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Abstract

The problem of solving field equations on black holes has been a long-standing
challenge in physics and mathematics. A simple example is gravitational waves which
were predicted in [1]. It was detected in 2015 [2]*1. But gravitational waves are not
all the fields of interest on black holes. In principle, there can be other fields on the
black hole. Moreover, from the point of a unified theory, the dimension is not limited
to four dimensions. Therefore, it is important to consider various fields, establish a
method for analyzing them, and derive their properties. However, the behavior of
differential forms on a black hole has not been studied. Differential forms are a wider
class of geometric quantities that include scalar fields and vector fields. In this thesis,
we focus on the dynamics of the differential form on the black hole. Then, we will
do the following. (i) We explain an appropriate decomposition method for a general
form field under the spherical symmetry. (ii) Using the decomposition method, we
derive the master equations of the arbitrary rank form field in any dimension. (iii) We
study the master equation of the form field by the S-deformation method and show
that the form field on the black hole is stable. (iv) By applying the WKB method, we
calculate the quasinormal mode of the form field on the black hole. We also reveal the
dimension dependence and the duality of the form field. Thus, we clarify the general

properties of form fields on spherically symmetric black holes.

*1 Of course, the detection and analysis of the binary pulsar by [3,4] gave the evidence of the
existence of gravitational waves.
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In this part, we note some key tools to study our final result. Firstly, we give a short
review of the interest in gravitational waves. In 1915, Einstein established general
relativity. In the next year of Einstein’s work, Schwarzschild found the solution of
general relativity [5]. This solution was named a black hole. In 2015, we have firstly

detected the shape of the gravitational waves [2].



Chapter 1

Introduction

Black holes are important objects from various perspectives. Classically, general
relativity, describing strong gravity, predicts the existence of black holes. At the
same time, general relativity also predicts the existence of gravitational waves [1],
like electromagnetic waves in Maxwell’s theory. A black hole is a massive celestial
object, and its motion causes spacetime distortion, propagating to its surroundings.
Recent remarkable technological developments in the experimental field have made it
possible to directly observe the waveform of the gravitational waves, which give us
the knowledge of the physics of black holes in general relativity [2].

On the other hand, the quantization of gravity is a longstanding problem in physics.
Despite the tremendous efforts of the predecessors, the full quantization of gravity the-
ory has not been achieved. However, Hawking predicted an interesting phenomenon,
that is, the Hawking radiation [6]. This is a prediction of the fundamental quantum
effect associated with black holes that may lead to its mystery. When thinking of the
spacetime of a black hole, certain particles, for example, a scalar field, a vector field,
and a second-order symmetric tensor field*! might be generated by quantum effects.
Additionally, string theories, which unifies gravity and all other physics, assumes the
existence of higher dimensions. Indeed, higher-dimensional black holes may be cre-
ated at accelerators such as the large hadron collider |7]. Given these facts, it is more
natural to consider the interaction of the black hole with the differential form fields
A, which include the scalar and vector fields. Also exploring these whole quantum

effects may reveal the nature of quantum gravity theory. The purpose of this research

*1 Here the quantum effect of perturbational gravity is assumed. In this sense, investigating the
linearized Einstein equation for the perturbation metric is equivalent to considering the motion
of a second-order symmetric tensor field h,, on a black hole as the background spacetime.
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is to understand the dynamics of the various tensor fields on such a black hole.

What is needed to achieve this goal is the derivation of the equation of motion of
the field on the black hole. Here the structure of this equation of motion determines
the difficulty of the problem.

The research on the interaction between a black hole and matter fields originated
from the study of the gravitational wave equation on a Schwarzschild black hole by
Regge and Wheeler [8]. When considering scalar fields, the Klein-Gordon equation
is simple and separable. However, the case of a second-order symmetric tensor h,,
is not so simple. Here, the key is the symmetry of the black hole in the background
spacetime. Regge and Wheeler focused on the spherical symmetry and examined the
linearized Einstein equation. After choosing an appropriate variable (called a master
variable), the equation of motion in the radial direction was found. They were able
to derive the equation of motion only for the vector component of the perturbation
metric h,, but Zerilli [9], derived the equation of motion for the remaining scalar
component, and all the components of equations of motion for the gravitational waves
on a Schwarzschild black hole in four dimensions were obtained.

The independent equations of motion corresponding to the two degrees of free-
dom derived in this way are second-order linear ordinary differential equations that
are written in the form of the Schrodinger equation. These equations are called the
master equations. Although we have been focusing on the case of the gravitational
perturbation, the equations of motion for the scalar and vector on a spherical black
hole can be expressed by the master equations of the same form. The quantity corre-
sponding to the potential of the Schrodinger equation reflects all physical information
such as the type of field (such as a scalar, vector, or perturbation tensor) on the
black hole and the mass and charge of the black hole in the background spacetime.
The equation of motion provides physical information such as the stability of the
field concerning time evolution, for example, see [10-12], and the quasinormal modes
which reflects the geometric quantity of the background black hole and the matter
field [13-18].

These equations of motion were derived in a four-dimensional spherically symmetric
black hole. As mentioned earlier, higher-dimensional black holes are also important
objects when considering quantum gravity theory represented by string theory. Some

solutions predicted by Einstein’s general relativity (for example, Schwarzschild and
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Kerr solutions) are naturally extended to higher dimensions [19,20], and the stability
of spherical solutions is discussed by [21-26]. Another candidate of the generally
covariant theory having at most the second-order derivative is Lovelock theory [27].
A spherically symmetric solution is also known in this theory by [28-30], and the
stability of gravitational perturbation is discussed by [31-34] and its quasinormal
modes are calculated by [35]. However, as mentioned above, in quantum gravity
theory assuming high dimensions, the research on differential form fields A, on black
holes is needed, which is still lacking to our best knowledge. Along this line, we focus
on the spherical black holes in this thesis.

In this thesis, we will do the following;:

1. We explain an appropriate decomposition method for a general form field on
the spherical black hole.

2. Using the decomposition method, we derive the master equations of the arbi-
trary rank form field in any dimension.

3. We study the master equation of the form field by the S-deformation method
and show that the form field on the black hole is stable.

4. By applying the WKB method, we calculate the quasinormal modes of the form
field on the black hole.

Thus, we clarify the general properties of form fields on spherically symmetric black

holes. These are the main results of this research.

The organization of this thesis consists of two parts.

BIn Part | We describe the tools used in Part II.

In Chap. 2 We review the perturbation theory of black holes. We derives the master
equation in the cases of the scalar ®, vector A,,, perturbed metric h,, on black hole
spacetime.

In Chap. 3 We introduce the S-deformation method by [21]. This is useful to study
the stability of the master variable. This method gives the general property of the
field on a black hole.

In Chap. 4 We mention the quasinormal modes. In general, they are damping
oscillations with imaginary discrete frequencies. Their frequencies are determined by

the mass of black hole, dimensions, and type of fields and does not depend on the

12



initial condition of the field on a black hole.

Min Part I We give the main result of this thesis.

In Chap. 5 We review the properties of the p-form field. In particular, we count
the physical degrees of freedom of the p-form field and study its gauge fixing. Then,
we represent the p-form field by coexact form fields on the sphere. We also discuss
spherical harmonics.

In Chap. 6 We obtain the master equations for a p-form field in spherical black holes
in arbitrary dimensions. The master variables are only the 0-form, coexact p-form
and the coexact (p — 1)-form only on the sphere. We check their degrees of freedom
match the physical degrees of freedom of the p-form field. We also find useful duality
relations for the effective potentials.

In Chap. 7 We explicitly verify the stability of the p-form field using the S-
deformation technique, and it is shown that the massless general form fields on a
spherical black hole are stable in arbitrary dimension.

In Chap. 8 We investigate the quasinormal modes of the p-form fields using the
WKB approximation.

In Chap. 9 We summarize this thesis and conclude with an outlook.

13



Chapter 2

Basics of classical field theory in higher

dimensions

2.1 General relativity

In this section, we introduce the action for the general relativity in 4 dimensions and
higher dimensions. The general relativity is the theory of spacetime. The spacetime

specify by the metric,
ds® = g, dz"dz" (2.1)

is called an infinitesimal world displacement. By the existence of matter, the metric
is “distorted” .

The action of general relativity is given by

SGr = /i/dDa:\/—g (R—2A). (2.2)
Here, A is a cosmological constant. The action for gravity and matter is given by
S = SGR + Smatter- (23)

For example, when we consider a scalar field, the action is given by

1
Smatter - Sscalar - /le'\/ —g |:—§VMCI)VM(E -V (q)):| . (24)

In the case of electromagnetic fields, the action is given by

1
Smatter == SEM == /de\/ —g |:_ZF/“/FW/ — AMJM:| . (25)

14



Here, the field strength F),, is defined by

F,, =0,A, —0,A,, (2.6)

and J* is a current.
Taking the variation with respect to the metric g,,, we can derive the equations of

motion.
0 = 0SEn :Fa/deé{\/—_g (R—2A)}
= /-f/dDw V=9 (R/w - %Rg,w + AQ;W) 59" + H/dDw\/—_gg“”5Rw (2.7)
The second term can be arranged as follows,
/ dP /=g " oR,, = / dPay/=gg" (Vadly, — V. 0T5,)
— [ aPey=g {Ta (¢"0T5,) - V(9 05,))
= / dPx/=gVa (g" L5, — g* oIl ) . (2.8)

This term is the surface integral. When we treat the entropy of the system, this term
becomes important. Here, we neglect this term. In this situation the variation respect

to the metric becomes
1
0SEn = K/de V=g (RMV - §Rg/w + Aguu) dgh”
= /g/de V=9 (G + Agpu) 66", (2.9)
where G, is the Einstein tensor is defined by
1
Gu =R — §ng,. (2.10)
The divergence of this tensor is nothing but the Bianchi identity, that is,
V,.G" = 0. (2.11)

On the other hand, the action of matter becomes

1

5Smatter = —5 /dDCL'\/ —g T/“/ 5g’uy. (212)

15



Here, T}, is the energy momentum tensor, is defined by

9 1 6Smatter
V=g 0g*

This tensor satisfies V#T),, = 0. Then, the equation of motion is derived as

Ty, = (2.13)

0=0S
- 5SEH + 6Smatter

1
= f{/dDJJ V=9 (G + Agu) g™ — 3 /de\/—gTW ogh
= /de\/—gﬁ (Guv + Ag — ZLTW) ogh”. (2.14)
K

Thus we get the Einstein equation

1
G+ Mg = 5T (2.15)

This equation is often written down in an alternative form. If we take the trace of

the Einstein tensor, the left hand side becomes

1% 1% 1
"G =gt (RW — §RgW + Aglw)

D
2—D
= =5 R+DA (2.16)

The trace of the energy momentum tensor 7' is defined
T = g"'T,,. (2.17)

Then, Eq. (2.16) becomes

1
g/u/ (GMV + Ag;u/) = ﬂgw/Tw/

2—-D 1
& ——R+DA=—T

2 + 2K

& R= 2 L T — DA (2.18)
- 2-D \ 2k ' '
Finally, the Einstein equation becomes
2 1 1

RNV + mAgl_“/ = % (T/J,U + ng,ul/) . (219)

16



In four dimensions the constant s is defined by

B 1
= 167G’

where G is the Newton constant. This constant is determinant by the consistency

(2.20)

with the Newton gravity.

2.2 Spherical black hole solution

In this section, we consider a solution of the Einstein equation founded by Kerl
Schwarzschild in 1916 [5]. This solution is derived by assuming the spherical symme-
try. This solution have the following form,

1

ds® = —f (r)dt* + dr® + r?dQ°. 2.21
()it 4 (2:21)
Where, f is the function of r, which is given by
2GM
f=1- G— (2.22)
r

and we defined
d? = db? + sin? 6d¢?.
The metric is time-independent, that is, the solution is static. If M — 0, this metric
becomes the flat spacetime in spherical coordinate.
It is not difficult to generalize the Schwarzschild black hole to higher dimensions
D > 4, and the solutions are called the Schwarzschild-Tangherlini black hole [19]

expressed by the metric

1
At = =f () e+ g dr® 4 rhaandelde? (2.23)
where f (r) is given by
M
fr)=1-"73, (2:24)

and n is defined as n = D — 2. Here, q4p is the metric of the sphere S™. The spherical

coordinate z# is expressed by
= (0, - ,0m). (2.25)

The constant M is related to the ADM mass of the black hole in higher dimension. If
M — 0, this metric becomes the flat spacetime in the spherical coordinate in higher

dimensions. The derivation of this metric can be found in appendix. C.

17



2.3 Field equation on black hole

In this section, we derive equations of motion for various fields to investigate the be-
havior of fields on a black hole. However, if the field equations have a mathematically
complex structure, they cannot be solved and are difficult to analyze. However, by
focusing on the symmetry of black holes in the background spacetime, the equation
of motion can be simplified. This thesis deals with spherically symmetric black holes.
Due to this spherical symmetry, the angular direction and radial direction can be sep-
arated by using the spherical harmonics. In order to execute procedure, here we will
derive the equation of motion through the following three steps. First, we choose the
appropriate variables for the field. Second, the equation of motion is separated using
the spherical harmonics. Third, we select the coordinate transformation of radial
coordinates and take a variable called the master variable. Through these steps, a
second-order linear ordinary differential equation in the form of the Schrodinger equa-
tion, called the master equation, can be derived. The field equations can be made
into differential equations in the form known in quantum mechanics, which makes
subsequent analysis easier. This section deals with a scalar field, vector field, and a
gravitational field. In Part. II, we treat p-form field which is the totally antisymmet-
ric tensor field with a rank p. In this thesis, we assume the time dependence of fields

is e~Wt,

2.3.1 Scalar field in 4 dimensions

A scalar field is organized by the Klein-Gordon equation

e =0, (2.26)

where the operator [ is defined by
oe=v,Vie (2.27)
=L o, (Vggo,®). (2.28)

N

18



For a scalar field, the first step can be skipped. The next step is the expansion by
the spherical harmonics Yy, (0, ¢). Then, ® becomes

) J4

D = lz; Zée—mm (r) Yom (6, ¢) (2.29)

o0

=> . (2.30)
=0

—iwt

Here, we assume the time dependence of ® have e and define &, as

L
&= 3 R () Yo (6,0). (231)

m=—/
So, the Klein-Gordon equation for ®, becomes

1

0= \/__gau (vV=99"" 0, %) (2.32)
1 1 1 .
= —?afqn + 50 (r*fo,®,) + AP, (2.33)
1, 1 . 1
= ?w D, + T—nar (7“ f@rq)g) — r—z’)/q)g. (2.34)

Here, A means the Laplace operator with the spherical coordinate, and the spherical

harmonics satisfies R

Using this property of the spherical harmonics, we can get the simple equation of
motion for a scalar field.

