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Abstract

In this dissertation, we clarify hidden supersymmetries and the fermion generation structure in extra
dimensional models.

Extra dimensional models could solve problems left in the Standard Model (SM) and are
promising candidates of beyond the SM. We decompose higher dimensional fields in extra di-
mensional models into Kaluza—Klein (KK) mode functions, and derive 4D effective theories with
an infinite number of 4D fields. In these effective theories, we regard massless 4D fields as the
ones in the SM and massive fields correspond to new particles. Although many proposals have
been made, we have not obtained the sufficient models which unifiedly explain the mysteries in
the SM yet. In extra dimensional models, 4D effective theories greatly depend on a geometry and
boundary conditions of extra dimensions. Therefore, to construct phenomenological models with
extra dimensions, we should reveal the theoretical structure in extra dimensional models from the
viewpoint of a geometry and boundary conditions, and clarify when the SM is realized and what
new particles appear in the 4D effective theories. These are the main purposes in this dissertation.

Here we focus on the structure of the supersymmetric quantum mechanics (SUSY QM) in the
4D mass spectrum obtained from higher dimensional Dirac fields. We show that the structure of
N = 2 SUSY QM exists in any extra dimensional models with Dirac fields, which results from
the requirement that the mass terms of 4D spinors should consist of the pair of 4D left and right-
handed chiral fields. The supercharge in this SUSY QM relates the KK mode functions for 4D
left and right-handed chiral fields and explains the 2-fold degeneracy of them. In addition to this
2-fold degeneracy, more degeneracies generally exist in the 4D mass spectrum due to the degrees of
freedom of the extra space. We will reveal the structure of N-extended SUSY QM hidden in these
degeneracies, and show that the supercharges relate additionally degenerate KK mode functions.

Furthermore, the N = 2 SUSY QM indicates that the number of massless 4D chiral fields is re-
lated to the topology in extra dimensions. Then, we study the 5D Dirac fermion on quantum graph
to investigate the topology and construct the phenomenological models from the viewpoint of gen-
eral 1D extra spaces. We clarify the allowed boundary conditions and show that the chiral fermions
appear from the topology of the boundary conditions on quantum graph. It is also found that this
model could naturally solve the problems of the fermion generation, fermion mass hierarchy, the
origin of the flavor mixing and CP-violating phase.
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Chapter 1

Introduction

1.1 Mysteries in the Standard Model

The Standard Model (SM) is four-dimensional (4D) SU(3)c xSU(2), X U(1)y gauge theory with the
quarks, leptons, gauge bosons and Higgs boson, and known as the most established model which
describes the nature of elementary particles so far. It is completed by the discovery of the Higgs
boson [1, 2] and successfully reproduces experimental results, e.g. the electron g-factor with the
marvelous accuracy of O(107!2).

However, there are many mysteries left in the SM. Examples are as follows:

e generations:
The SM includes three copies of the quarks and the leptons so called the generation and
they have same quantum numbers except for their masses. Although it is known that more
than or equal to three generations are required to realize the CP-violation which is confirmed
experimentally [3], a theoretical origin of three generations of the quarks and the leptons
cannot be explained in the SM.

e chiral asymmetry:
In the SM, the left-handed fermions are SU(2); doublet while the right-handed ones are
SU(2), singlet since only the left-handed fermions interact with the SU(2), gauge bosons
from the parity violation. Why this chiral asymmetry exists in the SM?

e mass hierarchy:
There are huge mass differences among the generations of fermions. For example, the mass
ratio of the top quark and the up quark m,/m, is given as O(10°) . Since the mass terms of the
quarks and leptons are obtained by the Higgs mechanism, the mass hierarchies imply that the
Yukawa coupling constants greatly differ with each other. In the SM, the Yukawa coupling
constants are the free parameters and the SM cannot answer why the nature chooses such
unnatural Yukawa couplings with huge hierarchies.

¢ flavor mixing and CP-violating phase:
The flavor mixing and the CP-violation are induced through the weak interaction. The
strength of the flavor mixing and the CP-violation are described by the three mixing angles
and CP-violating phase in the Cabibbo—Kobayashi-Maskawa (CKM) matrix for the quarks.
What dose theoretically determine this mixing matrix in the SM?

1



CHAPTER 1. INTRODUCTION

e gauge hierarchy:

The energy scale of the electroweak interaction and also the Higgs mass in the SM are given
by O(100) GeV due to the vacuum expectation value (VEV) of the Higgs v = 246 GeV.
However, scalar fields does not have symmetries which ensure they are massless such as
the chiral symmetry for spinors and the gauge symmetry for gauge fields. Therefore, the
quantum correction for the Higgs mass includes a term in proportion to the square of a cut
off scale. Then if we assume that the SM is applicable up to GUT scale O(10"%) GeV or
Planck scale O(10'%) GeV, we require a fine tuning between the bare mass and the quantum
correction to obtain the physical Higgs mass 125 GeV. This is known as the gauge hierarchy
problem which also asks that why the energy scale of the weak interaction is much smaller
than the GUT scale or the Planck scale.

Therefore, we expect that there exists a more fundamental theory than the SM and it would answer
these mysteries. To unveil this beyond the SM is an important task in the particle physics.

1.2 Beyond the Standard Model with extra dimensions

One of promising candidates of beyond the SM is extra dimensional model. Extra dimensional
models have extra spacial dimensions in addition to the ordinary 4D spacetime and we assume that
an extra space is compactified to a finite volume due to the consistency of experiments.! Then the
SM is realized as the effective theory of extra dimensional models.

The idea that we live in higher dimensions is firstly proposed by Kaluza and Klein with a moti-
vation of the unification of the electromagnetic and gravitational interactions [6,7]. The superstring
theories, which describe the quantum gravity and the candidates for a theory of everything, is also
based on the notion of higher dimensions. These days, many extra dimensional models are consid-
ered and play important roles to solve the mysteries in the SM.

1.2.1 Properties of extra dimensional models

The most remarkable feature of extra dimensional models is that there appear infinite 4D fields
in the effective 4D action by the Kaluza—Klein (KK) decomposition of higher dimensional fields.
Higher dimensional fields are decomposed by KK mode functions which are eigenfunctions of the
Laplacian on the extra space and span complete sets. Then, coefficients of KK mode functions are
identified as 4D fields whose masses are give by eigenvalues of an extra dimensional Laplacian.
For example, when we consider a 5D scalar field ®(x, y) on an S !-extra dimension with the periodic
boundary condition, we can consider the Fourier series expansion

I
P(x.y) = ) bu0) 5™ (1.2.1)

where x and y denote the coordinates of the 4D spacetime and the extra space respectively, and R
is the radius of S'. Then, the higher dimensional equation of motion [—Gﬁ - 03] ®(x,y) = 0 leads
to 4D equations of motion

~0; + (%)2] $a(x) =0, (1.2.2)

! Although models with non-compact extra dimensions are also known [4, 5], we focus on compact cases in this
dissertation.



1.2. BEYOND THE STANDARD MODEL WITH EXTRA DIMENSIONS

and we can regard ¢,(x) as the 4D fields with the mass n/R .

Massive particles and their mode functions are called the KK particle and massive KK modes
respectively. On the other hand, mode functions of massless particles are refered as KK zero modes.
As well as the above example, masses of KK particles are generally in inverse proportion to the size
of a extra dimensional space. Therefore, if we consider the case that the size of extra dimensions
are sufficiently small, the KK particles have huge masses and invisible at the low energy scale in the
current experiments. Then the low energy effective theory is described by the KK zero modes. We
can identify these zero modes as the fields in the SM and the massive KK modes as new particles
which are not observed so far.

In extra dimensional models, a geometry and boundary conditions of extra dimensions greatly
affect the existence of KK zero modes and what KK particles appear. Therefore we should pay
much attention to the geometry and boundary conditions of extra dimensions when we construct
phenomenological models.

It should be also noted that the structure of the N' = 2 supersymmetric quantum mechanics
(SUSY QM) is hidden in the 4D mass spectrum of higher dimensional spinor, gauge, gravity theo-
ries respectively, due to chiral symmetry, higher dimensional gauge symmetry, higher dimensional
general covariance symmetry [8—13]. For example, mass terms of 4D spinors should consist of
the pair of 4D left and right-handed chiral fields. This implies that the corresponding massive KK
mode functions from a higher dimensional spinor should have same mass eigenvalues and be re-
lated with each other. The structure of the SUSY QM appears in this relation. The massive KK
mode functions of 4D left and right-handed chiral fields form supermultiplets of the N' = 2 SUSY
QM.

In addition to this 2-fold degeneracy, more degeneracies generally exist in the 4D mass spectrum
due to the degrees of freedom of the extra space. This implies that effective 4D theories includes
many KK particles with same masses. If degeneracies appear, it is expected that some symmetries
are hidden behind them. It is important to reveal the symmetries which explain these additional
mass degeneracies. Therefore, in this dissertation, we try to clarify the symmetries hidden in the
additional degeneracies.

1.2.2 Resolution of the mysteries in the Standard Model

Next, let us discuss how to resolve the mysteries in the SM by extra dimensional models. There
are many models which address the mysteries respectively or simultaneously, e.g. gauge hierarchy
problem [14—16], fermion flavour structure [17—43] and so on. Here, we briefly see the basic ideas
and models.

e gauge hierarchy

For example, the gauge hierarchy problem is addressed by the Arkani-Hamed—Dimopoulos—
Dvali (ADD) model [14], the Randall-Sundrum (RS) model [15] and the gauge-Higgs unification
scenario [16].

The ADD model supposes the situation that only the gravity propagates in flat extra dimensions
while the matters and gauge fields are confined on the 4D object what is called the brane. Then the
matters and gauge fields have no KK particles. This model says that the hierarchy does not exist
since the genuine cut off scale is the higher dimensional Planck mass M4, ~ 1 TeV. In this model,
the size of d-dimensional extra space L is given by L ~ 10"*cm, 102cm, 107 cm, --- ford =
1,2,3, -, fromthe relation between the 4D Planck mass M, and the higher dimensional Planck
mass My.q, M, = (Myrq)**L?. In the case of d = 1, the size L is too big and the inconsistency
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CHAPTER 1. INTRODUCTION

with Newton’s law of gravitation occurs due to the effect of the propagation of the gravitation into
the extra space. However, the case of d > 2 are not excluded by the experiments and the size of
extra dimensions might be given by L ~ 1072 ¢cm surprisingly. Therefore this model is also refered
to the Large Extra Dimension model. It should be noted that a new hierarchy problem will arise
between the electroweak scale and the large size of the extra dimension 1/L ~ 107 eV in the case
ofd=2.

The RS model considers the 5D Anti-de Sitter spacetime whose extra space is compactified
to the S'/Z, orbifold by the identification y ~ —y (—7R < y < nR). There are two branes so
called UV brane and IR brane at the fixed points y = 0, 7R respectively and the metric is given by
—ds* = ey, dx"dx” + dy*, where k is defined by the ratio of the bulk cosmological constant and
the tensions of the branes. Therefore, if we consider that the particles in the SM live in the IR brane,
the quantity on the IR brane such as the Higgs VEV is rescaled by the warp factor e~>™*®. Then,
even if the radius R, k and the non-rescaled Higgs VEV are of the order of the Planck scale, the
exponential suppression by the warp factor can naturally leads to the electroweak scale and we can
explain gauge hierarchy without the fine tuning. This model also causes no new hierarchy between
the electroweak scale and the large size of the extra dimension unlike the ADD model.

The gauge-Higgs unification scenario is based on the idea that the 4D Higgs field is identified
as the KK zero mode of an extra-dimensional component of a higher dimensional gauge field A,.
It dose not transforms under the 4D Lorentz transformation and therefore, we can regard A, as
a scalar field from a 4D perspective. In this scenario, the higher dimensional gauge symmetry
prohibits the quadratic UV divergence of the Higgs mass, since the local operators which break
the gauge symmetry cannot exist. The compactification of the extra space leads to the Feynman
diagrams which wind around the extra space and cannot shrink to a point. Then, this contribution
have no UV divergence and gives the finite Higgs mass through the quantum correction.

We can also naturally relate the origin of generations, chiral asymmetry, mass hierarchy, flavor
mixing and CP-violating phase to extra dimensional models.

e generations and chiral asymmetry

The chiral asymmetry results from the geometry, back ground fields and boundary conditions
in extra dimensions. It is also known that the number of generations is related to the topology of
the extra space and given by the topological quantity so-called Witten index in the SUSY QM.

The suitable geometry, background fields and boundary conditions of the extra space lead to
the degenerate KK zero mode functions for a higher dimensional spinor and we can obtain the
multiple 4D massless fields. Even if there are massless 4D Dirac spinors, they can become massive
through quantum corrections and decouple from massless 4D chiral fields. This leads to the chiral
asymmetry. Furthermore, we can identify remaining massless chiral fields as the chiral fermions in
the SM. Then the generations are obtained from one higher dimensional spinor.

¢ mass hierarchy, flavor mixing and CP-violating phase
The mass hierarchies of the quarks and leptons are explained by overlap integrals of KK mode

functions. For example, we consider the SD Yukawa interaction for a 5D scalar field ® and 5D
Dirac fields ¥ and ¥’ with a 5D Yukawa coupling constant gsp

S Yukawa = &5D f d*x f dy ©(x, y)¥P(x, )W’ (x,y) + h.c.. (1.2.3)
Furthermore, we assume that the scalar field has a y-dependent VEV (®(y)) and the Dirac fields

4



1.2. BEYOND THE STANDARD MODEL WITH EXTRA DIMENSIONS

can be decomposed as

P(x,y) = ¥ fOy) + (massive KK modes) (1.2.4)
P (x,y) = ' (g () + (massive KK modes) (1.2.5)
where w(LO)(x) and w’%))(x) indicate a 4D massless left-handed and a right-handed chiral fields respec-

tively, and £ (y) and g”(y) denote and the zero mode functions. Then, the 5D Yukawa interaction
leads to the following 4D mass term

S vakawa = f d*x map U7 OV (x) + h.c. + (massive KK modes), (1.2.6)

where the 4D mass myp 1s given as an overlap integral of the mode functions

Map = g5p f dy (@) (V). (1.2.7)

Therefore, if the scalar VEV and the KK mode functions are localized at some positions such as the
Gaussian function, we can easily obtain large mass hierarchies without a fine tuning of 5D Yukawa
couplings. The closely localized functions give a huge mass while the separated functions give a
tiny mass. The schematic figure of the overlap integral is described in Figure 1.1.

Furthermore, if we identify the degenerate chiral zero modes are generations of the fermions
in the SM and there are overlaps between the mode functions of different fermion generations, the
overlap integrals lead to off-diagonal components of mass matrices through the higher dimensional
Higgs mechanism. Then, we obtain the CKM matrix by diagonalizing the mass matrices for the
quarks and the flavor mixing occurs. Moreover, if the degenerate mode functions are genuine
complex functions, the CP-violating phase can also appear in the CKM matrix without introducing
the different complex Yukawa copulings for each generations like 4D case.

A 99 (y) A 99(y)

» Y

Figure 1.1: The overlap integrals of localized mode functions. The left figure illus-
trates the closely localized configuration and it gives a huge mass through the overlap
integral. On the other hand, the right one corresponds to the separated configuration
and gives a tiny mass.

The models which will explain the generations of chiral fermions, mass hierarchy, realistic
flavor mixing and CP-violating phase simultaneously are less known. One of them is the model
of torus-extra dimensions with or without orbifolding in a background homogeneous magnetic
flux [25—40]. In this model, the magnetic flux is quantized by the condition that fields should be

5



CHAPTER 1. INTRODUCTION

single valued on the torus. Then, this quantized value of magnetic flux is related to the number
of KK chiral zero modes or equivalently the generation of fermions. It is known that the KK
zero modes are localized and also complex functions due to the shape of the torus and a Wilson
line phase of a background gauge potential. These give the mass hierarchies, flavor mixing and
CP-violating phase through the higher dimensional Yukawa interactions.

Another is the model whose extra space is an interval or §'! with point interactions [41-43].
The point interaction is the zero-thickness interaction such as a delta function potential, and it is
known that the possible point interactions in one-dimensional quantum mechanics are described
by boundary conditions whose parameter space is U(2) [44,45]. By applying this idea to extra
dimensional models, we can add “extra boundary conditions” for all kinds of 5D fields in the
bulk space, in addition to the boundary points. In the model [41-43], they discuss the case of the
point interactions with Dirichlet boundary conditions for 5D fermions. The number of generation
for the fermions in the SM corresponds to the number of the point interactions for 5D spinors.
Furthermore, KK zero modes become localized at positions of each point interaction. The point
interactions for each 5D spinors can be placed at different positions, and the overlap of the KK
zero modes are induced. This gives the mass hierarchies and the flavor mixing. However, they
are not genuine complex functions since the KK zero modes for the 5D spinors can be taken as
real functions by a redefinition of normalization constants. Actually, the CP-violating phase arises
from a twisted boundary condition for the SD Higgs field. This boundary condition leads to the
y-dependent complex Higgs VEV and the components of mass matrices become complex through
the overlap integral. The mass hierarchies of the quarks and leptons depend on the positions of the
point interactions and this model realizes mass hierarchies by adjusting their positions “by hand”.
Recently, the idea is proposed that a minimization of a Casimir energy determines the positions
of the point interactions. Then, we may “dynamically” realize the observed quark/lepton mass
hierarchy.

Although we have seen some examples, the most of models have considered only the simplest
extra spaces and there are few works from the viewpoint of general geometry and boundary con-
ditions of extra dimensions. It is important to reveal possible configurations to constructing the
realistic models, and we can expect that there are extra dimensional models which can unifiedly
explain the fermion generation structure and also other mysteries in the SM.



1.3. MOTIVATION AND OUTLINE

1.3 Motivation and Outline

As we have seen in the above, a geometry and boundary conditions of extra dimensions are much
important phenomenologically. Therefore, we should reveal the theoretical structure in extra di-
mensional models from the viewpoint of general geometry and boundary conditions, and also clar-
ify when the SM is realized and what new particles appear in the 4D effective theories.

In this dissertation, we will focus on two topics: hidden SUSY QM in the 4D mass spectrum
of a higher dimensional Dirac spinor and the fermion generation structure in extra dimensional
models. In addition to the 2-fold degeneracy from the N' = 2 SUSY QM, more degeneracies
generally exist in the 4D mass spectrum due to the degrees of freedom of the extra space. These
lead to many KK particles with same masses in an effective 4D theory. Then, we can expect the
further symmetries are hidden in these additional degeneracies. Here, we will reveal the structure
of N-extended SUSY QM with central charges hidden in these degeneracies, and show that the
supercharges relate additionally degenerate KK mode functions.

Furthermore, we study the 5D Dirac fermion on the quantum graph from the viewpoint of
general 1D extra spaces. The quantum graph is known as a quantum mechanical system on a one
dimensional graph which consists of edges and vertices connected with each other, and boundary
conditions are imposed on each vertex. Then various graphs can be obtained depending on how to
connect edges and vertices, in addition to an interval and S! with and without point interactions.
We clarify the allowed boundary conditions and show that this model could naturally solve the
problems of the fermion generation, chiral asymmetry, the fermion mass hierarchy and the origin
of the flavor mixing and CP-violating phase. Moreover, we also consider the case of an interval
with point interactions and confirm whether this model can dynamically give the realistic fermion
mass hierarchy by the minimization of the Casimir energy.

This dissertation is organized as follows: In the next chapter, we briefly review the N = 2
SUSY QM, N-extended SUSY QM, its central extension and see their characteristic properties.
Then, in Chapter 3, we consider the KK decomposition of higher dimensional Dirac fields. Since
a 4D mass term consists of 4D left and right chiral fields, it is turned out that massive KK mode
functions for them should be related with each other. The structure of N' = 2 SUSY QM is hidden
in this relation and the KK mode functions form supermultiplets. Furthermore, we show that the
number of massless chiral fields are given as the Witten index in N' = 2 SUSY QM and related
to a topology in extra dimensions. In Chapter 4, we investigate the 5D Dirac fermion on the
quantum graph from the viewpoint of general 1D extra dimensional models. We will show that the
generation of fermions is obtained by the topology of boundary conditions on the quantum graph
and also the mass hierarchy, the origin of the flavor mixing and CP-violating phase in the SM can
be explained qualitatively. In Chapter 5, we focus on the model of the interval extra dimension with
point interactions which corresponds to the quantum graph with the Dirichlet boundary condition
and discuss whether the mass hierarchy of fermions can be numerically and dynamically obtained
by minimizing the Casimir energy. In Chapter 6, we study the structures of N-extended SUSY QM
with central charges in the 4D mass spectrum of the higher dimensional Dirac field. We will show
that this extended SUSY results from the symmetries in the extra space. Chapter 7 is devoted to
summary and discussion.






Chapter 2

Supersymmetry in quantum mechanics

In this chapter, we review the SUSY QM, which is well known as the supersymmetry realized in
quantum mechanics.

SUSY QM was firstly introduced by Witten to investigate the supersymmetry breaking [46].
One of the characteristic properties in SUSY QM is that nonzero energy states are always doubly
degenerate and they are related by a supercharge which corresponds to a square root of Hamiltonian.
This property are applied to exactly solvable quantum mechanics [47-50]. These days, SUSY
QM is also applied to a wide range of research areas, e.g. Berry phase [51-53], black holes and
AdS/CFT [54-58], Sachdev—Ye—Kitaev model [59-63], extra dimensional models [8—13, 64] and
o on.

Its extensions are also investigated. The AN-extended supersymmetry is an extension which
includes N independent supercharges in the supersymmetry algebra [65—72], and they explain the
further degeneracy in the energy spectrum. In addition, a central extension which introduces central
charges in the algebra is also studied [73-76].

This chapter is organized as follows: In the next section, we briefly review the N' = 2 super-
symmetric quantum mechanics. Then, in Section 2.2, we consider the N-extended supersymmetry
and the central extention.

2.1 N =2 supersymmetric quantum mechanics

In this section, we review the N' = 2 SUSY QM and see its characteristic properties. As an example,
we see the Witten model which realizes the N' = 2 SUSY QM. Furthermore, we discuss the relation
between the Witten index and the supersymmetry breaking.

2.1.1 Definition and properties

N =2 SUSY QM consists of the Hamiltonian H, supercharge Q, “fermion number” operator (—1)"
which are Hermitian operators and satisfy the following relations

H=Q%, 2.1.1)
{0,(-Df} =0, (2.1.2)
[(-Df*=1. (2.1.3)
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From the above relations, we can obtain the N' =2 SUSY algebra

{0i,Qj} =2Hé;, [H,0i1=0 (G, j=12), (2.1.4)

where we define Q; = Q, 0, = i(~1)"Q. This algebra corresponds to the quantum-mechanical
version of supersymmetry algebra in quantum field theory, so that the supercharges dose not have
spinor indices.

Let us then consider characteristic properties of SUSY QM. The relations (2.1.1), (2.1.2) indi-
cate H and (—1)" commute with each other. Furthermore, (2.1.3) implies the eigenvalues of (—1)
are given by +1. Therefore we can consider simultaneous eigenstates

H|E,, +) = E\|E,, %), (=D|E,,+)==#|E,,+) (n=0,1,---). (2.1.5)
The Hermiticity of Q and the relation (2.1.1) imply that the Hamiltonian H is semi-positive definite

WIHY) = WO lpy = WO Oly) = | Q) I > 0, (2.1.6)

for any state |/) . Furthermore, since the Hamiltonian H commutes with Q, the states Q|E,, +) have
the same energy eigenvalue of |E,, +)

H(QIE,, +)) = QH|E,, ) = E,Q|E,, +) . (2.1.7)
In addition, Q flips the eigenvalues of (—1) due to the anti-commutation relation (2.1.2)
(—=DF(QIE,, +)) = —=Q(=1)"|E,;, ) = FOIE,,, %) . (2.1.8)
Therefore we can find that
QlE,, +) = a.|Ey, F), (2.1.9)
where . are some constants. From the relation

E, = <En’ +|H|En’ +> = <En’ +|Q2|En’ +>
= |QIE,, H)I’ = |a. [, (2.1.10)

the constant «, is given by ., = VE, up to a phase. Then the relation
E\|E, +) = Q*|Ey +) = @, Q|E,, -) = a,a_|E,, -) (2.1.11)
leads to @_ = (@,)* = VE, . We also find that
0l0,+) =0 (2.1.12)

for zero energy states. Therefore, they are not related by the supercharge Q.
Then, we can summarize the properties of SUSY QM as follows:

10
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1. The Hamiltonian H is positive-semidefinite
W HW) >0  for any state ) , (2.1.13)
or equivalently

E, >0 forall the energy eigenvalues . (2.1.14)

2. The positive energy eigenstates with (—1)F = 1 and (=1) = —1 are doubly degenerate
and related by the supercharge Q

QIE,, +) = \EE,, F) . (2.1.15)

3. Zero energy eigenstates are not related by the supercharges Q and not necessarily
degenerate

0l0,+) =0. (2.1.16)
A typical energy spectrum of SUSY QM is described as Figure 2.1.

E, |E”’+> |E,, =)

Figure 2.1: The typical energy spectrum of SUSY QM

11
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2.1.2 Witten index and supersymmetry breaking

The Witten index Ay is defined by

Aw = Nio = Ni=o.-

(2.1.17)

where Ng—o. denote the number of the zero energy states with (—1)f = +1. This index is a

topological quantity which is invariant under continuous deformations of parameters in the

system.

This can be understood as follows: From the properties of SUSY QM, the nonzero energy states
with (=1)F = +1 should be always doubly degenerate and change together by continuous deforma-
tions. Therefore, even if nonzero energy states become zero energy by continuous deformations,

the difference Ng—o. — Ng-o - does not change and the Witten index is invariant as Figure 2.2.
E |En’+> |En’_> En |En’+> |En’_> En |En’+> |En’_>
E|l (@ O
0 o 0 O o —@0O O

Figure 2.2: We illustrate the change of the energy spectrum by continuous deforma-
tions of parameters in the system. Nonzero energy states change together and the

Witten index is invariant.

The Witten index characterizes the spontaneous supersymmetry breaking. We define the spon-
taneous supersymmetry breaking in quantum mechanics as nonexistence of zero energy states sim-

ilarly to SUSY in quantum field theory, i.e.
QlE,, +) # 0,
for the lowest energy states. Then we can find that
Ay #0 = zero energy states exist <= supersymmetry is restored,
and the contraposition is given by
spontaneous supersymmetry breaking — Ay =0.
Therefore if supersymmetry is spontaneously broken, the Witten index should be zero.

12
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2.1.3 Expample: Witten model

In this section, we see the Witten model as an expample of a model which realizes the N' = 2 SUSY
QM in a one-dimensional quantum mechanics [46]. The Hamiltonian is given by 2 X 2 matrix

ATA 0 H, 0
B = ( ; AAT) _ ( ! H_) 2.1.21)
22 W) = W
= ( 2m dx? + 2m(W (1)) 2mW *) w8 1 /O 2 Loy ) ’ (2122
0 o A2 + E(W (X)) + EW (x)

where A, A" are defined by
1 d o d
A= —( _ind iW’(x)), AT = —( iy iW’(x)), (2.1.23)
V2m dx V2m dx

and m indicates a mass. W(x) is a real function and called superpotential. W’(x), W”(x) indicate
first and second order derivatives for W(x). Since the Hamiltonian is 2 X 2 matrix, a wave function
is given by the form of 2-component vector

Y- (x)

Then, we find that the following SUSY QM structure exists in this model: The supercharge Q,
the Hamiltonian H and the fermion number operator (—1)" can be defined as

0 A ATA 0 1 0
Q:(A 0)’ H:( 0 AA*)’ (‘1)F:(O _1), (2.1.25)

and satisfy the SUSY relations (2.1.1), (2.1.2), (2.1.3). Here we require suitable boundary condi-
tions for wave functions to satisfy the Hermiticity of Q, if boundaries exist. From the properties of
SUSY QM, the eigenstates

P(x) = (‘Mx)) . (2.1.24)

_ (YE+(x) ([ O
\PE,+('X) - ( 0 H \IIE,—(X) - l//E7_(.x) ’ (2'1‘26)
HYg . (x) = E¥Yg.(x), (2.1.27)
(D) Wea(n) = +¥5.(x), (2.1.28)
are doubly degenerate for nonzero energy states and related by the supercharge
O¥r.(x) = VE¥::(x). (2.1.29)

If W”’(x) # 0, The diagonal components of Hamiltonian H, and H_ are different with each
other, i.e. H, # H_. Therefore, when we consider the one-dimensional quantum-mechanical
systems with the Hamiltonian H, and H_ respectively, these two systems are related by the SUSY
in the Witten model although H, and H_ describe the different systems. Thus, if we obtain the
nonzero energy eigenstates Yg ;. (Y ) for the system H, (H_), we can also obtain the same energy
eigenfunction g _ (Y _.) for the other system H_ (H.) by the relation (2.1.29).

