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1 Introduction

In this paper we consider a confluent family of Gauss hypergeometric differential equations and
that of hypergeometric differential equations associated with 2-dimensional Garnier systems.

The N-dimensional Garnier system is a Hamiltonian system with N variables obtained
through monodromy preserving deformations of second order differential equations on P! with
N + 3 regular singular points. In the case of N = 1, the system reduces to the sixth Painlevé
equation Pyr. It is known that the Gauss hypergeometric function gives a particular solution
of Pyr and in this sense the Gauss hypergeometric equation is associated with Py; and its
underlying monodromy preserving deformations of linear equations. Note that other members of
the family of the Gauss hypergeometric equations are obtained from the Gauss equation and Py
by the so-called confluence process. In the same manner a confluent family of hypergeometric
differential systems with two independent variables is obtained from the 2-dimensional Garnier
system according to the following diagram of degeneration;

/K(1,2,2) K(2,3)
K(1,1,1,1,1) —— K(1,1,1,2) >< >K(5)
\K(1,1,3) K(1,4)

Here K(1,1,1,1,1) designates the 2-dimensional Garnier system and, in general, the symbol
(#) = (r1,...,ry,) means that its underlying monodromy preserving deformation is concerned
with a linear equation with m singular points of Poincaré ranks r,—1, ..., 7, —1. In what follows
a hypergeometric differential system with two independent variables is called a hypergeometric
system of type (#) when it is associated with a confluent 2-dimensional Garnier system K (#).
In this article we consider a third order differential equation obtained from the hypergeometric
system of type (1,1,3), (2,3) and (1,4) by fixing the second variable x5 = ¢t. The first one is

1.1
- d? d? A . d -
{2t2h3— + (27 — 3% —— — (22 — 1? — 2X 000 — 2Ao01 — 4h)hd 2X 00,0 — 25} Y = 0.

da dax? dr

We call this equation the hypergeometric equation of type (1, 1,3). The second one is

(1.2) {4h3d—3 —2xh2d—2+2(5\00 —h)hi —t}w =0.
dz3 dx? dx
We call this equation the hypergeometric equation of type (2,3). The third one is
(1.3) {3h3d—3+2th2d—2+xhi—5\w}w:0.
dz? da? dx

We call this equation the hypergeometric equation of type (1,4). The purpose of this article is
to analyze a confluent family of Gauss hypergeometric differential equations and the hypergeo-
metric equations of type (1,1,3), (2,3) and (1,4) from two different points of view, that is, the
exact WKB analysis and the topological recursion.
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When we study a linear ordinary differential equation by using the exact WKB analysis,
the so-called Voros coefficients play an important role. The Voros coefficient is defined as a
contour integral of the logarithmic derivative of WKB solutions. Its importance in the global
study of solutions of differential equations has been already recognized by the work of Voros
([V1]). As a matter of fact, the Voros coefficient is a key ingredient for describing the Stokes
phenomena and the monodromy group of a Schrodinger equation. Moreover, the explicit form
of Voros coefficients enables us to analyze the parametric Stokes phenomena. The explicit form
of Voros coefficients is now known for the Weber equation, the Whittaker equation, the Kummer
equation, the Gauss hypergeometric equation, and the hypergeometric equation of type (1,4)
([SS, T1, KoT, ATT1, AT, AIT, IKo]). The Voros coefficient also plays an essentially important
role in discussing the relationship between the exact WKB analysis and cluster algebras ([IN]).

On the other hand, the topological recursion introduced by B. Eynard and N. Orantin
([EO1]) is a generalization of the loop equations that the correlation functions of the matrix
model satisfy. For a Riemann surface ¥ and meromorphic functions x and y on ¥, it produces
an infinite tower of meromorphic differentials Wy, (z1,. .., 2,) on X. A triplet (X, z,y) is called
a spectral curve and Wy, (21, ..., 2,) is called a correlation function. Moreover, for a spectral
curve, we can define free energies (also called symplectic invariants) F,. The topological recur-
sion attracts interests both of mathematicians and of physicists since the quantities produced
by this method are expected to encode information of various geometric or enumerative invari-
ants. The topological recursion is also closely related to integrable systems. For more details
see, e.g., the survey paper [EO3].

The theory of quantum curves, developed by many works including [GS, DM, BE2], is a
bridge between the topological recursion (or matrix models) and the WKB analysis. It claims
that, under a certain admissibility assumption ([BE2]), a generating function

1 vem e[ B (Wt ) = o e

of Eynard-Orantin’s correlation functions {W, (21, ..., 2,)}4>0n>1 defined by the topological
recursion ([EO1]) gives a WKB solution of a linear differential (or difference) equation whose
classical limit coincides with the initial spectral curve for the topological recursion. Interestingly
enough, the theory of quantum curves also suggests that the expansion coefficients of WKB
solutions may contain information about various enumerative invariants which the topological
recursion computes (see [E, EO2, EO3, Z] etc).

In previous works for quantum curves, the roles of the free energy and Voros coefficients or
their relationships are not discussed even though they are crucially important in the topological
recursion and the exact WKB analysis. For example, the following natural question is not
answered yet:

What quantity corresponds to the Voros coefficient in the topological recursion ?
In this paper we answer this question for all members of the confluent family of Gauss hyper-

geometric differential equations and for hypergeometric differential equations of type (1,1, 3),
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(2,3) and (1,4). That is, we show that the Voros coefficients are expressed as the difference
values of the free energy of the spectral curve corresponding to the classical limit of these
hypergeometric equations.
Let us formulate our result in a more specific manner for the Gauss curve
Moo’ — (Moo + Ao” = M)z + Ao®

(1.5) - YT =0

and the associated quantum curve (quantum Gauss curve) given in (3.113). We also set the
parameters vy = 1/6 (j € {0,1,00}) in the quantum Gauss curve (3.113) for simplicity.
Since the quantum Gauss curve has three singular points at x = 0,1,00 on P!, three Voros
coefficients V(A h) (A = (Ao, A1, As)) can be defined depending on the choice of singular
points j € {0,1,00} (see §4.1.1 for the precise definition). Having this in mind, we find the
following relation between the Voros coefficient and the free energy for the Gauss curve:

Theorem 1.1 (Theorem 4.1 (i)). The Voros coefficient V9 ()\; h) for the singular point j €
{0,1,00} of the quantum Gauss curve (3.113) and the free energy F(A) of the Gauss curve
(1.5) are related as follows:

1 O\ B) = F - sh) —F -3 h) = 2o
( 6) vV (A, h) ()\0 + 27)\17 )\ooa h) ()\0 2’)\1’ )\OO’ h) ha)\o’
B h 1 0F
1 OB = F — sh) —F -3 th) = -
( 7) 14 (A7 h) ()\0, )\1 + 27)\007 h> <)\07 )\1 27)\007 h) ha)\l’
i h 1 OF,
() (\: ) — ~n) - — i) - o
(18) \%4 (A; h) F (A07/\17AOO+ 27h) F ()\07)\17)\00 27h> hg)\oo

Note that a similar result holds for all examples in §3.2.5 and §3.3.2. For the proof we
employ case-by-case study without using the confluence diagram; this is because coalescence of
ramification points occurs and poles of Wy 1(z) appear in the confluence process and hence we
need more careful treatment to use the confluence diagram.

In the case of second order differential equations we also study quantizations without assum-
ing the “admissibility condition” of [BE2] to obtain the above result. This is done in Theorem
3.5. As the admissibility condition is always assumed in the work of [BE2] to study quantiza-
tions, this is an extension of [BE2]. We need this extension because the spectral curve (1.5) for
the Gauss hypergeometric differential equation does not satisfy the admissibility condition.

It should be noted that, although there exist several Voros coefficients for one differential
equation when it has several singular points (the Gauss hypergeometric equation is a typical
example), they are all described in terms of just one quantity, that is, the generating function
of the free energies. These results suggest that the free energy is a more fundamental object
that controls the Voros coefficients.

The above formula has several applications. Firstly, by combining the above relation and the
contiguity relations for hypergeometric equations (cf. §C), we can derive three-term difference
equations which the free energy satisfies (Theorem 4.1 (ii) and Theorem 4.9 (ii)). By solving
them, we obtain explicit forms of the free energies and those of the Voros coefficients as well
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(Theorem 4.1 (iii), (iv) and Theorem 4.9 (iii), (iv)). It is very intriguing that all the free
energies discussed in this paper are expressed in terms of the Bernoulli numbers. Consequently,
the Voros coefficients of the quantum curves are written in terms of the Bernoulli polynomials.
We note that the idea to use the contiguity relations to obtain the explicit form of Voros
coefficients is due to [T1].

Finally we note that the biggest difference between the case of second order differential
equations and third order differential equations is the existence of the parameter ¢ which comes
from the second variable. To obtain explicit forms of the free energies and those of the Voros
coefficients in the case of third order equations, we have thus to determine the dependence on
the parameter ¢. This is done in Theorem 4.12 in §4.2.2.

The paper is organized as follows: In §2 we recall some fundamental facts about the exact
WKB analysis and Eynard-Orantin’s topological recursion. In §3 we study quantization of
the spectral curve. We consider second order differential equations in §3.2 and third order
differential equations in §3.3. One of our main results is Theorem 3.5 in §3.2, which gives
quantizations without assuming the admissibility condition in the case when the spectral curve
is described by P(x,y) = 0 with a polynomial P(z,y) of degree 2 in y. In §4 we state our main
theorem for the confluent family of Gauss hypergeometric differential equations (Theorem 4.1
in §4.1) and for hypergeometric differential equations of type (1,1,3), (2,3) and (1,4) (Theorem
4.9 in §4.2).
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encouragements. The author also thanks Professors Takashi Aoki, Sampei Hirose, Shingo
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2 Voros coefficients and topological recursion

In this section we briefly recall some basic facts about the exact WKB analysis, and Eynard-
Orantin’s theory. See [KT] and [EO1] (or [EO3]) respectively for the details of them.

2.1 WKB type formal solution
2.1.1 In the case of second order differential equations

We first recall some basic facts about the exact WKB analysis for second order ordinary differ-
ential equations with a small parameter A # 0 of the form

d? d
(2.1) {hZ@ + q(z, h)h% + r(z, h)} Y =0,



where x € C and
(2.2) q(z,h) = qo(x) + har (x), r(w,h) = ro(w) + hry(x) + hPra(x)

with rational functions g¢;(z) and r;(x) (j = 0,1, 2). We consider (2.1) as a differential equation
on the Riemann sphere P! with regular or irregular singular points. A WKB type solution of
(2.1) is a (formal) solution of (2.1) of the form

(23) o) = exp | () + fole) + hfo(o) +

A typical way of constructing WKB type solutions is the following: The logarithmic derivative
S(z, h) of solutions of (2.1) satisfies the Riccati equation

(2.4) R? (dd S(x,h) 4+ S(z, h) ) + hq(z, h)S(z,h) + r(x, k) = 0.
x
Eq. (2.4) admits a solution of the form

(2.5) S(z,h) = i tS_y(2) + So(x) + hSy (x Z A S (

m=—1

In fact, by substituting (2.5) into (2.4), and equating like powers of both sides with respect to
h, we obtain

(2.6) S% 4 qo(2)S_1 +ro(z) =0,

(2.7) (25-1 4 qo(2)) So + qu(2)S—1 + i (x) + dj; =0,

(2.8) (25—1 + QO(I))S1 + 83 + qu(2) S + ro () + % =0,

and

(2.9) (25_1 4 qo(2)) Smy1 + i Sm—;iSj + qi(x)Sm + % =0 (m>1).
=0 L

Eq. (2.6) has two solutions, and once we fix one of them, we can determine S, for m > 0
uniquely and recursively by (2.7) — (2.9). Thus we obtain two WKB type solutions of the form

(2.10) (2, B) = exp (/ S(, h)da:) |

Here the integral of S(x, k) is defined as the term-wise integral.
Let Disc(x) be the discriminant of (2.6), i.e

(2.11) Disc(z) := {qo(x } — dro(z) = {y,(2) y_(x)}Q.

Here y. () are two solutions of y*+ qo(z)y +7o(z) = 0. A point a € C is called a turning point
of (2.1) if it satisfies Disc(a) = 0. If it is a simple zero, we say it is a simple turning point.
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A simple pole a € C of Disc(x) is called a simple-pole type turning point (cf. [Ko2]). We also

call co € P! is a turning point (resp., simple-pole type turning point) if X = 0 is a zero (resp.,

simple-pole) of Disc(1/X)/X* (i.e. if X = 0 is a turning point (resp., simple-pole type turning

point) of the differential equation obtained by the coordinate change X = 1/z from (2.1)).
Turning points and Stokes curves, which is defined by

(2.12) Im /x v/ Disc(z)dx = 0,

where a is a turning point or a simple-pole type turning point, play a central role in the exact
WKB analysis. They are used to describe the region where Borel summability of WKB type
solutions holds, and to give connection formulas among the Borel sum of WKB type solutions
(see [KT, Section 2]). Although we do not discuss analytic properties of WKB type solutions
in this paper, turning points and Stokes curves are still useful to visualize a path of integration
for Voros coefficients.

The so-called SL-form of a second order linear differential equation, i.e., a second order
equation with no first order terms, is more convenient when we apply the exact WKB analysis
to it (the word “SL” comes from the fact that the monodromy matrices of the equation of
SL-form belong to SL(2,C)). A gauge transformation

(2.13) = oxp (% /xq(x, h)dx) W

of the unknown function ¢ makes (2.1) into the SL-form:

(2.14) {h?d—Q— (:E,h)}go:(),

dx?
where
(2.15)
0
Qe h) o= e, B = vl )+ 5ho (.
h dqo h? 2 dq,
— %qo(:p)Q —ro(z) + B (qo(:p)ql(x) —2ry(z) + %) + y (ql(x) + 2% — 47“2(90)) )

Note that the leading term of the potential Q(z, k) is Disc(z)/4.

2.1.2 In the case of third order differential equations
In this paper we also discuss third order ordinary differential equations with a small parameter

h# 0.

(2.16) h3d3+ ()h2d2+( h)hd+( h) =0
' dx3 P dx? AT dx " 7

where we assume that the functions p(z), ¢(x, h) = qo(x) + hg1 (z) and r(z, h) = ro(z) + hri(x)
are polynomials in & with coefficients being rational functions in x. We consider (2.16) as a

8



differential equation on the Riemann sphere P! with regular or irregular singular points. For
(2.16) we can construct a formal solution, called a WKB solution, of the form

(2.17) () = exp { / ’ sw,mm} .

The logarithmic derivative S(z, ) of WKB solutions of (2.16) satisfies the equation

3 d2 d 3 2 d 2
(218) (ﬁs (o, 1) + 35w, W) 325w, ) + S, ) > + pla)h (@S@’ B) + (2, 1) )

+hq(z, h)S(x, h) + r(x,h) = 0.

Eq. (2.18) is a counterpart of the Riccati equation in the second-order case and admits a
solution of the form

(2.19) S(z, h) = i tS_y(z) + So(x) + hS (= Z A S (

In fact, by substituting (2.19) into (2.18), and equating like powers of both sides with respect
to h, we obtain

(2.20) S3 4 p(x)S? | + qo(2)S_1 + ro(x) = 0,

9 dS_; dS_q
(221) (35_1 + 2]?(1‘)5_1 + QQ(ZE)) S() + 35_ dr ( ) dr ( )S_l —+ 7"1<J]) = 0,

and
(2.22) (35_12 + 2p(£13)5_1 + QO(x)) Sma1 + Z S; S S+ 3 Z S 15 + 35, 5
" . mes dr
i+j+k=m—1 7=0
1,7,k>0
dS,,  d*S,_1 _ dSp,
+35_; T T + p(x) ;Sijj + p(x )d— + @ (2)S,m =0 (m > 0).

Eq. (2.20) has three solutions, and once we fix one of them, we can determine S, for m > 0
uniquely and recursively by (2.21) and (2.22).

Remark 2.1. In general, WKB solutions don’t converge. However, they are Borel summable
under suitable conditions.

2.2 Voros coefficients

A Voros coefficient is defined as a properly regularized integral of S(z, i) along a path connecting
singular points of (2.1) or (2.16). We assume that S,,(z) with m > 1 is integrable at any singular
point of (2.1) and (2.16). In this situation we can define Voros coefficients by

(223) V., (h) = / (S(z, ) = K718 1(x) — So))dz = 3 A" / S,u(2)dz,

by,b m=1 Vby,bg



where v, », is a path from a singular point b; to a singular point b,. Note that Voros coefficients
only depend on the class [y, 5,] of paths in the relative homology group

(2.24) H; (P"\ {Turning points}, {Singular points};Z).

Such an integration contour (or a relative homology class) can be understood as a lift of path
on z-plane onto the Riemann surface of S_;(z) (i.e., two sheeted covering of z-plane in the case
of (2.1), and three sheeted covering of z-plane in the case of (2.16)) after drawing branch cuts
and distinguishing the first, second and third sheets of the Riemann surface.

Remark 2.2 (JKT]). By applying the WKB analysis, the monodromy group of Schrédinger equa-
tions (2.1) can be computed explicitly. This explicit computation verifies that the monodromy
group is described in terms of the characteristic exponents at regular singular points and the
contour integrals §, S(z, h)dz (o € (2.24)). In particular these contour integrals provide the
global data necessary for the description of the monodromy group. These contour integrals can
be expressed as the sum of Voros coefficients. Therefore, the Voros coefficient is an important
object in the theory of differential equations in a complex domain.

Remark 2.3. The Voros coefficient also enables us to analyze the parametric Stokes phe-
nomenon. The parametric Stokes phenomenon is a Stokes phenomenon which occurs when
the parameter like A; in the Gauss hypergeometric differential equation varies. The formula
describing the parametric Stokes phenomenon plays an important role also in establishing the
relationship between the exact WKB analysis and the cluster algebra ([IN]). In particular, the
Borel sum of exp(V,) (a € (2.24)) expresses the cluster variable.

2.3 Topological recursion

A starting point of Eynard-Orantin’s theory ([EO1]) is a spectral curve. Because we will not
discuss the general case in this paper, we restrict ourselves to the case when a spectral curve is
of genus 0 (see [EO1] for the general definition; see also Remark 2.11 (ii) below).

Definition 2.4. A spectral curve (of genus 0) is a pair (z(z),y(z)) of non-constant rational
functions on P!, such that their exterior differentials dz and dy never vanish simultaneously.

Let R be the set of ramification points of x(z), i.e., R consists of zeros of dz(z) of any
order and poles of z(z) whose orders are greater than or equal to two (here we consider = as a
branched covering map from P! to itself). We further assume that

(A1) A function field C(z(2),y(2)) coincides with C(z).

(A2) If r is a ramification point which is a pole of z(z), and if Y (z) = —z(2)?y(2) is holomorphic
near 7, then dY (r) # 0.

(A3) All of the ramification points of z(z) are simple, i.e., the ramification index of each
ramification point is two.
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(A4) We assume branch points are all distinct, where a branch point is defined as the image
of a ramification point by z(z).

Because of the assumption (A1), we can find an irreducible polynomial P(z,y) € C[z,y| for
which P(z(z),y(z)) = 0 holds for any z. Hence (z(z),y(z)) becomes a regular meromorphic
parametrization in the sense of [SWP, §4] of the plane curve C := {(z,y) € C | P(z,y) = 0}.
We also call this curve C a spectral curve if there is no fear of confusions.

In the assumption (A2), note that the transformation (z,y) — (X,Y) := (1/x, —2%y)
satisfies ydr = YdX (hence it is symplectic), and that r is a ramification point of X (z). This
assumption ensures that Eynard-Orantin’s correlation function Wy, (21,22, - ,2,) becomes
symmetric in their variables. (See Theorem 2.12 below.) In this assumption we also allow the
case when y(z) has a pole at a ramification point.

The assumption (A3) is equivalent to saying that any zero of dx(z) is simple, and that
the order of any pole of x(z) is less than or equal to two. From this assumption, for each
r € R, there exists a neighborhood U of r such that 7! (x(z)) N U consists of only two points
for z € U\ {r}. Let 27 (z(2)) N U = {z,Z}. Then, we define a map - : U\ {r} — P!,
called a conjugate map, by z — Z. This conjugate map is characterized by the following three
conditions:

(2.25) (a) Z# zif 2 # 1, (b) z(z) = z(2), (¢) imz =r.

Z—T

The conjugate map can be extended to U as a holomorphic map: if r € C is a zero of dz(z),

and x(z) = 1o + x2(2 — )% + 23(2 — 7)> + - -+ with a nonzero z,, then
L2

near . If r € C is a pole of z(2), and z(2) = (2 — r)"*{zo + z1(z — r) + - - - } with a nonzero
xg, then

(2.27) Z:r—(z—r)—l—i—;(z—r)Q—i—u-

The assumption (A4) will be imposed for variational formulas of [EO1, §5]; see also §2.5.
We need to introduce some notation to define the topological recursion.

Definition 2.5. We introduce
(2.28) T(2) = 7r*1(7r(z)), 7(2) =7(2) \ {z}.

