Q_e?‘NQ

R
4ope

;f Kobe University Repository : Kernel

PDF issue: 2024-06-23

Zero mean curvature surfaces of Bonnet-type

Cho, Joseph

(Degree)
Bt (EZF)

(Date of Degree)
2019-09-25

(Date of Publication)
2020-09-01

(Resource Type)
doctoral thesis

(Report Number)
FAEE75835

(URL)
https://hdl. handle. net/20.500. 14094/D1007583

X YAVTFUVIIHRRZOEMBRTY, BEH - FEFEASE2RELCET, ZEEETROLNTVWREEANT. BUNICTFALCLEIW,

\j].\i\'l:lihl'['\'
AN



Zero mean curvature surfaces of Bonnet-type
(AR RSPt =2 25 i )

FHITHETH
T R EE R B B 22 i 52 R

CHO JOSEPH



Contents

IL.1__Thomsen surfacesl . . . . . . . . . . . ...

[[2 Goursat transformations . . . . . . . .. ... ... . o

......................................

12 Maximal surfaces of Bonnet-type]

2.1 Classification of maximal surfaces of Bonnet-typel . . . . . . . . ... ... ..
2.1.1  Maximal surface theory|] . . . .. ... ... ... 0.
[2.1.2  Planar curvature line condition and analytic classification| . . . . . . .
2.1.3 Axial directions and normal vectorl . . . . . ... ... ...

2.2 Deformation of maximal surtaces of Bonnet-type| . . . . . . .. .. ... ...
[2.2.1  Deformation to the maximal catenoid with lightlike axis| . . . . . . ..
2.2.2  Deformation to the plane| . . . . . . . ... .. ... .. ... .....

2.3 Singularities of maximal Bonnet-type surtaces| . . . . . .. .. ... ... ...

13 Timelike minimal surfaces of Bonnet-type]

BI

Timelike minimal surfaces of Bonnet-typel . . . . . . . .. ... ...

B.1.1 Paracomplex analysis| . . . .. .. ... .. ... 0oL

3.1.2  Timelike minimal surface theory| . . . . . . .. ... .. ... ... ..

13.1.3  Planar curvature line condition and the analytic classification| . . . . .

B2

Null curves of timelike minimal surtaces of Bonnet-typel . . . . . . . .. . ..

13.2.1  Frenet-Serre type formula for non-degenerate null curves|. . . . . . ..

13.2.2  Characterization ot timelike minimal surfaces of Bonnet-typel . . . . .

8.2.3  Deformations of null curves with constant lightlike curvature] . . . . .

10

18
24
25
26
27
30

57

59



13.4.4  Deformation to the timelike minimal Bonnet-type surface with lightlike |

| axial direction of second kindl . . . . . . ... ..o oL 62
3.5 Singularities of timelike Thomsen surtaces| . . . . . .. ... ... ... .... 62

4 Discrete minimal surfaces with symmetries| 66
4.1 Preliminariesl . . . . . . . . .. L 67
MI1 Discrete isothermicnetd . . . . . . ... ... Lo oL 67

4.1.2  Discrete Gaussian and mean curvatures| . . . . . . . . . ... ... L. 68

4.1.3  Planar reflection principle for discrete isothermic minimal and cmc nets| 69

4.2 Reflection properties of discrete minimal nets| . . . . . . . ... .. ... ... 69
4.2.1 Discrete isothermic minimal nets . . . . . ... ... ... ... 69

4.2.2  Discrete asympotic minimal nets| . . . . . . ... ..o 70

4.2.3  Reflection properties ot discrete minimal nets| . . . . . . ... ... .. 71

4.3 Examples of discrete minimal nets with symmetry] . . . . . . ... ... ... 73

[5 " Spheres in Lorentz-Mobius geometry] 78
.1 Pentaspherical coordinates for Lorentzian spaceforms|. . . . . . . .. ... .. 78
p.1.1  3-dimensional Lorentzian spaceforms| . . . . . . . .. .. ... ... .. 81

b.1.2  Stereographic projection| . . . . . . . ..o 82

5.2 Spheres in Lorentzian spaceforms| . . . . . . . . .. .. ... .. ........ 84
b.2.1  Set of spheres| . . . . . . . . ... 84

b.2.2 Typesof spheres| . . . . . . . . . . . 85

b.2.3  Planes in Minkowski 3-space in Lorentz-Mobius geometry| . . . . . . . 86

ii



Abstract

This thesis concerns planar curvature lines of zero mean curvature surfaces in various space-
forms. Using an analytic approach, we give the classification of maximal surfaces and timelike
minimal surfaces with planar curvature lines, which this thesis refers to as zero mean cur-
vature surfaces of Bonnet-type. In addition, we establish the existence of deformations
consisting exactly of all surfaces in each class, while the singularities appearing on these
surfaces are recognized. In the timelike minimal case, we give a further characterization
of Bonnet-type surfaces using the generating null curves. Then in the discrete setting, we
establish a relationship between plane symmetry and line symmetry appearing on a discrete
minimal surface, and give numerical examples of discrete minimal surfaces with non-trivial

topology. Finally, we provide an elementary introduction to Lorentz-Mobius geometry.



Acknowledgements

First, I would like to thank my supervisor Professor Wayne Rossman for his guidance in my
research. His seemingly endless patience with me and encouragement was not only what
made this thesis possible but also a source for inspiration for me to envision myself staying
in research. I cannot thank him enough for being the exemplary researcher that I one day
aspire to be.

I would also like to express my gratitude to Professor Seong-Deog Yang for giving me
an opportunity to continue my career that seemed all but over. Furthermore, I am very
grateful to Professor Francis Burstall and Professor Udo Hertrich-Jeromin for the insightful
conversations and explanations that helped me grasp and appreciate the beauty in this field.

I have had amazing opportunities to meet and discuss mathematics with wonderful
mathematicians, and I am thankful to them for the utterly enjoyable conversations that
deepened my knowledge and appreciation of the field: Shintaro Akamine, Callum Kemp,
Katrin Leschke, Christian Miiller, Kosuke Naokawa, Yuta Ogata, Mason Pember, Denis
Polly, Kentaro Saji, Gudrun Szewieczek, and Masashi Yasumoto. Especially, I am grateful
to Yuta Ogata for being the first one to reach out to me in Kobe, resulting in many late
night conversations that ended up developing into research projects. I also thank Mason
Pember not only for introducing me to sphere geometries and showing immense patience
through all my questions, but also for his wonderful friendship.

I am grateful to the support I received during my doctoral program: Japanese government
scholarship from Ministry of Education, Culture, Sports, Science and Technology (MEXT);
JSPS/FWF Bilateral Joint Project 13809-N32 “Geometric shape generation”; and Grant-in-
Aid for JSPS Fellows No. 19J10679.

My life would be nowhere near where it is now without the amazing love shown by my
parents time and time again. Thank you.

Finally, I would like to thank God for his faithfulness throughout the years of me playing

hide-and-seek with Him. It was His divine and unrelenting love that made all this possible.



Chapter 1

Introduction

Minimal surfaces with planar curvature lines in the Euclidean 3-space were first considered

by Bonnet in [20], where he found the family of surfaces defined by

cos(im)x + sin(im) sin(iz) cos(y)
isin(im)x 4 cos(im) cos(ix) sin(y) (1.1)

cos(ix) cos(y)

for a some constant m € R, now commonly referred to as Bonnet’s minimal surfaces. (Note
that one obtains a catenoid when m = 0.) However, he did not note the Enneper surface
defined in [41] also has planar curvature lines (cf. [88] p. 164]).

On the other hand, the study of minimal surfaces was greatly aided by the Weierstrass

representation formula for minimal surfaces |114], which we recall below.

Fact 1.1. Any minimal surface f : ¥ C C — R3 can be locally represented as
f= Re/ (1 — 21+ h2)72h) n dz
over a simply-connected domain ¥ on which h is meromorphic, while n and h?n are holo-

morphic.

Using the Weierstrass data (h, 7 dz) and the representation, one can give a classification of
minimal surfaces with planar curvature lines, which this thesis refers to as minimal surfaces

of Bonnet-type, as follows:

Fact 1.2 (|20, 41]). A minimal surface of Bonnet-type in Euclidean space R® must be a

piece of one, and only one, of

plane (0,1dz),

catenoid (e*,e~%dz),

Enneper surface (z,1dz), or

one of the Bonnet’s minimal surfaces {(e* +t,e”*dz),t > 0},



up to isometries and homotheties of R3.

Remark 1.3. The Weierstrass representation gives a parametrization of a minimal surface;
therefore, Weierstrass data for a surface is not unique. Hence, the Weierstrass data for
Bonnet’s minimal surfaces given in Fact [I.2] do not give the parametrization found by
Bonnet . To get the parametrization of Bonnet’s minimal surface given in , one
needs to use the Weierstrass data (—e~* coth(z/2), —2e? sinh?(2/2) dz).

Classically, minimal surfaces of Bonnet-type were studied by looking at their Gauss maps.
A planar curvature line on a minimal surface is mapped to a planar curve on the sphere
under the Gauss map, i.e. the image is contained in a circle. Hence, if a surface admits one
family of planar curvature lines, then these curvature lines are mapped onto circles on the
sphere under the Gauss map. However, Gauss map is a conformal transformation, implying
that the image of the curvature lines in the other family under the Gauss map must meet
the circles orthogonally. Using this fact, one can show that then the curvature lines in the
other family are also mapped to circles under the Gauss map, telling us that one family of
curvatures is planar if and only if the other family of curvature lines is planar. Therefore,
to classify all the minimal surfaces of Bonnet-type, one needs to look at all the orthogonal
system of circles on the sphere. (For more information, see |88 Section 2.6].) The fact that
planar curvature lines on a minimal surface corresponds to an orthogonal system of circles on
the sphere via the Gauss map gives us two interesting characterizations of minimal surfaces

of Bonnet-type.

1.1 Thomsen surfaces

Thomsen studied minimal surfaces that are also affine minimal, a class of surfaces now
often referred to as Thomsen surfaces. In his work [109], he mentioned that the asymptotic
coordinate lines on Thomsen surfaces are mapped to an orthogonal system of circles on
the sphere via the Gauss map. Given a minimal surface parametrized by curvature lines
with Weierstrass data (h,ndz), an isometric (i.e. sharing the same first fundamental form)
conjugate minimal surface parametrized by asymptotic coordinate lines can be obtained from
the Weierstrass data (h,indz). Therefore, from Thomsen’s observation, one can deduce the

following fact mentioned by Blaschke:

Fact 1.4 (|12, p. 190]). Minimal surfaces of Bonnet-type are exactly the conjugate minimal

surface of Thomsen surfaces.
In fact, it was the work on Thomsen surfaces in [9, [104] that showed the following:

Fact 1.5. There exists a deformation consisting exactly of all Thomsen surfaces (see Figure

.

By considering the conjugate minimal surfaces of Thomsen surfaces, one can also obtain

a deformation consisting exactly of all minimal surfaces of Bonnet type (see Figure [1.2)).



Figure 1.1: Deformation consisting exactly of Thomsen surfaces.
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Figure 1.2: Deformation consisting exactly of minimal surfaces of Bonnet-type.



1.2 Goursat transformations

One consequence of the Weierstrass representation is that a minimal surface is the real part
of a holomorphic null curve in C3. Therefore, given a minimal surface and its corresponding
holomorphic null curve, one can consider applying an orthogonal transformation of C3 to
the holomorphic null curve to get another holomorphic null curve. Taking the real part
of the new holomorphic null curve results in a new minimal surface, called the Goursat
transformation of the given minimal surface [50} |51].

On the other hand, minimal surfaces are isothermic surfaces, i.e. they admit conformal
curvature line coordinates; hence, one can consider their Christoffel transformations, first
defined in [30].

Fact 1.6 ([30]). f : ¥ — R® is an isothermic surface if and only if there is a surface

f* 2 — R3 such that f and f*

(1) have parallel tangent planes,
(2) have the same conformal structure on ¥, and

(8) induce opposite orientations on 3.
We call f* a Christoffel transform of f.

The symmetricity of the above conditions implies that f* is also an isothermic surface,
and that Christoffel transformations are involutive, i.e. (f*)* = f up to homotheties and
isometries of R®. Minimal surfaces can be characterized via Christoffel transformations as
isothermic surfaces whose Christoffel transformations are their corresponding Gauss maps.
Therefore, one way of understanding Weierstrass representations is to consider the following

recipe:
(1) Take a holomorphic function h : ¥ — C.

(2) For a stereographic projection St : S? — C, the holomorphicity of h implies the
isothermicity of St oh: ¥ — S2.

(3) Then f: Y — R? defined as

fi= (St oh)* = /(1 —h?i(1+ h2),2h)hi dz

z

becomes a minimal surface with isothermic coordinates z = u + iv.

In fact, it is known through works such as [93, Lemma 2.18] that the Goursat transfor-
mation of a minimal surface is equivalent to keeping the Hopf differential the same while
applying a Mobius transformation to the Gauss map. Generalizing this to isothermic sur-
faces, a Goursat transformation of isothermic surfaces was defined by Hertrich-Jeromin as

follows:

Definition 1.7 ([53} 54]). Let f : ¥ — R3 be an isothermic surface and p : R3 U {oo} —

R3 U {oo} be a Mdbius transformation. Then a new isothermic surface f defined by

Fi=(uof)”
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Figure 1.3: Goursat transformation of a catenoid

is called a Goursat transform of f.

Mobius transformations map spheres to spheres, circles to circles, and keep orthogonality
intact. Therefore, given an orthogonal system of circles on a sphere, one can apply a
Mobius transformation to get a different orthogonal system of circles. As a result, a Goursat
transform of a minimal surface of Bonnet-type is again a minimal surface of Bonnet-type,
a fact also mentioned in Satz 2.23] (see also Figure . In fact, one can characterize

minimal surfaces of Bonnet-type as Goursat transformations of the catenoid.

1.3 Summary

This thesis treats the different aspects of planar curvature lines on zero mean curvature
surfaces in various spaceforms. Chapters 2 and 3 consider zero mean curvature surfaces of
Bonnet-type in Minkowski 3-space. The techniques used in these chapters are based heavily
on work by Abresch, Walter, and Wente, used to study cmc tori admitting one system of
planar curvature lines . These techniques were also applied to study minimal
surfaces of Bonnet-type in [29].

Chapter 2 considers spacelike zero mean curvature surfaces, also known as maximal
surfaces, with planar curvature lines, called mazimal surfaces of Bonnet-type in this thesis.
The classification of such surfaces was given in ; this thesis introduces a different
method to obtain the classification, modeled after the works of [117]. In fact,
this thesis shows that the method introduced easily gives the existence of a deformation
consisting exactly of all maximal surfaces of Bonnet-type. Furthermore, maximal surfaces
can be extended to the idea of mazfaces, which are maximal surfaces admitting certain
non-degenerate singularities, defined in . Considering maximal surfaces of Bonnet-type
as maxfaces, the singularities appearing on these surfaces are completely recognized; in
addition, an example of a maxface having cuspidal butterflies and cuspidal S; singularities

is given (see for more information on these singularities). Finally, through a known



relationship between maximal surfaces of Bonnet-type and maximal Thomsen surfaces (those
maximal surfaces that are also affine minimal) [82], similar to the relationship between their
Euclidean counterparts, we obtain a result on the existence of a deformation and recognition
of singularities of maximal Thomsen surfaces. The content in Chapter 2 is based on joint
work with Yuta Ogata, and is published in [28].

Chapter 3 shifts its attention to timelike zero mean curvature surfaces, also called timelike
minimal surfaces having planar curvature lines, which this thesis refers to as timelike minimal
surfaces of Bonnet-type. Timelike minimal surfaces distinguish themselves from minimal
surfaces in Fuclidean 3-space and maximal surfaces in Minkowski 3-space in that they admit
a different type of coordinates, called the null coordinates [115]. In addition to the results
on the classification, deformation, and singularities, this thesis considers a characterization
of timelike minimal surfaces of Bonnet-type via the null coordinates. By doing so, the
relationship between timelike minimal surfaces of Bonnet-type and timelike Thomsen surfaces,
timelike minimal surfaces that are also affine minimal defined in [81], is explored. The content
in Chapter 3 is based on joint work with Shintaro Akamine and Yuta Ogata, and is published
in [4, 5]

In Chapter 4, the attention shifts to discrete minimal surfaces with symmetries. In the
smooth case, the Schwarz reflection principle states that if a minimal surface has a planar
curvature line along which the normal lines are also contained in the same plane, then the
minimal surface is symmetric with respect to the plane. Furthermore, a given minimal sur-
face has a planar symmetry along a curvature line if and only if the corresponding conjugate
minimal surface has a line symmetry along the corresponding asymptotic coordinate line.
On the other hand, discrete isothermic minimal surfaces were defined via discrete isothermic
surface theory, as discrete Christoffel transformations of discrete isothermic surfaces whose
images are contained in a sphere [17]. Also, using a concept of parallel transformation for
circular nets, mean curvature was defined via the discrete Steiner’s formula (see [95] [105],
for example), and it was shown that the discrete isothermic minimal surface defined via
Christoffel duality indeed has zero mean curvature. Recently, a concept of edge-constraint
nets was defined in [59], and as an application, the associated family of discrete isother-
mic minimal surfaces was developed, where discrete asymptotic minimal surfaces arise as
conjugate surface of discrete isothermic minimal surface. This chapter considers discrete
isothermic minimal surfaces having planar symmetry and explores its relationship with the
conjugate discrete asymptotic minimal surface. Using the symmetry properties, new exam-
ples of discrete isothermic minimal surfaces having high degrees of symmetry are numerically
created. The content in Chapter 4 is based on the joint work with Wayne Rossman and
Seong-Deog Yang.

Finally, Chapter 5 deals with preparatory materials to unify the arguments found in
Chapters 2 and 3 for maximal surfaces and timelike minimal surfaces. The similarity of the
arguments and the results suggest that maximal surfaces and timelike minimal surfaces of
Bonnet-type can be treated uniformly, and the Lorentz-Mobius geometry of R3? is explored
as a candidate for such unification. Spacelike and timelike isothermic surfaces were explored
in the context of Lorentz-Mdobius geometry in works such as [37) 38, [107), [113]; however,

the work [24] suggests that the metric induced on the surface does not play a role in the



theory of isothermic surfaces. After showing that Minkowski 3-space, de Sitter 3-space,
and anti-de Sitter 3-space can be unified under the lightcone model of Lorentz-M&bius
geometry, analogous to the lightcone model of Mobius geometry developed first by Darboux
[33, Chapitre VI], we explore how the different types of spheres are represented in this model.
As an application, we see how the induced metric of a given surface can be identified via the

causality of the vector representing the tangent plane congruence.



Chapter 2

Maximal surfaces of

Bonnet-type

The classification of maximal surfaces of Bonnet-type in Minkowski 3-space R?! has not
been given until recently [76]. Leite developed an approach using orthogonal systems of
circles on the hyperbolic 2-space H?, and used the fact that families of planar curvature lines
transform into orthogonal families of circles on H? under its analogue of the Gauss map.
Then she obtained the data for the following Weierstrass-type representation for maximal

surfaces as first stated in |70], later refined to include singularities in [110].

Fact 2.1 (Weierstrass-type representation theorem for maximal surfaces). Any conformal

mazimal surface f : X C C — R%*! can be locally represented as
f= Re/(l + h%i(1 — h?),—2h)n dz

over a simply-connected domain ¥ on which h is meromorphic, while n and h?n are holo-

morphic.

Note here that for a conformal maximal surface with Weierstrass data (h,ndz), one
obtains the associated family of maximal surfaces via Weierstrass data (h, A\™?ndz) for
A€ St ={\eC:|\?=1}. Using the above representation, Leite produced the following

classification and their respective Weierstrass data (h,ndz).

Fact 2.2 ([76]). A maximal surface in Minkowski 3-space R*' with planar curvature lines

must be a piece of one, and only one of

plane, with Weierstrass data (0,1dz),

Enneper surface of first kind, with Weierstrass data (z,1dz),

. . . 1— (1+42)2
Enneper surface of second kind, with Weierstrass data (H_z,f 5 dz), or one

member of its associated family,

catenoid of first kind, with Weierstrass data (€*,e~%dz),



e catenoid of second kind, with Weierstrass data (i;—ij, —1- COSthZ), or

e one surface in the Bonnet family, with Weierstrass data {(e* +t,e"*dz),t > 0}
up to isometries and homotheties of R%!.

To study maximal surfaces of Bonnet-type, we start by proposing an alternative method
to using Leite’s method. In Section we closely follow the method used in [29], which
was modeled after techniques used in [1], [9], [112], and [116]. First, we obtain and solve a
system of partial differential equations for the metric function using the zero mean curvature
condition and the planar curvature line condition. Then, from the metric function, we find
the normal vector to the surface by using the notion of axial directions. From the normal
vector, we recover the Weierstrass data and the parametrizations of maximal surfaces of
Bonnet-type, allowing us to obtain a complete classification (see Theorem [2.16]).