The following systems are examples which are related by SUSY in the Witten model:

13
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e Example 1 : harmonic oscillator
We consider the superpotential

1
W(x) = 5mwxz, (2.1.30)

where w is a constant. Then H, and H_ are given as the Hamiltonian of the harmonic oscillator
with constants Fhw/2

W od> mo? hw
H =—— + —xX*F —. 2.1.31
- 2m dx? - 2 YT (2.1.3)

The supercharge Q can be written by the creation-annihilation operator a, a

0 +i V2hwa'
= 2132
o=y "0 2132
h d mw h d mw
Po (4 e I B 2.1.
a me( x x)’ a 2mw(dx+ 7 x)’ (2.1.33)

and these two systems are related with each other due to the creation-annihilation operators which
shift the energy by Aiw.

e Example 2 : free particle and Rosen-Morse potential

We take W’(x) as

W'(x) = htanh(x) . (2.1.34)
In this case, H, and H_ are given as
w d? h? 2
H=—-——+—|1- , 2.1.35
- 2m dx? Zm( coshz(x)) ( )
W d? h?
H=———+ (2.1.36)

2mdx®:  2m’

H_ corresponds to the Hamiltonian of the free particle since the second term is merely the constant.
On the other hand, H, has nontrivial potential which is called the Rosen-Morse potential. Nonzero
energy eigenstates of these systems are related by the SUSY QM and the positive energy spectrum
of H, has the same structure as the free particle system, in spite of the nontrivial potential.

14
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2.2 Extended supersymmetry

In this section, we discuss the extensions of N' = 2 SUSY QM. One is the N-extended supersym-
metry and the other is central extension.

2.2.1 N-extended supersymmetry

N-extended supersymmetry has N supercharges which satisfy the following algebra
{Qia Qj} :2H6115 [H’ Ql] :O (l’]: la 9N)’ (221)

where Q; (i = 1,,--- , N) are Hermitian. Due to the existence of many supercharges, there appear
more degenerate nonzero energy eigenstates compared with the N' = 2 SUSY QM. We also find
that zero energy eigenstates are not related by the supercharges Q and not necessarily degenerate
as well as the N =2 SUSY QM.

Then, we study the nonzero energy eigenstates and show that they are 2\V/2)-fold degenerate.
First, we introduce the following Hermitian operators

1

S1==i0:102, -+, Snpe=—100on2-102N/2] - (2.22)

These operators commute with each other and the Hamiltonian H. These operators also satisfy the
relation

S,)'=H (p=1,---,IN/2)). (2.2.3)

This indicates the eigenvalues of §, are given by S, = +E, for the eigenstates. Thus, there exist
simultaneous nonzero energy eigenstates and we can label them as

HIE, ,s1, - ,sinv) = ElE, 51,0 L sivp2p) s (2.2.4)
SolEn,st, s SinpD = SpEnlEn 1, ssivpp) (p=1,--+,IN/2)), (2.2.5)

where s, =+ (p=1,---,[N/2)).
Furthermore, § , and the supercharges satisfy

05, = {—SPQ,- (i=2p-1,2p), 026

+5,0; (@#2p-1, 2p).

Therefore we find that the supercharges Q,,-; and Q,, flip the sign of the eigenvalues of S, but do
not change other eigenvalues

QilE,,s1, - sSpsttt S|_N/2J> & VEn|En sS81,  , = S8Sp, ,SI_N/2J> > (2.2.7)
From this relations, we can explicitly construct the supermultiplet from the |E, ,+,--- ,+) as
1 i Lo 7SIv /2
|Ens sty s Sive)) = (D)7 (@) - (Qanpp-1) 7 |En,+,-- ) (2.2.8)

(VE,)*

'The symbol | | is the floor function and | k| denotes the maximum integer less than or equal to k.

15
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where s = 2(1—s51)+3(1—s3)+- -+ (1 —s5x5/2)) , and the supercharges relate 2/¥/?-fold degenerate
states with each other.
In the case that NV is odd, we can further introduce the operator

SN2t ES1827 - SN2 On - (2.2.9)

This operator however commutes with all the other operators H,Q; i = 1,---N), §, (p =
I,---,IN/2]) and satisty

(Swpps1)’ = HM (2.2.10)

Therefore, we obtain the two irreducible representations which are distinguished by the eigenvalues
Sinaps1 = (E)ND/2 and they are not related by the supercharges.

2.2.2 Central extension

The other is a central extension, which introduces central charges Z;; in the algebra

{0i, Q;} = 2H6;; + 27,5, (2.2.11)
(H, 01 =10iZil = [H,Zy] = Zij,Zul =0 (G, jk,1=1,--- ,N). (2.2.12)

Central charges are operators which commute with all the operators in the algebra, and they can
make the size of supermultiplets small compared with the regular representation.

Since the Hamiltonian and the central charges commute with each other, we can consider si-
multaneous eigenstates of them. For these states, the algebra (2.2.11) is rewritten into

{0i, Qj} = 2E,6;; + 2z;;, (2.2.13)

where E, and z;; denote the eigenvalues of H and Z;;. From the Hermiticity of the supercharges
and the symmetry of indices, z;; becomes a real symmetric matrix ((z)j‘j = Zij, Zj = Z;; ) and it can
be diagonalized by the orthogonal matrix U;;. Therefore, by redefining the supercharges, we can
obtain

{0}, O} = 2(E, + 2))6i; , (2.2.14)

where 7.0;; = >, UnZiu(U )ITJ. is the diagonalized matrix and the redefined supercharges are given
by OF = 23 U Ok .

Then we can find that (Q;)2 = 0 for eigenstates with z; = —E, (if exists) and this implies
Q! = 0 for such states since the supercharges Q) are Hermitian. Thus, the number of nontriv-
ial supercharges effectively reduces for the states with 7/ = —E,,, and the size of supermultiplets
becomes small compared with the regular representation. These states are called Bogomol’ nyi—
Prasad—Sommerfield (BPS) states.’

’In the case of supersymmetry in quantum field theory, central charges and BPS states are closely related to topo-
logical properties [77-79].

16
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2.3 Summary

In this chapter, we have briefly reviewed the SUSY QM. In N = 2 SUSY QM, we have found
that the doubly degenerate states with nonzero energy is related by the supercharges and the Witten
index, the difference of the number of zero energy states with (=1)F = +1 and (-=1)" = —1 is given
as the topological quantity. We have also considered the extension of the supersymmetry and shown
that the N-extended supersymmetry leads to further degeneracy of nonzero energy eigenstates.
Furthermore, if central charges appear in the supersymmetry algebra, the size of multiplets can
become small compared with the regular representation.

In the following chapters, we will see that these supersymmetric structures exist in extra dimen-
sional models and play important roles.

17






Chapter 3

Extra dimension and hidden supersymmetry

In this chapter, we consider KK decomposition of higher dimensional Dirac fields and show that
the structure of the N =2 SUSY QM is hidden in the 4D mass spectrum and KK mode functions.

The KK decomposition divides a higher dimensional fields into 4D fields with 4D coordinates
and KK mode functions which are given by the eigenfunctions of a Laplacian in extra dimensions.
By this decomposition, we obtain infinite 4D fields whose masses are given by eigenvalues of extra
dimensional Laplacian.

For 4D spinors, a 4D mass term are given as a pair of 4D left and right-handed spinors. There-
fore, corresponding KK mode functions should be related with each other. In this relation, it is
known that the N = 2 SUSY QM is hidden [12, 13, 80-82]. KK mode functions for 4D left and
right-handed fields form supermultiplets and are related by the supercharges.

This chapter is organized as follows: In the next section, we briefly review the higher dimen-
sional spinors and gamma matrices. In Section 3.2, we consider the KK decomposition of higher
dimensional Dirac fields with flat and curved extra dimensions respectively. Then, in Section 3.3,
we show that the structure of N' = 2 SUSY QM is hidden in the KK mass spectrum.

3.1 Higher dimensional gamma matrices and spinors

First, we introduce higher dimensional gamma matrices and spinors.

3.1.1 Definitions of gamma matrices and spinors

We define the gamma matrices I'” in 4 + d-dimensional Minkowski space as the 2L4/21+2 x 2ld/21+2
matrices which satisfy the 4 + d-dimensional Clifford algebra and the following Hermiticity condi-
tion

(I = =2 Lyupse (M,N = 0,1,2,3,y1,-++ ,ya), (3.L.1)
(™ M=o
'’y = ’ 3.1.2
a {—FM (M #0), 612
where ™V is the (4 + d)-dimensional Minkowski metric 7"V = p"V = diag(-1,+1, -, +1).

Then, let us consider the 4 + d-dimensional Lorentz transformation

M — XM = AM N AM AN MY = MV (3.1.3)
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A Dirac spinor ¥ in 4 + d-dimensional Minkowski space is defined as the quantity which transforms
as follows under the 4 + d-dimensional Lorentz transformation:

P(x) - SP(x) = e 2 ="y (3.1.4)

where €,y indicate the parameters of the Lorentz transformation and "V

satisfy the following 4 + d-dimensional Lorentz algebra so(I, 3 + d)

are the generators which

SN = i [r. ], (3.1.5)
[ZKL’ ZMN] = (nMLZKN _ nMKZLN _ nNLZKM 4 nNKZLM) ) (3.1.6)
Therefore the Dirac spinor has 29/2*2 components. The Dirac conjugate ¥ is defined by
¥ =9, (3.1.7)
and transforms as follows
P(x) — P()S . (3.1.8)
It should be noted that the matrices S and AMy are related by
STITMS = AMyIV. (3.1.9)
In even dimensions, we can define the higher dimensional chiral matrix
Ty =200 T - (3.1.10)
which satisfies
Lo T} =0 (M =0,1,2,3,y1,-+,ya),  Tew)’ = Lyamsr,  Ce)’ =Tei. G111
Then, we can obtain the higher dimensional chiral spinors ¥, with the eigenvalues I'.;,; = +1

1+ Fchi\},

Y=Y, +¥_, Y, = 3 ,

Lt =Y, (3.1.12)

Since the chiral matrix commutes with the Lorentz generators (3.1.5), the chiral spinors ¥, and
Y_ are not related by the higher dimensional Lorentz transformation and the Dirac spinors can be
decomposed into two irreducible representations in even dimensions.

3.1.2 4D and internal chiral matrix

In the following sections, we will consider the decomposition of the fields with respect to the 4D
Minkowski space and extra dimensions, and furthermore integrate out extra dimensions. Thus we
focus on the 4D Lorentz group SO(/, 3) which is the subgroup of the 4 + d-dimensional Lorentz
group SO(1, 3 + d).

Then it is convenient to introduce the 4D chiral matrix I

[ =irr'rr. (3.1.13)
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This chiral matrix satisfies the relations
I’} =0, r’,r1=o0, (T = Lynse, T =1, (3.1.14)
(m=0,1,2,3, y=yi,-- .4,
and commutes with the Lorentz generators in 4D and extra dimensions
°,2]=0, [[°,2]=0, (v=0,1,23, y, =y .y, (3.1.15)

where u, v indicate the indices of the 4D coordinates and y, y” denote the indices of the extra dimen-
sional ones. In addition, the generators of extra dimensional Lorentz group 2”1¥2 | ¥¥3% | ... | 3)2d/2)-121472)
satisfy
(Zyzi—|y2i)2 — l [Zyzi-lyzi zﬂv] =0 [Zyzi-lyzi Z}‘z_j-lyzj] =0 (3 1 16)
4 k) s ’ ’ ’ 1.
(G,j=1,---,1d/2]).

Therefore, when we consider the KK decomposition, the higher dimensional spinor can be in-
dependently decomposed according to the eigenvalues I'° = +1, and also 2% = +1/2 (i =

L., d/2)).
Furthermore, for the later convenience, we also define the internal chiral matrix I'” in the case
ofevend:

=i/ ...I" (diseven). (3.1.17)
This satisfies the following properties

[T". 1] =0, {r"1m}=0, T = Louape, ('t =1, (3.1.18)
FC’li:rsrin’ (MZO’ 172,3’ y:yl"“ 7yd) (3‘1'19)

3.1.3 Representation of gamma matrices

Hereafter, we use the following representation of the gamma matrices:

" =1ux®y" (u=0,1,2,3), (3.1.20)
=90y =y, V), (3.1.21)
where y* represent the 4 X 4 4D gamma matrices
Wyt =201y, " =diag(—-1,+1,+1,+1), (3.1.22)
P = {i‘; ) 5 z g;: (3.1.23)
and y° = iy"y'y?y? is the 4 x 4 4D chiral matrix which satisfy

rs.71=0 (=0,1,2,3), (ys)’ = 1a, (rs) = 7s. (3.1.24)
¥ are the 2\9/2! x 2192} internal space gamma matrices and satisfy

¥} = =26 1y, (3.1.25)
) '==y 0y =y Va). (3.1.26)
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For the case of d = 1, we define y”" as —i.
In this representation, the chiral matrices are written by

T =7"®7Y, (3.1.27)
I’ =1Luy®y, (3.1.28)
' =vy"®1,, (3.1.29)

here we define the 219/2! x 2l9/2] jnternal chiral matrix
Y= iy (3.1.30)

forevend.

3.2 KK decomposition

In this section, we consider a higher dimensional Dirac field and the KK decomposition. Then, by
integrating out extra dimensions, we see that infinite 4D fields with different masses appear in the
effective 4D action.

In the following, Q indicates the compact extra dimensional space in higher dimensions and
0Q is its boundaries. The coordinates of M* and Q are represented by x* (u = 0, 1,2,3) and y;
(k=1,2,---,d), respectively.

3.2.1 5D Dirac field

First, we consider the case of the 5D Dirac action on M* X Q

= f 4d4x f dy P(x, y)(iy", + iy, + M)¥(x,y), (3.2.1)
M Q

where M is a bulk mass and the suitable boundary conditions on JQ are imposed for the 5D Dirac
field '¥. Because of the 5D space, ¥ is a 4-component spinor and iy” can be give by the 4D chiral
matrix iy’ = y°.

Then, let us consider the KK decomposition. The 5D Dirac field ¥ is decomposed into 4-

component 4D chiral fields wg’}w(x) (yﬁp%’/)m = igbg’/)L yon M* and KK mode functions £"(y), g2 (y)
on Q:

Wixy) = >0 (e (@) £70) + v @00 (32.2)

where the index n indicates the n-th level of the KK modes and a denotes the index that distin-
guishes the degeneracy of the n-th KK modes (if exists). The mode functions f(y) (g%(y)) are
assumed to form a complete set with respect to the internal space.

Substituting the expansion (3.2.2) into the action (3.2.1), we obtain

5= [as

nm a5

LU W () iy B,y y(x) + (@ lgy W, () i By ()

+ (LA (W) + @UIALW (O wey|, (3.23)
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where we have defined the inner product and the operator A, A" as

mn:L@ﬂ@nn (3.2.4)
A=0,+M, (3.2.5)
A'=-0,+ M. (3.2.6)

Then, by requiring that the KK mode functions satisfy the orthonormal relations

L") = (8 1gg") = 6" s
fé")lﬂ'g[(;m)) (n)lﬂfl;m)> _ mndnm5aﬁ , (3.2.7)

we can obtain the following effective 4D action:

s= [ 2 2B iy )

+ Z 1//(0) (x)iy"o, (LOL(X) + Z lﬂ(o) )iy o0, (x)} (3.2.8)

where w(")(x) = (") S0+ 1,//(") (x) indicate 4D Dirac spinors with mass m, and z//L Ra (x) are massless
4D chiral spinors. The 4D mass spectrum can be described as Figure 3.1.

m, Ved® LW
my CD...O @...O
m CD...O @...O

0 @O O(O~—0O—
Figure 3.1: KK mass spectrum in extra dimensional models

Since we have assumed the completeness of the mode functions f, “(y) (g%(y)), the orthonor-
mal conditions (3.2.7) lead to the relations

ALP(G) = m,g?, (3.2.9)
A g = m, £, (3.2.10)
and therefore
(—62+A42f“KW'- 2fm (3.2.11)
(=05 + M) (y) = mygl" . (3.2.12)
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Then, we can find that the mode functions and the masses of 4D fields are given by the eigenfunc-
tions and the square root of the eigenvalues of —83 + M>.

In general, infinite 4D fields appear in the 4D effective action due to the eigenvalues of —(')5 +
M?. However, the nonzero mass eigenvalues are naively in inverse proportion to the size of extra
dimensional space as we will see in examples. Therefore, the nonzero masses can become larger
than our current energy scale when the size of the extra dimensional space is sufficiently small.
Then we can consider that massless particles can appear and be identified as the ones of the SM,
whereas those massive particles are not presently observed because of the low energy scale in the
current experiment.

e Example 1 : S! with periodic boundary condition

O
Y(x,y) =¥,y +1L)

Figure 3.2: S!'-extra dimension with the periodic boundary condition

As an example, let us consider the S !-extra dimension with the periodic boundary condition
Y(x,y) =Y¥(x,y+ L), (3.2.13)
or equivalently

0 =P +L), g0 =g"y+0L), (3.2.14)

where L denotes the period of S'. Here, we consider the case of the bulk mass M = 0. From the
relation (3.2.9), (3.2.11) (3.2.12), the massive KK mode functions fé")(y) and gg’)(y) can be given

as
4 2 4 2
") = \E cos %y, ) = \/; sin ?y, (3.2.15)
(n) 1 (n) (n) 1 (n)
8+ 0) = ——ALT), g0 = AL (n=0,1.2,-), (3.2.16)
where the mode functions satisfy the following equations.
—Of0) =mfPG), 058P 0) = mgl (), (3.2.17)
2
mo==2 (=12, a=2). (32.18)

In addition, the massless mode functions are given as the constants
(0) ©) 2
FrO =870 =47 (3.2.19)
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Then, the 4D action is of the form

§ = fM ) d4X{ D0 @ G+ mw (x) + t/_/(o)(x)iy“@,lt//(o)(x)} : (3.2.20)

a=+ n=1

where y@(x) = y(x) + ¥ (x) indicates the massless Dirac spinor and the masses are m, =
2nn/L (n=1,2,---)." Thus we can find that masses are in proportion to 1/L .

Although we obtained the massless field, it is not chiral but Dirac. This is because this model
is symmetric for the 4D left and right-handed components of the higher dimensional field g/, =
(1 +£9°)/2)¥. Since the fermions in the SM are chiral, zero modes should be also chiral spinors
from the viewpoint of the phenomenology. In the next example, we will consider the model which
includes a 4D chiral spinor.

e Example 2 : interval with Dirichlet boundary condition

O > O
y=0 y=1L
Yrx,0)=0 Yelx,L)=0

Figure 3.3: Interval with the Dirichlet boundary condition

Next, we consider the extra dimension as an interval with the Dirichlet boundary condition for
Pr(x, y) :

1+y

Wr(x,0) = WPr(x,L) =0, Wgy= > Y, (3.2.21)
or equivalently
f&0) = fA(L) =0, (3.2.22)
where L denotes the length of the interval.
In this case, the massive KK mode functions are given as
() 2 o @) L e
PO = q/7sin—y, g"(y)=—AFf"W), (3.2.23)
L L m,

'If we consider the case of M # 0, the masses are given by m,, = \/(2an/L)?> + M*> (n=0,1,2,---) and massless
4D fields dose not appear.
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where the mode functions satisfy

(=8 + M*) [ () = my (), (3.2.24)
(=07 + Mg (y) = m, f*(y), (3.2.25)
m, = (’T—Z)Z CME (n=12.---). (3.2.26)

Furthermore, from the relations (3.2.9) and (3.2.10), zero modes should be of the form

M M
OO =\ 8O0 = ™ (3.2.27)

However, f(y) cannot satisfy the boundary condition. Thus, the zero mode only exists for g (y).
Then, the 4D action is given by

S = f d4x{ Z GO @y 0, + m)y™ (x) + &ﬁ”(x)iyﬂawf’(x)}, (3.2.28)
M4

n=1

with the masses \(mn/L)*> + M?> (n = 1,2,---). Therefore we can find that this model has the
left-handed chiral fermion due to the boundary condition, unlike the S I_extra dimension.

Although we have obtained the chiral fermion, the SM has three generations for the fermions
and this model cannot explain them from the one higher dimensional Dirac field. In Chapter 4, we
will discuss the genration of fermions in more detail, based on 1D extra dimensional models.

3.2.2 Higher dimensional Dirac field with flat extra dimensions

Second, we consider the case of the (4 + d)-dimensional Dirac action with flat extra dimensions Q
S = f d*x f d%yP(x, »to, + i, + Mlyup)¥(x,y), (3.2.29)
M* Q

where a size of the gamma matrices is 2\9/2*2 x 219/2+2 and we use the representation

" =1y @y (u=0,1,2,3), (3.2.30)
=98y =y, 1Y), (3.2.31)

according to (3.1.20) and (3.1.21) . Since the Dirac field P is 2'9/2/*2 components, the KK decom-
position of the (4 + d)-dimensional Dirac field W(x, y) is given by

Yy = > Y {FPm eyl + gl M ey}, (3.2.32)

;f/)L’a(x) represent the 4-component chiral spinors and the mode functions fff)(y) , gf,")(y)

have 2'9/2) components unlike the 5D case.
The action with the expansion (3.2.32) is written as

where

S = Z Z f d*x [( FOUGED () ,-yﬂaﬂlpgf%(x) + (g™ g;m)ﬁﬁi'f’a ) "0, l//([f% .

nm af

+ (fOIAT g W W0 + (@PIASE W ()|, (3.2.33)

26



3.2. KK DECOMPOSITION

where the operator A, A" are defined as follows:

A=iyd, + M, (3.2.34)
A= -iyo, + M. (3.2.35)

Then, as well as the 5D case, we require that the KK mode functions satisfy the orthonormal
relations

U™ = (815" = 6" 6ap
(fOIATE™) = (QUIAL™) = my6™S,p (3.2.36)

and we can obtain the effective 4D action

5 = fM 4 d4x{ Z Z B @)Y, + mu™ (x)

* Y L B + D L AU | (3.237)

Since the KK mode functions have many components in higher dimensions, we can expect
that there are many degenerate mode functions, unlike the 5D case. The degeneracy due to higher
dimensional extra space will be discussed in Chapter 6.

3.2.3 Higher dimensional Dirac field with curved extra dimensions

Finally, we discuss the KK decomposition of a higher dimensional Dirac field with curved extra
dimensions for a more general discussion. For the details of spinors in curved spacetime, see
Appendix A .

In terms of the 4D Lorentz symmetry, we assume that the (4 + d)-dimensional background
metric Gyy (M,N =0,1,2,3,y1,--+,y,) is of the form

ds* = GyndxMdx" = 27O, dx"dx’ + g,y (y)dy’dy”, (3.2.38)

where x™ = (x#,)”) is the (4 + d)-dimensional coordinates. 1, = diag(-1, +1,+1, +1) denotes the
4D Minkowski metric, and o(y) and g, (y) depend on the extra dimensional coordinates.”

Then, for a general discussion, we study the (4 + d)-dimensional Dirac action with a vector
background field Ay(y) = (0,A,(y)) and a scalar background field W(y):

S = f d*x f dyN=G ¥(x.y) [iT"eg" (Vy + igAn()) + W)| P(x.y). (3.2.39)
Q
where G = det Gy, ¢ is the gauge coupling constant and N = 0, 1,
of the local Lorentz frame. We define the Dirac conjugate as ¥(x, y)
the gamma matrices with the local Lorentz indices

2, 3,&1, S ,yd are tl}e indices
= ¥(x,y)[? and I’V indicate

™ Ty = —20"" Lypipagea (3.2.40)
. =0,
Tyt = o« . A) (3.2.41)
-™ (M +0),
’In the case that o°(y) = —k|y| and &y = 1 with the 1D extra dimension, this metric corresponds to the Randall-

Sundrum warped metric [5, 15].
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where 1,5 = diag(—=1,+1,---,+1) is (4 + d)-dimensional Minkowski metric. ey” is the vielvein
and satisfies

eLMeMN = 55 ) eﬁMeMN = 52/ ) Gun = €MM6NN77MN- (3.2.42)

In this model, the nonzero components of the vielvein can be given by ¢,/ = e‘T(Y)(Sfj (u =
0,1,2,3, 4 =0,1,2,3) and eyf’ y=y1""Ya, Yy =91, ,94). Vy represents the covariant deriva-
tive whose behavior for the Dirac field W(x, y) is

VyW(x,y) = (aN + %wmz“)\y(x, 9. (3.2.43)

where SAL = ﬁ[l“k , Fi] corresponds to the generator of (4 +d)-dimensional Lorentz transformation,
and wy; is the spin connection defined from the Christoffel symbol I'y;

wyk; = —e;Xayex® + e;TE e X (3.2.44)

=1, 20 .y o
and whose nonzero components are w,y = 3 (e dye )n,lvey and w7 .

We also adopt the following representation of the gamma matrices as well as the previous cases:

" = 1yum @ YF, I'=y'0y. (3.2.45)
Yo (i = 0,1,2,3) are the 4x4 4D gamma matrices and y° = i)/())/iy%/3 denotes the 4D chiral matrix.
¥ = $1,- -, P4) represent the 219/2 x 21921 J_dimensional internal gamma matrices which satisfy

.y =-28", 0N = (3.2.46)
From this representation, the Dirac operator can be rewritten into the form *

ZTN€NN (Vy + iqAN) + W =12 e‘“iy"é)ﬂ + iyyeyy(Vy + iqu + 2(9y0') ® ‘)/5 + Wl ® 14,
(3.2.47)

where V, in the right hand side of (3.2.47) means

v A/\Q/
Yy O-y S=

] I
_ L. z
Vy =0y + zwyy’y”o' )

4

and this corresponds to the covariant derivative for spinors defined on the space Q.
Next, we consider the KK decomposition of the higher dimensional Dirac field W(x, y). In the
curved space time, we decompose the fields as follows:

Py = ) Y e OfPm @y () + e Vel @y () ). (3.2.49)

Y.y (3.2.48)

The mode functions £ (y) (g(y)) have 2/%) components and are assumed to form a complete
set. By substituting (3.2.49) and (3.2.47) into the action, we obtain

s=> > f d*x [<f£;”|f;m>>&§;f;<x> O (x) + (g 1gy W (x) iy B (x)

nm af

+ (fOIA g W W0 + (@PIASE W ()|, (3.2.50)

3y implies y* = yf‘ég , where 5Z appear from the vielvein.
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where we have defined the inner product and the operator A, A" in the case of curved spacetime as

(X|Y) = f dy\Vge X () Y(), g =detg,y (3.2.51)
Q

A= |iy'es’(V, +igA,) + W] , (3.2.52)

Al = o7 [_l-y&eyy(vy +igA,) + W] . (3.2.53)

Then, by requiring that the KK mode functions satisfy the orthonormal relations
f(n)lf(m)> _ <g(n)| (m)> _ 5nmé~aﬁ ’
(FONA 85"y = (@PNALL") = mud™ g (3.2.54)

we can obtain the following action

§ = f d“x{ Z Z U OO Oy + m)r (x)
+ Z ()i O (x) + Z 5 iy 8,00, (x) } . (3.2.55)

The expression of the above effective 4D action coincides with the case of flat extra dimensions,
although the effects of curved spaces and background fields appear as the mass spectrum through
the definition of A, A" and (3.2.54).

3.3 N = 2supersymmetric quantum mechanics in extra dimen-
sional models

In the previous section, we have seen the KK decomposition of the extra dimensional models and
found that the KK mode functions should satisfy the relations (3.2.7), (3.2.36) and (3.2.54) to
obtain the 4D effective actions. Then, in this section, we reveal the structure of N' = 2 SUSY QM
hidden in the KK mass spectrum and the mode functions. Furthermore, we also discuss the relation
between the Hermiticity of the supercharge and boundary conditions for a higher dimensional Dirac
field. Although we here focus on the curved extra dimensional models, the same discussions can
be applied to the other cases.