The third step is the coordinate transformation of the radial direction r and the
choice of the master variable. We change the radial coordinate r to x which is defined
by

dr 1
= (2.36)
or x T 1 T
x:/ dx’:/ ?dr':/ T_err’:r—f—./\/lln(M—r). (2.37)

This radial coordinate is called tortoise coordinate. The range of this coordinate x is

T —00 — Q.

19



Here, x = —oo corresponds to the horizon at »r = M, and x = oo corresponds to the
radial infinity at r = oc.

For a scalar field, we can choose the master variable ¥ defined by

So, the Klein-Gordon equation becomes

1

Nk (V=99"" 0, 2)

1 5 d>U v+ rf!
W(“‘“w‘f( = )‘1’)

RV ~+rf
2 —
= w\If——W—Ff( 2 )lIJ (239)

0=

and this equation is the master equation for a scalar field. Here, ' means the derivative

with respect to r. This is the simplest example of the master equations.

2.3.2 Vector field in 4 dimensions

In this section, we treat the case of a massless vector field A, which obeys the Maxwell
equation. There are the two differences from the case of a scalar field. The one is that
A, has four functional degrees of freedom in four dimensions, and the other is that
A, has a gauge degree of freedom. So the first step for the derivation of the master

equations becomes important.

B Gauge fixing of vector fields Firstly, in four-dimensional spacetime, a vector field
can have four independent degrees of freedom and can be written as
Ay
A= 4 |. (2.40)
Aa
Under the spherical coordinate transformation, A; and A, are transformed as scalar
fields. So, we rewrite them A and A respectively. On the other hand, for this trans-
formation A4 behaves a vector field under the spherically coordinate transformation.

Additionally, A4 can be decomposed as

As=V.4+va, (2.41)

20



where V is a scalar function and a vector v4 satisfies
vt =0. (2.42)

Here, : means a covariant derivative with the metric gap. So, v4 has one functional

degree of freedom. Thus, we can express A4, as

A
A, = A : (2.43)
V.a+wva

From the action of the vector field, we see the Maxwell equation is invariant under

the gauge transformation with parameter A, *!,
Ay — A, = AL+ LA

Such an arbitrariness of the field A, is called a gauge degree of freedom. With this

freedom, each component of A, is transformed as follows,

A=A+A,
A=A+ N,
Vog+vy=V.ia+va+ A, and
=(V+A) 4, +va.

Here, the dot - means the derivative with respect to the time t. So, we can choose A

so that
V =0. (2.44)

This is called the choice of the gauge, and the constraint in Eq. (2.44) is called
the gauge condition. In this gauge, there is no arbitrary gauge transformation that
maintains this gauge condition in Eq. (2.44). This is called complete gauge fixing.
After all, we succeeded in reducing the components of a vector field. It is represented
by the two scalars A and A and the vector v4 which have one degree of freedom, that

is, A, becomes
A
A, = A . (2.45)
VA

This is different from the case of a scalar field.

*1 This A is not related to cosmological constant. Here, this is an arbitrary function for z#.
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The second step is the use of the spherical harmonics. We can expand the two
scalars A and A by the spherical harmonics. While, the vector field v4 can be

expanded by the vector spherical harmonics Vi1 (0, ¢) as

(t,r,0,¢) = Zvem (t,7) Vinn (0,0) - (2.46)

These harmonics V;. (0, ¢) satisfy
(Vim).4 =0, (2.47)

and )

The operator A means the Laplacian with respect to the spherical coordinate. In the
four dimensions, we can construct of the vector harmonics from the scalar harmonics

Yom as
Vir =" (Yom) 5. (2.49)

These harmonics satisfy the divergence condition in Eq. (2.42), and the spectrum can

be derived as

A Vi) = Vim) 5™

—((+1) -1y (2.50)

by using (Yom).g ‘B = AYyy = —/ (£ 4+ 1) Yg,. So the spectrum of the vector har-
monics is given by

vy =L({+1)—1. (2.51)

Here, we assumed the time dependence of vy, has e~ ¢,

B Equation of motion of a vector field on spherical black hole Recalling the Maxwell
theory in flat spacetime, a massless vector field had two physical degrees of freedom.
The master variables should correspond to the physical degrees of freedom. So this
system should be written by the two master variables. The conclusion is that one
appears in the scalar quantities A and A and the other appears in the vector degrees

of freedom v,4. This is the third step for the derivation of the master equation.
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The Maxwell equation reads

1
—— 9,
v—9

If we write down each component, they are

0= (V—gF"). (2.52)

_ 1 — tv
0= —Hay (vV=gF")
1 - , 11 -
1
=—9, (vV—gF"™
0= 7= V)
=5, (fl - A’) - %Aﬂ (2.54)

and
1
— _ay — Av
0= VE)
— rlquB (_%AJF& <fA)>;B + %QAB <1‘;B — [0, (fvlg) + Tizf <1 —A) UB) ,
(2.55)

Master equation of the vector component First, the equation of motion for the vector

component vp becomes

i}B—f&«(fvg)%—r%f (1—A> vB.

After using the vector spherical harmonics, the equation of motion in the radial di-

rection becomes

B 0, (F0,0) + 5 (L) v =0.

Here, the ¢ and m indicating the eigenvalue of the spherical harmonic are omitted for
simplicity. At this time, v itself is actually the master variable . Taking the tortoise

coordinates as in the case of the scalar field in Eq. (2.36), we obtain

d>v
2
U=— +VyU

where the effective potential Vy is defined by

1+ vy Y
T T
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Master equation of the scalar component Next, let’s consider the scalar component of
the vector field A,,. At this time, there are three simultaneous differential equations.
In Eq. (2.54), A has the second time derivative with respect to the time ¢. Substituting
Eq. (2.55) into Eq. (2.54) yields the time evolution equation for

. fo-
0=0;(A-A) - 5AA
= A -0, (0, (fAz)) + T%M. (2.56)
So, this should be the master variable. In fact, choosing the master variable as

U= fA (2.57)

and using tortoise coordinates, we get the equation of motion for the scalar component

becomes

.
1/ ,. &0
= (T —— — VU
f(“ T 5’)
d>v
:>w2wzz—5554-uyw. (2.58)

Here, we defined the effective potential V¢ as
Vy = frl?‘ (2.59)

Finally, the scalar A is expressed by the master variable ¥ as

A=f / o dt. (2.60)

From the two results for a vector field A,,, the effective potentials of them are the same
each other. This is an example of the self-duality in even dimensions for differential
form fields. This property will be summarized in Part II, Sec. 6.3 with various

examples.

2.3.3 Gravitational perturbation

2.3.3.1 Perturbed equation of the metric on the spherical black hole in 4-dimension
In this section, we note the master equations of the perturbed metric in the

Schwarzschild spacetime. The metric g, has the 10 components in four dimensions,
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and they are decomposed into scalar, vector, and tensor components for the spherical
metric gap. In four dimensions, the tensor component does not have the physical
degree of freedom in this formulation. So, they are decoupled into the equations for
scalars and vectors. The master equation for the vector components is called the
Regge-Wheeler equation, and the master equation for the scalar components is called

the Zerilli equation. Here, we follow Takahashi’s work [34].

WSV decomposition Firstly, the background metric is the Schwarzschild metric which
has the spherical symmetry, so the perturbed metric should be decomposed using the

symmetry. Let’s assume the metric can be approximately expanded as
Juv = guu + h;wa (261)

where g, is the Schwarzschild solution, and h,, is the perturbed metric. Here, if

we use the coordinate transformation %‘;/j for a background spacetime g, , then the

transformation of the whole metric g,,, becomes the coordinate transformation of the

perturbed metric h,, as

i) = 20 )
&)+ P () = 20 oy 4 DO )
0+ s (&) = )+ o O

o @) = 20 ).

So, the perturbed metric h,, behaves the symmetric tensor field on the background
spacetime in the linear order of A, .
The first step is the selection of field variables. Using the spherical symmetry of
the Schwarzschild solution, the perturbed metric can be expressed by
s 5@y,
B = SG Wwa |- (2.62)
TaB
Here, S is the scalar and V4, W4 is the vector . The vector can be decomposed into

the two vectors v4 and w, and the two scalars V and W as follows,
Vai=va+V.a and Wy =ws+W.4 (2.63)
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as in the case of a vector field A,,. The colon : is the covariant derivative with respect

to the spherical metric 4. The vectors v4 and w4 satisfy
vt =0 and ws? =0. (2.64)
And the tensor T4 p is expressed by
Tap = Sap +2ta.p)+T.ap + Tqas. (2.65)
Here, Sap is a tensor, and this tensor satisfies
¢2BSap =0 and Sap=0. (2.66)

In this case, Sap has the 2 x 2 symmetric matrix, so three independent components
exist. But above constraints kill these degrees of freedom. So, S4p vanishes trivially.
Then, the tensor Ty can be expressed by a vector t4 and two scalars T and T as

follows:
Tap = 2.y +T.ap +Tqas. (2.67)

B Shift vector on spherical symmetry Einstein’s theory has the invariance under the
general coordinate transformation. This property is converted into the arbitrary
choice of the gauge degrees of freedom. Here, we’d like to use the gauge fixing method
as in the case of a vector field A,,.

Firstly, using the infinitesimal transformation §, , the transformed perturbed metric
B,

. is related to the original perturbed metric A, ,

by, = By + 2V (6. (2.68)

In this case, the infinitesimal vector §, is written by

Eu = r : (2.69)

Here, =4 satisfies
=44 =0. (2.70)
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B Gauge transformations on spherical symmetry Under the gauge transformation, the

components of the perturbed metric h,, are transformed as

SO =85 4oz, — ff=,, (2.71)
5@ =53 4=, 15 - fTIEt, (2.72)
S® =8B L o=/ 4 f?lz (2.73)
Va=Va+Es+Za

SvatVa=(va+Za)+(V+E+E) (2.74)

_ 2
Wa=Wa+&4+Z4— ;514

2 2
S wa+Wa = (wA +E), - ;EA) + (W+ Er+E — ;E) , (2.75)
(A

and Tap =Tap +2§a.B) +2rf=rqaB
& 2a.p) + Toap + Taan =2 (fa + E(A):B) +(T+E) .45 + (T +2rfE;) qas.

(2.76)

From the above transformation, the scalar components are transformed as
SW =g Loz, — ¢ rE,. (2.77)

/
S =5 15 42 - f?zt, (2.78)
f/
S® =56 o=l 4 FEn (2.79)
V=V+EZ+5, (2.80)
2
W=W+ts +2 -5 (2.81)
T=T-+2rfg,, (2.82)
and T=T+4Z=. (2.83)
The vector components are transformed as
V4 =4+ Za, (2.84)
W 4 :wA+Ei4 — —Z4, and (2.85)
r

l_fA:tA—{—EA. (286)
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B Gauge fixing Next, we'd like to choose the simple expression of the perturbed
metric. In the next paragraph, we explain the gauge fixing method for the vector
components and the scalar components.

Regge-Wheeler gauge The Regge-Wheeler gauge is the gauge fixing of the vector
components of the perturbed metric [8]. From the relation (2.86), we can choose
t4 = 0 by the use of =4. Then, this gauge is completely fixed. This gauge is called
the Regge-Wheeler gauge. In this gauge, the perturbed metric becomes

0 0 wgu
h = 0 wa |. (2.87)
o)

The vectors v4 and w4 can be expanded by the vector spherical harmonics y;‘m in
Eq. (2.46).

Zerilli gauge The Zerilli gauge is about the gauge fixing of the scalar components
of the perturbed metric [8,9]. The Regge and Wheeler found this gauge, but they
couldn’t find the master variable in this gauge. After the work by Regge and Wheeler,
Zerilli derived the master equation in this gauge, so this gauge is called Zerilli gauge.

The gauge transformation for the scalar components are

S = s 4o, — f1=, (2.88)
/
SO Zg® 1B 1= fTEt’ (2.89)
f/
S = §6) 4oz 4 TET’ (2.90)
V=V+E+5, (2.91)
2

W:W+ET+E’—;E (2.92)
T=T+2rfz,, (2.93)

and T=T+Z. (2.94)

First, we can eliminate T by the choice of =. Next, V and W can be deleted by using
the remaining =; and Z,.. From these procedures, the perturbed metric is completely
gauge-fixed and given by

s g2 0

he,=| sym. S® 0 : (2.95)
sym. sym. Tqagp
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So there are four scalars in the perturbed metric. This gauge is called the Zerilli
gauge. These scalars are expanded by the spherical harmonics Yy,,. This is the end

of the first step.

B Equation of motion of the perturbed metric on a spherical black hole In this para-
graph, we’d like to derive the equation of motion of the perturbed metric. The second
step and third step for the derivation of the master equations are contained.

