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Abstract

During the last decades, increasing attention has been focused on multi-agent
system (MAS) due to their widespread existence, e.g., manufacturing, process
control, network management. The MAS consists of multiple agents, each agent is
an autonomous component that perceives its environment and cooperates with other
agents in pursuit of its tasks. According to the location of decision maker, MAS can
be divided into centralized, decentralized, and distributed systems. In a centralized
system, all agents transmit their information to a central network owner, and receive
the control command from it. Obviously, it is vulnerable and inefficient.
Decentralized systems divide the agents into small groups, use multiple central
owners to collect the information and make decisions for the agents in each group.
The central owners form a communication network. It is more robust and has better
performance compared with centralized systems. Nevertheless, it requires higher
equipment cost and operating cost for more central agents. The distributed systems
eliminate centralization, each agent have equal access to data and make decisions by
its own. It has high fault-tolerance and scalability and is widely applied in many
aspects of industries. However, it needs the highest equipment cost and operating
cost among the three kinds of systems. Because an independent set of devices is
demanded by each agent to fulfill various physical and cyber processes, e.g.,
sampling, storage, computation, communication, actuation. The computation and
communication resource of each agent is limited and more efficient deployment is
required. Hence, the idea of event-triggering is introduced. The desired operation is
executed only when the prescribed event is triggered. It not only converts the
continuous operations into discrete actions, but also offers an efficient organization
on the working rhythm.

There are various problems in multi-agent cooperation of distributed system,
e.g., leader-following, flocking, formation, distributed optimization, consensus

control. Among them, consensus control plays a fundamental role and is regarded as



the basis of distributed problems. Generally, a group of agents is called consensus
when they agree on a certain physical or virtual state. The consensus state refers to
the state of agents when they reach consensus. Obviously, there must exist some
changes when introduce event-triggered control protocol into a continuous system.

In this research, we investigate the consensus state of event-triggered MAS. The
research results are summarized into the following three cases:

1. Observe the consensus state of general linear MAS with event-triggered
control. (Chapter 3)

2. Design a sampled-state based triggering function for finite-time consensus of
multi-agent system, which only requires sampled state. (Chapter 4)

3. Design a time-based triggering function for finite-time consensus of
multi-agent system. (Chapter 5)

At first, we study the consensus state of general linear MAS with
event-triggered control. By now, previous research studied the consensus state of
simple linear event-triggered MAS with undirected topology. The simple linear
system here means the dynamic of each agent is linear without state feedback. Based
on this method, we analyze the consensus state of a general linear event-triggered
system with directed graph. It is clarified that, the consensus state is a constant
vector or a periodic varying vector, and such difference depends on the system
matrices and the topology. In addition, these parameters and the trigger threshold
affect the value of consensus state.

Secondly, we design a state-based triggering function for finite-time consensus
of multi-agent system. In practical MAS, it is of particular interest to achieve
cooperation in a finite time to meet specific requirements. In previous researches,
although the update of control signal is determined by the evet-triggered control law,
the communication between each neighboring agents still requires continuous
operation, which requires a waste of communication resource. To solve this problem,
we design the triggering function based on the sampled state. The sampled state
refers to the state sampled and transmitted by the agents when event is triggered.
With this condition, the communication is converted into event-triggered operations.

Additionally, we analyze the conditions to ensure positive minimum inter-event time.



It should be mentioned that the existence of positive minimum inter-event time is a
sufficient condition for the avoidance of Zeno behavior. It is much more applicable
to the practical implementation. Simulation results show that although sampled-state
based triggering function has greater estimation error in consensus time, it saves
more computation and communication resource compared with exact-state based
case, where the exact-state means the continuous state of agent.

Finally, we design a time-based triggering function for finite-time consensus of
multi-agent systems. By now, most of triggering thresholds in the field of finite-time
consensus problems are designed based on the state of agents. Different from such
state-based triggering functions, here the triggering threshold is only time-dependent,
the state information received from neighbors are only required to update the
controller, which is easier to achieve a desired balance between the convergence time
and the number of triggering times. Computer simulation shows that, (1) although
the time-based event-triggered control protocol has larger error in the estimation of
settling time in certain conditions, it has fewer number of triggering times and less
settling time compared with exact-state based case, (2) the time-based case has
smaller error in the estimation of settling time in certain conditions, fewer number of
triggering times and less settling time compared with sampled-state based cases.
Therefore, the time-based approach requires least computation and communication

resource to achieve consensus.
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Chapter 1 Introduction

1.1 Background

With the development of information technology, the application of multi-agent
system (MAS) has expanded to every corner in our daily life, such as Internet of
Things (IoT), sensor network, unmanned aerial vehicles, and electronic power grids
[1-4]. Although these systems may have various functions and applications, the
operations of these networks share some common characteristics, such as consisting
of agents with local information and processing capacity, interactions based on the
network, the goal is to realize certain local or global cooperation. This paper focus
on the consensus problem for distributed MAS with event-triggered control. Its
background is divided into three parts: 1. the type of MAS is distributed; 2. the
control method is event-triggered; 3. the purpose is to solve consensus problem.
They are introduced as follows.

According to the network layout, the control of MAS can be categorized into
three kinds: centralized control decentralized control, and distributed control. The
general structures of them are described in Fig. 1.1, and the corresponding examples
are given as follows. A micro grid (MG) is an intelligent small-scale power supply
network designed to provide power for small communities [5]. It contains renewable
energy source, distributed power generation and energy storage systems, which make
it flexible and efficient. Because of the random, intermittent, unpredictable nature of
renewable energy source, it requires the exact information of every agent and
arranges the power flow of transmission and distribution lines to ensure a continuous
power supply. In this condition, a centralized control strategy is necessary. Since the
physical limitation on the structure of large-scale power system makes information
transfer among subsystems unfeasible [6], each distributed generator works freely
according to the measured local signals. Subsequently, all generators are at a
separate control level, i.e., it is a decentralized system. In the production systems, it

is quite difficult for a single central system to deal with the flexible conditions, e.g.,



complexity of data management, uncertainty of demand and available resource. It
requires industry to change from static optimization to dynamic agility and respond
to environmental changes more actively. Hence, distributed manufacturing control
systems are proposed to fulfill the gap. The global control process is divided into
several activities of subsystems. Each entity has its own decision process, such as
information collection, problem formulation and solving, actuation [7]. The structure
of the access to information can be expressed as a topology. For better understanding,
the topologies of centralized, decentralized, and distributed systems are presented in

Fig. 1.2 [53].

(a) Centralized control

@ MA
X

(b) Decentralized control (c) Distributed control

Fig. 1.1 Control architectures that consist of monitors (M) and analysis units (A)



Centralised (A) Decentralised (B) Distributed (C)

Fig. 1.2 The topologies of centralized, decentralized, and distributed systems

Traditionally, the digital controller takes periodic operations to manipulate
continuous-time systems [8]. However, it is impossible to ensure an exact operating
frequency in actual systems. Therefore, the discrete system with aperiodic control
has become a long-term research field [9]. There exist various methods to solve this
problem and analyze the stability of system [10]. For example, aperiodic control can
be regard as a specific case of periodic control with time-delay. Similarly, the system
can be modeled as a hybrid system with impulsive dynamics. The main idea of these
methods is to formulate a linear time-invariant system with aperiodic sampling and
control as a linear time-varying system or linear parameter-varying system. It is also
common in the field of robust control, which analyzes the influence of aperiodic
control and sampling on the output [11]. Obviously, the above examples regard the
aperiodic operation as a kind of disturbance with respect to the ideal case of periodic
operation. And the solution to these problems is usually setting the lower bound of
operation frequency to guarantee the robustness of system. Although it is true that
better performance can be acquired eventually by increasing the frequency, this
method seems to be quite limited in many applications. However, the
event-triggering method treats the aperiodic operation as an opportunity and the
solution idea of this problem changes into finding appropriate time of operation. The

main motivation for researching event-triggering is its application in IoT and other



large-scale networks [12]. Since IoT devices are designed to support services and
applications that interact with the physical world, they consist of various sensors and
actuators aside from the traditional network devices, the functions of which contain
processing, storage, communication, etc. Hence, IoT devices have following
characteristics. First, these devices are usually battery-powered and portable, so
energy is a scarce resource. Second, high computational complexity is demanded to
serve a wide range of functions that it can be integrated seamlessly in arbitrary
position of IoT. Third, wireless congestion should be taken into consideration
because of the wide use of wireless communication. As a result, the operation of
computation and communication is a precious resource and should be scheduled
properly.

The idea of event-triggered control is proposed for the efficient deployment of
computation and communication. It updates the control action only when the
performance of dynamical control system meets a certain condition. This condition
is determined by the restrictions of system, e.g., stability and hardware parameters.
The controller only requires the state of event instants to update the output.
Therefore, the computation of control signal is discrete instead of continuous, which
saves computation resource. If the judgement of triggering condition also only
requires the state of event instants, then the operation of communication is also
discrete, and the communication resource is reduced. The event-triggering methods
can address the instants of different operations precisely to maintain the desired
attributes, which is more flexible and scalable. As a result, event-triggered methods
have received more and more attention.

The consensus problem is one of the most fundamental problems of distributed
MAS [13], which mean the processes in the network begins with an arbitrary initial
value of a particular type and eventually output the same value of that same type. It
has practical implications for many distributed applications in which some type of
agreement is required [54]. For example, processes in a communication system may
need to agree on whether a message has been received. Processes in a control system
may need to agree on whether a particular other process is realizable. Processes may
try to agree on an estimate of an airplane's altitude based on the readings of multiple
altimeters. Then, the consensus implies that there is asynchronous algorithm that

reaches the needed agreement.



1.2 Relevant Researches

The idea of event-triggered control was proposed by Aarzén [14]. Different
from working in a certain frequency, the operation of controller only occurs at
event-based instants which are determined by a triggering function. The function
evaluates the state error between last event instant and current time, the event
triggers when the error meets a prescribed threshold. The research in event-triggered
mechanisms began to mature and has a place in the field of systems and control by
Heemels [15]. The event-triggered strategy was applied in MAS by Dimarogonas
[16]. Both centralized and distributed control protocols were researched for MAS
consensus problem. It should be mentioned that event-triggered control might
exhibit Zeno behavior, that is, the event is triggered infinite times in a finite amount
of time. In this condition, the time interval between two consecutive triggering
operations becomes infinite small, which is unacceptable in practical application. A
non-Zeno behavior strategy of simple linear MAS with undirected topology was
introduced by Seyboth [19]. The simple linear system means the dynamics of each
agent is linear without feedback. It not only avoids Zeno behavior, but also ensures a
positive minimum inter-event time. Inspired by this idea, the event-triggered
consensus problem was solved by Yang [35] for a general linear system with directed
topology. However, this paper only focused on the controller and triggering function
for consensus problem. The consensus state of agents and the influence of triggering
function on it were not researched.

In practical application, the operation time plays a significant role. To observe
the factors affecting the consensus convergence rate, Olfati-Saber [21] found that the
second smallest eigenvalue of Laplacian matrix of the network topology has relation
to the consensus time. Kim [22] tried to optimize the network topology to maximize
the second smallest eigenvalue. However, this method only improves the
convergence rate to achieve asymptotic consensus in an infinite settling time. It is
difficult to identify whether the convergence rate meets the actual needs. Therefore,
Haimo [23] proposed a continuous feedback controller to realize finite-time stability
of system. The finite-time stabilization of dynamical systems not only enables the
state of system converge to the equilibrium point in prescribed time, but also gives

rise to a high-precision performance. In addition, Bhat [24] investigated the settling
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time function of finite-time stable system and introduced the relations between the
Lyapunov function and the settling time function. Xiao [25] extended this method
into the multi-agent system and developed a finite-time formation control framework.
Zhang [26] combined the finite-time consensus problem of MAS with
event-triggered control, and proposed a nonlinear distributed control protocol under
fixed and switching topologies. Hu [27] not only designed a distributed
event-triggered control protocol for finite-time consensus, but also showed the
relations between the settling time and the triggering condition. However, it only
took use of event-triggering method in control protocol, the communication between
agents remained continuous operation.

It should be mentioned that the above triggering thresholds for finite-time
consensus problems are all depend on the state of agents. However, there are various
kinds of triggering functions in other consensus problems. Borgers [17] analyzed the
event-triggering mechanisms and divided them into three classes: relative, absolute,
and mixed. Relative triggering means the triggering threshold is designed based on
the state of agents. Absolute triggering means the triggering threshold depends on a
positive constant. Mixed triggering not only considers the state, but also introduces a
positive constant into the triggering threshold. A more general classification of the
event-triggering mechanisms was proposed by Nowzari [18]: state-dependent,
time-dependent, and dynamic-dependent. The triggering threshold of state-dependent
triggering function only contains local information, 1.e., it consists of the agent’s and
its neighbors’ state. The time-dependent triggering function was first introduced by
Seyboth [19], whose threshold is a time variable. The dynamic-dependent triggering
function was proposed to avoid Zeno behavior [20], whose triggering function
depends on a user-defined variable with its own dynamic. Liu [28] addressed the
finite-time consensus problems with dynamic triggering function for second-order
MAS with uncertain disturbance. However, there were few researches on
time-dependent triggering functions for finite-time consensus problems. Different
from the state-based method, it is much easier to achieve a desired balance between
the convergence time and the number of triggering times, where the number of
triggering times is positive related to the consumption of computation and

communication resource.



