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In this thesis a gravitational phenomenon that is caused by ultralight scalar field dark
matter is studied in the framework of modified gravity theories. The most important
result obtained in this research is the discovery of a nontrivial resonant oscillation of the
gravitational potential induced by the oscillating pressure of ultralight scalar field dark
matter. )

Currently, dark matter and dark energy are the most serious unsolved problems in
physics. As for dark matter, weakly interacting massive particles (WIMPs) have been
thought to be the most plausible candidate for dark matter. However, the collider exper-
iments have not reported any signature of WIMPs. This fact motivates people to study
other possibilities for dark matter.

The ultralight scalar field dark matter model recently attracts much attention. This is
partly because it could resolve the so-called “small scale crisis” of the standard cold dark
matter model, which is essentially due to the pressureless nature of cold dark matter.
A distinguishable feature of ultralight scalar field dark matter is the oscillating pressure
arising from the oscillation of the field. This pressure suppresses the evolution of small
scale structures. Thus it is considered to be possible to resolve the “small scale crisis” by
ultralight scalar field dark matter.

The oscillating pressure causes another interesting phenomenon. - Khmelnitsky and
Rubakov pointed out that the oscillating pressure of ultralight scalar field dark matter
causes the oscillation of the gravitational potential via Einstein’s equation, which could
be observed by future experiments. Their study is based on general relativity, which is
widely considered to he a fundamental theory of gravity. However, there are some reasons
to assume that the theory of gravity should he different from Einstein’s theory.

A major reason to consider alternative theory of gravity is the necessity of inflationary
phase in early universe and dark energy. The inflationary expansion is thought to be nec-
essary to explain the horizon and flatness problems. Inflation also predicts the primordial
fluctuations in matter distribution, which is preferred by the CMB observations. We also
know that the present universe is in another accelerating phase, which is caused by dark
energy. The simplest way to accelerate the universe is introducing the cosmological con-
stant. However, the cosmological constant suffers from the fine-tuning problems. Then
people try to explain these facts by modified gravity theories.

An interesting phenomenon caused by ultralight scalar field dark matter mentioned
above is investigated only based on Einstein’s theory of gravity. Since we can assume
alternative gravity theories, it would be worth reinvestigating this phenomenon in the
framework of modified gravity theories. The purpose of this research is to study how
the phenomenon caused by ultralight scalar field dark matter changes when considering
alternative theories of gravity. In the thesis, we focus mostly on the f(R) theory since it
is one of the simplest modified gravity theories.

Remarkably, we have discovered the resonant amplification of the gravitational po-
tential, which is absent in general relativity. This comes from the fact that the f(R
theory includes a new dynamical degree of freedom dubbed the scalaron. The dynamics
of the scalaron field is excited by the oscillating pressure of ultralight scalar field dark
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matter. If the angular frequency of the pressure, which is twice as the mass of the ul-
tralight scalar field, is sufficiently close to the mass of the scataron, the scalaron field is
amplified dramatically. Since the gravitational potential is determined by the scalaron
field in the f(R) theory, the gravitational potential is also amplified in that situation.
We have also found that the resonance behavior also appears when the fraction of the
angular frequency of the pressure and the scalaron mass is close to an arbitrary rational
number. If the resonant oscillation is excited, the oscillation of the gravitational potential
is expected to be detected by future gravitational experiments.
This thesis is organized as follows:

e Chap. 1 is for the introduction to the research. The dark matter and dark energy
problems are explained, and the purpose of the research is described.

motivations for ultralight scalar field dark matter and its possible origins in par-
ticle theory are explained. We see some properties of ultralight scalar field dark
matter in Sec. 2.2, where we especially focus on differences from the standard cold
dark matter model. We first discuss the homogeneous expansion of the universe
and show that ultralight scalar field dark matter can explain the history of the
universe correctly. Then we investigate the linear perturbations, and introduce an
important scale called the “Jeans scale” that characterizes the behavior of ultralight
scalar field dark matter. Finally, we discuss the distribution of dark matter in the
galaxy. [n Sec. 2.3, the existing constraints on ultralight scalar field dark matter are
summarized. We see that the ultralight scalar field dark matter model is consistent
with all the observed data if the mass satisfies m 2 10-2eV. In Sec. 2.4 we discuss
a phenomenon that the oscillation of the gravitational potential is induced by the
oscillating pressure of the ultralight scalar field dark matter. This phenomenon is
pointed out by Khmelnitsky and Rubakov, which is reinvestigated in the framework
of modified gravity theories in Chap. 4 and Chap. 5. [n this section, we also intro-
duce two direct detection methods for this oscillating gravitational potential. One
is utilize pulsar timing arvay experiments proposed by Khmelnitskv and Rubakov,
and the other is utilize gravitational wave laser interferometers proposed by us.

In Chap. 3, modified gravity theories are reviewed. In Sec. 3.1 motivations for
alternative theories of gravity are explained. In Sec.3.2, we introduce the f(R)
theory, which is the simplest example of modified gravity theory. We discuss the
relation of the f(R) theory to the scalar-tensor theory and other modified gravity
theories. In Sec. 3.3 constraints on the f(R) models are summarized.

Chap. 4 and Chap. 5 are the main parts of the thesis. We reinvestigate the phe-
nomenon that the gravitational potential is induced by the oscillating pressure of
ultralight scalar field dark matter in the framework of f(R) theory.

Chap. 4 is for deriving the formula for calculating the oscillating part of the grav-
itational potential. In Sec 4.1, we derive the formula in the original f(R) theory.

In Chap. 2, the ultralight scalar field dark matter model is reviewed. In Sec. 2.1
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In Sec 4.2, we move onto the scalar-tensor formalism of the f(R) theory, where we
can see the phenomenon more clealy. In the scalar-tensor lormalism, we can under-
stand the system by analyzing the dynamics of the scalaron field, which is the new

-degree of freedom in the f(R) theory. The scalar-tensor formalism is also useful for

numerical caleulations.

In Chap. 5, we study specific f(R) models in order. In Sec. 5.1, we study the
quadratic model, where the function f(R) is quadratic in R, i.e., f(R) = R?/6M>.
This model can be solved analytically, and is useful to understand the underlying
physics, while the model cannot satisfies the constraints from the observations. By
analyzing this model, we can see a resonant oscillation of the gravitational potential,
which is ahsent in general relativity. The condition for resonance turns to be that
the angular frequency of the pressure and the mass of the scalaron are sufficiently
close to each other. In Sec. 5.2, we study the exponential model f(R) ~ exp(—~R).
This model is a bit more realistic in the sense that it can pass the local gravity
constraints. The model, however, cannot utilize for explaining dark energy without
a modification. In analyzing the exponential model, we encounters the nonlinearity
of the equation of motion for the scalaron, and see nonlinear feature of resonant
oscillation. Remarkably, in the nonlinear oscillation, there appear new resonances
at the points that the ratio of the angular frequency of the pressure and the scalaron
mass is an arbitrary rational number. In Sec. 5.3, we study the cosmological dark
energy models known as the Hu-Sawicki and Starobinsky model. These models can
explain dark energy, and at the same time can pass the local gravity constraints.

e Chap. 6 is devoted to the conclusion.
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