number of the supercharges, e.g., N = 2 supersymmetry contains two
supercharges generating supersymmetric transformation.



internal space [18—20]. We call it a hidden symmetry because supersymmetry does not
appear explicitly in the action. Nonetheless, it should be emphasized that supersymmetry
controls 4D spectrum.

We should discuss symmetry to solve the generation problem because spectral degener-
acy is generally controlled symmetry. For example, the symmetry group SO(3) (isometry
of §?) characterizes degeneracy of the spherical harmonic functions. It is natural that the
degeneracy of the 4D spectrum can be controlled by (hidden) symmetry.

The previous studies imply the importance of revealing the hidden symmetry, especially
in the Dirac field. We note that the study on the Dirac field had been achieved in a heuristic
way. And, the symmetry hidden in the general dimensional model is not known. For the
above reasons, in this thesis, we focus on the hidden symmetry in the KK decomposition of
the higher dimensional Dirac field.

1.3 Higher dimensional Higgs mechanism

In the extra-dimensional theory, the Higgs mechanisms will be modified a bit. In this
section, we briefly review the higher dimensional Higgs mechanism.

Before discussing the higher dimensional Higgs mechanism, we review the ordinary
Higgs mechanism.

In the SM, quarks and leptons are introduced as Weyl fermions without mass terms in
the Lagrangian. That is, quarks and leptons are massless in principle. And, they acquire
the masses through the Higgs mechanism with the Yukawa coupling terms. We briefly
review the mechanism in a simple model.

Roughly speaking, the Higgs mechanism generates a mass term of the fermion with
mass m = gv where g is a Yukawa coupling constant and v is a vacuum expectation value
(VEV) of a scalar field. Given a 4D Dirac field ¥/(x) and a 4D real scalar field ¢(x). We
consider the action with a Yukawa coupling term,

/M4 dx Y (x)iy" O (x) + gp(x)g () (x),

where g is the Yukawa coupling constant. We emphasize that the Dirac field is massless
(there is no mass term).
We suppose that the scalar field ¢(x) has a nonzero VEV,

(p(x)) = v,

and, we expand the scalar field around the VEV,

p(x)=v+...

Substituting the expression into the action, one finds that the Dirac field acquires the mass
term,

/M4 dx lﬁ(x)iy"@ﬂg[/(x) + gur (X)W (x) + ...



We note that the scalar field called the Higgs field acquires the nonzero VEV through the
spontaneous symmetry breaking in the SM.

In the higher dimensional theory, there are two mechanism acquiring masses. The first
one is the KK decomposition. As we mentioned in the previous section, the n-th KK level
acquires masses whose scale is approximately the inverse of the internal space’ scale. The
second one is the higher dimensional Higgs mechanism which is slightly different from the
4D Higgs mechanism. We explain it with an example model.

Given two higher dimensional Dirac fields W, (x, y) (k = 1, 2) and a higher dimensional
scalar field ®(x, y) on the higher dimensional space-time M* x Q. For simplicity, we
consider the higher dimensional Yukawa coupling term only,

/ dx / dy g D(x, y)¥1(x, y)¥a(x, y) .
My Q

We suppose that the higher dimensional fields are expanded as,

®(x,y) = ¢(x)h(y) + higher modes,
Wi(x, y) = Y (x)fr(y) + higher modes,

where fr(y) (k = 1,2) and h(y) are the mode functions. The coeflicients ¥ (x) (k = 1, 2)
and ¢(x) correspond to the 4D fields. Let us substitute these expressions into the higher
dimensional Yukawa term,

/M dx /Q dy g D(x, )P (x, y)¥alx, y) = /M dx gand(x )i () (x) + higher modes.

One finds that the higher dimensional Yukawa coupling term becomes into the mixing 4D
Yukawa coupling term with a Yukawa coupling constant gsp after integral out dependence
on the internal space. We emphasize that the 4D Yukawa coupling constant g4p is
proportional to overlap integral (or convolution) of the mode functions,

gin = ¢ /Q dy k) OVFi(y) -

Therefore, the 4D mass not only depends on the value of the VEV of the scalar field but
also depends on the profile of the mode functions in the higher dimensional theory. We
call this mechanism as a higher dimensional Higgs mechanism, that is, the mass acquiring
mechanism through the Yukawa term with profile depending Yukawa coupling constant.

The 4D Yukawa coupling constant is almost the overlapped area of the mode functions.
If the overlap between the functions increases (decreases), the 4D mass increases (decreases)
(see Figure 1.1). Especially, the localized profile can generate the huge hierarchy on the
4D Yukawa coupling. It implies that the higher dimensional theory has a potential to solve
the fermion mass hierarchy problem because the theory can generate the mass hierarchy
from the theory that there is no hierarchy in the Yukawa coupling constant(s).

We note that the symmetry also controls the profiles. For example, the symmetry
group SO(3) (isometry of §?) completely determines the profiles of the spherical harmonic
functions. It implies the importance of revealing the (hidden) symmetry for solving the
fermion mass hierarchy problem.
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Figure 1.1: The schismatic illustration of the overlapping integral of localized
mode functions. The overlapped area of the mode functions fi(x) (k = 1,2)
and h(y) is colored by gray. The area is approximately equal to the 4D Yukawa
coupling constant. If the overlap between the functions increases (decreases), the
mass of the four dimensions will increases (decreases).

1.4 Boundary condition and its aspects

In general, the nontrivial boundary condition can generate the localized profile. The higher
dimensional theories with boundary have been studied in the context of the orbifold models.
There exist equivalent models which have internal spaces with boundaries to the orbifold
models. For example, it is well-known that the S /Zs orbifold model is equivalent to the
model which has the interval internal space. Moreover, the boundary condition generates
the 4D chiral asymmetry in the massless KK modes of the higher dimensional Dirac field
[18]. We show examples in Chapter 5.

Following the previous examples, we note the simple example which provides the
localized modes. Given scalar function h(y) defined on the interval [0, L]. We assume that
the scalar function is a solution of the equation

(=07 + MDh(y) = 0
with the boundary condition,

h(y)=0 aty =0,
(a+boy)h(y) =0 aty=1L.

We should stress that the equation and the boundary condition will be found in later chapters.
Then, the scalar function is the hyperbolic sine function,

h(y) oc sinh(My),
if the following condition holds,

asinh(ML) + bM cosh(ML) = 0.



The function Ak (y) is obviously localized.

From the viewpoint of studying hidden symmetry, it is also important to clarify possible
classes of boundary conditions. Since the spectrum of the theory deeply depends on the
boundary condition, it is natural that the hidden symmetry deeply depends on the boundary
condition. Therefore, boundary conditions consistent with theory should be revealed with
hidden symmetry.

1.5 Outline

As we mentioned in the above, it is important to reveal the hidden symmetry in the KK
decomposition of the higher dimensional field to solve the generation problem, the fermion
mass hierarchy problem, and the chiral asymmetry problem. In this thesis, we focus on
revealing the hidden symmetry of the higher dimensional free Dirac field which has very
high degrees of freedom from the viewpoint of the 4D theory.

This thesis organized as follow; in the next chapter, we clarify the properties that the
mode function of the higher dimensional Dirac field should satisfy. We note that, due to
the high degrees of freedom of the higher dimensional Dirac field, the KK decomposition
does not always provide the 4D mass eigenstates in general. By summarizing only
the most important properties that the mode function should satisfy, we facilitate the
discussion of the hidden symmetry. In prior, we briefly review the 4D Dirac field and
the 4D Weyl representation. The 4D Weyl representation clarifies the discussion and the
hidden symmetry. In our analysis, the 4D Weyl representation has an important role. In
Chapter 3, we reveal the hidden symmetry is the two classes of the quantum mechanical
supersymmetry, the N' = 2 and the N-extended quantum mechanical supersymmetry. The
N = 2 supersymmetric quantum mechanics (SQM) is introduced by Witten [21]. One of the
most significant properties of the supersymmetric quantum mechanics is isospectrality of
two quantum mechanical systems. The N' = 2 SQM supercharges ensures the existence of
the 4D chiral partners of the 4D theory. There, typically, exist additional isospectral pairs in
the 4D spectrum. We reveal the N-extended SQM hidden in the KK decomposition which
generates the additional isospectral pairs. In general, it is not trivial that the supersymmetry
is well-defined even if the supercharges satisfy the supersymmetric algebra. We should pay
attention whether the supercharges are well-defined. In Chapter 4, we discuss the boundary
condition consistent with the theory in prior introducing the explicit models. We show that
the N = 2 SQM is always well-defined with any boundary condition which is derived from
the variation principle of the action. And, we partially classify the locally given boundary
condition which is compatible with the N' = 2 SQM. We then show there exists the huge
parameter space of the boundary condition at each point on the boundary. In Chapter 5, we
consider various models to show how the hidden symmetry generates the isospectrality and
the complicated dependency on the boundary condition of the supercharges. We consider
four models which have internal spaces such as hyperrectangle, torus, cylinder, and interval.
We devote Chapter 6 as a summary.






Chapter 2

Higher dimensional Dirac action

Roughly speaking, the Kaluza—Klein (KK) decomposition is a variable separation of
the higher dimensional field similar to Fourier series expansion. If dependency on the
internal space is completely separated from the 4D space-time, the 4D theory is obtained
by integrating out the internal space from the higher dimensional theory. We note that, in
order to construct the 4D theory with the mass eigenstates, one should take appropriate
mode functions.

It is well-known that the higher dimensional Dirac field has higher degrees of freedom
more than 4D one. Because of that, in fact, the naive KK decomposition does not provide
the 4D mass eigenstates in the higher dimensional Dirac field. A question arises what mode
functions should be taken to provide the 4D action with mass eigenstates? Summarizing
the properties also advances the discussion of the hidden symmetry. In this chapter, we
clarify the properties which the mode functions should satisfy.

This chapter is organized as follows: first, we briefly review the 4D Dirac field and the
4D Weyl representation in Section 2.1. The 4D Weyl representation helps to reveal the
properties. Second, we introduce the higher dimensional gamma matrices and analyze the
properties from the viewpoint of 4D theory in Section 2.2. Finally, we introduce the higher
dimensional free Dirac action and reveal the properties which the mode functions should
satisfy in Section 2.3.

2.1 Brief review of 4D Dirac action

In this section, we briefly review the free 4D Dirac action and introduce the Weyl
representation of the 4D gamma matrices [22-24].

The 4D Lorentz group SO(1, 3) is a part of the isometry group of the 4D Minkowski
space-time M*. The Dirac field ¢(x) is a spinor of the 4D Lorentz group. The action of
the free 4D Dirac field y(x) with mass m on the 4D Minkowski space-time is given by

/M d*x g (x)(iy* 9, — my(x) . 2.1)

We take the 4D Minkowski metric as
Nuw =" = diag(=1, +1, +1, +1). (2.2)
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The 4D Dirac conjugate is given by (x) = ¢ (x)y". The symbols x* (i = 0, 1,2, 3) denote
the coordinates of the 4D Minkowski space-time. The 4D Dirac field has four-component
and the 4D gamma matrices y* (u = 0, 1, 2, 3) are 4-by-4 matrices and satisfy the Clifford
algebra and ordinary Hermiticity,

(7"} = =201y, Yy =Mt (23)
We denote the commutation [A, B] and anti-commutation {A, B} by,
[A,B] = AB — BA, {A,B} = AB + BA. (2.4)

We denote 1, by the n-by-n identity matrix. We omit the subscript » when no confusions
arise.

The spinor representation of the 4D Lorentz group which acts on the 4D Dirac field is
generated by the quadratic of gamma matrices,

i

yH = 1 Y. 7", (2.5)
for u, v = 0, 1, 2, 3. The generators y*”, off cause, satisfy the 4D Lorentz algebra so(1, 3),
Y, yP7 ] = =ig"*y" = n"Py"7 =gty 1 7Ty k), (2.6)

for u, v, p,00 =0,1,2,3.

This representation of the 4D Lorentz group SO(1, 3) which is given by the gamma
matrices is reducible. We can find the matrix distinguishing two different representation of
the 4D Lorentz group which is called the chiral matrix. The 4D chiral matrix y° is defined
as

Y =iyl 2.7)
The chiral matrix has the properties,

() =v°, (y")? =1, {(y*¥°} =0, [y*,y°] =0, (2.8)

for u,v = 0,1,2,3. The second property implies the eigenvalues (called chirality) of
y® are +1. The last property implies that the two eigenstates of the y° independently
response under the 4D Lorenz group. Hence, we can decompose the 4D Dirac field into
two fields which have different eigenvalues of y° by the projection operators (1 + y°)/2.
The eigenstate with eigenvalues +1 (—1) is the 4D chiral right-handed (left-handed) field.
It is known that the chiral fields belong the different irreducible representation of the 4D
Lorentz group. That is, the 4D Dirac field is the doublet of two individual chiral fields, the
4D left-handed and right-handed field.

We emphasize that the mass term in the action (2.1) is made by coupling of the
left-handed and right-handed field. Such the term is called as the Dirac mass term. We can
find it by decomposing the action (2.1) by the chirality,

/M d*x g (x)iy" 8, (x) + YR(x)iy" 0, r(x) — m(Ur(WL(x) + Yr(x)Wr(x)), (2.9)
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where

1-

5 1 5
Ly, ur() = —-

2

Yr(x) = ¥(x). (2.10)

Such the representation of the Lorentz group is convenient to discuss the higher
dimensional theory because the representation and the Dirac fields exist in any dimension.!
However, from the viewpoint of the 4D theory, the Dirac fields obscure the degrees
of freedom of the theory.?The degrees of freedom characterizes the physical models.
Therefore, we reformulate the 4D Dirac field by the spinor of an irreducible representation
of the 4D Lorentz group to clarify the degrees of freedom.

Such the representation of the gamma matrices is called the Weyl representation. The
4D gamma matrices in the 4D Weyl representation are given as

Y=0l®l,, yE=io? e ok, 2.11)
for k = 1,2, 3. The symbol ok (k = 1,2,3) are the Pauli matrices. The generators of the
4D Lorentz group and the chiral matrix are given by, in the 4D Weyl representation,

. i 1 N
Y =-——c?®ot, Y == Zs”klg ® ok, Y’ =-c’®1,, (2.12)
2 24

for i, v = 0,1,2,3. The symbol £/* is the Levi—Civita symbol normalized as £'?% = 1.

Thus, we decompose the 4D Dirac field into two 4D chiral fields,

W(x)=er ® p(x)+er® y(x), (2.13)

where e; = (1,0)", eg = (0,1)" and ¢(x) (x(x)) is a two-component 4D left-handed
(right-handed) field.3 Substituting the expansion into the 4D action (2.1), we find the
expression of the action by the two-component fields by,

/M d*x $(x)iTH B (x) + X (X)ic* 3y x (x) = m(B(x) ¥(x) + x (2)¢(x)) , (2.14)

where o# = (15, 0%) and 7# = (19, —%).
We note that, by the nesting rule,* the gamma matrices and the 4D chiral matrix in the
4D Weyl representation are given by the 4-by-4 matrix form,3

_ ot 5 _ [—12
o = (G# ) , y _( 12) _ 2.15)

!'We prove the existence in the Appendix A.

% The higher dimensional Dirac field has the higher degrees of freedom more than 4D one. We discuss in
the next section.

3 These are called the Weyl spinor. We note the convention in Appendix A.

auB
4 We take the nesting rule as A ® B = . . ) were A and B are matrices and aq; is the (1, 1)

component of A. We note the definition in Appendix E.
> For simplicity, we omit writing 0 in the empty components.
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The generators are block diagonalized and the component are explicit anti-symmetric,

yH =

=7 (2.16)

i (ocHogY —oVo*
oto¥ —ogVot| -

Thus, in this notation, the upper-half (lower-half) component of the 4D Dirac field is the
left-handed (right-handed) field,

W)) . 2.17)

W) = (X(x)

2.2 Higher dimensional gamma matrices

The Dirac field is characterized by the properties of the gamma matrices. In this section, we
introduce the higher dimensional gamma matrices and discuss about its property [16, 25].

2.2.1 The definition and basic properties

We can define the higher dimensional gamma matrices and discuss about the properties in
the same way as the 4D one.

We define the 2L(4+D/2]_py_ol(4+d)/2] (4 4 4)-dimensional gamma matrices 'V satisfying
the Clifford algebra and ordinary Hermiticity,

{rN, T} = —9p"M1, rorro = (rhyt, (2.18)

where N = g,y for u =0,1,2,3and y = yy, ..., yqs. The [ (4 + d)/2] is the largest integer
less than or equal to (4 + d)/2. We take the 4 + d dimensional metric as,®

nvm ="M = diag(-1,+1, ..., +1). (2.19)

The quadratics of the higher dimensional gamma matrices,

VM = e, T, (2.20)
for N, M = p,y, generate the higher dimensional Lorentz group SO(1, 3 + d) because the
quadratics T™¥ satisfy the higher dimensional Lorentz algebra so(1, 3 + d),

[TNM pN'M] NN'pMM' _  MN'pNM' _  NM'pMN' MM NNy (2.21)

= —i(n n

Such the representation of the higher dimensional Lorentz group acts on the higher
dimensional Dirac field.

In even dimensions, such the representation of the higher dimensional Lorentz group is
reducible. For even dimensions, in the same manner as the 4D one, the higher dimensional
chiral matrix I" is defined by,

r =420 3. e (2.22)

® There exist such matrices for any dimensional space-time. We show it by a formal proof and explicitly
construct by the Pauli matrices in Appendix A.
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The chiral matrix I" has the properties,
O =T, (I’ =1, {rV,r} =0, ™. 11 =0. (2.23)

The higher dimensional Dirac field is decomposed into two higher dimensional chiral fields.
The two chiral fields are the eigenstates of the higher dimensional chiral matrix I" with the
eigenvalue +1 and belong to the different irreducible representations.