1.3 Research Objective

As mentioned before, computation and communication become precious
resources in MAS and require efficient management by event-triggering methods.
Hence, this research focuses on the consensus problem of event-triggered control for
MAS.

At first, we focus on the consensus state of linear event-triggered MAS.
Different from continuous-time MAS, the consensus state must have some changes
when event-triggered controller is introduced into the system. Hence, it is necessary
to investigate the influence of triggering function on the consensus state.

Then, the condition of finite-time stability is taken into consideration. We
concentrate on the communication load of event-triggered MAS for finite-time
consensus problems. In existing researches, the state-dependent triggering function
requires the exact state of neighbors, i.e., the agents keep continuous communication
between each other. Therefore, a sampled-state triggering function based should be
taken into consideration to convert the continuous communication into
event-triggered operation. The sampled state refers to the state sampled and
transmitted by the agents when event is triggered.

Finally, we set our sights on the design of time-based triggering threshold for
finite-time consensus problems. Different from the case of state-based triggering
function, the agents only require the state received from neighbors to update the
controller and the triggering threshold is a time-dependent variable, which is much
easier to achieve a desired balance between the convergence time and the number of
triggering times. Additionally, a comparison should be given between time-based

and state-based cases in settling time and resource consumption.

1.4 Main Structure of Paper

The structure of this thesis is introduced as follows.

In Chapter 2, the definitions of symbols are described at first. Then, background
of graph theory is introduced, including the definition of Laplacian matrix and the
related properties. In addition, the conditions and theorem of finite-time consensus

are presented. The necessary lemmas for the proof of following chapters are



introduced. Finally, the relation between Zeno behavior and minimum inter-event
time is analyzed.

In Chapter 3, we start from introducing existing research on consensus state of
simple linear event-triggered MAS to observe the process of analysis. Then, this
method is applied into general linear MAS to study the consensus state and the
influence of triggering function on it. Finally, simulations are carried out to check the
results.

In Chapter 4, an existing state-dependent triggering function for finite-time
consensus of MAS is introduced at first, which requires continuous communication.
Then, a triggering function based on sampled state is developed, whose
communication is event-triggered, and the corresponding criterion is established. In
addition, the estimation of settling time and the existence of positive minimum
inter-event time is analyzed. Finally, a comparison between the existing control
protocol and our proposed control protocol is described in simulations.

In Chapter 5, an event-triggered controller with time-dependent triggering
function for finite-time consensus of MAS is designed. The relation between the
settling time and the triggering condition is analyzed. In addition, the condition of
existing positive minimum inter-event time is introduced. Finally, the comparison
between state-dependent and time-dependent triggering function is described in
simulations.

In Chapter 6, the conclusion and our future work are presented.



Chapter 2 Related Work

In this chapter, we prepare the contents discussed in the later chapters. First, the
definition of symbols is presented. The network structure between agents is
expressed by Laplacian matrix, so the definition and the properties of Laplacian
matrix are introduced. Then, the condition and theory of finite-time stability are
provided. The necessary lemmas for the design of triggering function for finite-time
consensus problem are reported. Finally, the relation between Zeno behavior and

minimum inter-event time is analyzed.

2.1 Notation

R means the set of real numbers. R, is the set of positive real numbers. Zsq
is the set of nonnegative integer numbers. R" is the n dimensional vector with real

R™*™ isthe m X n dimensional matrix with real numbers as

numbers as elements.
elements. 1y, and Oy denote the N X1 column vector of all ones and zeros
respectively.

|| denotes the absolute value. ||-|| means the Euclidean norm. |||z is the
Frobenius norm. AT means the transpose of matrix A. A™1 is the inverse matrix of
A. @ denotes their Kronecker product. Re(a) and Im(a) refer to the real part
and the imaginary part of complex number a respectively.

The diagonal matrix with elements A4;, i = 1,---,n is defined as
Ay 0
diag(A4,:+,4,) = )
0 A,
The distance of vector x € R™ onset ' € R" is defined as

dist(x, V') = inf,ep llx — |2

[x]"™ = sign(x)|x|* and sign(x) denotes the sign of variable x.



2.2 Graph Theory

The communication network structure between robots is represented as a
topology with each agent as the vertices. The topology and corresponding
characteristics are defined as follows.

Definition 2.1. Graph G contains N vertices is defined as {V,E,A}. V =
{vi, vy, -+, vy} is the set of vertices. E € V XV denotes the set of edges based on

RN*N refers to the adjacency matrix.

non-sequential pairs of two vertices. A €
Definition 2.2. The adjacency matrix is associated with the information of edges,

and is defined as

a;p ot gy

an1  ** Aann
where a; =0, a;; =20, i € {1,---,N}, je{1,--,N}.

a;; > 0 means the node v; can receive information from node v;, or v; can
broadcast information to v;. And the value of a;; refers to the weight of edge. Then,
a;; = 0 means there is no communication between the node v; and the node v;.
Definition 2.3. The Laplacian matrix L € RVN*N is defined as

N P
[, = k=1kzi ik J =1
ij

- —al-j ]7‘—'l’

where [;; refers to the ijth element of matrix L, i € {1,---,N}, j € {1,---,N}.
A € R™ refers in particular to the eigenvalues of Laplacian matrix L € R™"

which will be introduced latter. The elements of A are arranged as follows,
Re(1;) < Re(4;) < - < Re(4,).

Definition 2.4. (Directed Spanning Tree) The topology contains a node such that
there always exists a directed path from this node to every other node.

In this paper, the directed topology means there is at least one directed spanning
tree in the topology.

For a directed topology G with N vertices, it has the following properties,

L1y = 0y, 2.1

10



A =0, 2.2)
A, > 0. 2.3)

Undirected topology can be viewed as a topology consists of two directed
topologies with opposite directions, i.e., the pair of connected vertices can
communicate with each other. In this paper, the undirected topology means there
exists at least one pair of directed spanning trees with opposite direction in the
topology.

For an undirected topology G with N vertices, it has the following properties
besides the ones of directed topology,

L=1T, (2.4)
1NL == ON? (2.5)
AaxTx < AxTLx < xTLTLx < AyxTLx < A3xTx. (2.6)

Lemma 2.5 [29]. Suppose L is the Laplacian matrix of an undirected topology G
with N vertices. Then, forall t >0 and v € RV with 15v = 0, it holds that

lle L]l < e~ %2ty (2.7)

Proof. See Appendix.

2.3 Theory of Finite-time Stability

Different from classical stability, the finite-time stability has following two
important features [30]. First, it deals with systems whose operation is limited to a
fixed finite time interval. Second, it requires system variables to have prescribed
bounds. When it is applied in the event-triggered system, some points should be
taken into consideration. Because the operation of controller in event-triggered MAS
is discrete, the state of system is continuous but not Lipschitz continuous. In this
section, an existing theory of finite-time stability for non-Lipschitz continuous
systems is introduced.

Consider the system of differential equations
y(®) = g(y(®), 2.8)
where g:D — R™ is continuous on an open neighborhood D € R" of the origin

11



and g(0) = 0.

A continuously differentiable function y:I — D is said to be a solution of (2.8)
on the interval [ € R if y satisfies (2.8) for all t € I. The continuity of f implies
that, for every x € D, there exist 7o < 0 < 7; and a solution y(+) of (2.8) defined
on (7y,T;) suchthat y(0) = x.

Remark 2.6. The continuity of f implies that it is applicable to non-Lipschitz
continuous system, which satisfies the condition of event-triggered control.
Definition 2.7. The origin is said to be a finite-time-stable equilibrium of (2.8) if
there exists an open neighborhood N € D of the origin and a function T: N\
{0} - (0, ), called the settling-time function, such that the following statements
hold:

(i) Finite-time convergence: For every x € N\{0}, y* is defined on [O,T(x)),

¥ € N\{0} forall t€[0,T(x)),and lim, 7™ (t) =0,

(i) Y*(t) =0 forall t > T.
where Y* = dist(x(t), N):[0,7,) = D is the unique solution of (2.8).
Theorem 2.8 [24]. Suppose V:D — R, is a continuous and positive definite

function, the Dini derivative of V satisfies
V(x) + C(V(x))u <0, (2.9)

where ¢ >0, u € (0,1), x € V\{0}, V € D.
Then the system (2.8) is finite time stable with the settling time

1
c(1-pw)

T(x) < V(x)iH, (2.10)

x €NV, and T is continuous on M. If in addition D = RN, V is proper, and V
takes negative values on RN\{0}, then the origin is a globally finite-time-stable
equilibrium of (2.8)

Proof. See Appendix.

2.4 Preliminaries

During the process of analyzing and designing triggering function for

finite-time consensus of MAS, many mathematical inequalities are required. Here
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we present some necessary lemmas which will be utilized in the following chapters.
In addition, an inference of finite-time stability is proposed based on the lemmas.

Lemma 2.9 [27]. Forany y,z€ R and 0 <pu <1,
ly + z|* < |y|* + |z]*. (2.11)

Proof. See Appendix.
Lemma 2.10 (Young’s inequality) [31]. If a>0, b>0 and if p>1, ¢g>1

such that % + % = 1, then

ab <=+ (2.12)

Proof. See Appendix.
Lemma 2.11 [27]. Forany &;,-,éy ER,, 0 <u <1,

Er=1 &t S TP &y S NTRENL EOR (2.13)

Proof. See Appendix.
Lemma 2.12 [27]. For §, ZER, 0 <u <1, |y]| = |Z],

—J[y + 2] < —|7|**t + |7]12]. (2.14)
Proof. See Appendix.
Lemma 2.13. Forany ¥, ZER, u >0, |y| <|Z|,
=17+ ZFT < gt 4z R (2.15)
Proof. Consider |J| < |Z|, then |y|#*tt < |Z|#F1.
Thus, —|J + Z|#*1 < 0 < —|§|#tT + |Z|H1,
The inequality is verified. O
Theorem 2.14. If there exists a continuous function V=V, +V,, V, k6 V;,
V,:D - R, suchthat1) V;(x) =0 = x € V'; 2) any solution x(t) of system (2.8)
satisfies the inequality V() < —a V3 (x(t)) — a,V,*(0), for a3 >0, a, >0,

u € (0,1). Then the set M c RN is globally finite-time attractive for the system

V1H(xp)

min{aq,a}(1-p)’

(2.8)and T < xo = x(0).

Proof. According to Lemma 2.11,
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a Vi (x(8)) + agVp (t) = minfay, @y} [Vi (x () + V()]

V(t) < —min{a,, a,} V().

Obviously, V(x) =0 when V(t) = 0. Hence, the set N c RV is globally

finite-time attractive for any x(t). Therefore,

V17H(x)

~ min{a;,@}(1-p)

The proof of this theorem is finished. o

2.5 Zeno Behavior and Minimum Inter-event time

According to the definition, the Zeno behavior occurs when infinite number of
events is triggered in a finite time interval. However, the avoidance of Zeno behavior
does not mean there exists a minimum inter-event time. Some examples are provided
in [18] to introduce the relation between them.

(i) Zeno behavior:

Suppose the sequence of inter-event time satisfies

1
b1 = te = Gpe

where k € Zsg, ty = 0, t, isthe kth event instant.

Hence,

1 2
lim¢, = lim ¥%_, = =—.
k00 k K500 Zn—l n2 6

2
This means the event is triggered infinite times before T = %.

(i1) Non Zeno behavior without a positive minimum inter-event time:

Suppose the sequence of inter-event time satisfies

1
terr =l = 1

where k € Zsg, ty = 0, t, isthe kth event instant.

Then,
limt, = lim ¥¥_, 2 = oo.
k—o0 k—oo n
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In this condition, the existence of Zeno behavior is ruled out. However, the
inter-event time Ilim tee1 — tx = 0, i.e., there does not exist a positive minimum
—00
inter-event time.

(iii) Positive minimum inter-event time:

Suppose the sequence of inter-event time satisfies

1
t —t,=—+c¢C
k+1 k k+1 )

where k € Zs,, ty = 0, t; is the kth event instant, ¢ > 0 is a constant.