In fact, the axial directions play a crucial role in this chapter, as they allow us not
only to further classify maximal Bonnet-type surfaces into three types, but also to attain
deformations consisting of the surfaces under consideration. In Section [2.2] we investigate
those deformations, and show that there exists a single continuous deformation consisting
exactly of the maximal surfaces of Bonnet-type (see Theorem Fig. and Fig. .

On the other hand, the notion of maxfaces as maximal surfaces in R?! with singularities
was introduced in [110], and various types of singularities appearing on maximal surfaces
have been studied in various works [43] |47, 69, |71, 91, [110]. Since the singularities of
maximal catenoids and the maximal Enneper-type surface were investigated in |47} |71} 110],
in Section [2:3] we recognize the types of singularities for maximal Bonnet-type surfaces using
the criteria introduced in [110], [47], and [91], and specify the types of singularities appearing
in maximal surfaces of Bonnet-type (see Theorem Fig. and Fig. .

Finally in Section [2.4] we apply the results in Section and Section to maximal
surfaces that are also affine minimal surfaces. Thomsen studied minimal surfaces in R3 that
are also affine minimal surfaces, and mentioned that such surfaces are conjugate surfaces of
minimal surfaces of Bonnet-type [109]. Manhart has shown that the analogous result holds
true for the maximal case in R?! [82], and we use that result to consider the deformations

and singularities of maximal surfaces that are also affine minimal surfaces (see Corollary

Corollary Fig. and Fig. .

2.1 Classification of maximal surfaces of Bonnet-type

In this section, we would like to obtain a complete classification of maximal surfaces of
Bonnet-type by using the Weierstrass-type representation. We use an alternative method to
orthogonal systems of cycles to recover the Weierstrass data as follows: First, from the zero
mean curvature condition and planar curvature line condition, we obtain and solve a system
of partial differential equations for the metric function. Then using the explicit solutions for
the metric function, we recover the Weierstrass data and the parametrization by calculating

the unit normal vector.



2.1.1 Maximal surface theory
Let R?! be Minkowski 3-space with Lorentzian metric
((z1,22,20), (Y1, Y2, ¥0)) = T1Y1 + T2Y2 — ToYo-

In addition, let 3 be a simply-connected domain with coordinates (u,v) € ¥ C R2. Through-
out the paper, we identify R? with the set of complex numbers C via (u,v) ¢+ 2z := u + iv
where i = v/—1. Let X : ¥ — R?>! be a conformally immersed spacelike surface. Since

X (u,v) is conformal, the induced metric ds? is represented as
ds* = p? (du® + dv?)

for some function p : ¥ — Ry, where R is the set of positive real numbers.
We choose the timelike unit normal vector field N : £ — H? of X, where H? is the
two-sheeted hyperboloid in R*! (cf. [110} (1.2)]), i.e.

2 2 2
H2 = H2 UH2
for
H? = {z e R* : (z,2) = 1,0 >0} and H? :={zeR>':(z,2) = 1,39 <0}

Now, let X (u,v) be a non-planar umbilic-free maximal surface on the domain ¥. By [16]
Lemma 2.3.2] (see also [13| |14]), we may then further assume that (u,v) are conformal

curvature line (or isothermic) coordinates, and that the Hopf differential factor
1
Q = <XZZ)N> = _5

without loss of generality. Hence, the Gauss-Weingarten equations for the maximal case are

the following:

qu: %Xu_%XU+N7
Xm; = _%‘Xu + %)Xv - N,
— Pv Pu
Xuw = pXu+ pXu, (21)
Nu = p% us
Nv = _p%Xva

while the integrability condition, or the Gauss equation, becomes
Ap— (P2 +p2)+1=0
PP =Py T Py

where A = 92 + §2. Finally, changing @ — A 72Q for A € S' C C, we obtain the associated
family of X (u,v). In particular, if A2 = 4= then the new surface is called the conjugate of

the original surface.

10



2.1.2 Planar curvature line condition and analytic classification

Now, we impose the planar curvature line condition on a maximal surface. First, we consider

the relationship between the planar curvature line condition and the metric function.

Lemma 2.3. For a non-planar umbilic-free mazimal surface X (u,v), the following state-

ments are equivalent:
(1) u-curvature lines are planar.
(2) v-curvature lines are planar.
(8) puv = 0.

Proof. Since (u,v) are conformal curvature line coordinates, u-curvature lines are planar if
and only if
det( Xy, Xy, Xuuu) = 0.

The Gauss-Weingarten equation (2.1 tells us that

_puup—p%—Fl

Ko = p2 _ PuPv + Puvp

pe

X, X, + 24N
p

Therefore, we have that
det(Xuv qua quu) = PuvpP-

Since p : ¥ — R, we have that u-curvature lines are planar if and only if p,, = 0. Similarly,

one can calculate that v-curvature lines are planar if and only if p,, = 0. O

Therefore, finding all non-planar umbilic-free maximal surfaces of Bonnet-type is equiva-

lent to finding solutions to the following system of partial differential equations:

{ p-Ap—(p2+p2)+1=0 (Gauss equation for maximal surfaces), (2.2a)

Puv =0 (planar curvature line condition). (2.2b)

To solve the above system, we note that (2.2a) and (2.2b)) can be reduced to a system of

ordinary differential equations as follows.

Lemma 2.4. For a solution p : ¥ — Ry to (2.2a) and (2.2b), there exist real-valued
functions f(u) and g(v) such that

{ pu = f(u), (2.3a)
pv = g(v). (2.3b)
Furthermore, p(u,v) can be explicitly written in terms of f(u) and g(v) as follows:

Case (1): If Ap is nowhere zero on ¥,

fu)?® +g(v)? -1
fu(u) + go(v)

p(u,v) =

11



where f(u) and g(v) satisfy the following system of ordinary differential equations:

(fu(w)? = (d =) f(u)?* +c (2.5a)
fuu(u) = (d =) f(u) (2.5b)
(90(v)* = (¢ = d)g(v)* +d (2.5¢)
Goo(v) = (¢ = d)g(v) (2.5d)
for real constants c and d such that c¢® + d? # 0.
Case (2): If Ap=0 on X, i.e. Ap is identically zero on 3,
p(u,v) = (cos @) - u+ (sing) - v. (2.6)

where f(u) =sin¢g and g(v) = cos @ for some constant ¢ € [0, 27).

Proof. By integrating Equation ([2.2b)) with respect to v, we obtain
pu = Cy (u)

for some integral constant Cy(u). Similarly, we get p, = Ca2(v) for some integral constant
C3(v) by integrating (2.2b)) with respect to u. Define f(u) := Cy(u) and g(v) := Ca2(v) to
get (23). puting €3) to (2:2a), we get

p- (fulw) + gu(v)) = (f(w)?* + g(v)*) + 1= 0.

To prove the first case, first assume that Ap is not identically equal to zero. Then we can
choose a point (ug, vg) such that p(ug, vp) # 0, implying that we can choose a neighborhood
¥ C R? of (ug,vo) such that Ap is nowhere zero on ¥. Since Ap = f, + g, Z 0,

fu)?+g(v)* -1
fu(u) + gu(v)

i.e. we have (2.4). Then from (2.3al), we have

_ 2ffulfutg0) - (24 g% 1) fuu
(fu+90)?

plu,v) =

)

[ =pu

or

0= f(fu Jr91))2 = 2f fu(fu + gv) + (f2 +g2 = 1) fuu
= ff3+2ffugv +fgg _fog _2ffugv +(f2+92 - 1)fuu
= f(gzz; - fq%) + (f2 +92 — 1) fuu- (2.7)

After multiplying both sides by %, we have that

0

(f2+g2_1)2 f2+92_1

12



Integrating both sides with respect to u, we obtain that

fa—9s  _
m = k1 (v) (2.8)

for some ki (v). Substituting k;(v) for (2.7), we have that
0= _fkl(v)(f2 + 92 -1+ fuu(fQ +92 -1) = (f2 +92 = 1)(fuu = f1(v)).

Since f2+ g% —1 # 0, we have that f,, = k1(v)f, implying that k;(v) = ¢ € R is a constant,
ie.

Multiplying both sides of (2.9) with 2f, and integrating with respect to u gives us that
fa=tf*+ec

for some constant c.

On the other hand, from (2.3b]), we have

_ 2990(fut90) — (f* +9° — Dguo
(fu + gv)?

g = Po

or

0= g(fu +gv)2 - 2ggv(fu + gv) + (f2 +g2 - l)gvv
= 9f2 +29fugo + 99% — 29fugo — 2992 + (f* + 6> — 1)gus
=g9(fi = 92) + (f* +9° = 1)goo- (2.10)

Substituting with k1 (v) = ¢ into (2.10), we get that
0=2g(f>+g -1+ (f*+ 0" — Dgow = (f* + ¢° — 1)(gu0 + ¢9).
Again. since f? + g2 — 1 # 0, we have that
Gvo = —Cg. (2.11)
Multiplying both sides of with 2g, and integrating with respect to v gives us that
g = —¢g® +d
for some constant d. Now, from ,
WP+ - =f—g=ef2+c+e?—d=¢(f’+¢g*— 1) +i+c—d,

implying that ¢ = d — ¢, giving us (2.5)). Lastly, ¢ = d = 0 implies f(u) and g(v) are both
constants by (2.5)), a contradiction since we assumed that Ap # 0.
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Now assume that Ap is identically equal to zero on some simply-connected domain
¥ C R2. Since Ap = fu(u) + g»(v) =0, f(u)? + g(v)? =1 for all u and v. This implies that
both f(u) and g(v) are constant, and we can set f := cos ¢ and g := sin ¢ for some constant

¢ € [0,2m). Solving (2.3a)) and ([2.3b]), we obtain (2.6)). O

We would now like to solve for f(u) and g(v) satisfying (2.5a)—(2.5d]) in Case (1). First,
assume that ¢ = d. Then (2.5a)) and (2.5¢) imply that ¢ = d > 0 and that

fu)=+veu+Cy and g(v) = £Vdv + Cs (2.12)

for some real constants of integration C1 and Cy. Now assuming that ¢ # d, we can explicitly
solve for f(u) and g(v) to find that

f(u) = CreYi=e" 4 Coe™Vi=cu d(c—d)C1Cy = c,

p— (2.13)
g(v) = C3e¥e™Y + Cue ™V A(d - ¢)C5Cy = d,
where Cy,...,Cy € C are constants of integration. Furthermore since f(u) and g(v) are

real-valued functions, C, ..., Cy must satisfy

Cl,CgeRandC;),:a, ifd>C7
Ch :@anng,C4ER, if ¢ > d,

where ~ denotes the complex conjugation.

To explicitly solve for f(u) and g(v) and hence p(u,v), we first need to consider the initial
conditions of f(u) and g(v). We identify the exact conditions for f(u) and g(v) having a
zero, and derive the appropriate initial conditions in the following series of lemmas.

Lemma 2.5. f(u) (resp. g(v)) satisfying (2.5a)—(2.5d)) has a zero if and only if either ¢ > 0
or f(u) =0 (resp. d >0 or g(v) =0).

Proof. If ¢ = d, then the statement is trivial by (2.12)); hence, we may assume ¢ # d. To
prove the necessary condition, since f = 0 case is trivial, assume that ¢ > 0, and we show
that there is some real ug such that f(u+0) = 0. If d > ¢, then it is easy to check that for

_ loge—log(4(d —¢)C})

Ug
0 2v/d—c
we get f(up) = 0 by (@13).
Now assume ¢ > d. Then since
c c
C = = —,
"Tale—d)Cy  4(c—d)C
we may write C7 = 4(6“;dei9 and Cy = 4(ccfde_"9 for some constant 6 € R. By letting
-4
2
Uug = ,
0 c—d



we have f(ug) = 0 again by ([2.13].
To show the sufficient condition, suppose there is some ug such that f(ug) = 0. By (2.5a)),

(fu(up))? = c > 0. If ¢ = 0, then, (2.13)) gives us
flu) = Cle‘/a“ + Cge_‘/au

for some complex constants C; and Cy where d - C1Cy = 0. Since d # 0, without loss of
generality, let Co = 0. From f(ug) = 0, we get CreVduo = (. Therefore, C; = 0, and we
have f(u) =0.

The statement regarding g(v) is proven analogously. O

Lemma 2.6. f(u) (resp. g(v)) has no zero if and only if either ¢ < 0 or f(u) = HeV
where d > 0 (resp. d < 0 or g(v) = eV where ¢ > 0).

Proof. Note that by the previous lemma and the fact that ¢ < 0 implies f(u) # 0, we only
need to show that f(u) # 0 and ¢ = 0 if and only if f(u) = CreV® for Cy = 41 and d > 0.
First, suppose that f(u) #Z 0 and ¢ = 0. Then, similar to the proof of the previous lemma,

flw) = Cle\/au

for some complex constant C;. Since f(u) £ 0, C; # 0. In addition, since f(u) is real, C} is
real, and d > 0. Finally, by shifting parameters, we may assume that C; = +1.

Now assume that f(u) = +eV® for d > 0. Then f(u) # 0 trivially. Furthermore,
implies that ¢ (+eV4) = 0 for all u. Hence, ¢ = 0. O

Lemma 2.7. At least one of f(u) or g(v) must have a zero.

Proof. Without loss of generality, suppose that f(u) does not have a zero. Hence, by the
previous lemma, ¢ < 0 or f(u) = +eVo where d > 0. If flu) = +eVa with d > 0, g(v)
must have a zero by Lemma 2.5

Now suppose ¢ < 0. Then, by , d—c>0.Ifd <0, then implies ¢ — d > 0,
a contradiction; hence, d > 0. If d = 0, direct calculation shows that either g(v) = 0 or
g(v) = CoeVe™ where Cy # 0 and ¢ > 0. However, since we assumed ¢ < 0, it must follow

that g(v) =0 or d > 0. Hence, g(v) must have a zero. O

Exchanging the roles of u and v, if necessary, we may assume without loss of generality
that ¢ has a zero, and we may further assume that g(0) = 0 by shifting parameters. By
considering the fact that we may switch the roles of f(u) and g(v), we only need to consider

the following five cases:

[c>0,d>0]c>0,9(0)=0] flw)=+e""d>0]c<0,d>0]c<0,g()=0]
(2.14)
It should be noted that in the cases considered 7 d > 0, and that d = 0 if and only
if g(v) = 0. For the third case, since ¢ = 0, g(v) = sin (Vdv). By letting v +— —v, we

see that the plus or minus condition on f(u) may be dropped, allowing us to assume that

flu) = eVeu, Finally, we prove the following statement regarding the initial condition of

f(u).
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Lemma 2.8. For the cases (2.14)), there is some ug such that f(ug) = 1.

Proof. Tt is easy to check that the statement holds if ¢ = d via (2.12)); hence, assume ¢ # d.
From ([2.13)), since ¢ # 0 implies C; and Cy are non-zero, we let

Cy — c—d+ \/d(dfc)'

2(c—d)

If d — ¢ > 0, then since d > 0, f(u) is real-valued such that f(0) = 1. Since ¢ < 0 implies
that d — ¢ > 0, assume ¢ > 0 and d — ¢ < 0. Then direct calculation shows that C; is the
complex conjugate of Cy implying that f(u) is equal to its own conjugate. Therefore, f(u)
is real-valued such that f(0) = 1. O

Therefore, through shifting parameters, we may assume that f(0) = 1 and ¢(0) = 0.
Using these initial conditions, we arrive at the following explicit solutions for f(u) and g(v).

Proposition 2.9. For a non-planar mazface X (u,v) with planar curvature lines, the real-
analytic solution p : R? — R of (2.24)) and (2.2b)) is precisely given as follows:

Case (1) If Ap £ 0, i.e. Ap is not identically equal to zero, then

fw)?+g(v)* ~1
fu(u)+gv(v) ’

plu,v) =

with
Flu) = cosh(\/d—cu)+\/(%sinh(\/d—cu), ifc#td

Vidu +1, ifc=d

i (2.15)
d . .
o(0) = msm(\/dfcv), ifc#d
Vv, ife=d

where ¢ +d*> # 0 and d > 0.

Case (2) If Ap =0, then for some constant ¢ such that ¢ € [0,27),
p(u,v) = (cosd) - u+ (sing) - v

Proof. Solving (2.5a)—(2.5d)) for f(u) and g(v) with initial conditions f(0) =1 and g(0) =0,
and considering the change in parameter u — —u or v — —uv, if necessary, gives the explicit

solutions in (2.15]).

Now we wish to see that the domain of p(u,v) can be extended to R? globally. If ¢ = d,
then this is a direct result of applying the solution in (2.15). Therefore, assume ¢ # d. Then

by (2.5a]) and (2.5¢), we have
fa—go=(d=o)(f*+g° - 1)
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implying that

f3?+g@?—1 _ fu(u) —gu(v)
fu(u)+gv(v) d—c '

p(u,v) =

Therefore, the real-analyticity of f(u) and g(v) implies that the domain of p(u,v) can be
extended to R? globally. O

Remark 2.10. We make a few important remarks about Proposition [2.9

In the statement of Proposition we now allow p to map into R as opposed to R,
i.e. p may have zeroes, or even be negative. By doing so, we now consider X (u,v) as

mazfaces, defined in [110] as a class of maximal surfaces with singularities (see also
[47)).

In (2.15), we allow d — ¢ < 0. However, even in such case, by using the identities
cosh(vVd — cu) = cos(Ve—du) and sinh(vVd — cu) = isin(vVe—du)

we see that f(u) and g(v) are real-valued analytic functions.

For case (2) in Proposition we may use an associated family’s parameter A € S! ¢ C

instead of ¢ through appropriate coordinate change shown below:

=cos¢p-u+sing-v, v:=—sin¢g-u+cose- v

u:
A\ i=e "¢, Q:= —%/\’2 =2"2Q.

However, it should be noted that while the coordinate change (u,v) — (@,?) and
parameter change ¢ +— A preserve the conformal structure, it does not hold the

curvature line coordinates such that Q — Q.

Note that for all cases, the metric function p(u,v) is always bounded for all (u,v) € R?

and we now have the following theorem. Note that u <+ v, used as a subscript in Figure [2.1

means the role of v and v are switched, up to shift of parameters.

Theorem 2.11. Let X (u,v) be a non-planar mazface in R*' with isothermic coordinates

(u,v) such that the induced metric ds®> = p? - (du? +dv?). Then X has planar curvature lines
if and only if p(u,v) satisfies Proposition[2.9 Furthermore, for different values of (c,d) or
A asin Remark the surface X (u,v) has the following properties based on Flig. :

Case (1) If Ap £ 0, when (¢, d) lies on

e D: X is not periodic in the u-direction, but constant in the v-direction,

@,®, or @: X is not periodic in the u-direction, but periodic in the v-direction,
e &: X is not periodic in both the u-direction and the v-direction,

e ©®: X is periodic in the u-direction, but constant in the v-direction.

Case (2) If Ap =0, when X\ lies on

e D: X is a surface of revolution,

e ®: X is a surface in the associated family of (.

17



C‘ @
4/ @UHU k@
@
0 N d
@
-
)

Figure 2.1: The classification diagrams of non-planar maxfaces of Bonnet-type.

2.1.3 Axial directions and normal vector

To find the parametrizations of the surfaces considered, we would like to recover the Weier-
strass data from the metric function as follows: We first show the existence of a unique
constant direction for surfaces under consideration called the azial direction, and use it to cal-
culate the unit normal vector. Then from the unit normal vector, we recover the Weierstrass

data. First, we show the existence of the axial direction in the following proposition.

Proposition 2.12. If there exists ug (resp. vg) such that f(ug) # 0 (resp. g(vo) # 0) in

Propositz'on then there exists a unique non-zero constant vector U1 (resp. Ua) such that
(m(u,v),01) = (my(u,v), 1) =0 (resp. (n(u,v),v2) = (nu(u,v),v2) = 0),

where m = p~2(Xy X Xuu) (resp. n= p~2(X, x X)) and

2 _ .
7y = (Pu) pgp Puu X, — P;gu X, + PT;J,N (2.16)

2 — .
Pubuy (po) PPy Loy
p p p
If U1 and ¥y both exist, then they are orthogonal to each other. We call ¥1 and U5 the axial

directions of X (u,v).

Proof. From (2.1)),

(resp. Vg 1=

m=—X,— 2N (2.17)

However, it is easy to show that

using (2.2)). Therefore, m and m,, are parallel.

