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Abstract

There are two viewpoints for reducing the influence of environmental vibration. One is the
vibration isolation that aims to cut off the transmission of vibration motion to the target object
in consideration. The other is the vibration suppression that aims to reduce or attenuate the
vibration itself. The former is well demonstrated by a pendulum; its behavior is not immediately
affected by horizontal vibration motion of its support due to inertia. The latter is a typical effect
usually achieved by means of a damping device.

A truss structure in hanging configuration with an apparatus at the peripheral end of the truss
is expected to possess the capability of vibration isolation resembles the behavior of pendulum.
Owing to the gravitational force, stability of the truss structure in this type can be guaranteed in
many situations.

Hanging truss structural system having SMA wires is able to attenuate the vibration energy
exerted by the support ceiling due to the hysteretic loop of the SMA wires in relatively high
temperature working conditions and is able to isolate the vibration from the support ceiling to
the peripheral end due to the effect of pendulum.

In the case that the SMA wires are in compression or in small strain state, such kind of SMA
wires can be replaceable to ordinary wires. In addition, characteristics of zero compressive
stiffness of wire members contribute to variation of natural frequency of the truss structural
system due to the variable stiffness behavior of the truss structural system itself.

This dissertation deals with the dynamic characteristics of a type of truss structural system
having SMA wires in hanging configuration. The main contribution of this dissertation is com-
posed of two parts. One is the development of the physical model for the dynamic problems.
The numerical integration process in order to tackle the material and geometric nonlinear dy-
namic problem is introduced. Adequacy of the developed dynamic model is confirmed from the
energy conservation point of view. On the basis of numerical calculation, vibration isolation
and attenuation capabilities of this kind of structures are confirmed. The constitutive model of
the SMA material considering the sub-loop behavior is developed. This model reflects the vi-
bration attenuation capability better than the constitutive model without the sub-loop behavior.
The other one is the construction of the optimization algorithms for obtaining the optimal place-



ments or sectional area of the SMA wires from the vibration isolation and attenuation points of
view. The fact that the number and the placement of the SMA wires are significant factors on
the effects of vibration isolation and attenuation has been attained. Besides, the optimization re-
sults of the placement and the sectional area show the same tendency of distribution of the SMA
wires. In the case of the placement optimization, there are few SMA wires in the stages near
the support ceiling or apparatus in the optimal configurations. The placements of SMA wires in
optimal configurations show a tendency of decentralization in the case of emphasis on vibration
isolation. In the case of sectional area optimization, the values of the sectional area of the SMA
wires near the support ceiling or apparatus are extremely small in the optimal solutions.
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Chapter 1

Introduction

1.1. Background
There are a large number of studies on dealing with the environmental vibration. For example,
in order to isolate the substructure beam from vibration, variable stiffness damped absorbers
are used [1]. A damper with porous anisotropic outer ring and the compressed oily layer is put
forward for the purpose of reducing the vibration impact [2].

There are two ways for reducing the influence of environmental vibration. One is the vi-
bration isolation that aims to cut off the transmission of vibration motion to the target object
in consideration. The other is the vibration suppression that aims to reduce or attenuate the
vibration itself. Several studies on vibration isolation taking advantage of the behavior of the
pendulum have been conducted in recent years. Seismic isolation systems using translational
pendulum are free from influence of the weight of the structure they bear and functionally sta-
ble [3]. The results obtained by Sanap et al. show that the friction pendulum system works
effectively in limiting the building responses during excitation due to earthquakes [4]. The
multi-suspended pendulum isolation system developed by Narita et al. works well concerning
vibration isolation [5]. By changing the design parameters of the pendulum type structures, the
natural period of the structure can be large enough than the environmental excitation periods.
Therefore, vibration isolation by such kind of structure can be expected. In the research of
Fallah and Zamiri, the genetic algorithm is used to find the optimal values of the isolator [6].
A variable frequency pendulum isolator has been developed [7]. The effect of horizontal and
vertical component of seismic load was studied by a kind of pendulum type structure [8].

Recently, SMA material has been researched in the area of structural engineering extensively
due to the conspicuous characteristics of the shape memory effect and the pseudo-elasticity.
Shape memory effect is the property that in the relatively low temperature environmental con-
dition, this metallic alloy can experience large shape change, but it can return to the original
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2 CHAPTER 1. INTRODUCTION

configuration upon the supply of heat. The characteristic of pseudo-elasticity demonstrates a
hysteretic loop under a specific temperature condition, which can be altered by adjusting the
constituents of the material in the process of manufacture. Thus, the percentage of the chemical
element can be studied and determined on the basis of the working temperature of the SMA
material. Therefore, pseudo-elasticity of SMA material attracts great attention for researches in
the structural vibration control area. For the purpose of dealing with active vibration control,
the shape memory effect plays an important role, and for the purpose of dealing with vibration
isolation or passive vibration control, the pseudo-elasticity plays a significant role.

The first research on the application to seismic area using SMAs traces back to the work of
Graesser and Cozzarelli [9]. The main achievement of their work is the influence of frequency
and history on the energy dissipation characteristics of SMA wires. This result also tells us that
the arrangement of different states of SMA materials in structures attains better performance.
Except for the pseudo-elasticity and the shape memory effect, the family of SMA material also
shows high-fatigue properties and the ability to provide hysteretic damping [10]. A suitable
pseudo-elastic constitutive mathematical model is developed considering residual martensite
strain effect and the behavior of the simulation result agrees with the experiment data. Omar
[11] has compared nonlinear seismic performance of braced steel frames with two different
bracing systems by means of nonlinear time history analyses, and examined the effectiveness
of these two systems. Some research results according to experimental and theoretical studies
have recently shown that SMA-based structures and devices are practically applicable [12-15].

There are a wealth of researches concerning passive vibration control using SMA material.
For instance, in the case of dealing with environmental vibration attenuation by means of a
structural system, the effect is not remarkably significant based only on the hysteretic char-
acteristic of the SMA material. Combinations of the SMA material and viscoelastic material
demonstrate noticeable result of vibration attenuation [16]. For the purpose of obtaining the
maximum energy dissipation capability, the optimal configurations of the combination of SMA
wires and energy-absorbing struts of the structures are attained [17]. A multi-linear hysteretic
constitutive model of pseudo-elasticity of SMA incorporating residual martensite strain effect
has been developed [18]. This model is implemented on a SDOF system and the comparison
of the result of experiment and the numerical response has been made. Pseudo-elastic SMA
dampers are effective in mitigating the structural response of building structures subjected to
strong earthquakes [19]. The study of Fosdick and Ketema contributes to the understanding of
the general macroscopic dynamic characteristics of SMA and its use in vibration damping [20].
In addition, there are many studies on energy dissipation by civil engineering structures having
SMA materials [21-27].

However, the pseudo-elastic constitutive models of the above-mentioned studies have not
considered the sub-loop behavior of the SMA material. Thus, the vibration energy can not be



1.1. BACKGROUND 3

attenuated totally by the SMA materials and such kind of constitutive models can not reflect
the mechanical behaviors of pseudo-elastic SMA material suitably. Therefore, it is necessary
to apply pseudo-elastic constitutive model considering the sub-loop behavior of SMA to the
structure for reflecting the damping capability of this material better. Pseudo-elastic constitu-
tive models considering the sub-loop behaviors have been developed in a number of studies.
In the research of Müller, the fact that the hysteretic loop contains metastable states has been
proposed. It tells us that both of the austenite phase and the martensite phase loose their (meta-
)stability on a line defining phase equilibrium [28]. This phenomenon is shown by an experi-
ment on an alloy of nickel and titanium also known as NiTi, namely, a kind of SMA material.
In addition, with different constituents of the material or owing to other influence factors, there
are maybe two trigger lines in the hysteretic loop [29]. On the basis of the work of Müller,
some open problems concerning the states inside the hysteretic loop and the formation of inter-
faces are discussed [30]. The stress-strain-temperature hysteretic loops due to the incomplete
transformation are analyzed from phenomenological point of view [31]. A nonlinear thermo-
mechanical behavior of SMA by finite element method is presented [32]. This research is the
same as the research of Müller, that is to say, there exists a trigger line in the major loop of
the hysteretic loop of pseudo-elasticity. To consider the inner hysteretic loops of a stress-strain-
temperature relationship, a shift and skip model is proposed [33]. A numerical investigation
of the phenomenological description of the thermomechanical behavior of SMA is carried out.
The model shows the capability describing the sub-loop behaviors. Comparisons between the
numerical and experimental results show that they are in close agreement [34].

For the purpose of application, the process of optimization design is necessary and signifi-
cant because the optimal results bring us excellent structural properties and material saving. In
the research of Zhao and Wang, in order to deal with the two difficulties of time-dependent re-
sponses and sensitivity analysis for the dynamics, the authors proposed a method in which there
is a one-parameter functional to approximate the extreme value of time-dependent response
[35]. A FRP-bracing-based optimal seismic retrofit method for reinforced concrete frames with
infill walls has been proposed [36]. In their study, a reinforced structure with the optimal so-
lution shows improved results in terms of both strength and deformation capacity. In order to
alleviate the calculation complexity of the optimization of large-scale structures having compli-
cated mathematical models, an efficient approach has been proposed, which is suitable for linear
and nonlinear response, static and dynamic response, direct and gradient optimization methods
[37]. For the purpose of reducing the vibration while the variable geometry trusses moves a tar-
get payload from one point to another as a space manipulator, an optimization of motion plans
has been studied [38]. A dynamic response topology optimization problem is dealt with in the
time domain. In that research, authors refer that when the natural frequency of a structure is
low, the dynamic characteristics (inertia effect) should be considered [39].
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1.2. Motivation and Objective

In the current study, we deal with a truss structural system in hanging type that consists of rigid
and wire members; part of the wire members are of SMA. The physical models [40] are adopted
for the dynamics calculation. We discuss about the dynamic characteristics of the hanging truss
structures. This type of truss structure becomes a mechanism in the case of less stiff members
required to maintain the statical determinacy, due to the compressive force on wires and/or due
to the removal of wires. However, owing to the influence of the gravitational force, stability of
this mechanism can be guaranteed in many situations. Vibration isolation effect of the hanging
truss is expected. The energy dissipation and performance of structures at the time of vibration
of basement is highly dependent on the nonlinearity of elements [41]. The SMA material is
applied to the hanging truss structure for the conspicuous pseudo-elastic characteristic for the
purpose of attenuating the vibration energy. Thus, this hanging truss structural system have the
capabilities of vibration isolation and attenuation.

We develop a mathematical model of the dynamic problem in consideration. For the purpose
of dealing with the nonlinearities of this dynamic problem, a time integration method coupled
with nonlinear iterative method is introduced. The effect of hanging configuration of the truss,
as well as the effects of mechanical properties of SMA and ordinary wires are demonstrated
respectively. We confirm the following characteristic benefits in dynamic behavior of the hang-
ing truss: the vibration isolation capability taking advantage of the pendulum characteristic and
the vibration attenuation ability due to hysteretic loop of the SMA wires. It should be noted
in addition that the ordinary wires have constant tensile stiffness while the stiffness of SMA
wires changes in accordance with their stress and histories of the routes of the corresponding
constitutive models. Adequate combinations of these factors are expected to exhibit excellent
vibration isolation and attenuation effects from the deformation point of view.

According to the above-mentioned contents, we have examined the vibration attenuation ca-
pability of SMA truss structural systems. However, subsequent to the motion of the support
ceiling, the exerted energy is not attenuated thoroughly. Therefore, the utilized constitutive
model dose not reflect the mechanical property of the pseudo-elastic SMA appropriately. For
the purpose of dealing with the residual vibration, a piecewise linear pseudo-elastic constitutive
model considering the sub-loop behavior is developed based on the theory of Müller [28]. On
the basis of numerical calculation, we have confirmed that this model is able to deal with the
residual vibration. The exerted energy by the support ceiling can be attenuated thoroughly due
to the constitutive model of SMA considering the sub-loop behavior. From the result of phase
plot of the dynamic behavior of the truss structural system having SMA wire members consider-
ing the sub-loop behavior, we understand that, subsequent to the motion of the support ceiling,
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all of the energy exerted by the support ceiling has been attenuated and the truss structure gets
back to its original configuration just as the behavior in the phase plot moves toward the center
of the graph.

Optimization problems are conducted from three aspects: combination of truss unit having
SMA wire members and truss unit without bracing wire members; combination of SMA wire
and ordinary wire; sectional area of the SMA wire members.

In terms of the first case, placements of SMA wires in hanging truss are calculated from the
viewpoints of vibration isolation and attenuation under the constraint condition of the number
of the SMA wires. The evolutionary process of NSGA-based method which contains the elite
preservation strategy is demonstrated [42]. In order to reduce the calculation time, a method
coupled with the evolutionary optimal algorithm is proposed. The crossover operator and mu-
tation operator due to the constraint condition of the number of the SMA wires are proposed.
The relationships between the placements of the SMA wire members and the objective func-
tions are discussed. The appropriateness of the proposed optimal calculation algorithm has been
confirmed by the simulated examples.

In terms of the second case, we conduct the optimization problem that combines the SMA
wire and ordinary wire members. Since the SMA wires in slack state or small strain state con-
dition do not play a significant role in energy absorption, such SMA wires can be replaceable
to ordinary wires from this point of view. On the basis of this consideration, we are able to
suppress the number of SMA wires of the truss structure with due consideration to the effect
of vibration isolation and absorption. In addition, the relatively high stiffness property of the
ordinary wires contributes to the relative stability of the behaviors of the truss structural system
from the deformation point of view. We combine the two kinds of wires with different me-
chanical properties in order to obtain the optimal solutions of configuration considering both
of the effects of vibration isolation and attenuation in case of being evaluated in the light of
displacement criterion.

In terms of the third case, the optimal problem concerning the sectional area of the SMA
wire members is conducted. The trade-off relationship of sectional area of bracing SMA wire
members exists. The hanging truss with thin SMA wires demonstrates more sufficient vibration
isolation capability due to insufficient vibration transmission from the support ceiling to the
peripheral end and energy consumption by the hysteretic loop of SMA wire members; however,
vibration attenuation efficiency is low in such cases. The hanging truss with thick SMA wires
demonstrates sufficient vibration attenuation capability and stability from the deformation point
of view; however, vibration transmitted significantly from the support ceiling to the peripheral
end. On the basis of this consideration, the optimal values of sectional area of SMA wires are
obtained in order to improve the capabilities of vibration isolation and attenuation.
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1.3. Organization of This Dissertation

This dissertation is composed of six chapters. Chapter 1 is the research background introduc-
tion. In Chapter 2, several pseudo-elastic constitutive models of the SMA material are reviewed
or developed. The first one is a piecewise model developed from the viewpoint of linearization
of evolutionary function [43]; the second one is a piecewise linear function developed based on
the theory of a meta-stable characteristic of the austenite phase and martensite phase in the ma-
jor hysteretic loop. The sub-loop behavior is considered in this model. The dynamic equation
of motion of the hanging truss structural system having SMA wires is developed on the basis
of finite element method. Numerical calculation process is constructed taking consideration
of the material nonlinearity and geometric nonlinearity. Adequacy for this dynamic model is
confirmed from the viewpoint of energy confirmation.

