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Introduction

This thesis is written based on my papers [I1, I2] and the joint paper [AILS]
with Tadayoshi Adachi, Kenichi Ito and Erik Skibsted.

In this thesis we deal with the spherically symmetric repulsive Hamiltonians and
the Stark Hamiltonians on the Euclidean space of any dimension. It is well-known
that the spectrum of these Hamiltonians is purely absolutely continuous (cf. e.g.
[BCHM, Sig, Yal). In particular they have no eigenfunctions. The main purpose
of this thesis is to prove Rellich’s theorem for these Hamiltonians, which asserts the
absence of generalized eigenfunctions in a certain weighted space called the Agmon-
Hormander space. The space is optimal in the sense that we can actually construct
a generalized eigenfunction in any larger spaces. Since the space is larger than
L?-space, it follows immediately from Rellich’s theorem the absence of pure point
spectrum of these Hamiltonians. Rellich’s theorem is interesting in its own right
and very important in obtaining other our results.

We also study the properties of the resolvent. We prove the limiting absorption
principle bounds, the radiation condition bounds, the limiting absorption principle
and the Sommerfeld uniqueness result. The limiting absorption principle bounds
assert the locally uniform boundedness of the resolvent between the appropriate
functional spaces related to Rellich’s theorem, the Agmon-Hormander type spaces.
The locally uniform boundedness as operator between usual weighted L2-spaces is
well-known. However, as far as the author knows, the locally uniform boundedness
in the case of using the Agmon-Hormander type spaces is not known. In particular
the boundedness we obtained is a slightly stronger than the usual one. Limiting
absorption principle bounds yield the absence of singular continuous spectrum of
these Hamiltonians. Therefore by combining Rellich’s theorem and the limiting
absorption principle bounds, we obtain as a corollary that the spectrum of these
Hamiltonians is purely absolutely continuous. In this thesis the limiting absorption
principle is derived from the limiting absorption principle bounds and the radiation
condition bounds. The limiting resolvents obtained by the limiting absorption prin-
ciple belong to the same space of bounded operators as the space which the resolvent
belong to. The Sommerfeld uniqueness result characterizes the limiting resolvents
by the Helmholtz equation and the radiation condition.

In the proofs of our theorems, we mainly use a commutator argument. This
argument is simple and elementary, and dose not employ any advanced tools such
as the Fourier analysis or the microlocal analysis. Our novelty here is a use of the
conjugate operator associated with some radial flow, not with dilations or transla-
tions. Classical orbit of the particle is closely related to construction of the conjugate
operator. We note that this construction is based on the Mourre theory, but we do
not use the Mourre theory directly.

In Chapter 1, we deal with the spherically symmetric repulsive Hamiltonians. In
Section 1.1 we introduce basic setting and state our main theorems. In Section 1.2
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we introduce a commutator with some weight inside (see Subsection 1.2.2) and
discuss its properties. Commutator estimate plays an important role to show our
results. Rellich’s theorem will be proved in Section 1.3. We divide the proof of
Rellich’s theorem into two steps: a priori super-exponential decay estimate and the
absence of super-exponentially decaying eigenfunctions. As for the properties of
the resolvent, we discuss in Section 1.4. The limiting absorption principle bounds
is proved in Section 1.4. The radiation condition bounds, the limiting absorption
principle and the Sommerfeld uniqueness result are also proved in the same section.

In Chapter 2, we deal with the Stark Hamiltonians. Stark potential corresponds
to a constant electric field. Thus it is physically important subject to study. The
structure of Chapter 2 is roughly the same as Chapter 1. Thus, arguments similar to
Chapter 1, e.g. on domains of operators, will be omitted accordingly. We introduce
basic setting and state main theorems in Section 2.1. In Section 2.2 we introduce a
commutator with some weight inside and discuss its properties. We prove Rellich’s
theorem in Section 2.3. The proof of Rellich’s theorem consists of two steps which are
somewhat different from usual one: A priori super-cubic-exponential decay estimate
and absence of super-cubic-exponentially decaying eigenfunctions. This will be re-
lated to the decay rate of the Airy function which is one of generalized eigenfunctions
for one dimensional Stark Hamiltonians. The limiting absorption principle bounds
is proved in Section 2.4. The radiation condition bounds, the limiting absorption
principle bounds and the Sommerfeld uniqueness result are proved in Section 2.5 in
this order.
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CHAPTER 1

Spherically symmetric repulsive Hamiltonians

This chapter is written based on the papers [11, 12].

1.1. Setting and results

For any fixed € € (0, 2] we consider the sphericaly symmetric repulsive Schrodin-
ger operator

H=—3A— e+ ¢ —A=pdp, pj = —idy;,

on the Hilbert space H = L*(R?). Here 6% is the Kronecker delta, and we use the
Einstein summation convention (throughout the thesis we will use this convention),
and ¢ is a real-valued function that may grow slightly slower than |z|¢ at infinity.
By the Faris-Lavine theorem (see [RS, 1I]) the operator H is essentially self-adjoint
on Cg°(R?), and we denote the self-adjoint extension by the same letter. For the
case of € = 2, the Hamiltonian H is called the inverted harmonic oscillator.

1.1.1. Basic setting. Choose xy € C*°(R) such that

{1 for s <1,

x(s) = dsx = x' <0, (1.1.1)

0 for s> 2,

and set r € C°°(R?) and the associated differential operator 9" as
r(z) = x(|]) + 2| (1 = x(|z])) ,
0" = ((%r)éjkf)k

Moreover we introduce the function f € C*°(R?) and the associated differential
operator 97 as

B (r'=<2 +1)/(1 —¢/2) for e # 2,
f(x) = {logr 1 for c — 2. (1.1.2)
0 = (0;f)57% 0.

We note that the function f is continuous with regard to € and clearly the following
properties hold:

r>1, f>1, 8 =r"2q.

In this chapter we use the function f frequently. This is closely related to the
classical orbits of the particles. In particular, it plays an important role for the case
of e = 2. We are going to see the classical orbits in Subsection 1.1.3.

Condition 1.1.1. The perturbation ¢ has a splitting by real-valued functions:
g=aq+q; q¢€C'(RY, ¢eL™RY,

7
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such that for some p, C' > 0 the following bounds hold on R?.

Cref=—r for e #2 Cfi7r, fore#2
< o < ’ ’
ol = {CTQ_"’ for e = 2, an |a2] < {C’r"’ for e = 2.

We remark that we can deal with the perturbations which diverge to oo or —oo
at infinity as ¢; due to the repulsive potential —|z|®. As for the ¢y, we impose the
short-range condition for e # 2.

We introduce the weighted Hilbert space ‘H, by

Hs= f*H forseR.

Note that we introduced the space H, by using the function f, not r. This is also
related to the classical orbit. We consider the characteristic functions

F,=F({2r<f<2}), v>0,

where F(€) denotes sharp characteristic function of a subset Q@ C R?. Define the
Agmon-Hormander spaces B, B* and B by

B={ye L, R | [0z =) 272 Eall < oo},

v>0

B ={y € L} (RY) | |[¢

By ={v e B | lim 27||F,9|l = 0},

g = sup 272 Fab||y < oo}, (1.1.3)
v>0

respectively. By using the function spaces (1.1.3), which are somewhat different
from the usual one, we can deal with the case of the inverted harmonic oscillator.
We note that B coincides with the closure of C§°(R?) in B* and for any s > 1/2
the following inclusion relations hold:

H CBCHip CHCH 12 SB, CB CH_. (1.1.4)
We introduced the conjugate operator A as a maximal differential operator
A =Rep/, pf=—io’, (1.1.5)

with domain
DA)={YeH | AY € H}.
The conjugate operator A has the following expressions:
A=Rep’ = () +5(Af) =p" - 5(Af). (1.1.6)

We note that the conjugate operator A is a generator of some radial flow. In partic-
ular A become self-adjoint with the above domain D(A). These properties will be
verified in Subsection 1.2.1.

By the definition of r, there exist ¢ > 0 and 7y > 1 such that

or| > c,
on {z € R?|r(x) > ry}. There we set
n=1-=x(r/ro), 7=mnlorl"?
and introduce the tensor ¢ as follows.

0 =0—n(dr)® (0r).



1.1. SETTING AND RESULTS 9

Here we note that the tensor ¢ satisfy the bounds
0 < &HRE <€ = €67, VEeR™
For notational simplicity we set
h=r"*"1(5—(0r)® (dr) +2C f717%5) .
Here we choose C' > 0 large enough so that for any ¢ € R?
GREG, > & (r TR+ Crme f2P8R) & > 0.
For any subset I C R let us denote
I. ={2€C| Rezel, £Imze€ (0,1)},
respectively. We also use the notation (1), = (¢, T%) for a linear operator T

1.1.2. Results. First we have Rellich’s theorem of the following form.

Theorem 1.1.2. Suppose Condition 1.1.1, and let A € R. If a function ¢ € B}
satisfies that

(H =)o =0,

in the distributional sense, then ¢ = 0 in R?.

By the inclusion relations (1.1.4), we have the absence of pure point spectrum
of H as a corollary of Theorem 1.1.2.

Corollary 1.1.3. Under Condition 1.1.1, the operator H has no pure point
spectrum: opp(H) = 0.

As we will see in Subsection 1.1.4 below we can actually construct a B*-eigen-
function, and hence the function space Bj in Theorem 1.1.2 is optimal (cf. (1.1.4)).
Next we state some properties of the resolvent

R(z) = (H —2)~.

Theorem 1.1.4. Suppose Condition 1.1.1 and let I C R be any compact interval.
Then there ezists C > 0 such that for any ¢ = R(2)Y with z € I and ¢ € B

I6lls + I Slls + (i pa)s? + lIr~ ;0" prlls- < Cll]s. (1.1.7)

It follows from the bounds (1.1.7) that the boundedness of the resolvent R(z) as
an operator from B to B*. This boundedness yields the following corollary.

Corollary 1.1.5. Under Condition 1.1.1, the operator H has no singular con-
tinuous spectrum: og.(H) = (.

By Corollary 1.1.3 and Corollary 1.1.5, we have, under Condition 1.1.1, the
spectrum of H is purely absolutely continuous. The limiting absorption principle
does not immediately follow from Theorem 1.1.4. To obtain the limiting absorption
principle we impose an additional condition and we state and prove the radiation
condition bounds.

Condition 1.1.6. In addition to Condition 1.1.1, there exist 7, C' > 0 such that
| <CF T, [ PO < CfT
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Now we choose a smooth decreasing function ry > 1 of A € R such that
A—q+r°>1 forr>ry,
and set asymptotic complex phase a: For z = XA +iI[" where A € R, T € (0,1)
a=a, =mn|orlr~*\/20z—q+r)+ ig|or P2, (1.1.8)

respectively, where 1y = 1 — x(r/ry). Here we choose the branch of square root as
Re/w > 0 for w € C\ (—o0,0]. Let

1—¢€/2) fi 2
B, =min{p, 7, €,1+¢/2}, €= {6/( €/2) fore#2,
2 for e = 2.

Then we have the radiation condition bounds of the following form.

Theorem 1.1.7. Suppose Condition 1.1.6, and let I C R be any compact inter-
val. Then for all § € [0, 3.) there exists C > 0 such that for any ¢ = R(2)Y with
Ve fPBandzel,

1A F a)dlls + (pif**1p;)* < ClLfP0 s, (1.1.9)
respectively.

By Theorem 1.1.4 and Theorem 1.1.7 we obtain the limiting absorption principle.

Corollary 1.1.8. Suppose Condition 1.1.6 and let I C R be any compact inter-
val. For any s > 1/2 and w € (0,min{s — 1/2, 5.}) there exists C' > 0 such that for
any z,2' € I, or z,z € I_

IR(2) — R(z)|lsaun.) < Clz — 2|,

1.1.10
I~ R() R s < Cla— 2. )
In particular, there exist uniform limits
R(\ £10) := Iilégi,\ R(z), )
rPpR(A+i0) == lim 7 ?pR(z), o
I12z—A

in the norm topology of B(Hs, H_s). Moreover, these limits belong to B(B, B*).

Combining Theorem 1.1.7 and Corollary 1.1.8 we obtain the radiation condition
bounds for real spectral parameters.

Corollary 1.1.9. Suppose Condition 1.1.6, and let I C R be any compact in-
terval. Then for all B € [0, 5.) there exists C' > 0 such that for any ¢ = R(\+i0)y
with ¢ € fPB and A € 1

IF(AF a)gllse + (pif P hiTp;) 2 < Cll s, (1.1.12)
respectively.
Finally we obtain the Sommerfeld uniqueness result.

Corollary 1.1.10. Suppose Condition 1.1.6, and let A € R, ¢ € L. and ¢ €
fPB with B € [0,8.). Then ¢ = R(A£i0)v holds if and only if both of the following
conditions hold:

(i) (H —XN)¢ =1 in the distributional sense.

(ii) ¢ € fPB* and (AF a)¢p € f9Bz.
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As far as the author knows, there seem to be no literature on Rellich’s theorem or
the LAP boundedness for repulsive Hamiltonians so far, and our results are new. In
particular, by setting the Agmon-Hérmander spaces using the function f of (1.1.2),
even for the case of € = 2 we obtain the above results.

The spectral theory for repulsive Hamiltonians was also studied by [BCHM].
However they did not prove the absence of Bj-eigenfunctions or the limiting ab-
sorption principle bounds such as Theorem 1.1.4. Moreover as for the decay rate of
perturbation at infinity, our conditions are considerably weaker for ¢ # 2. In this
sense, our results are stronger than theirs.

To prove the theorems and the corollaries we apply a new commutator argument
with some weight inside invented recently by [IS]. A feature of this argument is a
choice of the conjugate operator A. We choose A to be a generator of some radial
flow, not of dilations or translations (see Section 1.2). Although by using a new
conjugate operator we cannot bound the Mourre-type commutator from below by
a uniform positive constant, we can bound it from below by a function which has
a weaker positivity in the sense that it decays at infinity. However such a weaker
positivity yields a stronger result such as Theorem 1.1.2 than the absence of L?-
eigenfunctions of H. In [BCHM], to use Mourre theory they introduced a new
conjugate operator by using the pseudo-differential operator, but we do not use
Mourre theory or pseudo-differential operators. Due to this our argument is simpler
than theirs.