7(2) is an analytic map that takes a point p € P! to the set of preimages (with multiplicity) of
the inverse image of its projection with respect to the branched covering 7 : P! — P!,

Definition 2.6. For two finite sets A, B, let A Cy Bif A C B and |A| = k.
Definition 2.7. Let S(t) be the set of set partitions of an ensemble ¢t = {t1,..., ¢}

Then, we define the recursive structure:

11



Definition 2.8 ([BE2, Definition 3.4]). Let {W,,} be an arbitrary collection of symmetric
multidifferential on (P')" with ¢ > 0 and n > 1. Let k > 1, t = {t1,...,t;} and z =
{z1,...,2n}. Then, we define

! W)

(2.29) ROWya(tiz):= > > > LT Wt Crais i)

MES( ) i‘(:‘ul)‘]’b_z Zi(l"l)g g+l( ) k =1

The first summation in (2.29) is over set partitions of ¢, [(x) is the number of subsets in the
set partition p. The third summation in (2.29) is over all [(u)-tuple of non-negative integers
(91, -, giuy) such that Zi(:“f gi = g+ l(p) — k. U denotes the disjoint union, and the prime
" on the summation symbol in (2.29) means that we exclude terms for (g;, |p:| + |Ji|) = (0, 1)
(t=1,...,1(p)) (so that Wy, does not appear) in the sum. We also define

(230) R(O)Wg7n+1(Z) = 970(57%0,
where 9; ; is the Kronecker delta symbol.

We now define the topological recursion.

Definition 2.9 ([BE2, Definition 3.6]). Eynard-Orantin’s correlation function Wy ,(z1, - - , z)
for g > 0 and n > 1 is defined as a meromorphic multidifferential on (P!)" using the recurrence
relation

(2.31)  Wyna(z0, 21, 5 Zn)

B(¢, 20)
SR Do WR W, a2, B, )
reR k=1 ﬂ(Z)CkT Z

for 2g +n > 2 with initial conditions
dzodzy

(20— 21)*

(232) W071(20) = y(ZO)ddf(Zo)7 W()’Q(ZO, Zl) = B(Z[), Zl) =

Here we set W, ,, = 0 for a negative g and

k

(2.33) E®(zt,.. . t) = [ [(Woul(z) — Wou(t:)).

i=1
The second and third summations in (2.31) together mean that we are summing over all subsets
of 7/(2). « is an arbitrary base point on P!, but it can be checked (see [BE1]) that the definition
is actually independent of the choice of base point a. We have also used the multi-index
notation: fOF[:{il,--- alm}c{172a 7”} with i < <- <Zma - (2217"' 7Zim)‘

Note that this recursion was called “global topological recursion” in [BE1]. It was shown in
[BE1, §3.4] that it is indeed equivalent to the following usual local formulation of the topological
recursion when the ramification points are all simple.

12



Definition 2.10 ([EO1, Definition 4.2]). Eynard-Orantin’s correlation function W, (21, - - , 2,)
for g > 0 and n > 1 is defined as a meromorphic multidifferential on (P!)" using the recurrence
relation (called Eynard-Orantin’s topological recursion)

(234) Wg,nJrl(an 21y 72n) = Z lj,_e? Kr(207 Z) ngl,n+2(zaza 21y 7Zn)
reR
/

+ § , Wg17\11|+1(27 z11>Wg27\I2|+1<27 212)
gi+g92=9g
IluIQZ{LQ,m,TL}

for 2g +n > 2 with initial conditions

dzodz
(235) W071(Zo) = ’y(ZO)dZL’(Z())7 WO72(ZO,Z1) = B(ZQ,Zl) = 0—12
(20 — 21)
Here we set W, ,, = 0 for a negative g,
(2.36) Koz, 2) - ! /  Blzo, 0)
. r\<0, = — 05
2(y(2) —y(2))dz(2) Je=s

is a recursion kernel defined near a ramification point r € R, U denotes the disjoint union,
and the prime ' on the summation symbol in (2.34) means that we exclude terms for (gi, 1) =
(0,0) and (g2,12) = (0,0) (so that Wy, does not appear) in the sum. We have also used
the multi-index notation: for I = {iy, -+ i} C {1,2,--- ;n} with i1 < ia < -+ < ipp,

zr = (Zigy 5 Zigy)-
Some remarks are necessary here:

Remark 2.11. (i) Eq. (2.31) and (2.34) becomes a recurrence relation with respect to 2g +n.

(i) In general setting formulated by [EO1], a spectral curve is defined as a triplet (X, z,y) of
compact Riemann surface ¥ together with its Torelli marking, and meromorphic functions
z,y on . When X has genus > 1, B(z,2;) is replaced by the fundamental bilinear
differential (also called the Bergman kernel in the literature) of the second kind with
respect to the Torelli marking.

(iii) Eynard and Orantin defined R as a set of zeros of dz(z) in [EO1], and they call an element
of R a branch point. As far as we know, it is [BE2] which pointed out that poles of z(z) of
order two or more also play the same role as zeros of dx(z) in the topological recursion. In
this paper we use this modified version. See also [BHLMR, BE1], where higher multiple
zero of dx(z) is studied.

Theorem 2.12. Under the assumptions (A1) — (A3), we obtain
(1) Won(z1, -, 2) is a symmetric meromorphic multidifferential.

(ii) Only singular points of Wy, (21, ,2,) for 29 +n > 2 (i.e., (g,n) # (0,1),(0,2)) with
respect to each variable are ramification points. They are poles with no residue.

13



If we further assume that the degree of x(z) is two, then

(iii) The following relation holds for 2g +n > 2:

dx(z)dz(z2)
(z(21) — 2(22))*

See [EO1, Theorem 4.6], [EO1, Theorem 4.2] and [EO1, Theorem4.4] respectively for the
proof. (Although the original paper [EO1]| does not include higher order poles of z(z) to the

(2.37) Wyn(z1, s 2n) + Won(Z1, -+, 2n) = 040002

set of ramification points, the proof can be given in the same way.)

It turns out that, ramification points given as higher order poles of x(z) sometimes do
not contribute to the topological recursion; namely, the correlation functions W, (21, ..., z,)
may be holomorphic at such ramification points for each variable z; (i = 1,...,n) except for
(g,m) = (0,1), and the residue at those points in (2.34) may become zero. This happens for
examples which will be considered in this paper. Therefore we introduce the following notion.

Definition 2.13. A ramification point r is said to be ineffective if the correlation functions
Wyn(z1, ..., 2,) for (g,n) # (0, 1) are holomorphic at z; = r foreach i = 1,...,n. A ramification
point which is not ineffective is called effective. The set of effective ramification points is denoted
by R* (C R).

The following properties of ineffective ramification points are important in this paper.
Proposition 2.14. Under the assumptions (A1) — (A3), we obtain the following:

(i) Let r be a ramification point. Then, r is an ineffective ramification point if and only if
(y(2) — y(Z))dz(z) has a pole at .

(ii) If r € R is an ineffective ramification point, then the residue at r in (2.34) is zero.

The proof will be given in §B (cf. Propositions B.1 and B.4). The property (i) above implies
that an ineffective ramification point often appears as a double pole of x(z).

These properties (Theorem 2.12 and Proposition 2.14) of the correlation functions are fun-
damental, and we often use them without any reference.

Remark 2.15 (cf. [BE1], [BE2, Remark 3.10]). Correlation functions also satisfy (2.34), where
K, (29, z) is now replaced by

1

with any divisor D(z) = [2] = 327", v;[B;] with 8; € P!\ R* and v; € C satisfying > ", v; = 1.

(See §A for the definition of the integral with a divisor.)

(2.38) Kp,(z20,2) ==

14



2.4 Free energy through the topological recursion

The g-th free energy F, (¢ > 0) is a complex number defined for the spectral curve, and one of
the most important objects in Eynard-Orantin’s theory. It is also called a symplectic invariant
since it is “almost” invariant under symplectic transformations of spectral curves (see [EO4]
for the details).

Definition 2.16 ([EO1, Definition 4.3]). The g-th free energy Fj, is defined by

(2.39) T S Res [PWn()] (022

where ®(z) is a primitive of y(z)dz(z). The free energies Fyy and Fj for ¢ = 0 and 1 are also
defined, but in a different manner (see [EO1, §4.2.2 and §4.2.3] for the definition).

Note that the right-hand side of (2.39) does not depend on the choice of the primitive
because W, 1 has no residue at each ramification point (see Theorem 2.12 (ii)).
In applications (and in our article), the generating series

(2.40) F =Y h97F,
g=0

of F},’s is crucially important. We also call the generating series (2.40) the free energy of the
spectral curve.

2.5 Variational formulas for the correlation functions

In this article we will consider a family of spectral curves parametrized by complex parameters.
For our purpose, we briefly recall the variational formulas obtained by [EO1, §5] which describe
the differentiation of the correlation functions W, ,, and the free energies F, with respect to the
parameters.

Suppose that we have given a family (z.(z),y.(z)) of spectral curves parametrized by a
complex parameter € which lies on a certain domain U C C such that

e 7.(2),y:(z) depend holomorphically on € € U.
o 1.(z),y-(z) satisfy the assumptions (A1) — (A4) for any € € U.

e The cardinality of the set R. of ramification points of z.(z) is constant on ¢ € U (i.e.
ramification points of z.(z) are distinct for any ¢ € U).

Then, the correlation functions W, ,,(z1,. .., z,;€) and the g-th free energy Fj(e) defined from
the spectral curve (z.(z),y-(z)) are holomorphicin e € U as long as z; ¢ R foranyi=1,...,n.

In order to formulate a variational formula for correlation functions, we need to introduce
the notion of “differentiation with fixed #”. For a meromorphic differential w(z; ) on P!, which
depends on ¢ holomorphically, define

0

(2.41) dew(z;€) := (%w(za(x);e)) (z ¢ R.),

r=x(2)
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where z.(z) is (any branch of) the inverse function of x = z.(z) which is defined away from
branchpoints (i.e. points in z.(R.)). In [EO1] the notation dg w(z; 5)‘x(z) is used for d.w(z;e)
defined above. Such differentiation d, can be generalized to multidifferentials in an obvious
way. Then, under these assumptions, the variational formula is formulated as follows.

Theorem 2.17 ([EO1, Theorem 5.1]). In addition to the above conditions, for any e € U, we
further assume that

o Ifr. € R. is a zero of dz.(z), then the functions dx./0s and Oy./0e are holomorphic (as
functions of z) at ro, and dy.(z) does not vanish (as a differential of z) at r..

o [fr. € R. is a pole of x.(z) with an order greater than or equal to two, then
0.(2) B(21,2) B(29, 2)

dy-(2)dx.(z)
is holomorphic (as a differential in z) at r(€), where
0ye Oz,
A4 = — .
(242) 0.(2) = () da(z) — () dy(2)

e There exist a path v in P! passing through no ramification point and a function A.(z)
holomorphic in a neighborhood of v for which the following holds.

(2.43) 0.(2) = /C _MOBEO)

Then, Wy ,(21,...,205€) and Fy(e) defined from the spectral curve (z.(2),y.(z)) satisfy the
following relations:

(i) For2g+mn>2,
(244) 55 Wg,n(zla Tty Ry 5) = / AE(C) Wg,n-‘rl(zla Ct o, Ry C; 6)
cey

holds on € € U as long as each of z1,- -+ , z, satisfies z; ¢ R..

(ii) For g >1,
(2.45) %(5} = /vAg(z) Wy1(z;¢€)

holds on e € U.

See [EO1, §5.1] (based on the Rauch’s variation formula; see [KK1] for example) for the
proof. We note that, since we modify the definition of the topological recursion by adding
higher order poles of z(z) as ramification point, we also need to require the second condition
in the above claim.

In examples discussed in §3.2.5 ; we will use the variational formula in a situation that
A:(z) = A is a constant function (which is also independent of the parameter ¢). In that case,
applying the above formulas iteratively, we have

O"F,
(246) 9 ng(€) :An/ / Wg,n(Cla"' 7Cn;5)'
€ Gey Cn€Y
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3 Quantization of spectral curves

3.1 The WKB type formal series from the topological recursion

With correlation functions W, ,, (21, - - - , z,) of a spectral curve (z(z), y(z)) we associate a formal
series defined by

(3.1)

| B 1 1 ~dx(G) da(G)
pla )= e Ll /C1€D(z;l/) Woala) + 2! /CleD(z;V) /CzeD(z;V) (WO’Q(Q’ @) (z(G) — x(@))z)

= 1
+ hm _/ / W,n(Cla"'an) 5
; Z nl ¢1€D(zv) ¢nE€ED(25v) !

2g+n—2=m
920,n>1
where
(3.2) D(zv) =[] = > vslf]

peB

is a divisor on P! with a finite set B C P'\ R* and v = (v3)gep which is a tuple of complex
numbers satisfying » 5 575 = 1 (see §A, for the integral with a divisor). Precisely speaking,
the above integrals of Wy, and Wy, are not well-defined when 8 € B is a singular point of
these differentials. In the situation, we define these integrals through a certain regularization
technique (e.g., method used in Remark 4.4). We do not consider the regularization in detail
because only their z-derivatives are important in the following discussion (in particular, in the
proof of Theorem 3.5).

Note that the quantization by using the divisor with the parameter v was first introduced
by [BE2]. This ¢(z; v, h) has the same form as WKB type solutions (2.17), and it is known that
Y(x; v, h) = ¢(z(x); v, h) for some class of spectral curves with some specified divisors D(z, v)
satisfies a linear ordinary differential equation, where z(z) is an inverse function of x(z). Such
a linear ordinary differential equation is called a quantum curve of a spectral curve in question.

A typical example of a quantization is the Airy curve

(3.3) z(z)=2% yz)==z (z € PV

(so that P(z(z),y(z)) = 0 with P(z,y) = y* — x). In this case we choose D = [z] — [o0], and
the corresponding quantum curve is the Airy equation

,
.4 [ —
(3.4) {h = x}z/; =0
(IGS, Z], see also [EO1], [EO3]). Another example is

(3.5) r(2) = 2% y(z)=1/z (z € PY
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called Bessel curve in [DN]. In this case P(z(z),y(z)) = 0 with P(z,y) = zy* — 1, and the
corresponding quantum curve is obtained in [DN]:

d2
(3.6) {h?@—%}w_o.

A systematic study of a quantization is done in [BE2], and explicit forms of quantum curves
are given for spectral curves satisfying the admissibility assumption ([BE2, Definition 2.7]). The
spectral curve (1.5) of the Gauss hypergeometric equation in the SL-form, however, does not
satisfy the admissibility condition. In the next subsection we study quantizations without the
admissibility condition, while we restrict ourselves to the case when the degree of a polynomial
P(z,y) with respect to y is two.

3.2 In the case of second order differential equations

In this subsection we study quantizations without the admissibility condition, while we restrict
ourselves to the case when the degree of a polynomial P(z,y) with respect to y is two.
To be more precise, we assume the following conditions in addition to (A1) — (A4):

(AQ1) The rational functions (x(z), y(z)) satisty P(z(z),y(z)) = 0 with an irreducible polyno-
mial P(z,y) = po(x)y* + p1(2)y + p2(z) € Clz, y|, where py(x) is a nonzero polynomial.

(AQ2) The differential (y(z) — y(z))dz(z) does not vanish on P!\ R.

By the assumption (AQ1), the conjugate map is now a rational map defined globally. Hence
the assumption (AQ2) makes sense. We also note that y(z) and y(Z) are two solutions of
P(z(z),y) = 0. These solutions are distinct when z ¢ R.

Remark 3.1. The assumption (AQ2) ensures that two solutions y(z) and y(z) of P(z(z),y) =0
merge to each other only at ramification points. An example of a spectral curve which does
not satify (AQ2) is

(3.7) Pz,y)=y* —2* — 2%, w(2)=—-1+2% y(z)=2(*-1).

Because R = {0,000} and z = —z, we have y(1) = y(1) = 0, whereas z = 1 is not a ramification
point of z(z). Thus (AQ2) is violated. At (z(2),y(2))|.=1 = (0,0), a curve defined by {(z,y) |
P(z,y) = 0} has a normal crossing. Hence the point z(1) = 0 should become a double turning
point of its quantum curve (if it exists). As illustrated by this example, (AQ2) excludes multiple
turning points. A quantum curve with a double turning point is discussed in [IS]|, where the
infinitely many A-correction terms appear in the quantum curve. It was also shown in [IS] that
the correction terms are related to asymptotic expansion of Painlevé transcendents.
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3.2.1 An index of the defining polynomials

To state assumptions for the divisor D(z;v) in (3.1), we introduce an index at xy € P! by

ordg, Qo(z) (o # 00),

(3.8) p(xo; P) = {Ord Q(oo)(:lj') (20 = o0)

for a polynomial P(z,y) = po(x)y* + p1(x)y + p2(x) € Cla,y], where
(39) Q)= (B) 2 Q) = a1/

4 \ po(7) po()

Here ord,, g(x) for a rational function g(x) is defined as an integer p for which
(3.10) 9(33):(ﬂf—xo)p(COﬂLCl(ﬂf—on)+“')a co #0

holds as the Laurent expansion of g(z) at x.

Remark 3.2. (i) This index p(zo; P) is related to the type of singularities of the quantum
curve. We have expected that the leading term with respect to h of the quantum curve
is given by the second order differential operator . := (po(x))~*P(z, h(d/dx)), where we
use the normal ordering with respect to = and hi(d/dz). Then Qo(z) is the leading term
with respect to A of the potential of the SL-form of .Z (cf. (3.152)). It is well-known that

(a) xp € P! is a regular singular point of the SL-form of £ iff p(zo; P) = —1, —2.
(xo with p(zg; P) = —1 is a simple-pole type turning point in the WKB analysis, we
we have mentioned in §2.1.)

(b) z € P! is an irregular singular point of the SL-form of £ iff p(zo; P) < —3.

(ii) Our index p(zo; P) remains invariant under a symplectic transformation of the form

(x,y) — (X,Y) = (z,y + g(x)) for some function g(x), or, a gauge transformation
L e—fg(:r)dw o %o efg(x)dm.

Proposition 3.3 ([IKoT, Proposition 3.3]). We assume (A1) — (A4), (AQ1) and (AQ2). Then,
for o € P,

1
x —plx(a); P aéR),
(3.11) ord, [<y<z>_y(g))d_(z)}: So(@(@)iP) (@ g R)
pz(a); P)+1 (o€ R).

Proof. Because y(z) and y(Z) are two solutions of P(z(z),y) = 0, we have

(3.12) (y(z) — gV = {(p“””)) —47’2(”}‘ — 4Qu(a(2)).
r=x(2)

po(z) po()

Hence if « is a regular point of z(z), we have

1 1

(3.13) ord, [y(z) —y(z)] = 5 ordy(a) Qo(x) = 5,0(:0(04); P).
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If v is a pole of z(z), we utilize a transformation

(3.14) X(z) = %Z) Y(2) = —a(2)%(2).
By this transformation, we have
(3.15) (y(2) = y(2)da(z) = (Y(2) = Y(2))dX (2).

Furthermore Y (z) and Y (%) are two solutions of P(>)(X,Y) = 0, where

(3.16) PNXY)=P(1/X,—X%Y) = X*po(1/X)Y? — X% (1/X)Y + ps(1/X).
Hence

2 1 p(1/X)\*  pa(1/X) _40(>®
(3.17) {Y(2)-Y(2)} = i { (m) — 4p0<1/X)} e = 4QP (X (2)).
Thus
(3.18) ord, [Y(2) = Y(2)] = %ordo QY (z) = %p(x(a); p).

Now we divide the proof into four cases.

(a) a ¢ R and « is a regular point of z(z): In this case ord,[dz/dz] = 0 follows, and hence

(319)  ord, [<y<z> - y<z>>%<z>] = orda [y(2) ~ y(2)] *2 Sp(a(a); P).

(b) a ¢ R and « is a simple pole of x(z): Since « is a regular point of X (z) with X (a) =0
and X'(a) # 0, we obtain

320 oy [6) —u@) )| L o, |06 - Y @) C)
= ord, [Y(2) = Y(2)]
o %p(:v(a); P).
(¢) @ € R and « is a simple zero of dz(z): In this case
(3.21) ord, [2(2) —2(a)] =2 and  ord, [%(z)} =1
hold. Hence
ord, [(4(2) ~ ¥(2)) 2 ()] = L pla(a): P) x (ordofer(2) — 2(a)]) +1



(d) @ € R and « is a double pole of z(z): Since

(3.22) ord, [X(2) — X(a)] =2 and ord, {%(z)] =1,

we have

(3.23) ord, | (y(z) — y(E))d—m(Z)] = ord, [(Y(z) — Y(E))d—X(z)}

Remark 3.4. 1t follows from Proposition 3.3 that, if » € R satisfies p(x(r); P) < —2, then r is
an ineffective ramification point (cf. Proposition 2.14).
3.2.2 Quantum curves

In order to give our theorem in a clear form, we introduce
(3.24) Sing(P) := {b € P | p(b; P) < -2}, Sing,(P) := {b € P | p(b; P) = -2}
for a polynomial P(z,y) = po(z)y*+pi(z)y+p2(z) € Clz,y]. We also use the following symbols:

(3.25) Az) = y(z) —y(2),
26) Cp = E{:eﬁsA(z)dx(z).

Theorem 3.5 ([IKoT, Theorem 3.5]). We assume (A1) - (A4), (AQ1) and (AQ2). Let

(3.27) D(zv) = [z] = > vp[B]

BeB

be a divisor on P, where B := x~'(Sing(P)), and v = (vs)sep s a tuple of complexr numbers
satisfying

(3.28) > =1
BeEB
Then,
(3.29) (s v, ) = p(z(x); v, h),

where z(x) denotes an inverse function of x(z) and ¢(z, h) is defined by (3.1) with the integration
divisor (3.27), is a WKB type formal solution of Py =0, where P is defined by

. d d
B2
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with

(3.31)

q(z,h) = qo(x) + ha1(z), 7(z,h) = ro(x) + hry(z) + hPry ()

whose leading terms are respectively given by

7) = pi() () = pa(7)

and their lower order terms are determined by

: _A(F) vs+vg
e -y F

peB

(334) (=) = %()%i ot %x’<z>qo<x<z>>ql<:c<z>> + %A(z% e

, Vﬁ%
(3.35) 2'(2)re(x ﬁ; Gy o
Here we set By := 7 1(Sing,(P)).

