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Chapter 1
Introduction

The modal system GL is obtained from K by adding an axiom O(O¢ —
¢) — Op. This logic enjoys two significant properties, the arithmetical
completeness and the fixed-point property.

Modal formulas can be interpreted into first-order sentences of formal
arithmetic, for example, Peano Arithmetic PA. An arithmetical interpreta-
tion is a mapping * from propositional variables to arithmetical sentences.
In particular the modal operator [ is interpreted as Bew(z), where Bew(z) is
the standard provability predicate of Peano Arithmetic PA. The provability
logic of PA is the set of all modal formulas ¢ satisfying PA F * for any
arithmetical interpretation x.

Solovay [27] established the arithmetical completeness theorem of GL. It
asserts that, GL coincides with the logic of provability of PA, i.e., for any
modal formula ¢, GL - ¢ if and only if PA i ¢* for any arithmetical inter-
pretation . Thus GL captures some properties of the provability predicate
Bew(z). Moreover, the uniform arithmetical completeness theorem, which is
a stronger version of Solovay’s one, also holds for GL. That is, there ex-
ists a fixed arithmetical interpretation % such that for any modal formula
o, GL I ¢ if and only if PA F ¢* (See Artemov [1], Avron [4], Boolos [6],
Montagna [16] or Visser [29]).

De Jongh and Sambin [21] independently proved the fized-point theorem
for GL. Let ¢(p) be a modal formula containing the propositional variable
p. A modal formula ¢(p) is said to be modalized in p if all occurrences of the
propositional variable p in ¢(p) are within the scope of the modal operator.
The fixed-point theorem states that if ¢(p) is modalized in p then there is
a modal formula v containing only propositional variables occurring in ¢(p)
without p, and such that GL I 1) <> ¢(¢)). Moreover, effective procedures of
constructing fixed-points in GL has been studied (See Reidhaar-Olson [18§]
or Lindstrom [13]).

In this dissertation, we investigate the following variants of GL: (i) Arte-
mov’s Logic of Proofs; (ii) Sacchetti’s logics wGL,,; (iii) the predicate modal
logic QGL.

1 Logic of Proofs

A proof predicate is a formula Prf(x, y) which represents the explicit provabil-
ity of formulas in PA. The formula Prf(z, y) intuitively means “there exists a



proof in PA with the code (the Gédel number) z of the formula with the code
y”. For a proof predicate Prf(x,y), we call a ¥y formula Pr(z) = JyPrf(y, x)
a provability predicate.

Artemov developed the Logic of Proofs, which analyzes the properties of
explicit proof predicates in PA. The logic of proofs deals with LP-formulas,
especially formulas of the form ¢ : F', where t is called a proof term. An arith-
metical interpretation of LP-formulas is defined as a collection of mapping
and functions from proof terms to natural numbers. The intended meaning
of t: Fis “t is a (code of a) proof of F”.

Artemov [2] proved the arithmetical completeness theorem of LPy: for
any LP-formula F', LPy = F'if and only if for any A; normal proof predicate
Prf(x,y) and any arithmetical interpretation * based on Prf, PA F F™*.

Technically, there is a substantial difference between Solovay’s theorem
and Artemov’s theorem. The arithmetical completeness theorem of GL holds
for each canonical provability predicate. On the other hand, in the case of
LP, the arithmetical completeness theorem does not hold with only the
standard proof predicate Proof(z,y). Moreover, it is not known whether the
uniform arithmetical completeness theorem holds for LPy.

In Chapter III, we examine the following two problems: (i) Does the
arithmetical completeness theorem for LP; hold with respect to some fixed
proof predicate? (ii) Does the uniform arithmetical completeness theorem
for LPg hold?

For these problems, we prove the following two statements:

(i) There exists a normal Ay proof predicate Prf(z,y) such that for any LP-
formula F', LPy - F' if and only if for any arithmetical interpretation
x based on Prf, PA - F™;

(ii) There exist a ¥; (but not normal) proof predicate Prf(z,y) and an
arithmetical interpretation * based on Prf such that for any LP-formula
F, LPy + F'if and only PA - F™*.

2 Interpolation properties for Sacchetti’s log-
ics

A logic L is said to have the Craig interpolation property if for any impli-
cation ¢ — 1 which is provable in L, there exists a formula 6 (called an
interpolant of ¢ — 1) such that 6 consists of common variables of ¢ and
1, and satisfies LF ¢ — 0 and L F 6 — . A logic L is said to have the
Lyndon interpolation property if for any provable implication ¢ — ), there



is a stronger interpolant ¢ which preserves positivity of variables, that is,
every positive (negative) occurrence of a variable also occurs both in ¢ and
Y positively (resp. negatively).

In GL, there is a close connection between the fixed-point properties and
the interpolation properties, since the following two facts:

(i) The fixed-point theorem for GL can be derived from the Craig inter-
polation property for the logic;

(ii) Using the effective fixed-point theorem, we can prove the effective Lyn-
don interpolation property for GL.

Proofs of the Craig interpolation property for GL and the fact (i) are inde-
pendently given by Boolos [5] and Smorynski [25]. A comprehensive descrip-
tion of the fact (i) is also shown in Boolos’s textbook [7].

It had been opened whether the Lyndon interpolation property posses
for GL until Shamkanov solved in 2011. In [23] he proved the Lyndon inter-
polation property for GL by a modified version of Smorynski’s semantical
argument, without applying the fixed-point theorem. Later in [24] he also
proved the fact (ii) by using a cut-free sequent calculus for GL. A benefit
of Shamkanov’s second proof of the Lyndon interpolation property is that,
from ¢ — 1, we can effectively construct a Lyndon interpolant 6 of ¢ —
whenever ¢ — 1 is provable in GL.

In the proof of Shamkanov’s second result, he also introduced a circular
proof system. A circular proof system °L of L is one which has the same
axioms and rules of L and admits “circular proofs”. A circular proof is a
derivation tree of L whose leaves are either axioms of L or identical to a
sequent below that leaf. Shamkanov showed that GL is provably equivalent
to the circular proof system °K4. He gave an effective way of constructing
a Lyndon interpolant of ¢ — v by using °K4 and the effective fixed-point
theorem.

In Chapter IV, we try to generalize Shamkanov’s results of GL into Sac-
chetti’s logics wGL,,.

Sacchetti [19, 20] studied modal logics having the fixed-point property.
In particular, he introduced a new modal logic wGL,, (the notation wGL,,
is according to Kurahashi [11]). The logic wGL,, is obtained from GL by
replacing the axiom (0 — ¢) — Op by O(O"p — ¢) — Oy, where n is

——
a nonzero natural number, and [1"¢ denotes [1--- [ .
Sacchetti’s logics wGL,, have several properties like GL. Originally Sac-
chetti [20] showed that wGL,, enjoys all the Kripke completeness, the Craig
interpolation property. Moreover, he proved the de Jongh-Sambin fixed-point



theorem for wGL,,. Later Kurahashi [11] proved the arithmetical complete-
ness theorem for wGL,, with respect to a Y provability predicate.

It is expected that wGL,, posses the Lyndon interpolation property, how-
ever, this conjecture has not been clarified.

We develop two one-sided sequent calcului WGLS and WK4S , and prove
the following results:

(i) The calculus wGLE is equivalent to the circular proof system *wK4S;

(ii) Using °wK4% and the effective fixed-point theorem for wGL,, (cf. Ku-
rahashi and Okawa [12]), we can construct a Lyndon interpolant of
¢ — ¢ in wGL,, whenever ¢ — 9 is provable.

Iemhoff [10] studied some sufficient conditions for a type of modal sequent
calculus to have an equivalent circular proof system. Although the calculus
WGLS’ does not enjoy lemhoft’s conditions, it has an equivalent circular
proof counterpart.

3 Fixed-point properties in predicate modal
logics

It is natural to extend the studies of the logic of provability to a predicate
modal logic. However, the stituation of the predicate logic of provability is
quite complex and most of the properties for GL do not hold for the pred-
icate modal system QGL, which is the natural predicate extension of GL.
In particular, Montagna [17] proved that QGL enjoys neither the Kripke
completeness, nor the arithmetical completeness. He also showed the failure
of the fixed-point theorem for QGL, that is, he found a predicate modal for-
mula o (p) which has no fixed-points in QGL. Smoryniski [26] gave a simpler
counterexample.

On the other hand, there is a room for investigations of fixed-point prop-
erties in predicate modal logics. The logic QGL is not only the candidate of
an extension of GL. Recently Tanaka [28] introduced a new predicate modal
logic NQGL, which is strictly stronger than QGL and enjoys the Kripke
completeness with respect to a proper subclass of transitive and conversely
well-founded Kripke frames. There is a possibility that the fixed-point theo-
rem holds for these natural extensions of QGL.

Sacchetti [19] showed that the fixed-point theorem holds for the modal
logic K + O 1. Also it has not been known that the fixed-point theorem
even holds for the predicate extension of this logic.



In Chapter V we discuss some versions of the fixed-point properties for
predicate modal logics. We define the following classes of Kripke frames
in which all theorems of QGL are valid: CW (the class of transitive and
conversely well-founded frames), FH (the class of transitive frames with finite
height), FI (the class of finite transitive irreflexive frames) and FIFD (the class
of finite transitive irreflexive frames of which domains are finite). The class
FH is a proper subclass of BL (the class of transitive of which are bounded
length), which is introduced by Tanaka [28]. Tanaka’s system NQGL is
Kripke complete with respect to the class BL. The class FIFD was originally
investigated by Artemov and Dzhaparidze [3].

We study two semantical fixed-point properties for a class of Kripke
frames, the fized-point property and the local fixed-point property. From Mon-
tagna’s result, it follows that the classes CW and BL enjoy neither the fixed-
point property nor the local fixed-point property. We discuss whether the
classes FH, Fl and FIFD enjoy these two properties. We describe the following
results:

(i) The classes FH, Fl and FIFD do not enjoy the fixed-point property;

(ii) We prove the fixed-point theorem for the predicate modal system QK+
O+ 1. An algorithm for calculating fixed-points in QK + O+ L is
given in the proof. Consequently, we obtain that the classes FH, FI and
FIFD enjoy the local fixed-point property.

As a consequence, we prove that Tanaka’s system NQGL does not enjoy
the Craig interpolation property.

As mentioned above, Montagna [17] showed that the fixed-point theorem
does not hold for QGL. Although there is a possibility that the fixed-point
theorem holds for some classes of formulas. It has not been known sufficient
(or necessary) conditions for a formula to have a fixed-point in QGL. In the
end of Chapter V, we investigate these conditions. We prove that if ¢(p) is
a Boolean combination of X-formulas, then ¢(p) has a fixed-point in QGL.



Chapter 11
Preliminaries

4 General definitions

For any two expressions €; and ey (of a certain language), €, = €, means
€1 and €y are syntactically identical. Throughout this dissertation, we use
Greek letters o, 1), ... to express (propositional or predicate) modal formu-
las. Propositional variables is denoted by p,q, ... etc.. Propositional modal
formulas is constructed as the following grammar:

pu=T|L|p|-w|le—=¢|lp
where T and L are constants, p is a propositional variable. Another Boolean

connectives are defined a natural way. We put Q¢ := =O—¢. Formulas 0"p

—— — .
and Q"¢ stand for (J---Oy and ¢ - - - O, respectively. Let [p := Oy A .

4.1 Negation normal form

While we discuss the interpolation properties for a modal logic (Chapter IV),
we deal with formulas in the negation normal form to recognize positivity
of propositional variables. We denote by p,q, ... the complement of p,q, ...
respectively. We call propositional variables and their complements literals.

eu=p|p| T|L|loeAp|eVe|Op| O

We inductively define the negation @ of a formula ¢ in the usual way:

VY =PAY, oAU =pVY, Op:=0p, Op:=00.
(p =

We put

4.2 Modal systems

In this subsection we define propositional modal logics.

Definition 4.1 (Modal logic K, GL, K4). The propositional modal system
K consists of the following axioms and rules.

Axiom 1 All instances of tautologies of propositional logic;

6



Axiom 2 O(p — ¢) — (Op — OY);

v
Rule 1 ) (modus ponens);

s
Rule 2 Oy (necessitation).

The propositional modal system GL and K4 are obtained from K by adding
the following axioms L, and 4, respectively.

L O0¢ — ¢) — Oy;
4 Up — Ule.

Definition 4.2 (Modal logic wGL,, and wK4,,). Let n be a non-zero natural
number. The propositional modal systems wGL,, (and wK4,,) is obtained
from GL (resp. K4) by replacing the axiom L (resp. 4) by the following
axiom L, (resp. 4,,).

L, O(0"¢ = ¢) = Oe;

4, Op — O,

4.3 Kripke semantics

We describe Kripke semantics for propositional modal logics.

A Kripke frame F is a pair (W, <), where W is a non-empty set, and < is a
binary relation on W. A Kripke model M is a triple (W, <, V), where (W, <)
is a Kripke frame and V' is a valuation function from the set of propositional
variables to P(W). We say a propositional variable p is true in w (write
w = p) if w € V(p). The valuation of formulas is uniquely determined by
V in a usual way. In particular, w | Oy iff for any x € W, w < x implies
xr = . We say a formula ¢ is valid in a Kripke model M = (W, <, V) if
for any w € W, w = ¢. We say a formula ¢ is valid in a Kripke frame
F = (W, <) if for any valuation V on F, ¢ is valid in the model (W, <, V).

We say F is finite if W is finite. A Kripke frame F is conversely well-
founded if there is no countably infinite sequence (w;);e, of worlds of W
satisfying w; < w;4, for each i € w.

We inductively define the binary relation <" on W: x <° y iff x = y, and
r <"l yiff 32 € Wst. v <" zand z < y. A binary relation < on W is
said to be n-transitive if for any z,y € W, x <" y implies x < y. A Kripke
frame F = (W, <) (resp. a Kripke model M = (W, <,V)) is said to be a



wGL,,-frame (resp. a wGL,,-model) if < is (n+ 1)-transitive and conversely
well-founded.
The following lemma will be needed in our proof of Theorem 11.6.

Lemma 4.3. Let < be a binary relation on a set W and suppose that < is
(n + 1)-transitive. Then for any z,y € W and k > 1, if z <" y then x <" y.

Proof. Induction on k. The case for k = 1 is trivial. Assume Lemma holds

for < k, and  <* D" . Then there exist z1,. .. , T(k+1)n € W such that
_<kn71

T <7y < < T(gy1)n and ¥ = T(pq1),. In particular, x <" Y.
Since < is (n + 1)-transitive, < z,,;. Hence we get x <*" y. By the
induction hypothesis, we obtain x <" y. O]

4.4 Provability predicates in arithmetic

In Chapter III we discuss arithmetical formulas. Let £4 be the first-order
language of arithmetic. We assume L4 contains function symbols for all
primitive recursive functions. The numeral for the natural number n is also
denoted by n. We write "¢ as the Gddel number (or simply code) of . We
assume that all theorems of Peano Arithmetic PA are true in the standard
model N of arithmetic.

Definition 4.4 (¥; and A; formulas).
1. An Ly-formula ¢ is Ay if its quantifiers are all bounded.

2. An L -formula ¢ is ¥ if it is PA-provably equivalent to a formula of
the form 37 (7, ) where 1 is a Ay formula.

3. An L-formula ¢ is Ay if both ¢ and —¢ are 3.

Definition 4.5 (Proof predicate). An L 4-formula Prf(z,y) is a proof predi-
cate if it satisfies that for any £ 4-sentence ¢,

PA I ¢ if and only if for some natural number n, N |= Prf(n, "¢7).

Definition 4.6 (Normal proof predicate). A proof predicate Prf(x,y) is nor-
mal if it satisfies the following two conditions:

1. For any natural number k, the set T'(k) := {n | N |= Prf(k,n)} is finite.
Moreover, the code of the finite set T'(k) is computable from k;

2. For any natural numbers k£ and [, there is a natural number m such
that
T(k)uT() CT(m).

8



Definition 4.7 (Prf-functions). Let Prf(z,y) be a proof predicate. Three
computable functions (m(-,-),a(,-),c(-)) on natural numbers are said to be
Prf-functions if they satisfy the following conditions: For any L 4-sentences
¢ and ¥ and natural numbers k£ and [,

o PAF (Prf(k,"p — ) APrf(l,"¢7)) — Prf(m(k, 1), ¢7);
e PAF (Prf(k,"p ™) VPrf(l,"¢™) — Prf(a(k,1),"¢7);
e PAF Prf(k,"p™) — Prf(c(k),"Prf(k,"¢™)7).

Proposition 4.8. If a proof predicate Prf(z,y) is A; and normal, then there
are Prf-functions.

Proof. See Artemov [2]. O

For example, the Godel multi-conclusion proof predicate Proof(z,y) is
the L 4-formula which means the following assertion:

“x is the code of a PA-proof containing an L s-formula with the code y.”

The formula Proof(x,y) is A; and normal proof predicate, therefore there
are Proof-functions (®, &, 1).

Let Provable(x) be the ¥; formula 3zProof (z, ). The formula Provable(z)
satisfies the following propositions.

Proposition 4.9 (Derivability conditions). For any £ 4-sentences ¢ and 9,
1. if PAF ¢, then PA I Provable("¢™);
2. PA+ Provable("p — ¢7) — (Provable("¢™) — Provable("¢™));
3. PA I Provable("¢™) — Provable("Provable("¢™)7).

Clause (3) of Proposition 4.9 is a particular case of the following propo-
sition.

Proposition 4.10 (Formalized 3; completeness). For any ¥; sentence ¢,
PA = ¢ — Provable("¢™).



5 Preceding studies

5.1 Arithmetical completeness theorem

Definition 5.1. An arithmetical interpretation is a mapping from proposi-
tional modal formulas to £ 4-sentences satisfying the following conditions:

1. * commutes with Boolean connectives:
2. (Op)* = Bew("p* 7).

Solovay [27] proved the following arithmetical completeness theorem of
GL.

Theorem 5.2 (Arithmetical completeness theorem of GL, Solovay [27]).
For any propositional modal formula ¢, the following are equivalent:

1. GLF ¢;

2. For any arithmetical interpretation x, PA F ¢*.

5.2 Fixed-point theorem

The fixed-point theorem was originally proved by de Jongh and Sambin [21]
for the propositional logic GL independently. Sacchetti [19] proved the fixed-
point theorem for the logic K + "1 L,

Let ¢(p) be a propositional modal formula containing occurrences of p.
We say (p) is modalized in p if every occurrence of p in ¢(p) is in the scope of
modal operators. For a propositional modal formula 1, ¢(1)) denotes the one
obtained from ¢ by substituting v for all occurrences p in ¢. To summarize
the results, the fixed-point theorems are described as follows.

Theorem 5.3 (Fixed-point theorem (de Jongh, Sambin [21], and Sacchetti
[19])). Suppose that L is either GL or K+ " L. If ¢(p) is modalized in p,
then there is a formula 1 containing only propositional variables occurring
in ¢(p), not containing p, and such that L F ¢ <> o()).

We call such a ¢ a fized-point of ¢(p) in L.

6 Logic of Proofs

In this section we define the logic LPj that is called the Logic of Proofs. The
logic LPy was introduced by Artemov [2]!.

Tn [2], Artemov also introduced the logic LP that contains LPy and has the axiom
necessitation rule, but in this paper we only discuss LP.