In case € = 0, there has been an extensive amount of literature on spectral theory
(e.g. [Ag, FH, FHH20, H4, 1J, IS, Iso]). As for the case € = 2, Ishida studied
inverse scattering problem in [Ishi] and borderline of the short-range condition in
[Ishi2]. Moreover Finster and Isidro discussed the LP-spectrum in [FI]. Our setting
excludes ¢ > 2, however, Matsumoto, Kakazu and Nagamine studied eigenvalue
problems for ¢ > 2 in [MKN]. Skibsted dealt with the limiting absorption principle
bounds and the limiting absorption principle for attractive Hamiltonians in [Ski],
whereas we considered the case of repulsive Hamiltonians. We also mention recent
works related to the repulsive potentials. Josef studied in [J] the properties of
spectrum of two-dimensional Pauli operator with repulsive potential. Lakaev studied
in [L1, L2] eigenvalue problem for discrete Schrodinger operator with repulsive
potential on the two-dimensional lattice Z2.

In Subsection 1.1.3 below, we see the classical orbit of the particles moving in
repulsive electric field, and the suitability of the use of the function f. In Subsec-
tion 1.1.4, we verify existence of a generalized eigenfunction in B*. In Section 1.2, we
introduce the conjugate operator A and show that A is the generator of a strongly
continuous one-parameter unitary group of some radial flow. In addition, we intro-
duce commutators with some weight inside and discuss its properties. In Section 1.3,
we prove Theorem 1.1.2. The proof consists of two ingredients that are typical in
such a topic: a priori super-exponential decay estimate and the absence of super-
exponentially decaying eigenfunctions. In Subsection 1.4.1, we prove Theorem 1.1.4
by using a contradiction. In Subsection 1.4.2, we prove Theorem 1.1.7 and corol-
laries 1.1.8-1.1.10. In the proofs of these results commutator estimates play major
role.
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1.1.3. Classical orbit. In this subsection we consider the classical orbit on the
non-perturbed spherically symmetric repulsive Hamiltonians

H=1p* —|z]°.
Then the Hamilton equation is given by
B(t) =p(t), B(t) = elz(t)] 2 (?).
This yields the following equation:
i(t) = elz(t)|2x(t). (1.1.13)

Here we denote the derivatives of z, p in time variable ¢ by dots (it is well-known as

the Newton’s notation). Let us consider the solution to (1.1.13). If ¢ = 2, we can
compute explicitly and have

2(t) = 4 (2(0) + Li(0)) ¥ + 1 (2(0) = Li(0)) e V2.
Thus, in general, z(t) grows exponentially as t — 0o. As for the case of 0 < € < 2,
we consider the solution of the form
x(t) = t'w,
where w € R? is constant. By substituting it into (1.1.13) we obtain s = 1/(1—¢/2).

Therefore it is expected that z(¢) has the order of t'/(1=%/2) as ¢ — oo, in general.
By these observations if we define the new position function

y(t) = lz(t) =<2 (z(t)/|z(t)]) for 0<e<?2,
log [z()] (x(t)/[x(t)]) ~ for e=2,
we have |y(t)| = O(t) as t — oo similar to the case of € = 0. Hence it is natural to
define the spaces B and B* using the function f rather than r.

1.1.4. Existence of B*-eigenfunctions. In this subsection, we show optimal-
ity of Theorem 1.1.2. To show that we construct a spherically symmetric solution

o(z) = 0(r) € B of
(BA+laf) o= (3&+ 514 +r) b =0, (1114

where 7 = |z|, z € R%
Recall the Bessel equation:
s f"(s) 4+ sf'(s) + (s> = v?) f(s) =0, (1.1.15)
and the Bessel function of the first kind J, (s) which is one of the solutions of (1.1.15).
In (1.1.15), we let v = (d — 2)/(e + 2), and change variables by

2/25 e/2+1 f _ rd/2711/~}_

Then we obtain the following equation:

(i + St 40 9 =0
Hence we obtain (1.1.14). Now, we show ¢ € B*. Since v = (d — 2)/(e + 2), we can
write by definition of the Bessel function

S =

(=)™

o\ 2m+(d—2)/(e+2)
J(d-2)/( 6+2 m‘F (m+(d—2)/(e+2)+1) (5) :
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It is well-known that Jig_g)/(c+2)(s) = O(s7/2) as s — oo (e.g. [K]). Hence we have

w(x) = 1;(7") = Tl*d/zj(d—z)/(ew) (2£T6/2+1>

(1.1.16)
— O(’I"_d/2_6/4+1/2), r — 00,
By the expression
$(@) = [ oy e (B2J 1)
0 (71)m ﬁ 2m+(d—2)/(5+2) (€+2)m
- Z mID(m+(d—2)/(e+2)+1) <e+—2) || )
m=0
we have
Y € C*(RY). (1.1.17)

(1.1.16) and (1.1.17) imply ¢» € B*. Therefore ¢ is a B*-eigenfunction for H =

—3A — || with generalized eigenvalue A = 0.

1.2. Preliminaries

In this section we are going to prepare some lemmas which are the basic tools
to prove the our results stated in Section 1.1.

1.2.1. Unitary group and generator. Let
y:R xR = R (t,2) — y(t,x) = exp(tdf)(x),

be the maximal flow generated by the gradient vector field df. Note that by defini-
tion it satisfies

O (t, ) = (0f)'(y(t. ), y(0,2) =w.
We define T'(t) : H — H, t € R, by

() (@) = J(t,2) 2 (y(t, 2))
~ exp ( / %(Af)(y(w))ds) Bly(t, ),

where J(t,-) is the Jacobian of the mapping y(¢,-) : R? — R?. We can easily verify
the equivalence of the two expressions in (1.2.1) by the following identity:

O [log J(t,2)%] = 2J(t,z) ', J(t, z)
= 2J(t,2) " (Af)(y(t,2)) T (t,x) = 2(Af ) (y(t, 2)).
Now it follows by the upper expression of (1.2.1) that for any ¢ € H

d
IT (&) :/R [Py (t, )2 (t, z)dz = [|lv]|*.

and hence T'(t), t € R, forms a strongly continuous one-parameter unitary group.
Next we investigate the generator Ay of group T'(¢), t € R. By definition

D(Ay) ={Y e H| Ilfi_%l(z't)*l(T(t)z/J — 1)) exists in H},
Aot = lim(it) (T() =) fory € D(Ay).

By the Stone theorem the generator Ay is self-adjoint on H. It is easy to verify that
Cs°(R%) € D(Ayp), and that T(t) preserves C°(RY). Hence by [RS, Theorem X.49]
the space C5°(R?) is a core for Ay. It is also clear by definition that on C§°(R?) the

(1.2.1)
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generator Ap and maximal differential operator A coincides, and therefore they are
actually the identical operators:

D(A¢) = D(A), Ag=A=Rep’ =5 +@)).
As for the domains D(H) and D(A) we have the following lemma.
Lemma 1.2.1. Let H*(R?) be the Sobolev space of second order, and set
2 dy _ 2(mod -
Honp(RY) = {9 € H*(R?) | supp v is compact}.

Then the following inclusion relations hold.

H? (RY) C D(H) C D(A). (1.2.2)

comp

dProof. First we prove HZ, (R?) C D(H). Let ¢ € HZ, (R?) and supp¢ C K,
and set

K, = {xERd\ inf |z —y| §1}.
yeK
Then there exists {¢,} C C5°(R?) such that
supp ¥ C K1, v — @l + [Ip* (¢ — ¥)I| = 0 as n — oo. (1.2.3)
By (1.2.3) and Condition 1.1.1 we can estimate as follows.

[ Hn — HY|| + [0 — ¢l < 5110° 0 — )| + Cillthn — ¢l = 0 as n — oo.

This implies ¢ € D(H).

Now we prove D(H) C D(A). Let us discuss similarly to [Sig|. Let ¢ € D(H).
It suffices to show that r=</2¢) € D (p") = D ((0r)’p;). We choose n € C5°(R?) such
that for any multi-index «

0<n<1, [0%|<Cq Ca>0,
and we let w = nr~%?1). Then we have w € D(p?) and obtain the following estimate:
1Or)Y pwll* < Cillpwl* = 2C1 (H)o, + 2C1{|2]" — q)- (1.2.4)
We estimate the first term of (1.2.4) by
21w, Hew) = 201§, = nH) + 201 Re(h, e~ *[H, = ]0)
< Coll Il H || + [l|omr =[] (1.2.5)
< Gs[[¥l* + Cs|| Hy||* < oo
Using Condition 1.1.1 we can estimate the second term of (1.2.4) as
(J2]° = q) < Cull¥||* < o0. (1.2.6)
Hence by substituting (1.2.5) and (1.2.6) into (1.2.4) we obtain
I(0r)'pwll < Cs.

It provides
In(0r) pjr="*¢|| < Cs.

Hence by Lebesgue’s monotone convergence theorem we have
1(0rY pr=?p|| < Cs.
We are done. U
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1.2.2. Commutators with weight inside. We consider commutators with a
weight © inside:

[H,iAlo == i(HOA — AOH).

Let © = O(r) be a non-negative smooth function with bounded derivatives, i.e. if
we denote its derivatives in r by primes such as ©’, then © satisfies

>0, [6W|<C, k=0,1,2,.... (1.2.7)

We first define the quadratic form [H,iA]e on C§°(R?), and then extend it to D(A)
according to the following lemma.

Lemma 1.2.2. Suppose Condition 1.1.1, and let © be a non-negative smooth
function with bounded derivatives (1.2.7). Then, as quadratic forms on C§°(R?),

[H,iAle = p;(8° )" Opy + () /0D + { Re ((Af)Op:id”p))
— 1pi(Af)O87p; — L1m (r~/2(9]0r|*)?©'p;) — Im (2g:0p)
—Re (r~/2|0r|?0'H) + €(0f)*|2| 240 + go
- ir’6/2|87’|4@'";
go = —(07q1)O + @2(Af)O + r~/or[>¢,®' — Lr= /2 2|or[*e
+ &rorP(AS)O + e (0 or?)e + s> Hor|'e”
— (@ lor)e" — florP(Af)e".

(1.2.8)

In particular, if © has a compact support, by the Cauchy-Schwarz inequality [H,1A]g
restricted to Cg°(R?) extends to a bounded form on D(A). Here we regard D(A) as
the Banach space with a graph norm.

Remark 1.2.3. Since we use a new conjugate operator (1.1.5), the first term
on the right-hand side of (1.2.8) does not have positivity (cf. (1.3.3)). Therefore,
we cannot bound the term below by zero. However, by using the positivity of the
second and the eighth terms on the same side of (1.2.8) we can cancel the negativity
from the first, and then positivity is recovered. Although this positivity decays at
infinity, it provides a strong result which is the absence of Bj-eigenfunctions.

Proof of Lemma 1.2.2. By (1.1.6) we can compute as

[H.,iAle = 2 {pipr(0f) O p; — pi6 OO f)ipip; } + p;j(0° F)*Opy,
+ (ph)r2e'p’ + 1Re ((Af)Op;67p;) + =<2 or 20 |z|¢
+ e(0f)F |z 22,0 — r=2|0r)?0'qy — (07 q1)O — Im (2¢,0A)
= p;(0° )" Opi + ()" r/?0'p" + { Re ((Af)Op:id”p))
— ipi(AF)O8Tp; — Ipir=*|Or[*0/ 6 p; + r~/*|or P |z|°
+ €(0f)¥| x| 22,0 — r~0r|*0'q1 — (07q1)©
—Im (2¢:0p") + 2(Af)©.

(1.2.9)
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We combine the fifth, sixth and eighth terms of (1.2.9) as follows.
— %pﬁ’eﬂ]@rﬁ@’yjpj + r=2|0r) 20 |z|¢ — r/%|0r?0' ¢,
= —Re (r_6/2]87"|2@'H) — %Im ((8|8r|27“_6/2@')jpj> +r~2|0r|?¢,©’
= —Re (r™?|orPO'H) + r~/*|0r’¢,©' — 3 Im (7"_5/2 (8|8r|2)j @’pj>
+ gr_l (8f|87“|2) e — §|8r|4r_6/2_2®' + §T_1|8T|Q(Af)®'
+ Elor|trm PO — L (9f|or?) © — trPlorP(Af)O"
- }17“_6/2|8r|4@'”.

By (1.2.9) and (1.2.10) we have the expression (1.2.8).
The boundedness of [H,iA]e as a quadratic form on D(A) follows from (1.2.2),
(1.2.8) and compactness of supp O. O

(1.2.10)

On the other hand, throughout the thesis we shall use the notation
Im(AOH) = 5-(AOH — HOA)
as a quadratic form defined on D(H), i.e. for ¢ € D(H)
(Im(AOH))y, = 3 (A, OHP) — (Hyp, O AY)).

2
Note that by the embedding (1.2.2) the above quadratic form is well-defined. Obvi-
ously the quadratic forms [H,iA]e and 2 Im(A©H) coincide on C§°(R?), and hence
we obtain

[H,iAle = 2Im(AQH) on D(H), (1.2.11)

if © is compactly supported. In fact, by the Faris-Lavine theorem for any i) € D(H)
there exists {1, } C C5°(R?) such that

[ = hull + | H () — )| = 0 as n — oo

Therefore we obtain

([H.iAle)y = lim ([H.iAle)y, = lim (21m(AGH)),, = (2Im(AGH)),.

n—o0

1.3. Rellich’s theorem

Throughout the section we suppose Condition 1.1.1. The proof of Theorem 1.1.2
consists of two steps, a priori super-exponential decay estimates and the absence
of super-exponentially decaying eigenfunctions. Obviously, Theorem 1.1.2 follows
immediately as a combination of the following propositions.

Proposition 1.3.1. Let A € R. If a function ¢ € Bj satisfies that
(H—MXo¢ =0,
in the distributional sense, then e*"¢ € B for any a > 0.

Proposition 1.3.2. Let A € R. If a function ¢ € B satisfies that
(1) (H—X)¢ =0 in the distributional sense,
(2) e*"¢ € B§ for any a > 0,
then ¢(x) = 0 in RY.
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We prove Propositions 1.3.1 and 1.3.2 in Subsections 1.3.1 and 1.3.2, respectively.
The proofs are quite similar to each other, and both are dependent on commutator
estimates with particular forms of weights inside.

Now, using the function xy € C*°(R) of (1.1.1), we define x,, Xn, Xmn € C(R?)
for n > m >0 by

Xn = X(f/Qn)7 Xn =1- Xn» Xmn = )Zana
and let us introduce the regularized weights

0 =0%  =xmae’; n>m>0, (1.3.1)

m,n,v

with exponents
0 =020 = 204/ (1+s/2)%ds; a>0,6>0, v>0.
0

We denote the derivatives of © and 6 in r by primes, e.g.,

0 =206, 0" =—=2(1+06)0276,>% 6y =1+r/2".