We call the equation f’@/} = 0 given by Theorem 3.5 a quantum curve of the spectral curve.

Remark 3.6. (i) The set B may contain the infinity. In Theorem 3.5, we use the convention

(i)

(i)

(iv)

that if 8 € B is the infinity, 1/(z — §) in ¢, 1 and rq is zero. In what follows, we use
this convention.

It follows from Proposition 3.3 that

(3.36) B = the set of poles of A(z)dz(z),
(3.37) By = the set of simple poles of A(z)dz(z).

Hence, Cp # 0 for 5 € By.

The set B may contain ramification points; this happens in examples treated in this paper.
It follows, however, from the definition of Sing(P) and Remark 3.4 that ramification points
contained in B are ineffective. Hence, W, ,’s are holomorphic there, and hence, the formal
series (3.1) is well-defined. Note also that, since Sing(P) and Sing,(P) are defined in terms
of order of Qu(x) or Q. (), they are closed by the conjugate map; that is, if 5 € B (resp.
B € By), then B € B (resp. B € By).

It is not obvious that ¢, (), r1(z) and o (x) defined by (3.33) — (3.35) are rational functions
in x. But for the examples which will be considered in §3.2.5, ¢;(z), ri(x) and ry(x)
become rational functions in z.

Because the degree of x(z) is two by our assumption (AQ1), we have two inverse functions
of z(z). By Theorem 3.5, we can construct two WKB type formal solutions from these
two inverse functions, and they form a basis of the space of formal solutions of Py = 0.
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3.2.3 Preparations for the proof

Our proof of Theorem 3.5 is based on “diagonal specialization” which allows us to relate the
topological recursion (2.34) to the recursive relations (2.6)—(2.9) satisfied by the coefficients of
WKB solution ([DM]; see also [BE2, IS]). In this subsection we prepare several statements for
the proof.

In the remaining part of this section we denote D(z;v) by D(z) for simplicity. We also
assume (Al) — (A4), (AQ1) and (AQ2) as we have assumed in Theorem 3.5.

Let us define

. . . d
Ty (2) + To(2) + W11 (2) + - - := ——log p(z; 1, ),

(3.38) T(z,h) = -

that is,

A 1
(339) T(Z, h)dZ = ﬁWO,l(Z) + /CED(Z) (W()’Q(Z, C) — (

e 1
+ B / / W,n(Z,Cb"' ,qu)
mz=1 Z (n—1)! ¢1€D(2) (n—1€D(2) I

2g+n—2=m
g>20,n>1

Then, in order to prove Theorem 3.5, it is enough to show that T(z, h) satisfies the Riccati
equation associated with P after a change of variable x = z(z). Comparing the coefficients, we
have

(Wo(2) (m=-1),

_dz(z)dz(Q) o
(3.40) Ty ()dz = /<GD<Z>{W“’2(Z’O <x<z>—z<c>>2} (m =0),

where

Wy1(20) (n=1),

(3.41)  Ggn(20, 21, s 2p1) i=
/clemzl) /cnlemznl) WonlGo: o) (=22
for 2g+n > 2. Note that G, (20, 21, - - , 2n—1) is @ meromorphic differential (1-form) in the first
variable zp, and is a meromorphic functions (0-form) in the remaining variables 2z, - , 2, 1.
We will derive a recurrence relation satisfied by T by using several properties (especially the
topological recursion (2.34)) of W, ,,.
For the later convenience, we set Gy, = W, , = 0 for either ¢ <0 or n <0.

Proposition 3.7 ([IKoT, Proposition 3.7]).
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(1) Ggn(zo, 21, ,2n-1) for 2g+n > 3 is holomorphic in each variable on P*\ (R*U B). All
singular points of them are poles.
) dZO.

Proof. Because only singularities of Wy, for 2g + n > 3 are poles whose residues vanish, we
obtain (i). By a straightforward computation using Wy 2 (20, 21) = B(20, 21) = dzod21/ (20— 21)?,

(ii) For (g,n) = (0,2),

1 Vg
3.42 Go2(20,21) = —
842 o= (-T2

we can prove (ii). O

Proposition 3.8 ([IKoT, Proposition 3.8)).

(i) Goo(Z0,21) = <Zo iz_l — Z zoy—ﬁ B) dzp.

BeB

(ii) For2g+n >3,
(343) Gg,n(z_0> 21yt 7Zn71) = _Gg,n<207 21,0 ;anl)-

Proof. By Theorem 2.12 (iii), we have

dx(z9)dx(z1)

(2(z0) — (21))*

Because W), is symmetric in its variables, we also have

(3.44) Wo.a(z0, 21) + Wo2(Z0, 21) =

_ dx(zo)dx(z1)
3.45 W, W, = :
( ) 0.2(20, 21) + Wo2(20, 21) ((20) — (1))’
From these two relations, we have
(3.46) Wo2(20, 21) = Wo2(Z0, 21)-
Thus
(3.47) Go2(Zo, 21) 2/ Wo2(Z0,C1) =/ Wo.2(20,C1)
G1€D(21) G1€D(21)
2 dg ) (/Zl d&y )
= v ———— | dz = % ——— | dz
% ’ (/ﬁ (Zo - C1)2 BXEJ:B g B (ZO - 51)2
1 1 1
= y/3< — — _) dZOZ ( _—Z Vﬁ_) dZo.
sep 20—21 29— 20 — 21 ﬁGBZO—,B
The relation (ii) is a direct consequence of Theorem 2.12 (iii). O
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We now state two propositions which give recurrence relations of {G,,}. These relations
play key roles in the proof of Theorem 3.5.

Proposition 3.9 ([IKoT, Proposition 3.9]). We have

B(Z(]?Z_O)

(3.48) G1a20) = ) do(eo)

and

(349) G0,3(207 <1, 22)

_ o Go2(Zo, 22) B Go2(Z1, 22) Go2(20,21)Go2(Z1, 22)
= Goal, 1){A(zo)d:)s(z0) A(zl)das(zl)}+ A(z)dz (=)
Go2(Zo, 21) B Go2(Z2, 21) Go2(%0, 22)Go2(Z2, 21)
+ Goa(z0,22) {A(zo)d:c(zo) A(z)dz(z) } A(z)dz(z)

- Z %F{Go,z(zo,ﬁ) — Goa(z0, ) }-

BeBy

Proposition 3.10 ([IKoT, Proposition 3.10]). For 2g +n > 3 we have

1
(3.50)  Gyny1(z0,21) = —/ / Wy—1,n+2(20, 20, Cr)
ot A(20)dr(20) Jeyep(ar) ceDiey LT

- Gon(Z, 215y)  Gonl(F, 21ni5)
I Gosl(z0, 2 9, iy)  Ggn\Zj j
2 Goal I Bt~ R

- zn: {GOQ(Z_"’ 2)Cynlz0. 210) | Goa(#0, %) Gy (3 21\5) }
j=1 A<Zo)d‘r(20) A(Z])dﬂf(zj)
1 R—
+ m Z G917\1—1|+1(207211)G927\]2|+1(20,212),

g91+92=9,

LUuls=I,
2g1+|11|>2,
2g2+|12|>2

where I = {1,2,--+ ,n}.
Proof of Proposition 3.9. It follows from the topological recursion (2.34) for (g,n) = (1,0) that

Go,2(20,§)

WWO,Z (57 5)

(351) Gl,l(zO) = ]?_GS |:

re

holds (cf. Proposition 2.14 (ii)).Here we remind the readers that the set R* consists of the
effective ramification points in the sense of Definition 2.13. Because, under the assumption
(AQ2), the singular points of the integrand are contained in R* U {2}, the residue theorem
gives

~ Woa(20, %)

(3.52) Gralzo) = — Res | S0200 8 gy e )] Aleo)di ()

¢=z0 [A(§)dx(E)

25



Here we have used (3.42) to compute the residue. Similarly, it follows from the topological
recursion (2.34) for (g,n) = (0,2) that

(3.53) Gos(20, 21, 22) = Z Res [90.3(2; 20, 21, 22)],
TGR*

where
(3-54) 90,3(5;2’0, 21, 22) = KD(g) 20,& {GOQ 5751)G0 2(5, 22) + Gy 2(§>22)G0 2(5, 21)}

Go2(20,§)
— W{GOQ €,21)Go2(&, 22) + Go2(&, 22)Goa(E, 21) }-

Since go,3(&; 20, 21, 22) is holomorphic in € except for points in R* U B U {z, 21, 71, 22, 22}, the
residue theorem gives

(3.55)  Gog(zo0,21,22) = — Z 133? [903(&; 20, 21, 22)] ZReﬁs 90,3(&; 20, 21, 22) ] -
re{zo,21,21,22,22 } B BeB
By Proposition 3.8, we find that go3(&; 20, 21, 22) has simple poles at zg, 21, Z1, 22, 22, and its
residues are given respectively by
g{es [90,3(5; 205 21, Zz)]
=20

1

= —m{Gog(zo, Zl)Go,Q(ZO, 22) + Go,2(20, Z1)G0,2(ZO> 22)};

Res [go 3(&;5 20, 21, 22 ] + Res [go 3(&; 2’072172’2)}

)
_ Go 2(20, 21)Go 2(21,22) Go,2(20,21)G0,2(Z_1, 22)
A(z1)dz (1) A(z)dz(z1)

Res [905(&; 20, 21, 22)] +Res [90.5(&; 20, 21, 22)]

_ ~ Gopa(20, 22)Go 2(22,21) Go2(20,72)Go2(Z2, 21)

A(z)dx(z2) A(z2)dr(2,)

Next we compute the residue at § € B. By Proposition 3.7 (ii) and Proposition 3.8 (i), we
have the Laurent expansion as

Goz(€, 21)Gos(E, 25) = % (1+0(& — 8))(de)?

near £ = 3 (note that 3 € B since B is closed by the conjugate map; see Remark 3.6 (iii)).
Hence, if A(§)dz(€) has a double or higher order pole at £ = /3, then

Go,z(»?, ﬁ)Go,z(f, 2’1)G0,2(57 22)
A(&)dx ()

is holomorphic at £ = f and its residue is zero. If A(§)dz(£) has a simple pole at 3, i.e., if
p € By (cf. Remark 3.6 (ii)), then

(3.56)

(3.56) — ngGo,g(z, ) (g—L@ n 0(1)) it
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when £ — (. Hence we obtain

0 (8 & By),

(3.57) R%[

Goa(2,€)Goa(€,21)Goa(é, 22)} _
£=

A(&)dx(€)

%Tﬁﬂam (B € By).

Then, the desired equality (3.49) follows from

Vslg Vglg —
(3.58) Z gﬁ Gop(z,B) = Z gﬁﬁGog(z’,ﬁ)
BEB1 BEB1

(cf. Remark 3.6 (iii)) and

(3.59) Cz= I;{esA( 2)dx(z) = Reg;A( Z)dx(Z) = — E{:egA(z)da:(z) =—-Cs (B €B).

This completes the proof. O

Proof of Proposition 3.10. The topological recursion gives

(3.60) Goni1(20,21) = ) Res [f1(& 20, 21) + f2(&: 20, 21) + f3(&5 20, 21)] -
TER*
Here
G (ZO7§> s
(361) f (f, 20, Z[ A )dx g) /‘IED(Z1 AnED(Zn) ngl,nJrQ(Ea 57 CI)?
Goo _ _
(3.62)  f2(&; 20, 21) A )(;;’ ?) {Gog £, 2))Gyn(&, 2ngy) + Gog(&, 25)Ggnlé, Z[\{j})}u
7j=1
aQ : " 3
(3-63) f3(§; 20, ZI) A(();;;;é; gﬁzg;:g’ Gg1,|11\+1(f, Zh)ng,lIzHl(S? 2’12)>
LUI=1

where Y7 in f3(€; 2, zr) means that we take the sum for
(364) 291 + |]1| > 2 and 292 + |]2| > 2.

Because f1(&; 20, 21) and f3(&; 20, z7) are holomorphic except for R* U {zy}, the residue the-
orem gives

(365) Z Res f1 5, 20, ZI) =+ f3<£, 20, ZI)]
reR*
IS S
A(z0)dz(20) Jeyen(ay) ¢n€D(zn) g7 LnE2RE0: 200N
1 " B
* m Z Ggl’|11|+1(zo’ 211>G927|I2\+1(20’ ZI2)-
i
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Although Go2(&, #;) has a simple pole at £ = 8 € B, f2(&; 20, 21) is holomorphic at £ = 3
because A(€)dx(€) has a pole at 3 (cf. Remark 3.6 (ii)). It is also holomorphic near ¢ = 3 with
B € B. Hence the singular points of f5(§; 29, z7) are contained in R* U {z} U{z;,7Z;}}_,. Then,
by the residue theorem we obtain

(366) Z RGS f2 6720721)

TGR*
n

1
 A(z0)d(20) ; {Goa(20,2)Can(0, 2n1) + Coa (30 2) (20, 210(31) §

~ Goalio. ) Coslo )
= A(Zj)dl‘(zj)Gg n(Z]aZI\{J} + Z A(Z])dx(zJ)Gg’”(z]’ZI\{J})'

Here the first term comes from the residue at zj, the second term from the residue at z;, and
the third term from the residue at Z;. In computing the residue at z;, we have used the relation

AF)da(5) = —A(z)da(z). 0
Let us consider the diagonal specialization of Gy ,,. For the purpose, we define
1
3.67 H,,(2) = — G (20,21, , Zn— :
(3.67) gn(2) (n—1)! @ (20, 21 Zn-1) s 1

This is a meromorphic differential in z.

Proposition 3.11 ([IKoT, Proposition 3.11]).

B9 Hia) = 3o
8 GO’Q(Z_O, Z) GO Q(Z,E)GO 2(5, Z)
(360)  Hialz) = 5 <_A<Zo)x/(20)) T ARG
- Z 2501/: (Go,z(%ﬁ) - G0,2(27B)) )
BeB1
1 0 0 g—1,n+2 Zo, y "t ,Z)
(3.70) Hgpii(z) = AR [E)zHg 1nt2(2) — o ( +n+ 0 ) ZO:Z]
_i ; 2) — 1 i GQ"(Z0727 -,Z)
dz (A(z)x’(z)) Hyn(2) A(z)2!(z) 0z ( (n—1)! ) oz
GOQ(_, ) GOQ(Z Z)
T AGw Hon2)
Z Hgl n1+1 92 n2+1(z) (29 +n = 3)'
ﬁﬁi
2_¢]2-‘r712_227

Here and in what follows, we use the following convention: For a meromorphic differential
f(2)dz, its z-derivative means



Proof. Because Go2(z;, 2) is singular along z; = zj, we need a careful treatment for the terms
which contain it. For example, the first term in the right-hand side of (3.49) becomes

(3.71)

. Go2(Zo, 22) B Go2 (71, 22)
i (Gvateo ) (SE2 ~ A

d
= lim {( = + (holomorphic along zy = 21)) X <

20,21,22 % 20 — 21
. i GO,2 (z_Oa Z)
0z0 \ A(z0)x'(20)
after the diagonal specialization. In the same manner, we can compute the third term in the

right-hand side of (3.49), and obtain the same result. This proves (3.69). We use the same
computation to obtain (3.70) together with Theorem 2.12 (iii) and the relation

1 W— n 7_7
(3.72) d—/ / g-1, +2'(Z Z, (1)
l'(Z) C1€D(z) ¢n€D(2) n!
= _L/ / Wo—1n+2(2, 2, Cr)
dx(z) Jeen(s) (neD(2) n!

- 1 B 0 0 Gg—l,n+2(ZOaz7"' 72)
=70 { aZHg_1,n+2( z) + 2 < (n+ 1)

Goa(20,22)  GoalZi, 22) ﬂ
A(zg)dx(z0)  A(z1)dx(z1)

20=2

20=2 }

Proposition 3.12 ([IKoT, Proposition 3.12]).

(3.73)  Ty(2)dz = —Goa(Z, 2),

3.74)  Ty(z) = —m‘%@) _ % <m) To(2)
_BezBl ’;%”;Gw )dZGo,z(Z,ﬁ)7
(8.75) Tha(2) = — 5 (z)lx’(z) dj:m (2) - % (m) [n(2)
- R 0~ 3 Ry ) (2

Proof. Tt follows from the definition (3.40) of T},(z) and Theorem 2.12 (iii) that

Thus we obtain (3.73).
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We may write T, for m > 1 as

(3.76) T (2)dz = Z H, . (2).

Then, by using Proposition 3.11, we find

(3.77) Ty(2)dz = Hys(z) + Hy1(2)
_ i Go2(Zo, 2)
9z <A(Zo) ’(20)>
W() 2(2,7)

_ Z 20 GOQ(Z' ﬁ) GO,Q(Z,B)) + W

BeB1

2(%,2)

Goz(z,7)Go
A(z)d ()

_|_

20=%

Because
dz

21=2

0 (Goalz, )

WOQ(Z, 5) = Woyg (E, Z) 82
1

holds, we conclude that

(3.78) Ty(2)dz = —

Then, the equality (3.74) follows from this equality together with (3.73).
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Similarly, for m > 1, (3.40) gives

(379)  Tpa(2)dz= Y Hya(z)= > Hyu(2)

2g+n—2=m+1, 2g+n—2=m,
9>0,n>1 9>0,n>0

1 0
= Ao |, 2 Heme(w)

2g+n—2=m,
920,n>0

Gy1nia(z0,2, - ,2 Gon(z0,2,- -+ , 2
. g—1.m+2(20 )+ 3 (20 )

29+n—2=m, (n + 1)' 2g+n—2=m, (TL - 1)'
g>0,n>0 9>0,n>0 s
d 1 ; Go2(Z, 2) — Goa(2,2) -
—— \ xroars ) Tm(2)d : : To(2)d
i (aer) T+ P2 o

1
T AG)d) > > Hy 1 (2)Hyy i1 (2)-

2g+n—2=m, g1+g2=g,
g>0,n>0 nitn2=n,
2g1+n1>2,
2g24+na2>2

From this expression we obtain (3.75), because we can compute as

Gn g Ry Ty G,n AN
(3.80) ST Hyrpee(o)+ Y ( gn (20,2 z)  Ggoing2(20, 2 z))

2g+n—2=m, 2g+n—2=m, (n - 1)' (n + 1)'
920,n>0 g>0,n>0
( Z H, n(20) if m is even
2g+n—2=m,
) Tezom>2
Z Hyn(20) + GmTHJ(ZO) if m is odd
2g+n—2=m,
\ gZO,TLZ2
= Tm(z[))dzm
and
(3.81)
1 1 ) .
dxz(z) Z Z Hy, n,+1(2) Hgy np11(2) = 2! (2) Z Ty (2) T, (2)d2
2g+n—2=m, g1+92=9, mi+mao=m
g>0,n>0 ni+n2=n, mi,ma>1
291+n1>2,
292+TL222
1 . R I
e (Z (T3 - 2To<z>Tm<z>) -
7=0
1 s ~ 2G0 2(2, Z) A
= T d 2% 2) p o,
a:’(z) ]Z:; ](Z) J(Z) + x’(z) (Z)
where we set m; = 2g; + (n; + 1) — 2 for j = 1,2 to rewrite summation. O
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3.2.4 Proof of Theorem 3.5

Now we give a proof of Theorem 3.5. We will compare the recursive relations (3.73)—(3.75)
satisfied by the functions {7}, },>—1 to those (2.7)-(2.9) satisfied by the expansion coefficients
of the WKB solutions (which will be denoted by {7, },»>_1 below) after the coordinate change
r = x(2).

Transformation of the Riccati equation (2.4) to z-variable. Let ¢(z, h) be the WKB
solution of Py = 0, where P is given by the formula (3.157) with the coefficients specified by
(3.31)—(3.35). Let S(x, k) is a logarithmic derivative of ¢ (x, k), and T'(z, k) is that of ¢(x(2), h);
namely,

1 d

1
EEC AT

S(a(z),B) = = log ()

rz=x(z)
Since S(z, h) satisfies the Riccati equation (2.4) associated with (3.157), T'(z, h) satisfies

x//(2>
'(2)

(3.82) h? {iTJrTz} +h{U(z, h) —h

T p—
P } +V(z,h) =0,

where ' designates derivative with respect to z, and we set

83) U(z,h) = Uy(2) + hU;(2) := 2'(2) q(z(2), h),
(3.84) V(z,h) = Vo(2) + AVi(2) + A*Va(2) := (2/(2))? r(2(2), h).
Hence
(3.85) T@M:%Tﬂ@+ﬂwﬂﬁﬂ@+~-

satisfies (3.82) if and only if the following recurrence relations hold:

(3.86) T %+ Up(2)T-1 + Vo(2) = 0,
(3.87) (271(2) + Up(2)} Tynsr + {Ul(z) - Z/:((j)) } T,
S T Ty 4 Vi) =0 (= 1),

where we set V;,,(z) = 0 for m > 3. These equations determine the coefficients {7}, },>-1 of
T'(z) uniquely.
Our task for the proof of Theorem 3.5 is to show that

(3.88) T(2) = To(2)  (m > —1).
Equivalently, we must prove that {7}, },.>0 satisfies the recurrence relations (3.86) and (3.87).
The rest of this subsection is devoted to a proof of (3.88).
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Proof of T_;(z) = T_1(2). Since

(3.89) Up(z) = #'(2)a0(x(2)),  Vi(z) = @'(2) ro((2))
and (z(z2), y(2)) satisfies y(2)* + qo(2(2))y(2) + ro(z(2)) = 0, we find
(3.90) T i(z) = WZ;Z(Z) = y(2)2'(2)

satisfies (3.86). Thus we have verified (3.88) for m = —1.
Proof of Ty(2z) = Tp(z). Since y(z) and y(%) are two solutions of P(z(z),y) = 0,

(3.91) y(2) +y(2) = —qo(x(2)).
Therefore,
(392 2Ta()+ Un(=) = (2() + (a2} = () {u(=) — y(3)} = ¢ ()AE)
holds. Then, (3.87) for m = —1 implies that the desired relation To(z) = To(2) is equivalent to
R " R d -
(3.93) 2 (2)A(2) Ty + {Ul(z) _ ) } T+ T 1+ Vi(z) = 0.
x'(2) dz

In order to verify (3.93), we first prove the following.