On the other hand, direct calculation shows that

2
Pu PuuP — Py
m, = —pT),Xu + TN (2.18)
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Figure 2.2: Choice of parameter and axial directions for cases (1a) and (1b).

and

m’UU

2pupv Puup 2/)2 Pv = PPuufPv
:p4 Xy ——Xp+ — p N

)

implying that

det(m, My, myy) = 0.

Since f(u) is not identically equal to zero, let uy be a constant such that f(ug) # 0.

Then, for all v, m(ug,v) and m,(ug,v) are linearly independent. Therefore, ¥; such that
(m(uo,v), V1) = (Mo (uo,v),v1) =0

is unique up to scaling. However, the direction of m is independent of u; therefore, such vy

is unique for all v and v. The analogous statement for ¥y is shown similarly. O

Since ¥; and ¥ are constant, we use (2.2a]), (2.2b]), (2.4)), and (2.5a)—(2.5d) to calculate

that
<'l71761> =, <623 1_}'2> = d? (219)

implying that the axial directions of the surface has the following causalities: if d > 0,
e both ¢y and ¥y are spacelike if ¢ > 0,
e 7 is lightlike, but ¥ is spacelike if ¢ = 0, or
e 77 is timelike, but ¥, is spacelike if ¢ < 0.

Note that if d = 0, then g(v) = 0, implying that Yo does not exist. By aligning the axial
directions with coordinate axes of the ambient space, we now calculate the unit normal

vector.

First, assume Ap # 0. Since the definition of f(u) and g(v) depend on the signature of
¢ — d, we consider each case separately.

Case (1a)

Assume first that d — ¢ < 0 (see left side of Fig. . Then ¢; and ¥ are both spacelike,

and we align the axial directions so that ¢; and Uy are parallel to e; and es, respectively,
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where e; are the unit vectors in the x;-direction for ¢ = 1,2,0. Then, we may calculate the

unit normal vector as follows.

Lemma 2.13. Let N(u,v) = (N1, No, Ng) be the unit normal vector to the surface X (u,v)
satisfying case (1) of Proposition . If c — d > 0, then, the unit normal vector is given by

Lopy 1 py [1(pu)*  1(pn)?
N S P N Y - 1
(u,v) vep’ \/Ep’\/c R R

Proof. Since (m,v1) =0, (2.1) and (2.17) implies that

1
N1 = Dl(u)*

for some function D;(u). Furthermore, from (m,,, %) = 0, using (2.1) and (2.18), we may
show that

T- Pu
N1 = Do(v)—
1 2()p

for some function Dg(v). Therefore, Dl(u) = D, (v)pu = D1py for some constant D;.
Now ¢ > d > 0 implies that there is some ug such that f(ug) = 0. Then, (m,X,) =
(my, Xu) on (ug,v), and it follows that X, (ug,v) € span{e;}. Therefore,

p* = Xu(uo,v)|* = (X1(uo,v))u)® = p*(D1)?c.

Similarly, by letting ¥5 = e2, we understand that

L py
Ny = ——.
Vd p
Finally, use the fact that N is a unit normal vector to get the desired conclusion. O

Now, let d = rcosf and ¢ = rsiné for 6 € [%, g] (see left side of Fig. . Since r
is a homothety factor of domain (u,v)-plane by (2.15)), we may assume r = 1. Using the
above lemma, we may find the normal vector N(u,v) dependent on #. On the other hand,
since the meromorphic function h(u,v) of the Weierstrass data is equal to the normal vector

function under stereographic projection, and since Q) = —%(hu —ihy)n = —%,

1 1

h(u,v) = m(Nl(u,v) +iNy(u,v)), n(u,v) = by
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Therefore, using N?(u,v), we calculate that for 6 € [%, g],

Aptan (3(A1z + A
) stan (5(A1z + 3)), ito 4T
R (z) = Ay
2714z 41, ifg=12
1 (2.20)
2(3(A1z+ A
0 o G ) s
' (z) = Az
273/4) ifog=17

where A;(0) = v/sinf — cosf, Az(0) = Vcos + V/sinf, and A3() = tan—! (\/tan9 - 1).

Case (1b)
Now assume that d — ¢ > 0 (see right side of Fig. [2.2). Then, since the causality of ¥
changes while that of ¥y is always spacelike, we let

171 = aiey + ap€g (2.21)

for some real constants ag and aq, while we let 75 be parallel to e;. To calculate the unit

normal vector N for this case, we first need the following lemma.

Lemma 2.14. Let N(u,v) = (N1, No, Ng) be the unit normal vector to the surface X (u,v)
satisfying case (1) of Proposition[2.9 If d —c > 0, then
2

2
aj — ag pu 1

LN, - = 2.22
Ve oop Vd p (2:22)

a1Ny — apNg = —

where a1 and ag are as in (2.21)).

Proof. Employing similar techniques to those used in the proof of Lemma [2.13] implies that

CLlNl — aoN() = D2 . % (223)

for some constant Do. To find D5 in (2.23)), consider the following system of equations,

c= ||((pu)2 —pP puu)Nu + pupolNy + %NHQ
alNl — a’ONO = D2 .

2
2 1 Py 2 __
NE4+12% - N2=-

pJ
P
1
where the first equation comes from (2.1)), (2.16)), and (2.19)). Since Dy is constant, we may
solve for Dy at the point (0, N%) to get (2.22). O

Since N is unit length, (2.22)) lets us calculate the normal of the surface for any given ag,
a1, ¢, and d. Similar to the previous case, let d = cosf and ¢ = sinf for 0 € [—g, %), and
further let

agp = Vcosf —sinf, a; = Vcosb.
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Now, we calculate the normal vector, and find that for 6 € [fg, %),

o BQ@BIZ — 1

(BQ - 1)6_312
he(Z) _ BT , e 7

") = 55, (2.24)

where B1(6) = v/cosf — sinf and B2(0) =1+ /1 — tan6.

Case (2)

Finally, we consider the case when Ap = 0. By Remark we only need to consider
p(u,v) = u, and then utilize the parameter A € S! C C for the associated family for n(u,v).

First we assume that the lightlike axis ¥; = e; + €g. Then similar to the previous cases,

N1—No=D3'pl=D3'l

P u
for some real constant D3. By applying the scaling of u, without loss of generality, we can
assume D3 = —1. Now since p(u,v) = u is independent of v, we notice that N(u,v) has the
form of N(u,v) = (N1(u), 0, No(u)) - T(v) for a specific isometry transform T'(v) € SO2 1
keeping the lightlike axis e; + ep. Thus we get the following:

Lemma 2.15. For case (2) in Pmpositz’on the unit normal vector N of X is given by

2 2

1—-2 o _v

2_1 2 1 2 2

N(u,v) = Y , 0, u : —v 1 —v
2u 2u )2 Lo

. —v + 5

Using the above proposition, we obtain the following Weierstrass data, up to the homo-

thety of domain:
= o 1+z 1 2
h(z) = . (2) = 1 (=14 2)". (2.25)

At

By changing data (h,7) — (h, A~27), we get all maxfaces in case (2) with parameter \ € S'.
Since the data obtained all satisfy the meromorphicity and holomorphicity conditions, we
may use the Weierstrass-type representation for maxfaces to obtain the following parametriza-

tions.

Theorem 2.16. If X (u,v) is a non-planar mazface of Bonnet-type in R*1, then the surface
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is given by the following parametrization on its domain for some 0 € [—g, g] :

t
(A24+A2)Aju+(AT—AZ) sin (AjutAs) cosh (A1v)+(A3—A3)sin Ay

2A3 Ay

(AZ2—A2)Ajv—(AZ+A2) cos (AjutAsz) sinh (A;v)
2A3 Ay ’

cos (Aju+As) cosh (Ajv)—cos Ag
A2

ifoe (5 %]

e’Blu{ (32(32(6231 —1)+2)—2) cos(Biv)—2eP1v (Bleu+Bg—1) } '

X&(u, ”U) _ 2(B1)?2B2(B2—1) (2.26)
e_Bl”{(BQSQBl“fBngQ) sin (Bl'u)72BlveBl“’}
2(B1)2(Ba—1) ’
_BlBgu-l—e*Bl“ cos (Byv)—1
(B1)* B2
ifoe-3%)
Lo/ o0 1.3 4~ 2. 1.3 2, A2
ﬁ(u—uv +3U0° —3, —0+U0— 307, —u"+70 +1>,
if0=7%
where (41,9) is given by u = 2/*(t — 1) and v = 2'/*®, and
A1(0) = /sinf — cos, A3(0) = Vcos O + V/sin 0, A3(0) = tan~! (\/tanﬁ — 1)
B1(0) = Vcos —sinf, Bo(6) = 1+ /1 — tan6;
or for some \~2 € St,
2, 1,3\" 2 13\
U —uv® + 3u v+ uv— 30v
. Re(\~2 3 Im(\—2 3
X)\(u, v) = % 2uv — % —u? 4 v? (2.27)
—u — uv? + %uB —v 4 ulv — %v‘o’

up to isometries and homotheties of R>'. In fact, it must be a piece of one, and only one,
of the following:

o mazimal Enneper-type surface (E) with Weierstrass data (271/*z +1,273/*dz), (0 =
1)

e mazimal catenoid with lightlike axis (Cp) with Weierstrass data

1+Z ]. 2
S Ry (S | d
(-5 p e ara),

or a member of its associated family (A € St),

e mazimal catenoid with spacelike axis (Cg) with Weierstrass data
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(tan ($(m+22)),4(1 —sinz) dz), 0=1),

e mazimal catenoid with timelike axis (Cr) with Weierstrass data (e*,3e7*dz), (6 =

_g)7

e mazimal Bonnet-type surface with lightlike axial direction (Byr,) with Weierstrass data
(27 — 1,1e72dz), (6 =0),

e mazximal Bonnet-type surface with spacelike axial direction (Bg) with Weierstrass data

A tan <%(A12+A3)> cos? (%(A1Z+A3))

1 ) Az

eB17_1 (By—1)e P12 . x
{(32321_1 1, ( 2231)32 dZ) 10 e (0, 4)},

dz :96(%,%) , or

e or mazimal Bonnet-type surface with timelike azial direction (Bt) with Weierstrass
data
Biz _ Bo—1 —B1z
{(Bmm e 0s) coe (5.0}

Moreover, X% (u,v) is continuous at every point (u,v) with respect to the parameter .

Note that by , we see that the different classes of maximal Bonnet-type surfaces
mentioned in [76] have a geometric meaning; namely, the causal character of the axial
directions are different. Finally, it should be noted that a catenoid with timelike axis is
indeed a limiting case of maximal Bonnet-type surfaces with timelike axial direction, while a
catenoid with spacelike axis is a limiting case of maximal Bonnet-type surfaces with spacelike

axial direction.

2.2 Deformation of maximal surfaces of Bonnet-type

Now, we show that all maxfaces of Bonnet-type can be conjoined by a single continu-
ous deformation. However, as seen in the previous section, the Weierstrass data and the
parametrizations of such surfaces depended on two separate parameters 6 and A. Therefore,
we need to show that there exists a deformation consisting of maxfaces of Bonnet-type that
connects the surfaces in each parameter family. In addition, it must be verified that the
plane can also be attained as a limit of such surfaces.

Therefore, in this section, we explain how all the maxfaces of Bonnet-type can be joined
by a series of continuous deformations. We consider a deformation to be “continuous” with
respect to a parameter, if the deformation dependent on the parameter converges uniformally
over compact subdomains component-wise. In fact, it will be enough to show that each
component function in the parametrization is continuous for the parameter at any point

(u,v) in the domain.
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Figure 2.3: Choice of parameter and axial directions for deformation to the catenoid with
lightlike axis.

2.2.1 Deformation to the maximal catenoid with lightlike axis

First, we will show that there exists a deformation between a maximal Bonnet-type surface
with lightlike axial direction and a maximal catenoid with lightlike axis. Assume ¢ =0 and
d > 0 (see Fig. . Then by , ¥ is a lightlike axial direction while ¥ is a spacelike
axial direction. Therefore, align the vectors as ¥ || e1 + €p and ¥s || es.

Then by Lemma Ny — No = —£= and Ny = —1 22 where § = v/d. Again using the

p 6 p
unit normal vector, we calculate the following Weierstrass datas:

G+1)e -1 (14 (6 — 1)e?=)?

5 = —-—mh—— =
(0 - 1)e%% + 1 - 462e%
hC (Z) 5 5 y  TNc (Z) 52¢6

Note that

WG| = 1) i)

. K} 7 . ) ~
lim b, () = h(z),  lmne, (=) = i(z).

0=0" o=1

In addition, by using the Weierstrass-type representation theorem,

€*5u{((52+1)e25“71) COS(JU)75(2u+5)e5U}
263

) _ e9% sin(dv)—dw
Xe, (u,v) = ¢ “einlfv)—dy

675“{7((5271)62615%1) COS(&U)75(2U75)€61L}
263

for § > 0. Since

oA
X% (u,v) = X%u v)‘ lim Xo (u,v) = X (u,v) ,
L 5= "e=0" N0 RN N
XéL (u,v) is a continuous deformation from maximal Bonnet-type surface with lightlike axial
direction (Br,) to the maximal catenoid with lightlike axis (Cr,) (or maximal Enneper-type

surface of second kind).
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2.2.2 Deformation to the plane

Now, we show that there exists a deformation connecting maximal catenoid with spacelike
axis to the plane. Up to this point, to solve the system of ordinary differential equations
(2.5a)—(2.5d)), we assumed that p,(0,v) = f(0) =1, and p,(u,0) = g(0) = 0. However, since
p(u,v) = 1 for the plane, we must consider different initial conditions for f(u) and g(v).

Therefore, we use the result from Lemma 2.5 and consider the surfaces corresponding to
case (1la), to assume that f(0) =0 and g(0) = 0. Solving (2.5a)—(2.5d)) similarly, we get

ve oo ( vd .
u) = sin c—du)7 v) = smh( c—dv)
folw) = =g (¥ arlv) = =g simb (v
where ¢ + d? # 0.
Since we assumed each of f(u) and g(v) has a zero, both axial directions are spacelike,
and we may use Lemma to calculate the unit normal vector. After letting /c = cos )
and v/d = sin1), we calculate the Weierstrass data as

T o (S )

P —
p (2) = cos ) — sin a 2

= —————cos
cos + siny 2

2o = —— 2( mﬂ¢@+5“>

for ¢ € (fg, O], where the factor for shifting parameter S¥ = 21 + 5 was chosen so that

G| =0 L me)|

P=0 =0 -

Using the Weierstrass-type representation theorem, and multiplying by a homothety factor
cos 29, we find that

t

u cos Py/cos 21p—sin sin((quSw )+/cos 21[)) Cosh(v\/cos 211})

v/cos 21
vsinw\/cos21#70051#Cos((u+5'w)\/cos2w)sinh(vﬂcos?d)) lf¢7é T
Xw(u ’U) _ V/cos 29 ’ 4
P ’ -

cos ((u+ S¥)v/cos 2¢)) cosh (vy/cos2¢))
(\/iu, —V/2v, 1) , if ) = — T

for ¢ € [—%,0}, where X;f’(u,v)’d} = limy -2 Xg(u, v). Since

-1

Xg(u,v)‘ = Xe(u,v) ,

$=0 0=1

Xf.f’ (u,v) defines a continuous deformation from the maximal catenoid with spacelike axis

(Cs) to the plane (P). In summary, we get the following theorem.

Theorem 2.17. There exists a continuous deformation consisting precisely of the mazfaces

of Bonnet-type (see Fig. and Fig. .

26



Figure 2.4: Diagram of deformations connecting maxfaces of Bonnet-type.

2.3 Singularities of maximal Bonnet-type surfaces

As mentioned in Remark mazxfaces was introduced as a class of maximal surfaces with
singularities in [110|. In this section, we investigate the types of singularities appearing on
maxfaces of Bonnet-type. Since the types of singularities of maximal catenoids and maximal
Enneper-type surfaces have been investigated [47, (71} 110], we focus on recognizing the types
of singularities on maximal Bonnet-type surfaces.

Let S(X) := {(u,v) € R? : p(u,v) = 0} be the singular set. Then using the explicit
solution of the metric function in Proposition [2.9] we understand that the singular set
becomes 1-dimensional. To recognize the types of singularities of maximal Bonnet-type

surfaces, we refer to the following results from [47, |91} |110].

Fact 2.18. Let X (u,v) : ¥ — R*! be a maxface with Weierstrass data (h,n dz). Then, a
point p € ¥ is a singular point if and only if |h(p)| = 1. Furthermore, for

h h h
= = —,, d = — 2
Y= ey ¢ ¢ hzqﬁ

the image of X around a singular point p is locally diffeomorphic to
e a cuspidal edge if and only if Rep # 0 and Im ¢ # 0 at p,
e a swallowtail if and only if p € R\ {0} and Red # 0 at p,
e q cuspidal cross cap if and only if p € iR\ {0} and Im¢ # 0 at p, or
e a cuspidal ST singularity if and only if ¢ € iR\ {0}, ¢ € R\ {0}, and Im® # 0 at p.

To make the calculations simpler, from Lemma[2.14] assume that ¢ = > —1 and d = t2 for
t > 0. If we further assume that a; =t and ag = 1, then we obtain the following Weierstrass
data:
€7Z

Ri(z) =e* —t, n'(z) = 3 (2.28)

after a shift of paramter u — u -+ log(t + 1). Note that this Weierstrass data represents

exactly the Bonnet family described in [76], and that all maximal Bonnet-type surfaces are
included in this family by Theorem Then, for the family,

e If ¢t > 1, the surface is a maximal Bonnet-type surface with spacelike axial direction.
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Figure 2.5: Maxfaces of Bonnet-type and their deformations.
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e If t =1, the surface is a maximal Bonnet-type surface with lightlike axial direction.
e If t < 1, the surface is a maximal Bonnet-type surface with timelike axial direction.
By directly calculating ¢, ¢, and ®, and using Fact we arrive at the following result.

Proposition 2.19. Let X*(u,v) be a mazimal Bonnet-type surface with the Weierstrass data
given in (2.28). The image of X around a singular point p = (u,v) is locally diffeomorphic
to the following:

e a swallowtail (SW) only at

0<t<1l (Br): (log(@t+1),cos™'(D1))
t=1 (BL): (log2,cos™11)

t>1 (Bs): (log(t+1),cos™11), (log V2 —T1,cos7 /1 — t*Q)

e a cuspidal cross cap (CCR) only at

0<t< % (Bt): None

<t<1 (Br) <1og (@yF =1+ V1) o (@;wzﬁ))
t=1  (Bp): <log V32, cos~! %)

t>1  (By): <log<\/t27§ﬂ:\/g),cosl(% tz;>>

e or a cuspidal ST singularity (CS) only at

Sl

t=1/v2 (Br): (—log(\/ﬁ),cos_1 0)

where @) corresponds to each other.

Hence, from the singularity theory point of view, we understand that maximal Bonnet-
type surfaces with timelike axial directions can further be classified into the following three
types: type 1 (Bri), type 2 (Brz), or type 3 (Brs).

Since maximal Bonnet-type surfaces are periodic in the v-direction, let a single portion
of X (u,v) refer to the part of the surface mapped over a single period of v in the domain.
Then, in summary, we understand the following theorem concerning the types of singularities

on maximal Bonnet-type surfaces.

Theorem 2.20. Let Xt(u,v) be a mazimal Bonnet-type surface with the Weierstrass data
given in (2.28). The images of a single portion of X around singular points are locally
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Figure 2.6: Types of singularities for maximal Bonnet-type surfaces with timelike axial
directions (B, Bra, Br3) where the cuspidal edges are highlighted by a red line, swallowtails
by orange points, cuspidal cross caps by blue points, and cuspidal S| singularities by green
points.

diffeomorphic to cuspidal edges except at the following number of points.

type of surface # of SW # of CCR # of CS

0<t<1/V2 Br1 2 0 0
t=1/v2 Bro 2 0 2
1/V2<t<1 Brs 2 4 0
t=1 B 1 2 0
1<t Bs 4 4 0

Combined with the result in [71], , and [47], we obtain the following corollary.

Corollary 2.21. Let X (u,v) be a mazface of Bonnet-type. If p is a singular point of X (u,v),
then the image of X around the singular point p must be locally diffeomorphic to one of the
following: conelike singularity, fold singularity, cuspidal edge, swallowtail, cuspidal cross cap,

or cuspidal S| singularity.

2.4 Maximal surfaces that are also affine minimal sur-

faces

In the Euclidean case, Thomsen studied minimal surfaces in R3 that are also affine minimal
surfaces, those surfaces with zero affine mean curvature surfaces and with indefinite affine
metric with respect to the equiaffine structure, called Thomsen surfaces, in [109], and

commented on the fact that such surfaces are conjugates of minimal surfaces of Bonnet-type.
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Figure 2.7: Types of singularities for maximal Bonnet-type surfaces with lightlike and space
axial directions (Br,, Bg) where the cuspidal edges are highlighted by a red line, swallowtails
by orange points, and cuspidal cross caps by blue points.