1 we have

In particular, since 2770, < r~
00 < Csrart 0,170 k=1,2,....
Note that here we can use a slightly simpler exponent ¢ than that from [IS],
and, accordingly, the proofs get slightly simpler. This is because our Hamiltonian
has a repulsive property due to the potential term —|x|°.

1.3.1. A priori super-exponential decay estimates. In this subsection we
prove Proposition 1.3.1. In the proof, the following commutator estimate plays a
major role.

Lemma 1.3.3. Let A € R, and fix any § € (0,min{1, p,€'}) and o > 0. Then
there exist ¢,C' > 0 and ng > 0 such that uniformly in n > m > ng and v > ng, as
quadratic form on D(H),

Im(A@(H - )\)) > Cf_leo_é@ - Cf_l (X?n—l,’m-‘rl + Xi—l,n—i—l) ¢’ (1.3.2)
— Re(v(H — \)), o
where ¥ = Yp.m. 18 a certain function satisfying suppy C supp Xmn and |y| < Ce’.

Proof. Let A € R and fix any ¢ € (0, min{1, p,€'}) and a > 0. We choose ny > 1
so that r(x) = |z| on supp ©. Then we have the following formulae (cf. (1.1.2)):

P =1, (@ = = (54 1) P ) (0
(@ry =ar™h Af=(d=g -0 Ar=(d =1

In the latter half of the proof, we will retake ny > 1 larger, if necessary. By
Lemma 1.2.2; (1.2.11), (1.3.3) and the Cauchy-Schwarz inequality we can estimate
as

(1.3.3)

2Im(AO(H — \))

> pir= 2108 py — (5 + 1) pi(Or) r= /21O (0r)Fpy, + er/* 1O
— Cyf 7Ll oy (Or) PO (Or)Fpy — Mgy 0%0
— 37200 — 3100”0 — Re (r/*0'(H — X)) — C1Q
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> pir 710,008k py, — %pj(ar)jr_eﬂ_l@(@r)kpk + er/?710
+ pj (aT)j (0/ o 7,—190—(5) r—e/2@(ar)kpk . le—l—min{l,p,e’}g

(1.3.4)
d—3e—4,.—€/2—1n/2 —€/2n/3 —€/2
— St me/2mlgRg _ Lpme2gBg — 30792090
—Re (r?0'(H — X)) — C1Q.
Here we introduced for simplicity
Q= 77PN 4 ([Nl + Xl + Ix”’ ) ’
(1.3.5)

Let us further compute and estimate the terms on the right-hand side of (1.3.4).
Using a general identity holding for any g € C*°(R%):

pigcsijpj = Re (gpiéijpj) + %(Ag), (1.3.6)
we estimate the first term of (1.3.4) by

pir”*7105°067 py > 2Re (r~/*710,°0O(H — N)) + 2r*710,°0

1.3.7
+3r 2050070 — ChQ. 137
Similarly, we estimate the second term of (1.3.4) by
—gpj(ar)jr’e/z’l@(ar)kpk > —eRe (r’e/%l@(H — )\)) —er/?710 (13.8)
— S 2190 — G3Q. -
We combine the fourth, seventh and eighth terms of (1.3.4) as
(87“) ( —10 ) 6/2@(8T)kpk _ ler—e/29/3@ _ § —6/20/0//@
= (ps(0r) +50') (6 = 17"65°) r=/6 ((Or)"py, - -e)
% (ar> (0/2 710 66/) 76/2@ . 3’(0/2 . 190 59/)r76/2@(ar>kpk (1 ; 9)
. i(@/?; —10 60/2) —5/26 1 —6/20/3@ 37"_6/20/€”@ e
= (ps(0rY +507) (0" =6 r 6/2@((07‘) k= 50)
+ 2d 46 2, 6/2 10/2@ 1 76/2 10 59/2@+ 17,,76/29 0"'e — O4Q
Substitute (1.3.7), (1.3.8) and (1.3.9) into (1.3.4), and then it follows that
QIm(A@(H — )\))
> 27,6/2 10 6@ Cf 1- mln{lpe’}@ e 76/2 19/2@+ 1 76/2 19 66/2®
(1.3.10)

+ P00 + (p + 40) (0 — 7’_190 °) %o «p )" = 3t)
—Re ({r~*0 —2r=*719,°0 + er~/*7'0} (H — \)) — C5Q.

Using the formula (1.3.6) we rewrite and bound the remainder operator (1.3.5) as

Q < Cof MO 4+ Co f 7 (X tmst + Xootmsn) €

- / 1.3.11
+2Re ({T_Ef_l_mm{l’p’s Yo + T_E|X/m’n|ee} (H — /\)> ) ( )
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Hence we obtain by (1.3.10) and (1.3.11)
Im(AO(H — X))
> [710,°0 = Crf e 4 L 20070 — S 0%0
+ 300020 — Cof T (i + X)) € — Re(v(H — X))
3+ 50) (0 0%) 8 () — 31).
where
=L — 00 4 Ler 2l 4 Gy il e 4 Oy, e

Now we further restrict parameters. If we choose sufficiently large ny > 1, the
term which combined the first term to the fifth term is bounded below uniformly in
n>m>ngand v >0 as

<f—190—5 _ Oy imin{led) %T—E/QQIQII _ 1_66T—E/2—10/2 i %T—e/2—190—59/2> o)
> cf10,%0.
Since
0 —r70,° = (2 (1+71/2") " —r71) 657,
by retaking ny > 1 larger, if necessary, the eighth term is non-negative for any

n >m > ng and v > ny. Hence the desired estimate follows. O

Proof of Proposition 1.3.1. Let A € R and ¢ € Bj be as in the assertion, and
fix any 0 € (0,min{1,p,€'}), @ > 0 and ny > 0 in agreement with Lemma 1.3.3.
For any function ¢ obeying the assumptions of Proposition 1.3.1 we have x,,,¢ €
H2 _ C D(H) for all n > m > 0. Note that we may assume ny > 3, so that for all

comp

n>m>ng
Xm—2n+2¢ € D(H).

We evaluate the inequality (1.3.2) in the state xy,—2n+2¢ € D(H), and then obtain
for any n > m > ng and v > nyg

1(7165°0) 201> < ConllXm—1.m1191” + Co2" [ Xn-1n10]I*. (1.3.12)

The second term on the right-hand side of (1.3.12) vanishes when n — oo since
¢ € Bj, and consequently by Lebesgue’s monotone convergence theorem we have

1 7105°€") 20117 < CunllXim-1,ms101I*. (1.3.13)

Next we let v — oo in (1.3.13) invoking again Lebesgue’s monotone convergence
theorem, and then it follows that

f—1/2€ar¢ cH.
Consequently this implies e*"¢ € B} for any a > 0. Hence we are done. O
1.3.2. Absence of super-exponentially decaying eigenfunctions. In this
subsection we prove Proposition 1.3.2. Similarly to the proof of Proposition 1.3.1,

commutator estimate plays important role. Due to the assumption (2) of Proposi-
tion 1.3.2, we use the simpler weight than that used in Lemma 1.3.3.
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Lemma 1.3.4. Let A € R and ag > 0, and set © = x,,,**". Then there exist

c,C >0 and ng > 0 such that uniformly in o > ag and n > m > ng, as quadratic
forms on D(H),

m(A@(H - /\)) > ca’r™*7'O — Ca’ f~ (Xi@—l,m—&-l + Xi—l,n—l—l) e (1.3.14)
— Re(y(H — X)), -

where y = . 18 a certain function satisfying suppy C supp Xmn, and |y] < Cae?™”

Proof. Fix any A € R. Choose ny > 0 large enough. Then by repeating similar
argument of the proof of Lemma 1.3.3, we can estimate uniformly in o > 0 and
n>m>ngyas

2Im(AO(H — \))
> pjr_€/2_1@5jkpk + p;(ar) (2a — %r‘l) r=<20(dr)*p, + er!*71©

_ le—l—min{l,p,e’}@ . 4d_§6_4OZ2T_6/2_1@ . 20537“_6/2@

—Re (r~/?0'(H — \)) - C1Q

(€_|_2) €/2— 1(__) C f—l mln{Lpe}@_l_a r —€/2— 1@

+ (pj(0r) +ia) (2a — L2 =20 (0r)fpy — ia)

—Re ({r~?0@" —2r=</*~ 1@} (H - X)) — CQ
> (6 +2 T’E/2 1@ . O3f—1—min{1,p,e/}® + (127‘_6/2_1@ . CgOéQ’f‘_e/Z_l_min{l’p}Q
+ (pj(0ry +ia) (2a — 21 =20 (0r)fpy — ia)
- 03(1 + CYQ)f_ (Xm—l,m+1 + Xi—l,n+1) 2ar -2 Re( (H - )‘)) )

—~ —

where
Q = (L4 )= 77mmiele 4 ((1+ o)l + (1+ @)l + Xnal) €
i (P P 4 T X ) €270
v = 1pm 2@ — /27l 4 Oy prirminiledlg 4 Cgr’elxjnyn]eh’".
Now let us fix any ay > 0 and choose sufficiently large ng > 0. Consequently we can

easily verify the asserted inequality (1.3.14) uniformly in o > ag and n > m > ny.
Hence we are done. 0

Proof of Proposition 1.3.2. Let A € R and ¢ € B be as in the assertion. Fix
any ag > 0, and choose ny > 0 in agreement with Lemma 1.3.4. We may assume
that ng > 3, so that for all n > m > ng

Xm—2,n—|—2<ZS S D(H)

Let us evaluate the inequality (1.3.14) in the state xm—2n4+2¢0 € D(H). Then it
follows that for any o > ag and n > m > nyg

‘|T_e/4_1/2@1/2¢||2 S C(m||Xm—l,m-HeO”ng2 + 012—n||xn_1’n+16067’¢||2' (1315>

The second term on the right-hand side of (1.3.15) vanishes when n — oo, and hence
by Lebesgue’s monotone convergence theorem we obtain

I 2= 2e0” < Ol X117 01
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By (1.1.2) it hold that, on supp Xm—1,m+1.

_ {{(1 C /)@ 1) £ YO for ¢ £ 2,

2" 1 for e = 2.
Therefore we have
HX;{2T—e/4—1/26a(r—z:m)¢”2 < Cm“Xm—l,m—;—lﬁbHQ' (1.3.16)

Now assume X, 42¢ #Z 0. Then the left-hand side of (1.3.16) grows exponentially
as a — 0o whereas the right-hand side remains bounded. This is a contradiction.
Thus X120 = 0. By invoking the unique continuation property for the second order
elliptic operator H (cf. [Wo]) we conclude that ¢ = 0 globally on R¢. U

1.4. Resolvent properties

From this section, let us consider properties of the resolvent R(z) = (H — 2)~%.
It is well-known that R(z) belong to B(Hs, H_s) for s > 1/2 (c¢f. [BCHM]). On the
other hand, Theorem 1.1.4 asserts R(z) belong to B(B,B*). Noting the inclusion
relations (1.1.4), we see that (1.1.7) is stronger estimate than the well-known one.
We prove Theorem 1.1.4 in Subsection 1.4.1. To obtain the limiting absorption
principle we need to prove the radiation condition bounds stated as Theorem 1.1.7.
By (1.1.9) we can infer that R(z)1, ¢ in B, oscillate like exp {#iv/2r'+/2/(1 +¢/2)}
at infinity. We note that the B*-eigenfunction ¢ constructed in Subsection 1.1.4
has the same behavior. We prove Theorem 1.1.7 and Corollaries 1.1.8-1.1.10 in
Subsection 1.4.2. In the proofs of these results commutator estimates play major
roles as with the previous section. However in this section we use the weights which
depend on the function f, i.e. © = O(f). We denote its derivatives in f by primes
such as ©'. Then we have the following lemma instead of Lemma 1.2.2.

Lemma 1.4.1. Suppose Condition 1.1.1, and let © be a non-negative smooth
function with bounded derivatives. Then, as quadratic forms on Cg°(R?),

[H,iAle = p;(0*f)*Opx + () O'p’ + L Re ((Af)Op;67p;)
— %pi(Af)@5ijpj — %Im ((8\8f]2)j@’pj) —Im (2q2@pf)
—Re (|0f?O'H) + e(0f)*|z|*2,© — (07q1)0 + ¢2(Af)O
10f e~ Lo 0FE" — HorPAne” - HoF'e”.

In particular noting the formulae (1.3.3) and using the Cauchy-Schwarz inequality
[H,iA]e restricted to C°(R?) extends to a bounded form on D(A).

Since the proof of Lemma 1.4.1 is quite similar to the proof of Lemma 1.2.2,
we omit the details. Note that in this case to extend [H,iA]g to a bounded form
on D(A) we do not need compactness of supp®. By Lemma 1.4.1 clearly (1.2.11)
holds.

1.4.1. Limiting absorption principle bounds. The goal of this subsection is
to prove Theorem 1.1.4. The locally uniform LAP boundedness of R(z) is interesting
in its own right, and moreover, Theorem 1.1.4 is important to prove the other results.
Before proving Theorem 1.1.4, we state and prove key estimates.
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1.4.1.1. Commutator estimate. We introduce the regularized weight
f12v
0=0°%= / (L4+s) " 0ds=[1— (14 f/2)°] /6; 6 > 0,0 >0. (1.4.1)
0

We can compute its derivatives in f as
O =1+ f/2) 1%/, @' = —(1+8)(1+ f/2")2°/2%, (1.4.2)

Proposition 1.4.2. Suppose Condition 1.1.1, let [ C R be any compact interval,
and fix any § € (0,min{l, p,€'}) in the definition (1.4.1) of ©. Then there exist
C' >0 and n > 0 such that for all ¢ = R(z)Y with z € I and ¥ € B and for all
v>0

1©"26]|* + (|02 A |1 + (p;h"Opr)

< C (lIglls- 1115 + 1Al 5+ 1|5 + 10O *0]%) -

We first note that © defined by (1.4.1) has the following properties.

(1.4.3)

B*

Lemma 1.4.3. Suppose Condition 1.1.1, and fix any 6 > 0 in the definition
(1.4.1) of ©. Then there exist ¢,C,Cy > 0,k = 2,3,..., such that for any k =
2,3,... and uniformly in v > 0

¢/2” <O <min{C, f/2"},
c(min{2, f})° f 0 <O < f'O,
0 < (-1)te® < o f*e.

