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Abstract

We investigate some reflection principles extending the stationary reflection
and their relation with supercompact cardinals in terms of relative consis-
tency.

We discuss about Strong Downwards Löwenheim-Skolem reflection prin-
ciples (SDLS) for stationary logics. It is shown that a weaker version of these
principles is equivalent to the Diagonal Reflection Principle (DRP) for inter-
nally clubness by Sean Cox and a stronger version follows from the Game
Reflection Principle (GRP) by Bernhard König. It is also shown that such
principles follow from the existence some generically supercompact cardinals
for some classes of posets. The results presented in this part are needed to
describe the motivation of the construction given in the next part.

In the main part of this dissertation, we modify a construction of the
mixed support iteration by Krueger to show the consistency (modulo 2 su-
percompact cardinals) of a simultaneous reflection down to the continuum
(namely the conjunction of an internal variation of the SDLS theorem for sta-
tionary logic with the reflection cardinal < 2ℵ0 and the GRP with reflection
cardinal ≤ 2ℵ0) with the continuum which carries a σ-saturated ideal and
hence is extremely large. This construction also proves the consistency of
such reflection property with a fragment of MA or with the Rado Conjecture
with reflection cardinal < 2ℵ0 .
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Introduction

The term large cardinal axiom refers to axioms of the form “there exists
a cardinal with a certain largeness property”, where such largeness prop-
erty usually implies the existence of a model of ZFC (the Zermello-Fraenkel
axiomatic system with the Axiom of Choice). A cardinal with such a large-
ness property is called a large cardinal. By Gödel’s second incompleteness
theorem, if ZFC is consistent then it cannot prove the existence of a large
cardinal. Large cardinal axioms provide a scale for relative consistency for
many statements beyond ZFC.

Many large cardinals can be defined in terms of elementary embeddings:
Given a language L and two structures M = ⟨M, . . .⟩, N = ⟨N, . . .⟩, an
injective class function j :M −→ N is called an elementary embedding if for
every L-formula ϕ and for every a0, . . . , an ∈M we have

M |= ϕ(a0, . . . , an)⇐⇒ N |= ϕ(j(a0), . . . , j(an)).

We shall usually consider L = {∈} and the structures we consider shall
usually be models of ZFC (or of some fragment of it). Given a non-trivial
elementary embedding j : M −→ N (by non-trivial we mean j is not the
identity function on M), we define the critical point of j (denote crit(j)) as
the first ordinal α ∈M such that j(α) ̸= α.

An example of large cardinal that can be defined in terms of elementary
embeddings are the supercompact cardinals.

Definition 0.1 (Supercompact cardinal). A non-trivial elementary embed-
ding j : V −→ M is called an η-supercompact embedding if ηM ⊆ M and
j(crit(j)) > η. An uncountable cardinal κ is a supercompact cardinal if for
every η > κ there is an η-supercompact embedding such that crit(j) = κ.

In the present thesis, we shall discuss about the consistency of some
reflection principles generalizing the stationary reflection, relative to super-
compact cardinals. In particular, we shall discuss about reflection principles
obtained from Löwenheim-Skolem theorems for stationary logics.
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SDLS for stationary logics
An example of a reflection principle which holds in ZFC is the famous (down-
ward) Löwenheim-Skolem theorem:

Theorem 0.2 (Downward Löwenheim-Skolem Theorem). Suppose A is a
structure of countable signature. Then given an infinite cardinal κ smaller
than the cardinality of (the underlying set of) A, there is an elementary
substructure B of A of cardinality κ (i.e., the underlying set of B has the
cardinality κ).

Notice that by “elementary substructure” we mean it in the sense of first
order logic. We can generalize the concept of elementary substructures for
higher order logics and obtain versions of the statement in theorem 0.2 which
are not provable in ZFC. In chapter 2 we consider SDLS reflection with respect
to the stationary logic. The results in that chapter are presented in the joint
papers [FOSa] and [FOSb] by Fuchino, Ottenbreit and Sakai.

By stationary logic we refer to the weak monadic second order logic
denoted by Lℵ0

stat which is equipped with a weak second order quantifier
“statX”, read as “for stationary many X” (in the sense of the stationarity
of countable subsets of the underlying set of a model). The interpretation
of this quantifier is defined by: given a Lℵ0

stat-formula ϕ(X) and a structure
A = ⟨A, . . .⟩, let

A |= statXϕ(X)⇔ {B ∈ [A]ℵ0 : A |= ϕ(B)} is stationary in [A]ℵ0 .

We can generalize the definition of elementary substructure for these
higher order logics and obtain different variations of SDLS. We give a general
characterization for these reflection principles. Using such a characteriza-
tion, we prove that a weaker version of this SDLS is equivalent to the Diag-
onal Reflection Principle (DRP) for internally clubness introduced by Sean
Cox [Cox12]. We also show that a stronger version of these SDLS principles
follows from the Game Reflection Principle (GRP) introduced by Berhard
König [Kön04].

Assuming the existence of a supercompact cardinal κ, each of the above
mentioned reflection principles down to < κ holds. We also consider generic
variations of supercompact cardinals. By generic we mean that the elemen-
tary embedding witnessing the largeness of such cardinals is realized in a
generic extension by some particular forcing notion. We show that some of
these reflection principles holds at some generically supercompact cardinals.
We also consider the Laver-generically supercompact cardinals, a strengthen-
ing of the generically supercompact cardinals introduced in [FOSb].
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In chapter 3, we discuss about the relative consistency of the principles
mentioned above under a very large continuum. We concentrate on the
consistency of the conjunction of a weak version of SDLS with reflection
cardinal < 2ℵ0 and a version of GRP with reflection cardinal ≤ 2ℵ0 . In order
to do so, we generalize the construction by John Krueger [Kru08], [Kru09] of a
mixed support iteration. In our construction, we add new reals by an arbitrary
finite support iteration of small c.c.c. forcing posets, while simultaneously
collapsing cardinals with an Easton support iteration of Levy collapses.

Assuming the existence of two supercompact cardinals κ < λ, we add κ
many reals with the mixed support iteration and then collapse λ to κ+. We
show that this construction preserves a good amount of the largeness of κ,
namely we show that in the final extension κ(= 2ℵ0) carries a σ-saturated
ideal.

Differently to the original construction by Krueger, where only Cohen
reals where added, our construction allows us to use almost any arbitrary
small c.c.c. forcing notions in the ground model as iterands. We use this
to show that a fragment of MA holds in the obtained model. Such fragment
is enough to maximize all the cardinals in Chihoń’s diagram. We also show
that, in the version of the model where only Cohen reals are added, Rado’s
Conjecture with reflection cardinal < 2ℵ0 holds.
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Chapter 1

Preliminaries

1.1 Stationary sets
Given a set A and a cardinal µ, we shall use the notation [A]<µ to denote
the set {B ⊆ A : |B| < µ}, as well as [A]µ to denote {B ⊆ A : |B| = µ}.
We define the stationarity and clubness of subsets of [A]<κ as in Jech [Jec03]:
Given an uncountable cardinal µ, set A with |A| ≥ µ and some X ⊆ [A]<µ,
we say that X is

• unbounded if for every x ∈ [A]<κ there is y ∈ X such that x ⊆ y;

• closed if
⋃︁

ξ<δ cξ ∈ X whenever ⟨cξ : ξ < δ⟩ is a ⊆-increasing sequence
of elements of X with δ < κ;

• a club if X is closed and unbounded;

• stationary if X ∩ C ̸= ∅ has non empty intersection with every club
subset of [A]<µ.

Notice that, for every regular cardinal µ, the set [A]µ is a club subset of
[A]≤µ := [A]<µ+ . Therefore, we say that C ⊆ [A]µ is club subset of [A]µ if it
is club in the sense of [A]<µ+ . Similarly, we say that S ⊆ [A]µ is a stationary
subset of [A]µ if it is stationary in the sense of [A]<µ+ .

We list here some basic facts about stationary sets. Proofs for lemmas 1.1,
1.2, 1.4 and proposition 1.3 can be found e.g in Jech [Jec03].

Lemma 1.1 (Fodor). Suppose κ is a regular uncountable cardinal and S is
a stationary subset of κ. Given any regressive1 function f with dom(f) = S,
there is a stationary T ⊆ S and some ζ < κ such that f ′′T = {ζ}.

1A function f with dom(f) ⊂ δ for some ordinal δ is regressive if f(α) ∈ α for all
α ∈ dom(f) \ {0}.
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Lemma 1.1 can be generalized as follows:

Lemma 1.2 (Jech). Given cardinals κ ≤ λ, with κ regular, suppose S is a
stationary subset of [λ]<κ and f is a function with dom(f) = S. If f(x) ∈ x
for every nonempty x ∈ S, then there is T ⊂ S a stationary subset of [λ]<κ

and some ζ < λ such that f ′′T = {ζ}.

Proposition 1.3. If C is a club subset of [A]<µ for some set A and some
regular cardinal µ < |A|, then for any directed set D ⊆ C with |D| < µ we
have

⋃︁
D ∈ C.

Lemma 1.4 (Menas). Let κ be a regular uncountable cardinal and let A,B
be sets with A ⊆ B and |A| ≥ κ.

(I) If C is a club subset of [A]<κ, then {x ∈ [B]<κ : x ∩A ∈ C} is a club
subset of [B]<κ.

(II) If S is a stationary subset of [A]<κ, then {x ∈ [B]<κ : x ∩ A ∈ S} is
a stationary subset of [B]<κ.

(III) If C is a club subset of [B]<κ, then {x ∩ A : x ∈ C} contains a club
subset of [A]<κ.

(IV) If S is a stationary subset of [B]<κ, then {x∩A : x ∈ S} is a stationary
subset of [A]<κ.

Since [X]ℵ0 is a club subset of [X]<ℵ1 for any uncountable setX, lemma 1.4
implies

Corollary 1.5. Let A,B be uncountable sets with A ⊆ B.

(i) If C is a club subset of [A]ℵ0, then {x ∈ [B]ℵ0 : x ∩ A ∈ C} is a club
subset of [B]ℵ0.

(ii) If S is a stationary subset of [A]ℵ0, then {x ∈ [B]ℵ0 : x ∩ A ∈ S} is a
stationary subset of [B]ℵ0.

(iii) If C is a club subset of [B]<ℵ0, then {x ∩ A : x ∈ C ∧ |x ∩ A| = ℵ0}
contains a club subset of [A]<ℵ0.

(iv) If S is a stationary subset of [B]ℵ0, then {x∩A : x ∈ S∧|x ∩ A| = ℵ0}
is a stationary subset of [A]ℵ0.

The following lemma is a well known fact.
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Lemma 1.6. Let M be an inner model of V . Suppose A, κ ∈ M are such
that V |= “κ is a regular uncountable cardinal and κ ≤ |A| ”. For S ∈ M ,
if V |= “S is a stationary subset of [A]<κ ”, then

M |= “S is a stationary subset of [A]<κ ”.

Definition 1.7. Let µ, κ be regular uncountable cardinals, µ < κ, and let A
be a set with |A| ≥ κ. A set C ⊆ [A]<κ is a µ-club if:

• C is unbounded in [A]<κ with respect to ⊆;

• given any ⊆-increasing sequence ⟨cξ : ξ < γ⟩ of elements of C with
µ < cf(γ) and γ < κ, we have

⋃︁
ξ<γ cξ ∈ C.

1.2 Forcing
We shall assume that the reader is familiar with the method of forcing. For
reference, we suggest standard literature e.g. [Jec03] or [Kun11]. We now
present some of the notations used in the present text.

By “poset” or “notion of forcing” we refer to a triple ⟨P,≤P ,1P ⟩ where
P is a set, ≤P is a partial order over P and 1P is a maximal element of P
with respect to ≤P . However, we identify the triple ⟨P,≤P ,1P ⟩ with the
underlying set P . We shall also omit the subscript P in ≤P and 1P when it
is clear by the context which poset we are referring to.

Given a poset P and conditions p, q ∈ P , we shall denote “p and q
are incompatible” by p ⊥P q. On the other hand we denote “p and q are
compatible” by p⋎P q. We shall also denote by G

∼P the generic name for P ,
i.e. G

∼P := {⟨p̌, p⟩ : p ∈ P}.
We say that two posets P and Q are forcing equivalent (we denote P ∼= Q)

if their boolean completion are isomorphic (see e.g. the discussion on chapter
IV.4 in Kunen [Kun11]). Notice that the existence of a dense embedding
d : P −→ Q (definition 1.11) is a sufficient condition for P ∼= Q, although it
is not a necessary condition.

Given a cardinal κ, we say that a poset P is κ-c.c. (alternatively, P
satisfies the κ-chain condition) if every antichain of P has size < κ. For
κ = ℵ1, we shall denote ℵ1-c.c. by c.c.c. (alternatively, we say that κ
satisfies the countable chain condition).

Given an ordinal δ, we say that a poset P is ≤ δ-closed if any decreasing
sequence of length ≤ δ of conditions from P has a lower bound. We say
that P is < δ-closed if it is ≤ γ-closed for all γ < δ. We shall denote < ω1-
closed by σ-closed. If for any directed set D ⊆ P with |D| < δ there is a
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lower bound d ∈ P for D, we say that P is < δ-directed closed. Since the
conditions of a decreasing sequence form a directed set, we have that any
< δ-directed closed poset is in particular < δ-closed.

The following weakening of ≤ δ-closedness shall also be useful.

Definition 1.8. We say that a poset P is ≤ µ-distributive if given any P -
generic G over V and any function f : µ −→ V in V [G] we have f ∈ V . We
say that P is < µ-distributive (also known as µ-Baire) if P is ≤ α-distributive
for all α < µ. We shall denote < ℵ1-distributive by σ-distributive.

We shall also use the following strengthening of < µ-closedness.
Given two sets I, J we denote by Fn(I, J) the poset defined by: p ∈

Fn(I, J) if and only p is a function, dom(p) ∈ [I]<ω and codomain of p is J .
Fn(I, J) is ordered by reverse inclusion (i.e., for p, q ∈ Fn(I, J), p ≤ q if and
only if p ⊇ q). For a set I, Fn(I, 2) is the usual poset to add a Cohen subset
of I, and given a regular cardinal κ Fn(κ× ω) ∼= Fn(κ, 2) is the usual poset
to add κ many Cohen reals. It is well known that Fn(I, 2) is a c.c.c. poset.

Definition 1.9. Given a regular cardinal µ and a set S of ordinals, we
denote by Col(κ, S) the Lévy collapse which adds surjection fα : µ −→ α for
every α ∈ S. Namely, let p ∈ Col(κ, S) if and only if p is a function with
dom(p) ∈ [µ×S]<µ such that p(α, β) ∈ α for all ⟨α, β⟩ ∈ dom(p) with α > 0.
Col(κ, S) is ordered by the reverse inclusion.

For the particular case where S = λ for some regular cardinal λ > κ,
we denote Col(κ, S) by Col(κ,< λ) (not to be confused with Col(κ, {λ}),
which collapses just λ). It follows easily by the definition that Col(κ, S) is
a < κ-closed poset. Furthermore, it follows from the Delta System lemma
(check e.g. lemma III.6.15 in [Kun11]) that Col(κ,< λ) is λ-c.c. whenever λ
is a regular cardinal such that µ<κ < λ for all µ < λ. Notice that λ satisfies
this property if λ > κ is an inaccessible cardinal. Therefore, if κ is regular
and λ > κ is inaccessible, the poset Col(κ,< λ) collapses λ to become κ+,
while preserving every cardinal ≤ κ and ≥ λ.

Proposition 1.10 (Fact 3.6 in Goldstern [Gol93]). Let θ be a regular car-
dinal, P ∈ H(θ) a poset and x

∼
a P-name such that ∥–P “x

∼
∈ H(θ)

∼
”. Then

there is a P-name x′
∼
∈ H(θ) such that ∥–P “x

∼
= x′

∼
”.

Definition 1.11. Let P and Q be posets. A function ι : Q −→ P is called
a complete embedding if it satisfies:

(a) ι(1Q) = 1P ;
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(b) ∀q, q′ ∈ Q, q′ ≤Q q → ι(q′) ≤P ι(q);

(c) ∀q, q′ ∈ Q, q′ ⊥Q q ↔ ι(q′) ⊥P ι(q);

(d) given A ⊆ Q, if A is a maximal antichain in Q, then ι ′′A is a maximal
antichain in P .

Given two posets P,Q, the notation Q ⋖ P shall denote that there is a
complete embedding from Q into P .

The following proposition is standard and well known. Check, for example
lemma III.3.72 in [Kun11] or lemma 9 in [Cox15].

Proposition 1.12. Suppose ι : Q −→ P is a function satisfying (a),(b) and
(c) from definition 1.11. Then ι is a complete embedding if and only if for
every p ∈ P there is some p∗ ∈ Q such that ι(q)⋎P p whenever q ≤Q p∗.

Such a p∗ like in proposition 1.12 is called a reduct of p (with respect to
ι).

Definition 1.13. Let P and Q be posets. A function ϕ : Q −→ P is called
a dense embedding if

(a) ϕ(1Q) = 1P ;

(b) ∀q, q′ ∈ Q, q′ ≤Q q → ϕ(q′) ≤P ϕ(q);

(c) ∀q, q′ ∈ Q, q′ ⊥Q q ↔ ϕ(q′) ⊥P ϕ(q);

(d’) ϕ ′′P is a dense subset of Q.

Every dense embedding is a complete embedding. Indeed, if ι : Q −→ P
is a dense embedding, given p ∈ P we can take q ∈ Q such that ι(q) ≤ p and
such q is clearly a reduct of p. Dense embeddings are particularly useful to
witness that two forcing posets are forcing equivalent.

Definition 1.14 (Translation of names). Let ι : Q −→ P is a complete
embedding.

• We define recursively the class function −→ι : V Q −→ V P by

−→ι (x
∼
) := {⟨−→ι (y

∼
), ι(q)⟩ : ⟨y

∼
, q⟩ ∈ x

∼
}

for every x
∼
∈ V Q.

5



• Furthermore, if ι : Q −→ P is actually a dense embedding, we also
define a class function ←−ι : V P −→ V Q by

←−ι (z
∼
) := {⟨←−ι (y

∼
), q⟩ : ⟨y

∼
, p⟩ ∈ z

∼
∧ ι(q) ≤ p}

for every z
∼
∈ V P .

Proposition 1.15 is well known, and the reader may consult e.g. lemmas
IV.4.4 and IV.4.7 in [Kun11].

Proposition 1.15. Let ι : Q −→ P be a complete embedding.

• Given G a P -generic over V , define HG := ι−1(G). Then HG is Q-
generic over V and for any x

∼
∈ V Q we have x

∼
[HG] =

−→ι (x
∼
)[G]. In

particular, V [HG] ⊆ V [G].

• If ι is actually a dense embedding, we have V [HG] = V [G].

• Given H a Q-generic over V . Define GH := {p ∈ P : ∃h ∈ H, ι(q) ≤
p}. If ι is a dense embedding, then GH is P -generic over V and for
any z

∼
∈ V P we have z

∼
[GH ] =

←−ι (z
∼
)[H].

We shall see in proposition 1.24 that whenever Q⋖P , there is a Q-name
R
∼

such that P ∼= Q ∗ R
∼

. Another way of factoring a poset into a two step
iteration is by using a projection.

Definition 1.16. Let P,Q be forcing posets. A function π : P −→ Q is
called a projection if:

(1) π(1P ) = 1Q;

(2) ∀p, p′ ∈ P, p′ ≤P p→ π(p′) ≤Q π(p);

(3) Given any p ∈ P, q ∈ Q such that q ≤Q π(p), there is p′ ≤P p in P such
that π(p′) ≤Q q.

Example 1.17. Suppose P is a poset and Q
∼

is a P -name for a poset. Let

ι : P −→ P ∗Q
∼

be the function p ↦→ ⟨p,1
∼Q

∼
⟩ and π : Q −→ P be the function

⟨p, q
∼
⟩ ↦→ p. Then ι is a complete embedding and π is a projection.

Lemma 1.18. Given posets P and Q and a projection π : P −→ Q, suppose
there is a function ι : Q −→ P satisfying (a),(b) and (c) from definition 1.11
such that p ≤P ι(π(p)) for all p ∈ P . Then ι is a complete embedding.

6



Proof. By proposition 1.12, it is enough to prove that for every p ∈ P , π(p)
is a reduct of p (with respect to the function ι). Let p ∈ P and q ∈ Q such
that q ≤Q π(p). Since π is a projection, there is p′ ∈ P such that p′ ≤P p
and π(p′) ≤Q q. By the assumptions on ι, we have p′ ≤P ι(π(p′)) ≤P ι(q),
therefore p′ witnesses ι(q)⋎P p.

Lemma 1.19. Suppose A and B are complete boolean algebras. Then there
is a complete embedding π : A \ {0} −→ B \ {0} if and only if there is a
projection π : B \ {0} −→ A \ {0}.

Let
−→
I = ⟨Iα : α ∈ On⟩ be a sequence of ideals such that for each α ∈ On

• [α]<ω ⊆ Iα ⊆ P(α) and

• for every β < α we have Iα ↾ β := {x ∩ β : x ∈ Iα} = Iβ.

We now present the definition of an
−→
I -supported iteration of length δ which

shall be used in the present dissertation. Our definition is similar to the one
presented in [Gol93], except for (1.1).

Definition 1.20. We define recursively for all α ∈ On what is an
−→
I -

supported iteration of length α, and we define simultaneously the limit of
such an iteration.

• A sequence ⟨Pβ, Q
∼
β : β < α⟩ is an

−→
I -supported iteration if and only

if, for all β < α, Pβ = lim−→
I ⟨Pγ, Q

∼
γ : γ < β⟩ and Q

∼
β is a Pβ-name for

a forcing poset.

• If ⟨Pβ, Q
∼
β : β < α⟩ is an

−→
I -supported iteration, then we define the

poset lim−→
I ⟨Pβ, Q

∼
β : β < α⟩ as follows:

– p ∈ lim−→
I ⟨Pβ, Q

∼
β : β < α⟩ if and only if p is a function with

dom(p) ∈ Iα (thus conditions of this poset are partial functions
on α rather than total functions) such that, for all β ∈ dom(p),
p(β) is a Pβ-name of minimal rank2 such that

∥–Pβ
“ p(β) ∈ Q

∼
β ”. (1.1)

2By minimal rank, we mean that rank(p(β)) ≤ rank(x
∼
) whenever x

∼
is a Pβ-name such

that ∥–Pβ
“ p(β) = x

∼
”. This assumption ensures that the limit is indeed a set, rather than

a proper class.
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– For p, q ∈ lim−→
I ⟨Pβ, Q

∼
β : β < α⟩, p ≤ q if and only if for all

β ∈ dom(q) we have either
∗ p ↾ β ∥–Pβ

“ q(β) = 1Q
∼

β
”; or

∗ β ∈ dom(p) and p ↾ β ∥–Pβ
“ p(β) ≤Q

∼
β
q(β) ”.

– We define 1lim−→
I ⟨Pβ ,Q

∼
β :β<α⟩ as the empty function ∅.

Notice that in (1.1) we require that ∥–Pβ
“ p(β) ∈ Q

∼
β ” rather then p ↾

β ∥–Pβ
“ p(β) ∈ Q

∼
β ” as the version in [Gol93].

In the particular case when Iα = [α]<ω for all α ∈ On, we shall refer to
an
−→
I -supported iteration as finite support iteration.
In chapter 3 we shall present an iteration which is not defined as defini-

tion 1.20. For that case, we shall borrow the following notation from [Cox15]:

Definition 1.21. A sequence of posets ⟨Pα : α < δ⟩ will be called a gener-
alized iteration if and only if:

1. For each α < δ, the conditions in Pα are partial functions on α;

2. For β ≤ α < γ, the restriction map Pα → Pβ is a projection;

3. For β ≤ α < γ we have Pβ ⋖ Pα.

It follows that iterations defined as in definition 1.20, as well as a products
of posets, are generalized iterations.

Notation 1.22. Given P a forcing poset whose conditions are functions (e.g.
a generalized iteration), given a set C, we denote

P ↾ C := {p ∈ P : dom(p) ⊆ C}.

Definition 1.23. Let ⟨Pξ : ξ ≤ δ⟩ be a generalized iteration. For α∗ <
γ ≤ δ, suppose Gα∗ ⊆ Pα∗ is a filter. Then we define the quotient Pγ/Gα∗

as the set Pγ ↾ (γ \ α∗) with the order ≤Gα∗ defined as follows: for any
p, q ∈ Pγ ↾ (γ \ α∗), p ≤Gα∗ q if and only if there is some r ∈ Gα∗ such that
r ∪ p ≤Pγ r ∪ q.

Proposition 1.24. Let P and Q be posets.

(1) If there is a projection π : P −→ Q, then P ∼= Q ∗ R
∼

where R
∼

is a
Q-name such that

∥–Q “R
∼
= π−1 ′′

G
∼Q, with the order inherited from P̌ ”.
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(2) If P = Pγ and Q = Pα∗ for some α∗ < γ ≤ δ and some generalized
iteration ⟨Pξ : ξ < δ⟩, then P ∼= Q ∗R

∼
where R

∼
is a Q-name such that

∥–Q “R
∼
= Pγ/G∼Pα∗ (as in definition 1.23) ”.

(3) If Q⋖ P , then there is a Q-name R
∼

such that P ∼= Q ∗R
∼

.

Proof. For item (1), consider the function ϕ : P −→ Q ∗ R
∼

defined by
p ↦→ ⟨π(p), p̌⟩. It can be showed that ϕ is a dense embedding. Similarly, for
item (2) consider the function ϕ′ defined by p ↦→ ⟨p ↾ α∗, p̌ ↾ (γ \ α∗)⟩. Since
⟨Pξ : ξ < δ⟩ is a generalized iteration, p ↦→ p ↾ α∗ is a projection, so it can
be showed similarly that ϕ′ is a dense embedding.