Thus,

: . 1
limt, = limck + Yk_, = = 0.
k—oo k—o0 n

It not only avoids Zeno behavior, but also ensures the existence of a positive
minimum inter-event time ]lim tey1 — txg > ¢ > 0.
—00

Hence, the avoidance of Zeno behavior is weaker than the existence of positive
minimum inter-event time. In physical implementation, ensuring the existence of
positive minimum inter-event time is more appropriate than simply ruling out Zeno

behavior.
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Chapter 3 Consensus State of Event-triggered Control

3.1 Introduction

In this chapter, we focus on the consensus state of time-based event-triggered
control for general linear MAS, where general linear MAS means the dynamic of
agent is linear with state feedback. As mentioned in introduction, state-based
event-triggered control for MAS has been well developed for various systems, e.g.,
general linear dynamics with distributed control [32], second-order dynamics with
decentralized control [33] and linear dynamics for leader-following consensus with
switching topologies [34]. By contrast, the research of time-based event-triggered
control is a developing field and first introduced by Seyboth [19]. He introduced a
non-Zeno behavior control protocol and corresponding triggering function to solve
the consensus problem of simple linear MAS with undirected topology, where the
simple linear system means the dynamic of each agent is linear without state
feedback. What’s more, the consensus state of MAS was investigated. Yang extended
this research to a general linear system with directed topology [35]. However, it only
introduced the design of controller and triggering function. The consensus state and
the influence of triggering function on it were still unclear, which is the gap we want
to fill in this section. The process of research is given as follows. The research
method of consensus state for simple linear event-triggered MAS is observed at first,
which is presented in [19]. Then, such method is applied into the conditions of
general linear system [35] with directed topology to study the consensus state and

the influence of triggering function on it. Finally, the result is checked by simulation.

3.2 Simple Linear System

We start from introducing the research method of the consensus state for the
simple linear event-triggered MAS with undirected topology, which is given in [19].

Denote the state of agent { with dynamics

% (8) = w (1), (3.1
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where x;(t) € R is the state and u;(t) € R is the control input.

The event-based controller is given as following:
u; (1) = =¥V, a; (xi(tlici) = Xj (t;{j», (3.2)

where t,i(i is the most recent event instant of agent i, a;; is the ijth element in

adjacency matrix, N is the number of agents.

For each agent i and t > 0, by defining the state error
e;(t) = x;(tr,) — x: (). (3.3)

The triggering function for agent i is

fi@® = llei®Oll = (co + c1e7%), (3:4)

where ¢y =0, ¢; =0, ¢y +c; >0, a > 0 is a constant to be determined.

In event-triggered system, the event instants of each agent is determined by the
triggering function, i.e., t,ici+1 = inf{t: t> t,i(i,fi(t, e;(t)) > 0}.

Define the vector x(t) = [x,(t), -, xy(®)]", and e(t) = [e,(t), -, en ()],

the overall system with agent dynamics of (1) can be expressed as

x(t) = —L(x(t) + e(®)).
Define the disagreement vector
§(t) = x(¢) — x(0),

where x(0) = %1§x(0)1 n refers to the average of initial state.

Theorem 3.1[19]. Consider the MAS (3.1) with a connected and undirected graph G.
Suppose the controller (3.2) and triggering function (3.4) with 0 < a < 4,, then the
system does not exhibit Zeno behavior. Moreover, the state x(t) converges to a

ILIVN¢o
-

2

region centered at X(0) with radius

Proof. See Appendix.
Remark 3.2. From the proof of Theorem 3.1, the estimation of consensus state

consists of two steps. Firstly, only consider the exact state x(t) to acquire the center

17



region of consensus state. In this case, tlime"th(O) = %(0) and the proof is given
—00

in [12]. Secondly, check the influence of triggering function by taking Euclidean
norm of state error to acquire the bounds of distance between the center region and
exact consensus state. Inspired by this process, we apply it to analyze a more general

case.

3.3 General Linear System

Then, the condition is converted into general linear MAS with directed topology.
The controller and triggering function were designed by [35], we extend this
research to consensus state and the influence of triggering function on it.

The dynamics of the ith agent is given as
.7'Cl' (t) = Axi(t) + Bul- (t), (35)

where x;(t) € R™ is the state, u;(t) € RP is the control input, A € R™" and
B € R™P? are the system matrices.

According to [35], the consensus controller is proposed as
i ; —t) .
u;(t) = —cK Z?’=1 a;; (eA(t_t"i)xi(t}ci) - eA(t tkj)xj (tij)), (3.6)

where ¢ > 0 is the coupling gain, K € RP*™ is the feedback gain to be determined,
t,i(i is the most recent event instant of agent i.

The state error defined as
ei(t) = etk (th.) — xi(0),
and the triggering function is designed as

fi@® = llei(Oll — cre™, (3.7)

where ¢; > 0, a > 0 is a constant to be determined.

The overall system can be written as
x(t) =Uy ®A—cL®BK)x(t) — (cL @ BK)e(t),
where x(t) = [x{ (t),, 2y (O], e(®) = [e] (©), -, ex (O]

18



Then the solution is
x(t) = e¥'x(0) — fote"’(t_s) (cL ® BK)e(s)ds,

where ¥ =1y @ A —cL ®Q BK.
Lemma 3.3 [35]. Consider the MAS (3.5) with connected and directed topology.

Suppose the triggering function (3.7) with 0 < ¢ < — max; Re(/li(H )). Then, with

controller (3.6), the MAS reaches consensus for any initial state if and only if all
matrices A — cA;BK are Hurwitz. Moreover, the existence of Zeno behavior can be
ruled out.

T21y_; @A+ cAQ®BK € CW-DnxWN-Dn = 4 s part of Jordan normal form of
Laplacian matrix J(L) = [0,05_1;0y_1,4], A; # 0 is the ith smallest eigenvalue
of Laplacian matrix L.

Proof. See Appendix.

Theorem 3.4. Consider the MAS (3.5) with controller (3.6) and triggering function

(3.7), the consensus state tlimx(t) depends on the value of A,,(¥), where A,,(¥)

is the eigenvalue of Jm € R™m*"m  corresponding to the condition:
thm maXi=1,---,S”e]it”F = L!lm ”e]mt”F’ ]i is a block of ]'P = diag(]l) r.]i) r.]S):
—00 —00

Jw 1is Jordan normal form of ¥, s is the number of different eigenvalues of ¥.

If Re(1,,(¥)) < 0, then tlimx(t) = Oyp.
If Re(A4,(¥)) =0, n,, = 1, then

(1 If Im(Am(‘I’)) = 0, the consensus state is a constant vector and locates in a

Clm

region centered at rw7x(0) with radius — 1P 1P (cL & BK)||.

(1) If Im(Am (’{’)) # 0, the consensus state is a periodic varying vector and locates

Clm

a

Am (@)t

in a region centered at e with radius 1P IIPL I (cL & BK)||.

Proof. Consider the triggering function (3.7), it implies that gimllei(t)ll <

limc,e™* =0, ie., l}ime(t) = Onp. Therefore, the change of consensus state
—00

t—>oo
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tlimx(t) is parallel to tlime"'tx(O). In another word, gime"'tx(O) describes the

center region of consensus state and tlim fote‘p(t_s)(cL ® BK)e(s)ds gives the

distance between the center region and exact consensus state.
Here the influence of triggering function is analyzed at first. Similarly, we take

the Euclidean norm on the both sides to acquire the bounds of distance,

lx(t) — e* x(0)II < f, [|le* | llcL ® BKllle(s)llds.

The triggering function (3.7) means t,icl.+1 = inf{t: t > t,‘;i, lle; (O] — cre™ %t >

0}, which implies ||e;(t)|| < c;e™ %,

() = e x(O)Il < fy[le”“2|[lleL ® BKIWNee™*ds.

Then it comes to analyzing e?*. It should be mentioned that, Theorem 3.1
cannot be utilized here because there is no guarantee that ¥ is diagonalizable. As a
result, a more general method is applied here.

Assume ¥ has s distinct eigenvalues {A;(¥),:-,A;(¥)}, there exists a
nonsingular matrix Py € RNN% that Pgl1WP, = J, = diag(J;,***,Js), Ju is the
Jordan normal form of the matrix ¥ and it consists of s Jordan blocks J; € R™*™,

n; means there are n; eigenvalues equal to A;(¥),

A®) 1 e 0
=l o 4w 1
0 0 AWM

The natural exponential function of each Jordan block is

Uy
~

e]it — e’li(lp)t

[——————
o o

[ I
o
————

It follows from the property,
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N |(im—j+1)tI 71
j=1 G-1)!

1
2\2
b

where A,,(¥) is the eigenvalue of ], corresponding to the condition:

lim|le/t]] < lim max |le/i]|z = limeAm(#)t (Z
t—oo towi=1,-,s t—oo

lim max;_; ...s|le’i||z = lim||le/m||.
t—oo T t—-oo

Consider Lemma 2.9,

- wt - -1 Am (@)t ym (m—j+ D
tim el < lim 1P 17, lle#n( S, Cnct DL ()

To ensure the estimation of distance is limited, which means tlimllel‘"tll is
upper bounded, it is necessary that Re(4,,(¥)) < 0 or Re(1,(¥)) =0, n,, = 1.
In detail, in the case when
(1) Re(A,,(¥)) <0

The distance is given as follows

t
tlimllx(t) —e?tx(0)] < tlim J le? 9 ||llcL ® BK|[VNcie~*5ds
—00 —00 0

. _ t O m —it+1)s)-1
< IimVNIIP 1Py lllicL @ BKllc, * f; elm(¥)(e--as yim T e g

=0.

Then consider the center of consensus region. According to (3.8),

: Pt < | -1 A (®)t yNm (p—j+ DU
lim|le™ | < lim [P [[[[Pylle DXy e Y 0.

Thus, tli_)n;e'”x(O) = Onn-
The consensus state is gi_)rgx(t) = Opnp-
(2) Re(An(¥)) =0, n,, =1
lle® Il < 1P I Py l.

The distance between x(t) and e**x(0) is given as follows.

lx(t) — e x(0)] < [[le*“|llcL ® BKIllle(s)llds
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< VNllcL @ BK|| [, Pz l|Pyllcre=ds
< VNIPF P, NlllcL ® BK| (Le= +2).
Thus,

lim [lx(¢) — e**x(O)II < limVNIIPZ 1P lllcL @ BKI| (2Le7ot +2)

VN |1 5
=== 1P P 11l (cL ® BKOI.

a

The distance between x(t) and e**x(0) is a certain value influenced by the

topology, the system matrix as well as @ and c¢; in the triggering function.

Then, the center of consensus region tlim e?tx(0) is analyzed in the next step.
—00

According to Lemma 3.3, if there exists multiple J,, such that ||e/m!| =

o = |lefPt||p, p=m, and 4,,(¥) < 0, then the total size of the corresponding
Jordan blocks meets the restriction Zfzm n; < n, where n refers to the size of
vector Xx;.
(i) If Im(4,,(¥)) =0,

In this condition, the existence of multiple solutions means A, = --- =1, =0,
then

tlime%x(O) = rwTx(0),

where 7, w € R¥ ™ are right and left eigenvectors of ¥ coresponding to

Am(¥) - 4, (W), wir = In,xn,> Tp = b oan <n.

However,
Y=Iy®A—-cLQBK

The consensus state locates in a region centered at rw’x(0) with radius
Cl\/ﬁ

a

1Pz 1Py Il (cL @ BK)II.

(i) If Im(4,,(¥)) # 0,

Am ()t

Consider the Euler’s formula, e is a sine wave. However, there might
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exist other A;(¥) with similar property, suppose

Re(An(¥)) = - = Re (2,(#¥)) =0,
where Im(/lm(llf)) # - # Im (Aq(ll’)), Ny = =ng = 1.
Because Y n; <n, the center of consensus region contains q —m + 1

Cl\/ﬁ

a

Am (@)t

different sine waves e and the radius is 1P I1P ]I (cL & BK)||. o

3.4 Simulation

The results of above theorems are illustrated by simulations.

3.4.1 Simple Linear System

Consider a group of 6 agents with the network in Fig. 3.1, and the weight of
each edge a;; =1 for i,j =1,--+,6. The triggering function is defined as (3.4),
where ¢y, = 0.4, ¢; =1 and a = 0.5. Set initial state x(0) = [2.5,1.6,—1,—1.2,

0.3,2.2]", then the estimated radius is ”L”Aﬂ = 1.96 and the average of initial
2

state is X¥(0) = 0. The system state is shown in Fig. 3.2, the state changes around 0

within distance 1.96 which is same as Theorem 3.1.
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Fig. 3.1 Topology of simple system
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10
time (s)

Fig. 3.2 State of simple system
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3.4.2 General Linear System
The topology of general linear system is given in Fig. 3.3 and the weight of
each edge a;; =1 for i,j = 1,--+,6. The parameter of controller in (3.6) is given as

c=11 and K = [g (3)] The triggering function is defined as (3.7), where

c; = 0.6 and a = 0.2. Set initial state, x;(0) = [-0.3,2.1]T, x,(0) = [-1,0]7,
x3(0) =[1,0.8]" , x,(0) =[0.4,-2]T , x5(0) =[-1.6,1.5]" and x.(0) =
[-2,—1.2]7. Then, A,,(¥) has the following conditions for various system matrix

A and B.