3.3.1 Structure of N = 2 supersymmetric quantum mechanics

Since we have assumed that the KK mode functions f f,”) and gg’) form the complete set respectively,
the orthonormal relations (3.2.54) lead to the following relations as well as the 5D case

AfP©) = mg” (), AgP) = mfO). (3.3.1)

From the above relations, we can obtain

(n) 0 ) (n) (n) (n)
Q(f O(y)) ( S )) H(fa()(y)):mi (fa()(y)), 1) (f @)) +(fao(y)),

=) o)) ) L)
Q( “”(y)) '"( o ) Mero o) T gy ) (3D
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where the supercharge Q, Hamiltonian H and “fermion” number operator (—1)* are defined by

0- (0 ﬂ'l‘) _ 0 e’ [_,-),yeyy(vy +igAy) + W] (3.33)
A0 ) \er [iyes (v, +igA,) + W] 0 ’ "
: 1 .
H=0= 62‘7[ — (Y, +igA))* + g0 eyey” Fy + iR- iy el (O,W)(-1)" + W?
s A 0

— iy’ ey’ (0,0) ( 0 _ﬂT) ] , (3.3.4)
_1VF _ 12|.<1/2J 0
(-1)f = ( 0 —Lum- (3.3.5)

F,, is the field strength for A, and R is the Ricci scalar defined on Q.

Then, we can find that the relations (3.3.2) realize the N' = 2 SUSY QM, if the supercharge is
Hermitian. In this model, the “bosonic” and “fermionic” states which form an N' = 2 supermultiplet
correspond to the KK mode functions ( fff)(y), 0)! and (0, gg’)(y))T. The 4D mass spectrum is given
by the square root of eigenvalues of the Hamiltonian H. This supersymmetric structure results
from the property that 4D left and right-handed chiral fields should be paired to construct a 4D
mass term.

As well as Chapter 2, we can also consider the the Witten index Ay. In the extra dimensional
model, this index is given as

Ay = Nf(()) — Ng(()) , (3.3.6)

where Nyo and Nyo denote the number of the massless mode functions fg))(y) and gg))(y). Ay is
a topological quantity and invariant under the continuous deformations of parameters, e.g. shape
of extra dimensions, boundary conditions and so on. Therefore, we can find that the difference
between the numbers of the massless modes would be related to the topology of a extra dimensional
space. From the viewpoint of the 4D effective theory, this index is identical to the number of
massless chiral fermions (if Ay > 0 (< 0), |Ay| right (left)-handed 4D chiral fermions exist), and
then the model has |Ay/| generations of chiral fermions. Thus, we should care about the topology of
extra dimensions when we construct the phenomenological models.

3.3.2 Hermiticity of supercharge and boundary condition

Before closing this section, we comment about the Hermiticity of the supercharge and boundary
conditions on 0L for the higher dimensional Dirac field ¥ .

e Hermiticity of supercharge
The definition of the Hermiticity of the supercharge is that the supercharge satisfy

(Q'|QD) = (QI" | D), (3.3.7)

or equivalently

fQ d'y \ge™ "V () (QD(y)) = fg d%y\ge " (D' (y))' O(y), (3.3.8)
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where @, @’ are any 2'%/?)-component functions given by the linear combination of the mode func-
tions (f"(y),0)T and (0, g% (y))T. This condition can be rewritten into

f dy NV, [(FP0) Ve’ g0 ()| =0 forallm,n,a.B, (3.3.9)
Q

where V, denotes the covariant derivative on Q. Then, from the following relation for a vector yM
on Q

VEVuV" = du(Vgv™), (3.3.10)
the Hermiticity condition for the supercharge is finally of the form

f d* 'y VE(FL o) iny ()Y e gy () =0 forallm,n,a,B, (3.3.11)
0Q

with an orthonormal vector n,(y) on 0Q.

e Boundary condition
Next, we consider the boundary condition on dQ for a higher dimensional field ¥ . By taking a
variation of ¥ for the action, the variations of the action 6§ is given as

58 = f d'x f d'yV=G¥(x.y) [iT"eg" (Vy + igAn () + W()| 6¥(x, )
Q
4 d gloev NS L
= fd xfd y\/E‘I’[zF en (—VN + quN(y))+ W(y)] oY
Q
+ f d*x f d'y[on( VB ¥ iFNeNNd‘P)] . (3.3.12)
Q
Then, by the action principle 6S = 0, we obtain the equation of motion for the Dirac conjugate P
_ N o
P(x,y) [iFNeNN (—VN ; iqAN(y)) + W(y)] 0, (3.3.13)
and the boundary condition on 9Q
f d 'y \g¥P(x,y) in,()Yey ¥(x,y) = 0. (3.3.14)
aQ

The boundary condition (3.3.14) can be rewritten into the form with the use of 4D chiral de-
composition of the Dirac field

f "'y VE{ = Pr(x, ylin Y e’ ® L1oWL(x,y) + Pr(x im0y ey’ @ L4]6Wr(x,y)} = 0,
0Q
(3.3.15)

where

oY. (3.3.16)
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Then we can obtain the following relation due to the independence of left and right-handed fields
and also their variations:

f da'y \/E‘PR()C, y)[iny(y)yyeyy ® 1410V (x,y) = 0. (3.3.17)
aQ

Here we assume that the higher dimensional fields and variations are satisfy the same boundary
condition and expand the variations as

SW(x,y) = D [T fP0) @ oy (x) + €27Vl () © Y (0] (33.18)

n,a

6;[/%1/)Lﬂ(x) correspond to the variations of the 4D fields wg’/)m(x). According to the independence of

the 4D fields and the variations, the conditions (3.3.17) are reduced to

f A"y VL) i)Y es'gy () = 0 foralln,m,a,B. (3.3.19)
0Q

This boundary condition corresponds to the Hermiticity condition for the supercharge (3.3.11)
and the supercharge Q is Hermitian as long as the action principle is required. Therefore, we can
conclude that the N = 2 SUSY QM is always realized in the 4D mass spectrum of the higher
dimensional Dirac action.

3.4 Summary

In this chapter, we have considered the KK decomposition of a higher dimensional field and re-
vealed the structure of N' = 2 SUSY QM. We have obtained that the effective 4D actions with an
infinite number of 4D fields whose masses correspond to the eigenvalues of the SUSY Hamilto-
nian, and we can regard massless fields as the ones in the SM whereas massive fields as the new
particles which are not observed so far due to their large masses from small extra dimensions. Since
the 4D mass term consists of the 4D left and right-handed chiral spinors, we have shown that the
corresponding KK mode functions should be related with each other. The structure of the N' = 2
SUSY QM exists in this relation.

As we have seen in Chapter 2, the Witten index Ay, the difference between the number of the
massless mode functions f(y) and 29(y), is given as a topological quantity. From the viewpoint
of the 4D effective theory, this index corresponds to the number of chiral fermions (if Ay > 0 (< 0),
|Aw| right (left)-handed 4D chiral spinors exist). Therefore, we should construct extra dimensional
models with the Witten index |Ay| = 3, when we try to explain the three generations of the fermions
in the SM. The structure of the fermion generation will be discussed in Chapter 4 from the view-
point of general 1D extra dimensional models.

In addition to the 2-fold degeneracy from the N' = 2 SUSY QM, we will have more degenera-
cies in a 4D mass spectrum due to the degrees of freedom of extra dimensions. Thus we can expect
that further hidden symmetries larger than the N' = 2 SUSY QM exist in the extra dimensional
models. We will consider these structures in Chapter 6.
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Chapter 4

SD fermion on quantum graph

In Chapter 3, we have given the overview of the KK decomposition of extra dimensional models
and the hidden supersymmetry. Then, in this chapter, let us proceed to study the phenomenological
structure of extra dimension models.

Here, we investigate a 5D Dirac fermion on a quantum graph that consists of a single vertex
and N loops. We find that the model possesses a rich structure of boundary conditions for mode
functions on the quantum graph and they can be classified into (2N + 1) distinct categories. It is
then shown that there appear degenerate four-dimensional chiral massless fermions in the 4D mass
spectrum due to the topological properties in the boundary conditions as discussed in Chapter 3.
We briefly discuss how our model could naturally solve the problems of the fermion generation,
the fermion mass hierarchy and the origin of the flavor mixing and CP-violating phase.

4.1 Introduction

The discovery of the Higgs boson completes the SM. However, there still remain several mysteries
and problems in the SM as discussed in 1. Here we focus on the generation problem, fermion mass
hierarchy problem and origin of flavor mixing and CP violating phase.

Extra dimensional model is one of promising candidates which solve the above problems. The
generation of the quarks and leptons will be explained if extra dimensional models give the degen-
eracy of 4D massless chiral fermions in 4D mass spectrum by the KK decomposition. Furthermore,
the fermion mass hierarchy could be also resolved if the zero mode profiles are localized near some
points on a extra space. This is because the mass matrix m,z between the a-th generation and the
B-th one of the fermions will be of the form

Mo = gV f (2008, @.1.1)

where gy is a Yukawa coupling constant', v is a VEV of the Higgs field, f dy denotes the integral

over the extra dimensions, and féo)(y) (gg))(y)) is the profile of the a-th (5-th) generation of the 4D

massless chiral fermions. Then, if f[io)(y) and gg))(y) are localized functions on the extra dimensions,

we will get mass hierarchies, which sensitively depend on the positions of localization [14,17, 19,
83-86]. The overlaps of the zero modes for different generations give off-diagonal components of

'Tt should be emphasized that the Yukawa coupling gy has no index with respect to the generation. This is because
we are considering extra dimensional models that could solve the generation problem, so that the models should be
assumed to contain only one generation of the quarks and the lepton fields.
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mass matrices and the flavor mixing. Furthermore, the mass matrix (4.1.1) can possess complex
phases naturally and a CP-violating phase can appear if the zero mode functions £9¢) and gg))(y)
are genuine complex functions [42].

In order to obtain extra dimensional models that possess the properties mentioned in the above
paragraph, we investigate a 5D Dirac action on a quantum graph, which consists of edges and
vertices. (For reviews of quantum graph, see [87,88].) In this chapter, we take, as a quantum graph,
a rose graph consisting of one vertex and N edges, where each edge forms a loop that begins and
ends at the vertex (see fig. 4.1).

Figure 4.1: Rose graph with one vertex Figure 4.2: Star graph with one vertex
and N loops and N edges

Figure 4.3: Interval with (N — 1) point interactions

It is known that the rose graph with N loops can be regarded as a master quantum graph with
N edges because the rose graph will reduce to so-called a star graph? (see fig. 4.2), an interval with
(N — 1) point interactions® (see fig. 4.3) and so on, by appropriately tuning boundary conditions
(or connection conditions) for mode functions at the vertex of the rose graph. Therefore, although
ordinary 1D extra dimensions such as a circle or an interval could not solve the above problems as
discussed in Section 3.2.1, the rose graph have a rich structure and will solve them simultaneously.

In this chapter, we show that allowed boundary conditions on the rose graph can be classified
into (2N + 1) distinct types, and clarify how many massless chiral fermions appear in the 4D mass

There are many studies in terms of star graphs, see e.g. [89-92]. In particular, several works have been carried out
from the viewpoint of extra dimensions on star graphs which are realized by flux compactifications in string theory,
see [93-99].

3One-dimensional quantum mechanics with point interactions has attractive properties [100—102] and is applied to
extra-dimension models to solve the generation problem and the fermion mass hierarchy [41,43,103].
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spectrum for each type of boundary conditions. The results show that our model possesses the
desired properties mentioned in the second paragraph in this section. We also confirm the relation
between the topology of boundary condition and SUSY QM in this model.

This chapter is organized as follows: In the next section, we give a setup of our model. In
Section 4.3, we classify allowed boundary conditions into (2N + 1)-types of them. In Section 4.4,
we examine zero mode solutions for each type of the boundary conditions. In Section 4.5, we
discuss a topological nature of the zero modes and the relation to the hidden SUSY QM. Section
4.6 is devoted to summary and discussion.

4.2 5D Dirac action on quantum graph

Here, we consider the 5D Dirac action

fd4 Zf dy‘P(x VYo, + iy’ o,+M1¥(x, y), 4.2.1)

where x* (u = 0, 1,2, 3) are the coordinates of the 4D Minkowski spacetime and y is the coordinate
of an extra dimension. ¥(x, y) represents a 4-component Dirac spinor on five dimensions and the
Dirac conjugate P i 1s deﬁned by ¥ = ¥7)°. y# (u = 0,1, 2,3) are 4 X 4 gamma matrices and y” is
taken to be ¥ = —iy® (y° = iy"y'y*y?). M denotes the bulk mass.

In this chapter, we con51der the extra dimension of a rose graph with one vertex and N edges,
each of which forms aloop with L,_; <y <L, (a=1,2,---,N): see fig. 4.4.

Lo<y<lIy

LN_1<y<LN L1<y<L2

Lo <y < Lj

L3<y<L4

Figure 4.4: A rose graph consisting of one vertex and N loops.

The action principle 6S = 0 leads to the 5D Dirac equation
[iy"0, + iy’ 0+ M]¥(x,y) = 0, (4.2.2)

with the condition

N
D ¥y SR P, = 0 (4.2.3)

a=1
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from (3.3.14), where ¢ is an infinitesimal positive constant. The condition (4.2.3) may be under-
stood as the current conservation in the direction of the extra dimension at the center of the rose
graph described in fig. 4.4. As we will see in the next section, Eq. (4.2.3) leads to boundary condi-
tions that the field W(x, y) should obey at the boundariesy = Ly +&,L; +&,--- ,Ly_; £ & Ly — &.

As well as Chapter 3, the 5D Dirac spinor W(x, y) will be expanded into the following form In
terms of the 4D right-handed (left-handed) chiral spinors w(") (x) (1//(”) (x)):

W(x,y) = Z Z e (0P O) + Z Z v (08 (4.2.4)

where the index n indicates the n-th level of the KK modes and a denotes the index that distin-
guishes the degeneracy of the n-th KK modes (if it exists). The mode functions ﬁ(")(y) and gf,")(y)
are assumed to form a complete set with respect to the extra dimensional space and satisfy the
orthonormality relations

N L,
Z f dy (f" ) 15" () = 0™ G ap, (4.2.5)
Z f dy (80"() 85" (¥) = 6™"6ap. (4.2.6)

Substituting the expansion (4.2.4) into the action, we can rewrite the action S, in terms of the
4D spinors, as

S = f d'x{ Zwm( )iy"d, SL(xHZwLﬁ(x) VO p(x)

) lﬁzl)(x)(i)’”aﬂ+mn)lﬂ£,")(x)}, 42.7)

a n#0

and we find the equations that the mode functions £”(y) and g%’ (y) should satisfy

Oy + M) = mag? (), (4.2.8)
(=0, + Mg () = ma [ (). (4.2.9)

4.3 Classification of boundary conditions

In order to determine the mass eigenvalue m, as well as the eigenfunctions £y and g2,
we need to specify some boundary conditions for the mode functions f”(y) and g!’(y) at the
boundaries y = Lo+ &,L; £ &,--- ,Ly_1 = &, Ly — &. In this section, we discuss allowed boundary
conditions for £ (y) and g(”)(y) from Eq. (4.2.3) and classify them.

Substituting the expansion (4.2.4) of W(x,y) (and also 6'¥(x, y)) into Eq. (4.2.3) and using the

fact that t//g’/)Lﬂ(x) and &//g/)ha(x) are independent fields, we find

—

FOIGY =Gy FP =0 for 'n,manda.p, (4.3.1)
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where F' ") and Gig"” are 2N-component complex vectors defined by

(Lo + &)
Ly~ €)
(L) + &)

gy (Lo + &)
—g3" (L1 — &)
gy (Ly + &)

f Ly~ €) ~g3" (L, — €)

o . 432
Al PLT (332

-8y (L, — €)

-

@ (Lot + &)
(L, — €)

g/(gm)(LN—l +&)
~g" (L — €)

fé"><L§_1 + )
F Ly — &)

Here, we may call F." and @;m) boundary vectors.

Let {ﬁ E,")} and {@;m)} span the vectors space V and (W), respectively. Then, Eq. (4.3.1) implies
that V is orthogonal to W, and V will be regarded as the orthogonal complement space of W.
Therefore Eq. (4.3.1) may be rewritten into the condition

PFY=P.G"=0 for "nmand’i,}j (4.3.3)

where P, are projection matrices which maps the 2N-dimensional complex vector space into V
(W), and they satisfy the relations P, + P_ = Loy, P,P_ = P_P, =0and (P.)" = P..
The projection matrices $.. can be written as

P, = %(lzzv + U), 4.34)

where U is a 2N X 2N Hermitian unitary matrix with the property
U'=ly, U'=U"'=U. (4.3.5)
Thus, we find that the mode functions fé")(y) and gg") (y) obey the following boundary conditions*
(Loy — U)FY =0, (4.3.6)
Loy + U)Gy =G, (4.3.7)

for Yn,m and "i, j. Thus, we conclude that a Hermitian matrix U satisfying Eq. (4.3.5) specifies a
5D Dirac theory on a rose graph depicted in fig. 4.4.

Since U? = 1,y, the eigenvalues of U are +1 or —1, so that the matrix U is classified by the
number of the eigenvalue +1 (or —1). We then call the boundary condition the type (2N — k, k) if
the number of the eigenvalue +1 (—1) of U is 2N — k (k) for k = 0,1,2,--- ,2N, and the matrix U

“It will be worthwhile pointing out that for one-dimensional quantum mechanics on a quantum graph boundary
conditions are generally imposed on not only ¢(y) but also ¢’(y) = d‘fl—?) [44,104], though our model gives conditions

only for the mode functions f(i”)(y) and gff)(y) but not f’fl")(y) and g’&")(y).
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in the type (2N — k, k) can be expressed as

type 2N — k, k) : U=sV|--------- e 4B (4.3.8)

2N-k k

for V.€ U(2N). Therefore the allowed boundary conditions on the rose graph are found to
be classified into the (2N + 1)-types of them. The form of (4.3.8) indicates that the parame-
ter space of the type (2N — k, k) boundary condition is found to be given by the coset space
UQRN)/(U@2N - k) x U(k)). It is worth noting that the parameter space of the type (2N — k, k)
boundary condition is distinct from that of the type (2N — k’, k’) boundary condition for £ # k" and
they are not continuously connected with each other.

4.4 Zero mode solutions and boundary conditions

In this chapter, we restrict our considerations to the zero mode solutions féo)(y) and gﬁ? )(y), which

obey the equations (see. Egs. (4.2.8) and (4.2.9))

@, + M) =0, (4.4.1)
(=0 + M)gy () = 0. (4.4.2)

Any solutions to (4.4.1) and (4.4.2) will be written into the form

N

FO0)= D" 00 = Li)0(Ly = YAgaCac™, (4.4.3)
a=1
N

85 0)= D 00 = Lo-)0(Ly = )BsCie™, (4.4.4)
a=1

for A, 4, Bg, € C(a=1,2,---,N). The constants C, and C}, which are independent of @ and
B, will be determined later for our convenience. The coefficients A,, and Bg, should be chosen
to satisfy the boundary conditions (4.3.6) and (4.3.7). Here, 6(y) is the Heaviside step function
defined as 8(y) = 1 for y > 0 and 8(y) = 0O for y < 0. Since we are considering functions on the rose
graph described in fig. 4.4, we allow the mode functions fé")(y) and gg’)(y) to be discontinuous at

the boundaries y = Ly, Ly, -, Ly.

The criterion that there are K independent zero mode solutions féo)(y) (@=1,2,---,K) is that
the N-component complex vectors® A, = (Ap1,Ap2, - ,A(,JV)T (a=1,2,---,K) associated with
the solutions (4.4.3) are linearly independent. Similarly, K’ solutions gg))(y) B=12,---,K) can

be independent if the N-component complex vectors Bg = (Bg 1, Bg, - - - ,BB,N)T (G=1,L2,---,K)

SThroughout this chapter, we use the notation that V with the vector symbol “”” denotes a 2N-dimensional vector
and the bold symbol A denotes an N-dimensional one.
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4.4. ZERO MODE SOLUTIONS AND BOUNDARY CONDITIONS

associated with the solutions (4.4.4) are linearly independent. The above criterion will be used
later. .
In the following analysis, it will be convenient to introduce the 2N-dimensional vectors ¥, and

G.(a=1,2,---,N) which are defined by

Fo = Col0, -+ ,0, e ME170) ML) ... Q)T (4.4.5)
T

Gu=Cl0,++,0,eMEm*) ML) (... )T, (4.4.6)
T

where C, and C,, (a = 1,2, --- , N) are the constants given in Eqgs. (4.4.3) and (4.4.4), and are chosen
to be

?;Z;?:)b:éléb = Oap (a,b=1,2,---,N). 4.4.7)
The important observations are that 7%1 and éb are orthogonal to each other, i.e.
FiG,=G'F,=0 (ab=12,---,N). (4.4.8)

Therefore, the set of {7?&, éa (a,b=1,2,---,N)}canbe regarded as an orthonormal basis of the 2/V-
dimensional complex vector space, so that any 2N-dimensional complex vector can be expressed as
a linear combination of{?ja,éa (a,b=1,2,---,N)}. By means of {ﬁ,éa (a,b=1,2,--- ,N)}, the
boundary vectors F (<¥0) and (?;O) given in Eq. (4.3.2) associated with the zero mode solutions (4.4.3)
and (4.4.4) can be expressed as follows:

N

FO =" AuFur (4.4.9)
a=1
N

Gy = > ByuGa- (4.4.10)
a=1

In the following, we shall clarify how many zero mode solutions exist for each of the type (2N —
k, k) boundary conditions (k = 0,1,2,---,2N). This is equivalent to find linearly independent
boundary vectors F flo) and 620) which satisfy the boundary conditions (4.3.6) and (4.3.7) for a given
U. To this end, it is convenient to use the fact that any 2N X 2N unitary matrix V can be expressed
as

V = (i, iy, , toy), (4.4.11)

where il, (p = 1,2, -+ ,2N) are 2N-dimensional orthonormal complex vectors satisfying iZ, il,, =
0,y (p,p" =1,2,---,2N). Then, the matrix U belonging to the type (2N -k, k) boundary condition
will be given by

U= dily— > i (4.4.12)

@FY=0 for ¢g=2N-k+1,2N—k+2,--- 2N, (4.4.13)
ii'Gy’=0  for p=1,2,---,2N—k. (4.4.14)
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CHAPTER 4. 5D FERMION ON QUANTUM GRAPH

4.4.1 Type(2N — k, k) boundary condition with0 < k < N

Let us first consider the case of 0 < k < N. Since the set of {7?&, éa (a=1,2,---,N)} forms a
complete set of the 2N-dimensional complex vector space, the vectors {ii, (¢ = 2N—k+1,--- ,2N)}
can be expressed as

iy = Y ul)Fu+ Y UG, (4.4.15)

for ), uS) € C(q = 2N —k +1,--- ,2N). Inserting Eqs. (4.4.9) and (4.4.15) into Eq. (4.4.13)
and using Eqgs. (4.4.7) and (4.4.8), we have

" A,=0, (g=2N-k+1,---,2N), (4.4.16)
where u)’ = (ug), ui{?, e uf]\;)T.
If the maximal number of the linearly independent vectors for uff) (g=2N-k+1,--- ,2N)}

is [ with 0 < [ < k, it turns out that there exist (N — /) linearly independent solutions of A
@=1,2,---,N -1 to Eq. (4.4.16). This immediately implies that there are (N — [) linearly
independent boundary vectors F ((10) (i=12,--- ,N-=1I.

In order to obtain 6;30), we first notice that solutions of 61(30) to Eq. (4.4.14) could be written into
the form

ON
Gy = > by, (4.4.17)

q=2N—-k+1
for 3bﬁ,q €eC(g=2N—-k+1,---,2N). Furthermore, G:%O) should be given as a linear combination

of the vectors éa from (4.4.10). Since we have assumed that the set of the vectors uff) (g =
2N —k+1,---,2N)} in Eq. (4.4.15) consists of [ linearly independent vectors, by appropriately
choosing the coefficients bg, € C and removing the components of 7%, in Eq. (4.4.17), we can

obtain (k — /) linearly independent solutions of the boundary vectors (7}3,0) (G=12,---,k—=1D.
Therefore, we conclude that for the type (2N — k, k) boundary condition with 0 < k < N, the
number of the zero mode solutions f(io)(y) and gl(go)(y) are given as follows:

Type (2N — k, k) boundary condition with0 < k < N

/ Nyo N0
0 N k
1 N -1 k-1
k N -k 0

Table 4.1: The number of the zero mode solutions of f(go)(y) and gg))(y) for the
type (2N — k, k) boundary condition (0 < k < N). [ denotes the maximal number
of the linearly independent vectors uf]ﬂ (g=2N—-k+1,---,2N)} in Eq. (4.4.15).

N0 (Ngo) is the number of the zero mode solutions of féo)(y) (gg))(y)).
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4.4.2 Type(2N - k, k) boundary condition with N < k < 2N

Let us next consider the case of N < k < 2N. In this case, we will expand it, (p = 1,2,--- ,2N — k)
as

N
i, = > ul)Fu+ Y u9g, (4.4.18)

for u,),u%) e C(p =1,2,--- ,2N — k). Inserting Egs. (4.4.10) and (4.4.18) into Eq. (4.4.14) and
using Eqs. (4.4.7) and (4.4.8), we have

w9 By=0, (p=12,---,2N—k) (4.4.19)
where uf,,g ) = (uf]), u;gz) S, uﬁ,)T. If the maximal number of the linearly independent vectors for

uﬁ,g) (p=12,---,2N —k)}is L with 0 < [ < 2N — k, it turns out that there exist (N — /) linearly
independent solutions of Bg (j = 1,2,--- ,N — ) to Eq. (4.4.19). This implies that there (N — [)

linearly independent vectors Gém G=1,L2,---,N-1.

In order to obtain ﬁf,o ). we first notice that solutions of F ((,0 ) to Eq. (4.4.13) could be written into
the form

2N—k
FO = 3" aq,i, (4.4.20)

p=1
for 3ag) e C(p=12,---,2N — k). Furthermore, F ((10) should be given as a linear combina-

tion of the vectors ?ja from (4.4.9). Since we have assumed that the set of the vectors {ufpg )(p =
1,2,--- ,2N —k)} in Eq. (4.4.15) consists of / linearly independent vectors, by appropriately choos-
ing the coefficients a,, , € C and removing the components of éa, we can obtain (2N —k —1) linearly

independent solutions of the boundary vectors F 6(,0) (i=1,2,---,2N — k—1), which are written into
the form (4.4.9).
Therefore, we conclude that for the type (2N — k, k) boundary condition with N < k < 2N, the

number of the zero mode solutions féo)(y) and g(o)(y) are given as follows:

B

Type (2N — k, k) boundary condition with N < k < 2N

/ Nyo N0

0 2N — k N

1 2N — k-1 N -1
2N —k 0 -N+k

Table 4.2: The number of the zero mode solutions of f(io)(y) and gl(go)(y) for the
type (2N — k, k) boundary condition (N < k < 2N). [ denotes the maximal num-
ber of the linearly independent vectors ui,g "(p =1,2,--- ,2N — k)} in Eq. (4.4.18).
N0 (Ngo) is the number of the zero mode solutions of féo)(y) (gg))(y)).
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4.5 Zero mode solutions and Witten index

In the previous section, we have succeeded in finding the number N0 (N,0) of the zero mode

solutions féo)(y) (gg))(y)). Then, we have seen that N0 and Nyo depend on [ and k, where [ is the

maximal number of linearly independent vectors for {ugf) (g=2N—-k+1,--- ,2N)} in Eq. (4.4.15)
or {uﬁ,g) (p=1,2,--- ,2N—k)} in Eq. (4.4.18), and k is the number that specifies the type (2N —k, k)
boundary condition. It will be worthwhile noting that the difference Ay = N0 —N,o is independent
of [, i.e. Aw = N — k for the type (2N — k, k) boundary condition with 0 < k < 2N, though N0
and N,o depend on [ (see Table 4.1 and Table 4.2). The fact that Ay is independent of / is not
accidental, but it has a topological reason from the hidden supersymmetry.

In Chapter 3, we have shown that the supersymmetric structure is hidden in the 4D mass spec-
trum of extra dimensional models and the difference Ay corresponds to the Witten index which is
topological index. Since the type (2N — k, k) boundary condition is not continuously connected to
other type (2N — k', k") with k # k’, the Witten index Aw can depend on k but not on / because the
boundary conditions with different / can continuously be deformed each other.