For the case (3), suppose that Q ⋖ P . Then, it follows that B(Q) ⋖
B(P ), where B(Q) and B(P ) denote the boolean completions of Q and P
respectively. By lemma 1.19, there is a projection π : B(P )\{0} −→ B(Q)\
{0}. By item (1), there is R

∼
′ a B(Q)-name such that B(P ) \ {0} ∼= (B(Q) \

{0}) ∗ R
∼
′. It follows that R

∼
′ can be translated into a Q-name R

∼
such that

P ∼= Q ∗R
∼

. (proposition 1.24)

Proposition 1.25. Let η be some ordinal and suppose M,N are models of
set theory with ηM ⊆ M ⊆ N . Suppose P ∈ M is a forcing poset such that
P ⊆ M and N |= “Q is η-c.c. ”. Then, for any P -generic G over N , we
have ηM [G] ∩N [G] ⊆M [G].

Proposition 1.26. Let P be a forcing poset and j : V −→M an elementary
embedding. Suppose G is a P -generic over V and Ĝ is a j(P )-generic over
M such that j′′G ⊆ Ĝ. Then we can extend j into an elementary embedding
J : V [G] −→M [Ĝ].

Proof. Given x ∈ V [G], take x
∼

a P -name such that x
∼
[G] = x. Define J(x) :=

j(x
∼
)[Ĝ]. (proposition 1.26)

Lemma 1.27 (Easton). Let κ be a regular cardinal. Let P be a κ-c.c. poset
and Q be a < κ-closed poset. Then:

(i) ∥–Q “ P̌ is κ-c.c. ”;

(ii) ∥–P “ Q̌ is < κ-distributive ”.

Definition 1.28. A subset C of a poset P is centered if for given any n ∈ ω
and p0, . . . , pn ∈ C there is q ∈ P such that q ≤P pi for all i ≤ n (notice that
the condition q need not to be in C). We say that a poset P is σ-centered if
P =

⋃︁
n∈ω Cn where for every n ∈ ω Cn is a centered subset of P .
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The following fact can be found for example in [Kun11].

Proposition 1.29. Given a set I, the poset Fn(I, 2) is σ-centered if and
only if |I| ≤ 2ℵ0.

Similarly to proposition 10.20 in Kanamori [Kan08], we have:

Theorem 1.30. Suppose κ is regular and κ < η. If P is a separative poset
such that |P | = η, P is < κ-closed and

∥–P “ there exists a surjective function f : κ −→ η ”,

then P ∼= Col(κ, {η}).

Corollary 1.31. For any < κ-closed poset P with |P | ≤ µ = µ<κ < λ, we
have Col(κ,< λ) ∼= P × Col(κ,< λ) ∼= P ∗ Col(κ,< λ)V

P .

1.3 Special trees
By tree we consider a partially ordered set ⟨T ,≤T ⟩ such that for every t ∈ T ,
the set {r ∈ T : r ≤T t} is well ordered with respect to ≤T .

A tree T is special if it can be written as the union of countably many
antichains3. In other words, T is special if there is a function f : T −→ ω
such that for any t, t′ ∈ T , if f(t) = f(t′) then t and t′ are incomparable.
Such a function is called a specializing function for T .

We can formulate the Rado Conjeture (RC) in terms of reflection of non-
special trees [Tod83] as the statement:

Given any tree T , if T is non-special, then there is T ′ ∈ [T ]<ℵ2

such that T ′ is non-special.

Given κ > ℵ1 regular, let RC(< κ) be the statement:

Given any tree T , if T is non-special, then there is T ′ ∈ [T ]<κ

such that T ′ is non-special.

Lemma 1.32. Suppose T ∈ V is a tree and P is one of the following:

(1) a σ-distributive poset;

(2) a σ-centered poset;
3In the context of a tree, an antichain in T is a pairwise incomparable subset of T .
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(3) Fn(θ, 2) for some cardinal θ.

If for some P -generic G over V we have

V [G] |= “ T is special ”,

then T is special in V .

Proof. Let T be a tree in V , P a poset, G a P -generic over V such that T
is special in V [G]. First, assume (1). Suppose f : T −→ ω is a specializing
function for T , f ∈ V [G].

For every node t ∈ T , define ft := f ↾ {r ∈ T : r ≤T t}. Since T is
special in V [G], every node of T has countable height. By (1), for each
t ∈ T we have ft ∈ V . Since f :=

⋃︁
t∈T ft and T ∈ V , we have that f ∈ V ,

so T is special in V .
Now assume (2). Let f

∼
be a P -name and p ∈ G be such that

p ∥–P “ f
∼
: Ť −→ ω is a specializing function ”.

In V , let g : P −→ ω be a σ-centring function for P . For each t ∈ T ,
choose pt ≤ p such that pt decides f

∼
(ť). Then let f ′ : T −→ ω2 be the

function defined in V by f ′(t) = ⟨n, g(pt)⟩ for each t ∈ T , where n ∈ ω is
such that pt ∥–P “ f

∼
(ť) = ň ”. Clearly, f ′ is a specializing function for T .

Finally, assume (3). If θ ≤ (2ℵ0)
V , by proposition 1.29 P is σ-centred,

so by (2) we are done. Then, suppose θ > (2ℵ0)
V . Suppose f ∈ V [G] is a

specializing function for T . Let Q := Col(2ℵ0 , {θ})V and take H an Q-generic
over V [G]. We have f ∈ V [G][H].

By the product lemma, we have that H is Q-generic over V , G is P -
generic over V [H] and V [G][H] = V [H][G]. Then we have

V [H] |= P = Fn(2ℵ0 , 2).

Therefore, by proposition 1.29, P is σ-centred in V [H]. So by (2), there
is f ′ ∈ V [H] a specializing function for T . Since Q is σ-closed in V , by (1)
we have that there is a specializing function for T in V . (lemma 1.32)
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Chapter 2

Stationary logics and downward
Löwenheim-Skolem theorems

The results in this chapter are included in [FOSa] and [FOSb].

2.1 Stationary logics
We shall consider some fragments of second order logic extending first order
logic.

First we define the logic Lℵ0 as follows. Lℵ0 is equipped with first order
variables denoted by lower case letters x, y, z, . . . and second order variables
denoted by upper case letters X,Y, Z, . . .. The second order variables are
intended to represent countable subsets of the underlying set of the structure
where the logic is interpreted. Lℵ0 has also first order quantification ∀x and
∃x and a logical predicate symbol ‘ε’, along with the usual ‘=’ for the equality
of first order objects. Expressions of the form xεX for any first order variable
x and second order variable X are atomic formulas for the logic Lℵ0 whose
canonical interpretation in a structure A = ⟨A, . . .⟩ is : for any b ∈ A and
B ∈ [A]ℵ0 , A |= b ε B if and only if b ∈ B.

We then expand Lℵ0 by adding the second order quantifiers ∀X and ∃X;
we denote the resulting logic by Lℵ0,II. As it can be expected, the quantifiers
∀X and ∃X are interpreted as follows: Given an Lℵ0,II formula ϕ(X) and a
structure A = ⟨A, . . .⟩ we define

A |= ∀Xϕ(X)⇔ for every B ∈ [A]ℵ0A |= ϕ(B);

and similarly

A |= ∃Xϕ(X)⇔ there is B ∈ [A]ℵ0 such that A |= ϕ(B).

12



Now we define the logic Lℵ0
stat by adding to Lℵ0 a second order quantifier

denoted by statX. This quantifier was introduced by Shelah in [She75]. The
reader may consult [BF85] and [V0̈4] for further reference.

The quantifier statX is read as “for stationary many X” and its intended
interpretation is as follows: given an Lℵ0

stat-formula ϕ(X) and a structure
A = ⟨A, . . .⟩, define:

A |= statXϕ(X)⇔ {B ∈ [A]ℵ0 : A |= ϕ(B)} is stationary in [A]ℵ0 . (2.1)

In Lℵ0
stat we can also define “aaX” the dual quantifier for “stat”. aaX

shall be read as “for almost all X” and it is defined as an abbreviation for
¬ statX¬ϕ. It then follows from (2.1) that for every Lℵ0

stat-formula ϕ and any
structure A = ⟨A, . . .⟩ we have

A |= aaXϕ(X)⇔ {B ∈ [A]ℵ0 : A |= ϕ(B)} contains a club subset of [A]ℵ0 .
(2.2)

We also define Lℵ0,II
stat as the logic obtained by expanding Lℵ0 simultane-

ously with the second order quantifiers ∃X, ∀X and with statX.
With these stationary logics, we can define an analogous version of the

Downward Löwenheim-Skolem theorem. In order to define these principles,
we shall first define the concept of elementary substructure related to these
logics.

Let L be one of the logics above, or a family of formulas in such a logic.
Let A = ⟨A, . . .⟩ and B = ⟨B, . . .⟩ be structures on the same signature,
and suppose B ⊆ A. We say that B is an L-elementary substructure of A
(denote B ≺L A) if for any formula ϕ(x0, . . . , xn, X0, . . . , Xm) ∈ L in the
same signature as A and B, for any c0, . . . cn ∈ B and any higher order
objects C0, . . . , Cm in B corresponding to the variables1 X0, . . . , Xm we have

B |= ϕ(c0, . . . , cn, C0, . . . , Cm)⇔ A |= ϕ(c0, . . . , cn, C0, . . . , Cm).

Similarly, we say that B ≺−
L A if, for any c0, . . . , cn ∈ B and any formula

ϕ(x0, . . . , xn) in L such that all of its free variables are of first order, we have

B |= ϕ(c0, . . . , cn)⇔ A |= ϕ(c0, . . . , cn).

Using the generalizations of the elementary substructure relation de-
scribed above, we can define some variations of the downwards Löwenheim-
Skolem theorem (theorem 0.2). Given a weak second order L as above and

1In the case of Lℵ0 and its expansions defined above, this means that C0, . . . , Cm shall
be countable subsets of B.
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a cardinal κ, we define the Strong Downwards Löwenheim-Skolem Theorem
for L down to < κ (denoted by SDLS(L, < κ) as the follow statement:

SDLS(L, < κ): For any structure A = ⟨A, . . .⟩ of countable sig-
nature, there is B ∈ [A]<κ such that A ↾ B ≺L A.

Similarly, we also define a version of SDLS with respect to the weaker
generalization of the elementary substructure relation. We denote this weaker
version by SDLS−(L, < µ), which is defined as the statement:

SDLS−(L, < µ): For any structure A = ⟨A, . . .⟩ of countable
signature, there is B ∈ [A]<κ such that A ↾ B ≺−

L A.

Example 2.1. Notice that SDLS−(Lℵ0 , < ℵ1) is just the regular Downwards
Löwenheim-Skolem Theorem (theorem 0.2) for first order logic, and therefore
it holds in ZFC.
Example 2.2. On the other hand, SDLS−(Lℵ0

stat, < ℵ1) does not hold in ZFC.
Indeed, let for example φ be the Lℵ0

stat-formula statX∃x(¬xεX). Notice that
for every set A, A is uncountable if and only if A |= φ. Therefore, given any
structure A such that A |= φ, there is no B ∈ [A]<ℵ1 such that A ↾ B |= φ.
Similarly, SDLS(Lℵ0 , < ℵ1) and SDLS−(Lℵ0,II, < ℵ1) also fail in ZFC.

Both SDLS(L, < µ) and SDLS−(L, < µ) have natural strengthenings con-
sidering stationary many reflection points:

SDLS+(L, < µ): For any structure A = ⟨A, . . .⟩ of countable
signature, there are stationarily many B ∈ [A]<κ such that A ↾
B ≺L A.

SDLS−
+(L, < µ): For any structure A = ⟨A, . . .⟩ of countable

signature, there are stationarily many B ∈ [A]<κ such that A ↾
B ≺−

L A.

In [Mag16], Manahem Magidor noticed that SDLS−
+(L

ℵ0
stat, < ℵ2) implies

the following reflection statement: “ Every uncountable graph with uncount-
able coloring number has a subgraph of cardinality ℵ1 with uncountable
coloring number”. This reflection statement is equivalent to the Fodor-Type
Reflection Principle FRP (see [FJS+10], [FSSU12]).

FRP : For every regular cardinal η > ℵ1, stationary S ⊆ Eη
ω :=

{ξ < η : cf(ξ) = ω}, and every function g : S −→ [η]ℵ0 such
that g(α) is a cofinal subset of α with order type ω for all α ∈ S,
there is α∗ ∈ Eη

ω1
such that

{x ∈ [α∗]ℵ0 : sup(x) ∈ S ∧ g(sup(x)) ⊆ x}

is a stationary subset of [α∗]ℵ0 .
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Therefore SDLS−
+(L

ℵ0
stat, < ℵ2) implies FRP.

FRP follows from the Following the reflection principle RP defined as
follows (we follow the notation in [FJS+10] and [FO]):

RP : For every regular cardinal η > ℵ1, stationary set S ⊆ [η]ℵ0

and X ∈ [η]ℵ1 , there is Y ∈ [η]ℵ1 such that

(a) cf(Y ) = ω1, X ⊆ Y ; and
(b) S ∩ [Y ]ℵ0 is a stationary subset of [Y ]ℵ0 .

Notice that the RP defined above is a strengthening of the Reflection Prin-
ciple RP in Jech [Jec03] (Jech’s RP is just as above but without demanding
property (a)).

From the characterization of SDLS−(Lℵ0
stat, < κ) in section 2.2 (lemma 2.13),

it follows easily that

Theorem 2.3. SDLS−(Lℵ0
stat, < ℵ2) implies RP.

By a theorem of Todorčević, Jech’s version of RP implies 2ℵ0 ≤ ℵ2 (see
theorem 37.18 in [Jec03]). Therefore

Corollary 2.4. SDLS−(Lℵ0
stat, < ℵ2) implies 2ℵ0 ≤ ℵ2.

Proposition 2.5. Let κ be a cardinal with cf(κ) ≥ ω2. Then the following
are equivalent:

(1) ∀µ < κ, µℵ0 < κ;

(2) SDLS+(Lℵ0 , < κ);

(3) SDLS−
+(Lℵ0,II, < κ);

(4) SDLS+(Lℵ0,II, < κ);

Proof. Notice that (4)⇒ (2) and (4)⇒ (3) are trivial.
(2)⇒ (1): Let µ < κ and suppose SDLS+(Lℵ0 , < κ) holds. Consider the

structure A := ⟨κ ∪ P(µ), µA, E
A⟩ where µ and E are respectively a unary

and a binary relation symbols such that µA := µ and E
A
:= {⟨α, a⟩ : α ∈

a ∈ P(µ)}.
Since {D ∈ [κ∪P(µ)]<κ : µ ⊆ D} is clearly a club subset of [κ∪P(µ)]<κ,

by SDLS+(Lℵ0 , < κ) we can take B ∈ [κ ∪ P(µ)]<κ such that µ ⊆ B and
A ↾ B ≺Lℵ0 A. Let ϕ(X) be the Lℵ0-formula:

∃x∀y(µ(y)→ (yεX ↔ E(y, x))).
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Since µ ⊆ B, we have µA↾B = µ. Notice ϕ(X) states that X can be
translated into a first order object. Clearly, for every U ∈ [µ]ℵ0 we have
A |= ϕ(U). By A ↾ B ≺Lℵ0 A, for every U ∈ [µ]ℵ0 we have A ↾ B |= ϕ(U), so
U ∈ B. Therefore [µ]ℵ0 ⊆ B, so µℵ0 ≤ |B| < κ.

(3) ⇒ (1): Let µ < κ and suppose SDLS−
+(Lℵ0,II, < κ). Let A := ⟨κ ∪

P(µ), µA, E
A⟩ be as above. By SDLS−

+(Lℵ0,II, < κ), we can take B ∈ [κ ∪
P(µ)]<κ such that A ↾ B ≺−

Lℵ0,II A. Let ψ be the Lℵ0,II-formula

∀X((∀z(zεX → µ(z))→ ∃x∀y(µ(y)→ (yεX ↔ E(y, x)))).

Notice ψ states that every weak second order object which is a subset
of µ can be translated into a first order object. Then we have A |= ψ.
Since A ↾ B ≺−

Lℵ0,II A, we have A ↾ B |= ψ, thus [µ]ℵ0 ⊆ B. Therefore
µℵ0 ≤ |B| < κ.

(1) ⇒ (4): Assume (1). Let A = ⟨A, . . .⟩ be a structure in countable
signature with |A| ≥ κ and let D be a club subset of ⊆ [A]<κ.

Let θ be some regular cardinal such that A ∈ H(θ). Define Ã := ⟨H(θ),∈
, A

Ã
,A

Ã⟩, where A and A are a unary predicate symbol and a constant symbol
respectively such that AÃ

:= A and A
Ã
:= A.

By (1) and since cf(κ) ≥ ω2, we can construct M ⊆ H(θ) such that
[M ]ℵ0 ⊆ M , Ã ↾ M ≺ Ã and A ∩M ∈ D. Let B := A ∩M . The following
claim allow us to prove that A ↾ B ≺Lℵ0,II A.

Claim 2.5.1. Suppose C̃ ⊆ H(θ) is such that Ã ↾ C̃ ≺ Ã and [C]ℵ0 ⊆ C̃,
where C := C̃ ∩ A. Then given any Lℵ0,II-formula ϕ(x0, . . . , xn, Y0, . . . , Ym),
any a0, . . . , an ∈ C and any U0, . . . , Um ∈ [C]ℵ0, we have

Ã ↾ C̃ |= “A |= ϕ(a0, . . . , an, U0, . . . , Um) ”
⇔ A ↾ C |= ϕ(a0, . . . , an, U0, . . . , Um). (2.3)

Proof of claim 2.5.1. We prove (2.3) by induction on the complexity of the
formula ϕ. It is trivial that (2.3) holds when ϕ is an atomic formula. Sim-
ilarly, it is also trivial that (2.3) holds when ϕ is of the form ¬ψ0, ψ0 ∧ ψ1,
ψ0 ∨ ψ1, ∀xψ0(x) or ∃xψ0(x) and (2.3) holds for ψ0 and ψ1. Since the weak
second order quantifier ∀X is dual to ∃X, it is enough to prove that (2.3)
holds for ϕ of the form ∃Xψ(X, x0, . . . , xn, Y0, . . . , Ym) given that (2.3) holds
for ψ.

First, suppose that Ã ↾ C̃ |= “A |= ∃Xψ(X, a0, . . . , an, U0, . . . , Um) ”
holds. Then we have

Ã ↾ C̃ |= “ ∃x ∈ [A]ℵ0 ,A |= ψ(x, a0, . . . , an, U0, . . . , Um) ”.
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Therefore there exists U ∈
[︂
A

Ã↾C̃
]︂ℵ0

= [C]ℵ0 such that

Ã ↾ C̃ |= “A |= ψ(U, a0, . . . , an, U0, . . . , Um) ”.

By induction hypothesis, we have A ↾ C |= ψ(U, a0, . . . , an, U0, . . . , Um), thus
A ↾ C |= ϕ(a0, . . . , an, U0, . . . , Um) holds.

Conversely, suppose A ↾ C |= ∃Xψ(X, a0, . . . , an, U0, . . . , Um) holds. Then
there is U ∈ [C]ℵ0 such that

A ↾ C |= ψ(U, a0, . . . , an, U0, . . . , Um).

Therefore we have

Ã |= “A ↾ C |= ψ(U, a0, . . . , an, U0, . . . , Um). ”

Since U ∈ [C]ℵ0 ⊆ C̃ and Ã ↾ C̃ ≺ Ã, we have

Ã ↾ C |= “A ↾ C |= ψ(U, a0, . . . , an, U0, . . . , Um). ”

Therefore U witnesses that Ã ↾ C̃ |= “A |= ϕ(a0, . . . , an, U0, . . . , Um) ” holds.
(claim 2.5.1)

Let ϕ(x0, . . . , xn, Y0, . . . , Ym) be a Lℵ0,II-formula. For a0, . . . , an ∈ B and
U0, . . . , Um ∈ [B]ℵ0 , by claim 2.5.1 and Ã ↾M ≺ Ã we have

A |= ϕ(a0, . . . , an, U0, . . . , Um)

⇔ Ã |= “A |= ϕ(a0, . . . , an, U0, . . . , Um) ”
⇔ Ã ↾M |= “A |= ϕ(a0, . . . , an, U0, . . . , Um) ”
⇔ A ↾ B |= ϕ(a0, . . . , an, U0, . . . , Um).

(proposition 2.5)

Similarly to proposition 2.5, for Lℵ0
stat we have:

Lemma 2.6. For any κ > ℵ2, SDLS−(Lℵ0
stat, < κ) implies κ > 2ℵ0.

In order to prove lemma 2.6, we shall use the following theorem:

Theorem 2.7 (Theorem 3.2(a) in Baumgartner and Taylor [BT82]). If C
is a club subset of [ω2]

ℵ0, then there is a countable set A ⊆ ω2 such that⃓⃓
[A]ℵ0 ∩ C

⃓⃓
= 2ℵ0.

Theorem 2.7 is often a key element of a proof showing that a certain
principle implies 2ℵ0 ≤ ℵ2 (see, for example, the proof of theorem 37.18
in [Jec03]).
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Proof of lemma 2.6. Let κ > ℵ2 and suppose SDLS−(Lℵ0
stat, < κ). By corol-

lary 2.4, if SDLS−(Lℵ0
stat, < ℵ2) holds, we have 2ℵ0 ≤ ℵ2 < κ. Suppose then

that SDLS−(Lℵ0
stat, < ℵ2) fails. Let A := ⟨A,RA

0 , . . . , R
A

n , . . .⟩ be a structure of
countable signature witnessing the failure of SDLS−(Lℵ0

stat, < ℵ2), i.e.

|B| ≥ ℵ2 whenever B ⊆ A is such that A ↾ B ≺−
Lℵ0

stat
A. (2.4)

Let η := |A|. Without loss of generality, we may assume that A = η.
Let Ã := ⟨H(η+),∈, η, RÃ

0 , . . . , R
Ã

n , . . .⟩, with R
Ã

n := R
A

n for every n ∈ ω.
Let ϕ be the Lℵ0

stat-formula

aaX∃x∀y(yεX ↔ y ∈ x).

By (2.2), for any uncountable set M we have M |= ϕ if and only if M is
internally club (i.e. M ∩ [M ]ℵ0 contains a club subset of [M ]ℵ0). Since η+
has uncountable cofinality, we have

Ã |= ϕ. (2.5)

By SDLS−(Lℵ0
stat, < κ), there is M ∈ [H(η+)]<κ such that

Ã ↾M ≺−
Lℵ0

stat
Ã. (2.6)

Let B := M ∩ η. It follows that A ↾ B ≺−
Lℵ0

stat
. Therefore, by (2.4) we have

ℵ2 ≤ |B| ≤ |M |.
By (2.5) and (2.6), we have Ã ↾ M |= ϕ, thus there is C ⊆ M ∩ [M ]ℵ0

which is a club subset of [M ]ℵ0 . By theorem 2.7, we have κ > |M | ≥ |C| ≥
2ℵ0 . (lemma 2.6)
Corollary 2.8. SDLS−(Lℵ0

stat, < 2ℵ0) implies 2ℵ0 = ℵ2.
Proof. Suppose SDLS−(Lℵ0

stat, < 2ℵ0). By lemma 2.6, it follows that 2ℵ0 ≤ ℵ2.
Since SDLS−(Lℵ0

stat, < ℵ1) does not hold (see example 2.2), 2ℵ0 can only be
ℵ2. (corollary 2.8)

It can be proved that SDLS−(Lℵ0
stat, < 2ℵ0) holds under MA+ω1(σ-closed).

(this follows corollary 2.18 and a result by Cox in [Cox12]). On the other
hand, we have that
Corollary 2.9. SDLS(Lℵ0

stat, < 2ℵ0) is inconsistent.
Proof. Suppose SDLS(Lℵ0

stat, < 2ℵ0) holds. Then 2ℵ0 = ℵ2 by corollary 2.8.
Therefore SDLS(Lℵ0

stat, < ℵ2) holds. By proposition 2.5 it follows that 2ℵ0 =
ℵ1, which is a contradiction. (corollary 2.9)

In section 2.3, we shall present a weakening of SDLS(Lℵ0
stat, < κ) which is

consistent with 2ℵ0 = κ for very large κ (e.g. supercompact).
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2.2 Characterization of SDLS for stationary
logics and the Diagonal Reflection Prin-
ciple

Definition 2.10. Let κ be a regular uncountable cardinal and C be a class.
For η > κ, define (∗)C<κ,η as the following statement:

For any countable expansion A of ⟨H(η),∈⟩ and any family ⟨Sa : a ∈
H(η)⟩ of stationary subsets of [H(η)]ℵ0 , there is some N ∈ [H(η)]<κ such
that:

(1) N ∈ C;

(2) A ↾ N ≺ A;

(3) for each a ∈ N , Sa ∩ [N ]ℵ0 is a stationary subset of [N ]ℵ0 .

Similarly to SDLS(L, < κ), (∗)C<κ also has a natural strengthening which
requires the existence of stationarily many reflection points.

Definition 2.11. Let κ be a regular uncountable cardinal and C be a class.
For η > κ, define (∗)+C

<κ,η as the following statement:
For any countable expansion A of ⟨H(η),∈⟩ and any family ⟨Sa : a ∈

H(η)⟩ of stationary subsets of [H(η)]ℵ0 , there are stationarily many N ∈
[H(η)]<κ such that:

(1) N ∈ C;

(2) A ↾ N ≺ A;

(3) for each a ∈ N , Sa ∩ [N ]ℵ0 is a stationary subset of [N ]ℵ0 .

We shall consider the following classes:

IUℵ0 := {X : [X]ℵ0 ∩X is cofinal in [X]ℵ0};

ISℵ0 := {X : [X]ℵ0 ∩X is a stationary subset of [X]ℵ0};

ICℵ0 := {X : [X]ℵ0 ∩X contains a club subset of [X]ℵ0}.

The sets in IUℵ0 , ISℵ0 , ICℵ0 are called internally unbounded, internally
stationary and internally club respectively.