3
15 /N

ez
05t " " |

e5 , —< -1

e

R,

-1F '0.5..

Fig. 3.3 Topology of general linear system
(1) Re(An(¥)) <0

0
-1

An(¥) = —1 < 0, the state converges to 0y, which is shown in Fig. 3.4.

Set the system matrix A = [_01 ] and B = [(1) (1)] In this condition,
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P
VRIUTRT

10 12 14
time (s)

16 20

Fig. 3.4 State of general linear system (Re(/lm (‘1’)) <0)
(2) Re(An(¥)) =0

(i) if Im(2,,(¥)) =0

Set the system matrix A = [:1 8 and B = [é (1)] In this condition,

An(¥) = 0, the estimated distance VN

a

1Pz 1| P Il (cL ® BK)|| = 94.69, the
state converges to a certain position in Fig. 3.5. And the exact distance |[|x(t) —

e?tx(0)|| changes in a range smaller than the estimated value 94.69 in Fig. 3.6.
(i) if Im(2,,(¥)) # 0

Set the system matrix A = [_01 (1)] and B = [(1) g] In this condition,

A (W) = +i, the estimated distance /N

— 1Pz 1Py Il (cL @ BK)I| = 94.69, the
state converges to a periodic route in Fig. 3.7. And the exact distance |[|x(t) —

e?tx(0)|| changes in a range smaller than the estimated value 94.69 in Fig. 3.8.
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Fig. 3.5 State of general linear system (4,,(¥) = 0)
2 4 6 8 10 12 14 16 18 20
time (s)

Fig. 3.6 Exact distance of general linear system (4,,(¥) = 0)
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Fig. 3.8 Exact distance of general linear system (1,,(¥) = i)
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3.5 Conclusion

This chapter studied the consensus state of event-triggered MAS with
time-based triggering function. An existing research on consensus state of simple
linear system with undirected topology is introduced at first to observe the analysis
method. During the process, such method includes two steps: firstly, research the
consensus state of system in continuous-time condition; secondly, take the influence
of triggering function into consideration. Then, this method is utilized into a general
linear system. The consensus state might be a constant vector or a periodic varying
vector. Such difference depends on the system matrices and the topology. These
parameters determine the center region of consensus state. In addition, the triggering
threshold affects distance between the center region and exact consensus state. The
results are verified by simulations. Because too many norms are utilized, the
estimation error is quite large. Hence, a more precise estimation of consensus state is

our future work.
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Chapter 4 State-based Event-triggered Control for Finite-time

Consensus

4.1 Introduction

In this chapter, we focus on applying the event-triggered paradigm into
communication in the field of finite-time consensus. As mentioned in Chapter 1, Hu
[27] proposed a state-based event-triggered control protocol for finite-time
consensus in MAS. However, the triggering function of each agent in this paper
contains the exact state of the neighbors, where the exact state means the continuous
state of agent. That is to say, the triggering threshold requires real-time information
from its neighbors and the agents need to communicate with each other all the time,
which endows a tremendous burden in the communication load. And this problem
exists widely in many other researches [37-39]. The research process of this problem
is given as follows. We start from introducing the exact-state based event-triggered
control strategy for finite-time consensus of MAS as a background. Then, we use
sampled state to substitute the exact state in the triggering function and acquire the
restrictions of triggering threshold based on the theorem of finite-time consensus.
The sampled state refers to the state sampled and transmitted by the agents when the
event is triggered. Hence, the communication is event-triggered in this condition.
The relation between the estimated settling time and triggering function is also
acquired. What’s more, the problems of minimum inter-event time and Zeno
behavior are taken into account. Finally, a comparison between aperiodic and

continuous event detection is described in simulations.

4.2 Previous Research

Consider a group of N agents with an undirected and connected

communication topology. The dynamics of the ith agent are given by

x; (1) = w (o), 4.1
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where x;(t) € R is the state, u;(t) € R is the control input.

The corresponding controller is given as
N ) i [u]
u(t) = —a [2;:1 a;j (xi(tllci) =X (tk]_)>] . (4.2)

where t,i(i is the most recent event instant of agent i, a;; is the ijth element in

adjacency matrix and refers to the weight of communication between agent i and
agent j, a > 0 isthe control gainand 0 < u < 1.

For agent i and t > 0, the state error is defined as
e;(t) = x;(t,) — x;(t), t € [th, thi)- 4.3)
The triggering function is defined as

fi(®) = le® = ¢ |21y @i (x:(0) = :(0))|. (4.4)

In event-triggered system, the event instant of each agent is determined by the
triggering function, i.e., t,i(i = inf{t: t > t,i(i,fi(t) > 0}.

Consider the Lyapunov function
V(t) = sxT(O)Lx (D). (4.5)

Theorem 4.1[27]. Suppose the topology is undirected and connected. Then, with the
controller (4.2) and the threshold of triggering function (4.4) satisfies

Az
0 < cmax = max;(¢;) < |[—=x,
/113VN1+;¢

(1) The MAS (4.1) achieves consensus within the estimated time

1-u

1 V() 2
u—1 u+1s

a2 2z a,°

(i1) The MAS does not exhibit Zeno behavior on time interval [0, T),
u+1

1— Nl_Tu (’113;];1211&1)()7

2

where @ = a - >0, a>0,0<pu<1.
1+u
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Proof. See Appendix.

Remark 4.2. From the triggering function (4.4), the estimation of settling time is
based on the exact sate, which means each agent requires continuous monitoring its
neighbors. By contrast, the controller only works when the sampled state is updated.
It only reduces the computation load and the communication load keeps the same as

continuous control.

4.3 Sampled-State based Control

In order to reduce the communication load, the triggering function is designed

based on sampled state
£i® = el = e[ T ay (i) = ()] (4.6)

In this case, both triggering function and controller only require the sampled
state of neighbors. Hence, the communication is also event-triggered.

The Lyapunov function is defined same as (4.5). Then we analyze the condition
of finite-time consensus and the influence on the estimated settling time.
Theorem 4.3. Suppose that the graph G is undirected and connected. The controller
(4.2) is triggered by the function (4.6) with the threshold ¢;, i = 1,---, N satisfies

1-p
Az 403 cBax NHHL

1+A% c2ax 1-2A% cZ ax

, Cmax = mMax;{c;}, ¢; > 0.

Then the following statements hold:
(1) The MAS (4.1) reaches finite-time consensus within the settling time
1—
_2v(0) Z
ST-we”’

=

u+1

1-p

n+1 i 2
_ Ay Tz 423 Chax NH+L
where ,B—H# (—1+/112v6313x) <—1—2/112vcr2nax> >0, 0<u<1l, a>0, N
is the number of agents.

(ii) The positive minimum inter-event time exists if and only if the triggering
threshold of |e;(t)| is lower bounded.

Proof. (i) The proof is divided into following three steps.
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At first, because the error is related to the sampled state xi(t,i(i) according to

the triggering function (4.6), we establish an inequality of V(t) such that V(t) is

no larger than a function expressed by x; (t,lcl)

Secondly, find the relation between V(t) and xl-(t,ici), ie., xi(t,ici) locates

between the functions expressed by V(t).

Finally, take the result of second step into the inequality of V(t), and acquire
the consensus condition from the inequality of V(t) and V(t).

For the first step, the derivative of V(t) satisfies

V() = 2 {[2 iy (a0 — 50| wi)]
= —azl, {[Zﬁtl i (x:0) = 5 ©)] [E1s ay (x:(eh) - (t{;,.))][u]}
= —a 3l [ oy (ned) - 5 () - e + ®)]
e (a ()~ ()]

= —a 3, {[% - E][&]"),
where E; =Z?’=1aij (ei(t)—ej(t)) refers to the ith element of Le(t) and

e(t) = [e,(t),-,exn(D]", X;= Z?’zlaij (xl-(t,i(i) — x; (t,](])) refers to the ith

clement of L2(£) and £(t) = [#,(), -+, &y (D]" = [x1 (¢L,), -, xn (e8] -

According to Lemma 2.10,

u+1

V@ < —a T8 +a B [ IR + B

a 5 utl a
= —mZﬁillXil t o B #Ht (4.7)
Using the Lemma 2.11,
N +1 N |2 LRGN 2y
LalEl# =20 |E2 2 <N (B ED) 7, (4.8)
N |p |MF1 N (9215 N oo
L% =2 2 = (BN KF) (4.9)
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Take (4.8) and (4.9) into (4.7),
V() < —ﬁ(zi XZ) 2 + N (S, ED)' T (4.10)

The graph G is undirected and connected, recalling the properties (2.6),
N X?2=2T()LTLR(t) = 2,27 (t)LR(¢), 4.11)
N EE=eT(®)LTLe(t) < 2%eT(De(t). (4.12)

Take (4.11) and (4.12) into (4.10),

. ut1 pH1
V() < — ﬁ (LT (OLR®)) = + —1v 2 (/1 eT(te(t)) = . (4.13)
The triggering function (4.6) and the property (2.6) imply that,

N

eT(De(t) = z e?(t) < cﬁlaXZXz = 2 &T(OLTLR(D)

i=1
< AncZ T (OLR(L). (4.14)

Therefore, inequality of V(t) and %;(t) is acquired by taking (4.14) into (4.13)

u+1 u+

V() < ——(AZJ?T(t)Lx(t)) 2 +—1v 2 (ANcmaXxT(t)Lx(t)) : . (4.15)

In the second step, the Lyapunov function has the following property according

to the definition of error (4.3),

V() =13, 5 ay (0 - % ©)

LN B ay (0 — ) + (a0 - ®)]
LS a0y (R0 - %) + (e - ej(t))z]. (4.16)
Consider the property of Laplacian matrix (2.6), (4.16) can be written as
V(t) < RT()LE(L) + A3 c2 2T () LE(L). (4.17)

Similarly, consider the definition of error (4.3) and the property (2.6),

ZRT(OLR() = 2 (x(t) + (D) L(x(®) +e(®))
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=2 (xT(O)Lx(t) + xT(O)Le(t) + eT(H)Lx(t) + eT(t)Le(t))

< xT(t)Lx(t) + eT(t)Le(t)
< xT(t)Lx(t) + 2% 2 XT () LX(L). (4.18)

Because the Lyapunov function is defined as (4.5), (4.18) can be converted as
—xT(t)Lx(t) < 2V(t) + A% c2 2T () LX(L). (4.19)
Another inequality of V(t) and X(t) is acquired,
V(t) = (— - —ANcmaX) 2T(OLE (). (4.20)
According to (4.17) and (4.20), the relation between V(t) and xi(t,i{i) is

V() <z2T(@)Lx(@) < —V(t) (4.21)

1+)lN hax 1- 2AN max

Thirdly, take (4.21) into (4.15),

u+1 ;1+1

V() < -2 —V(t) ’ +LN1;“ _#ANChax V(t)
1+u 1+/1Ncmax 1+u 1- ZAIZV Chax
u+1
=-p(v(®) 2.

. 1 . . o
Since 0 < % <1, the system will reach consensus in finite time Ty =

1-p
2V(0) 2
(1-wp

(i) This part shows the conditions to ensure the existence of positive minimum

follow from Theorem 2.8.

inter-event time. In another word, to prove that the time interval between two

consecutive triggering operations, i.e., T,i(i = t,i{i+1 - t,ici, is lower bounded.
(Sufficiency) Assume the last event instant of agent i is t,i(i, then xi(t,i(i) remains

unchanged before t, t};i <t< t,i(iﬂ. Let f,i(i =t— t,ici, it follows that

le; (D) =

fii eulas| = |15 aft]™as| < a0l ]2,
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where x; (t,’c) might update during the time interval [t,i(.,t], and there exists a
J l

. ~ l,l, A~ # B .
finite constant 6 > 0 such that 6|X;|” > max{|X;| i, St < t,‘(l,ﬂ}.
From the triggering function (4.6), the next event of agent i will not be

triggered before a9|)? i |”f,‘;i = ¢ |)? i | Hence the lower bound of T,ici is given by

u
i ~i _ Ci|p|1TH o S 1-
Ty, = T, = — X = —le (O,
Therefore, minimum inter-event time exists when set lower bound of the
triggering threshold of |e;(t)].
(Necessity) Note that lim,_r |e;(t)| = 0. It requires T,i(l. > f,i(l. = Kk to ensure the
existence of positive minimum inter-event time, where k is a certain constant. In

this condition, |e;(t)| — f;(t) and

t .
) i ei(s)ds| have the same exponent of base
ki

xi(t,i(i), where

) tt’i{_ e'i(s)ds| ~ |)?i|# in previous proof. Without loss of generality,

suppose f;(t) = |e;(t)| — |Xi|#- Then, the Lyapunov function has following

u+1 u(u+1)

ROHD V(t)~|)?i|2 + % . Hence, it does

properties, V()~|X;|"  + |Xi]

not satisfy the condition of Theorem 2.8, and the MAS will not reach consensus

within a predictable time. O

Remark 4.4. To the best of our knowledge, it’s quite common to take use of e;(t)

or X;(t) to express the lower bound of the time interval T,i{i in the existing papers
of finite-time consensus problem for event-triggered MAS, e.g., the lower bound f,i(i

of t,i(i+1 - t,i(i has relation with e;(t) in paper [27]. However, such expression does

not equal to the exclusion of Zeno behavior. Suppose T,i(l, = t,i(l,+1 _tliq > f,i(i,
. . ~i ~ . 1-—

lim k; = n;, the lower bound is expressed by T, = ﬂi|Xl-(t,‘q)| * where Bi >0

tki_’TS

is a certain constant. Because the system is finite-time consensus, there exists a

positive constant {; such that |X;(t; ,q)| < |Xi(th,)] —f,i(i(i|)?i(t,ii)|#. In this
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=—-p¢; , le,

condition, Ukl WEe)] et Al (ch)
k

£ N T (7% RN 7
|xi<r:;i+1>|)y _

—L = lim (1 -B;(;)Y <1 , the series %L is
R e :

t,~Ts
. 1 . . n; i .
convergent. However, the sum of series T,l(l, is a finite value ' ; leq < Ts, which
;=

Tk
. i+1 .
lim —— = lim

l T l
tki_’Ts k; tki_’Ts

means the series T,l(i is also convergent. Therefore, it cannot prove that n; < o, i.e.,

the Zeno behavior cannot be excluded. The case of e;(t) can be verified similarly.

