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Abstract 

In this dissertation, we investigate several properties for the following logics ha、illg
arithmetical interpretations, the modal logic GL, Sacchetti's logics wGLn, and Arte-

mov's logic of proofs LP。.Thedii:;sertAtion is divided into three parts. In the first 

pa1t, we prove stronger versio11cs of the arithmet.ical completeness theorem of LP。.hl 

the second part, we study interpolation properties for Sacchetti's logic wGLn, An 

e代ectiveprocedme whicl1 calculates Lyi1don il1terpolru1ts in wGLn is also given. ht 

the fu1al part, we disctt.58 semantical fixed-point properties for predicate modal logics 

ぐPllta血 ngQGL, wllicl1 is the naturru predicate extension of GL. 

The modal logic GL is obtaiucd from K by adding ax1訟 iom□（口P→cp)→ロcp.

This logic enjoys two sigi.1ific皿 tproperties, the arithmetical completeness皿 dthe 

fixed-point property. 

Modal formulas cai1 be interpreted into first-order arithmetical sei1tei1ces of for-

mal ai・itlunetic, for e..xample, Peano Arithmetic PA. An紅 ithmeticalinterpretation of 

modal fonmtla is defined as a mapping * from all propositional variables into arith-

metkru sentP-nces. In p紅 tic1tlar,the modal operator□is il1terpreted邸 Bew(x)where 

Bew（x) is the stand紅 dprovability predicate of PA. The provability logic of PA is the 

set of all modal formul邸 cpsatisfying PA卜が forany arithmetical i11terp1・etation *・ 
Solovay (1976) established the aritluuetical completeness theorem of GL. It asserts 

that, GL coincide.5 with the logic of provability of PA, i.e., for ro1y modal formula 

cp, GL 1-cp if and only if PA I-ゲ foraiiy arithmetical interpretation *・ Thus 

GL captm-es some properties of the provability predicate Bew(x). Moreover, the 

mliform ai・ithmetical completeness the01・em also holds for GL. That is, there is a 

fixed 紅•ithmetical interpretation * such that for皿 ymodal fonmtla cp, GL I-cp if a11d 

only if PA I-cp*. 

De Jongh and Sa.inbin (1976) independently proved the fixed-poil1t theorem for 

GL. Let cp(p) be a modal formula containing p. We sa:y,p(p) is modali7,cd in p if all 

occurrences of the propositional variable JJ in cp(p) are within the scope of the modal 

operator. The fixed-point theorem states that ifり(p)ismodalized in p, then thei・e is 

a modal formulaゅcontainingonly proposition叫 variable.'>occlU'ring in cp(p）without 

v and sucl1 that GL卜ゆ⇔ cp(ゆ)． Moreover,effective procedmes of constructing 
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fixed-points in GL h邸 beenstudied by several researcl1ers. 

（氏名：岩田荘平 No. 3) 

1 Logic of Proofs 

A proof p1·edic~te is a formula Prf(x, y) which represents the explicit provability 

of formul邸 inPA. The formttla Prf(x, y) intuitively means "there exists a proof in 

PA with the code (the Godel mrmber) x of the fomutla with the code y."For a proof 

predicate Prf (x, y), we call a E1 fonnula Pr(x)三ヨyPrf(y,x) a provability predicate. 

Artemov (2001) developed the Logic of Proofs, whicl1皿 alyzesproof predicates in 

PA. The logic of proofs deals with LP-formul邸， especiallyformulas of the form 

t: F, where ti~ called a proof term. An叫 thmeticalinterpretation of LP-formttl邸

is clcfiucd as a collcctiou of mappiug * aud fuuctious from proof tcm1s to natural 

number"S．The intended meaning oft: Fis "tis a (code of a) pl'oof of F." 

Artemov proved the ai・ithmetical completeness theorem of LP0: for any LP-formula 

F, LP。卜 Fif ro1d only if for any△1 normal proof predicate Prf(訊 y)ai1d any 

紅 ithmeticali11te1・preta.tion * b邸 edon Prf, PA卜F*.

Teclurlcally, there is a sub::;tm1tial(.lifferei1ce between Solovay's theorem and Arte-

mov's theorem. T11e ai・ithmeti叫 completene岱 theorem.ofGL holds for e袖 cano址

cal provability predicate. On the other hand, in the case of LP。theai・ithmetical com-
pleteness theorem does not hold with only the standard proof predicate Proof（の，y).