Lemma 2.12. Suppose C is IUℵ0, ISℵ0 or IUℵ0. For a regular cardinal κ and
cardinals η, η′ with ℵ1 < κ < η < η′, (∗)C<κ,η′ implies (∗)C<κ,η and (∗)+C

<κ,η′

implies (∗)+C
<κ,η.
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Proof. We prove that (∗)+C
<κ,η′ implies (∗)+C

<κ,η. The other implications can be
proved similarly.

Let κ, η, η′ and C be as above and assume (∗)+C
<κ,η′ holds. Let D be an

arbitrary club subset of [H(θ)]<κ. Let A := ⟨H(θ),∈, R0
A
, . . . , Rn

A
, . . .⟩ be

a countable extension of the structure ⟨H(θ),∈⟩ (where R0, . . . , Rn, . . . are
arbitrary predicate symbols), ⟨Sa : a ∈ H(θ)⟩ be a family of stationary
subsets of [H(θ)]ℵ0 .

Define
Ã := ⟨H(η′),∈, η,H(η), R0

A
, . . . , Rn

A
, . . .⟩,

D̃ := {X ∈ [H(η′)]<κ : X ∩H(η) ∈ C},

and also define

S̃a :=

{︄
{x ∈ [H(η′)]ℵ0 : x ∩H(η) ∈ Sa} , if a ∈ H(η);
[H(η′)]ℵ0 , otherwise.

(2.7)

for every a ∈ H(η′).
We have that S̃a is a stationary subset of [H(η)]ℵ0 for every a ∈ H(η′) by

corollary 1.5(ii) and that D̃ is a club subset of [H(η′)]<κ by lemma 1.4(I).
By (∗)+C

<κ,η′ we can take N ∈ D̃ such that N ∈ C, Ã ↾ N ≺ Ã and
S̃a ∩ [N ]ℵ0 is a stationary subset of [N ]ℵ0 for every a ∈ N .

Let M := H(η) ∩N . Since Ã ↾ N ≺ Ã, it follows that A ↾M ≺ A.

Claim 2.12.1. Given a ∈ N , if |a| < η, then a ∩H(η) ∈M .

Proof of claim 2.12.1. Let a ∈ N be such that |a| < η. Since a ∈ H(η′)
and |a| < η, we have a ∩ H(η) ∈ H(η). Since Ã has a predicate describing
H(η) and Ã ↾ N ≺ Ã, we have that a ∩ H(η) ∈ N . We conclude that
a ∈M = N ∩H(η). (claim 2.12.1)

By claim 2.12.1 and corollary 1.5, it follows that M ∈ C.
Let a ∈M . Then S̃a ∩ [N ]ℵ0 is a stationary subset of [N ]ℵ0 . By (2.7) we

have:
Sa ∩ [M ]ℵ0 = {x ∩M : x ∈ S̃a ∩ [N ]ℵ0}.

Therefore, by corollary 1.5(iv) we have that Sa∩ [M ]ℵ0 is a stationary subset
of [M ]ℵ0 . (lemma 2.12)

Lemma 2.13. Suppose κ > ℵ1 is a regular cardinal. Then

1. SDLS−(Lℵ0
stat, < κ)⇔ (∗)ICℵ0

<κ,η for all cardinal η ≥ κ.

2. SDLS−
+(L

ℵ0
stat, < κ)⇔ (∗)+ICℵ0

<κ,η holds for all cardinal η ≥ κ.
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3. SDLS+(Lℵ0,II
stat , < κ)⇔ (∗)+ICℵ0

<κ,η holds for all cardinal η ≥ κ and µℵ0 < κ
for all µ < κ.

Proof. We first show (2); (1) can be proved similarly to (2).
Assume SDLS−

+(L
ℵ0
stat, < κ) and let η ≥ κ. Let A = ⟨H(η),∈, . . .⟩ be a

countable expansion of ⟨H(η),∈⟩, ⟨Sa : a ∈ H(η)⟩ be a sequence of station-
ary subsets of [H(η)]ℵ0 and C be a club subset of [H(η)]<κ.

Let Ã = ⟨H(η),∈, . . . , SÃ⟩ be the expansion of A obtained by adding a
binary relation symbol S which describes the the sequence ⟨Sa : a ∈ H(η)⟩
in the structure. S shall be interpreted as follows:

S
Ã
:= {⟨a, s⟩ ∈ (H(η))2 : s ∈ Sa}.

By SDLS−
+(L

ℵ0
stat, < κ), we can take M ∈ [H(η)]<κ such that M ∈ C and

Ã ↾M ≺−
Lℵ0

stat
Ã.

Let ϕ be the sentence aaX∃y∀z(zεX ↔ z ∈ y). By (2.2), it follows that
for any uncountable set B we have B |= ϕ ⇔ B ∈ ICℵ0 . Therefore, we have
Ã |= ϕ. Since Ã ↾M ≺−

Lℵ0
stat

Ã, we have Ã ↾M |= ϕ, thus M ∈ ICℵ0 .

Now let ψ be the sentence ∀x statX∃y(S(x, y) ∧ ∀z(zεX ↔ z ∈ y)).
Similarly to ϕ, for any uncountable set B we have

B |= ψ ⇔ “Sb ∩ [B]ℵ0 is a stationary subset of [B]ℵ0 for all b ∈ B ”.

Then Ã |= ψ. Since Ã ↾ M ≺−
Lℵ0

stat
Ã, we have that Sa ∩ [M ]ℵ0 is a

stationary subset of [M ]ℵ0 for all a ∈M . Therefore M witnesses (∗)+ICℵ0
<κ,η .

Now assume (∗)+ICℵ0
<κ,η holds for every η ≥ κ. We prove that SDLS−

+(L
ℵ0
stat, <

κ) holds. Let A = ⟨A,R0
A
, . . . , Rn

A
, . . .⟩ be a structure in countable signature

with |A| ≥ κ. Let C ⊆ [A]<κ be a club.
Take regular a cardinal η such that A ∈ H(η) and define

Ã := ⟨H(η),∈,AÃ
, A

Ã
, R0

Ã
, . . . , Rn

Ã
, . . .⟩, (2.8)

where A and A are unary relational symbols with A
Ã
= A and AÃ

= A, and
we also have Rn

Ã
= Rn

A for every n ∈ ω. For each a ∈ H(η), define:
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Sa :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{U ∈ [H(η)]ℵ0 : |U ∩ A| = ℵ0 ∧
A |= ψ(a0, . . . , am, U0, . . . , Ul, U ∩ A)},

if ψ(x0, . . . , xm, Y0, . . . , Yl, X) is an Lℵ0
stat-formula,

a0, . . . , am ∈ A,U0, . . . , Ul ∈ [A]ℵ0 ,

A |= statXψ(a0, . . . , am, U0, . . . , Ul, X) and
a = ⟨ψ, a0, . . . , am, U0, . . . , Ul)⟩;

[H(η)]ℵ0 ,

otherwise.

(2.9)

Let
C̃ := {U ∈ [H(η)]<κ : U ∩ A ∈ C}. (2.10)

By lemma 1.4(I), C̃ is a club subset of [H(η)]<κ. By (∗)+ICℵ0
<κ,η , we can take an

internally club M ∈ [H(η)]<κ such that

M ∈ C̃; (2.11)
Ã ↾M ≺ Ã; and (2.12)

Sa ∩ [M ]ℵ0 is a stationary subset of [M ]ℵ0 for all a ∈M. (2.13)

Let B := A ∩M . By (2.10) and (2.11), we have B ∈ C. It follows from
(2.12) and the following claim that A ↾ B ≺−

Lℵ0
stat

A.

Claim 2.13.1. For any Lℵ0
stat-formula ϕ(x0, . . . , xm, Y0, . . . , Yl), a0, . . . , am ∈

B and U0, . . . , Ul ∈ [B]ℵ0 ∩M , we have

Ã ↾M |= “A |= ϕ(a0, . . . , am, U0, . . . , Ul) ”⇔ A ↾ B |= ϕ(a0, . . . , am, U0, . . . , Ul)
(2.14)

Proof of claim 2.13.1. We proceed by induction on the formula ϕ. We prove
that (2.14) holds for ϕ whenever it is of the form statXψ and (2.14) holds for
ψ. As in the proof of claim 2.5.1, the remaining cases follow straightforward
from the definitions.

Suppose that Ã ↾M |= “A |= ϕ(a0, . . . , an, U0, . . . , Um) ” holds. Then, by
(2.12) we have A |= statXψ(a0, . . . , am, U0, . . . , Ul, X).

Let a := ⟨ψ, a0, . . . , am, U0, . . . , Ul⟩. By (2.12), it follows that a ∈M and
by (2.9) we have

Sa = {U ∈ [H(η)]ℵ0 : |U ∩ A| = ℵ0 ∧ A |= ψ(a0, . . . , am, U0, . . . , Ul, U ∩ A)}.
(2.15)
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By (2.13), we have that Sa ∩ [M ]ℵ0 is a stationary subset of [M ]ℵ0 . Since
M is internally club, we have that Sa ∩ [M ]ℵ0 ∩M = Sa ∩M is stationary.
By corollary 1.5(iv), the set S := {U ∩ B : U ∈ Sa ∩M ∧ |U ∩B| = ℵ0} is
a stationary subset of [M ]ℵ0 . By (2.15) and (2.12), we have

S := {U ∩B : U ∈M ∩ [M ]ℵ0 ∧ U ∩ A = U ∩B ∈ A ∩ [B]ℵ0∧
Ã ↾M |= “A |= ψ(a0, . . . , am, U0, . . . , Ul, U ∩B) ”}

By induction hypothesis, we have

S ⊆ {V ∈ [B]ℵ0 : A ↾ B |= ψ(a0, . . . , am, U0, . . . , Ul, V )}.

Therefore, by (2.1), we have A ↾ B |= statXψ(a0, . . . , am, U0, . . . , Ul, X),
that is, A ↾ B |= ϕ(a0, . . . , am, U0, . . . , Ul).

Suppose now that Ã ↾ M ̸|= “A |= ϕ(a0, . . . , am, U0, . . . , Ul) ”. Then we
have

Ã ↾M |= “ there is a club D ⊆ [A]ℵ0 such that
A |= ¬ψ(a0, . . . , am, U0, . . . , Ul, x) for all x ∈ D ”

By (2.12), there is D′ ∈M which is a club subset of [A]ℵ0 such that

Ã ↾M |= “A |= ¬ψ(a0, . . . , am, U0, . . . , Ul, V ) ” for all V ∈ D′ ∩M. (2.16)

Since M is internally club, by (2.12) it follows that [B]ℵ0 ∩M contains a
club subset of [B]ℵ0 . Then it follows that the set

{V ∩B : |V ∩B| = ℵ0 ∧ V ∈ D′ ∩ [B]ℵ0 ∩M = D′ ∩M}

contains a club subset of [B]ℵ0 . Then by (2.16) it follows that the set

{V ∈ D′ ∩M : Ã ↾M |= “A |= ¬ψ(a0, . . . , am, U0, . . . , Ul, V ) ”}

contains a club subset of [M ∩ A]ℵ0 . By induction hypothesis, the above set
is equal to

{V ∈ D′ ∩M : A ↾ B |= ¬ψ(a0, . . . , am, U0, . . . , Ul, V )}.

Therefore we have A ↾ B |= ¬ statXψ(a0, . . . , am, U0, . . . , Ul, X), and
thus A ↾ B ̸|= ϕ(a0, . . . , an, U0 . . . , Um). (claim 2.13.1)
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We now prove (3). By (2) and proposition 2.5, SDLS+(Lℵ0,II
stat , < κ) implies

“(∗)+ICℵ0
<κ,η holds for all η ≥ κ and µℵ0 < κ for all µ < κ”.
Conversely, suppose that (∗)+ICℵ0

<κ holds and µℵ0 < κ for all µ < κ. Let
A = ⟨A,R0

A
, . . . , Rn

A
, . . .⟩ be a structure in countable signature with |A| ≥ κ

and let C ⊆ [A]<κ be a club. Let η be a regular cardinal such that A ∈ H(η)
and let Ã and ⟨Sa : a ∈ H(η)⟩ be defined as in (2.8) and (2.9).

Let µ := 2ℵ0 . By assumption we have µ < κ, thus by lemma 1.4(I), it
follows that the set

C := {M ∈ [H(η)]<κ : µ ⊆M ∧M ∩A ∈ C ∧{P(x) : x ∈M ∩ [M ]ℵ0} ⊆M}
(2.17)

contains a club subset of [H(η)]<κ. By (∗)+ICℵ0
<κ,η , we can take an internally

club M ∈ C such that

µ ⊆M, (2.18)
Ã ↾M ≺ Ã and (2.19)

Sa ∩ [M ]ℵ0 is a stationary subset of [M ]ℵ0 for all a ∈M. (2.20)

Let B := A
Ã↾M

= A ∩M . By (2.17) we have that B ∈ C. We claim that

[M ]ℵ0 ⊆M. (2.21)

Indeed, for x ∈ [M ]ℵ0 , we can take y ∈ [M ]ℵ0 ∩M such that x ⊆ y. Since
y is countable, we have V |= |P(y)| = 2ℵ0 = µ. Notice that P(y)V ∈ M by
(2.17). By (2.19), we have Ã ↾ M |=

⃓⃓
P(y)V

⃓⃓
= µ. Therefore, by (2.18) we

have x ∈ P(y)V ⊆M , therefore (2.21) holds.
As in the proof of (2), it follows that A ↾ B ≺−

Lℵ0
stat

A. By (2.21), this

implies A ↾ B ≺Lℵ0,II
stat

A. So we conclude that SDLS+(Lℵ0,II
stat , < κ) holds.

(lemma 2.13)

We now recall the Diagonal Reflection principle introduced by Sean Cox
in [Cox12].

Definition 2.14 (Diagonal Reflection Principle). Given regular uncountable
cardinals κ and θ (κ < θ) and a class C, the Diagonal Reflection Principle
for κ, θ and C (denote DRP(< κ, θ, C)) is the following statement:

There are stationarily many M ∈ [H((θℵ0)+)]<κ such that

(1) M ∩H(θ) ∈ C; and
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(2) for all R ∈ M such that R is a stationary subset of [θ]ℵ0 ,
R ∩ [θ ∩M ]ℵ0 is a stationary subset of [θ ∩M ]ℵ0 .

We denote by DRP(< κ, C) the statement “ DRP(< κ, θ, C) holds for all
cardinal θ ≥ κ”.
Lemma 2.15. Suppose C is IUℵ0, ISℵ0 or ICℵ0, κ is a regular cardinal and θ, θ′
are cardinals with κ ≤ θ < θ′. Then DRP(< κ, θ′, C) implies DRP(< κ, θ, C)
Proof. Suppose that DRP(< κ, θ′, C) holds and let D be a club subset of
[H((θℵ0)+)]<κ. Define

D′ := {N ∈ [H((θ′ℵ0)+)]<κ : (a)N ∩H((θℵ0)+) ∈ D ∧ (2.22)
(b)κ, θ ∈ N ∧
(c)N ≺ H((θ′ℵ0)+)}.

It follows by lemma 1.4(I) thatD′ contains a club subset of [H((θ′ℵ0)+)]<κ.
Thus, by DRP(< κ, θ′, C), we can take M ′ ∈ D such that

M ′ ∩H(η′) ∈ C; and (2.23)

for all R ∈M ′ such that R is a stationary subset of [θ′]ℵ0 ,

R ∩ [θ′ ∩M ′]ℵ0 is a stationary subset of [θ′ ∩M ′]ℵ0 . (2.24)

Let M := M ′ ∩ H((θℵ0)+). By (2.22)(a) we have M ∈ D. We show that
M satisfies (1) and (2) from definition 2.14 (with respect to θ and C).

Let R ∈ M be a stationary subset of [θ]ℵ0 . By corollary 1.5(ii), the set
R′ := {x ∈ [θ′]ℵ0 : x ∩ θ ∈ R} is a stationary subset of [θ′]ℵ0 . Notice by
(2.22)(b) we have R′ ∈M ′, so by (2.24) R′∩ [θ∩M ′]ℵ0 is a stationary subset
of R′ ∩ [θ ∩M ′]ℵ0 . Then by corollary 1.5(iv), the set

R ∩ [θ ∩M ]ℵ0 = {y ∩H(θ) : y ∈ R′ ∩ [θ ∩M ′]ℵ0}

is a stationary subset of [θ ∩M ]ℵ0 , so M satisfies (2) from definition 2.14.
Similarly to claim 2.12.1, it follows from the following claim and lemma

1.4(III),(IV) that M satisfies (1) from definition 2.14.

Claim 2.15.1. For any a ∈M ′, if |a| < θ, then a ∩H(θ) ∈M ∩H(θ).

Proof of claim 2.12.1. Let χ(x, θ) be a formula such that H(θ′) |= χ(a, θ) if
and only if a ∈ H(θ). By (2.22) (b) and (c), it follows that

M ′ |= ∀x∃y∀z(z ∈ y ↔ z ∈ x ∧ χ(z, θ)) (2.25)

Let a ∈M ′ and suppose |a| < θ. By (2.25) we have a∩H(θ) ∈M ′ whenever
a ∈ M ′. By |a| < θ, we have that a ∩ H(θ) ∈ H(θ). Therefore a ∩ H(θ) ∈
M ′ ∩H(θ) ∈M ′ ∩H(θ) ⊆M , so a ∩H(θ) ∈M ′ ∩H(θ). (claim 2.15.1)
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(lemma 2.15)

Lemma 2.16. Suppose C is one of IUℵ0, ISℵ0, ICℵ0. Given any regular
cardinal κ > ℵ1 and any cardinal θ such that θ = 2<θ and cf(θ) ≥ κ, we have
that DRP(< κ, θ, C) is equivalent to (∗)+C

<κ,θ.

Proof. First assume that DRP(< κ, θ, C) holds.
Let A := ⟨H(θ),∈, R0

A
, . . . , Rn

A
, . . .⟩ be a countable extension of the

structure ⟨H(θ),∈⟩ (where R0, . . . , Rn, . . . are arbitrary predicate symbols),
⟨Sa : a ∈ H(θ)⟩ be a family of stationary subsets of [H(θ)]ℵ0 and D a club
subset of [H(θ)]<κ.

By the assumptions about θ we have θ<κ = θ and |H(θ)| = θ. We then
fix a bijection g : H(θ) −→ θ. For each a ∈ H(θ), define

S∗
a := {g ′′x : x ∈ Sa}.

Now define the structure

Ã := ⟨H((θℵ0)+),∈, S∗Ã, gÃ, H
Ã
, P 0

Ã
, . . . , P n

Ã
, . . .⟩,

where P n
Ã
:= P n

A for all n ∈ ω, H is a unary relation symbol and S, g are
unary function symbols with

H
Ã
:= H(θ);

S∗Ã := {⟨a, S∗
a⟩ : a ∈ H(θ)} ∪ {⟨a, ∅⟩ : a ∈ H((θℵ0)+) \ H(θ)};

gÃ ⊇ g.

Define

D̃ := {M ∈ [H((θℵ0)+)]<κ : (a)M ∩H(θ) ∈ D ∧ (2.26)
(b)θ ∈M ∧
(c)Ã ↾M ≺ Ã ∧
(d)κ ∩M < κ}.

By lemma 1.4(I) D̃ contains a club subset of [H((θℵ0)+)]<κ. By DRP(<
κ, θ, C), we can take M+ ∈ D̃ such that

M+ ∩H(θ) ∈ C; and (2.27)

R ∩ [θ ∩M ]ℵ0 is a stationary subset of [θ ∩M ]ℵ0 ,

whenever R ∈M+ is a stationary subset of [θ]ℵ0 . (2.28)
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Let M :=M+ ∩H(θ). We show that M witnesses that (∗)+C
<κ,θ holds.

Since M+ ∈ D̃, by (2.26)(c) we have Ã ↾ M ≺ Ã. Furthermore, we have
M ∈ D by (2.26)(a) and M ∈ C by (2.27).

Let a ∈ M . Notice that S∗
a = S∗Ã↾M

+

(a) ∈ M+. Since g is a bijection, it
follows that S∗

a is a stationary subset of [θ]ℵ0 . By (2.28), we have

S∗
a ∩ [θ ∩M+]ℵ0 is a stationary subset of [θ ∩M+]ℵ0 . (2.29)

Notice that gÃ↾M+
= g ↾ M (this follows from gÃ ⊇ g and Ã ↾ M+ ≺ Ã).

By Ã ↾ M+ ≺ Ã, we have that gÃ↾M+
: H(θ) ∩M+ = M −→ θ ∩M+ is a

bijection. Therefore, by (2.29) we conclude that

Sa ∩ [M ]ℵ0 = {g−1 ′′y : y ∈ S∗
a ∩ [θ ∩M+]ℵ0}

is a stationary subset of [M ]ℵ0 .
Assume now that (∗)+C

<κ,θ holds. Let D be a club subset of [H((θℵ0)+)]<κ.

Fix a bijection h : H(θ) −→ θ. Let Ã := ⟨H((θℵ0)+),∈, DÃ
, h0

Ã⟩, where D is
a unary predicate symbol, h0 is a constant symbol, DÃ

:= D and h0
Ã
:= h.

By the assumption that θ = 2<θ and cf(θ) ≥ κ, we can find N ∈
[H((θℵ0)+)]θ such that Ã ↾ N ≺ Ã, H(θ) ⊆ N and [N ]<κ ⊆ N .

Let g : N −→ H(θ) be a bijection such that

g ↾ [θ]≤ℵ0 = Id[θ]≤ℵ0 . (2.30)

Let N := ⟨g ′′N,E
N
, D

N
, h0

N⟩ be the translation by g of Ã ↾ N , i.e. E is a
relational symbol with E

N
:= {⟨g(x), g(y)⟩ : x ∈ y ∈ N}, DN

:= g ′′(D ∩N)

and h0
N
:= g(h).

Define also the structure A := ⟨H(θ),∈, h1
A
, N

A
, E

A
, D

A
, h0

A⟩, where h1
is a unary function symbol with h1

A
:= h and ⟨NA

, E
A
, D

A
, h0

A⟩ = N.
For each a ∈ H(θ), define:

Sa :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
{x ∈ [H(θ)]ℵ0 : x ∩ θ ∈ g−1(a)},

if g−1(a) is a stationary subset of [θ]ℵ0 ;

[H(θ)]ℵ0 ,

otherwise

(2.31)

Notice that, by corollary 1.5(ii), Sa is a stationary subset of [H(θ)]ℵ0 for
all a ∈ H(θ).
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By (∗)+C
<κ,θ we can take M0 ∈ [H(θ)]<κ such that

M0 ∈ C; (2.32)
A ↾M0 ≺ A; (2.33)

κ ∩M0 < κ; and (2.34)
∀a ∈M0, Sa ∩ [M0]

ℵ0 is a stationary subset of [M0]
ℵ0 . (2.35)

Let M = g−1 ′′M0. We show that M witnesses DRP(< κ, θ, C).
Applying Vaught’s test, it follows that

Ã ↾M ≺ Ã ↾ N. (2.36)

We also have:

Claim 2.16.1. M ∈ D

Proof of claim 2.16.1. First we prove the following:

∀D ∈ D ∩M,D ⊆M ; (2.37)
D ∩M is an unbounded subset of [M ]<κ. (2.38)

Let D ∈ D ∩M . Since |D| < κ, by (2.36), there are δ ∈ κ ∩M and a
surjection f : δ −→ D with f ∈M . By (2.30) and (2.34), we have κ∩M < κ,
therefore δ ⊆ M . Then D ⊆ M , so (2.37) holds. (2.38) follows from (2.36)
and the fact that D ∩N is a club subset of [N ]<κ.

From (2.37), we have that
⋃︁
(D ∩M) ⊆ M . On the other hand, from

(2.38) we have
⋃︁
(D∩M) ⊇M . Therefore M =

⋃︁
(D∩M). Furthermore, it

follows from (2.38) that D ∩M is a directed set. Since |M | = |M0| < κ, by
proposition 1.3, we conclude that M ∈ D. (claim 2.16.1)

By (2.32), the next claim implies that M satisfies (1) from definition 2.14.

Claim 2.16.2. M ∩H(θ) =M0.

Proof. Let x ∈ M0. By elementarity, we have h(x) = h1
A↾M0

(x) ∈ M0. By
(2.30), we have h−1(g−1(h(x))) = x. Since h−1, g−1(h(x)) ∈ M , we have
x ∈M . Since M0 ⊆ H(θ), we have x ∈M ∩H(θ), therefore M0 ⊆M ∩H(θ).

Now let y ∈ M ∩ H(θ). Since h ∈ M and y ∈ dom(h), we have that
h(y) ∈ M ∩ θ = M0 ∩ θ. Denote z := h(x) = g(h(x)). Similarly to the case
above, y can be described in A ↾ M0 as the unique element of M0 such that
h
A↾M0

1 (y) = z. Therefore y ∈M0. (claim 2.16.2)
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We conclude by showing that M satisfies (2) from definition 2.14. Let
R ∈ M be a stationary subset of [θ]ℵ0 . By the definition of M we have
g(R) ∈M0. By (2.31) we have

Sg(R) = {x ∈ [H(θ)]ℵ0 : x ∩ θ ∈ R}.

By (2.35), we have that Sg(R) ∩ [M0]
ℵ0 is a stationary subset of [M0]

ℵ0 .
Notice that

R ∩ [M ∩ θ]ℵ0 = {x ∩M ∩ θ : x ∈ Sg(R) ∩ [M0]
ℵ0 ∧ |x ∩M ∩ θ| = ℵ0}.

Recall that M ∩ θ = M0 ∩ θ ⊆ M0 by (2.30). Therefore, by corol-
lary 1.5(iv), it follows that R ∩ [M ∩ θ]ℵ0 is a stationary subset of [M ∩ θ]ℵ0 .
(lemma 2.16)

Lemma 2.17. Suppose C is one of IUℵ0, ISℵ0, ICℵ0. Given any κ > ℵ1,
DRP(< κ, C) is equivalent to (∗)+C

<κ.