The analogous statement holds true for maximal surfaces in R?! as shown through the
following result in [82].

Fact 2.22. An umbilic-free mazimal surface in R*! has planar curvature lines if and only

if the conjugate surface is an affine minimal surface.

Therefore, by considering the conjugate surfaces of maximal surfaces of Bonnet-type, we

get the following result from Theorem [2.17]

Corollary 2.23 (Corollary to Theorem [2.17)). There exists a continuous deformation con-

sisting precisely of the maximal surfaces that are also affine minimal surfaces.

Furthermore, by the duality of singularities between conjugate surfaces explored in [110],
[69], [47], and [91], we obtain the following classification of singularities on maximal Thomsen-

type surfaces.

Corollary 2.24 (Corollary to Theorem [2.20). Let Y'(u,v) be a mazimal Thomsen-type
surface where Y(u,v) is the conjugate surface of X*(u,v) as defined in Theorem The
images of a single portion of Y around singular points are locally diffeomorphic to cuspidal

edges except at the following number of points.

# of CCR # of SW # of CB

0<t<1/V2 2 0 0
t=1/V2 2 0 2
/V2<t<1 2 4 0
t=1 1 2 0
1<t 4 4 0
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Figure 2.8: Maximal surfaces that are also affine minimal and their deformations.

where CB stands for cuspidal butterfly.

Moreover, if Y (u,v) is a mazimal surface that is also an affine minimal surface, then
the image of Y around the singular point p must be locally diffeomorphic to one of the
following: conelike singularity, fold singularity, cuspidal edge, swallowtail, cuspidal cross cap,

or cuspidal butterfly.

Figure 2.9: Types of singularities for maximal Thomsen-type surfaces where the cuspidal

edges are highlighted by a red line, swallowtails by orange points, cuspidal cross caps by
blue points, and cuspidal butterflies by cyan points.
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Chapter 3

Timelike minimal surfaces of

Bonnet-type

In this chapter, we consider the timelike minimal analogue of minimal surfaces of Bonnet-
type and Thomsen surfaces in Minkowski 3-space, and clarify their relationship. We first
focus on the class of timelike minimal surfaces of Bonnet-type, and consider its classification.
To achieve this, we use the following method: First, as in Chapter 2 (see also [1,|116]), using
the Lorentz conformal coordinates, we express the timelike minimality condition and the
planar curvature line condition via a system of partial differential equations in terms of the
Lorentz conformal factor. Then as in Chapter 2 (see also [112}[117]), from the solutions of the
system of partial differential equations, we show and utilize the existence of axial directions
to recover the Weierstrass data [114] for the Weierstrass-type representation for timelike
minimal surfaces given by Konderak [73] (see Fact [3.2). With the Weierstrass data, we give
a complete classification of all timelike minimal surfaces of Bonnet-type (see Theorem .

Then we switch our attention to the class of timelike Thomsen surfaces, defined by Magid
in [81] as timelike minimal surfaces that are also affine minimal. In his work, Magid considered
the null coordinates representation of timelike minimal surfaces found by McNertney in [84]
(see Fact 7 where a timelike minimal surface is obtained via two generating null curves.
Using this representation, he applied the result given by Manhart in [83] on affine minimal
surfaces of particular form, and obtained an explicit parametrization for the generating null
curves of timelike Thomsen surfaces.

Therefore, to investigate the relationship between the two classes of timelike minimal
surfaces, we now shift the focus to null coordinates. We first characterize timelike minimal
surfaces of Bonnet-type in terms of geometric invariants of their generating null curves, called
lightlike curvatures (see Theorem . As an application, we obtain deformations of null
curves preserving the pseudo-arclength parametrization and the constantness of lightlike
curvatures. Then, interpreting Magid’s result on timelike Thomsen surfaces in terms of
lightlike curvatures, we reveal a surprising relationship between the two classes of timelike
minimal surfaces (see Theorem , surprising since the relationship differs from that of

the minimal case in R3 and the maximal case in R%1.
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Lastly, similar to Chapter 2, we use the axial directions to show that there exists a
deformation consisting exactly of all timelike Thomsen surfaces (see Theorem and
Corollary . On the other hand, it is possible to consider the singularities appearing on
timelike minimal surfaces by viewing the surfaces as generalized timelike minimal surfaces
as defined in [68 Definition 2.4]. Furthermore, in [10§], minfaces were defined as a class
of timelike minimal surfaces admitting certain types of singularities, a timelike minimal
analogue of mazfaces defined by Umehara and Yamada in [110, Definition 2.2] for maximal
surfaces. It is known that every minface is a generalized timelike minimal surface; however,
there exist generalized timelike minimal surfaces that are not minfaces on their domains (see,
for example, [68, Example 2.7]). By showing that timelike Thomsen surfaces are minfaces, we

recognize the types of singularities appearing on these surfaces, using the criterion introduced

in [108] (see Theorem and Corollary (3.40).

3.1 Timelike minimal surfaces of Bonnet-type

In this section, we aim to completely classify timelike minimal surfaces of Bonnet-type.
To achieve this, we propose the following method: First, we derive a system of partial
differential equations for the Lorentz conformal factor from the integrability condition for
timelike minimal surfaces and the planar curvature line condition. Then, using the explicit
solutions of the Lorentz conformal factor, we calculate the unit normal vector, and then
recover the Weierstrass data using the notion of axial directions. In doing so, we show the
existence of axial directions for these surfaces; by normalizing these axial directions, we

eliminate the freedom of isometry in the ambient space, and complete the classification.

3.1.1 Paracomplex analysis

First, we briefly introduce the set of paracomplex numbers C’, and the theory of paracomplex
analysis. For a more detailed introduction, we refer the readers to works such as [3} [62} (73]
120].

We consider the set of paracomplex numbers C’
C:={z=z+jy: 2,y eR}

where j is the imaginary unit such that j? = 1. Let z = = + jy denote any paracomplex
number. We call Rez := = and Rez := y the real and imaginary parts of z, respectively;
furthermore, analogous to the set of complex numbers, we use z := = — jy to denote the
paracomplex conjugate of z. In this paper, we denote the squared norm of z as |2|? = 2z =
22 — y2, which may not necessarily be positive.

We also have the paracomplex Wirtinger derivatives 0, := %(81 + jay) and 0; =
1
2
paper) £ : C' — C', we call £ paraholomorphic if £ satisfies the Cauchy-Riemann type

(a,r —jJ By). Given a paracomplex function (typeset using typewriter font throughout the

conditions,
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We define a few elementary paracomplex analytic functions that are used in this paper
here via analytically extending the real counterparts. The exponential function e* is defined
by

0
z z"
e* 1= E =
n:

n=0

while the circular and hyperbolic functions are defined by

oo 2n o Z2n+1

Z 3 Ly—
coshz::;m, s1nhz._n§::om,
oo " Z2n o0 N 22n+1 (32)
= -1 i = 1)
covs o= Y G einei= YO0 gy

suggesting that we have the paracomplex version of Euler’s formula

e’ = coshz + j sinhz

for any z. We also define the hyperbolic tangent and tangent functions by

sinh z sinz
tanz =

tanhz :=

coshz’ cosz

Since these functions are the analytic continuations of the corresponding real hyperbolic
tangent and tangent functions, tanh z is defined on C’ but tanz is defined on {z € C’ |
|Rez £ Rez| < T}

Remark 3.1. We note here that the definition of circular functions sinz and cosz are
different from those in [73]. In [73], these functions were defined via the paracomplex
exponential function and the paracomplex Euler’s formula; in , these functions are

defined via analytic continuation from the real counterparts.

3.1.2 Timelike minimal surface theory

Let R%! be the Minkowski 3-space endowed with Lorentzian metric

((€15€2,80), (C15C2,C0)) = &1C1 + &2C2 — £oCos

and let R! denote the Minkowski 2-plane endowed with Lorentzian metric

((€1580), (€15 €0)) = &1¢1 — &oo-

We identify the set of paracomplex numbers C’ with Minkowski 2-plane RY! via x + jy
(7,y), and we let 3 denote a simply-connected domain with coordinates (z,y) in R
Let F : ¥ — R?! be a timelike immersion. As proved in [115, p.13], there always exist

null coordinates (u,v) at each point on 3. Hence, Lorentz conformal coordinates (x,y) also
( ) u+v u—v
x? = ) )
Y 2 2
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so that the induced metric ds? is represented as
ds? = p*(d2? — dy?) = p*dzdz = p* dudv (3.3)

for some function p : ¥ — R, where R, is the set of positive real numbers. We choose the

spacelike unit normal vector field N : ¥ — St1, where

S i= {€ € R (g,6) = 1},

Timelike minimal surfaces inherit Lorentzian metric from the ambient space; hence, by
using paracomplex analysis over the set of paracomplex numbers C’, Konderak has shown
that timelike minimal surfaces also admit a Weierstrass-type representation [73] (see also
(108, [120]):

Fact 3.2. Any timelike minimal surface F : ¥ C C' = R?! can be locally represented as
Fa.g) = Re [ (2h,1 -2, ~(1+ h2))n 2

over a simply-connected domain X on which h is parameromorphic, while n and h*n are

paraholomorphic. Furthermore, the induced metric of the surface becomes
ds? = (1 + |h|*)?n)*(d2? — dy?). (3.4)

We call (h,ndz) the Weierstrass data of the timelike minimal surface F.

On the other hand, timelike minimal surfaces admit another representation based on null

coordinates, found by McNertney [84]:

Fact 3.3. Any timelike minimal surface F' can be locally written as the sum of two null
curves o and f3:
o(u) + B(v)

F(u,v) = — (3.5)

We call such a and [ the generating null curves of F.

Remark 3.4. Similar to the minimal surfaces and maximal surfaces cases, timelike minimal

surfaces also admit associated families and conjugate timelike minimal surfaces:

e Given a Lorentz conformally parametrized timelike minimal surface F' with Weierstrass
data (h,ndz), we define F'¥ to be a member of the associated family of F if F¥ is
given by the Weierstrass data (h,e/?ndz) for some ¢ € R (note that /¥ € H, where
H:= {z € C':|z|? = 1}). However, unlike the minimal surfaces and maximal surfaces
cases, the conjugate timelike minimal surface of a given timelike minimal surface is
not in the associated family: the conjugate timelike minimal surface F* of F' is given
by the Weierstrass data (h, jndz).

e Given a timelike minimal surface F' generated by null curves a(u) and S(v), F* is a
member of the associated family of F' if F* is generated by null curves p a(u) and i B(v)

for a fixed p > 0, while the conjugate timelike minimal surface of F' if F** is generated
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by null curves a(u) and —fB(v). We note that the parameters of the associated family

o and p are related by e = u.

Following [60] (see also |48, 62]), we define the Hopf pair of F as
Qdu? := (Fyy, N)ydu?, Rdv? := (F,,, N)dv?

using the null coordinates (u,v). In terms of the Lorentz conformal coordinates, the Hopf
differential qdz? of F can be defined from the Hopf pair of F via

qdz? = Qdu® + Rdv?

for some paracomplex-valued function q where q = # + j#. We call a point (z,y) € &
an umbilic point of F if 9 =0 on (z,y), and a quasi-umbilic point of F if 9 # 0 but QR =0
on (z,y) (see also [62, Remark 4.3] or [31} Definition 1.1]). Since the Gaussian curvature at
umbilic and quasi-umbilic points vanishes, we call them flat points.

Following |48, Definition 3.1] (see also [49]), we say that (x,y) are isothermic (or conformal
curvature line) coordinates of F' if q is real on X; we say that (z,y) are anti-isothermic (or
conformal asymptotic line) coordinates if q is pure imaginary on . For a non-planar timelike
minimal surface without flat points on X, it is known that there exist either isothermic or

anti-isothermic coordinates (z,y) [4§].

Remark 3.5. One can also characterize the existence of isothermic or anti-isothermic coordi-
nates on any timelike minimal surface by examining the sign of the Gaussian curvature (see
[80, p.629] or |3l Theorem 3.4]).

Since we are interested in timelike minimal surfaces of Bonnet-type, we assume that the
mean curvature H = 0 on the domain. Furthermore we require that F' is without flat points
and has negative Gaussian curvature on its domain, so that F' admits isothermic coordinates.
Note that by doing this, we exclude the case when F is a timelike plane as well. Then an
analogous result to |16, Lemma 1.1] for isothermic timelike surfaces implies that we may

assume q = —=. Calculating the Gauss-Weingarten equations then gives us
q 2 g g g

&

Foy=2F, + %F,
N, = p%Fa:a

1
Ny - _?Fy7

while the Gauss equation (or the integrability condition) becomes
p-0Op—(ps” = p,°) —1=0,

where O := 92 — 9 is the d’Alembert operator.
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3.1.3 Planar curvature line condition and the analytic classification

We now calculate the condition the Lorentz conformal factor p must satisfy for a timelike

minimal surface F' to have planar curvature lines.

Lemma 3.6. For a timelike minimal surface with no flat points, the following statements

are equivalent:
(1) z-curvature lines are planar.
(2) y-curvature lines are planar.
(3) pay = 0.

Proof. Since (x,y) are conformal curvature line coordinates, z-curvature lines are planar if
and only if
det(Fy, Fogy Froz) = 0.

The Gauss-Weingarten equation (2.1 tells us that

Fropo =—"5N4+ AF, + W}T‘y
p

for some function A. Therefore, we have that
det(Fam Fry, anuc) = PxypP-

Since p : ¥ — R, we have that z-curvature lines are planar if and only if p;, = 0. Similarly,

one can calculate that y-curvature lines are planar if and only if p,y, = 0. O

Therefore, by finding solutions to the following system of partial differential equations,

we may find all timelike minimal surfaces of Bonnet-type:

{ p-0p—(ps2—p,>)—1=0 (timelike minimality condition), (3.7a)

Pay =0 (planar curvature line condition). (3.7b)

To solve the above system, we first reduce (3.7) to a system of ordinary differential equations

as in [1, Theorem 2.1].

Lemma 3.7. For a solution p: X — Ry to (3.7)), there exist real-valued functions f(x) and
9(y) such that

{ pe = flx), (3.8a)

py = 9(y)- (3.8b)

Then, p can be written in terms of f(x) and g(y) as follows:

Case (1) If Op is nowhere zero on ¥, then

_ f@)?—g(y)?+1
P = — 0 )
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where f(x) and g(y) satisfy the following system of ordinary differential equations:

(fo(@))® = (c = d)f(x)* +c (3.10a)
foz(x) = (¢ —d)f(x) (3.10b)
(95())* = (c = d)g(y)* +d (3.10c)
Guy(y) = (¢ — d)g(y) (3.10d)
for real constants ¢ and d such that c¢® + d? # 0.
Case (2) IfOp =0 on X, i.e. Op is identically zero on X, then
p(z,y) = (sinh 6) -z — (cosh §) - (3.11)

where f(x) =sinh ¢ and g(y) = — cosh ¢ for some constant ¢ € R.

Proof. By integrating Equation (3.7b)) with respect to v, we obtain
pz = C1(z)

for some integral constant C;(z). Similarly, we get p, = Ca(y) for some integral constant
C5(y) by integrating (3.7b]) with respect to u. Define f(z) := Ci(z) and g(y) := Ca(y) to
get (B8). Tnputing (B3) to (B.7a), we get

p(fa:_gy)_(fQ_QQ)—l:O.

To prove the first case, first assume that Cp is not identically equal to zero. Then we can
choose a point (ug, vg) such that O(ug,vo) # 0, implying that we can choose a neighborhood
¥ C RYY of (ug,vp) such that Op is nowhere zero on Y. Since Op = f, — g, Z 0,

fx)? =gy’ +1
fm(x) - gy(y)

i.e. we have (3.9). Then from (3.8a]), we have

p(z,y) =

2f fu(fe — gy) - (f2 - 92 + 1) fra
(fo — 9y)°

f=ps=

or

0=f(fo—9y)" = 2f folFo = 9) + (f* = 8" + Dfaa
:ffa% _2ffxgy+fg§ _fo3+2ffxgy+(f2 _92+1)fa&m
:f(g§*f§)+(f2792+1)fmx- (312)
After multiplying both sides by ”2_2# we have that

g2+1)2 ’

0

o Qfmfwm(f2_92+1)_(facQ_ggQ;)'fox o fa%_gji
- (f2—g*+1)2 A\ g
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Integrating both sides with respect to =, we obtain that

2 9
ff_gfﬂ — kaly) (3.13)

for some k3(y). Substituting k3(y) for (3.12)), we have that
0= 7fk3(y)(f2 - 92 +1)+ fmc(fQ - 92 +1) = (f2 - 92 + 1) (foz — [ks(y)).

Since f2 —g? +1 # 0, we have that f,, = k3(y)f, implying that k3(y) = ¢ € R is a constant,
ie.

Multiplying both sides of (3.14)) with 2, and integrating with respect to x gives us that
f2=¢f"+c

for some constant c.

On the other hand, from (3.8b]), we have

_2ggy(fz - gy) + (f2 - 92 + 1)gyy
(fe = gy)?

g=py =

or

0=g(fr —94)° + 299y (fx — 9y) — (f> = ¢* + Dgyy
= gf? — 29f29y + 992 + 29f29y — 2992 — (f> — ¢° + 1)gyy
:g(fg_gi)_(f2_92+1)gvv' (315)

Substituting with k3(y) = ¢ into , we get that
0=2g(f*—¢* +1) = (f* = ¢* + V)gyy = (f* + 9° = D) (~gyy + 29).
Again. since f2 — g? + 1 # 0, we have that
Gyy = €9 (3.16)
Multiplying both sides of with 2g, and integrating with respect to y gives us that
9.13 =¢g® +d
for some constant d. Now, from ,
WfP-g+)=fl—gi=¢tf+c—tg? —d=2e(f*—g*+1)—e+c—d,
implying that ¢ = ¢ — d, giving us . Lastly, ¢ = d = 0 implies f(x) and g(y) are both

constants by (3.10), a contradiction since we assumed that [lp £ 0.
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Now assume that Up is identically equal to zero on some simply-connected domain
¥ C R2. Since Op = fu(z) — g4(y) =0, g(y)? — f(z)> = 1 for all z and y. This implies
that both f(z) and g(y) are constant, and we can set f :=sinh ¢ and g := cosh ¢ for some
constant ¢ € R. Solving , we obtain . O

We now solve (3.10)) by first obtaining a general solution, and then finding an appropriate
initial condition to get an explicit solution for f(z) and ¢(y). First, if ¢ = d, then (3.104))
and (3.10c) imply that ¢ = d > 0, and using (3.10b]) and (3.10d)), we may obtain the explicit

solutions:

f(z) =+tvex+Cy and g(y) = £Vdy+ Cs (3.17)

for some real constants of integration C’l and C’g.

Now, assuming that ¢ # d, we can explicitly solve for f(z) and g(y) to find that

f(x) = CreVed® 4 Coe Va2 4(d—c)C1Cr = c,

(3.18)
gly) = C3eVe™ Y 4 Cue Ve A(d — ¢)C3C, = d,
where Cy,...,Cy € C are constants of integration. Furthermore, since f(z) and g(y) are
real-valued functions, C1, ..., Cy must satisfy
C1,0C5,C5,C4 € R, if ¢>d,
1,02,03,04 (3.19)

Ci=Coand C3=C,, ifd>c,

where - denotes the usual complex conjugation.
In the following series of lemmata, we identify the correct initial conditions based on the

values of ¢ and d.

Lemma 3.8 (cf. Lemma 2.3 of [28]). f(z) (resp. g(y)) satisfying (3.10) has a zero if and
only if either ¢ > 0 or f(x) =0 (resp. d >0 or g(y) =0).

Lemma 3.9 (cf. Lemma 2.4 of [28]). f(z) (resp. g(y)) satisfying (3.10) has no zero if and
only if either ¢ < 0 or f(z) = +eV=9%  where d < 0 (resp. d < 0 or g(y) = +eV where
c>0).

Therefore, we can conclude the following about the nature of f(z) and g(y) depending

on the values of ¢ and d:

¢ > 0: f has a zero d > 0: g has a zero
=0 c=0 =0 d=20
c=0: f ( 0) d=0:0"7 ( 0) (3.20)
f=%eV"9% d<0 (c=0,) g=%+eVY c>0 (d=0,)
¢ < 0: f has no zero d < 0: g has no zero.

For the cases where f or g have no zero, we use the following lemmata to identify a possible

initial condition.