10



6.1 Language of the Logic of Proofs

The language of the Logic of Proofs consists of the following symbols:

e Propositional variables (written p,q, ... etc.) and Boolean connectives;
e Proof variables (written v, w,... etc.) and proof constants (written
a,b,c,...etc.);

e Binary function symbols - and +, and an unary function symbol !.
Proof terms are defined by the grammar
tu=ov|al|t-t|t+t]|t

where v is a proof variable and a is a proof constant.
LP-formulas are defined by the grammar:

Fiu=p|(-F) | (F = F)| (t: F)
where p is a propositional variable, and ¢ is a proof term. Other Boolean

connectives A, V and < are defined in a usual way.

6.2 System LP,

Definition 6.1 (Logic LPg). The system LP, consists of the following ax-
ioms and the rule:

Axiom 0 all instances of tautologies in the language of LP;
Axiom 1 t: F — F

Axiom 2 s: (F - G)At: F —s-t:G;

Axiom 3 s: FVt: F —s+t:F,

Axiom 4 s: F —ls:s: F}

Rule modus ponens.

Definition 6.2 (Arithmetical interpretations of LP-formulas). Let Prf(z,y)
be a proof predicate, and (m, a, c) be Prf-functions. An arithmetical inter-
pretation * based on (Prf,m a, c) is an evaluation of LP-formulas by £ 4-
sentences and an evaluation of proof terms by natural numbers, satisfying
the following conditions:

1. % commutes with Boolean connectives;

11



2. (s-1)" =m(s",t7), (s +1)" = a(s", 17), (Is)" = c(s7);
3. (t: F)* = Prf(t,"F*);
where s and ¢ are proof terms, and F' is an LP-formula.
Artemov [2] proved the arithmetical completeness theorem of LPy.

Theorem 6.3 (Artemov [2]). Let F' be an LP-formula. The following are
equivalent:

1. LPy - F;

2. For any A; normal proof predicate Prf, Prf-functions (m,a,c) and
arithmetical interpretation % based on (Prf, m,a,c), PA+ F*.

7 Predicate modal logic

7.1 Language and formulas

The language of predicate modal logic L consists of countably many vari-

ables u, v, ..., etc., Boolean constants T, 1, Boolean connectives -, —, quan-
tifier V, and countably many predicate symbols for each arity (denoted by
P.@Q,...etc.). An Ly-formula ¢ is constructed as the following manner:

@u=T| L[ Plur,...,un) | ~¢| @ — @ |Vup |Op

where P is an n-ary predicate symbol, and ugy, ..., u,,u are variables.
Boolean constants T and L, and Lg-formulas of the form P(uy,...,u,)
are called atomic formulas. We put

VY= np =, o AP =a(p = ), por = (p =)A= ),
Jup = Vu—p, QOp = Ug.

Free variables and bounded variables are naturally defined. We say ¢ is
an Lg-sentence if ¢ is an Lo-formula with no free variables.

7.2 Modal systems QK, QGL

The predicate modal system QK consists of the following axioms and rules:

Axiom 1 All instances of axioms of predicate logic in the language Lg;

12



Axiom 2, Rule 1, Rule 2 Same as K.
The predicate modal systems QK4 and QGL are obtained from QK by
adding the following axioms 4, and L, respectively.

4 Uy — Oy;
L O0p — ¢) — Oep.

Recall that QK € QK4 C QGL.
Tanaka [28] introduced the modal proof system NQGL which has an
infinite inference rule.

Definition 7.1. The modal system NQGL is obtained from QK4 by adding
the following rule:

BL If - O"t'1 — A for all natural numbers n, then - A.

7.3 Predicate Kripke frames

Definition 7.2. A (predicate) Kripke frame F is a triple (W, <, {Dw} i)
where:

e IV is a non-empty set;
e < is a binary relation on W;
e Each D, is a non-empty set, and if w < w’, then D,, C D,y.

Definition 7.3. Let F = (W, <, {Dy},cw) be a Kripke frame. An inter-
pretation of F is a mapping |- which assigns each pair (w, P), where w € W
and P is an n-ary predicate symbol, into an n-ary relation on D,,. We write
wlF P(ay,...,a,) if (a1,...,a,) is a member of I (w, P). A Kripke model
M is a pair (F,IF) where F is a Kripke frame and I is an interpretation of
F.

Definition 7.4. Let M = (W, <,{Dy}, e F) be a Kripke model, and ¢
be an Lg-sentence with parameters from D,, for some w € W. The truth
value of ¢ in w (we write M, w | ¢ if ¢ is true in w) is inductively defined
as follows:

e M,wE T and M,w £ L, for every w € W;
o M,wk P(ay,...a,) iff wlF P(ay,...a,);
o Mw = —p it M,w [~ ¢;
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e MwkE p—iff M,w £~ ¢ or M,w = ;
o M,w = Vup(u) iff M,w = ¢(a) for every a € D,;
o M,w = Oy iff for any v € W if w < v, then M, v = ¢.

Definition 7.5. Let M be a Kripke model and ¢ be an Lg-sentence. We
say @ is valid in M (write M |= ¢) if for every w € W, M, w [ ¢.

Let F be a Kripke frame and ¢ be an Lg-sentence. We say ¢ is valid in
F (write F |= ¢) if for any interpretation I of F, ¢ is valid in M = (F,IF).

Validity of an Lg-formula ¢ is defined by the validity of the universal
closure of ¢.
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Chapter 111

Arithmetical completeness for
LP,

8 Strong arithmetical completeness of LP

8.1 Completion Algorithm

Let F' be an LP-formula, and £(F') be the set of all propositional variables,
proof variables and proof constants contained in F. An LP-formula G is
called an L(F')-formulaif L(G) C L(F). A proof term t is said to be an L(F)-
term if t is built from only proof variables and proof constants contained in
L(F). For each LP-formula A, let

. {B if A is of the form B,

—-A otherwise.

Definition 8.1. Let F' be any LP-formula. Define Sr to be the finite set
{B,~ B | B is a subformula of F'}.

Notice that Sr is closed under ~ and subformulas.

Let X be a set of LP-formulas. We say that X is LPg-consistent if
LP, ¥ =AY for all finite subsets Y of X where A\Y is a conjunction of all
elements of Y. The set X is called F-maximal consistent if X is an LPg-
consistent subset of Sy and for any LP-formula A € Sp, either A € X or
~AeX.

Since the set of all theorems of LP is primitive recursive (cf. Mkrtychev
[15]), we obtain the following lemma.

Lemma 8.2. For each LPy-unprovable formula F', we can find an F-maximal
consistent set Xp of L(F)-formulas such that ~ F € Xp in a primitive
recursive way.

For each LPy-unprovable formula F', we define the extended set of LP-
formulas (a completion of F') by using the following algorithm.

Lemma 8.3. Let F' be an LPg-unprovable formula and X be as in Lemma
8.2. Then there is a set Xp of LP-formulas (a completion of F') satisfying
the following conditions:

(B1) Xp C Xp;
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(B2) X is LPg-consistent;
(B3) If s : A € Xp, then A € Xp;
(B4) If s: (A—» B)e Xpandt: A€ Xp, then s-t: B € Xp;

(B5) Ifs: A€ Xp, thens+t:Ae Xpandt+s: Ae Xp for any proof
term ¢;

(B6) If s: Ac Xp, thenls:s: Ae Xp.
Moreover, the binary relation “A € Xp” is primitive recursive.

Proof. We describe the algorithm COM which produces the sequence (Y;),,,
of sets of LP-formulas from an input Xz (the algorithm is same as in the
proof of Lemma 7.5 in Artemov [2]):

(1) Let Yy := Xp;

(2)

o if j=3k+1 (k> 0), then COM sets

Y ::Y;-UU{S-t:B|s:A—>B,t:A€Yj},

s,t
o if j =3k+2 (k>0), then COM sets

Yj+1::YjUU{!s:S:A]s:A€Yj},

o if j =3k (k> 0), then COM sets

Y ::Y}UU{s—kt:A,t—f—s:A|3:A€Yj,|t|<j}.

J
st

where |¢| is the number of symbols occurring in ¢. Let

1EW

Since each Y; is obviously LPg-consistent, Xp is LPy-consistent (B2).The
conditions B1, B4, B5, and B6 clearly hold from the definition of COM.
Before proving B3, we show that each Y; is closed under modus ponens. If
A — B and A are in Y;, then A — B € Yy = Xr because COM never
adds A — B in each step. Since A — B € S, we have A € Sp. Since
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AeY; D Xp, A€ Xr by the F-maximal consistency of Xz and the LPy-
consistency of Y;. Thus B € Xy C Y; by the F-maximal consistency of Xp
again.

To show B3, it suffices to prove that for all ¢ € w, if t : A € Y; then
A €Y;. We prove by induction on 1.
Suppose t : A € Yy = Xp. Sincet: A € Sp, A € Sp. By the F-maximal
consistency of Xp, A €Y.
Suppose s-t: A€ Y, s:C =+ AcY;andt: C €Y. By the induction
hypothesis, C' = A, C' € Y. Therefore A € Y; C Y.
The proofs for the other cases s +¢: A and !s : s: A are similar. m

Let F' be an LP-formula. A proof term ¢ is said to be an L(F')-term if ¢
contains only proof variables and proof constants in £(F). In the case that
F is unprovable in LPy, we define J(F,t) :={G |t: G € Xp}.

Proposition 8.4. For any LPy-unprovable formula F' and LP-term ¢, J(F,t)
is finite, and the code of J(F\t) is effectively computable from F and t.

Proof. See Lemma 7.5 in Artemov [2]. O

The following proposition will play a key role in our proof of Theorem 8.6
in the next subsection.

Proposition 8.5. Let F' be any LPy-unprovable formula and ¢ be any proof
term. If J(F,t) is nonempty, then ¢ contains some subterm s which is an
L(F)-term (we call such a proof term s an L£(F)-subterm of ¢).

Proof. We prove by induction on the construction of ¢. Assume G € J(F,t)
for some LP-formula G.

If ¢ is some proof variable or constant, then t : GG is already contained in
Xr because X C XF by B1 and the algorithm COM in Lemma 8.3 does
not add new formulas of the form ¢ : H in each step. Since X is a set of
L(F)-formulas, t is itself an L£(F)-term.

If t = s+wu, then we have either t : G € X, ort : G is added in some step
by COM. The former case, t is itself an £L(F')-term. The latter case, we have
either s : G € Xp or u: G € X by the construction of completion by COM.
By the induction hypothesis, either s or v contains some L(F')-subterm. In
both cases, ¢ contains an L(F')-subterm.

The proofs for the remaining possibilities t = s - u and t =!s are similar.

O
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8.2 A stronger version of Artemov’s theorem

There is a substantial difference between Solovay’s arithmetical completeness
theorem of GL (Theorem 5.2) and Artemov’s arithmetical completeness the-
orem of LPg (Theorem 6.3). Solovay’s theorem holds for each fixed appropri-
ate provability predicate. On the other hand, the arithmetical completeness
of LPg does not hold with only the Godel proof predicate Proof. Indeed, let
F := —-v:v:p, and *x be an arbitrary arithmetical interpretation based on
(Proof, ®, ®,1). Then F* is —Proof(v*,"Proof (v*,"p*™)7). Since v* cannot
be a proof of the sentence Proof(v*,"p*7) with the code larger than v*, F*
is true in N. Since F* is a A; sentence, F™* is provable in PA. Thus PA - F™
for any arithmetical interpretation % based on (Proof, ®,@®,1). If LPy + F
then the forgetful projection —[JCp of F' is provable in the modal logic S4
(see Artemov [2]), and this is not the case. Hence LPy ¥ F.

Now we prove a stronger version of the arithmetical completeness theorem
of LP,y. That is, we prove that the arithmetical completeness theorem of LPy
holds with a fixed appropriate A; normal proof predicate Prf and computable
Prf-functions (m, a, c).

Theorem 8.6 (A stronger version of the arithmetical completeness theorem
of LPy). There exist a A; normal proof predicate Prf(z,y) and computable
Prf-functions (m,a,c) such that for any LP-formula F'| the following are
equivalent:

1. LPy F F;
2. For any arithmetical interpretation * based on (Prf,m, a, c), PA - F*.

It suffices to show the existence of A; normal proof predicate Prf and
computable Prf-functions (m, a, c) satisfying the implication (2) = (1). In
our proof, we assume that:

e the Godel numbering of the joint language of LP and L4 is injective,
i.e., for any expressions €; and €y, "e; ' = Tey 1 if and only if €; = ey;

e 0 is not a Godel number of any expression;

e for any proof term ¢ and for any £ 4-sentence ¢, N = Proof ("¢, Tp™).

Definition 8.7. A replacement r(z) is a substitution such that r substi-
tutes a propositional variable, proof variable and a proof constant into each
propositional variable, proof variable and proof constant, respectively.
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Then for any replacement r and LP-formula A, the LP-formula r(A) is
uniquely determined in a usual way.

Let {A;};>1 be a primitive recursive enumeration of all LPy-unprovable
LP-formulas. We can find a replacement r(z) with the following conditions
in a primitive recursive way:

e for any i,j > 1, if i # j, then L£(r(A4;)) N L(r(A;)) = 0.
e There exists a primitive recursive function f(x) such that:

F(re) i ifeisin L£(r(4;)) for some i > 1,
€ =
0 if eis not in L£(r(4;)) for all i > 1,

where € is some propositional variable or proof variable or proof con-
stant.

The value of f is uniquely determined by the first clause.

For each ¢« > 1, we denote r(A;) by B;. Each B; is also unprovable in
LP,.

By using the function f, we can obtain the following primitive recursive
function ¢(z):

("G = {z if p € L(B;) for all propositional variables p € L(G),

0 otherwise,

where G is an LP-formula. Note that the value of g is uniquely determined by
the choice of the replacement r. If G is an £(B;)-formula, then g("G™") = i.

Recall that X B, 1s a completion of B; provided by the completion algo-
rithm COM. We have the following lemma.

Lemma 8.8. Let ¢ > 1 and F' be any LP-formula. If F € XB“ then
g("F) =1i.

Proof. Let X B = Unew Yn Where {Y} },c, is as in Lemma 8.3. We prove by
induction on n that for any n € w, if F' € Y,,, then g("F7) = 4.

o If F €Yy= Xp, then £L(F) C £(B;). Thus g("F7) = i.

e Suppose F € Y, ;. If F =s-t: B for some proof terms s and ¢ and
LP-formulas A and B such that s : (A — B), t: A € Y,,. By induction
hypothesis, g("A — B7) = i. Then g("F ") = g("B™") = i. The other
cases are obvious.

[]
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Recall J(B;,t) is the set {G'| ¢t : G € Xp. }. The next Lemma 8.9 directly
follows from Proposition 8.4 and the effectiveness of the sequence {4;};>1
and the replacement 7(z).

Lemma 8.9. For any ¢ > 1 and proof term ¢, the set J(B;,t) is finite.
Moreover, the code of J(B;,t) is effectively computable from i and ¢.

Let
J(t) = J (B 1).

i>1

Lemma 8.10. For any proof term ¢, J(t) is finite. Moreover, the code of
J(t) is effectively computable from ¢.

Proof. Let t be any proof term. First, compute the finite set
S(t) := {1 > 1]t contains an L(B;)-subterm}.

By Proposition 8.5, for any j ¢ S(t), J(Bj,t) = 0. Thus

J(t)={J J(Bi1)
)

i€S(t

and hence this set is finite and the code of J(t) is effectively computable from
t by Lemma 8.9. [

By the Fixed Point Lemma (cf. Lindstrém [14]), we simultaneously define
the auxiliary translation { of LP-formulas and the A; formula Prf(z,y) as
follows:

1. pf = fp1="p! if for some:>1, p €~XB“
) ) 1 =0 if for any 7 > 1, pﬁéXBi?

2.  commutes with Boolean connectives;
3. (t: F) == Pef("t7,TFTT);

4. PAF Prf(z,y) <> Proof(x,y)
Vi =Tt & y="G""& g("G") =i & G € J(B;,t) for some t,G,i"].

We refer Clause 4 as FPE. We can recover F from FT effectively since t
is injective. Therefore our definition of Prf(z,y) makes sense.
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Now we define our functions (m, a, c).

(Cs-t7  if o ="s7, y ="t for some proof terms s, ¢;
u®y if x ="s for some proof term s

& y # "t for any proof term t;

m(z,y) = . -
r®uv if x # Ts? for any proof term s
& y ="t for some proof term t;
lzr®y ifx#"s"yF#"t" for any proof terms s, ¢.
(Cs+t7  if o ="s7,y ="t for some proof terms s, ¢;
udy if x = "5 for some proof term s
(2.7) & y # Tt for any proof term ¢;
a x’ = .
Y rhv if x #"s" for any proof term s
& y = "t for some proof term t;
(T Dy if x £ "s1 y+# "t for any proof terms s, t.
(z) = Ml if = "5 for some proof term s;
w® T x if x # Ts for any proof term s.
where

e v is the least natural number satisfying
Proof (u, " FT7) for all F' € J(s);
e v is the least natural number satisfying
Proof (v, " F17) for all F € J(t);
e w is the least natural number satisfying
Proof (w, Proof (z,"¢7) — Prf(z,"¢™)) for all ¢ € T'(x).

Recall that T'(x) is the set {n | N |= Prf(x,n)}.
The desired arithmetical interpretation x is defined as follows:

1. p* := p' for each propositional variable p;
2. x* ="z a* :="a' for each proof variable x and proof constant a;

3. for proof terms s and ¢,
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(s-t)* :=m(s*t*), (s+ )" :=a(s*,t%), (Is)" :=c(s%);

4. (t: F)* :=Prf(t*,"F*7).
Lemma 8.11. For any proof term ¢ and LP-formula F

1.t =t

2. [*=FT.
Proof. The proof is similar to the proof of Lemma 8.2 in Artemov [2]. [
Lemma 8.12. Let ¢ > 1 and F' be an LP-formula.

1. If F € Xp,, then PA - F*;

2. If ~ F € Xp,, then PAF (~ F)*.

Proof. We prove by induction on the construction of F'.
Base Case (i): F' = p for some propositional variable p.

1. Suppose that p € X B;- Then PA = p* holds immediately by the defini-
tions of { and x.

2. Suppose that ~ p € X:Bi- In this case, ~ p = —p. By B2, p ¢ XBZ'-
Since g("p") =i, p € Xp, for any j # i. Therefore p* = "p" = 0, and
we obtain PA F —p*.

Base Case (ii): F =t :G.

1. Suppose that t : G € XBi. Then we have PA - “G € J(B;,t)”. By
Lemma 8.8, g("G") = ¢g("t : G") = i. Thus PAF “g("G") =¢". By
FPE, PA - Prf("t7,"G™7). By Lemma 8.11, PA - Prf(t*,"G*7).

2. Suppose that ~ t: G € XBi. In this case, ~t: G = -t : G. By B2,
t:G ¢ Xp,. Then we have PA - —~“G € J(B;,t)”. By our assumption
of the Godel numbering, PA = —Proof("t7,"G'7). By FPE, PA -
=Prf("t7,"G'). By Lemma 8.11, PA F =Prf(t*,"G*7).

Induction Case (i): F =G — H.