Proof. Given any cardinal η above κ, let θη = sup{2ξ : ξ < η+}. Since
2<θη = θη and cf(θη) ≥ κ, “DRP(< κ, C) is equivalent to (∗)+C

<κ” follows from
lemmas 2.16, 2.15 and 2.12. (lemma 2.17)

Corollary 2.18 follows from lemma 2.13 and lemma 2.17.

Corollary 2.18. Suppose κ > ℵ1 is a regular cardinal. Then

• SDLS−
+(L

ℵ0
stat, < κ)⇔ DRP(< κ, ICℵ0);

• SDLS+(Lℵ0,II
stat , < κ)⇔ DRP(< κ, ICℵ0) and µℵ0 < κ for all µ < κ.

2.3 Internal variation of SDLS
Define recursively |=int as follows:

• at first order, |=int is defined like |=;

• for a structure A = ⟨A, . . .⟩, a ∈ A and U ∈ [A]ℵ0 ∩ A, define:

A |=int aεU ⇔ a ∈ U ;

• for a structure A = ⟨A, . . .⟩, given an Lℵ0
stat-formula ϕ, suppose |=int

ϕ(a0, . . . , an, A0, . . . , Am) is defined for all a0, . . . , an ∈ A and allA0, . . . , Am ∈
[A]ℵ0 ∩ A. Then we define
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A |=int statXϕ(X, a0, . . . , an, A0, . . . , Am)⇔
{B ∈ [A]ℵ0∩A : A |=int ϕ(B, a0, . . . , an, A0, . . . , Am)} is stationary in [A]ℵ0∩A.

(2.39)

As before, for A = ⟨A, . . .⟩, B = ⟨B, . . .⟩ (B ⊆ A), we say that B ≺int
Lℵ0

stat

A if and only if for all formulas ϕ(x0, . . . , xn, X0, . . . , Xm) in Lℵ0
stat, for all

b0, . . . , bn ∈ B, and all B0, . . . , Bm ∈ [B]ℵ0 ∩B, we have

B |=intϕ(b0, . . . , bn, B0, . . . , Bm)⇔ A |=intϕ(b0, . . . , bn, B0, . . . , Bm).

Definition 2.19. For a cardinal κ, we define SDLSint
+ (Lℵ0

stat, < κ) as the state-
ment: For any structure A = ⟨A, . . .⟩ of countable signature, there are sta-
tionarily many B ∈ [A]<κ such that A ↾ B ≺int

Lℵ0
stat

A.

Definition 2.20. Let κ be a regular uncountable cardinal. For η > κ, define
(∗)int

<κ,η as the following statement:
For any countable expansion A of ⟨H(η),∈⟩ and any family ⟨Sa : a ∈

H(η)⟩ of stationary subsets of [H(η)]ℵ0 , there is some N ∈ [H(η)]<κ such
that:

(1) A ↾ N ≺ A;

(2) for each a ∈ N , Sa ∩N is a stationary subset of [N ]ℵ0 .

Similarly to (∗)C<κ,η, we also define the following strengthening of (∗)int
<κ,η:

Definition 2.21. Let κ be a regular uncountable cardinal. For η > κ, define
(∗)+int

<κ,η as the following statement:
For any countable expansion A of ⟨H(η),∈⟩ and any family ⟨Sa : a ∈

H(η)⟩ of stationary subsets of [H(η)]ℵ0 , there are stationarily many N ∈
[H(η)]<κ such that:

(1) A ↾ N ≺ A;

(2) for each a ∈ N , Sa ∩N is a stationary subset of [N ]ℵ0 .

Lemma 2.22. For a regular cardinal κ and cardinals η, η′ with ℵ1 < κ <
η < η′, (∗)int

<κ,η′ implies (∗)int
<κ,η and (∗)int+

<κ,η′ implies (∗)int+
<κ,η.

Lemma 2.22 can be proved similarly to the proof of lemma 2.12 with no
significant modifications.

Lemma 2.23. For any regular κ > ℵ1, we have SDLSint
+ (Lℵ0

stat, < κ)⇔ (∗)int+
<κ,η

holds for all regular η ≥ κ.
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Proof. This proof is just a modification of the proof of lemma 2.13.
First assume SDLSint

+ (Lℵ0
stat, < κ). Let η > κ and let A be a countable

expansion of ⟨H(η),∈⟩, ⟨Sa : a ∈ H(η)⟩ be a sequence of stationary subsets
of [H(η)]ℵ0 and C a club subset of [H(η)]<κ.

Let Ã be the expansion of A obtained by adding the binary relation
symbol S (used to translate the sequence ⟨Sa : a ∈ H(η)⟩ in the structure)
with the following interpretation:

S
Ã
:= {⟨a, s⟩ ∈ (H(η))2 : s ∈ Sa}.

By SDLSint
+ (Lℵ0

stat, < κ), we can take M ∈ [H(η)]<κ such that M ∈ C and
Ã ↾M ≺int

Lℵ0
stat

Ã.

Let ψ be the sentence ∀x statX∃y(S(x, y) ∧ ∀z(zεX ↔ z ∈ y)). By the
definition of |=int, for any uncountable set B we have

B |=int ψ ⇔ “Sb ∩B is a stationary subset of [B]ℵ0 for all b ∈ B ”.

Then we have Ã |= ψ. Since Ã ↾ M ≺int
Lℵ0

stat
Ã, we have that Sa ∩M is a

stationary subset of [M ]ℵ0 for all a ∈M . Therefore M witnesses (∗)int+
<κ,η.

Now assume (∗)int+
<κ,η holds for every η ≥ κ. We prove that SDLSint

+ (Lℵ0
stat, <

κ) holds. Let A = ⟨A,RA

0 , . . . , R
A

n , . . .⟩ be a structure in countable signature
with |A| ≥ κ. Let C ⊆ [A]<κ be a club.

Take a regular cardinal η such that A ∈ H(η) and define Ã := ⟨H(η),∈
,A

Ã
, A

Ã
, R

Ã

0 , . . . , R
Ã

n , . . .⟩, where A and A are unary relation symbols with
A

Ã
= A, AÃ

= A and R
Ã

n = Rn
A for every n ∈ ω. For each a ∈ H(η), define:

Sa :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{U ∈ [H(η)]ℵ0 : |U ∩ A| = ℵ0 ∧ U ∩ A ∈ A∧
A |=int ψ(a0, . . . , am, U0, . . . , Ul, U ∩ A)},

if ψ(x0, . . . , xm, Y0, . . . , Yl, X) is an Lℵ0
stat-formula,

a0, . . . , am ∈ A,U0, . . . , Ul ∈ [A]ℵ0 ∩ A,
A |=stat statXψ(a0, . . . , am, U0, . . . , Ul, X) and
a = ⟨ψ, a0, . . . , am, U0, . . . , Ul)⟩;

[H(η)]ℵ0 ,

otherwise.
(2.40)

Let
C̃ := {U ∈ [H(η)]<κ : U ∩ A ∈ C}. (2.41)
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By lemma 1.4(I), C̃ contains a club subset of [H(η)]<κ. By (∗)int+
<κ,η, we can

take M ∈ [H(η)]<κ such that

M ∈ C̃; (2.42)
Ã ↾M ≺ Ã; and (2.43)

Sa ∩M is a stationary subset of [M ]ℵ0 for all a ∈M. (2.44)

Let B := A ∩M . By (2.41) and (2.42), we have B ∈ C. It follows from
(2.43) and the following claim that A ↾ B ≺int

Lℵ0
stat

A.

Claim 2.23.1. For any Lℵ0
stat-formula ϕ(x0, . . . , xm, Y0, . . . , Yl), a0, . . . , am ∈

B and U0, . . . , Ul ∈ [B]ℵ0 ∩B, we have

Ã ↾M |= “A |=int ϕ(a0, . . . , am, U0, . . . , Ul) ” ⇔
A ↾ B |=int ϕ(a0, . . . , am, U0, . . . , Ul) (2.45)

Proof of claim 2.23.1. We proceed by induction on the formula ϕ. We prove
that (2.45) holds for ϕ whenever it is of the form statXψ and (2.45) holds
for ψ. The remaining cases follow straightforward from the definitions.

Suppose that Ã ↾ M |= “A |=int ϕ(a0, . . . , am, U0, . . . , Ul) ” holds. Then,
by (2.43) we have A |=int statXψ(a0, . . . , am, U0, . . . , Ul, X). Define a :=
⟨ψ, a0, . . . , am, U0, . . . , Ul⟩. By (2.43) it follows that a ∈M and by (2.40) we
have

Sa = {U ∈ [H(η)]ℵ0 : |U ∩ A| = ℵ0 ∧ U ∩ A ∈ A∧
A |=int ψ(a0, . . . , am, U0, . . . , Ul, U ∩ A)}. (2.46)

By (2.44), we have that Sa ∩ M is a stationary subset of [M ]ℵ0 . By
corollary 1.5(iv), the set S := {U ∩ B : U ∈ Sa ∩M ∧ |U ∩B| = ℵ0} is a
stationary subset of [M ]ℵ0 . By (2.46) and (2.43), we have

S := {U ∩B : U ∈M ∩ [M ]ℵ0 ∧ U ∩ A = U ∩B ∈ A ∩ [B]ℵ0∧
Ã ↾M |= “A |=int ψ(a0, . . . , am, U0, . . . , Ul, U ∩B) ”}

By induction hypothesis, we have

S ⊆ {V ∈ [B]ℵ0 ∩B : A ↾ B |=int ψ(a0, . . . , am, U0, . . . , Ul, V )}.

Therefore, by (2.39) we have A ↾ B |=int statXψ(a0, . . . , am, U0, . . . , Ul, X),
that is, A ↾ B |=int ϕ(a0, . . . , am, U0, . . . , Ul).
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Suppose now that Ã ↾M ̸|= “A |=int ϕ(a0, . . . , am, U0, . . . , Ul) ”. Then we
have

Ã ↾M |= “ there is a club D ⊆ [A]ℵ0 such that
A |=int ¬ψ(a0, . . . , am, U0, . . . , Ul, x) for all x ∈ D ”

By (2.43), there is D′ ∈M which is a club subset of [A]ℵ0 such that

Ã ↾M |= “A |=int ¬ψ(a0, . . . , am, U0, . . . , Ul, V ) ” for all V ∈ D′ ∩B.

By induction hypothesis, we have

{U ∈ [B]ℵ0 ∩B : A ↾ B |=int ψ(a0, . . . , am, U0, . . . , Ul, U)} ∩ D′ = ∅

Therefore we have A ↾ B ̸|=int statXψ(a0, . . . , am, U0, . . . , Ul, X), i.e. A ↾
B ̸|= ϕ(a0, . . . , am, U0 . . . , Ul). (claim 2.23.1)

(lemma 2.23)

In section 2.5 we will show that a generically large cardinal property
on κ implies SDLSint

+ (Lℵ0
stat, < κ) (theorem 2.35). It follows from this result

that SDLSint
+ (Lℵ0

stat, < κ) is consistent with 2ℵ0 = κ for κ supercompact. In
chapter 3, we shall construct a model where SDLSint

+ (Lℵ0
stat, < 2ℵ0) holds si-

multaneously with a much stronger reflection principle down to ≤ 2ℵ0 , which
will be introduced in the next section.

2.4 Game Reflection principle
In this and the following sections we discuss some generalizations of results
originally in [Kön04] and relate them to SDLS+(Lℵ0,II

stat , < κ). Most of the
ideas in these sections are already present in [Kön04].

Given an uncountable set A and someA ⊆ ≤ωA, define the game G≤ωA(A)
of length ω played between players I and II as follows. Each player takes turns
choosing elements of A as follows:

I a0 ∈ A · · · an ∈ A · · ·
II b0 ∈ A · · · bn ∈ A · · · (n ∈ ω)

Player II wins if and only if

• ⟨an, bn : n < m⟩ ∈ A ∧ ⟨an, bn : n < m⟩⌒⟨am⟩ ̸∈ A for some m ∈ ω;
or
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• ⟨an, bn : n ∈ ω⟩ ∈ A

where ⟨an, bn : n ∈ ω⟩ denotes the sequence ⟨cm : m ∈ ω⟩ given by c2m := am
and c2m+1 := bm for every m ∈ ω.

Definition 2.24. For a regular uncountable cardinal κ and a set A with
regular cardinality ≥ κ, let GRPω(< κ,A) be the following statement:

For any ω1-club C ⊆ [A]<κ and any A ⊆ ≤ωA, if player II has no
winning strategy in G≤ωA(A), then there is some B ∈ C such that
player II has no winning strategy in G≤ωB(A ∩ ≤ωB).

We denote by GRPω(< κ) the statement “GRPω(< κ,A) holds for every set
A of regular cardinality ≥ κ”.

In definition 2.24, by winning strategy we mean the following: Suppose G
is a game played by players I and II of length δ where the players take turns
choosing elements of a set A. A winning strategy for player II is a function
σ : <δA −→ A such that for any ⟨aξ : ξ < δ⟩ ∈ δA player II wins the match

I a0 · · · aξ · · ·
II σ(⟨a0⟩) · · · σ(⟨aζ : ζ ≤ ξ⟩) · · · (ξ < δ).

Notice that the value of σ(s) is not relevant for player II whenever dom(s)
is not a successor ordinal.

Lemma 2.25. For any regular cardinal κ > ℵ1, GRPω(< κ) implies 2ℵ0 < κ.

In order to prove lemma 2.25, we shall use a Bernstein set. A set B ⊆
ω2 is a Bernstein set if it does not contain any perfect set. The following
proposition is a basic well known fact.

Proposition 2.26. There exists a Bernstein set with cardinality 2ℵ0.

Proof lemma 2.25. Assume GRPω(< κ) holds. Towards a contradiction, as-
sume 2ℵ0 ≥ κ. By proposition 2.26, we can take a Bernstein set B ⊂ ω2 with
|B| = κ (because every subset of a Bernstein set is clearly a Bernstein set
too). Let ⟨rξ : ξ < κ⟩ be an injective enumeration of B.

Let A := <ω2 ∪ κ and A := A0 ∪ A1 ⊆ ≤ωA where

A0 :={⟨cm : m < k⟩ ∈ <ωA : cm ∈ κ whenever m is even};
A1 :={⟨an, bn : n ∈ ω⟩ ∈ ωA : an ∈ κ for all n ∈ ω, ⟨bn : n ∈ ω⟩ is a

⊆ -increasing sequence in <ω2 and
⋃︂
n∈ω

bn = rξ for some

ξ > sup{an : n ∈ ω}}.
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Let C := {C ∈ [A]<κ : <ω2 ⊆ C}. C is a ω1-club subset of [A]<κ. Let
C ∈ C be arbitrary. We can construct a winning strategy for II in the game
G≤ωC(A∩ ≤ωC): Since |C| < κ, we can take ξ < κ such that ξ > sup(κ∩C).
Regardless of player I moves, if player II plays bn := rξ ↾ n for every n ∈ ω,
then player II wins the match. Therefore, by GRPω(< κ), there is a winning
strategy σ for II in the game G≤ωA(A).

Now we construct sequences ⟨ℓn : n ∈ ω⟩ and ⟨ts : s ∈ <ω2⟩ such that

(a) ⟨ℓn : n ∈ ω⟩ is a strictly increasing sequence in ω;

(b) for all n ∈ ω and all s ∈ n2, ts ∈ 2ℓnA ;

(c) for each s ∈ n2, ts = ⟨ak, bk : k < ℓn⟩ is an initial segment of a match
of the game G≤ωA(A) where player II plays according to σ and player I
always plays avoiding instant defeat;

(d) ts ⊆ ts′ whenever s ⊆ s′ (s, s′ ∈ <ω2); and

(e) for all n ∈ ω and s ∈ n2, us⌒0 and us⌒1 are distinct, where we define
us := ⟨bk : k < ℓn⟩.

Notice that condition (e) is realizable because σ is a winning strategy:
suppose there is some ⟨an, bn : n ≤ m0⟩ an initial segment of a match in
G≤ωA(A) (where II plays according to σ) such that for all possible follow up
moves by player I, σ always suggests the same moves for player II. Since in
this situation the moves by player II do not depend on the moves by player
I after m0, we can define rξ :=

⋃︁
n>m0

bn. But then player I would be able to
win by playing some an > ξ for some n > m.

For each f ∈ ω2, define tf :=
⋃︁

n∈ω tf↾n and uf :=
⋃︁

n∈ω uf↾n. By (a), (c)
and (d), tf = ⟨an, bn : n ∈ ω⟩ is a match in the game G≤ωA(A). Since player
II wins the match tf , we have uf ∈ B. Notice that, by (b) and (e), us⌒0 and
us⌒1 are incompatible for every s ∈ <ω2. Therefore {uf : f ∈ ω2} ⊆ B is a
perfect set, which contradicts B being a Bernstein set. (lemma 2.25)

Lemma 2.27. Suppose κ is a regular uncountable cardinal such that γℵ0 < κ

for all γ < κ. Then GRPω(< κ) implies (∗)+ICℵ0
<κ .

Proof. Let η > κ and let ⟨Sa : a ∈ H(η)⟩ be such that Sa is a stationary
subset of [H(η)]ℵ0 for each a ∈ H(η). Let A = H(η) and define A ⊆ ≤ωA by

A := <ωA∪{⟨an, bn : n ∈ ω⟩ ∈ ωA : {an : n ∈ ω}∪{bn : 0 < n < ω} ̸∈ Sb0}.
(2.47)

35



Claim 2.27.1. Player II has no winning strategy in the game G≤ωA(A).

Proof of claim 2.27.1. Let σ : <ωA −→ A. Let a0 ∈ A be an arbitrary first
move for player I and let b0 = σ(⟨a0⟩) be the response by player II following
the strategy σ.

Since Sb0 is a stationary subset of [H(η)]ℵ0 , we can take M ≺ H(η) such
that {a0, b0, σ} ⊆ M ∈ Sb0 . Let {an : n ∈ ω} be an enumeration of M . For
each n ∈ ω \ {0}, let

bn := σ(⟨ai : i < n⟩).

Since σ ∈M , we have

{an : n < ω} ∪ {bn : 0 < n < ω} =M ∈ Sb0 .

By (2.47), we have that ⟨an, bn : n < ω⟩ ̸∈ A. Therefore II loses the
match ⟨an, bn : n < ω⟩, so ⟨an : n < ω⟩ witnesses that σ is not a winning
strategy for II. (claim 2.27.1)

Let A be an arbitrary countable expansion of ⟨H(η),∈⟩ and C be an
arbitrary club subset of [H(η)]<κ. Define

D := {N ∈ [H(η)]<κ : N ∈ C ∧ A ↾ N ≺ A ∧ [N ]ℵ0 ⊆ N} (2.48)

From the assumption that µℵ0 < κ for all µ < κ, it follows that D is an
ω1-club. By GRP≤ω(< κ) there is some N ∈ D such that player II has no
winning strategy in the game G≤ωN(A ∩ ≤ωN). We prove that N witnesses
(∗)+ICℵ0

<κ,η .
By (2.48), we have N ∈ ICℵ0 ∩ C and A ↾ N ≺ A. To complete the proof

we still need to prove that, for all a ∈ N , Sa ∩ [N ]ℵ0 is a stationary subset of
[N ]ℵ0 .

Towards a contradiction, suppose there is a∗ ∈ N such that Sa∗ ∩ [N ]ℵ0

is not stationary in [N ]ℵ0 . We shall construct σ a winning strategy for II in
the game G≤ωN(A∩≤ωN). Let C be a club subset of [N ]ℵ0 disjoint from Sα∗ .
Suppose player I starts a match by playing an arbitrary a0 ∈ N . Player II
then responds by playing b0 = σ(⟨a0⟩) := a∗.

Fix {⟨xm, ym⟩ : m < ω} an enumeration of ω × ω such that xm < m for
every m < ω.

Let n ∈ ω \ {0}. At the n-th turn of the match, suppose player II has
played so far ⟨ai : i ≤ n⟩ and player II has played ⟨bi : i < n⟩, with
bi = σ(⟨a0, . . . , ai⟩) for each i < n. For each k ≤ n, denote

Bk := {ai : i ≤ k} ∪ {bi : 0 < i < k}.
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Suppose that for each k ≤ n we have chosen Ck = {ck,l : l < ω} such that(︄⋃︂
i<k

Ci

)︄
∪Bk ⊆ Cκ ∈ C.

This is possible since C is a club subset of [N ]ℵ0 .
We can then define

bn = σ(⟨ai : i ≤ n⟩) := cxn,yn .

Notice that C :=
⋃︁

n<ω Cn ∈ C, thus C ̸∈ Sα∗ . Clearly we have⋃︂
n<ω

Bn = {an : n < ω} ∪ {bn : 0 < n < ω} = C

Therefore player II wins this match, so σ is a winning strategy for II. We
thus conclude that Sa∩ [N ]ℵ0 is a stationary subset of [N ]ℵ0 for every a ∈ N .
(lemma 2.27)

We shall now consider a version of the game G≤ω(A) with length µ for
any arbitrary regular cardinal µ ≥ ℵ1.

Suppose µ is a regular uncountable cardinal. Given a set A and some
A ⊆ <µA, define the game G<µA(A) of length µ played between players I and
II as follows. Each player takes turns choosing elements of A:

I a0 ∈ A · · · aξ ∈ A · · ·
II b0 ∈ A · · · bξ ∈ A · · · (ξ < µ)

Player II wins the match if and only if

• ⟨aξ, bξ : ξ < η⟩ ∈ A ∧ ⟨aξ, bξ : ξ < η⟩⌒⟨aη⟩ ̸∈ A for some η < µ; or

• ⟨aξ, bξ : ξ < µ⟩ ∈ [A]

where ⟨aξ, bξ : ξ < η⟩ denotes the sequence ⟨cι : ι < 2 · η⟩ given by c2·ι := aι
and c2·ι+1 := bι for every ι < 2 · η, and

[A] := {f ∈ µA : ∀α < µ, f ↾ α ∈ A}.

Lemma 2.28. Let µ be a regular uncountable cardinal. Suppose P is a
< µ-closed forcing poset. For any set A and any A ⊆ <µA we have:

(1) if σ is a winning strategy for player II in G<µA(A), then

∥–P “ σ̌ is a winning strategy for player II in G<µǍ(Ǎ) ”;
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(2) if p ∥–P “ there is a winning strategy for player II in G<µǍ(Ǎ) ” for some
p ∈ P , then there is σ ∈ V a winning strategy for II in G<µA(A).

Proof. (1): Since P is < µ-closed, it does not add any new initial segment of
a match of G<µA(A), therefore σ remains a winning strategy in V P .

(2): Define p∅ := p. Since P is < µ-closed, for each non empty s ∈ <µA
we can choose ps ∈ P and bs ∈ A such that

ps ∥–P “ σ̇(š) = b̌s ”; and (2.49)
for s, s′ ∈ <µA, s ⊆ s′ implies ps′ ≤P ps. (2.50)

Let σ′ : <γA −→ A be such that σ′(s) := bs for all s ∈ <µA. We prove
that σ′ is a winning strategy for II. Let ⟨aξ, bξ : ξ < µ⟩ be a match of the
game G<µA(A) where II plays according to σ′ (i.e. bn = σ′(⟨aι : ι ≤ ξ⟩) for
each ξ < γ) and player I never makes a move which instantly leads to defeat.
For each ξ < µ, denote sξ := ⟨aι : ι ≤ ξ⟩. By (2.49) and (2.50), for every
ξ < µ we have

psξ ∥–P “ ⟨aι, bι : ι < ξ⟩ ∈ Ǎ ”.

Therefore ⟨aι, bι : ι < ξ⟩ ∈ A for every ξ < µ, so σ′ is indeed a winning
strategy for II. (lemma 2.28)

Definition 2.29. For regular uncountable cardinals µ and κ with µ < κ and
a set A with regular cardinality ≥ κ, let GRP<µ(< κ,A) be the statement:

Given any A ⊆ <µA and any µ-club C ⊆ [A]<κ, if player II has
no winning strategy in G<µA(A), then there is some B ∈ C such
that player II has no winning strategy in G<µB(A ∩ <µB).

We define GRP<µ(< κ) as the statement “GRP<µ(< κ,A) holds for every set
A with |A| ≥ κ”.

Lemma 2.30. Let µ < µ′ < κ be regular uncountable cardinals. Then
GRP<µ′

(< κ) implies GRP<µ(< κ). Furthermore, GRP<ω1(< κ) implies
GRPω(< κ).

Proof. First we prove that GRP<µ′
(< κ) implies GRP<µ(< κ). For any set

A, A ⊆ <µA and non-empty B ⊂ A, we shall denote

˜︁AB := {f ∈ <µ′
A : ∀α < µ, f ↾ α ∈ A∧∀β ∈ dom(f)\µ, f(β) ∈ B}. (2.51)

Claim 2.30.1. Given any non-empty B ⊂ A, player II has a winning strategy
for the game G<µA(A) if and only if II has a winning strategy in the game
G<µ′

A( ˜︁AB).
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Proof of claim 2.30.1. Notice that, by (2.51), the outcome of a match of the
game G<µ′

A( ˜︁AB) is already decided after µ many turns (assuming neither of
the players intentionally loses). Then it is clear that for any function σ :
<µ′
A −→ A we have: σ is a winning strategy for the game G<µ′

A( ˜︁AB) if and
only if σ ↾ (µA) is a winning strategy for the game G<µA(A). (claim 2.30.1)

Assume GRP<µ′
(< κ). Let A be a set with |A| ≥ κ and C ⊆ [A]<µ be an

arbitrary µ-club. Suppose A ⊆ <µA is such that II has no winning strategy
in the game G<µA(A). Then by claim 2.30.1 player II has no winning strategy
in the game G<µ′A( ˜︁AA).

