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Abstract

We investigate some reflection principles extending the stationary reflection
and their relation with supercompact cardinals in terms of relative consis-
tency.

We discuss about Strong Downwards Lowenheim-Skolem reflection prin-
ciples (SDLS) for stationary logics. It is shown that a weaker version of these
principles is equivalent to the Diagonal Reflection Principle (DRP) for inter-
nally clubness by Sean Cox and a stronger version follows from the Game
Reflection Principle (GRP) by Bernhard Koénig. It is also shown that such
principles follow from the existence some generically supercompact cardinals
for some classes of posets. The results presented in this part are needed to
describe the motivation of the construction given in the next part.

In the main part of this dissertation, we modify a construction of the
mixed support iteration by Krueger to show the consistency (modulo 2 su-
percompact cardinals) of a simultaneous reflection down to the continuum
(namely the conjunction of an internal variation of the SDLS theorem for sta-
tionary logic with the reflection cardinal < 2% and the GRP with reflection
cardinal < 2%) with the continuum which carries a o-saturated ideal and
hence is extremely large. This construction also proves the consistency of
such reflection property with a fragment of MA or with the Rado Conjecture
with reflection cardinal < 2%,



Introduction

The term large cardinal azxiom refers to axioms of the form “there exists
a cardinal with a certain largeness property”, where such largeness prop-
erty usually implies the existence of a model of ZFC (the Zermello-Fraenkel
axiomatic system with the Axiom of Choice). A cardinal with such a large-
ness property is called a large cardinal. By Godel’s second incompleteness
theorem, if ZFC is consistent then it cannot prove the existence of a large
cardinal. Large cardinal axioms provide a scale for relative consistency for
many statements beyond ZFC.

Many large cardinals can be defined in terms of elementary embeddings:
Given a language £ and two structures M = (M,...), N = (N,...), an
injective class function j : M — N is called an elementary embedding if for
every L-formula ¢ and for every ay,...,a, € M we have

M E ¢(ag,...,a,) <= N E ¢o(j(a),- .., j(an)).

We shall usually consider £ = {€} and the structures we consider shall
usually be models of ZFC (or of some fragment of it). Given a non-trivial
elementary embedding j : M — N (by non-trivial we mean j is not the
identity function on M), we define the critical point of j (denote crit(j)) as
the first ordinal o € M such that j(«) # a.

An example of large cardinal that can be defined in terms of elementary
embeddings are the supercompact cardinals.

Definition 0.1 (Supercompact cardinal). A non-trivial elementary embed-
ding j : V — M is called an n-supercompact embedding if "M C M and
j(crit(j)) > n. An uncountable cardinal  is a supercompact cardinal if for
every 1 > k there is an n-supercompact embedding such that crit(j) = .

In the present thesis, we shall discuss about the consistency of some
reflection principles generalizing the stationary reflection, relative to super-
compact cardinals. In particular, we shall discuss about reflection principles
obtained from Lowenheim-Skolem theorems for stationary logics.
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SDLS for stationary logics

An example of a reflection principle which holds in ZFC is the famous (down-
ward) Léwenheim-Skolem theorem:

Theorem 0.2 (Downward Lowenheim-Skolem Theorem). Suppose 2 is a
structure of countable signature. Then given an infinite cardinal k smaller
than the cardinality of (the underlying set of) A, there is an elementary
substructure B of A of cardinality k (i.e., the underlying set of B has the
cardinality k).

Notice that by “elementary substructure” we mean it in the sense of first
order logic. We can generalize the concept of elementary substructures for
higher order logics and obtain versions of the statement in theorem which
are not provable in ZFC. In chapter [2] we consider SDLS reflection with respect
to the stationary logic. The results in that chapter are presented in the joint
papers [FOSa] and [FOSb] by Fuchino, Ottenbreit and Sakai.

By stationary logic we refer to the weak monadic second order logic
denoted by £X0, which is equipped with a weak second order quantifier
“stat X, read as “for stationary many X" (in the sense of the stationarity
of countable subsets of the underlying set of a model). The interpretation
of this quantifier is defined by: given a £X,-formula ¢(X) and a structure
A= (A4,...),let

2 |=stat Xp(X) & {B € [A]™ : 2 |= ¢(B)} is stationary in [A]™.

We can generalize the definition of elementary substructure for these
higher order logics and obtain different variations of SDLS. We give a general
characterization for these reflection principles. Using such a characteriza-
tion, we prove that a weaker version of this SDLS is equivalent to the Diag-
onal Reflection Principle (DRP) for internally clubness introduced by Sean
Cox [Cox12]. We also show that a stronger version of these SDLS principles
follows from the Game Reflection Principle (GRP) introduced by Berhard
Koénig [Kon04].

Assuming the existence of a supercompact cardinal x, each of the above
mentioned reflection principles down to < s holds. We also consider generic
variations of supercompact cardinals. By generic we mean that the elemen-
tary embedding witnessing the largeness of such cardinals is realized in a
generic extension by some particular forcing notion. We show that some of
these reflection principles holds at some generically supercompact cardinals.
We also consider the Laver-generically supercompact cardinals, a strengthen-
ing of the generically supercompact cardinals introduced in [FOSb].
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In chapter 3] we discuss about the relative consistency of the principles
mentioned above under a very large continuum. We concentrate on the
consistency of the conjunction of a weak version of SDLS with reflection
cardinal < 2% and a version of GRP with reflection cardinal < 2%, In order
to do so, we generalize the construction by John Krueger [Kru0g|, [Kru09] of a
mixed support iteration. In our construction, we add new reals by an arbitrary
finite support iteration of small c.c.c. forcing posets, while simultaneously
collapsing cardinals with an Easton support iteration of Levy collapses.

Assuming the existence of two supercompact cardinals k < A, we add k
many reals with the mixed support iteration and then collapse A to k. We
show that this construction preserves a good amount of the largeness of k,
namely we show that in the final extension k(= 2%) carries a o-saturated
ideal.

Differently to the original construction by Krueger, where only Cohen
reals where added, our construction allows us to use almost any arbitrary
small c.c.c. forcing notions in the ground model as iterands. We use this
to show that a fragment of MA holds in the obtained model. Such fragment
is enough to maximize all the cardinals in Chihon’s diagram. We also show
that, in the version of the model where only Cohen reals are added, Rado’s
Conjecture with reflection cardinal < 2% holds.
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Chapter 1

Preliminaries

1.1 Stationary sets

Given a set A and a cardinal u, we shall use the notation [A]<* to denote
the set {B C A : |B| < pu}, as well as [A]* to denote {B C A : |B| = u}.
We define the stationarity and clubness of subsets of [A]<"* as in Jech |Jec03|:
Given an uncountable cardinal p, set A with |A| > p and some X C [A]<H,
we say that X is

o unbounded if for every x € [A]<" there is y € X such that x C y;

o closed if | J,_5ce € X whenever (¢ : £ < ) is a C-increasing sequence
of elements of X with § < k;

e a club if X is closed and unbounded;

o stationary if X N C # () has non empty intersection with every club
subset of [A]<H.

Notice that, for every regular cardinal p, the set [A]* is a club subset of
[A]=# .= [A]<F". Therefore, we say that C C [A]* is club subset of [A]* if it
is club in the sense of [A]<#". Similarly, we say that S C [A]* is a stationary
subset of [A]* if it is stationary in the sense of [A]<#".

We list here some basic facts about stationary sets. Proofs for lemmas|[I.1]

[1.2] [1.4] and proposition [1.3| can be found e.g in Jech [Jec03|.

Lemma 1.1 (Fodor). Suppose k is a reqular uncountable cardinal and S is
a stationary subset of k. Given any regressz’veﬂ function f with dom(f) =S,
there is a stationary T C S and some ¢ < k such that f"T = {(}.

LA function f with dom(f) C & for some ordinal § is regressive if f(a) € « for all

a € dom(f)\ {0}.



Lemma [1.1] can be generalized as follows:

Lemma 1.2 (Jech). Given cardinals k < X\, with k regular, suppose S is a
stationary subset of [A|<" and f is a function with dom(f) = S. If f(z) €
for every nonempty x € S, then there is T C S a stationary subset of [A\]<*
and some ¢ < X such that f"T = {(}.

Proposition 1.3. If C is a club subset of [A]<* for some set A and some
reqular cardinal p < |Al|, then for any directed set D C C with |D| < p we
have |J D € C.

Lemma 1.4 (Menas). Let k be a reqular uncountable cardinal and let A, B
be sets with A C B and |A| > k.

(I) If C is a club subset of [A]<", then {x € [B]<* : xNA e C} isa club
subset of [B]<*.

(II) If S is a stationary subset of [A]<", then {z € [B]<" : x N A € S} is
a stationary subset of [B]<".

(III) If C is a club subset of [B]|<"%, then {x N A : x € C} contains a club
subset of [A]<".

(IV) If S is a stationary subset of [B]|<"*, then {xNA : x € S} is a stationary
subset of [A]<".

Since [X]™ is a club subset of [X]<™ for any uncountable set X, lemmalL.4]
implies

Corollary 1.5. Let A, B be uncountable sets with A C B.

(i) If C is a club subset of [A]™, then {x € [B]* : x N A€ C} is a club
subset of [B]™.

(ii) If S is a stationary subset of [A]X, then {x € [B]* : xNA € S} isa
stationary subset of [B]™.

(iii) If C is a club subset of [B]<™, then {x NA : € CAlzNA| =R}

contains a club subset of [A]<Y0.

(iv) If S is a stationary subset of [B]™, then {xtNA : x € SA|lz N A| =R}
is a stationary subset of [A]R0.

The following lemma is a well known fact.
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Lemma 1.6. Let M be an inner model of V. Suppose A,k € M are such
that V |= “ K is a reqular uncountable cardinal and k < |A| 7. For S € M,
if V= “S is a stationary subset of [A]<F7, then

M = “8S is a stationary subset of [A]<"".

Definition 1.7. Let u, k be regular uncountable cardinals, u < k, and let A
be a set with |A| > k. A set C C [A]<" is a p-club if:

« C is unbounded in [A]<" with respect to C;

 given any C-increasing sequence (cg : & < ) of elements of C with
p < cf(y) and v < &, we have . c¢ € C.

1.2 Forcing

We shall assume that the reader is familiar with the method of forcing. For
reference, we suggest standard literature e.g. |[JecO3] or [Kunll]. We now
present some of the notations used in the present text.

By “poset” or “notion of forcing” we refer to a triple (P, <p, 1p) where
P is a set, <p is a partial order over P and 1p is a maximal element of P
with respect to <p. However, we identify the triple (P, <p,1p) with the
underlying set P. We shall also omit the subscript P in <p and 1p when it
is clear by the context which poset we are referring to.

Given a poset P and conditions p,q € P, we shall denote “p and ¢
are incompatible” by p Lp ¢. On the other hand we denote “p and ¢ are
compatible” by p Y p q. We shall also denote by Gp the generic name for P,

Le. Gp = {(p,p) : p € P}.

We say that two posets P and @) are forcing equivalent (we denote P = (Q)
if their boolean completion are isomorphic (see e.g. the discussion on chapter
IV.4 in Kunen [Kunll|). Notice that the existence of a dense embedding
d: P — @ (definition [1.11)) is a sufficient condition for P = @, although it
is not a necessary condition.

Given a cardinal k, we say that a poset P is k-c.c. (alternatively, P
satisfies the k-chain condition) if every antichain of P has size < k. For
k = Ny, we shall denote Wj-c.c. by c.c.c. (alternatively, we say that x
satisfies the countable chain condition).

Given an ordinal §, we say that a poset P is < §-closed if any decreasing
sequence of length < § of conditions from P has a lower bound. We say
that P is < d-closed if it is < 7-closed for all v < §. We shall denote < w;-
closed by o-closed. If for any directed set D C P with |D| < § there is a

3



lower bound d € P for D, we say that P is < d-directed closed. Since the
conditions of a decreasing sequence form a directed set, we have that any
< d0-directed closed poset is in particular < d-closed.

The following weakening of < d-closedness shall also be useful.

Definition 1.8. We say that a poset P is < p-distributive if given any P-
generic G over V and any function f: y — V in V|G| we have f € V. We
say that P is < p-distributive (also known as p-Baire) if P is < a-distributive
for all a < p. We shall denote < N;-distributive by o-distributive.

We shall also use the following strengthening of < u-closedness.

Given two sets I,.J we denote by Fn(7,.J) the poset defined by: p €
Fn(7,J) if and only p is a function, dom(p) € [I]<¥ and codomain of p is J.
Fn(I,J) is ordered by reverse inclusion (i.e., for p,q € Fn(I, J), p < ¢ if and
only if p D ¢). For a set I, Fn(I,2) is the usual poset to add a Cohen subset
of I, and given a regular cardinal x Fn(k X w) = Fn(k, 2) is the usual poset
to add k many Cohen reals. It is well known that Fn(7,2) is a c.c.c. poset.

Definition 1.9. Given a regular cardinal p and a set S of ordinals, we
denote by Col(k, S) the Lévy collapse which adds surjection f, : p — « for
every a € S. Namely, let p € Col(k,S) if and only if p is a function with
dom(p) € [ x S]<* such that p(a, B) € « for all («, 5) € dom(p) with a > 0.
Col(k, S) is ordered by the reverse inclusion.

For the particular case where S = X\ for some regular cardinal A > &,
we denote Col(k,S) by Col(k,< A) (not to be confused with Col(k, {A}),
which collapses just A). It follows easily by the definition that Col(k, S) is
a < k-closed poset. Furthermore, it follows from the Delta System lemma
(check e.g. lemma II1.6.15 in [Kunll]) that Col(k, < A) is A\-c.c. whenever A
is a regular cardinal such that <" < X for all ;4 < A. Notice that \ satisfies
this property if A > k is an inaccessible cardinal. Therefore, if x is regular
and A > & is inaccessible, the poset Col(k,< M) collapses A to become k¥,
while preserving every cardinal < x and > A.

Proposition 1.10 (Fact 3.6 in Goldstern [Gol93]). Let 6 be a regular car-
dinal, P € H(0) a poset and x a P-name such that |Fp“x € H(0)”. Then

~

there is a P-name x' € H(0) such that |Fp“z =21a'".

Definition 1.11. Let P and () be posets. A function ¢ : () — P is called
a complete embedding if it satisfies:

(a) ¢(lg) = 1p;



(b) Yq,q¢ € Q,q <g q— u(¢") <p 1(q);
(c) Vg, d € Q.¢ Lo q < u(d') Lp (q);

(d) given A C @, if A is a maximal antichain in @, then (" A is a maximal
antichain in P.

Given two posets P, (), the notation ) < P shall denote that there is a
complete embedding from @ into P.

The following proposition is standard and well known. Check, for example
lemma II1.3.72 in [Kunll] or lemma 9 in [Cox15|.

Proposition 1.12. Suppose 1 : Q — P is a function satisfying (a),(b) and
(c) from definition m Then ¢ is a complete embedding if and only if for
every p € P there is some p* € () such that 1(q) Y p p whenever ¢ <g p*.

Such a p* like in proposition is called a reduct of p (with respect to
L).

Definition 1.13. Let P and @ be posets. A function ¢ : ) — P is called
a dense embedding if

(a) ¢(lg) = 1p;

(b) ¥g.¢' € Q.¢' <q g = »(¢) <p ¢(9);
(€) Va.q' € Q.¢" Lo g > »(d) Lr ¢(9);
(d’) ¢"P is a dense subset of Q.

Every dense embedding is a complete embedding. Indeed, if ¢ : ) — P
is a dense embedding, given p € P we can take ¢ € () such that +(¢q) < p and
such ¢ is clearly a reduct of p. Dense embeddings are particularly useful to
witness that two forcing posets are forcing equivalent.

Definition 1.14 (Translation of names). Let + : @ — P is a complete
embedding.

o We define recursively the class function Ve pP by

V()= {{T(),ula) : (¥.9) €2}

~ ~ ~

for every x € V9.



o Furthermore, if + : ) — P is actually a dense embedding, we also
define a class function 7 : VP — V@ by

T2 ={T W0 : Yp) €zAg) <p}

~ ~

for every z € VP,

Proposition [1.15[is well known, and the reader may consult e.g. lemmas
IV.4.4 and IV.4.7 in |[Kunll].

Proposition 1.15. Let + : Q — P be a complete embedding.

o Given G a P-generic over V, define Hg := + *(G). Then Hg is Q-

generic over V and for any x € V9 we have z[Hg] = T)(g)[G] In

particular, V[Hg] C V[G].
e If v is actually a dense embedding, we have V[Hg] = V[G].

e Given H a QQ-generic over V. Define Gy :={p € P : 3h € H,i1(q) <
pt. If v is a dense embedding, then Gy is P-generic over V and for
any z € V¥ we have z[Gy] = ?(5)[}[]

We shall see in proposition that whenever ) < P, there is a Q-name
R such that P = @) * R. Another way of factoring a poset into a two step

iteration is by using a projection.

Definition 1.16. Let P,(Q be forcing posets. A function 7 : P — @ is
called a projection if:

(1) m(1p) = Tg;
(2) Vp,p' € P,p' <pp — n(p) <o 7(p);

(3) Given any p € P,q € @ such that ¢ <g 7(p), there is p’ <p p in P such
that 7(p') <g ¢

Example 1.17. Suppose P is a poset and () is a P-name for a poset. Let
L P — Px(Q be the function p — (p,1¢) and 7 : Q — P be the function
(p,4) — p. Then ¢ is a complete embedding and 7 is a projection.

Lemma 1.18. Given posets P and () and a projection m : P — @, suppose

there is a function ¢ : Q — P satisfying (a),(b) and (c) from definition[1.1]]
such that p <p 1(m(p)) for allp € P. Then ¢ is a complete embedding.

6



Proof. By proposition it is enough to prove that for every p € P, 7(p)
is a reduct of p (with respect to the function ¢). Let p € P and ¢ € @ such
that ¢ <g m(p). Since 7 is a projection, there is p’ € P such that p’ <p p
and 7(p’) <g ¢. By the assumptions on ¢, we have p’ <p (7 (p")) <p t(q),
therefore p’ witnesses ¢(q) Y p p. Il

Lemma 1.19. Suppose A and B are complete boolean algebras. Then there
is a complete embedding m : A\ {0} — B\ {0} if and only if there is a
projection w: B\ {0} — A\ {0}.

Let 7 = (I, : o € On) be a sequence of ideals such that for each o € On
o [a|<¥ CZ, CP(a)and
o forevery f<awehaveZ, [ f:={xNpP: xel,}=7TIs

We now present the definition of an ?-supported iteration of length ¢ which
shall be used in the present dissertation. Our definition is similar to the one
presented in [Gol93], except for (1.1]).

Definition 1.20. We define recursively for all @« € On what is an ?—
supported iteration of length «, and we define simultaneously the limit of
such an iteration.

o A sequence (P5, Qs : f < «) is an ?—supported iteration if and only
if, for all 8 < a, Pg = lim=(P,,Q, : v < ) and Qg is a Pg-name for

a forcing poset.

o If (P5,Qp : B < a) is an ?—supported iteration, then we define the
poset lim= (P, Qs : 8 < a) as follows:

—p € lim=2(Fs,Qp : B < «) if and only if p is a function with

dom(p) € Z, (thus conditions of this poset are partial functions
on « rather than total functions) such that, for all 5 € dom(p),
p(B) is a Pg-name of minimal rankﬂ such that

b, p(8) € Q57 (1)

2By minimal rank, we mean that rank(p(3)) < rank(z) whenever z is a Pg-name such

that |-p, “p(B8) = 7. This assumption ensures that the limit is indeed a set, rather than
a proper class.



— For p,q € lim=2(Ps,Qp : B < ), p < ¢ if and only if for all
B € dom(q) we have eNither
* plBlp,“q(B) =1g,"; or
+ B € dom(p) and p [ 8|, “p(8) <q, 4(8) "
— We define Ly P3.Qp:p<a) BS the empt}: function 0.