1.If G - H € Xp, then G — H € Xp, follows from B1 and the
description of COM. By the B;-maximal consistency of Xp., either
~ G € Xp, or H € Xp,. By B1, either ~ G € Xp, or H € Xp.. By
the induction hypothesis, either PA F~ (G*) or PA + H*. In either
cases, we obtain PA+ G* — H* i.e,, PAF (G — H)*.
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2. Suppose that ~ (G — H) € Xp,. In this case, ~ (G — H) = =(G —
H). Then (G — H) € Xp, follows from B1 and the description of
COM. By the B;-maximal consistency of Xp,, G and ~ H are elements
of Xp,, and by B1, G and ~ H are elements of X B;- By the induction
hypothesis, we have PA - G* and PA -~ H*. Thus PA+ —-(G* — H*),
ie, PAF (~ (G — H))"

Induction Case (ii): F' = —G. In this case, ~ F' = G.

1. Suppose that -G € X B;- We distinguish two possibilities. Assume
G is of the foom —H. Then ~ G = H and F = -—H € Xp,. By
the description of COM, ——H € Xp,. By B;-maximal consistency,
H € Xp,, and hence ~ G = H € X B;- By the induction hypothesis,
PA+ H* ie., PAF F*. Assume G is not of the form =H. Then -G =~
G. Since ~ G € Xp, PA F (~ G)* by the induction hypothesis.
Therefore PA = F*.

2. If ~ F € XBZ., then G € XB,-- By the induction hypothesis, PA - G*,
and hence PA - (~ F)*.

]
We obtain the following lemma.
Lemma 8.13. The formula Prf(x,y) is a proof predicate.

Proof. 1t suffices to show that if N = Prf(n, ¢7) for some natural number
n, then PA = . Suppose N |= Prf(n,"¢™). If N = Proof(n,"¢™"), then
PAFLp. INE“D="t"& 0" ="G & g("G") =i & G € J(B;,t)”, then
t:G e XB; By B3, G € XBZ.. By Lemma 8.12, PA I G*. By Lemma 8.11,
PA = . O

We prove that the above three functions (m, a, ¢) are Prf-functions.

Lemma 8.14. For any natural numbers k,[ and £ 4-sentences ¢ and 1, the
following sentences are true (and hence provable in PA):

1. (Prf(k,"p = ) APH(l," ™) — Prf(m(k, 1), 7);
2. (Pr(k, ") V Prf(1,7 7)) — Prf(a(k, 1), ¢");
3. Prf(k,"¢7) — Prf(c(k), "Prf(k,"p™)™M).
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Proof. 1. Suppose Prf(k,"p — 9™7) and Prf(l,"¢™"). We distinguish the fol-
lowing four cases: (i) k ="s" and [ = "t for some proof terms s and ¢; (ii)
k = "5 for some proof term s and [ is not the Goédel number of any proof
term; (iii) & is not the Godel number of any proof term and [ = "¢ for some
proof term ¢; (iv) k and [ are not the Gédel numbers of proof term.

(i) In this case, m(k,l) = "s-t". By FPE, there are LP-formulas F, G
and natural numbers i, j > 1 such that ¢ = FT, ¢ = GT, g("F — G7) = i,
g"F) =4, s: (F—G)€ Xp andt: F e XB].. Then ¢ = j by the
definition of g. Hence both s : (F — G) and t : F are in Xp,. By B4,
s-t: G e Xp. Again by FPE, we have Prf("s-t7,"G7). Therefore
Pr(m(k, 1), "7).

(ii) In this case, m(k,l) = u ® [, where u is as in the definition of m. By
FPE, there exist an LP-formula F' and a natural number ¢ > 1 such that
¢ = ¢ = Ftand s : F € Xp,. In addition, Proof(l,"¢7) holds. Compute
all members of J(s). Let G be one of the elements of J(s). Then G is in
J(Bj,s) for some j > 1, ie,s:G € XBj. By B3, G € X'Bj. By Lemma
8.12, PA I G*, and by Lemma 8.11, PA F G (especially FT).

By the normality of Proof(x,y), we can compute the least natural num-
ber u such that Proof(u,"G'7) for all G € J(s). In particular, we have
Proof (u,"F17), i.e., Proof(u,"¢ — 7). By the property of ®, we have
Proof(u ®,"9™). By FPE, Prf(u®[,"¢™). Therefore Prf(m(k,1),"¢™).

(iii) In this case, m(k,l) = k ® v where v is as in the definition of m.
By FPE, there are an LP-formula F' and a natural number ¢ > 1 such that
o=Ftandt: F € XBi. In addition, Proof(k,"¢ — ¢™) holds. Compute
J(t). Let G be one of the elements of J(t). Then G is in J(B,,t) for some
j>1lie,t:G e XBJ.. By B3, G € XBJ., and hence by Lemma 8.12 and
Lemma 8.11, PA - GT.

By the normality of Proof(x,y), we can compute the least natural num-
ber v such that Proof(v,"GT™) for all G € J(t). In particular, we have
Proof (v, FT7), i.e., Proof(v, ™). By the property of the Proof-function ®,
we have Proof(k ® v,"¢™). By FPE, we obtain Prf(k ® v,"¢™). Therefore
Pr(m(k, 1), "7).

(iv) In this case, m(k,l) = k ® [. By FPE, Proof(k,"p — ¢™") and
Proof(I,"¢™) hold. By the property of the Proof-function ®, Proof(k ®
[,77) also holds. Again by FPE, we obtain Prf(k ® [,7%7). Therefore
Prf(m(k, 1), 7).

2. We suppose Prf(k, ™) holds. (The case for Prf(l,"¢7) is similar.) In

order to prove Prf(a(k, 1), ¢7), we distinguish the following three cases: (i)
k="sTand [ ="t for some proof terms s and ¢; (ii) k = "s™ for some proof
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term s and [ # "¢ for any proof term ¢; (iii) k # "s for any proof term s.

(i) In this case, a(k,l) = "s+t¢". By FPE, there is an LP-formula F
and a natural number i > 1 such that ¢ = Ft, g("TF") =i and s: F € Xg,.
By B5, s+t : F € )N(B,L.. Again by FPE, Prf("s+¢7,"F7). Therefore
Pri(a(k, 1), ¢7).

(ii) In this case, a(k,l) = u®!l. By FPE, there is an LP-formula F" and a
natural number ¢ > 1 such that ¢ = Flands: Fe X ;- Compute the least
natural number u such that Proof(u,"GT™) for any G € J(s). In particular,
Proof (u,” FT7). By the property of Proof-function @, we obtain Proof (u @
I, F'7). Again by FPE, Prf(u @ [, FT7). Therefore Prf(a(k, 1), ¢™).

(iii) In this case, a(k,l) is either k ® v or k @ [. By FPE, Proof(k, ")
holds. Then we have Proof(k @ n, ¢ for any natural number n. If [ = "¢
for some proof term ¢, then let n be the least natural number v such that
Proof (v,"G'7) for any G € J(t). If [ # "t for any proof term ¢, then let n
be [. By FPE, in both cases we obtain Prf(a(k,l),"¢™).

3. Suppose Prf(k,"¢™). We distinguish the following two cases: (i) k =
"t for some proof term ¢; (ii) k # "t for any proof term ¢.

(i) In this case, c(k) = "lt". By FPE, there is an LP-formula F' and a
natural number 7 > 1 such that ¢ = F' and F € J(B;,t), ie., t: F € Xp,.
by B6, !t :t: F € Xp,. By Lemma 8.12, PA - (It : ¢t : F)*. By Lemma 8.11,
PAE (1t :t: F). Since (It : ¢t : F) = Prf("1t7,"Prf("t","FT7)7), we obtain
PA = Prf(c(k), "Prf(k,"¢™)7). Thus Prf(c(k), " Prf(k,"¢7)7) holds.

(ii) In this case, c(k) = w® 1 (k). By FPE, Proof(k,"¢ ") holds. By
the property of Proof-function 1, Proof(1 (k),"Proof(k,"¢)") also holds.
Compute the least natural number w which satisfies

Proof (w, "Proof (k," ™) — Prf(k,"¢™)™)
where ¢ € T'(k). Then we obtain
Proof (w® 1 (k),"Prf(k,"¢™)7).
By FPE, we have Prf(c(k), Prf(k,"¢™)7). O
Lemma 8.15. The proof predicate Prf(z,y) is normal.

Proof. We verify two conditions of Definition 4.6.

In order to check the condition (1), let k£ be a natural number. If % is not
the code of any proof term, then T'(k) is finite since Proof(z,y) is normal.
Suppose that k = "¢ for some proof term t. Then T'(k) = {"GT" | g("G") =
i and G € J(B;,t) for some i}, specifically T(k) = {"G"" | G € J(t)}. By
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Lemma 8.10, J(t) is finite and the code of J(t) is effectively computable from
t.

Since T'(k) UT(l) C T(a(k,l)) by Lemma 8.12 (2), the condition (2)
holds. []

Proof of Theorem 8.6. 1f LPq ¥ F, then for some i, F' = A;. Since ~ B; €
Xp,, we have PA = =B’ by Lemma 8.12. Let * be the arithmetical interpre-
tation established in the above. Define the arithmetical interpretation *; as

follows:
. {r(e)* if € € L(A);
€ =

*

€ otherwise.

It is easy to show that A;" = Bf. Therefore PA = —A]", and we conclude
PA ¥ A%, O

9 Uniform arithmetical completeness of LP

As in Section 8, we established a stronger version of Artemov’s theorem by
proving the arithmetical completeness theorem of LP( with respect to a fixed
A normal proof predicate Prf and Prf-functions (m, a, c). However, the so-
called uniform arithmetical completeness theorem of LPy does not hold with
respect to A; proof predicates.

Proposition 9.1. There is no arithmetical interpretation * based on some
A normal proof predicate Prf(z,y) and computable Prf-functions (m,a, c)
such that for any LP-formula F,

LP, F F if and only if PAF F™.

Proof. Suppose, towards a contradiction, that there are such an arithmetical
interpretation * and a A; proof predicate Prf(z,y). Since two LP-formulas
—w : p and —w : —p are not provable in LPy, neither —Prf(v*,"p*7) nor
—Prf(v*,"=p*7) is provable in PA. Since Prf(z,y) is a A; formula, PA
Prf(v*,"p*7) and PA  Prf(v*,"—=p* 7). Then PA F p* and PA F —p*. This

contradicts the consistency of PA. O]

Notice that Proposition 9.1 also holds when we do not fix a A; proof
predicate. In the above proof, the decidability of A; formulas plays a key
role. Thus for some proof predicate which is not Ay, the uniform arithmetical
completeness theorem may hold. Indeed, in this section, we prove a version
of the uniform arithmetical completeness theorem of LP, with respect to
some X; proof predicate.
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Theorem 9.2 (The uniform arithmetical completeness theorem of LPy).
There exist a X1 proof predicate Prf(x, y), computable Prf-functions (m, a, c),
and an arithmetical interpretation * based on (Prf, m, a, ¢) such that for any
LP-formula F,

LP, F F' if and only if PAF F™.

First, we prove the following lemma (see Lindstrém [14] p.44 exercise
2.24).

Lemma 9.3. There exists a ¥; formula o(x) satisfying the following condi-
tions:

1. PAEYaVy(o(z) No(y) = = =y),
2. for any natural number n, PA ¥ o(n) and PA ¥ —o(n),
3. N | Vz—o(x).

Proof. By the Fixed Point Lemma, let o(z) be a ¥; formula satisfying the
following equivalence:

PAF o(z)
Jy(Proof ("o ()7, y) A VzVw((z,w) < (z,y) — —Proof ("T—o(2)7,w))),

where (-, -) is a usual primitive recursive paring function.

1. We reason in PA. Suppose o(x) holds. Then there exists a proof p
of =o(x) such that for any (z,w) with (z,w) < (x,p), w is not a proof of
—p(2). Let ¢ be a proof of —a(y), then (z,p) < (y,q) by the choice of (z,p).
If y # x, then (z,p) < (y,q), and hence —o(y) holds.

2. First, we prove PA ¥ =g (n) for all n. Towards a contradiction, suppose
PA I —o(n) for some n. Let (k,p) = min{(n,q) | ¢ is a proof of =o(n) in
PA}. Then PA + =g (k). On the other hand, since

PA = Proof ("o (k) ™, p) AV2Vw((z,w) < (k,p) — —Proof ("o (%), w)),

we have PA - o (k). This is a contradiction. Therefore there exists no n such
that PAF —o(n).

Also, for m # n, we have PA F o(n) — —o(m) by 1. Hence PA ¥ o(n)
for any n by 2.

3. If there were a natural number n such that N = o(n), then PA - o(n)
because o(x) is ¥;. This contradicts Clause 2. Therefore N |= Ve—o(x). O
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Let {A;}icw be a primitive recursive enumeration of all LPy-unprovable
formulas. For each ¢ € w, let X; be a maximal LPy-consistent extension
of {=A;}. Since the set of theorems of LP is primitive recursive, we can
construct such a set X; primitive recursively. Moreover, we can define a A
formula x € X, satisfying the following conditions: for any n € w, LP-
formulas F, G and proof terms s, t,

(C1) FeX,ifandonly if NE"FTe X,

(C2) PAFVU(TF G e X, < (TF € X, = TGT € X)),

(C3) PAF Yu(T=F7 € X, ¢+ =(TF7 € X,)),

(C4) PAFYu(Ts: (F = G) e X, ATt Fle X, »T(s-1): GT € X,),
(C5) PAFYu("s: Fle X, VIt: Fle X, > (s+1t): F'e X,),
(C6) PAFYu(Tt: Fle X, =l : (t: F)1 € X,),

(CT) PAFVo(Tt: F € X, = TFT € X,).

We start defining a 3 proof predicate Prf(z,y), computable Prf-functions
m(z,y), a(x,y), c(z), and an arithmetical interpretation % with the required
properties. Let o(z) be a ¥, formula as in Lemma 9.3. We first define the
auxiliary translation 1 of LP-formulas and the ¥; formula Prf(z, y) simulta-
neously as follows:

1. pt := Fw(o(v) ATpT € X,) for each propositional variable p,
2. (F = Q) = (F" = G,

3. (=F) =P,

4. (t: F)t .= Prf("t,TFTT),

5. PA F VaVy(Prf(z,y) <> (x = 0 A Provable(y)) V &(z,y)) where &(z,y) is
the following formula:

Fo(o(v) A “c="s"&y="B" & "s: BT € X, for some s, B").

We can recover F from FT in a primitive recursive way because t is
injective, and hence the above definition makes sense.
Our formula Prf(x,y) is a proof predicate.

Lemma 9.4. For any L 4-sentence ¢,
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PAF ¢ if and only if N |= JzPrf(z,"¢7).

Proof. Since N = Vz—o(z) by Lemma 9.3, N = Prf(n,"¢") <+ (n = 0 A
Provable("¢™)). Thus PA I ¢ if and only if N |= JzPrf(z,"p™). O

The following lemma plays a key role in our proof.
Lemma 9.5. For any LP-formula F, PA + Vu(o(u) — ("F7 € X, <> F1)).

Proof. We prove by induction on the construction of F'.
Base Case (i): I’ = p for some propositional variable p.
(=): PAFo(u) ATp? € X, — p' by the definition of p'. Thus

PA - Vu(o(u) — (Tp" € X, — p')).
(¢—): Since PA - VaVy(o(z) A o(y) — x = y), we have
PAFo(u) AN="p7 e X, = Vu(o(v) = ="p € X,).
HTence we obtain PA  Vu(o(u) — (="p" € X, — —p')) by the definition of
]])3;159 Case (ii): F=t:G.
(—): We have

PAFo(u)ATt:GT € X, — T (o) ATt =T8T & "G =B
& "s: B e X, for some s, B").

Thus PA F o(u) ATt: G € X, — &(t,"GT"). Then we obtain PA
o(u) ATt : G e X, — Prf("t7,"G17), and hence

PAFVu(o(u) — (Tt: G € X, — (t: G))).

(+): Since PA + 0 # "7, PA = —=("t" = 0 A Provable("G'™)). Since
PA F VaVy(o(x) Ao(y) — = = y), we have

PAFo(u) A="t: GV e X, = =Fv(c(v) ATt ="sT & TG ="BM
& "s: B™ e X, for some s, B").

This means PA F o(u) A ="t : G7 € X, — —&(Tt7,"G™). Therefore PA -
o(u)A="t: G e X, — —Prf("t7,"GTT) by the definition of Prf(x,y). Hence

PAFVu(o(u) = (=7t: GV e X, — —(t: G))).
Induction Case (i): F = (G — H).
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We suppose PA - Vu(o(u) — (TG™ € X, <+ G)) and PA F Vu(o(u) —
("TH7 € X, < H")). Since PAF"G—-H € X, + ((G'e€ X, - "H €
X,) by C2, we have PA+ o(u) = ("G — H' € X, <+ (G — HT')). Hence

PAF Vu(o(u) = ("G — H' € X, < (G — H))).

Induction Case (ii): F = —G.

We suppose PA F Vu(o(u) — (TG7 € X, <+ GT)). Since PA - "=G"7 €
X, < ~("TG" € X,) by C3, we obtain PA F o(u) — (T-G" € X, + =GT).
Therefore

PA - Yu(o(u) = (T=G7 € X, < (=G)1).

We define computable functions m(z,y), a(x,y) and c(z) as follows:
Fs-t?7 ifz="s'and y ="t for some s and t,
m(z,y) =

0 otherwise.

s+t ifx="s"and y ="t for some s and t,

a(z,y) = .
0 otherwise.

TIt7 if o = "¢ for some t,

0 otherwise.

We define the required arithmetical interpretation * as follows:

c(z) =

1. p* := p' for each propositional variable p,
2. x* := Tz for each proof variable z,

3. ¢ := "¢ for each proof constant c,

4. for every proof terms s, t,

o (s-1)* :=m(s*,t%),
o (s+1t)*:=a(s"t"),
o (It)* :=c(t).

Then as usual, we obtain the following lemma.
Lemma 9.6.
1. t* =t for each proof term t.

2. F* = F' for each LP-formula F.
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The following lemma follows from Lemma 9.5 and Lemma 9.6 immedi-
ately.

Lemma 9.7. For any LP-formula F, PA - Vu(o(u) — ("F7 € X, < F*)).

We prove the completeness of LPy with respect to the arithmetical inter-
pretation .

Lemma 9.8. For any LP-formula F', if LPy ¥ I, then PA ¥ F™*.

Proof. Suppose LPy ¥ F, then F' = A,, for some n € w. Since -F € X,,,
PAF"=F7 e X, by C1. By Lemma 9.7, we obtain PA - o(n) — —F".
Since PA ¥ —o(n) by Lemma 9.3, we conclude PA ¥ F*. O

Then we prove the soundness of LPy with respect to *.

Lemma 9.9. For any £ € w and La-sentence ¢, PA + Prf(k,"¢") —
Provable("¢™).

Proof. First, we show that for each LP-formula F,
PA+ Ju(o(v) ATFT € X,) — Provable("F'7) (%)

holds. Let F' be any LP-formula. By Lemma 9.5, PA F Ju(o(v) ATFT €
X,) — FT'. Then PA + Provable("3v(o(v) ATF™ € X,)7) — Provable("FT7)
by the derivability conditions (Proposition 4.9). Since Jv(c(v) ATFT € X,)
is a 3J; sentence, by Proposition 4.10 we have PA - Ju(c(v) ATF € X,) —
Provable("3v(o(v) ATF™ € X,)7). Therefore PA+ Ju(o(v) ATFT € X)) —
Provable("FT7).