Proof. By the definition of © in (1.4.1) and expressions of its derivatives in
(1.4.2), we can easily verify the asserted estimates except for the first estimate in
the second line. As for the remainder estimate, by using the last estimate of the
first line and noting the following inequality:

(ming2”, /)" (min2”, 7}/2°) (1 + F/2)+2") < C.

we can obtain it. O

The following lemma is a key to prove Theorem 1.1.4.

Lemma 1.4.4. Suppose Condition 1.1.1, let I C R be any compact interval, and
fix any 6 € (0,min{1, p,€'}) in the definition (1.4.1) of ©. Then there exist ¢,C > 0
and n > 0 such that uniformly in z € I and v > 0, as a quadratic forms on D(H),

Im(AO(H — 2)) > c® + cAO'A + cp;W*Op;, — Cx20
— Re(y(H - 2)),

where vy = 7y, ,, is a uniformly bounded complez-valued function: |y| < C.

(1.4.4)

Proof. Let I and § be as in the assertion. Using Lemmas 1.4.1, 1.4.3, (1.2.11),
(1.3.3), (1.3.6) and the Cauchy-Schwarz inequality, we can bound uniformly in z =
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Atxid'elyandv >0
Im(AQ(H — z))
> %pjT_e/Q_léjk@pk . (i + %) (pr)*r—e/Q—l@pr + %(pf)*e)/pf
— 1Re (|0f°0'(H - 2)) F T Re(40) + 12710 — (1Q
s~ (O = (9r) (Or)F 20T ) O+ (00T (1405)
—Re (31076 + §r*710) (H — 2)) F 161240 — (,Q
Ipih*Opy, + 16/ + 1A0'A 7O 4012
— Re ((%|8f]2®' + gr_E/Q_l@ — %r‘e@') (H — z)) — (50,

v

v

where
Q = fiminlled}g g e prlomin{lod} Qgiky,
As for the fourth term of (1.4.5), using Lemma 1.4.3 and the Cauchy-Schwarz in-
equality, and noting the general identity holding for any real functions g, h € C*(R9):
hRe (gp*) h = Re (h*gp”) + %(ajh)éjk(akgh),
we can obtain the bound as follows.
Tre'?40'? = 3102 (Rep’) 02
> —C LOY2r=2(H — \)r—/?20Y2 — 5T
= —C,I'Re (02r~*(H — 2)r~?0"/2) £ C5Im(H — z)
> —Re ((C4l'r ™0 £ iC5)(H — 2)) — CsQ.

Therefore it follows that
Im(AO(H — 2))
> iph’*Op, + 10" + 1A0'A — C7Q (1.4.7)
—Re ((3 (|0fP —r) @' + &r*7lO + CyIr 0 +iC5) (H — 2)) .

By (1.3.6) and Lemma 1.4.3 we can combine and estimate the second and fourth
terms of (1.4.7) as, for large n > 0,

16/ = C1Q 2 10/ = Cox20 — 20y Re (o e dO(H — 2)) . (148)

(1.4.6)

Hence by substituting (1.4.8) into (1.4.7) and setting
=35 (1017 =17) O + 577> 'O + CuT'r 0 £ iC5 — 2Cqr— f 1 minlledlg,
we can obtain the asserted inequality (1.4.4). O

Proof of Proposition 1.4.2. By Lemma 1.4.4 the assertion follows immediately.
OJ

1.4.1.2. LAP boundedness. Now let us prove Theorem 1.1.4 by Proposition 1.4.2
and contradiction.

Proof of Theorem 1.1.4. Let I C R be any compact interval. For simplicity, we
prove the assertion only for the upper sign.

Step 1. First we assume that for C; > 0 large enough
o5 < Crl|]|- (1.4.9)
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Then the bound (1.1.7) holds. In fact, noting the identity
3P okd = 1Y+ (2l — g + 2)0 (1.4.10)
and Condition 1.1.1, the last term on the left-hand side of (1.1.7) satisfies

I~ p;0"* pro|| 5+ < Col|¥)| 5

As for the second and third terms of (1.1.7) we can prove by using Proposition 1.4.2.
Fix any § € (0,min{1, p,€'}). Then by Proposition 1.4.2 and (1.4.9) there exists
C3 > 0 such that for any ¢ = R(z)y with z € I, and ¢ € B uniformly in ¢ € (0,1)
and v > 0

10"2A¢|1* + (p;h"*Opr)s < erl| A5 + € ' Csllv | (1.4.11)
For each v > 0 by restricting the integral region to {2" < f < 2"™'}, we can bound
the first term on the left-hand side of (1.4.11) as

672452 = 8-/ F, A (14.12)

As for the second term on the same side, by looking at the estimate (1.4.11) for any
fixed v > 0, e.g. v =0 and using Lemma 1.4.3, we have

(pih?*Op1) s > c1(pjh?*pi)s. (1.4.13)

We substitute (1.4.12) and (1.4.13) into (1.4.11), and take the supremum in v > 0.
Then we obtain the following inequality.

cal| Al + c2(pih pr)e < 261l A5 + 2¢7 ' Call w3
Therefore by letting €; € (0,¢2/2) and using (1.1.5) it follows that

pr¢HB* <pjhjkpk>1/2 < C4H¢HB
¢
Hence we have the bound (111)

Step 2. By the above argument to prove Theorem 1.1.4 it suffices to show that the
bound (1.4.9) holds. Now we assume the opposite. Then there exist z, € I, and
Y € B such that

Jim (lells =0, ldulls- =15 dx = R(z1) ¢ (1.4.14)
We note that the following estimate holds by (1.4.14).
lr="polls- + |~ PP dells- < Cu. (1.4.15)

In fact, arguing similarly to Step 1, and using (1.4.14) and Proposition 1.4.2 we
obtain

B+ (0h"* pi)e, < Cs. (1.4.16)

[ A |
Then by Condition 1.1.1, (1.1.5), (1.4.10), (1.4.14) and (1.4.16) we have (1.4.15).
Now, if necessary, choosing a subsequence and retaking I C R slightly larger we
may assume that z, € I, converges to some z € I U I,. Since we have the bounds

Pl < lorllz < 1R(zx) I3 10nll2e < [[R(z0) 5630 | ||,

if the limit 2z belongs to I, by taking the limit £ — oo and using (1.4.14) we obtain
contradict. Hence we have the limit

lim 2z, =z=Xe [ (1.4.17)

k—o0

Let s > 1/2. By choosing a further subsequence it is allowed to assume that ¢y
converges weakly to some ¢ € ‘H_;. Moreover, it holds that ¢, actually converges
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strongly in H_,. To verify this let us fix s’ € (1/2,s) and g € C3°(R) with g =1 on
a neighborhood of 7, and decompose for any n > 0

P70k = L9 (H) O f*) (7 0k) + (F g (H) F2) (") (F " )
+ /(1 = g(H)) R(zk) -

By (1.4.14) we see that the last term on the right-hand side converges to 0 in H.
Since f~*g(H)f*® is a bounded operator, by choosing n > 0 sufficiently large the
second term can be arbitrarily small in H. As we can see with ease f~*g(H) is a
compact operator. Thus, for fixed n > 0 the first term converges strongly in H.
Therefore ¢, converges to ¢ in H_g, and then, by using (1.4.15) and (1.3.6) we can

see that 7—</?pgy, converges to 7~/p¢ in H_,. Hence we have
lim ¢p =¢ inH_y, lim 7 %por =r""*p¢ in H_,. (1.4.18)
k—00 k—o0

By (1.4.14), (1.4.17) and (1.4.18) it follows that
(H —X)¢ =0 in the distributional sense. (1.4.19)

In addition, we can obtain ¢ € Bj. In fact, let us apply Proposition 1.4.2 with
d=2s—1>0to ¢ = R(2x)¥x. Then, taking the limit £ — oo and using (1.4.14),
(1.4.15), (1.4.18) and Lemma 1.4.3, we have for all v > 0
10726l < [Ixu®"20]l < Cs27"|Ixaf 4. (1.4.20)
By taking the limit v — oo in (1.4.20), we can verify ¢ € Bj. Therefore by (1.4.19)
and Theorem 1.1.2, we have ¢ = 0. On the other hand, similarly to Step 1 we have
1= [éullz < Co (I¥lls + Ixndnl*) -

If it holds that ¢ = 0, the right-hand side converges to 0 as & — oo. However, this
is a contradiction. Hence the bound (1.4.9) holds. O

1.4.2. Radiation condition. Our main purpose in this subsection is to prove
the radiation condition bounds for complex spectral parameters, or Theorem 1.1.7.
Throughout this subsection we suppose Condition 1.1.6, and prove the results only
for the upper sign for simplicity.

1.4.2.1. Commutator estimate. We introduced the conjugate operator B as a
maximal differential operator

B=Rep"=3(p"+ @),
with domain
D(B)={v et | By €M}
and set associated asymptotic complex phase b: For z = A +:1' e RUR,
b="b, =m0r|v/2(z — ¢ + re) + i<|Or]Pr~" (1.4.21)
We note that the operator B is self-adjoint on D(B) (cf. [IS]).

Lemma 1.4.5. Let I C R be any compact interval. Then there exists C' > 0
such that uniformly in z € 1 U I

Al SC, bl < G Tmaz glorfr T bz lorr,

[00;a] < Cr= P77 |pTb+ b = 200 (2 — qu + )| < Cf e
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Proof. By the definitions of @ and b (see (1.1.8), (1.4.21)) the first, second, third
and fourth estimates clearly hold. Since we can write

(70,0 = £°9(9;mx|0r|)r=*\/2(z — q1 + 1)
— (L= @) mlorlr /2 g+ )
—m|or| {09 2(0;q1) — e(L = )(r)*r* 71} \/2(2 — g + 1)
+i<0% (9;|0r]?) re2mt is(5+1)(1- n)(Or)®|Or|2r—</?72,
the fifth estimate follows by using Condition 1.1.6. By the following equation
P+ b7 —20r(z — ¢ +1°)
= (P"mor)V2(z — g+ ) +imor (07 a) /v/2(z — a1 + 1)
+ieny|or]Prt(z — q1) /\/2(z — q1 +79)
=21 = n)|Or(z = g+ 1) + 5@ NPt = (54 %) lorlr 2
we can see that the last estimate also holds. U

Lemma 1.4.6. Let I C R be any compact interval. Then there exist a complex-
valued function q3 and a constant C > 0 such that uniformly in z € T U1, as a
quadratic forms on C$°(RY),

H—2=3B+b)i(B—0b)+ ipilpp + g5 |gs| < Cftminledmy)
Proof. Noting the following expression:

B =p" —5(Ar) = ()" + 5(Ar),

we have
H—z=3BiB+ 5pit*p,— |z]"+ g0+ 1 + o — 2
= 3(B+b)fi(B —b) + sp;jt7"pr — 1(3"7)b + Lii(p"b) + L
— |zl +q +q¢+q— 2
where

Hence by setting
q3 = %ﬁ [(prb) + b2 = 2|0r*(z — q1 + 7‘6)} —(1=n)(z—q +79
+ (= |2]) = 5(9")b + g0 + g,

and using Lemma 1.4.5, we have the assertion. 0

Also in this subsection, we use the regularized weight
fr2r
0=0°= / (1+s8) " 0ds=[1— (14 f/2))°] /&; >0, v >0,
0

which is the same weight as (1.4.1). We denote its derivatives in f by primes such
as (1.4.2). To prove Theorem 1.1.7 the following lemma is a key.
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Lemma 1.4.7. Let I C R be any compact interval. Fix any 6 € (0, min{p, ¢, 7}]
and B € (0,1 + €/2). Then there exist ¢,C > 0 such that uniformly in z € I U I,
and v > 0, as quadratic forms on D(H)

Im ((A—a)*©*(H — 2)) > ¢(A—a)"0'0* (A - a) + cp;0* hi*p,
o Cfflfmin{2p,2e’,2"r}+25@25 — Re (’}/@26(}[ - Z)),

where 7 is a certain function satisfying |y| < C f~1-min{2p2¢ 273426

Proof. Let I, and (8 be as in the assertion. To prove the asserted inequality it
suffices to compute as a quadratic forms on C$°(RY). By Lemmas 1.4.3, 1.4.6 and
the Cauchy-Schwarz inequality it follows that uniformly in z € TU I, and v > 0

Im ((A — a)*©*(H — 2))
= 1Im ((A—a)*0* (B + b)ir</?(A — a)) + % Im (A0%°p; 7 py,)
— 1Im (a*©*p;t*py) + Im ((A — a)*©*Pg3)
— 1A= )" 80/0¥ (A — ) — (A — ) @@ 2(A — a)
— S(A—a)" O Y (A —a) + (A —a)* 0% (Imb) 7r/*(A — a)

8 2
+ 1 [p;©%Fpy,iA] + I Re (A(l —n) (@zﬁ)lpf>
— %Im (a*®2ﬁpj€jkpk) + Im ((A — a)*@25q3)
$(A—a) (BG)’ - f71*25@) 0% 1A —-a)+ 3 [pj@26£jkpk, z'A}

— LIm (a"©*p;t*py) — C1Q,

>
- (1.4.22)

where
Q _ fflfmin{2p,2e’,2‘r}+25@26 + pj7,76f*lfmin{2p,26’,27’}+25@2,36jkpk.
Let us further estimate each term of (1.4.22). By Lemma 1.4.3 we can estimate the
first term of (1.4.22) as
%(A . (I)* (ﬁ@/ . f—1—26®) @26—1(A _ CL)
> (A —a)* 0% A —a) — Q.
To estimate the second term of (1.4.22) we use the following lemma used also in
[IS].
Lemma 1.4.8. Let g = g7t € C°(RY) fori,j = 1,2,...d. Then, as a quadratic
form on C§°(R?),
~ii . ~id i~ki ~\ ik i
[pig"'pj,iA] = pi {gﬂ (02f), "+ (9°f),'3" — (8'9) }pk —Im (7" (A f)p;) -

We omit the proof of Lemma 1.4.8. We apply Lemma 1.4.8 with § = ©2°/ to
the second term of (1.4.22), and then we can bound as follows.

! [0y, 4]

= ipi {@W] (9°1),F + (9°)), 0707 — (976*) }p’“ (1.4.24)
— T (0¥ * (A f)p;)

> 1p; {WFO — Bre@'t’*} 0% 'p, — Q.