Lemma 3.10. Suppose that g(y) £ 0, i.e. g(y) is not identically equal to 0. Then there is
some yo such that g(yo)? = 1 if and only if ¢ > 0.
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Initial condition Applicable values of (¢, d)

Sheet 1 f(0) =0, g(0) = 0 (+,+); (+,00), (0o, +)
Sheet 2 f(0) =0, g(0) = (+,0¢), (+, =), (00, —)
Sheet 3 f(0) = 1, 9(0) (0, —)
Sheet 4 f,(0) =0, g4(0) = (=)

Table 3.1: Choice of initial conditions and the corresponding applicable cases.

Proof. If ¢ = d, then the statement is a direct result of ; therefore, assume that ¢ # d.
To show one direction, assume that there is some o such that g(yo)? = 1. Then
implies that ¢ > 0.

Now assume that ¢ > 0. If ¢ > d, then for

g (3icive%a)

Y/

we have that g(yo)? = 1 via (3.18)).
If ¢ < d, then from (3.19), we have that C3C3 = ﬁ,

C3 = ﬁe@ and Cy = ,/W‘ic)e_ie for some © € R. Therefore, by (3.18]), we have

that
g(y) =\ di(z

Since we have d > ¢ > 0, we have that ,/ﬁ > 1; therefore, there is some gy such that
g(yo)? = 1. O

Lemma 3.11. Suppose that f(x) #Z 0. Then there is some o such that f(x)? = 1 if and
only if 2¢ > d.

implying that we may write

(\/ﬂy+®).

Proof. The proof is similar to that of Lemma [3.10] O

Lemma 3.12. If ¢ < 0 and d < 0, then there is some g (resp. yo) such that fr(x9) =0
(resp. gy(yo) =0).
Proof. From (3.10a]) and ¢ < 0, we deduce that ¢ — d > 0. Therefore, if
log ((‘W)
2ve — ’

then f,(z¢) =0 by (3.18). The statement for g(y) is proven similarly. O

ZTo ‘=

Therefore, of the possible 16 cases coming from , we only need to consider the 8
cases specified in Table with their respective initial conditions. Note that we shift the
parameters z and y to assume without loss of generality that x¢o = yg = 0.

By using these initial conditions to solve , we obtain the following set of explicit

solutions for f and g.

Proposition 3.13. For a non-planar generalized timelike minimal surface of Bonnet-type

F(x,y), the real-analytic solution p: R?> — R of (3.7) is precisely given as follows:
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Case (1) Let Op £ 0, i.e. Op is not identically equal to zero. Then,

 f@)?—gy)?+1
o) = = T @)

)

where f(x) and g(y) are given as follows (see Table[3.1]):

Sheet 1: For ¢ > 0 and d > 0 such that c® +d? # 0,

¢ sinh (Ve —dx), ifc#d,

fl)=qV
\/E.Z‘, ifC:d,
o) = fw/ﬁsinh(\/cfdy), if c#d,
—Vdy, if e =d.

Sheet 2: For ¢ >0 and d € R such that ¢ + d* # 0,

f(@) =[5 sinb (Ve = da),
9(y) = —cosh (Ve —dy) — /25 sinh (Ve — dy).

Sheet 3: For ¢ > 0 and d < 2c,

f(z) = cosh (Ve —dy) + /2= sinh (Ve — dy),
g(y) = —cosh (Ve —dy) — /55 sinh (Ve — dy).

Sheet 4: Ford < c <0,

F(@) =[5 cosh (Ve = da),
9(y) = /7% cosh (Ve — dvy).

Case (2) IfOp =0, then for some constant ¢ such that ¢ € [0, 27),
p(z,y) = (sinh¢) - x — (cosh ¢) - y.

Proof. The proof is essentially the same as that of |28 Proposition 2.1].

Remark 3.14. We make a few essential remarks about Proposition

e We have now extended the domain globally under our setting. Therefore, we may

deduce that non-planar timelike minimal surfaces of Bonnet-type do not have any flat

points globally, and we may drop this condition from now. (In fact, we may also infer

that these surfaces admit isothermic coordinates globally.)

e We now allow p to map into R as opposed to R;. By doing so, we now treat timelike

minimal surfaces of Bonnet-type as generalized timelike minimal surfaces. (We can
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show that these surfaces are actually minfaces, see Section )

e In case (1), Sheet 1 through Sheet 3, we allow ¢ —d < 0. Even in such case, we see

that f(x) and g(y) are real-valued analytic functions via the identities
cosh (Ve —dx) = cos (Vd —cx), sinh(vVe—dz)=+—1sin(vVd—cz).

Furthermore, Sheet 2 and Sheet 3 also include the case when ¢ = d. However, since
the resulting solution is the same solution as that in case (1) up to shift of parameters

z and y, we do not write these cases explicitly.

e For case (2), we note that this is a Lorentzian analogue of the Bonnet-Lie transformation
(see, for example, [11} §394]), giving an associated family of the surface with solution
p(x,y) = —y up to coordinate change. To see this explicitly, we introduce a parameter

A and consider the following change of coordinates:

=cosh¢-x —sinh¢-y, §:=sinh¢-x —cosho-y,
' = 7%)\72 =\"2q.

T:
A i=e J?

oY

)

Summarizing, we obtain the following complete classification of non-planar timelike

minimal surfaces of Bonnet-type.

Theorem 3.15. Let F(x,y) be a non-planar generalized timelike minimal surface in R?!
with isothermic coordinates (x,y) such that the induced metric is ds®> = p?(dz? — dy?). Then
F has planar curvature lines if and only if p(x,y) satisfies Proposition . Furthermore,
for different values of (c,d) or A as in Remark[3.1]} the Lorentz conformal factor p(z,y) or
the surface F(x,y) has the following properties, based on Figure :

Case (1): If Op £ 0, when (c,d) are on the region marked by
° @ : p is constant in the x-direction, but periodic in the y-direction,

° @ : p is periodic in both the x-direction and the y-direction,

. @, @, @, @, @, or : p is not periodic in both the x-direction and the y-

direction,
° @ : p is not periodic in the x-direction, but constant in the y-direction,
° : p is constant in the x-direction, but not periodic in the y-direction.
Case (2): If Jp =0, when X is on the region marked by
° @ 1 F is a surface of revolution,

. @ 1 F is a surface in the associated family of @
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(A) Sheet 1

(D) Sheet 4 (E) Case 2

Figure 3.1: Bifurcation diagrams per choice of initial conditions as in Table

3.1.4 Axial directions and the Weierstrass data

From the explicit solutions of the Lorentz conformal factor p, we now aim to recover the
Weierstrass data. The Weierstrass data is not unique for a given timelike minimal surface; for
example, applying any rigid motion to the surface will change its Weierstrass data. Therefore,
to decide how the surface is aligned in the ambient space R%!, we use the existence of azial
directions as defined in Proposition 2.2] (see also Proposition 3.A]). After aligning
axial directions according to its causality, we recover the unit normal vector, allowing us to

calculate the Weierstrass data. First, we show the existence of axial directions.

Proposition 3.16. If there exists x1 (resp. y1) such that f(x1) # 0 (resp. g(y1) # 0) in

Proposition then there exists a unique non-zero constant vector U1 (resp. Us) such that
<m(x,y), 171> = <my(x7y)a 171> =0 (resp. <TL(LE, y)762> = <nz(w7y)362> = 0)3
where m 1= p~2(F, x Fyy) (resp. n = p~2(F, x F,,)) and

9
7&Nipmcpgpz
P P

_ 2
U1 = F, + p;gy F, (resp. Ua:= p—pyN — p:;é)y F, + pyypp2 Py F,).

(3.21)
Furthermore, if U1 and U both exist, then they are orthogonal to each other. We call ¥, and

Uy the axial directions of F(z,y).

Proof. Similar to the proof of Proposition using (3.6)) and (3.7), we may calculate that

45



all the required property holds. O

We use (3.6)), , (13.9), (3.10), and (3.21) to calculate that the causality of v7 and v3

depends on ¢ and d, respectively; explicitly,

<’L71,’l71> =c¢ and <172,’l72> = —d.
Hence, we remark that, by Table at least one of U7 or ¥y is always spacelike when they
both exist. By aligning the axial directions in the ambient space R%! correctly, we now
calculate the unit normal vector using the following lemma. Note that we define €; as the

unit vectors in the ¢; direction for j = 1,2,0.

Lemma 3.17. For the different alignments of U1 or U2, we can deduce the following regarding
the unit normal vector N(z,y) = (N1(z,y), Na(z,y), No(z,y)):

Alignment of axial direction  Property of the unit normal vector

3 = 1 pa
U1 || € No =+—--F£=

1| € 2 =T,
171||€1+€0 leN()::l:%E

- - 1
71 || € No =+ ="

- = ~ ag—af py
Uy || a1€1 + apéy a1 Ny — agNo = £/ 5=+
. o o aj+a3 py
Uy || a1€1 + a2éy arNy + agNy = £/ =22

Here, a1, as and ag are any real constants.

Proof. We only prove the claim for assuming s = a1€; + ag€y, since all the other cases can

be proven similarly. We know that from Proposition [3.16

0 <7’L, ’172> = <p_2(Fy X Fyy),alé'l + a0€0>

(=p~'puN — p™2F,, a1 + apé)
= —p p(a1 N1 — agNo) — p~ (a1 (F1)s — ao(Fo)z)
= —p_lpz(alNl —agNo) — (a1 (N1)z — ap(No)z)

using the Rodrigues equations, implying that

(@ Fy —aoko)e _ pa
a1 N1 — apNog p

Integrating both sides with respect to x gives us that
1
a1N1 — a()N() = ]{34(y); (322)

for some function k4 (y).
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Now we also know that

0 = (ng, Ua)
= (=0 (pyyp — PJ)N — p~>py Fy, a1&1 + aoeo)
= —p 2(pyyp — p3) (a1 N1 — agNo) — p~>py (a1 (F1)y — ao(Fo)y)
= —p (pyyp — p) (@1 N1 — agNo) — p~" py(ar(N1)y — ao(No)y),

(a1 X1 — apXo)y _ (Py) (f)y)_l
(LlNl —aoNO P y 1% ’

Integrating both sides with respect to y and comparing with ([3.22) tells us that

telling us that

1
]{14(y); = Cl1N1 — aoNo = k5(I)%

for some function ks(z); hence,
a1N1 — CLONO = Blf

for some constant Bj.

Finally, using the fact that (ve,ve) = —d gives us the desired conclusion. O

Using the fact that the meromorphic function h of the Weierstrass data is the unit normal
vector function under the stereographic projection, and that q = —h,n = —%, we recover

the Weierstrass data via

h(z) = h(z,y) =

(N2 +jNo) and  7n(z) =

1
1- N, 2h,’

where the signs of Ny, N3, and Ny are decided so that h satisfies the Cauchy-Riemann type

conditions (3.1]).

Sheet 1

Assume that ¢ > 0 and d > 0. We have that ¥/, is spacelike, while ¥ is timelike; therefore,
we align the axial directions so that @y || €2 and ¥ || €. Then by Lemma [3.17] we have that

1p2  1p2 1 ps 1 p
N=|+y/1- =24 _¥ 4 72 4 Y
V" cp? dp? T ep T Vdp

Since we know that a homothety in the (¢, d)-plane amounts to a homothety in the (z,y)-

plane, by Proposition we can let ¢ = 4cos? ¢; and d = 4sin® ¢, for ¢; € (0, g) without
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d

1 || € ¢

vy || a1€1 + (1,26?2,/

Uy || a1€1 + ap€p

(A) Sheet 1 (B) Sheet 2 (¢) Sheet 4

Figure 3.2: (¢, d)-paths for different sheets.

loss of generality (see Figure [3.2(A))). Using the unit normal vector, we find that

mim tanh (\/cos (2¢1) z) , if ¢, € (0, 7%),
hi'(z) = { V22, if e =1,

— cos (2¢1) . P
_g/iﬁsin;tan (x/—cos(ch)z), if c; € (§,5),

2(coscll+sincl) COSh2 (\/008(7201)'2) ) if c1 € (Oa %)a
7 (2) = | 503 if e =1,

1 2 .
2(cos c1+sincy) cos (\/mz> ’ if 1 € (%7 %)

Note that h$'(z) and 07" (z) is also well-defined when ¢; = 0, 5 by considering the directional

limits.

Remark 3.18. The Weierstrass data given in (3.23)) show that surfaces in Sheet 1 form a
one-parameter family of surfaces. However, by considering these surfaces separately, one can

get different, and perhaps simpler, Weierstrass data.

e For surfaces @ and @, by using ¢ = 4sinh?(log &) and d = 4 cosh?(log ¢,) for & > 1,

we obtain

] ; 1
hi'(z) =¢1tanz, ni'(z) = % cos? .
1

e For the surface (5), by letting ¥, || & and @ || &, we obtain that

PG, e =€ 07(2), e = 5
2 2

Sheet 2

Assume that ¢ > 0 but d € R, implying that now ¥> changes its causal character. Therefore,
we align the axial directions so that ¥y || €2 and ¥s || a1€1 + agé€p. Since we only need to find
the unit normal vector of surfaces @, @, and , we let ¢ =c3 and d = ¢3 — 1 for ¢ > 0,
and further assume that a; = 1 and ag = ¢ (see Figure . Then we have that the unit
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normal vector is

1
N = <c2N0ipy, 4P NO),
p’ eap

where Ny can be found from the fact that (N, N) = 1. From the unit normal vector, after

applying a shift of parameter y — y — log(1 + ¢2), we calculate that

hi(2) = j&’* —jeo, my(2) = 5777 (3.24)

Similar to the preceding case, note that hs5?(z) and ns?(z) is also well-defined when ¢y = 0

by considering the directional limits.
Remark 3.19. Note that if co > 1, then (3.24) describes Weierstrass data for the surface @,
aligned differently in the ambient space R*! to the one given by (3.23) for ¢; € (%, %).

402
Sheet 3

We only need to find the data for the surface @ here, so assume that ¢ = 0 and d = —1.

We align the axial directions so that ¥ || €1 + €y and ¥s || €2, implying that the unit normal

Pz L py
N = Noi,i,NO),
( 0 S dp

where Ny can be found from the fact that NV has unit length. After making the parameter

vector is

shift z — = — log 2, we calculate the Weierstrass data as
z . 1 —Zz
hs(z) = e +j, s =ge " (3.25)

Sheet 4

Here, we have that d < ¢ < 0. Align the axial directions so that @y || €y and ¥y || a1€; + a2és.
In this case, we let ¢ = fc?l and d = fci — 1 for ¢q >0, and let a; = 1 and as = ¢4 (see
Figure [3.2(C))). Then, the unit normal vector is

1 ps
N = (—C4N2 + P N, ﬁ:p) .
p s p

Using this, after a shift of parameter y — y — log(y/1 + ¢3), we obtain that

. 1 .
hi'(z) = je" +eay mpt = 5o (3.26)

Case 2

Finally, we assume that (p = 0, and by Remark we only consider the case p(z,y) = —y.
We assume that the axial direction is 5 = €7 + €y. Then similar to Lemma [3.17, we can
calculate that
Ny — N =22
P

Since p, = 0, we have that N(x,y) has the form N(z,y) = (N1(y), 0, No(y)) - T(z) for
an isometry transform 7'(z) € SO(2, 1) keeping the lightlike axis ¥a. Hence, we obtain the
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following lemma.

Lemma 3.20. If p(z,y) =y, then the unit normal vector N is given by

12 4, _a
2 2 2 2
y +1  y“—1
N(z,y)= | *5—,0,5— |- | - -
(=9) ( 2y 2y ) Y ! ‘.
T @ 1+5

_ 1_$2+y2 E 1+$2_y2
2y Ty 2y '
Therefore, we recover the Weierstrass data as follows:

z+7
hs(2) = 17

- () = U1 (3.27)

Finally, by considering (hs,ns dz) — (hs, \™2n5dz) for \ as in Remark we obtain the
Weierstrass data for surfaces @ and @

In summary, we obtain the following complete classification of timelike minimal surfaces
of Bonnet-type.

Theorem 3.21. A generalized timelike minimal surface of Bonnet-type in Minkowski 3-space

must be a piece of one, and only one, of
e plane (P) (0,dz),
@ timelike catenoid with timelike azis (Cr) (tan z, % cos? zdz),

@ doubly periodic timelike minimal Bonnet-type surface (with timelike axial direction)
(BTper)

{(61 tan z, ﬁ coszzdz) 1cp > 1},

@ timelike Enneper-type surface (E) (\/iz, ﬁ dz),

@ timelike minimal Bonnet-type surface with timelike axial direction of first kind (Br1),

{(jejz — jeo, 3777 dZ) teg > 1} ,

@ immersed timelike catenoid with spacelike azxis (Cgy) (ez, %e_z dz),

@ timelike minimal Bonnet-type surface with lightlike axial direction of first kind (Byr1)
(jejz — 7, %e*jz dz) ,
@ timelike minimal Bonnet-type surface with spacelike axial direction (Bg),
{(jejz — jea, %e_jz dz) 0< e < 1} ,

50



(¢) Bs

(D) BTPCY (E) BT2 (F) BL2
Figure 3.3: Timelike minimal Bonnet-type surfaces. As in Remark [3.14] we treat these
as generalized timelike minimal surfaces, admitting singularities, and we highlighted the
singularities on these surfaces.

non-immersed timelike catenoid with spacelike axis (Cs2) (je’*, fe™7%dz),

@ timelike minimal Bonnet-type surface with lightlike axial direction of second kind (Brs)
(e + 4, %e‘z dz),

timelike minimal Bonnet-type surface with timelike axial direction of second kind (Brsz)
{(jejz + ey, 50777 dz) teq > 0} ,
@ timelike catenoid with lightlike axzis (Cy) <Z—+J— L(jz—1)2 dz) , or one member of its

1—jz'4
associated family @,

given with their respective Weierstrass data.

3.2 Null curves of timelike minimal surfaces of Bonnet-
type

In this section, we consider timelike minimal surfaces of Bonnet-type in terms of their
generating null curves (see Fact |3.3). First, we introduce the theory of null curves in R%!.

For an in-depth discussion of the theory of null curves, we refer the readers to works such as

21l 51 6 79} 52 1)
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3.2.1 Frenet-Serre type formula for non-degenerate null curves

A regular curve v = y(t): I — R?*! is called a null curve if
(.) =0,

and y is said to be non-degenerate if v/ and " are linearly independent at each point on 1.

d

(Here, " denotes 3;.) For a non-degenerate null curve +(t), we can normalize (see |92, Section

2], for example) the parameter so that

(7(5),4(s)) = 1, (3.28)

where * denotes d%. A parameter s satisfying (3.28)) is called a pseudo-arclength parameter,

introduced in [21]. From now on, let s denote a pseudo-arclength parameter. If we take the

vector fields

and then there is a unique null vector field n such that
(n,o)=-2, (n,e)=0.
If we set the lightlike curvature (see |61 p.47]) of v to be

kiy(s) == — (n(s),e(s)), (3.29)

we get
. . Ky 1
—N = K€, e=——0+ -n.

2 2

Therefore, we obtain the following Frenet-Serre type formula for non-degenerate null curves.

Proposition 3.22 (cf. [61},(79]). For a non-degenerate null curve v parametrized by pseudo-

arclength parameter, the null frame F := {o,e,n} satisfies

0 —k,/2 0
F=Fl1 0 — Ky
0 1/2 0

K, = (4, 7). (3.30)

Ezample 3.23. A non-degenerate null curve parametrized by pseudo-arclength with constant

lightlike curvature k. is called a null heliz in [44, 61], and such curves have been studied by

52



many authors. Any null helix v is congruent to one of the following;:

v(s) = & (cos (cs),sin (cs), cs) when k., = ¢* > 0,
W)= ($o-%+55+3),  whenr, =0,
v(s) = & (cs,cosh (cs),sinh (cs)),  when ky = —c* < 0.

3.2.2 Characterization of timelike minimal surfaces of Bonnet-type

Using the theory of null curves, we now characterize timelike minimal surfaces of Bonnet-
type in terms of its generating null curves. We first remark on the relationship between the

generating null curves and the normalization of the Hopf differential factor.

Lemma 3.24 (cf. p. 347 of [62]). The normalization of the Hopf differential factor q = —3%
of a timelike minimal surface F implies that the generating null curves are parametrized by

pseudo-arclength.

Proof. Let F be represented via two generating null curves a(u) and S(v) as in (3.5). By

the Gauss-Weingarten equations, we have
o _ 5Pu o 6 Pv
auu(_ 2Fuu) —2?au_N7 Bm}(— 2Fvv) —QFBv_N;

where p is the Lorentz conformal factor of the first fundamental form and N is the unit

normal of F. Therefore, we can check that

<auu7auu> = <ﬁvv76v’u> = <Na N> = 17
i.e. u and v are pseudo-arclength parameters of a(u) and B(v), respectively. O]

Now we state and prove the theorem relating the lightlike curvatures of the generating
null curves and the planar curvature line condition (3.7h)).