Thus, the three generation of fermion can be obtained from a model with |[Aw| = 3, i.e. the
type (N — 3, N + 3) or type (N + 3, N — 3) boundary condition for the rose graph with N loops. The
most simplest example is the case of N = 3 with the type (6, 0) or type (0, 6) boundary condition.
For the type (6, 0) (the type (0, 6)) boundary condition, the mode functions gg’)(y) ( fé”)(y)) should
satisfy the Dirichlet boundary condition at vertex and therefore the quantum graph in the extra
dimension physically equivalent to the interval with point interactions as described Figure 4.5. We
will discuss this case numerically in the next chapter.

Ly<y<lL, Type (6, 0) BC
or
Type (O, 6) BC
o— @ — @ > @
y=1L y=1L y=1L, y=1L3
L,<y<lL, Li<y<lL,

Figure 4.5: Interval with 2 point interactions

4.6 Summary and discussion

In this chapter, we have investigated the KK decomposition of the SD Dirac fermion on the rose
graph which consists of one vertex and N loops (see fig. 4.4). We have successfully classified the
allowed boundary condition on the rose graph into the type (2N —k, k) with O < k < 2N and clarified
the number of the zero modes for each type of the boundary conditions.

Our results would become phenomenologically important in constructing models beyond the

SM. The chiral fermions of the SM can be identified as the 4D chiral massless fermions l//g)L(x)

and w&(x) associated with the zero mode solutions féo)(y) and gg))(y). Thus, the three generations
of chiral fermions could be obtained from a model with |Aw| = 3, i.e. the type (N — 3, N + 3) or
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type (N + 3, N — 3) boundary condition for the rose graph with N loops. Furthermore, the exponen-
tially localized profiles of zero mode solutions £9) and gg))(y) and the overlap integrals of zero
mode solutions can produce hierarchical masses for the quarks and leptons. Then the fermion mass
hierarchy problem will be solved in our model. The overlaps of the mode functions for different
generations also gives off-diagonal components of mass matrices and the flavor mixing. Further-
more, our model naturally provides a CP-violating phase in the CKM matrix. This is because the
zero modes f."(y) and gg))(y) can become genuine complex functions in general, through the com-
plex (Hermitian) matrix U, in the boundary conditions (4.3.6) and (4.3.7). Therefore, our model
considered in this chapter is expected to shed a new light on the generation problem, the fermion
mass hierarchy, the flavor mixing and the CP-violating phase of the SM.

It would be of great interest to note that the rose graph depicted in fig. 4.4 has non-trivial
geometry and that the parameter space of the boundary conditions has been found to possess a
rich structure. For instance, if we take the length of all edges to be equal (L = L, — L, fora =
1,2,---,N) and choose the boundary conditions appropriately, we will have higher degeneracy in
the 4D mass spectrum and then extended supersymmetries might appear in the spectrum [101,102].
Furthermore, we will expect non-abelian Berry phases in the space of the boundary conditions
with the degeneracy of the spectrum [52, 53, 105]. In addition, although we have considered the
5D fermion, we should also investigate 5D scalar, gauge, gravity fields on the quantum graph and
clarify allowed boundary conditions. The issues mentioned above will be reported in a future work.
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Chapter 5

Dynamical generation of quark/lepton mass
hierarchy in an extra dimension

In the previous chapter, we have clarified the structure of the boundary condition on the 1D extra
dimensional model with the rose quantum graph, and shown that the N —k (= Ay) chiral zero modes
appear for the type (2N —k, k) boundary condition (0 < k < 2N) in the rose graph with N loops. The
most simplest model which realizes Ay = 3 is the case of N = 3 with the type (6, 0) or type (0, 6)
boundary condition and this graph corresponds to the interval with point interactions. The extra
dimensional models with point interactions were investigated in Refs. [41—43] and numerically
reproduced the fermion generation structure by adjusting parameters “by hand”.

Then, in this chapter, we consider whether the observed quark/lepton mass hierarchy can be
realized “dynamically” on an interval extra dimension with point interactions based on the idea
in [103]. In our model, the positions of the point interactions play a crucial role to control the
quark/lepton mass hierarchy and are determined by the minimization of the Casimir energy. By
use of the exact extra-dimensional coordinate-dependent vacuum expectation value of a gauge sin-
glet scalar, we find that there is a parameter set, where the positions of the point interactions are
stabilized and fixed, which can reproduce the experimental values of the quark masses precisely
enough, while the charged lepton part is less relevant. We also show that possible mixings among
the charged leptons will improve the situation significantly.

5.1 Introduction

Even after the discovery of the Higgs boson, several issues associated with the Higgs boson still
remain to be solved in the SM. One is why the observed quark/lepton mass hierarchy is so drastic.
In the SM, quarks and leptons acquire their masses through the Yukawa interactions where they
pick up the vacuum expectation value (VEV) of the Higgs field. Here, we should accept to impose
O(10°)-order hierarchical values on Yukawa couplings, which look very unnatural.

Another unnatural request from the SM is associated with the matter content of the fermions.
In both of the quark and the lepton sectors, there are three similar but different copies of quarks and
leptons, which possess exactly the same quantum numbers except for their masses. The origin of
such generation structure is beyond the scope of the SM, and is still unveiled.

Then, we address these problems by considering the extra dimensional model with the quantum
graph given in the previous chapter. | Here we concentrate on the model of interval extra dimension

! Another way is to introduce the magnetic flux or the magnerized orbifold in the extra dimensions [25-27,30—40].
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with point interactions, which belongs to the case of N = 3 loops with the type (6, 0) or type (0, 6)
boundary condition in the rose graph as discussed in the section 4.5.

The point interactions can provide extra boundary conditions for each of 5D quarks and 5D
leptons, and induce the degenerate chiral zero modes. This is interpreted as spontaneous generation
of the three matter generations in the SM when we introduce two point interactions for each 5D
fermion. Appealing properties in this direction are that a 5D fermion leads to three chiral zero
modes, and they are localized to different segments each other, whose end points are identified by
the two corresponding point interactions. A three-by-three mass matrix is realized as m;; (i, j =
1,2,3) due to these properties. The generation dependence of the four-dimensional (4D) mass
matrix m;; is described through the following manner:

L
myse [ dy @O 0 SO (5.1.1)

where L denotes the length of the interval, fOL dy is an integration along the shown range of the

fﬁ(y) ( flé(;f{(y)) represents mode functions of i-th (j-th) generation

left- (right-) handed chiral zero mode ¥/;; (x) (a,b’/.R(x)). (®(y)) is the contribution from the classical
configuration of the scalar which appears in the 5D Yukawa term and its VEV shows the depen-
dence on y. If not only gfzi(y) and flz(;%(y), but also (®(y)) are localized functions, sizable mass
hierarchy can appear through the overlap integrals in Eq. (5.1.1).

extra-dimensional coordinate, g

In this chapter, based on the above mechanism and Refs. [41-43], we perform a numerical
research to appraise whether the scenario can reproduce the observed values of the quark/lepton
hierarchical masses dynamically (see [111-114] for dynamical generations of the mass hierarchy).
The positions of the point interactions, which play an important role to control the magnitude of
the overlap integrals, seem to be free parameters. Nonetheless, they are not free but are determined
dynamically through the vacuum configuration to minimize the Casimir energy (see [115, 116]
and also [117-120] as related works). This dynamical determination of the positions of the point
interactions reduces the number of the free parameters. Also, to accelerate hierarchical values in the
overlap integral in Eq. (5.1.1), we employ a new type of extra-dimensional coordinate-dependent
configuration in (®(y)), which is also obtained dynamically by solving the equation of motion with
the quartic interaction. It should be noted that in the research [103], the VEV of the scalar (®(y))
is also obtained dynamically. However, the different functional type of the VEV was adopted
(see subsection 5.3.2 in detail). Performing numerical searches brings us the conclusion that the
hierarchical masses of the quarks are fully reproduced, while the charged leptons do not work well.
Introduction of flavor mixings may improve our current results, especially for the charged leptons.

This chapter is organized as follows. In section 5.2, we briefly review the extra-dimensional
model with point interactions on an interval. In section 5.3, we discuss the dynamics of the Casimir
energy, the potential minimization of the scalar ® and their implication for the mass hierarchy. In
section 5.4, we investigate searches for sets of desirable input parameters and show our results.
Section 5.5 is devoted to summary and discussion.

There are also several ways to address the SM problems in the context of four-dimensional gauge theories, by use of
noncompact gauge symmetry [106—110].
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5.2 The model with point interactions on an interval

5.2.1 Basicidea

In this subsection, we provide a brief review on the extra-dimensional model which sheds light
on spontaneous generation of the three generations of the fermion matter content, the hierarchical
structure of the observed quarks and charged leptons, and their mixing structures in the SM, simul-
taneously. This kind of scenario was firstly proposed in [41] on an interval to explore the quark
sector, where objects so-called point interactions play a significant role. The point interactions de-
scribe possible singularities in one-dimensional quantum mechanics, by which profiles of particles
along the extra spacial direction y are represented. This statement is rephrased that we can add “ex-
tra (or generalized) boundary conditions” for all kinds of 5D fields in the bulk space, in addition to
the boundary points. By imposing the Dirichlet boundary conditions at the point interactions [41],
three chiral zero modes are generated from a single 5D fermion. A key point to realize mass hier-
archy is that we can introduce a bulk mass for each of such 5D fermions respectively, which makes
the profiles of the three zero modes localized towards the boundary points as shown in Figure 5.1
and Figure. 5.2.

o ° ° o
y=0 y=1L y=1Lo y=L

Figure 5.1: A schematic figure of the interval extra dimension with the point interactions. The
black dots at y = Ly, L, indicate the point interaction.

0 0 0
9% () 9k () 9@k ()

|
|
|
t : >y f ' > Y ! . >
0 L, L, L 0 Ly L, L 0 Li Ly L

Figure 5.2: A schematic figure of the profiles of the three chiral zero modes. Each zero mode
localizes towards the different boundary points but in a similar way.

Here, if the scalar appearing in the Yukawa sector of such 5D fermions possesses an extra-
dimensional coordinate-dependent VEV, it is clear that sizable mass hierarchy is generated on an
interval. It is noted that this scenario has been also developed in the S! geometry, where a complex
phase for describing the CP-violating phase of the CKM matrix can emerge, originating from a
twisted boundary condition [42,43].

In the scenario, an SU(3)cxSU(2);, x U(I)y gauge theory is unfolded on an interval, the relevant
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part of the 5D action of which for our discussion reads,

S = Squark + Slepton + SHiggs + Ssinglet + SYukawaa (521)

S quark = f d*x f Ldy [0(iT" D2 + Mg) Q + U (iT DY + Myy) U + D(ir DY + Mp) D
0

(5.2.2)
L
S tepton = f d*x f dy|L(iT"D; + ML) L+ E(iT" D) + Mg) |, (5.2.3)
0
L
S Higgs = f d*x f dy [HT DMDM+M,3)H—@(HTH)2], (5.2.4)
0 2
L
S sngier = f d'x f ay [0 0"y - M3) @ - 2 @ay, (52.5)
S Vokawa = f d* f dy|® (-Y., Qo> HYU - Y,QHD - Y LHE) + (h.c)|, (5.2.6)

which consist of a 5D quark doublet field Q and a 5D lepton doublet field L; singlet fields for
an up-type quark U, a down-type quark 9 and a charged lepton &; the Higgs doublet H and
a gauge singlet complex scalar ®; the Pauli matrix o, where we skipped to show the apparent
gauge sector of the current scenario and we usually suppress the 5D coordinates as variables of
5D fields. In this dissertation, we do not discuss the minuscule active neutrino mass generation
so that the (5D) neutrino singlet field is not introduced (see the discussions on the S! geometry
without/with Majorana-like mass terms [43]/ [121]). Various DE;I) Y =0,U,D,L,E) symbols
represent the corresponding covariant derivatives, My (¥ = Q, U, D, L, E) are bulk masses for the
5D fermions, M% (M3) and Ay (Ae) are squared mass scales and quartic couplings for the Higgs
(the gauge-singlet scalar). Y,, Y, and Y, are overall Yukawa couplings which do not hold indices
to discriminate matter generations since all the 5D fermions are assumed to be one-generation. The
sign in front of M7 is chosen to ignite the Higgs mechanism. Obedience to the conditions Ay > 0
and g > 0 is compulsory to ensure the stability of the whole potential.”
Here we provide several comments.

e As we mentioned above, we introduce two point interactions for each of the 5D fermions
to realize three generations at the chiral zero mode sector, while not for the scalars and the
gauge bosons.

e We impose the discrete symmetry, H — —H and ® — —®, which prohibits the ‘ordi-
nary’ Yukawa terms like O(ioyH)U and ®OQ and others likewise. We assume that H
has the ordinary constant VEV (H) to break the SM gauge group suitably, and ® acquires
a y-dependent VEV (@) to generate hierarchical structure in the Yukawa sector. Thus, the
above ‘higher-dimensional’ Yukawa terms are suitable for our purpose. The detail of the
y-dependent gauge-singlet scalar VEV profile will be provided in subsection 5.3.2.

e Under the current setup on an interval, no physical CP-violating phase can emerge since only
overall complexities can be realized by the Yukawa couplings Y, Y, and Y, and absorbed
into field redefinitions. We conquer this obstacle by moving to the S' geometry easily [42,
43], while we do not discuss this point here.

2In general, the mixing term (H'H)(®'®) can be written down. However, the existence of this term leads to gauge
universality violation [41]. Then we set the coefficient as zero by hand.
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5.2.2 Appearance of three-generation mass matrices

As discussed in [41], introduction of two suitable Dirichlet boundary conditions by point interac-
tions for a 5D fermion ¥ in the bulk space, in addition to the two endpoints of the interval, as
Yr = (”%) Y=0 or ¥ = (1_%) Y = 0 leads to the realization of three localized left- or right-
handed chiral zero modes via ¥, respectively. Concretely, the following conditions are imposed for
the 5D fermions with an infinitesimal positive constant &:

Or=0 aty=0L%+e LP+e L, (5.2.7)
U.=0 aty=0,L"+e LM +s L, (5.2.8)
D=0 aty=0L"xe L +elL, (5.2.9)
Lg=0 aty=0L"+e [V +e L (5.2.10)
E=0 aty=0L%+e P +e L, (5.2.11)

where L(l\P) and L(Z\P) mean the positions of the first and second point interactions (0 < L(I\P) < L(;) <
L) for the field ¥ (¥ = Q,U, D, L,E). Here we define the conventions L(()\P) = (0 and LgP) = L for
convenience soon later. The Kaluza—Klein (KK) expansions of the 5D fermions are represented as

0(x,y) = (gg i;) - Zj;( dl(g)i ;) % () + (massive modes), (5.2.12)
U(x,y) = i Uy () f0(y) + (massive modes), (5.2.13)

P
D(x,y) = i dR(x) £ (y) + (massive modes), (5.2.14)

P
L(x,y) = (gg i ;) Z‘( (O)(( ))) ¢%(y) + (massive modes), (5.2.15)
E(x,y) = 23: e () fO(y) + (massive modes), (5.2.16)

i=1

with the generation indices i (= 1,2,3). The concrete forms of the zero-mode profiles are easily
derived as [41]

g0() = [0 - L2 6L — y)] - N QetMet-L2) (5.2.17)
_ Wy 7 _ U) - My(y—L

fO0) =[0G - L™ - y)] - N e Mub-L0), (5.2.18)

FO0) = [00 — LE) OL® — y)] - NP Mo0LD), (5.2.19)

g00) = [0~ L) 6LP — )] - NP1, (5.2.20)

FO) = [0 - LE) L — y)] - NOe ML (i =1,2,3) (5.2.21)

49



CHAPTER 5. DYNAMICAL GENERATION OF QUARK/LEPTON MASS HIERARCHY IN
AN EXTRA DIMENSION

where 6(y) denotes the Heaviside step function and the individual kinetic normalization constants
are expressed

oM / oM
N = W N® = % (i=1,2,3) (5.2.22)
e Mtk — 1] 1 — e "Methi

with the lengths of segments
ALY = LY - LY (for i=1,2,3%Y=0,U,D,L,E). (5.2.23)

After the integration along the y direction, we obtain three-by-three mass matrices, e.g., for the
up-type quarks as

3
S uptype quark mass = — f d*x Z uy MR + (hee). (5.2.24)
i,j=1

It should be emphasized that the ordering of the positions of point interactions governs the form of
the mass matrices. For example, when the following ordering is realized,

0<L™<1? <1 <1<l (5.2.25)

the corresponding concrete forms of the elements of the up-type quark mass matrix are taken

() ()
Mll M12 0
MW= 0 MY MY, (5.2.26)
0 0 My
with
Y (L
My ="z f dy (@()gg ML), (52.27)
0
() Y. =i (0) (0)
M, = N L(Q)dy (@O D) i ) (5.2.28)
1
) y 1% Lgu) 0 0
M = S | o B (@ONER R0, (5.2.29)
2
Y (4
My =22 [ s @020 (5230
. yuv L;Q)
M = 5 | B @ONER 00 (5.231)
2

where we assumed the form for the Higgs doublet, (H) = (0, v/ \/i)T, where v is the 5D Higgs VEV
and can be treated as real without loss of generality as in the SM. If the ordering is different from
Eq. (5.2.25), we can easily obtain the corresponding forms by looking at the profiles of fermion
mode functions. See [41] (also [42,43]) for more details.
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5.3 Dynamics in the scenario and their implications

We first mention that, in [41], the observed quark mass hierarchy and the three mixing angles of
the CKM matrix were successfully reproduced through the current strategy, under the following
preconditions:

o All of the positions of the point interactions can be treated as individual free parameters.

e The form of the (®(y)) is exponential as (®(y)) ~ e*” (where the mass scale is not shown),
whose form can be materialized by setting the parameters associated with ® appropriately in
the actual form of (®(y)) (in Case (II) in subsection 5.3.2) [41].

These preconditions would be justified for phenomenological studies. However, the following
criticisms will come in various points of view:

(a) From stability of the system: the positions of the point interactions contribute to the back-
ground Casimir energy of this extra-dimensional system, which should be minimized (or
extremized at least) to ensure the stability of the whole system. If one obeys this line, the
positions of the point interactions cannot take arbitrary values.

(b) From the number of free parameters: for quarks, in addition to the six parameters as
the positions of point interactions for quark fields {ng)’LEW), Ll@ );i = 1,2}, the following
parameters join to describe the quark profiles naively: one as the length of the system L, two
as the overall Yukawa couplings {Y,, Y}, three as the bulk masses {My, Mq;, Mp}, one as
the 5D Higgs VEV v, and four to the gauge-singlet scalar VEV (®(y)) (where details are
provided in subsection 5.3.2); there are 15 free parameters in total (for the lepton sector,
where apparently seven additional ones {L(IL), LEL), L(lg), L(z‘c’), Y., M, Mg} join when we take
care of charged leptons).” On the contrary, only the nine digits (six for mass eigenvalues,
three for CKM mixing angles) are fitted. Such an unbalanced situation may lead to the
criticism that the result of the previous fit is not surprising, looks trivial.

(c) From generality in the profile of (®(y)): As partially discussed in Section 4 of [41], the
actual form of (®(y)) is provided by the Jacobi’s elliptic function. As we will see in sebsec-
tion 5.3.2, there are two solutions for the VEV (®(y)), which may give new insights into the
geometric realization of the observed Yukawa texture in the ‘generalized’ setup.

Based on the result of [103] and the general information of (®(y)), we can provide our answers
for all of the criticisms, at least partially.

5.3.1 Ciriterion via stabilization of point interactions

The determination of the positions of the point interactions Lf.LP) by the minimization of the Casimir
energy has been developed in [103]. The Casimir energy for the case of the interval-extra dimension
without point interactions is discussed in Appendix B. For the case with point interactions, the
Casimir energy is given by adding the contributions from each segment. Then, the Casimir energy
E at one-loop order as the function of Ll(.\y) takes to be the form of

E=2 Y EVLY L+ > EVIL, L), (5.3.1)
Y=0.L V=UDE

3As we will see in Section 5.4.1, this counting of parameters is naive a bit. The number of the degrees of freedom
relevant for mass ratios is less than the digit.
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where

3 (P)2 o
W) B |M™
E L L 1= Z {72 ( LE\P) L(‘I’)) Z

—2w|M(‘V>|(Lf.“’) -L*)

w3
w=1

3 3
+ +
2wiM LY - L)) mmmwmf>ﬁ%]

i=1

(5.3.2)

The minimization of the above Casimir energy leads to the results in which the positions of the
point interactions for the doublet fermions and the singlet fermions are the same as *

Q _ 7@ _ 7O _ sy _ 7O
LO=1"=1P=1"=1®,

L(Q) L('u) L(Z)) L(L) L(ZS) , (5.3.3)
and all of the point interactions should be located at
1 2
LY = 3L L = 3L (5.3.4)

to minimize the Casimir energy in spite of the type of the field ¥. More concretely,
1
O _ 7@ _ 7O _ 7)) _ 7 _
LY =L"=L"=L"=L, _§L’
LY = L(ﬂ) [P =1V = L(S) 2 ‘L (5.3.5)
3L 3.

It is noted that (5.3.5) implies no mixing terms in mass matrices. Taking account of this result in
parameter fitting would definitely become a reasonable response (despite of being not complete)
to the above criticisms (a) and (b), where the naive counting of the input parameters for quarks
reduced to 11, from 17.

5.3.2 Criterion via the general solution of (®(y))

To know the actual solution of @ means to solve the following nonlinear equation derived through
the variational principle from § gngier in Eq. (5.2.5),

d*¢(y)

wz—Mﬁw—Mf®=Q (5.3.6)

where we put the ansatz that the VEV of ®@ depends on the extra dimensional coordinate y, i.e.

(@) = d(y), (5.3.7)

where in general the following form comes (®) = ¢Y¢(y), but we have proven that without loss
of generality we can set the y-dependent phase part 6(y) to be zero, where ¢(y) is real. The above
equation leads to

dp(y)\" Mg , Ao 4 |
dylz( dy ) 5 PO -7 em =0, (5.3.8)

“In the case of the discussion about the total length L by the Casimir energy, the other fields contributions, e.g.
gauge fields and the scalar fields, should be included to the minimization condition (see the discussion in [103]). On
the other hand, in the case of the discussion about the positions of the point interactions, only the related fermion’s
contributions are important.
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and can be deformed to

1 (d¢(y)

2 U _r U _ Méz /1(1>4 539
AWT ) + U(¢) = Eo, (¢)=—7¢()’)—Z¢()’)), (5.3.9)

with an undetermined integration constant Eg as a parameter. Here, we should take account of the
boundary conditions of ¢(y) at y = 0 and y = L, where we impose the Robin boundary conditions,
which are described with the length parameters L, (—co < L, < +00) as below’

#¢(0) + L, ¢'(0) = 0,
¢(L) - L_¢'(L) =0, (5.3.10)

where the prime symbol represents the derivative of y (refer to [86]).
Through elliptic integrals, at least the following two solutions are possible in terms of Jacobi’s
elliptic functions:

(I) When 0 < Eg < Mg/(440):

oY) = p_ , (5.3.11)
cn (,u+ 2(y = Yo), k)
where
M? 42E 2ot
==l 1ot e s B (5.3.12)
- /ld) M(D Hi
(I) When Eg < O:
\4
P(y) = , (5.3.13)
en(§ %0 -y k)
where
M2 4AoE M3 44 E 2
=ty iofezel el o thefe el K5
Ao M Ao My w+v

We point out that the variables L. in Eq. (5.3.10) to parametrize the Robin boundary conditions
are automatically fixed by the above profiles. y, represents the degree of freedom of the translation
along the y direction. The parameter k measures ellipticity defined in the range of 0 < k < 1,°
where the two extremal cases k = 0 and 1 correspond to

sn(x, k)
cn(x, k)

tanx when k£ — 0,

=sc(x, k) — {

sinhx when kK — 1,

1 _){1/cosx when k — 0, (5.3.15)

cn(x, k) coshx  when k— 1.

>We note that the scalar field @ is assumed not to feel point interactions.
® Actually, the limited region 1/ V2 < k < 1 can be taken both in the cases of (I) and (II).
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When k # 1, a very nontrivial feature of the two elliptic functions sc(x, k) and 1/cn(x, k) rises up,
where the functions get divergent periodically along the y-direction. The minimal periods between
the nearest divergent points of ¢(y) in Case (I) and Case (II) are

-1 -1
Ao M Ao

respectively with the complete elliptic integral of the first kind K[k]. A possible important differ-
ence between Case (I) and Case (II) is that sc(x, k) increases monotonically from a divergent point
x4 (sc(xq+e&, k) ~ —00) to the next divergent point x/, (> x4) (sc(x/,— &, k) ~ +0c0), where the value of
sc(x, k) is negative in the first half part of the region x; < x < (x4 + x),)/2. This property would be
useful to realize gigantic hierarchy in the overlap integrals that express the components of the mass
matrices (see Eqs.(5.2.27)—(5.2.31)) since negative contributions get to be possible. This motivates
us to have a discussion for exploring the situation with the exact form of ¢(y) in Case (I) in contrast
with the prior case (II) researches. This will be the response to the criticism (¢) shown above.

5.4 Numerical analysis on an interval

Following the discussions in the previous section, we perform a numerical parameter search in the
current model on an interval. The differences in method between the analyses on this manuscript
and in the prior researches [41—43] are summarized:

e The relative distances of the point interactions are fixed by the minimization of the Casimir
energy [103] (see Eq. (5.3.5)), while previously the positions were treated as completely free
parameters [41-43].

e Due to the minimization of the Casimir energy shown in Eq. (5.3.3), currently we cannot
discuss the flavor mixing in a consistent way. Here, we take the strategy where at first we
focus on only mass hierarchies, which may be justified as the first step to know how the ge-
ometry constrained by the Casimir energy works well to reproduce the observed magnitudes
of the SM mass hierarchy, of course up to the inevitable distortion by mixings. This attitude
will be reasonable especially for the quark sector since the observed mixing angles are small.
On the other hand, we touch effects from mixings by introducing off-diagonal terms by hand
phenomenologically for the charged leptons.

e The exact form of the y-dependent VEV of the Case (I) is adopted for the singlet ®@, while an
approximate form of the Case (II) solution is used in the prior researches.

Now, the quark and lepton mass matrices are diagonal, where the elements of the matrices are
formulated for ¥ (= u, d, e) as

MY =Y, VH (1 X)!2

(1+X)

=), Cn O (=123), (541

1+X
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where

X=4|1-——, (5.4.2)

and the formula is factorized as the product of the flavor independent and dependent parts, and
here all of the parameters are scaled to the dimensionless ones by the total length of the system
L, eg, My = Mg - L' except for the 4D Higgs VEV vy (= 246 GeV) defined as vy = v VL from
the 5D Higgs VEV v. We adopted the notation that variables accompanying the tilde symbol are
dimensionless, where the normalization part of the fermion wave functions are made dimensionless
following the instruction. The uniformly located positions of the point interactions are represented
as (c.f. Eq. (5.3.5))

~ ~ -~ 2
Lo = O, Ll = L2 = 5, L3 = 1 (543)

1
3’
We comment that the form in Eq. (5.4.1) does not depend on L itself since it describes phenomena
of zero modes. The independent parameters for describing the deformation of the flavor dependent
part via @ are taken as X, Mg, and yo. We remind that the five bulk masses of the fermions
{MQ, My, Mp, M}, Mg} and the three overall Yukawa couplings {y > yd, y } also contribute to the
flavor dependent part, where the 10 parameters in Egs. (5.4.4) and (5.4.5) are relevant when we
debate with the flavor dependence up to the overall scale (where one of the Yukawa couplings
is included to the overall scale). The fit observables are the eight mass ratios of the nine SM
fermion masses like mgpers/Mop. We should mention that as was pointed out in the Ref. [42],
more parameters than the experimental values of the quark/lepton masses do not mean that we can
always reproduce the quark and lepton masses in the present scenario. The geometry of the extra
dimension tightly restrict the form of the mass matrices to four-zero texture, see e.g., Eq. (5.2.26).
Therefore, it is quite nontrivial whether our model can reproduce the quark and lepton masses even
though two extra parameters (out of 10 ones for fitting the eight observables) seem to remain.