We reason in PA: Suppose Prf(k,"¢™). If £ = 0, then Provable("¢™7) is
obvious. If k # 0, then £(k,"¢7). In this case, o(v), k = "s7, T = TF17
and "s: F'' € X, hold for some v, proof term s and LP-formula F'. Then
TF7 e X, by C7. Therefore Jv(o(v) ATF™ € X)), and hence Provable(" F7)
holds by (). Since " = "F17 we obtain Provable("¢™). O

Lemma 9.10. For any k,! € w and £ 4-sentences ¢ and 1,
1. PAEPrf(k,"p = ) APH(I,7p™) — Prf(0,77),
2. PA Prf(k," ™) — Prf(0,7 ),
3. PAF Prf(k,"p7) — Prf(0,"Prf(k,"¢™")™).
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Proof. 1. Let T be PA+ Prf(k,"¢p — ) APrf(l,"¢™). Then
T F Provable("¢ — ¢7) A Provable("¢™7),

by Lemma 9.9. By the derivability conditions, T F Provable("¢™). Hence we
have T'F Prf(0,"¢™).

2. Immediate from Lemma 9.9 and the definition of Prf(zx,y).

3. Since Prf(k,"¢7) is a 3 sentence,

PA = Prf(k,"¢™) — Provable("Prf(k,"¢™)7).
Thus PA = Prf(k,"¢7) — Prf(0,"Prf(k,"™)7). u
Lemma 9.11. For any k,l € w and L 4-sentences ¢ and 1),
1. PAFPri(k,"p = ) APr([,"¢ ") — Prf(m(k, 1), ™),
2. PAEPrf(k,"™") V Prf(l,"p7) — Prf(a(k,l), ™),
3. PAE Prf(k,"p™) — Prf(c(k),"Prf(k,"p™)7).

Proof. 1. 1If m(k,l) = 0, it is obvious from Lemma 9.10. If m(k,l) =
Ms-t7 for some proof terms s and ¢, then £k = "s7 and [ = "t". Also
PA F Prf(k, o — ¢7) < £(k, " — ) and PA - Pr(i,m7) « £(1,7¢7)
because k, [ # 0.

We reason in PA: Suppose Prf(k,"p — ¢ ) APrf(l,"¢7), then for some v
and LP-formulas F and G, o(v), "' =TF17 "7 =TG1 Ts: (F — G) €
X, and "t: F7 € X, hold. We obtain "(s-t): G7 € X, by C4, and
¢(m(k,1)," ™) holds. Then we conclude Prf(m(k, 1), ™).

2. By Lemma 9.10, we may assume a(k,l) = "s + ¢ for some proof terms
s and t.

We reason in PA: Suppose Prf(k,"¢™) V Prf({,7¢™), then &(k,"p ™) V
£(1,"¢™) holds. Thus for some v and LP-formula F', o(v), "¢ = "FI7 and
Fs:F'e X, or "t: F7 € X,. In either case, "(s+1t) : F' € X, holds by
C5, and hence we have {(a(k,[),"¢"). Then we conclude Prf(a(k,l),"¢™).

3. We assume c(k) = "1t for some proof term t.

We reason in PA: Suppose Prf(k,"¢™), then £(k,"¢ ™) holds. Thus for
some v and LP-formula F, o(v), "' = "Fi7and "t: F7 € X,. By C6,
we have "It : (¢: F)" € X,. Then &(c(k),"Prf("t7,"¢ ")) holds. Therefore
Prf(c(k), "Prf(k,"»™)™) holds. O

Lemma 9.12. For any n > 0 and £ 4-sentence ¢, PA F Prf(n,"¢7) — ¢.

Proof. Since n # 0, PA+ Prf(n,"¢™") < £(n,"¢ ). We distinguish two cases.
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Case (i): m # "s7 for any proof term s or ¢ # FT for any LP-formula F.
Since PA F =¢(n,"¢7), PAF =Prf(n, 7). Thus PA F Prf(n,"¢™) —
©.

Case (ii): n = "s™ for some proof term s, and ¢ = FT for some LP-formula

F.
In this case, we have PA = Prf(n,"¢") — Ju(a(v) A"s: F7 € X,).
Since PAF "s: Fl e X, = "F' € X, by C7, PA - Prf(n,"¢") —
Ju(e(v) ATFT € X,). By Lemma 9.5, PA - Prf(n,"¢™) — FT. We
conclude PA - Prf(n,"¢™) — .

Lemma 9.13. For any LP-formula F, if LPy - F', then PA - F™*.
Proof. From Lemma 9.11 and Lemma 9.12. O]

Our proof of Theorem 9.2 is completed.
Our Theorem 9.2 is not a perfect statement of the so-called uniform arith-
metical completeness theorem because of the following two reasons.

Remark 9.14.

1. Our proof predicate Prf(z,y) is not normal because 0 is a proof of all
theorems of PA.

2. The arithmetical soundness of LP( does not hold with respect to our
proof predicate Prf(z,y). For, if PA = Prf(0,"¢™") — ¢, then PA I
Provable("¢ ™) — ¢ by the definition of Prf. By Lob’s theorem, PA - ¢.
Hence for PA-unprovable sentences ¢, PA F Prf(0,"¢ ") — ¢ does not
hold. Let v* be 0 and p* be ¢, then LPy v :p — p but PAF (v:p —

p)*.
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Chapter 1V
Interpolation properties for
Sacchetti’s logics

10 Some propositions of wGL,

The next Propositions 10.1 and 10.3 state basic properties of Sacchetti’s
logics wGL,,.

Proposition 10.1. Assume n > 1. For any formula ¢, wGL, - Oy —
Dn+1§0.

Proof. See Sacchetti [20] or Kurahashi & Okawa [12]. O
We give some notations. For n > 1 and ¢, we put:
o :=0p AP A - A0, [n]Te =@ A[n]e.

Let T" be a set of formulas. The sets O"T, [n]I" and [n]TT" denote the ones
obtained from I' by replacing every formula ¢ in I" by 0%, [n]e, and [n]T ¢,
respectively.

Lemma 10.2. Assume n > 1. For any ¢,
1. wGL, F [n]p < [n + 1]e.
2. wGL, F [n]p — Onje.
Proof. Clearly follows from Proposition 10.1. [

Proposition 10.3. Assume n > 1. For any sets of formulas I' and A, and
any formula ¢,

1. wGL, F [n]te — ¢.

2. If
wGL, = A\[n]" T A A[n]A = ¢,

then
wGL, = /\[n] (T UA) — O,
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3. 1f
wGL, = A[n]"T A A\[R]JA A [n]e — o,

then
wGL, F /\[n]+F A /\[n]A — Q.

Proof. 1. Trivial.
2. Suppose that wGL,, F A[n]TT A A[n]A — ¢. Since wGL,, is normal,

wGL, = A[n+ 1T A A On]A — D
By Lemma 10.2, the premises can be simplified as follows:
wGL, - /\[n]F A /\[n]A — Oep.

That is,
wGL, - /\[n] (T U A) — O,

3. The argument is based on Kurahashi & Okawa [12] Proposition 3.4.
Suppose that wGL,, = A[n]TT' A A[n]A A [n]e — . We claim that for any
E(0<k<n-—1),

wGL,, - /\[n]+F A /\[n]A A (O oA AO%) — [n]te.
We prove the claim by induction on k.

Base case (k = 0). It is clear that wGL, = A[n]TT A A[r]A A [n]e —
[n]e. Combining with the supposition we have

wGL, = A[n]T A A[RJA A [n]e = [n] . (1)
Inductive case. Suppose that the claim holds for k, i.e.,
wGL, - /\[n]+F A /\[n]A A (O oA AO%) = [n]te.
Since wGL,, is normal,
wGL, = A[n+ 1T A ADORJA A (OF2p A - AD" o) = [0+ 1.
By Lemma 10.2,

wGL, E AT A \[RJA A (OFPo A - AD o) — [n]e. (2)

35



On the other hand, by the inductive hypothesis,
wGL, = AT A A[RJAA (O oA AO) — o,
H /\[n]+F A /\[n]A A (DngO A AO7 ) = (O = ),
= A+ DA ADRIA A (OF2p A - AD") — O(0% — ¢),
= A+ 00 A ADRIA A (OF2p A -+ AD") — Do,
By Proposition 10.1 and Lemma 10.2,
wGL, = A[n+ 1T A AQRJA A (OF2p A - AD") — 0"y,
= ARITA ARIAA (TFPp A - D) — O e,
Combining with (2), we have
wGL, /\[n]F A /\[n}A A (O A AO") — [n]e,
= /\[n]*F A /\[n]A A (O - AO%) = [n]e.
From this and (1), we obtain
wGL, - /\[n]+F A /\[n]A A (O A AO%) — [n]te.

The proof of the claim is completed.
We return to the proof of Proposition 10.3.3. By the claim, If K =n — 1,
then

wGL, = A[n]'T A A[nJAAD"e = [n]te,
= AT A ARIA = (3" — 1] ") -
Since wGL, F [n]T¢ — ¢,
wGL, = A[n]TT A A\[R]A = (O — o). (3)
Then we have
wGL, b A\[n+ 1T A AOnJA - O(0" — ¢), by the normality,
= Aln+ 10 A A\ DlnjA — O,
= AT A \[n]A — O, (by Lemma 10.2.)

36



Moreover,
wGL, = A\ ORI A A\ ORjA - D%,
= AT A \R]A — D%,

= AT A A\R]A — O,
= /\[n]+F A /\[n]A — O".

From this and (3), we conclude wGL,, = A[n]TT A A[n]A — . O

11 Sequent calculi for wGL,

We present one-sided sequent calculi WGLS for Sacchetti’s logics. Sequents,
denoted by I',; A, ... etc., are defined as sets of formulas. Let I' and A be
sequents and ¢ be a formula. We define the sequent (I', A) as the union of
I' and A, and (T, ¢) as the set I' U {¢}. As mentioned in Section 2, for a
given I', O"T" (and ¢"I") denotes the sequents obtained from I' by replacing
every ¢ in I' by O"¢ (resp. O"p). A derivation in a calculus is a finite tree
whose nodes are assigned by sequents that is constructed according to the
rules of the calculus. A proof in a calculus is a derivation such that every
leaf is labeled with axioms.

Definition 11.1. Assume n > 1. The one-sided sequent calculus WGLS’
consists of the following axioms and rules.

Axioms:

(p, D), T
Structural Rule:

FFA (weak)

Y

Propositional Rules:

Lo, Ly T,9
T.ov o V) ———— (N

Modal rule: .
O"LL T, 0"p, ¢

oI, Oy

(©n)
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The aim of this section is showing the following facts:

e For any sequent I', if wGLS + T, then we can construct a proof of T’
in wGLS effectively;

e The following rules are admissible in wGLS:

Lo Iy O T, O"p, 0 r
f(cut)’ and orrL I p (LOb).

The argument is based on Sambin and Valentini [22].

11.1 Proof search procedure

We give an effective way of constructing a proof of I' in wGLS, for every
sequent I' with wGLS - T' (see Proposition 11.5 in this subsection).

Lemma 11.2. Let I' be a sequent and ¢ be a formula. Then wGLS
(T, 0, ). Moreover, we can construct a proof of (I', ¢, %) in wGLS effectively
from ¢ and ¢.

Proof. Induction on the construction of .

e Suppose that ¢ is one of the form (p,p, T, L). In this case, a proof of
(T, ¢, %) in wGLS is given as follows:

(weak) PP (weak;)‘

F7—I—7J_ Y ]‘—‘71)7]_9

e Assume ¢ =Y V6 or ¢ =1 A . Consider the following derivations:
F?w? 97@ F7¢7 975 F71/}7E75 (\/) F? 67@75 )

F,w\/G,E(v) r,¢v9,§w | R TRTAVA’] F,H,Evéw
| NTAVE RN ; NN RV .

By the induction hypothesis, we can effectively construct a proof of each
assumption in the derivations. Thus we can also effectively construct
a proof of (I', ¢, ).

e Assume ¢ = [y or ¢ = Q1p. Consider the following derivations:

O 0V iapy QBT
— (weak) — (weak)
I, 0y, 04 , 10w, 0y
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By the induction hypothesis, we can effectively construct a proof of each
assumption in the derivations. Thus we can also effectively construct
a proof of (I', ¢, ®).

[]

Next, we describe the proof search procedure P. For a given I'; P gener-
ates a derivation of I' in the following variant of wGLS.

Definition 11.3. Assume n > 1. The calculus WGLS’/ consists of the fol-
lowing axioms and rules:

Axioms:
Lo LT
Rules: Propositional rules of WGLS’ , and
<>TLF’ Fu Qnﬁa Y1 e <>nF’ F? Ongo—m’ Pm m
L, 0T, Oy, ..., "

where L is a set of literals and the constant L.

The rule () has m assumptions of the form (O"I',T",0"%;, ;). The
meaning of ([0/)) is that the conclusion is provable if at least one of the
assumptions is provable.

For a given sequent, the proof search procedure P tries to apply all appli-
cable rules of wGLS " until every leaf is decomposed into an axiom of wGLS /
or a sequent to which no more rules are applicable.

The following proposition asserts that the procedure P works soundly.

Proposition 11.4. For any input I', the proof search procedure P of I'
always halts.

Proof. Tt suffices to show that P never generates an infinite branch. Since any
propositional rule lowers the numbers of connectives, P always halts as long
as it applies only propositional rules. Therefore we have to show that P never
generates infinitely many applications of ((I)). Suppose, for contradiction,
that P produces an infinitely many applications of I/ for some sequent I'.

0" Ay, Mg, O™z,

) /
Ly 0A, 0, 50y, ()

n

O" Ay, Ay, O™, Uy

L,0A, 0%, 5 Oy (W

n

)
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Note that every sequent in this infinite branch is non-axiomatic. Each time
O is applied, we need at least one formula of the form [Ji¢. Since every
propositional rule does not affect to any sequents of the form QA, every Ui, 4
is obtained from either ¢; or a formula in A; by applying some propositional
rules.

It is impossible that for all ¢ > 1, [h);,; are obtained from ;. Hence,
for some natural number k, (i, is obtained from a formula 6 in Ay by
applying some propositional rules. The following table describes some for-
mulas generated by P in each application of ([I))) from the k-th application
of (0)).

Table 1: Some formulas generated by P

k k+1 k+2 o k+(n—-1) k+n
O"py1, Yrrr O Mhpyr -+ O*Yrt1 OVkt1
o"e.0  Olh om0 ... Y X

When the (k+n)-th (7)) is applied, the resulting sequent contains Q141
and 0, and P will decompose 6 into 1 by applying propositional rules.
Hence this branch contains a sequent containing (.1 and Yy 4, i.e., an
axiom of WGLSI. This contradicts that the infinite branch consists of non-
axiomatic sequents. O

Let m be a derivation of a sequent I' in WGLS/ generated by P. A
search of m is a subtree obtained by choosing a particular branch at each
application of ((J,,)’. A search 7’ of 7 is said to be successful if every branch
of ™’ terminates in axioms of WGLS'/.

Proposition 11.5. For an input I', let m be a derivation of I" in WGLnG/
generated by P. If m contains a successful search, then we can construct a
proof of I in wGLE from 7.

Proof. Let ©’ be a successful search of . Then from 7’ we can construct a

proof of I' in WG‘anG by Lemma 11.2 and transforming each application of
(&) as follows:

<>n1'\, F> Onﬁa i
@,) — OT, O
L,Or, 0%

Onr) Fa On@7 Pi
L.O0. 0%

(©n)
(weak)
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11.2 Cut-admissibility

For a sequnt T, let T# be the formula \/{p | ¢ € T'}. We prove the following
theorem.

Theorem 11.6. For any sequent I', the following are equivalent:
1. wGL, - I'*;
2. I'*# is valid in all finite wGL,,-frames;

3. For the input I', the proof search procedure P generates a derivation
which has a successful search of T';

4. wGLS F T
5. wGLS + (cut) F T

Proof. (3 = 4): Clearly follows from Proposition 11.5.

(4 = 5): Trivial.

(5= 1): By induction on the length of proofs in wGLS + (cut).

(1 = 2): Due to Sacchetti [20].

We prove (2 = 3). We construct a finite countermodel of I' from the
derivation of I" which is generated by P and has no successful searches.

Definition 11.7. Let 7 be a derivation of a sequent I" in WGLS/. We define
that 7 is unsuccessful inductively as follows:

e If 7 consists of a single sequent I', then 7 is unsuccessful iff I' = (L, OII)
where L is a set of literals and the constant L satisfying that there is
no propositional variable p such that p,p € L;

e If the last application of 7 is (V) or (A), then 7 is unsuccessful iff for
some sub-derivation of the assumption sequent is unsuccessful;

e If the last application of 7 is [0/, then 7 is unsuccessful iff every sub-
derivation of the assumption sequent is unsuccessful.

Clearly if 7 has no searches then 7 is unsuccessful. It suffices to show the
following lemma.

Lemma 11.8. For any unsuccessful derivation in WGLSI, if 7 is a derivation
of ', then there is a finite wGL,,-model M such that M & I'#.

Proof. Induction on the height of unsuccessful 7.
Suppose that 7 consists of a single sequent I' = (L, OII). Define M =
(W, <,V as follows:

41



o W :={w}, and <:= 0;
e wkp:< pelL.

Then it is clear that for any ¢ € I';, M, w [~ ¢, and hence M = T'#.
Suppose that the last application of 7 is (V) or (A). By Definition 11.7

and the induction hypothesis, for some assumption sequent A, there is a

Kripke model M such that M & A#. Tt is clear that M also falsifies T'#.
Suppose that I' = (L, OII,0%) and the last application of 7 is ((I).

1 T,

<>nH7 H7 Onﬁa ©Y1 T <>nH’ H7 <>n90_ma ©m
L OILOY

D/

By Definition 11.7 and the induction hypothesis, each m; (1 < i < m) has
a Kripke model M; = (W, <;,V;) such that M; b (O"I,1IL, O"%;, ;)" .
We assume for any 1 < 4,5 < m, if ¢ # j then the sets W; and W, are
disjoint. Moreover, we may assume each M; has the root w; € W; and
M, w; (O Oy, gpi)#. Define a Kripke model M = (W, <, V) as
follows:

o W :=JW,;U{w} where w is a new object not contained in [J W;;

x € W; and x <; y for some 1 <7 <m, or

o = . :
Y {x:wandwi<§”yforsomelSzgmandkzo’

e For any p and z € W, if x € W; for some ¢, then M,z = p = M;, z =
p;

e MwEp:peL.

Clearly the relation < is irreflexive and acyclic. We show that < is (n + 1)-
transitive. Suppose that z <"t! y. If + € W; for some 4, then x < y
immediately follows from the (n + 1)-transitivity of <;. Assume z = w.
Then there are z4,...,2, € W such that x < z; < --- < x, < y. By
the definition of <, we have w; —<f" r1 and x1 <; -+ <; T, <; y for some
1 <i<mandk > 0. Thus we obtain w; —<§k+1)n y, i.e., x < y. Thus, our
M is a finite wGL,,-frame.

It suffices to show that for any formula ¢ € I') M, w [~ . If ¢ € L, then
M, w [~ ¢ clearly follows from the definition of V. Assume ¢ = Oy, € OX
for some 1 <7 < m. Then we have w < w;. By the induction hypothesis,
M, w; = ¢;. Note that if z € W;, then M,z E ¢ <— M,z E ¢.
Therefore M, w; - @;, i.e., M w = Og;. Assume ¢ = Q1 € OII. We have
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to show that for every z, if w < z, then M,z [~ 4. By the definition of <,
we have w; < x for some 1 < i <m and k > 0. If k =0, then 2 = w;. In
this case, M, w; [~ ¥ by the induction hypothesis, i.e., M, w; & ¢. If k > 1,
then by Lemma 4.3, w; <" . By the induction hypothesis, M;, w; & O™,
and hence M;, x [= 9, i.e., M,z £ 1. ]

Now the proof of (2 = 3) is completed. O
Corollary 11.9. The rules (cut) and (Léb) are admissible in wGLS.