Theorem 3.25. Away from flat points and singular points, a timelike minimal surface F' has
planar curvature lines if and only if it has negative Gaussian curvature, and its generating

null curves have the same constant lightlike curvature.

Proof. We consider a timelike minimal surface F' written as in , with its first fundamental
form as in (3.3). For z = z + jy = (u+v)/2+4 j(u—v)/2, the planar curvature line condition
(3.7bf) can be expressed as

Puw — Pov = 0. (3.31)

Let us take the null frames F,, := {04, €q, N} for a and F3 := {o3,e3,ng} for § as in
Section [3.2.1} By using the frame of the surface F', we can check that n, and ng are written

as

20, \ 2 1 1 20, \?
Ne = (p“> oy — — B — 4PN = —— 0y + ( p”) B, — 422N, (3.32)
p p P p p p
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-3

pseudo-arclength parameters of a and 8 by Lemma [3:24} hence, we can take

Since we normalized the Hopf differential factor as q = we have that v and v are

€y = 0y, and eg= fF,,.

By the Gauss-Weingarten equations, (e,), and (eg), can be expressed as

(eq), = 2Pwl T Pu o — — B, —2B2N
u 2 2
) P f” , 7 (3.33)
PvvP T Py Pv
= 2P g ol
(eﬁ)v 2p2a + p2 /8 p

By (3.29), (3.32) and (3.33)), the lightlike curvatures k, and kg of the generating null curves
«a and B can be calculated as

Py

o = (o (ea)u) = —452%, 1y = (n, (e5)0) = —452", (3.34)
and hence
Ka(u) — kg(v) = g Pun = Pov,
p
Therefore, we conclude that k. are kg are the same constant if and only if the Lorentz
conformal factor p satisfies the planar curvature line condition (3.31). 0O

3.2.3 Deformations of null curves with constant lightlike curvature

We now consider continuous deformations of null curves preserving their pseudo-arclength
parametrization and constantness of lightlike curvatures. As in [28, [29], we consider a
deformation to be “continuous” with respect to a parameter if the deformation dependent
on the parameter converges uniformly over compact subdomains component-wise. First, we
introduce how the lightlike curvatures of generating null curves are determined for a timelike

minimal surface of Bonnet-type.

Proposition 3.26. The lightlike curvatures ko and kg of the generating null curves of a
timelike minimal surface of Bonnet-type is given by the constants ¢ and d in (3.10) via

ko = kg =d—c. (3.35)

Proof. By (3.34]), we have

Ko = kg = _2puu + Pov _ _pT"c + Pyy )
P p
Using (3.10a)) and (3.10c)), we prove the desired relation. O

A deformation of a timelike minimal surface of Bonnet-type corresponds to a deformation
of its generating null curves, which have constant lightlike curvatures. Therefore, by using
the relation (3.35]), we can deform null curves with constant curvature preserving the pseudo-

arclength parametrization and the constantness of lightlike curvature (each of null curves
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Figure 3.4: Modified version of a path in Sheet 1 to include the timelike plane in the
deformation.

may have different constant lightlike curvature).

As an example, we give a deformation of null curves coming from the surfaces in Sheet
1. To do this, we first consider a slightly modified method of the one we used to obtain the
Weierstrass data in Section Since ¢ > 0 and d > 0, we define v and 0 so that
72 =cand 62 =d. Let v = 2'/*cos ¢, and § = 2'/*sin¢ for ¢ € (—Z,27) (see Figure .

Then we can calculate similarly as before to obtain that

cos (2¢1) \/cos (2¢1) PN
7CQ1 tanh (23/4 ! z) , if ey e (=%, %),
he (2) = 4 shaz, ife; =7,

NI P < —cos (261) Z) 7 if & e (Z,3m),

cos ¢1 —sin ¢1 23/4

1 9 cos (2¢1) e oA o
21/4(cos &1 +sin &1) cosh ( 23/4 Z if (GRS ( 4> 4)’

nlcjl(z) = 2374 if C1 = %7

LT, e (55,

1 2
21/4(cos &1 +sin &) cos ( 23/4

Remark 3.27. By noticing that 42 = 273/2(4 cos? ¢;) and 62 = 273/2(4sin? ¢;), and the fact
that a homothety in the (¢, d)-plane amounts to a homothety in the (z,y)-plane, one can also
get the parameromorphic data hf,l (2) of (3.36) from that of (3.23)) by applying a homothety

change in the domain z — 273/4z.

Now to get the parametrization, let FS'(z,y) be defined from (h$, 7S dz) via the
Weierstrass-type representation in Fact [3.:2l We define

~C1

Py (@) = B (Fi (ay) = FE(0,0)) (3.37)

where
RY = (1 — sin (& + %)) |cos 2¢1 | + sin (¢ + F). (3.38)
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Figure 3.5: Deformation of null curves with constant lightlike curvature, with their respective
surfaces.

A straightforward calculation then shows that

e
hmﬂ. ‘FP1 (21/41', 21/4y) = \/L§ (12 + yzv T — ny - %1’3, —Yy—- x2y - %y3> )

?31—)1

N Y
R hmﬂ. FPl(x,y) = (07 QS%xa_Qs%y> = hn% FPl(x7y)7
Cl\(_z 61/(%

implying that F (;1 (x,y) for ¢; € [—%, ‘%’T] gives a continuous deformation consisting of every
surface in Sheet 1, including the timelike minimal Enneper-type surface and the timelike
plane.

To obtain a deformation of null curves from the surface, let us now take A; = 1/cos 2¢;.
After applying a suitable homothety to the domain, the generating null curves of the surfaces
in the Sheet 1 discussed in are written as

Fe _ sinh? (A1s) 2cos¢iAis—sin ¢y sinh (241s) 2siné; Ay s—cos ¢ sinh (2A44s)
242 ’ 4A3 ’ 4A3 ’

B (s) =% (s)- (81 8),

ie.
N . ~ 1 3/4 3/4
Y0¥ () + B (0) = g B (B (o) B w—v))
Note that although A; is zero at ¢; = 7 and may have complex values, a®t are well-defined
non-degenerate null curves for all ¢ € (—%, %T”) By Lemma s is a pseudo-arclength
parameter for each o', and the curves have constant curvature —4 cos (2¢;). Moreover, if

we apply the scaling factor of the ambient space R, then we can deform o to a lightlike

line by considering the directional limit as ¢; tends to —7 or ?jf, see Figure
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3.3 Characterization of timelike Thomsen surfaces via

null curves

Thomsen showed in [109] that the two classes minimal surfaces, those with planar curvature
lines, and those that are also affine minimal, called Thomsen surfaces, have a striking
relationship; namely, they are conjugate minimal surfaces of each other. Manhart showed
in [82] that the analogous result holds for maximal surfaces in R*!. In this section, we
investigate the relationship between the two classes of timelike minimal surfaces, those with

planar curvature lines and those that are also affine minimal.

3.3.1 The affine minimal condition — revisited

A timelike minimal surface which is also affine minimal is called a timelike Thomsen surface,

defined by Magid in [81], who proved the following by applying a result by Manhart [83].

Fact 3.28 ([81], cf. [83]). Away from flat points, a timelike minimal surface F is affine
minimal if and only if on the null coordinates (u,v), there exist functions 6§ = 0(u) and
9 =9(v) such that

F, = (cosf,sinf, 1), F, = (cosd,sind,1),

and df/du, d¥/dv are both solutions to the equation

7
2wt + 2w’ — iw'z —kw® =0 for some fived k € R, (3.39)
where " now denotes d% or %.

Magid also solved the above equation explicitly.

Remark 3.29. Milnor [85] called the “angle” functions 6 and ¥ the Weierstrass functions,
and determined the sign of the Gaussian curvature of timelike minimal surfaces using the

functions.

In this subsection, we give a geometric interpretation of Fact by using the notion of
lightlike curvature of non-degenerate null curves. Let a(u) and B(v) be the generating null

curves of a timelike minimal surface F' where

U v
a(u) = / (cosO(r),sin(7),1) dr + a(ug), B(v) = / (cosI(7),sind(7),1) d7 + B(vo)
%) Vo
for some real constants ug and vg. Here, we remark that the parameters u and v are not
pseudo-arclength parameters.

In the next proposition, we show that the constant & in the affine minimal equation (3.39))
represents the lightlike curvature of generating null curves, giving a geometric characterization

of timelike Thomsen surfaces.

Proposition 3.30. A timelike minimal surface I satisfies the affine minimal equation
(13.39) if and only if the generating null curves « and 8 of F have the same constant lightlike

curvature.
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Proof. We show that the generating null curves o and 8 must have lightlike curvature k. By
the similarity of the argument, it is enough to consider the claim for a(u).

Since (o', a’) = "2, we may assume that §’ > 0, and we can take the pseudo-arclength

5= /u (9’(7))1/4 dr.

0

By (3.30), we obtain
Ka(s) = 0% (", o) + 904 (", &) + 6utii(”, o) + 20U (", ). (3.40)

After straightforward calculations, we get

<O{N,O//> — 9/2, <a///’ Oé”> _ 9/9//’ <O/”,C¥/> _ _9/2’ <O/N,O/N> _ 9//2 + 9/4’
. N—1/2 e// 29//2 _ 9/9///
W= (0", =g, U=

Substituting these to (3.40)), we obtain
29/3/904 _ 29/4 _ gala 4 2019///.

Hence, the lightlike curvature x, is constant if and only if w = 0’ satisfies the affine minimal
equation (3.39)). O]

In conjunction with the non-degenerate null curves with constant lightlike curvature in
Example [3:23] Proposition [3.30] gives another proof of the classification result of timelike
Thomsen surface given in [81]. Furthermore, Theorem and Proposition [3.30] give us the
next theorem relating the two classes of timelike minimal surfaces, a result different from

the cases of minimal surfaces in R3 and maximal surfaces in R%1.

Theorem 3.31. Let T denote the set of timelike Thomsen surfaces, B the set of timelike

minimal surfaces of Bonnet-type, and B* the conjugates of surfaces in B. Then,
T =BUB*, BnNB*={timelike planes}. (3.41)

Remark 3.32. Note that for the minimal surface case, the relation between minimal surfaces
of Bonnet-type and Thomsen surfaces can be expressed using analogous notations 7', B and
B *, denoting the set of Thomsen surfaces, the set of minimal surfaces of Bonnet-type, and

the conjugates of surfaces in B , respectively, as:

~ %

T=B, BN B = {planes, Enneper surface}.

Similarly, by letting T , B and B” denote the analogous sets for maximal surfaces, respectively,

we have that

. ok X spacelike planes, maximal Enneper-type surface,

associated family of spacelike catenoid with lightlike axis
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3.3.2 Characterization of the associated family of timelike Thomsen

surfaces

Finally, as a corollary of Theorem [3.25]and Proposition[3.30} we can also characterize timelike
minimal surfaces whose generating null curves have different constant lightlike curvature

with the same sign.

Corollary 3.33. Away from flat points, a timelike minimal surface F whose generating null
curves o and B have constant lightlike curvatures ko and kg with the same sign is contained

in the associated family of a timelike Thomsen surface F. In particular, F is either
e a timelike minimal surface of Bonnet-type if K <0, or
e the conjugate of a timelike minimal surface of Bonnet-type if K > 0.

Moreover, such a timelike Thomsen surface F' is unique if neither lightlike curvatures of null

curves 1S zero.

Proof. As in Remark the generating null curves of F'* are

They have the lightlike curvatures k.o = ko/p and kg, = pkg, respectively. Hence, we can
take the unique solution p = y/ka/kg to the equation

Kua = Kg/us M > 0,

for which F* is a timelike Thomsen surface. The surface F'* is either in B or B* depending

on the sign of the Gaussian curvature K. O

Remark 3.34. Similarly, one can consider the geometric characterization of timelike minimal
surfaces whose generating null curves have constant curvatures with different signs. By
(3.34), such a surface can be constructed via the equation

_4puu + Pov
P

Ko +Kg = =0.
We do know that such surface is not in the set T as in (3.41). However, the geometric

qualities of such surfaces are unknown.

3.4 Deformation of timelike Thomsen surfaces

In this section, we show that there exists a continuous deformation consisting exactly of
all timelike Thomsen surfaces. We do this by first showing that there exists a continuous
deformation consisting exactly of all timelike minimal surfaces of Bonnet-type, and then
applying the result that relates these surfaces to timelike Thomsen surfaces.

We have already shown in Section [3.2.3] that every surface in Sheet 1, including the

timelike minimal Enneper-type surface, and the timelike plane are conjoined by a continuous
deformation given by 1:"10;1 (z,y) in (3.37).
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Uy || a1€1 + apép

(A) Sheet 2 to Sheet 1 (B) Sheet 2 to Cy,

Figure 3.6: (¢, d)-paths for deformations.

3.4.1 Deformation to Sheet 2

We now show that there is a continuous deformation of all the surfaces in Sheet 2, and hence,
all the surfaces in Sheet 1 and Sheet 2 are connected via the timelike minimal Enneper-type
surface. We first normalize the axial directions as in Section [3.1.4] and let ¢ = cos ¢y and
d = sin &, while a; = \/cos & — siné; and ag = v/cos &, for &3 € [—F, T (see Figure|3.6(A)).

After calculating the normal vector, we find that

A j (g°+1)ea19'Z—go>, it # T,
hes(2) = (1 ' !

1 . oA
PRERd e =1, (3.42)
1 i PN
eapn ) FaFay® 5 if ¢a # 7,
N5z (2) = 1 o .
PEVER) if C2 # -

Remark 3.35. Note that the Weierstrass data {(h%, ns, dz) e € [-F, Z)} describes the

same set of surfaces as {(h?,n? dz) tep €10, oo)} as in (3.24)), up to homothety and trans-
lation in the domain, the (z,y)-plane. Explicitly,

hg“Q (;1 <z — jlog (1 + Z?))) :jejz 7]'%(1) = h$?(z)

To get the parametrization, let F§§ (z,y) be defined from the Weierstrass data

ag *

ay

C2=

(g, nis a2)
via the Weierstrass-type representation in Fact and consider

Fay(x,y) = F§3(x,y) — F23(0,0).
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Then we have that

lim_ F;Z (x,y— 21/4) + (%, 0, —%) = lim_ F?(:ﬁ,y),

62/4 Elﬁz

implying that there is a deformation joining surfaces in Sheet 1 and Sheet 2.

3.4.2 Deformation to the timelike catenoid with lightlike axis

Now we show that there exists a deformation to the timelike catenoid with lightlike axis.
Consider Sheet 2, where ¢ = ¢32 and d = 0 for ¢32 € (0,00), and normalize the axial
directions so that ¥y || €; and ¥y = €; + €y (see Figure [3.6(B))). Calculating the Weierstrass

data gives

¢ ] ((&3 + 1)ej&3z — 1) c 1 —jészz ~ jC32 2
hCSL (Z) == (63 _ 1)ejéaz + 1 ) nch (Z) = 4&326 Jes ((63 — l)e] 3% + 1) . (343)
Then note that
W ()] = 2je’* — j = hi2(z,y) lim A& (2) = 200 — ha(2).
R S2 W e=0" N0 OF 1—jz

Therefore, by calculating Fé?L (z,y) from (hggL (2), h%SL (2) dz) via Fact and defining

F& (2,y) = FZ (z,y) — FZ (0,0),

we see that

a3

FCL (l‘, y)

R
1 :F82<x7y) )

e3= ¢o=0

. Ny
lim F¢ (z,y) =3 (y — 2’y — 3y°, —2xy, —y — 2y — %y:‘) ,
03\0

implying that FCCSL (x,y) gives a deformation between timelike minimal Bonnet-type surface

with lightlike axis of first kind and timelike catenoid with lightlike axis.

3.4.3 Deformation to Sheet 4

Since we have that

h§t(z)|  =jelt =h@(z)|

Cq= C2=—

where hy* is as in (3.26]), we define Fgj using the Weierstrass data (hg*,n;* dz). Then for

[NE]

F;44($7y> = ng(l‘,y) - ng(070)7

we can directly check that

~Cy ~

FS4($73J) OZFSZ(%y) )

cy= Co=—

[NE]
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implying that there is a deformation joining surfaces in Sheet 2 and Sheet 4.

3.4.4 Deformation to the timelike minimal Bonnet-type surface

with lightlike axial direction of second kind

Finally, we show that the timelike minimal Bonnet-type surface with lightlike axial direction
of second kind is also connected via a deformation to the immersed timelike catenoid with
spacelike axis. To do this, instead of recalculating the Weierstrass data from the normal
vector function, we take advantage of their respective Weierstrass data in Theorem [3.:21} and
consider

_ol/4,

és 1/4 % 2
hy (2) =& Ftjes, g (2) = e (3.44)

for ¢5 € [0,1]. Then it is easy to see that letting ¢5 = 0 gives the Weierstrass data for
immersed timelike catenoid with spacelike axis, while letting ¢5 = 1 gives the Weierstrass
data for timelike minimal Bonnet-type surface with lightlike axial direction of second kind.

Now we would like to see that the surfaces defined by ¢ € (0,1) are also timelike
minimal surfaces of Bonnet-type. To do this, recall that the choice of the paraholomorphic
1-form from the parameromorphic function decides the Hopf differential; therefore, a timelike
minimal surface is uniquely determined by its Lorentz conformal factor up to isometries of
the ambient space. Hence, by calculating the Lorentz conformal factor from (h]&;‘L2 , 77]63‘12 dz)
via , we find that the surfaces obtained for ¢5 € (0, 1) are timelike minimal Bonnet-type
surfaces with spacelike axial direction.

Using Remark (or by directly calculating), for Féi , (7, y) coming from Fact using

the Weierstrass data (h%”L2 (%), ngsm (2) dZ)7 if we define

0

ad : 1
FB5L2(£L',y) = FBi2($,y). -1 0 0 - <\/§7 07 0) )
0 0
then we have A )
F]_;Lg(x7y) N :FPl(x7y) .
Cs=0 C1=0

Summarizing, we arrive at the following result:

Theorem 3.36. There exists a continuous deformation consisting exactly of all timelike

minimal surfaces of Bonnet-type (see Figure and @)

Corollary 3.37 (Corollary to Theorem and Theorem |3.36)). There exists a continuous

deformation consisting exactly of all timelike Thomsen surfaces.

3.5 Singularities of timelike Thomsen surfaces

By Remark [3.14] we understand that timelike minimal surfaces of Bonnet-type admit singu-
larities, belonging to a class of surfaces called generalized timelike minimal surfaces. However,

since we have obtained the paraholomorphic 1-form 1 dz for all generalized timelike minimal
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Figure 3.7: Diagram of deformations connecting timelike minimal surfaces of Bonnet-type.

s

V/sid 4

Figure 3.8: Continuous deformation of timelike minimal surfaces of Bonnet-type.
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surfaces of Bonnet-type in Theorem [3:21] we can calculate that these surfaces are actually
minfaces, using [108, Proposition 2.7] (see also |3, Fact A.7]).

We now aim to investigate the types of singularities appearing on these surfaces. Since
the types of singularities of timelike catenoids and timelike Enneper-type surfaces have been
investigated in |68, Lemma 2.12] and [108] (see also [3, Example 4.5]), we focus on recognizing
the types of singularities on timelike minimal Bonnet-type surfaces.

Let S(F) == {(z,y) € R? : p(z,y) =0} = {(z,y) € R?: |h(x,y)|> = —1} be the singular
set. Then using the explicit solution of the metric function in Proposition [3.13] or the
explicit form of the function h of the Weierstrass data in Theorem [3.21] we understand that
the singular set becomes 1-dimensional. To recognize the types of singularities of timelike
minimal Bonnet-type surfaces, we refer to the following results from [108] (see also [120]
Theorem 3] and |3 Fact 4.1]), analogous results of [110] and [47].

Fact 3.38. Let F(x,y) : ¥ — R®! be a minface with Weierstrass data (h,n dz). Then, a

point p € ¥ is a singular point if and only if |h(p)|*> = —1. Furthermore, for
h. h
= U= —1,,
(0 H2n hsz

the image of F' around a singular point p is locally diffeomorphic to
e a cuspidal edge if and only if Rev # 0 and Sy # 0 at p, or
e a swallowtail if and only if » € R\ {0} and Re ¥ # 0 at p.

Using the Weierstrass data (h,ndz) of timelike minimal Bonnet-type surfaces from The-
orem [3.21] we directly calculate ¢ and ¥. Then using Fact [3.38] we arrive at the following

result.

Theorem 3.39. Let F'(x,y) be a timelike minimal Bonnet-type surface with the Weierstrass
data given in Theorem m Then, the image of F around a singular point p = (x,y) is
locally diffeomorphic to swallowtails (SW) only at the following points.