Lemma 3.13 ([IKoT, Lemma 3.13]). The function U,(z) is expressed as
A/(Z) 4 G()Q(g, Z) + G072<Z,§)

3.94 Ui(z) = —
(3:54) 1(2) A(z) dz
Proof of Lemma 3.13. 1t follows from Proposition 3.7 (ii) and Proposition 3.8 (i) that

GOQ(Z,Z)+G02(Z Z 1 V,B‘FW
3.95 ’ ’ = — = — .
(3.95) e P IL] G R DI

BeB BeB
Here we have used the fact that B is closed under the conjugate map (cf. Remark 3.6 (iii)) in
the last equality. This proves the relation (3.94). O
Let us prove
- 2"(2) ] - d -

(3.96) Vi(2) = =2/ (2) A(2)Ty — {Ul(z) — f((z)) } T, — ET,I,

which is equivalent to (3.93). By using Proposition 3.12 and Lemma 3.13, the right-hand side
becomes

(3.97)  —'(2)A()Ty - {Ul(z) - } A
= (2)a(x) P2E) {‘i(f)) y GoalBr2) + Cualer?) "Z(f)) } 2 (2)y(2)
- %(ﬂf’(Z)y(Z))
— /A PR 4 T )
- GoalEB A G0l 2 )y ) - e 2)



Substituting

into the last expression, we find

(3.98) (RHS of (3.96))
- (AP TEeEE S T ()
PR |+ g ety BT
Then, thanks to the equalities (3.94) and
5.99) Gualz.2) = Goals:3) 5~ va_ s V:: |

dz BeB ~ 6 ﬁeB BEB

we conclude that the right-hand side of (3.96) is equal to V;(z). Thus we have verified (3.93),
and hence, (3.88) holds for m = 0.

Proof of Ty(z) = T1(z). It follows from Proposition 3.12 and Lemma 3.13 that T}(z)

satisfies
, . 2"(2)) - .o dT,
(3.100) 7' (2)A(2)Th(2) + {U1(Z) ") }To(z) +To(2) +—— P (2)
/ vgvg Goa(z, B) — G0,2(275) -
+a'(2)A(z) B% : Cs - = 0.

A

In view of (3.87) for m = 0, the desired relation T(z) = T1(z) is equivalent to the following
claim:

Lemma 3.14 ([IKoT, Lemma 3.14]). The function V,(z) is expressed as

vvg Goo(2, B) — GO,Q(%B).

(3.101) Va(z) = 2'(2)A(2) ) 2C5 dz

BEB1

Proof of Lemma 3.14. It follows from Proposition 3.7 (ii) and the relation (3.59) that

vgrg Goa(z, B) — Go 2(z, B) vpvg 1 vprg 1
(3.102) : : - - _
56231 20,3 dz ,62 205 Z — /3 Z 205 z — ﬁ
1/5% Vﬁ%
_BGZB 205,2—5 22052_
Z Vg%
5eBy Cﬁ Z —

In the last equality, we have also used the fact that the set B is closed under the conjugate
map (cf. Remark 3.6 (iii)). This proves (3.101). O
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Thus we have verified that (3.88) holds for for m = 1.
Proof of T,,(z) = Tj,(z) for m > 2. Proposition 3.12 and Lemma 3.13 show that

2 (2)A(2) s (2) + {Ul(z) () } )+ T ()T5(2) + % =0 (m=1)

2'(2) =
holds. This is the same as the equation (3.87) for m > 1 satisfied by 7,,:1(z). Thus we have
proved the desired relation (3.88) for all m > 2.

This completes the proof of Theorem 3.5.

3.2.5 Some examples

Here we show the list of quantum curves associated with the spectral curves arising from the
confluent family of the Gauss hypergeometric equations. We can observe that these equations
satisfied by classical special functions are recovered as the quantum curve. An application of
the result will be presented in next section.

3.2.5.1 Quantum Gauss curve ([IKoT2, §2.3.1])
Let us consider the Gauss curve defined by

(3.103) P(z,y) = 22(1 — 2)°y" — {A2” — (A® + X0” — M%)z + A*} = 0.

Note that the curve does not satisfy the admissibility condition of [BE2, Definition 2.7]; that
is, the Newton polygon of (3.103) contains an interior point. Our spectral curve is obtained as
a rational parameterization of (3.103) given by

2 2 2
r=u1x(2) = \/KQ (2—1—1) - Aoe” T o — M \/K2 (Z_50+)(Z—50—>7
4\ z 20 4 P
(3.104) o
Y= y(z) = AN 2(2% = 1) |
VA(z = Boy)(z — Bo-)(z — Bi4)(z — Bi-)
where
(3.105) A= Mo+ A1+ A0) Mo+ A1 — Aso) (Ao — A1+ Ao) (Ao — A1 — Ao),
2 2
(3.106) Box = — (Mot A)® =N By = (M £ A)? — Ao .

VA ’ VA

We impose the following generic conditions for parameters A = (Ag, A1, As) SO that our assump-
tions are satisfied:

(3107) )\0, )\1, )\oo 7é 0 and A 7é 0.

Note that R = {1, —1} (= R*) and the conjugate map is given by z = 1/z.
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We also introduce the notation .., := 0 and [,_ := 0o. Then, for each j € {0,1, 00}, we
can verify that ;1. are two preimages of j by the map z(z); that is, z(8;+) = j holds. Note
also that the parameters are chosen so that

(3.108) +); = Res y(2)dz(z)

2=+

holds for each j € {0,1,00}. (We will use similar notations in the subsequent subsections so
that the relation (3.108) holds.)
First few terms of the correlation functions and free energies are computed as

(Bot + Bo- +2)(Br+ + 1= +2)
(21 + 1)%(22 + 1)%(23 + 1)
_ (Box £ Bo- = 2)(Biy + Bi- —2) }dzl dzy dzs
(21— 1)%(29 — 1)2(25 — 1)? dAe
_Z(Z — Bo+)(z = Bo-)(z — fiy) (2 — fr-)
2000(22 = 1)4

Wos(21, 22, 23) = {

W171<Z) = dZ,

Ao+ M+ A)?
(Ao 12 ) log (Ao 4+ A1 + Aso) +

(Mo + A1 — Ax)? (Mo — A1 — Aoo)?
+
2 2
—2X0%log (2Xg) — 2A\;%log (201) — 20 10g (2X00),

1 A
Fil=——1
1T T8 ()\0/\1/\OO>’

Mo — M+ Aw)?
(% 12+ S log (Ao — At + )

Iy =

log <)‘0 + )\1 - )‘oo) + log ()‘O - )\1 - /\oo)

1
F= —{(A0” + AP A = (A" + 230" A% + AN HALE
960002\ 1% \oe A2
4+ 2N F M (BA0" + 8202 A% + 30N — 2(200% — 11X % + TdN* N *
— 1IN 22090 4+ (Mo — M) (A% + M D) (No? = 220020 % + M) A2
+ 22 A2 (Mo — A2t
Since
(3.109)
A2 — A+ X% = M)z 4+ N2 o222 — (A2 + 20?2 = M D)x + N2
Q) = Qoo 220 “HEAN gy = A= P F A Z A
22(1 — ) 2?(1 — )
we have

(3.110) Sing(P) = Sing,(P) = {0,1,00}, B = By = {Bo+, bo—, L1+ Bi—, Boots Poo—}-

Therefore we choose

(3-111)  D(z 1) = [2] = vor[Bo+] = vo-[Bo-] = 1t [Bi] = vi-[Bri-] = Voot [Boot] = Voo [Boo-]
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as the divisor for the quantization, where the parameters vo4, v14+ and v+ satisfy
(3.112) Vor + Vo + Vg + V- + Voot + Voo = L.
We may easily verify that C,, = £2); for j € {0,1,00}. Then, Theorem 3.5 gives the quantum

curve of the Gauss curve (quantum Gauss curve):

d> d
2— _— —
(3.113) (ﬁ Pl q(z, h)hdx +r(x, h)) =0,

where q(z, h) = qo(x) + hqi(z), r(x, h) = ro(x) + hri(z) + ro(z) and

1l -1y —vo- 1 —1140 —1q_
Go(z) =0, qz)= 0; - + xli 1 1 )
Aoo?t? — (Mos? + M2 = M D)z + \o?
ro(z) = — : - 7
22(1 — x)
r (x) _ (V0+ — V0—>/\0 (V1+ - V1_)>\1 (Voo+ — Voo_))\oo
! z2(x — 1) z(x —1)2 r(lx—1)
Yo+ Vo— ViglVi— Voot Voo
ra(x) =

22z —1)  z—12 " zz—1)

The equation (3.113) has three regular singular points at 0, 1 and oo, and hence, it must be
equivalent to the Gauss hypergeometric equation. Indeed, (3.113) is related to the standard
form of the Gauss hypergeometric equation

d> d
(3.114) {x(l—x)@—k(7—(a+5+1)m)£—a6}¢20
by
Cdethde 1 JedhoAe 1 24

and the gauge transform

(3.116) = P ()R
Here we used the notation
o th i
(3.117) Aj=A = 5n V= v = V- (7 €{0,1,00}).

We will investigate this equation in more detail in §4.

Remark 3.15. The Gauss curve has a symmetry. That is, the symplectic transformations

(3.118) (@,y) = (2;,5,) == {(1—33, —y) forj=1,

(12, ~a%y) for j = oo,
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yield the permutation

()\1,)\0,)\00) fOl" ] = 1,

3.119 Aoy ALy Aoo)
( ) (A0 21, A-0) {()\oo,)\l,)\o) for j = oo

of parameters in the Gauss curve (3.103). Since the symplectic transform preserves the free
energy (cf. [EO1, §7]), this proves that the free energy is invariant under any permutation of
the parameters Ao, A1, Aoo.

Moreover, this symmetry of the Gauss curve is lifted to that of quantum Gauss curve (3.113).
Namely, the parameters in the quantum Gauss curve are permuted as

(>\17>\07>\OO7V1:|:7V0:E7V00:|:) for ] - 17

(3-120) ()\07)\17)\ooa7/0:|:;7/1:|:77/oo:|:) =
<)\ooa)\17)\()7yooi7 V1i7V0i) fOl" ] =0

under the coordinate transform z +— z; (j € {1,00}) given above. This will induce a certain
symmetry property of the Voros coefficients (see Theorem 4.1 (iv)).

3.2.5.2 Quantum degenerate Gauss curve ([IKoT2, §2.3.2])
In this subsection we consider a spectral curve defined by

(3.121) Plz,y) = 2(z — D22 — A2z — M2+ A2 =0,

which has a parametrization

A2 = A’
o) = T
(3.122) ) R
y(2) _z(z — Aso”)
22 — /\12
Here we impose
(3.123) AMyAdso 70, and Ao A #0

for A = (A1, Aso) S0 that our assumptions are satisfied. For this curve, we have R = {0, 00} (=
R*) and z = —z. First few correlation functions and free energies are given explicitly as follows:

AooZM? dzidzedzs
_2()\12 — Aoo?) 212202252

1 (212 = XD (12 = M)
6(N\2, — \?) 2t

W0,3(21, 22, 23) =

W1,1(Z1) = 1 dz,

1 (A2 — A2)2 NS ITARAZ 1T N2 A
ANt ) P 960X2N\2(N2, — A2)2

A\ Ao + A1 A — )\
Fr= )\ 1 Zoo 71 2 1 oo T 2] Zoo 71
0= A, og( 5e >+ Ao A1 og()\oo_/\1>+)\1 og( e ),
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Theorem 3.5 implies that, for the choice

(3.124) D(z 1) = [2] = vig[Bie] = 1 [Br-] = Voot [Boot] = Voo [Boo-]

(where 51+ = £A1, foor = FAx, and the parameters satisfy vy + 11 + Vooy + Voo = 1) of
the divisor, we obtain the following quantum curve:

d? d
(3.125) (hQ@ +q(x, h)h% + r(z, h)) =0

with

(o) =n (1 FEI TS

x r—1
T(SL’, ﬁ) — _)\002$ + )\12 _ )\002 5 (VH- — Vl—)/\l (1/00+ — Voo—>/\oo
x(z —1)2 z(z — 1)2 oz —1)

h2 24y 74 Voot Voo— '
* <x(x —1)2 * x(r—1)

This equation is a special case (i.e. \g = 0, 1o+ = 0) of the quantum Gauss curve (3.113), and
hence, we call (3.125) the degenerate Gauss equation. We distinguish these equations because
the geometry of the spectral curves (or WKB-theoretic structure) are different.

3.2.5.3 Quantum Kummer curve ([IKoT2, §2.3.3])
Let us consider the Kummer curve defined by

(3.126) P(z,y) = 42®y* — (2> + 4hox +4X0°) =0 (Mg # 0,0 £ Ao # 0).

A rational parameterization of this curve is

v =a(2) = m@ﬁ) Con = VAT (e = o)z = o)

zZ z

)
22 -1

y=ylz) = 2(2 = Bo+)(2 — Bo-)

with Bor = (Ao £ X0)/V Aao” — Ao”. We also set ooy = 0 and foo_ = 0o for the consistency of
our presentation. The set of ramification points is given by R = {1,—1} (= R*), and Z = 1/z.

Let W,, and F, be the correlation functions and the free energies computed from (3.127)
respectively. Few of them are computed as

dzy dzy dz3 { Boy + Po- + 2 B Boy + o — 2 }
2V Ase? — A2 L1+ 1) (22 +1)% (23 + 1) (21— 1)%(22 = 1)*(25 —1)2 ]

o) — _ 22(2 — B0y ) (2 = Bo-)
Wiai(z) = /—)\002 “(2 - 1)

W0,3(217 22, 23) = -

dz,
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Ao + No)? Ao — Ao)?
F, = %log (Ao + Ao) + %log()\(>o — o)

— 2% log (2Xg) — g(Aof — %),

1 Ao — A2 Aot — 10M2N2 — T
o 96007 (Aos” — Xo?)2

12
Let us describe the quantization of (3.126). For the divisor
(3.12) D(5:) = [2] — Voot [res] — Voo fe] — 0 [os] — 16|

(where the parameters satisfy vooy + Voo + 194 + 19— = 1), Theorem 3.5 shows that the formal
series ¥ (x; v, h) = p(z(x); v, k) (cf. (3.1)) is a WKB solution of the following equation (quantum
Kummer curve)

d? d
2— _ —
(3.129) (h i q(z, h>hdm +r(x, h)> =0
with
q(z, h) = EM,
x
22 + Ao + Ao> Voot — Voo (Vogr — Vo—) Ao Vo+Vo—
h) = — x h = x h? 22—
rie,h) 42 * ( 2 * x? ) * x?

This equation is equivalent to the Kummer differential equation (i.e., the confluent hypergeo-
metric equation) via a certain gauge transformation. Note also that the quantum curve (3.129)
is closely related to the quantum differential equation associated with the degree 1 hypersurface
in CP'. A realization of the equation as a quantum curve has already done in [FIMS, §4.1].

3.2.5.4 Quantum Legendre curve ([IKoT2, §2.3.4])
This subsection is devoted to study the Legendre curve defined by

(3.130) P(x,y) =@ —1)y* = 2 =0 (A #£0).

A rational parametrization of this curve is

1
2
(3.131) .

)
z+ -1,
z
Aoo?
22—1

For this curve, we have R = {1,—1} (= R*), and the conjugate map z = 1/z. Examples of
correlation functions and free energies are:

z
Wii(z) = —md% Wos(21, 22, 23) = 0,
2,2 2 2 4 1 5 7 3
W172<217Z2): 21729° + 217+ 227 + 42120 + dzydzs, W2,1<2): 20+ (z +Zdz,

ANZ (212 — 1)2(292 — 1)2 83 (22 — 1)
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1 1
—— . Fy= .
64X2° % 2564

1
F() = _)‘Zo 10g2, F1 = —Zlog/\oo, FQ =

Set B+ =0, Be_ = 00 and choose a divisor
(3.132) D(z; 1) = [2] = Voot [Boot] = Voo [Boo-] (Moot + Voo = 1).
Then, the associated quantum curve by Theorem 3.5 is given by
d? 20 d A Moo (Voo — Voo ) Voot Voo
3.133 h—— + h? — e proenTeer oo/ | oot e =0.
( ) { da:2+ 22— 1ldx x2—1+ x?2—1 * x?2—1 4

This equation (3.133) has two simple-pole type turning points at x = +1 which correspond to
the ramification points z = £1 of the spectral curve.

3.2.5.5 Quantum Bessel curve ([I[KoT2, §2.3.5))
Let us consider the Bessel curve defined by

T+ 4\2
= 0=0 (N #0).

A rational parameterization of this curve is given by

(3.134) P(z,y) =y* —

r=x(z) =4\5(2* — 1),

(3.135) 2
y_y(z)_4)\0(22_1)
For this curve, we have R = {0, 00}. Note that co € R is ineffective, and hence R* = {0}. The
conjugate map is given by z = —z. Few of W, and Fj, are computed as
dzdzedzs 22 -1
W = === W -2 g
0,3(Zla 29, 23) 2)\02%2:%2% ) 1,1(2) 16)\024 Z,
2izy — 62125 — 62325 + bz + 32225 + 525
W _ A% 142 1%2 1 1% 2 dord
1,2(217 22) 32)\32?23 21429,
925 —1072* + 20322 — 105
4% = — d
21(2) 102423210 -

1 1 1 1 1
Fo=3N+Alog(——), Fi=-——log(— Fre —— Fy— ———
0= 3%+ Aolog ( 16)\3) o TIT T8 ( 16Ag) © 2T 96002 TP T T 16128
Let us take a divisor
(3.136) D(z;v) = 2] — vor[Bor] — Vo [Bo-] — Voo|[o0] (Voy + Vo + Voo = 1),

where [+ = +1. Then, the quantization of the Bessel curve via Theorem 3.5 is given by

d2 1-— Vo+ — Vp— d T + 4)\2 )\0(V0 — VO,) Vo4+-Vo—
3.137 h:—— + I x — - 0 4 Bt Rt =0.
( ) { dx? * x dx 42 * x? * x? v
This equation has a regular singular point at z = 0 and an irregular singular point at * = oc.
We can verify that the equation (3.137) is equivalent to the Bessel equation via a certain

change of variables and a gauge transform. Note also that the special case vy, = 1y = 0 of the
equation has already constructed as a quantum curve in [FIMS, §4.1]; this example appears as
the quantum differential equation for the equivariant CP!.
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3.2.5.6 Quantum Whittaker curve ([IKoT2, §2.3.6])
In this subsection, we study the Whittaker curve defined by

1
(3.138) P(z,y) == xy* — =t Moo =0 (Ao # 0).

We parametrize this curve by

o(z) = A =2Aoo( 11 )

(3'139) 122—1 z+1 z—1
We find that R = {0,000} (= R*) and z = —z. First few correlation functions and free energies
are given as follows.
(2’2 — 1)2 ledZQdZ;J,
W =——"d W =
11(2) 39N 2 0.3(21, 22, 23) Moo 229%252
Wl ) 5214 + 3212202 + 529t — 1221225% — 12214252 4+ 10214252 + 216226d p
21,72) = z1dz
—9212 4+ 22210 — 1032% + 37225 — 5832* + 40622 — 105
W2 1(2) = dZ,
’ 81923 210
Fo=—3)2 42210 (4)s), F S WO o
07 T T A 08 RA)y 1 T T 08 A T2 T T 000
To quantize the Whittaker curve, we use a divisor
(3.140) D(z;v) = [2] = Voot [Boot] = Voo [Boo-] (Voot + Voo = 1),

where .+ = £1. The quantum curve is given by (cf. Theorem 3.5)

d? 1d z—-4\s Voot — Voo
(3.141) { dx? x dx 4z 2z } v=0.

3.2.5.7 Quantum Weber curve ([IKoT2, §2.3.7])

Computations presented in this subsection have been done in [Ta]. We discuss the Weber
curve
(3.142) P,y) =y"— — 4+ A =0 (A #0)

with a parametrization

(3.143)



The ramification points are given by R = {+1, —1} (= R*), and the conjugation map becomes
Z = 1/z. Correlation functions and free energies for lower g, n are given as follows.