For odd dimensions, any nontrivial chiral matrix such as (2.38) does not exist because
the product TV . .. T3 ... TV is promotional to the identity matrix. This reflects the fact
that the chiral field does not exist and such the representation is irreducible [16, 25-27].

2.2.2 Generators of the SO(1, 3) X SO(d) subgroup

To provide the 4D mass eigenstates, we separate the dependence of the higher dimensional
Dirac field on the 4D Minkowski and the internal space. Thus, we focus on the SO(1, 3) X
SO(d) subgroup of the higher dimensional Lorentz group SO(1, 3 + d).

The SO(1, 3) X SO(d) subgroup of the higher dimensional Lorentz group is generated
by the following generators,

Wuimwm rwzgmwm (2.24)

where 1, v = 0,1,2,3 and y, ¥’ = y1,. .., yq. These generators I'*” and I'*?" satisfy the 4D
Lorentz algebra so(1, 3) and so(d) algebra respectively,

[[*, TP7] = —i(ntPT"7 — n"PTHT — pho TP 4 g’ THP), (2.25)

[I_‘yy,’ I_‘y y ] — _i(nyy/’ryly/// _ ny/yl/ryy/’l _ nyyl//ry/yl/ + ny’y/’lryy//)’ (2.26)

where the 4D Minkowski metric 7*” and the d dimensional internal space metric 7°” are
given by,”

" = = diag(=1, +1, +1, +1), (2.27)
7 =y = diag(+1,...,+1). (2.28)

The whole metric 57y of the space-time M* x Q can be written as
_ [
NINM = . (2.29)
Myy’

According to the previous discussion, we define the 4D chiral matrix I'yp and the
internal space chiral matrix Iy, (for even dimensions) as,

Ty =il?...T3, Ty, = i4?72m | e, (2.30)

7 The 4D Minkowski metric is the same as the metric in the Section 2.1.
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which satisfy
(Tup)" = Tup, (Tup)* =1, (2.31)
(Tin)" = Tin, (i) =1. (2.32)

Thus, the eigenvalues of I'sp and I, are +1. We note that the product of these chiral
matrices are the higher dimensional gamma matrix I,

I' =Typlin = Tinlup . (2.33)

In any dimensions, the 4D chiral matrix I';p commutes with the generators of the
SO(1, 3) x SO(d) subgroup,

[C4p, T*] =0, [C4p, 1Y =0, (2.34)
and
{I'yp, TH} =0, [T4p, 7] =0, (2.35)

for y,v =0,1,2,3and y,y’ = yi, ..., yq. Therefore, there are the two individual fields in
the higher dimensional Dirac field characterized by the eigenvalues of ['sp.

In even dimensions, the internal space chiral matrix I, also commutes with the
generators of the subgroup SO(1, 3) X SO(d),

[Cin, T#] = 0, [Cin, '] = 0, (2.36)
and

[[in, TH] =0, {Tin, [’} =0, (2.37)
fory,v=0,1,2,3and y,y" = y1,..., ys. Hence, in even dimensions, we can decompose

the higher dimensional Dirac field which are characterized by the eigenvalues of the 4D
chiral matrix I';p and the internal space chiral matrix I,. These fields are differently
transformed by the action of the subgroup SO(1, 3 + d).

In odd dimensions, there is no internal space chiral matrix because higher dimensional
chiral fields do not exist. Thus, we can only decompose the higher dimensional Dirac field
respecting the subgroup into the two 4D chiral Dirac fields.

2.2.3 The degeneracy of the 4D Dirac fields

From the viewpoint of 4D theory, the higher dimensional Dirac field has the large degrees
of freedom. One can find that such the degrees of freedom appear in the KK decomposition.
In this section, we discuss one of the origins of the large degrees of freedom by taking the
representation of the higher dimensional gamma matrices respecting the SO(1, 3) X SO(d)
subgroup.

We take the representation of the higher dimensional gamma matrices respecting the
SO(1, 3) X SO(d) subgroup as,

TH = 1ga-n2) ® YH, Y=y ®9y°. (2.38)
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We note the definition of the 4D gamma matrices again.® The 4-by-4 4D gamma matrices
y# is given as,

(Y. 7"} = —20""14, Yoyry? = (T, (2.39)
for all u =0, 1, 2, 3. The chiral matrix )/5 is given as,
Y’ =iy, {y*.¥°} =0, (2.40)

The 2L9/21by-219/2] internal space gamma matrices y” satisfy the Clifford algebra and are
anti-Hermitian,

(7"} = =20 Lotapas (Y = —yY. (2.41)
The internal space chiral matrix 7y;, is defined by,
Yin = {22 e (2.42)
The internal space chiral matrix y;, has the properties,
Gi)' =%ins )’ =L, Py} =0, DPVoml=0. (243

In odd dimensions, there is no such matrix which has the properties.

The generators of the subgroup I'*” and 'Y can be written by the generators y#” and
yyy’ as,
i
4
M=y el Y= 1. (2.45)

The generators y*” and y*Y" satisfy the 4D Lorentz algebra so(1, 3) and the so(d) algebra
respectively,

Y, yP7] = =im"Py"" = "PyHT =gty + "y R, (2.46)

[’yyyl’ ’yy//y///] — _i(nyy/”yyly/// _ ny/yl/yyylfl _ nyy///’yy/yl/ + nylylflyyy//) ) (2.47)

For even dimensions, the three types of the chiral matrices which are given by the
tensor product of the 4D chiral matrix y° and the internal space chiral matrix y;,,

I = 1122 ® ¥y, v = <lyh Y] (2.44)

I'= )’in ® 75, [4p = Lyla-y2) ® 75, lhn=yn®1y. (2.48)

We should emphasize that the 4D Lorentz generators of the SO(1, 3) X SO(d) subgroup
can be identified with the 2L9/2 direct sum of the generators y*”,

yH
T = 19142 @Y =y @ --- @y = . (2.49)
. e

2L4/2] times

Eq. (2.49) implies that the higher dimensional Dirac field contains multiple 4D Dirac

fields. This is one of the most significant properties of the higher dimensional Dirac field.

The origin of such the higher degrees of freedom is the algebraic properties of the spinor
representation (see (2.44)).°

8 We introduce 4D gamma matrices y* in Section 2.1.
? We discuss the gauge (vector) field in Section A.2 to compare with the Dirac field.
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2.3 Higher dimensional Dirac action and the KK decom-
position

As we showed in the previous section, from the viewpoint of the 4D theory, the higher
dimensional Dirac field has higher degrees of freedom more than the 4D one. Because
of that, if one naively decompose the higher dimensional Dirac field, the KK modes are
not 4D mass eigenstates in general. The KK modes will have mixing mass term. In this
section, we introduce the higher dimensional Dirac action and revile that the properties of
the mode function to provide mass eigenstates.

2.3.1 The higher dimensional Dirac action

Let us consider the action of a free Dirac field on the Cartesian product of the four
dimensional (4D) Minkowski space-time M* and the flat d dimensional internal space Q
given as

S[¥, ¥] = / d*x / dy P(x, y)(iTHd, +iT7d, — M)¥(x,y). (2.50)
M4 Q

The symbol W(x, y) is the d dimensional Dirac field with mass M which has the 21(4*4)/2]
components. The Dirac conjugate is defined by ¥(x, y) = ¥'(x, y)I'". The symbol x*
(u = 0,1, 2, 3) are the coordinates of the Minkowski space-time M 4 and Y =Y1,...,Yq are
the coordinates of the internal space Q. We take the metric as

nvm = "M = diag(=1, +1,..., +1) (2.51)

where N, M = y, y. The differential operator V0, is defined as I'V9, = Zzzl oy, I*. We
note the definition of the higher dimensional gamma matrices 'V (N = y, y) again; the
ol(4+d)[2]_y ol(4+d)/2] (4 4 d)-dimensional gamma matrices I'V satisfy the Clifford algebra
and ordinary Hermitically,

(TN, Ty = —opNM7 r'rird = (rvyt, (2.52)

where N = y,yforu=0,1,2,3and y = yy,..., y4.'°

2.3.2 Representation of gamma matrices

The KK decomposition is a method of separating dependency on the internal space of
the higher dimensional field. Before decomposing the higher dimensional Dirac field, we
introduce a representation of the higher dimensional gamma matrices which is appropriate
for the KK decomposition. The representation separates the dependency on the 4d
space-time and the internal space well and clarifies mass eigenstates.

10We introduce the higher dimensional gamma matrices TN (N = y, y) in Section 2.2.
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We take the representation of the higher dimensional gamma matrices based on 4D
Weyl representation as,

M =0'®lyu ®1y, F=ic?@lyuyyect, IM=-030y ®ly, (2.53)

where k = 1,2, 3. The internal space gamma matrices y” (y = y1, ..., yq4) are defined in
Eq. (2.38). In this representation, the dependency on the 4D Minkowski space-time and the
internal space of the higher dimensional Dirac operator iI'#d,, + il"7d, — M is separated as,

(2.54)

iTHO. +il%8. — M = ((iyyay -M)®1y  1ya2 ®icHd, )
1 y = .

1yiap) ®icH0, (=iy?0y —M)® 15
The chiral matrices (if it exist) are expressed by o> and v, as,
IF=—0?@yn®ly, Tip=-0"@lyuz®ly, Th=10y,®1ly. (255

We note the 4D chiral projection operator is presented as,

1-T 1 1+T
5 D _ (0 8) ® 1514/2) ® 12, 5 D _ (8 (1)) ® 1y1a2) ® 1. (2.56)

Thus, in the matrix form, the upper-half (lower-half) components of the higher dimensional
Dirac field have the —1 (+1) eigenvalue of I'4p. Hence, after the KK decomposition, the
upper-half (lower-half) components will be the 4D left-handed (right-handed) chiral fields.

We should stress that, like 4D, the 4D chiral matrix I'4p is (block) diagonalized and
the left-most part of the tensor product characterizes the 4D chirality. In addition, the
dependency on the internal space is well separated. Therefore, by taking this representation,
it will be very clear how the 4D left-handed and the right-handed field couple and how the
KK mass appears in the KK decomposition.

2.3.3 The KK decomposition

Supposing the completeness of the mode functions, we can decompose the (4 + d)-
dimensional Dirac field into the 4D two component chiral fields ¢(x) and y(x) where
¢(x) is left-handed and y(x) is right-handed. The requirement that the 4D fields are mass
eigenstates restrict the mode functions. We show the properties which the mode functions
satisfy to provide the 4D mass eigenstates after the KK decomposition.

Using the mode functions fcg")(y) and ggl)(y), the KK decomposition of the (4 +
d)-dimensional Dirac field ¥(x, y) will be given by

Py =) > er® f7(0)® go() + er @20 (M) ® xalx) (257
Y FG) ® palx)
1 L\ (1) ® xalx)

where e, = (1,0)" and eg = (0, 1)" characterize the 4D chirality. In the second line, we note
the expansion with nesting the first tensor product. The index n represents the n-th level of

) (2.58)
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the KK modes and « denotes the index that dlstlngulshes the degeneracy of the n-th KK
modes (if exist). The mode functions f )(y) and g, )(y) have 219/2] components and are
assumed to form a complete set of the C 2lr2l ® L?(Q) where L?(Q) is the square integrable
Hilbert space on the internal space Q. The Hilbert space c? g L?(Q) respects the
degrees of freedom of the internal space spinor.

Substituting this expansion (2.57) into the action (2.50), we find the dependency on the
internal space is completely removed from the action to the scalar factor (X|Y),

= ./]VI4 d4 Z Z <f(n) (m) (n)()C)lO"ua ¢(m)(X) + <g(n)|g(m)> )((n)(x)w"“’(')ﬂ)((m)(x)

a,B n,m
+ (f"1Ag5") 63 (010" (x) + (80" 1AT £ X ()" (x) . (2.59)

The factor (X|Y) = fQ dy X7(y)Y(y) is the inner product of the Hilbert space c? g

L?(Q). The operators A and AT are the Dirac operator on the internal space given as
A=+iy’o, - M, AT = —iy’d, - M. (2.60)

The A" is the Hermitian conjugate operator of A.!! We note that the A and A" are the
off-diagonal components of the operator I'°(iT”*8, — M) written as

A v . —
roGrea, - M) = (AT ) ®1y = (—iyya ] =M g1,. (2.61)
y

By multiplying the higher dimensional gamma matrix IT'”, the A and A" move into the
off-diagonal components.

We require that (ﬁg’)(x) and )(((Y")(x) are mass eigenstates of the 4D spectrum and that
the action should be written into the form

/ dx 0 QU Wy oy mwi )

- Z O 600+ 70w, (2:62)

where ¢ (x) = ((/)(”)(x) )((")(x))T are the n-th KK 4D Dirac fields with a KK mass m,,
and the ¢(O) (x) and ( )((O) (x)) in second line are massless right-handed (left-handed) 4D
chiral fields.

This can be realized, if the the mode functions f, (n)(y) and g(")(y) satisfy the following
relations;

SIS = (83185") = Saps™, (2.63)
(f"1Ag5") = (g 1A £ = mudaps™ . (2.64)

T One might think that it is not trivial if the internal space has boundaries. In fact, the variation principle
ensures this conjugation. We discuss this in Chapter 4.
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The first relation (2.63) implies that the two sets of the mode functions £.”(y) and g™ (y)
are the complete normalized orthogonal system of the Hilbert space C 21 @ L%(Q). The
second relation (2.64) ensures that the chiral partners of £.”(y) (g"”(y)) is given by g™ (y)
(f(y)). Let us summarize the properties of £"(y) and g™ (y). The mode functions
£9(y) and g™ (y) should have the properties i) Completeness, ii) Orthogonality, iii)
Normalizability and iv) Degeneracy between the left-handed and the right-handed modes.

The plane waves which are usually taken for the mode functions accidentally satisfy
the relation (2.63) and (2.64) on the tours. However, it is not appropriate in the general
shape of the internal space.

2.4 The five dimensional case

We should mention about the KK decomposition of the five-dimensional Dirac field. Due
to less degrees of freedom of internal space, the KK decomposition of the five-dimensional
Dirac field becomes exceptionally simple.

In five dimensions, we can always take the higher dimensional gamma matrices 'V
(N =0,1,2,3, yp) as the same size of the 4D gamma matrices y* (u =0, 1, 2, 3) as

[H = yH, [t =iy, (2.65)

where 75 is defined in (2.7). Hence, the five-dimensional Dirac field is the same size as
the 4D one. The KK decomposition of the five-dimensional Dirac field is driven by the

“scalar” mode functions £\"(y) and g!(y) as

P y) = Y > e @6 (L) + er ® x (1)gl () (2.66)
_ ba(0)f3" () 5 67
2.2, Xa(x)gé")(y)) | zon

The action after the KK decomposition has the same form as (2.62). There is no difference
in the requirement for the mode functions except the definition of the inner product and the
operators, A and AT,

(X|Y) = /Qdy X' (y)Y(y), A=+0,+ M, At=-0,+M. (2.68)

We emphasize that the operator A and A" are, actuarially, the first degree differential
operators. The mode functions fé")(y) and g((f)(y) form the orthogonal normalized complete

system of the square integrable Hilbert space L2(Q) over the internal space Q.

2.5 Summary: Higher dimensional Dirac action

In this chapter, we showed the properties which the mode functions should have with the
natural three assumptions,
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i) there exists the higher dimensional free Dirac field (which has a non-trivial profile)

ii) there exists the complete system which is able to expand any higher dimensional
free Dirac field!2

iii) there exists the 4D Lorentz invariant 4D spectrum with 4D mass eigenstates.
The properties are summarized in the relations (2.63) and (2.64) which imply;

i) the mode functions should be complete to expand the higher dimensional Dirac field
ii) the mode functions should be orthogonal to provide the canonical 4D action
iii) the mode functions should be normalized to provide the canonical 4D action

iv) the mode functions should be degenerate to provide the 4D mass eigenstates with
the 4D Dirac mass term

v) the massless KK modes are exception of degeneracy.

These properties are not special (e.g. the plane waves have the properties). However, we
didn’t discuss the existence and the construction of such the mode functions. In the next
chapter, we show a hidden supersymmetric quantum mechanical structure and there exist
the mode functions which have the properties (and/or satisfy the relation (2.63) and (2.64)
with completeness).

We note that the representation of the higher dimensional gamma matrices (2.55) made
the discussion clear and simple because, in the representation, dependency on the 4D
space-time and the internal space are well separated. As see in the next chapter, this
representation makes the hidden SQM clear also.

12 We assume the on-shell condition, also.
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Chapter 3

Supersymmetric Quantum Mechanics

The supersymmetry is known as the symmetry between bosons and fermions in the field
theory [28]. The supersymmetric quantum mechanics (SQM) is introduced by Witten as a
toy model to show the spontaneous supersymmetry breaking [21]. The supersymmetry of
the quantum mechanical system is the non-trivial duality between the different quantum
mechanical systems which are isospectral except zero-energy modes [29, 30].! Surprisingly,
almost all of well-known exactly solvable one-dimensional quantum mechanical systems,
every model what one can imagine, are classified in this model [30].

In this chapter, as one of the applications of the supersymmetric quantum mechanics,
we introduce the SQM relation naturally provides the properties based on the hidden higher
dimensional N = 2 supersymmetric quantum mechanical structure. In other words, the
N =2 SQM supercharges generate chiral parters of the 4D fields.

However, there are additional isospectral pairs in the 4D spectrum of the higher
dimensional Dirac field. We show that there exists the hidden symmetry, the N-extended
quantum mechanical supersymmetry, providing the additional isospectral pairs in the KK
decomposition of the higher dimensional Dirac field. We introduce them in this chapter.

This chapter is organized as follows: in Section 3.1, we briefly review the N = 2
supersymmetric quantum mechanics which was introduced by Witten. In Section 3.2, we
introduce the d dimensional realization of the N' = 2 SQM and that the structure naturally
provides the properties which the mode functions satisfy. In Section 3.3, we reveal the
N-extended SQM.