In Regge-Wheeler gauge In this gauge, the components of the Ricci tensor become

Rtt - Rrr - Rtrr - 0, (2.96)
1 2
RtA:ﬁ((l—l—fyy/—Qrf’)vA—er (@g-w'A—;wA)), (2.97)
R L (v, 1) T d (2.98)
A = —5 — 1wy — — [V — =04 —W an )
A= 503 Yy A 7 AT vA A
1. /
Rap = —?’U(A;B) + (fwea.p) - (2.99)
So, from the Einstein equation in vacuum
R,, =0, (2.100)
we obtain three equations
/ 2 " ./ 2 .
0=04vy —2rf ) va—r f(UA—wA——wA), (2.101)
r
r? 2
0= (’77/—1)11},4—? <i)f4——1')A—1DA) and (2.102)
r
1.
0= ~ ) + (fwiam) (2.103)

From these expressions, we can get the information on the time evolution of this
system. The second equation contains the second order time derivative of w4 and
the first order time derivative of v4, and the third equation has the first order time
derivative of v4. Using the third equation, we can eliminate the v, from the second
equation. Finally, we can get the equation of motion for w,4. After solving the

equation of w,, then we can determine the time evolution of v4. The perturbed
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quantities v4 and w4 can be expanded by the spherical harmonics

(t,r,0,0) = Zvem (t,7) Vi (0, 8) D vem (t,7) Vi, (0,¢)  and

(t,r,9,¢ :wam tar yém( 7¢> D Wem (tar)yfm (97¢)

l,m

From now on, for simplicity, we omit the index ¢ and m. By using this decomposition,

we get the equation of w as follows

r? [ d d
0= - w——|—|f— - - D 2.104
(v == (4 (14 00) =21 o —0) 1o
vy —1 d d 2 ..
0= - — | f— - —f— — . 2.105
w0= 2w (4 (g ) = 21 () -0 (2,105
We define the master variable ¥ as
= f%. (2.106)
Then, the radial equation becomes
Yy — 1 f , d av T
0= 2= — U—r—|f— - 2.107
(r+rf) Tdrfdr +f’ ( )
If we use the tortoise coordinate )
x
T
the final expression is given by
w2qf——d2—\1’+v v (2.108)
 da? RwW '
Here, the potential Vgw is given by
Vew = / 1+2 0
RW:T—Q(W/— +2f =710, f)
I 2M
= ((l+1)—-3-— ). 2.109
L(ewrn-3-= (2.109)

This is the one of the master equation for gravitational waves. This equation is often

called the Regge-Wheeler equation.
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In Zerilli gauge The case of the vector perturbation is not so complicated, but in the
Zerilli gauge the situation becomes more difficult. To study the equation of motion
for this perturbation, we redefine the perturbed components of metric as
S g2 0
hu = | sym. SO 0
sym. sym. 7Tqag

fHY H\Y 0
D sym. fT'HY 0

(2.110)
sym. Sym. r’KY qap

Here, Y = Yy,,,. This was proposed by Regge and Wheeler [8], but they couldn’t find

the master variable for this perturbation. The components of the perturbed Ricci
tensor become

B =1 (%H”r (“%) le)”%fz (_%“ fK/)Y
_if_z< 2H" + (4+3T7f,) ri’ + (2T2f//+4rf/_27)H>Y

7
1 1 . ]-f/ f// 2f/
-7 (g (5 15 ) ) 2y

1
Ry = ——

5z (P f 2 f =) HiY + — Yy - ( %(1—r—];>)KY (2.112)

1 = 3 f 2 '\,
= b (20 a) 4 (Bt (24 L) s 2o)

r2f

N
) ol (E) e

Roa = %Y:A ((le)’—H—K) (2.114)

Roa = %Y:A <—%H1 + H' — (% — %) H + ( ;}) K’) (2.115)

1 . _ ! 2.
Rap = §QABY (—27“H1 —|—7‘le +7”le +2f (1 + %) H -+ T?K

s (s ) o (1))

+%Y:AB (A — H) (2.116)

31



by the set of the following equations

o () )b ()

Then, the set of equations of the linearized Einstein equation in vacuum is expressed

—FK-F K (2.117)
1f2 _ rf'\ o, (2" +Arf = 2y)
1 9 f/ , <fl/ f/> )

-~ e e L
o <f2 et \T

1. 1 '
0=—-53 (r?f" +2rf —~) Hy +—H - (a,«+— (1— %)) K, (2.118)

v ) (e ) e g
0=(H"+ +(mH+ >+ |H +—-H
( f? 2f °f
2 f’
— = -2 K”+( ) ) 2.119
7 (e gpin) =2 ( 2f (2:119)
. f’ .
0:—H+f<H1+fH1>—K, (2.120)
1 . _ 1 f/ -~ f/
O=—-H+H - (-—-=—=|H — |H - K’ 2.121
et = (ogp)me (Lrgg)a-nt @iz
2 . _ !
0=—--H +H + (H’+ (1+i) )
f r f
/ 2 ,',,fl
—rK" — <4+ i) gt (l -2 (1 + —)) K) and  (2.122
(f2 f rfoor f ( )
0=H — H. (2.123)
Zerilli found the master variable ¥ in this set of equations. Firstly, H; can be ex-
pressed as
r . .
= (w + K) . (2.124)
Note that v is related to the master variable U. By using the last equation
H=H, (2.125)
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the equations reduce to the following

o=2 (et (24 5 ) i) + (e e

f? f
O:—ﬁ(er”-i—%f’—*y)Hl-l—lH—(&-i—%(l—g—]}/))](
0=-2% ( O + 2];>H1+f2H+r2H”
+2(1+7/) rH’-I—%H—Q(rQK”-l—(2+r%)rlf’),
(a+ J{)gl_?g_?x

0:?1%1—(7@ n ]J:/)H—I-TK’,

O:—2§H1—|—2(r8 +1+7/>H and

2. ” rf’ , f
o (o)

From Eq. (2.127), H is given by K and 1 as

rf’
2f

. Tf/ " / T/ :
— <r8r+1 2f)KJr—( 2f" +2rf — ) (? (1/1+K>)

Hz(r@r—}—l )K+ (2f”+27“f’—’y)H1

. 1 . 1 .
:TK’—ﬁ(V 2f — f’—rf’)K—Fﬁ(r2f”+2rf'—7)¢
1 1
= H=rK' - 2f( v—2f - f’—rf’)K+ﬁ(r2f”+2rf’—fy)w.
Then, H, H, H, can be expressed by K and 1,
1
H= H—TK'——AK—{——B@D and
2f 2f
r .
Hl_?<w+K>.
Here, A, B are defined by
A=~v+1-3f
and B = —v.
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2 / 22// 4r ! —
_(_H+ ZH//+2(1+%)THI+ rf + ,rf /VH),

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

(2.134)
(2.135)



We need to express K by 1. From Eq. (2.129), we can deduce the following

0= (r&«JrTTf/)Hl—?H—?K
- (r@r—l-%f/) (% (¢+K)> - % (TK'— %AKHL %sz)' - %K
=57 (M4 @ = B)Y) + 5 AR (2.136)
= AK = = (2fr/ + (2f - B) 1))
QRN R UL
:>K:_2f””/+(jf_3)w. (2.137)

So, we showed that all the variables H, H, H; and K can be expressed by 1. Then
we can deduce the time evolution of ¢. From Eq.(2.130) and Eq.(2.131), we can get

the equation of motion for ¢ as

ro. rf’
0==H; — T@T—I——)H—f-T‘K/
o ( f

/
—2§H1+2(r6r+1+r7) H+

2

+%K—T2Kﬁ—2<2+r—f/> rK’ + (1—2(1+r—f/))1( (2.138)

2f f f
:>O:—§H1+(r6r+r7f>H+2H+rK'+;—zK
2K 9 (2+7°2—‘§/) rK' + (%—2 (1+T7f/)> K (2.139)
oz—;—zz%ju%(Bw—AK)’Jr%(Bw—AKH%(y—z(fwf’))f{ (2.140)

Here, from the relation between K and 1,

By — AK = 2f (r' + ), (2.141)
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Thus, the equation of ¥ becomes

2. , , ) ’ .
0=~ T+ LG o) #2000 +0) - 1 (-2 (g DY
’ . " f/ 2 —2 f+ f/ /
:_%zpw?w +<4+r7— ol E4 4 )))mp
T’f’ 1 l (Qf_B)
o+ L2+ By
= 0=+ f2" + é (Bf+1)A=2f(y—2)¢ + é@/}. (2.142)
Here, we used the Einstein equations
r?f" =2f -2 (2.143)
and rf'=1-f. (2.144)

Here, we defined a new constant ¢,
G=Af+1)—(v—=2)2f+7). (2.145)
Using the master variable ¥ defined by
A
P =—V, (2.146)
r

we get the equation of ¢ as

f

0=—-V+ f20" 4 = (1= 1) U — V0. (2.147)

Here, we defined the effective potential V7

_ f (1 2f q
V=-S5 Bf+1)A-2f(v=-2))(y-2-24) - — 2y -4 -34) + 4
_ L) -3/ () + (0 -2y +3))) (2.148)
e (3f —7-1)° | |
If we change the coordinate from r to x, then the equation of ¥ becomes
0:—i13+f2\1f”+£(1—f)\11’+vlef
>?vf
=-U+ o0 +=(1-f)0, T+ VU
+ f dr2+r< f)o.¥ +Vy
- d (1d¥ f 1
2
= — — === L(1—f) =0,
\11+fdr(fdx)+r( f)f8\IJ+VZ\IJ
d*v
2y = gzt Vg . (2.149)
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This is the Zerilli equation.

B Master equations for the metric perturbation on a Schwarzshild black hole We have

derived the master equation for each perturbation,

.. A2
2\ —
W =——o + Ve . (2.150)
Here, the effective potential is given by

2M

VRW:T% 00+ 1)—1—(—3)-7
Vet = V= 1 Of + (v +1) (92 =3f (y+ 1)+ (12 — 2y +3))) - (215D

e Bf =71

These potentials only depend on the background spacetime and a field configuration*?,

and this potential determine the fate of fluctuations of gravitational waves around a
Schwarzschild black hole, for example, the stability of black holes.

In the massless limit M — 0, these potentials becomes equivalent to
v
VRW, Vg — - (2.152)
r

In higher dimensions, the analysis can be extended straightforwardly as will be seen

in the next section.

2.3.3.2 Perturbed equation of the metric on the spherical black hole in D-dimension

In this section, we derive the master equation of the perturbed metric in the
Schwarzschild-Tangherlini metric. =~ This metric is a natural extension of the
Schwarzschild solution to higher dimensions. The difference of the case in 4 di-
mensions is the existence of the tensor perturbation Sap, that is, three types of
the perturbations of the metric. The decomposition is the same in the case of
4-dimension. The perturbed metric can be written as Eq. (2.62), but the dimension

n for the spherical coordinate z* becomes

n=D-—2.

*2 In the effective potential of ViRw, the parameter —3 is given by the gravitational perturbation.
In the case of the Maxwell equation, this value becomes 0, and in the case of the Klein-Gordon
equation, this value becomes 1.
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Since the back ground spacetime has the spherical symmetry, we can also decompose
them into scalar (S), vector (V) and tensor (T) components like as Eqgs.(2.63) and
(2.65). The expression of scalar and vector components are same in 4-dimension, but
Sap does not vanish in higher dimension D > 4. More over, Sap is gauge invariant
under the gauge transformation &, in Eq. (2.68). So, each metric perturbation can

be expressed by
s g2 0

) = sym. S® 0 : (2.153)
sym. sym. 7Tqap
0 0 VA

M) =1 sym. 0 wa |, (2.154)
sym. sym. O
0 0 0

and A(D) = | sym. 0 0o |. (2.155)

sym. sym. Sap
The stability of the higher dimensional Schwarzschild black hole is firstly proved by
Ishibashi and Kodama [21,22, 24| using the gauge invariant method. Takahashi also
showed their stabilities using the gauge fixing method [34]. The master equations for
each perturbation can be found in appendix D. The master equation is written by
v
dx?

Here, we list the effective potential of the master equation for each perturbed com-

WA = + Vg .

ponent,
V‘(?):r% 'y<(7)+2n+z(n2—10n+8)f+§(n—4)rf’) tensor,
n 1 1 n
Vot - Vy(/ ) _ iQ Zn(n+2)f— 3 (mn+4)rf +(n—1)(1—2f) —|—74(,/)> vector, and
r
\V;Z):_TLN (rfN" + A3N' + A4N) scalar.
(2.156)
The parameter yg),yfﬁ ) and ’y(;) are given by [22]
Y —(t4n—1)-2, (2.157)
Y = +n—1)-1 (2.158)
and W =r(l+n—1). (2.159)
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Here, N, A3 and A, are defined by

_1 _ (n) _
N= (n(n+1)(1 H+29 2n>

1 n
A = — <r2f" +nrf — 7;)>

nf
Agzl—%+A1
A3=2nf+rf’+Ai(72)—nf—%(n+2)rf'>
2
: —1-4
A4=(n—1)£ (n+%)+(’y§)—nf—%(n+2)rf’) %

So, even on the spherical black hole in arbitrary dimensions, we can derive the master

equation of the perturbed metric. Therefore, we can study the stability and quasi-

normal modes.
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Chapter 3

Stability analysis by S-deformation

3.1 Summary of S-deformation method

In this section, we give a short review of the analysis of the stability by the S-
deformation method [21,24-26,36].  This method is useful to show the stability of
fields on a black hole.

The effective potential of 1-form field in D=10

— Via

— Vip

L !
\ 5 10 15 20

Figure3.1: The effective potentials of a 1-form field in D = 10

We plot the effective potentials for a vector field (1-form field) in 10-dimensions. The
effective pontential for the vector component V; ; is positive definite. On the other
hand, the effective potential for the scalar component V; o has a negative region. Here,

we took £ =1 and p = 1.
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Let us start with the master equation
Wl = AT | (3.1)

where we defined the operator A as

d2
=_——_ 41V 3.2
oot (32)
We assume the time-dependence of ¥ as
U o et (3.3)
From Eq. (3.1), we can deduce
w2/ dx|\lf|2:/ dzU* AT
dw]> o0 dw ? )
=— |V — dr ||— VIwl©. 3.4
[ dxl_;/_w”f[dw* v (34)

Here, we assumed the boundary conditions for ¥ such that ¥ and d¥/dx become 0
at © — =400, that is, ¥ is localized and compact out side of the horizon of a black
hole.

If the potential V is positive definite in —oco < x < 0o, the surface term in the right
hand side of Eq.(3.4) vanishes. Then, w? satisfies

w2 > 0.

This indicates that the field is stable because the amplitude of ¥ does not grow. On
the other hand, if the effective potential has negative regions, the positivity of w?
becomes nontrivial. If w? < 0 , this solution is unstable because the amplitude of
U exponentially grows. But even in the case of the effective potential with negative
regions, we can show the positivity of w? for some cases by using the S-deformation
method.

Let us explain the S-deformation method. First, we define a new operator using

the new operator D, as

d
D, =—+S5(x), 3.5
2 4 5(@) (35
where the function S will be determined later. We can rearrange Eq. (3.4) as
w2/ da |V = — [U*D, 0] +/ dz [[DI\II|2 + Ve, (3.6)
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The surface term vanishes too. Here, the modified effective potential V is defined by

_ s
V_V+dx S=.