Since µ < µ′ and C is a µ-club, we have in particular that it is also a
µ′-club (see definition 1.7). Then, by GRP<µ′

(< κ), there is B ∈ [A]<µ′ such
that player II has no winning strategy in the game G<µ′B( ˜︁AA∩<µ′

B). Notice
that ˜︁AA∩<µ′

B = ˜︂A ∩ <µB
B

, therefore by claim 2.30.1 player II has a winning
strategy for the game G<µA(A ∩ <µB).

Suppose II has a winning strategy σ : <µB −→ B for the game G<µB(A∩
<µB). Then any function σ′ : <µA −→ A such that σ′ ↾ (<µB) = σ is a
winning strategy for II in the game G<µA(A ∩ <µB). Indeed, in the game
G<µA(A ∩ <µB) player I is forced to always make a move in B, because
otherwise player II would instantly win the match. Therefore in this case
player II can always counter by playing according to σ. We conclude that
player II has no winning for the game G<µB(A ∩ <µB).

The proof of “GRP<ω1(< κ) implies GRPω(< κ)” is similar. (lemma 2.30)

By lemma 2.30 and lemma 2.25, it follows that:

Corollary 2.31. For any regular regular uncountable µ, κ, with µ < κ,
GRP<µ(< κ) implies 2ℵ0 < κ.

Similarly, by lemma 2.30 and lemma 2.27 we have:

Corollary 2.32. Suppose κ is a regular uncountable cardinal such that γℵ0 <
κ for all γ < κ. Then for any regular cardinal uncountable µ < κ, GRP<µ(<
κ) implies SDLS+(Lℵ0,II

stat , < κ).

In section 2.5, we shall show that GRP<κ(< κ+) can be characterized as a
generically large cardinal property (namely, GRP<κ(< κ+) will be equivalent
to “κ+ is generically supercompact for < κ-closed posets).
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2.5 Generically large cardinals
Definition 2.33. Given a class P consisting of forcing posets, we say that
an uncountable cardinal κ is

• generically measurable for P if there is P ∈ P such that for any P -
generic G over V , there is a transitive class M ⊆ V [G] and a class
function j : V −→ M definable in V [G] such that j is an elementary
embedding with critical point κ;

• generically supercompact for P if for any η > κ there is P such that for
any P -genericG over V , there is a transitive classM ⊆ V [G] and a class
function j : V −→ M definable in V [G] such that j is an elementary
embedding with critical point κ with j(κ) > η and j ′′η ∈M .

Lemma 2.34. Let P ∈ V is be poset and G be a P -generic filter over V
Suppose j : V ≼→M ⊆ V [G] such that crit(j) = κ and j ′′η ∈M for cardinals
κ, η in V . Then we have

(1) For any set A ∈ V with V |= |A| ≤ η, we have A ∈M .

(2) j ↾ η, j ↾ η2, j ↾ η3 ∈M .

Proof. (1): Suppose V |= |A| ≤ η. Then we can take a surjection f : η −→ A
in V . For each a ∈ A there is ξa < η such that a = f(ξa). By elementarity,
we have

j(a) = j(f(ξa)) = j(f)(j(ξa)).

Therefore j ′′A = j(f) ′′(j ′′η). Since j(f), j ′′η ∈M , we have j ′′A ∈M .
(2): For each ξ < η, (j ↾ η)(ξ) can be defined as the ξ-th element of j ′′η.

Since j ′′η ∈ M , j ↾ η is a definable subset of η × j ′′η in M , thus j ↾ η ∈
M . Since η2, η3 ∈ M by (1), it follows similarly that j ↾ η2, j ↾ η3 ∈ M .
(lemma 2.34)

Theorem 2.35. Suppose that κ is generically supercompact for proper posets.
Then SDLSint

+ (Lℵ0
stat, < κ) holds.

Proof. Let η ≥ κ be a regular cardinal. By lemma 2.23, it is enough to prove
that (∗)int+

<κ,η holds.
Let η∗ := |H(η)| and η∗∗ := (2η

∗
)+. Suppose A is a countable expansion

of ⟨H,∈⟩ ,
−→
S = ⟨Sa : a ∈ H(η)⟩ is a sequence of stationary subsets of

[H(η)]ℵ0 and C is a club subset of [H(η)]<κ.
Since κ is generically supercompact for proper posets, we can take P

a proper poset, G a P -generic over V , an inner model M of V [G] and an
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elementary embedding j : V −→ M such that crit(j) = κ, j(κ) > η∗∗ and
j ′′η∗∗ ∈M .

By elementarity, it is enough to find X ∈M such that

X ∈ j(C) (2.52)
M |= j(A) ↾ X ≺ j(A) (2.53)

M |= “ ∀a ∈ X, j(
−→
S )a ∩X is a stationary subset of [X]ℵ0 ” (2.54)

We prove that X := j ′′((H(η))V ) satisfies (2.52), (2.53) and (2.54). Since
V |= |H(η)| < η∗∗, by lemma 2.34(1), we have X ∈M .

Notice that |C| < η∗∗. By lemma 2.34(1), we have j ′′C ∈ M . We have
M |= |j ′′C| ≤ |j(C)| < j(κ). Since C is an unbounded subset of [H(η)]<κ

in V , we have M |= “ j ′′C is a directed set ”. Furthermore, by elementarity
we have M |= “ j(C) is a club subset of [j(H(η)V )]<j(κ) ”. Notice also that
X =

⋃︁
(j ′′C). Therefore, by proposition 1.3, X satisfies (2.52).

By elementarity and applying Vaught’s test, it follows that X satisfies
(2.53).

Finally, we prove that X satisfies (2.54). Let a ∈ X. For some b ∈ H(η),
we have a = j(b). We have

V |= “Sb is a stationary subset of [H(η)]ℵ0 ”.

Since P is proper, this implies

V [G] |= “Sb is a stationary subset of [H(η)V ]ℵ0 ”.

Notice that j ′′Sb = {j ′′x : x ∈ Sa} because every element of Sa has size
ℵ0 < crit(j) (in V ). Since j is injective, we have

V [G] |= “ j ′′Sb is a stationary subset of [X]ℵ0 ”.

By lemma 2.34(1), we have that X, j ′′Sb ∈ M . By lemma 1.6, it follows
that

M |= “ j ′′Sb is a stationary subset of [X]ℵ0 ”.

Notice that j ′′Sb ⊆ j(Sb) ∩X = j(
−→
S )a ∩X, and thus we have

M |= “ j(
−→
S )a ∩X is a stationary subset of [X]ℵ0 ”.

Therefore we X satisfies (2.54). (theorem 2.35)

Lemma 2.36. Suppose κ is a supercompact cardinal. Then

V Fn(κ,2) |= “κ = 2ℵ0 is generically supercompact for c.c.c. posets ”.
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Proof. Let η > κ. Let G be a Fn(κ, 2)-generic over V . We show that κ is
generically supercompact for c.c.c. posets in V [G].

Take j : V −→ M an η-supercompact embedding with critical point κ.
By elementarity, we have

j(Fn(κ, 2)) = Fn(j(κ), 2)M = Fn(j(κ), 2)V ∼= Fn(κ, 2)× Fn(j(κ) \ κ, 2).

Let H be an Fn(j(κ) \ κ, 2)-generic over V [G]. Since crit(j) = κ and
G ⊆ Fn(κ, 2), we have j ′′G = G ↪→ G × H. By proposition 1.26, we can
extend j into an elementary embedding J : V [G] −→ M [G][H]. Notice that
Fn(j(κ) \ κ, 2) is c.c.c. in V [G] and J ′′η = j ′′η ∈M ⊆M [G][H]. Therefore,
Fn(j(κ)\κ, 2), H, J and M [G][H] witness that κ is generically supercompact
for c.c.c. posets in V [G]. (lemma 2.36)

Since every c.c.c. poset is proper, the following corollary follows from
theorem 2.35 and lemma 2.36.
Corollary 2.37. Con(ZFC + “ there exists a supercompact cardinal ”)⇒
Con(ZFC + SDLSint

+ (Lℵ0
stat, < 2ℵ0)).

We now return to the topic of the Game Reflection Principle. We shall
characterize the principle GRP<κ(< κ+) in terms of generic large cardinals,
generalizing a result by König in [Kön04].
Lemma 2.38. For any regular uncountable cardinal κ, if κ+ is generically
supercompact for < κ-closed posets then GRP<κ(≤ κ) (i.e. GRP<κ(< κ+))
holds.
Proof. Let A = θ for some regular cardinal θ ≥ κ. Let C ⊆ [A]≤κ be a κ-club
and suppose A ⊆ <κA is such that II has no winning strategy in the game
G<κA(A).

Let P be a < κ-closed poset such that for any P -generic G over V there
are M an inner model of V [G] and j a class function definable in V [G] such
that

j : V
≼→M ; (2.55)

crit(j) = (κ+)V ∧ j((κ+)V ) > θκ; and (2.56)
j ′′θκ ∈M. (2.57)

By elementarity, it is enough to find B ∈M such that B ∈ j(C) and

M |= “ player II has no winning strategy in the game G<κB(j(A) ∩ <κB) ”.
(2.58)

We show that B := j ′′θ satisfies (2.58) and B ∈ j(C). By (2.57) and
lemma 2.34(1) we have B ∈M .
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Claim 2.38.1. B ∈ j(C).

Proof of claim 2.38.1. First notice that M |= “κ ≤ |B| = |θ| < j((κ+)V ) =
κ+ ”. Therefore M |= “ |B| = κ ”. Let ⟨αξ : ξ < κ⟩ ∈ M be such that
B = {j(αξ) : ξ < κ}. Working in V [G], we construct an increasing sequence
⟨j(cξ) : ξ < κ⟩ such that cξ ∈ C and αξ ∈ cξ for every η < κ. For ξ < κ,
suppose ⟨j(cζ) : ζ < ξ⟩ has been constructed. Since P is < κ closed, we have
that ⟨cζ : ζ < ξ⟩ ∈ V as well as ⟨αζ : ζ < ξ⟩ ∈ V . In V , we can take cξ such
that

(
⋃︂
ζ<ξ

cξ) ∪ {aξ} ⊆ cξ ∈ C.

By 2.34(1), we have that ⟨j(cζ) : ζ < ξ⟩ ∈ M for every ξ < κ. Since
⟨αξ : ξ < κ⟩ ∈ M , it follows that ⟨j(cξ) : ξ < κ⟩ ∈ M . Notice that B =⋃︁

ξ<κ j(cξ). By elementarity, we have M |= “ j(C) is a κ-club ” and {j(cξ) :
ξ < κ} ⊆ j(C). Therefore we conclude that B ∈ j(C). (claim 2.38.1)

To prove that B satisfies (2.58), we shall need the following claim:

Claim 2.38.2. (1) (<κB)V [G] = (<κB)M ;

(2) j(A) ∩ (<κB)M = j ′′A.

Proof of claim 2.38.2. (1): Since M ⊆ V [G], we have (<κB)M ⊆ (<κB)V [G].
Conversely, let s ∈ (<κB)V [G]. In V [G] we have j−1 ′′s ∈ (<κA)V [G]. Since P
is < κ-closed, we have j−1 ′′s ∈ V . Therefore we have s = j(j−1 ′′s) ∈M and
thus (<κB)M ⊇ (<κB)V [G]

(2): First we prove j ′′A ⊆ j(A) ∩ (<κB)M . Let t ∈ A. By elementar-
ity, j(t) ∈ A. Furthermore, since dom(t) < crit(j), we have dom(j(t)) =
dom(t) < κ. For every α ∈ dom(t), since t(α) ∈ A, we have j(t)(α) =
j(t(α)) ∈ j ′′A. Therefore M |= “ j(t) : dom(t) −→ j ′′A = B ”, so j(t) ∈
(<κB)M .

Now let t∗ ∈ j(A) ∩ (<κB)M . Working in V [G], since t∗ ∈ (<κB)V [G], we
can construct the function t : dom(t∗) −→ A defined by t(α) = j−1(t∗(α)) for
every α ∈ dom(t∗). Since P is < κ-closed, we have t ∈ V . Since dom(t∗) =
dom(t) < crit(j), we have j(t) = j ′′t = t∗. By elementarity, since t∗ ∈ j(A),
we have t ∈ A. Therefore t∗ ∈ j ′′A. (claim 2.38.2)

Suppose there is σ ∈M such that

M |= “ σ : <κB −→ B is a winning strategy for II
in the game G<κB(j(A) ∩ <κB) ”. (2.59)
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In V [G], we can construct σ′ : <κA −→ A such that

σ′(⟨aζ : ζ ≤ ξ⟩) := j−1(σ(⟨j(aζ) : ζ ≤ ξ⟩))

for every ⟨aζ : ζ ≤ ξ⟩ ∈ (<κA)V [G] = (<κA)V . From (2.59) and claim 2.38.2,
it follows that σ′ is a winning strategy for II in the game G<κA(A). By
lemma 2.28, there is σ′′ ∈ V a winning strategy for II in the game G<κA(A).
This contradicts the choice of A, therefore B satisfies (2.58). (lemma 2.38)

Lemma 2.39. Suppose κ+ is generically measurable for < κ-closed posets.
Then we have 2<κ = κ.

Proof. Towards a contradiction, suppose κ+ is generically measurable by
< κ-closed and there is some µ < κ such that 2µ > κ. Let λ := 2µ. Let P be
a < κ-closed poset such that there are a P -generic G over V , an inner model
M ⊆ V [G] and an elementary embedding j : V −→M with crit(j) = κ+.

In V , let f : λ −→ P(µ) be a bijection. By elementarity we have that

M |= “ j(f) : j(λ) −→ P(µ) is a bijection ” (2.60)

In V , since λ > κ is a cardinal, in particular λ ≥ κ+. Therefore κ+ ∈ j(λ).
Since P is < κ-closed, it follows that P(µ)V = P(µ)V [G] ⊇ P(µ)M . Then
we have j(f)(κ+) ∈ P(µ)V . Since f is surjective, there is α < λ such that
f(α) = j(f)(κ+). Since µ < crit(j), it also follows from j(f)(κ+) ∈ P(µ)V
that

j(j(f)(κ+)) = j ′′(j(f)(κ+)) = j(f)(κ+). (2.61)

By elementarity, we have j(f(α)) = j(f)(j(α)). Therefore, by (2.61) we have

j(f)(j(α)) = j(f)(κ+).

Since j(f) is injective, it follows that j(α) = κ+. But this contradicts
crit(j) = κ+. (lemma 2.39)

We now define a particular case of the game G<µA(A) which we shall use
to construct ultrafilters in theorem 2.40.

Let κ, η be regular cardinals with κ ≤ η. Define
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Dκ,η :={u ∈ [η]κ : κ ⊆ u}; (2.62)
Fκ,η :={f : Dκ,η −→ η : ∀A ∈ Dκ,η, f(A) ∈ A}; (2.63)
Aκ,η :=Fκ,η ∪ η; (2.64)
A0

κ,η ={⟨aα, bα : a < ξ⟩⌒⟨aξ⟩ ∈ <κA : aξ ∈ Fκ,η}; (2.65)
A1

κ,η ={⟨aα, bα : a < ξ⟩ ∈ <κA : ξ < κ ∧ (1)aα ∈ Fκ,η∧ (2.66)
(2)bα ∈ η∧

(3)∀α < ξ,
⋃︂

a−1
α

′′{bα} = η∧

(4)|
⋂︂
α<ξ

a−1
α

′′{bα}| > 2};

Aκ,η :=A0
κ,η ∪ A1

κ,η. (2.67)

The goal for player II in the game G<κAκ,η(Aκ,η) is to construct a filter
base {a−1

α
′′{bα} : α < κ} over Dκ,η which has normality for the regressive

functions ⟨aα : α < κ⟩ selected by player I.

Theorem 2.40. For a regular uncountable κ, the following are equivalent:

(a) 2<κ = κ and GRP<κ(≤ κ) holds.

(b) II has a winning strategy in the game G<κAκ,η(Aκ,η) for every regular
η > κ.

(c) κ+ is generically supercompact for < κ-closed forcing.

Proof. (c)⇒(a): It follows by lemma 2.39 and lemma 2.38.
(a)⇒(b): Assume GRP<κ(< κ+) and 2<κ = κ hold. Let η ≥ κ be a regular

cardinal and let θ be a large enough regular cardinal. By the assumption
2<κ = κ, a κ-club C ⊆ [Aκ,η]

≤κ can be constructed such that

C ⊆ {Aκ,η ∩M : M ≺ H(θ) ∧ |M | = κ ∧ [M ]<κ ⊆M ∧ κ, η ∈M}.

Given M ≺ H(θ) such that Aκ,η∩M ∈ C, we construct a winning strategy
for II in the game G<κ(Aκ,η∩M)(Aκ,η∩<κ(Aκ,η ∩M)). Let σ : <κ(Aκ,η ∩M) −→
Aκ,η ∩M be such that σ(t⌒f) = f(η ∩M) for any f ∈ Fκ,η ∩M and any
t ∈ <κ(Aκ,η ∩M). In other words, if ⟨aα, bα : α < κ⟩ is a match of the game
G<κ(Aκ,η∩M)(Aκ,η ∩ <κ(Aκ,η ∩M)) where player II plays according to σ and
player I always plays in order not to instantly lose, then aα ∈ Fκ,η ∩M and
bα = aα(η ∩M) for all α < κ.
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Since aα is a regressive function (by (2.63)), we have bα ∈ η ∩M . Since
M ≺ H(θ), it follows that ⟨aα, bα : α < κ⟩ satisfies (2.66)(3) and (2.66)(4).
Therefore player II wins the match ⟨aα, bα : α < κ⟩.

Since C is a κ-club, it follows by GRP<κ(< κ+) that player II has a winning
strategy in the game G<κAκ,η(Aκ,η).

(b) ⇒ (c) : Let η ≥ κ and suppose σ : <κAκ,η −→ Aκ,η is a winning
strategy for II in the game G<κAκ,η(Aκ,η). Let P := Col(κ, {|Fκ,η|}). Recall
that P is a < κ-closed poset which adds a surjection from κ onto |Fκ,η|.

Let G be a P -generic over V . In V [G], we can fix {fξ : ξ < κ} an
enumeration of (Fκ,η)

V . Since P is < κ-closed, by lemma 2.28, σ remains a
winning strategy for player II in the game G<κ(Aκ,η)V ((Aκ,η)

V ) in V [G]. In
V [G], let ⟨αξ : ξ < κ⟩ be the sequence of moves suggested for player II by σ
in a match where player I plays ⟨fξ : ξ < κ⟩, i.e.

I f0 f1 · · · fξ · · ·
II α0 α1 · · · αξ · · · (ξ < κ)

where αξ := σ(⟨fζ : ζ ≤ ξ⟩) for every ξ < κ. Since σ is a winning strategy
for II, the above match is won by II. Let

U := {u ∈ (P(Dκ,η))
V : ∃ξ < κ, f−1

ξ
′′{αξ} ⊆ u}.

Claim 2.40.1. U is a V -ultrafilter over Dκ,η (i.e. U is a filter and for every
X ∈ P(Dκ,η) ∩ V either X ∈ U or Dκ,η \X ∈ U).

Proof of claim 2.40.1. First we check that U is a filter. Clearly U is ⊆-
upward closed. Let U0, U1 ∈ U . In V , we can construct the function f :
Dκ,η −→ 3 given by

f(u) :=

⎧⎪⎨⎪⎩
0 , if u ̸∈ U0

1 , if u ∈ U0 \ U1

2 , if u ∈ U∩U1

for u ∈ Dκ,η. By (2.62), κDκ,η ⊆ Fκ,η, so f ∈ Fκ,η ∩ V . Therefore there
is some ξ∗ < κ such that f = fξ: . Since player II plays accordingly to a
winning strategy, we must have αξ∗ = 2. Indeed, let ξ0, ξ1 < κ be such that
U0 ⊇ f−1

ξ0
′′{αξ0} and U1 ⊇ f−1

ξ1
′′{αξ1}. For any δ with ξ∗, ξ0, ξ1 < δ < κ, if

αξ∗ ̸= 2 then
⋂︁

ξ<δ f
−1
ξ

′′{αξ} = ∅, so II would lose the match by (2.66)(4).
Therefore we have U0 ∩ U1 ⊇ f−1

ξ∗
′′{αξ∗}, so U ∩ V ∈ U .

Now, let X ∈ P(Dκ,η) ∩ V . In V define the function fX : Dκ,η −→ 2 by

fX(u) :=

{︄
1 , if u ∈ X
0 , otherwise
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for u ∈ Dκ,η. Since fX ∈ Fκ,η ∩ V , there is some ξ∗ < κ such that
fX = fξ∗ . Since f−1

X
′′{α} = ∅ for every α > 1, we have αξ∗ ∈ {0, 1}. There-

fore f−1
ξ∗

′′{αξ∗} ∈ {X,Dκ,η \ X}, so we conclude that U is a V -ultrafilter.
(claim 2.40.1)

Claim 2.40.2. U is a V -(κ+)V -complete (i.e.
⋂︁

ξ<κ Uξ ∈ U whenever ⟨Uξ :
ξ < κ⟩ ∈ V is a sequence of elements of U).

Proof of claim 2.40.2. Let ⟨Uξ ∈ U : ξ < κ⟩ ∈ V be a sequence of elements
of U . Without loss of generality, we assume U0 = Dκ,η. In V , we construct
the function g : Dκ,η −→ κ by

g(u) :=

{︄
0 , if u ∈

⋂︁
ξ<κ Uξ

min{ξ ∈ κ \ {0} : u ̸∈ Uξ} , otherwise

for any α < κ. Since g ∈ Fκ,η ∩ V , we have g = fξ∗ for some ξ∗ < κ.
Since II plays accordingly to a winning strategy, we have αξ∗ = 0. Indeed,

suppose αξ∗ ̸= 0. Since Uαξ∗ ∈ U , we can take ζ < κ such that f−1
ζ

′′{αζ} ⊆
Uαξ∗ . We have then f−1

ζ
′′{αζ} ∩ f−1

ξ∗
′′{αξ∗} = ∅, so by (2.66)(4) player II

would lose the match. Therefore we have αξ∗ = 0.
It follows that

⋂︁
ξ<κ Uξ = g−1(0) = f−1

αξ∗
(bαξ∗ ) ∈ U . (claim 2.40.2)

As usual, we define the ultraproduct Dκ,ηV /U as follows.

Dκ,ηV /U := {[f ]U : f ∈ (Dκ,ηV ) ∩ V }

where [f ]U is the equivalence class2 of the function f with respect to the
binary relation ∼U defined for every f, g ∈ (Dκ,ηV ) ∩ V by:

f ∼U g ⇔ {u ∈ Dκ,η : f(u) = g(u)} ∈ U .

We also define the relation ∈U as usual: given any [f ]U , [g]U ∈ Dκ,ηV /U , we
define

[f ]U ∈U [g]U ⇔ {u ∈ Dκ,η : f(u) ∈ g(u)} ∈ U (2.68)

Claim 2.40.3. The class relation ∈U is well defined and well-founded.

Proof of claim 2.40.3. Since U is a filter (claim 2.40.1), it follows that ∈U is
well defined.

Suppose there is a sequence ⟨gn : n < ω⟩ ⊆ Dκ,ηV ∩ V such that

[g0]U ∋U [g1]U ∋U . . . [gn]U ∋U . . .
2Since these equivalence classes are proper classes, we actually consider [f ]U a set of

representatives of minimal rank of the equivalence class of f .
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For each n < ω, define

Un := {u ∈ Dκ,η : gn+1(u) ∈ gn(u)}.

By (2.68) we have Un ∈ U for each n ∈ ω. Since P is < κ-closed, we
have that ⟨Un : n ∈ ω⟩ ∈ V . By (2.40.2), we have

⋂︁
n<ω Un ∈ U . Take

u∗ ∈
⋂︁

n∈ω Un. Then we have an infinite chain

g0(u
∗) ∋ g1(u∗) ∋ . . . gn(u∗) ∋ . . . ,

a contradiction. (claim 2.40.3)

By claim 2.40.3, we can define the Mostowiski collapse i : ⟨Dκ,ηV /U ,∈U
⟩ −→ ⟨M,∈⟩, where M ⊆ V [G] is a transitive class.

Define j : V −→M by j(x) = i([cx]U) for each x ∈ V , where cx : Dκ,η −→
V is the constant function u ↦→ x. It is enough to prove that

j : V −→M is an elementary embedding; (2.69)
crit(j) = κ+; (2.70)
j ′′η ∈M. (2.71)

Notice that we do not require that j(κ) > η. It is well known that if
j is an embedding satisfying (2.69), (2.70) and (2.71), then j(n) : V −→ N
satisfies (2.69), (2.70), (2.71) and j(n)(κ) > η for some n ∈ ω and some
N ⊆M . See for example lemma 23.15 in [Kan08].

It follows by standard arguments that j satisfies (2.69).

Claim 2.40.4. For every β < η, we have {u ∈ Dκ,η : β ∈ u} ∈ U .

Proof of claim 2.40.4. Let β < η. Denote δβ = 1 for β = 0 and δβ = 0 for
β > 0. In V , consider the function gβ : Dκ,η −→ V defined by

gβ(u) =

{︄
β , if β ∈ u
δβ , otherwise

for u ∈ Dκ,η. Clearly gβ ∈ Fκ,η ∩ V . Therefore, we can take ξ∗ < κ such
that gβ = fξ∗ . By (2.66)(3), II is forced to chose αξ∗ = β at the ξ∗-th turn
of the match. Therefore we have {u ∈ Dκ,η : β ∈ u} = f−1

ξ∗
′′{αξ∗} ∈ U .

(claim 2.40.4)
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We now prove that j satisfies (2.70). It follows by induction that j(α) = α
for all α < κ+: at limit steps, we use claim 2.40.2.

Now we prove that j(κ+) > κ+. Let d : Dκ,η −→ V be function u ↦→
sup(u ∩ κ+). Since {u ∈ Dκ,η : κ+ = cκ+(u) ∋ d(u)} = Dκ,η ∈ U , we have

[d]U ∈U [cκ+ ]U . (2.72)

Let α < κ+. By claim 2.40.4 we have

{u ∈ Dκ,η : α = cα(u) ∈ d(u) = sup(u∩κ+)} ⊇ {u ∈ Dκ,η : α+1 ∈ u} ∈ U .