3.1 Brief review of supersymmetric quantum mechanics

In this section, we briefly review N = 2 supersymmetric quantum mechanics before
introducing the SQM relation in this section. The N' = 2 supersymmetric quantum mechan-
ical system is introduced by Witten as a toy model to show spontaneous supersymmetry
breaking [21]. He also introduced an index called Witten index which characterizes the
spontaneous supersymmetry breaking.

! The systems are isospectral if they have the same spectrum.
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3.1.1 Definition and general properties

The N = 2 SQM is a Hermitian operator quadruplet { Q., H, (=1)" } satisfying,

{01, 0;} = 2H¢;;, {0, (-1} =0, -DF-DF =1, 3.1)

fori, j = + where H is the quantum mechanical Hamiltonian, Q; (i = +) are the supercharges
and (=1)F is a “fermion number” operator.2 The supercharge Q_ is not “independent”
from the supercharge Q. and the “fermion number” operator (—1). The supercharge Q_
is formed as a product of them. We fix the phase of the supercharge Q_ as Q_ = i(-1)FQ,
for convenient.?

This definition implies that the supercharges and the fermion number operator are
conserved,

[0, H] = [(-1)F,H] =0, (3.2)

for i = +. Thus, we label every energy eigenstate by the eigenvalues +1 of (-1). We
denote |n, £) by such the states satisfying

Hln,+) = E, |n, ), (-DF |n, £) = £ |n, £), (3.3)

forn=0,1,...
The Hamiltonian H is positive definite, for all state |), (W/|H|y) > 0, because there
exist the Hermitian square roots of the Hamiltonian, Q..

WIHy) = W0iQily) = (Qi|Qiy) = 0, (3.4)

for all state ) and i = +.

The spectrumon { | n,+) } and { | n, —) } are isospectral except for the zero energy
state(s). That is, the spectrum of the Hamiltonian completely (at least) doubly degenerates
except for the zero energy state(s) because the supercharges Q; (i = +) flip the signature of
the eigenvalues of (1),

(-1)FQiIn ) = —Qi(-1)" [n,£) = FQ; |n, %), (3.5)

for all states |n, +) with 0 < E,, and i = +. Moreover, the states Q; |n, +) are still at the
same energy level as |n, +),

HQi |Vl, i> = QlH |I’L, i) = Ean |I’L, i) » (36)

for all non zero energy state |n, +). It is easy to verify that the proportionality constants
m,, are real, e.g. Q. |n, =) = m, |n, ¥). However, the RHS of (3.6) vanishes for the zero
energy mode(s) E, = 0. Thus, the zero energy mode(s) does not necessarily degenerate.
The existence of the zero energy mode(s) depends on the models.

2 Usually, the supercharges are labeled by O, = Q1 and Q_ = Q5.

31t is difficult to characterize the zero energy modes without the “ fermion number” operator (—1)F
because the zero energy modes belong to the kernel of the suprecharges. The “ fermion number” operator is
indispensable.
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Figure 3.1: We illustrate typical spectrums of the N' = 2 supersymmetric quantum
mechanical system. There is at least double degeneracy in every spectrum. In
the figure (a), there are two zero energy modes |0, +). In figure (b), there is no
zero energy mode. First two cases are completely degenerated spectrums. In the
figure (c), there is only the zero mode |0, +) and, in the figure (d), there is only the
zero mode |0, —). The corresponding Witten index is listed in Table 3.1.

One find the the eigenvectors of the the supercharges Q. with the eigenvalues m,,
(real constants) by the linear combination of the same energy modes |n), = |n, +) + |n, —)
respectively,

Qs |ny, =+my,|n), , Qs |n)yy = Fmy |n), . (3.7)
The supersymmetry holds if there exists a zero energy state |0, +),
Qil0,+) =0, (3.8)

fori = +. As the same manner of the quantum field theory, we can define the spontaneous
supersymmetry breaking in quantum mechanics. The supersymmetry spontaneously breaks
if there does not exist the zero energy state |0, +),

0;10,+) #0. (3.9)
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In contrast to the quantum field theory, the supercharges are well-defined even if the
supersymmetry is spontaneously broken.

Witten introduced the Witten index Aw to characterize the spontaneous supersymmetry
breaking. The Witten index is the difference between the number of zero energy (—1)F = +1
states and the number of zero energy (—1)F = —1 states [21]. In the N = 2 SQM, such the
index has the analytical definition,

AW = dim ker|,1’+> Q —dim ker|n’_> Q . (3.10)

where Q is the supercharges Q. of the N = 2 SQM.# It is obvious that if the Witten index
is non zero, there exists a zero energy mode(s) and the supersymmetry holds,

Aw #0 = supersymmtry holds. (3.11)

By taking contraposition, the Witten index values zero, only if supersymmetry spontaneously
breaks,

Aw =0 — supontanous supersymmtry breaking. (3.12)

3.1.2 The Witten model: a minimal realization of the N = 2 SQM

The Witten index Ay is related to “topological” quantities.> We show it on the Witten
model named after Witten.

The Witten model is a minimal realization of N' = 2 SQM as a one dimensional
quantum mechanical system. The elements of the quadruplet are given by 2-by-2 matrices,

Q.= (AT A) ) Q-=-i (_AT A) ) (‘DF = (1 _1) ) (3.13)

where A and AT are the first degree deferential operators with a smooth real valued function
W’(x) given by

_dW(x)
Codx

d d
A=+ 4 W),  AT=——+ W), W (3.14)
X

dx
The function W(x) is called a superpotential (or prepotential). The supercharges have only
the off-diagonal components in the Witten model. Then, the Hamiltonian has only diagonal
components,
AAT H.
H = ( ATA) = ( H_) , (3.15)

4Given an operator X : D — H where D and H are vector spaces. The kernel of D is a set
{v|veD, Xv=0}. Wedenote it as kerp X to emphasize the domain D of the operator X.

> We do not mention about what is the “topological” here. One can find the relation between the Witten
index and truly topological quantities in the supersymmetric non-linear sigma mode area (see [31-33]).
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where H, and H_ are factorized one dimensional quantum mechanical Hamiltonians,

2

H. = —% + W (X)W (x) = (iﬁa_x + W’(x)) (TL;—X + W’(X)) : (3.16)

Almost all of well-known exactly solvable one-dimensional quantum mechanical systems,
e.g. the radial part of the three-dimensional harmonic oscillator, the radial part of the
three-dimensional hydrogen-like atom and the free particle etc., are classified in this model.

By definition, isospectrality of the non-zero energy modes is obvious. We focus on the
zero energy mode(s). The zero energy mode equation H |0) = 0 is equivalent to the two
equations H, |0,+) = 0 and H_ |0, =) = 0 because of Eq. (3.15). The zero energy mode(s)
is a solution of the first-degree differential equation, A" |0, +) = 0 and A |0, =) = 0 because
of the two factorized Hamiltonians. Thus, one immediately find the two candidates for the
zero energy modes,

|0, ) o< exp[xW(x)]. (3.17)

However, square integrability of the solutions depends on the asymptotic behavior (or
boundary values) of the superpotential W(x) because the norm of the zero energy modes
(0, £|0, +) is integral of exp[+2W(x)],

(0, £]0, £) /dx exp[£2W(x)]. (3.18)

For simplicity, we assume that the system is defined on R and the absolute value of
the superpotential |W(x)| behaves asymptotically infinite for x — +oo rapidly enough, e.g.
W(x) is a finite polynomial. In this case, the zero energy mode |0, +) (|0, —)) is square
integrable if and only if W(zc0) = co (W(+00) = —o0) holds. Hence, the two zero energy
solutions cannot be square integrable simultaneously. At most, the one zero energy state
exists.

In Witten model, the Witten index can take the values 0 and +1 depending on the
asymptotic behavior of the superpotential. We can classify the system by the asymptotic
behavior of the superpotential.

i) If ends of the potential tend to co and —oo, there is no zero energy mode. Thus, the
Witten index is zero.

ii) If both ends of the potential tend to oo, there is a one zero energy mode with
eigenvalue —1 of (=1)F. Thus, the Witten index is —1.

iii) If both ends of the potential tend to —oo, there is a one zero energy mode with
eigenvalue +1 of (—1)F. Thus, the Witten index is +1.

The Witten index does not depend on the local shape of the potential but only asymptotical
behavior. That is, “topological” property of the model characterizes the Witten index. We
illustrate the four examples in Figure 3.2 and summarize in Table 3.1. The spectra of the
examples are illustrated in Figure 3.1.
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Figure 3.2: The illustration of the four examples of the superpotential W(x)
divergent rapidly enough. The figure (a) illustrates the case W(xo0) = +oo.
The figure (b) illustrates the case W(+oo) = Foo. The figure (c) illustrates
W(+o0) = +00 and the figure (d) illustrates W(+o0) = —co. The corresponding
spectrum is gevin in Figure 3.1 and the Witten index is listed in Table 3.1.

3.2 Higher dimensional N = 2 SQM realization

Now, we introduce the SQM relation naturally providing the mode functions which have
the five properties (and/or (2.63) and (2.64) with completeness).
Based on the N = 2 SQM, the SOQM relation with (real constant) mass m,, is given as

(n) (n) (n)

A

e R P e R e 319
8o () 8o (¥) 8o (¥)

for all n and . The operator Q. in (3.19) is a supercharge of the d dimensional realization

of the N = 2 SQM quadruplet given by,

0, = (AT A) , O_ = —i (_AT A) , (3.20a)

H=-0}+M?, (-Df = (_1 1) , (3.20b)

where A = iy, — M and AT = —iyY 0y — M. Itis easy to verify that the quadruplet satisfies
the N = 2 SQM algebra. Moreover, in next chapter, we show the fact that the variation
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W(-00) W(+o) | 0, +) 10, -) | Aw
—00 +00 - - 0
+00 —0 - - 0
+00 +00 - square integrable | —1
—00 —00 square integrable - +1

Table 3.1: The values of the Witten index Ay in the Witten model with the
superpotential behaving asymptotically infinite rapidly enough. The value depends
on only the asymptotic behavior of the superpotential W(x).

principle ensures that the operators of the quadruplet are Hermitian even if boundaries
exist. Therefore, the realization of the N' = 2 SQM is always well-defined.

In particular, in our representation, the supercharge Q. is naturally embedded in the
action, and the operator (—1)F is naturally embedded in the 4D chiral matrix,

rGr’o, - M) = 0, ® 1, Iip=(-1)Fel,. (3.21)

Therefore, it is obvious that Hermiticity of supercharge Q. is equivalent to Hermiticity
of the action ensured by the variation principle. We emphasize that, because of this
embedding, it is natural that there exists such the supersymmetric quantum mechanical
structure in the KK decomposition of the higher dimensional Dirac field.

It is easy to verify that the five properties (and/or (2.63) and (2.64)) are realized from
the properties of the N = 2 SQM. That is, the N' = 2 SQM supercharges generate the
chiral partners of the 4D fields.

Let us introduce the abstract notation for respecting N' = 2 supersymmetric quantum
mechanics. In this realization, the mode function multiples are energy eigenstates of the
supersymmetric quantum mechanical Hamiltonian H. We denote |n, +; @) as the energy
eigenstates by

()
n, —; @) :( @ (y)) . (3.22)

In, +; @) =( 0

o)
Py

It is easy to verify the states |n, +; @) are the eigenvectors of the “fermion number” operator
(-DF,

H|n +;a) = mg |n, +; @) , (—1)F |n, +;a) = £ |n,+;a) . (3.23)

The label @ indicates the additional degeneracy which would not be mentioned by the
N =2 SQM. We also introduce the eigenvectors |n; @), as

(n)
ma), = In, +10) + n—sa) = (o O} (3.24)
8o (¥)

(n)
|l’l, a,>— = |l’l, +; a’) - |l’l, ) (l’) = (z) (y) . (325)
8o (¥)
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One finds the SQM relation is the eigenvalue equation of the supercharge Q. and the mode

function multiplets ( M (y), g((ln)(y)) are the eigenvectors,®

O |mya)y = my|n;a), . (3.26)

We note that the component form of the SQM relation (3.19),

ATFPG) = magd (), AL () = muf(). (3.27)

Especially, the massless mode functions follow the first-degree differential equation, if
such modes exist,

AT =0, AgV() =0. (3.28)

These mode functions are the solutions of the screened Poison equations [34],

02+ MOFP () = mofP(0), (02 + MO () = mgl(y).  (329)

We stress that the SQM relation (3.19) (or (3.27) and (3.28)) is the equation determining
the profiles of the mode function and the zero mode equations (3.28) are the Dirac equation
with mass M on the d dimensional space.

We should stress that, in this realization, the Witten index Ay characterizes to the chiral
asymmetry of the massless KK modes,

Aw = # { right-handed massless modes } — # { left-handed massle modes } . (3.30)

We emphasize again that it is natural that there exists the N' = 2 SQM in the KK
decomposition of the higher dimensional Dirac field. After the decomposition, the 4D
left-handed and right-handed fields which are mass eigenstates should obtain the same
mass to construct mass term at each KK level which referred as KK tower. Therefore,
there exists at least one isospectral pair in the KK decomposition which provides the mass
eigenstates and there should exist some mechanism ensuring isospectrality such as the
N =2 SQM.

Although the N = 2 supersymmetry assures an isospectral pair in the spectrum (we
schematically illustate in Figure 3.4), there are, in general, more isospectral pairs than
expected by the N' = 2 supersymmetry. This fact suggests that there should exist some
symmetries in addition to the N' = 2 supersymmetry. To reveal such hidden symmetries
which provide the isospectral pairs is the purpose of the next section.

3.3 Hidden N-extended SQM

In general, there are additional isospectral pairs which are distinguished by label «a at
each KK level. One of the origins of such additional isospectral pairs is the geometrical
symmetry of the internal space. For example, if the internal space is a d-dimensional tours,
there appear the isospectral pairs of left-moving and right-moving modes.

© We note that the |n; a)_ has the eigenvalues —m,,, Q, |n;@)_ = —my, |n; a)_.
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Figure 3.3: The figures of the typical spectrums of N' = 2 SQM (figure (a)) and
the 4D spectrum of higher dimensional Dirac field (figure (b)). There are at least
double degeneracy at each KK level except the lowest level. One finds that there
is additional degeneracy in the 4D spectrum.

Moreover, in the Dirac field, there is another origin, because the high degrees of
freedom from the viewpoint of a 4D theory that we mention in Section 2.2. It is natural to
expect that there is a hidden symmetry which ensures the isospectral pairs corresponding
to the high degrees of freedom.

In this section, we reveal that the hidden symmetry is a NV-extended supersymmetry
[35] which is one of an extension of the N' = 2 supersymmetry. The supercharges of the
N -extended supersymmetry generate the whole mode functions corresponding to such
high degrees of freedom.

The N-extended supersymmetry is the set of the d + 2 (d + 1) supercharges for even
(odd) dimensions. The every supercharge formally satisfies the N-extended SQM algebra,

{0i, O} = 2H¢;;, [Qi,H] =0. (3.31)

We list the supercharges of the N-extended SQM. The symbol Ry (k = 1,...,d) denote
the reflection operator for the y; direction; i.e. Ry : yx — —yk, and P = H;f:l R; denotes
the point reflection operator on the internal space (also known as the parity operator). For
even dimensions, the N-extended SQM supercharges are given as

_ —YinY* Rk A
_ _)/inPA
Qa+1 = (Awmp ) , (3.32b)

Qur2 = i(-1)FQy, (3.32¢)
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Figure 3.4: The figures of action of the N = 2 SQM supercharges. The N = 2
SQM supercharges only flips the eigenvalues of (—1)*. The N = 2 SQM does not
explain about such additional isospectral pairs in the 4D spectrum.

(-1)F

where k = 1, ..., d. For odd dimensions, the supercharges are given as
_ =¥y’ RaRi A
Ok = (ATde»yydeRk ’ (3.332)
_ —’yydePA

Qu+1 = i(-1)FQy, (3.33¢)

where k=1,...,d - 1.

It is easy to verify that the supercharges satisfy the N-extended SQM algebra. However,
if there exist boundaries, it is not trivial that the N-extended SQM supercharges are
well-defined, that is, Hermitian and consistent with the boundary condition. To explain
the additional isospectral pairs, the supercharges should be well-defined. Further, the
supercharges should be consistent with the boundary condition, that is, the image of the
supercharges should belong to the same class of the boundary condition.

Once given the well-defined supercharges, the supercharges will generate such the
additional isospectral pairs. On each n-th KK level with m,, # 0, the N-extended SQM
algebra will be the Clifford algebra itself,

(0,0} =2HG;|,_, = {00} = 2m,5; (3.34)

The supercharges generate 2 x 214/2] mode functions. Hence, one might expect that the
N-extended SQM will bring the whole isospectral pairs at each KK level. And, if the
several supercharges are not well-defined, the degrees of pairs will decrease. However,
there is models which have additional isospectral pairs but not the N-extended SQM. We
will show such examples in Chapter 5.

Before closing this section, we note that the relation between the N = 2 SQM
supercharge and the N-extended SQM supercharges. There exist unitary transformations
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Uy which relate the N = 2 SQM supercharge Q. to the N-extended SQM supercharges
Qy for each k. The unitary transformations Uy are given by each the N-extended SQMs
supercharges Q; i = 1,...,dori=1,...,d + 1 formally) as,

0, =UQ. U™, UUl =UU; =1, Ui = (X" 1) : (3.35)

where X; (i = 1,...,dori =1,...,d + 1 formally) are also the unitary transformations.
For even dimensions, the X

Xk = YinY* R, Xa+1 = YinP, Xay2 =11, (3.36)
where k = 1, ..., d, For odd dimensions,
X = v’y RyRy, Xq = y'RyP, Xg41 =11, (3.37)

where k=1,...,d - 1.

3.4 Summary: Supersymmetric Quantum Mechanics

In this chapter, we showed the two kinds of a supersymmetric quantum mechanics hidden
in the KK decomposition of the higher dimensional Dirac field.