If we can find the continuous function, S, so that ¥V > 0 holds for —oco < z < co. We

have the inequality below

w2/ dac|\I!|2:/ dx [|Dx\I/|2+V|\I/|2] > 0. (3.7)

—o0 —o0
So we can show the positivity of w?, that is, there is no growing mode for . This is
the S-deformation method.

In 4-dimensions, the effective potential of perturbation of the gravitational field on
the Schwarzshicld black hole is always positive for £ > 2. So, there is no unstable con-
figuration for the Regge-Wheeler and Zerilli perturbations. In higher dimensions, the
positivity is nontrivial. But using the S-deformation method, we can show the posi-
tivity of the effective potential for all perturbation on the Schwarzschild-Tangherlini
solution, see [21,24-26,34]. This method is also useful for studying the stability of

differential form fields on a spherical black hole.

3.2 Examples of S-deformation method

In this section, we review the known results of the function S [34] using the gauge
fixing method. In the gauge invariant approach, Ishibashi and Kodama gave them

[21,24-26, 34]. Takahashi got the expression S for each perturbation mode.

B Tensor perturbation In the case of the tensor perturbation, the effective potential
in Eq.(2.156) is given by

v}”)zré(£(£+n—1)+2(n—1)+}1(n2—10n+8)f+%(n—4)rf’)

:i(w+n—1)+1n(n—2)+ pn )

r2 4 4pn—1

Then, n satisfies n > 3, and ¢ satisfies ¢/ > 2. So, the Schwarzschild-Tangherlini
solution is stable under the tensor perturbations because the effective potential is

positive definite.
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B Vector perturbation In the case of the vector perturbations, the effective potential
in Eq.(2.156) reads

Va,(/n)zriz(in(n+2)f—%(n+4)rf’+(n—1)(1—2f)+7$)).

d 1
S=——In(—=|.
dx n(m)

Then, the modified effective potential V' becomes

Here, we can choose S as

v}mz(z(un—n—n)%,

where ¢ and n are 2 or more. Since this modified potential is positive definite, this

black hole is stable under the vector perturbations.

B Scalar perturbation In the case of the vector perturbations, the effective potential
in Eq.(2.156) is

VE) = L (N AN+ AN,

and N, Az and Ay are defined in Eq. (2.160). Here, we can choose S as

d e
S:%(ln(r + 1N)).

The modified potential V}n) becomes

g _ _ tnf (ﬂun(nJrl)
5

/2N 1 +2(0—-1) (n2+(3£—2)n+(€—1)2>) 50

So, this potential is positive definite.
From the above results, the Schwarzshicld-Tangherlini black hole is stable in arbi-
trary dimensions. The key point is that we must find a function for the good S to

show the positivity of the effective potential.
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Chapter 4

Quasinormal modes

4.1 Summary of quasinormal modes

In this section, we describe quasinormal modes. From the previous analysis, it was
found that the master equation determines the dynamics of various fields. Generally,
the effective potential of the master equation includes all kinds of physical information
such as the type of the field, and the mass, the angular momentum, and the charge
of a black hole. The quasinormal modes are discrete damped oscillations determined
by the effective potential in the master equation and physically natural boundary
conditions which we will define later. Conversely, if the spectrum of the quasinormal
modes is observed through some experiments, it is possible to specify the physical
quantities of the black hole and the type of the field. So, the quasinormal modes
are fundamental and important vibration modes in the physics of black holes. His-
torically, S. Chandrasekhar et. al. [13] did the first calculation of the quasinormal
mode of gravitational perturbations on the Schwarzschild black hole using the shoot-
ing method. E. W. Leaver [37] derived an analytical expression of the quasinormal
modes of the Schwarzschild black hole and Kerr black hole by the method of continued
fractions. Another useful method is the WKB method [14-18,35,38-40|. There are
other methods for calculating the quasinormal modes [18]. Here, we summarize the
main points for calculating the quasinormal modes.

Firstly, we can define the two regions outside a black hole in Fig.4.1. The region
I (—oo < x < xp) is the one ranging from the top of the effective potential xg to the
horizon of the black hole. The region II (o < z < o0) is the one ranging from the
top of the potential to the far outside of the black hole, i.e., the radial infinity.

The wave traveling to the top of the effective potential is called the ingoing wave,
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Region Il

Ingoing ZIi“ -------- > D R ZI‘? Ingoing

Outgoing ZIO‘lt — _— Zﬁm Outgoing

—00 « X X X = 00
(horizon « r) (r - o0)

Figure4.1: Example of the effective potential

and the wave traveling from the top of the potential is called the outgoing wave. In

each region, the solutions of the master equation can be expressed as

Uy = Zin\I/in _|_Zout\IIOUt
V= : Iin Iin Iout Iout (41)
Wi = Zyy Vit + 2,
where U™ and W°U' represent ingoing and outgoing waves, respectively. Z n/out | eans

1/11
the amplitude of \II}I;{IO " The boundary condition for obtaining quasi-normal modes

is that there is no ingoing waves:
Zin =71 =0. (4.2)

By this condition, only discrete complex modes are allowed.

In the Nth order WKB-method, we approximate the function @ (z) defined by

Q(z) =w? -V (2) (4.3)
in terms of the 2Nth order Taylor expansion around the maximum of the potential
as -

d@ (z) 1 ING* k
< =@ =0 and Qz)~)_ HQ(() ) (@ — 20)F . (4.4)
=10 k=0

Expressing the wave function using the WKB approximation, we can calculate the

scattering matrix. Thus, we can get the formula for the quasinormal modes [14-18]

N—-1
1
we | Vo+1/2V P (ntone + 5+ kzl Qk> , (4.5)
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where V) =V (z¢), and Vo(k) is the kth order derivative of the potential

k
ik _ &V (z)
= — . (4.6)

T=X0
Here, ) is the collection terms for quasinormal modes, and the first and second of

Q which the collection term are given by

Q1 = (=3057 +652) 57 — ;6% + gﬁz and (4.7)

Qy = (—28208f + 18008752 — 2808183 — 6833 + 2084) 5>

+ (—115581 + 9188782 — 19083185 — 67535 + 2504) B. (4.8)
Here, [ is defined by
1
6 = Ntone + 5 (49)
and By (k > 1) is defined by
k
(k+2) itl
Ve 1
Br = 2 ' ( 5 ) . (4.10)
(k+2)! 2V0( )

The higher ) can be derived explicitly, but the expression of Q (k > 3) is too long
to write down here. So, we write them in appendix F. The integer nione is called the
tone number. This method is often called the Nth order WKB approximation. It is
known that in the case of none < ¢ this approximation is good. So we focus on the
case Nione = 0 in this paper. To calculate the quasinormal mode we write the code
in Maple, and it is in the appendix E. The detail is given [14-16,18,39,40] and our
thesis [41].

4.2 Examples of quasinormal modes

Here, we list the value of the quasinormal modes of the gravitational perturbations

in arbitrary dimensions for several ¢s. We use the potentials in Eq. (2.156).

*1 In TABLE I of [39], those quasinormal modes for D = 5 and 6 are wrong. They are the results
of 3rd order WKB method.
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D\¢ 2 3 4
4 , - -
5 1.06809 — 0.2529317 | 1.41979 — 0.251599+¢ | 1.77222 — 0.251020 ¢
6 1.59648 — 0.3987017 | 2.04710 — 0.3958767 | 2.49843 — 0.394692 ¢
7 2.09980 — 0.5317344 | 2.61915 — 0.527167¢ | 3.13871 — 0.525596 ¢
8 2.59103 — 0.653602% | 3.16211 — 0.646701¢ | 3.73161 — 0.645373 ¢
9 3.07606 — 0.766252% | 3.68913 — 0.755481¢ | 4.29595 — 0.755436 ¢
10 || 3.55736 — 0.8716994 | 4.20824 — 0.854062¢ | 4.84240 — 0.856686 7
Tabled.1: Tensor component of the gravitational perturbation
D\¢ 2 3 4
4 0.373618 — 0.0888910% | 0.599443 — 0.0927028+% | 0.809180 — 0.0941642 7
5 0.801368 — 0.237556 i** 1.21972 — 0.236151 ¢ 1.61254 — 0.240418+¢
6 1.22570 — 0.382029 i*! 1.73565 — 0.374211¢ 2.24079 — 0.375358 %
7 1.65419 — 0.510980 ¢ 2.22180 — 0.5055321¢ 2.79533 — 0.501894 %
8 2.08648 — 0.628290 1 2.69928 — 0.6261901 3.31773 — 0.6211951¢
9 2.52314 — 0.736413 ¢ 3.17226 — 0.736798 % 3.82489 — 0.732588 ¢
10 2.96396 — 0.836952 ¢ 3.64262 — 0.839071 ¢ 4.32326 — 0.836265 %
Table4.2: Vector component of the gravitational perturbation
D\/ 2 3 4
4 0.373708 — 0.08892427 | 0.599441 — 0.0927027¢ | 0.809178 — 0.0941638 7
5 1.50059 — 0.1851791¢ 1.13450 — 0.2211324 1.55023 — 0.232924 ¢
6 1.12408 — 0.290613 ¢ 1.50850 — 0.302909 ¢ 2.08346 — 0.346285 1%
7 1.21757 — 0.3915124 1.87670 — 0.454790 ¢ 2.52024 — 0.451102%
8 1.54821 — 0.489096 ¢ 2.28867 — 0.5517471¢ 2.95096 — 0.569245 %
9 1.90577 — 0.580833 ¢ 2.67811 — 0.6434714 3.39662 — 0.672835 1%
10 2.27804 — 0.668274 ¢ 3.07832 — 0.731986 % 3.83570 — 0.765250 %

Table4.3: Scalar component of the gravitational perturbation
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Part ||

Main result



In this part, we introduce the main result of the stability analysis of a p-form field
on a spherical black hole. A p-form (or differential form) field is a general totally
antisymmetric tensor field with a rank p. This field can exist generally in the theory
in higher dimensions, for example, in string theory. The theory of the p-form field is
an extension of the Klein-Gordon equation and the Maxwell equation. In this part,
we summarize the theory of p-form fields, that is, we derive the master equations,

study the stability analysis, and calculate the quasinormal modes.
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Chapter 5

p-form tields on a spherical black hole

In this chapter, we study the decomposition of a p-form field in a black hole spacetime.
Then, we eliminate some components using the gauge degrees of freedom. We also
discuss the eigenvalues of the spherical harmonics for the p-form field. This is the

first step and half of the second step is to derive the master equation of the p-form
field.

5.1 Basics of p-form fields

In this section, we introduce the action for a p-form field and check the gauge trans-

formation. We also calculate the physical degrees of freedom of a p-form field. We

refer the reader to the textbook [42] for more detailed explanation of the theory of

differential forms. In appendix G, we note the important operators *, d, §, and A.
A p-form field A, is defined as

Ay = Ay datt Adt NN date, (5.1)

1
p!
where p is a rank of this tensor, and A is the wedge product satisfying

dz? A dz' = —dz' A dz?.

Here, dx* is the basis of this tensor field. Due to the property of this basis, the
coefficient of A, should be totally antisymmetric. The action of a p-form field is

given by

1 1
S= g [ FAeF = oy [ AP G s P (52)
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where we used the Hodge operator . The Hodge operator maps a p-form field to a
(D — p)-form field by the epsilon tensor e "#P defined by Eq. (G.4). Here, D is the
dimension of the spacetime. The field strength F' is defined by

F = dA. (5.3)

This operator d is equivalent to the rotation in the vector analysis in three dimensions.

The operator d is called the exterior derivative satisfying the identity
d*>=0. (5.4)
Using the Hodge operator, we can define the coderivative ¢ as

5= (—1)PPFOTL g (5.5)

This operator is equivalent to the divergence of the vector calculus. Note that the

coderivative also satisfies the identity
62 =0, (5.6)

because of the identity Eq.(5.4). The equations of motion for the form field can be

deduced as

dF =0 and 6F =0. (5.7)

This system has the symmetry under the dual transformation

F = «F. (5.8)

This symmetry will appear in the master equation for general form fields. Because of

this symmetry, we do not need to consider p-form field with the rank higher than

P = ﬂg}-1::[g]. (5.9)

Here, | ] denotes the Gauss symbol. So, we concentrate on the form fields
Ap (0 < p < pmax) in arbitrary dimensions.

The p-form field has the invariance under the gauge transformation
Ay = A=A, +dE, 1. (5.10)

with an arbitrary (p—1)-form field E,_;. This is because the field strength is defined
by (5.3). The gauge parameter Z,_; itself has the degeneracy

Ep_l — Ep—l = Ep_l + dEp_Q. (5.11)
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with an arbitrary (p—2)-form field E,_». Hence, in order to count the physical degrees
of freedom of the p-form field A,, we need to take into account these degrees generated
by the transformations =, 1,2, 2,---Ep. Taking into account that components

Aouy--p, are not dynamical, the formula for physical degrees of freedom is given by
D_1Cp — D_1Cp_1 + D_1Cp_2 — = D_QCp . (5.12)

For example, in D = 4, a 2-form field has one physical degree of freedom.

5.2 Decomposition of p-form field in terms of coexact form
fields on the sphere

To derive the master equation of a p-form field, we need to take three steps. The first
step is the choice of the variable of a p-form field. We use the notation Ap to denote

a p-form field on the sphere, that is, Ap is written by
A, =Apn, 70 (5.13)
where we define the basis
4 A = dgM A A da (5.14)

We can write down the components of A, as

1 1

- A A A A
P = m gy A AN Ar NG s A,y dE A ZT
1

1
+ MATAl'”Ap—ldr AN .@Al'”AP_l + HAAl.,.Ap‘@AlmAp. (515)

If we define the components of A, as

UAl"'Ap72 = AtrAl-uAp,g, (5.16)
VA1~~-AP,1 = AtAl---Ap,m (517)
Wayon,, = ATA1~~-Ap_1u (5.18)
and XAI"'Ap = AAlmAp- (5.19)
Thus, A, is written by
A, =dt Ndr AU, o +dt AVy_q +dr AW,_1 + X,,. (5.20)
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Here, the p-form can be expressed by the one (p— 2)-form Up,% the two (p—1)-forms
‘A/;D_l and Wp_l and the one p-form X'p. The identity

pCp = p—2Cp_2+2p_2Cp_1+ p_2C) (5.21)

guarantees the matching of the mathematical degrees of freedom A,.
Using the Hodge decomposition on the sphere S", a p-form field Ap can be decom-

posed as
Ay, =dA, 1+ A,, for 1<p<n-1, (5.22)

where Ap is coexact form, that is, flp = SBerl- From this decomposition theorem
on the sphere, we can write down a more useful expansion. In fact, for p > 2, we can

express A, by coexact forms
P )

=dA, 1 + A, (5.23)

This result shows that all of the components of a form field on S™ are expressed by

O-forms and coexact form fields. Thus, we can represent A, which is given by
A, =dt Ndr NU, o +dt AV, 1 +dr A\W,_1 + X,
=dt A dr A (cizf{p,g + Zflp,2> + dt A (cif/p,g + f/p,1>
dr A (W2 + Wy ) + (81 +8,) (5.24)

This general expression contains the decomposition of a 1-form field in Eq. (2.45).