In Chapter 3, the dynamic behavior of hanging truss structural system having SMA wire
members, ordinary wire members and rigid members are discussed. The typical influences on
the dynamic behaviors of the SMA wire, the ordinary wire and the hanging configuration are
demonstrated. The influences of the number of the truss units of the column-type hanging truss
are displayed. Vibration isolation and attenuation capabilities of this kind of truss structure are
confirmed from the displacement criterion. In addition, the dynamic behaviors of the hanging
truss having the truss units with and without SMA wire members are discussed. The vibration
isolation and vibration attenuation effects are demonstrated from the acceleration viewpoint.

In Chapter 4, the optimization problems are formulated and are solved by a multi-objective
genetic algorithm from three aspects. The first one is the combination of the truss units with
SMA wire members and truss units without SMA wire members. The second one is the com-
bination of the SMA wire members and the ordinary wire members. The third one concerns
the sectional area of the SMA wires. The optimal solutions of the hanging truss structures are
obtained by a NSGA-based approach under the constraint condition of the number of the SMA
wires in the former two problems; crossover and mutation operators in order to deal with the
constraint condition of the number of the SMA wires are proposed. The non-dominated Pareto
fronts are obtained in the case of different numbers of SMA wire members. On the basis of the
calculation process, the fact that the number and the configuration of the SMA wire members
are significant factors on the effects of vibration isolation and attenuation has been confirmed.
The results of the first and the third optimization problems show a consistent distribution ten-
dency of the SMA wires.

In Chapter 5, several other dynamic cases of the hanging truss structural system having SMA
wires are discussed. Dynamic behaviors of hanging truss structural system in three dimension
are calculated. The dynamic behavior of a three-dimension truss having SMA wire members
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considering the sub-loop behavior is demonstrated. The differences of the two constitutive
models on the influences of the dynamic characteristics are compared. The results manifest
that the constitutive model considering the sub-loop reflects the attenuation capability more
effectively. Dynamic behaviors of hanging truss structural system with topologies besides the
column-type are displayed. Influence of the damping force has also been shown.

Chapter 6 closes the dissertation by presenting our main conclusions.





Chapter 2

Physical Model for the Dynamic Problem

2.1. Introduction

In this chapter, fundamental behaviors of SMA material are introduced. Several constitutive
models are reviewed or developed. Dynamic equation of motion of the hanging truss structure
having SMA wires are developed on the basis of finite element method. Numerical calculation
process in order to deal with the material nonlinearity and the geometric nonlinearity of this
kind of structural dynamic problems are constructed. The numerical integration algorithm is
shown.

2.2. Introduction of SMA

Because the effects of rhombohedral phase transformation are negligible [44], we assume that
SMA material has only two typical phases, namely, the austenite phase in high temperature
condition and the martensite phase in low temperature condition. The phase transformation
between these two phases is a solid-solid phase transformation and is different from most of
the other metal alloys. This solid-solid phase transformation from one crystalline structure
to the other does not occur by diffusion of atoms, but rather by shear lattice distortion [45].
Therefore, behaviors of SMA material assume the martensite fraction to depend on the current
value of stress and temperature only, and do not incorporate any rate dependence [46]. Such
a transformation is known as the martensitic transformation. It occurs instantaneously when a
change in temperature causes a change in driving force.

9



10 CHAPTER 2. PHYSICAL MODEL FOR THE DYNAMIC PROBLEM

Figure 2.1: Characteristics of SMA

2.2.1 Fundamental Behaviors of SMA

In the relatively low temperature and stress-free condition, the martensite phase is called the
twinned martensite, the crystal structure of which is an orthorhombic structure. If apply a load to
the material, when the stress reaches a critical value, the crystal structure begins to change from
the orthorhombic structure to monoclinic structure, the form of which is called the detwinned
martensite. This process is known as detwinning. If remove the load to stress-free condition,
the residual strain is remained. On the supply of heat, the crystal structure is altered gradually
from monoclinic structure to body-centered cubic structure, which is named as the austenite
phase. Upon decreasing the temperature of the material, the crystal structure transforms from
the body-centered cubic structure to the orthorhombic structure. This process is referred to
as self-accommodating and the material gets back to its original configuration in the end. It
seems that the material is able to remember its original shape. We term this transformation
process as the shape memory effect. It should be noted that, in the process of supply of heat, the
transformation could take place slowly earlier than the critical transformation start temperature
and remain unfinished after the critical transformation finish temperature [47].

In the relatively high temperature condition, this material can experience large deformation
on raising the stress and return to the original austenite phase on reducing the stress. This
is the conspicuous behavior of pseudo-elasticity. Description of the characteristics of shape
memory effect and pseudo-elasticity considering the crystalline structures are shown in Figure
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(a) Conceptual illustration (b) Introduced model

Figure 2.2: Pseudo-elasticity of SMA

2.1. In the following subsections, we introduce some piecewise constitutive models of the
pseudo-elasticity. Even though nonlinear stress-strain relation and numerical integration can be
used to get more accurate results, the piecewise model gives acceptable results for studying the
strain energy absorption of SMA, since it captures the physical essence of energy absorption
capability of SMA [48].

2.2.2 Piecewise Model of Pseudo-Elasticity

The pseudo-elasticity for the dynamic problems are introduced. The original mechanical char-
acteristic in accordance with the experimental observation for the pseudo-elasticity is shown in
Figure 2.2(a); however, it is difficult to perform numerical calculations in such a manner. The
piecewise model as in Figure 2.2(b) is introduced for dynamic calculations. The fundamental
constitutive model of SMA is on the basis of [43]. We modify the pseudo-elastic constitutive
model for the purpose of dealing with the current dynamic problems. In addition, the Young’s
modulus changes with different martensitic volume fractions. Owing to the wire members of
SMA, the uniaxial model is enough for predicting the mechanical behaviors of SMA [49]. Ow-
ing to the property of zero stiffness in compression of the wire members, the pseudo-elastic
constitutive model with minus strain value is not taken into account.

The condition for phase transformation from the austenite phase to the martensite phase,
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namely, the forward phase transformation is as follows:

ϵAM
s < ϵ < ϵAM

f and ϵ̇ > 0

where parameter ϵ denotes the strain, parameter ϵAM
s is the martensite phase transformation start

strain and ϵAM
f is the martensite phase transformation finish strain. The corresponding evolution

function is:
ξ̇ = −(1 − ξ) σ̇

σ − σAM
f

(2.1)

where parameter ξ is the martensitic volume fraction and σ is the stress. The condition for the
transformation from martensite phase to austenite phase, namely, the reverse phase transforma-
tion is as follows:

ϵMA
f < ϵ < ϵMA

s and ϵ̇ < 0

where parameter ϵMA
s is the reverse phase transformation start strain and ϵMA

f is the reverse phase
transformation finish strain. The corresponding evolution function is:

ξ̇ = ξ
σ̇

σ − σMA
f

(2.2)

Experiments indicate that the phase transformation strain is directly proportional to ξ, that is,
ϵ t = Λξ, where parameter Λ is a constant value called the maximum phase transformation strain
[50]. Total strain ϵ can be decomposed as the elastic strain ϵe and the phase transformation strain
ϵ t in the following form:

ϵ = ϵe + ϵ t = ϵe + Λξ (2.3)

The constitutive relation between the stress and the elastic strain is:

σ = Eϵe (2.4)

with a Young’s modulus E attained by the interpolation of Young’s moduli at pure austenite
phase EA and martensite phase EM [51] as:

E =
EMEA

ξ(EA − EM) + EM
(2.5)

The time-continuous Equations 2.1 and 2.2 are linearized and written as the corresponding
incremental equations as:

(1 − ξt)∆σ + ∆ξ(σt − σAM
f ) = 0 (2.6)

−ξt∆σ + ∆ξ(σt − σMA
f ) = 0 (2.7)

In the above equations, the subscripts t denotes the time point. The next time point is t + ∆t.
Parameter ∆ means the corresponding incrementation values from t to t + ∆t. ∆ξ is obtained
from:

∆ξ =

∫ t+∆t

t
ξ̇dt = ξ(t + ∆t) − ξ(t) (2.8)
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The linearized constitutive relation is attained from Equation 2.4 as:

∆σ = E(∆ϵ − Λ∆ξ) (2.9)

Assuming the linear relationship between the incrementation of martensite volume fraction
and the incrementation of the total strain, we have the following equation:

∆ξ = H∆ϵ (2.10)

with a proportion coefficient H. On the basis of this assumption, the incrementation of the
constitutive equation becomes:

∆σ = Ê∆ϵ, Ê = E(1 − HΛ) (2.11)

We can see that at the stages of phase transformation, the tangent elastic coefficient Ê changes
with the martensitic phase volume fraction. Substituting Equation 2.11 into Equations 2.6 and
2.7 respectively, the proportion coefficient H at t + ∆t can be given as:

H = HAM
t+∆t =

E(ξt − 1)
σt − σAM

f + EΛ(ξt − 1)
(2.12)

H = HMA
t+∆t =

Eξt
σt − σMA

f + ξtEΛ
(2.13)

By substituting Equation 2.4 into Equations 2.6 and 2.7 respectively, the martensitic volume
fraction at t + ∆t can be calculated during the deformation time history as the following equa-
tions:

ξ = ξAM
t+∆t =

Eϵt+∆t − σt − ξtEϵt+∆t + ξtσ
AM
f

EΛ − EΛξt − σt + σ
AM
f

(2.14)

ξ = ξMA
t+∆t =

ξtEϵt+∆t − ξtσMA
f

−σMA
f + ξtEΛ + σt

(2.15)

For the purpose of dealing with dynamic problems using the introduced pseudo-elastic con-
stitutive model, the algorithms are shown in the following tables. This model is considered as a
stain-driven type. That is to say, before determining the internal variables in the time history of
deformation, the strain value should be given in the current state of the material.
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Table 2.1: Algorithm for overall strain-driven solution

1. Detect loading or unloading

If ϵt+∆t − ϵt > 0 ⇒ Loading

If ϵt+∆t − ϵt < 0 ⇒ Unloading

2. Check phase transformations

If loading then check A→M phase transformation (Table 2.2)

else if unloading then check M→ A phase transformation (Table 2.3)

end if
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Table 2.2: Algorithm for forward phase transformation

Determine the range of the strain in the major loop

(1). 0 < ϵt+∆t < ϵ
AM
s

ξt+∆t = ξmin

Et+∆t =
EMEA

ξmin(EA − EM) + EM

σt+∆t = σmin + Et+∆t(ϵt+∆t − ϵmin)

(2). ϵAM
s < ϵt+∆t < ϵ

AM
f

Determine the range of strain in the inner loop

1). ϵmin < ϵt+∆t < ϵtp1

ξt+∆t = ξmin

Et+∆t =
EMEA

ξmin(EA − EM) + EM

σt+∆t = σmin + Et+∆t(ϵt+∆t − ϵmin)

2). ϵtp1 < ϵt+∆t < ϵ
AM
f

HAM
t+∆t =

Et(ξt − 1)
σt − σAM

f + EtΛ(ξt − 1)

ξAM
t+∆t =

Etϵt+∆t − σt − ξtEtϵt+∆t + ξtσ
AM
f

EtΛ − EtΛξt − σt + σ
AM
f

Et+∆t =
EMEA

ξt+∆t(EA − EM) + EM

σt+∆t = Et+∆t(1 − Ht+∆tΛ)(ϵt+∆t − ϵt) + σt

(3). ϵAM
f < ϵt+∆t

ξt+∆t = 1

σt+∆t = σ
AM
f + EM(ϵt+∆t − ϵAM

f )
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Table 2.3: Algorithm for reverse phase transformation

Determine the range of the strain

(1). ϵtp3 < ϵt+∆t < ϵmax

ξt+∆t = ξmax

Et+∆t =
EMEA

ξmax(EA − EM) + EM

σt+∆t = σmax + Et+∆t(ϵt+∆t − ϵmax)

(2). ϵMA
f < ϵt+∆t < ϵtp3

HMA
t+∆t =

Etξt

σt − σMA
f + ξtEtΛ

ξMA
t+∆t =

ξtEtϵt+∆t − ξtσMA
f

−σMA
f + ξtEtΛ + σt

Et+∆t =
EMEA

ξt+∆t(EA − EM) + EM

σt+∆t = Et+∆t(1 − Ht+∆tΛ)(ϵt+∆t − ϵt) + σt

(3). ϵmax < ϵt+∆t

ξt+∆t = 1

σt+∆t = σ
MA
f + EM(ϵt+∆t − ϵMA

f )

(a) Strain increase (b) Strain decrease

Figure 2.3: Inner loop explanation
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The unknown parameters in the Tables 2.1-2.3 are denoted in Figure 2.3 and explained in
the following two paragraphs.

The point B in Figure 2.3(a) is the point with the minimum strain value in the former process
of strain decrease. The martensitic volume fraction at this point is ξmin. From point B to point 1,
there is no phase transformation and the relationship between the stress and the strain is linear
elastic. If the strain is larger than ϵtp1, the relationship between the stress and the strain steps
into the forward phase transformation in the major loop.

The point A in Figure 2.3(b) is the point with the maximum strain value in the former process
of strain increase. The martensitic volume fraction at this point is ξmax. From point A to point 3,
there is no phase transformation and the relationship between the stress and the strain is linear
elastic. If the strain becomes smaller than ϵtp3, the relationship between the stress and the strain
steps into the reverse phase transformation in the major loop.

2.2.3 Pseudo-Elasticity Considering Sub-Loop Behavior

The constitutive model of the SMA material considering the sub-loop behavior is developed.
The diagonals in all the four schematic figures in Figure 2.4 are called the trigger line. In the
case that the stress-strain relation inside the major loop encounters the trigger line, moving
direction will change from the inner elastic process to the inner phase transformation process
according to the theory of [28]. There are four situations considering the variation history of
strain and the positional relations between the start point inside the major loop and the trigger
line.

Situation 1 in Case of Strain Increase

In Figure 2.4(a), turning point is denoted as (ϵmin, σmin), where ′min′ means the minimum value
of the stress in the previous decreasing process. Utilizing line 1 and the trigger line in Figure
2.4(a), coordinate of the point (ϵT , σT ) on the trigger line is determined. The slope of line 1 is
the interpolation of the Young’s moduli at the pure austenite phase EA and the pure martensite
phase EM as:

k1 =
EMEA

ϵ tmin

Λ
(EA − EM) + EM

(2.16)

where parameter ϵ tmin is the phase transformation strain at the turning point. The slope of line
2 is the interpolation of the slopes of the forward phase transformation stage k f and the reverse
phase transformation stage kr in the major loop. The slope of line 2 is determined as:

k2 = k f +
d1

d0
(kr − k f ) (2.17)
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(a) Situation 1 in case of strain increase (b) Situation 2 in case of strain increase

(c) Situation 1 in case of strain decrease (d) Situation 2 in case of strain decrease

Figure 2.4: Pseudo-elasticity of SMA with sub-loop behavior

where parameter d0 is the distance between the points of (ϵT f , σT f ) and (ϵTr, σTr); parameter d1

is the distance between the points of (ϵT f , σT f ) and (ϵT , σT ). Coordinates of points (ϵTa, σTa)
and (ϵTb, σTb) are easily determined as shown in Figure 2.4(a). Phase transformation strain
along the line 2 can be calculated as [52]:

ϵ t = Λ
ϵ − ϵTb

ϵTa − ϵTb
(2.18)
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Situation 2 in Case of Strain Increase

In Figure 2.4(b), point (ϵmax, σmax) is the maximum stress value point in the previous increasing
process and point (ϵmin, σmin) is the minimum stress point in the previous decreasing process.
Utilizing line 1 and line 2 to determine the coordinate of point (ϵtp1, σtp1). In the case that the
strain value becomes larger than ϵtp1, the behavior steps into line 2. In fact, points (ϵmax, σmax)
and (ϵtp1, σtp1) are the same; however, owing to the different route histories between these two
points, different symbols are used. The slopes of line 1 and line 2 in Figure 2.4(b) are easily
determined as the former equations.