Notice that in (L.1) we require that |Fp,“p(8) € Q" rather then p |
Bl-p, “p(B) € Qs as the version in [Gol93].

In the particular case when Z, = [a| for all @ € On, we shall refer to

an ?—supported iteration as finite support iteration.
In chapter |3| we shall present an iteration which is not defined as defini-
tion[L.20] For that case, we shall borrow the following notation from [Cox15]:

Definition 1.21. A sequence of posets (P, : a < d) will be called a gener-
alized iteration if and only if:

1. For each o < 9, the conditions in P, are partial functions on «;
2. For B < a < 7, the restriction map P, — Ps is a projection;
3. For B < a <~ we have Pg < P,.

It follows that iterations defined as in definition|1.20], as well as a products
of posets, are generalized iterations.

Notation 1.22. Given P a forcing poset whose conditions are functions (e.g.
a generalized iteration), given a set C, we denote

Pl C:={peP :dom(p) C C}.

Definition 1.23. Let (P : & < ) be a generalized iteration. For o* <
v < 9§, suppose G+ C P, is a filter. Then we define the quotient P, /G-
as the set P, | (v \«*) with the order <¢_. defined as follows: for any
p,q € Pyl (v\ o), p<g,. qif and only if there is some r € G+ such that
rUp<p rUgq.

Proposition 1.24. Let P and Q) be posets.

(1) If there is a projection m : P — @, then P = Q x R where R is a
Q-name such that

Fo“R=7n""Gg, with the order inherited from P”.
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(2) If P = P, and QQ = P,- for some a* < v < ¢ and some generalized
iteration (Pe : € < §), then P = Q * R where R is a Q-name such that

IFo“ R= Pﬁ,/gpa* (as in definition[1.25)”.

(3) If Q < P, then there is a Q-name R such that P = Q x R.

Proof. For item , consider the function ¢ : P — @ x R defined by

p+— (m(p),p). It can be showed that ¢ is a dense embedding. Similarly, for
item consider the function ¢ defined by p— (p [ a*,p [ (7 \ a*)). Since
(Pe : € < 0) is a generalized iteration, p — p | o* is a projection, so it can
be showed similarly that ¢’ is a dense embedding.

For the case , suppose that Q < P. Then, it follows that B(Q) <
B(P), where B(Q) and B(P) denote the boolean completions of () and P
respectively. By lemmall.19] there is a projection 7 : B(P)\ {0} — B(Q)\
{0}. By item (), there is R’ a B(Q)-name such that B(P)\ {0} = (B(Q) \

{0}) x R’. It follows that R’ can be translated into a -name R such that
P=QxR. (proposition [1.24))J

Proposition 1.25. Let n be some ordinal and suppose M, N are models of
set theory with "M C M C N. Suppose P € M is a forcing poset such that
P C M and N | “Q isn-c.c.”. Then, for any P-generic G over N, we
have "M|[G] N N[G] C M|G].

Proposition 1.26. Let P be a forcing poset and j : V. — M an elementary
embedding. Suppose G is a P-generic over V and G is a j(P)-generic over
M such that j"G C G. Then we can extend j into an elementary embedding

N

J: V[G] — MI[G].
Proof. Given z € V[G], take © a P-name such that [G] = z. Define J(x) :=
j(x)[G). (proposition [I.26)0

Lemma 1.27 (Easton). Let k be a regqular cardinal. Let P be a k-c.c. poset
and Q be a < k-closed poset. Then:

(i) |Fo“P is k-c.c.”;
(i) |Fp“Q is < w-distributive”.

Definition 1.28. A subset C of a poset P is centered if for given any n € w
and po, ..., p, € C there is ¢ € P such that ¢ <p p; for all i < n (notice that
the condition ¢ need not to be in C'). We say that a poset P is o-centered if
P= Unew C,, where for every n € w C, is a centered subset of P.

9



The following fact can be found for example in [Kunll].

Proposition 1.29. Given a set I, the poset Fn(1,2) is o-centered if and
only if |I]| < 2%,

Similarly to proposition 10.20 in Kanamori [Kan08§|, we have:

Theorem 1.30. Suppose k is reqular and k < n. If P is a separative poset
such that |P| =n, P is < k-closed and

IFp“ there exists a surjective function f:rx — 17,

then P = Col(k,{n}).

Corollary 1.31. For any < k-closed poset P with |P| < p = p~f < A, we
have Col(k, < \) = P x Col(k, < \) = P % Col(k, < \)V" .

1.3 Special trees

By tree we consider a partially ordered set (7, <7) such that for every ¢t € T,
the set {r € T : r <7t} is well ordered with respect to <r.

A tree T is special if it can be written as the union of countably many
antichainsﬂ In other words, 7 is special if there is a function f : T — w
such that for any ¢,¢' € T, if f(t) = f(t') then t and ¢’ are incomparable.
Such a function is called a specializing function for T.

We can formulate the Rado Conjeture (RC) in terms of reflection of non-
special trees [Tod83] as the statement:

Given any tree T, if T is non-special, then there is 77 € [T]<*?
such that 7’ is non-special.

Given k > N regular, let RC(< k) be the statement:

Given any tree T, if T is non-special, then there is 77 € [T]|<¢
such that 7’ is non-special.

Lemma 1.32. Suppose T € V is a tree and P is one of the following:
(1) a o-distributive poset;

(2) a o-centered poset;

3In the context of a tree, an antichain in 7 is a pairwise incomparable subset of T
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(3) Fn(0,2) for some cardinal 6.

If for some P-generic G over V we have
VIG) = “T is special”,
then T s special in V.

Proof. Let T be a tree in V', P a poset, G a P-generic over V such that T
is special in V[G]. First, assume . Suppose f : T — w is a specializing
function for T, f € V[G].

For every node t € T, define f, := f | {re€T : r <rt}. Since T is
special in V[G], every node of T has countable height. By (), for each
t €T we have f, € V. Since f := J;cs fr and T € V, we have that f € V,
so T is special in V.

Now assume H Let f be a P-name and p € G be such that

plFp“f: T —> w is a specializing function ”.

In V,let g : P — w be a o-centring function for P. For each t € T,
choose p; < p such that p; decides f(f). Then let f' : T — w? be the

function defined in V' by f'(t) = (n,g(p:)) for each t € T , where n € w is
such that p; |Fp“ f(f) =n”. Clearly, f’ is a specializing function for T

Finally, assume . Ifo< (QNO)V, by proposition m P is o-centred,
so by we are done. Then, suppose 6 > (ZNO)V. Suppose f € V[G] is a
specializing function for 7. Let @ := Col(2% {6})" and take H an Q-generic
over V[G]. We have f € V[G][H].

By the product lemma, we have that H is ()-generic over V, G is P-
generic over V[H] and V[G|[H] = V[H]|G]. Then we have

V[H] = P = Fn(2%,2).
Therefore, by proposition [1.29] P is o-centred in V[H]. So by (2)), there

is f' € V[H]| a specializing function for 7. Since @ is o-closed in V', by
we have that there is a specializing function for 7 in V. (lemma [1.32))]
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Chapter 2

Stationary logics and downward
Lowenheim-Skolem theorems

The results in this chapter are included in [FOSa] and [FOSb].

2.1 Stationary logics

We shall consider some fragments of second order logic extending first order
logic.

First we define the logic LM as follows. £ is equipped with first order
variables denoted by lower case letters x, ¥, z, ... and second order variables
denoted by upper case letters X,Y, Z,.... The second order variables are
intended to represent countable subsets of the underlying set of the structure
where the logic is interpreted. £*° has also first order quantification V2 and
Jx and a logical predicate symbol ‘e’ along with the usual ‘=" for the equality
of first order objects. Expressions of the form xe X for any first order variable
2 and second order variable X are atomic formulas for the logic £%0 whose
canonical interpretation in a structure A = (A,...) is : for any b € A and
B e [A]*, A= be B if and only if b € B.

We then expand £*° by adding the second order quantifiers VX and 3X;
we denote the resulting logic by £X!. As it can be expected, the quantifiers
VX and 3X are interpreted as follows: Given an L% formula p(X) and a
structure A = (A, ...) we define

A = VXp(X) < for every B € [A]MA = o(B);
and similarly

2 = 3Xp(X) < there is B € [A]™ such that 2 = o(B).

12



Now we define the logic £, by adding to £¥ a second order quantifier
denoted by stat X. This quantifier was introduced by Shelah in [She75]. The
reader may consult [BF85] and [V04] for further reference.

The quantifier stat X is read as “for stationary many X" and its intended

interpretation is as follows: given an £ ,-formula ¢(X) and a structure
A= (A,...), define:

2A = stat Xp(X) < {B € [A]™ : A |= o(B)} is stationary in [A]*. (2.1)

In £, we can also define “aaX” the dual quantifier for “stat”. aaX
shall be read as “for almost all X” and it is defined as an abbreviation for
—stat X—¢. It then follows from that for every £ -formula ¢ and any
structure 2 = (A, ...) we have

A= aaXp(X) e {Bc[A™ : A= ¢(B)} contains a club subset of [A]™.
(2.2)

We also define 52&51 as the logic obtained by expanding £™ simultane-
ously with the second order quantifiers 4X, VX and with stat X.

With these stationary logics, we can define an analogous version of the
Downward Lowenheim-Skolem theorem. In order to define these principles,
we shall first define the concept of elementary substructure related to these
logics.

Let £ be one of the logics above, or a family of formulas in such a logic.
Let 2 = (A,...) and B = (B,...) be structures on the same signature,
and suppose B C 2. We say that 8 is an L-elementary substructure of A
(denote B <, 2A) if for any formula p(zg,...,T,, Xo,..., X;n) € L in the
same signature as 2 and B, for any cy,...c, € B and any higher order
objects Cy, ..., C,, in B corresponding to the Variablesﬂ Xo, ..., X,, we have

B = o(coy vy ny Coy ooy C) & A E w(co, -y Cny Coyeo oy, Crp).

Similarly, we say that B < 20 if, for any ¢, ...,c, € B and any formula
©(xo, ..., x,) in L such that all of its free variables are of first order, we have

B = p(co,...,cn) < AE @(co, ..., cn).

Using the generalizations of the elementary substructure relation de-
scribed above, we can define some variations of the downwards Lowenheim-
Skolem theorem (theorem [0.2)). Given a weak second order £ as above and

Tn the case of £X° and its expansions defined above, this means that Cy, ..., Cy, shall
be countable subsets of B.
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a cardinal x, we define the Strong Downwards Lowenheim-Skolem Theorem
for £ down to < k (denoted by SDLS(L, < k) as the follow statement:

SDLS(L, < k): For any structure 2 = (A, ...) of countable sig-
nature, there is B € [A]<" such that A [ B <, .

Similarly, we also define a version of SDLS with respect to the weaker
generalization of the elementary substructure relation. We denote this weaker
version by SDLS™ (L, < p), which is defined as the statement:

SDLS™ (L, < p): For any structure 2 = (A,...) of countable
signature, there is B € [A]<" such that 2 | B <, 2.

Ezample 2.1. Notice that SDLS™ (LM < V;) is just the regular Downwards
Léwenheim-Skolem Theorem (theorem|[0.2) for first order logic, and therefore
it holds in ZFC.
Ezample 2.2. On the other hand, SDLS™ (LY, < X;) does not hold in ZFC.
Indeed, let for example ¢ be the £, -formula stat X3z (—~zeX). Notice that
for every set A, A is uncountable if and only if A = ¢. Therefore, given any
structure 2 such that 2 | ¢, there is no B € [A]<** such that 2 | B & ¢.
Similarly, SDLS(L™, < N;) and SDLS™ (LY < V) also fail in ZFC.

Both SDLS(L, < p) and SDLS™ (L, < i) have natural strengthenings con-
sidering stationary many reflection points:

SDLS. (L, < p): For any structure 2 = (A,...) of countable
signature, there are stationarily many B € [A]<" such that 2 |
B <2

SDLS, (£, < p): For any structure 2 = (A,...) of countable
signature, there are stationarily many B € [A]<" such that 2 |
B <, 2
In [Mag16], Manahem Magidor noticed that SDLST (L%, < Ny) implies
the following reflection statement: “ Every uncountable graph with uncount-
able coloring number has a subgraph of cardinality 8; with uncountable

coloring number”. This reflection statement is equivalent to the Fodor-Type
Reflection Principle FRP (see [FJST10], [FSSU12|).

FRP : For every regular cardinal n > N;, stationary S C £} :=
{€ < n : cf(€) = w}, and every function g : S — [n]™ such
that g(«) is a cofinal subset of o with order type w for all a € S,
there is a* € £ such that

{z €[] : sup(x) € S A g(sup(z)) C =}

is a stationary subset of [a*]%°.
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Therefore SDLS (L2, < Xy) implies FRP.
FRP follows from the Following the reflection principle RP defined as
follows (we follow the notation in [FJST10] and [FOJ):

RP : For every regular cardinal n > N, stationary set S C [n]*°
and X € [n]™, there is Y € [n]™* such that

(a) cf(Y) =w;, X CY; and
(b) SN [Y]M is a stationary subset of [Y]%.

Notice that the RP defined above is a strengthening of the Reflection Prin-
ciple RP in Jech [Jec03| (Jech’s RP is just as above but without demanding

property @)
From the characterization of SDLS™ (£, < ) in section (lemmal2.13)),
it follows easily that

Theorem 2.3. SDLS™ (LY., < Ry) implies RP.

By a theorem of Todorcevi¢, Jech’s version of RP implies 2% < R, (see
theorem 37.18 in [Jec03]). Therefore

Corollary 2.4. SDLS™ (L2, < Ry) implies 2% < Ry.

Proposition 2.5. Let k be a cardinal with cf(k) > we. Then the following
are equivalent:

(1) Vu < K, 1l < k;

2 0 < K);
(2) SDLS, (L%, < x)

3) SDLS (LM < k);
(3) n

4) SDLS (LM < k),
(1) SDLS,

Proof. Notice that = and = are trivial.
= (I): Let pu < x and suppose SDLS (L™, < k) holds. Consider the

structure A = (k U P(,u),ﬁm,Em) where 77 and E are respectively a unary
and a binary relation symbols such that 7% := u and B = {{a,a) : a €
a€P(p)}.

Since {D € [kUP(u)]<" : u C D} is clearly a club subset of [k UP(u)]<",
by SDLS, (LM, < k) we can take B € [k U P(u)]<* such that y C B and
2| B <y A Let o(X) be the £LY-formula:

vy (f(y) — (yeX < E(y,x))).
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Since 4 € B, we have i™P = u. Notice ¢(X) states that X can be
translated into a first order object. Clearly, for every U € [u]® we have
A= U). By 24| B <px 2, for every U € [u]™ we have A | B | p(U), so
U € B. Therefore [u]* C B, so ™ < |B| < k.

= : Let 41 <  and suppose SDLS (L™, < k). Let 2 := (kU
P(u),ﬁm,ﬁm) be as above. By SDLSL (LM < k), we can take B € [k U
P(u)]=" such that & | B <., 2. Let ¢ be the LR formula,

VX ((Ve(2eX = Fi(2)) = 2Vy(fi(y) — (yeX © E(y, 2)))).

Notice 1) states that every weak second order object which is a subset
of u can be translated into a first order object. Then we have 2 |= .
Since A | B < y,u A, we have A | B | ¢, thus [p]* C B. Therefore
e < |B| < k.

= (4): Assume (I). Let 2 = (A,...) be a structure in countable
signature with |A| > k and let D be a club subset of C [A]<".

Let 6 be some regular cardinal such that 2 € H(¢). Define A= (H(0), €
,XQ[, ﬁm), where A and ﬁfne a unary predicate symbol and a constant symbol

respectively such that A —Aand A" =L

By and since cf(k) > ws, we can construct M C H(f) such that
[M]® C M, A M <A and ANM € D. Let B := AN M. The following
claim allow us to prove that 20 [ B < pxem 2.

Claim 2.5.1. Suppose C' C H(0) is such that A [ C < A and [C]Pe C C,
where C := C' N A. Then given any LY formula ¢(xq, ..., 20, Yo, ..., Ym),
any ag, . .., a, € C and any Uy, ..., U, € [C]™, we have

Q~l[C’):“ﬁ):g@(ao,...,an,Uo,...,Um)”
S ATCEplag, .. an, U, ..., Uy). (2.3)

Proof of claim[2.5.1. We prove by induction on the complexity of the
formula . It is trivial that holds when ¢ is an atomic formula. Sim-
ilarly, it is also trivial that holds when ¢ is of the form —y, ¥ A 91,
o V 1, Yo (x) or Jxihg(x) and holds for vy and ;. Since the weak
second order quantifier VX is dual to 34X, it is enough to prove that
holds for ¢ of the form IX (X, xg,...,x,, Yo, ..., Y) given that holds
for 1.

First, suppose that A | C | “A = IXY(X, ao,... a0 Ups...,Upn)”
holds. Then we have

2 [é):“EmE [A]Y A = Y(z, a0, ..., an, Ug, ..., Un) .
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AC

— Ro
Therefore there exists U € [A [ } = [C]™ such that

AT CE“AE U, ag,... a0, U, ..., Up)"

By induction hypothesis, we have 2 | C' = ¥(U, aq, . . ., an, Uy, . .., Uy,), thus
A1 CE elag, ..., an, U, ...,Upy) holds.

Conversely, suppose 2 | C' = IXY(X, ag, . .., a,, Uy, ..., Uy,) holds. Then
there is U € [C]™ such that

AT CEYUap, ..., a0 U, ...,Upn).
Therefore we have
A=A CEPUag, ... a0 Uy ....Uy).”
Since U € [C]* C C and A | C' < LA, we have
ATCE“ACEYVU,ag, ... a0 Uy, ... .Uy).”

Therefore U witnesses that A | C = “A = plag, ..., an, Uy, ..., Uy,)” holds.
(claim [2.5.1)1

Let o(zg, ..., xn, Yo, ..., Yy) be a Ekj()’H—formu}a. For aq,...,a, € B and
U, ..., Un € [B]Y, by claim and 21 [ M < 2 we have

A = plag, ... an, Uy, ...,Upn)
=9 = “A = plag, ... a0, U, ...,Un)”
AT ME Ak pag, ... an, Ug, ..., Un)”
<A BE(ag, ... a0, Uy ...,Upy).
(proposition [2.5)0]
Similarly to proposition for £10, we have:
Lemma 2.6. For any r > Ry, SDLS™ (LY, < k) implies > 2%,
In order to prove lemma we shall use the following theorem:

Theorem 2.7 (Theorem 3.2(a) in Baumgartner and Taylor [BT82|). If C
is a club subset of [wg]NO, then there s a countable set A C wy such that

A ne| =2%.

Theorem is often a key element of a proof showing that a certain
principle implies 2% < R, (see, for example, the proof of theorem 37.18
in [Jec03]).
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Pmoﬁf lemmal[2.6. Let k > Ry and suppose SDLS™ (LY, < k). By corol-

lary [2.4] if SDLS™(£2,, < Ry) holds, we have 2% < R, < k. Suppose then

that SDLS™ (LY., < N,) fails. Let 2 := <A,§§[, LR .) be a structure of

) n’

countable signature witnessing the failure of SDLS™ (L5, < Ry), i.e.
|B| > Ny whenever B C A is such that 2 [ B < % 2. (2.4)

Let n := |A|. Without loss of generality, we may assume that A = 7.

Let 2 := (H(n), G,n,ﬁﬁl, LR ., with Ei[ = Ei for every n € w.

Let ¢ be the £5°,-formula
aaX3xVy(ye X <> y € ).

By (2.2)), for any uncountable set M we have M |= ¢ if and only if M is
internally club (i.e. M N [M]® contains a club subset of [M]®). Since n*
has uncountable cofinality, we have

A = . (2.5)
By SDLS™ (L3, < k), there is M € [H(nt)]<" such that
A M = 2A. (2.6)

Let B := M Nn. It follows that /A | B < o - Therefore, by (2.4) we have

N2 S |B| S |M| ) stat
By ([2.5) and (2.6]), we have & | M | ¢, thus there is C C M N [M]*
which is a club subset of [M]*. By theorem 2.7, we have x > |M| > |C| >

2o, (lemma [2.6)C1

Corollary 2.8. SDLS™ (LY., < 2%) implies 2% = R,.