Therefore
[cα(u)]U ∈U [d]U . (2.73)

By (2.72) and (2.73) we have α = j(α) < j(κ+).
We conclude by proving that j satisfies (2.71). This follows from the

following claim:

Claim 2.40.5. i([Id]U) = j ′′η, where Id : Dκ,η −→ V is the identity function
u ↦→ u.

Proof of claim 2.40.5. Let β < η. By claim 2.40.4, we have [cβ]U ∈U [Id]U ,
thus j(β) ∈ i([Id]U).

Conversely, let f : Dκ,η −→ V in V be such that [f ]U ∈U [Id]U . In V we
can define f ′ : Dκ,η −→ η by

f ′(u) :=

{︄
f(u) , if f(u) ∈ u
min(u) , otherwise.

for u ∈ Dκ,η. By [f ]U ∈U [Id]U , we have f ∼U f
′. Notice that f ′ ∈ Fκ,η ∩ V ,

therefore there is some ξ∗ < κ such that f ′ = fξ∗ . Since f−1
ξ∗

′′{αξ∗} ∈ U , it fol-
lows that f ∼U f

′ ∼U cαξ∗ , therefore i([f ]U) = j(αξ∗) ∈ j ′′η. (claim 2.40.5)

(theorem 2.40)

Proposition 2.41. Suppose κ < λ are regular cardinals and λ is supercom-
pact. Then

V Col(κ,<λ) |= “λ is generically supercompact for < κ-closed posets ”

Proof. Suppose G is a Col(κ,< λ)-generic over V . Let η > λ. Since λ is
supercompact in V , we can take j : V −→M an elementary embedding with
critical point λ such that j(λ) > η and ηM ⊆M .
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By elementarity and by ηM ⊆M , we have

j(Col(κ,< λ)) = Col(κ,< j(λ))M = Col(κ,< j(λ))V

∼= Col(κ,< λ)V × Col(κ, j(λ) \ λ)V .

Let H be a Col(κ, j(λ) \λ)V -generic over V [G]. Since j ′′G ⊆ G ⊆ G ∗H,
we can extend j into an elementary embedding J : V [G] −→M [G×H]. Since
Col(κ, j(λ) \ λ)V remains < κ-closed in V [G], we conclude that Col(κ, j(λ) \
λ)V , H, J and M [G × H] witnesses that λ is generically supercompact for
< κ-closed posets in V [G]. (proposition 2.41)

Corollary 2.42. (1) Con(ZFC+“ there exists a supercompact cardinal ”)⇒

Con(ZFC + GRP<2ℵ0
(≤ 2ℵ0)).

(2) Con(ZFC + “ there exists a supercompact cardinal ”)⇒
Con(ZFC + SDLS+(Lℵ0,II

stat ,≤ 2ℵ0)).

Proof. (1): Suppose there is a supercompact cardinal λ and let κ < λ be a
regular cardinal. Since Fn(κ, 2) ∈ Vλ, λ remains supercompact in V Fn(κ,2).
Then, by theorem 2.40 and proposition 2.41 we have(︁

V Fn(κ,2))︁Col(κ,<λ) |= GRP<κ(< κ+) ∧ 2ℵ0 = κ.

(2) follows from (1) and corollary 2.32. (corollary 2.42)
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Chapter 3

Laver generically large
cardinals and an application of
mixed support iterations

3.1 Laver generically large cardinals
Definition 3.1. Let P be a property of posets. We say that P is iteratable
if it satisfies the following:

1. If P satisfies P and P ′ ∼= P , then P ′ satisfies P ;

2. Given P satisfying P and p ∈ P , we have that P ↾ p satisfies P , where
P ↾ p denotes the poset {q ∈ P : q ≤ p} ordered with the order
inherited fro P ;

3. If P satisfies P and Q
∼

is a P -name such that ∥–P “Q
∼

satisfies P ”, then
P ∗Q

∼
satisfies P .

The following concept was introduced in [FOSb].

Definition 3.2. Given κ a cardinal and P an iteratable property of posets,
we say that κ is Laver-generically supercompact for P if for any η > κ and
any P satisfying P , there is a poset Q satisfying P with P⋖Q such that there
are H an Q-generic filter over V , M an inner model of V [H] and j ⊆ V [H]
a class function such that

(1) V [H] |= “ j : V −→M is an elementary embedding ”;

(2) crit(j) = κ, j(κ) > η;
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(3) P,H ∈M ;

(4) j ′′η ∈M .

Remark 3.3. Notice that since we consider P an iteratable property, it is easy
to see that definition 3.2 is equivalent to

κ is a Laver-generically supercompact cardinal for P if for every
P satisfying P and η > κ there is Q satisfying P with P ⋖Q such
that for every Q-generic H over V , there are M an inner model
of V [H] and j ⊆ V [H] a class function satisfying (1) through (4)
in definition 3.2.

We now introduce the following variation of the generically large cardinal
property from definition 3.2.

Definition 3.4. Given P and Q iteratable properties of forcing posets, we
say that a cardinal κ is Laver generically supercompact for ⟨P ,Q⟩ if for any
η > κ and any P satisfying P there are Q

∼
a P-name with

∥–P “Q
∼

satisfies Q ”,

H a P ∗Q
∼

-generic over V , M an inner model of V [H] and j a class function

definable in V [H] such that

(1) V [H] |= “ j : V −→M is an elementary embedding ”;

(2) crit(j) = κ, j(κ) > η;

(3) H,P,Q
∼
∈M ;

(4) j ′′η ∈M .

In particular, if M satisfies

(5) <ω1M ∩ V [H] ⊆M ,

we say that κ is Laver generically supercompact∗ for ⟨P ,Q⟩.

Lemma 3.5. Suppose κ is Laver generically supercompact∗ for ⟨P ,Q⟩, where
P is the property “ is forcing equivalent to Col(κ,< θ) for some θ > κ” and
Q is “proper”. Then, given any θ > κ, we have

V Col(κ,<θ) |= “κ is generically supercompact for proper posets ”.
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Notice that, by corollary 1.31, it follows that κ is Laver generically
supercompact∗ for ⟨P ,Q⟩ (where P and Q are as above) if and only if κ
is Laver generically supercompact∗ for ⟨P ′,Q⟩ where P ′ is “< κ-closed”.

Proof of lemma 3.5. Suppose κ is Laver generically supercompact∗ for ⟨P ,Q⟩.
Given θ > κ, denote P := Col(κ,< θ). Fix G a P -generic over V . Let η > κ.
Without loss of generality, we take η > θ. Take Q

∼
∈ V a P -name, H a P ∗Q

∼
-

generic over V , an inner model M of V [H] and a class function j ⊆ V [H]
such that

(1) V [H] |= “ j : V −→ is an elementary embedding ”;

(2) crit(j) = κ, j(κ) > η;

(3) H,P,Q
∼
∈M ;

(4) j ′′η ∈M .

(5) <ω1M ∩ V [H] ⊆M ,

By remark 3.3, we assume without loss of generality that H = G ∗H∗ for
some H∗ which is a Q

∼
[G]-generic over V [G].

By definition 1.9, we have P ⊆ θ3. By (4) and lemma 2.34(2), we have
j ↾ P ∈ M . By (3), it follows that j ′′G ∈ M . Notice that, by elementarity,
we have that j(P ) is < j(κ)-directed closed in M . Since M |= |j ′′G| < j(κ)
(by item (2)), it follows that there is a master condition m ∈ j(P ), i.e. m is
such that m ≤ j(p) for every p ∈ G (one can take e.g. m =

⋃︁
j ′′G).

Let K be a j(P )-generic over V [H] containing the condition m. Then we
have j ′′G ⊆ K, so by proposition 1.25 we can extend j into an elementary
embedding J : V [G] −→M [K].

By elementarity we have M |= “ J(P ) is σ-closed ”. By (5), we have
V [H] |= “ j(P ) is σ-closed ”, so J(P ) is proper in V [H].

In V [G], take R
∼

a Q
∼
[G]-name for j(P ) and define Q∗ := Q

∼
[G] ∗R

∼
. Then

V [G] |= “Q∗ is proper ”.
Clearly we also have J ′′η = j ′′η ∈ M [K]. So Q∗, H∗ ∗K, J and M [K]

witnesses that

V [G] |= “κ is generically supercompact for proper posets ”.

(lemma 3.5)
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3.2 Mixed support iteration
Assuming the existence of a supercompact cardinal κ and using a mixed sup-
port iteration, we shall construct a poset Pκ ⊆ Vκ which makes the continuum
Laver-generically supercompact for ⟨P ,Q⟩, where P is the class of all < 2ℵ0-
closed posets and Q is the class of all proper posets. Also, since Pκ ⊆ Vκ, Pκ

preserves all measurable, supercompact, superhuge, etc. cardinals above κ.
The main theorem to be proved in this section is:

Theorem 3.6.

Con(ZFC + “ there exist 2 distinct supercompact cardinals ”) =⇒
Con(ZFC + “ 2ℵ0 is weakly Mahlo and generically supercompact for proper posets ”+

“ (2ℵ0)+ is generically supercompact for < 2ℵ0-closed posets ”)

Actually we prove more than that, since we show that the model con-
structed to prove theorem 3.6 satisfies some more properties (lemmas 3.25,
3.21 and theorem 3.26).

3.2.1 Construction of the iteration
We construct the poset used for the proof of theorem 3.6. Suppose κ is a
supercompact cardinal. Fix f : κ −→ κ a Laver function such that for any
η, θ > κ there is an elementary embedding j : V −→ M with critical point
κ such that j(κ) > η, ηM ⊆ M and j(f)(κ) = θ (see, for example, theorem
20.21 in [Jec03]). We can assume without loss of generality that f(α) > α
for every α < κ. We define the following set:

C := {α < κ : f ′′α ⊆ α}. (3.1)

It is straightforward to see that C is a club subset of κ (check for example
lemma III.6.13 in [Kun11]).

Recall that an uncountable cardinal κ is weakly Mahlo if and only if
{α < κ : α is a regular cardinal} is a stationary subset of κ. Likewise, κ is
(strongly) Mahlo if and only if {α < κ : α is a (strongly) inaccessible cardinal}
is a stationary subset of κ.

Since κ is supercompact, the set

S := {α ∈ C : α is strongly Mahlo} (3.2)

is a stationary subset of κ. We also define

T := κ \ S.
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Notice that clearly |T | = κ.
We shall construct a mixed support iteration of length κ. Our construction

is a modification of the iteration described by Krueger in [Kru08]. Over T
we shall force with a finite support iteration of c.c.c. posets, while over S
we shall force with the usual Levy collapse, guided by the Laver function f .
The S part shall have Easton support.

In the original construction by Krueger, The original construction by
Krueger is divided into the even part and the odd part. The even part
(witch corresponds to the part over the set T in the present construction)
has support of size < µ for some regular cardinal µ, and at each even step
of the iteration the poset Add(µ) := {p : p is a function with dom(p) ∈
[µ]<µ and range(p) = 2} (ordered with reverse inclusion) is used to add a
Cohen subset of µ. The poset Add(µ) is absolute between all the models in
that construction. However, if we force with other posets, we may not be
able to “untangle” this part from the rest of the iteration. In order to be able
to force with a wider range of posets, we first fix a finite support iteration of
length κ in the ground model, which will be completely embedded into the
mixed support iteration.

We first fix
−→
T = ⟨Tα,R∼α : α < κ⟩ a finite support iteration satisfying

∀α ∈ S, ∥–Tα “R
∼α = {1} ” and (3.3)

∀α ∈ S, ∥–Tα “R
∼α ∈ Vν̌α [G∼Tα ] is c.c.c. and adds at least one real ” (3.4)

where we denote να := min(S \ α).
For the main result (lemma 3.19), an iteration adding Cohen reals is be

enough. However, in this construction we have the freedom to choose any
finite support iteration of c.c.c. posets, as long as they are small in the sense
of (3.4). By doing so, we achieve stronger results (for example lemma 3.25).

We define the support for our iteration. For each α ≤ κ, we denote

Iα = {x ⊆ α : |x ∩ T | < ℵ0 ∧ x ∩ S is an Easton set}. (3.5)

(recall that a set x ⊂ On is Easton if for any β ≤ sup(x), if β is a regular
cardinal, then x ∩ β is a bounded subset of β). Clearly

−→
I := ⟨Iα : α ≤ κ⟩

satisfies the properties listed before definition 1.20.
We now construct a generalized iteration (in the sense of definition 1.21)

−→
P = ⟨Pα : α ≤ κ⟩ by induction on α ≤ κ. The support of

−→
P shall be

−→
I ,

and therefore we shall say that
−→
P is a mixed support iteration. Since we only

consider the iteration
−→
P with length κ + 1, we do not need to define Iα for

α > κ.
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For α ≤ κ, suppose that ⟨Pβ : β < α⟩ is a generalized iteration such that
for every β < α

the function πβ : Pβ −→ Tβ, p ↦→ p ↾ T is a projection; and (3.6)
the function ιβ : Tβ −→ Pβ, t ↦→ t ↾ T is a complete embedding. (3.7)

We then define Pα as follows:

• If α ≤ κ is a limit ordinal, we let Pα be the Iα supported limit of
⟨Pβ : β < α⟩, which we define as follows:

– p ∈ Pα if and only if p is a function with dom(p) ∈ Iα such that
p ↾ β ∈ Pβ for all β < α;

– Pα is ordered as follows: for p, q ∈ Pα, p ≤Pα q if and only if
p ↾ β ≤Pβ

q ↾ β for all β < α.
– 1Pα is the empty function ∅.

• If α = β + 1 for some β ∈ S, let p ∈ Pα if and only if p is a function
with dom(p) ∈ Iα, p ↾ β ∈ Pβ and, whenever β ∈ dom(p), p(β) is a
Pβ-name of minimal rank such that

∥–Pβ
“ p(β) ∈ Col(β,< f(β)) ”.

The poset Pα is ordered as follows: for p, q ∈ Pα, let p ≤ q if and only
if p ↾ β ≤Pβ

q ↾ β and

– dom(p), dom(q) ⊆ β; or
– β ∈ dom(q) and p ↾ β ∥–Pβ

“ q(β) = 1Col(β,<f(β)) ”; or
– β ∈ dom(q) ∩ dom(p) and p ↾ β ∥–Pβ

“ p(β) ≤Col(β,<f(β)) q(β) ”.

As in the previous case, let 1Pα be the empty function ∅.

• If α = β + 1 for some β ∈ T , let p ∈ Pα if and only if p is a function
with dom(p) ∈ Iα, p ↾ β ∈ Pβ and, whenever β ∈ dom(p), p(β) is a
Tβ-name of minimal rank such that

∥–Tβ
“ p(β) ∈ R

∼β ”. (3.8)

The poset Pα is ordered as follows: for p, q ∈ Pα, let p ≤ q if and only
if p ↾ β ≤Pβ

q ↾ β and

– dom(p), dom(q) ⊆ β; or
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– β ∈ dom(q) and

πβ(p ↾ β) = p ↾ (β ∩ T ) ∥–Tβ
“ q(β) = 1R

∼β
”; or (3.9)

– β ∈ dom(q) ∩ dom(p) and

πβ(p ↾ β) = p ↾ (β ∩ T ) ∥–Tβ
“ p(β) ≤R

∼β
q(β) ”. (3.10)

Once again we let 1Pα be the empty function ∅.

Notice that by (3.6) we have that (3.9) and (3.10) are well defined. Fur-
thermore, by (3.7) and proposition 1.15, the statement in (3.10) implies
p ↾ (β ∩ T ) ∥–Pβ

“−→ι β(p(β)) ≤−→ι β(R∼β)
−→ι β(q(β)) ” (see definition 1.14).

Proposition 3.7. Pα satisfies (3.6) and (3.7).

Proof. Notice that for any p ∈ Pα we have p ↾ T ∈ Tα because dom(p)∩T is
finite and p(β) is a Tβ-name satisfying (3.8) given that β ∈ dom(p) ∩ T .

It is straightforward that πα(1Pα) = 1Tα and that πα preserves the order.
We show that πα satisfies (3) from definition 1.16. Let t ∈ Tα and p ∈ Pα

such that t ≤ πα(p) = p ↾ T . Define p′ := t ↾ T ∪ p ↾ S. It is easy to see that
p′ ∈ Pα. By (3.3), it follows that p′ ↾ T = t ↾ T ≤ t.

By induction on β ≤ α, we show that p′ ↾ β ≤Pβ
p ↾ β. If β is a

limit ordinal and p′ ↾ γ ≤Pγ p ↾ γ for all γ < β, then we have p′ ↾ β ≤Pβ

p ↾ β. Suppose now that p′ ↾ β ≤Pβ
p ↾ β. If β ∈ S ∩ dom(p′), we have

p′(β) = p(β), and thus we have trivially that p ↾ β ∥–Pβ
“ p′(β) ≤ p(β) ”. If

β ∈ T ∩ dom(p′), notice that since t ↾ β + 1 ≤Pβ+1
p ↾ (T ∩ β), we have

that t ↾ β ∥–Tβ
“ t(β) ≤ p(β) ”. Since p′(β) = t(β) and p ↾ (β ∩ T ) ≤ t ↾ β,

we have p ↾ (β ∩ T ) ∥–Tβ
“ p′(β) ≤ p(β) ”. Therefore in both cases we have

p′ ↾ (β + 1) ≤Pβ+1
p ↾ (β + 1). So we conclude that p′ ≤Pα p, thus Pα satisfies

(3.6).
Similarly, we have that t ↾ T is a condition in Pα for every t ∈ Tα. It

is clear that ια(1Tα) = 1Pα and that ια preserves the order. We show that
the function t ↦→ t ↾ T also preserves incompatibility. Let t0, t1 ∈ Tα and
suppose there is p ∈ Pα such that p ↾ T ≤Pα t0 ↾ T, t1 ↾ T . By (3.3), it follows
that p ↾ T ≤ t0, t1.

Since t ≤ t ↾ T = ια(πα(t)) for any t ∈ Tα, by (3.6) and lemma 1.18, we
have that ια is a complete embedding, i.e. Pα satisfies (3.7). (proposi-
tion 3.7)

By similar arguments, we also prove the following.

Proposition 3.8. ⟨Pβ : β ≤ α⟩ is a generalized iteration.
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Proof. Let β < α ≤ κ. We show that the restriction from Pα into Pβ is
a projection. Let p ∈ Pβ and q ∈ Pα be such that p ≤Pβ

q ↾ β. Define
q′ := p ∪ (q ↾ (α \ β)). Clearly q′ ↾ β = p, and by induction it follows easily
that q′ ≤Pα q.

Now we show that the identity function Pβ ↪→ Pα is a complete embed-
ding. Clearly 1Pβ

= 1Pα and Pβ ↪→ Pα preserves the order. Given p0, p1 ∈ Pβ

such that q ≤Pα p0, p1 for some q ∈ Pα, it is easy to see that q ↾ β ≤Pβ
p0, p1.

Therefore Pβ ↪→ Pα preserves incompatibility.
Similarly to the argument in the proof of proposition 3.7, it is straight-

forward to prove that p ≤Pα p ↾ β for any p ∈ Pα. Therefore, by lemma 1.18
we have that Pβ ↪→ Pα is a complete embedding. (proposition 3.8)

This completes the construction of
−→
P .

Notice that, by the definition of
−→
P , for every α ∈ S we have

Pα+1
∼= Pα ∗ Col(α,< f(α))V

Pα
. (3.11)

Remark 3.9. Since
−→
P is a generalized iteration (proposition 3.8), for every

α < κ there is some Pα-name Q
∼
α such that Pα+1

∼= Pα ∗ Q
∼
α. However, for

α ∈ T such Q
∼
α does not need to correspond to R

∼α.

The following lemma follows straightforwardly (by induction on ξ ≤ α)
from the definition of the iteration:

Lemma 3.10. Let α ≤ κ and p, q ∈ Pα. Then p ≤ q if and only if

(I) ∀β ∈ dom(q) ∩ S, we have either

• p ↾ β ∥–Pβ
“ q(β) = 1Col(β,<f(β)) ” or

• β ∈ dom(p) and p ↾ β ∥–Pβ
“ p(β) ≤Col(β,<f(β)) q(β) ”;

and

(II) ∀β ∈ dom(q) ∩ T , we have either

• p ↾ (β ∩ T ) ∥–Tβ
“ q
∼β

= 1R
∼β

” or

• β ∈ dom(p) and p ↾ (β ∩ T ) ∥–Tβ
“ p(β) ≤R

∼β
q(β) ”.
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3.2.2 Features of Pκ

We shall now present some useful properties of
−→
P . We begin by showing

that Pκ is “small” in the following sense.

Lemma 3.11. Let α ∈ S ∪ {κ}. Then Pα ⊆ Vα and Pα is an α-c.c. poset.

Proof. First, we prove

Claim 3.11.1. For all β < α the following holds:

There is µβ with β < µβ < α such that Pβ ⊆ Vµβ
. (3.12)

Proof of claim 3.11.1. We proceed by induction on β. Let β < α and sup-
pose µβ witnesses that β satisfies (3.12). We find µβ+1 < α such that
Pβ+1 ⊆ Vµβ+1

.
First, assume β ∈ T . Let p ∈ Pβ+1 be arbitrary. We have p ↾ β ⊆ Vµβ

,
thus we only need to find µβ+1 < α such that p(β) ∈ Vµβ+1

given that
β ∈ dom(p). By (3.4), we have ∥–Tβ

“R
∼β ∈ Vν̌β [G∼Tβ

] ”. Since Tβ is c.c.c. and
νβ is strongly Mahlo, by (3.8) there is an inaccessible cardinal µβ+1 < νβ ≤ α
such that ∥–Tβ

“ p(β) ∈ V ̌µβ+1
[G
∼Tβ

] ”.
By proposition 1.10 and the assumption that p(β) is a name of minimal

rank, we have p(β) ∈ H(µβ+1) = Vµβ+1
. Therefore p ∈ Vµβ+1

.
Now assume β ∈ S. Since α ∈ C, we have f(β) < α and thus, since α is

Mahlo, we can take µβ+1 an inaccessible cardinal such that µβ, f(β) < µβ+1 <
α. It follows that ∥–Pβ

“ p(β) ∈ Col(β,< f(β)) ⊆ V ̌µβ+1
[G
∼Tβ

] ”. Similarly to
the previous case (where β ∈ T ), we have that Pβ+1 ⊆ Vµβ+1

for such µβ+1.
Now, suppose δ < α is a limit ordinal such that (3.12) holds for each

β < δ. For each β < δ, let µβ be a witness that β satisfies (3.12). Since α is
a strongly Mahlo cardinal, we can take a regular cardinal µδ < α such that
µδ > supβ<δ(µβ). Then we have Pδ ⊆ Vµδ

. Indeed, for any p ∈ Pδ, since µδ

is regular we have p ∈ Vµδ
, because

rank(p) = sup{max{rank(p(β)), β}+ 2 : β ∈ dom(p)} < µδ.

(claim 3.11.1)

Since α is a regular cardinal, by the definition of Iα (3.5), Pα is the direct
limit of ⟨Pβ : β < α⟩ and therefore Pα =

⋃︁
β<α Pβ. Thus it follows from

claim 3.11.1 that Pα ⊆ Vα.
Now we prove that Pα is an α-c.c. poset. Let ⟨pξ : ξ < α⟩ be a sequence

of conditions in Pα. Take C ⊆ α a club set such that

∀ξ1, ξ2 ∈ C, if ξ1 < ξ2 then dom(pξ1) ⊆ ξ2 (3.13)
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Let Y be the set of all regular cardinals in C. Since α is Mahlo, Y is a
stationary subset of α. We define the function

h : Y −→ α
ξ ↦−→ sup(dom(pξ) ∩ ξ)

.

By (3.5), h is regressive. By the pressing down lemma (lemma 1.1), we
can take Y ′ ⊂ Y stationary subset of α and ξ∗ < α such that h ′′Y ′ = {ξ∗}.
By claim 3.11.1, we have that |Pξ∗| < α. Therefore, we can take ξ1, ξ2 ∈ Y ′

with ξ1 < ξ2 such that pξ1 ↾ ξ∗ = pξ2 ↾ ξ
∗.

Notice that, by (3.13) and f(ξ1) = f(ξ2) = ξ∗, we have dom(pξ1) ∩
dom(pξ2) ⊆ ξ∗. Therefore, since pξ1 ↾ ξ∗ = pξ2 ↾ ξ

∗, we have that q := pξ1∪pξ2
is a condition in Pα. Clearly q witnesses that pξ1 and pξ2 are compatible,
which concludes the proof. (lemma 3.11)

Remark 3.12. For α ∈ S ∪ {κ}, notice that α is in particular inaccessible.
Therefore, we have Vα = H(α) and |Vα| = α. Thus by lemma 3.11 we have
in particular that |Pα| ≤ α.

Definition 3.13. Let α∗ < γ ≤ κ. Let Gα∗ be a Pα∗-generic over V . In
V [Gα∗ ] we define

Sγ,α∗ := (Pγ/Gα∗) ↾ S;

Tγ,α∗ := (Pγ/Gα∗) ↾ T,

both with the order induced by Pγ/Gα∗ (see notation 1.22 and definition 1.23).

Notice that Tα,0 is equivalent to the previously fixed Tα.
The next lemma shows how the quotient Pγ/Gα∗ relates to the product

Sγ,α∗ × Tγ,α∗ .

Lemma 3.14. Let α∗ < γ ≤ κ and fix Gα∗ a Pα∗-generic over V .

(1) In V [Gα∗ ], the function π : Sγ,α∗×Tγ,α∗ −→ Pγ/Gα∗ defined by ⟨s, t⟩ ↦−→
s ∪ t is a projection.