Situation 1 in Case of Strain Decrease

In Figure 2.4(c), the strain decreases from the point (ϵmax, σmax). By using the line 1 in Figure
2.4(c) and the trigger line, coordinate of the point (ϵT , σT ) is attained. Resembles the method
in the former contents, coordinates of the other points are easily determined. Slope of line 1 is
determined as:

k1 =
EMEA

ϵ tmax

Λ
(EA − EM) + EM

(2.19)

where parameter ϵ tmax is the phase transformation strain value at the point (ϵmax, σmax). Slope of
line 2 in Figure 2.4(c) is calculated as the former contents. Phase transformation strain along
the line 2 in this figure is obtained as:

ϵ t = Λ − Λ ϵTa − ϵ
ϵTa − ϵTb

(2.20)

Situation 2 in Case of Strain Decrease

This case is shown as in Figure 2.4(d). Behaviors and the fundamental formulations are the
same as the above-mentioned approaches.

2.2.4 Review of a Cosine Model of SMA

The early work conducted by Tanaka [53] assumes that the harding function in the process of
phase transformation are exponential curves. Afterwards, modification are performed by Liang
and Rogers [49]. In the modified model, the exponential curves are replaced by cosine functions
and the modified model suits the experiment observation well.

On the basis of the theory of thermal-mechanics, the stress is the function of strain, tem-
perature and the martensite phase volume fraction. The rate form of the constitutive equation
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derived by Tanaka [53] is expressed as:

σ̇ =
∂σ

∂ϵ
ϵ̇ +
∂σ

∂T
Ṫ +
∂σ

∂ξ
ξ̇ = Eϵ̇ + ΘṪ + Ωξ̇ (2.21)

where parameter E is the Young’s modulus (In this model, E = EA = EM),Θ is the thermoelastic
tensor and Ω is the phase transformation tensor. The following constitutive equation is derived
by integrating the above equation with time:

σ − σ0 = E(ϵ − ϵ0) + Θ(T − T0) + Ω(ξ − ξ0) (2.22)

where the parameters σ0, ϵ0, T0 and ξ0 are the corresponding initial variables. Martensite vol-
ume fraction in the reverse phase transformation (M → A) and the forward phase transformation
(A→ M) processes are as follows:

ξ =


ξM

2
{cos[aA(T − As) + bAσ] + 1} (M → A)

1 − ξA
2

cos[aM(T − M f ) + bMσ] +
1 + ξA

2
(A→ M)

(2.23)

Constant parameters aA and aM are determined by the following equations:

aA =
π

A f − As
, aM =

π

Ms − M f
(2.24)

where Ms, M f , As and A f are martensite phase transformation start temperature, martensite
phase transformation finish temperature, austenite phase transformation start temperature and
austenite phase transformation finish temperature, respectively. ξA is the initial martensite vol-
ume fraction in the forward phase transformation process and ξM is the initial martensite volume
fraction in the reverse phase transformation process. Material constants bA and bM are deter-
mined by the following equations:

bA = −
aA

CA
, bM = −

aM

CM
(2.25)

In the above equations, parameters CA and CM are obtained based on experimental identifica-
tion.

The harding function is not explicit. Since the strain-driven type is considered, for a certain
strain, iteration is necessary for the time consuming convergence in order to determine the
corresponding stress value. In this research, Newton-Raphson iterative method is utilized for
solving the implicit nonlinear equations in the phase transformation stages. It should be noted
that, the selection of the initial stress values of the nonlinear iteration should be performed by
trial and error because that convergence can not be attained by using inappropriate initial stress
values. The initial stress values in forward phase transformation stage is different from the
reverse phase transformation stage.
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2.3. Dynamic Equation

The kinematic relations are formulated on the basis of the geometric relations of the truss struc-
ture having wire members [40]. The mass of the members are supposed to be distributed at
the nodes of the members. The gravitational forces of the members are assumed to be acted
on the nodes of the truss members. Energy definition of this kind of dynamic problems is con-
ducted. Based on the energy formulations, the dynamic equation of motion of the hanging truss
structural system having SMA wire members is derived according to the Hamilton Principle.

2.3.1 Geometric Relations

The kinematic relation of the hanging truss structural system having wire members is formu-
lated according to the geometrical relationship. The length of the ith member li can be calculated
based on the distance between the two connected nodes, α(i) and β(i), of the member. For the
two nodal positions vectors pα(i) and pβ(i), the geometrical relation is expressed as:

li = [(pα(i) − pβ(i))T (pα(i) − pβ(i))](1/2) (2.26)

Pick up all the truss members, the geometrical relation can be written in vector form as:

l = l(P) (2.27)

where l = [l1, ..., lM]T is the total member lengths vector and P = [pT
1 , ..., p

T
N]T is the total nodal

positions vector. Perform total differential of the above equation, we can obtain the following
equation:

dl =
∂l
∂P

dP (2.28)

The Jacobian matrix is expressed as:

J =
∂l
∂P
=

[
∂li

∂pn

]
(i = 1, ...,M, n = 1, ...,N) (2.29)

where

∂li

∂pn
=



1
li

(pα(i) − pβ(i))T (n = α(i))

1
li

(pβ(i) − pα(i))T (n = β(i))

0 (other)

(2.30)
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2.3.2 Energy Definition

Taking the constitutive relations of the SMA wire members into consideration, the elastic strain
of the ith member is expressed as:

ϵei =

 ϵi Rigid or austenite SMA

ϵi − ϵ ti Phase transformed SMA
(2.31)

The elastic deformation of the ith member is:

Ri =

 ri Rigid or austenite SMA

ri − ρiϵ
t
i Phase transformed SMA

(2.32)

where ρi is the natural length of member i. Elastic energy is defined as:

U =
1
2

(r − ϵ tρ)T KL(r − ϵ tρ) =
1
2

RT KLR (2.33)

where vector r = [r1, ..., rM]T is the total deformation vector. Vector ρ = [ρ1, ..., ρM]T is the
natural length vector. Matrix KL = diag[E1A1/ρ1, ..., EMAM/ρM] is a diagonal matrix contains
the stiffness of all the truss members. Vector R is the elastic deformation of the members.
Parameters Ei and Ai are the Young’s modulus and the cross-sectional area of the ith member.
Matrix ϵ t = diag[ϵ t1, ..., ϵ

t
M] and ϵ ti is expressed as:

ϵ ti

 = 0 Rigid or austenite SMA

, 0 Phase transformed SMA
(2.34)

The kinetic energy, the work done by the gravitational force and the work done by the support
ceiling can be defined as:

Q =
1
2

ẊT MẊ

P1 = GT X

P2 = f T D′
(2.35)

where M is the mass matrix of the truss structural system and G is the gravitational force vector.
f is the support ceiling force vector. As shown in Figure 2.5, X is the absolute displacement
vector of the truss nodes and D′ is the displacement of the truss nodes due to motion of the
support ceiling. The relationship between X and D′ is as follows:

X = D + D′ ⇒ δX = δD + δD′ (2.36)

where D is the relative displacement of the truss nodes due to the deformation of members.
Symbol ′δ′ means variation.
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Figure 2.5: Relationship of the displacements

2.3.3 Derivation of Dynamic Equation

Equation of Hamilton Principle is expressed as:

δI = δ
∫ t+∆t

t
(Q − U + P1 + P2)dt = 0 (2.37)

It should be noticed that t and t + ∆t are two specified time points. By substituting the energy
terms, the following equation is obtained:

δI =
∫ t+∆t

t
(ẊT MδẊ − RT KLδR + GTδX + f TδD′)dt = 0 (2.38)

Elastic deformation vector is given as:

R(D) = r − ϵ tρ = l(P) − l(O) − ϵ tρ (2.39)

where vector P = D + D′ + O is the current coordinate vector of the truss nodes and vector O
is the initial coordinate vector of the truss nodes. We can derive the following equations from
Equation 2.39 as:

δR =
∂l
∂P
δP,

∂R
∂D
=
∂l
∂P
= J (2.40)
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Jacobian matrix J transforms the member values to the corresponding nodal values. Thus, we
have r = J D. The derivation of the first term in Equation 2.38 can be performed as:∫ t+∆t

t
(ẊT MδẊ)dt = ẊT MδX

∣∣∣t+∆t

t
−

∫ t+∆t

t
(ẌT MδX)dt (2.41)

Paying attention to δX(t) = δX(t + ∆t) = 0,∫ t+∆t

t
(ẊT MδẊ)dt = −

∫ t+∆t

t
(ẌT MδX)dt (2.42)

The second term in Equation 2.38 is calculated as:

−
∫ t+∆t

t
(RT KLδR)dt = −

∫ t+∆t

t
[RT KL

∂R(D)
∂D

δD]dt (2.43)

Substituting Equations 2.42, 2.43 into 2.38 obtains:

δI = 0

=

∫ t+∆t

t
[−ẌT MδD − RT KL

∂R(D)
∂D

δD + GTδD + GTδD′ + f TδD′ − ẌT MδD′]dt
(2.44)

For arbitrary δD and δD′, we can derive the dynamic equation of motion in the following form:

MẌ + (
∂R
∂D

)T KLR = G (2.45)

By substituting Equations 2.39 and 2.40, we attain:

MẌ + (
∂l
∂P

)T KL(r − ϵ tρ) = G (2.46)

To arrange the above dynamic equation of motion in the conventional form, the final type of the
equation is obtained.

MẌ + K D = G + JT q (2.47)

where K = JT KL J, q = KLϵ
tρ.

Substituting Ẍ = D̈+ D̈′ into the above equation, the dynamic equation of motion is derived
as:

M D̈ + K D = −M D̈′ + G + JT q (2.48)

The hanging truss structure is assumed to be supported by the ceiling. The motion of the
support ceiling nodes and the external force on the other nodes are assumed to be given. Nodal
deformation displacement vector D can be represented as D = [DT

U , DT
C]T , where DU and DC

correspond to the unconfined or confined nodal elements, respectively. On the basis of this
representation, the above equation is rewritten as:

MUU D̈U + MUC D̈C + KUU DU + KUC DC = −MUU D̈′U − MUC D̈′C + JT
U q + GU (2.49)
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MCU D̈U + MCC D̈C + KCU DU + KCC DC = −MCU D̈′U − MCC D̈′C + JT
C q + GC (2.50)

We pay attention to Equation 2.49 that deals with the motion of the free nodal elements. It
should be noted that DC = 0, D̈C = 0; thus, the dynamic equation of motion reduces to:

MUU D̈U + KUU DU = −MUU D̈′U + GU + JT
U q (2.51)

For the purpose of simplification, we denote FU = −MUU D̈′U + GU . The dynamic equation
becomes:

MUU D̈U + KUU DU = FU + JT
U q (2.52)

2.3.4 Natural Frequency

In the case that the stiffness matrix KUU is nonsingular, modal analysis of the truss structural
system is conducted by the following equation:

KUU − ω2
h MUU = 0 (2.53)

In the above equation, ωh denotes the hth angular natural frequency of the truss structural sys-
tem; the corresponding natural frequency is obtained as fh = ωh/2π. Owing to the material
nonlinearity of the SMA wire members and the geometric nonlinearity of the truss structural
system itself, the stiffness matrix KUU is time dependent and so do the natural frequencies. In
this research, the first natural frequency f1 is calculated and evaluated.

It should be noted that, when the unstable truss structure is in hanging configuration, the
unstable truss becomes a stable structure; however, the modal analysis can not be performed.
Only the natural frequencies of the static determinate or indeterminate truss structures can be
determined.

2.4. Numerical Integration
In order to deal with the nonlinearity of this kind of dynamic problem, the nonlinear iterative
method is introduced. The fundamental equations for the numerical integration are derived in
the following subsections.

2.4.1 Newmark βMethod Considering Nonlinear Iteration

In dynamic Equation 2.52, as the coordinate transformation matrix JU contains the geometric
nonlinear characteristic and the member force vector q depends on the nodal displacement as
well as the nonlinear characteristics of SMA members, the nodal force vector JT

U q has to be
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examined in accordance with the dynamics calculation. We introduce the following iterative
approach to calculate the state at time t + ∆t based on the state at time t. The equation of
motion to be satisfied at t + ∆t is approximated by using the stiffness matrix K(t)

U and force
vector (J (t)

U )T q(t) at t as:

MUU D̈(t+∆t)
U + K(t)

UU D(t+∆t)
U = F(t+∆t)

U + (J (t)
U )T q(t) (2.54)

On the basis of the Newmark βmethod, the nodal displacement D(t+∆t)
U and its velocity Ḋ(t+∆t)

U

at t+∆t are represented in terms of the acceleration D̈(t+∆t)
U . By substituting these representations

into Equation 2.54 and solving the obtained linear equation, D̈(t+∆t)
U is calculated. Once D̈(t+∆t)

U

is known, D(t+∆t)
U and Ḋ(t+∆t)

U are calculated based on the representations of the fundamental
equations of the Newmark β method. The matrix and vector at t+∆t, K(t+∆t)

UU and (J (t+∆t)
U )T q(t+∆t)

are accordingly updated based on D(t+∆t)
U . Force error vector due to the approximation at this

moment can be evaluated as:

F(t+∆t)
err = F(t+∆t)

U + (J (t+∆t)
U )T q(t+∆t) − (MUU D̈(t+∆t)

U + K(t+∆t)
UU D(t+∆t)

U ) (2.55)

For the purpose of dealing with the nonlinearity of this kind of dynamic problem, it is necessary
to update D(t+∆t)

U , K(t+∆t)
UU and (J (t+∆t)

U )T q(t+∆t) several times to suppress the force error vector by
introducing the corresponding incremental vectors as follows:

MUU(D̈(t+∆t)
U + dD̈U) + K(t+∆t)

UU (D(t+∆t)
U + dDU) = F(t+∆t)

U + (J (t+∆t)
U )T (q(t+∆t) + dq) (2.56)

Re-arranging the above equation by taking Equation 2.55 into consideration, we obtain the
following equation:

MUUdD̈U + K(t+∆t)
UU dDU − (J (t+∆t)

U )T dq = F(t+∆t)
err (2.57)

To denote the update time as µ, the fundamental equations of displacement of Newmark β
method at update times µ and µ − 1 can be written as follows respectively.