Surface  Points of SW

Brper (cos_l (£1),cos™! <:|: f21+1)> ; <Cos_1 (0),cos™! (:t éﬂ))
Cl Cl

Bty (O7 log (c2 + 1))
Br1 (0,1log 2)

Bs (0,1og (¢ + 1))
Brs None

Bro None

Moreover, the images of F' around singular points are locally diffeomorphic to cuspidal edges
everywhere else (see Figure .

Combined with the result in |3, |68} |L08], we obtain the following corollary.



Corollary 3.40. Let F(x,y) be a minface of Bonnet-type. If p is a singular point of F(x,y),
then the image of F' around the singular point p must be locally diffeomorphic to one of the

following: cuspidal edge, swallowtail or conelike (or shrinking) singularity.

Using the duality for singularities on timelike minimal surfaces and their conjugate
surfaces, proved in [68] and [108] (cf. [3| Fact A.12]), we finally obtain the following result:

Corollary 3.41 (Corollary to Theorem and Corollary [3.40). Any singular point on
a timelike Thomsen surface is locally diffeomorphic to one of the following: cuspidal edge,

swallowtail, cuspidal cross cap, conelike (or shrinking) singularity or fold singularity.

Remark 3.42. Note that in Figure the surface Bra defined over the domain C’ is
drawn; in fact, this surface can be extended to a lightlike line (drawn as a yellow line in
Figure as in the cases of catenoids with spacelike and lightlike axes (|45 [46]).

To see this explicitly, first note that the surface @ in Theorem is parametrized as

F(z,y) = (m + e Fsinhy, —y — % coshy, —z — (7" + %) sinh y) .
Putting o(z) = —x — § for § € R, we note that

lim F(x,sinh™ (e®o(z))) = (=7,0,7).

r——00
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Chapter 4

Discrete minimal surfaces with

symmetries

In the case of smooth minimal surfaces in Euclidean 3-space R®, the Schwarz reflection
principle has been used to good effect to extend minimal surfaces and study their global
behavior. The Schwarz reflection principle for minimal surfaces comes in two forms. One
states that if the minimal surface lies to one side of a plane and has a curvature-line boundary
lying in that plane and meeting it perpendicularly, then the surface extends smoothly by
reflection to the other side of the plane. The other states that if the minimal surface contains
a boundary line segment, then it can be smoothly extended across the line by including the
180 degree rotation of the surface about that line. When one of these two situations holds
on a minimal surface, the other one holds on the conjugate minimal surface.

By the nature of the Schwarz reflection principle, we expect that the surfaces constructed
will have relatively high degrees of symmetry. Such symmetry has been seen in numerous
works, see, for example, [32} |55] |56, |65H67), 97 (98] |106].

Such symmetry has also been exploited in the discrete case as well: for discrete S-
isothermic minimal nets, see, for example, |15} 22} [23]; for discrete isothermic constant mean
curvature nets, see, for example, [57].

In this chapter, we investigate how a similar reflection principle will work in the case of
discrete isothermic minimal nets and discrete asymptotic minimal nets. The benefit of this
is that it provides us a further tool for extending discrete minimal surfaces described locally
(which has been well investigated) to surfaces considered at a more global level (which has
not received as much attention yet). For example, we will construct the central part of a
discrete minimal trinoid, which can then be regarded as existing on a global level, since it is
not a simply connected surface, as it is topologically equivalent to the sphere minus three
disks. Like in the smooth case, we expect to see relatively high degrees of symmetry in the

surfaces we construct in this way.

66



4.1 Preliminaries

Let our domain be a Z? lattice with (m,n) € Z2, and let (ijkl) denote the vertices of an
elementary quadrilateral ((m,n),(m + 1,n), (m + 1,n + 1), (m,n + 1)). For simplicity, we
have chosen our domain to be Z?; however, the theory will hold true for subdomains of Z2.
If F is a discrete net F : Z? — R3, then we write F(m,n) = F,, ,, = F; over any elementary
quadrilateral, and let

dF,; == F; — F,.

A discrete net F is called a circular net if F;, F;, Fy, and F; are concircular, representing a

discrete notion of curvature line coordinates [90].

4.1.1 Discrete isothermic nets
First we recall from [17, Definition 4] how the cross ratio of four points in R?® are defined.

Definition 4.1. Let 21,...,24 € R3, and let R? be identified with the set of quaternions
H under the usual identification R?® > x; ~ X; € H. The pair of eigenvalues {q, g} of the

quaternion
(X1 — X2) (X2 — X3) (X3 — Xy)(Xy — X1) 7!

is called the cross ratio of x1,...,x4. In the case where x1, ..., x4 are concircular, ¢ = g € R,

and we write
Cr($1,$27$3,1’4) =dq.

Remark 4.2. It was further proved in |17, Lemma 1] that this cross ratio is invariant under

Mobius transformations.

Using this definition of cross ratios, discrete isothermic nets are defined as follows in [17]
Definition 6]:

Definition 4.3. A circular net F' is called a discrete isothermic net if on every elementary
quadrilateral (ijkl),

CI'(Fi,Fj,Fk,E) = % EIR<07

where a;; (resp. a;;) are edge-labeling scalar functions defined on unoriented edges; that is,
ai; =i, and  a; = aji (4.1)
on every elementary quadrilateral (ijkl). We call a;; and a; the cross ratio factorizing

functions.

It is shown in |17, Theorem 6] that, for any discrete net F, the discrete isothermicity of
F is equivalent to the existence of another discrete net F* such that
aij

| dF; (|2

a4l

dF}, = N
! | dFull?

dF;;, dFj dF;.

If such an F* exists, F* is called a Christoffel transformation of F, and (F*)* = F up to

scaling and translation in R3.
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4.1.2 Discrete Gaussian and mean curvatures

For any two parallel circular nets F' and G, i.e. F and G are both circular nets with parallel
corresponding edges, the mixed area of F’ and G is defined on every elementary quadrilateral

as
1
A(F, G)ijkl = Z((sFlk N 6Gjl + 0GiE N 5Fjl)

where §Fj;, := Fy, — F; and the exterior algebra A?R3(3 u A v) is identified with the Lie

algebra o(3), i.e. for any u,v,w € R?,
(uAhv)w = (u-w)v— (v -wu

for the usual inner product of z,y € R3 expressed as z -y. Note that A(F);jx = A(F, F)ijn
gives the area of the quadrilateral spanned by the image of F' over an elementary quadrilateral
(ijkl).

It is known through [74] that any circular net F has a parallel circular net N : Z2? —

S? C R3 taking values in the unit sphere. Such an N is called a discrete Gauss map of F.

Remark 4.4. If a discrete line bundle L : Z2 — {lines in R} is the normal bundle of F, i.e.
F;,F;+ N; € L;, then L constitutes a discrete line congruence in the sense of |36, Definition
2.1], as any two neighboring lines intersect. One can see that after a choice of one normal
direction at one vertex of F' (an initial condition), the line congruence condition and the
parallel mesh condition uniquely determine the normal bundle L over all vertices in the
domain, since any two neighboring normal lines must intersect at equal distance from the

vertices on the surface.

Furthermore, it is not difficult to see that the parallel net F* defined as F* := F 4+ tN
for some constant t is also a circular net parallel to F'. This allows us to consider the mixed
area of I' and F!, and recover the discrete version of the Steiner’s formula based on mixed
areas (see |95} [105]):

A(F")ijrt = A(F)ijht + 2LA(F, N)iji + 2 A(N)ijra
= (1 = 2tHyjps + t* Kijra) A(F ) ijnl

where H;jj; and Kjjj; are defined on each elementary quadrilateral as:

Definition 4.5. We call

A(F,N)iji
AF)ijw

A(N)ijm

Hoiy — — i SV 1710
ijkl A(F)zjk‘l

Kijr =

the mean and Gaussian curvatures of a circular net F with Gauss map V.

With the notion of mean curvature on any elementary quadrilateral (ijkl) available,
discrete isothermic minimal nets and discrete isothermic constant mean curvature (cmc) nets

can be defined as:

Definition 4.6. A circular net F is called a discrete isothermic minimal (resp. cmc) net if

H =0 (resp. H = ¢ # 0 for some non-zero constant ¢) on every elementary quadrilateral.
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4.1.3 Planar reflection principle for discrete isothermic minimal

and cmc nets

Since circular nets are a discrete analogue of curvature line coordinates, the following notion

is natural.

Definition 4.7. Let F : Z?> — R? be a circular net. A discrete space curve F, ,, (resp.
Fp,.n) depending on m (resp. n) for each ng € Z (resp. mgy € Z) is called a discrete

curvature line.

Without loss of generality, let ng € Z, and let F' be a discrete isothermic minimal or cmc
net, defined on the domain D := {(m,n) € Z*? : n < ng} with corresponding Gauss map
N. Suppose that the discrete curvature line F;, ,, is contained in a plane P, and further
suppose that the unit normal at each vertex (m, ng) is contained in the plane containing the
discrete curvature line, i.e. F, o + Npyono € P.

If we extend F' to the domain D := {(m,n) € Z? : n > no} by reflecting the vertices
across the plane P, then as mentioned in Remark [£.4] the unit normal N also gets uniquely
determined on the extended domain. The uniqueness of the unit normal and the symmetry
of the discrete net then forces the unit normal to be symmetric with respect to P as well,

giving us the following reflective property of minimal and cmc nets:

Proposition 4.8. Let F: D — R? be a discrete isothermic minimal (resp. cmc) net with
corresponding Gauss map N. Suppose that the discrete curvature line Fy, », and the normal
line congruence Ly, n, along this discrete curve lie in a plane P. Extending F to 7> = DUD
so that the extension is symmetric with respect to P results in a discrete minimal (resp. cmc)

net on Z2.

4.2 Reflection properties of discrete minimal nets

In this section, we take a closer look at the reflection properties of discrete minimal nets.

4.2.1 Discrete isothermic minimal nets

Exploiting the relationship between holomorphic functions on the complex plane and con-

formality, a definition of discrete holomorphic functions was given in [17, Definition 8] as:

Definition 4.9. A map g:Z%? — R? = C is called a discrete holomorphic function if

Qi
Cr(gi7gj7gk7gl) = ailj € IR<0

il
for some edge-labeling scalar functions a;; and a, i.e. satisfying the condition .
Using the facts that
e cross ratios are invariant under Md&bius transformations,
e a discrete isothermic net on the unit sphere corresponds to a discrete holomorphic

function on the complex plane via stereographic projection,
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e the Christoffel transform of a discrete minimal net is its own Gauss map, and
e the Christoffel transformation is involutive,

a Weierstrass representation for a discrete minimal net was given in |17, Theorem 9] as

follows:

Fact 4.10. For a discrete holomorphic function g with cross ratio factorizing functions a;;

and a;;, a discrete isothermic net F' defined via

1
dFi; = ai; Re ((1 =995, V=1(1 + gig;), 9; + gj)dg--)
)

1
dF; = a; Re ((1 — 9igi, V=114 gig1), g + gl)dg‘z)

becomes a discrete isothermic minimal net. Furthermore, any discrete isothermic minimal

net can be obtained via some discrete holomorphic function g.

4.2.2 Discrete asympotic minimal nets

In this section, we make use of shift notations:
= Fm,nv I = Fm-‘rl,n: Fi = Fm—l,na = F’m,n-{-la FQ = Fm,n—l-

Discrete asymptotic nets were defined as follows in several different contexts (see, for example
(19,102} [103} [118]):

Definition 4.11. A discrete net F : Z2 — R3 is a discrete asymptotic net if each vertex
and its neighboring four vertices are coplanar, i.e. F, Fy, Fi, Fo, F5 € Ppm.,n for some plane

Pm,n for each (m,n).

Following [19], we assume that the discrete asymptotic nets here are non-degenerate, i.e.
F;, Fj, F}, F; are non-planar.

For a discrete asymptotic net F', the Gauss map N is defined as the unit normal to the
tangent plane P, ,. Similar to discrete curvature lines, discrete asymptotic lines can be

defined as follows:

Definition 4.12. Let F : Z2 — R3 be a discrete asymptotic net. A discrete space curve
Frnng (resp. Fo, ) depending on m (resp. n) for each ng € Z (resp. mq € Z) is called a

discrete asymptotic line.

Recently, a representation of discrete asymptotic minimal net, where the minimality
comes via the edge-constraint condition, was given in [59, Definition 3.1, Theorem 3.14,
Lemma 3.17]:

Fact 4.13. For a discrete holomorphic function g with cross ratio factorizing functions a;;
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and a;;, a discrete asymptotic net F defined via

. )
dF;j = ai;j Re ((1 = 9i95, V=11 + gi95), 9: +9j)$
ij

= v—1
dFy = ay Re <(1 =99, V=11 + g9i91), 9 + 91) dgn
1
becomes a discrete asymptotic minimal net, in the sense of the discrete minimal edge-

constraint nets.

Remark 4.14. Tt was further shown in [59, Lemma 3.17] that F defined from a discrete
holomorphic function g via Fact shares the same unit normal as the discrete isothermic
minimal net F defined from the same g via Fact In such case, F is called the conjugate

discrete minimal net of F'.

4.2.3 Reflection properties of discrete minimal nets

To consider planar discrete space curves, it will be advantageous to use the following notation

to denote three consecutive edges:
dF = Fm+1,n - Fm,na dFy = Fm+2¢n — I'm+1,n, dFi = Fm,n - mel,n~

We first focus on circular nets: let F' be a circular net. Then we have the following lemma,

characterizing planar discrete curvature lines in terms of the Gauss map.

Lemma 4.15. A discrete curvature line on a circular net F is planar if and only if the

image of the Gauss map N along the curvature line is contained in a circle.

Proof. Without loss of generality, the planarity of a discrete curvature line is equivalent to
the condition
det(dF;,dF,dFy) =0

on any three consecutive edges. However, since F' and N are parallel meshes, the above
condition is equivalent to
det(dN7,dN,dN;) = 0.

Therefore, a discrete curvature line is planar if and only if the image of the Gauss map along

the curvature line is planar, i.e. contained in a circle. O O

Hence, by further requiring that the normal line congruence, i.e. the linear span of unit
normals placed on the vertices, along the planar curvature line is also included in the same

plane, we obtain the following corollary, also mentioned briefly in [22].

Corollary 4.16. The normal line congruence along a planar discrete curvature line is
contained in the same plane if and only if the image of the Gauss map along the curvature

line is contained in a great circle.
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Pm,mo
Figure 4.1: A discrete asymptotic net containing a straight line and its Gauss map.

Switching our focus to discrete asymptotic nets, now let F be a discrete asymptotic net.
Then we can prove the following lemma characterizing a discrete asymptotic line that is a

straight line (see also [22]).

Lemma 4.17. A discrete asymptotic line on a discrete asymptotic net Fisa straight line
if and only if the image of the Gauss map N along the discrete asymptotic line is contained

in a great circle.

Proof. To show one direction, suppose that a discrete asymptotic line Fm,no is a straight
line. Then the tangent planes Py, ,, at each vertex along F m,ne Must include this straight
line. Therefore, N, », must be contained in the plane perpendicular to the straight line, i.e.
the image of the Gauss map along the discrete asymptotic line is contained in a great circle.

To show the other direction, now suppose that IV, ,, is contained in a great circle, and let
Q denote the plane containing the great circle with a normal vector ¢. Then all the tangent
planes P, », must be perpendicular to Q. Hence, from the non-degeneracy condition, any
two consecutive tangent planes P and P; must intersect along a line parallel to the normal
vector 7. However, P and P; intersect along the edge dF, i.e. dF || ¥, and it follows that
F'pn.ny must be a straight line in the direction of 7. (See Figure ) O O

The fact that a discrete isothermic minimal net F' and its conjugate discrete asymptotic
minimal net F share the same Gauss map N, as mentioned in Remark immediately
yields the following corollary.

Corollary 4.18. The normal line congruence along a planar discrete curvature line on
a discrete isothermic minimal net F is contained in the same plane if and only if the
corresponding discrete asymptotic line on the conjugate discrete asymptotic minimal net F

is a straight line.

Now we prove a reflection principle for discrete asymptotic minimal nets. Recall that for
some ng € Z2, D and D were defined as D := {(m,n) € Z* : n < ng} and D := {(m,n) €
72 : n > ng}, respectively.

Theorem 4.19. Let ng € Z2, and F : D C 72 — R? be a discrete asymptotic minimal
net with corresponding Gauss map N. Suppose that the discrete asymptotic line meo s a

straight line (. Extending F to the domain Z2 = DU D so that the extension is symmetric

with respect to the line £, the extension is a discrete asymptotic minimal net on Z2.
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Proof. Let F : D — R? be the conjugate discrete isothermic minimal net. Then by Corollary
we have that the discrete curvature line F;,, 5, and the normal line congruence along the
curvature line are contained in the same plane Q;. Therefore, we may invoke Proposition [4.8
to reflect F across Q; so that F and N are now defined on Z2. Now, let F be the conjugate
discrete asymptotic minimal net of the extended discrete isothermic minimal net F', where
F ‘D agrees with the original F'. We now show that F is symmetric with respect to /.

Let Q3 be the plane such that Ny, ,,, € Qo for any m € Z; it follows that £ is perpendicular
to Qs. By construction, NV is symmetric with respect to the plane Qs.

Now, let T € SO(3) be a rotation around ¢ by 180 degrees, and consider F := TF. By
the definition of Gauss maps of discrete asymptotic nets, it must follow that one choice of
the Gauss map N of F be N = —TN. The fact that ¢ is perpendicular to Qs implies that
N m,n 1S symmetric to Ny, ,, with respect to the plane Q5. However, because N is symmetric
with respect to Q,, it follows that Ny, po+r = Nm,no_k. Since, F and F share the same

initial condition along ¢, we have Fm}nﬁk = Fm,no,k by Fact [4.13 O O

4.3 Examples of discrete minimal nets with symmetry

Let F : Z2 — R3 be a discrete isothermic minimal surface with Gauss map NN, and choose a
point (mg,ng) € Z*. Suppose that the discrete curves F, ,,, and Fy,, , and also the normal
line congruences along these curves, are contained in the planes P; and Ps, respectively.
Denote the quadrilateral (mg,ng), (mo + 1,n0), (mo + 1,n0 + 1), (mg, no + 1) by (ijkl), and
the image of this quadrilateral under F' by Fjjk.

Lemma 4.20. The angle between F;; and F;; and the angle between N;; and Ny are sup-

plementary angles.

Proof. Let Q1 and Qs be the planes cutting S? containing the discrete curves Ny, ,, and
Npo.m, respectively. Since F' and N are parallel meshes, the angle between P; and P
equals that between Q; and Q5. However, since by Christoffel duality, or the Weierstrass
representation, the orientations of F' and N are opposite, giving us the desired conclusion.

O O

Remark 4.21. Since stereographic projection is a Mdbius transformation, it preserves angles.
Therefore, to determine the angle between NN;; and N;;, one only needs to look at the angle

between the circles containing gm n, and gmqn.

Before looking at the examples, we comment on how to change the Weierstrass data of
a given smooth minimal surface so that it is parametrized with isothermic coordinates (see,
for example, |16, Section 2.3]). Let a (smooth) minimal surface X : ¥ ¢ R? =2 C — R3 be
represented by

X(2) = Re/(l = 9(2)*,V=1(1 + 9(2)*), 29(2)) f () d=

over a simply-connected domain ¥ on which g is meromorphic, while f and fg¢? are holo-
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Figure 4.2: A discrete higher order Enneper surface from a discrete power function and its
conjugate. The left-hand side is a discrete isothermic minimal net having planar symmetry;
the right-hand side is a discrete asymptotic minimal net having line symmetry. This figure
was drawn with k& = 3. (See also )

morphic. Then the coordinate w satisfying
(wz)2 = fg. (resp. (wz)2 =V _1fgz)v (42)

for w, = %—’;’, becomes an isothermic (resp. conformal asymptotic) coordinate of X, and X

can be represented as

X(w) = Re / (1 - g(w)?, VI + g(w)?), 29(w)) —— duw

Guw(w)

gw(w)

(resp. X(w) = Re/(l — g(w)*, V=11 + g(w)?), 2g(w)) dw).
Example 4.22. Recall that the well-known Enneper surface and higher order Enneper surfaces
can be represented via the Weierstrass data g(z) = z* and f(z) = 1 for k € N. Taking the
coordinate change as in (and applying a suitable homothety on the domain depending
on k), we obtain new Weierstrass data g(w) = W

Therefore, from the discrete power function z7 defined in (see also @ ), let g
be the discrete power function with v = kz—_fl Then, gm0 € R>g while gg,, is on the line
z = 7‘6\/?1% for r € R>¢. Hence, F,,, o and Fp ,, are on planes meeting at an angle kLH
Reflecting the surface iteratively with respect to these planes give us the discrete isothermic
analogue of higher order Enneper surfaces, and by considering its conjugate via Fact

we obtain a discrete asymptotic net with line symmetries (see Figure [4.2)).

