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Abstract: Integrable structures of the Killing equation

The problem of determining whether a Hamiltonian system is completely integrable has
been long discussed since the carly days of development of celestial mechanics. A Hamiltonian
system with N degrees of freedom is said to be completely integrable in the Liouville sense if
there exist N smooth first integrals in involution which are functionally independent. In spite
of the fact that we have a well-defined notion of complete integrability, the above problem still
remains an open question.

Our purpose in this thesis is to construct a systematic method to enumerate first integrals of
a given Hamiltonian system. The main idea is that many Hamiltonian systems can be captured
through geodesic problems in curved space(-time)s: Euler’s equations for a rigid body emerge
from geodesic flow on the special orthogonal group with to a left-invariant metric; In general
relativity, the motion of a free particle in a gravitational field can be formulated as geodesic flow
on a curved spacetime; In general setting, the trajectories of a natural Hamiltonian systems,
that are given as the sum of a curved kinetic and a potential energy with the kinetic term being
quadratic in momenta, can always be described as geodesics in enlarged spaces, i.e. interactions
are geometrised by introducing one or more extra dimensions.

In this thesis, we assume that first integrals of a geodesic flow are polynomial in momenta. In
this setting, the Hamiltonian function is constructed out of the metric on a (pseudo-)Riemannian
manifold, and thus the first integrals must be associated with Killing tensor fields obeying the
Killing equation. 1t is a simple fact, usually known as Noether's first theorem, that if there is
a first integral linear in momenta. then the metric admits a one-parameter group of isometries
generated by a Killing vector field. In an analogous way, polynomial first integrals lead to
Killing tensor fields whose orders are cqual 10 the degree of the polynomials. A Killing tensor
field generates a canonical transformation which maps the original Hamiltonian system into
itsell. In gencral relativity, Carter’s constant in the Kerr black hole spacetime directly stems
from a second order Killing tensor field. .

Our assumptions reduce the integrability problem in Hamiltonian systems to the problem
how to solve the Killing equation. Then it is natural to ask the following questions:

o Are there any solutions of the Killing equation for given metrics?
o If the answer is yes, then how many solutions are there?
o What quantities are sufficient to determine the number of solutions?

In this thesis, we study the above issues and give partial answers. In particular, we introduce a
systematic method to analyse the Killing equation and to study its properties. A key ingredient
here is projection operators called Young symmetrisers. Main results are as follows:

(i) We construct an effective way to analyse the Killing equation and to study its properties
based on Young symmetriscrs. We particularly establish a prolongation procedure which
transforms the Killing equation of a specified order into a closed system dubbed the pro-
longed system by introducing new variables. Then the explicit form of the prolonged
system was written out up to the third order. ‘

(ii) We give a formula for the integrability conditions of the prolonged system that put tough
restrictions on the Riemann curvature tensor and its derivatives. We also derive the con-
crete form of the integrability conditions up to the third order. Moreover, we make a
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conjecture on the Young symmetrics of the integrability conditions of a general order.

Furthermore, we provide a method for computing the dimension of the solution space of

the Killing equation with a specific example.

(iti) We characterise metrics which admit Killing vector fields by local curvature obstruc-
tions. The obstructions have been obtained by analysing the integrability condition and
the original Killing equation. In particular. we provide the algorithm that tells us exactly
how many Killing vector fields exist for a given metric.

(iv) Killing tensor ficlds arise out of an assumption that first integrals of a geodesic flow are
polynomial in momenta. We relax this assumption and conceive of first integrals that
are meromorphic in momenta. We then define gauged Killing tensor fields in order to
describe first integrals that are meromorphic in momenta. We also study their properties
in detail and construct several metrics admitting a nontrivial rational first integral.

This thesis is organised as folows:

Chapter 2 In order to introduce Young symmetrisers which give 1 dingrammatic method to de-
compose the irreducible repserentations of the general linear group, we begin with some
basic concepts in representation theory. After then, we introduce Young symmetrisers
and study their properties to keep this thesis readable independently of any reference.
Young symmetrisers are the basic building block of the covariant tensor calculus in the
subsequent chapters,

Chapter 3 We give a procedure which transforms the Killing equation into a closed system
called the prolonged system by introducing new variables. Young symmetriser plays
essential roles in the procedure. It will be a first step towards better understanding of
the integrability of the Killing equation. In particular, the closed system serves to put a
maximum upper bound on the number of linearly independent solutions to the Killing
equation.

Chapter 4 We formulate the integrability conditions of of the prolonged system. It provides
a concrete way to enumerate the number of the solutions to the Killing equation. Our
analysis here is also based on Young symmetrisers. We also demonstrate a method for
computing the dimension of the space of KTs with a specific example,

Chapter 5 We characterise metrics which admit Killing vector fields by local curvature ob-
structions. The obstructions will be obtained by analysing the integrability condition and
the original Killing equation. As a consequence. the algorithm that tells us exactly how
many Killing vector fields exist for 3-dimensional Ricmannian metrics will be formulated.

Chapter 6 Killing tensor fields arise out of an assumption that first integrals of a geodesic flow
are polynomial in momenta. It is then natural to relax this assumption and conceive of
first integrals that are meromorphic in momenta. We call them the rational first integrals.
As a consequence, we are naturally led to introduce gauged Killing tensor fields.

Chapter 7 We summarise this thesis and conclude our study with a summary and outlook.
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