Proof. The (cut)-admissibility immediately holds from Theorem 11.6. Sup-
pose that wGLS F (O"T',T, 0"3, ¢). Let 7 be a proof of this sequent. Then
we can infer (O"T',T, ) in wGLE 4+ (cut) as follows:

T
O, T, 0P, ¢
ONQF7 <>F7 <>n|:|_()07 Dtp |:|
O, D2 (Cn)
T :
: o, O™y
O, T, ¢, 0" OF,F,w,Dw(Cut)

0L I RN

By Theorem 11.6, (O"I',T, ) is provable in wGLE. Thus the rule (Lob) is
admissible. [

11.3 Craig interpolation for wGL,,

In this section, we give a new proof of the Craig interpolation theorem for
Sacchetti’s logics via wGLS. For a formula ¢, we define var (¢) == {p | p
occurs in ¢} U{q | g occurs in ¢}. For a sequent I', we also define var (I') :=

U{var (¢) | p €T} Put T :={p | p € T'}.

Theorem 11.10 (Craig interpolation theorem for wGL,,). Assume n > 1.
If wGL,, F ¢ — %, then there is a formula  (called a Craig interpolant of
© — 1) such that:

1. wGL, F ¢ — 0 and wGL,, - § — ;
2. var (0) Cwvar (¢) Nvar ().

Moreover, such a @ is effectively constructible from ¢ and .
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In order to prove Theorem 11.10, we introduce a split derivation system.
A split sequent is one of the form [0] I'; | 'y where 6 is a formula and I'; and

[’y are sequents. The natural meaning of (I'; | I'y) is the formula ﬁ —I7.
The formula € in the bracket is a corresponding interpolant of (I'; | I'g).

Definition 11.11. The split derivation system WGLEP consists of the fol-
lowing axioms and rules.

Axioms:
[Lppl0®  [plplp  Blelp  [T10]pD
(LT[0 [T]O]T
Rules:
0]y [Ty
6T, A, [Ty A, 00V
[9] Fl,%@b ‘ FZ ( l) [9] 1—‘1 ’ F27907¢ (\/r)
0] T, oV | Ty 0] Ty | T, 0V
0] T1,0 | Ty [0o] Ty, | Ty ( l) [01) T | To, 0 [0o] I'y | Tgy 0 (A7)
01V O] T, oA | Ty 01 NG Ty | Doy o N
[6] Onrlarlaonaagp ‘ <>TLF27F2 (Dl) [9] <>n1"1,1"1 ’ <>nr27r2,on¢,(p (DT)
[00] OI'1, O | OLy " [30] 0Ty | O, O "

Lemma 11.12. Assume n > 1, and let I'; and I's be sequents. Then the
following statements are equivalent:

1. wGL, - I'¥ - I'#;
2. wGLS F (T',Ty);
3. wGLSP - (I | Ty).

Proof. (1<2): Clearly follows from Theorem 11.6.

(2=3): Let 7 be a proof of (I't,I'y) in wGLS. By bottom-up splitting
of sequents, we obtain a proof of (I'; | I'y) in wGLEP.

(3=2): Let " be a proof of (I'y | I'y). We can obtain a proof of (I';,I's)
in WGLS’ by removing all splittings in 7’. [

Note that if a proof 7 of (I'y,T's) is given, then a proof " of (I'; | I'y) in
wGLSP is effectively constructible from .

Lemma 11.13. Assume n > 1. Suppose that wGLSP - (I'; | T'y), and let 7
be a proof of [§] (I'; | Ty) in wGLSP. Then:
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1. wvar (8) C var (I'y) Nvar (I'y);
2. wGLS + (I'1,0) and wGLS I (I'2,0).

Proof. By induction on the length of .

Suppose that 7 consists of an axiom [f] I'; | I's. Then it is clear that the
corresponding formula 6 satisfies the conditions 1 and 2.

Suppose that 7 is one of the following derivations:

T T T2
[01] Arr | Aps R 0] Arr | Ara [62] Aoy | Ags R
[0] Fl | FQ ) [0] Fl | FZ

where 7; (i = 1,2) is the subproof of each hypothesis, and §; is the formula
according to the rules in 7;. By the induction hypothesis for 7;, 6; satisfies
the following conditions:

e var (6;) Cvar (An) Uvar (Ap);
e WGLS I (A;1,0) and wGLS + (Ap, 0).

Then we can easily deduce from the above facts that 6 enjoys the conditions
1 and 2. We only describe the case for ((I7). Assume the last application of
mis (O).

T

6] 0" A, Ay | 0"Ag, Mg, 07, 0 @)
06] 0A; [ 0Az, Oy " (+)

By the induction hypothesis,
e var (0) C var (<>”A—1,A1) Novar (0"Ay, Ag, O™, );
e WGLS I (0"A1, A, 0) and wGLS F (0"Az, Ay, 0P, 0, 0).
1. We have

var (00) = var (0) C var (0"Aq, A1) Nwvar (0"As, Ay, 0P, ¢)
= var (O_Al) Novar (0A2, Oyp) .
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2. Consider the following derivations:

P1 '0'2
QnAlyAlae_ (weak) n<> A27A27n<i ¥, 90;16_ _ (weak)
OnAI)AhOnQ»e (|:| ) ¢ AQ’A27<> ¥, (707<> 0,0 (|:| )
OA;, 00 n OA,, O, O "

]

Proof of Theorem 11.10. Assume wGL,, - ¢ — 1. By Theorem 11.6 and
Lemma 11.12, we can effectively obtain a proof 7 of [0] (% | v) in wGLSP.
By Lemma 11.13, we have var(f) C var(y) Nwvar(y), wGLS F ,0 and
wGLS -9, 0. Thus 6 is indeed a Craig interpolant of o — 1. m

Remark 11.14. Let ¢ be a formula. We define var™ (¢) (resp. var™ (¢)) as
the set of literals occurring positively (resp. negatively) in ¢. Suppose that
wGL, - ¢ — 1. A Lyndon interpolant of ¢ — 1 is a formula 6 satisfying
the following conditions:

e wGL, ¢y — 6 and wGL, F 0 — ¢;
e vart () Cwart (p) Nwar® () and var~ (0) C var™ (¢) Nvar™ (V).

It is not always true that wGLSP supplies a Lyndon interpolant of ¢ —
1. Consider the derication 7 as in (x), and suppose that ¢ is a Lyndon

interpolant of (O"Aq, Al)# — (O"Ag, Ag, O, go)#. Then # may contain a
literal [ such that:

e [ occurs in both A; and ;
e [ does not occur in ¢ nor any formula in A,.

Then the formula [Jf also contains [, however, the assumption (" is elimi-
nated in the conclusion sequent of ((J7). Thus, [ is not a common literal of the

conclusion sequent, and [J8 is no longer a Lyndon interpolant of OA,# — C.
To avoid this problem, in the next section we will develop a system which
preserves the positiveness of formulas, and is equivalent to WGLSP.
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12 Lyndon interpolation property for wGL,,

12.1 Circular proof system

We describe the calculus which admits circular proofs, and is equivalent to
wGLE.

Definition 12.1. The sequent calculus wK4¢ is obtained from wGLS by
replacing the rule [J,, by the following rule

O, T,

A circular derivation of a calculus is a pair 7 = (k,d) where & is a
derivation in the calculus and d is a back-link function from some leaf = to
an interior node y with an identical sequent, such that y lies on the path from
the root of k to z, and there exists at least one application of B,, between x
and y. We call such an (x,y) a circular pair. (In other words, d is the set of
circular pairs in k.) A circular proof is a circular derivation such that every
leaf is either marked by an axiom or connected by the back-link function. The
circular proof system “wK4 is obtained from wK4¢ by admitting circular
proofs.

The following diagram is an example of a circular proof in *wK4S$ .

O(O%p Ap),Op

P 1D O AD. Dy g
272 — 2 2 —
O(OPpAD),Pp (weak) p,p (weak)

O*(OP*p AD), Pp,p OX(O*p AD). P, p
O*(O*p AD),O°p A, p m,)
O(O?*p A D), Op

(N)

Let n be an arbitrary natural number, and consider the following diagram:

pVq
DV g \weak)

This diagram contains a pair of nodes labeled by the same sequent (p V q),
however, there is no application of the rule B,,. Therefore this diagram is
not a circular proof in *wK4¢.

In the rest of this subsection we prove the following theorem.

Theorem 12.2. Assume n > 1. For any sequent I,
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WGLE FT' «—= “wK4S FT.

Lemma 12.3. Assume n > 1. For any sequent I', wGLS - T' = °wK4%
I'. Moreover, if 7 is a proof of I' in wGLE, then we can construct a proof
7' = (k,d) of T in °wK4€ from 7 in an effective way.

Proof. Assume wGLS F I, and let s be a proof of I' in wGLS. First we
introduce a complexity of formulas in k. Let ¢ be a formula occurring in
some sequent in k. By the definition of wGLS, ¢ is either an element of
Sub(T') or of the form OF1) where ¢ € Sub(T). The complerity of ¢ (write
c(p)) is defined as the least natural number k such that ¢ = Q¥ for some
Y € Sub(T).

In order to obtain a circular proof of I' in °WK4S’ , we construct the se-
quence {m; = (k;,d;)}i<; of circular derivation satisfying the following prop-
erties:

e Each 7; is a circular derivation in the system wGLS U wK4E:

e For any k; and application of B, in &;, there is no application of [J,, in
the path from the root of k; to the conclusion of W,;;

e 7, is a circular proof of I' in *wK4¢.

We construct such a sequence {m; = (k;,d;)}i<; from a given s in the
following steps.

1. Let mo := (Ko, do), where kg := x and dy := ().

2. If m; contains no application of [J,,, then the sequence stops. Otherwise,
consider the lowest application of [J,, in k;:

O"AL AL 0",

3. Search the path below (QOA,Oyp) for a pair (x,y) such that z and y
are marked by an identical sequent and there is an application of H,
between z and y. If we find such a pair (z,y), then cut away all
nodes higher than x. Let x;;1 be the obtained derivation and d;;, :=
d; U (z,y), and return to Step 2. Otherwise, go to Step 4.
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4. Let p be the subproof of the sequent (O"A, A, 0"p, ). Note that p
contains no application of M,, and hence is a proof in WGLS‘ . By
Corollary 11.9, there is a proof p of (O"A, A, ) in wGLS. Replace
K; by:

P s

O"A, AL 0", ¢ O"AIA,
Dn — ) )
OA, Oy (L) OA, Dy (M)

If O™ A contains no formula 1 such that ¢(¢) > n, then let m;;; be the
obtained derivation, and return to Step 2. Otherwise, go to Step 5.

5. Let ¥ C A be the set of all formulas ¢ such that ¢(0"¢) > n, and put
IT := A\X. Recall that for any ¥ € &, wGLS F ¢, 0"). By Corollary
11.9, the assumptions Q™Y can be eliminated. Let p” be a proof of
(3, O™, 11, ) in wGLE. Replace the derivation by:

/!

p p

— 27 Onnj H? ¥ (U}G(ll{})
(.n) OnE,E,OnH,H,QO (. )
OA, Oy "

O"%, %, O L,
OA, Oy

(The sequent (3, O"II, 1, ¢) consists of formulas of which complexities
are < n.) Let ;1 be the obtained derivation, and return to Step 2.

In Steps 4-5 the procedure always generates a new sequent which consists
of formulas having complexity < n. Since the number of such sequents is
finite, the sequence must stop at some j. Suppose that the construction
terminates at 7;. This is our desired circular proof of T' in *wK4S. O

Lemma 12.4. °wK4SZ I = wGLS - T

Proof. For a circular derivation 7 = (k,d) in °WK4S’ and a leaf a of m, a
is called an assumption leaf if a is non-axiomatic and not connected by the
back-link function d. An assumption leaf a is boxed if there is an application
of B, on the path from the root to a. Let BH(w) and H(w) be the sets of
boxed, respectively not boxed assumption leaves of 7. The sequent of a is

denoted by A,.
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Claim 12.5. For any circular derivation 7 = (k, d) of T,
wGL, = A\[n]{A¥ |a € H(m)} A \[n{AF | a € BH(7)} — T'*.
Proof. Induction on the construction of k.

e Assume k consists of a single node a. The claim clearly holds if A,
is an axiom of wK4&. Otherwise, since a € H(w) and by Proposition
10.3.1, we have wGL,,  [n]TA# — A¥.

e Consider 7 is one of the following derivations:

T T T T2
A Ao ¢ Ay Ay
a5 ) Kovg ™, Tapne W

Suppose that I' is not connected by d. In this case,
H(rm) = Ui:1,2 H(m;), and BH(m) = Ui:l,? BH (m;).
Note that

wGL, - A" = (A, %)%, wGL, F (A, ¢, 0)" = (A, oV )?,
wGL, - (A, )% A (A 9)* = (A p Ay

By the induction hypotheses for m; and 75, the claim holds.

Suppose that [" is connected by d. Let b be such a leaf connecting with
the root. In this case,

H(m) = Ui:1,2 H(m;) and BH () = Uz:l,z BH (m;)\{b}.
From a similar argument as above, we obtain

wGL, b A[n]*{Aa% | a € H(m)} A \In{A¥ | a € BH(m)} A [n]A]

— I'#
where A, is exactly I'. By Proposition 10.3.3,

wGL, = A\[n]{A¥ |a € H(m)} A \[n{A¥ | a € BH(m)} — T'*.
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Assume the last application of 7 is W,:

™

O”A,:A,so

Suppose that I' is not connected by d. In this case,
H(r) =0 and BH(rw) = H(m) U BH(m).
By the induction hypothesis for m,

wGL, = A[n]{Af | a € H(m)} A \[n{AF | a € BH(m)}
— (0"A, A, )" .

By Proposition 10.3.2,

wGL, = A\[n[{A? | a € BH(m)} — D(0"A, A, )",

Note that wGL, - O(O"A, A, o) — O (W = gp).
By Proposition 10.1, wGL,, - W — Dm.
Hence wGL, F O(0"A, A, <p)# — (W — Dgp), ie.,
wGL, - O(0"A, A, )" — (OA,Op)*. Thus we obtain
wGL, = \[n[{A? | a € BH(r)} — T*.
Suppose that I' is connected with b by d. In this case,
H(m) =10 and BH(w) = H(m) U BH (m)\{b}.

Again by the induction hypothesis for m; and Proposition 10.3.2, we
obtain

wGL, - A[n{A¥ | a € BH(m)} A [n]T# — T#,
By Proposition 10.3.3, we conclude

wGL, = A\[n[{A? | a € BH(r)} — T*.
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The proof of the claim is completed. O]

Now if 7 is a circular proof of °wK4%, then H(r) = BH(r) = 0, and
hence wGL,, - I'#. By Theorem 11.6, we conclude wGLS T O

Theorem 12.2 immediately follows from Lemma 12.3 and Lemma 12.4.

Remark 12.6. Iemhoff [10] studies some sufficient conditions for a type of
modal sequent calculus to have an equivalent circular proof system. The cal-
culus WGLS does not enjoy Iemhoff’s conditions, however, has an equivalent
circular proof counterpart.

12.2 Proof of Lyndon interpolation theorem

Shamkanov [23] originally showed that the standard provability logic GL
enjoys the Lyndon interpolation property. In [24] he also gave a syntactical
proof of the Lyndon interpolation theorem for GL by using the circular proof
argument.

In this subsection, we show that Shamkanov’s argument can be applied to
the case for wGL,, i.e., for n > 2, if wGL,, - ¢ — 1, then we can construct
a Lyndon interpolant of ¢ — 1 effectively. Before proving, we give some
terminology. Definitions and Notations are according to Shamkanov [24].

For any formula ¢, we define u(y) as the set of literals [ occurring in ¢
out of the scope of all modal operators. We use new symbols of the form p°
and p° (we call them marked literals.) to specify literals within the scope of
modal operators. We define v(p) as the set of marked literals [° such that [
occurs in ¢ within the scope of a modal operator. Let w(p) := u(p) Uv(p),

and w(l') == J{w(p) | ¢ €T}

Theorem 12.7 (Lyndon interpolation theorem for wGL,,). Assume n > 2.
If wGL,, F ¢ — 1, then there is a formula 6 (called a Lyndon interpolant of
@ — 1) such that:

1. wGL, F ¢ — 6 and wGL,, - 0 — ¥;
2. w(0) € w(p) Nw(w).

Moreover, such a 6 is effectively constructible from ¢ and .
First, we develop a split derivation system based on WK4S.

Definition 12.8. The system wK4>P is obtained from wGLSP by replacing
the rules ((0!) and (C07) by:
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[0] O"T'1, Ty, 0 | O, Iy () 0] 0", Iy [ O"Tp, Iy 0 ()
[06] OT'1,Op | OT'9 »oand (3] Oy | Oy, Oy "

Similarly, the split circular proof system "WK4§Lp is obtained from WK4§p
by admitting circular proofs.

Proposition 12.9.
"wK4S - T, Ty <= “wK4P T | Is.

Proof. (=>): Let 7 be a proof of (I',T'y) in °wK4. First we expand 7 to
an infinite derivation by adding subproofs to each leaf a connected by d. By
the bottom-up splitting of sequents, we obtain an infinite derivation 7., of
(Ty | T'y) in wK45P. Since 7 consists of only finitely many different sequents,
each sequent can be split into only finitely many split sequents. Therefore,
T consists of finitely many different split sequents.

(«<=): For a given split circular proof 7 in “wK45>P we obtain a circular
proof in OWK4S’ by removing all splittings in . O

Notice that for a given circular proof 7 of (I'y,I'y) in *wK4S, we can
effectively construct a split circular proof of (I'; | I'y) in *wK45P.

We describe several facts that will be used in the proof of Theorem 12.7.
Let ¢ be a formula and w(p) := u(p) Uv(yp) as before. For a set S of literals
and marked literals, we define S° := {I° | [ € S or [° € S}, and w*(p) :=
w(p) Uw(p)°. The following theorem states that wGL,, has effective fixed-
points.

Theorem 12.10 (Fixed-point theorem for wGL,,, Kurahashi & Okawa [12]).
Let ¢(p) be a formula in which p occurs only within the scope of a modal
operator. Then there is a formula v satisfying the following conditions:

Low(y) € w(p) Uw"(@)\{p",7°};
2. wGL, F ¢ < o(¥).
Moreover, if ¢ does not contain p, then w(¢) C w*(p)\{p}.

The last property “w(¢) C w*(p)\{p}” will be essentially needed in our
proof. Kurahashi & Okawa [12] gave an effective procedure which produces a
fixed-point v of a given formula ¢(p). Moreover, by the construction of fixed-
points in [12], such a 9 also satisfies the conditions in Theorem 12.10, and
the procedure does not use any kind of interpolation. Briefly, a fixed-point of
©(p) is obtained by multi-substituting formulas containing only literals which
occur in A, for each occurrence of p. Therefore ¢/ enjoys the condition 1.
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Moreover, if ¢(p) contains no occurrences of p, then the procedure preserves
the positiveness of literals in every substitution (see Lindstrom [13], and
Kurahashi & Okawa [12]).