5.3 Gauge fixing of p-form field A,

The p-form field A, has the gauge invariance under the transformation by B,_; which

is a general (p — 1)-form field, that is,
A, —A,=A,+dBy 1. (5.25)

Now starting from the general expression for A, in D dimensions, we can deduce the

following result

A, =dt Ndr AUy o+ dt AV, +dr AW, 1 + &, (5.26)
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by using the gauge transformation for A, in the appendix H. This is the end of the

first step for the derivation.

5.4  Spherical harmonics for coexact p-form field

We review the spherical harmonics of the p-form field [43]. This is the second step to

derive the master equation. The Laplace-Beltrami operator is defined by
A =6d+ db. (5.27)

The spherical harmonics of the coexact p-form field jip is defined by

R 1
yp - EyAl"'Ap‘@AlmAp (528)
which satisfies . n
59, =0 (5.29)
and R ~
AYp = XYy (5-30)
The last equation becomes o R
0dY, = Y, (5.31)

by using the identity (5.6). Here, A, is given by
Mp=L+p) (l+n—-—p—1), (5.32)

and / is a positive integer, £ = 1,2,--- ,00. On the sphere S™, the left hand side of

equation becomes
0dY, = = (— (A —p(n —p)) yAl...Ap) @A, (5.33)

Here, we defined A as
AyAl...Ap = yAl..,Ap:A;A. (5.34)

Then, the spectrum of the coefficient of the p-form harmonics jip is
- <A—p(n—p)) Va,.a, = ApVa,..A,- (5.35)
We rewrite this equation as follows
AVaya, = =" Va4, (5.36)
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where

W =Xy —p(n—p). (5.37)

With the harmonics jip, the coefficient of the general coexact p-form field ftp can be

expanded as

Aaa, () = ZA&U (t,r) yf;j,,Ap (mA) : (5.38)
l,o

where o denotes other indices to characterize the degeneracy. For simplicity, we
denote Ay, (t,7) just as A.
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Chapter 6

Master equations for p-form field

In this chapter, we complete the other half of the second step and third step. Finally,

we will get the master equation for a p-form field.

6.1 Equation of motion for a p-form field

We derive the master equations for a general p-form field as

d>U
20 —
w \If——w%—vqf, (61)

where V' is the effective potential and x is the tortoise coordinate defined by

d d
— = f—. 6.2
dx fdr (6:2)

In Eq.(5.7), the first equation is trivially satisfied from the identity (5.4), and the
second equation 0 F = 0 in the coordinate basis is expressed as follows

1
——0,, (v/—gFHHHr) =0 . 6.3

This equation can be decomposed into four patterns.

The first pattern we consider is

1

——0,, (y/—gFHirAr-Ae=—2) — | 6.4
=g " ( ) (6.4)
Substituting the components into the above equation, we obtain
1 A cee
o (A== (= (=2 Ut =0 (6.5)
This yields
l+p—2)l+1+n—pU,=0. (6.6)
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Since we are considering p > 2, and generally n > p, the quantity ({ +p —2) (¢ +1+n — p)

is always positive. Hence, the coefficient U, , must vanish for all ¢, namely,

~

Uyp_p = 0. (6.7)

Thus, the (p — 2)-form Z/A{p_g in Eq.(5.26) is not dynamical.

The second pattern is the following:
1

\/__gau (V—gFrtdidr-1) = . (6.8)

It is easy to get

rn—21(p—1) for <Tn_2(p_1) (W B VI)) +ri2 (71@1 +p-Dn-—p+ 1)> V=0.(69)

The third pattern is given by

1
——0, (v/—gFrrAr-Ae-) =, 6.10
=5 " ( ) (6.10)
This leads to
. f 7
W—V'Jrr—z(71(,_)1+(p—1)(n—p—|—1))W:0. (6.11)
The final pattern
1
——0, (/=gFrArAn) = 6.12
=5 ( ) (6.12)

generates two equations for the p — 1-forms VAr—4e-1 WAr=4p—1 and a p-form

XA Ap g9 1
V - mfar (Tn_2hW) =0 (613)

and
1

X + rn—2p

for (rmTPfX) - T—fz (’yé”) +p(n— p)) X =0. (6.14)

6.2 Master equations

This is the final step, that is, we derive the master equations of a p-form field. These
general results reproduce the effective potential in Eq. (15) and (16) [44] and in Eq.
(99) [45] as special cases and agree with the known results [46,47].
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6.2.1 Coexact p-form

From Eq.(6.14), we can read off the master variable for the p-form component as

1 2p —
U,=—X and a=-L " (6.15)
re 2
Assuming the time dependence of ¥, as
e—iwt
we obtain the master equation
d2\11p (n) 2
—W + ‘/pm \ij = w \Ilp (616)
with the effective potential Vp(f;)
n f n—2p n—2p—2
Vp{ﬁ):r—2 (+p)(C+n—p—1)+— rf’+Tf . (6.17)

6.2.2 Coexact (p — 1)-form

The (p—1)-form is contained in Eq.(6.9), (6.11) and (6.13), but the master equation is
derived by Eq.(6.11) and (6.13). Using the master variable ¥,,_; for the (p — 1)-form

U, 1= TiaW and V =r?fo, (7“% /Wdt> , (6.18)

we can deduce the master equation as

d2\1} -1 n
_d—::Q + ‘/p(,p)—l\Ilp—l = w2\I[p—1- (619)
Here, we assumed the same time dependence as before. The effective potential Vp(j;)_l
is given by
n f n—2p (n—2p+2
Vp(,p)—lzr—g (E+p—=1)(+n—p)+ 5 5 f=rf") ). (620

Note that Eq.(6.9) is trivially satisfied.
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6.3 Degrees of freedom and dual relations
6.3.1 Degrees of freedom

We have shown that D-dimensional p-form fields can be represented by coexact p-form
and coexact (p — 1)-form fields.

Firstly, we define the coexact p-form field as

A, = 6B, 1. (6.21)

However, Bp+1 has a freedom Bp+1 + 5Bp+2. This argument continues up to the

maximum value n. Hence, the degrees of freedom of the coexact p-form is given by
n0p+1 - nCp+2 + nCp+3 +---= nCp - nCpfl + n0p72 +- = nflc’p . (622)

Similarly, we obtain ,,_;Cp,_; for the degrees of freedom of coexact (p —1)-form. Note

that the identity
n—1Cp + n1Cp_1 = nC) (6.23)

exactly give rise to the physical degrees of freedom of a p-form field.

6.3.2 Dual relations

The duality of the field strength plays an important role in form fields. Indeed, we

found the following duality relations

Véi)p,n*p - V;)Z?)—l’ (6.24)
Vit = Vol - (6.25)

In particular, in even dimensions, we have the degeneracy

énﬁ - 7(Ln2’1,_1 . (626)

272 2072

Later, we will see this degeneracy in the quasinormal mode spectrum.

6.4 Examples of effective potentials

In 4 dimensions where n = 2, the master equation for the p = O0-form Ay becomes

Voy = riQ (L+1)+7f). (6.27)
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From the master equations for the p = 1-form A;, we see the effective potential of

the coexact 1-form is

VA =e(0+1) ri2 (6.28)
and that of coexact 0-form reads
Vi =e(0+1) ri2 (6.29)

The effective potentials for the the coexact 1-form and the coexact O-form in A,
are the same. Our results agree with the expression (99) in [45]. Moreover, since
the coexact 2-forms on the sphere S? does not exist, the master equation for the
p = 2-form A5 becomes single. The effective potential of the coexact 1-form is given
by

v = Ly rer) . (6.30)
As is expected, this effective potential is the same expression as that for the 0-form
field in Eq.(6.27). This confirms we can consider only the form fields with the rank
larger than p;.

In 5 dimensions, where n = 3, the master equation for the p = 0-form A becomes

Voy = riQ (z (£+2) + g (rf’ + g)) . (6.31)

We can also read off the effective potentials in the master equations for the 1-form

A;. The effective potential of the coexact 1-form reads

@ _ [ BN T
iy = 2 <(€—|— 1)" + 5 (rf 2f>> (6.32)
and that of the coexact O-form is given by
Vi —T—2(€(€+2)+§(§f—rf’)>. (6.33)

In 5-dimensions, we need not consider a 2-form field because of the duality. Here, for
the check, we look at the master equation for the 2-form A,. The effective potentials

of the coexact 2-form is given by
3 f 1/3
Vo = ) (E (L+2)+ 3 <§f - rf’)) (6.34)
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and that of the coexact 1-form becomes
@ _ | 2 1 1
VQ’1 =3 <(€—|— )"+ 5 (Tf 2f>) ) (6.35)

The effective potential (6.35) is the same as Eq.(6.32), and the effective potential
(6.34) is the same as Eq.(6.33). These results just reflect the duality relations (6.24)
and (6.25).
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Chapter 7

Proof of stability of p-form field

In the present case, we found an appropriate S-deformation as follows

S— —% (m (%)) (7.1)

This is similar to the case of the vector gravitational perturbations of the
Schwarzschild-Tangherlini solution [34]. Here, « is the parameter we should

choose appropriately.

7.1 Effective potential of coexact p-form

If we choose 5
a=—" > L (7.2)

the effective potential of the coexact p-form on the sphere becomes

n (7 (n n dS 2
Vp(,p) - V;@(,p) :Vzo(yp) + f% -5
/

:T—Q(Hp)(un—p—n. (7.3)

This modified potential is positive definite outside the event horizon, because a rank

p satisfies p < prax < n.

7.2 Effective potential of coexact (p — 1)-form

If we choose
n—2p

2 b

o =

(7.4)
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the effective potential of the coexact (p — 1)-form on the sphere becomes

(n) =) _1(n) dS o
Vp,p—l - V;J,p—l _Vzv,p—l + f% -5
— L (D) tn—p— 1)~ (n—2))
f

>3 (1+p) (A +n—p=1)=(n—2p)
:Tigp (n—p—l— 1) > 0. (7'5)

This modified potential is also positive definite outside the event horizon.
From the above analysis, we see p-form fields in arbitrary dimensions are stable
in the spherical black hole even for other gravity theories as long as f satisfies the

positivity f > 0 outside the horizon r > ry. Here, r, which satisfies
f=0

is the horizon of a black hole.

62



Chapter 8

Quasinormal modes of p-form tields

D QNM: w D QNM: w

6 1.2618 — 0.46164 6 1.2618 — 0.46163
7 1.7509 — 0.5920: 7 1.5387 — 0.5652i
8 2.2231 — 0.71922 8 1.8352 — 0.7345:
9 2.6681 — 0.85551 9 2.2630 — 0.85214
10 3.0791 — 1.0080: 10 2.6910 — 0.9444:

(a) 2-form component (b) 1-form component
Table8.1: Quasinormal modes of 2-form field Ao

D QNM: w D QNM: w

8 2.0779 — 0.67544 8 2.0779 — 0.67541
9 2.6018 — 0.7640: 9 2.3795 — 0.7729:
10 3.1539 — 0.8307: 10 2.6947 — 0.9197

(a) The 3-form component (b) The 2-form component

Table8.2: Quasinormal modes of 3-form field A3

Now, we show the quasinormal modes of the p-form fields up to D = 10-dimensions.
In this case, we need to consider form fields up to p = 4. In this study we used the
6th order WKB method [40], so we need the 1,9, -+, Q5. We choose a set of
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D QNM: w D QNM: w
10 2.9227 — 0.8595i 10 2.9227 — 0.8595i

(a) The 4-form component (b) The 3-form component

Table8.3: Quasinormal modes of 4-form field A4

parameters,

(£7uantone) = (17 170) . (81)

In Table 8.1, we showed the quasinormal modes of a 2-form field. As you can see
a quasinormal mode of coexact 2-form and a quasinormal mode of coexact 1-form
in 6-dimension coincide. This comes from the duality relations (6.24) and (6.25) for
the field strength. Except for D = 8, the coexact 2-form decays faster than coexact
1-form. In Table 8.2, we listed quasinormal modes of a 3-form field. In D = 8
dimensions, we can see duality relations hold. In other dimensions, the coexact 2-
form decays faster than coexact 3-form. In Table 8.3, we displayed QNMs of a 4-form
field. In this case, only D = 10 is relevant. Here, we see the duality relations again.
In all cases, we see, as D increases, real and imaginary parts of quasinormal modes

increase.
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Chapter 9

Conclusion

We investigated the stability of various tensor fields on a black hole. We studied
the high-dimensional black hole physics, and in particular, we studied p-form fields.
We formulated a method for investigating massless differential form fields. They are
generally expressed in terms of the coexact p-form and coexact (p — 1)-form on the
sphere. These variables allowed us to find the master equations. We revealed some
relations between the effective potentials in the master equations under the duality
relation of p-form fields. By examining the master equation of differential form fields,
we investigated the stability and quasinormal modes of p-form fields. As for the
stability, we showed that any massless p-form field is stable on a symmetric black
hole in any dimensions using the S-deformation method. Then, we investigated the
quasinormal modes, which are important physical quantities on a black hole, using
the WKB approximation. We clarified the duality relation and the dependence of
dimensions of p-form fields in D(< 10)-dimensions.