1 1 1

Wi = = dzydzy d

(21, 22, 25) mm{@+9%@+m@ﬁ4y @rﬁy@—n%@—w}zléz&

23 21(z1 4329 + 27)
Wia(z) = _m dz, Wai(z) = — A3_(22 — 1)10 s
IENT 1 1
Fo— 4)‘oo+2)‘oolog)‘007 Fl— 12 IOg/\oo, FQ— 24())\%0
We set foor = 00 and [ = 0, and choose
(3.144) D(z;v) := [2] = Voot [Boot] — Voo [Boo-] (Voot + Voo = 1)
as the divisor for the quantization. The quantum curve for (3.142) constructed by Theorem 3.5
becomes
d? x? Voot — Voo

3.145 R = = = A | — 20 = 0,
5245 Ui () e

3.2.5.8 Quantum degenerate Bessel curve ([IKoT2, §2.3.8])
We discuss the degenerate Bessel curve defined by

1

(3.146) Plz,y) =y*—==0
x
with a parametrization
r=1x(2) = 2%
(3.147) 1
y=ylz) =

The ramification points are given by R = {0,00}, but oo is ineffective; i.e., R* = {0}. The
conjugation map is Z = —z. We choose D(z;v) := [z] — [00] as the divisor for the quantization.
The quantum curve constructed by Theorem 3.5 becomes

d? 1d 1
14 27 LRl —
(3-148) {h dx? * x dx x}w

The quantum curve result for this spectral curve was established by [DN, Theorem 8], where the
curve (3.146) is called the Bessel curve. Also, this example appears as the quantum differential
equation for the (non-equivariant) CP!, as discussed in [FIMS].
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3.2.5.9 Quantum Airy curve ([IKoT2, §2.3.9])
As the last example, let us consider the Airy curve defined by

(3.149) P(z,y) =y*—x=0

with a parametrization

2
T =X = s
(3.150) { (2) ==
y=y(z) ==z
For this spectral curve, we have R = {0, 00} and Z = —z. We choose the divisor D(z) = [z]—[o0]

and the associated quantum curve of the Airy curve is given in [Z] by

dx?

(3.151) {hzd—Z—x}wzo.

Remark 3.16. It is more convenient for the exact WKB analysis if the second order linear
differential equation in question is represented in the so-called SL-form, i.e., the second order
linear differential equation with no first order term. Any second order linear differential equation
of the form (3.113) can be reduced to an SL-form

d? h o
(3.152) {hQE - Q(x, h)} =0, Qz,h):= }lq(x, h)? —r(x, h) + §%q(x, h)

by the gauge transformation ¢ = exp (% i “q(, h)dx) ¥ of the unknown function. Table 3.1
shows the SL-form of quantum curves discussed in this subsection.

3.3 In the case of third order differential equations
3.3.1 Quantum curves

In this subsection we treat the quantization which was introduced by [BE2]. We consider the
defining equation of the spectral curve

(3.153) P(x,y) = po(2)y® + p1(2)y® + pa(x)y + ps(z) = 0
and we introduce some notation.

Definition 3.17. Let us rewrite (3.153) as

(3.154) P(z,y) = Z ;i a'y = 0.

i,j€EA
Then the Newton polygon A of is the convex hull of the set A.

Definition 3.18. For m = 2,3, we define the following meromorphic function on P*:
m—1

(3.155) Pn(z,y) = me_l_k(x)yk =0.
k=1
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Q(x, A v; h)
A2 22 — (A2 + A2 — A2z + A2 a4

Gauss (§3.2.5.1)

22(r — 1)? 4da?(x — 1)?
)2 Y2 )2 2 _
Degenerate Gauss (§3.2.5.2) Ao TN — A o — w1
z(z —1)? 4x%(x — 1)
22 + Ao + 402 B2
Kummer (§3.2.5.3) > o_ °
4x? 4x?
A2 243
Legendre (§3.2.5.4) = i +

2—1  4(z2 —1)2

x + ;\(2) h?
Bessel (§3.2.5.5) yre e
z — 4\ h?
hittak 2.5. e
Whittaker (§3.2.5.6) o o
I, <
Weber (§3.2.5.7) i Ao
1 R
Degenerate Bessel (§3.2.5.8) e
r 4z
Airy (§3.2.5.9) .

Table 3.1: SL-forms {(hd/dz)* — Q(z,\,v; h)}¢ = 0 of quantum curves of spectral curves. In
this table \; = A\; — hv;/2 and v; = vj4 —v;_ (j € {0,1,00}). For all cases, the leading term
of the potential is given by Qq(x).

Definition 3.19 (|[BE2, Definition 2.7]). We say that a spectral curve is admissible if:
1. Its Newton polygon A has no interior point;

2. If the origin (z,y) = (0,0) € C? is on the curve {P(z,y) = 0 C C?}, then the curve is
smooth at this point.

We assume that our spectral curve (z(z),y(z)) is admissible. Then the following theorem
holds according to [BE2].

Theorem 3.20 ([BE2, Lemma 5.14]). Let ; (1 < i < n) be simple poles of x(z) and
(3.156) D(zv) =[] =) w8
i=1
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be a divisor on P', where v; (1 < i < n) are complex numbers satisfying y . v; = 1. Let
Wyn(z1,- -, 2n) be the correlation functions of a spectral curve (x(2),y(z)) defined from (3.153).
Then, (3.1) with the integration divisor (3.156) is a WKB type formal solution of

pa(2)
o]

( ) xl_O‘QJ x\_alj _
hClDl Lalj - hC2xLO‘OJ w - 07

(3.157) D0, by p i)
xWSJ x[aZJ

rlao
where

=inf{a | (a,m) € A} (m=0,1,2,3),
lai] ¢
Di=h—% (i=1,2,3),

xlai U dx

Z% (Hﬁl Pk+1()ti3)j+(f))> (h=12).

3.3.2 Some examples

Here we show some quantum curves associated with the spectral curves arising from the con-
fluent family of the hypergeometric equations with two variables. We can observe that these
equations satisfied by classical special functions are recovered as the quantum curve. An ap-
plication of the result will be presented in next section.

3.3.2.1 Quantum (1,1,3) curve Let us consider the (1,1,3) curve defined by
(3.158) P(x,y) = 262" + (22 — 3t)y* — (22 — 1% — 22000 — 22001)Y — 2X000 = 0,
where parameters ¢, Aw 0, Aoo1 # 0. We parametrize (3.158) as

26228 4 38727 — (17 4 200 + 2X00,1) 2 + 2D, 0
(3.159) 22(2— 1)

and regard it as a spectral curve.

We also introduce the notation .1 1= 0, B2 := 1 and B3 := oo. Then, we can verify
that B ; are three preimages of co by the map z(2); that is, x(f ;) = oo holds. Note also
that the parameters are chosen so that

(3.160) Ao b, = Res y(z)dx(2)

Z/BOOJ

holds for each j € {1,2}. (We will use similar notations in the subsequent subsections so that
the relation (3.160) holds.)
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First few terms of the correlation functions and free energies are computed as

W[)’g(Zl, 22, 2’3) =2 {21(21 — 1) {{t2216 — 3t2215 + 3t2214 — (()\00,0 + )\0071)22 + t2 — )\0071)213

+ 300022212 — 3Xo0.02122 + Aoo022} 23 — 212{2t%21° — 12(2p + 6) 21"
+ (3225 + 612 — Xoo0 — Moo)21° — (3t%25 — 262 4+ 30 + 2Xe01) 21
H((1 = Aoo1) 22 = Bhac0) 21 + Ao} } /{(23 — 21)% (23 — 22)°
x (22t — 20223 + (1% — Mood — Aoo1)21° + 2200021 — Ao0)?}
+ {22(22 - 1) {{152226 — 3t%2,° + 3?21 — ((Aoo,0 + Ao1)23 + t? — )\oo,l)zf’
+ 3X00,02372% — 3Xo0,02223 + Aoo023} 21 — 222 {2t%25° — t*(23 + 6) 20"
+ (3t%23 + 6% — Aoo0 — Aoo1)22” — (3t%23 — 26> 4+ 30 + 2X00,1) 22
+((#? = Aoo1)23 — 3Aeo0) 20 + )\0070}} /(21 — 2)3(21 — 23)°
x (229" — 26%29% + (12 — Aoo,0 — /\0071)222 + 200,022 — )\0070)2}
+ {23<Z3 -1 {{t2236 —3t225° + 3t223% — (Moo + Ao1)21 + 12 — Ao 1) 23>
+ 3)\007021232 — 30002123 + Aso,021 } 22 — 232 {2t%25° — t%(2 + 6) 23"
+ (3t%21 + 6% — Moo — Aoo1)23” — (3221 — 2% + 3A00 + 2M01) 23
F((£ = Xo,1)21 — BAs0)23 + Ao} } /{(22 — 23)° (22 — 21)°
X (223" — 22253 + (12 — Aoo0 — )\00,1)232 + 200,023 — )\0070)2} dz dzs dzs,
Wii(2) = {2%(z = 1)*{(Aoc0 + Ao, 1)t*2" — (Ao 0 + Aoo1)t'2° 4+ 15A ot*2°
— 2000812t F Ao 0 (1582 — dX o 1 )122% — 6 0(t? — Ao 1 )22

F X000t = 2200112 + Moot (Moe0 + Xoo1))Z = Aao0° Aoo1 } dZ}
/ {t224 — 2t223 + (tz — >\oo,0 — )\0071)22 -+ 2)\00702 — )\0070} s

1
Fy = -3 {6X0.0" + 4A0,0M001 + 6A001” = (Moo 0 + Moo 1)t — 4Aoc 0 Aeo 1 log (—1%)
—4A 00 10g (Moo ot?) — 4Aao 17 log (Aao1t?) }

1
Fy = D) log (Aso,0A00,1)-

We choose

D(z;v) = [2] = Voo ,0[0] = Voo [l] = (1 = Vo0 — Vio,1)[00)]

= Voo 0([2] = [0]) 4 Vo1 (2] = [1]) + (1 = Voo .0 = Voo 1)([2] = [00])

as the divisor for the quantization. Then, Theorem 3.20 gives the quantum curve of the (1,1,3)
curve (quantum (1,1,3) curve):

(3.161)

(3.162)
3 2

d d . A d .
2t2h3$ + (27 — 3t2)h2@ — (22 — 12 = 2)s00 — 2X001 — 4h)h% — 200 — 2B b = 0.
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Here we used the notation
(3.163) Aooj = Aooj — Vaoyh (5 € {0,1}).

Remark 3.21. The logarithmic derivative of the WKB solution S(z,h) = > >° ™S, (z)

m=—1
satisfies the higher order analogue of Riccati equation (2.18). Then, we must have

1 d

3.164 S dolz) =310z |
( ) 1(55(’2)) :C(Z> 3l'dz G1ED(zv)

/ Wo3(C1, G2, G3) + Wia(2),
¢3€eD(zw)

which can be verified by the explicit formulas of Wy 3 and W in the previous page.

3.3.2.2 Quantum (2,3) curve Let us consider the (2,3) curve defined by
(3.165) P(z,y) = 4y° — 229> + 2 ooy — t = 0,
where parameters ¢, Ao (= Aao0) # 0. A rational parameterization of this curve is

423 + 20z — Moo t
—~ LR A p—
(3.166) 222 z 22

We also introduce the notation S 1(= foo2) := 0 and S 3 := 00. Then, we can verify that
Boo,; are three preimages of co by the map x(z); that is, x(8« ;) = oo holds. Note also that the
parameter is chosen so that

(3.167) Ao Bt = Res y(z)dx(z).

221800,1
First few terms of the correlation functions and free energies are computed as

212(821° — 4(29 + 23) 21 — 2X0021® + 1212 + (2Ao02223 + t2o + t23)21 — 3t2923
(21 — 20)3(21 — 23)3(221% — Ao21 + 1)?

292(829° — 4(23 + 21) 20t — 2X 020> + 1292 + (2A02321 + t2z + t21) 20 — 3t232
(20 — 23)3(22 — 21)3(2293 — Ao22 + t)?

232(823° — 4(21 + 29)23% — 220023 + 1232 + (2A02122 + t21 + t20)23 — 3tz129
(23 — 21)3(23 — 22)3(223% — Ao23 + t)? }

W0,3(21, 22, 23) = {—

X le dZQ dZ3,
(423 — 1) 8Nz — 20823 + 2)\ otz — 1?)

W = — d
1(2) 8(22% — Aoz + 1) =
Ao’ 1
FOZ—TlOg(—Qt), F1 :—glOgt

Remark 3.22. It seems Wy 3 has singularities at 23 = 23 = 23, but we can verify that Wy 3 is
holomorphic there.
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We choose
D(z;v) = [2] = (1 = v0)[0] = Voo [o0]

= (L = voo)([2] = [0]) + veo([2] — [o0])
as the divisor for the quantization, where vo (= Vo) is a parameter.

Remark 3.23. z = 0 is a double pole of z(z), i.e., 0 € R, but we can verify that 0 ¢ R*.
Therefore, we can choose f = 0 as a base point.

(3.168)

Then, Theorem 3.20 gives the quantum curve of the (2,3) curve (quantum (2,3) curve):

d? d? . d
1 A — — 20k’ — 4+ 2(\oy — W)h— — t =
(3.169) { -5 — 200 4 20 — h)h—- }¢ 0,
where
(3.170) Aoe = Moo — Voohi.

3.3.2.3 Quantum (1,4) curve Let us consider the (1,4) curve defined by

(3.171) P(x,y) = 3y° + 2ty* + 2y — Moo = 0,

where parameters ¢, Ao (= Axo0) # 0. A rational parameterization of this curve is
32 =227 +

Aso
r=1x(z) = = 322 — 2tz + =2,
(3.172) “ <

=y(z) = 2.

We also introduce the notation S 1 := 0 and S 2(= S 3) := 00. Then, we can verify that
Bo,j are three preimages of oo by the map x(2); that is, 2(f, ;) = 0o holds. Note also that the
parameter is chosen so that

(3.173) AsoBoos = Res y(z)dx(z).

Z:/Boo,
First few terms of the correlation functions and free energies are computed as

W (Z o ) _ 221(15215 — (922 + 923 — 4t)214 — <2t22 + 2t23 — 32223>213 + )\00212 — /\002223)
O3 =2 = (21 — 22)3(21 — 23)3(621° + 26212 + Ao )?

i 222(15225 - (923 + 921 - 4t>224 — (2t23 + 2t21 - 32321)223 + )\00222 - )\002321)
(29 — 23)3(22 — 21)3(6293 4 2292 + \o)?

i 223(15235 - (92’1 + 92’2 - 4t)2’34 - (QtZl + 2t22 - 32’122)233 + )\00232 - )\00212’2)
(23 - 21)3(23 - 22)3<6233 + 2t232 + /\oo>2

X le dZQ ng,

22(2725 — 9923 — 36 ot2% — 4Ntz + 30o07) p
Wia(z) = (623 + 2t22 4+ A\oo)? =

AR WL =N 5 WL D YOt 1
- o7 20 2 Jog (—3M\?), Fi = ——log M.
072 T o7 7 T los(=3AT), Fi=—qolog
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Remark 3.24. It seems Wy 3 has singularities at z; = 2o = z3, but we can verify that Wy 3 is
holomorphic there.

We choose
D(z;v) = [2] = (1 = veo)[0] — Voo [00]
= (1 = voo)([2] = [0]) + veo([2] — [o0])

as the divisor for the quantization, where vo (= Vo) is a parameter.

(3.174)

Remark 3.25. z = oo is a double pole of x(z), i.e., co € R, but we can verify that co ¢ R*.
Therefore, we can choose = oo as a base point.

Then, Theorem 3.20 gives the quantum curve of the (1,4) curve (quantum (1,4) curve):

(3.175) s + otz S Y =0
' dax3 dz? dx > e

Here we used the notation

~

(3.176) Moo = oo — Vaohi.

Note that the special case t = 0 of the equation has already constructed as a quantum curve
in [BE2, §6.2.2].

4 Free energies and Voros coefficients for hypergeomet-
ric quantum curves

4.1 1In the case of second order differential equations
4.1.1 Main Theorem

In this subsection we formulate our main results for the quantum curves discussed in §3.2.5.
Our theorem allows us to express the Voros coefficients of the quantum curves by the free energy
with a certain parameter shift (cf. Theorem 4.1 (i)). As a corollary, we can find three term
relations satisfied by the free energy (cf. Theorem 4.1 (ii)), together with explicit formulas for
the coefficients of the free energy and the Voros coefficients (as well as Theorem 4.1 (iii) and
(iv)). We will only give the proof of our results for the (quantum) Gauss curve considered in
§3.2.5.1 since the other examples can be treated in a similar manner.

Here we formulate our main results more precisely.

Let (C) be one of the spectral curves constructed in §3.2.5; that is, Gauss (§3.2.5.1), de-
generate Gauss (§3.2.5.2), Kummer (§3.2.5.3), Legendre (§3.2.5.4), Bessel (§3.2.5.5), Whittaker
(§3.2.5.6), or Weber (§3.2.5.7) curves. Denote by (F) the associated quantum curve by Theo-
rem 3.5. We will not consider the degenerate Bessel (§3.2.5.8) and Airy (§3.2.5.9) in this section
because they have only trivial Voros coefficients (i.e., no non-trivial relative homology class on
¥), and accordingly, the free energy Fj vanishes for g > 2. Recall that the spectral curve (C)
is (a parametrization of) the classical limit ¥ of the quantum curve (E).
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(E) Gauss | Degenerate Gauss | Kummer | Legendre | Bessel | Whittaker | Weber

S | {01, 00} {1, 00} {0,00} | {00} {0} {oo} {oo}

Table 4.1: The list of singular points (which are not branch points of the spectral curve) of
quantum curves. Note that, some of regular singular point (e.g., x = 0 for the quantum
degenerate Gauss curve) are eliminated from the above list. This is because those points are
“turnings point of simple-pole type” in the sense of [Ko2|, which play similar roles as turning
points in the WKB analysis. Hence, we will not associate the Voros coefficient for those points.

Let S be the set of singular points of (E), which are not branch points of the spectral curve
(C'). The set S is tabulated in Table 4.1. For each j € S, there exist two preimages ;4 and
B,— of j by the map z(z) which appeared in the definition of the corresponding spectral curves
(note that this notation is consistent with those given in §3.2.5.1 — §3.2.5.9). Let ; be a path
on the Riemann surface ¥ defined as the image by z(2) of a path from §;_ to ;4 on z-plane.
(On z-plane, v; starts from the point j and come back to j but with a different sheet of the
Riemann surface ¥.) Then, we define the Voros coefficient V) of the quantum curve (E) for
the path v; by

(4.1) V(N v h) = / (5(3?7 h) —h'S i (x) — So(x)>dx (j €9).
Vi

Here S(z,h) is the logarithmic derivative of the WKB solution of the quantum curve (F).
Actually, V) depends only on the end and initial points of 7; since S,,(z)dx for m > 1 (or the
correlation functions W, for 29 —2 +n > 1) has no residue at branch points. We also note
that, since the SL-form of the quantum curves in Table 3.1 depends only on the difference v;
of the parameter v;1, so do the Voros coefficients. Thus we have used the symbol A = (\;)jes,
v = (v;)jes for the tuple of parameters contained in the quantum curve (E) in the expression
(4.1).

On the other hand, the topological recursion associates the free energy

(4.2) F()\h) = i B2 F,())

for the spectral curve (C') as we have reviewed in §2.4. Our main result gives a formula which
relates the free energy of (C) and the Voros coefficients of (E). We derive three-terms relations
satisfied by the free energy, and moreover, obtain explicit expressions of the free energies and
Voros coefficients as a corollary of these relations. The precise statement is formulated as
follows.

Theorem 4.1 ([IKoT2, Theorem 3.1)). (i) The Voros coefficient of the quantum curve (E)
and the free energy of the spectral curve (C') are related as follows.

(4.3)
. < h < h 10F, 1 0’ F
DN\ vih)=F(A+=0;:h) —F(A==6;;n) — =242 0
Vv (_7Za ) (—+2 7 2 9 I ha)\j+2kesyka>\j>\k

(j€9).
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Here the symbol A+ ad; means the parameter shift of S\j by o
(44) A + 045j = (S\k + 5kja)kes.

(Recall \; = Nj — hv;/2 with v; = v, — v, (j = 0,1,00) as we have introduced in
(3.117).)

(ii) The free energy for the spectral curve (C') satisfies the following three-term difference
equation.

(4.5) F(A+hoj;h) = 2F(Ash) + F(A — héjsh) = log A(A) + Ri(Ah) (j €5).
Here A(A) and R;(A; k) in the right hand-side of (4.5) are given as follows:
o For Gauss curve (§3.2.5.1):
AQ) = Mo+ A+ A0) Mo+ A1 — Aso) (Ao — A1+ Aso) (Ao — A1 — M),

R;(A;h) = —2log(2);) — log(2A; + h) — log(2); — ) (7 €40,1,00}).

For degenerate Gauss curve (§3.2.5.2):
A = (M + 20)’ (M1 — A)?,

Rj(A;h) = —2log(2X;) —log(2X; + 1) —log(2A; —h)  (j € {1,00}).

For Kummer curve (§3.2.5.3):
AQ) = (Moo + A0) (Moo — Ao),

{—210g(2)\0) —log(2ho + h) —log(2X\o — h) (5 = 0),
Rij(A k) =
0 (j = ).

For Legendre curve (§3.2.5.4):

AN) =40k, Roo(Aso; ) = —21l0g(20s0) — 10g(2M o + A) — log(2A0e — R).

For Bessel curve (§3.2.5.5):

1

For Whittaker curve (§3.2.5.6):

As) =A%, Roo(Aooi h) = 0.