D(t+∆t,µ)
U = D(t)

U + ∆t Ḋ(t)
U + ∆t2[(

1
2
− β)D̈(t)

U + βD̈(t+∆t,µ)
U ]

D(t+∆t,µ−1)
U = D(t)

U + ∆t Ḋ(t)
U + ∆t2[(

1
2
− β)D̈(t)

U + βD̈(t+∆t,µ−1)
U ]

(2.58)

According to the above two equations, the relationship between dD̈U and dDU can be derived
as:

dD̈U =
1
β∆t2 dDU (2.59)

Different from the original Newmark β method, we choose the displacement as the primary
variable. On the basis of Equation 2.59 and the linear relation in Equation 2.66 between the
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correction in member force dq and the correction in nodal displacement dDU that is to be
described in 2.4.2, Equation 2.57 is rewritten as:(

1
β∆t2 MUU + K(t+∆t)

UU − (J (t+∆t)
U )T H

)
dDU = F(t+∆t)

err (2.60)

Solving this equation, we obtain dDU and accordingly dD̈U and dq. The values corresponding
to the equation of motion at time t + ∆t are then corrected based on the following relations:

D(t+∆t)
U ← D(t+∆t)

U + dDU

D̈(t+∆t)
U ← D̈(t+∆t)

U + dD̈U

q(t+∆t) ← q(t+∆t) + dq

(2.61)

On the basis of the updated displacement vector D(t+∆t)
U , the current system stiffness matrix

K(t+∆t)
UU is updated. The force error vector is updated accordingly, and the convergence condition

is evaluated by means of the following criterion [55]:

dD(µ)
U � F(t+∆t,µ)

err

dD(1)
U � F(t+∆t,1)

err

< tolerance

where the ‘tolerance’ is a extremely small value that is set in advance by trial and error for
different nonlinear dynamic problems. The iterative process between the time steps t and t + ∆t
continues until the above condition is satisfied.

2.4.2 Compatibility Condition

The relationship between dq and dDU is developed in this subsection. On the basis of the
constitutive equation of SMA, the component of the ith SMA member in vector dq is denoted
as dqi = EiAidϵ ti . As shown in Figure 2.6, the phase transformation strain of SMA is expressed
as a piecewise linear function of total strain ϵi as:

ϵ ti = f (ϵi) =



0 Part 1

Λ
ϵi − ϵMA

s

ϵMA
f − ϵMA

s
Part 2

Λ Part 3

ϵ tmax − ϵ tmax
ϵC − ϵi
ϵC − ϵAM

s
Part 4

ϵ tmax or ϵ tmin Part 5

(2.62)

where parameter ϵC is the total strain of point C.
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The incrementation of ϵ ti can be derived as:

dϵ ti =
∂ f (ϵi)
∂ϵi

dϵi =



Λ

ϵMA
f − ϵMA

s
dϵi Part 2

ϵ tmax

ϵC − ϵAM
f

dϵi Part 4

0 Others

(2.63)

By denoting the deformation, the Jacobian matrix and the nodal displacement vector of the
ith SMA member as ri, Ĵ and D̂ respectively, the incrementation of the total strain of the ith

SMA member is attained as dϵi =
dri

li
=

Ĵ � dD̂
li

. By substituting dϵi into Equation 2.63, we

can obtain the relationship between the incrementation of phase transformation strain and the
incrementation of nodal displacement vector of the ith SMA member:

dϵ ti =
∂ f (ϵi)
∂ϵi

dϵi =



Λ

ϵMA
f − ϵMA

s

Ĵ � dD̂
li

ϵ tmax

ϵC − ϵAM
f

Ĵ � dD̂
li

0

=


c(2)

i Ĵ � dD̂ Part 2

c(4)
i Ĵ � dD̂ Part 4

0 Others

(2.64)

where coefficients c(2)
i and c(4)

i can be denoted as one parameter ci. Based on the above equations,

Figure 2.6: Piecewise analysis for phase transformation strain
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we can express the ith component in dq as:

dqi =

 EiAidϵ ti SMA members

0 Others
(2.65)

On the basis of Equations 2.64 and 2.65, the following linear relation between dq and dDU is
achieved:

dq = HdDU (2.66)

where H is the corresponding coefficient matrix obtained based on these equations. The deriva-
tion process for the compatibility condition can refer to Appendix 2.A.

2.4.3 Numerical Integration Algorithm

The numerical integration algorithm in order to deal with the dynamics of such kind of truss
structure problem is carried out. This kind of dynamic problem is nonlinear due to the material
nonlinearity of the SMA wires and geometric nonlinearity of the truss structure itself. This
nonlinear iterative method is introduced in order to reduce the calculation time. It should be
noted that, as the term (J (t+∆t))T dq is tremendously small, in the numerical calculation process,
this term can be ignored, and there is little influence on the results.

The numerical integration procedure is:

step 0: Initialization.

step 1: Calculate dD(µ). Update D(t+∆t,µ) = D(t+∆t,0) + dD(1) + ... + dD(µ), Ḋ(t+∆t,µ) and
D̈(t+∆t,µ).

step 2: Determine P on the basis of D(t+∆t,µ). Update l = l(P).

step 3: Calculate SMA constitutive model to obtain ϵ t and the Young’s moduli.

step 4: Determine J. Update K(t+∆t,µ).

step 5: If convergence is obtained, then terminate. if not, get back to step 1.

It should be noted that the convergence condition in case of µ = 1 is different from µ > 1
because the convergence condition can not be utilized with µ = 1. For the purpose of improving
calculation accuracy, the convergence in the first iteration is set to be extremely rigorous, and it
should iterate several times to suppress the unbalanced force due to nonlinearities.
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2.5. Model Adequacy Confirmation
The balance equation in terms of force is rewritten as a balance equation in terms of energy
during the time period of numerical calculation in the following form:∫ T

0
ḊT

U MUU D̈Udt +
∫ T

0
ḊT

U KUU DUdt = −
∫ T

0
ḊT

U MUU D̈′Udt+∫ T

0
ḊT

U JT
U qdt +

∫ T

0
ḊT

UGUdt
(2.67)

where parameter T is the time of numerical calculation. The input energy by the support ceiling
EI = −

∫ T

0
ḊT

U MUU D̈′Udt equals the summation (denoted as EO) of kinetic energy Ek of the truss
members, the potential energy Ep of the truss members at the end of numerical calculation, the
elastic energy Ee of the bracing SMA wire members in pure austenite at the end of numerical
calculation and the consumed energy Ec by the hysteretic loops of SMA wire members as
follows:

EI = EO = Ek + Ep + Ee + Ec (2.68)

In this study, mass of the truss structure is assumed at the truss nodes. The kinetic energy Ek

and the potential energy Ep of the truss members are attained by calculating the corresponding
kinetic energy and the potential energy of the truss nodes. The elastic energy of a SMA wire
member i in pure austenite at the end of numerical calculation is determined as AiliS i, where
S i is the area of the triangle O1O2O3 shown in Figure 2.7(a) at the end of numerical calcula-
tion. The consumed energy by the ith SMA wire member is attained as AiliS ′i , where S ′i is the
summation of the experienced area values inside the major loop of the constitutive relationship
between stress and strain of the ith SMA wire member during the time period of numerical
calculation.

Algorithm for determining the area inside the major loop of constitutive relationship in the
time history of numerical calculation is shown in Table 2.4. Parameter t is the time point for
numerical calculation. ϵA and ϵB are labeled as in Figure 2.7(b). Area value of quadrangle
ABCD is utilized for determining the consumed energy in the current cycle on the basis of line
segment AB on the forward phase transformation line. Owing to the assumption of piecewise
linear relationship of the constitutive model, coordinates of points C and D are easily attained.

Simulation example is conducted on the truss structure shown in Figure 2.8(a). The black
rectangle represents the support ceiling and the red rectangle represents an apparatus. Mass of
the apparatus is 5kg and mass of the hanging truss is 19.26kg. Motion trajectory of support
ceiling is a sinusoidal wave, frequency of which is assumed to be 5Hz and the amplitude is
assumed to vary from 0.01m to 0.1m with interval of 0.01m.
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(a) Section for elastic energy (b) Section for consumed energy

Figure 2.7: Constitutive relations for explaining the value of energy

Table 2.4: Algorithm for obtaining area value in the constitutive relationship

(1). Detect forward phase transformation

If ϵt+1 > ϵt & ϵt+1 > ϵA (energy consumption is detected)

Memorize values of point A

End if

(2). Detect termination of forward transformation

If ϵt+1 < ϵt & ϵt+1 < ϵB (consumed energy is obtained in this cycle)

Memorize values of point B

End if

(3). Calculate area of quadrangle ABCD shown in Figure 2.6(b)

Relationships of the input energy and the output energy with the variation of vibration am-
plitude are shown in Figure 2.8(b). As can be seen in this result, with a fixed value of vibration
amplitude, the difference between the input energy and the output energy is tremendously small.
The developed dynamic model is adequacy. However, the differences of the input energy and
the output energy produce errors that are calculated as e = (EI − EO)/EI . Variation between
error and vibration amplitude is shown in Figure 2.8(c). Variation range of error is from −4%
to 6%. It is considered that the error is due to two aspects. The first one is the simplification
of mass matrix because in this dynamic model, mass of the truss members are assumed at the
truss nodes. The second one is the real area of constitutive model in dynamic calculation is
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(a) Truss (b) Input and output energy (c) Error

Figure 2.8: Truss configuration and results for demonstrating energy conservation

(a) The 17th SMA wire member (b) The 20th SMA wire member

Figure 2.9: The piecewise model and the real model in the dynamic calculation

different from the area obtained by piecewise linear constitutive model. For example, in the
case of vibration amplitude of support ceiling is 0.05m, constitutive relationships of the 17th
and the 20th SMA wire members are shown in Figure 2.9. Blue line is the piecewise model
and green line is the real model experienced in the dynamic calculation due to the process of
dynamic model construction. The difference of the area enclosed by green line and blue line
produces error between the input energy and the output energy. On the basis of the contents
mentioned above, under the circumstance of some error, the input energy and the output energy
is equal. Therefore, the developed dynamic model is adequacy.
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2.6. Summary
In this chapter, characteristics of SMA material are introduced. Several constitutive physical
models of pseudo-elasticity of SMA material have been given. The first constitutive model is
a piecewise model that does not consider the sub-loop behavior; the second constitutive model
is a piecewise linear model that considers the sub-loop behavior. The geometric relation of
the truss structural system is introduced. Based on this geometric relationship, the dynamic
equation of motion of the truss structural system having SMA wire members are derived. The
numerical integration algorithm is shown. Adequacy of the dynamic model is confirmed from
the viewpoint of energy conservation.
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Appendix 2.A Compatibility Condition Derivation
Equation 2.60 is expressed as follows:

K̂(t+∆t)
UU dDU − (J (t+∆t)

U )T dq = F(t+∆t)
err (2.69)

where K̂(t+∆t)
UU =

1
β∆t2 MUU + K(t+∆t)

UU . Taking Figure 2.9 as an example to demonstrate the ap-

proach for solving Equation 2.69. The left side of Equation 2.69 is expressed as follows by
ignoring the confined nodes at the support ceiling.

K̂11 K̂12 · · · K̂18

K̂21
. . .

. . .
...

...
. . .

. . . K̂78

K̂81 · · · K̂87 K̂88




dD1

dD2
...

dD8



−


J11 J21 · · · J10−1

J12
. . .

. . . J10−2
...
. . .

. . .
...

J18 · · · J98 J10−8




c1[Ĵ1
1 Ĵ1

2 Ĵ1
3 Ĵ1

4][dD3 dD4 dD5 dD6]T

c2[Ĵ2
1 Ĵ2

2 Ĵ2
3 Ĵ2

4][dD1 dD2 dD7 dD8]T

...

c10[Ĵ10
1 Ĵ10

2 Ĵ10
3 Ĵ10

4 ][dD7 dD8 dD11 dD12]T


(2.70)

As can be seen in Figure 2.10, the degrees of freedom 9, 10, 11 and 12 are confined at the
support ceiling. Therefore, dD9 = 0, dD10 = 0, dD11 = 0, dD12 = 0. This formulation can be
arranged as a 8 × 1 vector. m = 1, 2, ..., 8 is used to denote the sequence number of term in this

Figure 2.10: Conceptual analysis for finite element method of the truss
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vector. The first term (m = 1) is derived as follows:

(K̂11 − J21c2 Ĵ2
1 − J51c5 Ĵ5

1 − J61c6 Ĵ6
1)dD1

+(K̂12 − J21c2 Ĵ2
2 − J51c5 Ĵ5

2 − J61c6 Ĵ6
2)dD2

+(K̂13 − J11c1 Ĵ1
1 − J51c5 Ĵ5

3 − J71c7 Ĵ7
1)dD3

+(K̂14 − J11c1 Ĵ1
2 − J51c5 Ĵ5

4 − J71c7 Ĵ7
2)dD4

+(K̂15 − J11c1 Ĵ1
3 − J41c4 Ĵ4

1 − J61c6 Ĵ6
3 − J81c8 Ĵ8

1 − J91c9 Ĵ9
1)dD5

+(K̂16 − J11c1 Ĵ1
4 − J41c4 Ĵ4

2 − J61c6 Ĵ6
4 − J81c8 Ĵ8

2 − J91c9 Ĵ9
2)dD6

+(K̂17 − J21c2 Ĵ2
3 − J31c3 Ĵ3

1 − J71c7 Ĵ7
3 − J81c8 Ĵ8

3 − J10−1c10 Ĵ10
1 )dD7

+(K̂18 − J21c2 Ĵ2
4 − J31c3 Ĵ3

2 − J71c7 Ĵ7
4 − J81c8 Ĵ8

4 − J10−1c10 Ĵ10
2 )dD8

(2.71)

In the first term (m = 1), j = 1, 2, ..., 8 is used to denote the sequence number of degree of
freedom of the truss structural system (the subscript of dD). Regular patterns on the scripts of
coefficients of dD j of the above formulation are summarized as follows:

• K̂: In the term of number m, K̂m j is a coefficient of dD j. (For example, in case of m = 1,
K̂11 is a coefficient of dD1; K̂12 is a coefficient of dD2)

• c: The subscript g of c corresponds to the number of truss members having the node with
the degree of freedom j. (For example, In Figure 2.10, truss members g = 2, g = 5 and
g = 6 have the first node and the degrees of freedom of the first node are j = 1 and j = 2.
Therefore, c2, c5 and c6 appear in the coefficients of dD1 and dD2)

• J: In the term of number m, Jgmcg appear. (For example, in term m = 1, J21c2, J51c5 and
J61c6 appear in the coefficients of dD1 )

• Ĵ: cg Ĵg
u appear. u is the local degree of freedom of the truss member. (The local degree

of freedom u = 1, 2, 3, 4 of truss member g = 2 are considered as j = 1, 2, 7, 8 in the
global system. For example, c2 Ĵ2

1 appears in the coefficients of dD1; c2 Ĵ2
2 appears in the

coefficients of dD2; c2 Ĵ2
3 appears in the coefficients of dD7; c2 Ĵ2

4 appears in the coefficients
of dD8)

We can examine the correctness of the above-mentioned regular patterns by the second term
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(m = 2) of the aforementioned vector:

(K̂21 − J22c2 Ĵ2
1 − J52c5 Ĵ5

1 − J62c6 Ĵ6
1)dD1

+(K̂22 − J22c2 Ĵ2
2 − J52c5 Ĵ5

2 − J62c6 Ĵ6
2)dD2

+(K̂23 − J12c1 Ĵ1
1 − J52c5 Ĵ5

3 − J72c7 Ĵ7
1)dD3

+(K̂24 − J12c1 Ĵ1
2 − J52c5 Ĵ5

4 − J72c7 Ĵ7
2)dD4

+(K̂25 − J12c1 Ĵ1
3 − J42c4 Ĵ4

1 − J62c6 Ĵ6
3 − J82c8 Ĵ8

1 − J92c9 Ĵ9
1)dD5

+(K̂26 − J12c1 Ĵ1
4 − J42c4 Ĵ4

2 − J62c6 Ĵ6
4 − J82c8 Ĵ8

2 − J92c9 Ĵ9
2)dD6

+(K̂27 − J22c2 Ĵ2
3 − J32c3 Ĵ3

1 − J72c7 Ĵ7
3 − J82c8 Ĵ8

3 − J10−2c10 Ĵ10
1 )dD7

+(K̂28 − J22c2 Ĵ2
4 − J32c3 Ĵ3

2 − J72c7 Ĵ7
4 − J82c8 Ĵ8

4 − J10−2c10 Ĵ10
2 )dD8

(2.72)

The terms from m = 3 to m = 8 can be easily calculated. On the basis of these manipulations,
formulation (2.70) turns into H8×8E8×1 and E = [dD1 dD2 · · · dD8]T . The coefficient matrix H
is determined by the following equations:

H(2i−1) j = K̂(2i−1) j −
p∗∑

p=1

Jg jcg Ĵg
2s−1

H(2i) j = K̂(2i) j −
p∗∑

p=1

Jg jcg Ĵg
2s

(2.73)

The scripts are defined as follows:

• i: Sequence number of truss node. (i = 1, 2, 3, 4)

• j: Sequence number of degree of freedom in the global system. ( j = 1, 2, ..., 8)

• p: Local number of truss member that having node i. (For example, global sequence
numbers of truss members 2, 5 and 6 turn into p = 1, 2, 3 in the case of i = 1)

• g: Global number of truss member having node i. (For example, g can be denoted as
g = g(p). Therefore, in case of i = 1, g(1) = 2, g(2) = 5, g(3) = 6)

• p∗: Total number of truss members having node i.