Remark 4.5. As introduced in Chapter 2.5, the existence of positive minimum
inter-event time is a sufficient condition for the avoidance of Zeno behavior. What’s
more, it is much more applicable in practical operations. As a result, we only

consider the positive minimum inter-event time here.

4.4 Simulation

In this section, we investigate the relation between triggering times and settling
time at first, and then give a comparison between exact-state based and

sampled-state based event-triggered control by simulation.
4.4.1 Relation between Parameters

According to the definition of triggering function (4.6), c¢; increase will lead to
triggering threshold c; |Z?’=1 aij (xl-(t,ici) —Xj (t,J{]))| increase, and then triggering
times will decrease. So, c¢; is inverse proportional to triggering times. On the other

1-p
2V(0) 2

a-wB -
difficult to estimate the relation between c¢; and [ according to the equation

hand, £ is inverse proportional to settling time Ty = Because it is quite

pt1
ut1 3 5 1-p\ o
a A 2 405 Chax NHH1
p=— (%) — | A — , several examples are taken. Set
1+p | \1+AyChax 1-2ANChax

U =a = 0.8, suppose ¢; = Cmax> ! =1, ..., N, choose ring Fig. 4.1, star Fig. 4.3 and
fully connected topology Fig. 4.5.
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Fig. 4.2 Relation between ¢; and [ for ring topology
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Fig. 4.3 Star topology
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Fig. 4.4 Relation between ¢; and [ for star topology
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Fig. 4.5 Fully connected topology
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Fig. 4.6 Relation between ¢; and [ for fully connected topology
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According to the result of Fig. 4.2, Fig. 4.4, Fig. 4.6, c; is inverse proportional
to B. As a result, to reduce the number of triggering times, we should increase c;, it
will reduce 3, and increase the settling time. In real application, the tradeoff between
the number of triggering times and the settling time should be taken into
consideration. Obviously, the exact-state based case also has the same property

according to Theorem 4.1.

4.4.2 Comparison between Different Methods

Consider the MAS consists of 6 agents with the network given in Fig. 4.7, and
the weight of each edge a;; =1 for i,j = 1,---,6. The second smallest and largest
eigenvalues of the corresponding Laplacian matrix L are A, =3 and Ay =6
respectively. The dynamics and controller of each agent are defined as (4.1) and (4.2),
where @ = 1 and u = 0.8. Set initial state x(0) = [-2.5,5.6,8,—7.2,1.3,—5.2]".
Then the upper bound of the threshold c; in triggering function (4.6) is 0 < ¢pax <
0.042. To ensure the existence of positive minimum inter-event time, set the lower

bound of the triggering threshold e;(t) is 1073.

6

0.5 ]

w2

Fig. 4.7 The communication network
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Here we take two sets of event thresholds c;. In each case, results of our
sampled-state based triggering function and the exact-state based triggering function
in [27] are given as a comparison.

(1) ¢ =+ =¢¢=0.01

In the sampled-state based case, the estimated settling time is Ty, = 12.58 s.
The sampled state xi(t,i(i) and event instants are shown in Fig. 4.8 and Fig. 4.9, the

real settling time is T = 2.09s which denotes inf{¢t:V(t) < 1073}. The total
number of triggering times is 892, which refers to the number of updating times of
the controller and triggering function.

In continuous event detection, the estimated settling time is Ty = 8.10 s. The
sampled state xi(t,i(i) and event instants are shown in Fig. 4.10 and Fig. 4.11, the

real settling time is T = 2.09 s. The number of triggering times is 905, which

refers to the number of updating times of the controller.

8 T T T T T
m— agent 1
6k m—1ggent 2| |
agent 3
= agent 4
4 F m——agent 5| -
agent 6
2 \ | \ _
'8 1 1 1 1 1
0 0.5 1 1.5 2 25 3

time (s)

Fig. 4.8 The sampled state of the sampled-state based case (i)

42



index of agents

x(t)

2

e O O Y

0 0.5 1 1.5
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Fig. 4.9 Event instants of the sampled-state based case (i)

3

= agent 1
=—agent 2
~——=agent 3
= agent 4
= agent 5
=== agent 6

0 0.5 1 1.5

time (s)

25

Fig. 4.10 The sampled state of the exact-state based case (i)
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Fig. 4.11 Event instants of the exact-state based case (i)
(1) ¢g = =c¢ = 0.04

In the sampled-state based case, the estimated settling time is Ty = 41.70 s.
The sampled state xi(t,‘;i) and event instants are shown in Fig. 4.12 and Fig. 4.13,

the real settling time is T = 2.01 s. The total number of triggering times is 274,
which refers to the number of updating times of the controller and trigger function.

In continuous event detection, the estimated settling time is Ty = 9.63 s. The
sampled state xi(t,i{i) and event instants are shown in Fig. 4.14 and Fig. 4.15, the

real settling time is T = 2.02 s. The total number of triggering times is 307, which

refers to the number of updating times of the controller.
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Fig. 4.12 The sampled state of the sampled-state based case (ii)
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Fig. 4.13 Event instants of the sampled-state based case (ii)

45



x(t)

index of agents

~

w

— agent 1
m——agent 2
w=agent 3
= agent 4
=———agent5|
= ggent 6

1 1 1 1 1

0.5 1 1.5 2 25 3
time (s)

Fig. 4.14 The sampled state of the exact-state based case (ii)

Fig. 4.15 Event instants of the exact-state based case (ii)
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To have a better comparison, the change of V(t) in both triggering function is
shown in Fig. 4.16. The above examples show that the sampled-state based case has
larger estimation error and similar dynamic performance compared with continuous
event detection in [40]. However, it shows less the total trigger number in this
condition. To verify the property, various undirected topologies are taken into
consideration. The result of simulation is shown in Fig. 4.17, A, in the x-axis refers
to the second smallest eigenvalue of Laplacian matrix and it only represents different
topologies. Fig. 4.17 reveals that the sampled-state based case reduces the total

trigger number by 5.1%—16.5%, which means it requires less computational cost.

350 T T T T T

"""" sampled-state
= exact-state

300

250

200

V(t)

150

100

50

1.5 2 2.5 3
time (s)

Fig. 4.16 Lyapunov function: the red line represents the sampled-state based case, and the blue

line represents the exact-state based case
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Fig. 4.17 The comparison of total trigger number

4.5 Conclusion

The application of the sampled-state based triggering function for finite-time
consensus problem of MAS is studied in this section. Compared with the exact-state
case, it not only saves communication load by converting continuous communication
into event-triggered operation but also reduces the cost of computation by cutting
down the number of triggering times. The existence of positive minimum inter-event
time is guaranteed by setting a lower bound of state error. In this condition, Zeno
behavior also can be avoided. What’s more, there exists a tradeoff between triggering
times and settling time in both exact-state and sampled-state based methods. The

above results are verified by simulations.
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Chapter 5 Time-based Event-triggered Control for Finite-time

Consensus

5.1 Introduction

In this chapter, we focus on designing a time-based triggering function for
finite-time consensus of MAS. Different from the case of state-based triggering
function, the agents only require the state received from neighbors to update the
controller and the triggering function doesn’t need any communication information,
which is much easier to achieve a desired balance between the convergence time and
the number of triggering times. The relation between the settling time and the
triggering condition is introduced. In addition, the existence of positive minimum
inter-event time is analyzed. Finally, a comparison between state-based and

time-based triggering function is described in simulations.

5.2 Time-based Triggering Function

Consider a group of N agents with an undirected and connected

communication topology. The dynamics of the ith agent are given by
x; (1) = u;(¢), (5.1)

where x;(t) € R is the state, u;(t) € R is the control input.

The corresponding controller is given as
N ) i [u]
u;(t) = —a [ijl ajj (xi(t,‘q) — X; (tk]_)>] , (5.2)

where t,i(i is the most recent triggering instant of agent i, a;; is the ijth element in
adjacency matrix and refers to the weight of communication between agent i and
agent j, a > 0 is the control gain, 0 < u < 1.
For each agent i and t > 0, the state error is defined as
e;(t) = xi(tllcl-) —x;(t), t€ [tzlq' tllci+1)'
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Different from the state-dependent triggering function, we introduce a variable
with its dynamic only relates to time.

The triggering function is defined as

fi() = le;(®O)* — w (D). (5.3)

where w(t) = 0 is a time-based threshold to be determined.

The triggering function implies that |e;(t)|? < w(t).
Remark 5.1. From the definition of triggering threshold, the agent i does not need
the information from its neighbors. Therefore, each agent only requires the sampled
state of its neighbors to update the control input. In this condition, the
communication is event-triggered.

Consider the following Lyapunov function
V() = Vi (x(0) + Vo(w (D)), (5.4)

where V3(x(8)) = 5xT(O)Lx(6), Va(w(®) = Brw(®), x(6) = [x,(®), -, xy (O],

B> 0.
Theorem 5.2. Suppose that the graph G is undirected and connected. The controller
(5.2) is triggered by the function (5.3) with the threshold

2

1-p

w(®) = |07 —Ep,7 ﬁztr'“, (5.5)

1—p, -4 4-
2a 1,5 26" (woz _€T>
where w, = w(0 > NA¥ 2 and when t >

w(t) =&, € > 0 is the lower bound of w(t).
Then the following statements hold:
(1) The MAS (5.1) achieves consensus within the estimated settling time
272" (x)

S min{ay,as}(1-p)’

ut1
20\ aptl T g

h =—(22 o =p
where a; = — 2, oy =y —
177 (242) 2, ay 277 N P1

(ii) The positive minimum inter-event time exists if and only if w(t) is lower

bounded.
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Proof. (i) The proof is divided into following three steps.

At first, the error is only related to a time-dependent variable according to the
triggering function (5.3). Therefore, Vl(x(t)) can be divided into two parts: the
first part is a function of x(t), the second part is a function of w(t). The first part is
corresponding to —a; V;# (x(t)) in the condition of finite-time stability in Theorem

2.14.
Secondly, express V,(t) by the function of w(t), the combination of this

function and the second part of V; (x(t)) in previous step can be expressed as a

function of V,(t).

Finally, the result of second step is corresponding to —a,V,*(t) in the
condition of finite-time stability in Theorem 2.14. Hence, the restriction of w(t)
and the estimated settling time can be acquired.