Proof. Suppose SDLS™ (£, < 2%). By lemma , it follows that 2% < N,.

Since SDLS™ (L., < ®;) does not hold (see example , 2% can only be

No. (corollary [2.8) 01
It can be proved that SDLS™ (LY., < 2%) holds under MA™* (o-closed).

(this follows corollary and a result by Cox in [Cox12]). On the other
hand, we have that

Corollary 2.9. SDLS(LY,, < 2%) s inconsistent.

Proof. Suppose SDLS(LY,, < 2%) holds. Then 2% = ¥, by corollary .
Therefore SDLS(LLY,, < X,) holds. By proposition it follows that 2% =
N, which is a contradiction. (corollary D

In section we shall present a weakening of SDLS(LY,, < ) which is
consistent with 2% =  for very large x (e.g. supercompact).
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2.2 Characterization of SDLS for stationary
logics and the Diagonal Reflection Prin-
ciple

Definition 2.10. Let s be a regular uncountable cardinal and C be a class.

For 1) > £, define ()¢, as the following statement:

For any countable expansion 2 of (#(n), €) and any family (S, : a €

H(n)) of stationary subsets of [H(n)]¥, there is some N € [H(n)]<* such
that:

(1) N ec;
(2) AT N <A;
(3) for each a € N, S, N [N]™ is a stationary subset of [N].

Similarly to SDLS(L, < k), ()<, also has a natural strengthening which
requires the existence of stationarily many reflection points.

Definition 2.11. Let s be a regular uncountable cardinal and C be a class.

For n > Kk, define (*)ign as the following statement:

For any countable expansion 2 of (#(n), €) and any family (S, : a €
H(n)) of stationary subsets of [H(n)]™, there are stationarily many N €
[H(n)]=" such that:

(1) N e¢;
(2) AN <A
(3) for each a € N, S, N [N]™ is a stationary subset of [N]%.
We shall consider the following classes:
Uy, == {X : [X]% N X is cofinal in [X]*};
ISx, == {X : [X]™ N X is a stationary subset of [X]"};
ICy, := {X : [X]™ N X contains a club subset of [X]*}.

The sets in [Uy,, I1Sy,, ICyx, are called internally unbounded, internally
stationary and internally club respectively.

Lemma 2.12. Suppose C is lUy,, ISy, or IUy,. For a reqular cardinal k and
cardinals n,n with X; < Kk < n < 7, (*)C<fw7/ implies ()%, and (*):gn/
implies (%)EC .
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Proof. We prove that (x)¢
proved similarly.

Let k,n,1" and C be as above and assume (>|<)<m7 holds. Let D be an

arbitrary club subset of [H(6)]<". Let 2 := (H(6), E,Rg_, o ,Eﬂﬂ, ...) be

a countable extension of the structure (H(f), €) (where Ry,...,R,,... are
arbitrary predicate symbols), (S, : a € H(f)) be a family of stationary
subsets of [H(6)]%.

Define

, implies ()¢ . The other implications can be

<K, <K,M"*

A= (H(), €, mH), Ro .o, R,
D:={X e [H@H)]™" : X nH(n) €C},

and also define

o [lre Mo anHm €8 ifa e Hn)
[H(W,)]NO , otherwise.

a

(2.7)

for every a € H(n').
We have that S, is a stationary subset of [H(n)]*° for every a € H(n') by

corollary and that D is a club subset of [H(n')]=" by lemma 1.4(0).
(%) ,WecantakeNEDsuchthatNEC,Q[[N—<Qland

_ <n17
Sa N [ J¥ is a stationary subset of [N]™ for every a € N.
Let M :=H(n) N N. Since A [ N <, it follows that A [ M < 2.

Claim 2.12.1. Given a € N, if |a| <n, then aNH(n) € M.

Proof of claim[2.12.1 Let a € N be such that |a| < 7. Since a € H(1')
and |a|] < 7, we have a NH(n) € H(n). Since A has a predicate describing
H(n) and A [ N < 2, we have that a N H(n) € N. We conclude that

a€ M=NnNH@n). (claim [2.12.1))0

By claim 1 and corollary [L.5] it follows that M € C.
Let a € M. Then S, N [NJR is a stationary subset of [N]*. By (2.7) we
have:
SeNMPe={zNM : zeS, N[N

Therefore, by corollary we have that S, N [M]™ is a stationary subset
of [M]®o. (lemma [2.12))(]

Lemma 2.13. Suppose k > Ny is a reqular cardinal. Then

1. SDLS™ (LY, < k) & (x )<m7 for all cardinal n > k.

2. SDLS (L3, < k) & (>x<)+ICNO holds for all cardinal n > k.

<K,
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3. SDLS, (L < k) & (*):LCSO holds for all cardinal n > k and p™° < K
for all p < k.

Proof. We first show ; can be proved similarly to .

Assume SDLS (L3, < k) and let n > k. Let A = (H(n),€,...) be a
countable expansion of (H(n), €), (S, : a € H(n)) be a sequence of station-
ary subsets of [H(n)]* and C be a club subset of [H(n)]<*.

Let A = (H(n), <, . ;,§m> be the expansion of 2 obtained by adding a
binary relation symbol S which describes the the sequence (S, : a € H(n))
in the structure. S shall be interpreted as follows:

S” = {{a,s) € (H(n))* : s € S,}.

By SDLS (L3, < k), we can take M € [H(n)]<* such that M € C and

A M <, 2.

stat

Let ¢ be the sentence aaX3yVz(2e X <> z € y). By (2.2), it follows that
for any uncountable set B we have B = ¢ < B € ICy,. Therefore, we have
A = . Since A [ M < 2, we have A [ M |= ¢, thus M € ICy,.

stat

Now let ¥ be the sentence Vastat XJy(S(x,y) A Vz(zeX < 2z € y)).
Similarly to ¢, for any uncountable set B we have

B =1 < “ S, N [B]™ is a stationary subset of [B] for all b € B ”.

Then A = ¢. Since A | M < o 2A, we have that S, N [M]* is a

stat
+ICx,

stationary subset of [M]™ for all a € M. Therefore M witnesses (%), ,°.

Now assume (*)i:f?';o holds for every n > k. We prove that SDLSZ (L2, <

k) holds. Let 2 = (A, R)m, e ,}_%nm, ...) be a structure in countable signature
with |A| > k. Let C C [A]<" be a club.

Take regular a cardinal n such that 20 € H(n) and define
A LRy . Ry ), (2.8)

where 2 and A are unary relational symbols with A = Aand A" = A, and

we also have R, = R, for every n € w. For each a € H(n), define:
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({U € - + [UNAl =R A
A = (ag, ... am,Uo, ..., U, UNA)},
if ¥(x0,. .., Tm, Yo, ..., Y, X) is an L3, -formula,
ag, -,y € AUy, ..., U € [A]R0,
A = stat X (ag, ..., am,Uo,...,U;, X) and
a=(Y,ag,...,am,Uy,...,U0));
[Hm)]™,

otherwise.

\

Let
C:={UecHmn]":UnNAecC}. (2.10)

By lemma , C is a club subset of [#(n)]<". By (*)ILC,};O, we can take an
internally club M € [H(n)]<* such that

M € C; (2.11)
A M <A and (2.12)
S, N [M]™ is a stationary subset of [M]™ for all a € M. (2.13)

Let B := AN M. By (2.10) and (2.11)), we have B € C. It follows from
(2.12) and the following claim that 20 [ B = 2.

stat

Claim 2.13.1. For any LY -formula (o, ..., Tm, Yy, ..., Y)), ag, ..., am €
B and Uy, ..., U, € [B® N M, we have

AT M E“AEolag, ... am, Uy, ..., U) " A Bl=plag, ..., am U, ..., U)
(2.14)

Proof of claim [2.15.1. We proceed by induction on the formula ¢. We prove
that holds for ¢ whenever it is of the form stat X and holds for
Y. As in the proof of claim [2.5.1] the remaining cases follow straightforward
from the definitions.

Suppose that 2 | M |= “%A = ¢(ag, . . ., an, Uy, . .., Up,) ” holds. Then, by
we have 2 = stat X (aq, ..., am, U, ..., U, X).

Let a := (¥, aq, ..., am,Us,...,U;). By (2.12)), it follows that a € M and

by (2.9) we have

Sa={Uc[H®n : [UNA =8 AU |:w(ao,...,am,Uo,...,Ul,UrEA)}j
2.15
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By (2.13)), we have that S, N [M]™ is a stationary subset of [M]™. Since
M is internally club, we have that S, N [M]* N M = S, N M is stationary.
By corollary [L5|[iv), the set G :={UNB : U € S,N M A|UNB| =Ry} is
a stationary subset of [M]%. By and (2.12), we have

S ={UNB:UeMNM™ANUNA=UNBc AN[B]™A
A M E“AE=Y(ag, ... am,Uo,...,U,UNB)"}
By induction hypothesis, we have
SGC{Ve[B™: Al BEYg,... amU,...,U,V)}.
Therefore, by (2.1), we have 2 [ B | stat Xv(ao,...,amn, Uy, ..., U, X),
that is, 2 [ B = ¢(ag, - - -, am, Uy, e Uy).
Suppose now that 2 [ M = “A | ¢(ag, ..., am,Uy,...,U;)”. Then we

have

2 | M = “there is a club D C [A]™ such that
A= —p(ag,...,am, Uy, ..., Up,z) forall z € D”

By (2.12), there is D’ € M which is a club subset of [A]* such that

AT ME“AE= ~(ag, ... am,Uy,...,U, V) forall Ve D NM. (2.16)

Since M is internally club, by (2.12)) it follows that [B]* N M contains a
club subset of [B]¥. Then it follows that the set

{(VAB: |[VAB=XAVeDN[B*NM=D'nM}
contains a club subset of [B]*. Then by (2.16)) it follows that the set
(VeDnM: A ME“AE —lag, ... am,U,...,U,V)"}

contains a club subset of [M N A]®. By induction hypothesis, the above set
is equal to

{(VveDnM:A|BE—lag,...,am Uy ..., U, V)}

Therefore we have 2l | B | —stat X(ao, ..., am,Uo,...,U;, X), and
thus A | B & ¢(ag, ..., an, Uy...,Up). (claim [2.13.1))0
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We now prove (3)). By (2)) and proposition , SDLS, (LYo, < ) implies

“(*)HCNO holds for all n > k and p™0 < & for all u < K.

<K,n
Conversely, suppose that (*):LCNO holds and p™ < k for all u < k. Let

A= (A,EOQ[, . ,Enm, ...) be a structure in countable signature with |A| > &
and let C C [A]<" be a club. Let ) be a regular cardinal such that 2 € H(n)
and let 2 and (S, : a € H(n)) be defined as in and (2.9).

Let p := 2%, By assumption we have yu < &, thus by lemma , it
follows that the set

C:={Mec[HM|": uCMAMNAECA{P(z) : z € MN[M]*} C M}
(2.17)

contains a club subset of [H(n)]<". By (*)ILC,:O, we can take an internally
club M € € such that

uC M, (2.18)
2| M <A and (2.19)
S, N [M]™ is a stationary subset of [M]™ for all a € M. (2.20)

Let B:= A" = An M. By (2.17) we have that B € C. We claim that
[M]¥ C M. (2.21)

Indeed, for x € [M]™, we can take y € [M]¥ N M such that z C y. Since
y is countable, we have V' |= [P(y)| = 2% = p. Notice that P(y)" € M by
2-17). By ([219), we have 2 | M k= |P(y)"| = p. Therefore, by ([2.18) we
have z € P(y)V C M, therefore (2.21)) holds.

As in the proof of (2)), it follows that 2 | B = % 2A. By (2.21)), this

stat

implies 2 [ B <, xoun 2. So we conclude that SDLS+(£§°a’tH, < k) holds.

(lemma [2.13))J

We now recall the Diagonal Reflection principle introduced by Sean Cox
in |Cox12].

Definition 2.14 (Diagonal Reflection Principle). Given regular uncountable
cardinals x and 6 (k < 0) and a class C, the Diagonal Reflection Principle
for k, 0 and C (denote DRP(< k,0,C)) is the following statement:

There are stationarily many M € [H((6%0)F)]<" such that

(1) MNH(P) € C; and
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(2) for all R € M such that R is a stationary subset of [0]™,
RN [N M]? is a stationary subset of [§ N M]™.

We denote by DRP(< k,C) the statement “ DRP(< k,6,C) holds for all

cardinal 8 > k.

Lemma 2.15. Suppose C is|Uy,, ISy, or|Cy,, k is a reqular cardinal and 6,6’
are cardinals with kK < 0 < 0'. Then DRP(< k,0',C) implies DRP(< k,0,C)

Proof. Suppose that DRP(< k,6',C) holds and let D be a club subset of
[H((6%0)F)]<*. Define
D' = {N € [H((0™))]<" :(a) NNH((6")") e DA (2.22)
(b)k,0 € N A
()N < H((™)")}.

It follows by lemma that D’ contains a club subset of [H((8"°)+)]<*.
Thus, by DRP(< k,6',C), we can take M’ € D such that

M'NH(n') € C; and (2.23)

for all R € M’ such that R is a stationary subset of [§']"
RN[E'N M’]NO is a stationary subset of [0/ N M']Y. (2.24)

Let M := M' NH((6%)"). By ([2-22)(a) we have M € D. We show that
M satisfies and . from deﬁnltlon [2.14] (with respect to 6 and C).

Let R € M be a stationary subset of [#]*0. By corollary , the set
R = {x € [0™ : N6 € R} is a stationary subset of [#']*. Notice by
[2.22)(b) we have R' € M’, so by (2.24) R'N [0 N M'™ is a stationary subset
of "N [0 N M'[*. Then by corollary [L.5({iv]), the set

RONM™ ={ynH(®) : ye R'njdn M}

is a stationary subset of [0 N M]M, so M satisfies (2) from definition [2.14]
Similarly to claim [2.12.1} it follows from the following claim and lemma

[L.4/(IID),(IV]) that M satisfies (1)) from definition [2.14]

Claim 2.15.1. For any a € M’, if |a| < 0, then aNH(0) € M NH(H).

Proof of claz’mm Let x(z,0) be a formula such that H(0') = x(a,0) if
and only if a € H(0). By (2.22 - b) and (c), it follows that

) (b)
M EVzIyWz(z €y <> 2z € 2 A x(2,0)) (2.25)

Let a € M’ and suppose |a| < 0. By (2.25) we have aNH () € M’ whenever
a € M'. By |a] < 0, we have that a N H(0) € H(0). Therefore a N H(#) €
M NHO) e M"NHO) CM,soanNH(@) e M'NH(A). (claim [2.15.1)
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(lemma [2.15)

Lemma 2.16. Suppose C is one of IUy,, ISx,, ICx,. Given any regular
cardinal k > R, and any cardinal § such that = 2<% and cf(0) > k, we have

that DRP(< k,0,C) is equivalent to (x )<ﬁ9

Proof. First assume that DRP(< «,6,C) holds.

Let A := (H(@),G,EOQ{,...,E”Q‘,..) be a countable extension of the
structure (H (), €) (where Ry, ..., R,,... are arbitrary predicate symbols),
(S, : a € H(P)) be a family of stationary subsets of [H(6)]¥ and D a club
subset of [H(0)]<".

By the assumptions about 6 we have <% = 6 and |H(0)| = 6. We then
fix a bijection g : H(8) — 6. For each a € H(), define

Sr={g"x : v € S,}.
Now define the structure
A= (H((P)), e, 5, 3" H

A A 7 : T -
where P, := P, for all n € w, H is a unary relation symbol and S, g are
unary function symbols with

= H(0);
= {(a,8;) : a € H(0)} U{(a,0) : a € H((O™)")\ H(0)};
72y
Define

D= {M c [H((6")")]<" :(a) M NH(B) € DA (2.26)
(b)@ e MA
(AT M <AA
(kN M < k}.

By lemma D contains a club subset of [#((#™)")]<*. By DRP(<
k,0,C), we can take M+ € D such that

M*NH(F) € C; and (2.27)

RN [N M]™ is a stationary subset of [# N MY,
whenever R € M™ is a stationary subset of []". (2.28)
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Let M := M* NH(#). We show that M witnesses that (*)ige holds.

Since M* € D, by ([2.26)(c) we have 2 | M < 2. Furthermore, we have
M € D by (2.26)(a) and M € C by (2.27).

Let a € M. Notice that S¥ = §Ql[M+(a) € M. Since g is a bijection, it
follows that S* is a stationary subset of [f]*. By (2.28)), we have

S* N [0N MT]™ is a stationary subset of [f N M T, (2.29)

Notice that §Q~”M+ =g M (t}}is follows from Eﬁl Dgand A | M+ < Q~[)
By 2 | M+ < A, we have that g™ : HO)NMT =M — 6N M is a
bijection. Therefore, by (2.29) we conclude that

SaN[MP* ={g"y : y e Syn[on M0}

is a stationary subset of [M].
Assume now that ()¢, holds. Let D be a club subset of [H((6%)*")]<*.

<k,0 R L
Fix a bijection h : H(0) — 6. Let A := (H((8™)F), €, Em,ﬁom), where D is
a unary predicate symbol, kg is a constant symbol, D' =D and EOQ‘ = h.
By the assumption that § = 2<% and cf() > &, we can find N €
[H((6%)))? such that A | N <2, H(#) C N and [N]<* C N.
Let g : N — H(0) be a bijection such that

g 1015 = 1djg=n, - (2.30)

Let 91 := (¢g"N, Em,ﬁm,ﬁom) be the translation by g of 2 | N, ie. E is a
relational symbol with E" = {{g9(x),9(y)) : x €y € N}, D" = g"(DNN)
—n
and hy  := g(h).
— A A —A —A — A —
Define also the structure 21 := (H(0),€,hy ,N ,E ,D  hg ), where hy
is a unary function symbol with Elm := h and (NQ[, Em,bm,ﬁom> =N
For each a € H(0), define:

{xe[HO) :2nbegia)l,
if g7(a) is a stationary subset of [§]™°;
(RO,

otherwise

(2.31)

Notice that, by corollary , S, is a stationary subset of [H(0)]™ for
all a € H(6).
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By ()¢, we can take M, € [H(6)]<* such that

<K,0
M, € C; (2.32)
AT My < A; (233)
kN My < k; and (2.34)
Ya € My, S, N [M]™° is a stationary subset of [M]™. (2.35)
Let M = g='"M,. We show that M witnesses DRP(< &, 60,C).
Applying Vaught’s test, it follows that
AT M <A N. (2.36)
We also have:
Claim 2.16.1. M € D
Proof of claim|2.16.1. First we prove the following:
VD eDNM,DC M; (2.37)
D N M is an unbounded subset of [M]<". (2.38)

Let D € DN M. Since |D| < &, by (2.36)), there are 6 € kN M and a
surjection f : 0 — D with f € M. By (2.30)) and (2.34)), we have kN M < &,
therefore 0 C M. Then D C M, so holds. follows from (|2.36))
and the fact that DN N is a club subset of [V]<".

From (2.37), we have that (J(D N M) C M. On the other hand, from
(2.38) we have (J(DN M) DO M. Therefore M = J(D N M). Furthermore, it
follows from that DN M is a directed set. Since |M| = |My| < &, by

proposition [L.3] we conclude that M € D. (claim [2.16.1))

By (12.32)), the next claim implies that M satisfies (1|) from definition [2.14}
Claim 2.16.2. M NH(0) = M.

Proof. Let © € M,. By elementarity, we have h(z) = By Mo (x) € My. By
([2:30), we have h=*(g7*(h(z))) = x. Since h™',g7*(h(z)) € M, we have
x € M. Since My C H(0), we have x € M NH(H), therefore My C M NH(6).