• s: Local sequence number of node i of truss member g. (For example, node i = 1 and node
i = 4 in the global system turn into s = 1 and s = 2 in the case of g = 2)



Chapter 3

Dynamic Simulations

3.1. Introduction
In this chapter, dynamic simulations are conducted for the hanging truss structural system hav-
ing SMA wires and ordinary wires. Typical examples are shown for the purpose of explaining
the properties of the hanging truss, the ordinary wires and the SMA wires. The advantages of
the combinations of SMA wires and ordinary wires and the combinations of the truss units hav-
ing SMA wires and the truss units without wires are demonstrated from the vibration isolation
and attenuation points of view.

3.2. Assumed Truss and Vibration Condition
In Figure 3.1(a), the black lines stand for rigid members, the green lines stand for the possible
placements of the bracing wire members. Numbers assigned to the green lines shown in the fig-
ure serve as the identifiers of the wire members. In the simulation examples, the environmental
motion is given in the form of vibrational motion of the support ceiling, whose corresponding
displacement trajectory is sinusoidal shown as the waveform in Figure 3.1(b). The dynamic
behavior of the peripheral end apparatus shown in Figure 3.1(a) in horizontal direction is to be
examined. Corresponding parameters for the simulations and the characteristics of SMA wire
are listed in Tables 3.1 and 3.2. In Table 3.1, the diameter of the ordinary wire is determined on
the basis of the diameter of the SMA wire that is set in advance from the viewpoint of the same
ultimate strength of those two kinds of wires. The vibration frequency of the support ceiling
is 4Hz and the amplitude is 0.03m. We assume an apparatus of 5kg supported by the hanging
truss. The total mass of the truss without the apparatus is 9.26kg; it should be noted that the
mass is practically due to the mass of rigid members. The time step for the numerical integra-
tion is 50µs. This small time step is for the purpose of dealing with the material nonlinearity

37
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(a) Truss configuration (b) Horizontal dynamic motion

Figure 3.1: Configuration of the truss and vibrational motion of support ceiling

Table 3.1: Simulation conditions

Member diameter (mm) rigid aR 10mm

wire aw 1.6mm

SMA asma 1mm

Young’s modulus (GPa) rigid ER 210GPa

wire Ew 210GPa

Density (kg/m3) rigid ρR 7860kg/m3

wire ρw 7860kg/m3

SMA ρsma 6500kg/m3

and geometric nonlinearity of this kind of truss structural system.

3.3. Typical Behaviors of the Hanging Truss
The following simulations are conducted to illustrate the vibration isolation capability of the
hanging truss with the pendulum effect. In Figure 3.2(a), there are no bracing wires placed at
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Table 3.2: SMA characteristics

Maximum phase transformation strain Λ 0.05

Young’s modulus of austenite phase EA 70GPa

Young’s modulus of martensite phase EM 30GPa

(a) No bracing wires (b) 10 SMA wires (c) 10 ordinary wires

Figure 3.2: Configurations of trusses for demonstration of influence of bracing member types

the hanging truss. Therefore, this structure becomes a mechanism that is unstable if it is not
in hanging configuration. However, under the influence of the gravitational force, stability of a
structure of this type can be guaranteed in many situations.

Figures 3.3-3.6 show the corresponding dynamic behaviors of acceleration of the peripheral
end apparatus of the structure shown in Figure 3.2(a). In the four results of Figures 3.3-3.6,
from the acceleration point of view, we confirmed the vibration isolation effect; the acceleration
amplitude of the peripheral end is significantly smaller than the acceleration amplitude of the
support ceiling. At the beginning of vibration, owing to no bracing wire members, the vibration
transmission from the support ceiling to the peripheral end take some time. In addition, due
to the influence of the inertia force of the apparatus, vibration isolation effect is obvious at
the beginning of the vibration of the support ceiling. Displacement of the support ceiling is
rightward, and acceleration is leftward at the very beginning of vibration of the support ceiling.
After a period of time, vibration from the support ceiling transmitted to the peripheral end
and we can consider that after vibration transmission, the acceleration of the peripheral end is
also leftward because the accelerations are minus at the beginning of obvious vibration of the
peripheral end as can be seen in Figures 3.3-3.6.
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Figure 3.3: Dynamic behaviors of the truss in Figure 3.2(a) in case that the mass value of the
peripheral end apparatus is 0kg

Figure 3.4: Dynamic behaviors of the truss in Figure 3.2(a) in case that the mass value of the
peripheral end apparatus is 5kg

Figures 3.3-3.6 also show the influence of the mass of the apparatus assumed at the peripheral
end on the dynamic behaviors. From the results in Figures 3.3-3.5, we conclude the vibration
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Figure 3.5: Dynamic behaviors of the truss in Figure 3.2(a) in case that the mass value of the
peripheral end apparatus is 20kg

Figure 3.6: Dynamic behaviors of the truss in Figure 3.2(a) in case that the mass value of the
peripheral end apparatus is 40kg

isolation effect are sufficient with those mass values of the peripheral end apparatus. The RMS
value of the support ceiling vibrational motion is 9.47m/s2 and the RMS values of the results
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Table 3.3: RMS values of the acceleration results

Condition RMS(0s − 8s)

Type Mass(kg) Result (m/s2)

No bracing wires 0kg 3.3 2.35

No bracing wires 5kg 3.4 1.29

No bracing wires 20kg 3.5 1.53

No bracing wires 40kg 3.6 2.77

10 SMA wires 5kg 3.7(b) 9.31

10 ordinary wires 5kg 3.8(b) 19.12

4 SMA wires 5kg 3.11(b) 1.57

are listed in Table 3.3. The RMS values of acceleration of Figures 3.3, 3.4 and 3.5 are 2.35m/s2,
1.29m/s2 and 1.53m/s2, respectively. These values illustrate the excellent vibration isolation
capability of the truss structures evaluated in terms of acceleration compared with the RMS
value of the vibrational motion of the support ceiling. However, in the case of 40kg of the mass
value , the exerted vibration energy is significantly converted into the vibration of the peripheral
end as shown in Figure 3.6. The RMS value of acceleration of Figure 3.6 is 2.77m/s2, and
is obviously larger than the RMS values of Figures 3.3, 3.4 and 3.5; although the value is
still smaller than that of the support ceiling. Therefore, the isolation effect can not be simply
guaranteed with relatively large mass at the peripheral end of the hanging truss. We think there
are other factors that influence the value of acceleration of the peripheral end except for the
mass value. For example, vibration transmission from the support ceiling to the peripheral end
can be delayed by means of increasing the truss units.

Figures 3.7 and 3.8 show the dynamic results that are adopted to demonstrate the influence of
the mechanical properties of SMA and ordinary wires on the structural dynamic characteristics
of the truss. In Figure 3.2, the red lines are SMA wire members and the blue lines are ordinary
wire members. Figures 3.7(a) and 3.7(b) are the displacement and acceleration behaviors of the
truss in Figure 3.2(b). In Figure 3.7(a), vibration isolation and attenuation effects due to SMA
wires are demonstrated. When the support ceiling vibrated, in the stage of transient response of
0s-2s, the deformation of the truss is significant; in the stage of steady state of 2s-4s, vibration
isolation effect is demonstrated. At the time period of 4s-8s, vibration attenuation effect is
shown due to the hysteretic loop of SMA wires. The RMS value of acceleration in Figure
3.7(b) is 9.31m/s2, which demonstrates that the vibration isolation of the truss with units having
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(a) Displacement behavior

(b) Acceleration behavior

Figure 3.7: Dynamic behaviors of the truss in Figure 3.2(b)

bracing of SMA wires is worse than the truss with units having no bracing wires.

Figures 3.8(a) and 3.8(b) are the displacement and acceleration behaviors of the truss in
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(a) Displacement behavior

(b) Acceleration behavior

Figure 3.8: Dynamic behaviors of the truss in Figure 3.2(c)

Figure 3.2(c). Since the ordinary wires have a higher stiffness than the SMA wires, the obtained
behavior at time period of 0s-4s is also vibratory but relatively stable as shown in Figure 3.8(a),
compared with the result shown in Figure 3.7(a). The RMS value of acceleration in Figure
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3.8(b) is 19.12m/s2, which is significantly larger than the case in Figure 3.7(b). However, the
residual vibration amplitude in Figure 3.8(a) is smaller than the residual vibration amplitude
in Figure 3.7(a). This is because the deformation of the truss structure having ordinary wires
is smaller than the truss structure having SMA wires due to the relatively high stiffness of the
ordinary wires.

Comparison between the two results in Figures 3.7(a) and 3.8(a), shows the obvious dif-
ferences of the mechanical properties between the two kinds of wires. Combination of these
two types of wires with different mechanical properties is expected to enable the structure to
improve vibration attenuation as well as vibration isolation capabilities simultaneously.

Figure 3.9(a) is a column-type hanging truss having 10 truss units but without any brac-
ing wire members. From the corresponding dynamic behavior result of acceleration in Figure
3.9(b), we can see the vibration isolation effect in the time period of 0s − 4s. The RMS value
in this time period is 1.25m/s2. The vibration isolation is especially obvious at the time period
of 0s − 1s. The RMS value at this time period is 0.04m/s2. This is due to the delay effect of
vibration transmission from the support ceiling to the peripheral end.

Figure 3.9(c) is a hanging truss structure having 10 truss units with 20 SMA wires. And the
corresponding acceleration behavior is the result of Figure 3.9(d). The RMS value of acceler-
ation of the apparatus assumed at the peripheral end in the time period of 0s − 4s is 7.95m/s2.
From the two acceleration behaviors of Figures 3.9(b) and 3.9(d) in the time period of 0s − 4s
we can see that vibration isolation of truss as shown in Figure 3.9(a) is better. The RMS values
of Figures 3.9(b) and 3.9(d) in the time period of 4s − 8s are 2.11m/s2 and 5.16m/s2 respec-
tively. Therefore, after vibration motion of the support ceiling ceased, the residual vibration
of Figure 3.9(b) is smaller than Figure 3.9(d). Vibration attenuation effect in Figure 3.9(d) can
be seen; however, in the stage of free vibration after the process of energy dissipation, owing
to the unattenuated energy, the residual vibration can not be suppressed due to the mechanical
property of SMA wires in pure austenite phase. The bracing members of SMA wires can atten-
uate vibration energy and can transmit the vibration energy from support ceiling to peripheral
end simultaneously. This is a trade-off relationship of the bracing SMA wire members from
vibration suppression point of view.

The comparison between the results in Figures 3.4 and 3.9(b) demonstrates that the vibration
isolation of the truss in Figure 3.9(a) is better than the truss in Figure 3.2(a). Therefore, the stage
of the truss unit has an influence on the isolation effect as have been mentioned above. In case of
no bracing wire members, the vibration transmission from the support ceiling to the peripheral
end takes more time with more stages of truss unit. Larger numbers of truss bays show better
isolation effect in such cases in the fixed time period.

The comparison between the results in Figures 3.7(b) and 3.9(d) demonstrates that the vi-
bration isolation of the truss in Figure 3.9(c) is better than the truss in Figure 3.2(b). Therefore,
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(a) Truss configuration
k = 0

(b) Acceleration of support ceiling in case of k = 0

(c) Truss configuration
k = 20

(d) Acceleration of support ceiling in case of k = 20

Figure 3.9: Dynamic behaviors of the hanging truss structures
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the number of stages of the truss unit also has an influence on the isolation effect with bracing
members. Although the vibration transmits from support ceiling to peripheral end, owing to
the small stiffness and the hysteretic loop of the SMA wire members, the vibration transmis-
sion can be suppressed. This contributes to the vibration isolation effect of this kind of hanging
truss structure. Larger numbers of truss bays show better isolation effect due to more energy
consumption by the conspicuous characteristic of the pseudo-elasticity of SMA wire members
in such cases.

3.4. Combination of SMA and Ordinary Wires

Hysteretic loop and variable stiffness characteristic of SMA wires enable the truss structure to
have the capabilities of vibration attenuation and isolation from the deformation point of view.
In the case of low strain range (without phase transformation) and slack state, such kind of
SMA wires can be replaceable to ordinary wires; simultaneously, owing to the relatively high
mechanical stiffness of the ordinary wires, stability of the peripheral end can be maintained to
some extent.

For instance, Figure 3.10(a) is a truss structure having 8 SMA wires and 2 ordinary wires.
Figure 3.10(b) is the corresponding displacement behavior of the peripheral end apparatus in
horizontal direction. This result demonstrates vibration isolation effect in case that support
ceiling vibrated, as well as vibration attenuation effect in case that support ceiling vibration
ceased.