We introduced the SQM relation (3.19) based on the N = 2 supersymmetric quantum
mechanics in Section 3.2. The supersymmetric quantum mechanics is one of the general-
izations of the quantum mechanics. The SQM relation is the eigenvalue equation of the
supercharge. It naturally provides the mode functions which have the five properties given
in Chapter 2, that is, it naturally provides the mass eigenstates in the 4D spectrum. In other
words, the N' = 2 SQM supercharges generate the chiral partners of the 4D fields. The
result is compatible to previous papers [18-20].

On the other hand, there are, typically, additional isospectral pairs in the 4D spectrum
which are not described by the SQM relation. A question naturally arises; is there any
hidden symmetry in the KK decomposition of the higher dimensional Dirac field?

We showed that the hidden symmetry is the N-extended quantum mechanical super-
symmetry which has d + 2 (d + 1) supercharges for even (odd) dimensions in Section 3.3.
The well-defined N-extended SQM supercharges formally generates the whole isospectral
pairs because it satisfies the Clifford algebra at each KK level formally.

Although we introduced the SQMs, we should mention whether the supercharges are
well-defined, i.e., Hermitian and consistent with the boundary condition. In the next
chapter, we discuss the boundary condition to discuss well-definedness.

We find the N-extended SQM supercharges in a heuristic way. Therefore, a question
has still remained; why and when does such the supersymmetry exist?
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Chapter 4

Boundary condition

We show various hidden supersymmetric quantum mechanical structures in the KK
decomposition of the higher dimensional Dirac field. Such the hidden supersymmetric
structures describe the isospectral pairs in the 4D spectrum. Namely, the supercharges
generates the isospectral pairs if the supercharges are well-defined.

The supercharges are well-defined if the supercharges are i) Hermitian and ii) consistent
with the boundary condition. The supercharges are Hermitian if the surface term vanishes
by the boundary condition. The supercharges are consistent with the boundary condition if
the image of the supercharges are compatible with the boundary condition. Consistency
is necessary for generating the isospectral pairs.! If the internal space has the boundary,
obviously, it is not trivial that the supercharges are well-defined.? Therefore, it is important
to classify the boundary condition ensuring that the supercharges are well-defined.

The extra-dimensional theory with boundary can be understood as a kind of a gener-
alization of orbifold models. In contrast to orbifold models, there is a hidden parameter
space of the boundary condition which does not appear explicitly in the action. The
complete classification of the boundary condition is also interesting from the point of a
phenomenological view because of a possibility to represent the experiments by fitting
such the parameter space.

It is well-known that the most general boundary condition of the scalar field for each
point on the boundary is the Robin boundary condition [36]. However, it is not known
how to derive the boundary condition in an easy and simple applicable method for the
higher spin fields. Furthermore, even in the case of the higher dimensional Klein-Gordon
equations, the parameter space which provides nontrivial solutions has not been classified.

We completely classified the boundary condition of the five-dimensional Dirac field
in [18] and of the six-dimensional one in [19, 20] with a restriction of the shape of the
internal space. The internal space of the five-dimensional space-time is an interval and of

! 'We note that any physical operator which defined on the Hilbert space is closed. However, in general, the
operators are not closed on the function space, e.g. a set of the smooth functions satisfying some boundary
conditions. As a specific example, the momentum operator p of the one-dimensional innite-well model is
not closed (p sin(x) does not satisfy the Direchlet boundary condition, therefore p is not closed on such the
function space).

% In fact, even if there is no boundary in the internal space it is not trivial. We show examples in next
chapter.
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the six-dimensional one is a rectangle. In our classification, we require that the boundary
condition has the properties that

i) the boundary condition is derived by the variation principle of the action
ii) the boundary condition ensures the 4D Lorentz invariance

iii) the boundary condition is a local linear equation of the mode functions

Especially, in five-dimensions, we have succeeded in classifying the boundary condition
based on the 4D spectrum completely.> However, in six-dimensions, we obtained the 4D
spectrum in only specific boundary condition because of difficulty analyzing the spectrum
in general boundary condition.

In this chapter, we try to classify the general boundary condition which is applicable
for the internal space with boundary. However, we will skip classification of the boundary
condition which provides the nontrivial solution of the higher dimensional Dirac field. The
results given in this chapter will be reported.

This chapter is organized as follows: we introduce the non-local boundary condition
in Section 4.1. We can capture various boundary conditions as the non-local boundary
condition. One finds that the N = 2 SQM is always well-defined with the non-local
boundary condition. We focus on the locally given boundary condition, namely the
boundary condition at each point on boundary, in Section 4.2. In Section 4.3, we show the
special classes of the boundary condition at all point on boundary.

4.1 Hermiticity and the non-local boundary condition

It is obvious that the realization (3.20) satisfies the N' = 2 SQM algebra except for
Hermiticity of the supercharges. In fact, the variation principle of the action, 6§ = 0,
implies that the supercharges are Hermitian even if the boundary exists. Thus, the N' = 2
SQM holds always. In this section, we discuss the boundary condition derived from the
variation principle of the action.

The variation principle and the Stokes’” theorem imply that the mode functions should
vanish the d — 1 dimensional surface integral on the boundary 0€2,

7{ -1y ({%@)) ( - iny)/y) ( &)
o0 g; O \~inyy g ()
for all (f, g)" and (f, g)" satisfying the same BC. The symbol ny is a normal vector at each
point on the boundary. If the surface integral vanishes, the action will be Hermitian and
the U(1) current will conserve.*

The equation is not the first-degree equation and is non-local. We can capture the

various boundary conditions because of these properties. For example, the well-known
boundary conditions,

=0, 4.1)

3 We note in Section 5.4.
4We show in Appendix C.
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ny//

Figure 4.1: The normal vector n, is vertical to the boundary and is defined at each
point on the boundary.

Figure 4.2: The quantum graph is the one-dimensional quantum mechanical
system on the one-dimensional graph. The nodes are “singular” point, and there
is the boundary condition to conserve the currents. This figure is an example of
the one-dimensional graph. There are two nodes on each side.

i) The Dirichlet boundary condition
ii) The Neumann boundary condition
iii) The Robin boundary condition
iv) The periodic boundary condition

v) The twisted boundary condition

satisfy the Eq. (4.1) and the N = 2 supercharges will be Hermitian. Thus, we call the
surface integral as a non-local boundary condition. The non-local boundary condition can
also capture interesting examples, e.g., quantum graph, patch worked space [37], etc., with
a small modification.3

We stress again that it is natural that there exists the N' = 2 SQM structure in the KK
decomposition of the higher dimensional Dirac field. There should exist some mechanism
which ensures the isospectral pairs such as the N' = 2 supersymmetry to provide mass
eigenstates in the 4D spectrum.

It is clear that if the non-local boundary condition holds, the variation principle holds.
That is, the existence of the N' = 2 SQM is equivalent to the existence of the higher

> It may be not conformable to call the surface integral as a boundary condition. In fact, the condition
that the surface integral vanishes (4.1) is one of the most generalized boundary conditions. The non-local
boundary condition (the surface integral vanishing) indicates the following case: even if a current is flowing
out at some point on the boundary, the total current is conserved with flowing in from another point. Indeed,
as we will show in Appendix C, the non-local boundary condition can be derived from the conservation low
(the continuity equation).
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dimensional Dirac field theory.

However, the Hermiticity of the N-extended SQM is non-trivial because of the
N-extended SQM supercharges contains the gamma matrices y** and the reflection
operator R (k = 1,...,d). We classify the locally given boundary condition prior because
the N = 2 SQM is always well-defined. In the next chapter, we will discuss the well-
definedness of the N-extended SQM in explicit models. The results shown in following
two section are the compatible to the previous papers [18-20].

4.2 BC at each point on the boundary

It is not easy to treat the non-local boundary condition due to huge variation of the boundary
condition. In this section, for simplicity, we focus on and classify the boundary condition
which has properties that
i) the boundary condition ensures Hermiticity of the supercharges
ii) the boundary condition ensures the N = 2 supersymmetry
iii) the boundary condition is a local linear equation of the mode functions

The boundary condition is sufficiently classified by considering the following equation at
each point on the boundary,

)" ()
( C(yn)gy;) ( N N) (f‘fn)gy ;) =0 at each point on boundary 4.2)
8o Y - 8o Y

forallnand a. The symbol N = in,y” satisfies N = N and N? = 1. Ifthe (£ (y), g ()T

and ( fé")(y), g&”) (y))" satisfy this equation, the integrand of the non-local boundary
condition (4.1) vanishes at each point on the boundary. Thus, the integrand of the non-local
boundary condition (4.1) vanishes at each point on the boundary if and only if this equation
hold at each point on boundary.

One can reformulate the Eq. (4.2) into the first-degree equation by applying the
polarization identity,®

1 i : .
W'y =~ (lu+v]® = flu=-vl?) - 1 (ll+ ivll* = llu = ivll?) (4.3)

4

where ||v||? = v'v. The real part (the first two terms) trivially vanishes, and the complex
part (the last two terms) remains. By NT = N and N? = 1, one finds that the complex part
will reduce to the simple equation,

INFPG) +igP O = INFP o) - igl 0| (4.4)

6 Although we use the polarization identity to rewrite the inner product into the norm, the important aspect
of the polarization identity is the formula inducing inner product by the norm. It goes without saying that
inner product induces norm.
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The first-degree solution of this equation is given by,

NP ) +igd () = UNFP ) - igl () (4.5)

where U is an arbitrary 214/21_by-2L4/2] unitary matrix. Finally, one obtains the equation,
L= UINF () = =i+ U)g (7). (4.6)

If the boundary condition is the linear combination of the mode functions fc(,")(y) and
ggl) (), the “fermion number” operator (—1)" do not commute with the SQM Hamiltonian
H. The operator (—1)F corresponds to the 4D chiral matrix and should conserve. Thus,
each side of Eq. (4.6) vanishes respectively,

1-NUN)F () =0, 1+ U)gd(y) =0, 4.7)

where N2 = 1 is used. For both sides to vanish, the 1 + U should be projection operators.
Such U is given by,

U=V1DvV, (4.8)

where D is a diagonal matrix of any number of +1 (e.x. D = diag(+1,---+1,-1,...,-1))
and V is any 214/2).by-2l4/2] ynitary matrix. The diagonal matrix D determine the
combination of the mode functions which vanish the boundary. The unitary matrix V is
a weigh (or coefficients) of the linear combination. These will be clear by denoting the
boundary condition by V=! DV instead of U,

NV A -DWVNFP(y) =0, v1ia+D)Wve(y) =0. (4.9)

There exists the parameter space BC, (y € 9€2) at each point on the boundary, like a
tangent space of the boundary 0Q2. The essential parameter space BCy, is the disjoint union
of the complex Grassmannian which is the coset of the unitary group,

old/2) SUL4/2y

BC, = .
Y ]|:|1 SU2L/2) — k) x SU(k)

(4.10)

The coset is compact and simply connected because the group SU(N) is compact and
simply connected. Therefore, its fundamental group is trivial [38—40].

Hence, we find the BC satisfying the three condition i)-iii) is characterized by the
projection operator P,

20\ _1(1-NUN

at each point on the boundary, for all » and «. The projection operator P and its orthogonal
projection operator P, satisfies,

1=P+P, PP =P.P=0, P?=P, Pl =P, (4.12)
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where the orthogonal projection operator P, is defined by

PJ_:—

1 (1+NUN
4.13
2( (4.13)

Ly

The projection operator P is defined at each point on the boundary and has a parameter
space as the disjoint union of the complex Grassmannian at each point on the boundary.”

It should be emphasized that the projection operators P and P, exchange each other by
multiplying nyl"ol"y ,

(P ® 19)n, [T = n,TT? (P ® 19), (4.14)

at each point on the boundary.?
Since we focus on the local boundary condition, there still exists a huge parameter
space. Therefore, we derive more simple boundary conditions with natural restriction.

4.3 BC for all points on the boundary

The previous class of the boundary condition allows the different boundary condition at
each point on the boundary. In this section, we focus on and classify special classes, i.e.
the same BC at all points on the boundary.

Such the boundary conditions are solutions of the following equation, there exists U,
for all point on the boundary,®

(P ® 19)n, [T = n, 'Y (P. ® 15), (4.15)
or, equivalently,
NUN=U. (4.16)

We find that there are only two solutions, U = +£1 and U = +vy;,. We list the two classes
below. 10

The 4D chiral BC In the case of U = +1, the projection operators are the 4D chiral
projection operators,

1,91+ (-D)f
p= 2® 2( )

1+Typ
1+1)° 2

(”1 —P®ly. (417

1
9

Hence, we call this class as the 4D chiral BC.

"1t seems to be difficult to decompose the action by this projection operator because of the y € dQ
dependency.

8vy €0Q I, 1Y 3P, P, st. (P ® 1o)n, T = n, ITY(P. ® 12).

93P, P, ¥y € 0Q In, T st (P ®1o)n, [T = n,TOIV (P, ® 15).

10 They are a simple extension of the results given in [18-20].
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The internal space chiral BC In the case of U = +v;,, the projection operators are the
internal space chiral projection operators,
1+ Yin ’ 2

Hence, we call this class as the inner space chiral BC. In contrast to the 4D chiral
BC, this class exists for only even dimensions.

p:l(liyin —P®1,. (4.18)

2

We note that the action can be decomposed by the projections operators. By the 4D chiral
projection operators, the action decomposed as

S= [ ' [ dty B T o, W) + Tl )9, Pl )
My Q
+ Wr(x, Y)Y 8y — M)¥L(x,y) + Pr(x, y)(T70y — M)PR(x,y). (4.19)

For even dimensions, the action can alternatively be decomposed by the internal space
chiral projection operators as follow:

S= [ [T, - M) + P )T, - MY (1)
My Q
+ W_(x, TP 0, Po(x, y) + Pa(x, y)ITY 0P (x,y) . (4.20)

The fields ¥y /r(x, y) and W.(x, y) are the 4D chiral fields and the internal space chiral
fields respectively defined by

1T 1+1;
5 Ly(x,y), Yo(x,y) = —0

Wi r(x,y) = Y(x,y). (4.21)
Dependency on the 4D Minkowski space-time and the internal space is clearly separated
by these projections.

4.4 Summary: Boundary condition

In this chapter, we have classified the boundary condition to discuss the well-definedness
of the supercharges.

First, we introduced the non-local boundary condition (4.1) which is derived by the
variation principle of the action. The non-local boundary condition ensures that the d
dimensional realization of the N' = 2 SQM (3.20) is always well-defined. We note that the
non-local boundary condition is the condition that the surface integral vanishes. Although
we can capture various the boundary condition, there is technical difficulty due to the huge
variety of the boundary condition.

Therefore, we focus on the locally defined boundary condition at each point on the
boundary.

Theorem. Given d dimensional realization of the N = 2 SOM such as (3.20), the boundary
condition which has properties that
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(a) (b)

Figure 4.3: The figures of a schematic image of the parameter space of the
boundary condition. The projection operator P is defined at each point in the
boundary and depends on the normal vector n,. Also, there is a parameter space
of the boundary condition BCy, at each point on the boundary. We illustrate the
parameter space BCy as diamond-like shape. In general, the projection operator is
different at each point on the boundary illustrated in figure (a). There are special
classes that the BC for all point illustrated in figure (b).

i) the BC ensures Hamiticity of the supercharges
ii) the BC ensures the N = 2 supersymmetry

iii) the BC is a local first-ordered equation

are characterized by the projection operator P as

(1 - NUN (4.22)

(n) 1
P ‘(’n)(y) =0, where P = — 1 ) ,
ga () 2 +U
at each point on the boundary.

Such the boundary has the huge parameter space BC, at each point in the boundary.
The parameter space BC, is given by the disjoint union of Grassmannians (4.10) and is the
same for all points on the boundary.

We focused on the two special classes of the boundary condition.

Theorem. Given d dimensional realization of the N = 2 SOM such as (3.20), there are
only two boundary condition which has the properties i)-iii) for all point on the boundary.

The 4D chiral BC The projection operators are the 4D chiral projection operators.

The internal space chiral BC The projection operators are the inner space chiral
projection operators.

The internal space chiral BC exists for only even dimensions.

We stress that the variation principle of the action derives the property i). Moreover,
the property ii) is equivalent to the 4D Lorentz covariance of the boundary condition. That
is, we also find the boundary condition of the (4 + d)-dimensional Dirac field ¥(x, y);!!

T The proof is given in Appendix C.
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Theorem. Given a higher (4 + d)-dimensional Dirac field Y (x, y) on the flat space, the
boundary condition of the Dirac field which has properties that

i) the BC is consistent with the variation principle of the action
ii) the BC keeps the 4D Lorentz covariance

iii) the BC is a local primary equation
are characterized by the projection operator Pas
(P®12)¥(x,y) =0 (4.23)

at each point on the boundary, where P is given in (4.22). We take the representation
between the higher dimensional gamma matrices as (2.3.2).

We should emphasize that we only focus on the consistency of the boundary condition
and the supersymmetric quantum mechanical structure. Therefore, there are trivial classes
in this clarification which have no nontrivial solution. However, it is important to classify
the boundary condition which provides the nontrivial solution of the mode functions and
also the higher dimensional Dirac field. We skip the discussion in this chapter.

We show the parameter space of the boundary condition of the higher dimensional
Dirac field is compact. Therefore, it will be expected that the geometric phase (or the
Pancharatnam—Berry phase) appears [41]. Given the parameter space is restricted on some
manifold, the curvature of the manifold might appear as a phase of the states by adiabatic
evolution along the closed path on the parameter space. The phase is called geometric
phase or Pancharatnam—Berry phase. In [42], it is proved that the geometric phase appears
from the parameter space of the boundary condition. In this chapter, we show that there is
the parameter space of the boundary condition restricted on the Grassmannian. Therefore,
the nontrivial geometric phase will appear respecting the parameter space of the boundary
condition by the adiabatic evolution.
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Chapter 5
Models

As we mentioned in Chapter 3, the N-extended SQM supercharges are not always well
defined even if it satisfies the N-extended SQM algebra. If the supercharges are not well-
defined, it cannot generate the additional isospectral pairs. In this chapter, we construct
explicit models with simple shaped internal spaces and the simple boundary conditions.
There are examples that the supercharges are not generate the whole isospectral pairs even
there exists the additional isospectral pairs.