Now let y € M N H(A). Since h € M and y € dom(h), we have that
h(y) € M N6 = Myné6. Denote z := h(x) = g(h(x)). Similarly to the case
above, y can be described in 2 [ M; as the unique element of M, such that

E?[(MO (y) = z. Therefore y € M. (claim [2.16.2)
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We conclude by showing that M satisfies from definition [2.14] Let
R € M be a stationary subset of [0]*. By the definition of M we have

g(R) € My. By (2.31) we have

Sg(R) = {ZE S [H(@)]NO cxnoe R}

By (2.37), we have that Sy N [Mo]™ is a stationary subset of [M] .
Notice that

ROMOOR ={anMnNO : x€SyprN[M]™AlznMnNO| =Ry}

Recall that M N6 = MynN6O C My by (2.30). Therefore, by corol-
lary [L5|{iv), it follows that RN [M N 6)* is a stationary subset of [M N 6],

(lemma [2.16])]

Lemma 2.17. Suppose C is one of IUy,, ISy, ICx,. Given any k > Ny,
DRP(< k,C) is equivalent to (x)XC.

<K
Proof. Given any cardinal 7 above k, let 6, = sup{2® : & < n™}. Since
2<% =0, and cf(0,) > K, “DRP(< k,C) is equivalent to (x)£¢” follows from

lemmas [2.16} [2.15{ and [2.12] (lemma [2.17)

Corollary follows from lemma and lemma
Corollary 2.18. Suppose k > Ny is a reqular cardinal. Then
o SDLS; (L2, < k) & DRP(< k,ICy,);

e SDLS. (LX) < k) & DRP(< k,1Cy,) and ™ < K for all i < k.

2.3 Internal variation of SDLS

int a5 follows:

Define recursively =
o at first order, =™ is defined like |=;

o for a structure A = (A,...), a € A and U € [A]® N A, define:

AE™aclU < a € U,

o for a structure A = (A,...), given an L3,-formula ¢, suppose ="

o(ag, ..., an, Ag, ..., Ap) isdefined for all a, . .., a, € Aandall A,..., A, €
[A]® N A. Then we define
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A ):int StatXSO(Xua’(]?"'7an7A07""Am) <

{B € [ANA : AE" (B, ag,...,an, Ao, ..., Ay)} is stationary in [A]NNA.
(2.39)

As before, for 2= (A,...), B = (B,...) (B C A), we say that B -<i£§0

stat

21 if and only if for all formulas o(z, ..., Zn, Xo, ..., Xm) in £, for all
bo,...,bp € B, and all By,...,B,, € [B]* N B, we have

B ):intgp(bm .. .,bn,Bo, ce ,Bm) & 2A ):intso(bOa s >bn7BOﬂ ce 7Bm)

Definition 2.19. For a cardinal x, we define SDLST(E?{;U < k) as the state-
ment: For any structure 20 = (A,...) of countable signature, there are sta-
tionarily many B € [A]<* such that 2 [ B <i£",50 2A.
stat

Definition 2.20. Let x be a regular uncountable cardinal. For n > &, define
(%), as the following statement:

For any countable expansion 2 of (H(n), €) and any family (S, : a €
H(n)) of stationary subsets of [H(n)]¥, there is some N € [H(n)]<* such
that:

(1) AT N < A4

(2) for each a € N, S, N N is a stationary subset of [N]*°.

c
<k,m’

int .
<K,n"*

Similarly to (x) we also define the following strengthening of (x)

Definition 2.21. Let x be a regular uncountable cardinal. For n > &, define
(¥)5i as the following statement:

For any countable expansion 2 of (H(n), €) and any family (S, : a €
H(n)) of stationary subsets of [H(n)]™°, there are stationarily many N €

[H(n)]<" such that:
(1) AT N < A;
(2) for each a € N, S, N N is a stationary subset of [N]%°.

Lemma 2.22. For a reqular cardinal k and cardinals n,n with X; < k <
n <, (*), implies (%) and (x)2.1 implies ()3 .

Lemma can be proved similarly to the proof of lemma with no
significant modifications.

Lemma 2.23. For any regular k > Ny, we have SDLST* (LY, < k) < ()t
holds for all reqular n > k.
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Proof. This proof is just a modification of the proof of lemma [2.13]

First assume SDLST* (LY, < k). Let n > & and let A be a countable
expansion of (H(n), €), (S. : a € H(n)) be a sequence of stationary subsets
of [H(n)]* and C a club subset of [H(n)]<".

Let 2 be the expansion of 2 obtained by adding the binary relation
symbol S (used to translate the sequence (S, : a € H(n)) in the structure)
with the following interpretation:

—9 9

S = {(a, s) € (H(n))
By SDLST* (LY, < ), we can take M € [H(n)]<" such that M € C and
A [ M <t 2.

stat

Let 1 be the sentence Va stat XJy(S(z,y) AVz(zeX < z € y)). By the
definition of =", for any uncountable set B we have

ts€S.})

B =™ < “S,N B is a stationary subset of [B]* for all b € B”.

Then we have 2 = 1. Since A | M <t 2, we have that S, N M is a
c

stat

stationary subset of [M]* for all @ € M. Therefore M witnesses (*)ijn

Now assume ()5 holds for every > x. We prove that SDLST* (Lo, <
2

k) holds. Let 2 = <A,§§[, ..., R, ...) be a structure in countable signature

with |A] > k. Let C C [A]<" be a club.

‘Take a regular cardinal 7 such that 2 € H(n) and define A= (H(n), €

,Q_gg‘,Zm,Rﬁf, R ...), where A and A are unary relation symbols with

) n’

A = 2, A = A and }_%it = R, for every n € w. For each a € H(n), define:

({U e [Hn) : [UNA =R AUNA € AA

A =" (ag, ..., am,Uy,..., U, UNA)},
if (xo, ..., Tm, Yo, ..., Y], X) is an L2 -formula,
ag, .- am € A, Uy, ..., U € [AR N A,

S, =
A =59 stat Xep(ag, . . ., am, Uy, ..., U, X) and
a = <¢7a0a"'7amaU07'"aUl)>;
[H(n)]%,
\ otherwise.
(2.40)
Let .
C:={U€e[Hn)]": UNnAeC}. (2.41)
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By lemma , C contains a club subset of [H(n)]<*. By (*)ef, we can
take M € [H(n)]<" such that

M € C; (2.42)
A M <A and (2.43)
S, N M is a stationary subset of [M]™ for all a € M. (2.44)

Let B := AN M. By (2.41) and (2.42), we have B € C. It follows from
(2.43)) and the following claim that 2 [ B —<i£"§0 2A.

stat

Claim 2.23.1. For any LY, -formula (g, ..., Tm, Yo, ..., Y)), ag, ..., am €
B and Uy, ..., U; € [B]* N B, we have

A M = <A E™ p(ag, ..., am, U, ..., U)" &
A1 BE™p(ag, ..., am,U,...,U) (2.45)
Proof of claim [2.25.1. We proceed by induction on the formula ¢. We prove
that (2.45) holds for ¢ whenever it is of the form stat Xt and (2.45]) holds
for ¢). The remaining cases follow straightforward from the definitions.

Suppose that 2l [ M = “2A =™ o(ag, ..., am, Uy, ...,U;)” holds. Then,
by (2.43) we have 2 EM stat X (ag, ..., am, U, ...,U;, X). Define a :=

(U, a0, ...,am,Uy,...,Up). By (2.43)) it follows that a € M and by ([2.40]) we

have

Sa={Ue[Hmn® : [UNA =Ry AUNAE AN
A E™(ag, ... am, Uy, ..., U, UNA)}. (2.46)

By (2.44), we have that S, N M is a stationary subset of [M]¥. By
corollary [L5([iv]), the set & :={UNB : U € S,NM A|UNB| =Ry} is a
stationary subset of [M]®. By (2.46)) and ([2.43)), we have

G:={UNB:UecMNM™ANUNA=UNBc AN[B]*A
AT M= “AE"Y(ag, ... am, Uy, ..., U, UNB)"}

By induction hypothesis, we have
GC{ve[BnB: A BE™Y(ao,...,am Uy, ...,U,V)}

Therefore, by (2.39) we have 2 | B E™ stat X (aq, ..., an, Uy, ..., U, X),
that is, 20 | B E™ ¢(ag, - - -, am, Uo, - .., Up).
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Suppose now that 2 | M B “2A =™ ¢(ag, . . ., am, Uo, ..., U;) 7. Then we
have

2 | M = “there is a club D C [A]™ such that
A =" —)(ag, ..., am,Uy,...,U,z) forallz € D”

By (2.43)), there is D’ € M which is a club subset of [A]™ such that

A M E“AE™ p(ag, ... am Uy, ..., U, V)" forall V e D'NB.
By induction hypothesis, we have
{UeB™NB: A BE™"Y(ag,...,am U, ..., U, U)}ND =0

Therefore we have 2L | B ™ stat X¢(ag, ..., am, Uy, ..., U, X), ie. 2A |
B}~ o(ag, ... am,Uy. .., Up). (claim [2.23.1))7

(lemma [2.23])]

In section we will show that a generically large cardinal property
on & implies SDLST" (LYY, < &) (theorem [2.35)). It follows from this result
that SDLST(ﬁSt%t, < k) is consistent with 2% = x for k supercompact. In
chapter (3| we shall construct a model where SDLST* (£}, < 2%) holds si-
multaneously with a much stronger reflection principle down to < 2%, which
will be introduced in the next section.

2.4 Game Reflection principle

In this and the following sections we discuss some generalizations of results
originally in [K6n04] and relate them to SDLS, (L%, < k). Most of the
ideas in these sections are already present in [K6n04].

Given an uncountable set A and some A C <“A, define the game G=“4(A)
of length w played between players I and II as follows. Each player takes turns
choosing elements of A as follows:

I |aeA o ap €A
II | bpe A --- b, € A
Player II wins if and only if

(n € w)

o (an,b, : n<m) € AN {an,b, : n <m) (a,) & A for some m € w;
or
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o (ap,by, :new)eA

where (a,, b, : n € w) denotes the sequence (c,, : m € w) given by ¢, 1= ay,
and copyy1 1= by, for every m € w.

Definition 2.24. For a regular uncountable cardinal x and a set A with
regular cardinality > &, let GRP“(< k, A) be the following statement:

For any wi-club C C [A]<" and any A C =¥ A, if player IT has no
winning strategy in QSWA(A), then there is some B € C such that
player II has no winning strategy in G=“B(AN<“B).

We denote by GRP¥(< k) the statement “GRP*(< &, A) holds for every set
A of regular cardinality > ”.

In definition 2.24] by winning strategy we mean the following: Suppose G
is a game played by players I and II of length § where the players take turns
choosing elements of a set A. A winning strategy for player II is a function
o : <°A — A such that for any {a¢ : £ < §) € °A player II wins the match

I ‘ ao e ae .
T o) - olla: C<€) £ <0)

Notice that the value of o(s) is not relevant for player IT whenever dom(s)
is not a successor ordinal.

Lemma 2.25. For any reqular cardinal k > Ry, GRP¥(< k) implies 2% < k.

In order to prove lemma [2.25] we shall use a Bernstein set. A set B C
“2 is a Bernstein set if it does not contain any perfect set. The following
proposition is a basic well known fact.

Proposition 2.26. There exists a Bernstein set with cardinality 2%°.

Proof lemma[2.25, Assume GRP“(< k) holds. Towards a contradiction, as-
sume 2% > k. By proposition [2.26 we can take a Bernstein set B C “2 with
|B| = K (because every subset of a Bernstein set is clearly a Bernstein set

too). Let (r¢ : £ < k) be an injective enumeration of B.
Let A:=<“2Uxk and A := Ay U A; C =¥ A where

Ao :={{c,, : m < k) € YA : ¢, € k whenever m is even};
Ay ={{an,b, :n€w)e“A:a, €rforallnew, (b, : n€w)isa

C -increasing sequence in <“2 and U b, = r¢ for some

new

¢ >sup{a, : n € w}}.
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Let C := {C € [A]<" : <¥2 C C}. C is a wi-club subset of [A]<". Let
C € C be arbitrary. We can construct a winning strategy for II in the game
G=C(AN=2C): Since |C| < k, we can take £ < k such that € > sup(k N C).
Regardless of player I moves, if player II plays b,, := r¢ [ n for every n € w,
then player II wins the match. Therefore, by GRP¥(< k), there is a winning
strategy o for II in the game G~“4(A).

Now we construct sequences (¢, : n € w) and (t; : s € <“2) such that

a) (¢, : n € w) is a strictly increasing sequence in w;
y g
(b) forall n € w and all s € "2, t, € 2" A ;

(c) for each s € "2, ty = (ag, by : k < £,) is an initial segment of a match
of the game QSMA(A) where player II plays according to ¢ and player I
always plays avoiding instant defeat;

(d) ts C ty whenever s C s (s,s € <“2); and

(e) for all n € w and s € "2, us~o and us~; are distinct, where we define

ug = (b + k< ly).

Notice that condition @ is realizable because ¢ is a winning strategy:
suppose there is some (a,,b, : n < mg) an initial segment of a match in
G=“4(A) (where II plays according to o) such that for all possible follow up
moves by player I, o always suggests the same moves for player II. Since in
this situation the moves by player II do not depend on the moves by player
I after my, we can define r¢ := Un>m0 b,. But then player I would be able to
win by playing some a,, > £ for some n > m.

For each f € “2, define t; := |, tfm and uy := J, o, Usin- By @,
and @, t; = (an, by, : n € w) is a match in the game QSwA(A). Since player
IT wins the match ty, we have uy € B. Notice that, by (]ED and @, Ug—~g and
us~1 are incompatible for every s € <“2. Therefore {uy : f € “2} C Bisa
perfect set, which contradicts B being a Bernstein set. (lemma D

Lemma 2.27. Suppose k is a reqular uncountable cardinal such that v < k
Cx

for all v < k. Then GRP¥(< k) implies (>|<)J<rl$
Proof. Let n > k and let (S, : a € H(n)) be such that S, is a stationary
subset of [H(n)]™ for each a € H(n). Let A= H(n) and define A C <“A by

A:=*AU{(a,,b, : n€w)e“A: {a, : n€wU{b, : 0 <n<w} & Sy}
(2.47)
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Claim 2.27.1. Player II has no winning strategy in the game G="4(A).

Proof of claim[2.27.1. Let o : <*A — A. Let ag € A be an arbitrary first
move for player I and let by = o((ag)) be the response by player II following
the strategy o.

Since Sy, is a stationary subset of [H(n)]¥, we can take M < H(n) such
that {ag,bp,0} C M € S,. Let {a, : n € w} be an enumeration of M. For
each n € w\ {0}, let

by == 0({a; : i < n)).

Since 0 € M, we have
{an :n<wlU{b, : 0<n<w}=ME€S,.

By (2.47), we have that (a,,b, : n < w) ¢ A. Therefore II loses the

match (an,b, : n < w), so (a, : n < w) witnesses that ¢ is not a winning

strategy for II. (claim [2.27.1)]

Let 20 be an arbitrary countable expansion of (H(n),€) and C be an
arbitrary club subset of [H(n)]<". Define

D:={Nc[Hn)]™ : NeCAA| N <AA[N]* C N} (2.48)

From the assumption that p*0 < x for all p < &, it follows that D is an
wi-club. By GRP=¥(< k) there is some N € D such that player II has no

winning strategy in the game G="V(A N <“N). We prove that N witnesses
+1Cx
( )<n,770'

By , we have N € ICy, NC and A [ N < 2. To complete the proof
we still need to prove that, for all a € N, S, N [N]™ is a stationary subset of
[NT.

Towards a contradiction, suppose there is a* € N such that S, N [N]¥
is not stationary in [N]®. We shall construct ¢ a winning strategy for II in
the game G~V (AN=“N). Let € be a club subset of [N]X disjoint from S-.
Suppose player I starts a match by playing an arbitrary ag € N. Player II
then responds by playing by = o({ag)) := a*.

Fix {(Zm, Ym) : m < w} an enumeration of w x w such that x,, < m for
every m < w.

Let n € w\ {0}. At the n-th turn of the match, suppose player II has
played so far (a; : i < n) and player II has played (b; : i < n), with
b; = o({ao, ..., a;)) for each i < n. For each k < n, denote

Br:={a; : i <Ek}U{b; : 0<i<k}.
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Suppose that for each & < n we have chosen Cy = {¢g,; : | <w} such that

OJQ)UBH;QEQ.

i<k

This is possible since € is a club subset of [N]%°.
We can then define

by, =0((a; : 1 <nY) = cypy,-
Notice that C' := J,,., Cn € €, thus C & S,+. Clearly we have

UBn:{an:n<w}U{bn:O<n<w}:C

n<w

Therefore player II wins this match, so ¢ is a winning strategy for II. We
thus conclude that S, N[N]* is a stationary subset of [N]™ for every a € N

(lemma [2.27))]

We shall now consider a version of the game G=¥(.A) with length p for
any arbitrary regular cardinal p > Ny.
Suppose p is a regular uncountable cardinal. Given a set A and some
A C <FA, define the game G~"4(A) of length p played between players I and
IT as follows. Each player takes turns choosing elements of A:
I lape A eag €A :
il hheA - beeAd - (E<n
Player IT wins the match if and only if

o (ag,be 1 £ <n) € AN (ag,be = £ <n) " (a,) ¢ A for some n < pu; or

o (ag,be : £ < p) € [A

where (ag,be : £ < 1) denotes the sequence (¢, : ¢ < 2-7) given by ¢, = q,
and cg., 41 := b, for every ¢« < 2 -7, and

Al :={fetA  Va<pu flaeA}

Lemma 2.28. Let p be a regular uncountable cardinal. Suppose P is a
< p-closed forcing poset. For any set A and any A C <*A we have:

(1) if o is a winning strategy for player II in G-"4(A), then
IFp“0o is a winning strategy for player II in Q@A(.fl) 7
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(2) if p|Fp* there is a winning strategy for player IT in G~"4(A)” for some
p € P, then there is 0 € V a winning strategy for IT in G~"4(A).

Proof. (1): Since P is < p-closed, it does not add any new initial segment of
a match of G™"4(A), therefore o remains a winning strategy in V7.

(2): Define py := p. Since P is < p-closed, for each non empty s € <#A
we can choose p, € P and b, € A such that

ps |Fp“a(3) = bs7; and (2.49)
for 5,5’ € <FA, s C s implies py <p ps. (2.50)

Let 0’ : YA — A be such that ¢/(s) := b, for all s € <*A. We prove
that ¢’ is a winning strategy for II. Let (a¢,be : & < p) be a match of the
game G "“4(A) where II plays according to o’ (i.e. b, = o'({(a, : ¢ < &)) for
each £ < ) and player I never makes a move which instantly leads to defeat.

For each £ < p, denote s¢ := (a, : ¢ < &). By (2.49) and (2.50), for every

¢ < pu we have .
Pse PP {an,b, - 1< &) € A7

Therefore (a,,b, : ¢+ < &) € A for every & < p, so ¢’ is indeed a winning
strategy for II. (lemma [2.28])]

Definition 2.29. For regular uncountable cardinals 1 and « with p < x and
a set A with regular cardinality > r, let GRP<*(< k, A) be the statement:

Given any A C <#A and any p-club C C [A]<", if player II has
no winning strategy in G~"4(A), then there is some B € C such
that player II has no winning strategy in G~"?(A N <“B).

We define GRP<#(< k) as the statement “GRP<#(< k, A) holds for every set
A with |A| > k"

Lemma 2.30. Let p < p/ < Kk be reqular uncountable cardinals. Then
GRP< (< k) implies GRP~*(< k). Furthermore, GRP<*'(< k) implies
GRP¥(< k).