Lemma 12.11. For each rule of WK4SP, the following corresponding state-
ment holds:

L wGL, - (If > 0) A (95 1)

= ((Fl,Al)# N 9) A (9 - (FQ,AQ)#);

2. wGL, + ((Fl, o, ) = 6) A (9 — Ff)

— ((Fl,govw)# — 9) A (0 — Ff);
3. wGL, (ﬁ — 9) A (6 — (F2,¢,¢)#>

(F#—>9> (0—> (T, 0 V1) )

4. wGL, F ((r o) 91) (91 = r#) ( # 92) (92 = rf)

— ((Fmp/\z/z)# — 6, \/62) A (91 V hy — r;*);
5. WGL, - (TF = 02) A (0 = (T ) )A(TF = 2) £ (62 = (Do 0)*)

= (TF > 000 8) A (61762 > (T, 0 A 0)?);

6. wGL, -0 [((Q"Fhrh p)* — 9) A (9 — (0", F2)#>}

= ((0T1,00)* = 08) A (08— (0T2)*);

7. WGL, O [ (07T, T = 0) A (6 = (0"T2, T2, 0)* )|

N ((orl)# - De) A (De — (O, Dgo)#>.
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Suppose that OWK4T§p Ty | Ty, We define an interpolant of T'y | T's as a
Lyndon interpolant of F?& — Ff.

For a given split circular derivation 7 = (k,d) of (I'y | I'y), we define
two sets of leaves BH(m) and H() as in Section 4. For each non-axiomatic
leaf a of Kk, we fix two variables z, and w,. The first variable x, plays a
role of the provisional interpolant of a. The second variavle w, ranges over
sets of literals and marked literals. We interpret the second variable w, as
w(z,). Let (Ay | Ag) be the split sequent of a. Define the formula I, and
the statement I, as follows:

I, = <A_f&—>xa> A (ma%Af»

I(; = w, C W(Al) N W(Ag)
Lemma 12.12. Let 7 be a split circular derivation of (I'y | I'). Then there
is a formula 6 satisfying the following conditions:

1. 6 does not contain literals of the form 7;

2. If a € BH(m), then z, occurs in € only within the scope of modal
operators;

3. wGL,, - A{[n]l, | a € BH(m)} AN{[n|*1, | a € H(r)}
— (ﬁ—%) A (9—>F§E>;

4. T(r) = wx (@) U J{wS | a € BH(m)} U J{w, | @ € H(m)} € w(Ty) N
w(ly), where T'(7) is the statement A{I. | a € BH(m)U H(m)}, and
wx(0) = w(0)\{xq, z0 | x, occurs in 6}.

Proof. Induction on the construction of k. We argue five cases.

Case 1 Assume k consists of a single node a. If (I'; | I'y) is an axiom of
WK4SP, then we take 6 as the formula bracketed in the corresponding
axiom. Otherwise, we put 0 := x, (Note that H(w) = {a}). In both
cases, 0 clearly satisfies the conditions 1-4.

Case 2 Assume the last application of x is weak or one of the propositional
rules, and (I'; | I'y) is not connected by d. We show that the formula
bracketed in each conclusion satisfies Conditions 1-4.

™ ! 2

0] Avr | A [61] Ay | A [62] Agy | Ags
[0] Ty | Ty 0] Ty | Ty
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Conditions 1 and 2 are clear.

Condition 3 By the induction hypotheses, we have for ¢ = 1, 2,
wGL, = A\{[n|l, | a € BH(m)} A N{[n]" L. | a € H(m:)}
— (A_ﬁ—wi) A (91»—>Af§>,

Recall that BH(m) = {J,_,, BH(m;) and H(m) = U,_,, H(m). By
Lemma 12.3.1-5, we obtain

wGL, = \{[n|L, | a € BH(m)} A N\{[n]"1, | a € H(m)}
— (Ffé—>0)A<0—>F§é>.
Thus 6 satisfies the condition 3.
Condition 4 By the induction hypothesis, we have for i = 1,2,

T(m;) = wx (0;) U J{w; | a € BH(m)} U J{wa | a € H(m;)}

Suppose T'(7) holds. (Note that T'(7) < T'(m1) A T(m2).) By wx(0) =
wx (01) Uwx (0y) and w(Aq) Nw(Ai) € w(ly) Nw(ly), we conclude
YUl Jwg | a € BH(m)} U J{wa | a € H(m)} € w(Ty) Nw(Ty).

r and (I'; | T'y) is not
connected by d. Again we show that the formula 6 bracketed in the
corresponding conclusion satisfies the conditions 1-4.

Case 3 Assume the last application of x is B, or W"

™

[01] Azl | Ay
[0] Ty | Ty

The conditions 1 and 2 are clear.

Condition 3 By the induction hypotheses, we have

wGL, = A{[n)L, | a € BH(m)} A N{[n]" Lo | a € H(m)}
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By Proposition 10.3.2,

wGL, b A{[n]l. | a € BH(m)} A \{[nlla | a € H(m)}

Ny [(A_fﬁ—ﬂl) A (91 —>A§E>} .

Note that BH(n) = BH(m) U H(m) and H(w) = (. By Lemma
12.3.6-7, we obtain

wGL, - A{[n]L. | a € BH(r)} — (ﬁ = 9) A (9 = r;‘#) .

Condintion 4 By the induction hypothesis,

T(m) = wx(61) U| J{w; | a € BH(m)} U| J{wa | a € H(m)}
Cw(A) Nw(Asz).  (4)

Suppose that T'(7) is true. Since T'(7) < T'(m ), the consequence of
(4) is also true. It suffices to show that: (i) wx(8) € w(Ty) Nw(Ty)
and (ii) if @ € BH(7), then w? C w(T1) Nw(Ty).

)

w
(i): By the conclusion of (4), wx(61) C w(A__ﬂw(Ag). Then wy (0;)°

w(A1)°Nw(Ay)°. In this case, we have e w(Ap)? C w(T1) and w(Ay)°
w(Ty). Hence wx (0) = wx(601)° € w(T1) Nw(Ty).

(ii): Let @ € BH(m) = BH(m) U H(m). If a € BH(m), then w; C
w(A1) Nw(Ay) by (4). If a € H(my), then w, € w(A;) Nw(Ay) by (4).
In either case, we have wS C w(A;)° Nw(Ay)° C w(Ty) Nw(Ty).

MM

Case 4 Assume that the last application of k is weak or one of the proposi-
tional rules, and (I'y | I'y) is connected with b by d.

m ™ 2

01 Avy | Ay [61] A | A [62] Ay | Ag
[0] Ty | T, 0] T, | T,

(By the construction of 0, 6 contains x;.) There is at least one applica-
tion of modal rules between b and the root of x, and hence b € BH ()
or b € BH(m3). By the induction hypothesis, for i = 1,2,

wGL, = \{[n|l, : a € BH(m)} A N{[n]" Lo : a € H(m;)}
— (A% = 0) A (6 2%).
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Note that BH(m) = U;_,, BH(m)\{b}, H(m) = U,_1, H(m). By
Lemma 12.3.1-5,

wGL, = A\{[n|l, : a € BH(m)} A N\{[n]"1,:a € H(m)} A [n]I,
— (ﬁ—%) A <0—>F§£>.

By the construction of 6, x;, only occurs in 6 positively and within
the scope of modal operators. By Theorem 12.10, we can construct
a formula ¢ satisfying w(y) C w*(0)\{z;}, and wGL,, - 0(¢)) < 1.
(Here 0(¢) is the formula obtained from 6 by substituting 1 for all
occurrences of z;.) Thus we have

wGL, = \{[n|l, : a € BH(m)} A N\{[n]"1,:a € H(m)}
ARIL() = (TF = 0w)) A (60) > TF) . (5)
By wGLS - 0(¢)) « ¢ and the definition of I,
wGL, = (I = 0(0)) A (6(0) 5 TF) & B(w).  (©6)
From (5) and (6),

wGL, /\{[n]]a ca € BH(m)} A /\{[n]+Ia ca € H(m)} A [n](v)
— Iy(¢).

By Proposition 10.3.3,
wGL, - A\{[n]I. : a € BH(m)} A N\{[n]" 1o :a € H(m)} = L(1).
Again by (6),
wGL, = A\{[n|l, : a € BH(m)} A N{[n]" 1o : a € H(m)}
= (rf = 0w) A (00) = TF) .

i.e., 6(1) satisfies the condition 3.

Moreover, by the constructions of # and 1, 8(1)) does not contain literals
of the form 7, and if a € BH (), then z, occurs only within the scope
of modal operators. Thus 6(¢) enjoys the conditions 1-2.
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Condition 4 By the induction hypothesis, for i = 1, 2,
T(m;) = wx (0;) U {w; | a € BH(m)} U J{wa | a € H(m;)}
Cw(An) Nw(Asp).
Suppose that T'(7) is true. Since T'(7) A I; implies T'(71) A T'(m2),
I = wx (0;) U\ J{wg | a € BH(m)} U J{wa | a € H(m;)}
Cw(An) Nw(Ap).

Note that wx () = wx (1) Uwx(6y) and w(A;) Nw(Ax) € w(lh) N
w(l'y). We have

I = wx(0) U J{wg | a € BH(m)} Uwy U| J{wa | a € H(m)}
Cw(l) Nw(ly). (7)

We show that wx (0(¢)) C w(T;) Nw(Ty). From (7),

I = wx(0) Uwy € w(lp) Nw(Ty). (8)
Substituting () for wy in (8), we have

wx (0) € w(Ty) Nw(ly).
This statement is equivalent to I; (wx(#)), and hence I} (wx (0)) is valid.
Substituting wx (6) for w, in (8), we get
I (wx (0)) = wx () Uwx (0)° € w(l1) Nw(Ty),

and hence -
wx (0) Uwx(0)” C w(l) Nw(Ts).

By the constructions of § and ¢, wx(0(¢))) C wx(0) Uwx(1)°. On the
other hand, since w(¢) C w*(0)\{x5}, we have w(1))° C w(0)°\{z},
and hence wx (v)° C wx(#)°. Thus,

wx (0(¥)) € wx(8) Uwx (1)° € wx (8) Uwx(0)° € w(ly) Nw(ly). (9)
From (4), we get
I = J{wg | a € BH(m)}U| J{wa | @ € H(m)} € w(T7) Nw(Ty).
Substituting @ for wy, we obtain
J{wg | a € BH(m)} U J{wa | a € H(m)} € w(Th) Nw(Ty).
From this and (9), we conclude that 6(¢)) satisfies the condition 4.
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Case 5 Assume the last application of x is B, or W, and (I'; | ['y) is

connected with b by d.
T

[61] Asl | A
0] 'y | Ty

By the induction hypothesis,
wGL, = A\{[n]l, : a € BH(m)} A \{[n]" L. : a € H(m1)}
— (A_fﬁ—>01> A (91 —>A§E>.
By Proposition 10.3.2 and Lemma 12.3.6-7, we have
wGL, F /\{[n][a ca € BH(m)} A /\{[n][a ca € H(m)}
— (ﬁ—%)/\(&%ﬁf).
Note that BH(n) = BH(m,) U H(m)\{b} and H(w) = (). We have
wGL, b \{[n]L. : a € BH(x)} A[n]l, - (ﬁ = 9) A (9 = r#) .

By Theorem 12.10, we can construct the fixed-point 1) of (z}). Ap-
plying a similar argument as in Case 4, we obtain

wGL, b \{[n]l. : a € BH(m)} A n]L,(¢) = L().
By Propostion 10.3.3,
wGL, = A\{[n|l, : a € BH(m)} — L,(¢),
wGL, - A\{[n]l. : a € BH(r)} — (ﬁ = e(w)) A (9@) = rf) .

From this and by the constructions of 6 and 1, #()) enjoys the condi-
tions 1-3.
Condition 4 By the induction hypothesis,

T(m) = wx(6h) U| J{w | a € BH(m)}U| J{wa | a € H(m)}

C w(Ay) Nw(Ay).
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Assume T'(7) is true. Since T'(w) A I} implies T'(7), we have

I = wx (01) U| J{w] | a € BH(m)}U| {wa | a € H(m)}

As in Case 4, we obtain
I, = wx(9) U U{ws |a € BH(m)} Uw; C w(l;y) Nw(y).

Applying a similar argument as in Case 4, we can show that wx (0(¢)) C
w(ly) Nw(l'e) and J{wy | a € BH(m)} Cw(I'y) Nw(Ty).

The proof of Lemma 12.12 is now completed. O]

Lemma 12.13. If OWK47SLP 1"y | 'y, then we can construct an interpolant
0 of (I'; | I'g) in an effective way.

Proof. Let m = (k,d) be a split circular proof of (I'y | I'y). Then we can
construct an interpolant of (I'; | I'y) by the following way. For each non-
axiomatic leaf a, we put x, as the provisional interpolant. From the leaf to
the root, construct # in accordance with rules of wK45P. If we find a node
n which is connected by a non-axiomatic leaf a, then apply Theorem 12.10,
substitute the fixed-point for all occurrences of z,, and continue to the next
application. Since every non-axiomatic leaf a is connected to some interior
node b by d, z, must be eliminated. Therefore the resulting formula 6 does
not contain any literal of the form x,, and satisfies that

wGL, - (ﬁ = 9) A (9 - rf) and
w() C w(ly) Nw(ly),
by Lemma 12.12. Thus, € is indeed an interpolant of (I'y | ['y). O
Theorem 12.7 follows from Lemma 12.13 immediately.

Proof of Theorem 12.7. Assume wGL, F ¢ — 1. Then by Theorem 11.6,
we can construct a proof w of , ¢ in WGLS. By Lemma 12.3 and Proposition
12.9, we obtain a split circular proof of (% | ¥) in *wK45P. Let # be an
interpolant of @ | 1. Then 6 is indeed a Lyndon interpolant of ¢ —¢. [
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Chapter V
Fixed-point properties for
predicate modal logics

13 Preliminaries for Chapter V

13.1 Classes of predicate Kripke frames

We specify several classes of Kripke frames. Let F = (W, <, {D,, }wew) be a
Kripke frame.

Suppose that F is conversely well-founded. For each w € W, the height
of w (written by h(w)) is inductively defined by:

h(w) :=sup{h(v) +1:w < v}.

(In particular, sup () = 0.) A Kripke frame F is of bounded length if for any
w € W, h(w) is finite. For a Kripke frame F, the height of F (written by
h(F)) is defined by sup{h(w) : w € W}, and F is said to be finite height if
h(F) is finite.

We define the following five classes of Kripke frames:

1. CW = {F | F is transitive and conversely well-founded};
2. BL := {F | F is transitive and of bounded length};

3. FH := {F | F is transitive and finite height};

4. Fl:= {F | F is finite, transitive and irreflexive};

5. FIFD := {F | F is finite, transitive and irreflexive, and for every w €
W, D, is finite}.

For a class C of Kripke frames, MQ(C) denotes the set of all L-formulas
which are valid in any F in C. It is easy to show that QGL C MQ(CW).
Since FIFD C FI € FH C BL C CW, we obtain QGL C MQ(CW) C
MQ(BL) € MQ(FH) € MQ(Fl) € MQ(FIFD). The class BL is introduced
by Tanaka [28].

It is easy to show MQ(BL) = MQ(FH). For, if A ¢ MQ(BL), then
there exsist a model M = (W, <,{Dy}, cn-!F) and w € W such that
(W, <,{Duw}pew) belongs to BL and M,w [~ A. Let M* be the gener-
ated submodel of M by w. Then the frame of M* is finite height, and
M* w = A. Hence, A & MQ(FH).
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Tanaka also showed that NQGL is Kripke complete with respect to BL.
We obtain the following theorem:

Theorem 13.1 (Tanaka [28]). NQGL = MQ(BL) (= MQ(FH)).
By Theorem 13.1, we obtain QGL C NQGL.

13.2 Fixed point properties

To describe the semantical fixed-point properties for predicate modal logic,
we need an auxiliary propositional variable to specify where to substitute
fixed-points in predicate modal formulas. For this purpose, we define the
following language L¢,. The language L, consists of Lg and one certain fixed
propositional variable p. An Ly-formula ¢ is constructed as the following
manner:

=T |L]p|Pur,...,un) | 7| @ = ¢ | Vup | Op

Montagna [17] showed that the predicate version of Theorem 5.3 does not
hold in QGL.

Theorem 13.2 (Montagna [17]). Let ¢(p) := Yu3vO (p — P(u,v)). Then
A(p) has no fixed-points in QGL, that is, for any Lg-sentence ) containing
only the predicate symbol P, QGL ¥ ¢ <> ¢(1).

Here we define two semantical fixed-point properties for classes of frames.
Definition 13.3. Let C be a class of Kripke frames.

1. The class C has the fized-point property if for any Lip-formula ¢(p)
which is modalized in p, there exists an Ly-formula 1 such that:

(a) The formula 1) contains only predicate symbols occurring in ;
(b) For any Kripke frame F in C, F = ¢ <> ().
2. The class C has the local fived-point property if for any Li,-formula ¢(p)

which is modalized in p, and for any Kripke frame F in C, there exists
an L-formula 1 such that:

(a) The formula 1) contains only predicate symbols occurring in ¢;
(b) F v < p@).

Clearly if C has the fixed-point property, then C has the local fixed-point
property. Montagna proved Theorem 13.2 by constructing a Kripke model
M in BL such that for any Lg-sentence ¢ containing only P, the formula
¥ <> ¢(1) is not valid in M. Thus we obtain the following corollary:

63



Corollary 13.4.

1. The classes CW and BL have neither the local fixed-point property, nor
the fixed-point property.

2. The fixed-point theorem for NQGL does not hold.

The second clause immediately follows from the first clause and Theorem
13.1.

13.3 The substitution lemma

The following substitution lemma will be used in the later sections.

Lemma 13.5 (Substitution lemma). Let ¢(p) be any Lj,-formula. Let o and
B be Lo-formulas containing no free variables which are bounded in ¢(p).
Then QK4 - H(a > ) — (p(a) <+ ¢(5)). Moreover, if ¢(p) is modalized
in p, then QK4 - O(a <> 8) = (p(a) < ¢(H)).

Proof. Induction on the construction of ¢(p).

e If p(p) does not contain p, then Lemma trivially holds.

e Assume ¢(p) = p. Then ¢p(a) = a and ¢(B) = 5, and thus Lemma
holds.

e The cases p(p) = ¢ (p) and p(p) = ¢¥(p) — x(p) are clear.

e Assume ¢(p) = Yuy)(p) and Lemma holds for ¢(p). If o and 8 con-
tain no free variables which are bounded in ¢(p), then every free vari-
able of o and f is not equal to u, and hence is not bounded in ¥(p).
By the induction hypothesis, QK4 F (o <> 8) — (¢(«a) <> ().
Since u does not occur freely in o and 3, we have QK4 + H(a +
B) = Yu (Y(a) <> ¢¥(B)). Distributing V, we conclude QK4  H(a <>
B) = (Yuy(a) <> Yuh(B)). (If ¢(p) is modalized in p, then so is ¥ (p).
By the induction hypothesis, QK4 F O(a <> 8) — (¢(«a) <> ().
Applying a similar argument, we conclude QK4 + O(a + §) —

(Vurp(@r) < Vuy(3)).)

e Assume ¢(p) = Oy (p) and Lemma holds for ¢(p). By the induction
hypothesis, QK4 F H(a <> ) — (¢¥(a) <> ¢¥(B)). By the derivation
of QK, QK4 F O (o «» p) — (Ouv(a) <> OY(5)). Recall that
QK4 + ¢ — OGIE for any €. Thus we conclude QK4 F O(«a +» ) —
(O () < ().