(1.4.23)



28 1. SPHERICALLY SYMMETRIC REPULSIVE HAMILTONIANS

For any € € (0, 1), we can estimate the third term of (1.4.22) by using Lemma 1.4.5
and the Cauchy-Schwarz inequality as

— %Im (a*@ijfjkpk)
= —11m (p;a*©* ¢*py +i(9;a)*O* (%), + 2iB(1 — n)a*O*P'O'p!)  (1.4.25)
> (i — (—:1) pjr_e/z_l@wﬁjkpk —;1C3Q.
By the bounds (1.4.22), (1.4.23), (1.4.24) and (1.4.25) we obtain
Im ((A - a)*0%* (H — z))
> (A —a)'00% (A —a) - 'CLQ (1.4.26)
+ ip; {0 + (§ — 26)) r/*1RO — proe@/it ) %1y,

We choose small € so that 0 < 2¢; < 1+ €/2 — 3, and then we can bound the last
term of (1.4.26) as

D {hjk@ + (5§ —24) re /2 lpikg — Br’e@’éﬂ“} 0% 1y > cop;0%hiFpy. (1.4.27)
Finally we estimate —() as

_Q > _C«sf—1—min{2p,2e’,27’}+25@2,3

_ 9Re <T.76f717min{2p,26’,27}+25@2ﬁ(H _ z)> . (1.4.28)
By combining (1.4.26), (1.4.27) and (1.4.28), and setting
= 26 Qe f N2 227} 428
we obtain the asserted inequality. -

1.4.2.2. RC bounds for complex spectral parameters.

Proof of Theorem 1.1.7. Let I C R be any compact interval. The assertion of
the case of 5 = 0 is follows from Theorem 1.1.4. Hence we may let 5 € (0, 8.). We
take any

d € (0,min{p, e, 7} — 3).

By Lemma 1.4.7, the Cauchy-Schwarz inequality and Theorem 1.1.4 there exists
C} > 0 such that for any ¢ = R(2)¢ with ¢ € fPBand z € I,

1©120°~12(A — a)¢||” + (p;O* hFpy) g
< [H@ﬁ(A — a)o||p-[| 0% |5 + || f A mie I OQR g 12

B*
1.4.29
+||f1/2—min{p,e’,7}+5®ﬂw|’2 ( )

< G272 [ (A = )|l s Il F% s + L F70lI] -

By commuting R(z) and powers of f and using 1) € f~?B, we obtain f*(A—a)¢ € B*
for each z € I,. Hence the quantity on the right-hand side of (1.4.29) is not infinite.
Thus it follows that by (1.4.29)

2|0 20724 — a)g||* + 2% (p; 0% W i)y

1.4.30
< G [[I17(A = a)o |5 [l f ]l + [ £ [I3] - ( |

B*
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In the first term on the right-hand side of (1.4.30), noting (1.4.2) and taking the
supremum in v > 0, we obtain

allf(A = a)gllg. < Co [|If/(A~a)o
Therefore by the Cauchy-Schwarz inequality we have

I1f2(A = a)olls < Csllf4| 5. (1.4.31)

As for the second term on the right-hand side of (1.4.30) we use (1.4.31), and take
limit v — oo, and then by Lebesgue’s monotone convergence theorem and the
concavity of © we obtain

Fo0lls + 11/ 115] -

B*

(pi [ pi)s < Call P03 (1.4.32)
By (1.4.31) and (1.4.32) the assertion follows. O

1.4.2.3. Proof of Corollaries 1.1.8-1.1.10.

Proof of Corollary 1.1.8. Let s > 1/2 be as in the assertion, and then we fix any
w € (0, min{f,, s — 1/2}). First, we decompose for n > 0 and z, 2’ € I as

R(2) — R(Z') = xnR(2)Xn — XxnR(2') Xn

+ (RE) = WRE) — (RE) =R .
By Theorem 1.1.4 we can estimate uniformly in n > 0 and z,2" € I, as
I1R(2) = xmR(2)XmllB0t.7¢-.)
< NP RGE)Xn S Nlsao + 1 XnB(2)Xn S I3 (1.4.34)

< 02 (=1/2m,
Similarly, we obtain
IR(") = xuR() Xl 30y < Co27C1/20, (1.4.35)
As for the first and second terms on the right-hand side of (1.4.33), noting the
equation
i[H, Xn] = Re (x;,p”) = Re (x,,A) (1.4.36)
and the identity a; = a,, we can rewrite for n > m
Xn B (2)Xn — Xa R(2) X0
D{xni1(H = 2") = (H = 2)xn1 f R(2)
= $XnR(2) X041 (A — ) R(2) X0 + X R(2 )(A + az) Xn+112(2') Xn-
— 5XaR(2)(@: = @)X 1 R(Z)Xn + (2 = 2 )X R(2) X1 R(Z) X
= %XnR<Z)X;z+1<A - az/)R(Z/)Xn + %XnR( J(A+az)” Xn+1 (Z/)Xn-
— 5XnR(2) (@ — )X 1 R(Z)xn + (2 = 2 )X R(2) X R(2") X
— (2 = )X R(2)Xmni1(az + a2) " (A = @) R(Z)xn
+ (2 = 2 )X R(2) (A + az) X1 (az + az) 7 R(Z)xn
— (2 = )X R(2)[A, X1 (@2 + az) 7 R(Z) X

Here m € Ny is chosen so that (a, + a./)~! is non-singular on supp X,,. Then by

Theorems 1.1.4 and 1.1.7 we have uniformly in n > m >0 and z,2" € I,
IXnR(2)Xn — Xn R(Z)Xnl | Brta oy < C5279" 4+ C3207m 2 — 2|, (1.4.37)
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By (1.4.33), (1.4.34), (1.4.35) and (1.4.37), we obtain uniformly in large n € Ny and
2,2 el
IR(2) — R(2)|5a. 0,y < Ca279" + C3207" |2 — 2|,
Now, if |z — 2| <27+ we choose n € Ny with 2" < |z — 2|7} < 2"*! and then
we obtain uniformly in z, 2" € I,
17(2) = R(Z) B < Cslz = 21" (1.4.38)

The same bound is trivial for |z —2/| > 27(m*+Y_ Hence the Holder continuity (1.1.10)
for R(z) follows from (1.4.38). By using the Hélder continuity of R(z) and (1.3.6),
we can obtain also the Holder continuity (1.1.10) for r~</?pR(z).

The existence of the limits of (1.1.11) follows immediately from (1.1.10). By using
(1.1.11) and Theorem 1.1.4 we see that the limits R()\ £ 40) and r~</?pR(\ % i0)

map into B*. By a density argument these limits are extended continuously to maps
B — B*. O

Proof of Corollary 1.1.9. Let 8 € [0, 5.) be as in the assertion. By Theorem 1.1.7
there exists C' > 0 such that for any I' > 0 and n > 0
Ixnf?(A = a) RO+ D)5 < CllfP¢lls, & € CGE(RY).

By taking the limit I' | 0 and using Corollary 1.1.8 and a density argument, we
obtain

Ixnf?(A = a)ROA +i0)¢||5- < C|| f*¥lls, ¢ € f7B.
Finally by the Lebesgue’s monotone convergence theorem we obtain
If7(A=a)ROA +i0)|ls- < CllfP¢lls, v € f°B.

Similarly, we can obtain

; 1/2
(D I pr) oy < ClLFY 5.
Hence we are done. O

Proof of Corollary 1.1.10. Let A € R, ¢ € Hioe and ¥ € fPB with 3 € [0, 3.).
First we let ¢ = R(A+140)1. Then by Corollaries 1.1.8 and 1.1.9, noting 5 < f., we
can verify that (i) and (ii) of the corollary hold. Conversely, we assume (i) and (ii)
of the corollary, and let

¢ = ¢ — R(\+1i0)1.

Then by the above argument we have

(H — X\)¢' = 0 in the distributional sense, (1.4.39)
and

¢ € B, (A—a)d € "B (1.4.40)
In addition, we can see that ¢’ € By. In fact, noting the identity, c¢f. (1.1.5) and
(1.4.36),
2Im(x,(H — X)) = (Rea)x,, + Re(x},(A — a))

with @ = a, and Rea > 0 we have the bound

In (1.4.41), we take the limit ¥ — oco and use (1.4.40), and then we obtain ¢' € B.
By (1.4.39) and Theorem 1.1.2 it follows that ¢’ = 0, i.e. ¢ = R(\ +i0)1. O



CHAPTER 2

Stark Hamiltonians

This chapter is written based on the joint paper [AIIS] with Adachi, Ito and
Skibsted.

2.1. Setting and result

In this chapter we discuss spectral theory for a perturbed Stark Hamiltonian on
the Euclidean space of dimension d € N = {1,2,...}. Let us split the space variable
of R as (z,y) = (z,va, ... ,%a) € R x R¥! and apply the Stark field in the positive
x-direction. The free Stark Hamiltonian is given by

Hy=3ipi+p)—a=302+pl, + - +p.,)—x; p=—id.

We perturb it, and consider

Here ¢ is a multiplication operator by a real-valued function ¢ € L% _(R?).

To formulate our condition on ¢ fix a real-valued function y € C*°(R) such that

] 1 fors <1, o
X(s) = { 0 fors>2 X=X <0, (2.1.1)

and we set
f=Ffy)=xtr+z)+ 1 =x(r+2)]0r+2)"% r=("+y)"

Such choice of function f is stimulated by [HMS], but we can say that it is quite
different from theirs. One particular difference is that the level surfaces of our f are
paraboloid. We also define a differential operator 9/ as

O = (0F)D = (0 f)0s + (0,0 (2.1.2)
Condition 2.1.1. There exist p,C' > 0 and a splitting by real-valued functions:
g=q+¢@ @€C(RY), ge Ll R,
such that for all (z,y) € R?
a1(z, )| < CfPr, dau(a,y) <CF70 galay)] < OF7,

and for z < 0
1 (z, )| < C(—a)' 72

Letting F(S) be the characteristic function of a general subset S C R¢, we set
E,=F({(z,y) € R? ‘ 2" < f(z,y) <2"'}) forneNy={0,1,2,...}.

Define the Agmon-Hormander spaces B, B* and B as

B={ve L ®)| Y 2"l < oof,

n€Np

31
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B ={v € 2R

sup 22| Fyh 2 < oo},

n€Np

B;:{¢GB*

fim 27772 2 = 01,
n—oo
respectively. Note that these are Banach spaces with respect to the norm

Ills = > 22| Futpll.e,

n€Ng

gz = sup 27| Foap| e
neNg

4]

g = [[¢]

We introduce the weighted Hilbert space L? by
L? = f*L* for s€R.

s

We note that for any s > 1/2 the following inclusion relations hold:
L;CBC LY, QL QL2 C By C B ¢ L2, (2.1.3)
Using the function x of (2.1.1), we define smooth cut-off functions Xm, Xm, Xmn €
C>*(R?) for n > m >0 as
Xm = X(f/Qm)a Xm = 1-— Xms  Xmmn = XmXn = Xn — Xm- (2'1‘4)

We note that for any g € C5°(RY) and n € N the following property holds under
Condition 2.1.1:

g(H)xy, is compact operator.

First we state Rellich’s theorem of the following form.

Theorem 2.1.2. Suppose Condition 2.1.1, and let X € R. If ¢ € L} _(RY)
satisfies

(1) (H — AN)¢ =0 in the distributional sense,
(2) Xmo® € B for some mg € Ny,

then ¢ = 0 on R,
Let us denote the resolvent
R(z) = (H — 27",
and for any compact interval I C R we set
I.={2€C| Rezel, £Imz € (0,1)},
for simplicity. Moreover we introduce
hje = FHOf P05 — F7H0; ) (O f)-

We note that &;h;xx is non-negative for any & € RY. We use also this chapter the
notation (1), = (¢, T) for general linear operator 7'

Theorem 2.1.3. Assume Condition 2.1.1 and let I C R be any compact interval.
Then there exists C' > 0 such that for any ¢ € B and z € 1

IR(2)||s- + [P R(2)¥5+ + (jhjkpr) rizyw < C|lY| 5 (2.1.5)
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By the definition of f, there exist ¢ > 0 and fy > 1 such that

0f| > ¢ on {(z,y) € R! | f(z,y) > fo}.
We set .
n=1-x(f/fo), a=n(2r|0f]*) ",
and introduce the notation
gjk = 5jk - 77|af|_2(ajf>(akf)-
Condition 2.1.4. In addition Condition 2.1.1, there exist 7, C' > 0 such that
0P| < CFT ler PO < CFTVT
Now we choose a smooth cut-off function 7, which satisfies

|1 for Rez —q1 +7r>1,
==Y 0 for Rez—q +7 <1/2,

and set asymptotic complex phase ay: For z € I
ay = \/Enzlaf\\/z—ql—i—r:t%r‘l(ﬁf)~(87“), (2.1.6)

respectively. Here we choose the branch of square root so that Rey/w > 0 for
we C\ (—00,0]. Let

0<n. <1,

B. = s min{1, p, 27}
We introduce the conjugate operator A:
A=[H,if] =Rep’ =p' — §{(Af); p' =—id, (2.1.7)

cf. (2.1.2). By similar argument to Section 1.2.1 of Chapter 1, we can verify that
the conjugate operator A of (2.1.7) is self-adjoint with maximal domain. We omit
the details. In the following, we do not discuss about the domain of operators, since
we can verify by similar way to Chapter 1.

Theorem 2.1.5. Assume Condition 2.1./ and let I C R be any compact interval.
Then for all B € [0, 3.) there exists C > 0 such that for any ¢ € fPB and z € I

IF2AF )Rl + i hispi) iy < ClE s,

respectively.

By Theorems 2.1.3 ans 2.1.5 we obtain the limiting absorption principle of the
following form.

Corollary 2.1.6. Assume Condition 2.1.4 and let I C R be any compact inter-
val. For any s > 1/2 and w € (0, min{S.,2s — 1}) there exists C' > 0 such that for
any z,2 € I, or z,2 € I_

I1R(2) = R(Z) 52,22, < Clz = 2%,
[10f1pR(z) = 10f[PR(Z)ls(r2,12,) < Clz = 2.

In particular, the operators R(z) and |0f|pR(z) has uniform limits as [ 5 z — X €
I in the norm topology of B(L?, L% ), say denoted by

R(A£i0) = lim R(z),

+3z—A

m [0fpR(z),

for X € I, respectively. Moreover, these limits belong to B(B, B*).

(2.1.8)

0f[pR(A £i0) = (2.1.9)

li
It>
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Combining Theorem 2.1.5 and Corollary 2.1.6, we obtain the radiation condition
bounds for real spectral parameters.