Proof. First we prove that GRP<" (< k) implies GRP<*(< k). For any set
A, A C <#A and non-empty B C A, we shall denote

AP = {fe<"A :Va<p,f]aeAAVYS e dom(f)\p, f(B) € B}. (2.51)

Claim 2.30.1. Given any non-empty B C A, player I has a winning strateqy
for the game G~"A(A) if and only if II has a winning strategy in the game

G A(AP).
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Proof of claim [2.30.1. Notice that, by (2.51)), the outcome of a match of the

game Q<“/A(,ZB ) is already decided after p many turns (assuming neither of
the players intentionally loses). Then it is clear that for any function o :

<#'A — A we have: o is a winning strategy for the game Q<M/A(.ZB if and
only if o | (#A) is a winning strategy for the game G~"4(A). (claim [2.30.1)C]

Assume GRP<¥ (< k). Let A be a set with |A| > & and C C [A]<# be an
arbitrary p-club. Suppose A C <#A is such that II has no winning strategy
in the game G~"4(A). Then by claim [2.30.1| player IT has no winning strategy

in the game QQ,A(VZA).

Since p < g/ and C is a p-club, we have in particular that it is also a
p'-club (see definition . Then, by GRP< (< k), there is B € [A]<# such
that player II has no winning strategy in the game G B (.,ZA N<*B). Notice

that AAN<H' B = A/ﬂ\</“BB, therefore by claim[2.30.1|player II has a winning
strategy for the game G™"4(AN <*B).

Suppose II has a winning strategy o : <*B — B for the game G~"B(AN
<tB). Then any function ¢’ : <*A — A such that o' [ (*#B) = o is a
winning strategy for II in the game G™"4(A N <*B). Indeed, in the game
G"4(A N <¢B) player I is forced to always make a move in B, because
otherwise player IT would instantly win the match. Therefore in this case
player II can always counter by playing according to 0. We conclude that
player II has no winning for the game G™"Z(A N <~B).

The proof of “GRP<*' (< k) implies GRP*(< k)" is similar. (lemma[2.30)0]

By lemma 2.30] and lemma [2.25] it follows that:

Corollary 2.31. For any regular regular uncountable p,r, with p < k,
GRP*(< k) implies 2% < k.

Similarly, by lemma [2.30| and lemma we have:

Corollary 2.32. Suppose k is a reqular uncountable cardinal such that y*° <
Kk for all v < k. Then for any reqular cardinal uncountable p < r, GRP<H(<
k) implies SDLS, (LY < k).

In section [2.5] we shall show that GRP=*(< k*) can be characterized as a
generically large cardinal property (namely, GRP~"(< x%) will be equivalent

to “k™ is generically supercompact for < k-closed posets).
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2.5 Generically large cardinals

Definition 2.33. Given a class P consisting of forcing posets, we say that
an uncountable cardinal x is

o generically measurable for P if there is P € P such that for any P-
generic G over V| there is a transitive class M C V|G| and a class
function j : V. — M definable in V[G] such that j is an elementary
embedding with critical point k;

o generically supercompact for P if for any nn > « there is P such that for
any P-generic G over V, there is a transitive class M C V[G] and a class
function j : V. — M definable in V|G| such that j is an elementary
embedding with critical point £ with j(k) > n and j"n € M.

Lemma 2.34. Let P € V is be poset and G be a P-generic filter over V
Suppose j : V = M C V[G] such that crit(j) = & and j"n € M for cardinals
k,m in V. Then we have

(1) For any set A eV with V = |A| <1, we have A € M.

(2) jIn,gIn%ilneM.

Proof. (1]): Suppose V' |= |A| < 7. Then we can take a surjection f : n — A
in V. For each a € A there is £, < 7 such that a = f(&,). By elementarity,
we have

jla) = j(f(&)) = J(f) (&)
Therefore j”A = 5(f)”(j"n). Since j(f),j"n € M, we have j”A € M.
([2): For each & <, (j I n)(§) can be defined as the &-th element of j"7.

Since j"n € M, j | nis a definable subset of n x j”n in M, thus j [ n €
M. Since n*,n* € M by (1)), it follows similarly that j | n,j | n* € M.

(lemma [2.34)J

Theorem 2.35. Suppose that k is generically supercompact for proper posets.
Then SDLST* (LY, < k) holds.

Proof. Let n > k be a regular cardinal. By lemma [2.23] it is enough to prove
that ()5, holds.

Let n* := |H(n)| and n** := (27")*. Suppose 2 is a countable expansion
of (H,€) , = (S, : a € H(n)) is a sequence of stationary subsets of
[H(n)]X and C is a club subset of [H(n)]<".

Since k is generically supercompact for proper posets, we can take P
a proper poset, G a P-generic over V| an inner model M of V[G] and an
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elementary embedding j : V' — M such that crit(j) = &, j(k) > n™ and
By elementarity, it is enough to find X € M such that

X €j(C) (2.52)
M=) T X <) (2.53)
M E “Va € X,j(?)a N X is a stationary subset of [X]™ 7 (2.54)

We prove that X := j”((H(n))") satisfies (2.52)), (2.53)) and (2.54). Since

V E [H(n)] <™, by lemma [2.34|[L)), we have X € M.
Notice that |C| < n**. By lemma [2.34|(I)), we have j”C € M. We have

M E |77C] < 1j(C)] < j(k). Since C is an unbounded subset of [H(n)]<"
in V, we have M | “j"C is a directed set ”. Furthermore, by elementarity
we have M |= “j(C) is a club subset of [j(#H(n)")]</*) ”. Notice also that

X =J(j"C). Therefore, by proposition [L.3] X satisfies (2.52).
By elementarity and applying Vaught’s test, it follows that X satisfies

©253).
Finally, we prove that X satisfies (2.54). Let a € X. For some b € H(n),
we have a = j(b). We have

V = “8, is a stationary subset of [H(n)]™ 7.
Since P is proper, this implies
V[G] |= “ S, is a stationary subset of [H ()" ] ”.

Notice that j”S, = {j"z : x € S,} because every element of S, has size
Ng < crit(j) (in V). Since j is injective, we have

VI[G] | “ "8y is a stationary subset of [X]% 7.

By lemma [2.34|(1)), we have that X, ;”S, € M. By lemma it follows
that
M = “j"8S, is a stationary subset of [X]" ",

Notice that j"S, C j(S,) N X = j(?)a N X, and thus we have
M = “j(?)a N X is a stationary subset of [X]™ .

Therefore we X satisfies ([2.54)). (theorem [2.35))]

Lemma 2.36. Suppose k is a supercompact cardinal. Then

yFn(s2) = “ k= 2% is generically supercompact for c.c.c. posets”.
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Proof. Let n > k. Let G be a Fn(k,2)-generic over V. We show that & is
generically supercompact for c.c.c. posets in V[G].

Take 7 : V. — M an n-supercompact embedding with critical point .
By elementarity, we have

J(Fu(k,2)) = Fu(j(x),2)" = Fu(j(x),2)" = Fu(x,2) x Fa(j(x) \ %,2).

Let H be an Fn(j(k) \ k,2)-generic over V[G]. Since crit(j) = x and
G C Fn(k,2), we have j"G = G < G x H. By proposition [1.26] we can
extend j into an elementary embedding J : V[G] — M|[G|[H]. Notice that
Fn(j(k) \ ,2) is c.c.c. in V[G] and J"n = j"n € M C M[G|[H]. Therefore,
Fn(j(k)\k,2), H, J and M[G][H] witness that & is generically supercompact
for c.c.c. posets in V[G]. (lemma [2.36) 0

Since every c.c.c. poset is proper, the following corollary follows from

theorem and lemma [2.36]

Corollary 2.37. Con(ZFC + “ there exists a supercompact cardinal”) =
Con(ZFC + SDLST*(LE,, < 2%0)).

We now return to the topic of the Game Reflection Principle. We shall
characterize the principle GRP<"(< k%) in terms of generic large cardinals,
generalizing a result by Konig in [Kon04].

Lemma 2.38. For any reqular uncountable cardinal k, if k¥ is generically
supercompact for < r-closed posets then GRP="(< k) (i.e. GRP<"(< k1))
holds.

Proof. Let A = 6 for some regular cardinal § > x. Let C C [A]=" be a k-club
and suppose A C <"A is such that II has no winning strategy in the game
G A(A).

Let P be a < k-closed poset such that for any P-generic G over V' there
are M an inner model of V[G] and j a class function definable in V'[G] such
that

j:V S M; (2.55)
crit(5) = (+7)Y Aj((kT)Y) > 6%; and (2.56)
§"0% € M. (2.57)

By elementarity, it is enough to find B € M such that B € j(C) and

M = “player II has no winning strategy in the game G~"5(j(A) N <*B)”.

(2.58)

We show that B := ;5”6 satisfies (2.58) and B € j(C). By (2.57) and
lemma we have B € M.

42



Claim 2.38.1. B € j(C).

Proof of claim [2.38.1] First notice that M = “k < |B| = 0] < j((kT)V) =
kT 7. Therefore M = “ |B| = k”. Let (¢ : £ < k) € M be such that
B = {j(a¢) : £ < k}. Working in V[G], we construct an increasing sequence
(j(ce) + & < k) such that ¢ € C and ag¢ € ¢¢ for every n < k. For £ < k,
suppose (j(cc) @ ¢ < &) has been constructed. Since P is < & closed, we have
that (cc : ( <) € Vaswellas (a; : ( <&) € V. InV, we can take ¢¢ such
that
(e Ufagd cecec

(<g

By 2.34((1]), we have that (j(c;) : ¢ < &) € M for every { < k. Since
(ag @ € < k) € M, it follows that (j(ce) : € < k) € M. Notice that B =
Ue<r J(ce). By elementarity, we have M |= “j(C) is a k-club” and {j(c¢) :
£ < Kk} C j(C). Therefore we conclude that B € j(C). (claim [2.38.1)J

To prove that B satisfies (2.58)), we shall need the following claim:
Claim 2.38.2. (1) (<*B)VI¢l = (<*B)M

(2) j(A) N (B)Y = j"A.

Proof of claim[2.38.3 (1): Since M C V[G], we have (<*B)M C (<*B)VI¢],
Conversely, let s € (<*B)VI¢. In V[G] we have j~!'"s € (<*A)VI¢. Since P
is < k-closed, we have j7!”s € V. Therefore we have s = j(j7'"s) € M and
thus (<I€B)M D (</‘€B)V[G]

(2): First we prove j”A C j(A) N (<*B)™. Let t € A. By elementar-
ity, j(t) € A. Furthermore, since dom(t) < crit(j), we have dom(j(t)) =
dom(t) < k. For every a € dom(t), since t(a) € A, we have j(t)(a) =
j(t(a)) € j"A. Therefore M | “j(t) : dom(t) — j”"A = B”, so j(t) €
(SKB)M,

Now let t* € j(A) N (<*B)™. Working in V[G], since t* € (<*B)VI we
can construct the function ¢ : dom(¢*) — A defined by t(a) = j71(¢*()) for
every o € dom(t*). Since P is < k-closed, we have t € V. Since dom(t*) =
dom(t) < crit(j), we have j(t) = j"t = t*. By elementarity, since t* € j(.A),
we have t € A. Therefore t* € j"A. (claim [2.38.2) 0

Suppose there is ¢ € M such that

M | “o: <"B — B is a winning strategy for II
in the game G~"P(j(A) N <FB)”. (2.59)
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In V[G], we can construct ¢’ : <*A — A such that
o'((ag : ¢ <€) =7 (e((ilag) : ¢ <))

for every (ac : ¢ < &) € (<FA)VIE = (<*A)V. From (2.59) and claim [2.38.2]
it follows that ¢’ is a winning strategy for II in the game G~"4(A). By

lemma [2.28] there is ¢’ € V' a winning strategy for II in the game G~"4(A).
This contradicts the choice of A, therefore B satisfies (2.58). (lemma |2.38))]

Lemma 2.39. Suppose k™ is generically measurable for < k-closed posets.
Then we have 2<% = k.

Proof. Towards a contradiction, suppose x1 is generically measurable by
< k-closed and there is some p <  such that 2# > k. Let A := 2. Let P be
a < k-closed poset such that there are a P-generic G over V| an inner model
M C V[G] and an elementary embedding j : V. — M with crit(j) = <™.

In V,let f: A — P(u) be a bijection. By elementarity we have that
M E“j5(f): j(A\) — P(p) is a bijection” (2.60)

In V, since A > « is a cardinal, in particular A > k™. Therefore k* € j(\).
Since P is < k-closed, it follows that P(u)" = P(u)VI O P(u)™. Then
we have j(f)(xk") € P(u)V. Since f is surjective, there is a < A such that
fla) = 5(f)(kT). Since pu < crit(j), it also follows from j(f)(x*) € P(u)"
that

JGWNED)) = 3"GUET)) = §()(ET). (2.61)

Since j(f) is injective, it follows that j(a) = x*. But this contradicts

crit(j) = k™. (lemma [2.39))

We now define a particular case of the game G~*4(.A) which we shall use
to construct ultrafilters in theorem 2.401

Let x,n be regular cardinals with £ < n. Define
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Dey ={u € " : 5 C u} (2.62)

Frem ={f: Dyy—n:VAE Dn,nvf(A) € A} ( )

Ay =F e Um; (2.64)

AL ={(aa,ba : a <& (ag) € FA ¢ ag € Fuphi (2.65)

A}w ={(ta, b0 1 a < &) € FA: E<KA(Day € Fupyh (2.66)
(2)bs € NN

(B)WVa < & | Jag""{ba} = nA
)] () aa" "{ba}| > 2};

a<é

A=A UAL L (2.67)

The goal for player II in the game Q<KAW(.AW) is to construct a filter
base {a;'"{b,} : a < k} over D,, which has normality for the regressive
functions (a, : o < k) selected by player I.

Theorem 2.40. For a reqular uncountable k, the following are equivalent:
(a) 2<% = k and GRP~"(< k) holds.

(b) II has a winning strategy in the game G~ "“=n(A,,) for every regular
n> K.

(¢) kT is generically supercompact for < k-closed forcing.

Proof. (d)=(): It follows by lemma and lemma [2.38
(&)=(p): Assume GRP="(< xT) and 2<* = x hold. Let > x be a regular

cardinal and let 6 be a large enough regular cardinal. By the assumption
2<% =k, a k-club C C [A,,|=" can be constructed such that

CC{A,NM : M<HO)N|M|=rN[MCMANEK,nE M}

Given M < H(0) such that A, ,NM € C, we construct a winning strategy
for IT in the game G~" (A (A, N<F(A,, N M)). Let o : <(A,,, N M) —
A, N M be such that o(t™f) = f(nN M) for any f € F., N M and any
t € <%(A,, N M). In other words, if (an,b, : @ < k) is a match of the game
G AnaM) (A <F(A,, N M)) where player II plays according to o and
player I always plays in order not to instantly lose, then a, € F,, N M and
bo = an(nN M) for all a < k.
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Since a, is a regressive function (by (2.63)), we have b, € nN M. Since
M < H(0), it follows that (a,, b, : a < k) satisfies (2.66))(3) and (2.66))(4).
Therefore player II wins the match (aq,b, @ @ < k).

Since C is a k-club, it follows by GRP<"(< k1) that player II has a winning
strategy in the game G4 (A, ).

(]ED = : Let n > k and suppose o : <"A,, — A,, is a winning
strategy for I in the game G~"4=n(A,,). Let P := Col(, {|Fr,|}). Recall
that P is a < k-closed poset which adds a surjection from x onto |F,,|.

Let G be a P-generic over V. In V[G], we can fix {fe : { < k} an
enumeration of (.F,im)v. Since P is < k-closed, by lemma 0 remains a
winning strategy for player II in the game Qq(A*"")V((AW,)V) in V[G]. In
V]G], let (ag : € < k) be the sequence of moves suggested for player II by o
in a match where player I plays (fe : £ < k), i.e.

I f fi e fe -

1I Qo o e o (& <)
where ag := o((fc : ¢ <&)) for every & < k. Since ¢ is a winning strategy
for II, the above match is won by II. Let

U:={u€ (P(D.,))" : 3 <k, fgl"{ag} C u}.

Claim 2.40.1. U is a V -ultrafilter over Dy, (i.e. U is a filter and for every
X € P(Dyy) NV either X €U or D,,, \ X € U).

Proof of claim |2.40.1. First we check that U is a filter. Clearly U is C-
upward closed. Let Uy,U; € U. In V, we can construct the function f :
D, — 3 given by

0 ,1fu¢U0
fu):=<1 |ifuelU\U
2 ,ifUGUmUl

for u € D,,. By [2:62), "Dy, C Fuy, s0 f € Fupy NV. Therefore there
is some £* < k such that f = fg. Since player II plays accordingly to a
winning strategy, we must have ag- = 2. Indeed, let &, & < k be such that
Uy D fgol”{ago} and U; D fgll”{a&}. For any ¢ with &*,&,,& < 0 < &, if

age # 2 then (. fe " {ae} = 0, so II would lose the match by (2.66)(4).
Therefore we have Uy N U; D f{*l”{af*}, soUNV el.
Now, let X € P(D,,)NV. In V define the function fx : D., — 2 by

Fel) = {1 Jifue X

0 , otherwise
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for uw € D,,. Since fx € F., NV, there is some {* < ~ such that
fx = fer. Since fx'"{a} = 0 for every a > 1, we have ag+ € {0,1}. There-
fore fg*l”{ozg*} € {X,D,, \ X}, so we conclude that U is a V-ultrafilter.

(claim [2.40.1)7

Claim 2.40.2. U is a V-(k")Y -complete (i.e. Ne<r Ue € U whenever (Ug :
£ < k) €V is a sequence of elements of U ).

Proof of claim[2.40.3 Let (Us € U : € < k) € V be a sequence of elements
of Y. Without loss of generality, we assume Uy = D, ,. In V', we construct
the function g : D,,,, — K by

()_ 0 ,ifUEﬂ£<KUg
= min{¢ € K\ {0} : u g Ue} , otherwise

for any o < k. Since g € F,,,, NV, we have g = f¢- for some §* < k.
Since II plays accordingly to a winning strategy, we have ag+ = 0. Indeed,
suppose ag« # 0. Since Uy, € U, we can take ( < x such that f{l”{ag} C

Uae.- We have then fc_l”{ozc} N fé_*l”{ag*} = (), so by (2.66))(4) player II
would lose the match. Therefore we have g« = 0.

It follows that (., Ue = g7(0) = f5.1 (ba,.) € U. (claim [2.40.2)]

As usual, we define the ultraproduct =7V /U as follows.

PV U = {[flu = f € (V)NV}

where [f]y, is the equivalence clasﬂ of the function f with respect to the
binary relation ~ defined for every f, g € (P="V) NV by:

fruge{ue Dy, flu)y=gu)}el.

We also define the relation € as usual: given any [f]y, [gly € P="V /U, we
define

[flu €ulglu < {u € Dyy : fu) € g(u)} €U (2.68)
Claim 2.40.3. The class relation € is well defined and well-founded.

Proof of claim|2.40.5 Since U is a filter (claim [2.40.1)), it follows that & is
well defined.
Suppose there is a sequence (g, : n < w) C P2V NV such that

[90)u 2w [91)u 2w - gnlu D0 - -

2Since these equivalence classes are proper classes, we actually consider [f]y; a set of
representatives of minimal rank of the equivalence class of f.
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For each n < w, define

Uy, :={u € Dy, : gni1(u) € gn(u)}.

By (2.68) we have U, € U for each n € w. Since P is < k-closed, we
have that (U, : n € w) € V. By (2.40.2), we have (,_, U, € U. Take

u* € (), Un- Then we have an infinite chain
go(u®) > g1(u*) 5 ... gn(u") 5 ...,
a contradiction. (claim [2.40.3)

By claim , we can define the Mostowiski collapse i : (P=7V /U, €y
) — (M, €), where M C VI[G] is a transitive class.

Define j : V.— M by j(z) = i([cy|u) for each x € V', where ¢, : D,,,, —
V' is the constant function v — x. It is enough to prove that

j:V — M is an elementary embedding; (2.69)
crit(j) = x5 (2.70)
j"ne M. (2.71)

Notice that we do not require that j(k) > n. It is well known that if
7 is an embedding satisfying , and , then j™ : V — N
satisfies (2.69), (2.70), (2.71) and j (k) > 5 for some n € w and some
N C M. See for example lemma 23.15 in [Kan0§].