For Weber curve (§3.2.5.7):



(iii) For g > 2, the g-th free energy of the spectral curve (C') has the following expression.

e For Gauss curve (§3.2.5.1):

()= B 1 . 1 . 1
= 2g(2g — 2) ()\0 + )\1 + )\00)29_2 ()\0 — )\1 + )\00)29_2 ()\0 + )\1 — )\00)29_2

1 1 1 1
e M A)B 2 (2h)% 2 (2a) 2 (2/\00)29—2} ‘
(Fo and Fy for Gauss curve are given in §53.2.5.1.)

e For degenerate Gauss curve (§3.2.5.2):

P = — Do 2 . 2 1 1
T 29020 -2) L+ A)?2 T (= AP (20)277 0 (2060)% 2 [

(Fy and Fy for degenerate Gauss curve are given in §3.2.5.2.)

e For Kummer curve (§3.2.5.3):

Fi(3) = Ba, 1 .\ 1 1
T 29(20-2) Lo+ A)® 2 (Mo — A (200)272 [
(Fy and Fy for Kummer curve are given in §3.2.5.3.)

e [For Legendre curve (§3.2.5.4):

By 4 1
Aoo) = g — .
Fy(Xoc) 29<2g—2>{Azz-2 <2Aoo>29-2}

(Fo and Fy for Legendre curve are given in §3.2.5.4.)

e For Bessel curve (§3.2.5.5):

By, 1
29(2g9 — 2) (2Xg)292
(Fo and Fy for Bessel curve are given in §3.2.5.5. The expression was obtained in [IM].)

Fg(>‘0) =

o For Whittaker curve (§3.2.5.6):

By 2
I g(/\oo) = g_ 2g—2"

29(29 —2) XY

(Fo and Fy for Whittaker curve are given in §3.2.5.6.)

o For Weber curve (§3.2.5.7):
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B By, 1

29(29 - 2)NETY

(Fo and Fy for Weber curve are given in §3.2.5.7. The expression was obtained in [HZ];
see also [IM].)

Fy(Ao)

In these expressions, By, is the m-th Bernoulli number given by (D.1) in §D.

(iv) The Voros coefficients (4.1) for the quantum curve (E) are explicitly given by
(4.6) VOQuh) =) V90N (G €9),
m=1
where the coefficients A% (A, v) form > 1 are given as follows.

e For quantum Gauss curve (§3.2.5.1):

VT)SO)(A7Z) = V720)<)‘07 )‘17 )‘007V07 Uy, Voo)
. 1 {Bm+1((U0+V1+VOO+1)/2> Bm+1(<V0—V1+VOO+1)/2)

~ m(m+1) (Mo + A1+ o)™ (Mo — A+ Aoo)™
1 Bm+1((V0 + VUl — Vso —+ 1)/2) i Bm+1<<1/0 — V1 — Vo + 1)/2) _Bm+1(V0) + Bm+1(V0 -+ 1)
Ao+ A1 — Aso)™ (Ao — A1 — A)™ (2X0)™

gives the formula for j = 0. The other Voros coefficients (for j =1 and co) are obtained
from the above formula by permuting the parameters \ and v:

Vn(11) (Aa Z) = VerLO)()\la >\07 >\ooa V1, o, I/oo)7 VTSLOO)(Av Z) = Vn(10) ()\OOa )\1a )\Oa Vo, V1, VO)-
(These expressions were also obtained in [ATT2].)

e For quantum degenerate Gauss curve (§3.2.5.2):

Vn(wl)(A7 Z) = Vn(zl)()‘la )‘007 Vi, Voo)
1 {QBerl((Vl + Vs + 1)/2) 2Bm+1((1/1 — Voo + 1)/2)

m(m + 1) ()\1 + )\OO)m ()\1 — )xoo)m
Bm+1<l/1) + Bm+1 (Vl + 1)
- (2A)™ }

gives the formula for 7 = 1. The other Voros coefficient for oo is obtained from the above
formula by permuting the parameters:

VTI(’LOO)(A:l? )‘ooa vy, l/oo) = V(l)()\oo, )\1, Vo Vl)-

e For quantum Kummer curve (§3.2.5.3):

o4
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0 B 1 Bri1(to + Ve +1)/2)  Bug1((vo — Vo +1)/2)
Vin )(A’ v) = m(m + 1){ (Ao + Aso)™ + (Ao — Aoo)™
Bm+1(V0) + Bm+1(V0 + 1)
- (270)" }
00 . 1 Bm 1((V0+Voo+1)/2) Bm 1((V0—VOO+]_)/2)
V0 = e e )

(These expressions were also obtained in [ATT1].)

e For quantum Legendre curve (§3.2.5.4):

1 {4Bm+1((voo +1)/2) _ Bmia(Veo) + Bga (Voo +1) }
m(m + 1) L (2A0)™ ‘

(This expression was also obtained in [Ko].)

Vn(zoo)()‘om Voo) =

e For quantum Bessel curve (§3.2.5.5):

Bpy1(v0) + Binga(vo + 1)
m(m + 1)(2Xg)™

(The special case vy = 0 of the expression was obtained in [AIT].)

VO (N, 0) = —

o For quantum Whittaker curve (§3.2.5.6):

N 2B, 1 (Ve +1)/2

(This expression was obtained in [KoT].)
e For quantum Weber curve (§3.2.5.7):

Bm+1 ((Voo + 1)/2)
m(m + 1)Am
(This expression was obtained in [Ta/; see [T1] for the special case Vs = 0.)

vazOO)(Awa Voo) =

In these expressions, B, (t) is the m-th Bernoulli polynomial given by (D.3) in §D.

We will prove these statements in the rest of this section.

4.1.2 Proof of main theorem for quantum Gauss curve

Here we give a proof of Theorem 4.1 for the case of (quantum) Gauss curve. Therefore, in the
following proof, we focus on the Guass curve (3.104) and the associated quantum Gauss curve
(3.113) and use the notations in §3.2.5.1; namely, the function x(z) is given in (3.104), and the
divisor D(z;v) is given in (3.111), and the set S of singular points becomes {0, 1, 00}, etc. (We
omit the proof for other examples considered in §3.2.5 because they can be treated in a similar

manner. )

95



4.1.2.1 Proof of Theorem 4.1 (i) For the proof, we need
Lemma 4.2 ([IKoT2, Lemma 3.2]). The following relations hold for 2g —2 +n > 1:

o =B+ =B+ »
(47) WFg = / / Wg,n(Cla---aCn) (] € {071700})
J G=Bj- Cn=PBj—
Proof. Because
9y(2) 0z () /gﬂj+
4.8 -d - -d = B
(4.9 e = ) = [ B
holds for each j € {0, 1,00}, the variation formula [EO1, Theorem 5.1] implies (4.7). O

Note that the parameters A\; and points 3;4+ in the other examples in §3.2.5 are chosen so
that the variation formula (4.7) holds. Therefore, the following proof is applicable to the other
examples.

Lemma 4.3 ([IKoT2, Lemma 3.3]). Let w(z) be a meromorphic differential whose poles are
only on the set of ramification points of x(z) in (3.104). Suppose also that w(z) has no residue
at those poles, and is anti-invariant under the conjugation map; that is, w(z) = —w(z). Then,
we have

(49) 4%w@:-4%“w@:;4““ma+;£sz>

je j(—¢€) je
for any j, k € {0,1,00} and ¢,n € {+,—}.
This is proved by a straightforward computation and relations @_i = Bz (j € {0,1,00}).

Now we derive the equality (4.3) with the aid of Lemmas 4.2 and 4.3 and the results in
§3.2.5.1 on the quantization of Gauss curve. Let us focus on the Voros coefficient V) (), v; h)
for the singular point 7 = 0. It follows from the definition of the path v, and Theorem 3.5
that the Voros coefficient associated with the singular point 0 is expressed in terms of W, ,, as
follows.

(4.10)
Po+ dz
VOQ, v h) = / (S((=),h) = K181 (0(2) = Sola(2)) ) 5 d2
Bo— dz
= Po+ 1d
:th/ > — / Won(Cry. .o Co) pdz
m=1 Bo- 29—2+n=m n:-az Jeep(zp) (n€D(z5v)
920,n>1

> 1
I 1 ( / . /
mX:I Z n! ¢1€D(Bo+;v) ¢n€D(Bo+;v)

29—2+n=m
_/ / )Wg,n(gl,...,gn).
¢1€D(Bo-;v) ¢n€D(Bo—;v)

920,n>1
56



For simplicity, let us introduce the notation

(4.11) {/V}R Won(Ci,yoo oG /Cle7 /Cn@Wgn Clyoes Cn)-

Since

(4.12) D(Box; v) = vog([Box] — [Bog]) + Z Vie([Box] — [Bjel)
j€{L,00}
ec{+,—}

(here we have used (3.112)), Lemmas 4.2 and 4.3 imply

(4.13) {/D(ﬁ | )} Won(Cis- o5 Ga)

V]e Bo+ V]e B]( €)
At X / 3 / WG o)
je{l,00} je{l,00}
ec{+,—} ee{+,—}
—y £ 1 /Bo+ Z iz //BJ+
= gn Cla'”)Cn)
2 0— je{l,00}

n

- —V[):I:l 0 vj 0
= > o D 20N Fy(A).

Jj€{1,00}

Here we used (3.112) again, and set v; = vy —v;— (j € {0,1,00}) as we have introduced in
(3.117). Further computation shows

VORn =Y YL
m=1 :

2g—2+n=m
g>0,n>1
—Vo—f—la ij) —Vo—la l/ja
A S 2= F,(\
% 2 N > 2 ON; 2 O )3 2 ON; s(d)
je{l,00} J jefl,00} J

> 1
n1!n2!n3!

920, n1,n2,n3>0
2g—2+n1+na2+nz>1

hve R\ 0 1™ hvy 0 ™ e 0 ™ 29—2
Q2D am) \ram) Ea) R

hVO h a m hl/]_ 8 n2 hl/oo a s 29_2
{( 2 2) 8)\0} { 2 aAl} { 2 aAm} P E(A)
_ (AO_%JL Al_@%_hu_oo;@

2 2’ 2 2
hvg R hvy e
—F(AO—T—M—?A%—TJL)
18F0 1 0 . 0 e 0 0Fy
" hdXg axe TN T 0a0 ) Oxg
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Thus we have proved (4.3) for j = 0. The other equalities for j = 1 and j = oo can be derived
similarly.

Remark 4.4. In the definition (4.1) of the Voros coefficient, we subtracted the first two terms
h~tS_; and S, because these terms are singular at end points of the path v;. However, a
regularization procedure of divergent integral (see [V2] for example) allows us to define the
regularized Voros coefficient:

(@1 VO =V Q) VIR G E {01 o)),
where Vf{) (A,v) and Vo(j )(A, v) are obtained by solving

i v = Ly () da, 0 2y iSo( Jdz (5 €{0,1,00}).

(4.15) o2 L, ON2 O\ L O\

Actually, we can verify that 8}\],5_1@) and 0,,Sy(z) are holomorphic at x = j although S_,

and Sy are singular there. Hence, the equations in (4.59) make sense and we can find V_(‘? and
VE)(J). For example, in the case of quantum Gauss curve, the equations (4.59) for j = 0 are
solved explicitly by

(4.16) V9 = Ao+ AL+ Aoo) 1og (Ao + At + Aoo) + (Ao = AL+ Aso) Iog (Mg — A1 + Aoo)
+ ()\0 + )\1 — )\OO) 10g ()\0 + )\1 - )\oo) + ()\0 — )\1 — )\oo) 10g ()\0 — )\1 — >\oo)

— 4)\0 log(Z)\o),
(4.17)
v = —% <log (Mo + A+ o) +1og (Ao — A1+ Aao) +1og (Mo + A — Ao) +og (Ao — A1 — Aac)
—4log (2)\0)>

— é(log (Ao + A1+ A) —log (Ao — A1 + Aso) +10g (Ao + A1 — Asg) —log (Ao — A — )\OO))
_ 7 (1og (Mo + A1+ Aao) +1og (Ao — A+ o) — log (Mo + A1 — M) — log (Mg — At — Am)).

Actually, we can verify that the regularized integrals are realized by the correction terms

G) _ 9Fo G _ L1f 0 0 9\ 9Fy .
1) VO=FE W =g (mge g g )5 G {0Le))

in the right hand-side of the relation (4.3). Thus we can conclude that the regularized Voros
coefficient satisfies

. ~ h « h .
(4.19) vrgfg@,z;m:F(Mgaj;h)—F(A—i@;h) (G € {0,1,00}).
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4.1.2.2 Proof of Theorem 4.1 (ii) Using the contiguity relations for the Gauss hyperge-
ometric equation (see §C), we can find difference equations (with respect to the parameter v;)
satisfied by the Voros coefficients.

Lemma 4.5 ([IKoT2, Lemma 3.5]). The Voros coefficient V) (for the singular point 0) of the
quantum Gauss curve (3.113) satisfies the following relations.

(4.20) VO v, v1, V00 B) = VO 1y — 1,1y — 1, v0; h)
__bg' A2 (Mo + M+ Ao +5/2) (Ao + A1 — Ao + 1/2)
oo +7/2) (Ao + M+ Ax) Mo+ —Aw) |’
(42]—) V(O)(Aa oy V15 Voos h) - V(O)(A7 W, — ]-7VOO + ]-7 h)

__log'(xom_xmm/z) (Ao — At + Aoo)
(/\0+/\1_/\oo> (;\0—;\1+5\00—h/2) ,

(4.22) V(O)(A, Vo, V1, Vooj ) — V) (A vo — 1,11, V0 + 15 1)
——log_ A2 Mo+ A — A +7/2) (Ao — A — Ao + 1/2)
_;\0(;\0 =+ h/2> (>\O + >\1 - )\oo) (>\0 - )\1 - Aoo)

We will prove Lemma 4.5 in §C.2. Here we derive (4.5) for j = 0 by using this result.

In the proof V(O () v; h) is abbreviated as V(O (v, vy, v) since we are only interested in
dependence on v. Substituting (vp, 1, V) = (1,0,0) into (4.20), (v, 11, Vs) = (0,0,—1) into
(4.21), and (v, 11, V) = (0,0, —1) into (4.22), we have

(4.23) V©(1,0,0) — V©(0,-1,0) = —log _QAQOAE ik
(4.24) V©(0,0,-1) = V©(0,-1,0) =0,

2X
(4.25) V©(0,0,—-1) — V©(=1,0,0) = —log By i il
Combining these equalities, we have

AN

(4.26) V©(1,0,0) = V®(=1,0,0) = —log

(20 + 1) (2 — h)
On the other hand, (4.3) for j = 0 with (v, 1, vs) = (1,0,0) and (vy, 11, Veo) = (—1,0,0) gives

10F, 10°F
4.2 ©(1 = F Mo, A A B) = F (N — A A A B) — =2 22 70
( 7) V (7070> (07 1, ) ) (0 y Ny ) ) h@)\0+2@)\%7

10F, 10%F
4.28 VO(-1,0,0) = F (Mo + A, A, At B) — F (Mo My Aot ) — =2 - 22 -0
( ) ( 77) (0+717 a) (0717 a) ha>\0 28)\(2)

Then, the desired equality (4.5) for j = 0 follows immediately from (4.26), (4.27), (4.28) and
the explicit expression of F given in §3.2.5.1.

As we have seen in Remark 3.15, the free energy is symmetric with respect to the parameters
(Ao, A1, Aso). Therefore, (4.5) for 7 = 0 implies the other equalities for j = 1 and oo. Thus we
have proved Theorem 4.1 (ii).
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4.1.2.3 Proof of Theorem 4.1 (iii) Let X, (j € S) be the shift operator defined by
(4.29) X; = e (J”a*j - 1)2 . F(\) = F(O\ + h) — 2F(\) + F(\; — h),
where 05, = 9/0);. Using this operator, the three term relation (4.5) is written as

(4.30) X;F (A h) =log A(A) — 2log (2);) — log (2\; + k) — log (2)\; — h).

Our goal is to solve the difference equation (or invert the operator X;) and obtain the explicit
expression of the coefficients of F. For this purpose, we use

Lemma 4.6 ([TKoT2, Lemma 3.6]). (i) Let G(A;h) = Y 02 h*972Gy(A) be the formal series
with the coefficients

(4.31)
Ao+ M+ Ao )? Ao — AL+ Ao
GO(A):( 0+ 12+ ) log()\o—i-)q—l—)\oo)-l—( 0 12+ ) 1og(Ao — A1 4 Aso)
Ao+ M — Ao)? Ao — A — Ao)?
+(°+ 12 ) log()\o—l—)\l—)\oo)+(0 12 ) 1og(Ao — A1 — Aoo)
— 33+ AT+ A2,
1
(4.32) G1(}) = 5 log A,
B, 1 1
4. \) = g
133 G =55, 5 { Gt 21 )2 T (o = A 4 )2
+ ! + L (9> 2)
o+ A1 — 20)22 T (g — Ay — oo )22 §=2

Then, G(A; h) satisfies the following difference equation:
(434) X,G ) =logh  (j € {0,1,00)).
(i) Let H(Ash) = 3002 h*972H,y(A) be the formal series with the coefficients

(4.35)  Ho(A) = —2X21og(2X0) — 2X21og(2)A1) — 202 log(2Mo0) + 3(AZ + A2 + \2),
1
(436) Hl(A) = E 10g(>\0)\1)\oo),

By 1 1 1
@) 0=~z e e ) 022

Then, H(A; h) satisfies the following difference equation:

(4.38) X H(Xh) = —log (2)\; + h) — 2log (2);) — log (2\; — h) (7 €{0,1,00}).
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Proof. Firstly, we note that the terms G, Hy are chosen so that the relations
(4.39) 02 Go(A) = log A, 0% Ho(A) = —4log (2,)

hold for each j € {0,1,00}. Therefore, the claim (i) (resp., (ii)) immediately follows from
Proposition D.3 (i) (resp., Proposition D.3 (ii)) which will be proved in §D.2. O

Note that the formal series F' and G + H have the same first two terms:
(4.40) Fy=Gy+ Hy, F,=G,+ H;.
Lemma 4.6 shows that they satisfy the same difference equations; that is,
(4.41) X;(F—(G+H))=0 (7 €4{0,1,00}).

Then, Proposition D.6 implies that

(442)  F—(G+H)=> W72 Cot Y CON+ > CINN A+ CP™ MM A
g=2 jeSs j,kES
7k
holds. Here Cj, C’éj ), C’éj " and C’émoo) are some complex numbers which are independent of
A0, A1; Aso. To show that these constants vanish, we use the homogeneity of F’s.

Lemma 4.7 ([IKoT2, Lemma 3.7]). The following relations hold for any nonzero complex

number t.

(4.43) F,(tho, tA1, tAoe) = 779 F, (Mo, A1, A ) (9> 2),
(4.44) Gy(tho, tA1 tAs) = 729G, (Mo, M, A) (g > 2),
(4.45) Hy(tho, tA1, tAes) = t2729H, (X, M, Aoo) (g >2).

The first equality (4.43) is a consequence of [EO1, Theorem 5.3]. Therefore, we can conclude
that the right hand-side of (4.42) must vanish due to the homogeneity. Consequently, we obtain
the equality F' = GG + H which proves the desired equality for the free energy of the Gauss
curve. This completes the proof of Theorem 4.1 (iii).

Remark 4.8. The other results in Theorem 4.1 (iii) are easily obtained from the difference
equation (4.5) by a similar method presented here. In particular, the formal series in Proposition
D.3 (i) appears when we compute the action of inverse operator of X; on (each factor of)
log A(A\) appearing in (4.5). Similarly, the other formal series in Proposition D.3 (ii) is the
inverse of R;(A;h). Although the solution of the difference equation is not unique, we can fix
the ambiguity with the aid of homogeneity, as we have done here.
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4.1.2.4 Proof of Theorem 4.1 (iv) Here we derive the explicit formula of the coefficient
of the Voros coefficient V) (), v; k) of the quantum Gauss curve by using the relation (4.3)
between the Voros coefficient and the free energy. Firstly, applying the difference operator
"o — 1 to the both sides of the relation (4.3) for j = 0, we have

(4.46) ("0 — 1) VO s ) = "P0/2 X F (XO, AL Ao h)
10F, 1( 0°F,  O°F 0°F,
hor, _ 1) d 190 L[ 9"Fo O"Fy 0
(" 1) { hore 2 (”0 22 T 3oh +”°°8AOAOO>}’

where X is the operator given in (4.29) for j = 0. Using (4.30), we have

(4.47) P02 X F (5\07 AL, Ao h)

_ e(lfyofulfyoo)ha/\O/Q log ()\0 + A+ )\oo) + e(l*VO‘l’Vl*l/oo)ha)\o/Q log ()\0 — M\ + )\OO)
+ 6(1_V0_V1+Voo)ha/\0/2 log ()\0 + )\1 _ )\OO) + 6(1—V0+V1+Voo)h8>\0/2 log ()\0 . )\1 o )\OO>
— 0710100 /2 Lo (20 + 1) + 21og (2X) + log (200 — F) } .

To obtain the expression of the Voros coefficient, let us compute the action of the inverse
operator of (eha*o — 1) to each terms appearing in the right hand-side of (4.47). For the purpose,
Proposition D.4 is quite useful. For example, applying Proposition D.4 (i) for t = vy + v1 + Veo,
A= Ao, t = A\ + A\, we can verify that the formal series

(4.48)
G(A 1) = (o + M1+ o) Tog(Ro + A1+ Aa) = Ao) — W log (Ao + At + Ao
* mZ:1 m(niz +1) BmH((()\VOO—l——i_;lj——;:): =
is a particular solution of the difference equation
(4.49) (" — 1) G(A, v; h) = 7071772020/ 2 Jog (g + At + Ao).