(2) In V [Gα∗ ], the function πγ,α∗ : Pγ/Gα∗ −→ Tγ,α∗ defined by πγ,α∗(p) =
p ↾ T for all p ∈ Pγ/Gα∗ is a projection.

(3) Let Hγ,α∗ be a Tγ,α∗-generic over V [Gα∗ ]. In V [Gα∗ ][Hγ,α∗ ], denote by
τ : π−1

γ,α∗
′′Hγ,α∗ −→ Sγ,α∗ 1 the function p ↦→ p ↾ S. Then τ is a complete

embedding.
1Recall that by proposition 1.24(1) we have Pγ/Gα∗ ∼= Tγ,α∗ ∗ π−1

γ,α∗
′′H
∼ γ,α∗ in V [Gα∗ ],

thus π−1
γ,α∗

′′Hγ,α∗ can be regarded as a quotient of Pγ/Gα∗ by Tγ,α∗ .
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Proof. We start by proving (1). It is easy to see that π preserves the order and
π(1Sγ,α∗×Tγ,α∗ ) = 1Pγ/Gα∗ . We prove that π satisfies (3) from definition 1.16,
i.e. we prove that:

Given p ∈ Pγ/Gα∗ and ⟨s, t⟩ ∈ Sγ,α∗×Tγ,α∗ such that p ≤Gα∗ s∪t,
there is ⟨s′, t′⟩ ∈ Sγ,α∗ × Tγ,α∗ such that s′ ≤Gα∗ s, t′ ≤Gα∗ t and
s′ ∪ t′ ≤Gα∗ p.

Let p, s, t be as above. Since p ≤Gα∗ s ∪ t, by the definition of the order
≤Gα∗ (definition 1.23) we can take r ∈ Gα∗ such that

r ∪ p ≤ r ∪ s ∪ t. (3.14)

We construct s′ ∈ Sγ,α∗ and t′ ∈ Tγ,α∗ . Let t′ := p ↾ T and define s′ as
follows: let dom(s′) := dom(p) ∩ S and for each α ∈ dom(s′), let s′(α) be a
Pα-name of minimal rank such that

∥–Pα “ s′(α) =

{︄
p(α) , if (r ∪ p) ↾ α ∈ G

∼Pα

s(α) , otherwise
” (3.15)

It is enough to prove:

r ∪ s′ ∪ t′ ≤ r ∪ p; (3.16)
r ∪ t′ ≤ r ∪ t; (3.17)
r ∪ s′ ≤ r ∪ s. (3.18)

First we show (3.16). Let α ∈ dom(p) and assume (r ∪ s′ ∪ t′) ↾ α ≤
(r ∪ p) ↾ α as an induction hypothesis. For α ∈ T , we have t′(α) = p(α),
so we are done. For α ∈ S, by (3.15) and the induction hypothesis we have
that (r ∪ s′ ∪ t′) ↾ α ∥–Pα “ s′(α) = p(α) ”.

Now we prove (3.17). Let α ∈ dom(t). By (3.14), we have

(r ∪ p) ↾ (T ∩ α) ∥–Tα “ p(α) ≤R
∼α t(α) ”.

Since (r ∪ p) ↾ (T ∩ α) = (r ↾ T ) ∪ (t′ ↾ α) and t′(α) = p(α), we have that
(3.17) holds.

Then we prove (3.18). Let α ∈ dom(s). We show that

∥–Pα “ s′(α) ≤ s(α) ”.

Let Gα be an arbitrary Pα-generic over V . We have two cases:

• Case 1: r ∪ p ↾ α ̸∈ Gα. In this case, we have

s′(α)[Gα] = s(α)[Gα].
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• Case 2: r ∪ p ↾ α ∈ Gα. In this case we have

s′(α)[Gα] = p(α)[Gα];

by (3.14), we have

r ∪ p ↾ α ∥–Pα “ p(α) ≤ s(α) ”.

Therefore
s′(α)[Gα] = p(α)[Gα] ≤ s(α)[Gα].

This finishes the proof of (3.18) and of (1).
Now prove (2). Notice that (2) is just a “modulo Gα∗” version of (3.6).

As in the proof of proposition 3.7, it is enough to show that given t ∈ Tγ,α∗

and p ∈ Pγ/Gα∗ with t ≤Gα∗ τ(p) = p ↾ T we can find p′ ∈ Pγ/Gα∗ such that
p′ ≤Gα∗ p and τ(p′) ≤Gα∗ t.

We show that p′ := t∪p ↾ S is as desired. Since t ≤Gα∗ p ↾ T , we can take
q ∈ Gα∗ such that q ∪ t ≤ q ∪ p. It follows by lemma 3.10 that q ∪ p′ ≤ q ∪ p
and q ∪ (p′ ↾ T ) ≤ q ∪ p.

Finally we prove (3). It is trivial that τ preserves the order and the
maximal condition and the order. We show that τ preserves incompatibility.
Let p0, p1 ∈ π−1

γ,α∗
′′Hγ,α∗ such that p0 ↾ S ⋎Sγ,α∗ p1 ↾ S. Since p0, p1 ∈

π−1
γ,α∗

′′Hγ,α∗ , there is t ∈ Hγ,α∗ such that t ≤Gα∗ p0 ↾ T, p1 ↾ T .
Let s ∈ Sγ,α∗ be such that s ≤Gα∗ p0 ↾ S, p1 ↾ S. We claim that q :=

s ∪ t ∈ π−1
γ,α∗

′′Hγ,α∗ is such that q ≤Gα∗ p0, p1. Let u ∈ G∗
α be such that

u ∪ t ≤ u ∪ p0 ↾ T ; and (3.19)
u ∪ s ≤ u ∪ p0 ↾ S. (3.20)

Notice that we trivially have

u ∪ s ∪ t ≤ s. (3.21)

Let α ∈ dom(p0). Without loss of generality, assume that α ∈ dom(q).

• Suppose α ∈ T . By (3.19), we have

(u ∪ t) ↾ (α ∩ T ) = (u ∪ q) ↾ (α ∩ T ) ∥–Tα “ q(α) = t(α) ≤ p0(α) ”.

• Suppose α ∈ S. By (3.20) and (3.21), we have

u ∪ q ↾ α ∥–Pα “ q(α) = s(α) ≤ p0 ”.
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Therefore we have q ≤Gα∗ p0. Similarly, we can also prove that q ≤Gα∗ p1.
Notice that for any s ∈ Sγ,α∗ we have s ∈ π−1

γ,α∗
′′Hγ,α∗ because πγ,α∗(s) =

∅ ∈ π−1
γ,α∗

′′Hγ,α∗ . It follows trivially that every s ∈ Sγ,α∗ is a reduct of itself
with respect to τ . Therefore, by proposition 1.12, τ is a complete embedding.
(lemma 3.14)

The following lemma shows the amount of closedness of the poset Sγ,α∗ .

Lemma 3.15. Let α∗, γ, Gα∗ and Sγ,α∗ be as in definition 3.13. Denote
να∗ := min(S \ α∗). Then Sγ,α∗ is < να∗-closed in V [Gα∗ ].

Proof. Working in V [Gα∗ ], let ⟨pξ : ξ < δ⟩ be a decreasing sequence in Sγ,α∗

for some δ < να∗ . We shall construct a lower bound q ∈ Sγ,α∗ (with respect
to the order of Sγ,α∗) for this sequence. Recall that the conditions in Sγ,α∗

are actually conditions from the poset Pγ
V . Even though the conditions are

taken in V , the sequence itself is taken in V [Gα∗ ], so we need to work with a
name for the sequence. Let h

∼
∈ V Pα∗ be such that h

∼
[Gα∗ ] = ⟨pξ : ξ < δ⟩ and

V |= ∥–Pα∗ “h
∼
: δ −→ S

∼γ,α∗ is a decreasing sequence in S
∼γ,α∗ ”. (3.22)

In V , we define the set

B := {α < γ : ∃r ∈ Pα∗ , r ∥–Pα∗ “α ∈
⋃︂
ξ<δ

dom(h
∼
(ξ)) ”}.

We now construct the condition q by defining dom(q) = B and, for each
α ∈ B, choosing q(α) a Pα-name of minimal rank such that

V |= ∥–Pα “ q(α) =
⋃︂
{h
∼
(ξ)(α) : ξ < δ ∧ h

∼
(ξ) ↾ α ∈ G

∼Pα} ”. (3.23)

To conclude the proof, it is enough to prove the following claims:

Claim 3.15.1. q ∈ Sγ,α∗.

Claim 3.15.2. q is a lower bound for ⟨pξ : ξ < δ⟩.

Proof of claim 3.15.1. First, we have to prove that B is an Easton set. Let
β = cf(β) ≤ γ. Notice that for every β < να∗ we have B ∩ β = ∅. Therefore
we assume β ≥ να∗ . Notice that, since Pα∗ is να∗-c.c. (by lemma 3.11), we
have ∥–Pα∗ “ β̌ = cf(β̌) ”.

Since δ < να∗ ≤ β, by (3.22) we have

∥–Pα∗ “ β ∩
⋃︂
ξ<δ

dom(h
∼
(ξ)) is bounded in β ”.
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Therefore, we can take a maximal antichain A ⊆ Pα∗ such that for each
r ∈ A there is βr < β with

r ∥–Pα∗ “ β ∩
⋃︂
ξ<δ

dom(h
∼
(ξ)) ⊆ βr ”.

Since Pα∗ is να∗-c.c. by lemma 3.11, we have |A| < να∗ ≤ β = cf(β).
Therefore

B ∩ β ⊆ sup
r∈A

βr < β,

thus indeed B ∩ β is bounded in β.
Now, we show that for every α ∈ B we have

V |= ∥–Pα “ q(α) ∈ Col(α,< f(α)) ”. (3.24)

Let α ∈ B. Clearly, we have α ≥ να∗ > δ. Since the poset Col(α,< f(α))
is < α-closed, it is enough to prove that

∥–Pα “ ⟨h
∼
(ξ)(α) : ξ < δ ∧ h

∼
(ξ) ↾ α ∈ G

∼Pα ∧ α ∈ dom(h
∼
(ξ))⟩ is ⊆-increasing ”.

Let Gα be an arbitrary Pα-generic over V . Since Pα∗ ⋖ Pα (proposi-
tion 3.8), we have that h

∼
is in particular a Pα-name, so we can compute

h
∼
[Gα]. Furthermore, it follows that Gα ∩ Pα∗ is a Pα∗-generic over V (not

necessarily the same as the previously fixed Gα∗) and h
∼
[Gα ∩ P∗

α] = h
∼
[Gα].

Let ξ1 < ξ2 < δ such that h
∼
[Gα](ξ1) ↾ α, h

∼
[Gα](ξ2) ↾ α ∈ Gα and α ∈

dom(h
∼
[Gα](ξ1)) ∩ dom(h

∼
[Gα](ξ2)). We show that

h
∼
[Gα](ξ1)(α) ⊆ h

∼
[Gα](ξ2)(α) (3.25)

By (3.22), the sequence ⟨h
∼
[Gα](ξ) : ξ < δ⟩ is ≤Gα∩Pα∗ -decreasing. There-

fore, h
∼
[Gα](ξ2) ≤Gα∩Pα∗ h∼

[Gα](ξ1), so we can take r ∈ Gα ∩ Pα∗ such that

r ∪ h
∼
[Gα](ξ2) ≤ r ∪ h

∼
[Gα](ξ1).

Since α ∈ S, we have

r ∪ h
∼
[Gα](ξ2) ↾ α ∥–Pα “h

∼
(ξ1)(α) ⊆ h

∼
(ξ2)(α) ”. (3.26)

Since r ∈ Gα and by the assumption h
∼
[Gα](ξ2) ↾ α ∈ Gα, we have that

r ∪ h
∼
[Gα](ξ2) ↾ α ∈ Gα. Then (3.26) implies (3.25). So we conclude that

(3.24) holds for α. (claim 3.15.1)
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Proof of claim 3.15.2. Let ξ < δ. We can take r ∈ Gα∗ such that

V |= r ∥–Pα∗ “h
∼
(ξ) = p̌ξ ”. (3.27)

We show that r witnesses q ≤Gα∗ pξ, i.e. r ∪ q ≤ r ∪ pξ.
First, notice that

r ∥–Pα∗ “ dom(p̌ξ) ⊆ B̌ ”.

Therefore, since pξ, B ∈ V , we have dom(r ∪ q) ⊇ dom(r ∪ pξ).
Now let α ∈ dom(pξ) and suppose

r ∪ q ↾ α ≤ r ∪ pξ ↾ α. (3.28)

Let Gα be an arbitrary Pα-generic over V containing r ∪ q ↾ α. In particular
we have r ∈ Gα ∩ Pα∗ , so by (3.27) we have h

∼
[Gα](ξ) = pξ. By (3.28), we

have h
∼
[Gα](ξ) ↾ α ∈ Gα. Thus, by (3.23) we have q(α)[Gα] ⊇ pξ(α)[Gα].

This proves that

V |= r ∪ q ↾ α ∥–Pα “ q(α) ⊇ pξ(α) ”.

(claim 3.15.2)

(lemma 3.15)

Corollary 3.16. Let α∗ < γ ≤ κ, Gα∗ be a Pα∗-generic over V and
Hγ,α∗be a Tγ,α∗-generic over V [Gα∗ ]. Then π−1

γ,α
′′Hγ,α∗ is < να∗-distributive

in V [Gα∗ ][Hγ,α∗ ], where να∗ := min(S \ α∗).

Proof. Let K be a π−1
γ,α

′′Hγ,α∗-generic over V [Gα∗ ][Hγ,α∗ ] and let f : δ −→
V [Gα∗ ][Hγ,α∗ ] with δ < να∗ and f ∈ V [Hγ,α∗ ][K]. By lemma 3.14(3) and
proposition 1.24(3), there is some π−1

γ,α
′′Hγ,α∗-name Q

∼
such that Sγ,α∗ ∼=

(π−1
γ,α

′′Hγ,α∗)∗Q
∼

. Therefore we can take an Sγ,α∗-genericK ′ over V [Gα∗ ][Hγ,α∗ ]

such that V [Gα∗ ][Hγ,α∗ ][K] ⊆ V [Gα∗ ][Hγ,α∗ ][K ′].
By lemma 3.15, Sγ,α∗ is < να∗-closed in V [Gα∗ ]. Then, by Easton lemma

(lemma 1.27(ii)), Sγ,α∗ is< να∗-distributive in V [Gα∗ ][Hγ,α∗ ]. Therefore, since
f ∈ V [Gα∗ ][Hγ,α∗ ][K ′], we have f ∈ V [Gα∗ ][Hγ,α∗ ]. So indeed π−1

γ,α
′′Hγ,α∗ is

< να∗-distributive in V [Hγ,α∗ ]. (corollary 3.16)

Since ν0 = min(S) > ℵ1, corollary 3.16 implies that

∥–Tκ “ π−1
κ,0

′′Hκ,0 is σ-distributive ”. (3.29)
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In other words, Pκ is equivalent to a two step iteration of a c.c.c. poset and
a σ-distributive poset. In particular, all of the new reals added by Pκ are
added exclusively by the Tκ part.

While lemma 3.15 describes an useful property of Sγ,α∗ , the next lemma
similarly describes an useful property of Tγ,α∗ .

Lemma 3.17. Let α∗ < γ ≤ κ, and let Gα∗ be a Pα∗-generic over V . Then
Tγ,α∗ is c.c.c. in V [Gα∗ ].

Proof. Denote T∗
α∗ := ια∗ ′′Tα∗ = Pα∗ ↾ T . Notice that by proposition 3.7

we have Tα∗ ∼= T∗
α∗ ⋖ Pα∗ . Working in V [Gα∗ ], define Hα∗ := Gα∗ ∩ T∗

α∗ . It
follows that Hα∗ is a T∗

γ-generic over V .
Notice that, by the definition of quotient (definition 1.23), both posets

Tγ,α∗ and T∗
γ/Hα∗ have the same set of conditions (i.e. Pγ ↾ (T ∩ (γ \ α∗))).

Actually, their orders (≤Gα∗ and ≤Hα∗ ) also coincide. Indeed, let t, t′ ∈
Pγ ↾ (T ∩ (γ \ α∗)). Clearly t′ ≤Hα∗ t implies t′ ≤Gα∗ t because Hα∗ ⊆ Gα∗ .
For the converse, suppose t′ ≤Gα∗ t. Then there is q ∈ Gα∗ such that

q ∪ t′ ≤ q ∪ t. (3.30)

Since q ≤ q ↾ T , we have q ↾ T ∈ Gα∗ , thus q ↾ T ∈ Hα∗ . It follows from the
next claim that q ↾ T witnesses t′ ≤Hα∗ t.

Claim 3.17.1. (q ↾ T ) ∪ t′ ≤ (q ↾ T ) ∪ t.

Proof of claim 3.17.1. Without loss of generality, assume dom(t′) ⊇ dom(t).
By lemma 3.10, it is enough to prove that

((q ↾ T ) ∪ t′) ↾ (β ∩ T ) ∥–Tβ
“ t′(β) ≤R

∼β
t(β) ” (3.31)

for all β ∈ dom(t) ⊆ T . Since (q ∪ t′) ↾ (β ∩ T ) = ((q ↾ T ) ∪ t′) ↾ (β ∩ T ), we
have that (3.31) follows from (3.30) and lemma 3.10. (claim 3.17.1)

Since Tγ and Tα∗ are c.c.c. in V and Tγ
∼= T∗

γ
∼= T∗

α∗ ∗ T∗
γ/G∼T∗

α∗ , we have

V [Hα∗ ] |= “T∗
γ/Hα∗ is a c.c.c. poset ”. (3.32)

By (3.29), we have that V [Gα∗ ] is a σ-distributive extension of V [Hα∗ ].
Therefore it follows from (3.32) that

V [Gα∗ ] = V [Hα∗ ∗H ′] |= “Tγ/Hα∗ is a c.c.c. poset ”.

(lemma 3.17)

Corollary 3.18. ∥–Pκ “ κ̌ is weakly Mahlo ”.
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Proof. Let α ∈ S. We can write Pκ
∼= Pα ∗ A∼α ∗ B∼ α, where Pα is α-c.c.

(lemma 3.11), A
∼α is a Pα-name for a c.c.c. poset (by lemma 3.17) and B

∼ α

is a Pκ
∼= Pα ∗ A∼α-name for a < α-distributive poset (by corollary 3.16).

Therefore, α remains regular after forcing with Pκ.
Since Pκ is κ-c.c. (lemma 3.11), S remains a stationary subset of κ in

V Pκ , so κ remains weakly Mahlo after forcing with Pκ. (corollary 3.18)

Actually, we shall prove in lemma 3.21 that Pκ ∗Col(κ,< θ)V
Pκ forces the

continuum to carry a σ-saturated ideal for any large enough regular θ.

3.2.3 Main result
Now we present the main lemma which characterises the poset Pκ.

Lemma 3.19. Let P and Q be as in Then

V Pκ |= “ 2ℵ0 = κ is Laver generically supercompact∗ for ⟨P ,Q⟩ ”.

Proof. Fix Gκ a Pκ-generic over V and let η > κ. We will show that κ is
Laver generically supercompact∗ for ⟨P ,Q⟩ in V [Gκ]. Let θ > κ. Without
loss of generality, we assume

η > (2θ)V [Gκ]. (3.33)

Since f is a Laver function, we can take j : V −→M an elementary embed-
ding with critical point κ such that j(κ) > η,

ηM ⊆M ⊆ V and (3.34)
j(f)(κ) = θ. (3.35)

By elementarity, j(
−→
P ) is a mixed support iteration of length j(κ) in M .

We denote ⟨P∗
α : α ≤ j(κ)⟩ := j(

−→
P ). Since j ↾ Vκ is the identity, by

lemma 3.11 we have that P∗
α = Pα for all α < κ. By the construction of

−→
P , since κ is regular, Pκ is the direct limit of

−→
P ↾ κ. By elementarity, κ is

regular in M , so P∗
κ is the direct limit of ⟨P∗

α : α < κ⟩ =
−→
P ↾ κ, therefore

P∗
κ = Pκ.

Claim 3.19.1. κ ∈ j(S).

Proof of claim 3.19.1. By elementarity, (3.1) and (3.2) we have

j(S) = {α < j(κ) : j(f) ′′α ⊆ α ∧M |= “α is strongly Mahlo ”}.
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Since crit(j) = κ, we have j(f) ′′κ = f ′′κ ⊆ κ. We just need to prove
that κ is strongly Mahlo in M . Since κ is supercompact (in V ), we have in
particular

V |= “ {α < κ : α is inaccessible} is a stationary subset of κ ”.

Since κ is the critical point of j, we have that α is inaccessible in M if and
only if it is inaccessible in V . Therefore, since M ⊂ V , we have

M |= “ {α < κ : M |= “α is inaccessible ”} is a stationary subset of κ ”.

So we conclude that κ ∈ j(S). (claim 3.19.1)

By claim 3.19.1, (3.11), (3.35) and by elementarity it follows that P∗
κ+1
∼=

P∗
κ ∗ Col(κ,< θ)M

Pκ . Since Pκ is κ-c.c. (lemma 3.11), by (3.34) and propo-
sition 1.25 we have <κM [Gκ] ∩ V [Gκ] ⊆ M [Gκ]. It follows that Col(κ,<
θ)V [Gκ] = Col(κ,< θ)M [Gκ]. Therefore we conclude that P∗

κ+1
∼= Pκ ∗Col(κ,<

θ)V
Pκ . In particular, by proposition 3.8, we have

Pκ ∗ Col(κ,< θ)V
Pκ ∼= P∗

κ+1 ⋖ P∗
j(κ) = j(Pκ). (3.36)

Working in V [Gκ], since Gκ is a P∗
κ-generic filter we can consider the

quotient P∗
j(κ)/Gκ as in definition 1.23. It follows from (3.36) that Col(κ,<

θ)⋖P∗
j(κ)/Gκ, thus by proposition 1.24(3) we can take a Col(κ,< θ)-name Q

∼
such that

V [Gκ] |= Col(κ,< θ) ∗Q
∼
∼= P∗

j(κ)/Gκ. (3.37)

We show that Q
∼

witnesses that κ is Laver generically supercompact∗ for

⟨P ,Q⟩ in V [Gκ].
Let G(κ) be an arbitrary P∗

κ+1/Gκ-generic over V [Gκ] and let Gκ+1 be
a P∗

κ+1-generic over V such that Gκ+1
∼= Gκ ∗ G(κ). By elementarity and

lemmas 3.14(1), 3.15 and 3.17, we have:

M [Gκ+1] |= “P∗
j(κ)/Gκ+1 is the projection of the product of a c.c.c. poset

and a σ-closed poset ”.

By lemma 3.11 and (3.33) it follows that P∗
κ+1 is an η-c.c. poset (if θ is

inaccessible, then it is θ-c.c.). Therefore, by proposition 1.25, we have

ηM [Gκ+1] ∩ V [Gκ+1] ⊆M [Gκ+1].
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Since η > ω1, it then follows that

V [Gκ+1] |= “P∗
j(κ)/Gκ+1 is the projection of the product of a c.c.c. poset

and a σ-closed poset ”. (3.38)

Since Col(κ,< θ)V [Gκ] is proper in V [Gκ] and G(κ) is arbitrary, it follows
from (3.38) that V [Gκ] |= “ ∥– Col(κ,<θ) “Q

∼
is proper ” ”.

Let K be an arbitrary Col(κ,< θ)V [Gκ] ∗Q
∼

-generic over V [Gκ]. It follows

from (3.36) and (3.37) that there is Gj(κ) a P∗
j(κ)-generic over V such that

Gj(κ)
∼= Gκ ∗ K. Since Pκ ⊆ Vκ (lemma 3.11), we have j ′′Gκ ⊆ Gκ ⊆

Gj(κ). Therefore, by proposition 1.26, we can extend j into an elementary
embedding J : V [Gκ] −→ M [Gj(κ)] = M [Gκ ∗K]. We have Q

∼
, Gκ ∈ M [Gκ].

Furthermore, we also have J ′′η = j ′′η ∈ M . So we conclude that Q
∼

, K,

M [Gj(κ)] and J witness that

V [Gκ] |= “κ is Laver generically supercompact for ⟨P ,Q⟩ ”.

To complete the proof, we show that

ω1M [Gj(κ)] ∩ V [Gj(κ)] ⊆M [Gj(κ)]. (3.39)

By lemma 3.14(2), corollary 3.16 and elementarity, we have that there is
S
∼
∗ ∈M a j(T∗

κ)-name for a poset such that

M |= “P∗
j(κ)
∼= j(T∗

κ) ∗ S∼
∗, j(T∗

κ) is c.c.c. and ∥– j(T∗
κ) “S

∼
∗ is σ-distributive ” ”.

(3.40)
Since ηM ⊂M and η > ω1, it follows that

V |= “P∗
j(κ)
∼= j(T∗

κ) ∗ S∼
∗, j(T∗

κ) is c.c.c. and ∥– j(T∗
κ) “ S

∼
∗ is σ-distributive ” ”.

(3.41)
By (3.41) we can take A a j(T∗

κ)-generic over V and B a S
∼
∗[A]-generic

over V [A] such that A ∗B ∼= Gj(κ).
Since j(T∗

κ) is c.c.c., by proposition 1.25, (3.41) and (3.34) we have

<ω1M [A] ∩ V [A] ⊆M [A]. (3.42)

By (3.41), we have that S
∼
∗[A] is σ-distributive in V [A]. Since V [Gj(κ)] =

V [A][B] andM [Gj(κ)] =M [A][B], we have that (3.42) implies (3.39). (lemma 3.19)
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We recall the definition of a σ-saturated ideal.

Definition 3.20. An ideal I ⊆ P(κ) is σ-saturated if whenever ⟨Uξ : ξ < ω1⟩
is a sequence of elements of P(κ) \ I, there are distinct ξ0, ξ1 < ω1 such that
Uξ0 ∩ Uξ1 ̸∈ I.