It follows by standard arguments that j satisfies .

Claim 2.40.4. For every 3 <n, we have {u € D,, : f €u} €U.

Proof of claim[2.40.4 Let 3 < n. Denote dg = 1 for § = 0 and dz = 0 for
B> 0. In V, consider the function g : D, , — V defined by

gp(u) = {6 iEfeu

0 , otherwise

for u € D, ,. Clearly gs € Fi.,, N V. Therefore, we can take {* < k such
that gz = fer. By (2.66)(3), II is forced to chose ag« = f at the {*-th turn
of the match. Therefore we have {u € D, : f € u} = fgl"{ag*} eu.

(claim [2.40.4)
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We now prove that j satisfies (2.70). It follows by induction that j(«) = «
for all @ < k*: at limit steps, we use claim [2.40.2)

Now we prove that j(k*) > x*. Let d : D,,, — V be function u
sup(uNrk*). Since {u € Dy, : kT = ¢+ (u) 3 d(u)} = Dy, € U, we have

[dlu €u [c+u- (2.72)
Let a < k™. By claim we have
{u€ Dy + a=cylu) €d(u) =sup(unk®)} D{u € D,, : a+1€u}t €U.
Therefore
[ca(W)]u €u [d]u- (2.73)

By (2.72) and (2.73) we have o = j(a) < ji(x™).
We conclude by proving that j satisfies (2.71). This follows from the
following claim:

Claim 2.40.5. i([Id)y) = j"n, whereId : Dy, — V is the identity function
U u.

Proof of claim[2.40.5, Let 8 < n. By claim [2.40.4 we have [cs]y €y [I1d]u,
thus j(5) € i([Id]y).

Conversely, let f: D,.,, — V in V be such that [f]y €y [Id]y. In V' we
can define f': D, , — n by

f@%:{ﬂm i f(u) €

min(u) , otherwise.

for w € Dy ,,. By [flu €u [Id|u, we have f ~y f'. Notice that f' € F,., NV,
therefore there is some £* < k such that f’ = fe«. Since fg*l "{ae-} € U, it fol-

lows that f ~y f' ~y Ca,., therefore i([fy) = j(ae-) € j"n. (claim[2.40.5)0]
(theorem [2.40))]

Proposition 2.41. Suppose k < A are reqular cardinals and X\ is supercom-
pact. Then

J Collr,<A) E “\ is generically supercompact for < k-closed posets”

Proof. Suppose G is a Col(k, < A)-generic over V. Let n > A. Since A is
supercompact in V', we can take j : V. — M an elementary embedding with
critical point A such that j(\) > n and "M C M.
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By elementarity and by "M C M, we have
§(Col(k, < X)) = Col(r, < j(\)M = Col(k, < j(A)Y
>~ Col(k, < \)¥ x Col(k,7(A) \ M)V,

Let H be a Col(k, j(A) \ A\)V-generic over V[G]. Since ;"G C G C GxH,
we can extend j into an elementary embedding J : V[G] — M[G x H]. Since
Col(x,7(X) \ A\)V remains < k-closed in V[G], we conclude that Col(x, j(\) \
NV, H, J and M[G x H] witnesses that \ is generically supercompact for
< k~closed posets in VI[G]. (proposition [2.41))J

Corollary 2.42. (1) Con(ZFC+*“ there exists a supercompact cardinal”) =
Con(ZFC + GRP<2" (< 2%)),

(2) Con(ZFC + “ there exists a supercompact cardinal”) =
Con(ZFC 4 SDLS, (£ < 9R0)).

Proof. (1): Suppose there is a supercompact cardinal A and let £ < A be a
regular cardinal. Since Fn(x,2) € Vj, A remains supercompact in VFn(%2),
Then, by theorem [2.40] and proposition [2.41| we have

(V) Y GRPER(< i) A 2% = k.

(2) follows from (1) and corollary [2.32] (corollary [2.42)J
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Chapter 3

Laver generically large
cardinals and an application of
mixed support iterations

3.1 Laver generically large cardinals

Definition 3.1. Let P be a property of posets. We say that P is iteratable
if it satisfies the following:

1. If P satisfies P and P’ = P, then P’ satisfies P;

2. Given P satisfying P and p € P, we have that P | p satisfies P, where
P | p denotes the poset {g € P : ¢ < p} ordered with the order
inherited fro P;

3. If P satisfies P and @) is a P-name such that |-p“ @ satisfies P 7, then
P x () satisfies P.

The following concept was introduced in [FOSb].

Definition 3.2. Given x a cardinal and P an iteratable property of posets,
we say that x is Laver-generically supercompact for P if for any n > x and
any P satisfying P, there is a poset () satisfying P with P < () such that there
are H an Q-generic filter over V| M an inner model of V[H] and 7 C V[H|
a class function such that

(1) V[H] = *“j:V — M is an elementary embedding ”;
(2) crit(j) = &, j(k) > n;
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(3) P,H € M:;
(4) j"m e M.

Remark 3.3. Notice that since we consider P an iteratable property, it is easy
to see that definition [3.2]is equivalent to

k is a Laver-generically supercompact cardinal for P if for every
P satisfying P and n > « there is () satisfying P with P < such
that for every @Q-generic H over V, there are M an inner model
of V[H] and j C V[H] a class function satisfying (1) through (4)
in definition [3.2]

We now introduce the following variation of the generically large cardinal
property from definition [3.2]

Definition 3.4. Given P and Q iteratable properties of forcing posets, we
say that a cardinal k is Laver generically supercompact for (P, Q) if for any
n > k and any P satisfying P there are () a P-name with

IFp¢ Cg satisfies Q 7,

H a P * Q-generic over V', M an inner model of V[H| and j a class function
deﬁnablewin V[H] such that
(1) V[H| E“j:V — M is an elementary embedding ;
(2) crit(j) = &, j(k) > n;
(3) H,P,Q € M;
(4) j"n e M.
In particular, if M satisfies

(5) <M NV[H] C M,
we say that k is Laver generically supercompact® for (P, Q).

Lemma 3.5. Suppose k is Laver generically supercompact® for (P, Q), where
P is the property “ is forcing equivalent to Col(k, < ) for some 6 > k” and
Q is “proper”. Then, given any 6 > k, we have

VMmO =« s generically supercompact for proper posets”.
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Notice that, by corollary it follows that k is Laver generically
supercompact® for (P, Q) (where P and Q are as above) if and only if x
is Laver generically supercompact* for (P’, Q) where P’ is “< k-closed”.

Proof of lemma[3.5. Suppose « is Laver generically supercompact* for (P, Q).
Given 6 > k, denote P := Col(k, < ). Fix G a P-generic over V. Let n > k.
Without loss of generality, we take n > 6. Take ) € V a P-name, H a P*(Q-

generic over V, an inner model M of V[H] and a class function j C V[H]|
such that

(1) VIH] E “j: V — is an elementary embedding ”;

(2) crit(j) =, j(k) > n;

(3) H,P,Q € M;

(4) j"ne M.
(5) <“'M N V[H] C M,

By remark 3.3 we assume without loss of generality that H = G H* for
some H* which is a Q[G]-generic over V[G].

By definition we have P C 6. By ({) and lemma 2.342)), we have
jI PeM. By , it follows that j”G € M. Notice that, by elementarity,
we have that j(P) is < j(k)-directed closed in M. Since M = |j"G| < j(k)
(by item (2)), it follows that there is a master condition m € j(P), i.e. m is
such that m < j(p) for every p € G (one can take e.g. m =Jj"G).

Let K be a j(P)-generic over V[H] containing the condition m. Then we
have j”G C K, so by proposition [I.25] we can extend j into an elementary
embedding J : V[G] — M[K].

By elementarity we have M = “ J(P) is o-closed”. By (5), we have
V[H] = “j(P) is o-closed 7, so J(P) is proper in V[H].

In V[G], take R a Q[G]-name for j(P) and define Q* := Q[G] * R. Then

VI[G] E “Q* is proper .
Clearly we also have J"n = j"n € M[K|. So Q*, H* « K, J and M[K]
witnesses that

V[G] | ¢k is generically supercompact for proper posets ”.

(lemma O
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3.2 Mixed support iteration

Assuming the existence of a supercompact cardinal x and using a mixed sup-

port iteration, we shall construct a poset P, C V.. which makes the continuum

Laver-generically supercompact for (P, Q), where P is the class of all < 2%-

closed posets and @ is the class of all proper posets. Also, since P, C V., P,

preserves all measurable, supercompact, superhuge, etc. cardinals above k.
The main theorem to be proved in this section is:

Theorem 3.6.

Con(ZFC + “ there exist 2 distinct supercompact cardinals”) =
Con(ZFC + “ 2% s weakly Mahlo and generically supercompact for proper posets ™+

“(2%)T s generically supercompact for < 2%°-closed posets”)

Actually we prove more than that, since we show that the model con-
structed to prove theorem satisfies some more properties (lemmas [3.25]
3.21| and theorem |3.26]).

3.2.1 Construction of the iteration

We construct the poset used for the proof of theorem [3.6 Suppose & is a
supercompact cardinal. Fix f : kK — k a Laver function such that for any
1,0 > Kk there is an elementary embedding j : V' — M with critical point
k such that j(k) > n, "M C M and j(f)(k) = 6 (see, for example, theorem
20.21 in [Jec03]). We can assume without loss of generality that f(a) > «
for every a < k. We define the following set:

C={a<r: f"aCal. (3.1)

It is straightforward to see that C is a club subset of x (check for example
lemma I11.6.13 in [Kunl1]).

Recall that an uncountable cardinal x is weakly Mahlo if and only if
{a < Kk : ais a regular cardinal} is a stationary subset of k. Likewise, & is
(strongly) Mahlo if and only if {& < Kk : « is a (strongly) inaccessible cardinal}
is a stationary subset of k.

Since k is supercompact, the set

S :={a e€C : ais strongly Mahlo} (3.2)
is a stationary subset of k. We also define

T:=r\S.
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Notice that clearly |T'| = &.

We shall construct a mixzed support iteration of length x. Our construction
is a modification of the iteration described by Krueger in [Kru08]. Over T
we shall force with a finite support iteration of c.c.c. posets, while over S
we shall force with the usual Levy collapse, guided by the Laver function f.
The S part shall have Easton support.

In the original construction by Krueger, The original construction by
Krueger is divided into the even part and the odd part. The even part
(witch corresponds to the part over the set 7" in the present construction)
has support of size < p for some regular cardinal px, and at each even step
of the iteration the poset Add(p) := {p : pis a function with dom(p) €
[]<* and range(p) = 2} (ordered with reverse inclusion) is used to add a
Cohen subset of . The poset Add(u) is absolute between all the models in
that construction. However, if we force with other posets, we may not be
able to “untangle” this part from the rest of the iteration. In order to be able
to force with a wider range of posets, we first fix a finite support iteration of
length x in the ground model, which will be completely embedded into the
mixed support iteration.

We first fix T = (T,, R, : @ < k) a finite support iteration satisfying

Va € S, |Fr, “Ra = {1}” and (3.3)

Va € S, |Fr, “Ra € Vi [Gr,] is c.c.c. and adds at least one real”  (3.4)

where we denote v, := min(S \ «).

For the main result (lemma , an iteration adding Cohen reals is be
enough. However, in this construction we have the freedom to choose any
finite support iteration of c.c.c. posets, as long as they are small in the sense
of . By doing so, we achieve stronger results (for example lemma .

We define the support for our iteration. For each o < k, we denote

Io={zCa:|zNT| <Ry AxzNS is an Easton set}. (3.5)

(recall that a set x C On is Easton if for any § < sup(z), if § is a regular

cardinal, then x N f is a bounded subset of ). Clearly Z = (Z, : o < k)
satisfies the properties listed before definition [1.20]
We now construct a generalized iteration (in the sense of definition |1.21))

_>
P = (P, : a < k) by induction on o < k. The support of P shall be Z,
and therefore we shall say that P is a mized support iteration. Since we only

%
consider the iteration P with length x + 1, we do not need to define Z, for
a > K.
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For a < k, suppose that (Pg : § < «) is a generalized iteration such that
for every 8 < «

the function 7g : P53 — Tg,p+— p | T is a projection; and (3.6)
the function g : Tg — Pg,t — ¢ [ T is a complete embedding.  (3.7)

We then define P, as follows:

e If @ < k is a limit ordinal, we let P, be the Z, supported limit of
(Ps : B < ), which we define as follows:

— p € P, if and only if p is a function with dom(p) € Z, such that
p | B ePsforall f<a

— P, is ordered as follows: for p,q € P,, p <p, ¢ if and only if
plB<p,qlBlorall f<a.
— 1p, is the empty function (.

e Ifa=p+1for some g € 5, let p € P, if and only if p is a function
with dom(p) € Z,, p | f € Ps and, whenever 5 € dom(p), p(5) is a
Ps-name of minimal rank such that

e, “p(B) € Col(B, < f(B)) .

The poset P, is ordered as follows: for p,q € P,, let p < ¢ if and only
ifplB<p,qlpBand

— dom(p),dom(q) C j; or

— B €dom(q) and p | B |Fe, “q(B) = Leos,<s(s) 7; OF
— B € dom(q) Ndom(p) and p [ B |Fe, “ p(B) <cos,<ss) ¢(B) .

As in the previous case, let 1p, be the empty function ().

e Ifa=p+1for some g €T, let p € P, if and only if p is a function
with dom(p) € Z,, p | f € Ps and, whenever 5 € dom(p), p(5) is a
Ts-name of minimal rank such that

Ik, “p(B) €Rp ™. (3.8)

The poset P, is ordered as follows: for p,q € P,, let p < ¢ if and only
ifplB<p,qlBand

— dom(p), dom(q) C B; or
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— f € dom(q) and
ms(p 1 B)=p 1 (BOT)|Fr, “q(8) =1, 5 0r  (3.9)
— B & dom(g) N dom(p) and
(e [ B)=p 1 (BNT) |k, “p(B) <w, a(B)". (3.10)

Once again we let 1p_, be the empty function ().

Notice that by (3.6) we have that (3.9) and (3.10]) are well defined. Fur-
thermore, by (3.7) and proposition [1.15] the statement in (3.10|) implies

pl(BNT)|Fp, 75(;0(5)) <?sRg) ¢ 5(q(B))” (see definition |1.14]).

Proposition 3.7. P, satisfies (3.6) and (3.7)).

Proof. Notice that for any p € P, we have p [ T' € T, because dom(p) N T is
finite and p(f) is a Tg-name satisfying given that 8 € dom(p) NT.

It is straightforward that m,(1p,) = L, and that 7, preserves the order.
We show that =, satisfies from definition . Let t € T, and p € P,
such that t < 7,(p) =p [ T. Define p/ :=¢t [ TUp | S. It is easy to see that
p' € P,. By (3.3), it follows that p/ | T=1¢ | T <.

By induction on 8 < «, we show that p’ [ 8 <p, p [ B. If B is a
limit ordinal and p" [ v <p, p [ v for all v < 3, then we have p' [ 8 <p,
p | B. Suppose now that p’ [ 8 <p, p [ B. If 3 € SN dom(p’), we have
p'(B) = p(B), and thus we have trivially that p | 8 [Fg, “p'(8) < p(B8) 7. If
B € T Ndom(p'), notice that since t [ f+1 <p,,, p [ (T'NS), we have
that ¢ | 8|, “1(8) < p(8) . Since p/(8) = t(8) and p | (BNT) <t ] B,
we have p [ (BNT) |1, “p'(8) < p(B)”. Therefore in both cases we have
Pl (B+1) <, pl(B+1). Sowe conclude that p" <p, p, thus P, satisfies
B9

Similarly, we have that ¢t | T is a condition in P, for every t € T,. It
is clear that ¢, (17,) = 1p, and that ¢, preserves the order. We show that
the function ¢ — ¢ | T also preserves incompatibility. Let to,t; € T, and
suppose thereis p € P, such that p [ T" <p_to [ T,t; [ T. By , it follows
that p [ T < tg, 1.

Since t <t [ T = 1o(ma(t)) for any t € T,, by and lemma we

have that ¢, is a complete embedding, i.e. P, satisfies (3.7)). (proposi-
tion D

By similar arguments, we also prove the following.

Proposition 3.8. (Ps : 8 < «a) is a generalized iteration.

57



Proof. Let B < o < k. We show that the restriction from P, into Pg is
a projection. Let p € Pg and ¢ € P, be such that p <p, ¢ | 8. Define
¢ :=pU(q ] (a\p)). Clearly ¢ | 8 = p, and by induction it follows easily
that ¢’ <p, q.

Now we show that the identity function Pg — P, is a complete embed-
ding. Clearly 1p, = 1p, and Pg — P, preserves the order. Given py,p; € Pg
such that ¢ <p, po,p1 for some q € Py, it is easy to see that ¢ [ 8 <p, po,p1.
Therefore Pz — P, preserves incompatibility.

Similarly to the argument in the proof of proposition it is straight-
forward to prove that p <p_, p | § for any p € P,. Therefore, by lemma [1.1§]
we have that Pg < P, is a complete embedding. (proposition D

%
This completes the construction of P.
%
Notice that, by the definition of P, for every a € S we have

Poy1 = Py x Col(ar, < f(a))V™. (3.11)

Remark 3.9. Since ﬁ is a generalized iteration (proposition , for every
a < K there is some P,-name Q, such that P, =& P, *x Q,. However, for

a € T such Q, does not need to correspond to R,.

The following lemma follows straightforwardly (by induction on ¢ < «)
from the definition of the iteration:

Lemma 3.10. Let o < k and p,q € P,. Then p < q if and only if

(I) Y5 € dom(q) N S, we have either

e plBlFe,“q(B) = Leas<sp)” or
e S edom(p) andp | BlFp, “p(B) <cous<ss) 4(B);

and
(II) VB € dom(q) N T, we have either
e D [ (ﬁﬂT) ”_Tﬂ“g,B = 1]}5[3 ” or
e B€dom(p) andp [ (BNT) |, “p(B) <r, a(8) .
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3.2.2 Features of P,

%
We shall now present some useful properties of P. We begin by showing
that P, is “small” in the following sense.

Lemma 3.11. Let a« € SU{k}. Then P, CV, and P, is an a-c.c. poset.

Proof. First, we prove

Claim 3.11.1. For all § < « the following holds:
There is g with 3 < pg < o such that Pg C'V,,,. (3.12)

Proof of claim[3.11.1 We proceed by induction on 3. Let § < « and sup-
pose g witnesses that 3 satisfies (3.12). We find pgy1 < o« such that
Pg1 © V#Bﬂ‘

First, assume 8 € T. Let p € Psyq be arbitrary. We have p [ 8 C V,,,,
thus we only need to find pgy1 < a such that p(B8) € V,,,, given that
B € dom(p). By (3.4), we have |, * Rp € Vi, [Gr,] 7. Since Ty is c.c.c. and

vg is strongly Mahlo, by (3.8) there is an inaccessible cardinal pgi1 < vg < «
such that |1, “p(8) € Vs, [QT[,] 7.

By proposition and the assumption that p(f) is a name of minimal
rank, we have p(8) € H(upy1) = Vys,,. Therefore pe V. .

Now assume § € S. Since o € C, we have f(/3) < « and thus, since « is
Mahlo, we can take pg1q an inaccessible cardinal such that pg, f(8) < pgs1 <
a. It follows that [Fp, “ p(8) € Col(8, < f(8)) € Vyuz,,[Gr,] 7. Similarly to

HB+1
the previous case (where 8 € T'), we have that Pg,1 C V., for such pg;.
Now, suppose § < « is a limit ordinal such that holds for each
B < 0. For each 8 < 4, let 15 be a witness that [ satisfies . Since « is
a strongly Mahlo cardinal, we can take a regular cardinal ps < « such that
pts > supgs(ps). Then we have Ps C V. Indeed, for any p € Ps, since us
is regular we have p € V,,;, because

rank(p) = sup{max{rank(p(8)), 8} +2 : f € dom(p)} < us.