[]
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14 Semantical fixed-point properties

14.1 Failure of the fixed-point property for FIFD and
NQGL

In this section, we prove that the class FIFD dos not enjoy the fixed-point
property. As a consequence, we obtain that the classes FH and Fl also do not
have the fixed-point property.

In our proof, we borrow an idea from the following Smorynski’s improve-
ment of Montagna’s theorem (Theorem 13.2).

Theorem 14.1 (Smorynski [26]). The £'-formula Yull (p — P(u)) has no
fixed-points in QGL.

We describe the proof of Theorem 14.1. Let Mg := (W, <, {Dy}, cpp- IF)
where

o W =uw;

e m<n:=n<m,

o D,:={mew|m>n};
e nl-P(m): m#n+ 1.

The Kripke frame (W, <, {Dy}, <) is @ member of BL. The following claim
holds for Mg.

Claim 14.2 (Smorynski [26]). Let ¢ be an Ly-sentence containing only the
predicate symbol P. Then the set {n € w | Mg,n = ¢} is either finite or
co-finite.

Using this fact, Smorynski showed that for any Lg-sentence 1 containing
only P, the formula ¥ <> ¢(?) is not valid in Mg, and hence QGL ¥ ¢ <

(V).

We prove the following lemma concerning Smorynski’s model Mg.

Lemma 14.3. Let n € w and ¢(u) be an Lg-formula with parameters from
D,, containing only the predicate symbol P. Then for any my, ms > n + 2,

Mg, n = p(mi) < p(mo).
Proof. Induction on the construction of ¢(u).

e The cases p(u) =T and p(u) = L are trivial.
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e Assume ¢(u) = P(u). Then by the definition of I, for any my,my >
n+2, Mg,n = P(my) and Mg,n = P(ms).

e The cases p(u) = —¢(u) and p(u) = ¢¥(u) — x(u) are clear by the
induction hypothesis.

e Assume p(u) = Voy(u,v). Then

Mg, n = Yoip(my,v) <= Mg, n = 1(my,m’) for any m’' € D,
<= Mg,n = (mg,m’) for any m' € D,,  (LH.)
= Mg, n = Yoy(ma,v).

e Assume ¢(u) = O¢(u). Then
Mg,n = 0OY(my) <= Mg,k | ¥(my) for any k < n.

By D, C Dy, for any k < n, 1(u) is an Lg-formula with parameters
from Dy. By the induction hypothesis (note that & +2 < n 4 2 <
m1>m2)7

Mg,k |=1(my) for any k <n < Mg,k = 1(me) for any k <mn,
= Mg, n = Oy(ms).

]

Next we define Kripke models which are finite part of Smorynski’s model
M. For each k € w, we define My, := (Wi, <x, { D}, ey, IFx) where

o W, :={0,1,...,k};

o m < n e m=<n(en<m);

o Dii={n,n+1,... . k+2};

e nl, P(m) & nl- P(m)(& m#n+1).

For each k € w, the Kripke frame (W}, <y, {DZ}nGWk> belongs to FIFD.

Lemma 14.4. Fix k € w. For any n < k and Lg-sentence ¢ with parameters
from D¥ containing only P,

Mg,n o <= Mg,n e

Proof. Induction on the construction of ¢.
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The cases ¢ = T and ¢ = L are trivial.

Assume o = P(m) for some m € D¥. By the definition of Ik, Mg, n =
P(m) & My, n |= P(m).

The cases for ¢ = =), and ¢ = 9 V x are clear by the induction
hypothesis.

Assume ¢ = Yutp(u). Then

Mg, n EVu(u) <= Mg,n |=¢(m) for all m € D,
<— Mg,nE=vn),..., Mg,n = (k+1) and
Mg, n = (m) for all m > k + 2. (%)

By Lemma 14.3, the statement (%) is equivalent to Mg, n = ¥ (k + 2).
Thus

Mg, n EVup(u) <= Mg,nEvn),..., Mg,n =k +2),
— Mi,nEYn),..., Mg,nEyYk+2), (LH)
= Mg, n = VYup(u).

If o = Oy, then
Mg,n Y < Mg,m | for all m < n.

Since DF C DEF for any m < n, ¢ is an Lg-sentence with parameters
from ,,,, D%, and hence

Mg m 1 forallm <n <= My,mE¢ forallm<n, (I.H)

[]

Lemma 14.5. Fix some k € w. For any Ly-sentence ¢, if My = ¢ <
Vuld (¢ — P(u)), then for any n <k,

Mp,n |E o < nis even.

Proof. Induction on n.

Assume n = 0. Since My, 0 = O(¢ — P(m)) for any m € D§, we have

My, 0 = VYul(p — P(u)). By the assumption, My, 0 = ¢.

(Inductive case) Assume Lemma holds for m < n.
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(=) Suppose that n is odd. Since My,n —1 = ¢ and My, n —1 ~= P(n),
we have My, n = O(p — P(n)). This implies My, n = YuO(p —
P(u)). By the assumption, My, n = .

(<) Suppose that n # 0 and n is even. We claim that My,n = O(p —
P(m)) for any m € DEF. Take an arbitrary [ < n. If [ < n — 1, then
for every m € D¥ [+ 1 < n < m, and hence m # [ + 1. Therefore for
every m € D¥ My, = P(m). This implies that for every [ < n — 1
and m € DE, My, 1 = ¢ — P(m).

If | = n—1, then [ is odd. By the induction hypothesis, My, }~ ¢,
and hence for every m € D¥ Myl = ¢ — P(m).

We obtain that for every | < n and m € D¥, M;,l = ¢ — P(m), and
hence the claim is verified. Thus, My, n = Vul(p — P(u)). By the

assumption, My, n = ¢.
O
Conforming to Smoryniski’s argument, we prove the following theorem.
Theorem 14.6. The class FIFD does not have the fixed-point property.

Proof. Let ¢ be any Lg-sentence containing only P. It suffices to show that
there is k € w such that My [~ ¢ <> Yuld(p — P(u)). By Claim 14.2, the
set {n € w | Mg,n |= ¢} is either finite or co-finite. Then for some k € w,
either

kis odd and Mg,k =¢ or kiseven and Mg,k [~ ¢.
By Lemma 14.4, Mg, k = ¢ < My, k = ¢. Therefore we have either
kis odd and My, k=@ or kiseven and My, k [~ .
By Lemma 14.5, we conclude My, & ¢ <> Vuld (¢ — P(u)). O

Corollary 14.7. The classes FH and FI do not have the fixed-point property.

14.2 The fixed-point theorem for QK + 0"*!' L and the
local fixed-point property for FH

In this subsection, we prove the effective fixed-point theorem for QK +
O"*1 1. As a consequence, we show the class FH has the local fixed-point

property.
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Theorem 14.8. Let n € w. Suppose that an L-formula ¢(p) is modalized
in p. Then there is an L-formula 1 such that v contains only predicate
symbols and free variables occurring in ¢(p), and

QK FO"L — (¥ ¢ p(v)).
Moreover, such a formula v is effectively calculable from ¢(p).

Before proving Theorem 14.8, we give some definitions, and prove several
lemmas.

Definition 14.9.

1. Let ¢ be an Ly-formula, and ¢ be a subformula of . The depth of
an occurrence of ¥ in ¢ is the total number of subformulas Uy of ¢,
containing the occurrence of v, not v itself.

2. For an Li-formula ¢, "™ denotes the formula obtained from ¢ by
replacing every occurrence of the form i) of depth n by T.

3. For an Liy-formula ¢(p), ¢(p)[to, - - -, ¥n] denotes the formula obtained
from ¢(p) by substituting ¢; for all occurrences of p of depth i for each
1 < n, respectively.

For instance, put ¢(p) := 0O (p — Yu(Q(u) — Op)). Then the depth of ¢
is 0, and the depth of [p is 1. By Definition 14.9.2,

e O=T " W=0@p=>VYu(Qu)—T)), and ' @ = ¢

The depth of the left p is 1, and the depth of the right p is 2. By Definition
14.9.3,

©(p) [0, Y1, 2] = O (Y1 = Vu (Q(u) — Hihy)).

The following lemma immediately follows from Definition 14.9.
Lemma 14.10. Let m,n € w with m > n. Let ¢(p) be any Lj-formula,
and vy, ..., be any Ly-formulas. Then the followings hold:

1. ¢™™ contains only occurrences of p of depth < n. Thus

© "™ (p) [, - . ., y,] is an Lg-formula;
9. (SOT(m))T(n) =T,

3. (o) [Yo, - - -, Ym]) ™

e () [Yo, ., ¥nl.
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Lemma 14.11. For any n € w and Lg-formula ¢,
QK FO"'L — (p ™).

Proof. By the induction on the construction of , we show that for any n € w,
QK F O™ L = (p o' ™).

e If ¢ is an atomic formula, then for any n € w, '™ = ¢. Clearly

QK F ¢ <> "™ and hence QK O L — (p > ™).

e The cases for ¢ = = and ¢ = ¢ — x, Lemma clearly follows from the
definition of ¢ "™ and the induction hypothesis.

e Suppose that ¢ = Vuy), and Lemma holds for 1. In this case for any n €
w, '™ =Vu (T™). By the induction hypothesis, QK + O™ L —
(v <> ¥T™) and hence QK F O™ L — (Vutp <> Vu (¢ 7™)). There-
fore QK = 0" L — (¢ <> o' ™).

e Suppose that ¢ = [y and Lemma holds for v. We distinguish the
following two cases.

— If n =0, then 9" = T. Since QK - 0L — (¢ <> T) for any
L-formula ¢, QK +OL — (cp > goT(O)).

— Suppose that n > 0. By the inductive hypothesis for ¢, QK F
O"L — (¢ > ¢ "™=Y). By the derivation of QK, we have QK -
Ol — (O¢ «» O ("™ Y)). Note that each occurrence of
Oy in [y of depth > n is the one in ¥ of depth > n — 1. There-
fore T = (Op)"™ = O (T D). Thus, QK + O*'1 —
(90 YN SOT(’”) .

O

Lemma 14.12. Suppose that ¢(p) is an Li-formula containing only occur-
rences of p of depth < n, and Ly-formulas ay, ..., a, and By, ..., 3, contain
no free variables which are bounded in ¢(p). Then

QKO LA ADH (O L= (0 5))

1<n

= (@) [an, -+ s a0] <> ©(p) [Bns - - -5 Bol) -

Proof. Induction on the construction of ¢(p).
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Assume ¢(p) = p. Then for any n € w, the depth of each occurrence
of p is < n, and ¢(p) contains no free variables. For any Lq-formula
ag, ...,y and By, ..., Gy, QK F (a, <> 5,) <> (a, <> ), and hence

QK F O™ LA (O'L = (an < B)) = (an > By).-
Adding the assumptions, we obtain

QKO LA AT (O L = (0 4 Bi) = (0 <> Ba)

1<n

Since o(p)|an, ..., a0] = a, and @(p)[Bn, - - -, Bo] = Bn, Lemma holds
for ().

Suppose that ¢(p) is one of the form —(p), ¥(p) — x(p) or Yu(p).
If ¢(p) contains only the occurrences of p of depth < n, then so does
Y(p) and x(p). Moreover, for any Lo-formula F, if all free variables
occurring in F' are not bounded in ¢(p), then they are not bounded in
¥ (p) and x(p), too. By the induction hypothesis and the derivation of
predicate logic, Lemma holds for ¢(p).

Assume ¢(p) = OY(p). If p(p) contains only the occurrences of p of
depth < n, 9(p) contains only the occurrence of p of depth < n — 1.
Let a, ..., and fy, . .., B, be Lo-formulas satisfying the assumption
of Lemma. Every free variables occurring freely in «; or §; occur freely
in ¥ (p). By the induction hypothesis,

QKFO'LA A O (O L= (v 4 5))

i<n—1

= (W(P)lan-1, .- ao] < V(P)[Ba-1, ..., Bol) -
By the derivation of QK,

QKFO"™LA A O (O L= (a4 B))

i<n—1

= (B @0 an-1;. - al) < O@@)|Bu,- - fol)) -

Since ¢(p) does not contain the occurrence of p of depth 0,

O (¢ (p)lan-1, - - )
O (& (p)[Ba-1s - - - Bo])

o(p)lan, - .., ap], and
©(D)[Bn, - - -, Bo)-
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Therefore

QKHO™L A A O (0L = (i > B))

i<n—1

= (e()[an, -, a0l < ©(p)[Bn; - - -, Fol) -

Adding the assumptions, we obtain

QKO LA AT (OF L= (0 ¢ )

i<n

= (p(p)[an, ..., a0l < ©®)[Bns - - - Bol) -

]

In the remainder of this section, we fix an L-formula ¢(p) which is
modalized in p, i.e., p(p) contains no occurrences of p of depth 0. By replacing
variables appropriately, we assume that every free variable occurring in ¢(p)
does not occur in ¢(p) as a bound variable. We define the sequence {®,, },en
of Ly-formulas recursively as follows:

L @ = O(p)[T] (= 0" O(p));
2. CI)n+1 = ¢T(n+l) (p) [T, q)'m ceey CI)()]

By the definition and Lemma 14.10.1, every ®,, is an Ly-formula and contains
only predicate symbols and free variables occurring in ¢(p).

Lemma 14.13. For any m,n € w, if m > n, then QK + 0" | — (&, +>
D).

Proof. Induction on n.

e Assume n = 0, and take m > 0 arbitrarily. Then

@
1O = (T () [T, By, D))
_( T(m )T(O) T
= [T], (by Lemma 14.10.3)
=o' O[], (by Lemma 14.10.2)
=¢

By Lemma 14.11, QK - L — (@m > q);(o)) Thus we have QK +
OL — (9, < D).
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e Suppose that Lemma holds for < n. Take m + 1 > n + 1 arbitrarily.
Then by the induction hypothesis,

QKF A OML = (Biymn) < ),
i<n+1

and hence

QKF A OO L = Qi) ¢ 1))

i<n+1

Note that QK F (0" 1L — (T « T)),2 and ' ™+ (p) contains no
free variables which is bounded in each ®;. From these and by Lemma
14.12, we obtain

QK O L — ("™ ()T, @, ..., Py
A @T(n—i_l)(p) [T> (I)na cet CDOD . (10)
On the other hand, by Lemma 14.11,
QK I "2 — (@mﬂ o @mjf”) .

Recall that

mf;rl) = ( T(m+1 )T, @, q)o])T(nJrl) 7
= (70D )T("“)( )T, @y .., ®py]s (by Lemma 14.10.3)
= o )T, Oy, P (by Lemma 14.10.2)
Thus

QK FO"2L — (D1 < 0 ") T, @y, @) . (11)
From (10) and (11), we conclude QK F 00" 1 — (®,,,11 <> D, 11).

Let ¥(p) be an L-formula. For n € w, we define
T =T (p)[D,, ..., Byl

By Lemma 14.10.1, the formula W™ is an Lg-formula. Since ¢(p) is modalized
in p, we obtain

o

2 (n)(p)[én’ cI)n—lv s 7CI)0]7
SOT(n)(p)[T7 @n—lv s 7®0]7
P,,.

2Here % = ¢.
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Lemma 14.14. For any Lj,-formula ¢(p) and m,n € w, if m > n, then

QK F O L — (" & (D,,)).

Proof. Induction on the construction of 1(p). Assume m > n.

e Assume ¥(p) = p. In this case, U™ = ™ (p)[d,,...,P¢] =
and (®,,) = ®,,. By Lemma 14.13, QK - "' 1 — ($,, + ).
Therefore QK F O L — (U™ > ¢(D,,)).

e The cases for ¢(p) = =x(p) and ¥ (p) = x(p) — &£(p) are clear.

e Assume 9(p) = Yux(p) and Lemma holds for x(p). By the induction
hypothesis, QK F 0" L — (X" < x(®,,)). Recall that Vu(X") =
(Vux)™. By the generalization, we have QK F O" ' L — ((Vuy)" <
Vux(®,,)), ie., QK = O L — (0" <5 o (D,,)).

e Assume ¥(p) = Ox(p) and Lemma holds for x(p). We distinguish the
following two cases.

— If n = 0, then we have U° = (Oy)" = (Ox) "V (p)[®o] = T. Since
QK F OL — Ox(®,,), we obtain QK 1L — (U0 < ¢(D,,)).
— Suppose that n > 0. Take m > n arbitrarily. Then m > n —
1. By the induction hypothesis for x(p), m and n — 1, QK
0L — (X" 1+ x(®,,)). By the derivation of QK, we have
QK F 0" L — (O(X"™ 1) «» Ox(®,,)). Since ¥ (p) contains no
occurrences of p of depth 0, we obtain
O™ =0V (P)[@n,...,P))
= (Ox) "™ (p)[®n, 1, . . ., o]
=vyn,

Thus, QK F O L — (U™ < 1(d,,,)).

Here we are ready to prove Theorem 14.8.

Proof of Theorem 14.8. Let ¢(p) be the fixed L,-formula which is modalized
in p, and it suffices to show that @, is a fixed-point of p(p) in QK + " L.
By Lemma 14.14, we obtain QK + "t | — (®" 5 ¢(®,,)). Since " = @,,,
QK + 0" L — (&, + ¢(®,)). The formula @, contains only predicate

symbols and free variables occurring in ¢. Thus, ®,, is a fixed-point of ¢(p)
in QK + O L. [
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Remark 14.15. In [19], Sacchetti proved the fixed-point theorem for propo-
sitional modal logics K + 0"+ 1 without giving an algorithm for calculating
fixed-points in these logics. Our proof of Theorem 14.8 provides such an
algorithm even for the logics K + ("1 L.

Corollary 14.16. The classes FH, Fl and FIFD have the local fixed-point
properties.

Proof. Tt suffices to prove only the case for FH. Let F = (W, <,{Dw} cn)
be a Kripke frame in the class FH. Put h(F) = n. Then for any w € W,
h(w) <n,ie., F DO L Let p(p) be any Lj,-formula which is modalized
in p. From Theorem 14.8, we have QK F "™ | — (@, <> ¢(®,,)). Recall
that QK € QGL C MQ(FH). Thus we have F |= " L — (®,, <> o(®,,)).
From this and F | " L, we conclude F | ®@,, > ¢(®,,). The formula &,
is indeed a local fixed-point of ¢(p) in F. O

15 Further results

15.1 Failure of the Craig interpolation property for
NQGL

In this section, we prove that the logic NQGL does not enjoy the Craig
interpolation property.

Theorem 15.1. The system NQGL does not have the Craig interpolation
property.
Before proving Theorem 15.1, we prepare several lemmas.

Lemma 15.2. Suppose that p(p) is an Lj-formula not containing the unary

predicate P, and not containing occurrences of v and v as bound variables. If
NQGL F Vug (P(u)), then for any Li,-formula ¢ (v), NQGL - Yoy (¢ (v)).