Figure 3.10(c) is the corresponding time history of the natural frequency of the truss struc-
ture in Figure 3.10(a). The blue line represents the time history of the natural frequency, and
the red line indicates the environmental vibration frequency of the support ceiling. The initial
natural frequency is 3.47Hz. In the transitional period of 0s-2s, the natural frequency changes
drastically as the mechanical properties of the SMA wires; in the stage of steady state of 2s-4s,
natural frequency changes periodically, which demonstrates the variable stiffness of truss struc-
tural system as a whole. It should be noted that in the calculation process, in the case that the
two wires at the same truss unit are in slack state or in taut state simultaneously, the natural fre-
quency of the truss becomes extremely small or large suddenly. The slack possibility of wire,
the variable stiffness of SMA and relatively small stiffness property of wire members contribute
to the vibration isolation effect of the truss structure. The RMS value of displacement in Figure
3.10(b) is 0.022m, which is smaller than the RMS value of displacement in Figure 3.7(a), which
is 0.026m. These RMS values corresponding to the truss structures in Figures 3.2(b) and 3.10(a)
indicate that an appropriate combination of SMA wires and ordinary wires plays an important
role in the ability of truss structural system against environmental vibration from the vibration
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(a) Configuration (b) Displacement behavior

(c) Time history of natural frequency

Figure 3.10: Dynamic behavior of the truss having 8 SMA wires

isolation point of view in the case of being evaluated in terms of displacement criterion.
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(a) Configuration (b) Dynamic behavior of the truss

Figure 3.11: Dynamic behavior of the truss having 4 SMA wires

3.5. Truss Units with and without SMA Wires

Hanging configuration of unstable mechanism has the effect that it can isolate its peripheral end
from the support ceiling vibration under the vibration condition of small amplitude and rela-
tively high frequency. However, the passive vibration control effect is often not very efficient
by using pure passive isolation techniques [56]. It is necessary to apply material with the ca-
pability of consuming energy, such as SMA material. There are two main purposes for using
SMA in isolation devices. Firstly, it helps the isolation device to withstand large deformations
by increasing the lateral stiffness of the device. Secondly, it brings back the isolation device to
its original position [25]. Combination of unstable mechanism in hanging configuration and the
mechanical characteristics of SMA wire is expected to improve this vibration isolation capabil-
ity. The following example is adopted to demonstrate this phenomenon.

The result in Figure 3.11(b) is the acceleration behavior of the truss in Figure 3.11(a). In
order to make a comparison in the time period of 0s-4s between the truss in Figure 3.2(a) and the
truss in Figure 3.11(a), the same vibration condition is adopted. In addition, the configuration
is the same as well except for the 4 SMA wires in Figure 3.11(a). We discuss the vibration
isolation effect of 0s-4s in the results shown in Figures 3.4 and 3.11(b). The RMS values of the
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time period of 0s-4s in Figures 3.4 and 3.11(b) are 1.57m/s2 and 1.45m/s2, respectively. These
two values illustrate that with appropriate arrangement of SMA wires, the vibration isolation
effect can be improved.

3.6. Summary
In this chapter, we discussed the dynamic behaviors of the hanging truss structural system hav-
ing SMA wires and ordinary wires. The typical characteristics of the truss structures have been
shown by displaying the hanging truss having no bracing members, having SMA bracing wire
members and having ordinary wire members. The hanging truss structure without bracing wire
members is able to suppress the vibration transmission from support ceiling to the peripheral
end resembles the characteristics of pendulum structure. Hanging truss structure is able to at-
tenuate the vibration energy due to the conspicuous characteristic of pseudo-elasticity of SMA
wire members. The ordinary wire members contribute to relative stability of the truss structure
from the deformation point of view.

Combination of SMA wire as well as ordinary wire demonstrates vibration attenuation and
relative stability from the deformation point of view. Combination of truss units with and with-
out SMA wires shows vibration isolation and attenuation capabilities from the acceleration
viewpoint due to the vibration transmission suppression by the truss units without bracing wire
members and vibration absorption by the truss units having SMA wire members.



Chapter 4

Optimization Problems

4.1. Introduction
In this chapter, several optimization problems are taken into account. We have demonstrated
in chapter 3 that the hanging truss structure having a number of SMA wires demonstrates vi-
bration isolation and attenuation capabilities. From this viewpoint, optimization is conducted
for the purpose of obtaining the best configurations of the SMA wires. Reducing unnecessar-
ily large numbers of bracings is of great interest to make a design cost-effective [57]. In the
current problem, vibration attenuation effect is sufficient in case of large number of SMA wire
members; however, the amount of vibration transmission energy increases in such cases. There-
fore, appropriate number of SMA wire members plays a significant role in vibration attenuation
because of those hysteretic loops and vibration isolation because of suppression of vibration
transmission.

Truss structural system having SMA wire members as well as ordinary wire members shows
both of the capabilities of vibration isolation and attenuation from the deformation point of
view. Hysteretic loops of pseudo-elastic SMA wires attenuate the vibration energy and relative
large stiffness of the bracing ordinary wire members contribute to stability of the truss structure.
In the case of small strain state and slack state, the SMA wire members are replaceable to the
ordinary wire members. From these considerations, the optimization problem is conducted in
order to calculate the optimal configurations of the SMA wires and the ordinary wires under the
constraint condition of the number of the SMA wires.

In the case that the sectional area of the bracing wire members are small, it is close to
the situation that there are no braces. In the case that the sectional area of the bracing wire
members are large, relative stability of the hanging truss can be shown from the deformation
point of view. In addition, more exerted energy by the support ceiling can be attenuated by
SMA wires with larger sectional area in the form of phase transformation strain energy due to

51
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the hysteretic loop. Small sectional area of the bracing wire members near the support ceiling or
peripheral end are benefit for vibration isolation just as the normal structures which have flexible
connection between the basement and the objective structure. Therefore, both of the values
and the distributions of the sectional area of the bracing wire members are significant for the
dynamic characteristics of the hanging truss structure. The optimal sectional area of the SMA
wire bracing members are obtained for the objectives of vibration isolation and attenuation.

4.2. Optimization Problem Description
In this section, a combinatorial optimization on the configuration of SMA wire members is
dealt with using a GA-based method from the viewpoints of vibration isolation and attenuation
under the constraint condition of the number of the SMA wires. Traditional gradient-based
optimization approach can not cope with the optimization problem with discontinuous design
variables. GA-based optimization method with stochastic search approach is able deal with
this kind of problem appropriately. The evolutionary process of NSGA-based method which
contains the elite preservation strategy is demonstrated. In order to reduce the calculation time,
a method coupled with the evolutionary optimal algorithm is proposed. The crossover operator
and the mutation operator coping with the constraint condition of the number of the SMA wires
are proposed. The relationships between the placement of the SMA wire members and the
objective functions are discussed. The appropriateness of the proposed optimal calculation
algorithm has been confirmed by the simulated examples.

4.2.1 Formulation of Objective Functions

The objective functions are formulated as the RMS values of the horizontal acceleration of the
apparatus assumed at the peripheral end. The vibration isolation and attenuation capabilities are
respectively evaluated in terms of the acceleration during and after the vibratory motion of the
support ceiling and are expressed as follows:

Wk =

(
1

TE

∫ t=TE

t=0
a2

pdt
)(1/2)

Vk =

(
1

TC

∫ t=TE+TC

t=TE

a2
pdt

)(1/2) (4.1)

where TE is the time period of the vibratory motion of the support ceiling and TC is the eval-
uation time period after the vibration ceased. Subscript k reflects the number of SMA wires
installed in the truss. Parameter ap is the acceleration of the apparatus in horizontal direction.



4.2. OPTIMIZATION PROBLEM DESCRIPTION 53

4.2.2 Optimization of Configuration of SMA Wires

In case of the fixed number of SMA wire members, the vibration isolation and attenuation
effects of the hanging truss structural system are significantly influenced by the distribution of
the SMA wire members. In order to take account of this multi-objective optimization problem,
we deal with the following minimization problem based on the multi-objective function:

Minimize F = F(Wk,Vk)

with respect to Pk(1), Pk(2), ..., Pk(v), ..., Pk(Nk)
(4.2)

where F is the Pareto ranking value of the two objective functions. Pareto ranking describes the
relationship of predominance among all of the values in the Pareto solutions and the process for
determining the Pareto ranking values is as follows:

step 1: Set r = 1.

step 2: Find all the non-dominated designs. They are referred to as the rth Pareto front.

step 3: Eliminate the rth Pareto front.

step 4: Repeat from step 2 until all the designs are eliminated, with r ← r + 1.

The non-dominant design is explained as follows: a point y∗ ∈ Y is called the non-dominated
design if and only if there does not exist another point y ∈ Y such that Z(y) ≤ Z∗(y), with at
least one Zq(y) < Zq(y∗) for minimization problem [58]. The process for the determination of
the non-dominated designs can refer to Appendix 4.A. Parameter Pk(v) is the vth combinatorial
pattern of k-SMA-wire case. Parameter Nk is the total number of the installation patterns of k
SMA wires. Design variable Pk(v) is expressed in the following binary form as:

Pk(v) = [b1 b2 · · · b2B], bi =

 0 (no wire)

1 (SMA wire)

Note that the number of ′1′ bits in Pk(v) is constrained to k. The bit length K corresponds to the
maximum possible number of SMA wires, where K = 2B and B is the number of bays of the
truss in the current study.

4.2.3 Optimization Approach

In this subsection, a NSGA-based multi-objective optimization approach is used [42]. This
approach uses the elite preservation strategy. The constraint condition is the number of the
SMA wires. The algorithm is shown as follows:
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step 1: Prepare Npop individuals as parent population. Generation G = 1.

step 2: Evaluate Wk and Vk.

step 3:

(1) G = 1: Determine the rank values.

(2) G > 1: Select Npop individuals as parent population in G from the offspring and parent
population in G − 1 based on the order of rank values.

step 4: Perform crossover and mutation operators to generate the offspring population in
G.

step 5: Repeat from step 2 to step 4.

The probability of selection of the wth individual [59] in the process of roulette is expressed
as:

Pw =
Fw − (Fmax + 1)

Σ
Npop

w=1 {Fw − (Fmax + 1)}
(4.3)

where parameter Fw is the Pareto ranking value of the wth individual, parameter Fmax is the total
number of layers of the Pareto fronts which can be attained on the basis of the determination
process of the Pareto front ranking as in section 4.2.2. In order that the rearmost layer of the
Pareto front can be selected, we plus 1 to Fmax as in Equation 4.3.

Since we take into account the fixed number of SMA wires of the truss as the constraint
condition, the numbers of ′1′ and ′0′ bits of the resultant offspring have to be maintained. We

(a) Crossover (b) Mutation

Figure 4.1: Proposed operators
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introduce the following crossover and mutation operators to cope with the situation. Figure 4.1
illustrates these operations. The crossover operation shown in Figure 4.1(a) is as follows:

step 1: Determine the crossover point randomly in parent 1.

step 2: Replicate the left part of the crossover point of parent 1 to the left part of the
offspring.

step 3: Cancel the same numbers of 1 and 0 bits of the replicated part from the left part of
parent 2.

step 4: Transfer the rest bits of parent 2 to the right part of the offspring in accordance with
the order.

The mutation operation is performed as shown in Figure 4.1(b) and expressed as:

step 1: Determine the positions of 1 and 0 of the offspring.

step 2: Choose a position of 1 and a position of 0 randomly.

step 3: Change the positions of the selected 1 and 0.

For the purpose of reducing the calculation time of the optimization process, we propose a
method for dealing with this situation. All of the individual bit patterns appeared in the course
of calculation are recorded along with the corresponding values of the objective functions. Eval-
uation of the objective functions are performed based on the record in the case that the pattern
to be evaluated is already in the record.

4.3. Truss with or without SMA Wires
With the constraint condition of the fixed number of bracing SMA wires, the optimal design is
conducted by means of the NSGA from the viewpoints of vibration isolation and attenuation.
Vibration isolation and attenuation effects are evaluated by the RMS values of acceleration in
the time periods of 0s − 4s and 4s − 8s, respectively. The optimal designs for the cases of
constraint condition of SMA wires, k = 2, 4, 6, 8, 10 are conducted. Parameters of the materials
of rigid body and SMA in this chapter are the same as in Chapter 3. Vibration frequency of the
support ceiling is 5Hz and the amplitude is 0.03m. Mass of the apparatus in the peripheral end
is 5kg. In the calculation process, the parameters are as follows for the multi-objective genetic
algorithm.

• Population size: Npop = 50.

• Crossover probability: Pcr = 0.8.
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Figure 4.2: Pareto solutions with the conditions of k = 0, 2, 4, 6, 8, 10

• Mutation probability: Pmu = 0.01.

• Evolution generation: Ngen = 100.

4.3.1 Pareto Fronts and Numbers of SMA Wires

Pareto front solutions with the constraint conditions of k = 2, 4, 6, 8, 10 are shown in Figure 4.2.
The abscissa axis is the RMS value in the time period of 4s − 8s, which describes the objective
function of vibration attenuation; the ordinate axis is the RMS value in the time period of 0s−4s,
which describes the objective function of vibration isolation. The attached label k − c denotes
the optimized configurations in Figure 4.3. Label c means the number of the configuration in
the case of k SMA wires. For example, 10 − 1 is the coordinate of the objective functions
of the first optimized configuration with 10 SMA wires that is shown as in Figure 4.2 and the
corresponding truss is shown in Figure 4.3(s) with the label. For the sake of avoiding untidiness,
only the first and the last labels are indicated for each of the Pareto fronts in Figure 4.2. The
solutions listed from the left to the right in the Pareto fronts in Figure 4.2 with k − ∗ correspond
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to the truss configurations from the left to the right in Figure 4.3 with k − ∗, respectively.

We can see that the moving tendency of Pareto front with different values of k is that the
Pareto front moves from the lower right to the upper left in accordance with the increase of the
number of SMA bracing wires. Truss structures in case of small number of SMA wire members
show more advantage in vibration isolation and less advantage in vibration attenuation and in
case of relatively large number of SMA wire members demonstrate opposite effects.

4.3.2 Influence of Configurations of SMA Wires

In Figure 4.2, we can see that the vibration isolation effect when k = 0 is excellent but its vibra-
tion attenuation effect is worse than most of other solutions. This demonstrates the capability
of vibration attenuation of the bracing SMA wires. However, the solution k = 0 dominates the
solution 10−8. It means that both of the vibration isolation and vibration attenuation effects for
the case of k = 0 is better than the solution 10−8. This indicates that an unsuitable placement of
SMA wires does not contribute to the vibration attenuation capability even in the case of large
number of SMA wires. This is due to the unattenuated vibration energy transmitted from the
support ceiling to the peripheral end. In addition, the vibration isolation capability due to the
pendulum effect of the hanging truss is hindered by the SMA wires in such a case. These con-
clude that appropriate placement of bracing SMA wires is quite significant for the performance
of this truss structure from the viewpoints of vibration isolation and attenuation.

4.3.3 Influence of Number of SMA Wires

On the basis of the values of criteria given in Figure 4.2, the optimal designs have better vi-
bration attenuation capability in the case of more SMA wires. In contrast to that, the vibration
isolation capability becomes more ineffective in accordance with the number of SMA wires
in general. It should be noted, however, that the result of trusses in Figures 4.3(b) and 4.3(c)
corresponding to the solutions 2 − 2 and 2 − 3 show better performance in both attenuation and
isolation capabilities than the truss having no SMA wires.