This chapter is organized as follows: we construct a model with a hyperrectangular
internal space and the 4D chiral BC in the next section. We show that we can naturally
construct the mode functions respecting chiral partners by the N' = 2 SQM supercharges.
The construction is highly applicable to various models, and we will use this construction.
The N-extended SQM generates the whole additional isospectral pairs in this model. In
Section 5.2, we construct another simplest model which has the toroidal internal space.
We will solve the mode functions with the periodic and twisted boundary condition.
If the twisted boundary condition is taken, the N-extended SQM supercharges will be
not well-defined. Therefore, the additional isospectral pairs cannot be generated by the
N-extended SQM supercharges if the twisted boundary condition is taken. It indicates
that the N-extended SQM are sensitive for the geometric symmetry of the theory. In
Section 5.3, we construct the model with a cylindrical internal space to show the complicated
dependence of the N-extended SQM on the boundary condition. The cylinder has an
unconnected boundary, i.e., an up-side and a down-side. We solve the mode functions with
taking different boundary condition for each side. In any model which we introduce in
this section, the N-extended SQM generates the additional isospectral pairs if additional
degeneracy exists. In Section 5.4, we consider the five-dimensional model with intervally
interval space that we discussed in [18]. In this model, the N-extended SQM does not exist.
However, it is worth to discuss because of the 4D spectrum with the completely determined
profiles of the mode functions. The results given in this chapter will be reported in [35].

5.1 Hyperrectangular internal space

First, we construct a model with the d dimensional hyperrectangular internal space with the
4D chiral BC. This model holds the maximal N-extended SQM even if the boundary exists.
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In addition, it is obvious how the geometric supercharges generate the additional isospectral
pairs. We will construct the mode functions explicitly and show how the supercharges
generate them. The construction method of the mode functions does not depend on the
shape of the internal space and is highly applicable to other models.!

Shape Hyperrectangular internal space (even dimensions for simplicity)

BC The Dirichlet boundary condition (the 4D right-handed component vanishes at all
points on the boundary)

Properties

* The additional isospectral pairs exist
e The maximal N-extended SQM holds
The massless KK modes are chiral (only the 4D left-handed fields exist)

The multiple massless KK modes exist

The massless KK modes are localized on the extra-dimensions

It seems to be difficult to determine the massless KK mode profiles completely

5.1.1 Set-up

We consider the 4 + d dimensional space-time with the d dimensional hyperrectangular
internal space €,

Q=[0,nL1] xX---%x[0,7Ly4], (5.1)
where Ly (k = 1,...,d) are the positive real constants. For simplicity, we assume even

dimensions. We take the 4D chiral BC, the 4D right-handed fields vanishing, for all points
on boundary,

ATf ) =0, g.(y) =0, (5.2)
for all n and @. The boundary condition of the left-handed mode functions is derived from

the SQM relation (3.19). We note that the equivalent boundary condition of the higher
dimensional Dirac field is the 4D chiral Dirichlet boundary condition,

Yr(x,y) =0, (5.3)

at all points on the boundary.

!'We will use this construction method for the posterior models.
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5.1.2 Massive KK modes

We construct the massive KK mode functions explicitly. The n-th massive KK mode
functions £"(y) and g(")(y) with KK mass m? > 0 are given as

f0) = —Agl (). g2 () = K™ ()es,..s, (5.4)
n
where @ = s1...54/2 and 5,, = £ (form = 1,...,d/2).2 The symbol €554, AIC the

eigenvectors of the internal space gamma matrices,
h h — 7A/Y2m-14,Y2
Ym)€s "5 sgy = E€s) " sy Yim) = 1y 2"y, (5.5)

for m = 1,...,d/2. The scalar functions 2" (y) are the eigenfunctions which has the
eigenvalues m? of the screened Poisson equation

(=02 + MDA (y) = m2h"(y) VyeQ, (5.6)
with the Dirichlet boundary condition,
K (y) =0 Vy €0Q). (5.7)

The scalar functions £"(y) are explicitly given by the sine functions, and the n-th KK
masses are shifted by the square of mass,

d 2
h(")(y) H,/—ksm (—yk) mﬁ = M2+Z%. (5.8)
k

k=1

where ny = 1,2,... (k=1,.

We can show that every supercharges are Hermitian and consistent with the BC.
Thus, the N-extended SQMs maximally hold [35]. The supercharges generates the mode
functions at each KK level with flipping L/R and s;. The diagram of the action of
the N-extended supercharges on the ten-dimensional mode functions is schematically
illustrated in Figure 5.1.

We note that we will use this construction of the mode functions later.

5.1.3 Massive KK modes

There are no 4D right-handed massless KK modes in this model due to the boundary
condition. Thus, there exist only the 4D left-handed massless KK modes. However, it seems
to be difficult to completely determine the profiles of the massless KK mode functions.

We explain it by explicitly constructing the massless KK mode functions. In fact, one
can construct the left-handed massless KK mode functions fc(,o)(y) by

FO0) = ATG(ey,..yys - (5.9)

2 We should note that the index a of the right-handed mode functions g, )(y) indicate the position of the
component (scalar function 4(y)) but the left-handed mode functions f, (")(y) does not. The index describes
as the partners of the right-handed mode functions g(") () satisfy the relation (2.64).
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Figure 5.1: Figure (a) and figure (a) are the diagrams of the action of the
N-extended supercharges on the ten-dimensional and six-dimensional mode
functions respectively. The lines denote the action of the supercharges of the
N-extended SQM. The N-extended SQM generates the whole diagram.

where G(y) is any solution of the d dimensional screened Poisson equation defined on the
internal space Q,

(=07 + M*)G(y) =0 yeQ. (5.10)

We should emphasize that there is any more condition for the mode function. Thus, any
solution of the screened Poisson equation is allowed, and there exist infinitely many free
parameters characterizing its profile. For example, one can give such the solution as a

series of the modified Bessel functions I, and K,, and the hyperspherical harmonics Y, on
Sd_l,

G(y) = Z Z [cimliasac—2y2(ly — al) + 2, Kiasae—a2(ly — al)] |y — al'=47?v(6),
=1 m
(5.1
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where cfm (k = 1,2) are complex constants and a € R%.3 These constants are the free
parameter of this theory.

This is a consequence of the equivalency between the equation which determines the
profile and the boundary condition. We note that the equation which determines the profile
of the massless modes is given by

AfP () =0, (5.12)

on the internal space €, and the boundary condition of the massless modes féo)(y) is given
by

AfPG) =0, (5.13)

for all points on the boundary. These are clearly identical. Therefore, one cannot determine
the profile completely without any further condition. In [20], we take Ansatz for the
massless KK modes to determine its profile. This difficulty arises in any model with any
shape of the internal space if one takes the 4D chiral BC or internal space chiral BC for all
point on the boundary.

5.2 'Toroidal internal space

In this section, we show models that the NV-extended SQM maximally holds even if there
is no boundary.*

First, we consider the toroidal internal space with periodic boundary condition. In this
model, there are accidental isospectral pairs in the 4D spectrum, that is, the left-moving
and the right-moving degeneracy. In spite of it, the N' = 2 SQM and the N-extended SQM
generate the whole isospectral pairs. Of cause, the N-extended SQM maximally holds.

Shape Toroidal internal space (even dimensions for simplicity)
BC Periodic boundary condition
Properties

* The additional and accidental isospectral pairs exist

* The maximal N-extended SQM holds

* The massless KK modes do not exist with nonzero mass M

e If M = 0, there exist massless KK modes but they are not 4D chiral

Subsequently, we consider the toroidal internal space with twisted boundary condition as a
generalization of the model. In this model, there are additional isospectral pairs but not
accidental isospectral pairs. However, the N-extended SQM is completely broken. This
model indicates the complicated dependency of the N-extended SQM on the boundary
condition.

3 The hyperspherical harmonics Y,f, is introduced in Section E.1.
* We emphasize again that the N' = 2 SQM holds always.
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Shape Toroidal internal space (even dimensions for simplicity)
BC Twisted boundary condition (not including periodic boundary condition)
Properties

* The additional isospectral pairs exist
e The maximal N-extended SQM is broken
¢ The massless KK modes do not exist even if mass is zero, M = 0

5.2.1 Set-up: periodic boundary condition

We consider the d dimensional toroidal internal space with the periodic boundary condition.
Such the internal space is given by the hyperrectangle,

Q=[0,27Ry) X --- X [0,27Ry), (5.14)

with the periodic boundary condition for each y; direction (k = 1,...,d),
f(n)(yl, v s Voo v ey yd) = fén)(yl, e V2R, .., yd) (5.15)
ga)(yl, coes Vi o - .,yd) = gﬁ,")(yl, oYt 2nRy, .. .,yd) (5.16)

for all n and . The R, (k = 1,...,d) are the positive real constants. We note that the
equivalent boundary condition of the higher dimensional Dirac field W(x, y) is explicitly
given as,

WX, Vi eoos Vis oo os Ya—a) = P(X, V1, .. ., Yk + 20Rk, . . ., Va) s (5.17)

for each y; direction.

5.2.2 Massive KK modes

The mode functions are proportional to the plane wave because the system is periodic. We
can take the massive mode functions as,

20) = —Ag (), (5.18)
(n) [ S "k
o (V)= n 2R €s1...54/2 ©XP [ kz_; _k (5.19)
without loss generality. We note that at least one of ny (k = 1,...,d) is not zero to be

massive. It is easy to verify that the n-th KK mass is shifted by a square of mass M2,

d_ 2

2 i
+ — . 5.20
,;: R (5.20)

N
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fS”ll,”2) g(_n1,ﬂ2) f_(nl,—n2) g(_nl,—n2)
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01 03
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f_(—nl,n2) g(_—nl,nz) f_(—nl,—n2) g(_—nla—”2)
(b)

Figure 5.2: The lines indicate the action of the supercharges of the six-dimensional
space-time with toroidal internal space. Figure (a) illustrates the action of the
N = 2 SQM supercharges which generate the chiral partners. Figure (b) illustrates
the action of the N-extended SQM supercharges acting on the mode function
gi"l"”)(y). Since given the mode functions f"""2)(y) and gE_,”l’”Q)(y), the whole
mode functions are generated by the N' = 2 SQM and the N-extended SQM.

There is the accidental degeneracy between the +n; modes for each y; direction (k =
1,...,d) except massless KK modes.> Thus, the massive KK modes degenerates in
2 x 214121 % 24 degrees and the massless KK modes degenerates in 2 x 2l4/2] degree in
total.

We emphasize that the SQM supercharges have a different action in this model.

The N =2 SQM The supercharges of the N' = 2 SQM generate the chiral partners.

The N-extended SQM The N-extended SQM supercharges generates the accidental
isospectral pairs at each KK level. However, the N-extended SQM supercharges
cannot generate the isospectral pairs only in the left-moving or right-moving modes
because the N-extended SQM supercharges are not closed on the left-moving
(right-moving) mode functions.

Given mode function £”(y) and g”(y) with fixing @ at each KK level, the whole
isocpectral pairs is generated by the N' = 2 SQM and the N-extended SQM. We illustrate
the six-dimensional example in Figure 5.2.

> The degeneracy is given by that between the left-moving and the right-moving modes.
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5.2.3 Massless KK modes

There is a constant profile on the tours. However, the profile does not the massless KK
modes and not provide the massless 4D fields because the constant profile has the eigenvalue
M? of the screen Poisson equation (3.29). These modes are not 4D chiral. As the result,
there are 2L9/2] x d 4D Dirac fields with mass M in the 4D spectrum. If one takes M = 0,
these modes will be massless but not be chirally asymmetric.

5.2.4 Set-up: twisted boundary condition

We generalize the model to show the N-extended SQM supercharges will be not well-defined
if the reflection symmetry is violated.

We consider the d dimensional toroidal internal space with the twisted boundary
condition. Such internal space is given by the hyperrectangle,

Q=1[0,27rRy) X ---x[0,27Ry), 5.21)
with the twisted boundary condition for each yy direction (k =1, ..., d),
Vs os Voo s va) = €70 (1 v+ 2R - Va) (5.22)

ggn)(yl, s Vho s Yd) = eiQ”G"gf,")(yl, e Yk 2R, L, Va) (5.23)

where 0 < 6, < 1 (k =1,...,d). We note the equivalent boundary condition of the higher
dimensional Dirac field W(x, y) is explicitly given as

WX, Y1y e ooy Voo ooy Vd) = e’Q”Ok‘I’(x, Vi Yk + 2R, . . ., Vd), (5.24)

for each y; direction. For simplicity, we assume 6; # 6, forall k,h =1,...,d.

5.2.5 Massive KK modes

We can show that the mode functions can be expanded by Fourier series even one takes the
twisted boundary condition. Therefore, the mode functions are given as

n 1 n
2 () = —Ag (). (5.25)

n
) s 1 d ni + 0
(n _ , .
g(l (y) - g 27TRk esl...sd/g eXp |:l ; Rk yk] . (526)

where the quantum number ny is shifted by 6 (k = 1,...,d). The n-th KK mass is also
shifted by 6y,

d
(g + 1)
mi=M2+ ) - (5.27)
k=1 k

It should be stressed that the N-extended SQM is completely broken except the N = 2
SQM sector. The twisted boundary condition violates Hermiticity of the reflection
operators Ry (k = 1,...,d). As the result, the transformations (3.35) are not unitary and
the N-extended SQM is broken.
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5.2.6 Massless KK modes

There is no constant profile in this model because the twisted boundary condition prohibits
the constant profile. The minimum of the momentum is 8y or 6; — 1 for each y; direction
(k =1,...,d). Therefore, the KK mass of the lowest KK mode is given as,

d
_ 0 for0 <6, <1/2
2 2 k k k
m =M*+ — where 6;, = . 5.28

lowest Z R}% k {Qk -1 forl/2<6; <1 ( )

The degrees of degeneracy depend on the value of 8y (k = 1,...,d). If 6, # 1/2 for all k,
there are 2L9/2) x d isopectral pairs in the lowest KK modes. The degrees of the degeneracy
are the same as the rectangular internal space model.

5.3 'Two-dimensional cylindrical internal space

In the previous section, the N-extended SQM is completely broken by violating the
reflection symmetry. However, in general, if the reflection symmetry is partially broken,
the N-extended SQM is not necessarily completely broken. In this section, we consider
the two-dimensional cylindrical internal space model to show complicated dependence on
the boundary condition of the NV-extended SQM.

Shape Two-dimensional cylindrical internal space
BC Twisted boundary condition with the 4D chiral BC or the internal space chiral BC
Properties

* The additional isospectral pairs exist in some cases
* The N-extended SQM partially holds
e The massless KK modes do not exist (in the mentioned models)

5.3.1 Set-up

The two-dimensional cylindrical inner space is given as the open rectangular inner space,
Q=[0,7L] % [0,27R), (5.29)

with the twisted boundary condition for the y» direction,

F00, yo) = €20 £ (y1, yo + 27R), (5.30)
g1, y2) = €2 g0 (1, yo + 27R), (5.31)

for all n and @. The L and R are the non-zero real constants. We take # tobe 0 < 6 < 1.
In the cylinder, there are two boundaries which are not connected. As we showed, the
boundary condition has the huge parameter space at each point on the boundary. For
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Figure 5.3: The schematic illustration of the 4D spectrum of the six-dimensional
theory presented in Section 5.1 and Section 5.2. Figure (a) illustrates the
rectangular internal space mode in Section 5.1. There are two massless KK
modes which are the 4D left-handed. Figure (b) and (c) illustrate the toroidal
internal space mode in Section 5.2. There is no massless KK mode due to mass
M and the lower bound of the KK mass m,, is mass M. Figure (b) is the periodic
boundary condition and figure (c) is the twisted boundary condition. The twisting
parameters 6 solve the accidental degeneracy of the massive KK modes in general

(figure (c)).
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Y1

Figure 5.4: There are two boundaries in the cylinder which are not connected.

simplicity, we focus on the BC for all point in the boundary, i.e., the 4D chiral BC and the
inner chiral BC.

We note the equivalent boundary condition of the higher dimensional Dirac field ¥(x, y)
is explicitly given as

P(x, y1, y2) = €?"OP(x, y1, y2 + 27R) . (5.32)

5.3.2 Massive KK modes

We discuss the three practical models with combinations of the boundary condition which
breaks the N-extended SQM. One can obtain the remained combinations by exchanging
the boundary condition of each side.®

In any model, the n-th KK mass is shifted by a square of mass M?,

m, = M* + k* + p2, (5.33)

where k is the momentum for the y; direction and p,, is the y, direction. The momentum
pn values,

n+40
pn: R )

neZz. (5.34)

For simplicity, we fix the momentum p,,.

In this section, we denote fi”)(y) and g(in)(y) by the eigenstates of the 7y;, with

Yif () = ££7(y) and ying"(y) = +g"(y). We should emphasize that the eigenstates

i(")(y) (or g(in)(y)) are generally related by the boundary conditions. That is, the two

mode functions fi")(y) are not linearly independent in general. Therefore, we should pay

© We note that there are no degeneracy between the the right-going and the left-going modes with 6 € (0, 1).
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attention whether the mode functions are linearly independent due to complicated boundary
condition.

Before listing the models, we comment about the total supercharges of the cylindrical
internal space models. Formally, there are four N-extended supercharges in this models,

—YinY 2R A

—YinY ' R1A B
] Q=40 g, . (535)

Q1= (AT'yin'ylel
_VinP A . F

= , =i(-1 . 5.36
0=y ) 0. = i1 Q. (536
We note that the supercharges Q2 and Q3 are not well-defined because of the twisted
boundary condition for the y, direction. And, the supercharge Q4 is always well-defined
because it is a N = 2 SQM supercharge Q_ itself. Therefore, we focus on whether the
supercharge Q1 is well-defined.