Moreover, it i~ not knowi1 whether the u1tlform ai.ithmetical completeness theorem 

holds for LP o・

We exa:inine the following probleu1S: (i) Does the ai・itlunetical completene認 theorem

for LPo hold with respect to some fixed proof predicate? (ii) Does the tmifo1m 

aritlunetical completeness theorem fo1・ LPo hold? 

For these proble1ns, we prove the following two sta知nents:

(i) There exists a normal△1 proof predicate Prf{x, y) such that for any LP-formula 

F,LP。卜 Fif ro1d only if for皿 y紅 itlm1eticalinterpretation * based on Prf, 

PA卜F*;

(ii) There exist a E1 (but not normal) proof predicate Prf(：じ，y)and an紅 ithmetical

interpretation * b邸 edon Prf such that for四 yLP-fonnula F, LP。卜 Fif皿 d

only PA卜F*.

2 Interpolation properties 

A logic L is said to have the Craig interpolation prop紅tyif for any fo1mula cp→ゅ
whicl1 is provable in L, there exists.a formula 0 (called an interpolant of cp→ゆ）

such tliat 8 consists of conllllon匹 iablesof cp皿 d1/;,皿 dsatisfies L I-cp→ 0皿 d

LI-0→ゅ． Alogic L is said to have the Lyndon interpolation property if for any 

provable implication cp→1/;, there is a stronger interpol皿 t()whicl1 preserves the 

positivity of variables, t坦tis, eve171 positive (negative) occurrence of a vru・iable also 

occurs both in cp皿 dゆpositively(resp. negatively). 

In GL, th釘 eis a close com1ection between the fixed-point properties and the in-

tcrpolatior~ p1·opcrtic.~, siucc the following facts: 

(i) The fixed-point theorem for GL can be derived from the Craig interpolation 

property for tl1e logic; 

(ii) Using t.he effective fixed-point theorem, we can prove the effective Lyndon in-

te11>olatio11 property for GL. 

Proofs of thE'! Cr咄ginterpolation property for G L皿 dthe f知 t(i) are indepE'!ndently 

given by Boolos (1979) &1d Smo叩 ski(1978). 

It had been opened whether the Lyndon interpolation property posses for GL tu1til 

Shainlcanov solved in 2011. He proved the Lyndon interpolation p1・opei・ty for GL by 

a modified version of Smory11ski's semantical argwnent, without applying the fixed-

point theorem. Later in 2014 he also proved the f邸 t(ii) by using a cut-free sequent 

calculus for GL. A benefit of Sha1nkanov's second proof of the Lyndon interpolation 

property is that, from cp→1/;, we ca11 effectively construct a Lyndon interpol皿 t()of 

'{)→心 whenevercp→ゆisprovable in GL. 

In the proof of Sha.n1ka11ov's second result, he also introduced a circular proof 

system. A circul紅 proofsystem 0L of L is one which h邸 thes皿 eaxioms皿 drules 

of L and admits "circul紅 proofs."A circular proof is a derivation tree of L whose 

leaves紅 eeither訟 iomsof L or identical to a sequent below that leaf. Shai.nkanov 

showed that G L is provably equi叫 entto the circular proof system °K4. He gave an 
effective way of constructing a Lyndon interpolant of cp→ゆ byu.血 g°K4 a.i1d the 

effective fixed-point theorem for GL. 
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In Chapter IV, we discuss the interpolation properties for Sacchetti's logic.'3 wGLn, 

whicl1 are proper fraginei1ts of GL. 

Sacd1etti (2001) studied modal logic-.s having the fixed-point pxoperty. In paiticltlar, 

he introduced a uew modal logic wGLn. The logic wGLn is obtained from GL by 

replacii1g the訟 iom口（口p→ '-P）→口砂y□（口％→ P)→ロrp,where n is a nonzero 
n /-natural nnmbe.r I ai1d□'icp denot．邸 □・・ •ロ 'P·

Sacchetti's logics wGLn have several prope1-tie.5 like GL. Originally Sacchetti 

(2001) showed that ・wGLn enjoys all the Kripke complete11ess, the Craig interpolation 

property. Moreover, he proved the fixed-point theorem for wGLn, Later Kurahaslli 

(2018) proved the arithmetical completeness theorem for wGLn with respect to a E2 

provability predicate. 