Here it contains two conditions which depend the value of |X;(t)| and |E;(t)|,

where X;(t) = ?’:1 a;j (xl-(t)—xj(t)) refers to the ith element of Lx(t),

E;(t) = 9’=1 a;j (ei(t) —ej(t)) refers to the ith element of Le(t) and e(t) =

[el(t)!"'!eN(t)]T~
DIF |E; ()] < 1X:(D)]

Firstly, analyze V;(x(t))
(x(®) = —a T, [2 a; (x(0) - %,
[t (xeh) - ()]
= —a 3, 20 ay; (3 (©) - ()]
B ay (60 - 50 +e®) - ©)]
= —a DL {X,(O[X: () + E,()]“]. (5.6)

According to Lemma 2.12, (5.6) has following property,

V1 (x(®) < —a ZLIX O + a B X O (©)]*. (5.7)
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Use Lemma 2.10 to divide (5.7) into two parts: the first part is a function of

x(t), the second part is a function of e(t),

N(x(0) < - 7RO + SR E @1 (5.8)

Apply Lemma 2.11, (5.8) can be written as

u+1

H(©) < — L ELIXOPE + N ZLEOF . 69

Recalling the property of Laplacian matrix (2.6) and triggering function (5.3),
the two parts in (5.9) can be converted into the function of V;(t) and the function of

V,(t) separately,

7, (x(®) < =22 (T (OL Lx (D] T +—1v e (O Le(D] =
- —’; RLVO]F + 2N NGe®]

”“ u+1

[,L_+1
< -1 RO + NGB P O] (5.10)

Secondly, according to the triggering threshold (5.5), V, (x(t)) is written as,

Vy(t) = Brio(t) = — B, [Va(O)] % . (5.11)

Then take (5.10) and (5.11) into V(¢),

V(t) < _a1(V1(t))uT+1 - az(Vz(t))uTHa (5.12)

au put1 an +1 ““
where @y = 4 (20,)'F @ = By~ SN

According to Theorem 2.14, the system reaches finite-time consensus within

1-p
2V 2 (xg)

min{a;,a}(1-p)’

2)If |E;(O)] > |X; ()|

1:

Firstly, analyze V; (x(t))

(x(®) = —a T[22, ai; (xi(6) — %0
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. . (u]
|2y (xi(tilci) —% (%))] '
=—a¥yl, [Z?’=1 a;j (Xi(tiici) = Xj (tljc'j) — () + ej(t)>]

_ 4l
* [Z?Ll aij (xi(tllci) — Xj (tljcj))] '
= —a 3%, {[%:(0) - E()] [)?i(t)][”]}, (5.13)

where £,(0) = B, 4y (2:(0) - 2,(0) = Ehay (xi(eh) — 5 (¢],)).
According to Lemma 2.10, (5.13) has following property,

u+1

nE®) < - LGOS RLIEOF. G14)

Apply Lemma 2.13 to convert X;(t) into X;(t) in (5.14),
N(x(®) < - T IXO + E@F + BB

a 2
< - LI IF + 2SN B 01 (5.15)

Use Lemma 2.11, (5.15) can be written as

u+1

H(®) < - ELIXOPYE + 28T (SLEOF] . 616

Similarly, the two parts in (5.16) can be converted into the function of V;(t)
and the function of V,(t) separately according to the property of Laplacian matrix

(2.6) and triggering function (5.3),

V(x(0) < - KT (O Lx(D] = + i—“ﬂNl_T”[eT(t)LTLe(t)]”T“

a1 o ol
< - 2RO + N2 INGo()]

u+1 il u+1

(22,20 = + 1N By 2 V(O] 7 (5.17)

_*
1+u
Secondly, according to the triggering threshold (5.5), V, (x(t)) can be written

as,

u+1
2

V,(t) = Byoo(t) = —B,[V,] (5.18)
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Then take (5.17) and (5.18) into V (t),

: w1 pr1
V() < —az(V) 2 —au(V2) 2, (5.19)
u+1 _kt1
where a3 = 1= (22,) 7, @y = B — 1 N2B, 7.

According to Theorem 2.14, the system reaches finite-time consensus within

1-p
o 2V72 (%)

27 min{as,ad1-p)’

Obviously, min{a,, a;, a3, @,} = min{a,, @,}. As a result, the estimated
1_

ZVT#(XO)

settling time is not greater than T = AR
1,44 -

in any conditions.

(i1) (Sufficiency) Assume agent i is triggered at t,i(l., then xi(t,ici) remains

unchanged before t,i(iﬂ.

le; (D) =

ft u;(s)ds
t

L
ke

ft é;(s)ds
t

L
ke

< ti a(IXN* + IE()I*)ds,

t
< f alX;(s) + E;(s)|*ds
t.

4

where ti, <t < ti g, X(©) = [X1(0),+, Xy(O]", E@®) = [E1 (1), En(D)]".

Suppose the lower bound of w(t) is w,. Because the system is finite-time
consensus, || X(&)|| < |1X(0)|] and |[E(t)|] < wq. There must exist positive
constants a, and a, suchthat ||[X(s)| < a,w, and [|E(s)|| < a,wq4. So T; is
not smaller than the solution of the equation a[(a,wy)* + (@, wa)*]T = wy.
Therefore, 7; has a positive lower bound 7, and Zeno behavior does not occur.

(Necessity) The triggering function (5.3) implies that
1 1 . t 1 -1 .
le; ()| < wz(t) = wZ(t}q) + ft}'{ Sw 2(s)a(s)ds.
The above inequality can be written as

I¥

1 1 .
1 %a)_i(s)d)(s)ds < wa(th).

—x;(s) ds| - ftt-

L
ke

The lower bound of 7; exists only when there exists a positive constant
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Q= — . Take the threshold (5.5) into it and the result is given as
LCA R CARICY)
w2\t
follows, ¢ = £ u
ik )|+26: % Bow2(ek,)
1 1-p
i 2wy® B, ? .. . .
Therefore, as t;,, — aog > 97 0. In other words, the positive minimum

inter-event time does not exist. O

Remark 5.3. According to the definition of the lower bound of triggering threshold,

the estimated settling time T, is greater than the time T = {t: w(t) = €}, i.e.,
IE -y

{3

TS > B2(1-p)

. Thus, the period of event-triggered control is divided into two

parts: 1. triggering threshold is a time-dependent value, 2. triggering threshold is a
fixed value ¢. Although the time interval of time-based triggered control depends on
the parameters of topology, it can be adjusted by ;.

p+1
2

Remark 5.4. Here we suppose V,(t) = By0(t) = —B,[V,(t)] z for the sake of

calculating the restriction of w(t), which has the same exponent of V,(t) with the

u+1 e

y a 1 2a u+l "5
second part of V;(x(t)) < ~T 2,V,()] = + VA By \AGIIE
However, there might exist more general condition of w(t). It still requires further

research.

5.3 Simulation

In this section, we give a comparison between state-based and time-based
event-triggered control by simulation.

Consider the MAS consists of 6 agents with the network given in Fig. 5.1, and
the weight of each edge a;; =1 for i,j =1,---,6. The second smallest and largest
eigenvalues of the corresponding Laplacian matrix L are A, =1 and Ay =4
respectively. The dynamics and controller of each agent are defined as (5.1) and (5.2),
where @ = 1 and u = 0.8. Set initial state x(0) = [—1.5,0.6,2,—2.2,1.3,—0.2]7.

Both state-based and time-based triggering thresholds share the same lower bound

e = 107%, i.e., the upper bound of |xi(t,i<i) - xi(t)l is no smaller than 1072, In this
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condition, the real settling time is T = inf{t:ixT(t)Lx(t) <1.2Xx 10_3}

according to the property of Laplacian matrix in (2.6).

. .

«2

Fig. 5.1 The communication network

5.4.1 State-based Triggering Function

Based on the research in chapter 4, this section is divided into the exact-state
based and sampled-state based.
(1) Exact-state based case

Consider Theorem 2.8, the upper bound of the threshold c¢; in triggering
function (4.4) is 0 < ¢pax < 0.11, set ¢; = -+ = ¢4 = 0.03. Then, the estimated

settling time is Ty = 17.92s. The sampled state xi(t,i(l,) and event instants are

shown in Fig. 5.2 and Fig. 5.3, the real settling time is T = 2.03 s. The total number
of triggering times is 213, which refers to the updating times of the controller and
triggering function.
(i1) Sampled-state based case

Consider Theorem 4.3, the upper bound of the threshold c¢; in triggering
function (4.6) is 0 < ¢pax < 0.053, set ¢; = -+ = ¢ = 0.03. Then, the estimated
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settling time is Ty = 36.84 s. The sampled state xi(t,‘;i) and event instants are

shown in Fig. 5.4 and Fig. 5.5, the real settling time is T = 2.03 s. The total number
of triggering times is 207, which refers to the updating times of the controller and

triggering function.

2 T I I T T T T T T

= agent 1
—agent2|
agent 3
= agent 4
~—=agent 5
agent 6

time (s)

Fig. 5.2 The sampled state of exact-state based case
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Fig. 5.3 Event instants of exact-state based case
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Fig. 5.4 The sampled state of sampled-state based case
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Fig. 5.5 Event instants of sampled-state based case

5.4.2 Time-based Triggering Function

In Theorem 5.2, set ; = 60, the lower bound of the parameter [, in

triggering threshold (5.5) is S, = 2.03, set wyg =1 and f, =4.5. Then, the
estimated settling time is Ty = 28.97 s. The sampled state xi(t,i{i) and event

instants are shown in Fig. 5.6 and Fig. 5.7, the real settling time is T = 1.93 s. The
total number of triggering times is 77, which refers to the updating times of the

controller.

59



x(t)

index of agents

n

w

I I I 1 I I | T I

= agent 1
=——agent 2|
~——agent 3
—agent 4
——=agent 5
~——agent 6

time (s)

Fig. 5.6 The sampled state of time-based case
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Fig. 5.7 Event instants of time-based case
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In this example, the time-based triggering function has medium estimation error
and the least real settling time compared with exact-state and sampled-state based
case. What’s more, it has the least triggering times, i.e., it requires the least

computation and communication resource.

5.4.3 Comparison between Different Cases

However, the above properties of time-based method are based on a simple case.
More general comparisons should be taken to observe whether these properties still
hold for other cases. At first, different c; is selected to observe the estimated and
real settling time, and the number of triggering times, other parameters stay
unchanged. The results are shown in Fig. 5.8 — Fig. 5.10. In Fig. 5.8, estimated
settling time for different c; shows that the time-based method only has medium
estimation error for certain c;. In Fig. 5.9, the time-based method cuts down the real
settling time by 2.5%—5.4% compared with state-based methods. In Fig. 5.10, the
time-based method only requires 24.8%—68.8% triggering times of exact-state based

method, and 25.6%—47.8% triggering times of sampled-state based method.

140 T T T T T T T T
= ==exact-state
""" sampled-state
120 1 time-based ]
T
I
@ 100 | H
g I
= I
D 80 7
£ !
3 y /
B 60 i / g
© 3 /
£ F ’
-— ‘,' /
3 40 » |
-
‘‘‘‘‘ - il
------- = i - il
RO [ s e e - !
0 1 1 1 1 1 1 1 1 1

0.01 002 003 004 005 006 007 008 0.09 0.1 0.11
C.
i

Fig. 5.8 Estimated settling time for different c;
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Fig. 5.10 Number of triggering times for different c;
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Then, different topologies are chosen to observe the estimated and real settling
time, and the number of triggering times, other parameters stay unchanged
(¢ =+ = c¢ = 0.03). The results are shown in Fig. 5.11 — Fig. 5.13, where Ay is
the largest eigenvalue of Laplacian matrix and it only represents different topologies.
In Fig. 5.11, the time-based method has medium estimation error for certain
topologies. In Fig. 5.12, the time-based method cuts down the real settling time by
4.9%—-10.1% compared with state-based methods. In Fig. 5.13, the time-based
method only requires 18.6%—36.2% triggering times of exact-state based method,
and 19.7%—37.2% triggering times of sampled-state based method.

Although the time-based method has the best performance in real settling time
and triggering times, it is quite difficult to adjust the parameters f; and S, in
triggering threshold (5.5). Because the change of time-based triggering threshold
(5.5) is independent from the system state, there might be different optimal dynamics

of triggering threshold for different initial state and system dynamics.
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Fig. 5.11 Estimated settling time for different topologies
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5.4 Conclusion

In this chapter, a time-based triggering function is designed for finite-time
consensus of MAS. As same as the sampled-state based case, the existence of
positive minimum inter-event time and non-Zeno executions are ensured by
arranging a lower bound of triggering threshold, and the communication is also
event-driven. According to the result of simulation, (1) although the time-based
event-triggered control protocol has larger error in the estimation of settling time in
certain conditions, it has fewer number of triggering times and less real settling time
compared with exact-state based case, (2) the time-based case has smaller error in
the estimation of settling time only in certain conditions, fewer number of triggering
times and less real settling time compared with sampled-state based cases. Therefore,
the time-based approach requires the least computation and communication resource

to achieve consensus.
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Chapter 6 Conclusion and Future Work

6.1 Summary

In this paper, our contributions are divided into the following three aspects: 1.
research the consensus state of general linear MAS with event-triggered control and
the influence of triggering function on it; 2. design a sampled-state based triggering
function for finite-time consensus of MAS to realize event-triggered communication;
3. design a time-dependent triggering function for finite-time consensus of MAS to

further reduce the cost of computation and communication.

At first, the consensus state of general linear MAS with event-triggered control
is studied. It is found that the consensus state is a constant vector or a periodic
varying vector. Such difference depends on the system matrices and the topology.
These parameters determine the center region of consensus state. In addition, the
triggering threshold affects distance between the center region and consensus state.