The internal space chiral and the 4D chiral BC

First, we show the spectrum of the combination of the inner space chiral BC and the

4D chiral BC,
"y =0, fP(y) =0, at y; = 0, (5.37)
"y =0, g =0, aty, = L. (5.38)

The mode functions fi")(y) are a sine function vanishing at each boundary. Thus, the

momentum k of the mode functions f+(”) () and its 4D chiral partners is promotional
to the positive integer,

nl

k:Z’ n=12... (5.39)

The mode functions f)(y) are also given by the sine function. The momentum k
should be chosen to be consistent with the boundary conditions at y; = L. That is,
the momentum k of the mode functions f)(y) and 4D chiral partners is a solution
of the non-linear equation,

k = —ptan(nkL). (5.40)

It implies that the mode functions fi”)(y) have different KK masses and cannot be an
isospectral pair. The well-defined supercharges generates isospectral pairs. If there is
no isospectral pair, the supercharges are not well-defined. Therefore, the supercharge
Q) is not well-defined in this model. We note that the combination leads to

i) the two massive KK mode functions fi(") (and also gE_r")) are linearly independent
ii) there is no additional degeneracy
iii) only the supercharges Q, is well-defined for the NV-extended SQM
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The 4D chiral and the 4D chiral BC
The 4D chiral BC and the 4D chiral BC combination is given by

"y =0, fP(y) =0, aty, =0, (5.41)
g"(y) =0, gy =0, aty; = L. (5.42)

The mode functions are given by the sine functions. With this boundary condition,
the momentum £ is a solution of the non-linear equation,

k = M?2 + p2tan(wkL). (5.43)

The coefficient is shifted by square of mass M? due to the boundary condition. At

y1 = L, the boundary condition implies that the two left-handed mode functions

i")(y) are mixed at y; = L. That is, the two massive KK mode functions fin)(y) are

not linearly independent. Therefore, the supercharge Q; is not well-defined. We
note that the combination leads to

i) the two massive KK mode functions fin) (and also gE_L”) ) are not linearly
independent

ii) there is no additional degeneracy

iii) only the supercharges Q4 is well-defined for the N-extended SQM

The internal space chiral and the internal space chiral BC

The internal space chiral BC and the internal space chiral BC combination is given
by

fP@) =0, g"(y) =0, at y; =0, (5.44)
My) =0, g” =0, aty; = L. (5.45)

The mode functions are also given by the sine functions. The momentum k is a
solution of the non-linear equation,

k = —ptan(nkL). (5.46)

The two eigenstates fi")(y) (and gf_rn)(y)) has the same momentum k and linearly

independent. Hence, there are additional isospectral pairs and the supercharge Q1 is
well-defined. We note that the combination leads to

i) the two massive KK mode functions fi(") (and also g(i”)) are linearly independent
ii) there is an additional degeneracy

iii) only two supercharges Q1 and Q4 of the N -extended SQM supercharges are
well-defined
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BC ‘Solutions Total degeneracy | Well-defined supercharges

(L, +) 4 2 Q4
(L, R) 2 2 04
(—, +) 2 4 Ql and Q4

Table 5.1: A brief summary of the Section 5.3. There are the additional isospectral
pairs in the combination (—, +). If additional isospectral pairs exist, the part of the
N -extended SQM remains and generates the whole degeneracy.

In the first two cases, the N-extended SQM completely is broken except the N = 2 SQM

sector. We note that, in the first case, there are two linearly independent solutions fi(")(y)

(or g(i”)(y)). However, the individual modes have different KK masses. Therefore, only the
supercharge Q4 is well-defined for the NV-extended SQM. In second case, in contrast to
the first case, there are no two independent solutions. Therefore, the N-extended SQM
completely is broken except the N' = 2 SQM sector.

In these two cases, the N-extended SQM is broken because there is no independent
solutions which can be the additional isospectral pairs.

In the last case, the N-extended SQM is partially broken even though the additional
isospectral pairs exist. On the other hand, the well-defined supercharges Q; and Q4 of the
N-extended SQM can generate the whole mode functions (see Figure 5.1(b)). Thus, the
N =2 SQM and f the partial N-extended SQM still generate the whole degeneracy and
provides the additional isospectral pairs in the third case.

We also note that the reflection symmetry of the models. In previous two cases, the
reflection symmetry for the y; direction is violated by the boundary condition. Hence, the
reflection operator R; is not Hermitian and the supercharge Q1 cannot be Hermitian. On
the other hand, in the last model, it is not violated. Therefore, the supercharge Q; can be
Hermitian.

We summarize these cases in Table 5.1.

5.3.3 Massless KK modes

The cases which we mentioned have no massless KK modes.

5.4 One-dimensional interval internal space

Finally, we show the most simple example; the interval internal space model [18]. This
system is, exceptionally, not complicated. For example, the N-extended SQM and additional
degeneracy do not exist.” However, it is still worth to discuss because we can completely
classify the 4D spectrum. We will solve the whole mode functions explicitly with any
boundary condition in this section.

Shape One dimensional interval internal space

7 We discussed the reason in Section 2.4.
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Y1

Figure 5.5: The illustration of the interval internal space.

BC 4D chiral BC
Properties

* The N-extended supersymmetry does not exist

* The massless KK mode is 4D chiral

* The massless KK mode is localized

* The multiple localized tiny KK mass modes exist

5.401 Set-up
The one-dimensional interval inner space is given as
Q=[0,7L]. (5.47)

There are two boundary (two points) at y = 0, L.
In five-dimensions, the Dirac field has the same components as the 4D one. Therefore,
there are only two possible the boundary conditions, i.e., the left-handed modes vanish,

) =0, ATg"(y) =0, (5.48)
or the right-handed modes vanish,
Af™ () =0, g" (=0, (5.49)

at each point on the boundary. Thus, there are four combinations of boundary condition in
total. We note that the equivalent boundary condition of the higher dimensional Dirac field
Y(x,y) is given by

Prx, y) =0 or Yr(x,y) =0, (5.50)

at each point on the boundary.

5.4.2 Massive KK modes

It is easy to solve the equation (3.19) which determines the profile of the mode functions.
We note the mode functions and the momentum p.3
The n-th KK mass of the massive KK modes is simply given as

m2 = M? + p*. (5.51)

8 We give every mode functions in Appendix D.
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RH and RH Let us consider the boundary condition that the right-handed modes vanish
at each boundary,

Af"(y) =0, g”(y) =0, aty =0, (5.52)
AfM(y) =0, g™ () =0, aty = L. (5.53)

The system for the right-handed modes is the infinite-well quantum mechanical
system itself. We immediately find the normalized mode functions as

1
FO () = —ATg" (), (5.54)

n

2
g"(y) = /= sin(py), (5.55)
L

where the momentum p takes the values

p=1, n=12... (5.56)

RH and LH Let us consider the another combination of boundary condition; the
right-handed modes vanish at y = 0 and the left-handed modes vanish at y = 7L,

Af"(y) =0, g”() =0, aty =0, (5.57)
fP@) =0, Afg®(y) = 0, aty = 7L (5.58)

One can find that the normalized mode functions can be given by

1
F() = —ATg"(y), (5.59)
4
() _ 14 )
g7 = \/2p7TL — sin(2prL) sin(py), (5.60)

where the momentum p is given by the solutions to the equation

p = M tan(prL). (5.61)

The remained combinations of the boundary condition are obtained by merely exchanging
the boundary condition at each boundary. Therefore, we obtained the 4D spectrum of every
class of the boundary condition. It is obvious that the mode function has n nodes (the zero
points) for each n-th KK level.

It is interesting that, in contrast to the first case whose mass M only shifts the 4D
spectrum, the spectrum totally depends on the mass M in the second case. Such dependence
results from the boundary condition which is the feature of these models.
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5.4.3 Massless KK modes

It is also easy to solve the massless mode (and localized mode). We note that the massless
mode function (and localized mode) is the solution of the first-degree equation in this
model.

RH and RH With this boundary condition, the right-handed massless mode does not
exist, but the left-handed exists. Therefore, the massless KK mode is 4D chiral. The
massless left-handed normalized mode function is given by,

2M
FO) = s exp(—My). (5.62)

We stress that this mode is localized. The sign of the mass M determines which side
the mode function is localized on.® One can easily show the Witten index Ay is
equal to —1, and the supersymmetry is not spontaneously broken.

RH and LH One can find the localized modes with this boundary condition. If
1 < mLM, there are bound states which are given by a hyperbolic sine function as

4k
Oy = ; _
fo0) = \/ SxnL — sinh(2krL) sinh(x(y — L)), (5.63)
4k
Oy = ;
g 0= \/2K7TL — sinh(2«nL) sinh(xy). (5-64)

where the momentum « satisfies
k = M tanh(rLk) . (5.65)

We stress that these modes are localized on one side and correspond to bound states.
However, they are not 4D chiral and the modes are not massless modes. That is, the
KK mass of the states is given by the subtraction of the momentum «? from mass
square M2,

2 =M% (5.66)

mlowest

The momentum « never takes the value M. Therefore, these modes cannot be
massless even though these are localized. If 1 > w LM, there are no localize modes
because there is no non-trivial solution of (5.65). The Witten index Ay is 0 and there
are no massless KK modes. Hence, the supersymmetry is spontaneously broken.

We note that the massless KK mode in the first case is 4D chiral and the lowest KK modes
in the second case are not 4D chiral. These mode functions have similar localized profiles
but have different KK masses. The first case has zero KK mass. The second case has non
zero but tiny KK mass. For example, by taking the two parameters as the grand unification
theory scale, L = 2.0 x 10%® GeV and M = 1.3 x 10?6 GeV, the lowest modes’ mass mjowest
approximately has the value 8.7 x 10~ eV which is the neutrino mass scale. It implies that
the model provides the neutrino mass scale 10~! eV form the grand unification theory scale
10%° GeV. We constructed a phenomenological model based on the mechanism in [18].

? The ambiguity of the origin is removed by the normalization condition.
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(a) (b)

Figure 5.6: The illustration of the localized modes. Figure (a) illustrates the
massless KK mode of the RH and RH combination. Figure (b) illustrates the
localized but tiny massive mode of the RH and RL combination. These have
almost the same profile, but the KK mass is decisively different.

5.5 Summary: Models

In this chapter, we have considered various models to show how the N' = 2 SQM generates
the 4D chiral partners and the N-extended SQM generate the additional isospectral pairs.

First, we constructed one of the simplest models with boundary in Section 5.1. In this
model, the NV-extended SQM maximally holds. By giving the mode functions explicitly, we
showed that the supercharges generate the whole 4D spectrum in this model. We constructed
the mode functions explicitly in a highly applicable way and used this construction in later
models. On the other hand, it seems to be difficult to determine the profiles of the massless
KK modes because, for the massless KK modes, the boundary condition (5.13) and the
equation (5.12) which determine the profile of the massless KK modes have the same form.
This difficulty arises in any model with any shape of the internal space if one takes the 4D
chiral BC or internal space chiral BC for all points on the boundary.

In Section 5.2, we introduced the two models with no boundary. In the first model, a
toroidal internal space with the periodic boundary condition, there are accidental isospectral
pairs, i.e., the left-moving and the right-moving modes. The supercharges of the N' = 2
SQM generate the 4D chiral partners as usual. In addition, the supercharges of the
N-extended SQM generates the mode functions interfering the left-moving and right-
moving modes. Therefore, the whole 4D spectrum is generated by the combination of
the N = 2 SQM and the N-extended SQM the supercharges. In the second mode, a
toroidal internal space with the twisted boundary condition, the N-extended SQM is broken
because the reflection symmetry completely beaks in general. This model indicates the
sensitivity of the N-extended SQM on the boundary condition. In these models, all of the
mode functions are completely determined in contrast to the model with a hyperrectangular
internal space. However, there is no 4D chiral mode.

In Section 5.3, we introduced the model with a cylindrical internal space to emphasize
the complicated dependency of the N-extended SQM on the boundary condition. For
simplicity, we take the 4D chiral boundary condition and the internal space chiral boundary
condition for the two unconnected boundaries. We show three models breaking the
N-extended SQM with combinations of the boundary condition. The N-extended SQM
breaking is caused by the different mechanisms; a) there are no additional isospectral pairs
in the 4D spectrum, b) there are no linearly independent mode functions which can be an
isospectral pairs and c¢) the boundary condition violates the reflection symmetry of the
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mode functions.!°Table 5.1 is a summary that the combination breaks the N-extended
SQM.

In Section 5.4, we introduce the most simple mode which has an interval internal
space to discuss the lowest KK modes. We show that there are essentially two different
models from the viewpoint of the lowest KK modes. The first model has only one localized
massless KK mode which has an exponential profile. The partner mode is prohibited by
the Dirichlet boundary condition. Therefore, the massless KK mode is 4D chiral. Also, the
Witten index Ay takes the value —1 and the supersymmetry is not spontaneously broken.
The other model has two individual localized modes which localized at different sides
of the interval. It should be stressed that the two localized modes are not massless but
have a tiny mass. Therefore, the lowest KK modes are not 4D chiral. It is easy to verify
that the Witten index Ay is equal to 0 and there are no massless KK modes. Hence, the
supersymmetry is spontaneously broken.

We emphasize that the N = 2 SQM holds in any models even the N-extended SQM
is broken. It is natural because the N' = 2 SQM provides the 4D Dirac mass term.
Moreover, the existence of such the N' = 2 SQM is equivalent to the existence of the higher
dimensional theory. Namely, if the nontrivial mode functions (or the higher dimensional
theory) exist, the N = 2 SQM holds.

These are only toy models but indicate the possibility to solve the three problems of
the standard model ,the generation problem, the fermion mass hierarchy problem, and the
chiral asymmetry problem. There are multiple 4D chiral localized massless KK modes in
the 4D spectrum. As we showed, the hidden symmetry such as the N' = 2 SQM and the
N-extended SQM control the 4D spectrum. The deeper understanding of such the hidden
symmetry will help the classification of the higher dimensional theory.

We have not discussed the geometric phase in this chapter even treating the explicit
models because there is a technical difficulty to solve the equation of the mode functions
with the boundary condition which has nontrivial parameter space. However, such the
restricted huge parameter space is one of the important features of the extra-dimensional
theory with boundary.

10 These are might not independent. However, we do not prove it.
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Chapter 6

Summary

The standard model is one of the most successful theories which describe the nature. It is
no exaggeration to say that the physics below the TeV scale with low density is completely
understood. On the other hand, there are still reminded mysteries; the generation problem,
the fermion mass hierarchy problem, and the chiral asymmetry problem.

A higher dimensional theory is a candidate which solves the problems simultaneously.
The Kaluza—Klein (KK) decomposition is the method of inducing the 4D theory from a
higher dimensional theory. The standard model’ matter sector appears as the low energy
effective fields of the higher dimensional Dirac fields after the KK decomposition, e.g.,
lowest KK modes.

We were interested in the fact that degeneracy exists between 4D fields with the same
4D mass in KK decomposition of high dimensional Dirac field. In general, the degeneracy
corresponds to the symmetry, and the symmetry controls the spectrum and the solutions of
the theory. Therefore, we expect that the hidden symmetry corresponding to the degeneracy
will control the 4D spectrum and the lowest modes which provide the SM matter sector.

In this thesis, we revealed the hidden symmetry in the KK decomposition of the
higher dimensional free Dirac field consists of two classes of the quantum mechanical
supersymmetry. These supersymmetries control the 4D spectrum and the mode functions
of the higher dimensional theory.

The first one is the higher dimensional realization of the N' = 2 quantum mechanical
supersymmetry. The N' = 2 quantum mechanical supersymmetry is the crucial symmetry
for the KK decomposition of the free higher dimensional Dirac field because the N' = 2
supersymmetry ensures the existence of the chiral partners of the mode functions and
generates it. We showed the existence of such the N =2 quantum mechanics supersymmetry
by only requiring the variable separation of the high dimensional Dirac field and the mass
eigenstate of the 4D field (Chapter 2 and Chapter 3). Therefore, the N' = 2 quantum
mechanical supersymmetry will exist for various generalizations of the higher dimensional
Dirac theory.

The second one is the N-extended quantum mechanical supersymmetry which is a
generalizations of the N' = 2 supersymmetry. Due to the high degrees of freedom of the
higher dimensional Dirac field from the viewpoint of the 4D theory, there are, typically,
the additional isospectral pairs in the 4D spectrum. The N-extended quantum mechanical
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supersymmetry generates the additional isospectral pairs in the 4D spectrum. In contrast
to the N = 2 supersymmetry, the N-extended supersymmetry is highly sensitive to the
boundary condition. We showed various models which have nontrivial supersymmetry in
Chapter 5. In Chapter 4, we discuss the boundary condition consistent with the N' = 2
quantum mechanical supersymmetry for preparation of Chapter 5.

We emphasize that there exist(s) (multiple) localized massless (or tiny mass) KK modes
in the models with boundary (Chapter 5). The models which we introduced are only toy
models. However, the models indicate the possibility to solve the three problems of the
standard model, the generation problem, the fermion mass hierarchy problem, and the
chiral asymmetry problem, because of appearing multiple 4D chiral localized massless KK
modes.

In our model, the N-extended supersymmetry partially controls the 4D spectrum and
the mode functions. There are still additional isospectral pairs which are not described
by the hidden symmetry. It implies that there may exist another hidden symmetry. If
another hidden symmetry is found, the hidden symmetry will expand by gathering with the
N-extended supersymmetry and another symmetry.

We cannot completely classify the boundary condition. On the other hand, the
parameter space of the boundary condition which provides the nontrivial mode functions is
phenomenologically important. The boundary condition will control the profiles of the
mode functions also. Such the parameter space should be completely classified with the
explicit form of the mode functions to construct realistic models and quantitively analyze
the 4D spectrum.