(claim 3.11.1)7

Since « is a regular cardinal, by the definition of Z,, (3.5)), P, is the direct
limit of (P : B < «) and therefore P, = s, Ps. Thus it follows from

claim [3.11.1| that P, C V.

Now we prove that P, is an a-c.c. poset. Let (pe : & < a) be a sequence
of conditions in P,. Take C C « a club set such that

V§1,§2 € O, if 51 < 62 then dOHl(p&) - 52 (313)
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Let Y be the set of all regular cardinals in C'. Since a is Mahlo, Y is a
stationary subset of a. We define the function

h: Y — o
& +—  sup(dom(pe) NE)

By , h is regressive. By the pressing down lemma (lemma , we
can take Y’ C Y stationary subset of o and £* < « such that "Y' = {£*}.
By claim , we have that |Pe-| < a. Therefore, we can take £;,& € Y’
with § < & such that pe, [ £ =pg, [ £

Notice that, by and f(&) = f(&) = &, we have dom(pg,) N
dom(pg,) C &*. Therefore, since pg, [ £ = pe, [ £, we have that ¢ := pg, Upg,
is a condition in P,. Clearly ¢ witnesses that p;, and pg, are compatible,
which concludes the proof. (lemma [3.11) 0

Remark 3.12. For a € S U {k}, notice that « is in particular inaccessible.
Therefore, we have V,, = H(«) and |V, | = o. Thus by lemma we have
in particular that |P,| < a.

Definition 3.13. Let o* < v < k. Let G, be a P,«-generic over V. In
V]G] we define
Syar =Py /Gax) |'S;
Tyor = (Py/Gas) I T,
both with the order induced by P, /G~ (see notation and definition|1.23]).
Notice that T, is equivalent to the previously fixed T,.

The next lemma shows how the quotient P, /G- relates to the product
SPY?CV* X T'Y»a*'

Lemma 3.14. Let o < v <k and fir Go+ a Pyx-generic over V.

(1) InV[Gy+], the function 7 : Sy qx X Ty v —> P /Gox defined by (s, t) —

sUt is a projection.

(2) In V[Gu+], the function my o+ : Py/Gor —> T, o+ defined by m, o (p) =
p T for allp € P,/Gy is a projection.

(3) Let H, o be a T, 4--generic over V[Ge-|. In V[Gux][H, ], denote by
T: W;é "H. o+ — Sy o+ || the function p— p [ 'S. Then T is a complete
embedding.

'Recall that by proposition [1.24|[T) we have P.,/Gq+« 2 T, o« * w;L "Heyor in V[Gor],

-1
thus 7 -

"H, o+ can be regarded as a quotient of P, /G- by T+ o-.
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Proof. We start by proving . It is easy to see that 7 preserves the order and
ﬂ(]lgw*quw*) = 1p /q,.. We prove that 7 satisfies from definition m,
i.e. we prove that:

Givenp € P,/G,- and (s,t) € S, o+ X T, o+ such that p < _. sUt,
there is (s',t') € S, o« X T, o+ such that s <q . s, t <q_. t and
S/ U t, SG&* p.

Let p,s,t be as above. Since p <¢_. sUt, by the definition of the order
<¢.,. (definition [1.23)) we can take r € G4~ such that
rUp<ruJsut. (3.14)

We construct s € S, 4+ and t' € T, 4+. Let ¢’ := p [ T and define s as
follows: let dom(s’) := dom(p) NS and for each o € dom(s’), let s'(a) be a
P,-name of minimal rank such that

ple) if (rUp) [ o € Gp,
e, 5'(a) = e, (3.15)
s(a) , otherwise
It is enough to prove:
rus Ut <ruUp; (3.16)
rut <rut; (3.17)
rus <rus. (3.18)

First we show (3.16). Let a € dom(p) and assume (rUs' Ut') [ a <
(rUp) | a as an induction hypothesis. For o € T', we have t'(a) = p(a),

so we are done. For a € S, by (3.15) and the induction hypothesis we have
that (rus'ut’) | alFe, “ (o) = pla)”.

Now we prove (3.17). Let o € dom(t). By ({3.14)), we have
(rUp) I (T'Na)lr, “pla) <p, t(a)”.

Since (rUp) [ (T'Na)=(r [T)U (¥ | «) and t'(a) = p(a), we have that

(B.17) holds.
Then we prove (3.18). Let a € dom(s). We show that

Fe,  s'(@) < s(a) ™.
Let G, be an arbitrary P,-generic over V. We have two cases:

e Case l: 7Up | a &€ G,. In this case, we have
s'(@)[Ga] = 5(a)[Gal.
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e Case2: rUp [ a € G,. In this case we have
s'(@)[Ga] = p(@)[Gal;
by , we have
rUp | alFe, “pla) < s(a)”.

Therefore
§'(a)[Ga] = p(a)[Ga] < s(a)[Gal-

This finishes the proof of (3.18) and of ().
Now prove . Notice that is just a “modulo G+ version of (3.6].

As in the proof of proposition it is enough to show that given t € T, ,-
and p € P, /G- with t <g_. 7(p) =p [ T we can find p’ € P,/G,- such that
P <g,. pand 7(p') <g,. t.

We show that p’ := tUp [ S'is as desired. Sincet <¢_. p | T, we can take
q € G+ such that Ut < gUp. It follows by lemma that gUp < qUp
and qU (p' [ T) < qUp.

Finally we prove . It is trivial that 7 preserves the order and the
maximal condition and the order. We show that 7 preserves incompatibility.
Let po,p1 € 7, on""H, o such that py | S Ys .1 [ S. Since po,p1 €

'Y7a*

W;é "H, o, thereis t € H, 4» such that t < . po [ T,p:1 [ T.
Let s € S, o be such that s <g_. po [ S,p1 [ S. We claim that ¢ :=
sUt e 71',;(11 "H., .- is such that ¢ <g_. po,p1. Let u € G}, be such that

uUt <uUpy [T; and (3.19)
uds<uUpy[S. (3.20)

Notice that we trivially have
uUJsUt <s. (3.21)

Let a € dom(py). Without loss of generality, assume that o € dom(q).

e Suppose a € T. By , we have
(@UB) 1 (@NT) = (wUq) | (@NT) r, “gla) = t(a) < pola) ™
e Suppose a € 5. By and , we have
wUg T alre, “ga) = s@) < po ™
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Therefore we have ¢ <¢_. po. Similarly, we can also prove that ¢ <q_. p1.
Notice that for any s € S, 4+ we have s € 7. \."H, o because my 4+ (s) =

0en) L"H, 4. Tt follows trivially that every s € S, ,- is a reduct of itself

with respect to 7. Therefore, by proposition|[1.12] 7 is a complete embedding.

(lemma [3.14)

The following lemma shows the amount of closedness of the poset S, 4.

Lemma 3.15. Let a*,v,Gy and S, be as in definition . Denote
Vor :=min(S \ a*). Then S, o+ is < vo=-closed in V[Gax].

Proof. Working in V[Gy-], let (pe : £ < J) be a decreasing sequence in S, ,»
for some 6 < v4+. We shall construct a lower bound g € S, ,+ (with respect
to the order of S, ,+) for this sequence. Recall that the conditions in S, .
are actually conditions from the poset ]P’WV. Even though the conditions are
taken in V| the sequence itself is taken in V[G,+], so we need to work with a
name for the sequence. Let i, € VFe* be such that h[Go+] = (pe : € < ) and

VE |Fp.“h:6 — S, is a decreasing sequence in S, o+ . (3.22)
In V, we define the set
Bi={a <7 :3r€Pu,rle,. “ac|dom(n©) "}
£<6

We now construct the condition ¢ by defining dom(q) = B and, for each
a € B, choosing ¢(«) a P,-name of minimal rank such that

VE [Fe.“g(a) = [ J{h(©)(@) : € <oARE) TaeGr}”  (3.23)

To conclude the proof, it is enough to prove the following claims:
Claim 3.15.1. ¢ €S, ,-.
Claim 3.15.2. ¢ is a lower bound for (pe : £ < 9).
Proof of claim[3.15.1 First, we have to prove that B is an Easton set. Let

B = cf(8) < . Notice that for every § < v, we have BN 3 = (). Therefore
we assume 5 > v,+. Notice that, since Py« is vy«-c.c. (by lemma [3.11)), we

have |p_. “ B = cf(3)”.
Since 0 < v« < 3, by (3.22)) we have

IFe..“BN U dom(h(€§)) is bounded in 87.
£<o
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Therefore, we can take a maximal antichain A C P, such that for each
r € A there is 8, < g with

rle,. < B0 dom(n() C 5,7

£<o

Since Py« is vu+-c.c. by lemma [3.11] we have |A| < v, < B = cf(B).
Therefore

BN Csupf <p,
reA

thus indeed B N § is bounded in 5.
Now, we show that for every o € B we have

VE e, “q(a) € Col(a, < f(a))”. (3.24)

Let a € B. Clearly, we have o > v,» > 4. Since the poset Col(a, < f(«))
is < a-closed, it is enough to prove that

e (R(€)(a) = £ <IAR(E) | a € Gr, Na € dom(h(§))) is C-increasing ™.

Let G, be an arbitrary P,-generic over V. Since P« < P, (proposi-
tion , we have that p is in particular a P,-name, so we can compute

h|Gs]. Furthermore, it follows that G, N P, is a P,«-generic over V' (not
;ecessarily the same as the previously fixed Gq+) and h[Ga NPF] = A[Gal.
Let & < & < ¢ such that Q[Ga](&) I Q,Q[Ga](£2> ' € G, and a €
dom(h[Ga](&1)) Ndom(h[G4](€2)). We show that

~ ~

BG)(6)(@) € BGa)(&)(@) (3.25)

By (3.22), the sequence (h[G4](§) : & < ) is <g.np,.-decreasing. There-

~

fore, h[Go|(&2) <curp,. h[Gal(&1), so we can take r € G, NPy« such that

rUJ Q[Ga](&) <ru Q[Ga] (gl)
Since a € S, we have
FURG(@) [ ale, h(&)(@) € h(E)(a) " (3.26)

Since r € G, and by the assumption h[G,](&2) | @ € G, we have that
rUh|G.)(&) | a € G,. Then (3.26) implies (3.25). So we conclude that

(3.24)) holds for . (claim [3.15.1))7
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Proof of claim|3.15.4. Let € <. We can take r € G~ such that
VETr|Fe. &) =17 (3.27)

We show that r witnesses ¢ <q_. pe, ie. 7Uq <7 Upe.
First, notice that
r|Fe,. « dom(pe) C B”.

Therefore, since pe, B € V, we have dom(r U ¢) 2 dom(r U pg).
Now let o € dom(pe) and suppose

rUgqla<rUpe | o (3.28)

Let G, be an arbitrary P,-generic over V' containing r Uq | «. In particular
we have r € G, NP,+, so by (3.27) we have h[G,|(§) = pe. By (3.28)), we
have h|Go](§) | @ € G,. Thus, by (3.23) we have g(a)[Ga] 2 pe(a)[Gal.
This proves that

ViEruglalre, “q(@) 2 pela)”
(claim [3.15.2) 0
(lemma |3.15)) ]

Corollary 3.16. Let of < v < K, Go be a Py -generic over V and
H, o<be a T, ,--generic over V[Ga«|. Then W;é "H., o+ is < Vor-distributive

in V|G |[Hy.ax|, where vy :==min(S \ a*).

Proof. Let K be a 77 ,,"H, o--generic over V[Go+|[H, o] and let f : 6 —
V(G |[Hy o] with 5 < ua* and f € V[H,,|[K]. By lemma [3.143) and

proposition 1.24, there is some 7T7}1”H o+-hame Q such that S, .- =

(756" Hya-)%Q. Therefore we can take an S, 4--generic K’ over V[Gox][Hy o]

such that V[Go+|[Hy 0| [K] C V]G [Hy o |[K].

By lemma E S, .o+ 18 < vge-closed in V[G,+]. Then, by Easton lemma
(lemmal[l.27|[)), Sy.a- is < vge-distributive in V[Gq+][Hy q+]. Therefore, since
f € V[Ga][Hy o ][K'), we have f € V[Gqo:][Hyqo+]. So indeed 77} ”Hva is
< vo»-distributive in V[H, ,+]. corollary B.16)0

Since vy = min(S) > Ny, corollary implies that
Ik, “ 70" Hyp is o-distributive ”. (3.29)
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In other words, P, is equivalent to a two step iteration of a c.c.c. poset and
a o-distributive poset. In particular, all of the new reals added by P, are
added exclusively by the T, part.

While lemma describes an useful property of S, 4+, the next lemma
similarly describes an useful property of T, ..

Lemma 3.17. Let o < v < k, and let Gy be a Py-generic over V.. Then
T, o is c.c.c. in V[Gqr].

Proof. Denote T. := 14+"To» = Py« [ T. Notice that by proposition
we have T, & T:. < P,«. Working in V[G.+], define Hy := Gor NTE.. Tt
follows that H,~ is a T7-generic over V.

Notice that, by the definition of quotient (definition , both posets
T, o and T /H,~ have the same set of conditions (i.e. P, [ (T'N (v \ a*))).

Actually, their orders (<¢, . and <y .) also coincide. Indeed, let ¢,¢" €
P, I (T'N(y\a")). Clearly t' <y _. t implies ¢’ <¢_, t because Hy» C Gg-.
For the converse, suppose t' <¢_. t. Then there is ¢ € G4~ such that

qut' <qUt. (3.30)

Since ¢ < q [ T, we have ¢ [ T € Gu+, thus q [ T € H,+. It follows from the
next claim that ¢ [ 7" witnesses ¢’ <p_, t.

Claim 3.17.1. (¢ [ T) Ut < (¢ [ T)Ut.

Proof of claim[3.17.1. Without loss of generality, assume dom(t') 2 dom(?).
By lemma [3.10} it is enough to prove that

(g IT)Ut) 1 (BNT) |Fr, “t'(8) <g, t(B)” (3.31)

for all g € dom(t) C T. Since (qUt) [ (BNT) = ((¢ [ T)Ut) [ (BNT), we
have that (3.31)) follows from (3.30) and lemma [3.10] (claim [3.17.1)

Since T, and T, are c.c.c. in V and T, = T} = T7. « T, /Gr-,, we have
V[Ha] = “T,/Hy- is a c.c.c. poset”. (3.32)

By (3.29), we have that V[G,+| is a o-distributive extension of V[H|.
Therefore it follows from (3.32)) that

V|G| = V[Hu % H'| = “T.,/Hy~ is a c.c.c. poset .

(lemma [3.17)
Corollary 3.18. |Fp, “ & is weakly Mahlo”.
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Proof. Let a € S. We can write P, = P, * A, * By, where P, is a-c.c.

(lemma [3.11)), A, is a P,-name for a c.c.c. poset (by lemma 3.17) and B,

is a P, = P, % Aq-name for a < a-distributive poset (by corollary [3.16)).

Therefore, o remains regular after forcing with Py.
Since P, is k-c.c. (lemma , S remains a stationary subset of k in
VP 8o k remains weakly Mahlo after forcing with P,.  (corollary |3.18)[]

Actually, we shall prove in lemma that P, % Col(, < )V forces the

continuum to carry a o-saturated ideal for any large enough regular 6.

3.2.3 Main result

Now we present the main lemma which characterises the poset Py.

Lemma 3.19. Let P and Q be as in Then
VEs =« 2% — ks Laver generically supercompact’ for (P, Q).

Proof. Fix G, a P,-generic over V and let n > k. We will show that x is
Laver generically supercompact® for (P, Q) in V[G,]|. Let 6 > k. Without
loss of generality, we assume

n > (20)VICx], (3.33)

Since f is a Laver function, we can take j : V' — M an elementary embed-
ding with critical point x such that j(k) > n,

"M C M CV and (3.34)

J(f)(k) = 0. (3.35)

%
By elementarity, j(P) is a mixed support iteration of length j(x) in M.

We denote (P : o < j(k)) := j(P). Since j | V, is the identity, by
lgmma we have that P} = P, for all « <_> k. By the construction of
P, since k is regular, P, is the direct limit of P [ k. By elementarity, « is
regular in M, so P} is the direct limit of (P}, : o < k) = P | &, therefore
Py =P,.

Claim 3.19.1. x € j(95).
Proof of claim|3.19.1 By elementarity, (3.1)) and (3.2)) we have

J(S) ={a<jk) : j(f)"a CaAnME*“ais strongly Mahlo "}
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Since crit(j) = k, we have j(f)"k = f"k C k. We just need to prove
that « is strongly Mahlo in M. Since & is supercompact (in V'), we have in
particular

V = “{a < k : ais inaccessible} is a stationary subset of k.

Since k is the critical point of j, we have that « is inaccessible in M if and
only if it is inaccessible in V. Therefore, since M C V', we have

M E“{a <k : M [ “ais inaccessible ’} is a stationary subset of 7.

So we conclude that k € j(9). (claim [3.19.1)7

By claim [3.19.1} (3.11)), (3.35)) and by elementarity it follows that P}, =
P* % Col(r, < )M Since P, is r-c.c. (lemma [3.11)), by (3.34) and propo-
sition we have <"M[G,] N VI[G,] € MI[G,]. It follows that Col(k, <
0)V(6+ = Col(k, < §)MIC=]. Therefore we conclude that P%,; = P, x Col(k, <
Q)VP“. In particular, by proposition we have

P, * Col(k, < )" = Py <Py =3 (Py). (3.36)

K

Working in V[G,], since G, is a P%-generic filter we can consider the
quotient 5 /G as in definition [1.23] It follows from (3.36) that Col(x, <

0) <P}, /G, thus by proposition 1.24|3) we can take a Col(k, < #)-name Q
such that

V[G,] | Col(k, < 8)  Q = P’ /G (3.37)

We show that ) witnesses that x is Laver generically supercompact® for

(P,Q) in VI[G,].

Let G(k) be an arbitrary P, /G-generic over V|G| and let G4 be
a P, -generic over V' such that G.y1 = G, * G(k). By elementarity and
lemmas [3.14|(1)), .15 and [3.17, we have:

M[G 1]  “ P}, /Gy is the projection of the product of a c.c.c. poset

and a o-closed poset ”.

By lemma and ((3.33)) it follows that Py, is an n-c.c. poset (if € is
inaccessible, then it is #-c.c.). Therefore, by proposition we have

UM[GE-H] N V[GH—H] C M[GN-H]'
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Since 1 > wy, it then follows that

VI[Gii1] E “Pj)/Gry1 is the projection of the product of a c.c.c. poset
and a o-closed poset 7. (3.38)

Since Col(k, < )Vl is proper in V[G,] and G(k) is arbitrary, it follows
from (B35) that V[G] = * |-coteco* @ Is proper "
Let K be an arbitrary Col(k, < )" x Q-generic over V[G,]. Tt follows

from (3.36) and (3.37) that there is G, a P} -generic over V' such that
Giky = G x K. Since P, € V, (lemma 3.11)), we have j"G, C G, C
Gj(r)- Therefore, by proposition [1.26] we can extend j into an elementary
embedding J : V[G.] — M|[Gju] = M[G, x K]. We have Q, G\, € M[G,].
Furthermore, we also have J"n = j"n € M. So we conclude that Q, K,

M|[Gj()] and J witness that

V|G| = “ & is Laver generically supercompact for (P, Q) ”.
To complete the proof, we show that
MG NVIGjm] € M[Gjw). (3.39)
By lemma [3.14|[2)), corollary and elementarity, we have that there is
S* € M a j(T%)-name for a poset such that

M = “Pj,) = j(Ty) *S", j(Ty) is c.e.c. and |k jers) “ S™ is o-distributive ” 7.
(3.40)

Since "M C M and n > wy, it follows that
VP, =i(Ty) xS7, j(T) is c.e.c. and [l jery) “ S™ is o-distributive ” 7.