It is interesting to include rotating black holes in our analysis. Recently, Lunin
found the ansatz for the 1-form field in arbitrary dimensions to get the separable
equations of motion [48]. After our work [49]|, he proposed the conjecture of the
ansatz for the general p-form field [50]. So, it is interesting to investigate p-form fields
in higher dimensional rotational black holes. We can also consider higher spin fields
in arbitrary dimensions. Resolving the above problems must have implications for

the string theory. We leave these problems for future work.
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Appendix A

Conventions

Here, we define some quantities which are used in this thesis.

BUnit We use the natural unit. c is the velocity of light. A is the Dirac constant. GG

is the Newton constant. They are set to

c=h=G=1. (A.1)
BInverse metric g*¥ The inverse metric g"” satisfies

9" g, = O

v

Here, 6% is the Kronecker delta.

M Christoffel symbol I'f;,,  The Christoffel symbol is defined by

9°" (OpGov + OvGop — Oaguw) - (A.2)
BRiemann tensor R%,3, The Riemann tensor R*,g, is defined by
R* gy = 0515, — 0,15, + T3, — 0,3, (A.3)
BMRicci tensor 17, The Ricci tensor is defined by
Ry = R jaw- (A.4)
BMEinstein tensor G, The Einstein tensor is defined by

1
Gu = Ry — §R9W' (A.5)
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Appendix B

Black hole solutions

B.1 Schwarzschild solution

The Schwarzschild solution is given by
1
f(r)

where d)? is the infinitesimal spatial displacement of S2. It is given by

ds® = —f (r)dt* + dr? 4 r2dQ?, (B.1)

dQ? = qapdz?dz? (B.2)
= d6? + sin® 0d¢>.

Here, qap is the meric of S2. This metric has the spherical symmetry, and this metric
is time-independent, that is, this solution is static. This solution was found by K.

Schwarzschild in 1916. From the Einstein equation f is given by
=1-—. B.3
f=1-2 (B.3)

M is the mass of a black hole. The Schwarzschild radius r, which is defined by f = 0

corresponts to the size of the event horizon of a black hole.

B.2 Schwarzschild-Tangherlini solutions

The general relativity in higher dimensions is also an interesting target to study
its mathematical properties. F. R. Tangherlini found a natural extension of the
Schwarzschild solution in Einstein’s theory in higher dimensions [19]. This solution

can be written in a similar expression as

1

ds*=—f(r)dt +f(7”)

dr? 4+ r2dQ>. (B.4)
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Here, df2? is the metric with respect to S™. If we write the spherical coordinate as

x4 = (01,---,0,), this is written by
d0? = qapdztda® (B.5)
= df} + sin® 0, (df3 + sin® Oy (- (d62))).

This metric has the spherical symmetry in n-dimension, and this metric is time-
independent. From the Einstein equation in higher dimension the function f is given
by

f=1- 1 (B.6)

rnfl

w is related to ADM mass and n is defined by
n=D—2.

B.3 Kerr solution

R. Kerr found a rotational solution of the Einstein equation [51|. This solution is
often written on the Boyer-Lindquist coordinate in [52]|. In this coordinate, this black

hole solution is given by

A ) 2 p? sin? § 2
2 r 2 2 2702 2 2
ds :—?(dt—asm 0do) +A—Tdr + p*df* + 2 (adt — (r* 4+ a*) do)
(B.7)
Here, the A, and p are defined by
A, =1 —2Mr+a® and p? = p*(r,0) = r*> + a®cos®f. (B.8)

The coefficients of the metric are independent of ¢, ¢. This solution is time indepen-
dent solution. The coordinate ¢ expresses the azimuthal angle. If M — 0, the metric
becomes

r2 4 g2 2

ds? = —— = (dt —a sin 0 dg)” +

: 2
A (ad— (o) d)
(B.9)

This spacetime is equivalent to the Minkowski spacetime in the spheroidal coordinates.

r2

We can define a coordinate transformation
x =12+ a?sinf cos ¢, (B.10)
y = V12 + a?sinfsin ¢, (B.11)

and z =rcos. (B.12)
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In this coordinate, the metric in Eq.(B.9) becomes
ds? = —dt* + da? + dy? + d=?, (B.13)

that is, the Minkowski spacetime.

B.4 Myers-Perry solution

R. C. Myers and M. J. Perry found an extension of the Kerr solution in higher
dimensions in [20], and good reviews of the Myers-Perry solution are given [48,53|.
This black hole solution has a slightly different expression in odd and even dimensions.
In even dimensions, the metric is given by

2
Mr < FR &
ds® = —dt*+ (dt + ;_1 aiu?d@) D + af) (dpf + pidey) +r%do.

i=1
(B.14)

There is the relation between v and p; (i = 1,...,n) is given by
o+ =1, (B.15)

i=1
and F' and R are defined by
PRI Y (U717 ﬁ (1 +a2). (B.16)
— r? +a

k=1 k=1

In odd dimension, the metric is given by

2 2 Mr? - 2 i FR 2 - 2 2 2 2 7.2
ds® = —dt*+ dt+ ) aipide; + e +> 0 (r? +a?) (duf + pidey) .
i=1 i=1

(B.17)

There is also a constraint to the coordinates
n
> =1 (B.18)
i=1

F and R have same expressions in Eq. (B.16) each other.
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Appendix C

Geometrical quantities on spherical

black hole

C.1 Metric

The Schwarzschild-Tangherlini solution is given by

ds® = g, dr"dz” (C.1)

= —f(r)dt® + = dr® + r’qapdzda®. (C.2)

1
f(r)
Here, we define the metric gap of S2. We represent the spherical coordinates as
zh = (91,---9”).

C.2 properties of S”

S™ is a constant curvature spacetime. So, we can derive the Riemann tensor of S™ as
Ragep = k(gacasp — 4apdsc) .- (C.3)

k is a constant parameter and usually normalized to |k| = 0,1. Then, the Ricci tensor

and the Ricci scalar become

RAB =(n—1)kgap and (C.4)
R=n(n—-1)k. (C.5)
k corresponds to
k=1 S
k=<k=0 [E". (C.6)
k=-1 H"
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C.3 Christoffel symbol

The components of the Christoffel symbol are given by

I f/ It Igr
T 2f5 8t 5K+2f5 8504 + T
FJA -

FAB = (—Tf) 57{(1AB,
e, :0,
FIB - 5;5§7

and FAB = FgB (q)-

Here,

C.4 Riemann tensor

ff

/
L sIst st + <

" represents the derivative with respect to r.

The components of the Riemann tensor are given by

i
st

R k1 = o
f K
R jia =0,
R jap =0,
R 451 =0,
r /
Riajp = — / 5I5JQAB
R 4c =0,
Rk =0,
/
R4 p = —ff 070405 +
RA1pc =0,
RAp1y =0,
RAp1c =0,

f/
2f

by L8 0

/
5504

f/
2rf

and R*pcp = R*pop — 2f5(bap)s
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C.5 Ricci tensor

The components of the Ricci tensor are given by

/ 1 /
Rr; = g (f"—k%) 5§6§—ﬁ (f”—k%) 8767, (C.25)
Riy =0, and (C.26)
Rap=(n=1)(k—f)—rf)aqas. (C.27)

C.6  Ricci scalar

The Ricci scalar is given by

R:—r% (r?f"+2nrf —n(n—1)(k— f)). (C.28)

C.7 Solution of Einstein equation
In vacuum, the Einstein equation is equivalent to

R,, =0. (C.29)
So, the solution of this metric can be derived as

Ry (C.30)

C.8 Covariant derivative on spherical black hole

We summarize the operation of the covariant derivative to a vector on a spherical
black hole.

M Covariant derivative with respect to a vector: V,V,, We can decompose V,V, into
the four patterns V;V;, VVa,VaVr and V4 Vs. We write them following,
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/

= 1 1
TV = vy - 57 (3105 + 6705) Vi — L f ( fotat, — ?5;55) V. (C31)

_ 1

ViVa=0;Vs — ;5;VA, (C.32)

_ 1

ViVay=0/Vy — ;5;‘/,4, (C.33)
and VoV = Vp.a + rfV,.qap. (C.34)

M Covariant derivative with respect to a 2nd-rank tensor: V,7,, We can decompose
VuTup into the six patterns v]TJK, v[TJA, v]TAB, vAT[J, ?AT[B and vATBc. We

write them following,

/

_ 1
ViTik =0Tk — ﬁ(ﬁ (05 Tkt + 0 Tye) — §ff/5f (64T wr + 05 Tyr)

/ /

- ﬁd}ﬂ (65Tke + 0% Tre) + ﬁﬂ (05 Tkr + 6K Tyr), (C.35)
- / 1 / 1
ViTia=0rTsa — o (6567 + 076%) Tha — iff’éﬁdf]:rm + ﬁayagm — 01Ty,
(C.36)
_ 2
ViTap = 0iTap — ;5§TAB, (C.37)
_ 1
VaTry=Trj.a — . (07T 54 +05T14), (C.38)
_ 1
Valip =Trp.a — ;5§TAB +7fTr-qaB, (C.39)
and VaTpc = Tpe:a +2r faasToy, (C.40)

Here, ' represents the derivative with respect to r, and - represents the derivative with

respect to t.
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Appendix D

Gravitational perturbation on spherical

black hole

This chapter gives the first-order perturbed quantities of the metric. The perturbed
metric can be decomposed into three types, that is, a scalar, vector and tensor with
respect to the spherical coordinate. We will note the perturbed quantity for each
perturbations one by one. Especially, we note the results in arbitrary dimensions on

a spherical black hole.

D.1 General formulae for the first order perturbation of the
metric
D.1.1 Perturbed metric

We define a perturbation, or linearization, of a metric as
Guv = guu + h/ux- (Dl)

Here, g, is a whole metric of the spacetime. g, is a background spacetime. For ex-
ample, in our case g, corresponds to the Schwarzschild metric. h,, is a perturbation
with respect to the metric g,,. We assume the amplitude of h,, is sufficiently small
so that we will neglect the second and higher order perturbed quantities of h,,. In

the following, a bar ~indicates a quantity with respect to the background metric g, .

D.1.2 Inverted metric

The inverted metric is given by
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g =g — b+ O (h?) .

D.1.3 Christoffel symbol

The linearized Christoffel symbol is given by

6F;pu/ = FZV (gl“/) - FZV (gl“/)

= 5 (Tt + Vb = TPhy) + O (1)

D.1.4 Riemann tensor

The linearized Riemann tensor is given by

5Rauﬁy = Ra,u,ﬂll - Rauﬁl/
= VoI, =V, 005, + O (h?).

D.1.5 Ricci tensor

The linearized Ricci tensor is given by

R, = 0R” on
1 - _ o _

= =~ (VaVuh% + VoV h®, — VoV, — V, VR .

2

D.1.6 Ricci scalar

The linearized Ricci scalar is given by

SR=R—-R
=g"6R,, — "R,
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D.1.7 Einstein tensor

The linearized Einstein tensor is given by

6Gu = Gy — G (D.10)
1 _ 1 -
— Ruy - §guuR - (Ruv - §guuR>
1 1 _
= 0Ryy = 59ud0R = Shu R + O(h?). (D.11)

D.2 Perturbations of the spherical black hole in arbitrary

dimensions

Here, we summarize the formulae to study the gravitational perturbations on a spheri-
cal black hole in arbitrary dimensions. We will use the so-called complete gauge fixing
method. In Sec.2.3.3.1 and 2.3.3.2, we treated the complete decomposition of the per-
turbed metric on the spherical coordinates. Here, we will use the same notation in
those sections. The capital Latin indices (I, J, K, - - - ) represent the (¢,7) coordinates,
and (A, B,C,---) represent the spherical coordinates. Here, we assume all compo-

nents of h,, have the time dependence written by e ="

D.2.1 Einstein equation of tensor perturbations in vacuum

In this section, we give the master equation of the tensorial components of the per-

turbed metric. Firstly, the tensorial components of the perturbed metric, h&Ty), are

given by
(T) _ O 0
P ( sym. Sap > (D.12)
Here, for the simplicity, we rescale the tensor Sap as
hilT) :SAB :7"23AB- (D.l?))
sap satisfies
544 =0 (D.14)
and
sap =0. (D.15)
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D.2.1.1 Covariant derivative of perturbed metric
The components of the derivative of the perturbed metric on the spherical coordinates

are given by

Vihjx =0, (D.16)
Vihja =0, (D.17)
?[hAB = 7“2(535143 + 7‘25}”8243, (D.lS)
Vahry =0, (D.19)
@AhIB = —T’(S;SAB, (DQO)
and ?AhBC = 7’2830;14. (D.21)
D.2.1.2 Perturbed Christoffel symbol
The components of the linearized Christoffel symbol are given by
6Tt =0, (D.22)
6Tk, =0, (D.23)
5T, =0, (D.24)
r? ;. r? 2
1
ST = 3 (0458 +675'8) (D.26)
1 .
and 5Fé’D = 3 (SAD:C + SAc;D — SCD'A) . (D.27)
D.2.1.3 Perturbed Ricci tensor
The components of the linearized Ricci tensor are given by
OR;; =0, (D.28)
0Rra =0, (D.29)
r? 1 1 1 A
and dRap = ﬁ.'S'AB - 57“2 shp — 3 (rf' +nf)rsyg — ((n -1 f4+rf - 5 <2nk - A)) SAB-
(D.30)

The equation 0 R, = 0 is equivalent to the linearized Einstein equation in vacuum.
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D.2.1.4 Master equation for tensorial component

From the Einstein equations in vacuum, sp satisfies

2 1 1 A
0=0Rap = T—SAB— r2fs'h g— 2(rf +nf)rsyig— ((n—l)f+rf’—§(2nk—A)

2f 2
(D.31)
We can decompose sap by the spherical harmonics yﬁ} as
SAB = ZszyAB D Sey(T)
Here, the spherical harmonics satisfy
¢ Py =0 and YA = 0. (D.32)

Additionally, yﬁ} are the eigenfunctions of the Laplacian A in the spherical coordi-

nates,

AV = y(De (D.33)

(n)

Here, a spectrum «y~ is given [22] by

Y =t +n—1)-2 (D.35)

In the following, we will omit the index ¢ for simplicity. The nontrivial components

of the Einstein equation become
2

1
0=0Ragp Do—ﬁs'— 2r2fs"— —(rf' +nf)rs

- ((n— 1) f+rf — <2nk+*y(n)>> (D.36)
We can introduce the master variable ¥ which is defined by
U =r2s. (D.37)

We convert the radial coordinate r into the tortoise coordinate x which is defined by

dx

1
T T (D.38)
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Thus, we can derive the master equation for the tensorial components as

d>v

wQQ::__3554-vg”@. (D.39)
Here, the effective potential Vf;) is
v — L (i n—1)+2(mk—1)+ 2 (n2 — 10n+8 L ayrp
7 =32 n—1)+2(n )+Z(" n+)f+§(" )rf

(D.40)

D.2.2 Einstein equation of vector perturbation in vacuum

In this section, we give the master equation of the vectorial components of the per-

turbed metric. Firstly, the perturbed metric h,(x) is

0 0 VA
W) = 0 wy |. (D.41)
o)

va and w4 satisfy the transverse condition, that is,

vt =wat =0. (D.42)

D.2.2.1 Covariant derivative of the perturbed metric
The components of the derivative of the perturbed metric on the spherical coordinates

are given by

_ . 1
Vihia =04 — §f/fwA7 (D-43)
_ f’

VthrA = wA — ﬁUA’ (D.44)
Vihia =0 — 1%—f—/ v (D.45)
rlltA — Uy r 2f A, .