Namely, (4.48) coincides with the result of action of (" — 1)71 on the first term in the right
hand side of (4.47) modulo constant terms. Thanks to Proposition D.4, we can compute the
action of ("o — 1)_1 on the other terms in (4.47) similarly. Although (4.48) contains terms
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which are proportional to A~! and AY, those terms cancel with the other terms

OF
6_)\0 = (Mo 4+ A1+ Aoo) 10g (Ao + A1 4 Aso) + (Ao — A1 + Aso) Tog (Mg — A1 + Axo)
0
+ ()\0 + )\1 — )\oo> lOg ()\0 -+ )\1 — )\oo) =+ ()\0 — )\1 — >\oo) IOg ()\0 — )\1 — )\oo)
— 4)\0 10g(2)\0),
0*Fy
I log (Ao + A1 + Ase) +10g (Ao — A1 + Aso) 4 1og (Ao + A1 — Ax) +1og (Mg — A1 — Ax)
0
~ dlog (2\o),
0*F,
= log ()\0 + >\1 + )\oo) - lOg ()\0 - )\1 + )\oo) + log (/\0 + >\1 - >\oo) - log (>\0 - >\1 - >\oo)7
OXgON
O*Fy
BN log (Mg + A1 4+ Aso) +10g (Ao — A + Aoo) —log (Mg + A1 — Aoo) — log (Mg — A1 — Ao)
0 0o

in the right hand side of (4.46). In the end, we can verify that the formal series

(4.50)

> m Boii(vo+ 11+ v +1)/2)  Bppi(o — 1 + v +1)/2)
(0) v h) = +1 +
VOQph) =3 mim+ 1) { Dot Mt r)™ o — M A )™

m=1

Byi((vo+v1 —vee +1)/2) | Buyi((o —v1 — Voo +1)/2)  Biga(vo) + B (vo + 1) }

L G WSS Ve W Y § W W W I @)
satisfies the difference equation (4.46). Since we derive the formula (4.50) by solving the
difference equation, the above expression only holds modulo formal series of h whose coefficients
are independent of \; a priori (cf. Proposition D.5). However, by a similar argument used in
the previous subsection, we can conclude that (4.50) is indeed an explicit expression of the
Voros coefficient for the quantum Gauss curve. This completes the proof of Theorem 4.1 (iv).

4.2 1In the case of third order differential equations

4.2.1 Main Theorem

In this subsection we formulate our main results for the quantum curves discussed in §3.3.2.

Let (C) be one of the spectral curves constructed in §3.3.2; that is, the (1,1,3) (§3.3.2.1), the
(2,3) (§3.3.2.2) and the (1,4) (§3.3.2.3) curve. Denote by (£) the associated quantum curve by
Theorem 3.20. Recall that the spectral curve (C) is (a parametrization of) the classical limit
¥ of the quantum curve (F).

Let S be the set of singular points of (F), which are not branch points of the spectral curve
(C). The set S is tabulated in Table 4.2. For each j € S, there exist three preimages (3;1, ;2
and ;3 of j by the map z(z) which appeared in the definition of the corresponding spectral
curves (note that this notation is consistent with those given in §3.3.2.1 — §3.3.2.3). We also
introduce T' = {1, B2, o3} \ {o0}. The set T is tabulated in Table 4.2. Let v (j € T)
be a path on the Riemann surface ¥ defined as the image by x(2) of a path from oo to S ; on
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(B) | (1,1,3) | (23) | (14)
S || foo} | {oo} | {oo}
T | {01} | {0} | {0}

Table 4.2: The list of singular points (which are not branch points of the spectral curve) of
quantum curves.

z-plane. (On z-plane, 7., ; starts from the point co and come back to co but with a different
sheet of the Riemann surface ¥.) Note that A ; and 7. ; satisfy the variation formula

O"F, .
(4.51) TR :/ / Won(ClyooeG) (GET)
00,] ¢1 €Y00,j Cn €Y00,j

([EO1, §5.3]). Then, we define the Voros coefficient V(*9) of the quantum curve (E) for the
path 7. ; by

(4.52) VD (A, s h) = / (S(w.n) ~hS () — Solw))de (€ T).
Voo,j

Here S(z,h) is the logarithmic derivative of the WKB solution of the quantum curve (F).
Actually, V() depends only on the end and initial points of 7. ; since S, (z)dz for m > 1
(or the correlation functions W,, for 2g —2 4+ n > 1) has no residue at branch points. We
also note that, since the quantum curves discussed in §3.3.2 depends only on the parameters
Vi1, Vj2, and vj3, so do the Voros coeflicients. Thus we have used the symbol A = (A ;)jer,
V = (Vo) jer for the tuple of parameters contained in the quantum curve (E) in the expression
(4.52).

On the other hand, the topological recursion associates the free energy

(15 FOLt) = 32RO 1)
g=0

for the spectral curve (C') as we have reviewed in §2.4. Our main result gives a formula which
relates the free energy of (C) and the Voros coefficients of (E). We derive three-terms relations
satisfied by the free energy, and moreover, obtain explicit expressions of the free energies and
Voros coefficients as a corollary of these relations. The precise statement is formulated as
follows.

Theorem 4.9. (i) The Voros coefficient of the quantum curve (E) and the free energy of the
spectral curve (C) are related as follows.

(4.54)
A A : 1 0F d; > F
(00.9) B = F R —F (N th) - 2220 _Dk) 270
VEDO ) = F (A R0y t) = F (3 650) = foet+ > (e T
(JeT).
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Here the symbol A+ ad; means the parameter shift of vaj by o
(4.55) A+ ad; = Mook + O ker-
(Recall Moo j = Moo — Voo jh (7 € T) as we have introduced in (3.163).)

(ii) The free energy for the spectral curve (C) satisfies the following three-term difference
equation.

(4.56) F(A+hoj, t;h) — 2F (N, t;h) + F(A— hd;, t;h) = Rj(A\ t;h) (j€T).
Here R;(\,t; h) in the right hand-side of (4.56) are given as follows:
e For the (1,1,3) curve (§3.8.2.1):
Rj(A, £ h) = log(As ;) +210g(t) (5 € {0,1}).
e For the (2,3) curve (§3.58.2.2):
Ro(A t;h) = —%log(—Zt).
e For the (1,4) curve (§3.5.2.3):
Ro(\, t;h) = %bg(—SAoo?).
(iii) For g > 2, the g-th free energy of the spectral curve (C') has the following expression.

e For the (1,1,3) curve (§3.58.2.1):

B, 1 1
F,(\t) = g :
9(—7 ) 29(29 - 2) {)\00,0292 - )\00,1292}

(Fo and Fy for the (1,1,3) curve are given in §53.3.2.1.)

e For the (2,3) curve (§3.5.2.2):

F9<A7 t) = 0.
(Fo and Fy for the (2,3) curve are given in §3.5.2.2.)

e For the (1,4) curve (§3.58.2.3):

By 1
F = g :
Q(Aa t) 2g<29 _ 2) AOOQQ—Q

(Fy and Fy for the (1,4) curve are given in §3.3.2.3.)

In these expressions, By, is the m-th Bernoulli number given by (D.1) in §D.
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(iv) The Voros coefficients (4.52) for the quantum curve (E) are explicitly given by

(4.57) VEDN tvh) =Y V(M) (jeT),

m=1
where the coefficients Vn(fo’j)(A, t,v) for m > 1 are given as follows.

e For quantum (1,1,3) curve (§3.5.2.1):

1 Bm—i—l(yoo,O)
mim+1)  Aoo™

1 B1(Voo,1)
mm+1)  Aea™

VO (At v) =

VDNt ) =

o For quantum (2,3) curve (§3.8.2.2):
V() ¢ v) =0.
e For quantum (1,4) curve (§3.3.2.3):

1 Bm-i—l(Voo)

V"SOO’O)(A’LZ) - m(m+1) A"

(This expression was obtained in [IKo] when vy = 1.)
In these expressions, By, (t) is the m-th Bernoulli polynomial given by (D.3) in §D.

4.2.2 Proof of main theorem for quantum (1,1,3) curve

Here we give a proof of Theorem 4.9 for the case of (quantum) (1,1,3) curve. Therefore, in the
following proof, we focus on the (1,1,3) curve (3.159) and the associated quantum (1,1,3) curve
(3.162) and use the notations in §3.3.2.1; namely, the function z(z) is given in (3.159), and the
divisor D(z;v) is given in (3.161), and the set S of singular points becomes {oo}, and the set T’
becomes {0, 1}, etc. (We omit the proof for other examples considered in §3.3.2 because they
can be treated in a similar manner.)

4.2.2.1 Proof of Theorem 4.9 (i) Theorem 4.9 is proved in a similar manner to Theorem
4.1 (i). Then, we only note that the key equation is the variation formula (4.51) and omit the
proof of Theorem 4.9 (i).

Remark 4.10. In the definition (4.52) of the Voros coefficient, we subtracted the first two terms
h=1S_; and Sy because these terms are singular at end points of the path v. However, a
regularization procedure of divergent integral (see [V2] for example) allows us to define the
regularized Voros coefficient:

(4.58) VD (At v h) = BV (At w) 4+ VD (At v) + VD (At v B,

reg
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where V37 (A, ¢, v) and V) (), ¢, ) are obtained by solving

P (o)

2
00,7 Yoo,j aAOOJ

2
a S—l(x) dx? 8

e Vo [ywyj e So(x) dz.

Actually, we can verify that (XOOJ_S,l(x)dx and Oy ;So(z)dx are holomorphic at z = oo al-
though S_; and Sy are singular there. Hence, the equations in (4.59) make sense and we can
find V_(C{O’J) and VO(OOJ). For example, in the case of the (1,1,3) quantum curve, we obtain

(oo 1 9] : 1\ 1
Vooaj): V(OOJ):_ o i — = .
Do’ ! Moy Oheey C Y079 ) Aoy

Actually, we can verify that the regularized integrals are realized by the correction terms

: 0F, ; 1\ 0*F,
4' 1 (007]) — (007]) — L
( 6 ) V_l aAoo,j ) ‘/O VOOJ 2 a)\oo’jQ

(4.60)

in the right hand-side of the relation (4.54). Thus we can conclude that the regularized Voros
coefficient satisfies

(4.62) VDNt v k) =F (i—i- ho;, t; h) - F (2, t; h) .

reg

4.2.2.2 Proof of Theorem 4.9 (ii) Using the contiguity relations for the (1,1,3) equation,
we can find difference equations (with respect to the parameter vy, ;) satisfied by the Voros
coefficients.

Lemma 4.11. The Voros coefficient V9 of the quantum (1,1,3) curve (3.162) satisfies the
following relation.

—1)h
(463) V(OO’O) (A, t, Voo,0 — 17 Veo,1, h) - V(Oojo) (Au t? Veo,05 Voo, 1 h) = log (1 - (VOO’AO ) )
00,0

We will prove Lemma 4.11 in §C.3. Here we derive (4.56) by using this result.
In the proof V0 () ¢, v; h) is abbreviated as V(0 (v, o, Va1 ) since we are only interested
in dependence on v. Substituting (Ve o, Veo,1) = (1,0) into (4.63), we have

(4.64) V0 (1,0) = V9(0,0).

On the other hand, (4.54) with (Voo 0, Voo1) = (1,0) and (Ve 0, Veo,1) = (0,0) gives

OF, 1 0F
4.65)  VEN10)=F (Moo daots 1 h) — F (Moo — B Ao 1, B R) — —2 B L 4 = 0
( ) ( ) ) ( .09 L b ) ( ,0 ) 15 L ) a)\oqo _'—28)\00’027
F 1 9°F,
(466) V(OO’O)(07O) = F()\OOO + ha )\OO 17t; h) - F<)\OO 0> )\OO 17t; h) - &hil - 3 @ 02.
El El 9 kl a)\oo70 2 6)\00’0

Then, the desired equality (4.56) follows immediately from (4.64), (4.65), (4.66) and the explicit
expression of Fy given in §3.3.2.1. Thus we have proved Theorem 4.9 (ii).
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4.2.2.3 Proof of Theorem 4.9 (iii) Because we can determine the dependence of Fj (), t)
(g > 2) with respect to parameter ) in a similar manner to the proof of Theorem 4.1 (iii), we

only determine the dependence with respect to parameter ¢. Note that this point is the biggest

difference between the case of second order differential equations and third order differential

equations. Then, we prove the following theorem.

Theorem 4.12.

(4.67) S2 =0 (922).

To prove this theorem we use the following two lemmas.

Lemma 4.13. For the free energy for the (1,1,3) curve

o, = —Rest(2* — 2)W,1(2) (¢g=>1)

(4.68) 5 Res

holds.

Lemma 4.14. For the (1,1,3) equation and the (1,1,3) curve the following relations hold:

(4.69) Res t(z* — 2) Z ™S, (2(2))dz(2) = C_1 (A, t,v)h + Co(\, t,v),
= m=—1
(4.70)
h2g 2+4n o=z (n=2
Rest(z2 _Z) / Wgn('zaCQa"'?Cn) = thgCQQ(A7t>Z)7
2=00 (n—=1"J, oo ’
g>0 n>2 Cn g>1
(9.:1)7#(0,2)

where C_y, Cy and Cyo (g > 1) are constant with respect to h.
Proof of Lemma 4.13. Because

(4.71) Oz) = 83(/9(;) da(z) —

9 1
ﬂg;) (o) =2z =g | B0

holds, Theorem 2.17 gives (4.68).

Proof of Lemma 4.14. By using Lemma C.3, we can verify (4.69) directly. Because W, ,,(z1, - -

are holomorphic at z; = 0o (1 <i < n) for 2g — 2+ n > 1, we find that
Wg,n(’za 227"'7271) ~ - (0(17)1—’_0(1/21)) (Z’i — OO)

Then, since lower order terms O(1/z;) vanish in the limit z; — oo (1 < < n), we obtain

(=22 (o=22 C ndC an C ndg - dg‘n
o Wanlese = [ SR = e
¢ Ca=0c0 < CUEEE Cn 2229(3% -+ Cp

2=00
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Therefore,

C2=22 Cn=2n -1 TL-‘,—lC n
/ / WQ,H(Z7C27"'7€TL) N<( )n+1 & —l—)dz
(a=00 (n=00 29=+=2Zp=2 <

holds. Multiplying the both sides of the equation by #(z? — z) and calculating residues, we get
(4.70).

[
Proof of Theorem 4.12. By taking (Ve , Voo,1) = (0,0) in Theorem 3.20 we obtain

(4.72)  log |,y Z hm/ Spndx

m=—1

m=—1 2g—|—n 2=m
g>0,n>1

It follows from this equation that

(4.73)
Zh29 1( Rest(z —z)WgJ(z))

g>0

o0

= —Rest(z? — 2) Z RS, (z(2))dx(z )+Rest(z —2) /Z (WOQ(Z,ZQ)— dr(z) dz(z) )

2=00 _ 2
i o0 (z(2) — 2(22))
h2g 2+n
+£i%§t(z2—z) / /Wgnzzz,..., )
>0,n>2
(am)#(. 2)

z

= M BB — Co(At, ) + Rest(=* — 2) /

o0

(Wo,z(z, o) — rz) =) )

(2(2) — 2(22))?
+Y B9C, 5\t ).

g>1

Here we have used Lemma 4.14 in the last equality. Because the left hand side of this equation
is written by

Zfﬂg 1( Rest(z — 2)W,, (z)) =—h" Rest(z — 2)Woa(z +Zh2g 1

g>0 g>1

we compare the odd terms with respect to A of both sides. Then, we find that there is no odd
term whose order with respect to h is greater than or equal to one in the right hand side. It
means that (4.67) holds. O

4.2.2.4 Proof of Theorem 4.9 (iv) We omit the proof of Theorem 4.9 (iv) because we
can obtain the Voros coefficients directly by using the relation (4.54) and the explicit form of
the free energy.
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A Meromorphic multidifferentials

The correlation function W, (21,22, , 2,) is a meromorphic multidifferential, i.e., a mero-
morphic section of the line bundle 7} (T*P!) @ m3(T*P!) ® -+ @ «:(T*P!) on (P')", where
m; « (P)™ — P! denotes the j-th projection ([DN]). Thus a multidifferential is a meromorphic
differential in P! for each variable. If all of the residue with respect to each variable vanish,
then we call it a multidifferential of the second kind. We summarize here some notations on
multidifferential which we use in this paper.

Local coordinate representation. In a local coordinate, we express a meromorphic
multidifferential Q on (P)" as

(A.1) Q=Q(z1,29,  ,2n) = f(21,20,+ , 2n) dz1dzg - - - d2p,

where f is a meromorphic function (we omit the tensor product ® in its expression). If € is
symmetric under the permutation of variables, i.e.,

(AQ) Q(Zla"' 7zja”' 7Zk7"'zn):Q(Zla"' 7Zk;7"' ’zj7...zn)

for any 7,k € {1,2,--- ,n}, Q is said to be a symmetric multidifferential.
Integration. Its integral with respect to j-th variable is denoted by
2;=b b
(Av?)) / Q(Zl, 29, ,Zn) = (/ f(Zl, 29,0, Zn) de) le s de,1d2j+1 tee dZn
Zj:(l a

or
(A.4) / Q(z1, 20,0, 2p) 1= (/ f(z1, 22, 2n) dzj) dzy - -dzj_1dzjs -+ - dz,
zjEY Y

for an integration path ~ in P, If Q is symmetric under the permutation of the variables, we
write a multiple integral with a same integration contour v like

(A.5) //Q(zl ) ::/dzl---/dznf(zl,--- ).
&b Y )

Further we sometimes drop off the word “n-th” if it is clear from the context.

Integration with a divisor. Let w be a meromorphic differential on some domain U
in P! of the second kind. Following [BE2], for a divisor D(z;v) = [z] — >, vk[pk], where
2,P1,P2, "+ ,Pm € PY\{poles of w}, and v = ()7, being a tuple of complex numbers satisfying
Y e v = 1, we define the integral of w with D(z;v) by

(A.6) / W= I/k/ w.
D(z;v) Z Pk



Because w is of the second kind, this integral does not depend on the choice of paths in U from

pj to z (j =1,2,--- ,m). For a multidifferential Q = Q(2y, 29, - - , 2,,) of the second kind, we
define
(A.7) / Qz1, -+ 25, 2n) :—Zuk/ Qz1,+ .2, 2n).

z;€D(z;v) k=1 2 =Pk

As in (A.5), we write the multiple integral as
(AS) / / Zl’ 9 ZTL) = / le .. / dZTL f(Zl7 .. 72’”)
(zv) (zv) z1€D(z;v) zn€D(z;v)

for a symmetric meromorphic multidifferential of the second kind.

Pull-back. Finally, for a holomorphic map ¢ from some domain in P! to P!, we write the
pullback of €2 by ¢ with respect to the j-th variable as

(Zla" ’ 7¢(Z]) 7Zn) = f(zla U 7¢(Zj)7' o azn)dzl te d¢(zj) o dzn

We frequently use this expression mainly when ¢ is conjugate map defined near a ramification
point.

B Ineffectiveness of ramification points

Following [BE2], we define R as a set of ramification points of x(z), not as a set of zeros of dz(z)
as in [EO1]. However, this modification does not cause difference when the ramification points
are ineffective (in the sense of Definition 2.13). Here we give a criterion for the ineffectiveness
of ramification points (cf. Proposition 2.14).

Proposition B.1. For a ramification point r, the followings are equivalent:

(a) the correlation function Wy, (21, -+, z,) with (g,n) # (1,0) is holomorphic at z; = r for
eachi=1,--- n (i.e., r is an ineffective ramification point).

(b) The differential (y(z) — y(Z))dxz(z) has a pole at r.

Proof. First let us give a remark on the pole order of correlation functions at a ramification
point satisfying the above condition.

Lemma B.2. If (y(2) — y(Z))dz(z) has a pole at a ramification point r, then the pole order of
(y(z) —y(2))dz(z) at z =r is greater than or equal to two.

Proof of Lemma B.2. It is enough to prove that (y(z) — y(Z))dz(z) never has a simple pole
at ramification point. In other words, it suffices to prove that, there is no r € R satisfying
p(z(r); P) = —2 (cf. Proposition 3.3).

Suppose for contradiction that a point r € R satisfies p(z(r); P) = —2.
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We also assume that z(r) # oo for simplicity. (The case x(r) = oo can be treated by a
similar way.) Then, the function Qy(z) defined by (3.9) has an expression

Co
r) = ——(1+ f(2)),
QO( ) (ZE _ I(T))2< f( ))
where ¢q is a nonzero constant, and f(x) is a rational function of x which vanishes at = = x(r).
Taking a square root with an appropriate branch, we obtain

Z) — 2:—2\/6_0 z(2))/?
v =) = S5 s (L FEE)

Since the left hand side is anti-invariant under the involution z — Z, the above equality and
the relation z(z) = z(Z) imply

1 1

w(z) —a(r)  w(z) —a(r)

which leads a contradiction. This proves that no r € R satisfying p(z(r); P) = —2. O

Remark B.3. By a similar argument presented in the proof of Lemma B.2, we can also show
that, there is no r € R satistying p(z(r); P) = —2m for some m > 1.

Now let us prove Proposition B.1.