(3.41)
By (3.41) we can take A a j(T%)-generic over V and B a S*[A]-generic

over V[A] such that A x B = G-
Since j(T%) is c.c.c., by proposition [1.25] (3.41) and ([3.34) we have

SUMIAINVIA] € M[A]. (3.42)
By (3.41), we have that S*[A] is o-distributive in V[A]. Since V[G () =
V[A][B] and M[Gj(.)] = M[A][B], we have that (3.42) implies (3.39). (lemmp 3.19)0]
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We recall the definition of a o-saturated ideal.

Definition 3.20. Anideal J C P(k) is o-saturated if whenever (Ue : £ < wy)
is a sequence of elements of P (k) \ J, there are distinct &, & < w; such that
Ug, NUg, € 7.

We have already proved that the cardinal « is still a Mahlo cardinal in
VE= (corollary [3.18)). The following lemma shows that P, preserves a larger
amount of the largeness of x.

Lemma 3.21. Assume V |= GCH. Let 6 > k be an inaccessible cardinal and
suppose G is a P.-generic over V and H is a Col(k, < 0)VIC-generic over
VIG]. Then

V|G« H| |E “ K carries a o-saturated k-closed ideal”.

Proof. Let U C P([A]<") be a normal measure such that j(f)(x) = 6, where
J = ju — M is the elementary embedding associated with U.

As in the proof of lemma Py o a < (k) = j(ﬁ) As before,
we have (P! : a < k) = T and Pr,, = P, xQ, where Q is a P,-name for
Col(x, < A\)V™". Denote Pl = 1) = Py, * j(Cg) We can take a
Py, -generic G 41 over V such that G, = G * H.

Similarly to definition define in M[G11]

Sjty+1,5+1 = (Piey11)/(Grt1)) 15,

Tj(“)JFLHJFl = (P;(n)+1)/<Gl€+l)) f T7

both ordered by <¢,.,.

Recall that j is a @-supercompact embedding, so we have M C M,
Then it follows that (§%)™ = (6+)". Since P, is k-c.c. (lemma[3.11)) and ¢
is inaccessible, we have that P% | is f-c.c. in V, thus (67)" = (§+)VIGrn1] =
(0T)MIGrn]l We can just refer to #+ without specifying the model where the
successor operator is considered.

By lemma and elementarity, we have that S;(.)41,.41 i < Vep1-closed
in M[Gy1] for v :=4(S)\ £+ 1.

By elementarity and (3.1), it follows that j(C) = {a < j(k) : j(f)"a C
a}. Since j(f)(k) = 6, k witnesses that § ¢ j(C). Therefore we have
Vi1 > 0. Furthermore, we also have M = “ 6% is not Mahlo”, so 6% & j(5).
Therefore v, > 67, thus

M[Gri1] F “Sjp+1,041 18 < 0" -closed 7. (3.43)
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It is straightforward to see that M|[G,..1] = |S )1 ,.g+1‘ = j(k). Recall
that we assumed that GCH holds in V. By elementarlty, M = GCH. Since

]P’:H}M = 0, we have that GCH holds above 6 in M[G,1], thus

M[G 1] E |P(Sjimysrmrr)| = 5(0)F = j(67)

Since j = jy is the elementary embedding associated to a normal mea-
sure U C P([A]<"), by a direct calculation (using GCH), we have V |=
|7(67)| = 6F. Therefore, we have

VG F }P i) +1er1) N MG | = 0" (3.44)

Working in M, take m a P;(R)—name of minimal rank such that

MBI

J(H)

m = U{j - pEGr, NKE dom(p)}””.  (3.45)

Working in V[G+1], by (3.44) we can take (D, : £ < %) an enumeration
of all the dense subsets of S K)+ 1,41 lylng in M[Gy1]. Since *M[G.1] N

V[Git1] € M[Gyiq] (by proposmon 1.25) and by (3.43), we can construct
in V[G,41] a decreasing sequence (de : & < 6%) of conditions in S;(.)41,611

such that do(j(r)) = m and

VE < 0+, d§+1 € D{ (346)

In V[Gyi4], let Kg be the filter generated in Sj(.)+1,.4+1 by the sequence
(de - £ <0T). By , Kg is a Sj(x)+1,41-generic filter over M |G q1].

In M[G,€+1] let 7 : S; i ()+1,+1 X T, J(R)+1,k4+1 — P H)—i—l/( HJrl) be the
function defined by (s,t) — s Ut for every (s,%) € Sju)10t1 X Tj(e)41,m41-
By elementarity and lemma m , it follows that = 1S a projection.

Now, let K be an arbitrary Tj(ﬂ)+17n+1—generic filter over V[G.41]. In
VI[Gyi1xKr], let K be the filter in P} 1, /(Gyy1) generated by m”(Kg x Kr).
We have that K is a P}, /(Gyt1)-generic over M[Gyi1]. Let Gj(o)11 be a

IP’J»(H)H—generlc over V such that Gj(s)11 = Guy1 * K. We claim that

7"Gri1 € Gyt (3.47)
Indeed, let p € G,41. Recall that P, C V, (lemma , SO

jplk)=4p) I k=p|kK€Gus1.

If k € dom(p), we have
i) = p 1 £U((K), 5(p(K)))-
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By (3.45)), we have
M =pUip) 1{i(k)} < pUdo,

therefore we have j(p) <g,,, do. Thus j(p) € Gj(x)+1, so indeed holds.
By and proposition , we can extend j into an elementary em-
bedding J : V[Gyi1] — M[Gjuy41] = M[Gry1 * K. Since K € V[G,41 *
Kr|, we have that J is definable in V[Gy1 * K7
Since Krp is arbitrary, J can be constructed in any Tj(.)41,.41-extension
of V[Gui1], so for any x € V[G,y1] we can take g’ a Tj(x)+1,x+1-name for

J(x). Therefore in V|[G,.1], we can define

3= {o € P(&) N VIGur] : VIGuri] b Irryinn K €27} (348)

The next claim completes the proof of lemma |3.21]

Claim 3.21.1. In V[G11], T is a o-saturated ideal over k.

Proof of claim[3.21.1 Let (Us : & < wy), where Us € P(r) \ J for each
¢ <wi. By , for each § < w; we can take a condition pg € Tj(e)+1,x641
such that pe H_Tj(ﬂ)ﬂ,wl “rh € J(Ug)”. Since Tj)t1,041 I8 c.c.c. there are
distinct £y, &1 < wy such that pg, and pe, are compatible. Let ¢ € T)()+1,0+1
be such that ¢ < pg,, pe,. Then we have

ATy i1 mes 5 € J(Uey) NI (Ug,) = J(Ugy, N Ug,) 7.

Therefore ¢ witnesses that Ug, N Ug, € J. Then J is indeed o-saturated.

(claim |3.21.1))0
(lemma (3.21))]

3.2.4 Further results

We prove that some fragment of MA™T holds in the model we constructed
with mixed support iteration. We recall the definition of MA™*: Suppose P
is a poset and S is a P-name for a set of ordinals. Given any filter ' C P

(not necessarily generic), we define

S(F):={a€On : EIpGF,p||—p“d€§”}.

~

Notice that, whenever F' is generic, s(F) coincides with s[F], the usual in-

terpretation of the name s by a the generic filter F.
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Definition 3.22. Let P be a class of posets and k, 1 be regular uncountable
cardinals with £ > R;. Define MA™ (P, < k) as the following statement:
Given any P € P, any family D of dense subsets of P with |D| < s and
any family S of P-names with |S| < p such that |Fp* S C w; is stationary”

for every § € S, there is G a D-generic filter over P such that S(G) is a

stationary subset of w; for every S € S.

Similarly to MA, MA™#(P) denotes MA*(P, < 2%). Furthermore, the
forcing axiom MA™“!(c.c.c.) is sometimes referred to as MA™™.

In connection with this stronger forcing axiom, we use the following
lemma in order to pull names down from some extension.

Lemma 3.23. Let P be a c.c.c. poset and () a o-distributive poset. Let H be
a Q-generic over V. For any P-name T € V[H], there is a P-name g’ eV

such that V[H| = |Fp“a' ="

Proof. We prove this by induction on the rank of 2. Let J be an ordinal and
suppose that for every P-name z € V[H] with rank(z) < 8 there is 2’ € V
such that V[H] = |Fp“2 = z”. Se show that for any P-name z € V[H]
with rank(z) = 3 there is 2’ € V such that V[H] = [Fp“2’ =2

Working in V/[H], for each P-name ¥ € V with rank(y) < f take A, an
antichain which is a maximal subset of {p € P : V[H] = p|-p“¥Y € :N;”}.

Since @ is o-distributive, it follows that P is c.c.c. in V[H]. Therefore each
A, is countable. Since () is o-distributive, each A, belongs to V.
“In V, we can define h

' = U{{y} x Ay, : Y€ Vgisa P-name}. (3.49)

Clearly we have rank(z’) < 8. We prove that V[H] = [Fp“a’ =27 Let
G be a P-generic over V[H]|. We show that z'[G] = z[G]. Let y € 2'[G]. By
(3-49), there is ye VP and p € GN A, such that y = ?i[G] Since p € A,,
we have p|f-p“¥y € 2 7. Therefore y = y]G] € z[G]. i

Conversely, let 2z € z[G]. By induction hypothesis, there is a P-name
z € V with rank(z) < 8 such that z[G] = 2. Since z[G] € z[G], there is
p € G such that p|Fp*“z € 7. By the maximality of A, we can assume
without loss of generality that p € A.. Then, by (3-49), we have (z,p) € 2.
Therefore z = 2[G] € 2'[G]. (lemma [3.23))]
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Proposition 3.24. Assume GCH. Let k be a measurable cardinal and suppose
S C k is an stationary set whose every element is a Mahlo cardinal and

T :=r\S. Then we can construct (T,, Ry : a < k) satisfying (3.3)) and
(3.4) such that T, forces 2% = k and MATT.

(To,Ra : a < k) is just a slight modification of the construction by

Solovay and Tennenbaum of a finite support iteration of c.c.c. posets forcing
MA while adding reals (check e.g. Theorem 16.13 on [Jec03]). We modify
this construction so that the finite support iteration satisfies (3.3) and (3.4).

Proof of proposition[3.24. Recall we denote v, := min(S\ «) for every a < k.
Since |T'| = &, we fix {(Ba,7a) : @ € T} a bijective enumeration of the set
{(B,7) € k x K : v < vg} such that , < a for all @ € T. We shall use this
enumeration for book-keeping names for c.c.c. posets.

For a < &, suppose (T3, Rs : B < ) already constructed and such that

for each 8 < a Rp satisfies (3.3)), (3.4) and we have fixed (@, : v < v3)

an enumeration of all Tg-names for c.c.c. posets with rank < vz (modulo
isomorphisms).

Let T, be the direct limit of (Ts,Rs : 8 < a). By (3.3) and (3.4),
we have that T, is c.c.c. and T, C V,_, so we can fix (Qn, @ 7 < V) 2

an enumeration of all T,-names for c.c.c. posets with rank < v, modulo
isomorphisms.
If a € S, let R, be a T,-name for the trivial poset {1}. If « € T', let R,

be a T, name such that

QBore 1 Qg+, 18 C.C.CL
e (3.50)

~ {1} , otherwise
Clearly R,, satisfies (3.3]) and (3.4)). We finish the proof by showing that

T, forces MA*" where T, is the finite support limit of (To,Re : @ < k).

Let H be a T,-generic over V. It is enough to proof that V[H] |=
MAT“1({P}) for all P € V[H] such that V[H] | “ P is c.c.c. and |P| < k7
(see e.g lemma 16.12 in [Jec03]). In V[H], let P be a c.c.c. poset with
|P| < K, D a family of dense subsets of P with |D| < x and S a family of
P-names with |S| < 8y such that |-p“ S is a stationary subset of w; ” for

every S € S.
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For each { < wy and § € S, take an antichain A¢ s which is a maximal
subset of {p€ P : plFp“€é € S7}. Let A= {A¢s @ § <wi A S € S}Since

P is c.c.c. in V[H], each A¢ g is countable, thus |A] < Ny.

For each o < k, let H, := HNT,. As in the original construction, we
can find f* <  such that rank(Q) < vg« and P, D, A € V[Hg+|. Notice that
Hpg- is a Tpg«-generic over V.

Clearly, the rank of P in V[Hg-| is smaller than vg«, so we can take
v* < vg« such that P = Qg+,-. Then we can take a* € T"\ 8* such that

(B*,7*) = (Bar,Var). Since P is c.c.c. in V[H], it is also c.c.c. in V[H,+],
therefore by (3.50) we have P = Ra [Hy+]. Since A € V[Hg| C V[Hy,

for each § € § we can construct a P-name 5" € V[H,-] such that V[H] |=
H_P « S S/ 7 Let

F:=H(a")={t(a")[Hy| : t € Hy11}.

Notice that F' is a P-generic filter over V[H,«] such that Hy.yq = Hospq * F.
It follows that F"is a D-generic filter and S'[F | = S [F] is a stationary subset

of wy for all § € S§. Since F € V[Ha*] C V[H], F witnesses V[H| =
MA* ({P}). (proposition |3.24)) (]

Lemma 3.25. Suppose k is supercompact, {S, T} is a partition of k such that
S is stationary and min(S) > wy. Suppose also that (T,,Rp : o < K, < «)

is a finite support iteration satisfying (3.3) and (3.4)) such that T, forces
Mo — x AMATT. Let P, be constructed as in subsection with respect to
(To,Ra : a < k). Then the following fragment of MA™™ holds in V=

There is an inner model N of V' such that V is an extension of
N by a o-distributive k-c.c. poset () € N such that for every
P € N which is a c.c.c. poset in'V we have MAT ({P}, < k).

Notice that such an iteration (T,,Rs : a < Kk, < «) is constructed in

proposition [3.24, Notice also that the fragment of MA™T in lemma is
strong enough to imply that all cardinal invariants in Chihon’s diagram are
equal to 2%,

Proof. Let G be a Py-generic over V. Let H := GNT: (T: C P, is defined
as in the proof of lemma [3.17)). By (3.29), there is S* a T*-name such that

P, = Ty *S* and |Fr: “S* is < min(S)-distributive”. Therefore we can
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take G’ an S§*[H]|-generic over V[H] such that G = H % G'. We show that

N := V[H] is an inner model of V[G] which witnesses the desired fragment
of MA™". By corollary and lemma it follows that V[G] is a k-c.c.
and o-distributive extension of V.

In V[G], let P € W be a c.c.c. poset. Let D be a family of dense subsets
of P with |D| < k and let also S be a family of P-names with |S| < ¥, such
that |-p“ S is a stationary subset of w; ” for every § € S.

For each D € D we choose Ap C D a maximal antichain. Since P is
c.c.c. in V[G], each Ap is countable. Since §*[H] is o-distributive in V[H],

we have {Ap : D € D} C V[H].
In V[H], denote by Bp the set of all maximal antichains of P. Since P, is
k-c.c. (3.11]) and T% is c.c.c., we have that S*[H] is k-c.c. in V[H]|. Therefore

we can take D* € [Bp|<" N V[H] such that

{Ap : De D} C D"

Back in V[G], for each S € S we can, by lemma [3.23| take §' € V|[H]|
such that |-p“ S = §". Since |S| < w; (in V[G]), by corollary |3.16{ we have
{§": seS} eVI]H|.

Since V[H] &= MA™", we can take G* € V[H] a D*-generic filter in
P such that S(G*) is a stationary subset of w; for every S € S. Notice

that G* is also D-generic in V[G]. Furthermore, notice that S*[H] is < w;-

distributive and thus does not add any new club subset of w;. Therefore
S(G*) remains stationary in V]G] for every § € S, so we conclude that

V[G] = MAT™ ({P}, < k). (lemma [3.25) O]
Theorem 3.26. Suppose k is supercompact, {S,T} is a partition of k such
that S is stationary and min(S) > we. Suppose also that (T,,Rp @ a <
K, < K) is a finite support iteration satisfying (3.3) and R, is a check-name

for <¥2 for every o € T. Then for any inaccessible 8 > k, we have

|'_]P’N>t<Col(m,<6?)V]p"i * RC(< /f) 7,

For the definition of the Rado conjecture RC and the lemmas used for
this proof, check section [1.3]
Proof. Suppose G is a P.-generic over V and suppose H is a Col(x, < 0)VI¢-
generic over V[G]. In V[G|[H], let T be a non-special tree. Let n := |T]|.
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Without loss of generality, assume n > k. In V., let 7 : V — M C V be an
elementary embedding with critical point & such that j(k) > n, "M NV C M
and j(f)(x) = 0. A

As in the proof of lemma , we can take G a j(P,)-generic over V with

X

G * H C G and extend j into j* : V[G] — M]|G|. Then, as in the proof

of proposition , we can take H a j*(Col(r, < 0)V1%)-generic over V[G]

such that j* can be extended to an elementary embedding J : V|G * H] —
By elementarity, it is enough to find X € M [G « H | such that

MI|G * H| = X e [J(T)]® is non-special. (3.51)

By lemma , we have J"T € M[G % H]. We show that X := J"T
satisfies 1} Towards a contradiction, suppose there is f € M [é « H | a
specializing function for J"T.

Notice that f € V[G % H] and J"T is isomorphic to 7 in V|G % H].
Therefore T is special in V[G * H].

Claim 3.26.1. There are A a Fn(j(k),2)-generic over V|G x H], Q a o-

distributive poset in V[G * H * A] and B a Q-generic over V|G * H x A] such
that V|G « H) = V|G« H * A * B].

By claim V|G * H] is a o-distributive extension of V|G * H x AJ.
Therefore by lemma , we have that T is special in V[G % H % A|. Then,
since A is an Fn(j(k),2)-generic over V[G x H|, by lemma we have
that 7 is special in V[G % H], which is a contradiction.

We complete the proof of lemma by proving claim [3.26.1]
Proof of claim[3.26.1 As in the proof of lemma [3.21] we can define (P
a < j(k)+ 1), Sje+1,6415 Tje)+1,041 and Gyyq such that j(P) = (P, : a <
Jj(K), P = (P, : a < k), P, = P, xCol(k, < O™, Gy = G x H,

Sj(fi)+l,l£+l = (IP);(K)+1/GH+1) r Sv Tj(K)Jrl,fiJrl = (P;(n)+1/GH+1) fT-
By elementarity, lemma 3.14 and proposition 1.24, there is Q €

M[Gyi1] = M[G % H] a Tj(.)+1,x4+1-name such that

M[Gei] E P;(H)+1/GH+1 = Ty +1,m41 * @

It follows that
VG E P;(R)H/Gnﬂ = Ty r1,m41 * @

We can then take A’ be a Tj(.)4+1,.41-generic over V|G, 4] and B' a Q[A']-
generic over V|G, 41 * A’] such that G = Ge1x A x B
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By elementarity and corollary we have

M[Gi1 x A’ = “Q[A'] is o-distributive ”. (3.52)

As in the proof of lemma [3.19, we have “* M [G ;1] NV [Gri1] C M[Gyia].
By elementarity and lemma we have that Ty 41,641 i c.c.c. in M[Glpq].
By proposition [1.25| we have

wlM[GK_i_l * A/] N V[GH+1 * A/] g M[GH+1 * A,] (353)
By @52 and (353), we have
VI[G.y1 x Al E “Q[A'] is o-distributive 7. (3.54)

In particular, from (3.53)), (3.54) and proposition [1.25] we have

MG x A x BNV [Gey1 % A % B'] C M[Gyyq % A" x B'].
Therefore

V[G] = 7*(Col(k, < )VIE) = Col(j(k), < j(@))M[G] is o-distributive.
(3.55)
Since R, is a check-name for <“2) for all a € T', we can construct a dense

embedding d : Fn(j(k),2) — Tju)41,.41- So we can take an Fn(j(x),2)-
generic A over V|G x H] such that A’ = A. Let Q := Q[A’]. Then we can

take a Q-generic B over V[G x H * A] such that B = A’ x H. Then Q, A and
B are as desired. (claim [3.26.1))]

(theorem [3.26[)]
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