We should bring in the scalar and the (non-Abelian) gauge fields to construct a realistic
model. If the internal space has the boundary, we should also classify the boundary
condition of the scalar and the gauge fields. It is known that the general boundary condition
of the scalar field at each point on the boundary is the Robin boundary condition [36].
However, the general boundary condition of the (non-Abelian) gauge fields at each point on
the boundary is not disclosed. It is also very important to classify the boundary condition
of the (non-Abelian) gauge fields for constructing realistic models.

The parameter space of the boundary condition is defined at each point of the boundary.
To be precise, the boundary condition is a map U form the boundary 0Q to the BC, where
the unitary matrix U characterizes the projection operator P.! If we can introduce natural
dynamics into the “field” U defined on the boundary (e.g. gauging the “field” U, a path
integral of U, etc.), it may be possible to dynamically determine the boundary condition.

One of the important generalization of our result is the internal space depended “mass’
M(y). In general, the vacuum expectation value (VEV) of the scalar field can have the
internal space dependence. Such the VEV can be regarded as the internal space depending
“mass” M(y). In the left-handed and right-handed massless KK modes’ equation, the
“mass” M(y) will have opposite signs. Therefore, this generalization may provide the 4D
chiral massless KK modes and may solve the mystery of the standard model.

We had revealed the hidden supersymmetries by discussion independent of model’
details. Therefore, it is easy to generalize the results to the theory with the curved internal
space. It will be expected that the supercharges are still the combination of the two Dirac

2

! This is the bundle structure itself. Namely, a set BC = Uyeaq BCy will be a “boundary condition bundle”.
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operators of the curved internal space.? And, the Witten index Ay characterizes the
4D chirality of the massless KK modes with the solution of the Dirac equation on the
internal space. It is known that the Witten index of the differential operator relates to the
topological quantities [31-33, 43]. It implies that we may be able to completely classify
the extra-dimensional theory based on topological quantities. The properties of the Dirac
operator which defined on the (pseudo-)Riemannian with no boundary is well studied, e.g.
spectrum, index, response of the Weyl transformation, etc. [43, 44]. It is very interesting
to generalized it on orbifold and the space with boundary.

29 Because the KK decomposition should work well even the internal space is curved.
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Appendix A

Higher dimensional Dirac action

In this chapter, we note the supplement topics of the higher dimensional Dirac action.

A.1 Two component spinor

In this section, we introduce two component spinor ¢(x) and y(x). These are spinors of
the irreducible represenatation of the 4D Lorentz group SO(1, 3).

A.1.1 Pauli matrices

The Pauli matrices o* (k = 1,2, 3) are given by

which have the properties,

3
[O'i, O'j] =2 Z glikgk, {O’i, O'j} = 26915, (A.2)
k=1
fori, j = 1,2, 3. The Levi—Civita tensor glik i, j, k =1,2,3) is normalized as e123 = 1 and
5 is the Kronecker delta.
The Pauli matrices o* (k = 1,2, 3) satisfy the anti-commutation relation in (A.2).
Therefore, one can construct the representation space of the Pauli matrices by the cre-

ation/annihilation operator o* given by,

1
ot = —(o! xic?), (A.3)

V2

which has the properties,

{c*,0%} =0, {c",07} =2, [03,0%] = +20F. (A.4)



68

Here, we note the construction of the representation space of the Pauli matrices. Given
a vacuum |0) which satisfy o~ |0) = 0. Due to the properties (A.4), there exits only two
states |0) and |1) = o+ |0). If we take the states as,

m=®, m=®, (AS5)

the representation of the Pauli matrices in (A.1) is reproduced up to phase factor.!

A.1.2 Two component spinor

We used the two components spinor fields ¢(x) and y(x) without any notion [24, 28]. We
introduce them and discuss of the property here. For convenient, we use the anti-symmetrize
operator,

1
Alrprl = S(AMB" — AVBY). (A.6)

The two component spinor fields ¢(x) and y(x) are the spinor fields of the irreducible
representation of the 4D Lorentz group SO(1, 3) respectively. The Lorentz group acts on
the spinor fields as,

¢(x) = ¢'(x) = expliwn " ]d(x), (A7)
x(x) =x'(x") = expliwuy o x(x), (A.8)

where the generators " and o (, v = 0, 1, 2, 3) of the 4D Lorentz group are given by
o = io-[,ua-vl ot = 15-[/10-1/] (A.9)
2 ’ 2 ’ '

with o# = (1,0%) and 7# = (1, —=0%) (k = 1,2, 3).
The convention in this thesis follows [24, 28],

1,2 1,2
6hg =) " (@")aad”, X' x = ) K@) Y, (A.10)
g n
ox =) " Xa, o =) pax". (A.11)

Raising and lowering indexes is done by the Levi-Civita tensor £ and &, (@ B @, B=12)
normalized as &2 = 1 as,

¢* =g, Xo = €45X" - (A.12)

! Given finite vector spaces V and ‘W and the linear map A : 'V — ‘W. The component (A); j of Ais
given by qy (i|A|j), where |j)q, (|i)qy) are the normalized basis of V (W).
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We note properties of the product of the two component spinor fields,
ox=xé, () =dx, doty=-xate, (poty)" =xots, (A13)

and Yy # 0 even Yy = 0.
We should note that one can define the left-handed spinor ¢ as a complex conjugate of
the right-handed spinor ¢,

67 = (¢")pe™ (A.14)

or, frankly, ¢ = —io2¢*. This is the property of the complex spinor representation of the
4D Lorentz group SO(1, 3).

At the end of this section, we mention about the 4D Dirac spinor in the 4D Weyl
representation. The 4D Dirac spinor ¢ is the reducible spinor of the 4D Lorentz group
SO(1, 3) which is usually given as,

_ (¢ _ s
lﬂ—()()—qf) ® Xa - (A.15)

A.2 Higher dimensional gamma matrices

A.2.1 The higher dimensional gauge field

It is a significant property that there are multiple 4D fields in the higher dimensional Dirac
field. It is provided from the algebraic property. In this section, we discuss the degree
of freedom of the higher dimensional gauge (vector) field from the viewpoint of the 4D
theoryfor comparison of the Dirac field.

Given a higher dimensional U(1) gauge (vector) field Ay(x, y) (N = u, y) which belongs
to a fundamental representation of the higher dimensional Lorentz group SO(1, 3 + d). The
higher dimensional gauge field Ay(x) (N = g, y) is transformed into its linear combination
by the action of the higher dimensional Lorentz group

An(x,y) = Ap(x,y) = AvY An(x, y), (A.16)

where Ay’ is the element of the fundamental representation of the higher dimensional
Lorentz group SO(1, 3 + d). The 4D Lorentz subgroup SO(1, 3) of the higher dimensional
Lorentz group SO(1, 3 + d) transforms the 4D components A, (x, y) but has trivial action
on the extra-dimensional component(s) A,(x, y),

Au(x,y) = Al(x,y) = A A (x,y), (A.17)
Ay(x,y) = Al(x,y) = Ay(x,y), (A.18)
where Aﬂ”' is the element of the 4D Lorentz group subgroup SO(1, 3). It implies that the

higher dimensional component(s) A,(x,y) (y = y1, ..., yq) seems to be the “scalar” field
form the view point of the 4D theory.
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The higher dimensional gauge (vector) field also has the higher degrees of freedom
more than 4D one form the view point of the 4D theory. However, the increased degrees of
freedom is not devoted to the 4D vector field sector, i.e., there is an only single 4D gauge
field.

We discuss again in different perspectives, the representation of the higher dimensional
Lorentz group. A fundamental representation of the higher dimensional Lorentz group
SO(1,3 + d) is a set of real (4 + d)-by-(4 + d) matrices satisfying

(RN ™ M Ryp ™ = "™ | R =R", detR = 1. (A.19)

It is easy to verify that any element of the SO(1, 3) X SO(d) subgroup in this representation
is block diagonalized. Denoting A by the element of the higher dimensional Lorentz group
SO(1,3 + d) and A(y,3) and A(y) by the element of the fundamental representation of the
4D Lorentz group SO(1, 3) and the SO(d) group respectively, one can decompose A as,

( AL3)

A(d‘4)) . (A.20)
That is, the subgroup is a direct sum of a fundamental representation of the 4D Lorentz
group SO(1, 3) and a fundamental representation of the SO(d),

SO(1,3) x SO(d) = SO(1, 3) ® SO(d), (A21)

in this representation. This implies that, in contrast to the Dirac field, any element of the
generators of the 4D Lorentz subgroup SO(1, 3) is given by the direct sum of A% and the
identity matrix,

AP 1, (A.22)

Of cause, the generators of the subgroup SO(1, 3) X SO(d) are the direct sums of the
generators of the 4D Lorentz group SO(1, 3) and the SO(d).

In contrast to the Dirac field, it is clear that there is only one 4D gauge field in the higher
dimensional gauge field. In the gauge (vector) field, the increased degrees of freedom is
devoted to provide the extra “scalar” fields A,(x, y) but not degeneracy of the “4D gauge
field” A,(x,y) (u=0,1,23).

We note that the increased degree of freedom provides the degeneracy on the 4D field
in the higher dimensional Dirac field.

A.2.2 Formal construction of the gamma matrices

In this section, we prove that there exists the spinor representation of the higher dimensional
Lorentz group SO(1,3 + d) for any 1 < d. It is easy that the quadratics of the gamma
matrices generates SO(1,3 + d) group if the gamma matrices exist. Therefore, we will
show the existence of the gamma matrices in any dimension [16, 25-27].

We will show a construction of the d + 1 dimensional gamma matrices I'N (N =
0,1,...,d) from the d dimensional gamma matrices y* (u =0, 1,...,d — 1) satisfying,

{(y*,y"} = —2""1, Yoyl = (v, (A.23)
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foru,v=0,1,...,d — 1, where n*” is the d dimensional metric given by,
" =nu = diag(=1,+1,...,+1). (A.24)
Even to Odd Given the d (even) dimensional gamma matrices y* (u =0,1,...,d — 1)
satisfying the Clifford algebra and Hermiticity (A.23), one can define the chiral
matrix y by,
Y= id/2_2y071 it (A.25)

which satisfy,

Y=, Y =1, {y.7"}=0. (A.26)

Therefore, one can define the d + 1 (odd) dimensional gamma matrices vy (=
0,1,...,d) as,

[H = yH, ¥ =iy. (A.27)

foru=20,1,...,d — 1. Itis obvious that the d + 1 dimensional gamma matrices N

(N =0,1,...,d) satisty the Clifford algebra and Hermiticity (A.23) with the d + 1
dimensional metric,

"M = pyy = diag(=1, +1, ..., +1), (A.28)

where NN M =0,1,...,d.

Odd to Even Given the d (odd) dimensional gamma matrices y* (u=0,1,...,d — 1)
satisfying the Clifford algebra and Hermiticity (A.23), one can define the d + 1 (even)
dimensional gamma matrices T’V (u = 0, 1,.. ., d) by the tensor product of the Puli
matrices and the gamma matrices as,

M=c'ewl, ' =ic?®y°, = o2 @y, (A.29)

for k = 1,...,d — 1. It is obvious that the d + 1 dimensional gamma matrices 'V
(N =0,1,...,d) satisty the Clifford algebra and Hermiticity (A.23) with the d + 1
dimensional metric,

"M = pyy = diag(-1 +1,...,+1), (A.30)
where N M =0,1,...,d —1,d. Especially, this representation of the d + 1 (even)
dimensional gamma matrices I'"V is chiral (or d + 1 dimensional Weyl representation).
Define the d + 1 dimensional chiral matrix I" in the same manner as (A.25), the chiral
matrix I" will be block diagonalized as,

[ =@+D2=2p0pl | pd-lpd = 3 g1, (A31)

In the four-dimensions, the gamma matrices exist. Thus, one can obtain any dimensional
gamma matrices by using this construction recursively.
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A.2.3 Explicit construction of the gamma matrix

In the previous section, we show the existence of the spinor representation by proofing
the existence of the gamma matrices for any dimension. However, it is not clear how
to construct and label the spinor (representation space). In this section, we introduce
the explicit representation of the gamma matrix which is easy to handle the spinor (the
representation space). For simplicity, we introduce the explicit representation for the
internal gamma matrices y** (k = 1,...,d) defined in (2.41).

One easily finds that the Pauli matrices satisfy the three-dimensional Clifford algebra
and wish to extend them into the d dimensional one. In fact, we can give the gamma
matrices as tensor products of the Pauli matrices in a simple form. For even dimension, the

internal gamma matrices y* (k = 1,...,d) are given as,
Y1 =il301,8 - 1,81, 80",
Y2 =il 91, ® - 81,01, ® 02,
Y3 =i1,81,8--®1,80 ®7°,
P1=i1,81,® - @1, Q02 Q 07,
Y3 =il 91, ® - @ ®o @,
Y1 =i19®1,® - ®0’ @0 Q03

For odd dimension, the internal space gamma matrices y* (y = y, . .

yrd-1 —icr'®c’®- - ®r’®r’ Q0]

Yi=ic?®0’®---@c®c’®o’.

Y1I=ilo®1l,®---
Y?=ilo®1s®---
P =i1lo®1,® -

’y =
Yi=il®1,®--
}/y3=l'12®12®"'
Y

M=l ®1y® -

®12®12®0’1,
®12®12®O’2,

®1c ® o3,
®1,0°® 0>,

®0'1®0'3®0'3,

®O’2®O'3®O'3,

yy‘”:i0'1®0'3®~--®0'3®0'3®0'3,
Y1 =ig? @@ @0 @0 @03,

Yi=ic?®cl®---®0iec’®ocd.

., Yq) are given as,

The size of the gamma matrices is 2l4/2] because these are | d/2] times the tensor products

of 2-by-2 matrices.

These representations respect following construction of the spinor (the representation
space). The space of the spinor (the representation space of the spinor representation of
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SO(1, 3 + d)) is generated by the creation/annihilation operators y(i:n ) and is labelled by the
“fermion number” operators y(,,) which are given by,

,y(-'_}-n) = —— (2 & gV, Yim) = [y2m-lyYom (A.34)

form=1,...,d(m=1,...,d—1) in even (odd) dimensions.? The operators satisfy the
“fermionic” creation/annihilation algebra,

Doy Yo} =0- Ol Yo} = 0w Wy Yol = £ 0mm- (A35)

for all m,n. The creation (annihilation) operator 7(’;") (y(‘m)) increases (decreases) the
eigenvalues of the “fermion number” operators 7y, by one. And, these are nilpotent.
Hence, the space of the spinor (the representation space) has the dimensions 2. The
finite series { | s1,..., Sy) }211:1 (or { | s1,...,5m) i;ll) where s, = 0,1 completes the
space of the spinor. The state |0, .. ., 0) is a vacuum which vanishes by multiplying for all
annihilation operators y(‘m),

Yy 10,---,0) =0, (A.36)

and the others are the “exited states” which given by multiplying the creation operators
Yy
|0,...,0,1,h0...,0>:y{m)|o,...,0>, (A.37)
m-t]
—nt ot
|0, .. .,O;n}t,h(), e 0,n_1til0 0 =Y Y 10, -5 0) (A.38)

for all m < n. In above representation, the m-th creation/annihilation operators y(i:n ) have

the creation/annihilation operators o* at the m-th component and the “fermion number”
operator y(,, has o3 at the m-th component,

m-th
Yo =12®1®---®1,80" ®0°® - ®0’ ®0”, (A.39)
)’(m):12@12@"'®12®0'?;1®0'3®"'®0'3®0'3' (A.40)
m-t
Therefore, in this representation, a vacuum |0, . .., 0) is given as,
0,...,0) =[0)®---®|0), |0y = (0,1)T, (A41)

and the “exited states” are given by replacing some |0) to |1) = (1,0)". We figure the
diagram of generating the space of spinor in Figure A.1.

% One should take care of the factors of the operators for convenient.
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11,1, 1)

N

|1,1,0) |1,0, 1) |1,0,1)
X X
/ /

[1,0,0) |0, 1, 0) |0,0, 1)

N7

10, 0, 0)

Figure A.1: The figure of the spinor space generated by the generators y(im).

A.2.4 List of the explicit representations of the gamma matrices

We listed the explicit representations of the gamma matrices up to ten-dimensions. Here,
we list the higher dimensional gamma matrices explicitly. The five- or higher dimensional
gamma matrices are based on the 4D Weyl representation for simplicity. In addition, we
note the charge conjugation C. which generates transpose of the gamma matrices,

C.IVNCh = (V)T (A.42)
if it exists.3
2D Gamma matrices
v=g¢! , I = 0'3,
r=—ic?, C, =o',
C_=io?.
3D Gamma matrices
' =¢! , I' = non.
rt = —i0'2, C, = non.
3 =—io3, C_=io?

3 Even if the charge congregations exist, the Majorana spinor does not always exist. See [16, 25, 27].



4D Gamma matrices: Weyl representation

e e

C, = iy*y"y’
C_ = iy%’
4D Gamma matrices: Majorana representation
70:0'1®0'2, r=c’®c?
yl =ilb® o3, C, = iyOyS,
y? = —ic?®o?, C_ =iy,
Yy =—ily® o',
5D Gamma matirices
I =yH, Tip =7,
1 =iy, I';h, = non.
c, =cH
C_ =non
6D Gamma matirices
M= 1@y Lip = 1,®7
M =ict®y® Th=0®y’
2 =ioc’ @y C,=c'ec
C.=c’eicY
7D Gamma matirices
M= 1oy Tip = 1@
M =icley’ I';, = non.
2 =jo? @y’ C, = non.
I =jo?®y° C.=c?eicH
8D Gamma matirices
' = 12®12®7# F4D:12®12®y5
Fy1:i12®0'1®y5 I“in:0'3®0'3®75
Fy2:i12®0'2®75 C+:0'2®0'1®in;d
[ =icl®@o®®y’ C_=c0c'®@c?eicH

M =ioc?®@c®®y’

75
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9D Gamma matirices

=181 @ y*
M=ilbeor! ®y’
M =ily®c’®y’
[ =icl®c®®y°
M =ic’®@o®®y’

™ =icteoiey’

10D Gamma matirices

T#
e
72
73
4
s
| R

1,101y,
i12®12®0'1®75,

i12®12®0'2®75,

i12®01®03®75,
. 2 3 5
i1L®oc*"®o"®vy°,
:i0'1®0'3®0'3®y5,

=ic’®c’®c’®y’,

I'ap
I
Cy

=11, ®’)’5
= non.
=or?@oleicH

= non.