5.4.1 Results for the numerical research

We found that, even in the current limited setup, when we take the following benchmark,’

My =43, J,=033, X=0.74,
My =40, My =320, Mp=0.1, M, =100, Mg=00l, (5.4.4)

and take the degrees of freedom of the Yukawa couplings to adjust the third-generation fermions as

%~0124

Y

~ 0.0454, (5.4.5)

Sqw

"Here, the nearest divergent point of the Jacobi’s elliptic function is located at y ~ 1.00249, which is outside the
region where the interval geometry is elaborated.
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the result comes

(u) (u)

(u)

1L~ 0.746, 2~ 1.08, 3 -,
Myp Mcharm Miop
M(d) M(d) (d)
o~ 107, —2— ~0.966, B -1,
Mdown Mstrange Mpottom
M(e) M(e) (e)
—1_~ 0775, 2 ~(.253, B-1, (5.4.6)
Melectron Mmuon Mtauon

where we compare the obtained result with the derived pole masses at the leading order from the
PDG digits [122].® We reached a good fit for quarks as ratios,” while the fit of the charged lepton
is quite far from being precise. We do not pay attention to the overall flavor independent part since
we may adjust this part by use of Y, and Ao. The negativity for M(ﬁ), M ﬁ) originates from the lower
tail part of the sc function, where now the absolute values of them physically make sense.

5.4.2 An extra phenomenological study of the mixing effect in charged lep-
tons

A possible origin of the deviated result in the charged leptons may be that no suitably-enough
relevant degree of freedom remains for charged leptons after we fix the parameters to reproduce the
observed mass hierarchy of quarks under the constraints in Eq. (5.4.3).

To look into possible improvements of the charged lepton part, we do a phenomenological
trial for the charged lepton part, which seems to have a difficulty to regenerate the observed pat-
terns of their mass eigenvalues. Now we focus on the speculation that the charged leptons can be
mixed largely, because the Pontecorvo—-Maki—Nakagawa—Sakata (PMNS) matrix which describes
the mixings among the left-handed charged leptons and active neutrinos contains large mixing an-
gles. Under such circumstances mass eigenvalues can alter remarkably by the introduction of siz-
able non-diagonal terms of mass matrix. The existence of non-diagonal elements might be realized
when we evaluate the Casimir energy at two-loop order or introduce exotic fermions, which have
no chiral zero modes and only affect to the Casimir energy. Therefore, to investigate such a case
with phenomenologically introduced terms by hand would be fruitful to know further possibilities
of the current scenario.

In what follows, we bring the following phenomenological form for a charged-lepton mass
matrix into focus:

(e) (e)
(e) Mll m1(2) (3 )
e) _ e e
M= (<)) M el
e e
ns, 0 M

5.4.7)

8Concrete digits of the central values are as follows: my, = 2.5MeV, mgown = 5.2MeV, mypange = 110MeV,
Meharm = 1.448GeV, mpoyom = 4.557GeV, myp = 173.0GeV, Meecron = 0.5109989461 MeV, mpuon =
105.6583745 MeV, myyon = 1.77686 GeV, respectively.

0n the other hand, these  results are sensitive to the modulation of the input parameters in sub-leading magnitudes.
For example, if we change Mg from 4.3 to 4.31, the accurate fit for quarks turns out to be disrupted as ME”I) [myp =
0.416, MY /Meharm = 0.605, M\D [mgown = —0.761, M /Mgrange = 0.687, M) [Metection = —0.504, MY /Mimuon =
0.165, respectively, where the other ratios are still unities after suitable adjustments of Y,;/Y, and Y,/Y,,. The position
of the nearest divergent point of the elliptic function becomes yy =~ 1.00093. This point is considered as an inevitable
difficulty of the present scenario, where a suitable tuning of inputs is required.
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Figure 5.3: Shifts of mass eigenvalues of the phenomenological charged-lepton mass matrix M as
functions of mgez), where m(g and mge]) are pinned down as 100 MeV and 11.2 MeV, respectively. The
(e)

three eigenvalues get to be very close to the measured digits when m;; ~ 104 MeV simultaneously.

where we assume that the diagonal inputs take the same digits as in Eq. (5.4.6) without rounding,
and m(lez), m(g and m(;]) are phenomenological parameters.'” We found a desirable configuration

to reproduce the measurements, where m(]ez) mg? and mge]) are chosen as 104 MeV, 100 MeV and
11.2MeV, respectively (see Figure 5.3). Here, we achieved the good accuracy: (Meigen/Mexp.electron =
1.00052, (Meigen/Mexp )muon = 1.01612 and (Meigen/Mexp Jtauon = 1.0016. The current scope of this
issue is just within a naive discussion founded on phenomenological assumptions so that it would
be worth to investigate the full situation grounded on higher-loop calculations or modification of

the matter contents.

5.5 Summary and discussion

In this chapter, we have performed the numerical research in our dynamical model to reproduce
the quark/lepton mass hierarchy with the experimental values of the quark/lepton masses. Our
model consists of 10 point interactions, positions of which were treated as free parameters in the
prior researches [41-43]. Their positions have been determined by the minimization condition of
the Casimir energy. Because of that, the parameters relevant for fixing the ratios of the fermion
masses have been reduced to 10 from 20 in our model and only the remnant 10 parameters are
tools for reemergence of the eight experimental values of the quark and lepton mass ratios. As
was pointed out in the Ref. [42], more parameters than the experimental values of the quark/lepton
masses do not mean that we can always reproduce the quark and lepton masses in our model. The
geometry of the extra dimension tightly restricts the form of the mass matrices to four-zero texture,
see Eq. (5.2.26). Therefore, it is quite nontrivial whether our model can reproduce the quark and
lepton masses.

To obtain the desired mass hierarchy, we introduced the extra-dimension coordinate-dependent
VEV of the gauge singlet scalar (®(y)), which is also obtained dynamically by minimizing the
potential of the scalar @ (refer to Eq. (5.2.5)). As a result of our numerical analysis, we found that
there is a parameter set, which can reproduce the experimental values of the quark well, while some

107t is pointed out that no 1 < 3 mixing term can be realized on an interval. But it is easy to activate such mixing
term after we switch the geometry to S (see [42]).
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difficulties remain for the charged leptons. On the other hand, we pointed out that the mixing terms
among the charged leptons will resolve remaining discrepancies, even though it is not justified fully
in the theoretical point of view within the current scope.

A definite next step is to contemplate how to realize non-diagonal terms in the quarks and the
charged leptons, which are necessary ingredients to generate the observed textures of the mixings
represented by the CKM and PMNS matrices. The calculation of the Casimir energy was achieved
at one-loop order, and consequently the positions of the point interactions are determined as to
divide the interval extra dimension equally among three, i.e. the mass matrices of quarks and
leptons automatically become diagonal ones. If off-diagonal components appear after introducing
a suitable mechanism, the eigenvalues of the mass matrices deviate from the diagonal components
of the mass matrices and the experimental values might be recovered with flavor mixings, as is
discussed in subsection 5.4.2.

One possible idea to generate off-diagonal components in the mass matrices is to introduce
exotic fermions. Boundary conditions for the exotic fermions should be chosen to produce no
massless chiral zero modes, and then they will contribute only to the Casimir energy at low energies.
A possible boundary condition for the exotic fermion W (x, y) is given by

YI(x,y) =0 at y=0,L +e¢, YR(x,y)=0 at y=L—¢L. (5.5.1)

It is noted that the exotic fermion feels the point interaction only at y = L; but not the one at
y = L,. The boundary condition (5.5.1) can prohibit the presence of chiral zero modes [86],
and will force the point interaction at y = L; to move from L; = L/3 to L; > L/3. This is
because the exotic fermion contributes to the position y = L; of the point interaction as to divide
the interval extra dimension equally among two. After combining the contributions of the exotic
fermion with the (5D) SM fermions, the minimization condition of the Casimir energy is modified
and the off-diagonal component M, (and probably other off-diagonal components) can appear due
to L; > L/3. It should be mentioned that there is a way to obtain L; < L/3 by extending the
mechanism. We can introduce extra three point interactions only for the exotic fermion and impose
the boundary conditions at y = L}, L}, L} in addition to y = L;. In this case, the exotic fermion may
contribute to the position y = L; of the point interaction as to divide the interval extra dimension
equally among four, in which L; < L/3 can be realized from the modified minimization condition
of the Casimir energy. The key ingredient is that this mechanism accomplishes the appearance
of off-diagonal components dynamically and the contribution of the exotic fermion might be the
same order as the (5D) SM fermions, so that large off-diagonal components could emerge. If bulk
masses of some exotic fermions are chosen to be much larger than those of the (5D) SM fermions,
their effects on the Casimir energy are expected to be limited and will give small contribution to off-
diagonal components of the the mass matrices. Therefore we can expect that both of the small/large
mixing in the quark/lepton sector might be obtained dynamically by use of this mechanism.

Another idea is to take account of higher-order effects of the Casimir energy. Since the flavor
structures of the quarks and leptons are nontrivial, the effects of the matter contents at two-loop
order might produce corrections to the minimization conditions of the Casimir energy. That may
lead to off-diagonal components of the mass matrices through the modulations of the positions
of the point interactions. Origin of modulations may also be the (zero-mode)-(KK-mode) mixing
which can make small mass perturbations. The issues stated above remain to be pursued as the
future work.
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Chapter 6

Extended supersymmetry in extra
dimensional models

In Chapter 3, it has been shown that the structure of the N = 2 SUSY QM is hidden in the 4D
mass spectrum of the higher dimensional Dirac action with extra dimensions, and the KK mode
functions for the 4D right-handed and left-handed spinors form the supermultiplets. Since a higher
dimensional Dirac spinor can be decomposed into 4D Dirac spinors with many “flavors” in the
Kaluza—Klein (KK) decomposition, we expect that some symmetries larger than the N' = 2 SUSY
QM will be hidden in the 4D mass spectrum of higher dimensional Dirac actions.

Then, in this chapter, we discuss the N-extended SUSY QM with central charges which are
obtained from symmetries in the higher dimensional Dirac action with extra dimensions. We show
that central charges appear from those symmetries and the supermultiplets in this SUSY algebra
become the BPS states. As an example, we will confirm that this N-extended SUSY QM is realized
in the S 2-extra dimension with the magnetic monopole background and explains the degeneracy of
the 4D mass spectrum.

This chapter is organized as follows: In Section 6.1, we construct the N-extended SUSY QM
with central charges from the symmetries in extra dimensions and discuss the representation of this
SUSY algebra. Then, in Section 6.2, we confirm that this N-extended SUSY QM can be realized
in the model of §2-extra dimension with the magnetic monopole background, and the KK mode
functions correspond to the representation given in Section 6.1. The Section 6.3 is devoted to
summary and discussion.

6.1 Structure of extended supersymmetry

In Chapter 3, we have described the N = 2 SUSY QM hidden in the two-fold degeneracy of f'”
and g"(y). However, we can expect that further hidden structures exist in the 4D mass spectrum

and these would lead to the extra degeneracy due to the index a.

In this section, we show that the N-extended SUSY QM with central charges can be constructed
from symmetries in the extra dimensions. This SUSY QM can explain the extra degeneracy in the
4D mass spectrum. Then, we clarify the representation of this algebra for the nonzero energy states
and it will turn out that the eigenstates become BPS states. This section is devoted to the general
discussion, and a concrete example will be given in the next section.

59



CHAPTER 6. EXTENDED SUPERSYMMETRY IN EXTRA DIMENSIONAL MODELS

6.1.1 N-extended SUSY algebra with central charges
In Chapter 3, we have obtained the structure of N' = 2 SUSY QM

fPm) _ 0 O\ L (P FP0) fI0)
Q(O)_m(%) n(7)=mi () (7)< (7)),

AL A A

where the supercharge Q, the Hamiltonian H and the “fermion” number operator (—1) are defined
by

0- (0 gﬁ) _ B 0 | e’ [_iyyeyy(vy +igAy) + W] ’ 6.1.2)
A 0 e’ [lyyeyy(Vy +igA,) + W] , 0

OV 1 C
H = Q2 = 620—|: — (Vy + lqu)2 + qO'yy e);}E’y/) Fyy’ + ZR - ly)eyy(ﬁyW)(—l)F + W2

— iy’ ey (8,0 (? _gﬂ) ] : (6.1.3)

(-1)f = (1261/21 0 ) ' 6.1.4)

—12|_d/2 ]

F,y is the field strength for the back ground gauge potential A, and R is the Ricci scalar defined on
extra space Q2.

Then, we discuss a new realization of N-extended SUSY QM from symmetries. First, we con-
sider sets of operators {a; (i = 1,2,--- , N,)}, {Ei (Gi=1,2,--- ,Np)}, -, {a;(i=1,2,--- ,Ny)}, {B,- (i=
1,2,--+,Np)}, - -+, which are Hermitian and consistent with an imposed boundary condition for the

mode functions f™,' and commute with A’ A

[a;, AAA = [b) AA = =[a;, AAA =B, AA =---=0. (6.1.5)

Therefore, these operators do not change the mass eigenvalues and will be related to the symmetries
in the extra dimensions. Furthermore, we require that these operators commute with the ones in the
same sets

[a;,a,) = [bi,bj] =---=0, [, 6/ = [Bi.Bjl=--=0, (6.1.6)

and anticommute with the ones in the different sets for Roman and Greek letters
by =ta;, e} = ={b, e} ={b;,dj} =--- =0, (6.1.7)
{&i’B} {az,)’] —{ﬁza)/] {Bi,é‘j}:"':(), (618)

and the operators with the Roman letters and the ones with the Greek letters commute with each
other

[a;,&;] = [a;,B]1 = =[bi,a;] = [b;,B1=--=0. (6.1.9)

"More precisely, we require that the functions &,-fgl) (i=12,---,N,), B,-fg‘) (i=1,2,---,Np), - also satisfy the
imposed boundary condition.
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Then, we define the following extended supercharges
@ _ i A’ ® _ ibiA
Qi - (_lﬂ&l ) ) Qi - (_lﬂl’;l ) s (6110)
@ _ aA’ ® _ pA .
Qi - (ﬂ&l ) > Qi - (ﬂﬁl ) ) (6111)
and obtain N' = (N, + N, + -+ + N, + Ng + ---) SUSY algebra with the central charges
(0", 0} = 2Hs,;6*" + 22 5"" | (6.1.12)
(0.2 1= 1H.Z1 =1 fj” Z1=10" H1=0 (AB=ab.ap ), (6113

where H denotes the Hamiltonian given by (3.3.4) and the central charges Zl.(?) are defined as

@ _ e, [@0AA 0 & _ e (bibATA 0

Z = H(5U+( 0 maaa) A ="Hou "G bb) s o G119
@ _ _ps 4 [2€AA 0 ® _ _ BBAA 0 _
Z = H51,+( 0 awaar) A0 =He U0 s ) GLIS)

Therefore, we can consider that the central charges in this SUSY algebra result from the symmetries
in the extra dimensions.
Especially, the supercharges QE.A) (i=1,---,N,) for each index A commute with each other

(oW, Q(A)] 0 (G, j=1,---,Ny). (6.1.16)

This property is important for the discussion of the BPS states in the next subsection.

6.1.2 Representation of SUSY algebra

Then, let us clarify the representation of this algebra for the nonzero energy states as well as Chapter
2. Since the Hamiltonian and the central charges commute with each other, we first look at the
simultaneous eigenstates of them:

H(D(n) = m2p™ Z(A)(I)(”) = Z(A)mZCD(") (6.1.17)

n=s,z° n=sz?

where n and z indicate the labels of their eigenvalues m, and z(A) 2 and s denotes the extra index to

further classify the eigenstates in the following discussions. For these states, the algebra (6.1.12) is
rewritten into

(0", 0} = 2m6;;6"" + 22 my 5" . (6.1.18)

Since zE?) is the real symmetric matrix, it can be diagonalized by the orthogonal matrix Uf?). Then,

by redefining the supercharges, we can obtain

(O, 01"} = 2m5,;6" + 27 Vmys; jéAB : (6.1.19)

’In general, z( ) depend on the index n although we do not explicitly label z 4 with it.
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CHAPTER 6. EXTENDED SUPERSYMMETRY IN EXTRA DIMENSIONAL MODELS

where 7V, = ¥, UV 2P (U @)/, is the diagonalized matrix and Q; W=y U, Q'(B) =
Dk Uy ) (B) indicate the redefined supercharges. Then we can find that the square of the super-

charge (Q’( "2 equals O for eigenstates with z; " = _1 (if exist). This relation leads to Q'(A) 0 for
such states since the supercharge Q; "A) is Hermitian. Thus, for states with z'(A) —1, the number of
nontrivial supercharges effectively reduces and the size of supermultiplets become small compared
with the regular representation. These states are called BPS states.

It should be noted that, in this algebra, at most one supercharge among Q;(A) (i=1,---,Ny)can
become nontrivial and the others must equal O for any eigenstates. This is because the supercharges
satisfy the relation

Q/(A)Q'(A) 0 (i#)) (6.1.20)

due to (6.1.19) and the commutativity of Q(A) and Q(A) Therefore, the number of nontrivial super-
charges for the eigenstates are maximally given by the number of the sets of the operators related to
symmetries, and the eigenstates necessarily become the BPS states if the sets have more than one
operator.

Next, to construct the supermultiplets in this SUSY algebra, we introduce the following opera-
tors by means of the nontrivial redefined supercharges for the eigenstates:

SUP = —igWQ®,  sEP =i @0, -, (6.1.21)

where A, B, C, and D are different with each other according to the above discussion. These oper-
ators commute with each other, and therefore, we can further classify the eigenfunctions by these
operators. Since these operators satisfy

AB A B
(U = my(1+ )1+ 2% (6.1.22)
for the eigenstates, we can parametrize their eigenvalues as °
AB AB A B 2
S O e =Sy \/(1 + 1+ Py mo, . (6.1.23)
ij Skt i ” B
where s(AB ) = +. Here, we have described the index s as s(AB) €D ...

Skl
From the relation
SUP I = { 0,.Si? (E=A,m=iorE=B, m=}),

6.1.24
" Q'(E)S (s (the others), ( )

we can see that Q;(A) and Q;(B) flip the sign of the eigenvalue of S;?B) but do not change other
eigenvalues. Thus, if there are K nontrivial supercharges, this relation implies that a supermultiplet

composes of the 21X/2)_fold degenerate states {(D('(’jg) (o, with SE?B Y=+, 5P =+, ...} and we
1/ ez
can explicitly construct the supermultiplet from <D++_.. zas
(=512 (1-s5")/2
o 3 1 1
R /(A) ’(C)
v my A1 +z; 1+2z
( B) CD)
)/2 (1-s$Ph /2
x[(Q ’(A>) (@) ™ ™ -~]<1><+”1..,’z. (6.1.25)

3z, > —1 because (QEA))2 =m?+ z’(A) 2> 0.
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6.2 S? with magnetic monopole

In this section, we will confirm that the N-extended SUSY QM given in the previous section can
be realized in higher dimnsional Dirac action with curved extra dimensions. As an example, we
examine the S 2-extra dimension with the Wu-Yang magnetic monopole background.

6.2.1 Spin-weighted spherical harmonics

As is well known, the mode functions on S? can be expressed by the spin-weighted spherical
harmonics [123-125]. Thus, we briefly review the Newman-Penrose 0 (eth) formalism and this
function. For more detail, see Appendix D.

First, we consider the rotation of the orthogonal basis ey , e, defined in tangent space on S?

ey = (cosfcos ¢, cosfsin g, —sinb), (6.2.1)
e; = (—sing,cos ¢,0), (6.2.2)

ey — e, =eycosa —ey zsina,
o ’ (6.2.3)
ey > ey =egsina +egcosa,
We call that a quantity 7 has spin weight s, if 17 transforms as follows under the above transforma-
tion:

n— . (6.2.4)

Furthermore, we introduce the operators 3 (eth) and 3 (eth bar) which act as follows for n with
the spin weight s:

on = — [ag + L8, scot 9] n = —(sin)* [ae + L 8,|sineyn, (6.2.5)
sin 6 sin 6

B = — [ag ~ L9, + scot 9] n = —(sin6)" [ag - ,La¢] (sin)'n . (6.2.6)
sin @ sin 6

We can show that 37 has spin weight s + 1 and dn has spin weight s — 1. Therefore, 3 and d
correspond to the spin weight raising and lowering operators, respectively.
From (6.2.5) and (6.2.6), we obtain

- 1 1 cos @ 52
301 = | ——0ysin 09y + ——07 + 2is Oy — +s(s+ D|n,
7 [sm@ ‘ "7 sinZg ¢ sin20 ¢ sin>f (s+ D]
55 [ L busingo, 4 —— 7 125580, 5, ( 1)] (6.2.7)
= | IAY - S(Ss — . L.
T=sing” °7 sintg ¢ sin@ °  sin?0 7

The spin-weighted spherical harmonics Y, with the spin weight s is given as the eigenfunction of
00 and 33 :

00 Yim = ~{j(j + 1) = s(s + D} Y, 80 Yjm = ~{j(j + 1) = s(s = D} ¥, (6.2.8)
or equivalently

cos f 52
— & - 2is 04 + Yo =G+ 1) Y, (6.2.9)
¢ sin?6 © sinZol| N !
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where the spin weightis givenby s = 0,+1/2,+1,+3/2--.. The index j (= |s|,|s|+1,|s|+2,--+)
denotes the main total angular momentum quantum number and the index m (= —j,—j+1,---, j—
1, j) indicates the secondary total angular momentum quantum number. Since the spin-weighted
spherical harmonics Y, form a complete set for the fixed spin weight s, any function on S? with
the spin weight s can be decomposed into ;Y.

The explicit form of the normalized spin-weighted spherical harmonics is written as

, 2j+1
(0, 9) = € \/ Ll =+ 9 - )]

P X m+s+2k 2 j—-m—s=2k
min{j=sj-m} - (—])k (sm g) (cos Q)

x ) :

emilrt G =m =R\ = s = R)Lm + 5+ 1)!

eme (6.2.10)

which satisfies the orthonormal relation
fdQ (Yjm(O, )" Y (6, ) = 6 O - (6.2.11)
Here, we have chosen the phase of this function in such a way that the function satisfies

0, Yim=NiG+ D=5+ Dsr¥jm,  3Ym=—VjGi+D=sts=1)1Yim.  (62.12)

In the case of s = 0, the spin-weighted spherical harmonics corresponds to the spherical harmonic
Yim.

As well as the ordinary spherical harmonics, this function corresponds to the representation of
su(2) algebra

Lstjm = ](] + 1)stm s Lz stm = mstm , L. stm = \/(] + m)(.] +1=+ m)stmi] s (6213)

where L2, L. and L. are the angular momentum operators for quantities with spin weight s

L, =-idy, (6.2.14)
L, = ¢t (iag icotdd, L) : (6.2.15)
sin 6
1 1 cos 6 5
L*=—(L,L-+L.L)+L>=-——0;sin08, — ——05 — 2i 0y + . (6.2.16
2( v )+ L sing”? > % sin®g ¢ lssinz 9 " sin®0 ( :
and satisfy
[L.,L.] = L., [L,,L]=2L,, [L*,L]=[L*,L.]=0. (6.2.17)
Furthermore, this function satisfies the following properties:
Yinm—6,8) = (=1)/™"_Y;,.(0,9), (6.2.18)
stm(e’ _¢) = (_1)m_s—st —m(e’ ¢) . (6219)

6.2.2 KK mode functions and mass spectrum of S2-extra dimension with
magnetic monopole

Then, we discuss the KK mode functions and the mass spectrum of S2-extra dimension with a
magnetic monopole. We consider the space M* x S? with the radius a

ds* = n,dx'dx’ + a*(d6” + sin0de?), (6.2.20)
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and we choose the basis of the vielbein as

AAAAAA

ex = diag(1,1,1,1,a,asin6) (K=0,1,2,3,60,¢, K=0,1,2,3,0,9). (6.2.21)
Furthermore, we introduce the Wu-Yang magnetic monopole background

ANIS = —%(cose F1)dp (n=0,%1,%2,---), (6.2.22)

where ¢ is the gauge coupling constant.* As is well known, the magnetic charge of the monopole
is quantized. See Appendix C.

The gauge fields A" and AS are defined on the north patch (0 < 6 < 7, 0 < ¢ < 2n) and the
south patch (0 < 6 < 7, 0 < ¢ < 27) on S2, respectively.

Then, we consider the 6D Dirac action with the monopole background and the bulk mass M:

S = f d*x f dode @’ sin 0P (x, y) [iT¥e™ (Vk + igAx(y)) + M| ¥(x.y). (6.2.23)
S2

where we require that the Dirac fields on the north patch W¥(x,#6,¢) and on the south patch
WS (x, 6, ¢) are related by gauge transformation

P = PN (6.2.24)
Here, we define the internal chiral matrix " which satisfies
y" = iy’y?, ") = Ly, " =y", "y =0, (6.2.25)
and we decomposition ¥V/5 (x, 8, ¢) as

PV (x,0,8) = > 3 [ FEVE @0, 9) @, (1) + gV 0, 0) @ U () | (6.2.26)
k a=%x

where the index a = + indicate the eigenvalues of Y™ = + for fff)N /S and massless gffw /5 (if exist).

5

In this model, the operator A and A" in the supercharge (3.3.3) can be written into the form

—n Al = - n
A= e+’z¢[ — iy~ (8, Py + 8, P_) + M|e*3° (6.2.27)
a

L n pa) 1 = an
A= e$’2¢[iy9— (85, Py + 8, P_) + M|e=3°, (6.2.28)
a

where the upper and lower signs in the exponential denote the ones for the north and south patches,
respectively. (Here after, we use the same notation for the signs in the exponential if appear.) The
operators 0, and 0, represent the spin weight raising and lowering operators for the spin weight

“4In the case of n = 0, the Einstein equation leads to @ — co. However, in the case of n # 0, the radius a is stabilized
and given by a*> = n*«*/8¢* where « is the 6D gravitational coupling constant [126]. Here, we concentrate on the
structure of the mass spectrum of this model and we will not take into account the stability of a.

3The massive mode functions gﬁfw 5o A fg‘)N /S are not the eigenfunction with " = a because A and ¥ do not

commute with each other.
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= —(n+1)/2,and P, = (1 £y™)/2 are the projection matrices for . Then, A" A and AA" are
given by

n

I R _
AA=AA" = z¢[ — (3,418, Py + 8,18, P_) + M?|e*3* (6.2.29)
a

Thus, we can find that the mode functions and the mass eigenvalues are obtained as follows from
(3.3.2) and (6.2.8):

Sa Y]m(09 ¢) e:Fi%lf’

SN 6, ¢) = .t &PEN=ALMTEY), (0=, (6230
JjG+1) n2-1
mj = \/ —— M (6.2.31)

where 5., j and m are given by

nxl . flsillsel+ Llsel 2, (fora=+) o . :
Sy = — N = B m:_]a_‘]+1,"'7]_1’]5
2 Is_|,|s-|+1,[s_|+2,--- (fora=-)
(6.2.32)
and we define e.. as the 2-component orthonormal vectors which satisfy
Y'e, = +e. , y@ei =ie;, y“?’ei = Fe- . (6.2.33)

Then, the degeneracy of j-th KK level is 2j + 1 for each mode function.

We can see that the mode functions fY™"° and gV""”® with j = |s.| have the lowest mass
eigenvalue +/1/a? + M? in the case without the monopole (n = 0). On the other hand, in the case
with the monopole (n # 0), the lowest mass eigenvalue decrease to M and the corresponding mode
functions are given by fU1"N5 and g¥"NS for n > 0 and 5N and g¥ NP for n < 0.
Thus, there are no massless modes unless the bulk mass M equals 0 and the magnetic monopole
exists. If we consider the model with M = O and n > 0 (n < 0), |n| massless modes exist for
the mode functions f(’m)N/ 5 and g(Jm)N/ S with @ = — (@ = +) respectively, and |n| massless 4D
Dirac fields appear. It should be noted that if we consider the action with a 6D chiral field with the
eigenvalue Iy = —I°T'T2IPTTY = + (-), there appear n 4D left (right)-handed fields in the case
of n > 0 and |n| 4D right (left)-handed fields in the case of n < 0.