Even in the case of small number of SMA wires, the residual vibration is destined to be
attenuated due to energy absorption by the hysteretic loop of pseudo-elastic SMA wires. Thus,
the RMS value of the trusses in Figures 4.3(b) and 4.3(c) after the vibration of the support ceil-
ing ceased are smaller than the truss having no SMA wires. The hysteretic loop of the SMA
wire also contributes to vibration isolation due to phase transformation strain energy consump-
tion. The vibration transmission due to the bracing SMA wire members is attenuated by the
hysteretic loops in the time period of vibration of the support ceiling. The RMS values of these
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(a) 2-1 (b) 2-2 (c) 2-3 (d) 2-4 (e) 4-1 (f) 4-2 (g) 4-3 (h) 4-4 (i) 4-5

(j) 4-6 (k) 6-1 (l) 6-2 (m) 6-3 (n) 6-4 (o) 6-5 (p) 8-1 (q) 8-2 (r) 8-3

(s) 10-1 (t) 10-2 (u) 10-3 (v) 10-4 (w) 10-5 (x) 10-6 (y) 10-7 (z) 10-8

Figure 4.3: Optimal configurations of the truss
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Figure 4.4: Acceleration behaviors of the truss structure in Figure 4.3(b)

two configurations are smaller than the truss having no SMA wires. The trade-off relationship
between the vibration transmission by the bracing members and the energy consumption by
the hysteretic loop of the SMA wires can be understood. Suitable number of SMA wires is
significant for the performance of the hanging truss against the environmental vibration.

4.3.4 Overall Tendency of Optimal Configurations

All of these optimal configurations in Figure 4.3 have two common features. One is that there
are no SMA wire members in the truss units which are near the support ceiling or near the
apparatus except for the configuration in Figure 4.3(d). This is a typical feature of structural
system for the suppression of vibration transmission from basement to the objective structure by
flexible connections at the basement as well as at its peripheral end. The vibration transmission
from the ceiling to the truss and from the truss to the peripheral end are suppressed in the case
that there are no bracing wire members in the truss unit near the peripheral end as well as the
support ceiling. On the basis of this kind of arrangement, the vibration transmission from the
support ceiling to the peripheral end can be suppressed due to the effect of pendulum and the
energy exerted by the ceiling can be absorbed due to the SMA wire members in the middle truss
units simultaneously.

The other common feature is that with an emphasis on vibration isolation, the placement
of the SMA wire members becomes approximately more and more decentralized as shown in
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Figure 4.5: Acceleration behaviors of the truss structure in Figure 4.3(c)

Figure 4.3. Owing to the hanging truss structures with ubiquitously distributed placement of the
SMA wires, more truss nodes are influenced by the force of the SMA wire members. The resid-
ual vibration becomes more significant in such distributions due to more nodes are influenced
by the stiff SMA wires in the pure austenite phase. The energy absorption for the attenuation
is not sufficient in such cases. On the contrary, in the case of intensively distributed placement
of the SMA wires, vibration transmission becomes non-significantly due to less truss nodes are
affected by the force of the bracing members and less vibration energy can be transmitted to the
peripheral end. Thus, the RMS values of these trusses become smaller relative to the trusses
with ubiquitously distributed SMA wires after the vibration of the support ceiling ceased.

In all of these optimal configurations, the number of right-up diagonal SMA wires is signif-
icantly larger than the number of right-down diagonal SMA wires. On the basis of the calcu-
lations, we noticed that in the time period of 0s-4s, in the cases that the number of the bracing
wire members are small, the deformation of the right-up SMA wire is significantly larger than
the deformation of the right-down SMA wires. More hysteretic loop can be utilized to consume
the vibration energy in such configurations that the number of right-up diagonals is larger than
the right-down diagonals.

Most of these optimal configurations demonstrate better vibration attenuation effects than
the hanging truss having no bracing members since no energy consumption members are in the
hanging truss without SMA wire members. A few number of the optimal configurations with
larger RMS values than the hanging truss having no SMA wires after the vibration of the ceiling
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ceased. The reason is that the vibration is transmitted by those bracing SMA wire members to
the peripheral end; however, those transmitted vibration energy can not be totally attenuated
due to the pure austenite phase of those SMA wire members after the vibration of the support
ceiling ceased.

4.4. SMA and Ordinary Wire Combination

Optimization of dynamic behaviors of hanging truss structure having SMA wires as well as
ordinary wires are dealt with in this section. In the case of statical indeterminacy of the hanging
truss topology, the effect of the hanging configuration is not remarkable. The optimization
formulation and the optimization algorithm are the same as the section 4.2. The crossover
operation and mutation operation can be considered the same as the operators in section 4.2.
Vibration attenuation is achieved by utilizing the pseudo-elastic SMA wires. In case of slack
state or small strain (pure austenite) state, the SMA wires can be replaceable to the ordinary
wires from material saving viewpoint. Moreover, relative large stiffness of the ordinary wire
members contributes to vibration isolation from the deformation point of view.

4.4.1 Formulations of Objective Functions

Effect of vibration isolation is evaluated in terms of the difference of the maximum displacement
on the right and on the left of the peripheral end node of the truss, throughout the vibration
period of the support ceiling. The maximum amplitude of the peripheral end nodal point in
horizontal direction on the right side and left side in that time period are denoted as AIR and AIL

respectively, the objective function for vibration isolation can be determined by:

W =
AIR − AIL

2AC
(4.4)

where parameter AC is the amplitude of the vibration motion of the ceiling.

The objective function for vibration attenuation is evaluated during a period of time after
support ceiling ceased. The maximum displacement of the peripheral end nodal point in hori-
zontal direction on the right side and the maximum displacement on the left side are denoted as
AAR and AAL respectively. The objective function for vibration attenuation can be calculated as:

V =
AAR − AAL

AC
(4.5)
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Figure 4.6: Pareto solutions with the conditions of k = 2, 4, 6, 8, 10

4.4.2 Influence of Numbers of SMA Wires

The Pareto front solutions with constraint condition of k = 2, 4, 6, 8, 10 are shown in Figure 4.6.
The abscissa axis is the attenuation evaluation function and the ordinate axis is the isolation
evaluation function by the criterion of deformation. The same as in section 4.2, we use the label
k − c to represent the optimized configurations that shown as in Figure 4.6.

The attenuation capability of the trusses in case of k = 6 are more effective than the trusses
in case of k = 4, and the isolation capability of the trusses in case of k = 4 are more effective
than the trusses in case of k = 6 in generally. This is due to the relative large stiffness of the
ordinary wire members. The deformations of the truss in case of small number of SMA wire
members are small in the time period of vibration of the support ceiling. Therefore, vibration
isolation in case of small number of SMA wire members is more efficient generally. However,
vibration attenuation capability in case of large number of SMA wire members is more effective
due to more energy can be attenuated by the hysteretic loop of the bracing SMA wire members.
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4.4.3 Influence of Configurations of SMA Wires

The behaviors of the solutions 2 − 1 and 2 − 2 are tremendously different. Their displacement
behaviors are shown in Figure 4.8. The vibration attenuation performances of these two trusses
are approximately same; however, the vibration isolation performances are significantly differ-
ent. The vibration amplitude of the truss 2 − 1 in the period of 0s-4s is larger than the vibration
amplitude of the truss 2−2. Although these two truss structures have the same number of SMA
wire and ordinary wire members, in case of different configurations, the dynamic behaviors are
tremendously different.

The exerted forces of the members near the support ceiling are larger than the members near
the peripheral end. The positions of the two SMA wire members in the truss 2 − 1 are closer to
the support ceiling compared with the two SMA wire members in the truss 2 − 2. In the time
period of 0s-4s, as can be seen in Figure 4.9, the deformations of the two SMA wire members
in the truss 2−1 are larger than that of the two SMA wire members in the truss 2−2 on account
of the small distances between the SMA wires and the support ceiling.

4.5. SMA Wire Section Optimization

Sectional area of the bracing SMA wire members of the hanging truss structure play a significant
role in vibration isolation and attenuation. Vibration transmission does not occur significantly
in case of thin bracing SMA wire members. Hence the vibration isolation effect is meliorated.
Vibration transmission from the support ceiling to the peripheral end occur significantly in case
of thick bracing SMA wire members; however, vibration attenuation capability due to energy
absorption is sufficient. There is a trade-off relationship between vibration transmission and
energy absorption taking account of the sectional area of the bracing SMA wire members. In
this section, the optimal sectional area of the SMA wire bracing members are obtained for the
objectives of vibration isolation and attenuation.

4.5.1 Formulation for the Sectional Area Optimization

The multi-objective optimization problem is as follows:

Minimize F = F(W,V)

with respect to D1, D2, ..., Di, ..., DN

Subject to Dmin ≤ Di ≤ Dmax

(4.6)
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where the parameter Di is the diameter of the ith SMA wire member. The maximum and
minimum of the diameters of the bracing SMA wire members are denoted as Dmax and Dmin re-
spectively. The continuous design variable is discretized by utilizing 16 bits binary code. For in-
stance, Dmax is expressed as 1111 1111 1111 1111 and Dmin is expressed as 0000 0000 0000 0000.
The diameter value of the ith member Di is the interpolation of Dmax and Dmin.

4.5.2 Results of the Optimization Problem

Configuration of the hanging truss shown in Figure 4.10(a). The maximum diameter Dmax and
the minimum diameter Dmin are assumed to be 2mm and 0mm, respectively. Result of the
Pareto front is shown in Figure 4.10(b). We can see in the figure that the number of the optimal
designs are 21. The corresponding optimal configurations from left to right in Figure 4.10(b)
are denoted as C1 to C21, respectively. Figure 4.11 demonstrates the relative relationship of the
sectional area values of the optimal solutions.

In all of the optimal solutions, the values of D5, D6, D11, D18 and D20 are significantly
smaller than the others. D5 and D20 are approximate to zero. The sectional area in the truss
units near the support ceiling as well as the peripheral end are small. This tendency is the same
as the optimal configurations in section 4.2, where there are few bracing wires in the truss units
near the support ceiling as well as the peripheral end. Under this kind of configurations, the
vibration transmission from the support ceiling to the truss structure and from the truss structure
to the peripheral end do not occur significantly. The residual vibration after the vibration of the
support ceiling ceased is not sufficient.

The values of D4, D7, D8 and D17 are significantly larger than the others. These large sec-
tional area of the bracing SMA wire members are distributed in the middle part of the trusses.
In addition, vibration energy exerted by the support ceiling can be attenuated in the form of
phase transformation strain energy mainly by these SMA wire members.

The acceleration behaviors of the solutions of C1, C2, C15 and C21 are shown in Figure 4.12.
These behaviors manifest that the differences of the behaviors among these optimal solutions
are not significant. In the time periods of 0s-4s and 4s-8s, vibrations of the peripheral end
are alleviated by such kind of optimal solutions. The values of the evaluation functions are as
follows: VC1 = 0.41m/s2, VC2 = 0.43m/s2, VC15 = 0.62m/s2, VC21 = 0.76m/s2, WC1 = 1.43m/s2,
WC2 = 1.42m/s2, WC15 = 1.33m/s2, WC21 = 1.25m/s2.
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(a1) 2-1 (a2) 2-2 (a3) 2-3 (b1) 4-1 (b2) 4-2 (b3) 4-3 (b4) 4-4 (b5) 4-5

(b6) 4-6 (b7) 4-7 (b8) 4-8 (b9) 4-9 (c1) 6-1 (c2) 6-2 (c3) 6-3 (c4) 6-4

(c5) 6-5 (d1) 8-1 (d2) 8-2 (d3) 8-3 (d4) 8-4 (d5) 8-5 (d6) 8-6 (d7) 8-7

(e1) 10-1 (e2) 10-2 (e3) 10-3 (e4) 10-4 (e5) 10-5 (e6) 10-6 (e7) 10-7 (e8) 10-8

Figure 4.7: Optimal configurations of the truss
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(a) Truss 2-1

(b) Truss 2-2

Figure 4.8: Displacement behaviors of the truss structures



4.5. SMA WIRE SECTION OPTIMIZATION 67

(a) Member 15 of truss 2-1 (b) Member 16 of truss 2-1

(c) Member 11 of truss 2-2 (d) Member 12 of truss 2-2

Figure 4.9: Stress-strain relations of the SMA wire members
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(a) Truss with number (b) Pareto front

Figure 4.10: Truss configuration and the Pareto front
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(a) C1 (b) C2 (c) C3 (d) C4 (e) C5 (f) C6 (g) C7

(h) C8 (i) C9 (j) C10 (k) C11 (l) C12 (m) C13 (n) C14

(o) C15 (p) C16 (q) C17 (r) C18 (s) C19 (t) C20 (u) C21

Figure 4.11: Optimized configurations of the truss structures
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(a) C1 (b) C2

(c) C15 (d) C21

Figure 4.12: Dynamic behaviors of the optimized truss stuctures

4.6. Summary
In this chapter, optimization problems have been dealt with from the vibration isolation and
attenuation points of view. Combination of truss unit having SMA wire members and truss unit
without SMA wire members are calculated. On the basis of the calculations, we obtained that
most of the optimal configurations have one common feature that the SMA wires are placed
significantly in the middle of the optimally designed trusses. The placements of SMA wires
in optimal solutions show a tendency of decentralization in the case of emphasis on vibration
isolation.



4.6. SUMMARY 71

Combinatorial optimization problem is dealt with by combining the SMA wire members and
the ordinary wire members. The objective functions are the deformations of the peripheral end
apparatus. The number and the configuration of the SMA wire members are key factors that
influence of the performance of the dynamic behaviors of the truss structure. Truss structure
with small number of SMA wire members show more efficient vibration isolation effect due
to the relative large stiffness of the ordinary members; truss structure with large number of
SMA wire members show more efficient attenuation effect due to vibration absorption by the
hysteretic loop of the SMA wires.

Optimization problem of hanging truss structural system having SMA wires is dealt with on
the sectional area of the bracing SMA wire members. The obtained optimal solutions demon-
strate the same tendency as the configuration optimization problem. The sectional area of the
SMA wire members near the support ceiling as well as the peripheral end are small. This kind
of distribution of the sectional area values is benefit for suppression of vibration transmission.
Moreover, the transmitted vibration energy is absorbed by the SMA wires in the middle part of
the truss structures due to the hysteretic loops.
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Appendix 4.A Search of Non-Dominant Designs
The process for determining the non-dominated designs is as follows:

step 0: Determine the rank values in terms of Vk and Wk, respectively.

step 1: Denote the first individual as nI = 1.

step 2: Find the individuals with higher ranks than nI in terms of Vk and Wk, respectively.

step 3: If the individuals with higher rank in terms of Vk(Wk) are also with higher rank in
terms of Wk(Vk) than nI , then nI is dominant. Otherwise, nI is non-dominant.

step 4: Repeat from step 2 until all the designs are examined, with nI ← nI + 1.

(a) Non-dominant design (b) Dominant design

Figure 4.13: Explanation for search of non-dominant designs

In Figure 4.13(a), the red circle is a non-dominant design. The black circles are represent
the individuals that have lower rank values than the red circle. The blue circles represent the
individuals with higher rank values in terms of Wk and lower rank values in terms of Vk than
the red circle. The green circles represent the individuals with higher rank values in terms of Vk

and lower rank values in terms of Wk than the red circle. In Figure 4.13(b), the red circle is a
dominant design. The black, blue and green circles have the same meaning with Figure 4.13(a).
The cyan circle represents the design with higher rank values than the red circle in terms of both
of Wk and Vk.
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Several Other Dynamic Examples

5.1. Introduction
In the aforementioned contents, we have discussed the fundamental theories and models of the
truss structural system having SMA wire members. In this chapter, several other examples on
dynamics are demonstrated on this kind of truss structural system. The dynamic behaviors of
three-dimensional truss are discussed. The influences of the sub-loop behavior of the SMA ma-
terial on the dynamic characteristics of the truss structure are demonstrated. Dynamic behavior
of a truss having SMA wires with cosine model is shown. Dynamic behaviors of truss structures
with other topologies are discussed.