It is expected that wGLn posse.'> the Lyndon interpolation property, however, this 

conjecture has not been clarified. 

We develop two one-sided sequent calculi wGL!; and wK4;, and prove the fol-

lowing re.5ults: 

(i) The calcttlus wGL!: is provably equivalent to the circular proof system 

0wK4~: 
”’ 

(ii) Using 0wK4~ 皿d the effective fixed-point theorem for wGLn (Ktu・aha.i;hi皿 d

0畑~va), we cru1 constrnd a Lyndon interpolant of <p→ゅ inwGLn wh（瑯never

P →ゅ i.SPl切 able.

Icmhoff (2016) studied some sufficient cou<lit.ions for a type of modal s四ucut-cal-

cultt.<s to have an equivalent circul紅 proofsystem. Although the calculus wGL; does 

not enjoy Ie1nhoff's conditions, it has an equivalent circular proof counterpart. 

3 Fixed-point properties in predicate logic of provability 

It is natural to extend the studies of the logic of provability to a predicate modal 

logic. Howevel', the situation of the pl'edicate logic of provability is quite complex and 

most of the properties for GL do not hold for the predicate modal system QGL, which 

is the natural predicate extension of GL. In p紅 ticular,Montagna (1984) proved that-

QGL enjoys neit.her the Kripke complet.enesF>, nor the nrithrnetical cornplet.enE>..'lS. 
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He曲so・showed the failure of the fixed-point theorem for QGL, that is, he found a 

predicate modal form曲西） whicl1h邸 110fixed-points in QGL. 

On the other hand, there is a room for investigations of the fixed-point properties 

in p1・edicate modal logics. The logic QGL is not only the candidate of ai1 extension of 

GL. Recently Tai1aka {2018) introduced a new predicate modal logic NQGL, whicl1 

is strictly stronger thai1 QGL and enjoys the Kripke completeness、lt'i.threspect to a 

proper subclass of transitive and conversely well-founded Kripke ti:四 nes.There is a 

possibility that the fixed-point theorem holds for some extension of QGL. 

Sacchetti (1999) showed the fixed-point theorem for the modal logic K＋口n+l..l．

Also it has not bee11 known that the fixed-point theorem even holds for the predicate 

ex知 1sio11of this logic. 

In Chapter V we discuss some versions of the fixed-pomt properties for predicate 

modal logics. We <lefiue the following classes of Kripke fra1-r1es in whid1 all theorems 

ofQGL細 valid:CW {the cl函ゞ oft.ransit,ive and convEirsely well-fonud<",d fr皿函），

FH {the class of transitive伍,.meswith finite height), Fl (the cl邸 sof finite tr皿 sitive

frreft~ive fraines) and FIFO (the cla額 offinite trro1sitive frrefl.exive frrones of which 

domains紅 efinite). The class FH is a proper subclass of BL (the class of tr皿 sitive

of whicl1. are bounded length), whicl1 is introduced by Ta.i1a畑 (2018).The T皿紘a's

system NQGL is Kripke complete with respect to the cl⑱ s BL. The cl邸 sFIFD、Was

originally investigated by Artemov皿 dDzhapaJ.idze (1990). 

We study two semantical fixed-point propertie.,; fo1・ a class of Kripke frames, the 

fixed-point property and the local fixed-point property. By Mo11tag11a's resttlt, it 

follows that the classes CW and BL enjoy neither the fixed-point prope此ynor the 

local fixed-point propei・ty. We discuss whether the classes FH, Fl皿 dFIFD enjoy 

thc.<:ic two propcrtic.-,. We prove the following rcsttlts: 

{i) The classes FH, Fl and FIFD do not enjoy the fixed-point property; 

(ii) We prove the_ fixed-point theorem for the predicate modal logic QK十□n+1.L．
An algorithm for calculating fixed-points i11 QK十□n+l..lisgiven in the proof. 
Co11-;equently, we obtain that the classes FH, Fl皿 dFl FD enjoy the local fixed-

point property. 