S—jm)N/S and g(]m)N/S f(_jm)N/S and g(]m)N/S
j mass degeneracy _] mass degeneracy
=1 L4 2 i— 1 L4 m 2
J -2 a2 + J ) a2 +

j=1+1 \/“;_;HMZ 20+1) | j=3+1 \/“;—i’2+M2 2(1+ 1)

Table 6.1: mass spectrum for n = 0
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FUNIS a1 gUmNIS FUNIS an g gUmNIS
j mass degeneracy j mass degeneracy
E )
j=ut \/%+M2 n+2 j=ut \/(1“%”)+M2 n+2

j=mlei-1 Ui ara | j=mtel JURaap pe

Table 6.2: mass spectrum for n > 1

f(+jm)N/S and g(]m)N/S f(_jm)N/S and g(]m)N/S
] mass degeneracy j mass degeneracy
j=-%5 M |n|
j=-rl S e a2 j=-nt \/<1+'"'> FM2 n+2
j=-mla] \/—“’;‘"D +M2 m+20 | j= \/ Cb M2 |nf +21

Table 6.3: mass spectrum forn < 1

6.2.3 N-extended SUSY QM in S 2-extra dimension with magnetic monopole

Let us construct the N-extended SUSY QM in S%-extra dimension with the magnetic monopole.
For this purpose, we first summarize the well defined operators for the KK mode functions fY"™"/*
and their properties in this model:

e properties of y")’3;,
We write the operator 9;, as

8y = €293, P, + B, P_)e*'2? (6.2.34)
which appears in the A and A'. Then, the operators iy"y*d;, (§ = 0, $) satisfy
[iy"y" i, ATAl = 0, (YY", , iy™y*8i) = 0. (6.2.35)
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These operators relate ffjm)N /S with f(_jf)N/ 5 since the operator 0;, raises the spin weight for the
functions with " = + and lowers the spin weight for the functions with ¥ = —. Furthermore,
these are Hermitian for /"% in the sence that
IOWN/S | o imN/S S NS e i o ONTS
O A T B R S A F s (6.2.36)

We can use these operators to construct the N-extended SUSY QM.

e properties of angular momentum operator
From the rotational symmetries of S2-extra dimension, the angular momentum operator L.
given in (6.2.14) with gauge transformation

L = ™20 20 (6.2.37)
are Hermitian and well defined for the mode functions. Furthermore this satisfy
(L™, AT Al = [L™,8;,] = 0. (6.2.38)
This is also useful for the construction of the N-extended SUSY QM.

e properties of reflection operators

In the model without the magnetic monopole (n = 0), we can consider the reflection opera-
tors with gamma matrices y"y’Ry and y"”y&R(l, where Ry and Ry represent the reflections for the
coordinates 8 and ¢

Ry: 0> m—-906, Ry:¢— —¢. (6.2.39)

These operators are well defined for the mode functions £ and commute with A" A because of
the reflection symmetries in S 2-extra dimension.

In the case of §? with monopole (n # 0), the above operators are ill defined and do not commute
with A" A by the monopole background. However, the operator with the combination of the above
reflections and the gauge transformation

R = ™ 1?RyR ye*2? (6.2.40)
is Hermitian and well defined for the mode functions and satisfies
[R, A" Al = {R,8;,} = {R, L} =0, R =1. (6.2.41)

We find that this operator connects the mode functions fU"™N/S to fU=N/S,
Then, we can obtain various kinds of N-extended SUSY QM from the above operators. As
examples, we consider the following two N-extended SUSY QM:

o N = 6 extended SUSY QM with central charges from the angular momentum operator
First, we consider the N = 6 extended SUSY QM with central charges which consist of the
angular momentum operator L":

{Ok, 01} =2H6y + 27y, (6.2.42)
(Qv.Zul =[H.Zul = Zi,Zkr] =[O . HI =0 (K, LK, I'=1,---,6), (6.2.43)

68



6.2. S? WITH MAGNETIC MONOPOLE

where the supercharges QO and the nonzero components of central charges Z;; are given by

0= (Lo 7). 0= (i 5" (6245
0= (g 1) 0= 0, (6246)
Zi1 =Zyp =H(-1+d*H - a*M?), (6.2.47)
Zsy = Zs = (Lin) ?Tﬂ y(L;(’)”ﬂT) ., Zy=Zss=-H+ ((Lérﬂ);ﬂ*?( ﬂ(ng)zﬂT) . (6.2.48)

In this SUSY QM, O3 and Q4 commute with each other and also Qs and Q.

According to the discussion given in the Section 6.1.2, we redefine the supercharges for the
eigenfunctions with the eigenvalues H = mf Zay = mmf and Zy; = (=1 + m?) mf (where m
indicates the angular momentum number):

0 = 0. 0= 0. (6.2.49)
1 1

- , . (0 - , 6.2.50

0 = —— Qs + 0 0l = —— (s = mQy (6.2.50)
1 1

,_ , e (O« — , 6.2.51

05 =~ (s + 00) 0} =~ (05 = m0Qs) (6.2.51)

The SUSY algebra (6.2.42) is written into the following form for the redefined supercharges
(01, Q) = 2m36u + 2z;mi6 (6.2.52)
where z; (k = 1,---,6) is given by
=2 =(1+dm, -d’M*), =2 =m, Z=z5=-1. (6.2.53)

From this relation, we find that Q) = Q; = 0 for any eigenstates. Furthermore the supercharges
Q' and Q) are equal to O for the states with m; = M (or equivalently H = M?), that is the case of
Jj=|s_|forn>0and j = s, forn <0. Thus, the BPS states appear as discussed in Section 6.1.

Then we can construct the eigenfunctions (I)g;";35 <) with H = mf #+ M? as

GmN/S (jm)N/S
q)(fm)N/S _ f +jm q)(jm)N/S _ 0 q)(jm)N/S _ O q)(jm)N/S _ f o
= , = _l.g(_]m)zv/s > T I\ g(jm)N/S > - ’

++,2/ 0 —-+,2’ 2 ! —-=z 0
(6.2.54)
and also the eigenfunctions @, (y) with H = M? as
535,2
ls_|mN/S 0 wtmngs [~ fENE
o' = [ samnys |- @L< ( ] forn>0and j=|s_|,
| -8 ’ 0
f(‘um)N/S 0 (6.2.55)
(DSZ")N/S — [ + ) , (I)(_s;',n)N/S — ( ) (s+m)N/S) forn <0 andj =5,.
0 —18y
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Here 7" indicates {z; (i = 1,---,6)} given in (6.2.53) and s;, = #, 535 = *+ denote the signs of the
eigenvalues of S, = —iQ10», S35 = =103 0s.

Then we can show that the above eigenfunctions form the supermultiplets and satisfy the same
relation as (6.1.25). In this extended SUSY QM, the four (two) -fold degenerate eigenfunctions with
H # M? (H = M?) are related by the supercharges Q, with k = 1,2,3,5 (k = 3,5). Furthermore,
the extra (2j + 1)-fold degeneracy exists in the eigenfunctions. The origin of this degeneracy comes
from the angular momentum number m, which corresponds to the eigenvalues of central charges.

o N = 6 extended SUSY QM with central charges from the angular momentum operator and
the reflection operator
Next, we construct the N' = 6 extended SUSY QM with central charges from the angular
momentum operator and the reflection operator:

{Ok, Q01 =2H6 + 27y,
(Ov.Zul =[H,Zyl = Zi,Zkr] =[Ok, HI =0 (k,LE,I'=1,---,6), (6.2.56)

where the supercharges Q) and the nonzero components of the central charges are taken to be the
form of

0 _,yinyéesmﬂ’r 0 _yin,yqiéinﬂT
= i 0 s = ; 2 9 6.2.57
Ql ﬂy‘"y%m 0 ) Q2 (ﬂ)/’"’y¢5m 0 ( )
_ 0 iy" L At ({0 —L"RA'
O =|_; Ay 0 ; Q=4 LR 0 , (6.2.58)
0 RA'
Q5 = —lﬂR 0 ) s Q6 = Q» (6259)
(L("))zﬂ*ﬂ 0
le = Zzz = H(—l + azH - a2M2) . Z33 = Z44 =-H +( < 0 ﬂ(L;"))zﬂT . (6260)

As well as the previous extended SUSY QM, the supercharges Q; and Q, equal O for the states
with H = M?. In addtion, the eigenstates with Z33 = —mi (L' = 0) become BPS states and Q5 and
Q4 equal O for them.

Here, we redefine the basis of the KK mode functions to obtain the representation of this SUSY

QM
1

ng)N/S @, q’)) - ( fgm)N/S , ¢) +r(=1) JHSa fg—m)zv/s @, ¢)) ,
’ V2
gl (0,¢) = % (8575 8,¢) + r(=1)7" gV 6, 9)) (6.2.61)

(jm)N/S
a,r

where r = + and m > 0. The mode functions f°
odd functions for R, respectively

with r = + correspond to the parity even and

Rf(jm)N/S — if(jm)N/S ) (6262)

a,* a,+

Then, we can obtain the eigenfunctions <D§{’z’f334ssé,z(y) for non-BPS states (H = mf + M?, Zyy =
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(-1 + mz)m§ + —m?) as follows:

, GmN/S . 0 . 0 . 0
o\, =( i ) , oY, =( : (jm)N/S) , oY, =( , (jm)N/S) . oY, ( , (jm)N/S)’
’ 0 ’ -8 ’ —18+- ' —18++
GmN/S GmN/S GmN/S
oum  _ (fU% oim  [F2E oum [F3E UM 0
—+z 0 > —+-z 0 > +——z 0 > _l-g(_j;nr) /S| >
(6.2.63)

where z indicates z; (k = 1,2, 3,5) which are the coefficient of mf in the eigenvalues of Zy;

71=20=-1+ a2m§ —a*M?, zn=25=—14+m?, (6.2.64)
and the dependence of z in the right hand side of (6.2.63) is described by j and m. s, = +, s34 = +
and ss5¢ = + denote the signs of the eigenvalues of S 1, = —iQ10», S34 = —iQ304, Ss6 = —1050¢.

We can show that the above eigenfunctions form the supermultiplets and satisfy the same re-
lation as (6.1.25). The supermultiplets for the BPS states can be constructed by use of the mode
functions ffi’,”w /S and gé’;'r")N/ % in the same way.

In this extended SUSY QM, the eight-fold degenerate non-BPS states is related by the six su-
percharges Oy (k = 1,---,6). Therefore, we see that the additional two-fold degeneracy can be
further explained by the supercharges compared with the previous extended SUSY QM (although
the total degeneracy including the BPS states with m = 0 is not changed). This additional degener-
acy corresponds to the parity even and odd for the reflection. Since the eigenfunctions with m = 0
are equivalent for the parity even from the definition (6.2.61), they should become the BPS states.

Although we considered two examples, there are more extended SUSY QM constructed from
the symmetries. For instance, we can obtain extended SUSY QM by using the reflection operators
¥"v’R, and 7i"y"3R¢ in the case without the magnetic monopole, since those operators correspond
to the symmetries in such model.

6.3 Summary and discussion

In this chapter, we have constructed the new realization of the N-extended SUSY QM with central
charges hidden in the higher dimensional Dirac action with extra dimensions. This extended SUSY
QM results from symmetries in extra dimensions, and the supercharges and the central charges
are obtained by use of them. We have also investigated the representation of the SUSY algebra
and shown that the supermultiplets would become the BPS states. In addition, we considered the
model of §2-extra dimension with the magnetic monopole as the concrete example. Then we have
confirmed that the KK mode functions properly correspond to the representations in the two types
of N-extended SUSY QM which are obtained from the rotational and reflection symmetries in the
extra dimensions. Although we have discussed the extended SUSY QM in §2-extra dimension as
the example, the same structures are also investigated for extra dimensions of the hyperrectangle
and the torus in Refs. [80, 81].

The characteristic property of our extended SUSY QM is that certain supercharges commute
with each other. Recently, a new generalization of supersymmetry is proposed, that is Z7-graded su-
persymmetry whose supercharges have n degrees [127-129]. For their supercharges with different
degrees, the algebra may not close in anticommutator but commutator. Therefore, it is interesting
to investigate the relation between this supersymmetry and our SUSY QM.
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Our analysis is not perfect. As we have seen in Section 6.2, there appear various extended
SUSY QM in a model, according to sets of symmetries. Thus, we should clarify what kinds of
extended SUSY QM can be obtained from a model. It is also important to reveal that what symme-
tries exist by the choice of boundary conditions, extra dimensional spaces and background fields
since they will affect the structures of the extended QM SUSY. We can also expected that there
is hidden extended SUSY in the extra dimensional model with the quantum graph and we should
investigate its structure. Furthermore, it is known that central charges are closely related to topo-
logical properties [77-79]. Although the central charges given in Section 6.2 might be related to
the topology of §2 and the magnetic monopole, the detailed structures are not unclear. Thus, we
should investigate more models with nontrivial topology. We can also expect the possibilities that
the further structures are hidden in the 4D mass spectrum.
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Chapter 7

Summary and discussion

In this dissertation, we have studied the hidden supersymmetries and fermion generation structure
in extra dimensional models.

The SM is phenomenologically established model which successfully explains the nature up
to O(100) GeV. However, there remain many unanswered mysteries, e.g. the fermion generation
problem, the fermion mass hierarchy, the origin of the flavor mixing and CP-violating phase and so
on. One of the promising candidates which explain these problems are extra dimensional models.
In extra dimensional models, we decompose higher dimensional fields into 4D fields on the 4D
Minkowski space and KK mode functions on an extra space. Then, by integrating out the extra
dimensions, we obtain effective 4D actions with the infinite 4D fields. The particles of the SM
correspond to zero modes for the Laplacian in terms of a extra space, whereas we regard massive
modes as new particles and they are not observed so far since their masses are much larger than
current experimental energy scale. In extra dimensional models, a geometry and boundary condi-
tions in a extra space are very important, since they affect the realization of the SM and what new
particles appear in the obtained 4D effective theories. Then, in this dissertation, we studied the the-
oretical structure in extra dimensional models with respect to a geometry and boundary conditions
of extra dimensions.

Here we have focused on the hidden SUSY QM in the 4D mass spectrum of a higher dimen-
sional Dirac field and the fermion generation structure in extra dimensional models.

In Chapter 2, we have briefly reviewed the SUSY QM. The supercharge relates doubly degen-
erate states with a nonzero energy and the Witten index, which is defined by the difference between
the number of zero energy states with (—1)¥ = +1 and (-1)" = —1, is given as the topological quan-
tity. We have also considered the extension of the supersymmetry. The N-extended supersymmetry
which includes N supercharges leads to more degeneracies of nonzero energy eigenstates. Further-
more, if central charges appear in the supersymmetry algebra, the size of multiplets can become
small compared with the regular representation.

Then, in Chapter 3, we have considered the KK decomposition of a higher dimensional Dirac
field and shown that the structure of N' = 2 SUSY QM is always hidden in the 4D mass spectrum
of extra dimensional models. This structure is due to the fact that a 4D mass term should consist of
4D left and right-handed chiral fields, and the supercharge relates corresponding massive KK mode
functions. Furthermore, we have found that the number of 4D massless chiral fermions corresponds
to the Witten index in the N' = 2 SUSY QM, and therefore it is related to the topology in extra
dimensions.

However, further degeneracy generally exists due to the degrees of freedom of an extra space
and this cannot be explained by the N =2 SUSY QM. This leads to many KK particles with same
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masses in an effective 4D theory. We have focused on this additional degeneracy and revealed the
hidden structure of N-extended SUSY QM with central charges in Chapter 6. This extended SUSY
results from symmetries in extra dimensions and degenerate KK mode functions correspond to BPS
states. We confirmed that the model of S?-extra dimension with the magnetic monopole properly
realizes this extend SUSY QM from the rotation and reflection symmetries.

Furthermore, from the viewpoint of general 1D extra dimensional models, we have studied the
5D fermion on the rose quantum graph with N loops in Chapter 4. We have successfully classified
the allowed boundary condition into the the type (2N —k, k) boundary condition with 0 < k < 2N. It
is also shown that there exist [N — k| chiral zero modes for each type of the boundary conditions and
the Witten index Ay = N —k is related to the topological properties that the different type boundary
conditions cannot be continually deformed to each other. Thus, the extra dimensional model of the
rose graph with |[Aw| = 3, i.e. the type (N—3, N+3) or type (N+3, N—-3) boundary condition leads to
the three generation of chiral fermions. Furthermore, since the massless mode functions féo) (y) and
g[(go)(y) are exponentially localized at some boundaries, their overlap integrals become hierarchical
and will resolve the fermion mass hierarchy problem in the SM. The overlaps of the mode functions
for different generations also lead to the off-diagonal components of the mass matrices and flavor
mixing. Moreover, the zero mode solutions féo)(y) and gg))(y) could become genuine complex
functions due to the boundary conditions. Then they can produce the CP-violating phase in the
CKM matrix. Therefore, the extra dimensional model with the quantum graph is expected to shed
a new light on the fermion generation structure.

Moreover, in Chapter 5, we have numerically investigate the fermion mass hierarchy in the
model of the interval extra dimension with point interactions which corresponds to the models of
the quantum graph with the type (6, 0) or type (0, 6) boundary condition. The positions of point in-
teractions and the gauge singlet scalar (®d(y)) are obtained dynamically by minimizing the Casimir
energy and the scalar potential. Then we have shown that the experimental values of the masses for
the quarks can be reproduced, although some difficulties remain for the charged leptons. We also
noted that the mixing terms among the charged leptons will resolve remaining discrepancies.

There are many tasks to be addressed in the future. There will exist higher degeneracy in the
4D mass spectrum of the extra dimensional model with the quantum graph. Then, the N-extended
SUSY will be also hidden in the quantum graph and we should reveal this structure. Moreover,
since our discussions are not complete, further degeneracies will also exist in extra dimensional
models in addition to the ones from the N-extended SUSY. We can expect that additional symme-
tries are hidden behind them.

In Chapter 5, we have focused on the model with point interactions and we consider whether
the fermion generation structure can be realized numerically and dynamically by the Casimir en-
ergy. Then, we should also consider the cases with the other types of the boundary conditions
on the quantum graph. Although the boundary conditions were adjusted by hand, we might also
dynamically determine them by the Casimir energy. Moreover, we have only investigated the 5D
fermion. Thus, we should study the structure of 5D scalar, gauge, gravity fields on the quantum
graph. Especially, parameter spaces of boundary conditions for gauge, gravity fields are not un-
clear. Furthermore, although we considered the flat quantum graph, we may realize the quantum
graph with a warped metric as a generalization of the Randall-Sundrum warped geometry.

It should be noted that several works have been carried out from the viewpoint of extra dimen-
sions on star graphs and the rose graph with simple boundary conditions. These models addressed
the low scale SUSY breaking and also dark matter [93], gauge hierarchy and corrections for New-
ton’s law of gravitation from the viewpoint of ADD model [94, 99], doublet-triplet splitting in
GUT [95], baryon asymmetry [96], flavor structure [97], stabilizing lengths of edges in the star
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graph [98]. Our quantum graph model corresponds to the generalization of them and has larger pa-
rameter space. Therefore, by applying these ideas to our model, we would obtain a realistic model
which explains not the fermion generation structure but also other mysteries in the SM simulta-
neously. It is also known that star graphs are realized as low energy effective theories from flux
compactifications in string theory. Then, we are interested in clarifying whether the general quan-
tum graph model is realized as an effective theory from string theories as well as the case of the star
graph. We can also expect that the 1D quantum graphs can be generalized to higher dimensional
ones. This would leads to more fascinating structures of geometries and boundary conditions in
extra dimensions.
These issues discussed above will be addressed in further works.
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Appendix A

Spinors on curved spacetime

In this chapter, we consider spinors on curved spacetime.

A.1 Summary of curved spacetime

First, we summarize properties of curved spacetime.

A.1.1 Metric

We consider an n-dimensional curved spacetime
—ds* = gun(x) dxMdx" (M,N=0,1,2,---,n—1).
The metric gyn(x) is a symmetric matrix and its inverse matrix is defined by gM":

EMN = 8NM »

g8 =6y .

We take one of the eigenvalues of g,y as negative. This metric is called Lorentz metric.
Indices of tensors are raised and lowered by the metric

Vi = gunV", VM = My,

A.1.2 General coordinate transformation

Under the general coordinate transformation x — x™, dx™ and §/0x™ transform as

a 'M
dxM — dx'M = —a);K dxX |
0 0 oxK 0

oxM - Ax'M — Jx'M HxK

Therefore, the metric transforms as

oxX oxt
gun(x) = gyy(x') = ax_/M@x_’NgKL(x)
Tn the case of flat space, this corresponds to )y = diag(—1,+1,--- , +1).
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from the requirement of the invariance of ds°.
Transformation properties for General tensors VMM, n,(x) are given by

/M, IM; ALy L;
yMiM, XMt Ox™ Ox OxY Lk k.
OxKi OxKi gx’Mv Ox'Ni

. M-
lNl'--Nj(x) — V'

M.
'N1-~-N,-(x/) =

L-1;(X) . (A.L.8)

A.1.3 Volume element

The ordinary volume element d"x = dx°---dx"' is not invariant under the General coordinate
transformation since the Jacobian | det(0x’/0x)| appears as follows

n ax,M n
d'x — det(axK)dx. (A.1.9)
Instead of this, we can obtain the following invariant volume element
V—gd"x, (A.1.10)
since the determinant g = det g,y transforms as
AxM\?
det , A.l1.11
g — de ( 0x’K) g ( )

from (A.1.7). The minus sign in the root is required because of the negative eigenvalue of the
metric.

A.1.4 Parallel transport

When we consider the difference of vectors on different points, we should introduce the parallel
transport for vectors on curved space.

We define the parallel transport for a vector field V¥ from the point Q with the coordinate
xM + et™ to the infinitesimally apart point P with the coordinate x™ as follows:

VM@ — P) = VN(Q) + T, (Q) et VH(Q), (A.1.12)

where F;",IL is called affine connection coefficient or connection, and is introduced to take into
account the variation of the vector due to the curve of the space.
Then the difference between V¥(Q — P) and VV(P) is given by

VMQ = P) = V¥(P) = VM(Q) - VV(P) + eI, (Q) MVE(Q) . (A.1.13)
A.1.5 Covariant derivative
Dividing both sides of (A.1.13) by € and taking the limit of € — 0, we obtain
MV V) = M (9 VY () + Ty () VEW)) (A.1.14)
Here we defined the covariant derivative V,, for vectors as
Vu VY = 0y VY + T}, VE, (A.1.15)
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VuVy =0V —T5 V.. (A.1.16)

We require that V,, VY and V,,Vy transform as tensors, or equivalently the difference of vectors
are also a vector. Then, the connection F’\A;L is not a tensor and transforms as follows

oxN oxt o9x2 .,  oxN  9*x°

RV p iU + . A.1.17
ML ML= 9x0 gx'M gx'L™ P2~ 9x0 JxMox'L ( )
The covariant derivative for a tensor VM _\ is given by
MM _ a4 UMM My /KM M; y MK
\A %= NN = 0LV ! Ny--N; + FLIéV NN + e+ FLKV ! Ny-N;
K 1Mi-M; K MM
- FLM] V ! KN] - = rLM] V ! NIK . (A.l.lg)

For an arbitrary curve with the tangent vector #, we consider parallel vectors X™ and Y which
satisfy £V, XM = LV, Y™ = (. If we require that the inner product of these vectors is invariant
under parallel transport, we can obtain the metricity condition: the covariant derivative for the
metric should be zero

0= "Vi(X"Yy) = 1"V (gun X" YY)
= IL(VLgMN)XMYN ( tLVLXN = ZLVLYN = O)

A.1.6 Torsion tensor

When the metricity condition (A.1.19) is satisfied, the connection can be written in to the form

1 1
i = 5@+ Thad) + 5 Ty (A.1.20)
Lo ) ) 0 Lotk (r T T A.1.21
= 58 (OmgNk + Ongkm — Ok8uN) + Eg (Txkmn — Tunk — Tvmk) - (A.1.21)

where T}, indicates a torsion tensor which is defined by the antisymmetric part of the connection
Thun =Ty =T (A.1.22)

We can find that the torsion tensor transform as a tensor from (A.1.17).
The first term of (A.1.21) corresponds to Christoffel symbols and the second term is called
contorsion tensor Kzfm

1
Kyy = EgLK(TKMN — Tunk — Tnmk) - (A.1.23)

From (A.1.21), we can show that

V=8gVuV" = 0u(N=gV") + N=gT 1y V" (A.1.24)

derivation of (A.1.21)
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Vigun =0,
Orgmn — TNy 8xn — Thygmux =0,
= 0mgne — Thn&xr —Th&vk =0 (0 Vi gy =0),
Ongim — TN 8km —Thy&xk =0 (0 Vy gy = 0),
Om8NL + ONgLm — OLguN = (FﬁN + rﬁM)gKL + (rzl\(u - FEM)gNK + (FzKVL - FEN)gKM )

OmgNL + ONgLM — OLEMN = (le\(m + IﬂﬁM)gKL + Tnmr + Tune »

Il

J

1 1 1
E(Fﬁm + Fz%JM) = EgLK(aMgNK + Ongkm — Ok8mN) — EgLK(TMNK + Thmir) -

derivation of (A.1.24)

VuV" = ¢V, Vy = "™ (0 Vy — Thn Vi)

1 1
= g"™ oy Vy - EgMNgLK(aMgNK + Ongkm — Ok8MN) VL — EgMNgLK(TMNK + Tvmx — Txmn) Ve
1 L
= g"™ 0y Vy + Oug"" VL + EgLKgMNaKgMNVL + Ty Ve o g™ 0mgnk = —(0mg"™gnk)

V=8 V=8
1 L

= ——Ou(N=gV"+ T, V, .
\/_—g m( gv™) M VL

1 1
—— V=g V" + —_g(aK V=g)VF + TMMLVL (. Okg = ggmunikg™™)

ul
xM 4 §M

AN RZ
Parallel
M transport
6/ N
M ]
X EM
/ p xM + eM

Figure A.1: The parallel transport of € along with 6" and the parallel transport of
oM along with eV
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Let us consider the meaning of the torsion tensor. We introduce the infinitesimal vectors € and
o™ on a point P with a coordinate x* , and consider the point R; and R, which are obtained by the
parallel transport of €” along with 6" and the parallel transport of 6 along with € .

Since € and 6" are infinitesimal, the vectors PR, and PR, are given by

PR, =" + M -1 s%X (A.1.25)
parallel transport of e
PR, = " + 6" - T, 56", (A.1.26)

parallel transport of 6%

and therefore their difference is
PR, — PR, = (T}, = T¥,)6%X = TV (6" €X. (A.1.27)

This implies that the torsion tensor represents the non-closure of the parallelogram which consists
of the small displacement vectors.

In the theory of general relativity, we assume that the metricity condition is satisfied and fur-
thermore the torsion tensor vanishes. Then the connection is uniquely determined by the metric.
The theory which treats the torsion tensor as a new degree of freedom is called Einstein-Cartan
theory. However, it is known that the Einstein-Cartan theory is equivalent to the general relativity
if matters dose not exist. Hereafter we focus on the case of ordinary general relativity which have
no torsion.

A.1.7 Local Lorentz frame and vielbein

Vectors and tensors on a curved space considered in the previous section correspond to generaliza-
tions for ones on the Minkowski space. Although we also want to introduce spinors on a curved
space, we are not sure that the spinor representation of the Lorentz group can be extended to a
curved space and how we can define gamma matrices.

Therefore, to define spinors, we consider a local Minkowski space as a tangent space on each
point of curved spacetime. Specifically, we obtain the Minkowski metric by forcing the coordinate
dependence in the metric gy to the coordinate basis dx™ as follows:

gun(x) dxdx = nygg e (e (x) (A.1.28)
nax = diag(=1,+1,---,+1), (M,N=0,--,n—1), (A.1.29)

where e (x) is called the non-coordinate basis and M, N indicate the indices of the local Lorentz
frame but not general coordinates. The metric gy y(x), 75 and the basis dx™ , e™(x) are related by

gun(x) = ngger™ (e (x), nan = e es" gu (A.1.30)
(%) = ey (x)dxM dx™ = e M(x)e (x), (A.1.31)
eiey = 6%, eqen” = 8%, (A.1.32)

This matrix eMM is called the zweibein in two-dimensions, the dreibein in three-dimensions, the
vierbein in four-dimensions, and the vielbein in general dimensions. A

The vielbein e, has n? degrees of freedom, so the difference between ones of ey and gyw
are given by n(n — 1)/2. These degrees of freedom correspond to the local Lorentz transformations
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on the local Minkowski space on each point. Under the local Lorentz transformations, the vielbein
transforms as

en(0) = (AL ew" (), e (x) = e, (0 (A (@), (A.1.33)
where (A(x))M ; 1s a matrix which satisfies
(A" LAY g = mik (A.1.34)
Furthermore, under the general coordinate transformations,
N L N 'M
e (0 = —ge (), ey () > Zey" (). (A.1.35)

By means of the vielbeins we can relate the quantity with indices of general coordinates and
local Lorentz frame

VM =gV Vi = eV, (A.1.36)
VM = ey VM Ve =MV, (A.1.37)

A.1.8 Covariant derivative in local Lorentz frame

As well as the general coordinate transformation, 9, VM dose not behave as a vector under the local
Lorentz transformation

V() = O (AT VE W) = (A@)Y L 9y V@) + (A" ) V). (A138)
Therefore, we define a covariant derivative for local Lorentz vectors as
ViV (x) = 0,V (x) + w5 () VY (), (A.1.39)
where we introduce the new quantity ™ 5(x) which is called spin connection and transforms as
wn™y = A gy (AT = (9 | (AT (A.1.40)
Then we find that V, yM (x) is a vector under the local Lorentz transformation.