Corollary 2.1.7. Assume Condition 2.1.4 and let I C R be any compact inter-
val. Then for all B € [0, 8.) there exists C > 0 such that for any ¢ € f~°B and
rel

IfP(AF a)R(A £ i0)¢)]

1/2
B+ <pjf26hjkpk>3/()\ii0)¢ < C|IfY]5,
respectively.
Finally we obtain the Sommerfeld uniqueness result.

Corollary 2.1.8. Assume Condition 2.1.4, and let X € R, ¢ € L2, and ¢ €

fPB with B € [0,8.). Then ¢ = R(A£i0)v holds if and only if both of the following

condition hold:

(1) (H — X\)¢ = 1) in the distributional sense.
(2) ¢ € fPB* and (AF a)p € fPB.

The absence of eigenfunctions for Stark Hamiltonians is well-known (cf. e.g.
[Sig]). However, as far as the author knows, the result such as Theorem 2.1.2 is not
known, so far. As for the absence of singular continuous spectrum for Stark Hamil-
tonians is also well-known (cf. e.g. [Ad, Ya]). By using the Agmon-Hérmander
spaces B and B*, we obtain slightly stronger estimate of the resolvent such as The-
orem 2.1.3 rather than theirs.

In Section 2.2 we introduce a commutator with some weight inside. In the
proofs of our results commutator estimate plays major roles. In Section 2.3 we
prove Theorem 2.1.2. In Section 2.4 we prove Theorem 2.1.3. Theorem 2.1.5 and
Corollaries 2.1.6-2.1.8 are proved in Section 2.5.

2.2. Conjugate operator

In this section we formally compute a weighted commutator
[H,iAlg :=i(HOA — AOH).

The weight function © € C*(R?) varies depending on purposes, and will be specified
later. For the moment we only assume that it is a function only of f, and that

supp © C {(:U,y) e R4 ‘ r+ax> 2}, 0W| < Cy for all k € Ny, (2.2.1)

where ©%) denotes the k-th derivative of © in f.
Note that on supp © we can compute derivatives of f as

0f = 17
0,f =4y,
0:0.f = %f‘lr_l — ifr_2 — %f‘lr_3x2, (2.2.2)

0y, 0y, | = %f_lr_ldjk - %f_gr_gyjyk - %f_lr_3yjyk,
0:0,f = 0,0:f = —4f 'y — 3 'y,
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In particular, we have expressions

ol = %fr_lax + %f‘lr_lyﬁy,
0f = 3
Af=3d=2)f"r,
0i0nf = fHOf P05 — £ (05£) (O f) — fHOF[*(94m) (Orr).
Lemma 2.2.1. As quadratic forms on C°(R?),

[H,iAlo = AS' A+ p;if (106 — (0;1)(Okf)) Opi
+pjf_1|af|2(5jk — (8j7’)(8kr))@pk + %f‘lr_l(r — )0
— ioflte" — (@ofP)e" — 5 Hof'e" + 1O + GO
— 2Im(q0p’) — 2Re(f'|0f?OH) — Re(|0f|*0'H)

(2.2.3)

with
Go = —1(A%f) = 5 fHAOSI?) + 5 f21OfP(AS) + [N |OfP) = F210f"
+2f7Y0fPq — (@) + (Af) g,
G = —3(AOfP) = S fHOFP(AS) — fHONOf ) + f21f 1" + 10 f1 .
In particular,
Qo > —Cf71 7O gy < ol
Proof. Using adjoint of the expression (2.1.7), we can compute
[H,iAle = Im((p/)*Op*) + 2Im((p/)*O(~= + q)) + Re((Af)OH)
= (p7)*O'p" + p;(9;001)Opx — 5p(Af)Op — 3p|0f7O'p
+ (2= q)(ANO + (z — q1)|0f 0 + (0.£)© — (¥ q1)©
—2Im(g0p’) + Re((Af)OH).

(2.2.4)

We combine the third, fifth and tenth terms of (2.2.4) as

— 3p(Af)Op + (z — @) (Af)© + Re((Af)OH)

— _1(A(AS)O) + (Af)pO, (2.2:5)

and, similarly, the fourth and sixth terms of (2.2.4) as

— 1plof1PO'p + (x — q1)|0f])?©

2.2.6
= ~1(AOfPO') +[0f[*00' ~ Re(|0f 26/ ). (2.26)

In addition, let us add to the right-hand side of (2.2.4) the following “zero” term:

0=pf |ofPOp — 2/ (Of[20 — L(Af[0f )

+2f710f|?q© — 2Re(f'|0f?OH) (22.7)
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Then by (2.2.4), (2.2.5), (2.2.6) and (2.2.7) we obtain
[H,iAle = (p')©'p" +pf~|0f[*Op + p;(9;01.f)Ops + (0..f)O
—22f7|0f1"0 — 1(A(AS)B) — 1(AIOf1°O') — 3(AfI0fT°6)
+10f°320" + 271 0f[740 — (8761)© + (Af)g2©
—2Im(g0p’) — 2Re(f'|0f?OH) — Re(|0f|*0'H).
(2.2.8)
Next, we expand the sixth to eighth terms of (2.2.8) as
- i(a@ane) - j(alofPe) - s(arofe)
= —Hoy1'e" — HorP(ANE" — K|0f)e" — L1 asle”
L ANE — LA - HAPE — L osEAne (229
— [THOMofP)0 + [Plof'e" — LA N)e — S fTH(AlOf*)e
+3fOfP(ANO + f2(07|0f1)e — fPlofI'e.
Then the first term of (2.2.8) combined with the second, fifth and seventh terms of
(2.2.9) makes the first term of asserted identity. Inserting expressions from (2.2.2)
and (2.2.3) into the second to fourth terms of (2.2.8), we obtain the second to

third terms of the asserted identity. The rest terms of (2.2.8) and (2.2.9) clearly
correspond to the rest terms of the asserted identity. Hence we are done. U

2.3. Proof of Rellich’s theorem

In this section we prove Theorem 2.1.2. The proof reduces to the following two
propositions.

Proposition 2.3.1. If a function ¢ € L} _(R?) satisfies for some mg € Ny:
(1) (H— X))o =0 in the distributional sense,

then Xmo exp(af?)¢ € Bf for any a > 0.
Proposition 2.3.2. If a function ¢ € L2 (R?) satisfies for some mg € Ny:

loc
(1) (H—N)¢ =0 in the distributional sense,
(2) Xy exp(af?)¢ € By for any a >0,

then ¢ = 0 on R,

Propositions 2.3.1 and 2.3.2 will be proved in Sections 2.3.1 and 2.3.2, respec-
tively.

2.3.1. A priori super-cubic-exponential decay estimate. Here we are go-
ing to prove Proposition 2.3.1. Choose a weight function © to be of the form

0 = 0255, = Xunne"

m,n,v

a,B,8 3 d 2 v\—3—6 (2‘3'1>
0=0"°=2af"+608 | s°(1+s/2") ds
0

with parameters o, 5 > 0, 6 > 0 and m,n,v € N. Note that © actually satisfies
(2.2.1) for large m. We denote the derivatives in f by primes as before. If we set

Oo=1+ f/2
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for notational simplicity, then
0 = 6af>+ 66120, 0" =12af +126f0,°7° —6B(3 4+ 6)27" f20,7°,. ...
Noting that 2776, < f~1, we have
(0 —2af*) B < CspBfP 0550 fork=1,2,....

The following form inequality plays an essential role in the proof of Proposi-
tion 2.3.1.

Lemma 2.3.3. Fiz any ag > 0 and 6 € (0,min{2, p}) in the definition (2.3.1)
of ©. Then there exist 5,¢,C > 0 and nyg € N such that uniformly in o € [0, oy,
n>m >ng and v > ng, as quadratic forms on D(H),

Im(AO(H — X)) > cf '0,°0 — Cf 7 (X211 + Xoe1nin) €

+ Re(v(H — \)), (2.32)

where ¥ = Ymn, 18 a certain function satisfying suppy C supp Xmn and |y| < Ce’
uniformly in n > m > ng and v > ny.

Proof. Fix any ap > 0 and 0 € (0, min{2, p}). We will fix small g € (0, 1] and
large ng € N in the last step of the proof. For the moment all the estimates are
uniform in « € [0, agl, 5 € (0,1], n > m > ng > 0 and v > ny.

By Lemma 2.2.1 we can bound

QIm(A@(H — )\))

= [H,iAle + MOf|?€’

> AP'OA +pjf_1(\8f|2(5jk — (6jf)(8kf))@pk + %f‘lr_l(r — )0
- H071'00"0 — Hor|'0°e — Lo 010" ~ L of|'0"e
— C1Q — 2Re(f'OfPO(H — X)) — Re(|0f|?0'(H — X))

> (A+§[0f1?0")0'0 (A — 510f1°0") +p; f~ (10f 5 — (9;)(Okf)) Opr
+ 1T e — 2)0,°0 + H|of e (0" — 2710 e
— C2Q + Re(m(H — N)).

Here and below we gather admissible error terms in (), which is of the form
Q = X ale® + 21X nle? + X ple? + fI M0
+pr X le’p +pf T Op.

(2.3.3)

Actually —@Q can be bounded below as

—Q > —Cyftmint2elg — Oyt (Xgnfl,erl + X?zfl,n+l)ea

= 2Re(r [\ ale”(H = X)) = 2Re(f 7717 'O(H — V), (2.34)

and we will see that this will be negligibly absorbed by other terms of (2.3.3).
Let us further combine and bound the first and second terms of (2.3.3) in the
following manner. Choose ny = ng s large enough depending on § € (0, 1], so that

0' > 65(f05")* 105" > 6p2°70 "V 050 > 1f7105° on supp ©.
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Then we have the first and second terms of (2.3.3) bounded as
(A+310f°0)0'O(A = 510f1°0") +p; [ (1011°35% = (91)(OeS)) Opi
> 1(A+ i|af|29’) 10,°0(A - L|of|0)
+ 507105 (101205 — (9;.1)(Onf)) Opi
3(07) 1605613 — s/ ofI'0%0°0
+ 50if 7105 (101785 — (9;£)(0f)) Opr — C4Q
> Lpf(0f 05 0p — L [0f1076,°0 — 4@

> fYOfPe0;°0 + L0 F1'0%0,°0 — C5Q + Re(f 10170, °0(H — X)),
(2.3.5)

Y

On the other hand, it is clear that the fourth term of (2.3.3) is bounded as
Hofl'e' (0" —2f710")0 > —CsBf6,°0. (2.3.6)
Now by (2.3.3), (2.3.5), (2.3.6) and (2.3.4) we obtain
2Im(AO(H — \)) > 3(1— C78)f10,°0 — Cp f 1 mint2rlg
- C7f71 (Xgn—l,m-i-l + X721—1,n+1)eo + Re(72(H - A))

By choosing 5 € (0, 1] small enough, and then ny € N large enough we obtain the
asserted inequality. O

Proof of Proposition 2.5.1. Let ¢ € L% _(R?) and my € Ny satisfy the assump-
tions of the assertion, and set

ag = sup{a >0 } Xmo exp(af®)¢ € By}

Assume ag < 00, and let us deduce a contradiction. Fix any ¢ € (0, min{2, p}), and
choose f > 0 and ny > 0 as in Lemma 2.3.3. We may let ng > mg + 3 without
loss of generality. If oy = 0, let @ = 0 so that we automatically have o + 3 > ay.
Otherwise, we choose a € [0,q) such that o + 8 > ag. With such a and 8 we
evaluate the inequality (2.3.2) on the state x,—2n4+2¢ € D(H), and then we obtain
for any n > m > ng and v > nyg

H(fflea(;@)l/2¢”2 < Om||Xm71,m+1¢H2 + Cuzin/QHanl,nJrl eXp(OCfB)(bHQ- (2.3.7)

The second term on the right-hand side of (2.3.7) vanishes in the limit n — oo since
Xomo €Xp(af?)¢ € By, and hence by Lebesgue’s monotone convergence theorem

(0t "105°e") 20 ||* < Conl[xom—1.mi1 0™ (2.3.8)

Next we let v — oo in (2.3.8) invoking again Lebesgue’s monotone convergence
theorem, and then it follows that

X2 f P exp((a+ B)fF) ¢ € LA(RY).

Consequently this implies )‘(71,1/2 exp(kf3)¢ € B for any k € (0,a + (). But this is a
contradiction, since a + 8 > «ay. We are done. [l
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2.3.2. Absence of super-cubic-exponentially decaying eigenfunctions.
Next we prove Proposition 2.3.2. In order to prove it we choose © to be

0=0,,= Xm,nee; 0 = 6% =2af?

with parameters a > 1 and m,n € N. We first prove the following form inequality
similar to Lemma 2.3.3, however, forcusing on different parameters.

Lemma 2.3.4. There exist ¢,C > 0 and nyg € N such that uniformly in o > 1
and n > m > ng, as quadratic forms on D(H),

Im(A@(H — )\)) > ca’ f3r720 — Ca’f! (an_l,mﬂ + Xi_17n+l)e9

+ Re(v(H — X)), (2.3.9)

where v = vy, , s a certain function satisfying suppy C supp Xmn and |y < Coe?
uniformly in a« > 1 and n > m > ny.

Proof. In this proof all the estimates are uniform in o« > 1 and n > m > ng. We
will retake ng € N larger, if necessary, each time it appears below.
By Lemma 2.2.1 we bound

2Im(AS(H — X))
= [H,iAle + M Of|*©
> A0OA+p; fH(10f1705 — (D1)(Of))Opx + 3£ 117 (r — 2)©
— %|8f|40'0"® — %|8f|40’3® — %(8f|8f|2)0’2® — %f‘1|8f|4«9'2@ (2.3.10)
- C1Q — 2Re(f*1|8f]2®(H — )\)) — Re(!@f\Q@’(H — /\))
> (A+5|0f[20)00 (A~ 5|0f20") + p; f 7 (10f 2356 — (0:)(Drf)) O
+ 277 (r — )0 — C2Q + Re( (H — X)),
where () consists of admissible error terms:
Q= f ' ximale’ +af 2P ale” + a?lx, e + aft e
+ fimmente 4 pr X e + pf T Op.
Note that () satisfies
—Q > —Cyal B2l 29 _ oy polomin{2ebg
— Cya [ (X72n—1,m+1 + Xi—1,n+1)e9 (2.3.11)
- 2Re(7"_1|xin’n|ee(H —\)) —2Re(f~""r7'O(H — \)).
Let us combine and bound the first and second terms of (2.3.10) as
(A+3510f1°0)0'O(A = 510f1°0') + pif " (10f 06 — (9;£)(Okf)) Ops
>1(A+ %|8f|20’)f_1@(A - %|8f|20’)
+ 503 (101050 — (0;£)(0rf)) Opi (2.3.12)
sfHoflPep — g fHof'0%e — CiQ
sITHOfI0%0 + fHOf P20 — C5Q + Re(fHOfPO(H — X)),

(AVARVS
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Now by (2.3.10), (2.3.11) and (2.3.12) we obtain
QIm(A@(H — )\)) > (% _ Cﬁf*min{Q,P})OéQfSTfQ@ T (% _ Cﬁffmin{Z,p})fflg
— Cs0® F (0 gt + X2 mp1)e” + Re(ra(H — N)).
By letting ny € N large enough we obtain the assertion. 0
Proof of Proposition 2.3.2. Let ¢ € L _(R%) and my € N satisfy the assumptions

loc
of the assertion. Choose ny > 0 in agreement with Lemma 2.3.4. We may let
ng > mo + 3. We evaluate the inequality (2.3.9) in the state xm—2,+2¢, and then it

follows that for any o > 1 and n > m > ng
172252 exp(af*)g]|* < Cul[Xom—1ms1 explaf?)o||”

+C127"2| o141 exp(af?’)ngQ.