As a consequence, we prove that Tanaka's system NQGL does not enjoy the C面 g

it1te1-polatiou property. 
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As mentioned above, lviontagna showed that the fixed-point theorem does not hold 

for QGL. Although there is a possibility that the fixed-point theorem holds fol'some 

classes of formulas. It ha.-s not been lmown sufficient (or ucccふsa1y)conditions for a 

formula to have a fixed-point in QGL. In the end of Chapter V, we investigate these 

conditions. We prove that if r.p(p) is a Boole皿 combinatiouof ~-for1m曲.s, then ip(p) 

has a fixed-point in QGL. 
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GLは形式的算術（例えばペアノ算術 PA)で定義可能な証明可能性述語を口とみなす様相論理である様相

論理式から算術の論理式への，証明可能性述語を介した変換を算術的解釈と呼ぶ． Solovayは 1976年，

GLで¢が証明できることと， ¢をどのように算術的解釈によって解釈してもそれが PAで証明できる

ことは同値であることを示した（算術的完全性）．これにより， GLが証明可能性述語を扱う様相論理とし

て妥当なことが示された．

また， GLは不動点性質と呼ばれる論理的性質も持っている． I/> (p) において， pの出現がすべて口の

内部に現れているならば，¢の命題変数から pを除いたものからなる¢で GU-rt,..¢ (¢)を満たす自

己言及的な論理式（不動点）が存在することが， deJonghや Sambinらによって証明された (GLの不動

点定理）．これらの結果を踏まえ，本論文では GLと同様に算術と関わりのある 3つの論理についてそれ

ぞれ分析がなされた．

まず第 III章では， Logic of proofs LP _Oの算術的完全性について考察された． Logicof proofsは，

論理式の証明可能性だけでなく，具体的にどのように証明されるかを構成的に捉えるために Artemovが

導入した特殊な様相論理である． Logicof proofsは口の代わりに 3種のオペレータで構成される証明

項を用い，証明項つきの論理式(LP論理式）を扱う． PAで「xは yを証明する」を意味する証明述語を任

意に選び，その下で LP論理式を解釈したとき， LP_Oは GLと同様に算術的完全性が成り立つこと

が Artemovによって示された．今回， Artemovの結果を更に改良し，ある種の証明述語を固定したとき

にも LP_Oが算術的完全性を持つことを示す．更に Artemovの議論での証明述語の条件を緩めると，

LP_Oで一様的な算術的完全性が成り立つことが示された．

第 IV章では， Sacchettiによって発見された新しい様相論理 wGL_nの補完性質についての結果を述べ

られている． wGLJlは GLの部分論理でありながら GL といくつかの類似する性質を持つ．

Sacchettiや Kurahashiらにより， wGL-nが不動点性質や算術的完全性を満たすことが示された．一方

で，リンドン補間性と呼ばれる強い補間性質を持つことが， GLの場合にはShamkanovによって示されたが，

wGL_nの場合にはまだ明らかになっていない．そこで， Shamkanovのリンドン補間性の証明法を応用し，

wGL_nと同じ証明能力を持つ circularproof systemという特殊な証明体系を用いることで， 1vGL_nが

リンドン補間性を持つことが証明された．更に具体的な補間論理式を構成する方法が与えられた．

第 v章では， GLの述語拡大での不動点性質について鏃論されている． GLを述語様相論理に拡張し

た QGLでは， GLで成り立っていたほとんどの性質が失われてしまう． QGLは算術的完全性も不動点性質

も満たさないことが Montagnaによって示されている．そこで， QGLよりも広い，クリプキ意味論によっ

て特徴づけられる論理式のクラスを考え，そこで不動点性質が成り立つかどうかが分析された．いくつか

のクラスにおいて意味論的不動点性質が成り立たないが，一方で局所的には不動点の性質を持つことが示

された．最後に， QGLで ib(p)が不動点を持っための十分条件についても述べられている．

本研究は，算術的解釈を持つ様相論理関する幾つかの定理を証明し，数理論理学について重要な知見

を得たものとして価値のあるものである．提出された論文はシステム情報学研究科学位論文評価基準を満

たしており，学位申請者の岩田荘平は，博士（学術）の学位を得る資格があると認める．
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