Then, the condition of finite-time stability is taken into consideration. In
existing researches, event-triggered control for finite-time consensus of multi-agent
systems still needs continuous communication to update the triggering function.
Therefore, a triggering function based on sampled state is introduced, which only
updates at each event instant. The system has positive minimum inter-event time if
and only if the threshold of state error is lower bounded. In this condition, Zeno
behavior can be ruled out. Simulation results show that although the sampled-state
based triggering function has greater estimation error in convergence time, it saves
computation resource for fewer triggering times compared with exact-state case.
What’s more, large amount of communication resource is saved by converting
continuous communication into event-triggered.

In consensus problems, time-based event-driven control is much easier to
achieve a balance between the convergence time and the number of triggering times
compared with state-based method. However, it has not been researched in the field

of finite-time consensus. Hence, this gap is filled in this paper. In time-based
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event-driven control, each agent only needs to broadcast its state to the neighbors at
each event instant without continuous monitoring. The convergence time can be
estimated according to the initial condition and topology. Furthermore, the system
has positive minimum inter-event time if and only if the triggering threshold is lower
bounded. Simulation results show that, (1) although the time-based event-triggered
control protocol has larger error in the estimation of settling time in certain
conditions, it has fewer number of triggering times and less real settling time
compared with exact-state based case, (2) the time-based case has smaller error in
the estimation of settling time in certain conditions, fewer number of triggering
times and less real settling time compared with sampled-state based cases. Therefore,
the time-based method requires the least computation and communication resource

to achieve consensus.

6.2 Future Work

During the process of designing an event-triggered coordination strategy, the
following aspects should be taken into account. Firstly, select appropriate parameters
and variables that the triggering functions depend on. Secondly, how to monitor the
events defined by the triggering function. Finally, what the action should be taken by
the agent when the event is triggered. To sum up, the future prospect of this research
is categorized as following points: dynamics, topology, trigger dependence, event
detection and trigger response.

The triggering functions introduced in Chapter 4 and Chapter 5 are all designed
for simple dynamics. Hence, it can be extended to more general cases, such as
second-order MASs [41] and high-order MASs with external disturbances [42].
However, the triggering function still requires exact or high frequency periodic
sampled state of neighboring agents in these two papers.

Compared with the consensus problem of MAS with fixed topology, the case
with switching topologies is more challenging due to the time-varying matrices in
the state equations of agents. Because of the flexibility and scalability, it has become
a research hot in event-triggered control. There are abundant literatures utilizing
event-triggered control method to solve consensus problem of MAS with switching

topologies [43-45]. However, there are few researches on event-triggered control for
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finite-time consensus problem of MAS with switching topologies. The second
smallest and the largest eigenvalues of topology are required to design the triggering
function in finite-time consensus problem. The parameter of topology is global
information and requires the knowledge of the whole system. Therefore, it is a
complicate challenge to be conquered.

Aside from state-based triggering threshold and time-based triggering threshold,
an internal dynamic variable with its own dynamics is also can be designed as
triggering threshold, which is called dynamic event-triggered coordination [46-48].
However, most of event-triggered studies for finite-time consensus are state-based.
Therefore, many other kinds of event-triggered control still need development in the
field of finite-time consensus.

In the sampled-state based event-triggered control strategy, each agent still
needs to monitor its own state and check the triggering condition continuously. In
order to relax the continuous self-monitoring and computation, self-triggered scheme
is proposed [49]. The next event instant is preset at the previous event instant, and no
monitoring is required between the consecutive trigger events. To the best of our
knowledge, the self-triggered control for finite-time consensus of MAS has not been
researched.

Finally, the agents might take different actions in response to the event. In this
paper, we only consider the condition that the agents send their information to the
neighbors and update the controller when the event is triggered. There still exist
many other operations, e.g. only update the controller [50], update the controller and
acquire the state from neighbors [15], update the controller and exchange the
information [51]. Additionally, the gossiping protocol can be introduced into
event-triggered control, which is called edge-based event-triggered coordination [52].
These ideas are also valuable to event-triggered control for finite-time consensus of

MAS.
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Appendix

In this section, the proof of lemmas and theorems quoted from other papers is
presented.
Lemma 2.5 [29]. Suppose L is the Laplacian matrix of an undirected topology G
with N vertices. Then, forall t > 0 and v € R¥ with 15v = 0, it holds that

lle Lto|| < e~ %¢|y||. (2.7)

Proof. Since G is undirected, L = LT according to the property (2.4) of Laplacian
matrix. It is diagonalizable with an orthogonal matrix T = [vq,V,, ..., Uy], V; is the

eigenvector corresponding to eigenvalue A;, i € V. Consequently, it holds that

e~it = Tdiag(1,e ", ..., e™WE)TT. With v, = (=) 1y

e Lty = %1,\,1,7\",17 + Tdiag(0, e %2, ...,e WO TTy,
By assumption, 15v = 0, and consequently
lle~Ltv|| = ||Tdiag(0, e, ..., e )T Ty ||

< |IT|l||diag(0, e=*2*, ..., e~ E)|ITT ||| ||

= e % t||v|. o
Theorem 2.8 [24]. Suppose V:D — R, is a continuous and positive definite
function, the Dini derivative of V satisfies

V(x) + (V)" <o, (2.9)

where ¢ >0, u € (0,1), x € V\{0}, V € D.
Then the system (2.8) is finite time stable with the settling time

1
c(1-p)

T(x) < V() H, (2.10)

x €N, and T is continuous on M. If in addition D = RN, V is proper, and V

takes negative values on RN\{0}, then the origin is a globally finite-time-stable
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equilibrium of (2.8)

Proof. Since V is positive definite and V takes negative values on V\{0}, it
follows that y = 0 is the unique solution of (2.8) on R, satisfying y(0) = 0.
Thus, every initial condition in D has a unique solution in forward time. Moreover,
V(x) = 0 and thus (2.9) holds on V.

Let U €V be a bounded open set such that 0 € U and U € D. Thenbd U is
compact and 0 ¢ bd U, where U and bd U denote the closure and the boundary
of the set U. The continuous function V attains a minimum on bd U and by
positive definiteness, min,epqy V(x) > 0. Let 0 < f < mingepqy V(x) and
N={xeU:V(kx)<pB}. N is nonempty since 0 € N, open since V is
continuous, and bounded since U 1is bounded.

Now, consider x € V' and let ¢ and u be as in the theorem statement above.
By uniqueness, yY*:[0,7,) - D is the unique right maximally defined solution of

(2.8) for the initial condition x. For every t € [0,7,) such that Y* €U,

V(*(©) = (D* W 0 ) () vield

(DH(V o p0))(®) < —c(V o p*(®))", (7.1)
where V:D > R, , ¥*:[0,7,) > D, Voup*:[0,7,) » R, Y*(t) = y(t,x) is
the unique solution of x(t) = g(x(t)) on [0,T,).

Thus y = * satisfies (D+(V o y))(t) < —C(V ° y(t))“. Now y* satisfies

that yY*:[0,7,) » D is a right maximally defined solution of (2.8) such that
Y* €N for all t€[0,7,), where N €D is compact, then 7, = oo. Thus,

Y:Ry XN - N is a continuous global semi flow satisfying ¥ (0,x) = x and

Y(t,P(hx)) =Pt + h,x).
Next, applying the comparison lemma to the differential inequality (7.1) and the

scalar differential equation y(t) = —ksign(y(t))ly(t)l“ yields
V(t/)(t, x)) < e(t,V(x)), teR,, xEN, (7.2)
Where k > 0, € is given by the direct integration of y(t) = —ksign(y(t))ly(t)l”
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as £(t,x) with k = c, where

1

e(t,x) = sign(x)[|x|*™* — k(1 — a)t]i-+#, t < !

|x[*7#, x # 0,

k(1-p)
1
= > 1-u
e(t,x) =0, 2 oy X x # 0,
(t,x) =0, t=>0, x=0.

From (7.2), &(t,x) and the positive-definiteness of V, we conclude that

1
= >

|x|*™H, x € V. (7.3)

Since ¥(0,x) =x and Y is continuous, inf{t € R, :y(t,x) =0} >0 for
x € M\{0}. Also, it follows from (7.3) that inf{t € R,:y(t,x) = 0} < oo for
x € V. Define T(x) = inf{t € R,:y(t,x) = 0}. It is a simple matter to verify that
T and IV satisty Definition 2.7. (i) and thus T is the settling-time function on V.
Lyapunov stability follows by noting from (2.9) that V takes negative values on

V\{0}. Equation (2.10) follows from (7.3) and T(x) = inf{t € R,:y(t,x) = 0}.
Equation (2.10) implies that T is continuous at the origin and hence continuous on
N.

If D=R" and V is proper, then global finite-time-stability is proven in the
same way that global asymptotic stability is proven using radially unbounded
Lyapunov functions. O
Lemma 2.9 [27]. Forany y,z€ R and 0 < pu <1,

ly + z|* < |y|* + |z]*. (2.11)
Proof. If y = z, then |y + z|* = 2¢|y|* < 2|y|* = |y|* + |z|*.
Else, suppose |y| > |z|, assume z = 0y with —1 < 6 < 1. Then,
ly +z|* = @A+ ) |yl* < @+ [6D*|yl* = lyl* + |z|*. o

Lemma 2.10 (Young’s inequality) [31]. If a =0, b>0 and if p>1, g>1

such that % + % = 1, then

ab <+ (2.12)

Proof. The claim is certainly true if a =0 or b = 0. So assume that a > 0 and
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b > 0. Considering Jensen's inequality, suppose f(x) is a convex function, then
ftx: + (1= 0)x) < tf(xq) + (1= 6)f (x2),

where t € [0,1].

Set f(x) =In(x), x>0, it is a concave function obviously. Put t = % and

1—t=-,
q

In(ta? + (1 — t)b?) = tin(a?) + (1 — t) In(b?) = In(a) + In(b) = In(ab)

with the equality holding if and only if a? = b%. O
Lemma 2.11 [27]. Forany &;,-,éy ER,, 0 <u<1,

Er=1 &t S TP &y S NTRENL EOR (2.13)

1
Proof. Define vector & = [&;,-+,&y]T and the norm ||€]|; = (TN, &)5. Using the

norm equivalence property

1

1
1€l < NEll- < N7slI€lls, 0 <7 <s,

the inequalities can be verified. O

Lemma 2.12 [27].For §, ZER, 0<u <1, |y| =17,
—J[F + 2] < —|F|#* + |7]]2|. (2.14)

Proof. Consider |§| = |Z|. It is obvious that the inequality holds in the case of
¥ = Z since the left-side is no greater than zero while the right-side equals zero, and
particularly the equality holds when y = Z = 0. Moreover, the inequality with
¥ = —Z 1is also true since both sides of (2.14) equal zero.

Consider |y| > |Z] (§ # 0). Assume that there exists a real number 6: —1 <
0 < 1,suchthat Z = 6y. With 1+ 6 > 0, the left side of (2.14) can be written as

—yy + 21 = =3[y + 671" = —(1 + O)*F[F]M — (1 + O)* 7]+
On the other hand, the right-hand side of (2.14) satisfies
—FFI + 151121 = —F[F1 + 1614171 = (=1 + |91 | 7]+,

Note that 0 < u < 1. For 0 < 6 < 1, one has
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1+6)*+10*—1=1*4+0*—-1=6"=0.
For —1 < u <0, one gets
A+6)*+1*-1=0+0)—-6—-1=0.
Thus, for —1 < 68 < 1, it follows that
(14101971 # = —(1 + OH|F|*H,

which yields the desired result. O

Theorem 3.1[19]. Consider the MAS (3.1) with a connected and undirected graph G.
Suppose the controller (3.2) and triggering function (3.4) with 0 < a < 4,, then the
system does not exhibit Zeno behavior. Moreover, the state x(t) converges to a

. _ ) . ILIVN
region centered at X(0) with radius ””)Lﬁ
2

Proof. Since L % 15x(0)1y = 0, therefore L5(t) = Lx(t), so we have

5(t) = —L(x(t) +e(®)) = —L(8(t) + e(®)).
Its solution is
85(t) = e8(0) — [, e X Le(s)ds.
Then the norm of §(t) becomes
18I < lle= 8| + [{]le™2~Le(s)||ds.
Consider Lemma 2.5,
18I < e %2150 + IILI] fote"AZ(t‘s)Ile(S)IIds.

According to the triggering function (3.4), we have |le;(¢)|| < (¢o + c;e™%Y),
then

151 < e~ <I|6(0)II — ILIVN (32 + A—Cla)> 4 gt LN | IV
2

2= Az—a ).2

When time approaches to infinity,

73



i — 1 _1yr ILIVNC,
fim sl = Jim [[x(6) — 3 11| < EE=

As a result, the consensus state equals a vector located a region centered at the

ILIVNc
— 0 5

2

average of initial state with radius
Lemma 3.3 [35]. Consider the MAS (3.5) with connected and directed topology.
Suppose the triggering function (3.7) with 0 < @ < —max; Re(4;(IT)), where

M2Iy_1 ®A+cA®BK € CW-DnxWN=-Dn = 51y = 10,05 _,;0y_1,4] . Then,
with controller (3.6), the MAS reaches consensus for any initial state if and only if
all matrices A — cA;BK are Hurwitz, where 4; # 0 is the ith smallest eigenvalue
of Laplacian matrix L. Moreover, the existence of Zeno behavior can be ruled out.