Since Y, exp(af?)¢ € B for any a > 0, the second term on the right-hand side of
(2.3.13) vanishes in the limit n — oo. Hence by the Lebesgue monotone convergence
theorem we obtain

17220 2 exp(f)o||* < Gl X1 explaf)o

(2.3.13)

or

72 530 exp ol ~ 2ol < Colbxmamardl’. (2314
Now assume Y120 # 0. The left-hand side of (2.3.14) grows exponentially as
a — oo whereas the right-hand side remains bounded. This is a contradiction.
Thus YXmi2¢0 = 0. By invoking the unique continuation property for the second
order elliptic operator H, we obtain ¢ = 0 on R%. U

2.4. Limiting absorption principle bounds
In this section we prove Theorem 2.1.3.

2.4.1. Commutator estimate. We introduce the weight

£/2v
0=0°= / (14+s) s =[1— (14 f/2)7°]/6, (2.4.1)

where 0 > 0 and v € Ny. We denote its derivatives in f by primes such as ©’; then
we have

O =1+ f/2")7170/2", @ = —(1+6)(1 + f/2")"27% /2%, (2.4.2)
We note that the weight function © of (2.4.1) has the following properties.

Lemma 2.4.1. Assume Condition 2.1.1 and fix any 6 > 0 in the definition
(2.4.1) of ©. Then there exist c,C,Cy, > 0,k = 2,3, ..., such that for any k = 2,3, ...

and uniformly in v € Ny
¢/2" <© <min{C, f/2"},
c(min{2, f})°f 0 <O’ < f'O,
0< (-1)e® < cyfe.

Proof. Lemma 2.4.1 is same assertion as Lemma 1.4.3 of Chapter 1. Therefore
we omit the details. 0J

The following lemma is key to prove Theorem 2.1.3.
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Lemma 2.4.2. Assume Condition 2.1.1, let I C R be any compact interval and
fix any § € (0,min{2, p}) in the definition (2.4.1) of ©. Then there exist ¢,C > 0
and n > 0 such that uniformly in z € Iy and v € Ny, as a quadratic forms on D(H),

Im(AO(H — 2)) > c® + cAO'A + cp;hjOpy — Cx2O — Re(v(H — 2)), (2.4.3)
where v = 7,,, s a uniformly bounded complex-valued function: |y| < C.

Proof. Let I and 6 be as in the assertion. By Lemmas 2.2.1, 2.4.1 and the
Cauchy-Schwarz inequality we can bound uniformly in z = A £ € I and v € Ny

2Im(AO(H — 2))
> AQ'A+ p;i fH(10f170j6 — (03£)(Of)) Opi + pi fHOf 2 (056 — (957)(Ohr) ) Opi
—2f7OfPx0 + (0:1)0 — ;[0f'0" — 3(07|0f11)O" — 3£ M0 f]'O"
+ 30 + 40O — 2Im(¢0p’) — 2Re(f'|OfPO(H — 2))
— Re(|0f|*0'(H — z)) F2I' Re(40) — C1Q
> LAQ'A + Lp;|0f1?6,;60 pi + 2pjhjrOpi + 1r7 (r — 2)0
F 2002402 — Re(ni(H — 2)) — CQ,
where
Q = 1RO 4 p it FIPO8
We can estimate the second term on the right-hand side by
3Pil0f[*0x0'pr = Re(|0f[*0'(H — 2)) + 2[0f "0 — (¢ — N)|0f]*&'
+3(AlofPe")
> Re(|0f[P0'(H — 2)) + z|0f]*0" — C5Q.

As for the fifth term, using the Cauchy-Schwarz inequality and Lemma 2.4.1, and
noting the general identity holding for any real-valued functions g, h € C*(R?):

hRe(gp®)h = Re(h*gp*) + £(9;h)8;x(Orgh),
we can obtain the bound as follows.
F2[OY2A0'? = 2702 (Rep’) O/
> —C, L2V (H - N ftet?2 —opr
= —Cy,I'Re(0'2f7V2(H — 2)f1?0'?) £ Cy Im(H — z)
> —Re(7(H - 2)) — CG5Q.
Hence we have
2Im(AB(H — 2)) > $A0'A + 10" + 1p;h;,Op, — Re(n(H — 2))
— CsQ).

We can combine and estimate the second and fifth terms of (2.4.4) as, for large
n > 0,

10— CsQ > 16/ — O\ 20 — 2Cs Re(r 12 Q(H — 2)). (2.4.5)
Hence by (2.4.4) and (2.4.5) the assertion follows. O

(2.4.4)

By using Lemma 2.4.2 we have the following proposition.
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Proposition 2.4.3. Assume Condition 2.1.1, let I C R be any compact interval
and fix any 6 € (0, min{2, p}) in the definition (2.4.1) of ©. Then there exist C' > 0
and n > 0 such that for all ¢ = R(z)y with z € I+ and ¢ € B and for all v € Ny

10"26]|* + [ ©2AG|[* + (p;hj1Opi)s
< C (19l 1¥lls + [ A¢ls- 1115 + X2 ©"28]1%) -

For the proof of Theorem 2.1.3 we also use local compactness of the following
form.

B*

Proposition 2.4.4. Assume Condition 2.1.1. Then for any m € Ny and com-
pact interval I C R the mapping

XmPu(I): L* — L?
is compact, where Py (I) denotes the spectral projection for H onto I.
Proof. Fix any m € Ny and any compact interval I C R. We let {uy, }ren, C L?

be a bounded sequence, and set ¢ = X Py (1) First, using Condition 2.1.1, we
have

196l1” + llpdell® < ll6kl” + 2(H)g, — 2(=2 + a)o
< Cullol* +2(H)y,
< Colv*.
Hence the sequence {¢y}ren, is bounded in the standard Sobolev space H'(RY).

Then by Rellich’s compact embedding theorem and the diagonal argument it suffices
to show that

Jim sup el =05 m(z,y) = 1= x(=2/2"), (2.4.6)

see (2.1.1) for y. We fix any € > 0. Next, use Condition 2.1.1 and then for any large
v € Ny independent of £ € Ny we have

el < €(=2 + Qngp < (H)n,o, < Caell il
where C5 > 0 does not depend on € > 0 or k € Ny. This verifies (2.4.6), and hence
we are done. O

2.4.2. Proof of LAP bounds. Now let us prove Theorem 2.1.3 by Proposi-
tion 2.4.3 and contradiction.

Proof of Theorem 2.1.3. Let I C R be any compact interval. For simplicity, we
prove the assertion only for the upper sign.
Step 1. First we assume that for C; > 0 large enough

[R(2)¢ |5 < Ci|¥]|5- (2.4.7)

Then the bound (2.1.5) holds. Let us verify this. Fix any ¢ € (0, min{2, p}). Then

by Proposition 2.4.3 and (2.4.7) there exists Cy > 0 such that for any ¢ € B and
z € I uniformly in ¢ € (0,1) and v € Ny

|0 2AR(2)U|1 + (pihjxOpi)reyw < llAR(2)V|1B + € 'Callwll. (2.4.8)

For each v > 0 by restricting the integral region to {2 < f < 2"} we can bound
the first term on the left-hand side of (2.4.8) as

H@/l/QAR(Z)wHQ > 3*(1+5)2*V||FVAR(Z)¢H2, (249)
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As for the second term on the same side, by looking at the estimate (2.4.8) for any
fixed v € Ny, e.g. ¥ =0 and using Lemma 2.4.1, we have

(Pihix®Opk) R(2)p = C1{PjhikPE) R(z)p- (2.4.10)

We substitute (2.4.9) and (2.4.10) into (2.4.8), and take the supremum in v € Ny.
Then we obtain the following inequality.

|| AR(2) 15 + co(pihjepi) rieyw < 261[|AR(2)d
Therefore by letting €; € (0, ¢2/2) it follows that

1P’ R(2)¢ 8+ + (pihikpi) iy < Calllls:

Hence the bound (2.1.5) reduces to the single bound (2.4.7).

Step 2. In this step we prove (2.4.7). We assume the opposite. Then there exist
2z € I, and ¢ € B such that

i [|¢lls =0,  [|R(zk)¢%
k—o0

We can easily verify that the following estimate holds by (2.4.11).
110 PR (zk) x5+ < Ci-

Since |z;| is bounded uniformly in & > 0, by choosing a subsequence and retaking
I C R slightly larger we may assume that 2z, € I, converges to some z € I U I,. If
the limit z belongs to I, (2.4.11) and the bounds

1R (z)rlls- < N R(zk)klle < 1R(ze)l B2 [¥elle < [[R(zk)llsw2) 1vnlls
contradict by taking the limit £ — oo. Hence we have the limit
lim z, =z=X€e . (2.4.12)

k—o0

B + 267 Ca|v |3

g = 1. (2.4.11)

Let s > 1/2. By choosing a further subsequence we can assume that R(z)1 con-
verges weakly to some ¢ € L% . Moreover, it holds that R(z;)¢ actually converges
strongly in L? . To verify this let us fix s € (1/2,s) and g € C>°(R) with g = 1 on
a neighborhood of I, and decompose for any n > 0

FER(z) e = fg(H) (xnf ) (F T R(ze)tn) + (Fg(H) £5) (0 S ™5) (F R(21)tn)
+ f7(1 = g(H))R(z1) Y.

By (2.4.11) we see that the last term on the right-hand side converges to 0 in
L% Since f~*g(H)f* is a bounded operator, by choosing n > 0 sufficiently large
the second term can be arbitrarily small in L?. Since f~*g(H)y, is a compact
operator by Proposition 2.4.4, for fixed n > 0 the first term converges strongly in
L%, Therefore R(zy)1y, converges to ¢ in L%

Jim R(zi)Yp = ¢ in L2 . (2.4.13)
—00
By (2.4.11), (2.4.12) and (2.4.13) it follows that

(H —X)¢ =0 in the distributional sense. (2.4.14)

In addition, we can obtain ¢ € Bj. In fact, let us fix 6 = 2s — 1 > 0 and apply
Proposition 2.4.3 to R(zx)Y,. Then, taking the limit & — oo and using (2.4.11),
(2.4.13) and Lemma 2.4.1, we have for all v € Ny

1020]) < [xa®"20]) < Cs27 20 (24.15)
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By taking the limit v — oo in (2.4.15), we can verify ¢ € Bj. Therefore by (2.4.14)
and Theorem 2.1.2, we have ¢ = 0. On the other hand, similarly to Step 1 we have
the bound

L= [[R(zi)¢llE < Co (19lls + lxnR(z0)0l?) -
If it holds that ¢ = 0, the right-hand side converges to 0 as k — oo. However this
is a contradiction. Hence we have (2.4.7). O

2.5. Radiation condition bounds

Throughout this section we assume Condition 2.1.4. We introduce the operator

B:
B =2 (r'*0f) - p+p- (0f)r'?), (2.5.1)
and set auxiliary complex phase by: For z € I
be = 20,72 |0f |z —qi + 7 % 2\"/57”’1/2(8]”) - (0r), (2.5.2)

respectively. Since
B =V2r'?A —i¥2r7V2(9f) - (Or)  on CF(RY),
it holds that
BF by =V2r'?(AFay) on CP(RY),
respectively (cf. (2.1.6)).

2.5.1. Commutator estimate. In the following we consider only for the upper
sign for simplicity.

Lemma 2.5.1. Let I C R be any compact interval. Then there exist C > 0 and
m = my € N such that the following inequalities hold on {f > 2™} uniformly in

la| < C, |b] <Cr'?, Ima> L= Nof) - (or), Imb > ﬁr_l/z(af) - (0r),
M.jaja‘ < CT71/2fflfmin{2,p,T}’
V22 (pl0) +8° = 4r|0f P (2 — qu + )| < Cf 7T,

Proof. By the definition of a and b (see (2.1.6) and (2.5.2)), the estimates of the
first line are clearly hold. Now we choose m = m; large enough so that , = 1 on
{f >2™}. Then we can compute on {f > 2™}

(o050 = N2y (Om)OfIVZ = a1 + 7 + V20:Lai (010f )Wz — a1 + 7
+ V2.0 f(055/Z = @1 +7) + 54e; (05770 - (07))
S L R T
A0l 2 (= (0500) + (957)) [NZ — qu + 7+ 2 (8, fr73)
= —5nler (2 = @)(0m) [V =@ + 7
— Inulayr P (0500) [V — @ + 1+ 2 (05 f77).

Thus by Condition 2.1.4 the fifth estimate holds. Similarly, the last estimate also
holds on {f > 2™} by the following equality and Condition 2.1.4.

\/§r1/2(pfb) +b - 4r|8f|2(z —q+7)
= 2V2r' 2 (pf 2O f)We — g+ +iV20r|0f (07 ) [N E — @+
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— iV2n.r(0f[(Df) - (Or) )z =ai + 7+ 52 (90 V2(0F) - (1))
+Ar|0f P (z — qu + 1) + V2|0 f (D) - (Or)Vz =@ + 7
=5 H{@F) - (0} = 4r(of Pz~ + 1)

= ir2(q) )V —q 1 — 17’71/2f/m
+ 1 1/2 (8ff —3/2) 4 i fr—s/Qm_ 1 27‘_3

= zr1/2((9f(h)/m+ §f7“ 3/2(2 —q)/Vz—q +r
+ 42 (07 fr3) = L

Hence we are done. 0

Now we rewrite H — z by using the operator B of (2.5.1).