_ 1 f’
vrhrA = ’U)/A - (; — ﬁ) WA, (D46)
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1

V ahiy = —-va, (D.47)
= 2
Vahp = —-wa, (D.48)
Vahig = vB:a, (D.49)
vAhrB = WpB:A, (D50)
and Vahpc =7f (qapwe + qacwpg) . (D.51)
D.2.2.2 Perturbed Christoffel symbol
The components of the linearized Christoffel symbol are given by
oT% . =0, (D.52)
6T, = (D.53)
ST :—i Wy — g — 2o (D.54)
rA 2f A A r A Y .
1, .
0Tts = 5f (ha =), (D.55)
oIy, = —iwA, (D.56)
T
orA = L (pa L f fw? (D.57)
2 2 ’ '
1 f’
ST = 2_ ( + 04— TV > : (D.58)
oT4 = ( ) , (D.59)
Typ = f (vB:a +va:B), (D.60)
1
olAp =35 f(wp.a +wa:p), (D.61)
1
iy = =52 (vip —vE?), (D.62)
1
iy = =92 (wAB —wp ) ; (D.63)
and 4, = iw qBC- (D.64)

D.2.2.3 Perturbed Ricci tensor

The components of the linearized Ricci tensor are given by
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1 1
Ry = ") (@A - —f/fwA> =0,
r 2

:A

SRy = — wA+v’A—f—/vA =0
tr 27’2 f :A 9
1 f’ A
5Rrr—r_2(w 2f ) —0,
_1 ./ " 2.
(SRtA—§f wA—UA+;1UA +

53 ((n—l)k—A—Qrf’) VA,

2f

(D.65)
(D.66)
(D.67)

(D.68)

(SRTA——l (/ wA—§UA>+#((n—l)k—Q((n—l)f+rf’)—A>

1/. n—
and 0Rap = —? (U(A:B) - Tni_z&“ (r wa(A:B))) :

(D.69)

(D.70)

The equation 0R,, = 0 is equivalent to the linearized Einstein equation in vacuum.

D.2.2.4 Master equation for vectorial component

The set of equation becomes

2 (n) "y =

W' — +7“w+r2f <( 1 k+7vy 27°f)v—0,
Lo 20 f ()Y 4 —
B =+ 2o+ 2 (= 1) (b= 2f) =20+ ) w =0,
and ©— 7“”%87" (T”_wa) =0.

(D.71)

(D.72)

(D.73)

Here, we use the spherical vector harmonics given in Sec. 5.4. The master variable is

defined by
v = r(”_4)/2fw.

Then, the master equation is given by

O:u}—i/+§i;+iz<(n—1)(k—2f) o f’ +7(")>

1 9 d2\lf (n)

Here, the effective potential for the vectorial perturbation V4,(/n) becomes

m f
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D.2.3 Einstein equation of scalar perturbation in vacuum

In this subsection, we give the master equation of the scalar components of the per-

turbed metric. Firstly, the scalar components of the perturbed metric, hl(LS,), are

fHY H\Y 0
W)= | sym. f'HY 0 : (D.78)
sym. sym. r’KYqap

D.2.3.1 Covariant derivative of the perturbed metric
The components of the derivative of the perturbed metric on the spherical coordinates

are given by

Vihiy = f (FI — f’H1> Y, (D.79)

/
Vihy = (H1 - % (H + H)) Y, (D.80)

_ 1 . ,
?thrr - ?_<H _f H1> Y, (D.81)
VThtt - fH/Y, (DSQ)
V,hy = HLY, (D.83)

_ 1

Vhey = ?H’Y, (D.84)
Vihja =0, (D.85)
Vihag = r*KY qap, (D.86)
?rhAB = TQK/YQAB, (D.87)
Vahy = fHY 4, (D.88)
Vahy = H Y4, (D.89)
Vahy = fTYHY 4, (D.90)
Vahig =rfH1qaBY, (D.91)
Vah,g =7 (H — K)qagY, (D.92)
and Vhpe = r*KY.zqpc. (D.93)

D.2.3.2 Perturbed Christoffel symbol

The components of the linearized Christoffel symbol are given by
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ST, =
oLy, =

or,, =

5T = — 57 (~26n + () + /'H) Y,

oLy, =
oLy, =
ot =
ot s =
oLy =
ol =
ST =
ors =

tr

oA =

Ty =
6Ty =
oYl =
5F§~43 =

and 6F§C =

D.2.3.3 Perturbed Ricci tensor

(E{ — f’H1> Y,

EJ
h<

N~ N~

1

57 <—H YofH! + f’H1> Y,

L)

1
~H'Y,

1_
——HY.
9 (A
1
——HY.
2f 11:A4,
1
§fH1Y:A7
1
—HY.
9 tA,
_igyu‘l’
272
1 H Y:A
227

1
- HY:4
2r2 f ’

r (LK — H1) qaBY,

[\

2f
1
§f <27‘H — (T‘QK)/> qaBY,
1.
5K(sgy,

1
§K’5§Y,

1 .
§K (08Yc +Yipss — Y qpc) .

The components of the linearized Ricci tensor are given by
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(D.95)

(D.96)

(D.97)
(D.98)
(D.99)
(D.100)

(D.101)

(D.102)
(D.103)
(D.104)
(D.105)

(D.106)
(D.107)

(D.108)
(D.109)
(D.110)

(D.111)



- (5 ()
( 2r?H" + (2 +3%/)TH’+;(r2f”—|—nrf’+A>H>
( L H’+2(T2fﬂ+nr_f>ﬂ) on (rz ;o K’))Y

f f JEY
(D.112)
5Rt»,~:—%<2f”—l—m’f+A>H1Y+2HY—2<3T+%<1 ;?))KY
(D.113)

1 31" A
5RTT—§<(H +2f >+<f2H+( 2f)H fH)

2 f/ 1! f/

—}(H oF )—n(K -I—( Qf)K))Y’ (D.114)
6RtA:%<(fH1)'+n szl—H—(n—l)K’)KA, (D.115)
st g (i L) <n_1+%)ﬂ_(n(_plig)m

and (5RAB:%< 2rH1+er'+er'+2f(n—1+%,)

+§ —r2fK”—rf(2n+%>K’+<7§?)—2f(n—1+%>)K)qABY

b5 (H— H—(n—2) K) Yoar (D.117)

The equation 0R,, = 0 is equivalent to the linearized Einstein equation in vacuum.

D.2.3.4 Master equation for tensorial component

From the Einstein equation, the set of the equations of motion becomes
dr (. rf’
_ AN N
—(27”2H"—|—<2 —|—37f) rH'—l—?<r2f"—|—nrf’—|—A> H)

Tf/ , T2f// ?"f/ . Tfl
(e ea (S e ) ) o (- ).
(D.118)
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__L 2 g1 1 (n) o 1 _T_fI :
0= 27‘2<Tf +nrf 'yy>H1+2H 5 8+ 1 2f K,

(D.119)
_ 3f/ f/ 'Y(n)
0=H'+>"H +— H+( H' +-2_H
2f f? 2f r2f
H! —|—f/ —n| K"+ f/ K’ (D.120)
f bof Tof '
0= (le)'-i—anHl—H—(n—l)K, (D.121)
' = rf'Ng [ rf’ /
=—-H H — = 1—— H+=(n—-1+— -1 fK
0 1+ f r f + r + 2f (TL )f )
(D.122)
/
0:—2H1+fFI’+fH’+2i (n—1+%)H
r
f/ 1 (n) T,f/
IR rfR - (2n+ K' + - —2f(n—1+—=) | K
T G IV A N 7
(D.123)
and 0=H—H— (n—-2)K. (D.124)
The non-scaled master variable v is defined by
r . .
= (¥+K). (D.125)
Using Eq. (D.124), H is expressed by H and K as
H=H+ (n—-2)K. (D.126)
From the second equation (D.119), H can be expressed by ¢ and K
_ i 2 ¢l 1 ()
H_nf<rf +nrf ’yy)ib
/
K (1= L (g f— ) ) K D.127
+r +< 2f+f(7“f +nrf 75,> ( )
Here, we define A; and A, by
1 2 rlr (n)
= 12
A nf( 't — ) (D.129)
rf’ 2 e / (n)
Ay =1— — 4+ — — . D.130
and Ay = 2f+f(rf +nrf 7y> (D.130)
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H can also be expressed by 1 and K as following,
H=H+(n-2)K
:A1¢+TK/+A2K+(R—2)K
= A1y +rK' + (As +n — 2) K. (D.131)

Then, K can be expressed by ¢ only by the fourth equation (D.121),

AQK:’I”Q[)/—F(TL—l—Al)’Q&
r' +(n—1— A1)y
Az

Thus, H, H and H; are expressed by v only.
The master equation is given by subtracting the fifth expression (D.122) from the

= K =

. (D.132)

sixth expression (D.123),

/
0:—2H1+fﬁ’+fH’+2£ <n—1+%>H
T
ro rf’ L( rf’
+-K—-rfK" - <2n+—)K'—|——( -2 (n—1+— K
: 7 rf'Ng [ rf’
—|—-H H-~(1-——|H+~(n—-1+=—|H—-(n—-1) fK'
( 1+ f . ( 2f oo\ 2 f (n—1)f
(D.133)
=— %L +rf + Agi + Ay, (D.134)
Here, A3 and A, are defined by
1 1
A352nf—}—rf'+A—(’y(;)—nf—i(n—i—Q)rf’) and (D.135)
2
_1 rf’ (n) 1 N (n—1—A))
Ay = ” ((n—l)f<n+ 7) + (Wy —nf—§(n+2)7”f A, )
(D.136)
and we used the relation between 1) and K given by
! —-1-A
Ay + AsK = Ayp + 472 +(”A )V (D.137)
2
=(n—1y+ry. (D.138)
Then, the master variable ¥ which is defined by
T=N""'(r)y (D.139)
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gives the master equation. NV is a function of r. By this scaling, the master equation

becomes
0= —§N\'1'f Frf (NO) + Az (NT) + Agib

r . rNd*U As —rf’
=—-NU+-——— 42N+~ N)9,T N"+ A3N' + A4N) 0.
7 +fdx2+r(+2rf )a + (rfN" + AsN' + A4N)
(D.140)

To derive the master equation, we impose that N satisfies a differential equation as

_ /
As TfN

N’ =0. D.141
+ 2rf 0 ( )
We can find the solution as
N=mm+1)1—-f)+2\=n))r "2 (D.142)
Then, the master equation becomes
r I f
O0=-N[-V+ — + = (rfN"+ A3N' + A4N) ¥ D.143
PN (< T N AN 4 ) ) (D.143)
r d>v
= —-N |-’V - —— + Va0 |. D.144
N (- Vo) (D.144
The effective potential Vj(f’) is given by
v = —% (rfN" + AsN' + A4N) (D.145)
_1 N (n) _
N = - nn+1)(1—-f)+2v, —2n (D.146)
_ i 2 p1 1 (n)
A = T (r [ f =~y ) (D.147)
M1 (D.148)
2 = 2f 1 .
/ 1 (n) 1 /
As=2nf+rf —i—A— Vo —nf—§(n—|—2)rf (D.149)
2
f rf’ (n 1 (n—1-4A,)
Ar=(n=1) (et =p )+ (08 - nf = g a2 ) S
(D.150)

Astonishingly, this potential is equivalent to the following expression,

(r"N)'

=9 ~ 7

1
+r"INO2 (TnlN) . (D.151)
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Appendix E

Code to calculate quasinormal modes
by Nth order WKB method

Here, we would like to give the code to calculate the quasinormal modes on the
Schwarzschild black hole. The fundamental theory is established using the WKB
method [14-17,38-40|, and its review is given by Ref. [18]. If the potential has a
single peak and is positive definite, we can apply this code. This code is written in
the language of Maple. This code is used by Refs. [35,49|. This code can calculate

Qi in arbitrary orders.