Ezample 4.23. Planar Enneper surfaces (see, for example ) are examples of minimal
surfaces with planar ends. In particular, the planar Enneper surface with 2-fold symmetry
is given by the Weierstrass data g(z) = 2% and f(z) = ﬁ; hence, z is an isothermic
coordinate.

The discrete power function 23 following @, becomes immersed on the domain
D := {(m,n) € Z* : m > 0,n > 0} \ {(0,0)}, and g0 € R while gy, is on the line
2z = —rv/—1 for r € Ryq. Therefore, Fyn 0 and Fp , are on planes meeting at an angle 7, and

the resulting surface has 2-fold symmetry, and by considering its conjugate via Fact we
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Figure 4.3: Discrete planar Enneper surface with 2-fold symmetry from discrete power
function 22 and its conjugate. The left-hand side is a discrete isothermic minimal net having
planar symmetry; the right-hand side is a discrete asymptotic minimal net having line
symmetry.

W HR R

Figure 4.4: Images of smooth g(w) giving fundamental pieces of the minimal k-noids, drawn
for k = 3,4,5.

obtain an example of a discrete asymptotic net with line symmetries (see Figure [4.3)).

Ezample 4.24. The minimal k-noids (for k € N, k > 3) of Jorge-Meeks in are minimal
surfaces that are topologically equivalent to the sphere minus & disks with & catenoidal ends,
given by the Weierstrass data g(z) = 2*~! and f(2) = ﬁ Changing coordinates as in
(4.2) (and applying a suitable homothety on the domain depending on k), we obtain new

2k—2

Weierstrass data g(w) = (tanhw) ™% with isothermic coordinate w. Under such settings, a

fundamental piece of the minimal k-noid can be drawn over the region w € [0, co] x [O, %] C

R?2 = C over which g(w) has values
g(w) € Dy, == {z:re‘/jw:OgrSl,OSQS @}\{1}.

In fact, as also demonstrated in Figure [1.4]

r(w), if w € [0, 00] x {0}
g(w) = r(w)eV=TE T ifw e {0} x [0, 7]
eV=10(w) if we [0,00] x {F}.

To discretize g (numerically) over the domain {(m,n) € Z? : m > 0,0 < n < npax}, We

require that
—g (k-7
e goo=0and gop,,, =€ F ,

® gm0 € [0,1) is a strictly increasing sequence,

(0]



Figure 4.5: Numerical solution of discrete trinoid (k = 3) given with its discrete holomorphic
function satisfying the boundary conditions (with npax = 3).

Figure 4.6: Numerical solutions of discrete 4-noid and 5-noid given with their discrete
holomorphic functions satisfying the boundary conditions (with nya.x = 3).

kE—1)m . . . . .
V=17 where 1, € [0,1] is a strictly increasing finite sequence,

® Jon =Tne
® Umnmax = eV=10n where 6,, € (0, @_—;E] is a strictly decreasing sequence,
e the cross ratio of g over any elementary quadrilateral is equal to —1, and
® gmn € Dy for all (m,n) in the domain.

By the definition of g, we know that
e the planes containing F, o and Fp , meet at an angle 7, and

e the planes containing F, o and Fy,, meet at an angle 7,

Mmax

giving us a discrete analogue of minimal k-noids of Jorge-Meeks (see Figures [4.5] and [4.6)).

Example 4.25. By expanding on the idea of using the symmetry of k-noids as boundary
conditions for the holomorphic data, we can create other discrete minimal nets with symme-

tries. In this example, we create discrete minimal nets with symmetry groups of the Platonic
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Figure 4.7: Numerical solutions of discrete minimal nets with tetrahedral symmetry on the
left, and octahedral symmetry on the right.

solids . As in the k-noids examples, we can ascertain the boundary conditions from the
symmetries of the discrete minimal net by calculating the angles at which the great circles
meet (see, for example, [10]). Then, by finding discrete holomorphic functions satisfying the
given boundary conditions, we can obtain discrete minimal nets with symmetry groups of
the Platonic solids. Here, we show two numerical examples of discrete minimal nets with

such symmetries in Figure

Remark 4.26. One may notice that while most of the vertices on the examples have degree
4, i.e. 4 edges meet at the vertex, there are vertices with degree higher than 4. While
this may indicate the existence of a branch point on the Gauss map, we have avoided this
issue by assigning these vertices to be one of the “corner” points of the fundamental piece,
and treating the Gauss map as coming from a holomorphic function on a simply-connected
domain in the complex plane. In fact, on these vertices, the definition of discrete minimality
as in Definition 7] might not be directly applicable; however, the definition via Steiner’s
formula (as in Deﬁnition and Definition allows us to consider mean curvatures on

the faces around such points, and determine minimality at these points as well.
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Chapter 5

Spheres in Lorentz-Mobius

geometry

In this chapter, we introduce the basics of Lorentz-Mobius geometry, analogous to M&bius
geometry for 3-dimensional Riemannian spaceforms. The specific theory of Lorentz-Md&bius
geometry has been explored in |37} (38 /107, [113], where the spacelike surface and timelike
surface cases have been discussed separately. However, the work [24] suggests that one
can view isothermic surface theory in Lorentz-Mobius geometry uniformly regardless of the
signature of the metric induced on a surface. Lorentz-Md&bius geometry is an especially
good candidate for this, not only because it is an example of a symmetric R-space, but also
because one can treat both spacelike surfaces and timelike surfaces in this setting. This
chapter gives the preparatory materials to achieve this, and shows how both spacelike surfaces
and timelike surfaces can be treated as maps into the projective lightcone of 5-dimensional
pseudo-Riemannian space with signature (— + 4+ 4+ —). Most of the content in this chapter
is a Lorentzian analogue of the work done in excellent works such as |26} |52} [L00], and the

arguments are modeled after [27] [96].

5.1 Pentaspherical coordinates for Lorentzian spaceforms

In this chapter, let R*? denote the 5-dimensional pseudo-Riemannian space with signature
(= + + + —) and inner product (-, ), i.e. for X,V € R®2

(X,Y) = <<(5007$1,$2, 3,74)", (o, y17y2,y3,y4)t>> = —ToYo + T1Y1 + XT2Y2 + T3Ys — Taya,
and let £ denote the lightcone of R32, i.e.
L={XecR*?: (x,z) =0}
For some q,; € £, such that {q,,q,) = —~, define

M, = {X elL: <<.”L', qn» = _1}'
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Applying a suitable transformation A € SO(3,2), we may assume without loss of generality
that

1 1 !
= (0.0.0.500- D 5+ 1) (5.1)
Denoting R = R*! U {oo}, and for z,y € R?!, setting
z -y = (20,21, 72) - (Y0,Y1,Y2) = —ToYo + T1y1 + T2y2,

we have the following lemma.

Lemma 5.1. The map ¥ : R = M, defined by

) 2t
LA e ey ) IR A
1+x-x

s a bijection for any choice of k.

Proof. To see that ¢(z) € M,, we note that for x € R%!,

M>2<4x-x+(1—x~x)2—(1—|—x-x)2>

( 1
(
1 2
= — (4x~x+172z~x+x'm2—172x'xfx~z2)
1+ k(z-x)
0

while

(9(@),0) = 50—V~ 2) = 2(s+ 1A +2-2)

1
_m(ﬂ—ﬁ(mx)—1+m.x—n—/<;(x.x)_1_x.x)
1
:m(—’f(l‘-x)—l)

=—1.

Note that for x = 0o, we can take the appropriate limit to see that

and hence ¥ (00) € M.
To see that 1 is a bijection, we define ¢ : M, — R by

_ t o Yy
H(X) = o((y",y3,94)") = ———
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where y = (yo, y1, y2). Since (X, X)) = 0, we have
Yoy =yi—yi

while since (X, q,.) = —1,
Ys +ya + K(ys —ys3) = 2.

Using these relations, we calculate that

wo¢<X>:w( v )

Yo+ Y3
t
y
2 Yyat+ys
o 1 1— Y . Y
- y y Ya+ys Yatys
1+k .
Yatys  Yatys 1+ y . _Y
Yat+ys yatys
yt
2 Yya+ys
(ya +ys) (yatys)’—yy

2)2 . (ya+ysz)?
(Ya +ua)? +ry-y) | 0050,

(ya+ys)?

) 2(ys + y3)y*

= + 2 _ .
(ya+ys)* + 5y -y) (s y3)2 o
(ya+ys)’+y-y

2(ys + y3)y"

1
(Ya +y3)(ya +y3 + K(ys — y3)) (ya +ya)(ya +ys = (ya = y3)
(Ya +y3)(Ya +y3 + (Y1 — y3))
2y’ y'
1
=3 2y3 | = |y | = X.
2y, Y4
On the other hand,
) 2zt
poy(z) =09 71_'_&(‘%'@ l—z-x
l14+z-x
2x
1+k(z-x)
- l-z=x 1+z-x
1+k(z-x) + 1+7<L,(3:~x)
2z
= — =1z
2
Hence, ¥~ ! = ¢. O

This model of M, gives us two observations, which we explore in the following sections.
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5.1.1 3-dimensional Lorentzian spaceforms

Let S?! denote the de Sitter 3-space (with constant sectional curvature 1), i.e. for the

Minkowski 4-space R*!' with signature (— + 4+) and inner product {, ),
S = {zx e R3!: (z,2);, =1}
Writing o = (x¢, 71, 22, 23) € R, we have that = € S*! if and only if
—xf +a? + a3+ =1.
Therefore, we have that for X = (x¢, 21, 72,3, 1) € R32,
(X, X)=—-af+ai+a5+a53-1=0,

and
(X, a1) = ((x0, 71,22, 23,1)%,(0,0,0,0, 1)) = —1,

implying that X € M;. Therefore, there is a natural bijection between S>! and M;.
On the other hand, let H?! be the anti-de Sitter 3-space (with constant sectional curvature

—1), i.e. for a 4-dimensional pseudo-Euclidean space R?? with signature (— ++—) and inner

product ().
S = {a € R*?: (,),, = —1}.

Again, writing z = (9, 21, 22, 73) € R*»?, we have that z € H*! if and only if
—xg + 2 +ad—2i = 1.
Hence, for X = (zg, 21,72, 1,23) € R32,
(X, X) = —x%—l—xf—i—x%—i—l —x§ =0,

while
(X,q-1) = ((wo, 21,22, 1, 25)", (0,0,0,—1,0)")) = —1.

Therefore, we now have that X € M_;, and similarly, we have a natural bijection between
H2! and M_;.
For the Minkowski 3-space R%?! (with constant sectional curvature 0), choosing
o=(0,0,0,1,1)",

then we have a bijection between R?! and M via

1

Yo(x) =2x+0+ 5(230 - 22)q0

and

6o(X) = 45 (X) = 5 (X — 0+ (X.0)av)
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5.1.2 Stereographic projection

Recall that for the de Sitter 3-space S*!, one can define the following inverse stereographic
projection o1 from R via

o1 R — S* Cc R,
where

1

- 2z 1-z-2).
1+x-x(x’ x-T)

o1(z)
Similarly, for the anti-de Sitter 3-space H?!, we have the inverse stereographic projection
o_1:R — H>*' c R??

defined by

1

Define ¢ : R*»! — R32 by

¢1((z0, 21, 2, 3)) = (20,21, T2, 23, 1)",
and ¢_1 : R%»2 — R32 by

é_1((wo, 1,22, 23)) = (20,71, T2, 1, 23)".

Then we have ¢, o oy : R3 — R?? where

) 2zt
= | 1—zx- ,

d1001(2) l1+z-z v

l+z-x

while

) 22t

QS,IOU,l(.’E):m l—z-x

l1+z-x

Now, to calculate the metric induced on M,;, we let X (t) : (—e,€) — M, such that

Then we can calculate that

P+ k(z-2)dt — 2k(x - &)t

—(k+1)(z- %)
—(k—1)(z-x)

d . 1

R ()
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Therefore, the tangent space of M,, at X has the form

at + k(x - z)at — 26(x - a)zt

TxM, =< T, = —(k+1)(z-a) ta€Rp,
~(r—1)(x-a)
and we can calculate that 4
(Ta: To) = Thn@a) b. (5.2)

Therefore, the M, are the stereographic projections of Lorentzian 3-spaceforms with

non-zero sectional curvature, allowing us to see the following proposition.
Proposition 5.2 (cf. |96, Lemma 2.5]). M, has constant sectional curvature k.

Furthermore, all the variants of M, obtained for different values of x are all conformally
equivalent. Therefore, instead of viewing R%!, S>!, and H?! separately, we can projectivize
the lightcone and view the Lorentzian 3-spaceforms with constant sectional curvatures

uniformly.

Remark 5.3. Note that says that when x = 0, then the metric on M, is four times
the usual metric in R?!. The different metric is a result of our choice of normalization for
g This does not pose a problem, as the sectional curvature of R%! does not change under
similarity transformations.

However, to remedy this, from now on, we assume without loss of generality that qq =
(0,0,0,—1,1). Then

x
(1—z-x)|:2zeR??
14z 2)

My =

N[—= D=

Then for o = £(0,0,0,1,1),
1
Yolz) =z +0+ i(x-m)q

defines a bijection between R%! C R3? with inverse
$o(X) =X -0+ (X, 0)q.

Note that such a particular choice of 0 and g allows one to see the bijection more clearly,
as follows: We have that

(0,90) = {X € R*?: X =(0,0,0,a,b) for some a,b € R},

and hence
(0,q0)t = {X € R*?: X = (a,b,¢,0,0) for some a,b,c € R}.

Therefore, it is easy to see that g : (0, qo)" = R>! — M,.
However, one does not need to choose o and ¢ as given: Choosing any o,qo € £ such
that {o,qo) = —1, we note that
(0,q0) 2 RM,
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implying that
<0’ c|0>l = Rz’l'

Then the vy defined as above gives a bijection between (o0, q)* = R?! and M.

Now, for (qo) € P(L), there is no a € R such that aqg € My = R*!, since qp € £. (Recall
that X € My if and only if X € £ and (X, qo)) = —1.) This can also be seen from the fact
that for k = 0,

¥(o0) = (0,0,0,—1,1)" = qo.

Hence, the choice of ¢y determines which point in the projective light cone P(£) corresponds

to the point at infinity for R?!. Similarly, for x = 0, we see that
1
¥((0,0,0)) = 5(0,0,0,17 1) =o,

implying that the choice of o determines the point of origin for R%1.

5.2 Spheres in Lorentzian spaceforms

So far, we have seen that the points in Lorentzian spaceforms correspond to P(L£). In this

section, we see how the spheres in Lorentzian spaceforms are represented in R3:2.

5.2.1 Set of spheres

Let
S = (z,23,24)" € R»?\ {0}

for some z € R%!, and consider
S={YeM,:(SY)=0} (5.3)

Let Y € S, and for now, assume that x = 0, i.e. there is some y € R%! such that

1
Y=§(2y,1—y~y,1+y-y)t~

Then we have that

O:2<<87Y>> = <<(zaz37z4)t7(2y71_y'y71+y'y)t>>
=2y-2+z(l-y-y)-2ul+y-y)
=2y-z—y-y(z3+24) + 23 — 24.

Dividing both sides by 23 4+ z4 and rearranging the terms gives

2y -z z-z Z 2+ 25 — 23
y-y- + 2 = 2
zz3t+z1 (23 + 21) (23 + 2a1)
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or

(y— Z3i24> ' (y— zgj—,u) - (z<iiii>)2'

Therefore, S is the set of points on the sphere in R with center ¢ and radius 7, where

z and 7= Y5S) R (5.4)
z3 + 24 z3 + 24

Since we have seen that the different M,, are all conformally equivalent, which preserves
spheres, we see that the S are the spheres in 3-dimensional Lorentzian spaceforms.
Now note that

;(1—C'C+T2):1<1_ YA +ZZ+Z§_ZZ>: zZ3

2 (2’3 + 24)2 (Z3 + 2’4)2 23 + Z4’
while
1 1 z-z Z 2+ 23 — 23 Z4
“(I4+cec—rH)==(1+ - = .
2( ) 2 < (23 + Z4)2 (23 + 24)2 23+ 24
Since S has a scaling freedom, we may write
P ct
S=|z|=[s0-cc+r?)|, (5.5)
24 11l+c-c—r?)

and identify the set of such § as the set of spheres.

5.2.2 Types of spheres

Note that in (5.4]), the radius is r € RUR. When r € R (resp. r € iR), then for a point y

on the sphere, we have
(y—C)~(y—C) = a2 (resp, (y—c).(y_c) =—a2)

for some ¢ € R?>! and o € R. However, since

2 _(5.8)
(23 +24)%

one can deduce that the causality of S determines the type of spheres we obtain, as follows:
e if S is timelike ({(S,S) < 0), then S is a spacelike sphere,
e if S is spacelike ({(S,S) > 0), then S is a timelike sphere, and
e if S is lightlike ((S,S) = 0), then S is a lightlike sphere.

To see this more precisely, consider the curve Y (¢) on the sphere defined by S, i.e.

Y(t): (—€,¢) = S.
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Since we have (Y,Y)) = 0, we have that <<Y, Y>> = 0, and hence
Y/Y € (V) /(Y) =R

However, from the fact that Y € S, we also have that {Y,S) = 0, implying that <<Y, S >> =0.
Therefore,

Y/Y € (Y,S)1/(Y).
Finally, (Y, S})) = 0 implies that
e if S is timelike, then Y /Y € (Y, 8)L/(Y) = R?,
e if S is spacelike, then Y /Y € (Y, S8)*/(Y) = RY!, and
e if S is lightike, then Y /Y € (Y,S)*/(Y) = R0,
In summary, we have the following proposition:

Proposition 5.4. Let S € R*? be a non-zero vector, and let S be the sphere determined by
S via (5.3). Then the causality of S determines the type of metric induced on the sphere S.

Precisely,
o if S is timelike, then S is a spacelike sphere,
o if S is spacelike, then S is a timelike sphere, and

o if S is lightlike, then S is a lightlike sphere.

5.2.3 Planes in Minkowski 3-space in Lorentz-Mobius geometry

One way of viewing planes is to consider them as spheres of infinite radius. To do this, let
S € R?? determine a sphere with center ¢ = p + pn and non-zero radius r, where p € R such
that r2 = op? for an appropriate choice of o € {4-1}. Therefore, the point p € R*! is on the
sphere, and n is the vector (of squared norm +1) pointing from p towards the center ¢, i.e.
n is perpendicular to the tangent plane of the sphere at p. Under this setting, Proposition
tells us that n - n = 0. Remembering that S can have a freedom of scaling factor, we
write S as
) 2(p+ pn)*
S=o | 1=@+pn)-(p+pn)+op’
L+ (p+pn) - (p+pn) —op?
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Then,

2(p + pn)'
lim § = limi 1—p-p—2pp-n—p?n-n+op?
p—00 p—oo 2p P p2 p2
1+p-p+2pp-n+pn-n—op
) 2(p + pn)’*
im — | 1—-p.-p— .
pggon 1—p-p—2pp-n
1+p-p+20p-n
nt
= 7pn ::Pp,n'
p-n

Therefore, P, 5, determines a plane through the point p with normal n in Minkowski 3-space.

Another way to consider planes comes from the observation that planes are a notion
that is unique to 3-dimensional Lorentzian spaceform with vanishing sectional curvature.
Therefore, by choosing a point at infinity qo of My, one can view planes as spheres containing

the point at infinity. Let S determine a sphere S for which qg € S, telling us that
0={S,q0) = <<(n,n3,n4)t, (0,0,0, —%, %)» = —%ng - %n4,
so we have n3 = ny. Then Y € S if and only if
0=(S.Y)={(n,ns,na)",(p,5(L=p-p),5(1+p-p)') =n-p—ns.
Hence, S is a plane through the point p with normal n, and we can write
S=(n,—n-p,n-p)="Pyn.
Finally, since

<<Pp,n7 Pp,n» =n-n,

we see that Proposition still applies to planes; that is, the causality of P, , determines
the type of metric induced on the plane.

Since the type of metric induced on the tangent plane of a surface x depends on the
causality of the Gauss map n, it is natural to consider the causality of P, , at each point.
Let x(u,v) be a surface in some 3-dimensional Lorentzian spaceform with constant sectional

curvature k. Then one can lift z(u,v) into X (u,v) € M,, i.e.

) 22t

X = = —_ .
Y(x) 15 r ) l—z- -2
l+2x-z
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Then (5.2]) implies that

- 1+ k(z-x)

telling us that the metric induced on X is conformally equivalent to the metric induced on

z in the spaceform.
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