Proof. Suppose that for some ¥ (v), NQGL ¥ Yvp (¢)(v)). By Theorem 13.1,
there exists a Kripke model M = (F,IF) = (W, <,{Dy}, e IF) such that
F € BL, and for some w € W and ¢ € D,,, M,w }= ¢ (¢(c)). We may
assume w is the root of F. Then for every x € W, ¢ € D,. We define an
interpretation I-* of F as follows:

e For any predicate symbol @ other than P, IF* (w, Q) = IF (w, Q) for
every w € W;

e For every z € W and a € D,, z IF* P(a) :& z I 9(c).
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Let M* := (F,IF"). We claim that for any Lj-formula x(p), + € W and
a € Dy, M,z = x(¥(c)) < M* z = x(P(a)). We prove the claim by

induction on the construction of x(p).
e If x(p) contains no occurrences of p, then the claim trivially holds.

o Assume x(p) = p. Then x (¢(c)) = ¥(c) and x (P(a)) = P(a). By the
definition of IF*, we have M,z |= x (¢(¢)) <= M*,z = x (P(a)).

e The cases x(p) = —&(p) and x(p) = &(p) — =(p) are clear by the
induction hypothesis.

e Assume x(p) = Vvé(p). Then

M,z E Y€ (Y(e) <= M,z =& (W(c))[v/b] for all b € D,,

— M zE=£E(P(a))[v/b] for all b € D,,
(LH.)

— M" z =Y (P(a)).
e Assume x(p) = 0&(p). Then

M,z |=0E (¥(c) <= M,y = E(¥(c)) for any y >,
— M" yE£&(P(a)) forany y = x, (LH.)
— M* x D¢ (P(a)).

The proof of the claim is completed. From M, w [~ ¢ (¢(c)) and by the
claim, M*,w F~ ¢ (P(a)), and hence M*,w = Yuyp (P(u)). By Theorem
13.1, NQGL ¥ Yuyp (P(u)). O

We prove the following uniqueness lemma of fixed-points in NQGUL.

Lemma 15.3 (Uniqueness of fixed-points in NQGL). Let ¢(p) be any £,-
formula which is modalized in p. Let 1y and 1; be any Lg-formulas which
contain no bounded variables occurring freely in ¢(p). Then

NQGL = E (¢ (o) <> to) AL (¢ (1) < 1) — (o <> ¥1) .

Proof. We claim that, for any n € w, £L'-formula ¢(p) which is modalized in
p, and L-formula 1 which contains no bounded variables occurring freely in

©(p),
QGL F 0" L — (B (p(y) < ¢) = (¢ < ©y,)),
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where ®,, is the Lg-formula defined in Section 14.2. By Lemma 13.5, QK4 -
O+ @,) — (p(¥) <> p(P,)). In particular, by Theorem 14.8, QK F
O — (p(®,) + ®,). Thus

QK4 F "L — (O < @,) = (p¥) < @,)) .

From this, we have

QK4 O LA (p(y) « ¢) = (O © ) = (Y & 2y)), (12)
QK4 - 0" L ADO(p(¢) ¢ ¢) = OO W & @) = (¥ < D)),
QGL O LAO(p() & ¥) — O < &,). (by L)

Since QK4 - O 1 — "2 1 | we obtain
QGL F O™ L A D (p(dh) < &) — O (1 ¢5 ) .

From this and (12), QGL F O""' L — (T (p(¥) <> ¥) — (¥ <> @,,)). The
proof of the claim is completed.

Let ¢(p), 1o and 1; be formulas as in the statement of Lemma. By the
claim, for any n € w,

QGL F O™ L — (B (¢ (o) <> Yo) — (o +> ®,)), and
QGL F O L — (E (o (1) <> 1) — (1 < D)) .

Therefore
QGL -0 L — (B (¢ (to) ¢ o) AB (@ (1) & 1) = (Yo < 1))
Applying the rule BL of NQGL, we conclude
NQGL F T (¢ (tho) <> o) AL (0 (¥1) ¢ h1) = (Y0 > 1) -

]

Proof of Theorem 15.1. Let ¢(p) = Vul (p — P(u)). By Lemma 15.3, for
any unary predicate symbols ¢ and R other than P, and any variables vy
and vy,

NQGL F B (¢ (Q(v)) < Q(vo)) AL (¢ (R(v1)) < R(v1))
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and hence

NQGL I Fvg (1 (¢ (Q(vo)) > Q(vo)) A Q(v0))
— Vor (L (¢ (R(v1)) <> R(v1)) = R(v1)) .- (13)
We show that the implication (13) has no Craig interpolants. Suppose,

for the contradiction, that (13) has a Craig interpolant ¢, then ¢ is an L-
sentence containing only the predicate symbol P such that

NQGL F Fvg (H (¢ (Q(vg)) < Q(vo)) A Q(vg)) — ¥, and
NQGL ¢ — Yo (H (¢ (R(v1)) <> R(v1)) = R(v1)) .

Hence
NQGL F Vuo (H (¢ (Q(vo)) <> Q(vo)) — (Q(vo) — ¢)), and (14)
NQGL - Vo, (D (p (R(v1)) < R(v1)) = (¥ — R(vy))) . (15)

We may assume 1 does not contain vy and v;. By Lemma 15.2, substituting
Q(vp) for R(vy) in (15), we have

NQGL = Vo ([ (¢ (Q(v0)) <> Q(wo)) = (¥ = Q(v0))) -
From this and (14),

NQGL = Vo ([ (¢ (Q(v0)) <> Q(vo)) = (Q(vo) > ¢))-
By Lemma 15.2, substituting (1) for Q(vy), we have

NQGL - (¢ (p(1)) < @(¥)) = (o(¢) < ). (16)
By the derivation of QK4, we get

NQGL - O (¢ () « @) = O(p¥) < ).

By the substituion lemma (Lemma 13.5),

QK4 = O(p(v) <> ¥) = (p(p(¥)) < 0(¥)).

Thus
NQGL F O (¢ (0(¥)) < p(1)) = (¢ () < (1)) .

Since the Lob rule is admissible in NQGL, we obtain NQGL F ¢ (p(v)) <
(1), and hence NQGL F (¢ (p(v0)) <> (). From this and (16),

NQGL F ¢(v) > 1.

This means that 1) would be a fixed-point of ¢(p) in NQGL. However, by the
proof of Theorem 14.6, ¢(p) has no fixed-points in NQGL, contradiction. [
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15.2 Formulas having a fixed-point in QGL

In this section, we investigate a sufficient condition for formulas to have a
fixed-points in QGL. We introduce the notion of X-formulas®, and then
we prove that if ¢(p) is a Boolean combination of Y-formulas and formulas
without p, then ¢(p) has a fixed-point in QGL.

Let L7 be the language L together with Boolean connectives V, A, the
existential quantifier 4, and countably infinite propositional variables p, q, . . ..
We assume that an Lp)-formula o(p) may contain propositional variables
other than p. Let QGL” be the natural extension of the system QGL to
the language L£7). It is easy to show that if an L{)-formula ¢ is proved in
QGL", then the Lg-formula obtained by substituting T for all propositional
variables appearing in ¢ is proved in QGL. This shows that the system
QGL" is a conservative extension of QGL. Thus in this section, we write
simply QGL instead of QGL”. Also it is easy to see that the substitution
lemma (Lemma 13.5) is extended to the language L£".

Definition 15.4 (X-formulas). X-formulas are defined inductively as follows:
o An Li-formula of the form [y is a ¥-formula;
e [f ¢y and y are X-formulas, then ¢ V x, ¥ A x and Juy) are X-formulas.

If p(p) is a X-formula, then ¢(p) contains no occurrences of p of depth 0,
and for any Lg)-formula 1, the formula ¢(v) is also a ¥-formula.

Theorem 15.5. If ¢(p) is a Boolean combination of ¥-formulas and L£”-
formulas containing no occurrences of p, then there exist an £”-formula & such
that F' contains only predicate symbols, propositional variables, free variables
occurring in ¢(p), not containing p, and such that QGL F & <> ¢(§).

Before proving the theorem, we give a definition and prove some lemmas.

Definition 15.6 (Self-provers). An L)-formula ¢ is said to be a self-prover
if QGL F ¢ — Uep.

Lemma 15.7. The Boolean constant T and L£”-formulas of the form Oy
are self-provers. Moreover, the set of self-provers is closed under A,V,d.
Consequently, every Y-formula is a self-prover.

Proof. Since QGL = T — OT and QGL F Oy — Oy, T and Uy are
self-provers. Suppose that ¢ and v are self-provers.

3This is a definition for predicate modal formulas, not for arithmetical formulas.
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e Since ¢ and ¥ are self-provers, QGL + ¢ A ¥ — Op A ). On the
other hand, QGL F Op A ¢ — O(¢p A ¢). Thus we have QGL
e AN — O(p A1), and hence ¢ A 1) is a self-prover.

e Since QGL F ¢ — ¢ V ¢, we have QGL F Oy — (¢ V ¢). Since ¢
is a self-prover, we get QGL F ¢ — (¢ V ¢). By a similar argument,
QGL - ¢ — O(p V). Thus, QGL F ¢ V¢ — O(p V1), and hence
© V1 is a self-prover.

e Since QGL F ¢ — Uy, we have QGL F Jup — Julp. On the other
hand, from QGL F ¢ — Juyp, we have QGL F Oy — O3up, and
hence QGL F Jully — O3uw. Thus, QGL F Juy — O3uyp, and

hence Juy is a self-prover.

]

Lemma 15.8. Let ¢ and ¢ be self-provers. If QGL F Oy — (¢ <> ¢), then
QGL I ¢ 5 1.

Proof. Since ¢ is a self-prover, QGL = ¢ — [p. From this and the as-
sumption, QGL F ¢ — (¢ < 9), and hence QGL F ¢ — 1. On the
other hand, by the assumption, QGL F ¢ — (Oy — ¢), and hence QGL I
Oy — Od¢ — ¢). Applying the axiom L, we get QGL F Oy — Op.
Since 9 is a self-prover, QGL F v — Up. From this and the assumption,
QGL F ¢ — (p <> 1), and hence QGL ¢ — ¢. Thus QGLF ¢ <. O

We assume that, by replacing variables appropriately, for any formula ¢,
the set of free variables of ¢ and the set of bound variables of ¢ are disjoint.

(1)

Lemma 15.9. For any Y-formula o(p), there is an £y)-formula ¢ containing
only predicate symbols, propositional variables and free variables occurring
in o, not containing p, and such that QGL F £ « o(¢&).

Proof. Induction on the construction of o(p).

e Assume o(p) = Op(p). Then QGL  o(T) <> (T <> o(T)). By the
derivation of QGL, we have

QGL - Oo(T) < O(T ¢ o(T)). (17)

Recall that o(p) contains no occurrences of p of depth 0, and there is
no variable which occurs freely in o(T) and is bounded in o(p). By the
substitution lemma,

QGLFO(T < a(T)) = (a(T) <> a(a(T))) .
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From this and (17), we obtain QGL + Oo(T) — (o(T) <> a(a(T))).
Since the formula o(p) is a X-formula, so are o(T) and o(o(T)). By

Lemma 15.7, o(T) and o(o(T)) are self-provers. By Lemma 15.8,
QGL F o(T) <> a(a(T)).

Assume o(p) = p(p) AY(p), and let § and 7 be L{)-formulas such that
QGL F ¢ < ¢(¢) and QGL F 7 > ¥(w). First, we have QGL
(ENT)— (£ < (§AT)). By the derivation in QGL, we get

QGLFO(EAT) — DO(E & (EAT)). (18)

Note that all free variables occurring in & (or m) are free variables
occurring in ¢(p) (or ¢(p), resp.). By our supposition (f), no free
variable occurring in £ or £ A 7 is bounded in o(p), i.e., bounded in
©(p). By the substitution lemma,

QGL FU(§ < EAT) = (p(&) < p(EAT)).

From this and (18), QGL F O({AT) — (¢(&) <> w(E Am)). By QGL -
€ < ¢(€), we obtain QGL F O A7) — (£ <> p(§ Am)). Similarly,
we can derive QGL + (¢ A7) — (7 <> ¢(§ An)). Thus, QGL +
O¢AT) = EAT oEAT)ANYEAT)), 1e., QGL - O(E AT) —
ENT < a(ENT)).

We claim that £ and 7 are self-provers. We show this only for £. Since
(&) is a X-formula, by Lemma 15.7, ¢(&) is a self-prover, and hence
QGL F ¢(¢) — Op(§). By the induction hypothesis, QGL F £ «
©(€), and hence QGL F ¢ +» Op(€). Thus QGL + ¢ — €.

By Lemma 15.7, £ A 7 is a self-prover. Since o(p) is a X-formula, and
so is 0(§ Am). By Lemma 15.7, 0(§ A m) is a self-prover. By Lemma
15.8, QGLF (AT <5 a(E A ).

N
<

Assume o(p) = p(p) V¥ (p), and let § and 7 be L{)-formulas such that
QGL F £ < (&) and QGL F 7 <> (7). First, we have QGL - £ —
(£ < &V ). Then

QGL - 0¢ — O(& < £V 7). (19)

Note that all free variables occurring in & (or m) are free variables
occurring in ¢(p) (or ¥(p), resp.). By our supposition (}), every free
variable occurring in € or £V is not bounded in o(p), i.e., not bounded
in ¢(p). By the substitution lemma,

QK4 < V) = (p(§) < p(§ V).
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From this and (19), QK4 + 0O — (¢(&) <> ¢(¢ v m)). By the in-
duction hypothesis, QGL F ¢ — (£ <> p(§ V m)). Note that ¢ and
p(& V ) are self-provers. By Lemma 15.8, QGL F £ + (£ V 7).
Similarly, we can derive QGL F 7w <> ¢(§ V ). Thus QGL F (V7
elvm)vylEVvm),ie, QGLEFE{V T+ (€ V).

e Assume o(p) = Jup(u), and let £ be an L{)-formula such that QGL
€ < p(§). Since QGL F & — (£ «» Jug), we have QGL + ¢ —
(¢ « Ju&). Note that no free variable occurring in £ or Juf is
bounded in ¢(p). By the substitution lemma, QGL F O¢ — (¢(§) <
©(Jug)). By the induction hypothesis, QGL F ¢ — (€ <> ¢(Juf)).
Recall that £ and Jué are self-provers. By Lemma 15.8, QGL F £ <
e(Jug), and hence QGL F Jug + Jup(Tuf), ie, QGL F Fu¢ +

o(Juf).
[

Lemma 15.10. For any Y-formulas o¢(po,-.-,Pn);--->0n(Pos - - -, Pn), there
are Lg-formulas &, ..., &, satisfying the desired properties such that for any
1 < n, QGL F SZ S O'i<€0, C. ,gn)

Proof. We prove by the induction on n. If n = 0, then it follows from Lemma
15.9. Assume Lemma holds for < n. Let

0'0(]70» s 7pn+1)7 s 70-n+1<p07 s 7pn—|—1)

be 3-formulas. By the induction hypothesis, there are £f)-formulas

50(pn+1)u cee 7§n(pn+1)

such that for any i <n, QGL & &(pr+1) ¢ 0 (§o(Pnt1), - - -+ &n(Prs1) Pot1)-
Let & be an L'-formula such that QGL - £ <> 0,41 (£0(€), - - ., £0(€),€). (The

existence of such an ¢ is guaranteed by Lemma 15.9.) Then for any i < n,

QGL - §1<§> 0y (§0(§)7 s 7571(5)7 g) Therefore, <§0(§)7 cee 7§n(§); §> are

desired formulas. The proof of the case n + 1 is completed. O
Finally, we prove Theorem 15.5.

Proof of Theorem 15.5. Let ¢(p) be a Boolean combination of Y-formulas
and formulas containing no occurrences of p. Then there are a propositional
formula 1 (qo, ..., ¢n—1,70; - - -, Tm—1), L-formulas oo(p), ..., 7,-1(p), and Lf-
formulas xo, ..., Xm_1 containing no occurrences of p, such that

o) = (oo(p), -, 0n-1(D); X0s - -+ » Xm—1) -
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For each i < n, put ¢;(qo,.--,qn-1) = 0 (¥(qo; -, Gn-1,X05- -, Xm—1))-
By Lemma 15.10, there are &,...,&,_1 such that for each i < n, QGL

gi Qi (507 s 7571—1)' Let 5 = ¢(§07 s 7§n—17 X05 - - - aXm—l)- Then we have
QGL & < 0;(§), and hence

QGL = 5 ~ Q/)(O-O(g)a s 70n—1(€)aX07 o '7Xm—1)>
ie, QGLF & + (). O
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Chapter VI
Concluding remarks

We close this dissertation with some further problems of our studies.

In the beginning of Section 8.2, we described that the arithmetical com-
pleteness of LPy does not hold with only the Godel multi-conclusion proof
predicate Proof. We showed that the arithmetical completeness of LP( holds
with respect to a modified version of Artemov’s A; normal proof predicate
Prf (Theorem 8.6). Moreover, we also proved that there exist a 3 proof pred-
icate Prf, Prf-functions (m,a,c) and an arithmetical interpretation * based
on Prf such that for any LP-formula F', LPy - F if and only if PA = F* (The-
orem 9.2). However, as mentioned in Remark 9.14, the statement of Theorem
9.2 is incomplete as compared to one of the so-called uniform arithmetical
completeness theorem.

Problem 15.11.

1. Does the uniform arithmetical completeness of LP hold with respect
to some 1 normal proof predicate?

2. Does the uniform arithmetical completeness of LPy hold with respect
to some X; proof predicate for which arithmetical soundness of LP,
holds?

In Chapter IV we proved the interpolation properties for Sacchetti’s log-
ics wGL,,, and the effectiveness of interpolants. However, we used Kripke
semantics in the proof of the cut-admissibility for wGLS. Therefore our
argument is not purely syntactical at this time.

Problem 15.12. Can we prove the cut-elimination theorem for wGLE syn-
tactically? In particular, for a given proof 7 of I in WGLS + (cut), is there
an effective way to obtain a proof 7’ of I' without the rule (cut)?

Shamkanov [24] used the multi-set based sequent calculus which satisfies
the admissibility of structural rules. It is under consideration whether our
proof works even in a multi-set setting. The proof transforming procedure
described in Section 12.1 does not take care of degrees of formulas. Further-
more, the existence of the rule (weak) is essential in the proof of Theorem
12.2. For these reasons, our proof transforming procedure needs to a little
change in a multi-set setting.

In Chapter V we discussed semantical fixed-point properties for classes
of Kripke frames. The following table summarizes the situation of these
properties.
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Table 2: Five classes and the fixed-point properties

class FPP local FPP
FIFD No (Theorem 14.6) Yes

FI No Yes (Corollary 14.16)
FH  No (Corollary 14.7) Yes

BL No No

(Corollary 13.4.1) (Corollary 13.4.1)

CW No No

In Section 14.1, we proved that the class FIFD does not have the fixed-
point property (Theorem 14.6). Corollary 14.16 shows that MQ(FIFD) is
consistent with the fixed-point property, that is, there exists a consistent
extension of MQ(FIFD) for which the fixed-point theorem holds. In Section
13.1, we mentioned that MQ(BL) equals to MQ(FH), and thus the classes
BL and FH are not distinguished by the validity of formulas. On the other
hand, BL does not have the local fixed-point property (Corollary 13.4.1),
and FH has the one (Corollary 14.16). Hence we can capture some a logical
difference between BL and FH through the local fixed-point property.

Montagna [17] raised some questions about fixed-points in QGL: (1) Can
we find a procedure for deciding if a formula ¢(p) has a fixed-point in QGL?
(2) Does it exist a procedure for calculating the possible fixed-points of a
given formula ¢(p)? These problems have not been settled completely yet.

Problem 15.13. Is there a formula ¢(p) satisfying the following conditions?
e ©(p) is modalized in p;

e ©(p) is not provably equivalent to any Boolean combination of -
formulas and formulas containing no occurrences of p:

e ©(p) has a fixed-point in QGL.
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