5.2. Three-Dimensional Truss
Figure 5.1(a) is a hanging truss structural system having no bracing wire members in three-
dimension space. Figure 5.1(b) is the corresponding acceleration behavior in the vibration
direction of the support ceiling. Vibration amplitude and frequency of the support ceiling are
5Hz and 0.05m, respectively. The mass of the apparatus in the peripheral end is 7.4kg. In Figure
5.1(b), we can see that vibration transmission from the support ceiling to the peripheral end is
non-significant due to no bracing wire members or due to pendulum effect.

Figure 5.2(a) is a hanging truss structural system having SMA wire members in three-
dimension space. Figure 5.2(b) is the corresponding acceleration behavior in the vibration
direction of the support ceiling. Vibration conditions and the mass value of the apparatus are
the same as in Figure 5.1.

In Figure 5.2(b), the vibration isolation effect is demonstrated; however, due to the influ-
ence of vibration transmission by the bracing SMA wire members, the isolation effect in Figure
5.2(b) is not significant compared with that of Figure 5.1(b). Vibration attenuation effect in
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(a) Truss configuration (b) Acceleration behavior

Figure 5.1: Dynamic behavior of a hanging truss without bracing members

Figure 5.2(b) can be seen. The residual vibration can not be attenuated due to the unattenu-
ated vibration transmitted from support ceiling to the peripheral end by the bracing SMA wire
members.

5.3. Influence of the Sub-Loop Behavior

In order to make comparisons between the constitutive model with and without the sub-loop
behavior, dynamic calculations are conducted. Figure 5.3(a) is the configuration of a hanging
truss structure, the small red circles are the nodes of the truss, and the larger ones are assumed
to be placed at the support ceiling. All of the diagonal members are SMA wire members and
the others are rigid members. It is assumed that there is an apparatus supported at the tip end
of the hanging truss and the mass value of the apparatus is 35.19kg. The mass value of the
truss structural system without the apparatus is 14.99kg. Figure 5.3(b) is the dynamic motion of
the support ceiling. The vibration amplitude and the vibration frequency of the support ceiling
are 0.05m and 5Hz, respectively. Motion of the support ceiling is a sinusoidal wave which
endures 2 seconds, and in the time period of 2 − 100s, motion of the support ceiling ceased.
Dynamic behaviors of the peripheral end in the direction of motion of the support ceiling is to
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(a) Truss configuration (b) Acceleration behavior

Figure 5.2: Dynamic behavior of a hanging truss with SMA bracing members

Table 5.1: SMA characteristics

Maximum phase transformation strain Λ 0.05

Young’s modulus of austenite phase EA 70GPa

Young’s modulus of martensite phase EM 30GPa

Martensite phase transformation start strain ϵMA
s 0.0023

Martensite phase transformation finish strain ϵMA
f 0.0596

Austenite phase transformation start strain ϵAM
s 0.0544

Austenite phase transformation finish strain ϵAM
f 0

Martensite phase transformation start stress σMA
s 161MPa

Martensite phase transformation finish stress σMA
f 287MPa

Austenite phase transformation start stress σAM
s 131MPa

Austenite phase transformation finish stress σAM
f 0MPa
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(a) Truss configuration (b) Horizontal dynamic motion

Figure 5.3: Configuration of the truss and the vibrational motion of support ceiling

be examined. Corresponding parameters for the simulations can be referred to [54]. Parameters
for the SMA material are listed in Table 5.1 for both of the two constitutive models.

An SMA member must be under a state of stress in order to achieve high internal friction.
Therefore, SMA members must be preloaded to a certain level if they are to be used as dampers
[60]. The initial strains of the SMA wire members are set to be 0.03. Dynamic characteristics
of the truss structure having SMA wires without and with sub-loop behaviors are shown in
Figures 5.4(a) and 5.4(b). In the time period of 0 − 2s, the characteristics of these two results
are similar; however, when the motion of the support ceiling ceased, the energy exerted by the
support ceiling are not absorbed in the result of Figure 5.4(a) completely; on the contrary, all
the exerted energy has been absorbed in the result of Figure 5.4(b).

The result in Figure 5.4(b) reflects the pseudo-elasticity of the SMA material more sufficient
due to the total attenuation of the energy. This is the contribution of the sub-loop behavior of the
constitutive model of the SMA material as shown in Figure 5.5(b). Figures 5.5(a) and 5.5(b) are
the stress-strain relationships of one of the SMA wire members in the truss structure of Figure
5.3(a) in the truss unit near the support ceiling. In Figure 5.5(a), the phase transformation occurs
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(a) Without sub-loop

(b) With sub-loop

Figure 5.4: Displacement behaviors

only on the major loop of the forward and reverse phase transformations. Therefore, the energy
can only be attenuated along the two lines in the major loop and can not be attenuated along
the other lines, such as the pure austenite, pure martensite lines and the elastic area inside the
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(a) Without sub-loop

(b) With sub-loop

Figure 5.5: Time histories of constitutive relations of SMA wire member

major loop as shown in Figure 5.5(a). At the end of calculation, the behavior of the constitutive
model arrives at the elastic area near the initial strain 0.03, which is denoted as a red circle in
Figure 5.5(a). These elastic relations inside the major loop lead to the residual vibration of the
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(a) Without sub-loop

(b) With sub-loop

Figure 5.6: Phase plots of the dynamic behaviors

dynamic behavior of the truss structure as demonstrated in Figure 5.4(a). In Figure 5.5(b), phase
transformations occur on various minor loops. The energy can be attenuated gradually as the
behavior in Figure 5.5(b) moves toward the center of the constitutive model. This phenomenon



80 CHAPTER 5. SEVERAL OTHER DYNAMIC EXAMPLES

(a) Without sub-loop

(b) With sub-loop

Figure 5.7: Time histories of the first natural frequency

contributes to the result in Figure 5.4(b), in which the energy has been absorbed thoroughly.

Figures 5.6(a) and 5.6(b) are phase plots of one of the tip end apparatus in the direction
of support ceiling vibration after the motion of the support ceiling ceased. These two results
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demonstrate the re-centering capability of the truss structural system having SMA wire mem-
bers. The start points at the moment when the motion of support ceiling ceased are at the outside
of the contours in these two figures. In Figure 5.6(a), behavior converges to a inner closed cir-
cle, which means the apparatus vibrates near the equilibrium position. At this time, behaviors
of the SMA wire members are at the elastic range inside the major loop as the position of the
small red circle in Figure 5.5(a). In Figure 5.6(b), behavior converges approximately to a point
in the center of the figure, which means that all the energy is absorbed and the motion of the
apparatus approximately ceased and the truss structure gets back to its original configuration.
At this moment, behaviors of the SMA wire members approximately arrived at the centers of
the constitutive models as one of the examples in Figure 5.5(b).

In Figure 5.5(a), owing to the phase transformations occur only on major loop, the efficiency
of energy attenuation is larger at the beginning of the period after the motion of the support
ceiling ceased and the speed of convergence becomes higher; therefore, the outside contour area
of Figure 5.6(a) is smaller than Figure 5.6(b). The Curvature of the outside contour of Figure
5.6(a) is also larger than the curvature of the outside contour of Figure 5.6(b). This phenomenon
can also be understood in Figures 5.7(a) and 5.7(b). These two figures are the time histories of
the first natural frequencies of the truss structures without and with the sub-loop behavior of
SMA wires. Owing to no SMA wires are compressed in the dynamic calculation, the variation
range of the first natural frequency is narrow (3.31Hz − 3.39Hz). Figure 5.7(a) manifests that
the convergent speed is high due to the constitutive model of SMA without the sub-loop. Figure
5.7(b) manifests that the convergent speed is low due to the constitutive model of SMA with the
sub-loop behavior. The reason is that the same variation of strain value of SMA wire can obtain
different area values in the constitutive model as in Figures 5.5(a) and 5.5(b).

5.4. SMA with Cosine Model

The truss structure in Figure 5.3(a) is dealt with using the SMA wires with cosine model. In the
cosine model of the SMA material, the stages of phase transformation are nonlinear curves. This
model suits the experimental observation well. The displacement behavior and the relationship
of stress-strain of a SMA wire member are shown in Figure 5.8. Vibration amplitude and
frequency of the support ceiling are 0.1m and 5Hz. Mass value of the apparatus is 5.56kg.
Vibration of the support ceiling endures 1s. After vibration of the support ceiling ceased, exerted
energy is attenuated by the pseudo-elastic SMA wire members as demonstrated in Figure 5.8(b).
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(a) Displacement behavior

(b) Stress-strain relationship

Figure 5.8: Dynamic behavior of a truss with cosine model of SMA

5.5. Behaviors of Truss with Other Topologies
The displacement behaviors of the truss structural system with other topologies are shown in
Figures 5.9 and 5.10. The amplitude and frequency of the support ceiling are 0.03m and 4Hz,
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(a) Truss configuration (b) Displacement behavior

Figure 5.9: Time history of displacement of a truss

respectively. In Figures 5.9(b) and 5.10(b), vibration attenuation capability of the two truss
structures with different topologies are shown.

5.6. Influence of Damping
In the contents discussed in the former chapters, all the attenuation effects are due to the pseudo-
elasticity of SMA wires. In this section, for the purpose of realization, the damping matrix is
taken into account in the dynamic equation. The damping matrix is assumed in the following
form:

CUU = α̂MUU + β̂KUU (5.1)

The coefficients of α̂ and β̂ are determined in the following equations:

α̂ =
2ĥω1ω2

ω1 + ω2
, β̂ =

2ĥ
ω1 + ω2

(5.2)

where ĥ is the attenuation constant. In case of steel frame, ĥ = 1%− 3%. Taking the SMA wire
members into consideration, we choose ĥ = 1%. ω1 and ω2 are two angular natural frequencies
of the truss structures in a fixed time point. Therefore, the coefficients of α̂ and β̂ should be
updated in accordance with the variation of angular natural frequencies. In the numerical inte-



84 CHAPTER 5. SEVERAL OTHER DYNAMIC EXAMPLES

(a) Truss configuration (b) Displacement behavior

Figure 5.10: Time history of displacement of a truss

gration of the dynamic equation having damping matrix, the damping force should be linearized
due to the nonlinear characteristics of stiffness matrix as well as the coefficients of α̂ and β̂.

The truss structure in Figure 4.10(a) is dealt with. Vibration amplitude and frequency of the
support ceiling are 0.1m and 5Hz. Mass value of the apparatus at the peripheral end is 5kg. The
displacement behaviors without and with damping are shown in Figure 5.11. The acceleration
behaviors without and with damping are shown in Figure 5.12.

As shown in Figure 5.11, the vibration amplitude of the peripheral end apparatus in Fig-
ure 5.11(a) is larger than Figure 5.11(b) in the time period of vibration of the support ceiling.
This is due to the energy consuming by structural damping. After vibration motion of the sup-
port ceiling, the residual vibration is not attenuated in Figure 5.11(a) due to the pure austenite
phase of the SMA wire members; however, the residual vibration in Figure 5.11(b) is attenuated
gradually due to the structural damping. The behaviors of acceleration shown in Figure 5.12
demonstrate the same tendency.

5.7. Summary

In this chapter, several other examples on dynamic equations have been discussed. Dynamic
behaviors of three-dimension truss have been shown. Influence of the sub-loop behavior of the
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(a) Without damping

(b) With damping

Figure 5.11: Displacement behaviors with and without damping

SMA wire on the dynamic behaviors of has been confirmed. Dynamic behavior of truss having
SMA wire members with cosine model has been demonstrated. Dynamic behaviors of the truss
with the topologies other than hanging-type have been discussed. Comparison of the dynamic
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(a) Without damping

(b) With damping

Figure 5.12: Acceleration behaviors with and without damping

behaviors between the cases with and without damping has been made.
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Conclusion

This dissertation dealt with a kind of truss structural system in hanging configuration having
SMA wire members. Dynamic characteristics of this kind of truss structural system have been
discussed from vibration isolation and attenuation points of view. The influences of the number
and the configuration of the SMA wire members have been discussed. Optimization approaches
on the configurations and the sectional area have been constructed.

In Chapter 2, mathematical model of this kind of dynamic problem has been derived. For
the purpose of dynamic calculation, a piecewise SMA model without considering the sub-loop
behavior has been introduced. A pseudo-elastic constitutive model considering the sub-loop
behavior has been developed. The dynamic equation of motion of the truss structural system
having SMA wire members has been derived. In order to tackle the nonlinear characteristic of
the dynamic problem, a numerical calculation process has been constructed. Adequacy for this
dynamic model is confirmed from the viewpoint of energy confirmation.

In Chapter 3, dynamic behaviors of the truss structural system have been discussed. Vibra-
tion isolation effect of the hanging truss structure has been confirmed. Vibration attenuation
of the hanging truss structure having SMA wire members has been shown. Influences of the
behaviors of the vibration isolation by the mass value of the peripheral end apparatus and the
stages of the truss unit have been demonstrated. Larger mass value of the apparatus, more in-
ertia effect the truss has. In addition, more truss units, the vibration transmission takes more
time from support ceiling to the peripheral end. In case of small strain state or slack state of
the SMA wire members, the SMA wires can be replaceable to the ordinary wires. The relative
large stiffness of the ordinary wires contributes to relative stability of the dynamic behaviors of
the truss structure from the deformation point of view. Hanging truss structure with the combi-
nation of truss units having SMA wire members as well as truss units having no bracing SMA
wire members demonstrates more sufficient vibration isolation effect.

In Chapter 4, optimization problems have been dealt with from three aspects: combina-
tion of truss units having SMA wire members and truss units having no SMA wire members,
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combination of SMA wire members and ordinary wire members, sectional area of the SMA
wire members. A multi-objective algorithm has been constructed using a GA-based method.
The operators for the purpose of coping with the constraint condition have been proposed. In
the optimal configurations of the first aspect, we confirmed that there are few SMA bracing
wire members near the support ceiling or peripheral end. The hanging truss with this kind of
placements of SMA wire members show more sufficient vibration isolation effect due to the
pendulum effect and more sufficient vibration attenuation effect due to the bracing SMA wire
members. In addition, on the basis of calculations of the third aspect, we discovered that the
sectional area values of the SMA wire members near the support ceiling as well as the periph-
eral end are tremendously smaller than the other truss units. This tendency is coincide with the
optimal configurations in the first aspect. The sectional area in the middle part of the truss are
relatively large. The hanging truss with this kind of distribution of the sectional area values
demonstrates more sufficient vibration isolation and attenuation effects. The results of the sec-
ond aspect show that both of the number and the placement of the SMA wire and ordinary wire
members are significant on the dynamic performances of the hanging truss structural system.

In Chapter 5, several other dynamic cases of the hanging truss structural system have been
discussed. Dynamic behaviors of truss structures in three dimension have been discussed. In
order to deal with the residual vibration of the behavior of the hanging truss having SMA wire
members, a pseudo-elastic constitutive model was utilized in the dynamic calculation of the
truss structure. The result manifests that the developed model is suitable for dealing with the
residual vibration. Dynamic behavior of a truss having SMA wires with cosine model was
shown. Besides the topology of hanging-type, the behaviors of the hanging truss with other
topologies have been demonstrated. The effect of damping force has also been taken into ac-
count.
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