Algorithm E.1 Code to calculate quasinormal mode by WKB method (1/3)
#Reset calculation

restart :

#O0rders for WKB-apploximation

B :=6:

#Mass of black hole

M = 2:

#angular parameter of spherical harmonics
[ :=2:

#tone number

n:=0:
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Algorithm E.2 Code to calculate quasinormal mode by WKB method (2/3)

#quadratic quasinormal mode

Si=V —i%% (add (Ap,p=1.B— 1)+ 8) :
#Derivation of collection terms ()

for g to B —1 do

Soq—1 = add (S(Qq_l).100+2pt2(q_p),p = O..q)) :
Soq 1= add (qu.100+2pt2(q_p)+1,p = O..q) :
end do:

go :=t+add (a?Sp,p=1..2B —2) :

g1 :=diff (go, t) :

g2 = diff (¢1, ) :

g3 = diff (g2, 1) :

z:=03— itz—i—add(oﬂ’Zp,p: 1.2x B —2):
for g to B —1 do

Z2q—1 = —bzq_1t2q+1 :
qu = Aq — bgqt2q+2 .
end do;

Ro:=gi* (B — 190) + 39301 — 395 — 291 = 0

Ry = diff (Ry, ) :

for ¢ from 2 to 2*x B — 2 do

Rlq] :=diff (Rq—1, @)

end do:

a:=0:

for g to B—1 do

solutionsgg—1 := solve (identity (Raq—1,1t) , {seq ($(2g—1)-100+2p,» = 0..q) }) :
solutionssy, := solve (identity (Raq, t) , {Aq, seq (s24.100+2p, 2 = 0..¢)}) :
assign (solutionsgg_1) :

assign (solutionsg,) :

end do:

for ¢ to 2B — 2 do
1 2 _Qq+2‘

T4 (¢+2) Qo
end do:

(4k)—Q/4 eiﬂq/4
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Algorithm E.3 Code to calculate quasinormal mode by WKB method (3/3)

# Effective potential

hi:=1(+1):

ho := —3 : #scalar:1, vector:0, tensor:-3
M

f=1——
,

V := simplify (f (l (1:2— D + %diff(f, r))) :

#Derivatives of potential

Qo :=w? -V

Q1 := simplify (f - diff (Qo, 7)) :

for ¢ from 2 to 2B do

Qg = simplify (f - diff (Qq—1,7)) :

end do:

k.= %Qg :

#Insert the value of the coordinate at top of effective potential

3 14 1/2
r := simplify (2_h1 <h1 — ho + (h% + ghlhg + h%) >> :

#Quasinormal mode ¢

o = evalf ((simplify (Z))1/2 , 10) ;
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Appendix F

Correction terms of WKB-method

In this section, we would like to give the expressions of the correction terms 2. To
perform the 6-th order WKB-method, we need (23,24 and 25 in addition to ; and

Q5. Here, we display them for completeness:

Q3 = (—463020837 + 465300831 B2 — 7812087 B3 — 99780137 35 + 1086037 B4
+1932031 8285 — 126081 35 + 150085 — 6608281 — 630535 + 7086) 5*

+ (—4181108% + 47997051 B2 — 9546035 B3 — 1240265735 + 17070531 B4
+2934031 8235 + 341485 — 2730185 — 17708284 — 1085035 + 24505) 5°

101479 131817 14777 40261 6055

8+ 2ty st S+ SR,
5667515253—11555155 15396 52/34—“07/33+3—é556, (F.1)
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Qy = (—9587264437 + 13061966457 B2 — 2246731237 3 — 5106780031 33
+ 345492031 B4 + 1307376037 8283 + 5418000537 35 — 493920837 35
— 128520057 3284 — 73248087 52 — 11407203, 33 Bs — 4275635
+ 5947267 B + 9878431 B 55 + 11054403, B384 + 2503233 B4
+493923235 — 554431 87 — 30243285 — 55443385 — 157257 + 252033) °

+ (—15460137087 + 23172804037 B — 45019560037 B3 — 1017144603; 3

+ 8269260031 B4 + 2963880035 8233 + 1278276087 85 — 1456560.3; 35

— 361836037 3284 — 1870400537 B2 — 31386003, 33 33 — 17833035
+22372087 86 + 36120081 8285 + 35412051 8384 + 11822083 84) B
+15036003283 — 2814031 87 — 176408235 — 214203385 — 8290533 + 18903s) 8°

53000175

B8 + 5357454948 85 — 1153578335 B3 — —

129443349
| (s s

4
4785249
T

— 124679757 B2 4 — 6323405732 — 11194155, 8265 —

117281
2

B35

BBy + 870855052 B2 33 + 300928532 33 — 48262233 35

305141
T

B384

+ 8875337 B + 14947831 8235 + 145417031 B384 +

28077 22029
2 B157 — 105213286 — 5

5+ 05 5. (.2

+ 6473153535 —

19277
4
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and 5 = (—225985687205;° + 3879735451237 B> — 6749494080/3] B3 — 2200281283237 33
+ 108012374437 B4 + 625768416037 8233 4 466002768031 35 — 16556198437 s
— 76679568001 B2 34 — 4136697601 32 — 144323424033 B2 B3 — 29180424057 35
+ 2316384031 Bs + 8512896037 B235 + 903504000 B384 + 10867920003 33 B4
+ 1263292805232 82 + 6419616001 83 B3 + 140078435 — 291984043 3,
— 753177637 B2 35 — 8618400537 B35 — 393960037 37 — 62334723153 B
— 1398163281 323384 — 284928001 85 — 102345633 34 — 31167363 35
+ 30744053 Bs + 48787251 B2 87 + 58352051 8386 + 54432051 8435
+ 12947235 B + 48787203385 + 134736328] + 27216033 34
—2402451 89 — 134408583 — 240240587 — 142245345 — 1201232 + 9248;¢) B°

+ (—576263872803;° + 1065531348003 B> — 203861448003] B3 — 6577266192087 33
+ 375021528037 B4 + 2063169360037 B2/33 + 1547973840031 B85 — 67564728037 B5

— 294771960037 B34 — 14966322008} 55 — 5324508000453 33 33 — 113596392053 35
+ 1137200407 B + 39024048005 3235 + 38141328033 B384 + 48702984037 33 B4

+ 51363144053 8285 + 28302960031 35 B3 + 939624035 — 1760388083; 57

— 4291224083 B8 — 4302228037 B335 — 1996824087 57 — 3480792001 53 5

— 6978912031 823384 — 12597200831 83 — 758376033 B4 — 1495396033 53

+ 2324700533 Bs + 361872081 B287 + 361452031 336 + 335328031 8455

+ 114212033 Bs + 2859360023335 + 10927203257 + 146440082 54 — 23793001 By

+ —147000828s — 18249083537 — 1353808435 — 8200532 + 12705810 5*
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+ (—265417900655;° + 5323790499335 B> — 111233812203] B3 — 3604576415437 33

+ 227995500637 B4 + 124403074207 8233 + 948128968231 35 — 46138377637 35

— 20126144343} 8284 — 9998676603 55 — 363013278053 33 B3 — 809619141533 35

+ 8901312087 Bs + 30454838433 3285 + 292426020835 5384 + 38897471487 5334

+ 39285306053 3235 + 23022162031 B33 B + 931794985 — 1611972653 37

— 3966026432 3235 — 3820131037 335 — 181683218782 — 330714720132 35

— 6394489231 32334 — 1084188031 B3 — 85186145 B4 — 1403409683 52 + 258268537 s

+ 409676431 B287 + 387093051 B3 86 + 367189231 345 + 151804833 B¢ + 316873232335

671517 476973
B189 — 2364605285 — B3 87

+ 13908693247 + 153021083 34 —

444381 101409
1 B2 + 510) B2

1+ 2047718485 —

2375536317 5112354429
- 10+ Tﬁ?ﬁg — 57017044057 B3 — 187523580935 52

+ 12545122837 84 + 69732030037 B2 83 + 5421382370} 85 — 2742900307 B5

121918445 104283313
— 122723430831 B284 — —6163 22664644005 8533 — —6162

11623829
2
+ 2719442753 B2 33 4 1653306031 33 B3 +

5703723 272942532 32
= B7B35 — # — 259439131 83 B5 — 504576631 523384 — 854685031 33

2301381 848925 674037
B3B3 + ———— BiBs + 35834431 B287 +

5153086
292005 269325
+ 31515081 845 + B3 86 + 2899083233 35 + B233 + 14337035 B4

259875 51975 203931 89775 180675 51975
B1By — B2Bs — B3fB7 — BafBs — —— B2 + ——Bio.

16 16
(F.3)

BB + 20366894533 8255 + 1960742433 B384 + 270703728282 8,

1456569 . 2336663
2 Bz — 2

B3 B7 — 2995587582 3286

— 7352108384 —

We can check them using codes in Alg. E.1 and E.2.
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Appendix G

Foundation of differential form fields

Here, we would like to give some formulae for form fields.

G.1 p-form field

A p-form field A, is defined by

Ap = Ay dxtt Ndxh A Ndatr.

1
p!
Here, the wedge product A is defined by the tensor product ® as

dz' A dz? = (d:vl ® dz? — da® ® dxl) .

N =

Then, the wedge product is antisymmetric under the permutation of the basis;
det A dx® = —dz? A dxt

A p-form field is equivalent to a totally antisymmetric tensor with a rank p.

G.2 Exterior derivative d

The exterior derivative d of A, is defined by
= 1 M1 K2 Hp
dA, = HdAulmup Ndxtt Ndzh? Ao N datr.

Here, we define dA,,,..., as
’ K1 Hp

dAu, oy = (Vi Apy oo, ) datv .,
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Hense, dA, becomes
1
dAp = —dAy,..p, Nzt A N dxt
p!

1
= o D1 P D Vi Ay 42 A A de, (G.2)

The exterior derivative d maps a p-form field to a (p + 1)-form field. For general form

fields a), and B, the exterior derivative acts on ay, A B, as
d(ap A Bg) = doy, A By + (=) ey AdBy. (G-3)

Here, ¢ means a rank of a form fields 3,.

G.3 Hodge operator

The Hodge operator * maps a p-form field to a (D — p)-form field. It is defined by

1
k (dett N Ndahr) = ———— et

D —p) P g1 pp TP N NdatP

€u1---up 15 the pseudo totally antisymmetric tensor which is defined by
€prpp =V —9€u1pup- (G.4)
We define €,,,...,,,, as

+1 if pype - - - ppis an even permutation of 01---D — 1
€prpo-pup = § —1 if pypo -+ - ppis an odd permutation of 01---D —1 .
0  otherwise

Especially, for the case of the basis of the O-form field * maps 1 to

1

x] = ﬁelﬂ"'ﬂD

dxtt N - NdxtP.
For the case of the D-form field it maps dx#* A --- A dx*P to
« (dxtt Ao AN dxhP) = et D,

Then, *A, becomes

1
* A=Ay g, (dzHt N\ - N dxh?)
p:
1 D
= 571 O Airap G4 Ao N e
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Here, we defined (xA) as

Hp41-KUD

1
— M1 Hp
(*A)Np+1"'ND — p'€ Hp+1-"HD

A

{1+t
If we use * twice, a basis with a rank p behaves
sk (dxtt N - Ndat'r) = (—1)s+p(D_p) dxtt N - Adaxtr
that is, a p-form field behaves
xx A= (—1)"TPP7P) 4

Here, s is the number of minus signature in the spacetime metric.

G.4 Coderivative operator o

In the vector calculus on a flat space in three dimensions, there are two derivatives,
the divergence and the rotation. Roughly speaking, the exterior derivative d is an
extension of the rotation. Similaly, we can define the coderivative § as an extension

of the divergence. It is defined by

5= (—1)* PP gy

If 6 acts on A, 6A, becomes

__1
(p—1)!

So, the operator § maps a p-form field to a (p — 1)-form field.

A, = VH Ay A A A et

G.5 Laplace-Beltrami operator A

Here, we assume the spacetime with a constant curvature k. The Laplace-Beltrami

operator is defined by
A = §d + dé.

The operation of A to A, becomes

AA, = Z% <— (A —p(n—p) k)) Ay, datt A N dxte

Here, we defined A =V . V# which is called the Laplace operator.
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Appendix H

Gauge fixing of p-form ftield

We show the gauge fixing of a p-form field on a spherical black hole becomes in Eq.

(5.26). In Sec. 5.3, we wrote the expression of a p-form field as

A, =dt Ndr AU, o +dt AV, +dr A\W,_1 + X,
=dt A dr A (cZzZp_g + ZJ,,_Z) + dt A (inp_z + f)p_1>
+dr A (cZWp,Q + Wp,1> + (d/’f’p,l + /’f’p> :
in Eq. (5.24). A, has the gauge degrees of freedom of dB,_;. In addition, from
Hodge’s decomposition theorem B,_; is also represented by the O-forms or coexact
forms.

Let us examine how the gauge degrees of freedom of B,, are eliminated. Firstly, B;

can be expressed by
B, = dtBy + drB,o + B,
= dtBy + drB,o + (dBO + Bl) .
Here, B3, is the coexact form, that is, B, = 532 We wrote an arbitrary 2-form field
on the spherical coordinates as Bg. t and r of the subscript of form fields indicate

the components with respect to the corresponding basis, and the number represents

a rank of a form field. Then, B has the gauge degree of freedom by C as following,
B, - B, =B; +dCj
—=dt (Bt,o + éo) +dr (Bno + C‘é) + B +d (BO + éo> .
Then, we can choose the gauge
By +Cy = 0.
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Thus, By can be written as
Bl = dtBt’o + dT‘Br’O + Bl.

This is equivalent to the expression in Sec.(2.3.2).

Next, let us consider B,. Firstly, it can be decomposed as follows,
By =dt AdrBy,.o+dt A B;1 +dr A B, + B
= dt A drBuo+ dt A (dBuo+ Bia ) +dr A (dBro+ Bry ) + (dBy + By )
Of course, By has gauge degrees of freedom due to the exterior derivative of Cy. We

have seen before that the differential form field C; can be gauge-fixed as follows,
C, = dtCyo + drC,o + C;.
The transformation of By by C; gives
By — B, =Bs + dC,
=dt N\ dr <Btr0 + é'ro ) + dt A ( ( — C’to> + Btl + él>
+dr A (cZ (BTO . Cm) + By + 1) +d (Bl +C}> + Bs.
Therefore, we can choose the gauge following,
By — Cy = B.g— Cyo = By + By = 0.
This gauge is also completely fixed. So, we can express By as
By = dt AdrByyo + dt A By + dr A By + Bo.
Therefore, we can assume that the gauge degrees of freedom C), can be expressed
in the following form,
C,=dt Ndr ACip_o+dt ACip_1 +dr ACrp_1 +Cp.
Then, a form field B, is transformed by C,,, as follows,
Byi1 = B, =By +dC,
=dt A dr A (Btrp,l 4 Crpr — Crp_y +d (étrp,g + Btrp,z»
+dt A (d (Btp_l - C}p_1> + By + ép)

A~

+dr A (d (Brp,l - (frp,1> + B,y + é;) +d (Bp + Cp> + By
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Here, we choose the next gauge condition,

Ctrp—2 + Bt'r’p—2 = Btp—l - Ctp—l = B'r’p—l - Crp—l = Bp + Cp = 0.
Then, we can express B as

By =dt Adr ABiyp_1 +dt AByy + dr A By + By

Therefore, by subtracting gauge degrees of freedom B),_; from a form field A,, we
could fix the gauge of A,. In this way, by mathematical induction, we showed that
all of the components of A, are expressed by the zero forms or coexact forms on the

spherical coordinates.
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