12®12®12®)’5,
0'3®0'3®0'3®75,
cleoctecteict,

oot ec?eCcH,
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Appendix B

Supersymmetric quantum mechanics

In this chapter, we note the supplement topics of the supersymmetric quantum mechanics.

B.1 N =2SQM supercharges

We listed the representations of the higher dimensional gamma matrices in Section A.2.
Just to be sure, in this section, we note the explicit form of the supercharges of the higher
dimensional realization of the N' = 2 SQM (3.20a) up to ten-dimensions explicitly.

The supercharges are constructed by the operators A and A,

A=iyYd, - M, A' = -iyd, - M . (B.1)

Therefore, we list the operator A and A” in this section. !
We use the complex partial differential operators 0,, and 9,,,

am = ameJrl - iayQ'n ’ 5m = ay2m+1 + iay2m 4 (BZ)
form=1,...,d(m=1,...,d—1) in even (odd) dimensions, which have the properties,
8 = ~0m, o =0, (B.3)

The operators respect the complex coordinates z,, = yo,+1 + iy, and 2, = Yomt+1 —iyom as

am: Zm am:ai

m °

(B.4)

5D Gamma matirices In the five-dimensions, the internal gamma matrices are trivial.
That is, the higher dimensional gamma matrices have the same size as the 4D one.
As we mentioned in Section 2.4, the operators A and A" are given as,

A=+0,+ M, AT =-9,+M. (B.5)

! As we mentioned in Section 3.2, the operators A and A" are the Dirac operator (with mass M) on the
internal space itself. So we just list the Dirac operator of mass M.
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6D Gamma matirices As we mentioned in Chapter 5, the internal gamma matrices are
the Pauli matrices in the six-dimensions. Thus, the operators A and AT are given as,

(M8 (M -
- v B e

7D Gamma matirices The y3 direction cannot be complex coordinates. Therefore, the
bare differential operator d,, appears in the operator A and AT,

A=_ (8y3_+ M 61 ) ’ AT - (—8},3_+ M —61

61 —6y3 + M —61 (’)y3 + M) ’ (B7)

8D Gamma matirices We note only the operator A represented both tensor product
and matrix form,

~A= (_ 82) ®0‘3+12®(— 81) +M (B.8)
62 al
M 01 02
e M ~05
=14, s (B.9)
-0y 01 M
9D Gamma matirices We note only the operator A with both tensor product and matrix
form,
_ 62 3 81
-A=|z Qo +138 |z +0'3®O'3(9y9+M (B.10)
62 al
8y97+ M 61 62
B 01 =0y, + M —02
= 5 ) by, + M o . (B.11)
—62 61 3y9 +M

10D Gamma matirices The operators A and A" is the 8-by-8 matrices. We also note
only the operator A with both tensor product and matrix form,

—A=|- 9 ®rl@03+1,® |- 9 ® o>
63 a2

+12®12®( al)+M (B.12)

01
M 01 09 03
Ql M —09 —03
82 B ]_W 61 _83
_ —62 61 M a3
= 53 ) M a8 . (B.13)
—83 B Ql M _62
-03 B 09 M 01
03 -0y 01 M
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Appendix C

Boundary condition

We note the supplement of discussion of the boundary condition.

C.1 Derivation of the surface integral term

In Chapter 4, we introduce the non-local boundary condition (4.1) without any notion. In
this chapter, we derive the non-local boundary condition, i.e. the surface integral, in various
method. It should be note that it is easy to derive the local boundary condition at each
point on boundary form the non-local boundary condition.

In this section, for saving spaces, we use shorthanded notations as,

/ dx:/ dx, /dy:/dyd, ?g dy=j£ dly. (C.D
M* My Q Q 0Q 0Q

Before the discussion, we introduce the Stokes’ theorem (also known as the Gauss’ law, the
Green’ theorem and the divergence theorem).

Theorem (The Stokes’ theorem). Given a smooth vector w”(y) defined on a d dimensional
orientated manifold Q with a boundary 0€). The integration of the divergence of the vector
0,w” (y) over the whole manifold Q is equal to the integration of nyw”(y) over the surface

0Q,
/ dy 3,0" (y) = }15 dy nyw(y).
Q oQ

where ny is a normal vector to the surface 0.

This section organized as follow; in Section C.1.1, we derive the non-local boundary
condition by only assuming the variation principle. We show the Hermiticity of the action
provide the non-local boundary condition in Section C.1.2, and the conservation law (the
continuity equation) can also provide it in Section C.1.3.

C.1.1 The variation principle

The variation principle, 6S = 0, provides the equation of motion and the surface term
in general. Thus, one can derive the non-local boundary condition through the variation
principle.
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We take a variation 6 of the higher dimensional Dirac field W(x, y) as,
6S = S[¥ + P, ¥ + ¥] - S[¥, ¥], (C.2)

where W(x, y) is any variation function. We assume that the higher dimensional Dirac
field satisfies some boundary condition and we take the variation function from the same
function space. In other words, we assume that the variation function P(x, y) satisfies the
same boundary condition as the higher dimensional Dirac field W (x, y).

The variation principle provides the equation of motion of the higher dimensional Dirac
field ¥(x, y),

(iT*8, +ilY8, — M)¥(x, y) = 0, (C.3)

and the surface term,

/ dx/dy iy (P(x, ) P(x,y)) = 0. (C.4)
M4 Q

By the Stokes’ theorem, the surface term is equivalent to a surface integral of the higher
dimensional Dirac field W(x, y) and the variation function ¥(x, y),

yf dy iny¥(x, WI¥(x,y)=0. (C.5)
0Q

We note that The 4D Minkowski space M* has no boundary. Thus, there is no integral over
the boundary of the 4D Minkowski space M*.!
If the surface integral of the higher dimensional Dirac field vanishes,

75 dy iny¥(x, y)[V¥(x,y) = 0, (C.6)
oQ

the surface integral with the variation function (C.7) vanishes because of the assumption
that the higher dimensional Dirac field W(x, y) and the variation function P(x, y) satisfy
the same boundary condition.

Hence, it is enough to discuss this surface integral (C.7). With the representation of
the higher dimensional gamma matrices which respects the SO(1, 3) x SO(d) subgroup,?
one finds that the surface integral has only off-diagonal components,

wL(x )\ iny(15© ")\ (¥r(x, y)| _
jédy (wx,y)) (—inyaz@m ' )(‘PR(x,y)) =0 €D

where the higher dimensional field Wy (x, y) and Wg(x, y) are defined as,
Y(x,y)=e, @V¥r(x,y) + egr @ Yr(x,y). (C.8)

Therefore, we have shown that the variation principle provides the non-local boundary
condition. It is not difficult to show the local boundary condition given in Chapter 4.

! Strictly speaking, this is an technical assumption because the 4D Minkowski space is not compact.
% The representation is given in (2.22).



81

C.1.2 The Hermiticity of the action

One can also derive the non-local boundary condition from the Hermiticity of the action,
St =3.

If the action is Hermitian, ST = S, without any surface term, the following surface term
should vanish,

jf dy nyP(x, y)iT"¥(x,y) = 0. (C.9)
0Q

Therefore, the Hermiticity of the action provides the non-local boundary condition.

C.1.3 The conservation law (the continuity equation) of the U(1) cur-
rent

Also, the surface integral can be derived from the conservation law (the continuity equation)
of the U(1) current,

9, (x,y) + 0y J7 (x,y) = 0, (C.10)

for all point of the space-time M? x Q (including the boundary). The higher dimensional
U(1) current, J#(x, y) and J?(x, y), of the higher dimensional Dirac field W(x, y) is defined
as,

JH(x,y) = P(x, y)I*¥(x, y), J(x,y) = Plx, )IPP(x, ). (C.11)

The conservation law (the continuity equation) holds over the whole space-time.
Therefore, an integration of the equation also vanishes,

/4dx/dyd_4 vV =0. (C.12)
M Q

By the Stokes’ theorem, one finds the surface integral term,

/ dx / dy OnJ" = j{ dyin,¥P(x, y)["¥(x,y) = 0. (C.13)
M4 Q Q

Therefore, the conservation law (the continuity equation) of the U(1) current provides the
non-local boundary condition.

C.1.4 Summary: Derivation of the surface integral term

In this section, we showed multiple ways deriving the non-local boundary condition, i.e.
the surface integral term. The last two ways are very easy to understand because of its clear
logic. However, it is difficult to apply to the real-valued field. If the field values real (for
example, the real scalar field and the Majorana spinor field), the surface term will vanishes
trivially. On the other hand, the variation principle is highly applicable to various models.
However, the surface term (C.6) of the real valued field trivially vanishes. Therefore, we
should solve the equation (C.5) directly.
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Appendix D
Models

In this chapter, we note the supplement discussion of the models.

D.1 One-dimensional interval internal space

In this model, any massive mode functions are given as a trigonometric functions driven
from the sine function. We note the explicit form in this section [18].

In the five-dimensional models with an interval internal space, any massive mode
function can be given as a sine function. Thus, we prepare a normalized sine function A(y)
on an internal [0, L],

_ 4p :
h(y) = \/2an —sin(2pnL) sSin(py).- ®.1)

The function A(y) is normalized in L? norm,

L
/ dyh(y)?=1. (D.2)
0

The boundary conditions of each side restrict the value of the momentum p (see Section 5.4).

In the five-dimensional models, the operators A and A’ are just the first-degree
deferential operators +d, + M and -0, + M respectively (see Section 2.4). One can obtain
the chiral partners by operating A and A" onto the function A(y),

(+0y + M)h(y)

1

1 4p

= + cos + M si . (D3

M2 + p? \/2p7TL - sin(2p7rL)( cos(py) sin(py) - (D-3)

The mass M shifts the origin (or the phase) of the mode functions. If M = 0, the chiral
partners of the mode functions %(y) will be the cosine function.

We plot the some mode functions appeared in Section 5.4 in Figure D.1 and Figure D.2.
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f(l) g(l)

() (b)

Figure D.1: The plot of the mode functions with RH and RH boundary condition.
The right-handed mode functions are the sine functions itself (figure (a)). The
left-handed mode functions are the shifted cosine functions (figure (b)).

/\ /\ f& \//\\ gW
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AN e \// o)

f(l) g(l)

)
D

g(3)

yd

() (b)

Figure D.2: The plot of the mode functions with RH and LH boundary condition.
The left-handed and right-handed mode functions are the shifted trigonometric
functions (figure (a) and figure (b) respectively). The shift happens by the mass
M dependence of the momentum p though the boundary condition.
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Appendix E

Mathematical Supplement

In this chapter, we note the mathematical supplement.

E.1 Solution of the screened Poisson equation

In general, the massless mode function is a solution of the d (1 < d) dimensional screened
Poisson equation [34],

(=07 + M*)h(y) = 0. (E.1)

In this section, we note the solution in the hyperspherical coordinate [34, 45-50].

The screened Poisson operator —0y2 + M? is the linear combination of the Laplace
operator —6y2 and the mass term M?2. By taking the hyperspherical coordinates, one can
separate the variables into the radial part and the angular part,

d

02 1 0 0 1
—02+ M? = - =— Iy|97' — — —=Aga-1 + M2, (E.2)
! ; ay? — |yl*talyl olyl Iy

where —Aga-1 is a Laplace operator on a (d — 1)-sphere which is recursively defined as,

1 0 0 1
Aga-1 = sin?29,_ + Aga-2 . E.3
ST in2d 04-1 0041 D041 sin? Od-1 s 53

The symbol 6y (k = 1,...,d — 1) are the coordinates of the (d — 1)-sphere.

The Laplace operator on a (d — 1)-sphere —Aga-1 has positive-definite eigenvalues
£(t +d —2) where £ = 1,2, .. .. By denoting the eigenfunctions as ¥, (5), the eigenvalue
equation is given as,

—Aga-1YL(8) = €€ + d - 2)YE(6), (E4)

where Y (5) are the hyperspherical harmonics functions defined by the Legendre functions
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P! as,
1 d-2
YL@ = —e™®  prazg, )| | P, (E.5)
m \/ﬂ d-17 ¢ j]:|2] mj J
_ 2L+ j—1(L+€+j-2) 25 (e+2)
4 _ 2
Pr0) = \/ 5 -0 sin 2 (G)PL#%? (cos(6)). (E.6)
The “magnetic quantum numbers” my (k = 1, ..., d — 2) value integer and are bounded by

the “azimuthal quantum number” ¢ as,
mi| <my <---<mgg <C. (E.7)

Hence, the variables of the solution of the screened Poisson equation will be separated
as,

h(y) = [yI* 2RIy (6), (E.8)

where R(M x) is a radial part which is the solution of the modified Bessel equation with
n=(d+20-2)/2,

92 0 (d + 20 - 2)?
aon? T MY g0 (M) + =

(M x)? )] R(Mx) =0, (E.9)

where

(d+26-2)* (d-4)d
22 B

+O(l+d-2)+1. (E.10)

There are two individual solutions K,(x) and I,(x) of the modified Bessel equation
called modified Bessel functions. We note the asymptotic behavior of them,

lim I,(x) =0, lim I,,(x) = oo, (E.11)
x—+0 X—00

limo Ky(x) = o0, lim K,(x) =0, (E.12)
x—+ xX—00

for all 0 < n except Ip(x),

lim Iy(x)=1. (E.13)
x—+0

E.2 Direct sum and tensor product

We define direct sum and tensor product belfry [51].

We denote Mat(n, m, ; K) by the set of n-by-m matrix on the field K. Given a vector
space V and its subspace D, the set { Zf‘zl aiu; | ke N, uje D, a; €K, i=1,...,k}is
called a subspace generated by D.
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E.2.1 Cartesian product, Direct sum and Direct product

Frankly speaking, the direct sum is a way to enlarge the vector space by adding two vector
spaces. The dimensions of the new vector space is equal to the sum of the dimensions of
original vector spaces.

On the vector space, we can identify the direct product to the direct sum. Therefore, we
only introduce Cartesian product and direct sum independently of basis.

Definition (Cartesian product/direct product). Given sets A and B, the Cartesian product
A X B is the set of all ordered pairs (a, b) where a € A and b € B,

AXB:={(a,b)|lac AbeB}.

Definition (direct sum). Given V and ‘W are vector spaces over the field K, the Cartesian
product V x W can be given the structure of a vector space over K by defining the
operations component-wise,

(vi, w1) + (v2, wo) = (v1 +vo, w1 + w2),

a(v,w) = (av,aw),

where vi,vy € V, wi,ws € W and @ € K. The resulting vector space is denoted by
V @ W. The component is also denoted as v & w.

Corollary. Given finite dimensional vector spaces V and W, dimV & W = dimV +
dim W.

Example (R"). The vector space R? is defined by R ® R. Repeatedly using it, the vector
space R" for 1 < n is defined.

Example (A ® B). Given matrices A € Mat(ns, ma; K) and B € Mat(ng, mp; K), the direct
sum A @ B can be identified with diag(A, B) € Mat(na + ng, ma + mg; K).

E.2.2 Tensor product

Frankly speaking, tensor product gives a new vector space whose dimensions are the
product of dimensions of the original spaces. We note that the essence of tensor product is
the bilinear function.

First, we introduce the definition of the tensor product depending on the basis.

Definition (tensor product). Given bases {e?/} @=1,...,dimV) and {ejw} @ =
1,...,dim ‘W) for vector spaces V and ‘W over the field K respectively, the tensor product
YV ® W is the vector space over K generated by the Cartesian product { e;V <A e](.W }.

The the pair is denoted by e?/ ® eJ(.W = (e?’, leW) and the vector space is also denoted by
Vow.

We also denote the tensor product of v = Zlfl:irln(v vie;V eVandw = Zdzirfw w,-e?V €

i)
W as
v®w:Zviwje;V®eiW.
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By the definition, it is clear that the tensor product is a bilinear function,

(vi+v)@w=>W1+1)w,
VO (Wi +wo)=v@w +V®ws,
a(v ® wa) = (avy) ® wa = v1 ® (awz),

where vi,vo € V, wi,wo € W and @ € K. We note that the tensor product is not
non-commutative in general, v @ w # w ® v.
We introduce the basis independent definition of tensor product.

Definition (dual vector space). Given vector space V over a field K, the dual vector space
V* is defined as the set of all linear functionals ¢ : V — K satisfying,

(@ +y)(v) = p(v) +¥(v),
(@@)(v) = a(¢(v)),

forallv e Vand o € K.

Definition (tensor product). A tensor product V and ‘W over a field K is the vector space
V ® W generated by v ® w mapping v @ w : V* X W* — K by,

(v ew)(¢y) = p(v)p(w).

Corollary. Given finite dimensional vector spaces V and ‘W, that is, dimV @ W =
dim V dim ‘W.

Example (R" ® R™). There is an isomorphism between R" ® R™ and Mat(n, m; R), that
is, the tensor product R" ® R™ can be identified with Mat(n, m; R).

Example (A ® B). Given matrices A € Mat(ns, ma; K) and B € Mat(ng, mp; K), tensor
product A ® B can be identified with matrix belonging to Mat(nang, mamg; K) by

anB apB - anbi1 aibio
AQ B =|anB ax»B =|ai1ba1 ai1ba

We use that rule of the example as nesting rule, in this thesis.
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