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Let g be a classical Lie algebra, 1e  one of the Lie algebras gly(general lnear),
on(orthogonal) and spy(symplectic) It is fundamental m representation theory that the
center ZU(g) of the umversal envelopmg algebra of g 1s 1somorphic to the ring C[x]W of Weyl
group mvarlant polypomlals m certam variables z = (x1,.. ,%,) through the Hansil—Cha,ndra.
1somorplusm v ZU(g) — (C[z]w. In this paper, we construct a class of central elements
Cx(u) € ZU(g) with a parameter u, which we call the higher Capells elements They
are parametrized by partitions A = (A1, .,),), and correspond by the Harish-Chandra
isomorphism to the factorial Schur functions Ry (z,u) € C[m]W with parameter v (The
definition of Ry (z,u) will be given below). In the gl case, the igher Capelli elements Cy(0)
with « = 0 have been constructed by Okounkov [9] and expressed m the form of quantum
immanants.

The main point of this article 1s an expheit construction of the Capelh elements C(u) of
lower degrees (k = 1, ,n) which correspond to factorial Schur functions attached to the
column partitions (1¥). The higher Capelli element C () for an arbitrary partition X 1s then
obtamed by applymg the Jacobi-Trudi formula to the Capelli elements Cj,(u) of lower degrees.
It 15 constructed as the determmant of a matrix whose entries are Capelli elements of lower
degrees This method of construction of the higher Capell elements from the Capelh elements
of lower degrees has already been discussed m our previous paper [5]. In the present paper,
we mainly mvestigate explicit formulas for the Capell: elements Cj,(u) of lower degrees which
arise from the expansion of the Capell element C,(u) of the lughest degree with respect to
the parameter u.

Followng [7] and [10], we mtroduce the factortal Schur functions R(Am) (z, @) with a parameter

a in m variables z = (21, . ,Zm,) We first define the symbol (z,a) by
z—a  (g=gly)
- Z,a) =
depending on the choice of a classical Lie algebra, and the shifted factorials associated with
z,a) by
(za)e = (z,a)(z,a+ 1) -(z,a+k~-1) (k=0,1,2, .).

Then for each partition A = (A1,. ,Am) with I(A) < m, we set

det ({2, a)x, +m—7) 1<rg<m

(m) -
R)\ (1‘; a) = det ((x“a)m_])lslﬂgm

We remark that these functions Rg\m) (z,a) form C-basis of Clz1, .,7m|% orClz?,. 225~
according as g = gl or-g = spy,on We sunply write Rf\m)(:c, a) = Ri(z;a) when the
number of variables are obvious from the context
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In order to outhme the idea of this paper, we now explan the case of gly (N = n) for
comparison with the cases of spy and oy It is a classical result due to Capell (1] that
the central elements Cy(u) € U(gl,) attached to column partitions (1¥) (k =1, ,n) are

expressed as follows by column-determimnants. *

C(w) = ) det(Tl; —u) € ZU(gl,),

[1j=k
Etl,11 + k - 1 E’Ll,lg Eu,’tk
Eiz "1 Ezz 22 T k-2 ... Etz "k
HI = . 3
Etk,u E‘bk,‘lz Elky’bl»

where E,, (1 < 1,5 <n) denote the elements of gl, corresponding to matrix umts. According
to Schur’s lemma, each Ch(u) acts on the nreducible representation (V,,7,) attached to a
partition y by scalar (eigenvalue) We can calculate the eigenvalue as follows

k
mCe) = Y. [ tk-m—u).
. 1€u< <y <nm=1
This exgenvalue corresponds to the factorsal Schur function Ryry(x;u) € Clz]® (W = GP)’ln
z = (z31,. .,%n) under the ident:fication of variables z, = p, +n —1 (1 €2 < ). This means
that 7(Ck (1)) = Re1ry(z;u) We remark that the Capelli elements C (u) of lower degrees are
obtained as the coefficients 1 the expansion
n
Cu(2) = Y _(=1)%(z; 0)xCnk ()

k=0
of the Capell1 element Cy, (z) of highest degree 1n terms of the shifted factorials. As we proved
in [5], for an arbitrary partition A, the Ingher Capells element C)(u) with Harish-Chandra
1mage (C () = Ry (z;w) 15 then constructed by means of the Jacobi-Trudi determmant

Ch(u) = det (CA:_H_] (u+y- 1))m

=1

of Capelli elements of lower degrees, where X = (X}, ..,X},) denotes the conjugate partition
of A It 15 known by Okounkov [9] that C)(0) with parameter u = 0 is expressed as a quantum

mmanant

C)\(O) = M Z 2 (a' -ér, §T)Ez1 Re(1) (—CT(l)) N E’L,,,z,(p) (_CT(p))v

1
P e, myrqes,

where |X| =p
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As for the symplectic Lie algebra sp,,,, Itoh [3] has constructed the Capell element C** (u) €
ZU(spo,,) of the highest degree with a parameter u This CP(u) corresponds to Cp(u) mn the
gl,, case, and 15 expressed by a symmetrized determmant To be more precise, (—1)"u"1CP (u)
corresponds to the factorial Schur function Rgf,),) (z;u) by the Hansh-Chandra isomorphism,
m this case of sp,,, Clz]V =C[z3,.. ,22]%~ In Section 1, we deal with the Capell: elements
of lower degrees for sp,,,. We give 1n Subsection 1.1 an alternative expression (Theorem 1.4) of
Ttoh’s Capelh element C%(u), putting the parameter u out of the symmetrized determmant.
In Subsection 1.2, we expand the expression of Theorem 1 4 in terms of the shifted factorials
(u,a)r m order to construct the Capelli elements Cr(a) of lower degrees. In this way, we
obtam an explicit formula (Theorem 1.9) for the central elements Cj(a) which correspond
to the factorial Schur functions Ré?z)(z; a) by the Harish-Chandra 1somorphism  Exphicit
formulas of Theorems 1.4 and 19 are the main results of this paper for the case of sp,,. In
Subsection 1.3, we construct the higl‘ler Capelli elements Cx(u) for an arbitrary partition X
by applying the Jacobi-Trudi formula for the factorial Schur functions to Ci(a). Thus method
of construction of the higher Capelli elements is already mcluded m our previous paper [5] It
would be an interestmg problem to find an expression of the higher Capelh elements Cy(u) m
terms of quantum immanants J

In Sections 2 and 3, we treat the cases of 0g, (type D) and o2n41 (type B) cases respectively.
As for the orthogonal Lie algebra o, Wachi {11] has constructed the Capell element C°(u) €
ZU(0) of the highest degree with a parameter v Sumlarly to the case of spy, (type C), we
éonstruct the Capelli elements of lower degrees by expanding Waclu’s Capellt clement C°(u)
with respect to the parameter . Explicit formulas for “the Capelli elements of lower degrees
m Theorems 2 2 and 3 1 are our main results for the case of oy In Section 4, we mclude the
corresponding explicit formula for the Capelli elements of lower degrees of the case of gl,, for
comparison with those of the cases of spy, and on.
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