From the condition that the covariant derivative for X™Y, 7 corresponds to ordinary derivative,
we can obtain

ViV = 0V — wy Vi (A.1.41)

derivation of (A.1.41)

(XY ) = V(XY ) = (VXYY + X"V Yy
= @OuX"Yy + wn™ XV Yy + X"V, Yy,
= X"V, Yy = XM0u Yy - wniXVYy
replacement of M and N
= X"V, Yy = XM0y, Yy — wp g XMy,
—(A.1.41).
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We also define the covariant derivative for a quantity with the indices of general and local
Lorentz frame as

ViV = 9y VMY TN VY 4 oy VN (A.142)

A.1.9 Spin connection

So far, the spin connection is not uniquely determined. We consider the parallel transport for a
vector V¥ from the point Q with the coordinate x¥ + €™ to the infinitesimally apart point P with
the coordinate x"

V(0 - P) = V(Q) + wy™ (@) VY (), (A.1.43)

and require that the local Lorentz vector V™(Q — P) can be written by the parallel transproted
vector VM(Q — P)

VvI(Q = P) = ey (PYVY(Q > P), (A.1.44)
or equivalently
VH(Q) + o™ o (e VV(Q) = en™ (P) (V(Q) + THL(Q) e VH(Q)) - (A.1.45)
In the first order of €,
e VN (W)wy™ g (Den™ (x) = et (Ayer™ (1)) VY (x) + ey TN (x) eV VE(x) . (A.1.46)
= e V¥(x) (wn™ g (en” (x) = dnew™ (x) = e, (T hy (1)) = 0. (A.1.47)
Then we obtain the condition that the covariant derivative for the vielbein is zero,
View™ = dpen™ =T ex™ + " gey = 0. (A.1.48)
This leads to the relation between the Christoffel connection and the spin connection
Ty = e oren™ + e w M gen (A.1.49)
w Mg = —exMden™ + epMTK e (A.1.50)
R Furthermore, we find that the spin connection w, 5z (= n,fmeN ¢) is antisymmetric for M and
K.

Wik = —Wrgir - (A.1.51)

derivation of (A.1.51)

3 3 & _ Rom
0=Vygkm=Vilex ey ngy) = ex en” Vingny
_ kom 0 0
=ex ey (—wL g Moy — WL~ gMgo)
kW
= —ex" ey (Wryr + Wrgm) >

= Wrpg = —Wigi -
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From this antisymmetry, we can also write the spin connection as

wimk = egyex wi™ (A.1.52)
1 ) ) . . . )
= 5 - EOL(aMeKO - aKeMO) + GOM(GKBLO - aLeKO) + eoK((?LeMO - 8M€L0) , (A153)
where
enm = TIMD?MI: = guey” - (A.1.54)
derivation of (A.1.53)
From (A.1.49),
Tkiv —Tkmr =0 = eOK(aLeMé - aMeLO) + Wrkm — WMKL »
imx =Tk =0= eOL(aMeKO - aK€M0) + WpmLk — WKLM »
Fyke =Tk =0 = eOM(aKeLO - aL€1<0) + Wkmr — WLmK -
- + eoK(aLeMO — aMeLO) — €0L(8M€K0 - GKeMO) + €0M(3K€L0 - GLeKO)
= —(wrkm — WukL) + Wy — WrLy — (WrkmL — WLmk)
KeM KoL Mo L
= Wrmk — WymLk + Wyrk — Wgiy + Wgry + Wiyk (. Wryg = —Wrkm)
= 20)LMK - (A 1 53) .
A.1.10 Curvature
In general relativity, the curvature tensor RX; /vy is defined as
[Var, VNIVE = RE yun VP, (A.1.55)
RX iy = 0pTN, — 0N, +TX TG, —TK,TY, . (A.1.56)
The curvature tensor can be also rewritten by the spin connection
Ry = 6’12K€LtRk1:MN ) (A.1.57)
RKI:MN = 5MwNK£ - anMkt + CUMKO wNoz - CUNKO CUMOZ > (A.1.58)
[Dy, DNIVE = RE 0 VE, (A.1.59)

where we introduce the covariant derivative D), for only the local Lorentz indices. (For example,

Dy VW = 9y V¥ + wy N VL)

Ry 1s antisymmetric for the indices K and L, and also M and N

RKLMN = _RLKMN ) RKLMN = _RKLNM .
Furthermore, Rg; ) satisfies the Bianchi identity

K K K
R tun + R yne + Ry = 0.
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From this identity, we obtain
Rkimn = Runke - (A.1.62)
The Ricchi R,y tensor and the Ricchi scalar R are defined by

Ry = RKLKN > (A.1.63)
R=R) =¢""R.y. (A.1.64)

derivation of (A.1.55)

Vu(VaVE) = 0y (VyVE) =Tk v VE + T8 vy VE
= OOy VX + TR, VE) =T% (0, VE + TR VO + TK (OyVE +T%,VO)
= OyONVE + (O OVE + (TK, 0y — TX 00 V-

— 5O VE + (O Tk, — T TR VO,

= [V, VyIVE = (0MF§L - aerlt(u)VL + (Flll(/IerO - FIKVLFILVIO)VO
— Tk = Th )@ VE +TK V)

=TLyn=0

= RKLMNVL .

derivation of (A.1.58)

R¥ vy = 0uTN,, — Oy + Dol — Thol i
= aM(eOKDNeLO) - aN(eéKDMeLO)
+ (eoKDMeoé)(epODNeLP) - (eOKDNeOO)(ePODMeLP)
= aM(EOKDNeLO) - 6N(€0”KDM€L0) - DMepKDNeLP + DNepKDMELP

0= DMég = DM(eOOepo) = (DMeOO)e,sO + eOODMepo
= (DMeoé)eﬁo = —eoéDMeﬁo

= BM(eéKDNeLO) - 3N(€0KDM€L0)

+ 6}3KDMDN€LP - DM(epKDNeLP) - €pKDNDM€LP + DN(epKDMeLP)

du(epXDyer) an(epKDyer?)

= €pK(DMDN - DNDM)eLp (*)

= €15KDM((9N€LP + CUNPO eLO) - ei)KDN(aMeLP + pro €L0)

= €13K[(9MM+ wNP(j er’) + wMPQ(aNeLQ + (UNQO er”)
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P 0] P ) ) 0
- 0N(M+ wM' per’) + wy Q(aMeLQ +wnper )]
K_ O P P P ) P )
=ep er [GMwN o~ anM ot Wy QwNQé — WN QwMQO]

_ _K_OpP
=eper R oyy >

(x) = [Dy, DNIV? = R 5, V0.

derivation of (A.1.60)

_ e . . o, _ L 0.
Riiun = OuWyii — ONWygi + Oygo ON | — Ongo OM 1 s

= Riiun = ~Rigun = Rximn = —Rigmn -

derivation of (A.1.61)

() = R’ Ly = (DyDy — DyDyer”
e Ri)LMN + RpMNL + Ri)NLM
= (DuDy = DyDip)er” + (DyDy = DiDy)ey” + (DDy — DyDp)ey”
= DM(DNeLP - DLeNP) + DN(DLeMP - DMeLP) + DL(DMeNIS - DNeMP)
= DyT yp + DT 1y + DT vy (2 (A1.49))

=0 (. werequire that TP v =0).

derivation of (A.1.62)

Rxrmn + Rxmne + Rgyeye =0 (1)

Rpynk + Rivkm + Rigmn =0 (2)

Runkr + Rukin + Ryvg =0 (3)

Rykim + Ryemk + Rymkr =0 (4)

H-2)-3)+@)
= 2Rkrmn — 2Runkr =0,
= (A.1.62)
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A.2 Spinors on curved space time

A.2.1 Definition of spinors

First, in the local Minkowski space, we define the Gamma matrices ' which satisfy

~ A A A A T N N A
(', ry = —2p"V | (FM) = 1Mo, (A2.1)
Next, we consider the local Lorentz transformation
” i KL M
A () = (fﬁfﬁ“‘” ) R (A2.2)
Ky = ~i (g8t —n"s%s) (A2.3)

where the €g; (x) is antisymmetric parameter and (J f(i)M % denotes the generator of the local Lorentz
transformation which satisfies

[Jki’ JMN] — (UMIZJkN _ an(JiN _ n/\?iJKM n nNI%JZM) ) (A.2.4)
In the case that €;;(x) is infinitesimal,
A" o (x) = 6" g + €M o (x) . (A.2.5)

Then, we define the spinor on the local Minkowski space as a quantity which transforms as
follows under the local Lorentz transformation:

P(x) = S (0OP(x) = et Ny (y) (A.2.6)

where ="V indicates the generator for the spinor

THN _ %[r“ ,rﬁ] , (A2.7)

[Zki’ ZM}V] - (UMLZI%N _ nMi(ZDV _ nNiZf(M " nﬁf(zﬁﬂ) ) (A.2.8)

The Dirac conjugate P(x) = (¥(x))'T? transforms as

P(x) - P(0)S " (x) = Px)e 0= (A.2.9)
From the relation
[ZKL M) = —i(nml“f( - anri), (A.2.10)
we can show that

SIS (X) = AM g (orv (A2.11)

If €5 1s infinitesimal,
(Ihs of (A2.11)) = e~ 3k W= Pl g+ degr oz _ ot _ éem(x)[zm,rﬂ 1, (A2.12)
(rhs of (A.2.11)) = (6" 4 + € o)™ =T — ée,gt(x)(—i) ("' TF —p"ETh) L (A213)

and (A.2.11) is satisfied. The finite case can be also shown by the repetition of the infinitesimal
transformation.
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A.2.2 Correspondence to the gauge transformation

The local Lorentz transformation can be viewed as the gauge transformation as follows:

Gauge transformation
e [ocal gauge transformation for a field ®(x) with the gauge group G

O(x) » Ux)D(x), U(x) = 42a€WT" ¢ G | T“ : generators . (A.2.14)
e Covariant derivative with the gauge field A, (x)

Dy®(x) = Oy + igAu()) D), Ap(x) = > A4 T, (A.2.15)

e Transformation properties of A (x)

Ap(x) = U@Ay(x)U ™ (x) — (0 U@)U (). (A.2.16)

Local Lorentz transformation A
e Local Lorentz transformation for a vector V¥(x)

” ” o . i ki \M o
VM (x) — AMN(x)VN(x) , AMN(x) = (e+sz<i(x>f ) o JKL generators, (A.2.17)

e Covariant derivative with the spin connection
; N R¥ish Lok
@Mk 8 = S WukE (77 0y —n"0 N)

= > (wugen™"6" 5 + 0pren™ y) = wn™y (A2.18)

2
s VuV () = 0y V() + ™ g (VY (x) = (5j‘§aM ; éme(x) (KL ) V). (A2.19)

e Transformation properties of w5 = %w it (JEM Q
iy = A gon® (A = (AT ) (AT (A.2.20)

From the above, we can find that there exists a correspondence

AYx) = wypp(x), (A2.21)
T e (JKHM | (A.2.22)

and we can regard the local Lorentz transformation as the gauge transformation.
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A.2.3 Covariant derivative for spinor

0yY dose not transform as a spinor under the local Lorentz transformation
oY (x) = 9y (S()P(x)) = S(x)yP(x) + (OnS (x)) P(x). (A.2.23)
Therfore we define the covariant derivative for the spinor
VuP(x) = (0 + Qu(x)¥(x), (A.2.24)
where we introduce the quantity €2,,(x) whose local Lorentz transformation property is given by
Qu > SQuS ™ — (0uS)S . (A.2.25)

Then we find that V¥ transforms as a spinor.
), can be written as
Qy = %wM,%Zz’?ﬁ, (A.2.26)

by replacing the generators of vector representation (J KLym 4 to spinor representation SKLin (A.2.19).
We can show that this Q,, satisfies the transformation property (A.2.25).

Since WY is Lorentz scalar, we require V,(\P¥) = 9,,(P¥) and obtain
— - —

Furthermore, the covariant derivative for the gamma matrices I’V = ¢z T’V is zero, and therefore
[V are constant vectors on a curved spacetime

vl =0. (A.2.28)

derivation of transformation property of V,,'¥

Let us show the relation
TS (0S ™IP = (n— 4)(0uS)S ™. (A.2.29)

First, we consider the infinitesimal case. Then

S=1+ éEMN(X)ZMN , St=1- %EMN(X)ZMN,
OyS = (%aMe,d(x))zﬁs , oS = - (%6Mem(x))2mS_l ,

and we can show the relation as follows

FOS ((’)MS_I)FO = _FO (éaMEI%i,(‘x)zkz) FO

U
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= ~(@uS)S "Il + (30uers () (= [n”T¥ = F ],

= _(OuS)TT0S™" — 4 (%8Me,gz(x)) ki
= +n(0yS)S ™ = 4@0yS)S™" (Tl = —n)
=(n-40uS)S".
Furthermore, we also obtain
oS {0y (S ™ T0 = Tp8*ay {(s 7 's 10

=TS {0u(S 1} S7'T0 + T8 (s ™) {ays 110

=TS oy (s} S0 + T8 {9us 110

= (A ST oy} (M) IS ™! + (n = 4)(@0uS)S ™!

(- 87'TpS = (A H e, S7'TOS = (A)°;Th
= STS* oy TR 4 (n - )@y S)S ™!

=SS oS TRS ) + (n = 9)S (0uS)(S ')
+(n—4)(0uS)S™!

= (=4S @uS)S T + 52 @uSHS T + -+ (9uS)S !
= (n=H(@uSHS™H".

Therefore, we can also show the finite case by the repetition of the infinitesimal one.
From the relation (A.2.29), we can confirm the transformation property of Q,;:

l N ~
’r r K L

— 5 AKéwMOP(A_l)P[ _ ((9MAK0) (A—l)Oi Z[A{L
l M~
U
= % wn®pSTslS ! - i[aM(SFOS*l),SFOS*I]

¢ ST = (A IV, ST, = AV, Ty)
1 N
=5QuS™'+ ZaM(Srés-l)Sros-l
1 , 1 ,
=5QuS~ '+ Z(GMS ) Y R ZSFO(aMS-l)SFOS—l

=SQuS" - Z(&MS)S‘l + i%S(aMS—I)Sm (Tl = —n)

1 , A s
=+ ZAKéflgS (@S HATH?; T
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1 .
i ZrkS(aMS—l)rK

=t - @SS (0 (A229)
=SQuS = @uS)S™!

derivation of (A.2.28)

VN =0,V + éwm@[z“ TN+ Tt
= Oyey™ )TV + %wMﬁeNN(—i)[nmrk EPEAD IS S o
= Oyeg" )TV + %me[eZNrk P aa S PP o
= [6Mef(N - a)Mi,gezN + F%Leff]l"k

= (Ve Ik =0,

A.2.4 Action for spinor on curved spacetime

In the Minkowski space, the action for the spinor with a gauge interaction is given by
S = f d"x P(x) [T Dy + igAn(x) = M|W(x), (A.2.30)

where Ay(x) indicates the gauge field, g is the gauge coupling constant and M denotes the mass.

Then, in the curved spacetime, the action for the spinor, which is invariant under the general
coordinate and local Lorentz transformation, can be given by the replacement of d"x — d"x+/—g,
IV - VeV, oy — Vy:

S = f d"x =g V() [T es" (Vy + igAn(x)) - M| W(x). (A2.31)

A.2.5 Dirac equation and Klein-Gordon equation on curved spacetime

By taking the variation for \P(x) and requiring the action principle, we obtain the Dirac equation on
the curved spacetime

iM% e (Y + igAn(x) - M| W(x) = 0. (A.2.32)

Multiplying the Dirac equation by —ir¥ ex™(Vy + igAn(x)) — M on the left, we also obtain the
Klein-Gordon equation for spinors on the curved spacetime

1 .
—(VM 4+ igAMY(Vyy + igAy) + ZR +qey ey N IMVF iy + M| P(x) = 0, (A.2.33)

where Fyy = 0yAy — OyAy + iq[Ay , An] 1s a field strngth for the gauge field and R denotes the
Ricchi scalar. The derivation is given in Section A.2.7.
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A.2.6 Curvature for spinors
As well as the curvature tensor for vectors, we consider the curvature for spinors Ryn

[Vi, VNIY = Run'Y,
] 1

Ry = %RﬁMNzﬁ = —ZRmMNF’%ﬁ. (A2.34)

Run 1s related to the Ricchi tensor and Ricchi scalar as follows
RunI™ = —%RMNFM, (A.2.35)
Run VTN = %R. (A.2.36)

derivation of (A.2.34)

[Vir, V¥ = Vi V't = ViV ¥
= [BMVN - FLMNVL + QMVN - (M A N)] b4
= [BM(?N + 8MQN + QNBM - F@NVL + QMGN + QMQN - (M R N)] b4

b4

= aMSQN - aNSQM + QMQN - QNQM - TLMNVL
L =0

: | -
= [0mQy — Iy - ZwMzeszOia[ZKL , 20 ]] ¥

= [0mQy — OOy — Zkai“)NOf’(—l) (nOLEKP — nOKStP 4 pPExok _ nPKZOL)] ¥y

i

2

[ L <KP P OL
= 8MQN - 8NQM + (C()Mkl:a)N pz — WnppWMm iz )] ¥
R I
0 P KL
= |Ouewnri — vwuis + Ourown’s — Oygpon’ ] S e

- %mez“\y = (A.2.34).

derivation of (A.2.35)

RLNFL = RKLMNFLg KM

1 1
= —ERKLMNFL(I“KFM + erK) = 2RI — ERKLMNFLFMFK (. (A.2.34)

1
= —ZRMNFM + EI:RKMNL + RKNLM]FLFMFK ( (A161))

1
= —2RMNFM + EI:RKMNL + RLMKN]FLFMFK
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¢ (A.1.62))

1
= 4RI + ERKMNLF_LFMFK . (A.2.34))

1
= —4Ryn I + 5 Ricmn rYTATE — 26" + 25T

= —4RMNFM + 2RNLFL - RKNFK - RMNFM
= —6RunI™" = 2Ryn I

1
— RMNFM = _ERMNFM .

derivation of (A.2.36)

1
RMNFMFN = —ERMNFMFN
1 1
= _E(RMN + RNM)FMFN - E(RMN - RNM)FMFN

1 1
= E(RMN + RNM)gMN - E(RMN - RNM)FMFN

1
:ER (. (A.1.62)).

A.2.7 Derivation of Klein-Gordon equation for spinors on curved spacetime
We can show that

SNV, VN = iEVR WP (o (A2.34))

1 1
= —EFMFNRMN‘IJ = —ZR‘IJ. . (A.2.36))

Then we obtain
0 = [—iT(Vy +igAy) — M| [iT" (Vs + igAy) — M|®
= [erN(VM +igAy)(Vy + igAy) + MZ] ¥

= {%{FM,FN} + %[FM ,FN]}(VM +igAy)(Vy + igAy) + - -+ ]‘P

=-2g

= = (VM +igAM)(Vy + iqAy) — iZYV [V

MN

+ quM Vy +igAy] + ]‘P

=0MAN—ONAM+iqlAMm ANI=Fun

(v
= | = (V¥ + igAM)(V s + igAw) — { Vi, Vol + zq([vM Aw] + [Au V] + iglAy ,AN])} b ]T

4

Y.

[ 1
= [=(VM + igAM)(Vy + iqAy) + ZR +gZM"NFyn + M?
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Appendix B

Casimir energy

B.1 Casimir energy for Dirac field on an interval-extra dimen-
sion

In this section, we discuss the Casimir energy for the 5D Dirac field on an interval-extra dimension
with the Dirichlet boundary condition as discussed in Example 2 of Section 3.2 and see how it
depends on the length of the interval.

The effective 4D action obtained from the KK decomposition of the 5D Dirac action is given as

S = f dx{ Y+ mw @) + 6O 70,0 (0} (B.L.1)
M* n=1

with the masses +/(nn/ L+ M?> (n=1,2,---). Here L is the length of the interval, M denotes the
bulk mass and we use the chiral representation of gamma matrices

0 o i = i ©0) 0
’y‘u = (O’IJ 0 ) , ot = (12,0'), ot = (12, —0'), L= (U(O)(x)) . (BIZ)
The partition function can be written as
Zp[M, L] = f DYyDye™ (B.1.3)
- f DYDY exp {i f d“x{ DL FP D, + mp () + &S”(x)iy”a,lw?(x)}}
M n=1
(B.1.4)
o< det(ic*d),) | | det(iyd, +m,). (B.1.5)
The determinants satisfy the relations
e det(i5"9,) = det(i5*9,)" (- detA = detA")
= det(io'oﬁo - i0']61 + i0'262 - 10'3(93)
= det({0?}*{ic%0y — io' 0 + i0?0, — i07D3})
= det(c*{idy — ic' 8, + i670, — i0>03}07) ("~ detAB = det BA)

«—
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= det(i0'060 + iO'lal + i0'2(92 + i0363)
= det(ic*'d,)
= det(-ic*0,) (. det(—=1y) = det(1y)), (B.1.6)

; 1 1 :
= det(ic*d,) = [det(id"9,) det(—ic”0,)]? = [det(6"070,0,)]? = [det(i(a"“cr" + 6'”0"‘)8#(%]}
=21,
= [det(—8", - 1,)]°
= det(-0"0,)
= exp[TrIn(-0"9,)] (v IndetA =TrlnA), (B.1.7)

o det(iy*d, + m,) = det((y’)*{iy", + m,})
= det(ys{iy"(')# + mn}zs) (. detAB = det BA)

«—

= det(=iy"0, + m,), (B.1.8)

— det(iy"d,) = [det(iy"d, + m,) det(—iy"d, + m,)]? = [det(y"y 8,0, + m?)]?

~1#7140,,0,
= [det({-8"8, + m2}1,)]?
= [det(-8"8,, + m)]
= exp[2Tr In(=8"d, + m2)] (- IndetA = TrinA).
(B.1.9)
Then the partition function is of the following form by using the momentum representation:
Zp oc exp | Trin(=09,) + > 2TrIn(=9"d, + m}) (B.1.10)
| n=1

o .
= oxp| [ G0 + 352100y 4 m

d* =

(27:))4 {ln(p“plu) + Z:; 2In(p"p, +m2) {plp) }

~exp [
| =6(0)=[ d*x

] d4 .
= exp »fd4xf (2734 {ln(p“pﬂ) + ; 2In(p"p, + mi)}] . (B.1.11)

After moving to the Euclidean space

O —ix4E , X o xi- , d*x > —id*xg, (B.1.12)
P’ —ipt, p'oph, d'p—idipe, (B.1.13)

we obtain the Casimir energy Er[M, L] for the Dirac fields

ZEMI M L] o exp [—EF[M, L] f d“xg], (B.1.14)
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where

Ef[M,L] = — (2 : {m E+Z2ln( (—) +M2)} (B.1.15)

=— é:)i {lnp% —In(pp + M?) + i In (p% + (%)2 + MZ)} . (B.1.16)

n=—0oo

Hereafter, we are interested in the L-dependence of the Casimir energy. Thus, we decompose
the Casimir energy into the L-independent part Er;[M] and the L-dependent part Ep,[M, L]

Er[M,L] = EFl[M] + Er[M, L], (B.1.17)
EnlM] == | 5 {1an In(p} + M)} , (B.1.18)
Enir] = — [ L2 S 12 4 (72) 4 a2 B.1.19
PIM, L] = - <2ﬂ>4n;oan+(f)+ . (B.1.19)

and focus on the Ex,[M, L]. By using the formulas

—InA = iA o (B.1.20)
ditle ™, I'(s) = fmdns-le-f, (B.1.21)
F(S) f 0
d t
=1 B.1.22
dsT(s)'s= ’ ( )

we can rewrite Ep,[M, L] as

d'pr S d 2
ErlM. L] :f(zf)‘i Z %(p%Jr(%) +M2)

)

i ( (B.1.20))

(59

d*pe -1 —(P2+(M)2+M2)t
dtt“ ETAE - (B.1.21
2n)* . Z ds F(s) ¢ 5=0 ¢ ( )
o0 4
1 d 1 (™ T\ or () ) . .
~ 167 n:—mam 0 & (\/;) re ( i ) 5=0 (" integration of pp)
= 160 2., ) . 1. 1.
Furthermore, the Poisson summation formula
o S L B.124)
e = e 1.
n:z—oo w:z— \/E

leads to

b 0 212
Z f dif e T e M (B.1.25)



APPENDIX B. CASIMIR ENERGY

We can find that the w # 0O terms correspond to the winding modes around the extra dimension
and give finite contributions for the Casimir energy without UV divergences. On the other hand
the w = O term corresponds to unwinding mode and the energy density Ep,[M, L]/L has a UV
divergence at + = 0. This divergence is equivalent to the ones in the case of L — oo and therefore
we regularize it as

1

1 1
ZEF[M, Ll = ZEFZ[M7 L] - ZEF2[M’ L] (B.1.26)

L—oo

w22
Zf dif e T e M (B.1.27)

w=1

87r2

This Er[M, L],.;corresponds to the contribution of the compactification of the extra dimension.
By means of the modified Bessel function

A\2 00 5
Z(E)ZKV(Z\/AB): f dirvle (B.1.28)
0

Er[M, L], is of the form

5
L (MY
Er[M, L]reg = 8? Zl 2(@) K%(ZWlMlL)

471'% wL

L Z (%) K5 wIMIL). (B.1.29)
w=1

Moreover, the modified Bessel function K D (z) with odd D is given by

D_
K» -z 2 B.1.30
@ = \/72 kz(; kv Tl _ 1(2Z)k ( )

Therefore, we finally obtain the L-dependent part of the Casimir energy as

IM]> o e 2 M 3 3
ErM, L)es = 1+ + . B.1.31
FIM, Llie = 5 57 WZ::‘ w3 2WIMIL ~ 4w?|M|AL2 ( )

The schematic figures of Er[M, L], and its derivative ﬁE F[M, L], are described in Figure B.1.