Lemma 2.5.2. Let I C R be any compact interval. Then there exist a complex-
valued function q3 and constants C' > 0 and m = m; € N such that uniformly in
z€1UI,, as a quadratic form on C5°(RY),

H—z=35(B+b)i(B—b)+ 3pilp + (r — x) + g,
|gs| < CfITmERTE o {f > 2m),
Proof. We can compute
H — z=1BiB + ipilype + (A f)(OF) - (Or) + 20 m)(0f) - (9r)
+300f) - ((0*f) - (9r)) + 30(0f) - ((9f) - (8°r))
— 35 (0f) - (0n)) —w +q -2
= 5BNB + 5pilapr — T+ q+q — 2
= Y(B+0)i(B — b) + Lpjtups + 202 (p! )b + 20V 25(p )
+ig* —x+q+q— 2
= 3(B+b)i(B —b) + 5piljps + (r — x) + g3,
where
qo = 1I(AF)OF) - (Or) + 30T (OFf) - (9r) + 10(0f) - ((9°f) - (Or))
+30(0F) - ((9f) - (8°r)) = g™ ((Of) - (9r))"
a5 = 377 [ V2P p70) + 02 = 4r(Of 2z — g+ 1)] + (T
—(1=nE-qa+7r)+q+ e

For m > 0 large enough it holds that n = n = 1. Then by using Lemma 2.5.1, we
obtain the assertion. 0

We use also this section the same weight as (2.4.1)

f/2r
0=0>= / (L4s)"%ds=[1—(1+ f/2")°]/8; ¢>0, veEN,
0

We denote its derivatives in f by primes such as (2.4.2).
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Lemma 2.5.3. Let I C R be any compact interval, and fiz any 5 € (0,1/2)
and 0 € (0,min{1, p/2,7}). Then there exist ¢,C > 0 and m = m; € N such that
uniformly in z € I, and n € Ny, as quadratic forms on D(H)

Im((4A - a)* O (H — 2))
> ¢(A = a)" x5, 0'0% (A — a) + cpiXmO©” hyrpi
B CfflfQnlin{l,p/Q,T}+25@2ﬁ i Re(v@zﬁ(H _ z)),
where v is a certain function satisfying |y| < C f~1-2min{lp7}+25

Proof. Let I,6 and ( be as in the assertion, and fix m € N large enough so that
7, = 1 on supp X... 1o prove the asserted inequality it suffices to compute as a
quadratic form on Cg°(RY). By Lemmas 2.4.1 and 2.5.2 and the Cauchy-Schwarz
inequality it follows that uniformly in z € I, and n € Nj

2Im((A — a)*\mO* (H — 2))
= V2(A — a)* Tm (3O Bijr'/?) (A — a)
+V2(A — a)* %, 0% (Imb)7r'/?(A — a)
+ Im (AXmO* p;liepr) — Im(a*Xm O pilinpr)
+2Im((A - a)* O (r —2)) + 2Im((A — @)*\m©*¢3)
> (A — )" BXm©' 0% (A — a) + Im(Ap;XmO¥ Lirpr) — Im(a* X, O®% pjlinpy)
+2Im((A - a)*xn®*(r —2)) — (A — )" f " xn0” (4 — a) — C1Q
> (A —a)*'x5,0'0% (A —a) + §[pXmO* Lk, iA] (2.5.3)
— Im(a*)’(m@ijéjkpk) +2Im((A - a)* Xm©* (r — ) — CoQ, -

where
Q = frlr2min{lo2 Q8 4 p 1 pol-2min{LorH2 Q285 g,
We compute and estimate the second term of (2.5.3) as follows.
LHpiXm©* Lipy, iA]
= 10; [0 N)rixXm©* Lij + (07 )i Xm O bt — (0 Xm©* Lt)] i
-3 Im(<ajAf)>2m®2ﬁ£jkpk)
= 505 (FHOf POk — fH(ORF)Of) = FHOF P (047)(0i7)) Xm©* i
+3p; (FHOSf PO — FHO)05f) — fHOLI(0im) (057)) Xm©* L
— 50 (0 Xm) O L. — piXmBlOf O/ O% 1y
- %pjf(m@w(affjk)pk — %Im((ajAf)Xm@w@kpk)
> 305 (FHOF1P 6 — fHOF 12 (05) (Ohr) + F7HOS) - (Or)(5)(Okr)) Xm©P i
+ 305 (FHOS Pl — FHOSIP(057) (Orr) + f7HOS) - (Or)(057) (Okf)) Xm©O* i
— iXmBlOf 0" O Wjipy + p;(Of) - (Or)(9; ) (Onf) Xm© D
+ 50310 172(0: 1) (02 1) (O f ) Xm©* i
+ 505l0F 170, ) ()5 )XmO* pi — C5Q
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> p;i(hx© — BIOfI2O L) XmO* pr. — 0 f T Of P Xm©O*P 6 jxpk
+;(0f) - (9)(0;.f)(Orf) Xm®* pi — C5Q.
By Lemma 2.5.1, we can bound the third term of (2.5.3) as follows.

(2.5.4)

— Im(a*XmO*’p;kpk)
=p, (Im a))Zm@2’8€jkpk — Re((ﬁja)*xm@%fjkpk)
> pil0fF(8f) - (Or)Xm©O* Likpr. — i fHOF P Uik X O pi — CuQ. (2.5.5)

We combine the second and third terms of (2.5.4) and the first term of (2.5.5) and
estimate by

p; (—FHOf o5 + (D) - (Or) (9, F) (O f) + 1OF(DF) - (97)ljk) XmO* pi
=1p;(fr ' =2 DO XmO* 6 kpk
= Re((fr™" = 2f )IOfPxmO* 50°) + F(A(fr~t = 2/ 7)|0f*xmO*)
> (frt = 2f )zlof Xm0 + Re((fr ' — 2 1)[0f Xm0 (H — 2))
- C5Q.
As for the fourth term of (2.5.3) we can estimate
2Im((A — a)*Xm©? (r — z))
=2 Im(A)Zm@zﬁ(r — 1))+ 2(Ima) Xm©* (r — )
> —2BJ0f*(r — 2)Xm©'©* 7! + 3 fr7(r — 2)XmO” — CsQ
> 2B8f7Hof A (r — 2)Xm©* + fr7i(r — 2)|0f P ¥m©* — CsQ. (2.5.7)
By the bounds (2.5.3), (2.5.4), (2.5.5), (2.5.6) and (2.5.7), we have
2Im((A — a)*\m©* (H — 2))
> c1(A—a)* Y200 (A —a)+ (30O — BIOfPO i) XmO* '
+ (fr_lx —2f e —28f 7 (r —x)+ fri(r— x))|8f|2>_(m@25
+Re((fr' =2 H|0fPxm®* (H — 2)) — C1Q.

Noting that 8 € (0,1/2), we can estimate the second and the third terms by
;i (3110 — BIOfIPO Cjk) Xm©O* ' D > caphjkXim©* i,
(frte—=2f" e =28f (r—a)+ fr ' (r —2)) 10f > Xm0 (2.5.9)
=(1=28)f " (r — 2)|0f"xn0¥ >0,

respectively. Finally we bound the remainder term @ by

_Q > —Cy i min{lo/2 1425928
_ 9Re (T71f7172n1in{1,p,7}+26@25(H —2)).
By substituting (2.5.9) and (2.5.10) into (2.5.8), we have the assertion. O

(2.5.6)

(2.5.8)

(2.5.10)

Proof of Theorem 2.1.5. Let I C R be any compact interval and fix m = m;y
large enough. If 8 = 0, the assertion is obvious by Theorem 2.1.3. Hence we may
assume 3 € (0, 8.). We take any

d € (0,min{1/2,p/2,7} — 5).
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By Lemma 2.5.3, the Cauchy-Schwarz inequality and Theorem 2.1.3 there exist
C},Cy > 0 such that for any R(z)y with ¢ € fBand z € I,

1Xm©" 2071 2(A — a) R(2)P|* + (0 Xm O hjipie) rzyu
< G| %O (A = @) R()0 | |07 s + | f 2702027067 Ry
+||fl/?—min{1/2,p/2,7’}+5@6w||2
< G277 || f (A = QR 0l + 70
(2.5.11)

By commuting R(z) and powers of f, we obtain f?(A — a)R(2) € B* for each
z € I.. Hence the quantity on the right-hand side of (2.5.11) is not infinite. Then
it follows that by (2.5.11)

2281 ©" 2072 (A — a) R(2)0|* + 227 (0 X O hjpk) mi2yu
< Ca Il fA(A = @) R()6 e 124 s + 1177113

In the first term on the left-hand side of (2.5.12), we restrict the integral region to
{2V < f < 2¥*1} and take the supremum in v € Ny, and then we obtain

FPolls + 117115

(2.5.12)

B*

e Xmf (A = ) R()¥E < Co|l[Xmf?(A = a)R(2)¥

B*
By the Cauchy-Schwarz inequality we have
X f7(A = @) R(2)

As for the second term on the left-hand side of (2.5.12) we use (2.5.13) and take limit
v — oo, and then by Lebesgue monotone convergence theorem and the concavity of
O we obtain

5 < Call {705 (2.5.13)

(D3 Xm F2° hjrpr) mzyw < Call FO0 3
Therefore, by using Theorem 2.1.3, we have
177(A = @) R(2)¢ 5= + (0 f* hjrepre) mzy
< xS (A = R0+ + xS hinpi) Hy
+[[Xm f7 (A — a)R(2)
<Ol f*¢|s.

Hence we are done. OJ

B* + <pj>7(mf26h]kpk>pb(z)

2.5.2. Proof of limiting absorption principle.

Proof of Corollary 2.1.6. Let s > 1/2 be as in the assertion. Then we fix any
w € (0, min{f,, s — 1/2}). First, we decompose for n > 0 and z, 2’ € I as

R(Z) - R(Z/) = XnR(Z)Xn - XnR(Z/)Xn

+(R(2) = xuR(2)xn) — (R() = XnR(')Xn)- (2.5.14)
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By Theorem 2.1.3 we can estimate uniformly in m >0 and z,2’ € I, as
I1R(2) = xnL2(2)Xnll5(r2,2 )
< IR Nlsez) + 17X R(2)xn S " lBi22) (2.5.15)
< €27,
Similarly, we obtain
IR(2") = Xa Rz )XanllB(z2,22 ) < Co27 0712, (2.5.16)
As for the first and second terms on the right-hand side of (2.5.14), noting the
equation
i[H, xx] = Re (x,p’) = Re (x,A) (2.5.17)
and the identity a; = a,, we can rewrite as
Xn B (2)Xn — Xa R(2") X0
= XaR(2){ X1 (H = 2') = (H - Z)Xn+1}R(Z’)x
= XnR(2) {(z = 2)Xns1 + iRe (X, 1 A) } R()x
= 5XnR(2)X041 (A — @) R(2)xn + 5xa R (2 )(A +az) X1 () X
— $xnR(2)(az — az)Xp 1 R(Z) X0 + (2 = 2 )X R(2) Xn 1 R(2) X
= 5XnR(2) X1 (A — @) R(Z)xn + 5Xn R(2) (A + az) X1 R(2) X
— X R(2)(a: = az)Xp i R(Z )Xo + (2 = 2)Xa R(2) X R(2') X
— (2 = )R (2) X1 (a: + az) (A = @) R(2')xn
T (2 = )R (A + 02 X (05 + a2) Ry
— (2= Z,)XnR(Z) [A, Xmnt1(az + CLZ’)_l]R(zl)XH'

Here m € Ny is chosen so that (a, + a,)~! is non-singular on supp X,,. Then by

Theorems 2.1.3 and 2.1.5 we have uniformly in n > m >0 and 2,2 € [,
IXn B(2)Xn — XnR(Z)XnllBr2,2 ) < Cs27" + 32079 5 — 2| (2.5.18)

By (2.5.14), (2.5.15), (2.5.16) and (2.5.18), we obtain uniformly in large n € Ny and
2,2 €1y
IR() = R() sz 2y < G2 4+ C20-m] — /|
Now, if |z — 2/| < 271 we choose n € Ny so that 2" < |z — 2/|7* < 2"*! and
then we obtain uniformly in z, 2" € I,
IRG) = RElsqaie,) < Cslz = 21 (2519

The same bound is trivial for |z — 2’| > 27(™+1). Hence the Holder continuity (2.1.8)
for R(z) follows from (2.5.19). By using the Hélder continuity of R(z), we can also
obtain the Holder continuity (2.1.8) for |0f|pR(z).

The existence of the limits of (2.1.9) follows immediately from (2.1.8). By using
(2.1.9), we see that the limits R(A +40) and |0f|pR(A +i0) map into B*. Then by
a density argument the limits extended continuously to maps B — B*. U

Proof of Corollary 2.1.7. Let 5 € [0, ) be as in the assertion. By Theorem 2.1.5
there exists C' > 0 such that for any I' > 0 and n € N

IxnfP (A — @) RO+ D)5 < O\ f2%)ls, ¢ € CF(RY).
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By taking the limit I' | 0 and using Corollary 2.1.6 and a density argument, we
obtain

Ixn (A= a) RO+ i0)¢|l5- < C|lfPlls, € f7B.
Finally by the Lebesgue’s monotone convergence theorem we obtain
/(A= a)ROA+i0)|ls < Cllf%lls, ¢ € f7B.

Similarly, we obtain

1/2
(D3 hispi) oy < CIIs.
Hence we are done. OJ

Proof of Corollary 2.1.8. Let A € R, ¢ € L2_ and ¢ € f~PB with 8 € [0,5.).

loc

First we let ¢ = R(A+1i0)1. Then by Corollaries 2.1.6 and 2.1.7, noting § < f3., we
can verify that (1) and (2) of the corollary hold. Conversely, we assume (1) and (2)
of the corollary, and let

¢ = ¢ — R(A+10)1.
Then by the above argument we have
(H — X\)¢' = 0 in the distributional sense, (2.5.20)
and
¢ € f’B*, (A—a)¢ € fPB;. (2.5.21)
In addition, we can see that ¢’ € Bf. In fact, noting the identity, cf. (1.1.5) and
(2.5.17),
2Im(x,(H — X)) = (Rea)x), + Re(x},(4 — a))
with @ = a, and Rea > 0 we have the bound
0 < ((Rea)x,)y = Re(x,(A—a))y. (2.5.22)

In (2.5.22), we take the limit ¥ — 0o and use (2.5.21), and then we obtain ¢' € B.
By (2.5.20) and Theorem 2.1.2 it follows that ¢’ =0, i.e. ¢ = R(A +i0)v. O
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