Proof. (Sufficiency) Without loss of generality, we assume that the latest triggered
event occurred at agent i and denote t* = t,i(i as the latest event instant. That is,

there is no event triggered from t* to t for all agents. With the stack vectors

x(t) =[x (), ., xy(OI7, x(@) =[x ("), .., xy(E)]", and e(®) = [ef(©), ...
ek ()], the closed-loop system of (3.5) using (3.6) can be written as
x(t) = (Iy @ A)x(t) + (cL @ BK)eUIN®AE=t)y(¢*)
=y @A+ cLQ BK)x(t) + (cL @ BK)e(t). (7.4)
Since G is a directed graph, there exist matrices T = [1y,Y] and T~ 1 =
[r,WT]T, where Y € CN*W-1 and W e CW-DXN  guch that T~LT =J(L) =
[0,0%_;0y5_1,4], where J(L) is the Jordan canonical form of the matrix L and

A e CW-DXWN-D s 3 block diagonal matrix. Define the disagreement vector
5(t) = x(t) — (AyrT ® I)x(t) and a new vector

e(t) = (T ®1,)8() = [ef (1), 3y, (7.5)

where &,(t) € C* and &,_y(t) € C¥~D" The consensus problem for general
linear agents can be converted to the stability problem of §(t) or &(t) under the
event-triggered consensus controller (3.6). Also it follows that & (t) = 0,, and the

vector &,_p(t)
E-n(t) = ey (t) + (cAW @ BK)e,_p(8). (7.6)

where IT 2 Iy_; @ A+ cA ® BK € CN-DnxW-Dn o, () 2 [el(t), ..., el (D)].
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Let P € CW-Dnx(N=Dn gpq p~1 ¢ CIN-DnX(N-Dn {6 the matrices such that
P~1 1P = J(IT), where J(IT) is the Jordan canonical form of the matrix II. From
the definition of II, it is obvious that if all matrices A + cA;BK, where A; # 0, are

Hurwitz, the matrix [T is surely Hurwitz and all Re(/li(H)) < 0. Since the
triggering function f;(t,e;(t)) for agent i is reset to zero when an event is

triggered. Before the next event is triggered, fi(t, ei(t)) will not cross zero, that is,
lle; (D) < cre™ @ is satisfied until the next event is triggered. Hence |le,_y (8] <

VN —1c,e™® and |le,—y(®)|| = 0, as t > oo. It follows from (7.6) and the

input-to-state stability argument that &,_p(t) approaches zero. Then, it follows that
the disagreement vector §(t) of the closed-loop system (7.4) asymptotically
converges to zero for all initial conditions, that is, the controller (3.6) solves the
event-triggered consensus problem.

Next, we will show that under the controller (3.6), the closed-loop system (7.4)

does not exhibit the Zeno behavior. The solution of &,_y(t) can be obtained as
g2-n(t) = eMe,_y(0) + [] "9 (cAW @ BK) e,_y(s)ds.  (7.7)
Then, for 0 < s <'t,
le™ = (cAW @ BK) e, (s)|| < cperVN = 1((V — Dn — 1)|IPIIIP~|
% ||cAW @ BK||e®n(t=s)g=as, (7.8)
where c is a positive constant with respect to II and max; Re(li(ﬂ )) <ap<O0.
For the sake of simplicity, let a; = cn((N —1n-— 1)||P||||P‘1||||62_N(0)||

and a, = cyc;VN — 1((N —1n-— 1)||P||||P_1||||CAW ® BK]||. Tt follows from

(7.7) and (7.8) that [|e(t)l] = llez-n (DIl < (a3 + =) €% + —"2—¢~4* Then

lag+al lag+a
it follows from (7.8) that ||5(¢t)|| satisfies ||6(®)|| < IT ® L lllle(®)]l < k,e®rt +

a

lag+a

_ lITllaz
lag+al’

ke, ky = TNl (a1 + =) and k,

Let u(t) be the column stack vector of u;(t). Using the property of the
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Laplacian matrix: L1y =0y, we conclude that (cL @ BK)(S(t) + e(t)) =
(Iy ® B)u(t). Similarly, [|(Iy @ B)u(t)|| is upper bounded by

Uy @ B)u®Il < llcL @ BKIUS@Il + lle(®)D) = bye®™* + bye™*, (7.9)

where b; = ||cL Q BK||k; and b, = ||cL ® BKII(kZ + \/Ncl).
Recall that we assume that agent i is triggered at the latest event instant t*.
Hence the value xi(t,i(i) remains constant from t,i(i to t*. It follows from (3.7) that

é;(t) = AeAt=x, (¢*) — Ax;(t) — Bu;(t) = Ae;(t) — Bu;(t). Moreover, with the
fact that ||e;(t)|| < c,e™*" before the next event is triggered, |lu;(®)| < |lu(®)ll,
and (7.9), we can get the upper bound of ||é;(t)|| between the two triggered events
for agent i as [I&(OI < |Alllle;(OIl + IBu; ()]l < byt + dye™* £ g(b)

where d, = ||Al|c; + b,. Note that b; and d, are both positive constants here.

Since the latest event instant, it follows that ||e;(t)| = ” 1} ti éi(s)dS” <
1} tt* g(s)ds. From the definition of the triggering function (3.7), we know that the
next event of agent i will not be triggered before fi(t, el-(t)) = 0 or equivalently

lle; ()|l = cie~%t. Hence the next event will not be triggered before | tt* g(s)ds =

cie” . Since t >t* and both a; and -a are negative, we have e®1t < eant

and e < e %" et T =t —t* be the time-interval between the two triggered

events. So T is greater than or equal to the solution of the implicit equation

(et + dye=%" )t = VNce D | which is equivalent to (bye@+emt” 4+
dz)f =+/Nc,e~%%. Because a < —max; Re(/ll-(H)), there must exist a negative

constant ap such that max; Re(li(ﬂ)) <ap<—-a<0. As a < —ap, we know
the term bye(@+emt” 4 g, is upper bounded by b; + d,. So the solution of the
implicit equation is greater than or equal to the solution of (b; + d,)T = VNc,e ™%,

which is strictly positive. It means that if the coefficients ¢; and a in (3.7) satisfy

c;>0 and 0<a< —Re(/ll(H)), there is a positive lower bound T on the
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inter-event times for agent i. So, the event-triggered consensus problem of the
general linear MAS is solved with no Zeno behavior exhibited.

(Necessity) The necessity is obvious. Note that the initial state-based measurement
error might not be zero. If at least one matrix A + cA;BK is not Hurwitz, where
Ai #0, &,_pn(t) will go to infinity as t — o and so will §(t). Then, the states of
the N agents will not reach consensus for all initial conditions. O

Theorem 4.1[27]. Suppose the topology is undirected and connected. Then, with the
controller (4.2) and the threshold of triggering function (4.3) satisfies

0 < Cax = max;(c;) < | —2—, (7.10)
AN+

(i) The MAS (4.1) achieves consensus within the estimated time

— o BT (7.11)

(i1) The MAS does not exhibit Zeno behavior on time interval [0, T),

u+1

. 1-u 13 2
where @ = a-—[1-N72 (ﬂ) 150, a>0,0<pu<1.
1+M lz

Proof. (i) The first part verifies the finite-time convergence for consensus. V(t)

along the state trajectories of MAS (4.1) satisfies

V() = —a X |2 @i (a0 — x(0)]

* [Z?’q aij (xi(t) —x;(t) +e;(t) — ej(t))][ﬂ]

= —a Y {X:[X; — E;]4},

where  X; = Lix(t) = ¥V, a;; (xi(t) - xj(t)) , Ei=Le® =X, a; (ei(t) —

ej(t)), x(t) = [x,(t), ..., xny(O)]T, e(t) = [es(t),...,ex(t)]T and L; is the ith

row of matrix L.
It is now to show that |E;| < |X;|, i = 1,2, ..., N, under the event condition

(4.3) with the threshold satisfying (7.10). Since YN ,|E;|>? =YN, eTLlLe =
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eTLT Le, it follows that

7\2

MAE? < A3k ZiL41Xi12 < X2 < INX12 (7.12)

A_NN1+#

By the definitions: e;(t) = xi(t,ici) —x;(t), E; =Lje(t) and X; = L;x(t),

without loss of generality, let E; = g;X;. The inequality (7.12) is then equivalent to
N q?1X;1? <YM 1X;|?. The matrix form is xTLTQ?Lx < xTLTLx , where
Q = diag(q, ---,qn) is the diagonal matrix. Note that the initial state of MAS (4.1)
is arbitrary. That is, the inequality xTLTQ?Lx < xTLTLx holds for all x € R,
Thus, one has 0 < |g;| < 1, implying |E;| < |X;].
Using Lemma 2.12, one has
V() < —a XL, X (X1 + a XL 1 X || B4
p+1
< —a Bl 20 ay (20 — 50|
+1

taYyl T |ZJ 14y (xi(t)—xj(t))|u

ra Sl |5 ay (a0 - @) (7.13)

where the last inequality is based on the Young’s inequality.

Recalling the event condition (4.3), one obtains

1 “Z?’zl a;j (ei(t) — e]-(t))|2]T < Nl_T”{ il [ =14 (ei(t) — e,-(t))]z}T

+1

< Nl_T“(Z/l o) T (V(x))u

Substituting the above inequality into (7.13) gives

V() < —a (1 N _) X |2§y=1 a;j (xi(t) — xj(t))|ﬂ+1

1+u

p+1

+aﬁ{ N [ "y ay (ei(t)—ej(t))]z} 2

< - @) T V) 7 +are N Qo) T (V00) T
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u+1

= (212)_ 1—N ”(M) 2 (V(x)),uﬂ

= —a(2/12) 2 (V(x))lm (7.14)

Since 0 < “TH <1 and M ={x:V(x) =0} ={x:Lx = 0}, it follows from

Theorem 2.8 that the set M is finite-time attractive for MAS (4.1) under the event
condition (4.3). Therefore, MAS reaches the finite-time consensus within the
estimated settling time (7.11).

(i1) This part shows the exclusion of Zeno behavior. It will be verified that each
inter-event time t,ici+1 — t,ici that implicitly defined by (4.3) is positively lower
bounded.

Consider that an event of agent i occurs at time t,i(l,. According to the

event-driven scheme, one has |ei(t,i(i)| = 0, and only when the error |e;(t)| is

about to exceed the twisted threshold c;|X;|, for X; # 0, agent i will be reactivated.
el

Thus, before the next event time, one has X = Cie
i

Similar to [16], the comparison principle of differential equations is used to
obtain a positive lower bound for t,ici+1 —t,i(i. Clearly, |e;(H)] < lle(®)]|, i=

1,2,...,N.For X; # 0 and |X;| < oo, there exists a finite constant J; = 1 such that

9;1X;| = Il/_”, where X = [Xy, ..., Xy]". One obtains % \/_”ﬁ(tl)ln en, the
time interval for which % ranges from 0 to c; is greater than that 9;v/N l|ﬁ§(t|)|”
needs.
The time derivative of Illl |I|I satisfies
allell - (XX 1+ el X]] < IEHXA+IL el (7.15)

at|\xj — lIx112 - X112

Based on Lemma 2.9 and Lemma 2.11, one gets

il < SNkl = a I X+ 20y ay (ed®) — )]
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< aN' 2 (EL, XP): + aN' s [E 2 ay (@@ ‘ef(t)))zr

= aN*Z([IXIIX + |Lel®). (7.16)

According to the event-driven scheme, one has ||e|| < cpaxllX|| and e; canbe
detected at any time t. Let &; = max{|ei(t): t> t,"(l,, e * 0|} Substituting (7.16)

into (7.15) then gives

d lell llell w (el
at |Ix|| <aN' (1 LI IXII) [1 +IILI (IXII) ] xt=—#
1-4 }nax llell u (el
s aN slk (1 + Ll |X|I) [1 +IILI (IXll) ] (7.17)
By the comparison principle, the inequality (7.17) yields lell < < Y(t), where
y y y

lxi —
Y(t) is the solution of differential equation

YO = bu(1+ ILIY®), P(ek) =0, t € [th, thy).

1->¢ +||L||#c
with b, = aN W>O.
ik

exp(ILIbie(t-th, ) )-1

Ll

Solving the above differential equation gives Y(t) =
|€l(t)|

Xl

Denote  y;(t) = Before the next event instant, one has

y;(t) < 9~/N f ;i P (s)ds. Under the event condition (4.3), the next event instant is
ki
no less than t,i(i + Ty, where 7, satisfies 9;V/N f:}ic'tl}(s)ds = ¢;. Thus

ANCi

ln(1+19im

i i —
tki+1_tki2Tik_m )>O.D
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