Then, we can find the Casimir energy for Dirac fields dose not have a minimum. However, it is
known that a minimum can appear if we consider the contribution of bosons such as scalar fields
and gauge fields as discussed in [103], and the size of the interval L becomes stable by considering
the minimization of the Casimir energy.
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0.5 1.0 1.5 2.0

-0. 2
-0.3F
-0. 4F

-0.5F

-0.6-

Figure B.1: The figures of Ef[M, L], and & Er[M, L], as the functions of L are
described. The blue, magenta, yellow lines are the functions with M = 1, M =
3, M = 6, respectively. Here, M and L are treated as the dimensionless parameters
by multiplying the fundamental scale in a model.
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Appendix C

Magnetic monopole

C.1 Dirac monopole and Wu-Yang monopole

The magnetic monopole with the magnetic charge g at r = (x,y, z) = 0 are given by

V- B =4ng8(r), (C.1.1)
B=g_. (C.1.2)
r
Then the magnetic flux is
(D:fB~dS:47rg. (C.1.3)
S

Since V- B # 0, we cannot express B as B = V X A with the vector potential A in the entire space.
However, using vector potential AV(A%), we can express the monopole except for the negative
(positeive) z axis:

ANIS = _T8Y ANis = _8X  aNis _ g C.14
x r(zxr)’ Y rizxr)’ ¢ ’ ( )
B=VxA"S = g;: + 41gl(¥2)6(x)d(y)e. . (C.1.5)

This configuration is known as the Dirac monopole and the line singularity is called the Dirac
string [130]. For this B, we can show that

V-B=0, (C.1.6)

due to the cancellation of the Dirac string and (C.1.1).
In the polar coordinate

0 0 0
dr = dra—: + d@a—; + dqba—; = dre, + rdfe, + r sin 6d¢e, (C.1.7)
0
e = a—r =sinfcosge, +sinfsinge, +cosbe,, (C.1.8)
r
10r . .
ey = Py =cosfcospe, +cosfsinpe, —sinbe,, (C.1.9)
r
1 0
ey = rsineéz—sin¢ex+cos¢ey, (C.1.10)
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e.Xey=e;,eXe;=¢€,,e,Xe. =ey, (C.1.11)
the vector potential is given by

ANIS _ _gsin@sinqb gsinfcos ¢ _ g(cosb l)sinqbe _ g(cos§ F 1) cos ¢
r(cos@+1) " r(cosf+1) " rsin@ *

_ g(cosBF 1)

T rsing ¢

rsiné Y

¢- (C.1.12)

Although we introduced the Dirac string, we can avoid its singularity by using two vector
potentials [131]. This monopole is called the Wu—Yang monopole. We consider the sphere and the
potentials in the north and south patch are given by A" and A5, respectively. On the boundary of
them, both potentials are well defined and related by the gauge transformation

N_ 48 _ _“8 _
A" - A° = rsin9e¢_V(2g¢), (C.1.13)
d 1d 1 d
V=e— -—— — . 1.14
¢ dr+eard9+e¢rsm0d¢ € )
The magnetic flux corresponds to (C.1.3):
cD:f dS-B+f dS-B:fds-AN—fds~AS:fds-V(2g¢)
SN SS C C C
=4ng. (C.1.15)

In the quantum mechanics, the wavefunctions ¥ and ° defined on the north and south patch are
related by the gauge transformation

Yo = e7lie 28y N (C.1.16)

and we require that the wavefunction is single valued when we go round the sphere from ¢ = 0 to
¢ = 2m. To be satisfied the above condition, the product of the electric charge and magnetic charge
should be quantized

248 _
fic

This is well known as the Dirac quantization condition.

n n=0,%£1,%£2,---). (C.1.17)

derivation of (C.1.1)

gl_r
r r
1 1 1d 1
V-V—=A-=——(@r-)=0 (atr #0),
r r rdr r

1 1 -
deA— dS-V—:de-—r:—47r,
1% r S r S r

1
—A-=-V.L = 4x63(r) = (C.1.1).
r r
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derivation of (C.1.5)

e, sin ¢ cos ¢ y x?

0o —— = —— ey = —S——e, + 5——
rsiné rsinf *  rsin@ +yr T 242

1
e, = Eez xV log(x2 +y7),

e 1
L = _Vx(e, x V)log(x> +y%)
rsinf 2

=0,

= % (eZVZ - (e; - V)V] log(xZ + yZ) (- ax((xc)=(a-c)b-(a- b))

= %ezvz log(x® +y%) = 27e.6()3(y) (- (05 + 3 log(Vx? +y?) = 2w8(0)5(y))

0F1
_g(cos F )e

o AN/S — :
rsinf

o]

F1 e e
= VxAYS = -V x M% = —g(Vcos ) x —— — g(cos O F 1)V x —~
rsiné rsind rsinf
—sin® e
=-g sm ey X e'(;, — g(cos@ F 1)V x ,¢
r rsinf rsinf
1 e¢
= g—e, — g(cos b F 1V X —
r rsinf
1
=g8—€ — 2nge (cos 8 F 1)0(x)d(y)
r =F20(Fz)
r
= g; + 4mge 0(F2)0(x)0(y) .
derivation of (97 + 3;)log(+/x2 + y?) = 226(x)5(y)
Forr = \/x2+y2 #0,
1 1 1
(@2 +8))logr = [—ar(ra,) + —255] logr=—-08,(1) =0,
r r r
f dxdyV? log(r) = f dxdy [axﬁz ; aylz]
r r
X y
= ﬁdyﬁ - dXﬁ
) cos 6 ) sin 6
= 56(s1n Odr + r cos df)—— — (cos Odr — rsin HdG)T
r
= SgdG =2r.
2, a2 _
= (0; + 9, log( Va2 +y2) = 276(x)6(y) . (C.1.18)
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Appendix D

Spin-weighted spherical harmonics

In this chapter, with reference to [124], we review the spin-weighted spherical harmonics and the
Newman-Penrose 0 (eth) formalism [123].

D.1 Spherical harmonics

First, we consider the three dimensional laplace equation

1 1
Vf = [;(fr—ﬁLz]f:O, (D.1.1)

where L = —ir X V is the angular momentum operator. The solutions are given by the form

f(r,0,¢) =r'g6,¢), (D.1.2)

on the condition that Lg(6, ¢) = I(l + 1)g(0, ¢). The function g(6, ¢) corresponds to the spherical
harmonics of order /.

For the following discussions, we expand f by the polynomial in the Cartesian coordinates
(x,y,z) = (x!, %, x*) with [ indices

= oK
f=dij.x'x l x°, (D.1.3)

where d;;..; is a constant and totally symmetric. Since f satisfy the Laplace equation V2f = 0, d;;.«
should satisfies

diij-~~k = O (D14)

Then, when we rewrite f as
f=rd; «N'N--- N*, (D.1.5)
N =x/r, (D.1.6)

the sperical harmonics of order / is given by

g=d;«N'N---N*. (D.1.7)
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N; corresponds to the point of §2 and can be expressed as follows:
N; = o405 0%, (D.1.8)

where o4 is the pauli matrix and 04 , 0® are the 2 component spinors which transform by SU(2)
matrix under the rotation of the point of S2.

1 it oo b ) ' 0 0
0= (Zz) = (e . C.OSQ2) ’ 0=0"=(01,0) = (6’% cos 5 ,e”'% sin 5) , (D.1.9)
ofor=1. (D.1.10)

Then we introduce the Levi-Civita symbol

+1 (A=1,B=2), -1 (A=1,B=2),
es=4-1 (A=2,B=1), e?={+1 A=2,B=1), (D.1.11)
0  (the others), 0  (the others),

and use this in order for raising and lowering the index A, B

Al _ _i¢ . 0
ot = '8, (?2) :( ei¢251n62)’ (D.1.12)
o €'2 cos 5
1 0 -i 0 0 -1
OiaB = €1c i p, 0'1AB=(O _1), 0'2AB=(0 —i)’ 0'3AB=(_1 0)- (D.1.13)
Since arbitrary spinors &, n satisfy
&' = P¢pna = —€"égns = —Enn”, (D.1.14)
(D.1.8) can be written as
N; = =043 0"0". (D.1.15)

Therefore the spherical harmonics is given by

g =d;j.4N'N’---N* (D.1.16)

= dup..cpp.p0- 08 - 0P - .. 5" | (D.1.17)

l l

where we define dap..cpg..F as
dap-cp = (=1)'d;j..40iap " Tucp - (D.1.18)
dABCD--- satisfy

dapcp.- = dpacp.. = depap-. = dacsp-- (D.1.19)

and thus dpgcp.. 1s totally symmetric.
Because o' and 6! (0* and 6°) have the factor = (e*), the spherical harmonics with n; indices

of o' or 6! and n, indices of 0 or ¢° is the eigenfunction of L, = —i% with the eigenvalue m =

%(nl -mp) (m=-L-1+1,---1-1,1). For example, spherical harmonics of order 1 is given by

dABOAaB = d110161 + d12 (0152 + 0251) + d220252

106



D.2. SPIN-WEIGHTED SPHERICAL HARMONICS

1 . 1 .
=d (—Ee_“P sin 9) +djpcos 8+ dy (Ee"” sin 9)
2 dr 2
=dy (— \/ ?Yl,—l) +dpn ( \/ ?YI,O) +dn [— 1/ ?Yl,l] . (D.1.20)

derivation of (D.1.4)

V2 f = 00O di s X XX - X = By i | Opi X’ -+ X+ XiGpy i X X+ XX
j j j
=10, dijyOimx'x* - X" (0 djj..y is totally symmetric)
= I(l = )dijtpOpiOmjx" - - - X"

=~ l)dmmk---nxk ex'=0 = Amicn = 0.

derivation of (D.1.19)

O Oiap = 0iga = dapcp-- = dpacp-- -

o djj.; = dji.x = dapcp.. = dcpap.. -

o dapcp.. — dacpp-- = (_1)ldij~~-(O-iABO-jCD *t=0iAcTjBD " -)
= (—1)ldij~-€BCO'iAE0'jED s (0 Map — Mpa = eapMc©)
1
= (_1)ldij--fBC§ (O'iAEO'jED A O'jAEO'iED o ) (. Myp— Mpy = EABMCC)
= (_1)ldij~~fBC5ij6AD cee ¢ O'iAEO'jED + O'J'AEO'iED = 25ij€AD)
= (_l)ldii~~-€BC€AD
=0.,

D.2 Spin-weighted spherical harmonics

First we consider the transformation

A 2 A
Aot 5 e,

D.2.1)

This transformation corresponds to the rotation for the vectors which form an orthogonal basis of
the tangent plane of sphere at point N;

e, =(N;,N;,N3) = (sinfcos¢,sinfsing,cosb),
eg+ie; = (01ap0"08,02480%", 03450%0%) = (cosOcosp —ising,cosfsing +icos¢,—sinb),
eg—ie, = (01ap0%0%,024p0"0%,0340"0%) = (cosOcos +ising,cosfsing —icosg,—sinb),

(D.2.2)
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ey — eyCcosa — ey sina

ey +ie; — (e, + ie,) = { (D.2.3)

ey — egsina + e; cos

We call that a quantity n has spin weight s, if  transforms as follows under the transformation
A i A
0" — e'20™:

n— e*n. (D.2.4)
Thus, by definition, o and 6* have spin weight 1/2 and —1/2 respectively.
In the previous section, we have considered the spherical harmonics (D.1.17), and we can find

that spherical harmonics has spin weight 0. Here, we generalize it to the spin-weighted spherical
harmonics with spin weight s:

dup.cpp.p0 0 - 0C0PoE .. 6, (D.2.5)

Jj+s j—s

where j + s, j — s are the non-negative integer and furthermore, j and s are integer or half-integer
which satisfy

j>lsl. (D.2.6)

Next, we consider the normalization of spin-weighted spherical harmonics. We can obtain the
following integral

A A ~ 4n (A 0)
‘[9‘2dQLAoB'HOCOPOQ"'OR:n+16P615'”6R
r 1 4p C | <BgA c
:n+1;(6P(5Q"'5R+5P5Q"'5R+"')- (D.2.7)

all displacements of A,B,---,C

derivation of (D.2.7)

From the symmetry of the indices and transformation properties of rotation, the integral should
be given by the form

A B Cr A A B c
deQo 0”0 0p0Q~--0R:/ln6§,6Q--~6R).

n n

Then, we obtain following integral by contracting the pair of indices A and P:

dr 1
fonAaB---oCapag---aR = ——'(5353---5,2 + 6407 -+ O +)
52 —— = n+ln!
n-1 n'—1 all displacements of A,B,---,C

1
= An_(z(;g...(;]g) HELNE +)

n

n—1 terms

n+1
_ (B C)
=1, 6Q g

n
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D.2. SPIN-WEIGHTED SPHERICAL HARMONICS

Therefore we can find that

(n+ DA, =nd,_;=---=24 = A
=4,
47
n+1°

:}/ln:

Then, the inner product of two spin weighted spherical harmonics with spin weight s is given
by

BAC

A A AD P AR ~AS
<dA~-~BC'-~D0 00 0 |l’lp...QR...SO s OQO o0 >
———

Jjt+s Jj=s J+s Jj=s
= (=)@ ECPhy opes f dQoy - 0goc---opo’-+-0%F .’
SZ

¢ (0 =04, @M =-04, d*PP = (dy.pc.p)")

"_' 3 e “ee A ~ ~ A
= (=1/=d* . php. o~ f dQ oS ---0P0" 0%y ---0p0g - - O

j—S j'+S j+S j/_s

4

s AAee .S o(C
=(-1) mdf‘ B hp 56 506k 69 (D.2.8)

If j # j, there are contractions of the indices in c?*c‘jjg or hP.A.QRmS and (D.2.8) is equal to 0. This

means that two spherical harmonics with different angular momentum are orthogonal with each
other.

In the case of j = j, the inner product is obtained as

(da..pe..po™ -+ 020 - 6P|hp..gr..s0" - 020" -+ 0%)
——— — ———e . ——
Jts j=s Jjt+s j=s
s A GG = 9! s coD 2 A4 (GG -9, A-BC-D
= (=1)"° - (— J
=(=D 27+ 21 d""c.pha.p =(=1) 341 2! spCp h

; ; di12.2Mp.21.01
(J+m)’(J_m)' j+mj77m j+l11ﬁ7

A GG D, (2D
=TT G Z‘(_W
m=—j

ar B G+ )G - )
= di12.2) hynyg. D.2.9
2j+1,;j G+ ml = myl Uzt ze2) B2 1 (b2

Therefore the normalized spin-weighted spherical harmonics ,Y;,,(6, ¢) is given by

J . .
» 4 (J+ ) —9)!
d A BAC_HAD: imn d
A-BC-DE 2N 2 n;je 2+ 1 +m)(j—m)! | “Et22

. . j-m j+m
jts j—s

(j—-m) U's (j+m) 2's
QDY | g [T LG AN = m)t TGS T
G+ mlG—m)! i (G99

————— ——

Jj+s j—s
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J - :
—i A (j+ ) —9)!
) " d """ S‘Y'm 9’ ) D.Z.IO

Z-e \/2j+1(j+m)!(j_m)! %ZIT"Z im(0, P) ( )

Yoo = [ \/2]+1(J+m)'(J m>'] @)

. (GG =9 |G +m!(G—m)!
min{j—s, j—m} . Vi _ .
X Z %/ ka J+m Jj—s— k( ) ( )/—s—k(ol)j—m—k(OZ)m+s+k

k=max{0,—m—s}

2
K(Gj-m—-k)I(j—s—-k)!(m+s+k)!
(D.2.11)

P . m+s+2k 2j—m—s—2k
min{j—s,j-m} (1) (sm g) (cos Q)

imeg

\/—(J +m)!(j—m)!(j+ $)!(j — 5)!

k=max{0,—-m—s}
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D.3 dandd

We introduce the operators 8 (eth) and 8 (eth bar) which raise and lower a spin weight. For 1 with
spin weight s, 8 and 3 act as follows:

oy = — [69 + ——3, — scot 9] 7 = —(sin Q)S[ag + ——3,|(sin )7, (D.3.1)
no sin

S1

=(eg+iey)-L

&y = — [89 — —L 9, + scot 9] 7 = —(sin Q)S[ag - ﬁaqj (sin6)*r, (D.3.2)

sin 8

=(eg—ieg)-L
. . 1
(L =—irxV=—i (6’989 - e¢,—98¢)) .
Sin

We can find that 37 has spin weight s + 1 and 87 has spin weight s — 1, because ey + ie, has spin
weight £1 and the physical vector L dosen’t transform under the rotation of the basis of tangent
space.

From (D.3.1) and (D.3.2), we obtain

cos @ 2

< 1
30 = | ——0,sin 0, + 95 + 2is——0, — +s(s+ D)|n,
7 [sm@ ’ *7 sin?g ! sin@ ©  sin’0 (s+ D]
03 [ L ysin00, + ——a +2is%% g, - = 1 1)] (D.3.3)
=|— _— Is——0, — s(s — s 3.
7= |sing™ 7 sin2g ¢ sin?6 ©  sin®# 1
[8,8]n = 2517, (D.3.4)
and furthermore, for  with spin weight s and & with spin weight s — 1,
(1€ = - (B 1) . (D.3.5)

Especially, since the action of d and d for two component spinors o” and 6* is

00t =0t, 80" =0, (D.3.6)

the spin-weighted spherical harmonics with different spin weight are related by

A B ADAE  AF . A B DAE  AF
Sdap..cpp.po’of - 0CoPoF - b = (j— 8)dap..cpe..FO" 0 - 0%0PoF .. 0T, (D.3.7)
———————— e —
Jts Jj=s Jj+s+1 Jj—s—1
= A B CADAE  AF _ A B ACADAE  AF
O0dap..cpg..r0" 0" -+-0°070" ---0" = —(j+ 8)dap..cpg..FO 0" -0 070" --- 0", (D.3.8)
Jjt+s Jj=s Jj+s—1 j—s+1

and therefore

0, Yjw= NjG+D =56+ DYjn, 8Yju=-VjG+D=s(s=11¥n. (D39)
Then the spin-weighted spherical harmonics satisfies the following equation from (D.3.3):

66 stm = _{](.] + 1) - S(S + 1)}SY]m > 66 stm = _{.](.] + 1) - S(S - 1)}SY]m > (D310)
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or equivalently

cos @ 52

1
———0psSinfdy — ——
sinf 0 sin’ @ sin’ @ sin® @

derivation of (D.3.3)

d0n i i _
{ —[69+ﬁ6¢i(s+l)cote][agim8¢+scot0]n

Il
o}
S}
+

i 0y + cote][a + i 0, F cot@] +cot0[8 + - cotH]
sin @ px3 “~ sin6 #* 3 n O_Sin0+s n

2

i i i
63 + ((%ﬁ)dp F s(0gcotl) — (m(% + SCOtQ) + coté [09 + ﬁ + SCOtG]} n

6 oy 1 o
:{agncos a¢¢s(—1—cos )+ 82 +2is22,

sin® 6 _sin’@/  sin?6 sin® 0
s .cosf _ )
—scot” 0 + cot#dy +i——0, F scot 0 n
sin” 0
1 cos é 1
=40% + cot00y + ——02 + 2is——0 —s2( —l)is}
{ o ‘ sin2g * sin’ @ ¢ sin® @ 7
1 1 cos @ §?
=4 ——0,sin0dy + ——0a° + 2is Ay — +s(sil)} .
{Sln@ ‘ “7 sin?e * sin26 ©  sin6 7

derivation of (D.3.5)

- i =2 st
0g+——04|(sin@) """ ¢
sin 6

(n|d&) = f sin 0d0d¢ n'd¢ = — f dbde i’ (sin 6)°
S2 S2

— I «
Jy+—— ¢] (sin6) "¢
sin g

= f dOd¢ i’ (sin 6)°
S2
i
_ j; dods ([a,,— ——0,
. o i . f
= Lz sin 6dOd¢ ((sm 0)~° [09 - Si—ngad)] (sin 0)577) &
= —(on1é) .

derivation of (D.3.6)

)
(sin 9)“‘;7) (sin@)~**'&
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50! PAURILEPIIE BN S e 1 9+1cos§_1 o
o<_ =—|0yt —0, F —cotf|le'2cos = = —e "2 |[—=sin= + = F — cotfcos —
50! T sing T 2 2 27727 25sinf 2 2
L el .0 11 _11-2sin*4 1 0. 9] 0
=——e 2 |-sin=- + = F - =——¢'2|-sin=+sin=|=
2 2 2sin? 2 sind 2 2 2 0!
502 PRLAPTE DU B " 6 1sing 1 o
o_ =—|0p+ —0, F —cotf|e'2sin= = —€'2 [=cos = F = — cotfsin =
502 °=5ing? " 2 2= ¢ 2" 25in6 " 2 2
Lol 6_1 1 _12cos’f—1 11425[ 6 9] 0
=——¢'2|cos = F = F - =——¢'2 [cos= Fcos=| =
2 2 2cosf 2 cos} 2 -0*
| Joo! PR PYRNE BN |1 9+1sm§+1 coin ©
- = —0,+ —cotf|le2sin==¢ "2 |=cos = + ———= + —cotfsin =
50! “~ sing ? 227 2sinf 2 2
! i3 [cos 0 cos 9] o'
= —¢ — 4+ — | =
2 2 0
50” oe gl ol it s ? 2 1-9_1cos§+1 i
o4_ =—|0p+ —0, + =cotf|e'2cos = = —€'2 |—=sin = F = + — cotf cos =
502 T sing T2 2 2772 25sinf 2 2
! ’g[ sine—sing o
= ——¢ — — F —| =
2 2 2 0
derivation of (D.3.9)
6dAB...CDE...FOAOB cee océDbE cee (3F = (] - S) dAB...CDE...FOAOB cee OCODaE cee (3F .
Jjt+s Jj=s J+s+1 j—s—1
= A B CADAE . AF _ (. A B ACADAE . AF
O0dap..cpg..r0" 0" -+-0°070" -+ 0" = —(j+ 8)dap..cpg..FO" 0 00”0 0",
J+s j—s Jj+s—1 Jj—s+1

Jj . .
L dn (G +9)IG —9)! Os ¥ jm
= me di.12.2 X3 - - (D.2.10
Z,e \/2j+ TGrmiG-my 522 sy, OO

m=—j

J . .
‘ 4 + DI —sF 1)!
Cary Y e | s DIGosE D

1122 521 ¥ jm

£ N2 e 1 GamlGemt R
J . .
. - » 4 (J+ )G - 9)!
=+ F +s5+1 o di12.2 se1Yim -
VOFIGE D 2 ST et stz ¥

m=—j

9,0 and —id, commute with each other, and thus 8,Y, d,Y im and ¢.1Y;, have the same eigen-
value m. Then we obtain

65ij = \/(.] - S)(] + 5+ 1)s+1ij = \/.](.] + 1) —s(s + 1)s+lem >
8, Yim=—VG+ )G =5+ D1 Vim= =G+ D= s(s = Dy_1 Y.
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D.4 Properties

e complex conjugate

(Yim(0,9))" = ¥jm(0, 21 — ) = (=1)""_Y;_u(6, 9) . (D.4.1)
o reflection for xz-plane
Ym0, =) = " (Y (0, 9)* = (=1)"_Y; (6, 8) . (D.4.2)
o reflection for xy-plane
Yim(m=6,4) = (=1)"™"_,Y;(6,9). (D.4.3)
e translation for ¢
Ym0, +m) = ™ Y;,,(0,0). (D.4.4)
o reflection for origin
Yin(m— 0,6+ 1) =7 _¥;,(60,8) . (D.4.5)

derivation of (D.4.1)

- 2j+1
(Yju(0,0)" = e \/ LG =!G+ 91 - )]

min{ j—s, j—m} (—l)k (Sin g)m+s+2k ( o8 g)2j—m—s—2k
X e—tmqb

}k!(j—m—k)!(j—s—k)!(m+s+k)!

k=max{0,—m—s

S , X —m—s+2k’
min{ j+s, j+m} (_1)k —m—s (Sll’l Q) (COS 0

... Z 2 2

k’=max{0,m+s} (k, —m- S)'(.] +85— k,)'(.] +m— k’)'k"

= (_1)_m_s—st—m(9’ ¢) .

)2 Jj+m+s—2k’

e (k—->k =k+m+s)

derivation of (D.4.3)

2

}k!(j—m—k)!(j—s—k)!(m+s+k)!

P m+s+2k ;. 2j-m—s—2k
min{j=s,j=m}  (_1)k (cos g) (sm Q)

stm(ﬂ_0’¢):"' imep

k=max{0,—m—s
min{j+s,j—m} (_1)]"”—]‘, (COS g sSin 2

(GJ-m=kNkm—-s+k)(G+s—k)!

)Zj—m+s—2k'( . H)m—s+2k’

e (k- k' =—k+ j—m)

k’=max{0,—m-+s}

(_ l)j_m—s ij(e, ¢) .
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D.5 Completeness

In this section, we show the completeness of the spin-weighted spherical harmonics which means
any function f with spin weight s can be decomposed by Y,

f= i Z‘ijstm- (D.5.1)

Here, we consider the case of s > 0. Then, the function with spin weight O can be obtained as

AA’ AB/ .. ’\C/
f_{d. (D.5.2)

Therefore, the above function can be decomposed as follows due to the completeness of the usual
spherical harmonics:

(o8]

558 ... C pIAEC ¢ (A B . CADAE .. AF)
fo Z d;p. cpp.F0 0 0-0"0 0, (D.5.3)
2s Jj=0 J J
where p(VABC" [ ) . are totally symmetric constants. Then, contracting with 0*' 0% - -- 0,
we obtain
— () (}) B C' (A B CADAE AF)
f—ZbA,B, g cpE- Fo 0B oS 0 WoB 0P L ) (D.5.4)

2s J J

Here, we can show that

OCO(A B ..OC(/)DaE.“&F)
J 7
1 ’ i’ ’
= —— 0 0%08 - 0C6PHE - - 61 + 010 C 0B - 0 PO - 61 + - + 0T 008 - 0CPHE - - 6T
j+j+1
+(j+j,)OCO(AOB"'0C6D5E"'5F) OAO(C HOCaDaE“.aF)_.“ OFO(AB HOCaDaE.UéC’)
’ A A ~
— 0 CpAB ... oCOPHE ... pF)
A A A ’ A ~ A
— G+ j)o ool - 00" --- 6" — 020 0" - 0C 6P " - - 67 -
j+j+1
—oFoAoB .. oCoPHE ... 5C)
’ A A A
=008 .. 0 oPHE - - . o1
1 7 ’
+ : Co@pB . oCoPHE .. 5F) — A0 C 0B ... oCoPHE F)
j+j+1
+.
~ A ~ A A A ’
+ 0% 0% . 0CoPOF . 0T — oF 0 B0B ... 0COPHE - .. 5
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’ A A A
= 0008 .. 0 oPHE - .. o1 (D.5.5)
J+1 J
=/
J ’ AD A N / AD A N
—_— " ” " ” CA (B.-.OCODOE.-.OF)+.-.+6CF0(AOB--.OCOD0E...OG) .
—_—
G+J7+DG+J) . ~ . -
Jj -1 J J=1
(D.5.6)
OCO(A B _‘0C6D6E._‘6F)_ Lo OAO(B "0C6D6E"‘AF)+ / 614 (B 0C6DAE 6F)
/+/ — f+/
j j, ’ ’ j_l ’ j, ’ ’ J j/_l
OC OA _OAOC — 0’ OC 5A _OAaC — —ECA
Therefore, from above relation, f can be rewritten into the form
co 28
— (jk) (A B . . CADAE  AF)
f—ZZB CpE.F0 0" +0"070 0
Jj=0 k=0 j+2s—k j-k
co 2s
_ (Jj'k) (A B CADAE AF) . g .
—Z Bip cpp.p0 0 00707 -0 (j—> ] =j+5) (D.5.7)
J'=s k=0 J+s—k J—s—k

where BXB) cpe-.r 18 constant and totally symmetric. Then, from the definition (D.2.5), we find that

f can be decomposed by the spin-weighted spherical harmonics with spin weight s.

D.6 su(2) algebra

The spin-weighted spherical harmonicas corresponds to the representation of su(2) algebra:

[L..L.] ==L, (L,.L]=2L,. (L2 L] =[L?L,]=0. (D.6.1)
Lstjm = ](.] + 1) stm ’ (D62)
L, Sij =m stm > (D.6.3)
L. stm = \/(] + m)(] +1+m) stmil s (D64)

where L2, L. and L. are angular momentum operators for quantities with spin weight s

L, = ,-(Sin g0, + 508, L C°S¢), (D.6.5)
sin 6 sin @
asi )
L, ( PPN LI ,-SW) (D.6.6)
sin 6 sin 6
L = —i6¢, (D.6.7)
L. = —(Lx til) = & (+ae icotfd, — L) , (D.6.8)
sin 6

P=L+L+L= §(L+L, +L L)+ L

cos @ §2

= 2is———0, +

1 1
= ——ysinf oy — ——&> .
‘ ’ sin’ @ sin’ @

sin 6 sin’ @

2 (D.6.9)
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These operators commute with & and &

0,L.]1=[0,L]=1[0,L:]1=1[0,L.]=0. (D.6.10)

derivation of (D.6.9)

oL,L. =¢™ (169 +icotfd, — L) ™1 (TL(?B +icotfd, — L)

sin 6 sin 6
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2 2
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1 1 cos 6 52
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sing ¢ T Gine 0 Y sin26 ¢ sin2@
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2 1 2
= L= S(L L+ L L)+L.

derivation of (D.6.1)

ol[L;,L:]

Il
—
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sin 6 sin @
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derivation of (D.6.4)
‘ cos ¢ 1
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‘ cos ¢ 1 1\ « . 6
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derivation of (D.6.10)
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