Let us assume (b), that is, (y(2) — y(%Z))dx(z) has a pole at r, and look at the behavior of
Wo.s(20, 21, 22) and Wy 1(z) when zy approaches to r. By deforming the residue contour around
r, we can decompose the contribution of residue at z = r to Wy 3(20, 21, 22) as

(B.1) Ez{:ef,K (20, )(B(z 21)B(Z, z2) + B(Z, z1) B(z, zg))

il

Here C, ., = is a contour satisfying

ieczo f; ) »(20,2) (B(2, 21) B(Z, 22) + B(Z, 21) B(2, 7))

TZO Z0

{the domain bounded by C, ..z} N RN{20,Z0, ", 2n, 2n} = {7, 20,20},

and the other contours C,, and Cx are defined similarly. Then, the first integral in the right
hand-side of (B.1) is holomorphic at zy = r, while the other two integrals are evaluated as

(B. o (7{ 7{ > +(20,2)(B(z,21)B(Z, 22) + B(%, 21) B(z, 22))

1 — _
— (o) — (o)) (0) (B(Zo, 21)B(Zy, 22) + B(Zo, 21) B( 20, z2))

Therefore Wy 3(20, 21, 22) is holomorphic at zy = r (and hence, it is holomorphic at z; = r for

i = 1,2 as well) under the assumption on the pole property of (y(z) — y(Z))dx(z) at r.
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On the other hand, the behavior of W1 1(zy) when zy approaches to r is described in a similar
manner:

1
(B.3) Res Ky(z0,2)B(2,%) — — ]f Ko(20, 2)B(2,%) +
2=r 271 2eC,

1

20,70 (y(20) — y(%0))dz(20)
Then we can conclude that W 1(zp) is holomorphic at zy = r because (y(20) — y(Zo))dx(z0) has
a double or higher order pole at r (cf. Lemma B.2) while B(zg,%y) has a double pole there.

B(ZOaZ_O)‘

Using the induction on 2¢g — 2 4 n, we can conclude that the correlation functions W, ,, are
holomorphic at  with respect to each variable z;, as follows. For general (g, n), the contribution
of the residue at z = r to W, ,41(%0, 21, - - , 2n) is given by the following form
(B.4) Res K,(20,2)Fyn(2,7Z,21, + , 2n)

1
= — ]{ —j{ —f K, (20, 2)Fyn(2,Z, 21, -, 2n).
21 \ J.ec 2€C%, 2€Cs

Although we omit an explicit expression of F,,(2,Z, 21, -+, 2,) (which can be read off from

T,2(0),20

(2.34)), we know it has at most double pole at z = r under the induction hypothesis. Then,
by the similar argument for W ;(z) presented above, we can verify that the right hand-side of
(B.4) is holomorphic at zy = r. Thus we have verified that r is ineffective.

Conversely, let us assume (a). Then, it follows from the definition of ineffectiveness that the
correlation functions Wy 3(zo, 21, 22) must be holomorphic at zy = r. Then, in view of (B.2), we
can conclude that the differential (y(z0) — y(Zo))dz(z0) must have a pole at zy = r (otherwise
the right-hand side of (B.2) never becomes holomorphic at zy = r).

Thus we have proved the equivalence between the conditions (a) and (b). This also completes
the proof of Proposition 2.14 (i). ]

The remaining task for a proof of Proposition 2.14 is to show

Proposition B.4. If r is an ineffective ramification point, then the residue at r in (2.34)
becomes zero.

Proof. Since [ CC;Z B(zp, () is holomorphic and vanishes at z = r, we can verify that K, (2, 2)
has a double (or more higher order) zero at z = r if r is ineffective (cf. Proposition B.1).
Therefore, K, (20, 2)Fyn(2,%, 21, ,2,) in (B.4) is holomorphic and has no residue at z = r.
This completes the proof. O

C Contiguity relations of the Voros coefficient

Here we give a proof of Lemma 4.5 by using the contiguity relations of the Gauss hypergeometric
equation. A recent result of Oshima (see [O] and references therein) shows that his framework
is efficient in a study of linear differential equations of rational coefficients theoretically and in
practice. As is discussed in [IKo], it would give a computation method of Voros coefficients
in a unified and algorithmic manner. Although it is enough to use the traditional contiguity
relations because we only discuss second order hypergeometric equations in this paper, here we
give them along Oshima’s theory for future works.
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C.1 Contiguity relations of the Gauss hypergeometric equation

In our study we need contiguity relations of the following operator defined though the middle
convolution.

(C.1) Plauss(K1, Ko, 1) : = RAA(07*")RAd(z™/"(1 — z)"/M)d,
= 2(1 — 2)(hd,)* + (c — (a + b+ h)x)(hO,) — ab.

a=—(pu+rK +K), b=—p+h c=—-pu—r +h
<~ kK1=b—c, kg=—a+c—h, u=—-b+h

Here RAd denotes the reduced adjoint operator ([O, §2.2]). We specify the parameters
(C.2) a:)\0+)\1+)\oo+§, b:A0+/\1—AOO+§, c=2\+h

so that the equation Pgauss®causs = 0 1S equivalent to the quantum Gauss curve (3.113) by a
gauge transform (cf. (3.116)). These relations are equivalent to

(C.3) fo=—H-1

in terms of the parameters related to the middle convolution.
We will use the following contiguity relations of the operator Pgauss (cf. [O, §5 and §4]).

Theorem C.1. The differential operator (C.1) satisfies the following contiguity relations.

8:5 o PGauss(Kfla Ra, ,u) = PGauss(/ily Ko, b — h) o aza
(I‘ + (ﬁ - ﬂ)(ham)_l) o) PGauss(’%l; K/Q; ) - PGauss(’fl + h Ii2? O ( ILL x )
(.CL' -1+ (h - ﬂ)(har)il) o PGauss(Kfla K2, ,u) PGauss('Lil; Ko + h /,L ° (1' —1- ﬂ )71)'

In particular, the parameter shift (kq, ko, ) — (K1, k2, p — k) in the first line can be trans-
lated into the shift (vp, 11, Vo) — (Vo — 1,14 — 1, V) of the parameters v;’s.

C.2 Proof of Lemma 4.5

Now we prove Lemma 4.5 with the aid of Theorem C.1. The following proof is based on the
same ideas of [T1] and [IKo]. We will only give a proof of (4.20) in Lemma 4.5 since the other
equalities can be derived similarly (see Remark C.2).

C.2.1 Preliminary for the proof

Let ¥gauss(, ) be the WKB solution to the equation

<C4) PGausstauSS = 07
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and Sgauss = Zm2—1 I SGaussm () be its logarithmic derivative. In view of (3.116), the log-
arithmic derivative S of the WKB solution of the quantum Gauss curve (3.113) (which is
considered in §4.1.2) is related to Sgauss as follows:

_\1 \ 3 1
(C.5) Scaus(t, h) = S(z, k) — <)\0 n Vo+ + Vo ) 1 (ﬁ N Viq +p )

h 2 x h 2 x—1

The relation (C.5) implies that the formal series S and Sgauss differ only by first two terms
(i.e., terms proportional to ™' and h°). Therefore, the Voros coefficients

(C.6) VD (A i h) = / (Scauss(, 1) — B Sauss1(%) — Scausso(2)) do
Vi
of the equation (C.4) defined for the same path % (j € {0,1,00}) given in §4.1.1 coincide
with those for the quantum Gauss curve; that is, VGauSS = V () holds for each j € {0,1,00}.
Therefore, our task is to show that the Voros coefficient VGauss satisfies (4.20).

We will use the symbols x; and x5 for points on 7y which eventually tend to the end point
and initial point of ~y. We will also use the following obvious expression:

(C.7) (VO v h) =) VElQwih) = lim VELZ (A, v; h)
x1—0
.rgl—)UT
with
1
<08) Vg;uiz(/\ v h) / (SGauss<x7 h) - h_ISGauss,—l(x) - SGauss,0<x>) dx.

Here the integration in (C.8) is taken along a part of 7y, and 0 and 0T are the end point and
initial point of 7y, respectively. (These points are preimages of = 0 by the projection ¥ — P!,
or in other words, 0 corresponds to By, on z-plane while 0f corresponds to Sy_.)

In the following proof we need to analyze the behavior of Sgaussm () when x approaches to
0 and 0'. A straightforward computation shows

O(z°) when z — 0,
(09) SGauss,—l(aj) = 2/\0

—=—=+4+0(2°) when x — 0,

x

O(2?) when x — 0,
(C.10) SGauss0(T) =

oy O(z°) when x — 0,

x
(C.11) SGauss,m (T) = O(z°) when z — 0 and z — of.

The last property (C.11) is a consequence of the fact that the correlation function W, ,, (21, . . ., z,)
is holomorphic at z; = By+ (which are not ramification points). Thus Sgauss behaves as

A(R)+ O(z')  when z — 0,

(C.12) SGauss(T, h) = .

—E—i—O( %) when z — 07
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near the origin. Here A(h), which is independent of x, can be determined by looking the
behavior of coefficients of (C.4) near the origin; the explicit form is given by
(2X0 + 2M1 + 2Xa0 + ) (200 + 201 — 20 + )

AR(2Xo + 1) '

(Precisely speaking, since Sgauss(, ) is a formal series of h, so does A(h). Therefore, A(h)
should be understood as the Taylor expansion of the right hand-side of the formula (C.13).)

(C.13) A(R) =

C.2.2 Derivation of contiguity relation for the Voros coefficients

Now we use Theorem C.1 to derive the contiguity relations satisfied by the Voros coefficient.
It follows from the first relation in Theorem C.1 that

(C14) 6x¢Gauss($a o, Vl) = const X ¢Gauss(m7 g — ]-7 V1 — 1)

holds. (In this proof we omit the dependence on other variables since we are mainly interested
in dependences on vy and v;.) Then, the logarithmic derivative Sgauss Of YGauss Satisfies

d
(C15) SGauss(w7VOa Vl) - SGauss(xa Vy — 1a vy — 1) = _% 1Og SGauss<x7 o, Vl)'

Integrating the both sides from x5 to xy, we have

(C.16)  Viaus (0, 1) = Vians (0 — L1 — 1) = —log (SG&USS(QH, ’/U’Vl))

Gauss Gauss SGauss (332, Lo, Vl)

- Z hm (/ SGauss,m(xa o, Vl) dx — / SGauss,m<x7V0 - 17V1 - 1) dx) .

me{—1,0} z2 *2

In order to derive a difference equation satisfied by Vé(;)uss, let us look at the behavior of
the right hand-side of (C.16) when z; — 0 and 2o — 07. Since Sgauss,—1() is independent of
v;’s, we have Sgauss—1(, Vo, V1) — SGauss,—1 (%, Vo — 1,11 — 1) = 0. Moreover, a straightforward
computation shows

(C.17)

T T
/ SGaussO ZL' V07V1 dl’ - / SGauss,O(':Ea Vy — 1a 1% 1) dl’

1 2)\0\/)\2 22— (N2 AT+ A2 — (A2 — A2+ A% )z + 2A2
- 2 2
1
+5lo g( 2>\1 >\2x2 ()\3—)\%+)\go)x+>\8+()\3—)\f—)\§o)x—(A§+/\f—>\§o)>
1 402 )
— h
B 2 ( Dot = )(>\O+)\1+)\oo))+0(x) when z — 0,
B L (Ao + A Mo+ A 4+ A
5 < ot AL~ 4)/\(20+ Lt Oo)x2>+0(x1) when z — 0F.
0
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Therefore, the right hand-side of (C.16) coincides with

. AN
C18) —log A(h) — ~log ( - 3

2) 1 _
‘o (_ﬂ) g (_()\o+)\1+>\oo)()\o+)\1 Aoo)xQ)

hay 2 403 2

A2 (Ao + A1+ Ao + 1/2) (Mo + At — A + 1/2)

= —log

modulo terms which vanish in the limit ; — 0 and x5 — 0. Therefore, taking this limit in
the both sides of (C.16), we obtain the desired relation (4.20). This completes the proof.

Remark C.2. Combining the equalities in Theorem C.1, we can derive

(C.19) (xh0y — 1+ h) Vaauss(Vo, V1, Vo) =  cosnt X Ygauss(Vo, 1 — 1, Voo + 1),
(CQO) ((l' - 1)hax — K + h) wGaussO/O; vy, Voo) = cosnt X wGaussO/O - 17 V1, Vo + 1)

as counterparts of (C.15). Then we can perform a similar calculation as above to derive the
other equalities (4.21) and (4.22) in Lemma 4.5. We omit the details.

C.3 Proof of Lemma 4.11

Here we only state some lemmas which we use to prove Lemma 4.11 and omit the details
because we can prove Lemma 4.11 in a similar manner to §C.2. In this subsection we omit the
dependence on other variables since we are mainly interested in dependences on vy, ¢ and vo ;.

Lemma C.3. Let 0o (j = 1,2,3) are preimages of x = oo by the projection ¥ — P, or in
other words, for each j € {1,2,3}, 0oV corresponds to Beo,; 0n z-plane. Then, a straightforward
computation shows

([ Ao -2 1
——= 4+ 0(x7?) when x — oo™,
x
Aso
(C.21) Saiz-1(r) = (1-"2L 4102 when z — 0o,
T
r 1 4 3
—=+=+0(z7Y)  when z — 00®,
L 22
( -1
Yool 2 O(z72) when x — ooV,
-1
(C.22) Saiz0(x) = Yoo 72 O(x72) when x — 00®),
x
_M + O(x_Q) wh@n €r — 00(3)7
0 x
(C.23) Saizm(r) = O@@™?) whenz — 0o (j=1,2,3) (m>1).
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Lemma C.4. For the (1,1,3) equation

(C-24) ax¢(1,1,3)(Voo,o, Voo,l) = cosnt X @/1(1,173)(7/00,0 -1, Voo,1)7
(C-25) (_ha:r + 1)¢(1,1,3)(Voo,07 Voo,1) = cosnt X ¢(1,1,3)(Voo,07 Voo, 1 — 1)
hold.

From (C.24) the logarithmic derivative S( 13y of 1(11,3) satisfies

(C.26) S1,1,3) (T, V0,0, Voo1) — S(1,1,3) (%, Voog — 1, Ve 1) = I 1og S(1,1,3) (%, Voo,01 Voo,1)-

Integrating the both sides from x5 to x;, we have

T1,T T1,T Sl, 3L, Voo, 05 Voo, 1
(C.27) V15 (Vo0 Voot) = Vi {5 (Vos0 = 1, ve01) = —log < L )

5(1,1,3)(1'2, Vo0, Voo,1)

T o
_ Z rm (/ 5(1,1,3),m(1’, l/oo,o,yoo,l) dx —/ 5(1,1,3),m(x,y0070 — 1,Voo,1)dx) )

me{—1,0} 2 2

By using Lemma C.3 we get

(C.28) / S(1,1,3),0(% Vo0, Voo,1) AT —/ S1,1,3),0(%, Voo — 1, Voo 1) d

—log (— )\OO’O> +O0(z™")  when 2 — oo™,
_ x
—log <_t£2> +0(z™h) when z — 00®),

Therefore, the right hand-side of (C.27) coincides with

2
1" T2 Ty )\oo,O
(C.29) — log{ v } +log {1 (Moo — (Vooo — 1)R)} + log {_t_Q} — log {— . }
(Vooo — 1>h
=] 1 - — 7
Og{ /\oo,O

modulo terms which vanish in the limit z; — 0o® and x5 — co(!). Therefore, taking this limit
in the both sides of (C.27), we obtain the desired relation (4.63).

D Bernoulli numbers and difference equations

Here we summarize several useful formulas of Bernoulli numbers which are applied to solve
difference equations satisfied by free energies and Voros symbols in §4.
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D.1 Definitions of Bernoulli numbers and Bernoulli polynomials

The Bernoulli number {B,,},>0 can be defined through the generating function as

(D.1)

From this definition we find

1 1 1
(DQ) Bo == 1, Bl - — = BQ - = B4 - — —=

27 6, BQk+1:OfOrk21.

The Bernoulli polynomials, which we denote by {B,(t)},>0, can also be defined through the
generating function:

(D.3) =Y Bl

e —1 n!
n=0
Other useful expressions are also known, e.g.,
(D.4) B,(t) = f B _xt".
k=0

Important relations for the Bernoulli polynomials are

1)"By(t),

(D.5) Ba(1—1t) = (-
B, (t) + nt" 1,

(D.6) (—1)"B,(—t)

(D.7) Bn(mz) =m™! ; B, (x + %) (m >1).

We will also use formulas about special values of the Bernoulli polynomials:

(D.8) B,(0) = B,,

09 SOEE

We use these Bernoulli numbers and Bernoulli polynomials to give particular solutions of

some difference equations. Its basic idea is due to [AT].

Proposition D.1.

(i) (ew —1)2 :W_n n+2 nl’
Proof. The claim (i) follows from (D.1). By differentiating (i) with respect to w, we get (ii). O
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Proposition D.2.

o0

(1) etw _ i n Z Bn—l—l (t) U)_n

|
—~ n+1 n!

6(1+t)w n

.. n+1 Bn+2(t) w
(i) (ew —1)2 w2+ +Z{ nil  n+2 }n!'

Proof. The first statement is a direct consequence of (D.3). After differentiating (i) with respect

to w, we have

tetw 6(t-i-l)w 1 0

(D.10) - :——+ZBL2@)“)—”.

e —1 (ew —1)2 w? = n+2 nl

Then we substitute (i) into the first term of the right-hand side to obtain (ii). O

D.2 Application to difference equations
Let X be the difference operator defined by
(D.11) X =e™ (" —1)" . F(\) = F(A+h) —2F(\) + F(A — h).

In §4.1.2.3 we need to solve difference equations of the form X F(A) = R(A) to obtain the
explicit formula for free energies. For the purpose, we use

Proposition D.3. Particular solutions of a difference equation
(D.12) XFA)=FA+h)—2F\)+ F(A—h) = R()\)
for

(i) R(A\) =log(A+ p) (where p is independent of X), and

(i) R(\) = 2log(2)) + log(2\ + h) + log(2A — h),

are respectively given by

(i) F(\) = (hoy)~ 2log()\+u)——log (A+ 1) +22n T <)\iﬂ) . :

Here 0, f(\) means an indefinite integral of f(\).

Proof. (i) It follows from

1 B an
D.13 “wiew )2 = L QU |
( ) e (e ){w2 nz:;n—i-Q n!}




(cf. Proposition D.1 (ii)) that

i _ 2. Bnyo (RO)" ,
ha)\ ha)\ _ 2 2 _ n+2 A —
(D.14) e (e 1) {(h&) nzzo i R } id.
Hence we find that
B 2. By (RO
n=0 ’

gives a solution of (D.12) for R(\) = log(\ + p). Thus we have proved (i). (Note that
the Bernoulli number B,, vanishes for odd n > 3 as we see in (D.2).)

(ii) Let us first solve auxiliary difference equations

(D.16) XG(A) = log(2)),
(D.17) XHi(N) = log(2\ £ h).

By a similar method used in the proof of (i), we can verify that

(D.18) G(N) = (ROy) % log(2)) — —log (2X) +Z on 2n—2 <;—L> -

satisfies (D.16). On the other hand, (D.17) is equivalent to
(D.19) e (1M (MO _ )21, (X) = log(2)).

Then, Proposition D.2 (ii) with ¢ = +1/2 implies that the formal series

1 1
(D.20) Hi()\) = (hOy) ?log(2)) £ —(hék)‘l log(2)) + 55 10g(2)\)
i Z ) B2 [ hY
2n (n+1) n(n+2) A
is a particular solution of (D.17). Therefore, the formal series F'(\) = 2G(\) + Hy(\) +

H_()\) gives a particular solution of the original problem X F(\) = 2log(2)\) + log(2X +
h) + log(2\ — k). Then, the claim (ii) follows from the identities (D.6) and (D.9) of

Bernoulli polynomials.

O
The following result is useful to obtain an explicit expression of Voros coefficients.

Proposition D.4. Particular solutions of a difference equation
(D.21) (" — 1) F(\) = e70M2R())
for
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(i) R =log(\+ u) (where p is independent of \), and
(i) R =2log(2\) + log (2A + h) + log (2\ — h)
are respectively given by
B Bua((t+1)/2)
mm+1)  A+wpm

™ Bpga(t) + B (t+1)
m(m + 1) (2X)m

() FO)=(h0) " log (A +4) — Slog(A+4) + 3

(i) F(X) = 4(hdy) "log (2X) — 2tlog (2\) + i

m=1

Proof. The claim (i) follows directly from Proposition D.2 (i) and (D.5). The second claim (ii)
can be verified by a similar argument used in the proof of Proposition D.3 (ii). [

In the last, we study solutions of homogeneous difference equations to discuss a uniqueness
of solutions.

Proposition D.5. A formal power series solution F(X\) =3_, -, FL.(A)R™ of a difference equa-
tion

(D.22) FON+h) — F(\) =0

should satisfy O\F,, = 0 (n > 0). Here we regard h as a small parameter and F,(A + h) for
n > 0 s defined by the Taylor expansion:
=Rk d*

(D.23) FuA+h) =) 2o Fal).

Proof. From (D.23), we have

oo n—1 n—k
(D.24) F(A+h) — => 'Cw - F}.
n=0 k:O
Hence F(A + h) — F(\) = 0 implies
d d 1 d? d 1 d? 1 d3
—Fy = —F+=—F = —F+—=—Fi+—=——Fy=0,...
o= it et =0 g et Ty et =0
and so on. Hence, by induction, we can show 0, F,, = 0 for n > 0. O

Proposition D.6. A formal power series solution F(\) =3 -, F.(A)R"™ of a difference equa-
tion

(D.25) FA+h)—2F(\)+F(A—h)=0
should satisfy 3F, =0 (n > 0).
This can be proved in the same way as Proposition D.5. We omit the details.
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