We have already proved that the cardinal κ is still a Mahlo cardinal in
V Pκ (corollary 3.18). The following lemma shows that Pκ preserves a larger
amount of the largeness of κ.

Lemma 3.21. Assume V |= GCH. Let θ > κ be an inaccessible cardinal and
suppose G is a Pκ-generic over V and H is a Col(κ,< θ)V [G]-generic over
V [G]. Then

V [G ∗H] |= “κ carries a σ-saturated κ-closed ideal ”.

Proof. Let U ⊆ P([λ]<κ) be a normal measure such that j(f)(κ) = θ, where
j := jU −→M is the elementary embedding associated with U .

As in the proof of lemma 3.19, ⟨P∗
α : α ≤ j(κ)⟩ := j(

−→
P ). As before,

we have ⟨P∗
α : α ≤ κ⟩ =

−→
P and P∗

κ+1
∼= Pκ ∗ Q

∼
, where Q

∼
is a Pκ-name for

Col(κ,< λ)V
Pκ . Denote P∗

j(κ)+1 := j(P∗
κ+1)

∼= P∗
j(κ) ∗ j(Q∼). We can take a

P∗
κ+1-generic Gκ+1 over V such that Gκ+1

∼= G ∗H.
Similarly to definition 3.13, define in M [Gκ+1]

Sj(κ)+1,κ+1 = (P∗
j(κ)+1)/(Gκ+1)) ↾ S,

Tj(κ)+1,κ+1 = (P∗
j(κ)+1)/(Gκ+1)) ↾ T,

both ordered by ≤Gκ+1 .
Recall that j is a θ-supercompact embedding, so we have θM ⊆ M .

Then it follows that (θ+)M = (θ+)V . Since Pκ is κ-c.c. (lemma 3.11) and θ
is inaccessible, we have that P∗

κ+1 is θ-c.c. in V , thus (θ+)V = (θ+)V [Gκ+1] =
(θ+)M [Gκ+1]. We can just refer to θ+ without specifying the model where the
successor operator is considered.

By lemma 3.15 and elementarity, we have that Sj(κ)+1,κ+1 is < νκ+1-closed
in M [Gκ+1] for νκ+1 := j(S) \ κ+ 1.

By elementarity and (3.1), it follows that j(C) = {α < j(κ) : j(f) ′′α ⊆
α}. Since j(f)(κ) = θ, κ witnesses that θ ̸∈ j(C). Therefore we have
νκ+1 > θ. Furthermore, we also have M |= “ θ+ is not Mahlo ”, so θ+ ̸∈ j(S).
Therefore νκ+1 > θ+, thus

M [Gκ+1] |= “ Sj(κ)+1,κ+1 is < θ+-closed ”. (3.43)
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It is straightforward to see that M [Gκ+1] |=
⃓⃓
Sj(κ)+1,κ+1

⃓⃓
= j(κ). Recall

that we assumed that GCH holds in V . By elementarity, M |= GCH. Since⃓⃓
P∗
κ+1

⃓⃓M
= θ, we have that GCH holds above θ in M [Gκ+1], thus

M [Gκ+1] |=
⃓⃓
P(Sj(κ)+1,κ+1)

⃓⃓
= j(θ)+ = j(θ+)

Since j = jU is the elementary embedding associated to a normal mea-
sure U ⊆ P([θ]<κ), by a direct calculation (using GCH), we have V |=
|j(θ+)| = θ+. Therefore, we have

V [Gκ+1] |=
⃓⃓
P(Sj(κ)+1,κ+1) ∩M [Gκ+1]

⃓⃓
= θ+. (3.44)

Working in M , take m
∼

a P∗
j(κ)-name of minimal rank such that

M |= “ ∥–P∗
j(κ)

“m
∼
=
⋃︂
{j(p(κ)) : p ∈ G

∼P∗
j(κ)
∧ κ ∈ dom(p)} ” ”. (3.45)

Working in V [Gκ+1], by (3.44) we can take ⟨Dξ : ξ < θ+⟩ an enumeration
of all the dense subsets of Sj(κ)+1,κ+1 lying in M [Gκ+1]. Since θM [Gκ+1] ∩
V [Gκ+1] ⊆ M [Gκ+1] (by proposition 1.25) and by (3.43), we can construct
in V [Gκ+1] a decreasing sequence ⟨dξ : ξ < θ+⟩ of conditions in Sj(κ)+1,κ+1

such that d0(j(κ)) = m
∼

and

∀ξ < θ+, dξ+1 ∈ Dξ. (3.46)

In V [Gκ+1], let KS be the filter generated in Sj(κ)+1,κ+1 by the sequence
⟨dξ : ξ < θ+⟩. By (3.46), KS is a Sj(κ)+1,κ+1-generic filter over M [Gκ+1].

In M [Gκ+1], let π : Sj(κ)+1,κ+1 × Tj(κ)+1,κ+1 −→ P∗
j(κ)+1/(Gκ+1) be the

function defined by ⟨s, t⟩ ↦→ s ∪ t for every ⟨s, t⟩ ∈ Sj(κ)+1,κ+1 × Tj(κ)+1,κ+1.
By elementarity and lemma 3.14(1), it follows that π is a projection.

Now, let KT be an arbitrary Tj(κ)+1,κ+1-generic filter over V [Gκ+1]. In
V [Gκ+1∗KT ], let K be the filter in P∗

j(κ)+1/(Gκ+1) generated by π ′′(KS×KT ).
We have that K is a P∗

j(κ)+1/(Gκ+1)-generic over M [Gκ+1]. Let Gj(κ)+1 be a
P∗
j(κ)+1-generic over V such that Gj(κ)+1

∼= Gκ+1 ∗K. We claim that

j ′′Gκ+1 ⊆ Gj(κ)+1 (3.47)
Indeed, let p ∈ Gκ+1. Recall that Pκ ⊆ Vκ (lemma 3.11), so

j(p ↾ κ) = j(p) ↾ κ = p ↾ κ ∈ Gκ+1.

If κ ∈ dom(p), we have

j(p) = p ↾ κ ∪ ⟨j(κ), j(p(κ))⟩.
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By (3.45), we have

M |= p ∪ j(p) ↾ {j(κ)} ≤ p ∪ d0,

therefore we have j(p) ≤Gκ+1 d0. Thus j(p) ∈ Gj(κ)+1, so indeed (3.47) holds.
By (3.47) and proposition 1.26, we can extend j into an elementary em-

bedding J : V [Gκ+1] −→ M [Gj(κ)+1] = M [Gκ+1 ∗ K]. Since K ∈ V [Gκ+1 ∗
KT ], we have that J is definable in V [Gκ+1 ∗KT ].

Since KT is arbitrary, J can be constructed in any Tj(κ)+1,κ+1-extension
of V [Gκ+1], so for any x ∈ V [Gκ+1] we can take x

∼
′ a Tj(κ)+1,κ+1-name for

J(x). Therefore in V [Gκ+1], we can define

I := {x ∈ P(κ) ∩ V [Gκ+1] : V [Gκ+1] |= ∥–Tj(κ)+1,κ+1
“κ ̸∈ x

∼
′ ”}. (3.48)

The next claim completes the proof of lemma 3.21.

Claim 3.21.1. In V [Gκ+1], I is a σ-saturated ideal over κ.

Proof of claim 3.21.1. Let ⟨Uξ : ξ < ω1⟩, where Uξ ∈ P(κ) \ I for each
ξ < ω1. By (3.48), for each ξ < ω1 we can take a condition pξ ∈ Tj(κ)+1,κ+1

such that pξ ∥–Tj(κ)+1,κ+1
“κ ∈ J(Uξ) ”. Since Tj(κ)+1,κ+1 is c.c.c. there are

distinct ξ0, ξ1 < ω1 such that pξ0 and pξ1 are compatible. Let q ∈ Tj(κ)+1,κ+1

be such that q ≤ pξ0 , pξ1 . Then we have

q ∥–Tj(κ)+1,κ+1
“κ ∈ J(Uξ0) ∩ J(Uξ1) = J(Uξ0 ∩ Uξ1) ”.

Therefore q witnesses that Uξ0 ∩ Uξ1 ∈ I. Then I is indeed σ-saturated.
(claim 3.21.1)

(lemma 3.21)

3.2.4 Further results
We prove that some fragment of MA++ holds in the model we constructed
with mixed support iteration. We recall the definition of MA++: Suppose P
is a poset and S

∼
is a P -name for a set of ordinals. Given any filter F ⊆ P

(not necessarily generic), we define

S
∼
(F ) := {α ∈ On : ∃p ∈ F, p ∥–P “ α̌ ∈ S

∼
”}.

Notice that, whenever F is generic, s
∼
(F ) coincides with s

∼
[F ], the usual in-

terpretation of the name s
∼

by a the generic filter F .
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Definition 3.22. Let P be a class of posets and κ, µ be regular uncountable
cardinals with κ > ℵ1. Define MA+µ(P , < κ) as the following statement:
Given any P ∈ P , any family D of dense subsets of P with |D| < κ and
any family S of P -names with |S| ≤ µ such that ∥–P “S

∼
⊆ ω1 is stationary ”

for every S
∼
∈ S, there is G a D-generic filter over P such that S

∼
(G) is a

stationary subset of ω1 for every S
∼
∈ S.

Similarly to MA, MA+µ(P) denotes MA+µ(P , < 2ℵ0). Furthermore, the
forcing axiom MA+ω1(c.c.c.) is sometimes referred to as MA++.

In connection with this stronger forcing axiom, we use the following
lemma in order to pull names down from some extension.

Lemma 3.23. Let P be a c.c.c. poset and Q a σ-distributive poset. Let H be
a Q-generic over V . For any P -name x

∼
∈ V [H], there is a P -name x

∼
′ ∈ V

such that V [H] |= ∥–P “x
∼
′ = x

∼
”.

Proof. We prove this by induction on the rank of x
∼
. Let β be an ordinal and

suppose that for every P -name z
∼
∈ V [H] with rank(z

∼
) < β there is z

∼
′ ∈ V

such that V [H] |= ∥–P “ z
∼
′ = z

∼
”. Se show that for any P -name x

∼
∈ V [H]

with rank(x) = β there is x
∼
′ ∈ V such that V [H] |= ∥–P “x

∼
′ = x

∼
”.

Working in V [H], for each P -name y
∼
∈ V with rank(y

∼
) < β take Ay

∼
an

antichain which is a maximal subset of {p ∈ P : V [H] |= p ∥–P “ y
∼
∈ x

∼
”}.

Since Q is σ-distributive, it follows that P is c.c.c. in V [H]. Therefore each
Ay

∼
is countable. Since Q is σ-distributive, each Ay

∼
belongs to V .

In V , we can define

x
∼
′ :=

⋃︂
{{y

∼
} × Ay

∼
: y

∼
∈ Vβ is a P -name}. (3.49)

Clearly we have rank(x′
∼
) ≤ β. We prove that V [H] |= ∥–P “x

∼
′ = x

∼
”. Let

G be a P -generic over V [H]. We show that x
∼
′[G] = x

∼
[G]. Let y ∈ x

∼
′[G]. By

(3.49), there is y
∼
∈ V P and p ∈ G ∩ Ay

∼
such that y = y

∼
[G]. Since p ∈ Ay

∼
,

we have p ∥–P “ y
∼
∈ x

∼
”. Therefore y = y

∼
[G] ∈ x

∼
[G].

Conversely, let z ∈ x
∼
[G]. By induction hypothesis, there is a P -name

z
∼
∈ V with rank(z

∼
) < β such that z

∼
[G] = z. Since z

∼
[G] ∈ x

∼
[G], there is

p ∈ G such that p ∥–P “ z
∼
∈ x

∼
”. By the maximality of Az∼

, we can assume
without loss of generality that p ∈ Az∼

. Then, by (3.49), we have ⟨z
∼
, p⟩ ∈ x

∼
′.

Therefore z = z
∼
[G] ∈ x

∼
′[G]. (lemma 3.23)
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Proposition 3.24. Assume GCH. Let κ be a measurable cardinal and suppose
S ⊂ κ is an stationary set whose every element is a Mahlo cardinal and
T := κ \ S. Then we can construct ⟨Tα,R∼α : α < κ⟩ satisfying (3.3) and

(3.4) such that Tκ forces 2ℵ0 = κ and MA++.

⟨Tα,R∼α : α < κ⟩ is just a slight modification of the construction by
Solovay and Tennenbaum of a finite support iteration of c.c.c. posets forcing
MA while adding reals (check e.g. Theorem 16.13 on [Jec03]). We modify
this construction so that the finite support iteration satisfies (3.3) and (3.4).

Proof of proposition 3.24. Recall we denote να := min(S\α) for every α < κ.
Since |T | = κ, we fix {⟨βα, γα⟩ : α ∈ T} a bijective enumeration of the set
{⟨β, γ⟩ ∈ κ× κ : γ < νβ} such that βα < α for all α ∈ T . We shall use this
enumeration for book-keeping names for c.c.c. posets.

For α < κ, suppose ⟨Tβ,R∼β : β < α⟩ already constructed and such that
for each β < α R

∼β satisfies (3.3), (3.4) and we have fixed ⟨Q
∼
β,γ : γ < νβ⟩

an enumeration of all Tβ-names for c.c.c. posets with rank < νβ (modulo
isomorphisms).

Let Tα be the direct limit of ⟨Tβ,R∼β : β < α⟩. By (3.3) and (3.4),
we have that Tα is c.c.c. and Tα ⊆ Vνα , so we can fix ⟨Q

∼
α,γ : γ < να⟩ a

an enumeration of all Tα-names for c.c.c. posets with rank < να modulo
isomorphisms.

If α ∈ S, let R
∼α be a Tα-name for the trivial poset {1}. If α ∈ T , let R

∼α

be a Tα name such that

∥–Tα “Rα
∼

=

⎧⎨⎩Q∼βα,γα , if Q
∼
βα,γα is c.c.c.

{1} , otherwise
” (3.50)

Clearly R
∼α satisfies (3.3) and (3.4). We finish the proof by showing that

Tκ forces MA++, where Tκ is the finite support limit of ⟨Tα,R∼α : α < κ⟩.
Let H be a Tκ-generic over V . It is enough to proof that V [H] |=

MA+ω1({P}) for all P ∈ V [H] such that V [H] |= “P is c.c.c. and |P | < κ ”
(see e.g lemma 16.12 in [Jec03]). In V [H], let P be a c.c.c. poset with
|P | < κ, D a family of dense subsets of P with |D| < κ and S a family of
P -names with |S| ≤ ℵ1 such that ∥–P “S

∼
is a stationary subset of ω1 ” for

every S
∼
∈ S.
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For each ξ < ω1 and S
∼
∈ S, take an antichain Aξ,S∼

which is a maximal

subset of {p ∈ P : p ∥–P “ ξ̌ ∈ S
∼

”}. Let A = {Aξ,S∼
: ξ < ω1 ∧ S∼ ∈ S}.Since

P is c.c.c. in V [H], each Aξ,S∼
is countable, thus |A| ≤ ℵ1.

For each α < κ, let Hα := H ∩ Tα. As in the original construction, we
can find β∗ < κ such that rank(Q) < νβ∗ and P,D,A ∈ V [Hβ∗ ]. Notice that
Hβ∗ is a Tβ∗-generic over V .

Clearly, the rank of P in V [Hβ∗ ] is smaller than νβ∗ , so we can take
γ∗ < νβ∗ such that P = Q

∼
β∗,γ∗ . Then we can take α∗ ∈ T \ β∗ such that

⟨β∗, γ∗⟩ = ⟨βα∗ , γα∗⟩. Since P is c.c.c. in V [H], it is also c.c.c. in V [Hα∗ ],
therefore by (3.50) we have P = R

∼α∗ [Hα∗ ]. Since A ∈ V [Hβ∗ ] ⊆ V [Hα∗ ],
for each S

∼
∈ S we can construct a P -name S

∼
′ ∈ V [Hα∗ ] such that V [H] |=

∥–P “S
∼
= S

∼
′ ”. Let

F := H(α∗) = {t(α∗)[Hα∗ ] : t ∈ Hα∗+1}.

Notice that F is a P -generic filter over V [Hα∗ ] such that Hα∗+1
∼= Hα∗+1 ∗F .

It follows that F is a D-generic filter and S
∼
′[F ] = S

∼
[F ] is a stationary subset

of ω1 for all S
∼
∈ S. Since F ∈ V [Hα∗ ] ⊆ V [H], F witnesses V [H] |=

MA+ω1({P}). (proposition 3.24)

Lemma 3.25. Suppose κ is supercompact, {S, T} is a partition of κ such that
S is stationary and min(S) ≥ ω2. Suppose also that ⟨Tα,R∼β : α ≤ κ, β < α⟩
is a finite support iteration satisfying (3.3) and (3.4) such that Tκ forces
2ℵ0 = κ∧MA++. Let Pκ be constructed as in subsection 3.2.1 with respect to
⟨Tα,R∼α : α < κ⟩. Then the following fragment of MA++ holds in V Pκ :

There is an inner model N of V such that V is an extension of
N by a σ-distributive κ-c.c. poset Q ∈ N such that for every
P ∈ N which is a c.c.c. poset in V we have MA+ℵ1({P}, < κ).

Notice that such an iteration ⟨Tα,R∼β : α ≤ κ, β < α⟩ is constructed in

proposition 3.24. Notice also that the fragment of MA++ in lemma 3.25 is
strong enough to imply that all cardinal invariants in Chihoń’s diagram are
equal to 2ℵ0 .

Proof. Let G be a Pκ-generic over V . Let H := G ∩ T∗
κ (T∗

κ ⊆ Pκ is defined
as in the proof of lemma 3.17). By (3.29), there is S

∼
∗ a T∗

κ-name such that
Pκ
∼= T∗

κ ∗ S∼
∗ and ∥–T∗

κ
“ S
∼
∗ is < min(S)-distributive ”. Therefore we can
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take G′ an S
∼
∗[H]-generic over V [H] such that G ∼= H ∗ G′. We show that

N := V [H] is an inner model of V [G] which witnesses the desired fragment
of MA++. By corollary 3.16 and lemma 3.11, it follows that V [G] is a κ-c.c.
and σ-distributive extension of N .

In V [G], let P ∈ W be a c.c.c. poset. Let D be a family of dense subsets
of P with |D| < κ and let also S be a family of P -names with |S| ≤ ℵ1 such
that ∥–P “S

∼
is a stationary subset of ω1 ” for every S

∼
∈ S.

For each D ∈ D we choose AD ⊆ D a maximal antichain. Since P is
c.c.c. in V [G], each AD is countable. Since S

∼
∗[H] is σ-distributive in V [H],

we have {AD : D ∈ D} ⊆ V [H].
In V [H], denote by BP the set of all maximal antichains of P . Since Pκ is

κ-c.c. (3.11) and T∗
κ is c.c.c., we have that S

∼
∗[H] is κ-c.c. in V [H]. Therefore

we can take D∗ ∈ [BP ]
<κ ∩ V [H] such that

{AD : D ∈ D} ⊆ D∗.

Back in V [G], for each S
∼
∈ S we can, by lemma 3.23, take S

∼
′ ∈ V [H]

such that ∥–P “S
∼
′ = S

∼
”. Since |S| ≤ ω1 (in V [G]), by corollary 3.16 we have

{S
∼
′ : S

∼
∈ S} ∈ V [H].

Since V [H] |= MA++, we can take G∗ ∈ V [H] a D∗-generic filter in
P such that S

∼
(G∗) is a stationary subset of ω1 for every S

∼
∈ S. Notice

that G∗ is also D-generic in V [G]. Furthermore, notice that S
∼
∗[H] is ≤ ω1-

distributive and thus does not add any new club subset of ω1. Therefore
S
∼
(G∗) remains stationary in V [G] for every S

∼
∈ S, so we conclude that

V [G] |= MA+ℵ1({P}, < κ). (lemma 3.25)

Theorem 3.26. Suppose κ is supercompact, {S, T} is a partition of κ such
that S is stationary and min(S) ≥ ω2. Suppose also that ⟨Tα,R∼β : α ≤
κ, β < κ⟩ is a finite support iteration satisfying (3.3) and R

∼α is a check-name
for <ω2 for every α ∈ T . Then for any inaccessible θ > κ, we have

∥–Pκ∗Col(κ,<θ)V Pκ “ RC(< κ) ”.

For the definition of the Rado conjecture RC and the lemmas used for
this proof, check section 1.3.

Proof. Suppose G is a Pκ-generic over V and suppose H is a Col(κ,< θ)V [G]-
generic over V [G]. In V [G][H], let T be a non-special tree. Let η := |T |.
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Without loss of generality, assume η > κ. In V , let j : V −→ M ⊆ V be an
elementary embedding with critical point κ such that j(κ) > η, ηM ∩V ⊆M
and j(f)(κ) = θ.

As in the proof of lemma 3.19, we can take Ĝ a j(Pκ)-generic over V with
G ∗ H ⊆ Ĝ and extend j into j∗ : V [G] −→ M [Ĝ]. Then, as in the proof
of proposition 2.41, we can take Ĥ a j∗(Col(κ,< θ)V [G])-generic over V [Ĝ]
such that j∗ can be extended to an elementary embedding J : V [G ∗H] −→
M [Ĝ ∗ Ĥ].

By elementarity, it is enough to find X ∈M [Ĝ ∗ Ĥ] such that

M [Ĝ ∗ Ĥ] |= X ∈ [J(T )]<j(κ) is non-special. (3.51)

By lemma 2.34(1), we have J ′′T ∈ M [Ĝ ∗ Ĥ]. We show that X := J ′′T
satisfies (3.51). Towards a contradiction, suppose there is f ∈ M [Ĝ ∗ Ĥ] a
specializing function for J ′′T .

Notice that f ∈ V [Ĝ ∗ Ĥ] and J ′′T is isomorphic to T in V [Ĝ ∗ Ĥ].
Therefore T is special in V [Ĝ ∗ Ĥ].

Claim 3.26.1. There are A a Fn(j(κ), 2)-generic over V [G ∗ H], Q a σ-
distributive poset in V [G ∗H ∗A] and B a Q-generic over V [G ∗H ∗A] such
that V [Ĝ ∗ Ĥ] = V [G ∗H ∗ A ∗B].

By claim 3.26.1, V [Ĝ ∗ Ĥ] is a σ-distributive extension of V [G ∗H ∗ A].
Therefore by lemma 1.32(1), we have that T is special in V [G∗H ∗A]. Then,
since A is an Fn(j(κ), 2)-generic over V [G ∗ H], by lemma 1.32(3) we have
that T is special in V [G ∗H], which is a contradiction.

We complete the proof of lemma 3.26 by proving claim 3.26.1.

Proof of claim 3.26.1. As in the proof of lemma 3.21, we can define ⟨P∗
α :

α ≤ j(κ) + 1⟩, Sj(κ)+1,κ+1, Tj(κ)+1,κ+1 and Gκ+1 such that j(
−→
P ) = ⟨P∗

α : α ≤
j(κ)⟩,

−→
P = ⟨P∗

α : α ≤ κ⟩, P∗
κ+1
∼= Pκ ∗ Col(κ,< θ)V

Pκ , Gκ+1
∼= G ∗ H,

Sj(κ)+1,κ+1 = (P∗
j(κ)+1/Gκ+1) ↾ S, Tj(κ)+1,κ+1 = (P∗

j(κ)+1/Gκ+1) ↾ T .
By elementarity, lemma 3.14(2) and proposition 1.24(1), there is Q

∼
∈

M [Gκ+1] =M [G ∗H] a Tj(κ)+1,κ+1-name such that

M [Gκ+1] |= P∗
j(κ)+1/Gκ+1

∼= Tj(κ)+1,κ+1 ∗Q
∼
.

It follows that

V [Gκ+1] |= P∗
j(κ)+1/Gκ+1

∼= Tj(κ)+1,κ+1 ∗Q
∼
.

We can then take A′ be a Tj(κ)+1,κ+1-generic over V [Gκ+1] and B′ a Q
∼
[A′]-

generic over V [Gκ+1 ∗ A′] such that Ĝ ∼= Gκ+1 ∗ A′ ∗B′.
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By elementarity and corollary 3.16, we have

M [Gκ+1 ∗ A′] |= “Q
∼
[A′] is σ-distributive ”. (3.52)

As in the proof of lemma 3.19, we have ω1M [Gκ+1]∩V [Gκ+1] ⊆M [Gκ+1].
By elementarity and lemma 3.17, we have that Tj(κ)+1,κ+1 is c.c.c. inM [Gκ+1].
By proposition 1.25 we have

ω1M [Gκ+1 ∗ A′] ∩ V [Gκ+1 ∗ A′] ⊆M [Gκ+1 ∗ A′]. (3.53)

By (3.52) and (3.53), we have

V [Gκ+1 ∗ A′] |= “Q
∼
[A′] is σ-distributive ”. (3.54)

In particular, from (3.53), (3.54) and proposition 1.25, we have

ω1M [Gκ+1 ∗ A′ ∗B′] ∩ V [Gκ+1 ∗ A′ ∗B′] ⊆M [Gκ+1 ∗ A′ ∗B′].

Therefore

V [Ĝ] |= j∗(Col(κ,< θ)V [G]) = Col(j(κ), < j(θ))M [Ĝ] is σ-distributive.
(3.55)

Since R
∼α is a check-name for <ω2) for all α ∈ T , we can construct a dense

embedding d : Fn(j(κ), 2) −→ Tj(κ)+1,κ+1. So we can take an Fn(j(κ), 2)-
generic A over V [G ∗ H] such that A′ ∼= A. Let Q := Q

∼
[A′]. Then we can

take a Q-generic B over V [G ∗H ∗A] such that B ∼= A′ ∗ Ĥ. Then Q, A and
B are as desired. (claim 3.26.1)

(theorem 3.26)
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minimal rank, 7
mixed support iteration, 55
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Quotient forcing, 8

reduct, 5
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Stationary quantifier, 13
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strongly Mahlo cardinal, 54
supercompact cardinal, vi
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